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Abstract 
 

The properties of an elliptical microwave applicator are investigated. The investigation 

includes the analytical solution of the cutoff frequencies and electromagnetic field 

patterns in elliptical waveguides. This requires the solution of Mathieu Functions and 

becoming familiar with an orthogonal elliptical coordinate system. The study forms part 

of a wider investigation into the microwave heating of minerals and a cavity is 

designed in such a way that modes are produced at 896MHz. Extensive use is made of 

simulation packages. These software packages require that the user knows the 

dielectric properties of materials that are part of simulations. Therefore, the 

determination of these properties through measurement and the use of genetic 

algorithms is considered. A method to improve an S-band waveguide measurement 

system by implementing time domain gating and an offline calibration code previously 

written forms an integral part of this section of the project. It is found that, within limits, 

elliptical waveguides tend to produce a greater number of modes within a certain 

frequency range when compared to rectangular waveguides. 

 



 iii 

Opsomming 
 

Die eienskappe van ‘n elliptiese mikrogolf toevoeger word ondersoek. Hierdie studie 

sluit die analitiese oplossing van afsnyfrekwensies en elektromagnetiese veldpatrone in 

elliptiese golfleiers in. Dit noop die oplossing van Mathieu Funksies en om vertroud te 

raak met ‘n ortogonale elliptiese koördinaatstelsel. Hierdie studie maak deel uit van ‘n 

wyer ondersoek oor die mikrogolfverhitting van minerale en ‘n elliptiese holte word 

ontwerp sodat modusse by 896MHz geproduseer word. Intensiewe gebruik word 

gemaak van simulasie sagtewarepakkette. Hierdie pakkette vereis van die gebruiker 

om die diëlektriese eienskappe van materiale te ken. Daarom word daar gekyk na die 

bepaling van hierdie eienskappe deur middel van meting, maar ook deur die gebruik 

van genetiese algoritmes. ‘n Metode om ‘n S-band golfleier meetstelsel te verbeter 

deur die gebruik van ‘n tydhek en ‘n eksterne kalibrasie kode, vorm ‘n integrale deel 

van hierdie afdeling van die projek. Dit word gevind dat elliptiese golfleiers, binne 

perke, geneig is om meer modusse te produseer binne ‘n sekere frekwensiebereik, in 

vergelyking met reghoekige golfleiers. 
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11  Introduction 
 

Whilst the majority of applications of microwaves are related to radar and 

communication systems, microwave1 treatment of a wide range of materials has 

become common practice in industry. The domestic microwave oven is possibly the 

most well-known application of microwave heating technology with more than 250 

million ovens in use in the world today. However, industrial applications abound: these 

include the processing of food, cosmetic products [1], preparation of certain inorganic 

materials [2], textiles, wood products, ceramics and glass, to name but a few. 

 

The properties of the elliptical cylindrical waveguide for implementation in microwave 

processing of mineral ores are studied. The properties of rectangular waveguides are 

generally well-known and research has been done towards the quantification of 

applicator design for mineral processing purposes [3] by measuring the uniformity of 

power density in different rectangular waveguide configurations. Indeed, uniformity of 

power density and more specifically, uniform heating of loads is universally a primary 

concern in microwave applicator design. 

 

Finite Difference Time Domain (FDTD) software packages are implemented and 

extensive use is made of simulation data. For this reason the dielectric properties of 

certain materials are needed. Determination of these properties using an S-band 

waveguide system and employing Genetic Algorithms (GAs) is discussed in Chapter 3. 

The improvement of the accuracy of an available S-band waveguide measurement 

system by using time domain gating in its calibration procedure is discussed in Chapter 

2. 

 

It is of theoretical and practical importance to examine the elliptical geometry in order 

to become aware of unique possibilities and benefits offered. For instance, in radio 

communications, the demands on waveguides include low loss and good matching 

properties within broad transmission bands and two types of elliptical waveguides are 

                                                 
1 Microwaves are waves with frequencies between 300MHz and 300GHz, in other words, free 

space travelling wavelengths between 1m and 1mm, respectively. 
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used commonly in these applications - corrugated and smooth wall guides. They 

exhibit particular properties, such as flexibility, that make them more suitable than other 

waveguide types for these applications specifically [4]. In 1972, Kretzschmar found, 

during a study of TM01p modes, that the maximum longitudinal electric field strength in 

an empty elliptical cylindrical cavity is well-defined by its eccentricity. The study was 

made with the drying of small diameter loads such as synthetic ropes, yarns or filaments 

in mind - in other words, an application where the concentration of field strength in the 

centre region of the applicator is wanted. 

 

Two things that have been noted in these waveguides deserve specific attention. The 

first is that the ellipticity of a loaded higher-order single mode cavity increases field 

strength variation at its centre region [6]. The second is that the succession of modes in 

an elliptical waveguide is a function of eccentricity, so that higher order modes cut in 

at lower frequencies [7]. These phenomena and their implications are studied in 

Chapter 4 and 5, since they hold potential benefit in the design of dielectric heating 

applicators for mineral processing. In this process, differential heating of multiphase 

materials is the fundamental factor contributing towards the increased effectiveness of 

the comminution process. Microscopic cracks form between the different phases, 

easing the separation of valuable ore from surrounding rock. 

 

Electromagnetic wave propagation and modes in elliptical waveguides have been 

studied with relative frequency since the first published appearance of the theory of 

the transmission of electromagnetic waves in hollow conducting elliptical waveguides 

in 1938 as presented by Chu [8]. Many researchers have subsequently studied the field 

expressions and modal field patterns in elliptical waveguides. The solution to the wave 

equation in an elliptical cylindrical system involves the solution of the angular and 

radial Mathieu functions. Li and Wang [9] solve these equations by means of expansion 

into Fourier series. A similar method will be followed in Chapter 4. 

 

Elliptical waveguides have been used in several systems such as satellite 

communications systems and radar feed lines [9][10]. Other applications include 

confocal annular elliptical waveguides (CAE-Ws) [11], which have found increasing 

relevance in the design of microwave devices such as microstrip antennas [12], 

resonators and coaxial probes [13]. The elliptical geometry allows better control of the 

polarization characteristics and there is no mode splitting or rotation of the polarization 
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plane for slight deformations of the cross section [13]. By changing the focal length 

and eccentricity of the elliptical waveguide, parameters of interest may be adjusted 

towards the specific design purposes. From a more practical point of view, Kretzschmar 

[7] states that long continuous lines of elliptical waveguide can be easily 

manufactured and that simple matched connecting parts to rectangular and circular 

waveguides are possible. An example of a transition design for overmoded operation 

of elliptical waveguides is discussed by Rosenberg and Schneider [4]. 

 

A sensible way to begin with the study of elliptical waveguides is to take an analytical 

approach. This translates into understanding the underlying mathematics and to solve 

the Helmholtz wave equations for the fundamental modes in an elliptical cylindrical 

system. Following this, an empty elliptical cavity is modelled and measured, after which 

a water load is placed in the cavity. Simulation and measurement results are 

compared for each case. 

 

From these measurements, conclusions are drawn and recommendations made for 

further investigations. 
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22  Material Properties: Measurement on 

Standard Waveguide System with 

Calibration Enhancement 
 

In order to design an effective waveguide applicator for microwave heating 

applications, whether the applicator is intended for a specific material or for a group 

of materials, the dielectric properties of the materials must be known. The material 

properties of particular concern for microwave applicator design are: complex 

permittivity (ε), complex permeability (μ) and conductivity (σ). 

 

A number of techniques exist for the measurement of the complex permittivity of 

materials. They include open-ended coaxial probe measurement [14], waveguide 

measurement [15][16], measurement with a stripline system [17] and cavity 

perturbation techniques. 

 

In the investigation of this chapter, measurements are made on a standard waveguide 

measurement system (see Figure 2.1), this being the technique that is investigated in 

following sections of the chapter. The sample under test is placed in between the 

waveguide transitions. A time domain gating method has been used to remove 

calibration errors caused by reflections in the in-house matched sliding load standard. 

PORT 1 PORT 2

VNA

waveguide transition

PORT 1 PORT 2

VNA

waveguide transitionwaveguide transition  

Figure 2.1 VNA test setup with waveguide transitions. 
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2.1. The Waveguide Measurement System 

Complex permittivity measurements are made with a standard rectangular S-band 

waveguide system in conjunction with an HP 8510 Network Analyzer. The standard 

data associated with this waveguide are given in Table 1.  

 

Band Recommended 

Frequency 

Range [GHz] 

TE10 Cutoff 

Frequency 

[GHz] 

EIA 

Designation 

WR-XX 

Inside 

Dimensions 

[mm] 

Outside 

Dimensions 

[mm] 

S 2.60 – 3.95 2.078 WR-284 72.14×34.04 76.20×38.10 

Table 1. Standard Rectangular Waveguide Data (after,[19]) 

 

The waveguide measurement system, shown in Figure 2.1, can be used to make both 

one and two-port measurements of a DUT. The two-port test setup is shown in Figure 

2.2. The roman numerals (i) and (ii) indicate the positions of fixed reference planes – 

planes of zero phase shift, zero magnitude and known impedance - after calibration. 

 

 

Figure 2.2. Waveguide system two-port measurement test setup. 

 

Calibration is the process by which systematic errors (repeatable variations in the test 

setup) are removed from the vector network analyzer (VNA) measurements of S-

parameters. The calibration procedure is described in more detail in [20]. A brief 

description of the one-port error model and calibration procedure is given here. This 

provides the necessary background for the following section, which deals with the 

sliding load standard. 

to VNA port 2 

(i) (ii) 

sample 

to VNA port 1 

sample holder 



 6 

 

A one-port measurement setup is similar to that shown in Figure 2.2, except that no 

second measurement port is involved, as illustrated in Figure 2.3. 

 

 

Figure 2.3. Waveguide one-port  measurement test setup with short circuit behind sample. 

 

The systematic measurement errors that come into play when making one-port 

measurements are: a directivity error (EDF), a source match error (ESF) and a reflection 

tracking error (ERF). These errors are vector quantities that vary with frequency and can 

be measured using a VNA. 

 

A signal flow graph of the one-port measurement error model is shown in Figure 2.4. The 

components are a1, identified with the wave entering port 1, b1, identified with the 

wave reflected from port 1, the actual S11 parameter (S11A) and the measured S11 

parameter (S11M). 

 

 

Figure 2.4. Signal flow graph of the one-port error model. 

 

a1 

b1 

1 
Port1 

Reference plane (i) 

11MS 11ASDFE SFE

RFE

to port 1 

sample holder 

(i) 

sample 
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The relationship between the actual and measured S11 parameter may be found from 

the signal flow graph of the error model as: 

 

11A RF
11M DF 11A

SF 11A

S ES = E + S
1-E S   (2.1)

 

 

Using characterised standards of a short, offset short and load, the error terms in 

equation (2.1) can be determined, allowing S11A (the corrected reflection coefficient) 

to be identified. After a typical calibration of our waveguide system, a regular low-level 

ripple is still evident in the S-parameter magnitude measurements of an air sample, an 

example of which is shown in Figure 2.5. It has been suggested that time domain 

gating of the sliding load standard measurement can remove this unwanted ripple. In 

the following section, the operation of the sliding load will be discussed in greater 

detail. 

 

2.2 2.4 2.6 2.8 3 3.2 3.4

x 109

-70

-60

-50

-40

-30

[d
B

]

2.2 2.4 2.6 2.8 3 3.2 3.4

x 109

-0.06

-0.04

-0.02

0

0.02

0.04

Frequency [Hz]

[d
B

]

|S12|
|S21|

|S11|
|S22|

 

Figure 2.5. S-parameter magnitudes of air as measured with an S-band waveguide system. 
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Note in Figure 2.5 that the transmission coefficients, S12 and S21, rise above 0dB, which is 

impossible in a passive system such as this. This can be attributed to numerical and 

measurement noise and a detailed discussion is given in [21]. 

 

2.2. The Non-ideal Sliding Load Standard 

 

The improvement of the calibration procedure using time domain gating to eliminate 

the effect of unwanted reflections from the end of the matched sliding load, is now 

considered. 

 

The sliding load consists of a piece of absorbing carbon foam1 placed inside a length 

of waveguide. The foam can be moved from one position to the next. This is illustrated 

in Figure 2.6. 

 

Figure 2.6. Sliding load standard representation. The load can move in the positive or negative 

z-direction as indicated. 

 

As the load is moved from one position to the next, the corresponding reflection 

coefficient phasor Γ (from the source position) moves around the centre of the Smith 

                                                 
1 ‘Carbon foam’ is the term that will be used to describe the absorbing material used in the 

sliding load. The material is a polystyrene foam impregnated with carbon. 

a 

h 

z 
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Chart. Using this data, the centre position of the Smith Chart can be calculated and 

error coefficients found. This procedure is illustrated in Figure 2.7. 

 

 

Figure 2.7. Reflection coefficient vectors when sliding load is moved into different positions. 

 

The reflection coefficient is defined as [22]: 

 

2 0

0

j z L
L

L

Z ZV e
V Z Z

β−

+

−
Γ = =

+    
(2.2)

 

where V+  represents the incident wave, V− the reflected wave, β the phase constant 

and LZ  and 0Z  the load impedance and characteristic impedance, respectively. 

 

The load impedance varies with the type of termination and in the case of the sliding 

load, it is expected that the magnitude of the reflection coefficient should remain 

nearly constant, whilst its phase varies for different positions of the load. 

 

However, it was found that our in-house sliding load is non-ideal, resulting in imperfect 

calibration. All the energy is not absorbed by the wedge of foam as would be the case 

for a perfectly matched load so that that there are discernable reflections from the 

end of the load. When a pulse is sent into the sliding load, a small reflection from the 

load is seen – this reflection being in the order of between -20dB and -50dB. However, 

unwanted reflection from the end of the standard adds a constant error vector to 

Γi 

Γr 

load

source
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these, which results in an incorrect calculation of the position of the origin of the Smith 

Chart (i.e. where Γ = 0). This effect can be illustrated as shown in Figure 2.8. 

 

 

Figure 2.8. Vectors due to unwanted reflections are added to the expected vectors 

 

These error vectors may be removed using time domain gating. The gated data can 

then be used to calculate the error coefficients. A similar method is suggested in [20] as 

an option for the modelling of fringing capacitance of a coaxial open circuit standard. 

 

To isolate the end reflection, the time-domain pulse must be made as sharp and 

narrow as possible. The specified frequency range for all the measurements is then 

made as big as possible: 2.1 – 3.9GHz. This makes the lowest frequency, 2.1GHz, just 

above the S-band cut-off frequency (see Table 1) and the highest frequency within the 

recommended range. 

 

The reflection from the end of the sliding load was measured using an HP8510 VNA. To 

identify the end reflection uniquely, a short circuit was connected or disconnected to 

the end of the sliding load and S11 measured for every one of the five positions of the 

absorbing wedge. The S11 measurements for three positions of the sliding load without 

the additional short are shown in Figure 2.9. 

Γi 

Γr 

load

source 
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2 2.2 2.4 2.6 2.8 3 3.2 3.4 3.6 3.8 4

x 109

-60

-40

-20

0

20
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100
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Frequency [Hz]

SL position 1
SL position 3
SL position 5

 

Figure 2.9 Calibrated S11 measurements of the sliding load for three positions of the load. 

 

These S11 parameters are band-limited. The Inverse Fourier Transform of such a signal 

into the time domain contains a significant amount of sin(x)/x ripple. This prevents the 

complete isolation of the error signal. Therefore, the frequency domain data needs to 

be smoothed at the edges, i.e. the start and stop frequencies. A compromise must be 

made between the sharpness of the band limitation (and therefore, the amount of 

ripple on the time signal) and the amount of information that is consequently lost by 

smoothing. A Tukey1 window is used and this gives S11 parameters that appear as 

shown in Figure 2.10. 

 

                                                 
1 Also known as a cosine-tapered window. 
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Figure 2.10 Calibrated S11 measurements of the sliding load for three positions of the load after 

FD smoothing. 

 

The Inverse Fast Fourier Transforms (IFFTs) of the S11 parameter measurements shown in 

Figure 2.10 are then plotted to show explicitly at which position in time the end 

reflection occurs and to confirm that this reflection may indeed have the effect shown 

in Figure 2.8. The expected values are analytically calculated. The group velocity may 

be calculated from [24]:  

 

2

1
2g

d

hV c
a T

λ⎛ ⎞= − =⎜ ⎟
⎝ ⎠

  (2.3) 

as 6 1205.3 10 ms−× , where λ  is the free space wavelength at the geometric mean 

frequency1 and dT  is the delay time experienced by the signal as it travels over a 

distance h . Looking at Figure 2.11, a one-port calibration is performed with the plane 

                                                 

1 The geometric mean frequency is calculated from 1 2gmf f f= , where the lower frequency limit 

is 2.1GHz and the upper limit is 3.9GHz. This is the widest frequency range allowed by the S-band 

WG standards available. 
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of reference at position (i). A reflection is expected from the end of the sliding load, 

therefore a distance of 1.34m  must be travelled by a pulse launched here. 

 

Figure 2.11. Original sliding load guide with reference plane indicated by (i) and end of guide 

indicated by (ii). 

The time at which this reflection is expected is 6
1.34 6.53

205.3 10d
g

hT nsv= = =
×

. 

Looking at the TD pictures of Figure 2.12, it is confirmed that the reflection is seen at this 

point in time and therefore from the end of the sliding load, shown for three positions of 

the sliding load in Figure 2.12. The reflections are indicated with the arrows. Note too 

that the short circuit is clearly visible when it is attached. The y-axis units are normalised 

by the VNA and indicated as milli-units. The VNA launches a pulse with amplitude of 

1000 milli-units. 
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Figure 2.12. Reflection from sliding load after a waveguide one-port calibration is performed. 

Inverse Fourier Transform of S11 parameter when sliding load wedge is at (a) Position 1, (b) 

Position 3, (c) Position 5. 

 

To put the time domain gating into effect, the end reflection in Figure 2.12 needs to be 

gated out or, at the very least, strongly attenuated. However, as this pulse overlaps the 

reflection before it, time domain gating attenuates much of the data that is still 

needed for calibration correction. The sliding load measured here is thus too short for 

time gating to be a satisfactory method of improving calibration results. 
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A longer sliding load was made up, in order to isolate the unwanted data, thereby 

making time domain gating a viable option. The gated data must then be used as raw 

(uncalibrated) data during a waveguide calibration. This procedure involves careful 

consideration of the operation of the VNA during calibration and will be discussed in 

the next section. 

 

2.3. Double Calibration Procedure 

 

The sequence for a standard two-port VNA calibration is well known and is described 

by the flow diagram in [15]. However, if time domain gating is to be applied to the 

measurement of the sliding load, a break must be made in the normal measurement 

procedure. As this is not possible with a commercial VNA, the raw calibration data is 

recorded and processed offline. 

 

The uncalibrated measurement data of the standards are recorded. Then time domain 

gating can be applied to the data of the sliding load and the error coefficients 

calculated. Uncalibrated S-parameter measurements of the material samples are also 

saved and then corrected independently from the HP8510 VNA. 

 

When uncalibrated S-parameter measurements are made of the sliding load however, 

the Inverse Fourier Transform of the data results in uncertainty as to the position in time 

of the error pulse. Since this error needs to be time-gated out of the measurement, the 

correct position for the time gate should be known. 

 

The solution to this is a double calibration procedure. This procedure is shown in Figure 

2.13. 
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 Setup VNA System 

Input Cutoff Frequency 

Perform One - port Coaxial Calibration 

Measure Waveguide Standards 
(S 11 and S 21 ) and take offline 

Insert Sample 
Material 

Perform Offline SOLT Calibration 

Perform Time - Domain Gating 

Calculate ε r  and μ r 
of Sample Material 

Setup VNA System 

Input Cutoff Frequency 

Perform One - port Coaxial Calibration 

Measure Waveguide Standards 
(S 11 and S 21 ) and take offline 

Measure Sample Material (S11 and S12) 
and take oflline 

Insert Sample 
Material 

Perform Offline SOLT Calibration 

Perform Time - Domain Gating 

Calculate ε r  and μ r 
of Sample Material 

 

Figure 2.13 The measurement procedure to determine material properties when a two-tier 

calibration is performed 

 

During a double calibration, two separate calibrations are performed. The first consists 

of a calibration in order to establish correct phase data, to form a clear pulse at the 

reference plane (i) of Figure 2.15. This will result in the Inverse Fourier Transform of the S-

parameter data providing the correct position in time of the error reflection from the 

end of the sliding load. 

 

Offline calibration is made possible by MATLAB® code adapted from SOLT-calibration 

code previously written [25]. The code for a one-port calibration is provided in 

Appendix A.2. This code performs the function of the VNA by approximation of the 

calibration standards and error correction of measurements taken. For instance, if the 

DUT measured is a flush short circuit, the results for a measurement calibrated by the 

NA and calibrated by the MATLAB® code appears as shown in Figure 2.14. 
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Figure 2.14. S11 of flush short circuit, showing uncalibrated data, data calibrated by the VNA 

and data calibrated by offline calibration code. 

 

The uncalibrated data is also shown in Figure 2.14, to indicate the effect of calibration. 

Slight differences between the two calibration methods are attributable to different 

precisions used by the VNA and MATLAB®, which uses double precision. 

 

2.4. Sliding load Standard Improvement 

 

The sliding load is lengthened to separate the end reflection from the data that is 

wanted. Ideally, if the guide in which the carbon foam wedge is placed were infinitely 

long, this reflection would be removed altogether. Alternatively, a better carbon 

wedge, which absorbs all the energy will solve the problem. However, this is practically 

impossible. A longer sliding load is made up with longitudinal dimensions as in Figure 

2.15. 
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Figure 2.15. Longer sliding load longitudinal dimensions. 

 

Looking at the IFFT of the S11 data, where a coaxial calibration has been performed at 

(i) in Figure 2.15, one can see a clear reflection from the end of the load at the 

expected time instance (10.8ns). 

 

 

Figure 2.16. IFFT of S11 data as measured from the sliding load after a one-port reflection 

calibration of the coaxial feed, showing the end reflection. 

 

The windowing function and the gated data is shown in Figure 2.17. 

 

199m 910m

(i) (ii) 
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Figure 2.17. Time domain gate and gated IFFT of S11 from sliding load. 

 

The Fourier transformed time domain gated data is used for calibration purposes to 

determine the directivity error, EDF. At each frequency, and in this case 201 frequency 

points have been measured between 2.1 and 3.9 GHz, error vectors can be drawn for 

the five different positions of the sliding load. These vectors should be points on a circle, 

of which the centre point is the correct directivity error. For instance, if one were to look 

at these vectors at 2.685GHz, they would display as shown in Figure 2.18. This polar plot 

is equivalent to an amplified Smith Chart. 
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Figure 2.18. Measured S11 for five different positions of sliding load at frequency 2.685GHz. 

 

A circle is drawn and its centre point calculated – indicated by the red circle in Figure 

2.18. This is done using an optimisation code which utilises a least-square method and 

finds the best fitting circle through the five points. Ideally, a perfect circle should be 

traced out by the vectors. This procedure is followed for all the frequencies measured 

and EDF calculated in this way is compared to EDF calculated without time domain 

gating in Figure 2.19. 
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Figure 2.19. Directivity error determined from sliding load after time domain gating and before 

time domain gating. 

 

The original band-limited frequency domain data is windowed to reduce sinx/x ringing 

in the time domain. Once windowed, the data is Inverse Fourier Transformed and then 

time-gated. The time-gating removes the unwanted sliding load open circuit reflection, 

but also removes a portion of the information needed to reconstruct the original 

frequency domain data. The effect of this is that data at the lower and higher edges of 

the frequency domain is distorted [ref HP students' manual]. As the distortion arises from 

the mathematical and not physical processes, this band-edge data must be ignored. 

However, the middle 80% (typically) of the frequency domain data is unaffected by 

the mathematical windowing and gating. 

 

Applying this guideline, the data in the range 2.28 – 3.72 GHz is unaffected and this is 

the region that is zoomed into for further inspection. Looking at EDF in Figure 2.19, there 

is a definite ripple between 2.7 and 3.4 GHz that is removed from the data by the time 

domain gating of the end reflection. 
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In Figure 2.20 a calibrated one-port measurement of a fixed load standard where time 

domain gating is implemented and its counterpart with no gating implemented, is 

shown. The time domain gating removes a 1dB ripple from the magnitude, but a 

regular low-level ripple remains evident in the gated data. 
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Figure 2.20. Calibrated S11 measurement of fixed load standard (length = 51.854mm) with and 

without time-domain gating used. 

 

Time domain gating of the open circuit reflection of the sliding load standard, 

therefore, does not remove the greater regular ripple from the waveguide 

measurements. The initial assumption that this reflection is the cause of the incorrect 

regular ripple is invalidated.  

 

A 1dB ripple will have an effect on the results of parameter extraction from the 

waveguide S-parameter measurements. Using a one-port formulation, as for example 

the one implemented in [26], it can be seen that 'ε  is sensitive to the phase of S11 and 
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''ε  to the magnitude. Therefore, the improvement in the directivity will have direct 

consequence in the determination of loss characteristics and for low loss materials this 

will be significant. 

 

2.5. Conclusion 

 

A regular ripple is observed when taking two-port waveguide measurements of 

materials and extracting the materials’ dielectric properties. A sliding load used as 

calibration standard during a SOLT calibration is found to be non-ideal due to the fact 

that the absorbing material wedge allows some energy to pass through it, producing 

an open circuit reflection. 

 

An investigation was launched in order to find if this reflection is the cause of the 

regular ripple noticed. This included an offline calibration procedure and time domain 

gating of the end reflection. It is found that the end reflection does influence 

measurements taken. The implementation of time domain gating removes a 1dB ripple 

from the calibrated data and this will have an influence on the material properties 

extracted from the data. However, the regular ripple originally noticed, is not removed 

and it can therefore be concluded that the open circuit reflection is not the cause of 

it. 
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33  Material Properties: Determination 

using Genetic Algorithms 
 

The determination of material properties using Genetic Algorithms (GAs) is investigated.  

Accurate material properties are valuable during simulation of structures such as 

elliptical waveguides. Permittivity can be measured using an available waveguide 

system, but these measurements’ accuracy is limited to a certain range of values. GAs 

are used to find the complex permittivity and permeability of a made-up simulated 

sample material and the results are presented. 

 

3.1. Complex Permittivity Measurement with Waveguide 

 

The S-band waveguide system is used for the measurement of the dielectric properties 

of materials over a range of frequencies. As mentioned briefly in the previous chapter, 

the properties that are of particular concern for the design of microwave heating 

cavities are permittivity, permeability and conductivity. 

 

The permittivity of a material is a complex number and can be defined as follows [28]: 

 

' ''jε ε ε= −   (3.1) 

 

where 'ε  is the dielectric constant and ''ε  the dielectric loss factor. 

 

The most suitable frequency range for a specific waveguide system is determined by its 

dimensions and (from Table 1) the recommended frequency range when working with 

S-band waveguide is 2.6-3.95 GHz. 

 

The determination of dielectric material properties using this method is well-

documented [15][27]. The technique is usable for the measurement of both rε  and rμ  

for materials with a relatively high loss tangent. Loss tangent is defined as: 



 25 

 

''tan
'

εδ
ε

=   (3.2) 

 

and indicates the amount of microwave energy that will be used by a material at a 

certain frequency[29]. 

 

Measurements of S-parameters and subsequent conversion to complex permittivity 

values were found in the frequency range 2.6-3.9 GHz. The measurements of material 

properties prove to be accurate when compared to values in literature. 

 

3.2. Material Property Determination using GA’s 

 

The accurate determination of the dielectric properties of is limited to the 

determination of complex permittivity and permeability.  

 

These properties can be found by conversion of the S-parameters found when making 

a two-port measurement of a material sample (see Figure 2.2). The conversion 

algorithm is provided in Appendix A and is an adapted version of the derivation 

formulas supplied in [15] and [27]. 

 

However, the full two-port calibration of an S-band waveguide system is a time-

consuming process. The standards have to be bolted together precisely, taking care to 

align each standard to the other. The cables used to connect the guides to the VNA 

are only relatively phase stable and temperature sensitive, therefore movement of the 

cables is to be minimized and care must be taken not to touch the cables during 

calibration and measurement. 

 

Furthermore, the method is only accurate for the determination of the loss factor ( ''ε ) 

of relatively high loss materials. 

 

During the design of microwave applicators for mineral processing purposes, the 

approximate material property values of broken rocks, which constitute the load in 

these cases, are needed. A sample of such material is irregular in shape so that no 
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simple theoretical model is available to relate the S-parameters to the material 

properties, rendering the developed extraction algorithm unusable. 

 

An alternative method of material property extraction is an implementation of Genetic 

Algorithms. By comparing the S-parameters of a simulated material with the S-

parameters of a measured material and then varying the material properties of the 

simulated material until the difference between the two sets of S-parameters is 

minimized, one can determine the material properties of a sample. This method, as well 

as a similar method employing Artificial Neural Networks (ANNs), have recently been 

investigated for the determination of complex permittivity [30][31]. 

 

3.2.1. Simulation of Two-port Waveguide Measurement Setup 

 

For the purposes of GA’s, a two-port waveguide measurement setup is simulated, as 

shown in Figure 3.1. 

 

The simulation software employed in this particular project is the CONCERTO package 

by Vector Fields. Figure 3.1 shows the typical user interface of CONCERTO Editor. The 

upper and lower left panes are 2D windows, each depicting a chosen section of the 

structure. The upper right pane shows the edges of all the elements of the structure 

and the lower right pane shows a 3D Art Window, in which the circuit can be visualised 

as being composed of solid materials. 
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Figure 3.1. Two-port waveguide measurement setup as created in CONCERTO. 

 

A rectangular waveguide with a sample of material is created and two ports are 

added: the first port is defined as a source and the second port is defined as a load. 

The first port provides the excitation in the system – a TE10 mode with the waveform 

defined as a pulse with frequency spectrum 2.4-3.5 GHz. The second port is set to 

provide no excitation. 

 

CONCERTO automatically generates a reference plane at a default distance from 

every port created. A port reference plane can be moved to any position, but 

reference planes must not be placed at, or close to, discontinuities within the 

simulation. This is due to the fact that the presence of higher order modes influences 

the accuracy of S-parameter calculations in CONCERTO and discontinuities produce a 

high content of these unwanted modes [32]. 

 

The reference planes are drawn in blue in Figure 3.1 and have been placed a safe 

distance away from the discontinuity created by the sample of material. However, for 
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material property extraction, these planes have to be adjacent to the sample. This 

specification is realised after the simulation has run and S-parameter results have been 

obtained, by introducing a phase shift of ( )2 lβ Δ  to the results. β  is the propagation 

constant (provided by CONCERTO) and lΔ  is the distance between the particular 

reference plane and the position of the sample. 

 

CONCERTO allows the user to provide extensive media parameters and media 

properties. A new medium may be created and added to the project media library by 

supplying all the appropriate values as shown in Figure 3.2. 

 

 

Figure 3.2. Medium editing window in CONCERTO showing definable material parameters and 

properties. 

 

It can be seen in Figure 3.2 that CONCERTO makes provision for anisotropic1 materials. 

However, for the purposes of the GA determination of materials, it will be assumed that 

the materials are isotropic, so that the parameter values entered are valid in the x-, y- 

and z-directions. The “Eps” and “Mu” values supplied to CONCERTO are the real parts 

of the permittivity and permeability. 

 

                                                 
1 In anisotropic materials, responses to fields in different orientations may differ. 
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To test the accuracy (and limitations) of the conversion algorithm, the two-port 

waveguide simulation is run a number of times, varying the real part of the permittivity 

( )'ε  and permeability ( )'μ  with every simulation. This is done with the specific purpose 

in mind of quantifying the accuracy of the conversion code with decreasing loss 

tangent. The S-parameters resulting from these simulations are then converted back to 

permittivity and permeability using the conversion algorithm. 

 

Creating a material sample with ' 2.6ε =  and ' 1μ = , the following S-parameter results 

are found (Figure 3.3) by the simulator after 10000 iterations. 
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Figure 3.3. Simulation result- S-parameters of sample material with ε’=2.6 and μ’=1. 

 

These results are then converted to find permittivity and permeability as functions of 

frequency, as shown in the following two figures. 
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Figure 3.4. Simulation result- complex permittivity of test material found by conversion of S-

parameters. 
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Figure 3.5. Simulation result- complex permeability of test material found by conversion of S-

parameters. 

 

When the median value of the real part of the permittivity is taken, the value should 

then be a good approximation of the 'ε  supplied to the simulator. The same applies to 
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permeability. In the above case, taking median values, one finds an 'ε  value of 2.602 

(0.077% deviation) and a 'μ  value of 0.99958 (0.042% deviation). This translates into an 

accurate determination of material properties. 

 

3.2.2. Optimisation of material parameters using a GA 

 

A GA is developed in MATLAB® which runs the two-port waveguide simulation in 

CONCERTO iteratively. This external control by MATLAB® of CONCERTO is allowed by 

the fact that CONCERTO can be run from the DOS command line [33].  

 

Two data structures that are central in the implementation of GAs are individuals and 

populations [34]. An individual is the term used for a single solution and a population is 

the set of solutions currently involved in the optimisation process. A single solution will 

consist of two or more factors. In the current optimisation problem, the two factors are 

'ε  and 'μ . These factors are converted to bit strings and called genes. A trial solution 

(called a child solution) for optimisation is generated by crossing the genes of two 

selected solutions (called parent solutions) from the population pool. This procedure is 

illustrated in Figure 3.6. 

 

 

Figure 3.6. Illustration of crossing of two parent solutions to produce a child solution 

 

To ensure that the solution pool does not stagnate, a mutation operation is integrated 

into the crossing mechanism. Mutation is the process whereby genetic information is 

randomly disturbed. Some of the bits are inverted at random intervals, giving different 

values of 'ε  and 'μ . 
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ε’   μ’ 
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An initial population pool of ten solutions is created randomly, but within limits: 

' 1;5ε ∈ ⎡ ⎤⎣ ⎦ and ' 1;5μ ∈ ⎡ ⎤⎣ ⎦ . A new child solution will only replace a solution in the current 

population if it has a greater fitness than the least fit solution in the pool. The fitness of a 

solution, in this case, is defined as the accuracy with which the resulting S-parameters 

approximate those produced when the correct material properties are provided. The 

average fitness of the entire pool is only allowed to improve or to stay the same. 

 

The FDTD code is allowed to run for 10000 iterations and the GA is allowed to produce 

100 trial solutions. The GA optimises the trial solutions for the dielectric constant and loss 

factor of a test material with material properties defined as ' 2.61ε =  and ' 1.21μ =  finds 

a final (fittest) solution of ' 2.77ε =  and ' 1.16μ = . This is illustrated in Figure 3.7. The first 

ten trial solutions are randomly generated values, making up the initial population pool 

of the GA. 
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Figure 3.7. Sequential trial solutions for ξ’ and μ’  (simulator iterations = 5000). 

 

Figure 3.7 may be misleading and give the idea that solutions are found and saved, 

but it must be kept in mind that the figure is simply illustrating improvement of solutions. 
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The strength of GA’s lies in the fact that better solutions are saved and weaker solutions 

are replaced. At any one time, there are only ten solutions, each one with a fitness 

associated with it. 

 

3.3. Conclusion 

 

It has been shown that GAs can be used to determine material properties. However, 

only simulation data has been used and it is recommended that measured data 

should be compared to simulated data and an optimisation procedure be run to find 

real material properties. 
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44  Elliptical Applicator: Properties and 

Mathematics 
 

Microwave applicators may be classified into three general categories: travelling 

wave, multimode and single mode resonant cavities [28]. The elliptical cylindrical 

applicator can fall under any one of these categories according to its design and 

purpose. In this project a multimode cavity is designed, since it is a simple device and 

allows one to study the basic modes generated. 

 

4.1. Mathematical Analysis and Field Properties of 

Elliptical Waveguide 

 

To investigate the nature of field distributions in elliptical waveguide, Mathieu Functions 

are required [35]. These functions are not widely used in electronic engineering and 

require some consideration to understand. The solution of these functions is 

computationally intense.  

 

The field expressions and patterns in an elliptical waveguide have been studied and 

discussed by several authors. In 1938 Chu published a first theoretical study of the 

transmission of electromagnetic waves in waveguides of elliptical cross section [8]. 

Many researchers have since studied these expressions and plots in elliptical 

waveguides [7][35][36]. 

 

A correction was made to the generally accepted and widely published TM01 mode 

field pattern in 1990 [37]. In 2000 Li and Wang published plots of the field patterns in 

elliptical waveguides for over 30 modes in elliptical configurations with three different 

eccentricities [9]. 

 

When analysing such a waveguide, it is convenient to work with the elliptical 

coordinate system. These orthogonal coordinates will now be discussed briefly, since 
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they are less generally used than rectangular, cylindrical and spherical coordinate 

systems. 

 

4.2. Elliptical-cylindrical coordinate system 

 

The elliptical-cylindrical coordinate system is closely related to the circular system, 

which may be considered as a special case of the former [38]. This system uses as a 

radial coordinate – ξ - a set of confocal ellipses and as an angular coordinate – η – a 

set of confocal hyperbolas as shown in Figure 4.1. 

 

 

Figure 4.1. The orthogonal elliptical coordinate system, with semi-major axis a and semi-minor 

axis b of outermost ellipse indicated. 

 

Cartesian coordinates ( ), ,x y z  are related to the elliptical coordinates ( ), , zξ η  as 

follows: 

 

cosh cosx ρ ξ η=   sinh siny ρ ξ η=   z z=  (4.1) 
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where ρ is the semi-focal distance of the ellipse and related to the ellipse’s semi-minor 

axis b  and semi-major axis a  by: 

 
2 2 2a bρ = −   (4.2) 

 

The radial parameter ξ is defined by: 

 

1cosh aξ
ρ

− ⎛ ⎞
= ⎜ ⎟

⎝ ⎠
  (4.3) 

 

and the eccentricity e  of an ellipse is defined by: 

 

e
a
ρ

=   (4.4) 

 

where the transition to the circular case occurs in the limit where ρ tends towards zero1 

or where ξ tends towards infinity. In Figure 4.1 the trend towards a more circular shape 

with increasing values of ξ can be seen. The parameter e (the eccentricity of an 

ellipse) can therefore be thought of as an indication of how flat (more eccentric) or 

round (less eccentric) an ellipse is. 

 

4.3. Wave equation in elliptical coordinates 

 

To plot the mode patterns in a waveguide, expressions need to be found representing 

the different wave components in the guide. The scalar inhomogeneous wave 

equation, which relates scalar potential to a source, is provided [22]: 

 
2

2
2
UU

t
ρμε
ε

∂
∇ − = −

∂
  (4.5) 

 

                                                 
1 The focus of a circle is at its centre. 
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where ρ in this context represents charge density1 and ( ),U r t  must be solved for both 

time and position. The fields in hollow waveguides are per definition in a free space 

region, so that (4.5) becomes the homogeneous wave equation: 

 
2

2
2 2

1 0UU
v t

∂
∇ − =

∂
  (4.6) 

 

where 1v με=  with units m/s. By assuming a solution ( ) ( ) ( ),U r t U r T t=  and 

implementing the method of separation of variables, the three-dimensional Helmholtz 

equation can be realized from (4.6) as [38]: 

 

( )2 2 0k U r⎡ ⎤∇ + =⎣ ⎦   (4.7) 

 

where –k2 = -ω2με is the constant of separation. The three dimensional Laplacian 

operator 2∇  can be broken into two parts [24]: 

 

( ) ( ) ( )2
2 2

2t

U r
U r U r

z
∂

∇ = ∇ +
∂

  (4.8) 

 

The first term on the right is the two-dimensional Laplacian in the transverse plain and 

the second term represents contributions from derivatives in the axial direction. A 

spatial solution of the form ( ) ( ) ( )t tU r U r Z z= is assumed and may be inserted into (4.8) 

so that the following expressions (after separation of variables) are found:  

 

( )
2

2
2 0z

d k Z z
dz

⎡ ⎤
+ =⎢ ⎥

⎣ ⎦
  (4.9) 

( )2 2 0t t t tk U r⎡ ⎤∇ + =⎣ ⎦   (4.10) 

 

                                                 
1 Care must be taken not to confuse this ρ with that of the previous section, where the symbol 

represents the semi-focal distance of the ellipse. 
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where 2 2 2
t zk k k= − . If a propagation function of ze γ−  is assumed in the axial direction, 

2 2
zk γ= − , where γ  is the propagation constant, defined as[24]: 

 

jγ α β= +   (4.11) 

 

where α  is the attenuation constant and β the phase constant. In this mathematical 

discussion, the conductors are assumed to be ideal, the waveguide interior is free-

space, and therefore, unless otherwise stated, 0α =  (i.e. there is no attenuation of field 

strength). 

 

The expression for the transverse components results in the two-dimensional Helmholtz 

equation (4.10). In elliptical coordinates the two-dimensional Helmholtz equation 

becomes the following: 

 

( ) ( )
2 22 2

2 2 cosh2 cos2 , 0
2

t
t

k Uρ
ξ η ξ η

ξ η
⎡ ⎤∂ ∂

+ + − =⎢ ⎥∂ ∂⎣ ⎦
  (4.12) 

 

Once again the method of separation of variables comes into play and a solution of 

the form ( ) ( ) ( )ηξηξ Θ= RUt ,  is assumed. Substitution of this solution into (4.12) results in 

the following two differential equations: 

 

( ) ( )
2

2 2 cosh2 0d a q R
d

ξ ξ
ξ

⎡ ⎤
− − =⎢ ⎥

⎣ ⎦
   (4.13) 

 

( ) ( )
2

2 2 cos2 0d a q
d

η η
η

⎡ ⎤
+ − Θ =⎢ ⎥

⎣ ⎦
   (4.14) 

 

with 2 2 4tq kρ=  and a  the separation constant. The above two equations, (4.13) and 

(4.14), are known, respectively, as the Radial (or Modified) and Angular (or Ordinary) 

Mathieu equations. Their solutions are known as the Mathieu functions. 

 

Kretzschmar [7] presents the solution to the wave equation in elliptical coordinates in 

compact form: 
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( ) ( )
( ) ( )

( ), ,

, ,
m m m j t zz

z m m m

C Ce q ce qE
e

H S Se q se q
ω βξ η

ξ η
−

⎡ ⎤⎡ ⎤
= ⎢ ⎥⎢ ⎥

⎢ ⎥⎣ ⎦ ⎣ ⎦
               (4.15) 

 

where ( ),mce qη  and ( ),mse qη  are, respectively, the Angular even and odd Mathieu 

functions while ( ),mCe qξ  and ( ),mSe qξ  are the corresponding radial Mathieu 

functions of the first kind and order m . 

 

The mathematics surrounding the study of elliptical waveguide field patterns in an 

analytical sense is challenging due to the fact that the Mathieu equations have to be 

solved. 

 

For TM modes in the elliptical waveguide, ( ),tU ξ η  in (4.12) describes the dependence 

of the zE  field on ξ and η. Likewise, ( ),tU ξ η  describes the zH  field when working with TE 

modes. TM modes are also referred to as E-waves and TE modes as H-waves in 

literature [35][38]. 

 

From the outset, it may be noticed that the following expressions must hold to satisfy 

boundary conditions on the wall of the guide: 

 

TM modes: 
( )

( )
0

0

, 0 ( )

, 0 ( )
m

m

Ce q even

Se q odd

ξ

ξ

=

=
     (4.16) 

 

Looking at the wave equation again, it can be seen that this condition will force zero 

tangential E-fields at the ellipse boundary. What should also be noted is the q 

dependency. A different mode is found for every root of (4.16) and therefore the value 

of q for a particular mode, say TMcmn, can be found as the nth parametric zero of the 

even Modified Mathieu function of order m. The first subscript in the mode notation, ‘c’, 

alludes to the fact that the mode is even or a ‘cosine’ mode. In the case of odd (or 

‘sine’) modes, the subscript character is an ‘s’. 

 

The solution of the transverse field components of TM modes will be discussed in detail 

here. To find the solutions of TE modes, a similar procedure is followed. 
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From [35] the expressions for the transverse field components are found from zE  as 

given in (4.15): 

 

( ) ( )
( ) ( )

( ), , ,

2
1 1 , , ,

' , ,
sin

' , ,
m r m m r m m r

m r m m r m m r

C Ce q ce q
E t z

k l S Se q se qξ

ξ ηβ ϖ β
ξ η

⎧ ⎫⎪ ⎪= −⎨ ⎬
⎪ ⎪⎩ ⎭   (4.17) 

( ) ( )
( ) ( )

( ), , ,

2
1 1 , , ,

, ' ,
sin

, ' ,
m r m m r m m r

m r m m r m m r

C Ce q ce q
E t z

k l S Se q se qη

ξ ηβ ϖ β
ξ η

⎧ ⎫⎪ ⎪= −⎨ ⎬
⎪ ⎪⎩ ⎭   (4.18) 

 

where ,m rC  and ,m rS  are arbitrary constants. 

4.4. Solution of the Mathieu Equations 

 

Several authors have presented solutions to the Mathieu Equations [38][39][40]. 

However, there is little consistency in the notation used by different authors and this 

may lead to initial confusion. The different notations have been well tabulated in [38] 

and [39]. 

 

Since the method of solution followed here is that of McLachlan [35] (and his notation 

is the most frequently employed in literature [41]), McLachlan’s terminology will be 

implemented. 

 

The even and odd Angular Mathieu functions may be written in series form as follows 

[35]:  

 

( ) ( )2 2
0

, cos 2n r
r

ce z q A rz
∞

=

= ∑       (4.19) 

( ) ( )2 1 2 1
0

, cos 2 1n r
r

ce z q A r z
∞

+ +
=

= +∑      (4.20) 

( ) ( )2 1 2 1
0

, sin 2 1n r
r

se z q B r z
∞

+ +
=

= +∑      (4.21) 

( ) ( )2 2 2 2
0

, sin 2 2n r
r

se z q B r z
∞

+ +
=

= +∑      (4.22) 
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In each of the series, the coefficients A  and B  are functions of the parameter q. 

Kretzschmar [7] derived approximate analytic relationships between q and the 

eccentricity of an ellipse e  for the eight lowest order modes. The formulae for the three 

lowest order TM modes (of which the transverse field patterns are plotted in the next 

section) are provided in Appendix B. 

 

Having found the correct value for q, the series coefficients for equations (4.19) - (4.22) 

can now be calculated using the so-called recurrence relations [35][39]. These 

recurrence relations are provided in Appendix B. The recurrence relations must also be 

supplied with the value of a, the separation constant in the Mathieu Equations (4.13) 

and (4.14). The particular value of a satisfying the Mathieu Function being calculated, 

is called its characteristic number. Characteristic numbers were found using power 

series provided by [35], these power series being accurate for small values of q. Figure 

4.2 shows three plots of Angular Mathieu functions, each with a different order and a 

different value of q. 
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Figure 4.2. Angular (Ordinary) Mathieu functions, each found for different values of q. 

The even and odd Radial Mathieu functions may be found from Bessel Function 

product series [35]: 
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( ) ( ) ( ) ( ) ( )2 2 0 2 1 2
0

, 1 r
n n r r r

r
Ce z q p A A J v J v

∞

=

= −∑  (4.23) 

( ) ( ) ( ) ( ) ( ) ( ) ( )2 1 2 1 1 2 1 1 1 2 1 1 2
0

, 1 r
n n r r r r r

r
Ce z q p A A J v J v J v J v

∞

+ + + + +
=

⎡ ⎤= − +⎣ ⎦∑  (4.24) 

( ) ( ) ( ) ( ) ( ) ( ) ( )2 1 2 1 1 2 1 1 1 2 1 1 2
0

, 1 r
n n r r r r r

r
Se z q s B B J v J v J v J v

∞

+ + + + +
=

⎡ ⎤= − −⎣ ⎦∑  (4.25) 

( ) ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2 2 2 2 1 2 2 2 1 2
0

, 1 r
n n r r r r r

r
Se z q s B B J v J v J v J v

∞

+ + + + +
=

⎡ ⎤= − − −⎣ ⎦∑  (4.26) 

 

where 2k q= , 1
zv ke−=  and 2

zv ke=  and the values for p and s  are provided in 

Appendix B. 

 

Implementing the above method, solutions may be found for the Radial (Modified) 

Mathieu functions. The function Ce1 is plotted in Figure 4.3. 
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Figure 4.3. Radial (Modified) Mathieu function of the First Kind and order m=1 for varying values 

of q. 
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4.5. Field patterns in elliptical waveguides 

 

The solutions of the Mathieu functions can now be substituted into equations (4.17) and 

(4.18) to find Eξ  and Eη  and the transverse field pattern can be plotted in MATLAB®. 

These field patterns are then compared to the corresponding simulated field patterns. 

 

4.5.1. Analytical solutions 

 

The following solutions were plotted in MATLAB® utilizing the method of solving the 

Mathieu Equations described in the previous section. Due to the fact that MATLAB® 

can only plot x  and y components, the two elliptical field components have to be 

converted back to their Cartesian counterparts, xE  and yE . This is achieved by re-

expression using unit vector multiplication. The elliptical unit vectors, ξ̂  and η̂ , are 

related to the Cartesian unit vectors, x̂  and ŷ , by [46]: 

 

ˆˆ sinh cos cosh sin
ˆ cosh sin sinh cos ˆ
x

hy
ξ η ξ ηρ ξ
ξ η ξ η η

⎛ ⎞−⎛ ⎞ ⎛ ⎞
= ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠
    (4.27) 

 

where ( ) ( )2 2 2 cosh2 cos2h ρ ξ η= − . 

 

After conversion, the quiver function in MATLAB® is used to add the xE  and yE  

components and the transverse field patterns plotted. The transverse magnetic field 

components, Hx and Hy are also found by substitution into Maxwell’s equations. The 

three lowest order TM modes – TMc01, TMc11 and TMs11 – are shown in Figure 4.4-Figure 

4.6. The first character of the subscripts of the modes, either a “c” or an “s”, 

respectively indicates that a mode is even (i.e. the even Mathieu functions are solved) 

or odd (i.e. the odd Mathieu functions are solved). The code for plotting these is 

provided in Appendix B. In each of the figures, the E-fields are plotted in blue and the 

H-fields in green. 
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Figure 4.4. Dominant elliptical mode (TMc01) transverse field pattern analytically solved. 

 
   

- 0.1   - 0.08   - 0.06   - 0.04   - 0.02   0   0.02   0.04   0.06   0.08   0.1   

- 0.06   

- 0.04   

- 0.02   

0   

0.02   

0.04   

0.06   

 

Figure 4.5. TMc11 elliptical mode transverse field pattern analytically solved. 
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Figure 4.6. TMs11 elliptical mode transverse field pattern analytically solved. 

 

For every one of the three figures (Figure 4.4 - Figure 4.6, the ellipse dimensions (semi-

major axis a and semi-minor axis b) were kept constant at a=0.1 and b=0.6614378, 

corresponding to an eccentricity e=0.75. These values were initially chosen to 

correspond to those chosen by Li and Wang [9], in order to see whether the field 

patterns found matched with theirs. The results presented here agree completely. 

 

4.5.2. Simulated solutions 

 

A simulation is run in CONCERTO, an FDTD package, in order to produce the modes in 

the previous section. In the following chapters FDTD will be implemented in the 

modelling of an applicator. An empty elliptical cavity is created with dimensions that 

give the eccentricity of the analytic solutions (e=0.75). 

 

The cavity is excited by a lumped source. These sources are defined across a single 

FDTD cell and their circuit model consists of a voltage source in series with a resistor. 

CONCERTO provides these lumped ports to be used as virtual sources in eigen-value 

problems where the user is interested in resonant modes and their frequencies [45], as 

in this case. The field component to which the port is connected and the source 

waveform is user defined. To produce the TMc01 mode shown in Figure 4.7, the port is 
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positioned a few cells away from the elliptical cavity boundary, connected to an Ez 

field component and excited at the mode’s resonant frequency.  

 

The following figure shows the transverse E-field pattern of the TMc01 mode produced 

by simulation. 
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Figure 4.7 TMc01 elliptical mode transverse field pattern from CONCERTO simulation. 

 

The FDTD mesh is chosen to be relatively large to show the field pattern more clearly 

when the data is plotted using the quiver function. However, by choosing a larger FDTD 

mesh size, the step-wise approximation of the ellipse curve gives normal E-field vectors 

that are in turn approximated as vertical and horizontal, as one can see in Figure 4.7. 

Also note that the E- and H-field components do not correspond entirely. The 

components should be orthogonal, but are only approximately so. This is due to the 

way that these components are calculated using the FDTD method and this is 

expanded on in the next chapter. Apart from this, the field pattern corresponds well 

with its analytically solved counterpart in Figure 4.4. 
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Figure 4.8 TMc11 elliptical mode transverse H-field pattern from CONCERTO simulation. 

 

The transverse H-field pattern of the TMc11 mode is plotted in Figure 4.8. (The E-field 

pattern is omitted in this case since it makes for an unclear plot of the mode due to the 

relative complexity of the transverse field pattern.) It compares well with the analytic 

solution in Figure 4.5, but once again the approximated field components due to the 

large mesh size can be seen – the tangential field components at the edges are drawn 

as vertical and horizontal. 
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Figure 4.9 TMs11 elliptical mode transverse field pattern from CONCERTO simulation. 
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Figure 4.9 is a simulation field plot of the TMs11 mode and matches Figure 4.6. 

 

A few of the higher order mode transverse field patterns that will be of interest in the 

following chapters are provided in Figure 4.10 - Figure 4.12. 
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Figure 4.10 TEc11 elliptical mode transverse field pattern analytically solved. 
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Figure 4.11 TEs21 elliptical mode transverse field pattern analytically solved. 
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Figure 4.12 TEc31 elliptical mode transverse field pattern analytically solved. 

 

4.6. Conclusion 

 

This chapter is concluded with two important findings. The solution of Mathieu Functions 

is indeed computationally intense; however, this observation may be increased due to 

a lack of literature regarding their solution, which has been commented on in previous 

investigations [38]. The most comprehensive work is provided by McLachlan [35], 

published in 1947. The only recent comparable work is a collection of additional notes 

for doctoral studies by Gutiérrez-Vega et al. [41]. However, once grasped, the field 

plots for different modal patterns are relatively simple to do using the quiver function in 

MATLAB®. Analytical results are compared to computational results in the following 

chapter, together with the cut-off frequencies, these being tabulated for the ten 

lowest order modes. 

 

In the following chapter, the modelling of an elliptical cavity is discussed.  
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55  Elliptical Applicator: Numerical 

Modelling 
 

The modelling of the elliptical cavity and the procedure followed in deciding on the 

dimensions are described. All simulations of the cavity were done using FDTD and the 

fundamentals of this method are established briefly, in order to facilitate interpretation 

of the results found. 

 

5.1. Specifications and design 

 

The investigation of elliptical cavities forms part of a greater project investigating the 

increased effectiveness of mineral extraction from ore bearing rock following 

microwave treatment [3]. The final objective of the project is to implement an 

applicator at a mineral processing plant. Whilst some success has been achieved 

experimentally using a 2.45 GHz applicator, these waveguides are limited by their 

dimensions in an application where large amounts of rock have to be physically 

moved through them in a relatively small amount of time. In a typical processing plant 

1000 ton/h of crushed ore has to be processed. It has also been found that non-uniform 

heating becomes a problem in the 2.45 GHz guides when the load dimensions (the 

sizes of the rock) approach those of the broad face of the applicator, which they 

typically do in the stage at which the treatment is to be done. An 896 MHz source was 

made available within the greater research group, demanding a corresponding 

applicator. The frequency used most commonly in industry for noncommunication 

purposes is 915 MHz, but in the United Kingdom 896MHz is used [42]. The bigger size of 

such an applicator will not only allow greater throughput, but the same load sizes that 

were used in the 2.45 GHz guide, can be treated with more uniform field distributions. 

 

It is aimed to investigate the properties of elliptical waveguides and more specifically 

two characteristics of these guides that have been noticed in previous investigations: 
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 In large single mode cavities, the fieldless centre region is reduced by the 

cavity’s ellipticity [6]. This was noted in an example where fruit were dried in 

large single higher-order elliptical TM arch surface mode cavities at 2.45 GHz 

with 100 or 200 mm heights. It is therefore of valuable to investigate modal 

patterns in these cavities. 

 The succession of modes in an elliptical waveguide is a function of its 

eccentricity and the cut-in frequency of a higher order mode may therefore be 

lower than those of some lower order modes [7]. This effect becomes more 

pronounced as the eccentricity of the ellipse is increased. 

 

Both of these properties have bearing on applicator design for mineral processing, due 

to the fact that uniform power density is particularly desirable. With this in mind, and 

considering the direction that is being taken by the extended mineral processing 

project, a resonant cavity applicator is designed that can operate at a frequency of 

896MHz. 

 

The prototype is an elliptical cavity, fed at its centre with a wire feed as shown in Figure 

5.1. In order to measure electric field strength along the length of the cavity, holes in 

which an electric field probe can fit are made in its surface. 

 

 

Figure 5.1 Elliptical cavity design. 

 

One end of the cavity is closed off with a metallic wall, whilst on the other side a 

removable metal plate is made. This is done in order to allow the placement of 
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materials inside the cavity, but also in order to initially allow one the option of adjusting 

the length of the feed wire for optimal correspondence with the modelled setup. The 

removable plate is closed with conductive metallic tape. 

 

5.2. FDTD Modelling 

 

Before discussing the model of the elliptical cavity and looking at the resulting field 

plots, some background is given concerning FDTD as a computational technique. The 

explanation is simplified, but essential for the interpretation of results acquired from 

FDTD simulations. The interested reader is referred to [43]. 

 

5.2.1. The Fundamentals of FDTD 

 

The FDTD method is based on the solution of Maxwell’s equations using the Yee 

algorithm. It is a relatively simple computational method to understand. In source free 

regions in materials that are linear, isotropic and non-dispersive, Maxwell’s equations 

can be written as: 

 

H E
t

δ μ
δ

= −∇ ×         (5.1) 

E H
t

δ ε
δ

= ∇ ×         (5.2) 

 

The field vector components can now be written out as: 

 

1 yx zEH E
t z y

δδ δ
δ μ δ δ

⎡ ⎤
= −⎢ ⎥

⎢ ⎥⎣ ⎦
       (5.3) 

1y z xH E E
t x z

δ δ δ
δ μ δ δ

⎡ ⎤
= −⎢ ⎥

⎣ ⎦
       (5.4) 

1 yz x EH E
t y x

δδ δ
δ μ δ δ

⎡ ⎤
= −⎢ ⎥

⎢ ⎥⎣ ⎦
       (5.5) 

1 yx z HE H
t y z

δδ δ
δ ε δ δ

⎡ ⎤
= −⎢ ⎥

⎢ ⎥⎣ ⎦
       (5.6) 
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1y x zE H H
t z x

δ δ δ
δ ε δ δ

⎡ ⎤
= −⎢ ⎥

⎣ ⎦
       (5.7) 

1 yz xHE H
t x y

δδ δ
δ ε δ δ

⎡ ⎤
= −⎢ ⎥

⎢ ⎥⎣ ⎦
       (5.8) 

 

Referring to Figure 5.2, a derivative of any function ( )f x  may be approximated as the 

gradient of the function using the central difference expression: 

 

( ) ( ) ( )0 0 0

2
df x f x x f x x

dx x
+ Δ − − Δ

≈
Δ

      (5.9) 

 

 

Figure 5.2 The central difference expression approximates the slope of the function f(x) at x=x0. 

 

If every derivative in each of the six equations (5.3)-(5.8) is rewritten using this 

approximation, the individual field quantities can be derived from neighbouring field 

values and the quantity itself as calculated at the previous time interval.  

 

Yee positioned the field components in a space lattice for this purpose, shown in Figure 

5.3. 

 

f(x) 

xx0 x0+Δx x0-Δx 

f(x0) 
f(x0-Δx) 

f(x0+Δx) 
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Figure 5.3 Positions of the electric and magnetic field vector components about a cubic unit cell 

of the Yee space lattice. (after, [44]) 

 

For instance, looking at equation (5.6) and referring to the lattice figure, the first term 

may be written as: 

 

( ) ( ) ( )1/ 2 1/ 2, 1/ 2, 1/ 2 , 1/ 2, 1/ 2 , 1/ 2, 1/ 2n n n
x x xE i j k E i j k E i j k

t t
δ

δ

+ −+ + + + − + +
≈

Δ
(5.10) 

 

where time is discretised into intervals of tΔ  and n indicates the current time interval. 

Space is also discretised into intervals of sΔ 1 and ( ), ,i j k  denote the component’s 

( ), ,x y z  coordinates, so that the last two terms in equation (5.3) can be written as: 

 

( ) ( ), 1, 1/ 2 , , 1/ 2n nn
z zz H i j k H i j kH

y s
δ
δ

+ + − +
≈

Δ
    (5.11) 

( ) ( ), 1/ 2, , 1/ 2, 1n n n
y y yH H i j k H i j k
z s

δ
δ

+ − + +
≈

Δ
    (5.12) 

                                                 
1 For the sake of simplicity, the space lattice is assumed to be regular, i.e. s x y zΔ = Δ = Δ = Δ  

(i,j,k) 

x 

y 

z
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If equations (5.10)-(5.12) are substituted back into equation (5.3) and the terms 

rearranged, the result is an expression of the component Ex in terms of its value at the 

previous time interval and the neighbouring (orthogonal) H-field components: 

 

( ) ( )
( ) ( )

( ) ( )

1/ 2 1/ 2, 1/ 2, 1/ 2 , 1/ 2, 1/ 2

, 1, 1/ 2 , , 1/ 2

, 1/ 2, , 1/ 2, 1

n n
x x

n n
z z

n n
y y

E i j k E i j k

H i j k H i j kt
s

H i j k H i j k
s

ε

+ −+ + = + + +

⎡ + + − +Δ
+⎢

Δ⎢⎣
⎤+ − + +
⎥

Δ ⎥⎦

K

K   (5.13) 

 

The rest of the vector field components can be calculated in a similar fashion: 

 

( ) ( )
( ) ( )

( ) ( )

1/ 2 1/ 21/ 2, 1, 1/ 2 1/2, 1, 1/ 2

1/ 2, 1, 1 1/ 2, 1,
...

, 1, 1/ 2 1, 1, 1/ 2

n n
y y

n n
x x

n n
z z

E i j k E i j k

H i j k H i j kt
s

H i j k H i j k
s

ε

+ −− + + = − + + +

⎡ − + + − − +Δ
−⎢

Δ⎢⎣
⎤+ + − − + +
⎥

Δ ⎥⎦

K

  (5.14) 
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( ) ( )
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H i j k H i j kt
s
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s
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⎥
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(5.18) 

 

Two important aspects regarding FDTD should be emphasised here: 

 

 The FDTD method is a time domain technique and fields are calculated as 

functions of time. Therefore, it is possible to observe changes in field patterns as 

time progresses. Frequency domain data is extracted by performing Fourier 

Transforms of the time domain data. 

 When modelling a structure in FDTD, the entire structure is divided up into a 

staggered grid. CONCERTO allows the specification of this mesh size. Note that 

the E- and H-fields are calculated at half space and time increments relative to 

one another. The effect of this can be seen in the field plots of the previous 

chapter. 

 

5.2.2. Elliptical cavity model in CONCERTO 

 

The fundamental mode in an elliptical waveguide is the cH11 or TEc11 mode. The 

transverse field pattern for this mode (analytically solved using the method described in 

Chapter 4) is shown in Figure 5.4. This field can be excited with a wire feed such as the 

one shown in Figure 5.1, since this feed will produce the necessary Ey-field component. 

This mode should also cut in at a frequency below the design frequency of 896MHz 

and this specification is used as a guideline for the determination of the elliptical cavity 

dimensions. 
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Figure 5.4 Fundamental (TEc11) elliptical mode transverse field pattern analytically solved. 

 

From [37] the cut-off frequency for a particular mode in an elliptical waveguide can 

be calculated using 

 

,m n
c

c q
f

πρ
=   (5.19) 

 

where the ,m nq  parameter is dependent on the separation constant a  in the Mathieu 

Equations ((4.13) and (4.14)) and can be found by considering the waveguide 

boundary conditions as described in section 4.5. 

 

Kretzschmar [7] provides approximated equations for the calculation of the value of 

the q  parameter for the eight lowest order modes, as a function of eccentricity. 

 

Choosing design dimensions of a=111mm and b=74mm, the semi-focal distance ρ  can 

be calculated as 82.7mm. This value, in turn, can be substituted into (5.19) and results in 

a fundamental mode cut-off frequency of 807 MHz. 
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Utilizing the further approximations for the parameter q for the six lowest order modes - 

the other q values are found experimentally - and calculating the corresponding cut-

off frequencies for the ten lowest order modes, the results are as given in Table 2. 

 

Mode qm,r fc [GHz] 

TEc11 0.4889 0.807 

TEs11 1.0465 1.18 

TMc01 1.3318 1.33 

TEc21 1.5874 1.45 

TEs21 2.0985 1.67 

TMc11 2.7102 1.9 

TEc31 3.243 2.08 

TEs31 3.5955 2.19 

TEc01 3.864 2.27 

TMs11 4.0336 2.32 

Table 2. Analytically calculated cut-in frequencies for the ten lowest order modes in an elliptical 

waveguide (dimensions a=111m, b=74mm). 

 

Note in Table 2 that the succession of the modes is disturbed, e.g. the higher order TEc31 

and TEs31 modes have lower cut-in frequencies than the TEc01 mode. The explanation for 

this is the positioning of the higher order roots of the Mathieu Functions that describe 

the fields in the waveguide so that they satisfy the elliptical boundary conditions. 

 

The cavity is to be made up in such a way that the modes of Table 2 can be studied 

and their analytically calculated cut-off frequencies confirmed by comparison to 

simulated and measured data. With the feed of the cavity positioned as shown in 

Figure 5.1, the only modes that can possibly be excited are those with an electrical 

field in the y-direction at the position of the feed wire. For instance, by inspecting Figure 

5.4 it can be seen that the TEc11 mode can possibly be excited. On the other hand, the 

TMc11 mode, shown in Figure 4.5, cannot be excited with the current source placement, 

since its electric field is in the x-direction. The modes that may be produced are those 

written in blue in the table. 
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The length of the waveguide (the parameter L in Figure 5.1) is calculated so that a half 

guide wavelength variation at least will be produced along the length of the cavity at 

896 MHz. The guide is approximated as a rectangular waveguide with the same width 

and aspect ratio. This method of using the rectangular waveguide as an 

approximation of the elliptical waveguide is used in literature [47] and therefore a first 

approximation of the guide wavelength is calculated using [24]: 

 

( )21 2
g

a

λλ
λ

=
−   (5.20) 

 

where the free space wavelength λ  is taken as the wavelength at the specified 

operational frequency of 896 MHz. This leads to a first approximation of gλ  of 0.5097m. 

 

Taking this value, an empty elliptical cavity is created in CONCERTO with length 2gλ  

with an Ey point source placed close to the boundary in the middle of the cavity (see 

Figure 5.5) and the resonant frequencies are found.  

 

 

Figure 5.5 Position of point source in elliptical cavity simulation. 

 

Resonances are only apparent at higher frequencies in the cavity and it is concluded 

that the length chosen is too short. Increasing the length in increments up to L=0.6m, a 

resonance can be seen at 821 MHz as shown in Figure 5.6. 

L/2 

Ey source 

position 

y 

x 

z 
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Figure 5.6 |S50| from simulation with Ey point source placed 6mm from the side in the middle of 

the elliptical cylinder. 

In this simulation, the lumped source excitation is a pulse with frequency spectrum 0.8-

1.35 GHz. Apart from the resonance at 821 MHz, two others are evident: 1.08 GHz and 

1.32 GHz. 

 

When working with cavities, the reflection coefficient (S11) is typically used to detect 

resonant frequencies. The frequencies at which S11 dips below the 0dB line indicate the 

frequencies where energy enters the cavity. In Figure 5.6, however, it can be seen that 

the S50 parameter magnitude gives spikes above the 0dB line. This is due to the way 

that this parameter is defined in CONCERTO and partially due to the simulation’s 

convergence time. 

 

In order to interpret the S50 parameter it is necessary to understand lumped / point 

sources. To recap, these sources are made available in CONCERTO specifically for the 

purpose of solving eigen-value problems where the resonant modes and their 

frequencies are wanted [45]. Field components in the same orientation of the source 

couple back into it and because the simulated system is lossless, the source itself is the 

only component that dissipates energy. The default impedance connected to a 
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lumped source in CONCERTO is 50Ω, but this value may be specified by the user. The 

excitation is chosen as a band-limited sin(x)/x pulse. If the simulation is run for a very 

long time, all the energy will be dissipated by the source impedance and the plot in 

Figure 5.6 will become a straight line. 

 

If the same simulation is run and the lumped source excitation is now specified as a 

pulse with frequency spectrum 0.7-2.5 GHz and the simulation is left to run for 140900 

iterations, the S50 magnitude result appears as shown in Figure 5.7. 

 

5050

 

Figure 5.7 |S50| from simulation with Ey point source placed 6mm from the side in the middle of 

the empty elliptical cylinder. 

Figure 5.7 shows 13 resonant frequencies. These frequencies may be associated with 

TM, TE or hybrid modes1 – the nature of a mode is not revealed by looking at the 

reflection coefficient, but some modes may be eliminated by considering the source 

placement and its coordination. Note that, due to a change in the excitation 

frequency band, the S50 spikes are at different positions. To clarify this statement, if the 

                                                 
1 Hybrid modes are linear combinations of TE and TM modes and arise when the latter two 

cannot satisfy the boundary conditions imposed by a certain geometry. 
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three lowest resonant frequencies are compared to those from the previous simulation, 

with the narrower frequency band excited, the results are as given in Table 3. 

 

Resonant frequencies [GHz]: 0.7-1.35 GHz 

band excitation 

Resonant frequencies [GHz]: 0.7-2.5 GHz 

band excitation 

0.821 0.841 

1.083 1.098 

1.317 1.342 

Table 3. Resonant frequencies as indicated by |S50| with two different band excitations. 

 

In the following section, the cut-off frequencies that have been analytically calculated 

will be confirmed by plotting the electromagnetic fields at the resonant frequencies 

indicated by the |S50| parameter. This is realised by exciting the source with a sinusoid 

at these frequencies. It is found that, when the cavity is excited with a narrower 

frequency band, the resonant frequencies shown can be used in this manner to 

produce clear standing mode patterns for the identification of modes. However, when 

the cavity is excited with a broader frequency band (0.7 – 2.5 GHz), the resonant 

frequencies are shifted. The field patterns are plotted in the next section. 

 

5.3. Simulations 

 

The first simulation result shown is a field plot of the E field components across the 

length of the elliptical cavity (Figure 5.8). The source excitation is a sinusoid with a 

frequency of 821 MHz, corresponding to the lowest resonance detected. 

 

The mesh size for this simulation is specified as 4x4x4mm, giving reasonable resolution 

whilst allowing relatively quick convergence. The simulation space is rectangularly 

shaped and consists of the elliptical cavity surrounded by metal. The mesh size means 

that this entire space is divided into 60x41x151 cells in the x, y and z directions 

respectively. The orientation is as indicated in Figure 5.5. For the field plots of Figure 5.8, 

a layer in the XZ-orientation is chosen a number of cells away from the source, since 

the fields close to it are distorted. CONCERTO allows the user to save instantaneous 

field data or field envelopes, but due to the fact that the instantaneous data vary with 
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time, a certain field envelope is chosen. The type chosen for the simulations that follow 

detects the time-maximum of the absolute value of the monitored component in each 

cell of the layer. Therefore, the data from these envelope types are more consistent 

(they converge towards a certain value), which is important in the classification of 

modes. This data is exported to MATLAB® and plotted (using the coordinate axis as 

shown in Figure 5.5) as shown in Figure 5.8. 

 

 
(a) 

 
(b) 

 
(c) 

Figure 5.8 Axial cut of E field components in empty elliptical cavity as simulated at f = 821 MHz. 

 

The three plots in Figure 5.8 are ambiguous in that they seem to show large field 

strength values of each of the three components. This is due to the normalisation that is 

performed when these fields are plotted. The Ex field strength maximum is an order of 

ten smaller than the Ey component’s, while the maximum Ez field strength is given by 

the simulator as 2.9966e-005 V/mm, which may be approximated to zero, as required 

for a TE mode. If one were to plot the total E field of the same layer in the cavity, the 

result looks as shown in Figure 5.9 and it can be seen that the Ey component 

dominates, by comparing this figure to the component figures above. 
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Figure 5.9 Total E field in empty elliptical cavity as simulated at f = 821 MHz. 

 

This field plot confirms that a half wavelength variation of the electric field is produced 

along the length of the cavity at 821 MHz. The transverse electric and magnetic fields 

as given by the simulator a few layers away from the source are shown in Figure 5.10 

and from these plots and Figure 5.9 it can be seen that a TEc1111 mode is produced. 

 

 
(a) 

 
(b) 

                                                 
1 The third numerical subscript indicates the number of half wavelength variations in the z-

direction. 
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(c) 

 
(d) 

Figure 5.10 Transverse field components maximum value envelopes at 821MHz. 

 

The next simulation results shown are the field plots acquired at the resonant 

frequencies detected and reveal the modes produced at these frequencies. The 

second resonance is at 1.083 GHz and the E- and H-field vector components in an XZ-

oriented layer of the cavity are shown in Figure 5.11. The transverse field patterns are 

the same as the ones shown above in Figure 5.10 and the modal pattern in the cavity 

shows a TEc113 distribution. 

 

 
(a) 

 
(b) 

 
(c) 
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(d) 

 
(e) 

 
(f) 

Figure 5.11. Longitudinal electric and magnetic field components maximum value envelopes at 

1.083 GHz. This shows a TEc113 modal pattern. 

 

The third resonance is at 1.474 GHz and its transverse and longitudinal plots are 

displayed in Figure 5.12-Figure 5.13. The mode produced is a TEc115 field. 

 

 
(a) 

 
(b) 
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(c) 

 
(d) 

Figure 5.12. Transverse field components maximum value envelopes at 1474 MHz. 

 
(a) 

 
(b) 

 
(c) 
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(d) 

 
(e) 

 
(f) 

Figure 5.13. Longitudinal electric and magnetic field components maximum value envelopes at 

1.484GHz. This shows a TEc115 modal pattern. 

 

The modes at the resonant frequencies can be identified in the above fashion and are 

recorded in Table 4. 

 

Resonant Frequency [GHz] Mode 

0.821 TEc111 

1.083 TEc113 

1.317 TMc011 

1.474 TEc115 

1.494 TMc013 

1.608 TEs211 

1.756 TEs213 

1.798 TMc015 

1.915 TEc117 

2.02 TEs212 
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2.141 TEc313 

2.174 TMc017 

2.262 TMs112 

Table 4. Modes produced at resonant frequencies according to CONCERTO simulation of the 

empty elliptical cavity (a = 111mm, b = 74mm). 

 

The resonant frequencies in Table 4 and the modes shown by the simulator can now be 

compared to measured results. 

 

5.4. Conclusion 

 

Simulation packages, such as CONCERTO, are convenient tools in the design of 

microwave equipment. They also provide results that can be compared to 

experimental data and provides the designer with a good idea of the behaviour of the 

design. In the next chapter, measurements are made of the fields in the elliptical cavity 

and these are compared to the results supplied in this chapter. 
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66  Elliptical Applicator: Measurement 
 

This chapter investigates the success of simulated results against measurements. The 

measurement of field strength in a structure such as the elliptical applicator can be 

approached in different ways. Measurements were performed using a coaxial electric 

field probe system [42]. 

 

6.1. Coaxial probe measurement system 

 

A coaxial probe with centre conductor of length 2.6mm was used in these 

measurements. It is enclosed in a metal block in order to protect the VNA from currents 

flowing back into it as shown in Figure 6.1. 

 

(a)  

(b)  

Figure 6.1. Coaxial probe enclosed in metal block. 
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The length of the wire is chosen after experimental observation of its ability to detect 

relative changes in field strength. It is important that the electric field probe does not 

affect the fields that are being measured, or, alternatively stated, that these effects are 

minimized. 

 

The probe is connected to Port 2 of the HP8510 VNA and the wire feed of the elliptical 

cavity is connected to Port 1, so that the measurements made are essentially of the S21 

parameter. These measurements are uncalibrated, since relative variations of field 

strength is all that is of interest. All the electric field measurements performed in this way 

are normalised for visualisation purposes. 

 

The coaxial probe is limited to the measurement of normal E-field components. The 

measurements made are over the length of the elliptical cavity. A grid of holes is made 

over one half of the cavity as shown in Figure 6.2. 

 

 

Figure 6.2. Elliptical cavity measurement system with probe. 
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6.2. Eξ  field measurements 

 

The empty cavity is measured first and then a water load is placed into it and the fields 

are measured again. All measurements are compared to simulated field patterns. 

 

Since the field component measured using the probe is normal to the surface being 

probed, the component measured here is the Eξ  component. 

 

6.2.1. Empty elliptical cavity 

 

Before probing the cavity, the resonant frequencies are recorded by looking at the S11 

magnitude as measured by the VNA. It is possible to perform a one-port calibration up 

to the connector plane of the semi-rigid cable used for probing, but there is no need to 

use calibrated data as this will only affect the magnitude and not the position of the 

resonances. The fields are probed while exciting these frequencies only. The S11 

magnitude measured in this way is shown in Figure 6.3. 
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Figure 6.3. S11 magnitude as measured by the VNA from the elliptical cavity feed. 

The specific resonant frequencies that are recorded from the measurement of Figure 

6.3 are recorded in Table 6, together with the measured fields. 

 

Extensive use is made of symmetry in the empty cavity field measurements. One 

quarter of the surface of the cavity is probed and the field strengths are then repeated 

across the surface, so that plots such as the one shown in Figure 6.4 are generated. This 

specific field measurement shows the fundamental mode (TEc11) at 841 MHz. 



 74 

 

Figure 6.4. Normalised electric field probe measurement of Eξ field component showing TEc111 

modal pattern. 

 

Due to the fact that the feed wire is at the top centre of the cavity, this position cannot 

be measured and a zero value is substituted. This can clearly be seen in Figure 6.4. A 

few field measurements of TE modes that were found by means of simulation in 

Chapter 5 are shown in Figure 6.5. 
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(a) 

 
(b) 

 
(c) 

Figure 6.5. Normalised electric field measurements along length of empty elliptical cavity. 

 

By inspection, but also taking into consideration previous simulation data (compare 

Figure 6.5(a) and (b) with Figure 5.11(b) and Figure 5.13(b)) and analytical calculation 

of cut-in frequencies, the modes indicated by the surface plots in the figure are, from 

left to right, TEc113, TEc115 and TEs213 distributions. A TM mode occurs at 1.317 GHz and is 

shown in Figure 6.6, together with its transverse field pattern, which was also measured 

using the probe system. 
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(a) 

 

 

 

 
(b) 

Figure 6.6. Normalised electric field measurements (a) along length of empty elliptical cavity 

and (b) at one end of cavity, showing a TMc012 field distribution at 1.317 GHz. 

 

The mode in Figure 6.6 is a TMc012, as was found during the simulation procedure 

described in the previous chapter. The transverse field pattern is displayed to show the 

E-field component in the z-direction. The measured and simulated resonances and 

field modes measured are recorded in Table 5. 

 

Simulation: Resonant 

Frequencies [GHz] 

Mode Measurement: Resonant 

Frequencies [GHz] 

0.821 TEc111 0.841 

1.083 TEc113 1.095 

1.317 TMc011 1.317 

1.474 TEc115 1.48 

1.494 TMc013 1.494 

1.608 TEs211 1.628 

1.756 TEs213 1.756 
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1.798 TMc015 1.794 

1.915 TEc117 1.904 

2.02 TEs212 2.122 

2.141 TEc313 2.361 

2.174 TMc017 2.165 

2.362 TEs215 2.4 

Table 5. Measured and simulated resonant frequencies and modes detected. 

 

The measured and simulated fields tend not to correspond as the order of the modes 

increases. This may be attributed to the fact that the built cavity’s dimensions do not 

match the design dimensions perfectly and that the cavity is made of sheet steel and 

tends to deform slightly when pressure is applied to it. 

 

6.2.2. Elliptical Cavity Loaded with Water 

 

Water loads were placed in different positions inside the cavity and the fields were 

measured by probing as described in the previous section. The water load used is a 

glass test tube containing water. This load is placed in the middle of the elliptical cavity 

so that axial symmetry can once again be utilised. The measurements are compared 

to simulated data. Once again, the S11 parameter magnitude is studied to find the 

resonant frequencies. A CST (Computer Simulation Technology) Microwave Studio 

Simulation is run to find the data of the cavity with a water load included. CST is similar 

to CONCERTO in that it utilises FDTD as a computational method, but it also provides a 

convenient user interface and functionality for the placement of loads within 

cylindrical structures. The S11 magnitude of the measurement and the simulation are 

shown in Figure 6.7. 
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Figure 6.7. S11 magnitude as measured using the VNA compared to CST simulation result of 

elliptical cavity with water load. 

 

The measurement is uncalibrated and lies -5dB below the simulation result. No one-port 

calibration, in other words, is performed up to the port plane, since the resonant 

frequencies are all that are of interest. The elliptical cavity is a resonating structure. 

When it is simulated in CST, the total calculation time is dominated by the transient 

output signal. Since we are only interested in the resonant frequencies of the system, 

the simulation may be stopped before the time signals have decayed to zero. Because 

there is still some energy left in the cavity, a truncation error appears which causes 

ripples in the S11 parameter curve but does not shift the resonant frequency positions. 

These ripples can be seen clearly in Figure 6.7, but it is tolerated since the minima of the 

curve is the only information needed from the simulation. 

 

The water load in this case, with length 39 mm and diameter 25 mm, is placed as 

shown in Figure 6.8. 
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Figure 6.8. Position of water load (length 39mm and diameter 25mm) in elliptical cavity. 

 

The fields were measured across the frequency range and three of these are shown in 

Figure 6.9 - Figure 6.11, together with their simulated counterparts. The measurements 

are of the Eξ  field component along that half of the elliptical cavity containing the 

water load. 

 
(a) 

 

300mm
y 

x 

z 
100mm 

Water load 



 80 

 
(b) 

Figure 6.9. Electric field strength at 832 MHz along length of one half of elliptical cavity with 

water load – (a) Measurement and (b) Simulation. 

 

CST Microwave Office result plots, exported as they appear in the user interface, have 

a number of important details printed on them as can be seen in Figure 6.9. In the top 

right hand corner, a colour scale is supplied, according to field strengths calculated 

during simulation. In the bottom left hand corner, the field type, the frequency 

monitored, the component and the layer of the structure being displayed are supplied. 

Note that, while the probe measurements are Eξ  field components, yE  field 

components are shown in the plots. Due to the fact that the Eξ  can be approximated 

as yE  components along the top face of the cavity, this is taken to be an acceptable 

compromise. Note the information in the top left hand corner of Figure 6.9(“Clamp to 

range:”). The field measurements are normalised and cannot include the feed point. 

However, the simulation does include this point and it tends to dominate the electric 

field plots. In order to acquire clear plots, the range of field strengths displayed by CST 

is limited to the maximum value excluding the feed position. 
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(a) 

 
(b) 

Figure 6.10. Electric field strength at 1.792 GHz along length of one half of elliptical cavity with 

water load – (a) Measurement and (b) Simulation. 
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(a) 

 
(b) 

Figure 6.11. Electric field strength at 2.16 GHz along length of one half of elliptical cavity with 

water load – (a) Measurement and (b) Simulation. 

 

By inspection, the measurements’ and simulations’ results are similar and this can be 

taken as confirmation of measurement accuracy. In Figure 6.11, the second feature in 

the measured field pattern appears slightly different from that in the simulated and this 

can be attributed to the measured field’s grid not providing adequate resolution. 
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6.3. Conclusions 

 

The normal electric field patterns of the elliptic cavity were measured using a coaxial 

probe, this method of measurement having been thoroughly developed and 

investigated previously [42]. The fields were measured of both the empty cavity and of 

the cavity with a cylindrical water load placed inside it. These fields were then plotted 

in Matlab. In Chapter 5, the modelling and subsequent simulation of the empty cavity, 

as well as the resulting field patterns, are discussed. In this chapter, the simulated and 

measured fields could therefore be compared. 

 

The probe measurements and simulation data correspond, confirming measurement 

accuracy. However, it must be kept in mind that the measurements are of the normal 

electric field on the inside surface of the elliptical cavity (i.e. the Eξ  component), while 

the simulated data and field plots provided are of the yE  component. 

 

The probe measurements are limited to fields at the edge of the structure. This means 

that, whilst relative variations in field strengths may be measured, certain assumptions 

have to be made in the analysis of the mode that is indicated by these measurements. 

The normal electric field component on the inside metal surface of a structure provides 

some, but not all the information necessary to prove the presence of a particular 

mode within the structure. 

 

It can be concluded that the design procedure is valid and that simulation can be 

used to design and analyse applicators of this kind. Confidence in the entire process is 

therefore established. 
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77  Conclusions and Recommendations 
 

The study of the properties of elliptical waveguides was the main objective of this 

project. Extensive use was made of simulation software. When using these software 

packages, the dielectric properties of materials, including complex permittivity and 

complex permeability, have to be provided in order to get accurate results. Therefore, 

the determination of these properties by measurement and through the use of genetic 

algorithms was studied. An improvement of the calibration of a waveguide 

measurement system was investigated. The modes and determination of cut-off 

frequencies in elliptical waveguides were investigated. These present a few 

complexities in the form of Mathieu functions and their solutions. After analytic solutions 

of the field patterns in these waveguides, an elliptical cavity was designed and built 

and the fields and resonant frequencies measured and simulated. 

 

In Chapter 2 it was shown that the open circuit reflection from the non-ideal sliding 

load standard is not the cause of the regular ripple seen in waveguide measurements. 

However, a 1dB ripple is removed by time domain gating of this reflection. This ripple 

will have an effect on dielectric material property extraction and thus gating improves 

this slightly. The value of the investigation lies in a confirmation of the reality of the 

proposed reflection and the fact that this reflection is not the cause of a regular low-

level ripple consistently noted during waveguide measurements. Further improvement 

of the waveguide system can therefore be made with the knowledge of the effect 

caused. 

 

A very brief study was made of genetic algorithms. It was shown that genetic 

algorithms can be used to find material properties by optimisation of the difference 

between the S-parameters of a trial solution and that of the correct solution. This study 

was conducted by using simulation data alone and it is recommended that the 

investigation be taken further. Trial solutions should be compared to accurately 

measured data. 

 

The analytical solution of the field equations of elliptical waveguides seems 

complicated due to the fact that one solves the lesser known Mathieu equations and 
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must use an orthogonal elliptical coordinate system. However, once one becomes 

familiar with these coordinates, the solutions become more intuitive. 

 

The core aim of the study was to find conclusive results that would show that elliptical 

waveguides tend to be more “mode rich”. Stated differently, it is aimed to see whether 

more modes exist within a certain frequency range when compared to the modes that 

may exist in a rectangular waveguide of similar specifications. This is best illustrated by 

looking at the following diagram. 

 

0.807 1.614 2.421

TE10

TE01
TE20

TE11
TM11

TE21
TM21

TE30
TM30

TEc11 TEs11 TMc01 TMc01 TEs21 TMc11

TEc31

TEs31

TEc01

TMs11

1.804 2.282

f [GHz]

0.807 1.614 2.421

TE10

TE01
TE20

TE11
TM11

TE21
TM21

TE30
TM30

TEc11 TEs11 TMc01 TMc01 TEs21 TMc11

TEc31

TEs31

TEc01

TMs11

1.804 2.282

f [GHz]

 

Figure 7.1. Cutoff frequencies of waves in a rectangular guide (b/a = 1/2) vs. cutoff frequencies 

in elliptical waveguide with same fundamental mode cutoff frequency. 

 

The figure shows a line diagram indicating the cutoff frequencies of the lower-order 

modes for a rectangular guide with the same fundamental mode cutoff frequency as 

the elliptical waveguide discussed in Chapter 5 and having a width to height ratio 

(b/a) of ½. The specific values for the rectangular guide are shown in the diagram, 

while the elliptical waveguide frequencies (which have been tabulated in Table 2 (see 

p. 58) are indicated with the bottom row of blue arrows. 

 

Within limits, therefore, it is confirmed that elliptical waveguides are more “mode rich”. 

This is due to the way in which the Mathieu Function’s roots are ordered and these in 

turn characterise the electromagnetic field patterns in these waveguides. 
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Appendix A 
 

A.1 MATLAB® code for extraction of permittivity and 

permeability from S-parameters 

 

% Carien Fouche'    U.S. No. 13436163 
% DATE: 2005/08/22 
 
% This code is a trimmed-down version of 'Extract_WG_Simm.m'. It 
% calculates the permittivity and permeability of a material, given its S11 
% and S21 parameters. The data is then plotted against frequency. 
% 
%---------------------------------------------------------------------% 
 
%-------------------DEFINE FUNCTION & SETUP MATLAB--------------------% 
 
function Extract_props_no_halfL(freq,S11,S11ang,S21,S21ang) % User must input S-parameters. 
 
d = 25e-3;                                % Length of sample holder. 
 
format long; 
 
s11mag= S11;                              % |S11| 
s11ang= S11ang;                           % /S11 
s11ang= unwrap(s11ang.*(pi/180));                 % Convert to radians 
s21mag= S21;                              % |S21| 
s21ang= S21ang;                           % /S21 
s21ang= unwrap(s21ang.*(pi/180));                 % Convert to radians 
 
f     = freq; 
Start = f(1); 
Points= length(f); 
Stop  = f(Points); 
 
SPar1_smooth = s11mag.*cos(s11ang) + i*s11mag.*sin(s11ang); 
SPar2_smooth = s21mag.*cos(s21ang) + i*s21mag.*sin(s21ang); 
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SPar1new = SPar1_smooth(1:(length(SPar1_smooth)-1)); % Average between every 2 successive data 
points. 
 
SPar2new = SPar2_smooth(1:(length(SPar2_smooth)-1)); 
     
fnew = f(1:(length(f)-1)); 
 
ur = 1; 
er = 1; 
a  = 72e-3;                             % Width of S-band waveguide 
c  = 2.997924580e8;                     % Speed of light in vacuum  
Lc = 144e-3;                            % Cut-off wavelength of the WG for TE10 mode (2.082GHz) 
L0 = c./f;                              % Wavelength in air at each frequency point 
L0new = c./fnew;                        % Wavelength calculated using average frequency 
Lgnew = (L0new./sqrt(ur*er-(L0new./Lc).^2)); 
 
Df = (Stop - Start)/Points;             % Frequency steps 
StartPoint = round((2.6e9 - Start)/Df); % To take median from 2.6GHz for any number of points! 
 
%------------------------------------------------------------------% 
 
%--------------DETERMINE GROUP DELAY-------------------------------% 
% Group delay = Negative rate of change of phase of SPar2 with respect to frequency. 
 
mag = abs(SPar2_smooth);                % Magnitude of SPar2 
 
phase = unwrap(angle(SPar2_smooth));            % Angle of SPar2 in radians; Unwrap to avoid jumps in 
phase 
 
gradient = diff(-phase);%.*(180/pi);    % Difference in angle between each 2 f-points in degrees. 
newgradient = median(gradient); 
 
df = diff(f);                           % Difference between each 2 successive frequency points 
 
tg = (gradient./df)./(2*pi);            % Group delay according to definition 
 
length_tg = length(tg); 
 
%-----------------------------------------------------------------% 
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%-------------------------CALCULATE GAMMA-------------------------% 
% If not the negative sign of root should be used 
         
K = (SPar1new.^2 - SPar2new.^2 + 1)./(2.*SPar1new); % Determine K as defined.  
 
tel = 1;                                        % Define counter 
 
while(tel <= length(SPar1new))                  % Test if gamma <= 1 
 
    gammaB(tel) = K(tel) + sqrt(K(tel)^2 - 1);  % Reflection coefficient 
        if abs(gammaB(tel)) > 1                 % Test if greater than 1 
    gammaB(tel) = K(tel) - sqrt(K(tel)^2 - 1);  % Use the negative sign if gamma > 1 
        end 
     tel = tel + 1; 
end 
 
gamma = gammaB.';                               % NB use .' to convert gamma to row format 
 
%-----------------------------------------------------------------% 
 
%-------------DETERMINE VALUE OF N--------------------------------% 
% Calculate the value of N to be used as part of the ln of 
% the complex propagation factor P. 
 
P = (SPar1new + SPar2new - gamma)./(1 - (SPar1new + SPar2new).*gamma); % Propagation factor 
%Propagation factor (P) = exp(-gd); with g = alpha + jBeta = Propagation Constant 
 
phi  = log(1./P);  % Natural log of complex Propagation Factor 
phi2 = real(phi) + i*unwrap(imag(phi)); 
 
n2 = (fnew.*(tg) - unwrap(imag(phi))./(2*pi)); % n2 calculated from formula & rounded to nearest integer. 
 
z  = 1;            % Counter z 
 
while(z < Points) 
    if n2(z) > 0  
        n(z) = floor(n2(z)); 
    elseif n2(z) < 0  
        n(z) = abs((ceil(n2(z)))); 
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    else 
        n(z) = 0; 
    end;  
    z = z + 1; 
end 
 
n = n';   
 
while(z < Points) 
    if n(z) > 0; disp('N groter as 0'); end; % Show message when n2 > 0 
    if n(z) < 0; n(z) = 0; end; 
    z = z + 1; 
end 
 
%-----------------------------------------------------------------% 
 
%------------CALCULATE PARAMETER WITH CORRECT N-------------------% 
 
inv_lambda2 = -((((1/(2*pi*d)).*phi2 + (2.*pi.*n).*j)).^2); % Calculated from definition 
inv_lambda = sqrt(inv_lambda2); 
 
%-----------------------------------------------------------------% 
 
%----------Calculate Permeability and Permittivity----------------% 
 
permeability = ((1 + gamma).*inv_lambda)./((1 - gamma).*sqrt((1./(L0new.^2)) - (1/Lc^2))); 
 
mag_factor = (inv_lambda2)./permeability; 
 
permittivity = ((L0new.^2).*(inv_lambda2 + 1/(Lc^2)))./(permeability); 
 
%-----------------------------------------------------------------% 
 
%------------------Calculate Tan(d)-------------------------------% 
%Tan(d) calculated according to W.B. Weir 
 
delta1 = real(permeability).*real(permittivity) - (-imag(permeability).*-imag(permittivity)); 
delta2 = real(permeability).*(-imag(permittivity)) + (-imag(permeability).*real(permittivity)); 
 
tand = delta2./delta1; % Tan(d) according to W.B. Weir 
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%-----------------------------------------------------------------% 
 
%------------Graph of permittivity vs. frequency------------------% 
% Plot the real & imaginary parts of the permittivity. 
% DC refers to dielectric constant. 
% LF refers to loss factor. 
 
% Calculate the median of the (real part of the) permittivity and creates a vector of its value. 
DCnew  = median(real(permittivity(StartPoint:length(fnew)))) 
DCnew  = ones(length(fnew),1).*DCnew; 
 
figure(2); 
subplot(2,1,1); 
hold on; 
 
% Plot the median & real data of the Dielectric Constant. 
plot(fnew(StartPoint:length(fnew)), DCnew(StartPoint:length(fnew)), 'b', ... 
     fnew(StartPoint:length(fnew)), real(permittivity(StartPoint:length(fnew))), 'k'); 
 
title(['Complex permittivity of test material vs. Frequency']); 
xlabel('Frequency [Hz]'); 
ylabel('Magnitude \epsilon'''); 
grid; 
 
legend('Median', 'Permittivity', 0) 
 
% Calculate the median of the Loss Factor and creates a vector of its value. 
LFnew = -median(imag(permittivity(StartPoint:length(fnew)))); 
LFnew = ones(length(fnew),1).*LFnew; 
 
subplot(2,1,2); 
hold on; 
 
% Plot the median & real data of the Loss Factor. 
plot(fnew(StartPoint:length(fnew)), LFnew(StartPoint:length(fnew)), 'b', ... 
     fnew(StartPoint:length(fnew)), -imag(permittivity(StartPoint:length(fnew))), 'k');  
 
xlabel('Frequency [Hz]'); 
ylabel('Magnitude \epsilon'''''); 
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grid; 
 
%-----------------------------------------------------------------% 
 
%-----------Graph of permeability vs. frequency-------------------% 
% Plot the real & imaginary parts of the permeability on one page. 
% Magnet_Real refers to the real part of permeability (ie. mu') 
 
Magnet_Real = median(real(permeability(StartPoint:length(fnew)))) 
Magnet_Real = ones(length(fnew),1).*Magnet_Real; 
 
figure(3) 
subplot(2,1,1); 
hold on; 
plot(fnew(StartPoint:length(fnew)), Magnet_Real(StartPoint:length(fnew)), 'b', ... 
     fnew(StartPoint:length(fnew)), real(permeability(StartPoint:length(fnew))), 'k'); 
     % Plots the real part 
  
title(['Complex permeability of test material vs. Frequency']); 
xlabel('Frequency [Hz]'); 
ylabel('Magnitude \mu'''); 
grid; 
 
legend('Median', 'Permeability', 0) 
 
Magnet_Imag = median(imag(permeability(StartPoint:length(fnew)))) 
Magnet_Imag = ones(length(fnew),1).*Magnet_Imag; % Display the median value. 
 
subplot(2,1,2); 
hold on; 
plot(fnew(StartPoint:length(fnew)), Magnet_Imag(StartPoint:length(fnew)), 'b', ...  
     fnew(StartPoint:length(fnew)), imag(permeability(StartPoint:length(fnew))), 'k'); 
     % Plots the imaginary part. 
      
xlabel('Frequency [Hz]'); 
ylabel('Magnitude \mu'''''); 
grid; 
%-----------------------------------------------------------%    
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A.2 MATLAB® Code for one-port calibration with S-band 

waveguide standards 

 

%  Carien Fouche'    U.S. No. 13436163 
%  DATE: 2006/01/06 
% 
%  Main body of SOLT calibration program only. A simplification of "SOLT.m" for 
%  one-port measurements, since the focus here is on the sliding load. 
%---------------------------------------------------------------------------------% 
   function [S11_calon,S11_cor,f,mypi] = SOLT_oneportdd(filename); 
     
%  Load the measured S-parameters for the calibration: ("raw" data) 
%  NOTE: these are the measured S-parameters of the calibration standards. 
 
   eval('short1');  
   S11_short1_m = short1_s11;  %double(S11_short1_m);  
 
   eval('short2');  
   S11_short2_m = short2_s11;  %double(S11_short2_m);  
 
   eval('fload');    
   S11_load_m   = fload_s11;   %double(S11_load_m); 
    
%  Load the measured S11-parameter of the DUT with calibration ON: 
 
   eval(strcat(filename,'_cal'));   
   S11_calon = eval(strcat(filename,'_cal_s11'));   %double(S11_calon); 
 
%  Load the measured S11-parameter of the DUT with calibration OFF: 
 
   eval(strcat(filename,'_uncal')); 
   S11M = eval(strcat(filename,'_uncal_s11'));      %double(S11M); 
    
 
%    eval(strcat(filename,'_uncal'));    
%    S11M = eval(strcat(filename,'_uncal_s11'));   double(S11M);  
 
%  Load Frequency points 
    N = Points;                                 % number of frequency points 
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 f = linspace(Start,Stop,N);         % frequencies [degrees] 
    w = 2*pi*f; double(w);      % radial frequencies 
     
    mypi = pi; 
 
%---------------------------------------------------------------------------------% 
%  Constants 
 
    a   = 72.14e-3;             % width of waveguide [m] 
    c   = 3e8;                  % speed of light in free space [m/s] 
    mu  = pi*4e-07;             % free space permeability [H/m] 
    eps = 8.854e-12;            % free space permittivity [F/m] 
    eps_r = 1.000649;           % free space relative permittivity 
     
%---------------------------------------------------------------------------------% 
%  Define Approximations for standards: 
 
%  WAVEGUIDE - take dispersion into account 
  
    fc  = 2.082e9               % waveguide cut-off frequency [Hz] (S-band : 2.078GHz) 
    lambda_c = c/fc;            % cut-off wavelength [m] 
 
    lambda   = c*(1./f);        % free-space wavelength [m] 
     
    lambda_g = lambda./sqrt(1 - (lambda./lambda_c).^2); 
                                % guide wavelength 
                                 
    beta    = 2*mypi./lambda_g;   % phase constant 
    alpha   = 0;                % attenuation 
 
%  Impedance transformers: 
    
    Z_0 = 1;                 % Characteristic impedance of WG 
 
    Z_1 = 1;                    % Port 1 reference impedance (?) 
  
 T_10 = (Z_0 - Z_1)/(Z_0 + Z_1); 
 
 T10 = [1 T_10;T_10 1]; 
 



 94 

 Q_10 = sqrt((1 - i*(imag(Z_0)/real(Z_0)))/(1 - i*(imag(Z_1)/real(Z_1))))/sqrt(1 - (T_10)^2)*T10; 
 
%-------------------------------------------------------------------------- 
% NOTE : The reflection coeff. from the fixed matched load should be 0, so 
% the above expression should represent that. Therefore, Z_load = Z_0. 
    
   Z_load = 1;                              %  Load impedance 
         
   T_load  = (Z_load - Z_0)/(Z_load + Z_0);  %  Load Reflection Coefficient 
 
%-------------------------------------------------------------------------- 
% NOTE : (from HP8510 product note) the offset loss [ohms/ns] is equal to the offset 
% loss at 1GHz multiplied by sqrt(f[GHz]). HOWEVER, the offset loss in 
% waveguide should always be assigned zero ohms by the HP8510A. 
    
for n = 1:N 
  
    alpha_sh1(n) = 0;            % Propagation loss constant(Short1) 
    alpha_sh2(n) = 0;            % Propagation loss constant(Short2) 
     
    Z_sh(n)      = 0;            % offset short impedance    
     
end; 
 
%  NOTE : WG has two offset short standards, one of length 51.854mm (short1), the 
%  other of length 86.75mm (short2). 
 
for n = 1:N 
 
% Short1 Reflection Coefficient     
     
    length_1 = 0.051854;                   % length of Short1 [m] 
 
    T_short1(n) = ((Z_sh(n) - Z_0)/(Z_sh(n) + Z_0)).*exp(-i*2*beta(n)*length_1); 
 
    %double(T_short1(n));     
 
%  Short2 Reflection Coefficient 
 
    length_2 = 0.08675;                    % length of Short2 [m] 
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    T_short2(n) = ((Z_sh(n) - Z_0)/(Z_sh(n) + Z_0))*exp(-i*2*beta(n)*length_2); 
 
    %double(T_short2(n)); 
     
end; 
 
%---------------------------------------------------------------------------------% 
 
% From S11 determine directivity, source match and reflection tracking for forward direction. 
% Short1, short2 and load measurements are used. (De Groot (A1)-(A4)). 
 
for n = 1:N 
 
coeff = [1 T_short1(n)*S11_short1_m(n) (-T_short1(n)) S11_short1_m(n);  
         1 T_short2(n)*S11_short2_m(n) (-T_short2(n)) S11_short2_m(n); 
         1 T_load*S11_load_m(n)        (-T_load)      S11_load_m(n)   ]; 
 
D     = det([coeff(:,1) coeff(:,2) coeff(:,3)]); 
 
E_df(n) = det([coeff(:,4) coeff(:,2) coeff(:,3)])/D;    % directivity error 
E_sf(n) = det([coeff(:,1) coeff(:,4) coeff(:,3)])/D;    % source match error 
delE(n) = det([coeff(:,1) coeff(:,2) coeff(:,4)])/D;     
E_rf(n) = E_df(n)*E_sf(n) - delE(n);                    % reflection tracking error 
 
end;     
     
%---------------------------------------------------------------------------------% 
 
% Taking the measured uncorrected S11-parameter of the sliding load and converting it with  
% the following equation will give the actual S-parameters as calculated  
% by this program: 
 
for n = 1:N 
 
 S11_cor(n) = (S11M(n) - E_df(n))./(E_sf(n).*S11M(n) - E_sf(n).*E_df(n) + E_rf(n)); 
    %double(S11_cor(n)); 
     
end; 
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%---------------------------------------------------------------------------------% 
 
% The corrected S-parameters from the NA (S_calon) are then plotted with the corrected  
% S-parameters (magnitude and phase) as calculated by this program (S_cor)  
%   vs. frequency: 
 
%close all; 
 
figure(1); 
 
subplot(2,1,1); 
    plot(f,20*log10(abs(S11_calon)),'r'); 
    hold on; 
    plot(f,20*log10(abs(S11_cor)),'b--'); 
    hold on; 
    plot(f,20*log10(abs(S11M)),'g');         % uncalibrated measurement 
     
    grid; 
 
    [stnd] = flap(filename); 
     
 title(['S11 parameter of ' stnd ' for NA and Program']); 
    ylabel('Magnitude [dB]'); 
 legend('NA Correction','Program Correction','Uncalibrated data'); 
 
subplot(2,1,2); 
 
    plot(f,angle(S11_calon).*(180/mypi),'r'); 
    hold on; 
    plot(f,angle(S11_cor).*(180/mypi),'b--');  
    hold on; 
    plot(f,angle(S11M).*(180/mypi),'g');       % uncalibrated measurement 
     
    grid; 
 
    xlabel('Frequency [Hz]'); 
    ylabel('Phase [Degrees]'); 
 
%---------------------------------------------------------------------------------% 
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%==============================================================================
===% 
 

A.3 MATLAB® Code for plotting transverse fields in elliptical 

waveguide 

 

% Plot the S21 parameter magnitude in matrix format for the different 
% positions measured with the probe and at a certain frequency. 
 
% First, the current working directory filenames are read and checked to  
% find those filenames that commence with a 'D'. These filenames are stored 
% by the VNA as 'DD_xxyy' where the 'xx' denotes row and 'yy' denotes column  
% number (these are double digits). 
 
% The cylinder probed in this first measurement has 13 rows of holes, 
% with 10 holes per row. So we are working with a 13x10 array. 
 
function plotfield_trans(I); 
 
% The start,stop and number of frequency points should also be read from 
% the data files (this information is contained in the 'headerlines' that 
% are skipped when reading the data). 
 
close all; 
 
d   = dir; 
sd  = size(d);                                        % number of files in directory    
 
 
for k = 2:sd(1) 
        if getfield(d,{k,1},'name',{1:2}) == 'DD'     % VERY basic check to see whether the 
                                                      % filename begins 
                                                      % with a 'DD', in 
                                                      % other words: make 
                                                      % sure that there 
                                                      % aren't any 
                                                      % non-applicable 
                                                      % files starting with 
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                                                      % 'DD' 
                                
            DDnum = getfield(d,{k,1},'name',{1:8}); 
 
% Syntax explanation: delimiter separates the numbers, headerlines are 
% skipped, whitespace is ignored as well as 'END'. 
            [s21_real, s21_imag] = textread(DDnum,'%n%n%*[^\n]','delimiter',',',... 
                                   'headerlines',58,'whitespace','END');         
             
            m = str2num(DDnum(5:6));                    % row of probe position 
            n = str2num(DDnum(7:8));                    % column of probe position 
                                
            fld_real = s21_real(I); 
            fld_imag = s21_imag(I); 
            fld_mag(m,n)  = abs(fld_real + i*fld_imag); 
%         else 
%             disp('Not correct datafile type.'); 
        end; 
end; 
 
% Repeat the values symmetrically over geometry: 
 
sfm = size(fld_mag);                                  % dimensions of array 
 
for k = 11:19 
    fld_mag(:,k) = fld_mag(:,20-k); 
end; 
 
for k = 8:13 
    fld_new(k,:) = fld_mag(14-k,:); 
    fld_new(15-k,:) = fld_mag(15-k,:); 
end;     
 
disp(['Max. field strength : ' num2str(max(max(fld_new))) ' V/m.m']) 
 
% figure(1); 
Xdata = (-90:10:90); 
Ydata = (-60:10:60); 
 
% surf(Xdata,Ydata,fld_new./max(max(fld_new))); 
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% shading interp 
% hold on; 
% mesh(Xdata,Ydata,fld_new./max(max(fld_new))); 
% hidden off; 
%  
% xlabel('x [mm]'); 
% ylabel('y [mm]'); 
 
% Now the figure needs to be refined. The holes, from a top view, are not 
% evenly spaced. As the curvature of the ellipse changes, so the distances 
% change. If the metal plate is layed out flat, there is 10mm between the 
% columns and 10mm between the rows. 
 
figure(2); 
 
axes('fontsize',8); 
 
x = (-90:10:90); 
y = (-60:10:60); 
 
surf(Xdata,Ydata,fld_new./max(max(fld_new))); 
shading interp 
hold on; 
% mesh(Xdata,Ydata,fld_new./max(max(fld_new))); 
% hidden off; 
 
xlabel('x [mm]','fontsize',8); 
ylabel('z [mm]','fontsize',8); 
 
view(2); 
axis equal; 
set(2, 'Position', [10 250 310 260]); 
 
 



 100 

Appendix B 

B.1 Approximate Formulas for the Function q=f(e)  

Approximate functions for the determination of the parameter q  of the three lowest 

order TM modes are provided here. 

 

Mode Formula Interval of 

e  
maxrε [percent] 

TMc01 ( )2
01 0.222 0.728 1.308 0.341/ 1cq e e e= − − + + −  [0.50,0.95] 0.2 

TMc11 ( )2
11 0.1379 1.3138 3.9307 0.4056/ 1cq e e e= − − + + −  [0.55,0.95] 0.3 

TMs11 ( )2
11 1.2014 1.6271 2.1684 1.3089/ 1sq e e e= − − + + −  [0.45,0.95] 0.3 

Table 6. Approximate formulas for q (after, [7]) 

 

B.2 Recurrence Relations among the coefficients A and B 

The recurrence relations are obtained when the Ordinary Mathieu Function series are 

substituted back into the Mathieu equation and the series coefficients equated to zero 

[35]: 
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⎪
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B.3 Determination of the constants p and s in the Bessel 

Function product series solution of the Radial Mathieu 

functions 
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