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Abstra
tOn the 
omputation of freely generated modularlatti
esJ.Y. SemegniDepartment of Mathemati
al S
ien
esUniversity of Stellenbos
hPrivate Bag X1, 7602 Matieland, South Afri
aDissertation: PhD (Mathemati
s)De
ember 2008Consider subspa
es A, B, C of a ve
tor spa
e V. How many subspa
es 
anarise by taking arbitrary �
ombinations� of A, B, C (su
h as (A+B)∩C) ?The answer is 28. If there are order relations among A, B, C (e.g. A ⊆ C),the 
orresponding number is smaller than 28. This leads to the 
on
ept ofa modular latti
e FM(P ) freely generated by a poset (P,≤). We 
omputethe 
ardinality of FM(P ) for all P 's with at most six elements. For 88 ofthese P ′ s the latti
e FM(P ) is in�nite.
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UittrekselOn the 
omputation of freely generated modularlatti
esJ.Y. SemegniDepartement WiskundeUniversiteit van Stellenbos
hPrivaatsak X1, 7602 Matieland, Suid AfrikaProefskrif: PhD (Wiskunde)Desember 2008Gestel drie deelruimtes A, B, C van 'n vektor ruimte V 's gegee. Wat isdie maksimum aantal ruimtes wat kan ontstaan deur alle moontlike �kom-binasies� van A, B, C te skep (soos bv. (A + B) ∩ C)? Die antwoordis 28. As daar orde-relasies tussen A, B en C is (bv. A ⊆ C), dan isdie ooreenkomstige getal kleiner as 28. Dit lei tot die konsep van 'n mod-ulêre tralie FM(P ) wat deur 'n parsieelgeordende versameling (P,≤) vryvoortgebring is. Ons bereken die kardinaliteit van FM(P ) vir alle P 's vangrootte hoogstens 6. Vir 88 van hulle die tralie is oneindig.
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Chapter 1Introdu
tionLatti
e Theory o�ers an important tool for understanding mathemati
alstru
tures as was stated by G. Birkho� in the prefa
e of the 1967 editionof his book Latti
e theory when he wrote : �Latti
es and groups providethe most basi
 tools of universal algebra, and in parti
ular the stru
ture ofalgebrai
 systems is usually most 
learly revealed through the analysis ofappropriate latti
es.� Birkho�'s book opened the door to intensive resear
hon latti
e theory. One problem en
ountered in studying free latti
es is to�nd an algorithm whi
h de
ides whether two arbitrary latti
e expressionsare identi
al in all latti
es. This problem, known as the word problem,has attra
ted the interest of many resear
hers. In general the e�e
tive
omputation of free latti
es is a di�
ult problem. G. Birkho� [1℄ observedin 1940 that the free latti
e on four generators is in�nite, and he raisedthe question of the word problem for free latti
es on n generators, whi
hwas solved in 1942 by Whitman in a series of two papers [2; 3℄. In 1958,Howard L. Rolf [4℄ gave a des
ription of the free latti
es generated by a setof 
hains and R. Wille [5℄ in 1977 stated a ne
essary and su�
ient 
onditionunder whi
h a latti
e freely generated by a poset is �nite. Interesting is theword problem for free modular latti
es. The free modular latti
e on threegenerators, whi
h is �nite and 
ontains 28 elements, was �rst des
ribed byR. Dedekind [6℄ in 1900. Interest in the word problem for free modularlatti
es (on n generators) in
reased after P. Whitman's solution [2; 3℄ ofthe word problem for free latti
es appeared in the 1940's (see also [7; 8℄).In 1973, R. Wille [9℄ gave a 
hara
terization of those posets P su
h thatthe modular latti
e freely generated by P is �nite. The word problem forfree modular latti
es on n ≥ 5 generators was shown to be unsolvable by R.Freese [10℄ in 1982. Based on this result of Freese, C. Herrmann [11℄ wasable to show in 1983 that the word problem for the modular latti
e withfour generators is unsolvable as well.1



2 Chapter 1. Introdu
tionIn 1994 G. Bartens
hläger in his Ph.D. thesis [12℄ gave a 
omplete listof free distributive latti
es for posets up to 
ardinality �ve. He used thenotion of 
on
ept latti
es and skeletons to analyse the stru
ture of a freebounded distributive latti
e. In my thesis, I will extend his result to posetsof 
ardinality six. More importantly I will generalize the 
omputation tofree modular latti
es generated by posets of 
ardinality up to six and forsome �good� posets on seven points. Our method to 
ompute the free dis-tributive latti
e FD(P ) generated by a poset P is based on the Birkho�'srepresentation theorem for �nite distributive latti
es. The 
omputation ofthe free modular latti
es FM(P ) will be based, besides the theory of Wille,on a result by C. Herrmann and M. Wild [13℄ on the representation of mod-ular latti
es by 
ertain 
losure systems. Another issue is the representationof FD(P ) and FM(P ) in a 
ompa
t way. Sin
e both FD(P ) and FM(P )
an be represented by 
losure systems (set of order ideals, and Λ-
losedorder ideals of some poset respe
tively), this leads us to �nd an algorithmthat generates all the order ideals and all the Λ-
losed order ideals of agiven poset.I will organize the thesis as follows.Chapter one is the introdu
tion and a brief histori
al ba
kground of thesubje
t.In 
hapter two, we will re
all some basi
 notions on posets and latti
es.Chapter three is about 
losure systems and parti
ularly about the 
on-gruen
e latti
e of a latti
e. The �rst and se
ond isomorphism theorems willbe dis
ussed and some standard results on transposition and proje
tivitywill be highlighted. We will end this 
hapter with the proof of the subdire
tprodu
t de
omposition theorem and related results and a 
onstru
tion ofsubdire
t produ
ts of latti
es via join-homomorphisms.In 
hapter four we will �rst dis
uss the Birkho�'s representation the-orem for distributive latti
es, then we will study in more depth the freedistributive latti
es and dis
uss two equivalent methods to 
ompute them.An algorithm based on the method of P -labellings will be developed andillustrated by means of examples.Chapter �ve will 
over modular latti
es. We will start this 
hapter byre
alling some preliminary results on modular latti
es, namely the Dedekindtransposition prin
iple and Dilworth's theorem on the 
ongruen
e latti
e ofa latti
e. We will outline some results on �nite proje
tive geometries andthese results will be used to dis
uss a theory of representing modular latti
eswhi
h was initiated by C. Herrmann and M. Wild [13℄.In 
hapter six, we will formally introdu
e the 
on
ept of free latti
esgenerated by posets and study in detail the free modular latti
e FM(P )generated by a �nite poset P . We will next present an algorithm to illus-



3trate the 
omputational aspe
t of free modular latti
es. A detailed proof ofWille's theorem [9℄ about the �niteness of FM(P ) will be given at the endof this 
hapter.Having represented FD(P ) and FM(P ) as the ideal latti
e, respe
-tively Λ-
losed ideal latti
e of some posets, in 
hapter seven we will dis
ussan algorithm 
alled (a,B)-Algorithm, initially developed by M. Wild, togenerate all the ideals of a �nite poset, and we will apply this algorithm toe�e
tively determine the elements of FD(P ) and FM(P ) and draw theirHasse diagrams.Some numeri
al results will be re
orded in 
hapter eight. In se
tion 8.1we will list for any poset P on up to six points the 
ardinality of FD(P ),the 
ardinality of FM(P ), and the number of fa
tors (2 or M3) in theirsubdire
t produ
t de
ompositions respe
tively. In se
tion 8.2, we are 
on-
erned with the good posets 1 on seven points. Thanks to G. Brinkmannand B. D. M
kay [14℄ who sent me a C++ 
ode of their program to generateall posets on up to sixteen points. From this 
ode I extra
ted all the 2045posets on seven points, then I wrote a program to sele
t all the 1101 goodposets on seven points. The (a,B)-Algorithm was again used to 
ompute
|FM(P )| together with its parameters, for all the good posets on sevenpoints.The thesis ends with an appendix 
ontaining the Hasse diagrams of
FD(P ) and FM(P ) for some �nite posets of interest. The thesis is self-
ontained and we have tried as far as possible to illustrate many 
on
eptseither by simple examples or by means of pi
tures.

1Good posets are those for whi
h FM(P ) is �nite.



Chapter 2Basi
 
on
epts
2.1 Preliminaries on partially ordered sets2.1.1 Ordered setsDe�nition 2.1 Let P be a non-empty set. A binary relation ≤ is said tobe an order (or a partial order) on P if the following properties holdfor all x, y, z ∈ P.i) Re�exivity: x ≤ x.ii) Antisymmetry: x ≤ y and y ≤ x imply x = y.iii) Transitivity: x ≤ y and y ≤ z imply x ≤ z.De�nition 2.2 A partially ordered set (or poset), denoted (P,≤), is anon-empty set together with an order relation. Two elements x and y of aposet are said to be 
omparable if x ≤ y or y ≤ x. Otherwise, they aresaid to be in
omparable. A 
hain of a poset (P,≤) is a set of pairwise
omparable elements of P . A 
hain of n elements will be denoted by n. Aset of pairwise in
omparable elements of P is 
alled an anti
hain. If P isa poset 
onsisting of two posets P1 and P2 su
h that P = P1∪P2 and for all
a ∈ P1 and b ∈ P2, a and b are in
omparable, then we write P = P1 + P2.In parti
ular an anti
hain of n elements is denoted 1+1+ · · · + 1 wherethere are n terms in the sum.Example 2.1 1. The power set P(X) of a set X, together with the setin
lusion ⊆, is a poset.2. The real line R, the set of integers Z and the set of nonnegative inte-gers N0, with their natural order ≤, are 
hains.4



2.1. Preliminaries on partially ordered sets 53. The set of positive integers (N, |) together with the relation of divisi-bility de�ned by a|b if b = na for some n ∈ N (so 3|6 but 4 ∤ 6), is aposet.4. The ve
tor spa
e C([0, 1],R) of 
ontinuous fun
tions from [0, 1] to Rordered by f ≤ g if and only if f(x) ≤ g(x) for all x ∈ [0, 1], is aposet.5. Let (P,≤) be a poset. The relation ≥ := {(a, b) ∈ P × P : b ≤ a} isan order on P and (P,≥) is 
alled the dual of (P,≤).De�nition 2.3 Let (P,≤) be a poset and let X be a subset of P .1. An element a ∈ P is 
alled lower bound of X if a ≤ x for all x ∈ X,and it is 
alled upper bound of X if x ≤ a for all x ∈ X. We saythat X is bounded if it has a lower bound and an upper bound.2. The greatest lower bound (or in�mum) of X, denoted ∧
X whenit exists, is a lower bound l of X su
h that for any other lower bound

m of X, m ≤ l. The least upper bound (or supremum) of X,denoted ∨
X when it exists, is an upper bound u of X su
h that forany other upper bound v of X, u ≤ v.3. The minimum element of X, when it exists, is an element m ∈ Xsu
h that m ≤ x for all x ∈ X. The maximum element of X,when it exists, is an element g ∈ X su
h that x ≤ g for all x ∈ X.4. An element a ∈ X is said to be maximal in X if for any x ∈ X,

a ≤ x ⇒ a = x. Dually an element b ∈ X is said to be minimal in
X if for any x ∈ X, b ≥ x⇒ b = x.Remark: Generally ∧

X,
∨
X /∈ X. But if l is the minimum elementof X, then ∧

X = l ∈ X and if g is the maximum element of X, then∨
X = g ∈ X. If Φ is a statement about a poset (P,≤), then the statement

Φ∗ obtained by repla
ing any o

urren
e of ≤ by ≥ and by swit
hing thein�mum and the supremum is 
alled the dual statement of Φ. If Φ istrue for all posets, then Φ∗ is also true for all posets. This fa
t is known asthe duality prin
iple and it is very useful in proofs.De�nition 2.4 Let (P,≤) and (Q,≤) be two posets. An order mor-phism from P to Q is a map ρ: P −→ Q that preserves the order. Thatis, for all x, y ∈ P :

x ≤ y ⇒ ρ(x) ≤ ρ(y).



6 Chapter 2. Basi
 
on
eptsAn order morphism is sometimes 
alled monotone map. An order mor-phism is said to be an order isomorphism if it is a bije
tion and itsinverse is an order morphism.2.1.2 Graphi
al representation of posets - HassediagramLet (P,≤) be a poset and let x, y ∈ P . We write x < y when x ≤ y and
x 6= y. We say that y 
overs x (or y is an upper 
over of x or xis a lower 
over of y), and we write x ≺ y, if x < y and no a ∈ Psatis�es x < a < y . Using the 
overing relation, one 
an obtain a graphi
alrepresentation of any �nite poset P as follows. Represent ea
h element of Pby a dot in su
h a way that whenever x ≺ y then y (i.e. the 
orrespondingdot) is higher than x and the two are 
onne
ted by a line segment. Itis easily seen that for all x, y ∈ P one has x < y if and only if there isan �in
reasing path� from x to y. The resulting �gure is 
alled a Hassediagram of P . Note that di�erent Hasse diagrams may represent the sameposet.

PSfrag repla
ements
(1)
(2) a b c

d e f

a′ b′c′

d′ e′f ′

1+1+1 1+2+3 M3 N5 2+M3

Figure 2.1: (1) The Hasse diagrams of some posets. M3 is 
alled Diamondand N5 Pentagon. (2) Two Hasse diagrams representing isomorphi
 posets, theisomorphism sends ea
h x to x′.De�nition 2.5 Ea
h subset X of (P,≤) yields a subposet of P if Xendowed with the indu
ed order is a poset. That is, for all x, y ∈ X, x ≤ y



2.2. Basi
 latti
e theoreti
 
on
epts 7in X if and only if x ≤ y in P . For instan
e X =
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2.2 Basi
 latti
e theoreti
 
on
eptsDe�nition 2.6 A poset (L,≤) is said to be a latti
e if any pair of elements
a, b ∈ L has a least upper bound a∨b (join of a and b), and a greatest lowerbound a ∧ b (meet of a and b).Note that ���
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a b

is not a latti
e sin
e the least upper bound of
a and b does not exist.Proposition 2.1 If (L ≤) is a latti
e, then the binary operations ∨ and ∧satisfy the following properties for all a, b, c ∈ L:i) Idempoten
y: a ∧ a = a and a ∨ a = aii) Commutativity: a ∧ b = b ∧ a and a ∨ b = b ∨ aiii) Asso
iativity: (a∧ b) ∧ c = a∧ (b∧ c) and (a∨ b) ∨ c = a∨ (b∨ c)iv) Absorption: a ∧ (a ∨ b) = a and a ∨ (a ∧ b) = aExample 2.2 1. Any 
hain is a latti
e in whi
h x ∧ y is simply theminimum and x ∨ y is the maximum of x and y.2. The poset (P(X),⊆) is a latti
e in whi
h A∧B = A∩B and A∨B =

A ∪ B.3. Let M be a module over a ring and let Sub(M) denote the set of allsubmodules ofM . Then (Sub(M),⊆), is a latti
e where S∧T = S∩Tand S ∨ T = S + T = {s+ t ∈M : s ∈ S and t ∈ T}.4. (N, |) ordered by divisibility is a latti
e in whi
h a ∧ b = gcd(a, b), thegreatest 
ommon divisor of a and b, and a ∨ b = lcm(a, b), the least
ommon multiple of a and b.
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on
epts5. The Pentagon N5 and the Diamond M3 are latti
es.6. If (L1,≤1) and (L2,≤2) are latti
es, then the Cartesian produ
t L1×L2together with the order ≤ de�ned 
omponentwise is a latti
e where themeet and the join are also de�ned 
omponentwise.By asso
iativity, in any latti
e L the supremum ∨
H (respe
tively in�-mum ∧

H) is well de�ned for every �nite subset H ⊆ L.De�nition 2.7 A latti
e (L,≤) is said to be 
omplete if both ∧
X and∨

X exist for any (not ne
essarily �nite) subset X ⊆ L.A subposet S of a latti
e L may or may not be a latti
e:
L =
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is a latti
e, but
L = ��
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�� is not alatti
e.De�nition 2.8 A non-empty subset S of a latti
e (L,≤) is 
alled sublat-ti
e of L if a ∧ b ∈ S and a ∨ b ∈ S for all a, b ∈ S.In this 
ase the subposet (S,≤) not only is a latti
e (S,∧S,∨S) in its ownright; moreover one has a ∧S b = a ∧ b and a ∨S b = a ∨ b for all a, b ∈ S.Remark: A 
omplete latti
e is always bounded and any �nite latti
eis 
omplete. Note that the interse
tion of any family of sublatti
es of L isagain a sublatti
e. In parti
ular, if X is a subset of L, then the interse
tionof all the sublatti
es 
ontaining X is obviously the smallest sublatti
e that
ontains X. It is 
alled the sublatti
e generated by X and denoted by

〈X〉.Example 2.3 1. The set D(n) of divisors of an integer n ∈ N is asublatti
e of the latti
e (N, |).2. If (L,≤) is a latti
e and a, b ∈ L, then the set {x ∈ L : a ≤ x ≤ b} isa sublatti
e of L 
alled interval and denoted by [a, b]. If b 
overs a,then the interval [a, b] = {a, b} is 
alled prime quotient.
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on
epts 9De�nition 2.9 Let (L,≤) and (M,≤) be latti
es. A map α : L −→ M isa latti
e morphism if it preserves the meet and the join. That is, for all
a, b ∈ L

α(a ∧ b) = α(a) ∧ α(b) and α(a ∨ b) = α(a) ∨ α(b).A latti
e morphism is an isomorphism if it is a bije
tion.Observe that any latti
e morphism is order preserving but that the 
onverseis not always true. If α : L → M is a surje
tive morphism, then M is saidto be an epimorphi
 image of L.Proposition 2.2 Let L be a latti
e, P a poset and ρ : L −→ P a surje
tivemap su
h that x ≤ y ⇐⇒ ρ(x) ≤ ρ(y) for all x, y ∈ L. Then P is a latti
eand ρ is an isomorphism.Proof: The reader is e.g. referred to [15℄ for the proof of this result. �De�nition 2.10 (i) Let (L,≤) be a bounded latti
e. An element a ∈ Lis said to be 
omplemented if there exists an element b ∈ L, 
alled
omplement of a su
h that a ∧ b = 0 and a ∨ b = 1. A 
om-plemented latti
e is a latti
e in whi
h every element has a 
omple-ment. L is said to be relatively 
omplemented if every interval of
L (viewed as a latti
e on its own) is 
omplemented.(ii) A latti
e (L,≤) is said to be of �nite height if there is a �niteupper bound to the length of 
hains in L. The least su
h upper boundis 
alled height of L and denoted by h(L). The height of the interval
[0, a] (viewed as a sublatti
e of L) is simply denoted by h(a) and 
alledheight of a.(iii) A bounded latti
e is 
alled graded latti
e if all 
hains from 0 to 1have the same length.Note that relatively 
omplemented latti
es are 
omplemented but the 
on-verse is not true, e.g. N5 is 
omplemented but not relatively 
omplemented.De�nition 2.11 An element a of a latti
e L is 
alled join-irredu
ible(or ∨-irredu
ible) if for all b, c ∈ L, a = b ∨ c implies a = b or a = c(otherwise a is 
alled join-redu
ible). The set of nonzero join-irredu
ibleelements of L is denoted by J(L). An element a of L is 
alled meet-irredu
ible (or ∧-irredu
ible) if for all b, c ∈ L, a = b ∧ c implies a = bor a = c. Finally, if L is bounded, a ∈ L is 
alled atom if for all x ∈ L,

x ≤ a ⇒ x = a or x = 0. Dually a is 
alled 
o-atom if for all x ∈ L,
x ≥ a⇒ x = a or x = 1.
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on
eptsOne easily shows:Proposition 2.3 [16℄ If L is a latti
e of �nite height, then every elementof L is a join of join-irredu
ible elements of L.The de
omposition of an element as a join of join-irredu
ible elementsis not ne
essarily unique as seen below.
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Figure 2.2: a ∨ d = 1 = b ∨ c.



Chapter 3Congruen
e relations
3.1 Closure systemsDe�nition 3.1 Let A be a set. A map c : P(A) −→ P(A) is a 
losureoperator on A if c is:i) extensive: X ⊆ c(X) for all X ∈ P(A)ii) monotone: X ⊆ Y ⇒ c(X) ⊆ c(Y ) for all X, Y ∈ P(A)iii) idempotent: c(c(X)) = c(X) for all X, Y ∈ P(A)An element X ∈ P(A) is said to be 
losed with respe
t to c if X = c(X).De�nition 3.2 Let A be a set and F ⊆ P(A). Then F is said to be a
losure system on A if A ∈ F and ⋂

G ∈ F for all non-empty subsets Gof F .The following results are well known and have easy proofs.Proposition 3.1 Let F be a 
losure system on a set A. Then the map
cF : P(A) −→ P(A)

X 7−→
⋂
{K ∈ F : X ⊆ K}is a 
losure operator on A. Conversely, let A be a set and c a 
losureoperator on A. Then the set Fc = {c(X) : X ⊆ A} of 
losed elements isa 
losure system on A. Moreover if F is a 
losure system, then F=FcF .This means that any 
losure system is a 
omplete latti
e with the operationsgiven by

X ∧ Y = X ∩ Y and X ∨ Y = cF(X ∪ Y ).11



12 Chapter 3. Congruen
e relationsLet P be a poset. A subset I ⊆ P is 
alled (order) ideal if for all
x, y ∈ P , x ∈ I and y ≤ x imply y ∈ I. The interse
tion (and trivially theunion) of any family of ideals of P is again an ideal of P . Hen
e the set ofideals of P , denoted Id(P ), ordered by the in
lusion is a 
losure system on
P , when
e a 
omplete latti
e in whi
h the meet is the interse
tion and thejoin is the union. If S is a subset of P , the ideal generated by S, denotedby ↓S, is the smallest ideal 
ontaining S. In parti
ular ↓{a} is denoted ↓aand is 
alled prin
ipal ideal generated by a. It is straightforward to showthat ↓S = {x ∈ P : ∃s ∈ S, x ≤ s}.A subset F of a poset P is 
alled (order) �lter if for all x, y ∈ P , x ∈ Fand x ≤ y imply y ∈ F . The interse
tion of any family of �lters of P isagain a �lter of P , hen
e the set of �lters of P , denoted by Fil(P ), is a
losure system on P . If S is a subset of P , the �lter generated by S,denoted ↑S, is the smallest �lter of P 
ontaining S. If f ∈ P then ↑{f} issimply denoted by ↑f . Note that ↑S = {x ∈ P : ∃s ∈ S, x ≥ s}. Observealso that ∅ and P are �lters. A �lter F of P is 
alled proper �lter if
∅ 6= F 6= P . We denote by Fil∗(P ) the set of proper �lters of P . A properideal is de�ned dually.3.2 Equivalen
e relationsLet A be a set and R ⊆ A × A a binary relation on A. Then R is anequivalen
e relation on A if R is re�exive, symmetri
 and transitivewhere the symmetry means that xRy ⇐⇒ yRx for all x, y ∈ A. Theequivalen
e 
lass of an element a ∈ A, denoted aR or a/R, is the setof elements b ∈ A su
h that aRb. The set of all the equivalen
e 
lasses of
A is denoted by A/R, and the set of all the equivalen
e relations on A isdenoted Eqv(A).The diagonal of A, written ∆A = {(a, a) : a ∈ A}, and the Cartesianprodu
t, ∇A = A × A, are equivalen
e relations on A. If A and B aretwo sets and f : A → B is a map, then the relation R de�ned on A by
xRy if and only if f(x) = f(y) is an equivalen
e relation 
alled kernel of
f and denoted ker(f). If R and S are equivalen
e relations on A, then the
omposition of R and S, denoted R◦S, is the binary relation de�ned on
A by

x(R ◦ S)y ⇐⇒ ∃z ∈ A : xRz and zSy.Proposition 3.2 Let A be a set. Then Eqv(A) is a 
losure system on
A × A. Hen
e Eqv(A) is a 
omplete latti
e. Further, if R,S ∈ Eqv(A),



3.3. Congruen
es on latti
es 13then R∧S = R∩S and R∨S = R∪(R◦S)∪(R◦S◦R)∪(R◦S◦R◦S) · · · ,that is, a(R ◦ S)b if and only if there is a sequen
e x0, x1, · · · , xn su
h that
a = x0, b = xn and xiRxi+1 or xiSxi+1 for all i ∈ {0, 1, · · · , n− 1}.Proof: This is a standard result, see e.g. [17℄ for a proof. �3.3 Congruen
es on latti
esDe�nition 3.3 Let L be a latti
e. A binary relation θ ⊆ L × L is a 
on-gruen
e on L if:(i) θ is an equivalen
e relation on L and,(ii) for all a, b, c, d ∈ L, aθb and cθd ⇐⇒ (a ∧ c)θ(b ∧ d) and

(a ∨ c)θ(b ∨ d).The se
ond property is sometimes 
alled substitution property. The setof all 
ongruen
es on L will be denoted by Con(L). The interse
tion of anyfamily of 
ongruen
es is again a 
ongruen
e on L. This implies (Prop.3.1)that Con(L) is a 
losure system on L × L, and as su
h, is a 
ompletelatti
e. One 
an show that Con(L) is in fa
t a sublatti
e of Eqv(L). Inother words the join of 
ongruen
es θ and τ is 
omputed as in Prop.3.2. Thesmallest 
ongruen
e 
ontaining a subset X of L2 is 
alled the 
ongruen
egenerated by X and it is denoted by Cg(X) or 〈X〉. The 
ongruen
e
Cg({(a, b)}) will be simply denoted by Cg(a, b) or 〈(a, b)〉, the prin
ipal
ongruen
e 
ollapsing a and b.Proposition 3.3 [16℄ Let (L,≤) be a latti
e. An equivalen
e relation θ on
L is a 
ongruen
e on L if and only if for all (a, b) ∈ θ and all c ∈ L, onehas

(a ∧ c, b ∧ c) ∈ θ and (a ∨ c, b ∨ c) ∈ θ.Example 3.1 1. ∆L and ∇L are 
ongruen
es on the latti
e (L,≤).2. If L and M are latti
es and h : L → M is a morphism, then theequivalen
e relation ker(h) is a 
ongruen
e on L. One 
an hen
ede
lare on L/ker(h) two well de�ned binary operations ∧ and ∨ by
xker(h) ∧ yker(h) = (x ∧ y)ker(h) and xker(h) ∨ yker(h) = (x ∨ y)ker(h).These binary operations 
an be generalised to any quotient latti
e L/θwhere θ is a 
ongruen
e on L.
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e relationsProposition 3.4 [17℄(First isomorphism theorem) Let L and M betwo latti
es and h : L→ M a morphism. Then L/ker(h) ∼= Im(h).The �rst (and below the se
ond) isomorphism theorem holds more gen-erally for any algebrai
 stru
ture. However, the next result is spe
i�
allylatti
e-theoreti
.Proposition 3.5 [16℄ Let (L,≤) be a latti
e and θ a 
ongruen
e on L.Then aθb if and only if (a ∧ b)θ(a ∨ b) for all a, b ∈ L. Moreover, any
ongruen
e 
lass is a 
onvex sublatti
e of L, i.e. an interval of L whenever
L is �nite.Proof: In fa
t, aθb implies (a∧ b)θ(b∧ b) = b and a = (a∨a)θ(a∨ b). So bysymmetry and transitivity of θ, (a∧ b)θ(a∨ b). Conversely, if (a∧ b)θ(a∨ b)then,

a = a ∧ (a ∨ b)
θ a ∧ (a ∧ b) sin
e (a ∧ b)θ(a ∨ b)
= a ∧ b
θ a ∨ b
= (a ∨ b) ∨ b
θ (a ∧ b) ∨ b
= b.The transitivity of θ yields aθb. Also any 
ongruen
e 
lass modulo θ is a
onvex sublatti
e of L. Indeed, x ≤ z ≤ y and xθy imply x = (x ∧ z)θ(y ∧

z) = z sin
e θ is a 
ongruen
e. That is xθz. �We now introdu
e a kind of spe
ial element, 
alled prime element, thatyields a 
ongruen
e on L . The 
on
ept of prime element is very importantin distributive latti
es, in fa
t we will use this 
on
ept to show that anydistributive latti
e and its 
ongruen
e latti
e have the same height1. Wewill also show that a distributive latti
e is 
ompletely determined by itsprime elements.De�nition 3.4 Let L be a latti
e. An element p of L is said to be join-prime2 if for all a, b ∈ L, p ≤ a ∨ b implies p ≤ a or p ≤ b.It is easy to see that any prime element is join-irredu
ible but not all join-irredu
ible elements are ne
essarily primes as illustrated on the followingpi
ture. Note that p and d are primes, b and c are join-irredu
ibles but notprimes.1See de�nition (2.10)2 We will just say prime for short.
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0Figure 3.1: Illustration of primality.Theorem 3.1 [16℄ Let L be a latti
e and p ∈ L a prime element. Then themap p̃ : L → 2 de�ned by:̃
p(a) =

{
1 if a ≥ p,
0 otherwiseis an epimorphism. Conversely suppose L is �nite and g : L → 2 is anepimorphism. Then p :=

∧
{a ∈ L : g(a) = 1} is a prime element of L. �The following example illustrates this theorem:
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L 2
p~Figure 3.2: Illustration of theorem 3.1.In general, the prime elements in a �nite latti
e L 
orrespond to the
ongruen
es θ ∈ Con(L) with exa
tly two θ-
lasses. The latter θ's are
o-atoms in Con(L), but the 
onverse need not be true (e.g. take L = M3).Theorem 3.2 [18℄ (Se
ond isomorphism theorem)Let L be a latti
e and �x θ ∈ Con(L). Every φ ∈ Con(L) 
ontaining θ



16 Chapter 3. Congruen
e relationsyields a 
ongruen
e φ/θ ∈ Con(L/θ) de�ned by
aθ(φ/θ)bθ if and only if aφb. (3.3.1)It follows that (L/θ)
/
(φ/θ) ∼= L/φ, and that φ 7→ φ/θ yields a latti
e iso-morphism from the interval [θ,∇] of Con(L) onto Con(L/θ). �3.4 Transposition and proje
tivityDe�nition 3.5 Let (L,≤) be a latti
e and let a, b, c, d ∈ L su
h that a ≤ band c ≤ d. We say that the interval [a, b] transposes up to the interval

[c, d] denoted by [a, b] ր [c, d] if and only if d = b ∨ c and a = b ∧ c. Sim-ilarly we say that the interval [a, b] transposes down to the interval [c, d]denoted by [a, b] ց [c, d] if and only if b = a ∨ d and c = a ∧ d. We 
all
[a, b] and [c, d] transposed if either [a, b] ր [c, d] or [a, b] ց [c, d]. Fi-nally, we say that [a, b] and [c, d] are proje
tive if there is a �nite sequen
e
[a, b] = [c0, d0], [c1, d1], · · · , [cn, dn] = [c, d] su
h that [ci, di] and [ci+1, di+1]are transposed for all 0 ≤ i ≤ n − 1. For instan
e in the following �gure,
[a, d] ց [0, b] and [0, b] ր [c, 1], so [a, d] and [c, 1] are proje
tive primequotients.PSfrag repla
ements

0

1

a b c

d

Figure 3.3: Illustration of the proje
tivity relation.
Theorem 3.3 [16℄ Let L be a latti
e and let [a, b] and [c, d] be proje
tiveintervals of L. Then for all θ ∈ Con(L), aθb if and only if cθd.Proof : It essentially su�
es to observe that from, say, [a, b] ր [c, d] and
aθb, follows (a ∨ c)θ(b ∨ c). That is cθd sin
e c = a ∨ c and d = b ∨ c �



3.5. Dire
t and subdire
t produ
ts 173.5 Dire
t and subdire
t produ
tsDe�nition 3.6 Let (L,≤) be a latti
e. We say that L is dire
tly inde-
omposable if |L| > 1 and L ∼= L1 × L2 implies that either |L1| = 1 or
|L2| = 1. We say that L is simple if Con(L) has only two elements, i.e.
Con(L) = {∆,∇}.For L = L1 × L2 one 
he
ks that θ1, θ2 ∈ Con(L) if they are de�ned asfollows:

(x1, x2)θ1(y1, y2) :⇔ x1 = y1

(x1, x2)θ2(y1, y2) :⇔ x2 = y2One has θ1∧θ2 = ∆ (
lear) and θ1 ◦θ2 = θ2 ◦θ1 = ∇ = θ1∨θ2. For instan
e
θ1 ◦ θ2 = ∇ sin
e (x1, x2)θ1(x1, y2)θ2(y1, y2) for all (x1, x2), (y1, y2) ∈ L.Moreover, if |L1|, |L2| > 1, then any θ1, θ2 /∈ {∆,∇}. Conversely, any latti
e
L and any θ1, θ2 ∈ Con(L)\{∆,∇} with θ1∧θ2 = ∆ and θ1◦θ2 = θ2◦θ1 = ∇yield a dire
t de
omposition L ∼= L1 × L2 with |Li| > 1.An easy indu
tion shows that ea
h �nite latti
e L is isomorphi
 to L1 ×
L2×· · ·×Ls for some dire
tly inde
omposable latti
es Li. Interestingly the
Li's are unique up to isomorphism and ordering. Dire
t produ
ts are thespe
ial 
ase S = L1 × L2 in the de�nition below.De�nition 3.7 Let L1 and L2 be two latti
es. A subset S ⊆ L1 × L2 is asubdire
t produ
t of L1 and L2 ifi) S is a sublatti
e of L1 × L2,ii) (∀x ∈ L1)(∃y ∈ L2) (x, y) ∈ S,iii) (∀y ∈ L2)(∃x ∈ L1) (x, y) ∈ S.The latti
es L1 and L2 are 
alled fa
tors of the subdire
t produ
t S.Proposition 3.6 Let S ⊆ L1 × L2 be a subdire
t produ
t. Consider themaps ρ1 : S → L1 and ρ2 : S → L2 de�ned by ρ1(x, y) = x and ρ2(x, y) = y.Then ρ1 and ρ2 are surje
tive morphisms and ker(ρ1) ∩ ker(ρ2) = ∆.We omit the easy proof and rather illustrate by the following examplewhere S is the above latti
e:
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L1 L2 L1 × L2 SFigure 3.4: S is a subdire
t produ
t of fa
tors L1 and L2.

Figure 3.5: Classes of ker(ρ1). Figure 3.6: Classes of ker(ρ2).Consider now this subdire
t produ
t T ⊆ L1 × L1 × L2 where L1 and
L2 are as in �gure 3.4:
T :=
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yLet ρ1, ρ2, ρ3 be the restri
tions of the proje
tions of L1×L1×L2 onto T .Although ρ1, ρ2 are distin
t maps T → L1, observe that ker(ρ1) = ker(ρ2).That means either of the �rst two subdire
t fa
tors is redundant; it 
ould bedropped without 
hanging the isomorphism type of the remaining subdire
tprodu
t.Here is a 
onverse of proposition 3.6



3.6. Constru
tion of subdire
t produ
ts 19Theorem 3.4 [17℄(Subdire
t produ
t de
omposition theorem)Let T be a latti
e and let θ1, θ2 be two 
ongruen
es on T su
h that θ1∩θ2 = ∆.Put T ′ = {(aθ1
, aθ2

) : a ∈ T}. Then T ′ ∼= T and T ′ is a subdire
t produ
tof T/θ1 and T/θ2.Proof: De�ne ε : T → T ′ by letting ε(a) = (aθ1
, aθ2

) for all a ∈ T . Then
ε(a∧ b) =

(
(a∧ b)θ1

, (a∧ b)θ2

)
= (aθ1

∧ bθ1
, aθ2

∧ bθ2
) = (aθ1

, aθ2
)∧ (bθ1

, bθ2
) =

ε(a) ∧ ε(b). Similarly, one 
an show that ε(a ∨ b) = ε(a) ∨ ε(b), so ε is amorphism. For the inje
tion, suppose that ε(a) = ε(b), then (aθ1
, aθ2

) =
(bθ1

, bθ2
), i.e. aθ1

= bθ1
and aθ2

= bθ2
. So (a, b) ∈ θ1 ∩ θ2 = ∆, therefore

a = b. Let us now prove that T ′ is a subdire
t produ
t of T/θ1 and T/θ2.Obviously, T ′ is a sublatti
e of T/θ1 × T/θ2. Further if aθ1
∈ T/θ1, then

aθ2
∈ T/θ2 and (aθ1

, aθ2
) ∈ T ′. Ditto the other way around. Therefore

T ′ ⊆ T/θ1 × T/θ2 is a subdire
t produ
t. �De�nition 3.8 A latti
e L is said to be subdire
tly redu
ible if thereexists a pair of 
ongruen
es θ1, θ2 ∈ Con(L) \ {∆} su
h that θ1 ∩ θ2 = ∆. Lis said to be subdire
tly irredu
ible if it is not subdire
tly redu
ible, thatis for all pairs of 
ongruen
es θ1, θ2 ∈ Con(L) \ {∆}, θ1 ∩ θ2 6= ∆.Remark 3.1 Note that if L is subdire
tly irredu
ible, then L is dire
tlyirredu
ible. We note also that a �nite latti
e is subdire
tly irredu
ible if andonly if Con(L) has only one atom. Moreover any simple latti
e is subdire
tlyirredu
ible but the 
onverse does not hold. It is well known (Birkho� [17℄)that every latti
e is a subdire
t produ
t of subdire
tly irredu
ible latti
es.3.6 Constru
tion of subdire
t produ
ts viajoin-morphismsFor a subdire
t produ
t S ⊆ L1 ×· · ·×Ls where the Li's are �nite latti
es,
onsider for all 1 ≤ i ≤ s, the proje
tions ρi : S → Li, and the "smallestpre-image" map
σi : Li −→ S

x 7−→
∧
{z ∈ S : ρi(z) = x}One 
he
ks that σi is ∨-preserving, and thus all maps ρij := ρj◦σi : Li → Ljare ∨-homomorphisms as well. Moreover ρjk ◦ ρij ≤ ρik as is easily seen.This 
onstru
tion 
an be reversed. More pre
isely, the following holds.Theorem 3.5 [19℄ Suppose that L1, · · · , Ls are latti
es and that β(i, j) :

Li → Lj are ∨-preserving morphisms su
h that for all i, j, k ∈ {1, · · · , s},
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(a) β(i, i) = idLi

and
(b) β(i, k) ≥ β(j, k) ◦ β(i, j).Then there is a subdire
t produ
t L ⊆ L1 × · · · × Ls su
h that

β(i, j) = ρj ◦ σi : Li
σi−→ L

ρj

−→ Lj .Moreover, L is ∨-generated by all the
σi(a) =

(
β(i, 1)(a), β(i, 2)(a), · · · , β(i, s)(a)

)
,where a ∈ J(Li) and 1 ≤ i ≤ s. �Example 3.2 Let L1, L2, L3 and β(i, j) (1 ≤ i, j ≤ 3) be as in �gure3.7. We want to 
ompute the subdire
t produ
t L ⊆ L1 ×L2 ×L3 su
h that

β(i, j) = ρj ◦ σi.
PSfrag repla
ements

a
a

b b
c

cd d

e
e

α
α

β βγ γδ δ

ε ε

0 0

1 1

L1 L1 L2L2 L3L3Figure 3.7: For a �xed (i, j), β(i, j) is de�ned with solid lines nd β(j, i) isde�ned with dashed lines.One 
an easily 
he
k by inspe
tion that the β(i, j)'s satisfy (a) and (b) oftheorem 3.5. We now determine the σi(a)'s:
σ1(α) = (β(1, 1)(α), β(1, 2)(α), β(1, 3)(α)) = (α, a, 0) =: αa0
σ1(β) = (β(1, 1)(β), β(1, 2)(β), β(1, 3)(β)) = (β, b, 0) =: βb0In the same manner, one 
an show that:

σ1(γ) = γb0, σ1(δ) = δa0, σ1(ε) = εb0, σ2(a) = αa0, σ2(b) = αb0,
σ2(c) = δc1, σ2(d) = δd1, σ2(e) = δe1, σ3(0) = αa0, σ3(1) = δa1.By theorem 3.5, L is ∨-generated by S := {σ1(β), σ1(γ), σ1(δ), σ2(b),

σ2(c), σ2(d), σ3(1)}. Thus S ne
essarily 
ontains J(L) (plus possibly somemore elements) and L is obtained by taking all suprema of elements of S.The Hasse diagram of L (with the elements of S 
ir
led) is given in �gure3.8. One 
he
ks that β(i, j) = ρj ◦ σi for all 1 ≤ i, j ≤ 3.
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L =

αa0

αb0
δa0

βb0 γb0 δb0 δa1

εb0
δb1 δc1

δd1εb1
δe1

εe1

Figure 3.8: Constru
tion of a subdire
t produ
t.

Figure 3.9: L/ker(ρ1) ∼= L1. Figure 3.10: L/ker(ρ2) ∼= L2.

Figure 3.11: L/ker(ρ3) ∼= L3.



Chapter 4Distributive latti
es
4.1 Representation of �nite distributivelatti
esIn the latti
e (P(X),⊆) the equality A∪ (B∩C) = (A∪B)∩ (A∪C) holdsfor all subsets A,B,C of X. However this equality is not true in all latti
esas one 
an easily 
he
k with the Diamond or the Pentagon (see �gure 4.1).Proposition 4.1 Let (L,≤) be a latti
e. Then the following assertions areequivalent.(i) x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z) for all x, y, z ∈ L.(ii) x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z) for all x, y, z ∈ L.(iii) (x ∨ y) ∧ z ≤ x ∨ (y ∧ z) for all x, y, z ∈ L.Proof: For the proof of this theorem, see [15℄ or [18℄. �De�nition 4.1 A latti
e is distributive if it satis�es one of the equivalentstatements of the above proposition.Example 4.1 1. Every 
hain is a distributive latti
e.2. (P(X),⊆) is distributive for any set X. Hen
e the ideal latti
e (Id(P ),⊆

) of any poset P is distributive as a sublatti
e of the distributive latti
e
(P(P ),⊆).3. (N, |) is a distributive latti
e.4. The latti
es M3 and N5 are not distributive. In fa
t, for M3, p∨ (q ∧
r) = p 6= t = (p ∨ q) ∧ (p ∨ r), and for N5, b ∨ (a ∧ c) = b 6= a =
(b ∨ a) ∧ (b ∨ c). 22
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M3 N5Figure 4.1: The latti
es M3 and N5.Sin
e distributivity is inherited by sublatti
es,M3 and N5 
annot appearas sublatti
es in any distributive latti
e. Interestingly, the 
onverse holdsas well.Theorem 4.1 [16℄ A latti
e is distributive if and only if it 
ontains nosublatti
e isomorphi
 either to the Pentagon or the Diamond.Theorem 4.2 [1℄(Birkho� representation theorem for �nite dis-tributive latti
es) A �nite latti
e is distributive if and only if it is iso-morphi
 to the ideal latti
e of some poset.Proof: Given any �nite latti
e L, one veri�es that
J : L −→

(
Id

(
J(L)

)
,⊆

)

a 7−→ J(a) = {x ∈ J(L) : x ≤ a} = ↓a ∩ J(L)is a ∧-morphism from L into the ideal latti
e of its join-irredu
ible elements.Exa
tly if L is distributive, J is moreover onto and ∨-preserving. In this
ase the embedding is 
over preserving. �Example 4.2 As an example, take the non-distributive latti
e L = N5above with J(N5) = {a, b, c}. Then J : N5 → Id(J(N5),⊆) is neither
∨-preserving nor surje
tive: J(b ∨ c) = {a, b, c} 6= {b} ∪ {c}=J(b) ∪ J(c)and one 
he
ks that {b, c} is not in the range of J .Proposition 4.2 [16℄ Let L be a bounded distributive latti
e, then the 
om-plement of any element, when it exists, is unique and will be denoted by a′.Further if a, b are 
omplemented, then so are a ∧ b and a ∨ b and we have
(a∧ b)′ = a′ ∨ b′ and (a∨ b)′ = a′ ∧ b′. The two last equalities are known asthe De Morgan's identities.
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esProof: Let b, c be two 
omplements of a. Then b = b∧(a∨c) sin
e a∨c = 1.So b = (b∧a)∨ (b∧ c) sin
e L is distributive. But b∧a = 0. Hen
e b = b∧ cand then b ≤ c. Similarly c ≤ b. Therefore b = c. Using the distributivity,one shows that (a′ ∨ b′) ∧ (a ∧ b) = 0 and (a′ ∨ b′) ∨ (a ∧ b) = 1. That is
a′ ∨ b′ is the 
omplement of a ∧ b. �De�nition 4.2 A 
omplemented bounded distributive latti
e is 
alledBooleanlatti
e.Note that (P(X),⊆) is a Boolean latti
e for any set X. Conversely, if L isa �nite Boolean latti
e, then L ∼= (P(X),⊆) where X is the set of atomsof L.4.2 Congruen
es and distributivityTheorem 4.3 [18℄ (Funayama and Nakayama[1940℄)The 
ongruen
e latti
e of any latti
e is distributive.Proof : Let L be a latti
e. For x, y, z ∈ L, we set

M(x, y, z) = (x ∧ y) ∨ (y ∧ z) ∨ (z ∧ x).Let θ, ρ and τ be three 
ongruen
e relations on L. Then we know that
(θ ∧ ρ) ∨ (θ ∧ τ) ≤ θ ∧ (ρ ∨ τ).Let us prove the 
onverse inequality. Suppose that a[θ ∧ (ρ ∨ τ)]b. Then

aθb and a(ρ ∨ τ)b. Hen
e there exists a sequen
e x0, x1, · · · , xn su
h that
x0 = a, xn = b and xiρxi+1 or xiτxi+1 for i < n. By the transitivity of ρand τ , we 
an 
hoose this sequen
e su
h that

{
xiρxi+1 for all even i < n
xiτxi+1 for all odd i < n.On the other hand aθb implies (a ∧ a)θ(a ∧ b) and (a ∧ xi)θ(b ∧ xi) forall i ≤ n sin
e θ is a 
ongruen
e. Hen
e for all i ≤ n

[(a∧b)∨(b∧xi)∨(xi∧a)]θ[(a∧a)∨(a∧xi)∨(xi∧a)], i.e. M(a, b, xi)θM(a, a, xi).But M(a, b, xi)θM(a, a, xi) = a = M(a, a, xi+1)θM(a, b, xi+1) implies bytransitivity that M(a, b, xi)θM(a, b, xi+1). Further for all even i < n,
xiρxi+1 implies that M(a, b, xi)ρM(a, b, xi+1). Therefore
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M(a, b, xi)(θ ∧ ρ)M(a, b, xi+1) for all even i < n. Similarly for allodd i < n, one proves that M(a, b, xi)(θ ∧ τ)M(a, b, xi+1). Sin
e a =

M(a, b, a) = M(a, b, x0) and b = M(a, b, b) = M(a, b, xn), we 
an 
on
ludethat the sequen
e a = M(a, b, x0),M(a, b, x1), · · · ,M(a, b, xn) = b satis�es
M(a, b, xi)(θ∧ρ)M(a, b, xi+1) orM(a, b, xi)(θ∧τ)M(a, b, xi+1) for all i < n.Hen
e a[(θ∧ ρ)∨ (θ∧ τ)]b, whi
h implies that θ∧ (ρ∨ τ) ≤ (θ∧ ρ)∨ (θ∧ τ).
�

Example 4.3 For instan
e Con(N5) =
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is distributive, where
N5/θ1 = ; N5/θ2 = and

N5/θ3 =Theorem 4.4 Let L be a �nite distributive latti
e. Then p ∈ L is prime ifand only if p ∈ J(L). Further |J(L)| = h(L).Proof: We have already shown (see theorem 3.1) that if p is primethen p ∈ J(L). Conversely, suppose that p ∈ J(L), if p ≤ a ∨ b, then
p = p ∧ (a ∨ b) = (p ∧ a) ∨ (p ∧ b) by distributivity. Hen
e p = p ∧ a or
p = p ∧ b, i.e. p ≤ a or p ≤ b. So p is prime. Now let p1, p2, · · · , pn be thejoin-irredu
ibles of L, then trivially1 p1∨p2∨· · ·∨pn = 1. Renumber the pi'sso that pi < pj implies i < j. If p1∨p2∨· · ·∨pj = p1∨p2∨· · ·∨pj ∨pj+1 forsome j ∈ {1, 2, · · · , n−1}, then pj+1 ≤ p1∨p2∨· · ·∨pj . Therefore pj+1 ≤ pi1Sin
e any element of a �nite latti
e is a join of join-irredu
ibles by proposition 2.3on page 10.
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esfor some i ∈ {1, 2, · · · , j} sin
e pj+1 is prime, whi
h is a 
ontradi
tion. Sothe 
hain 0 < p1 < p1 ∨ p2 < · · · < p1 ∨ p2 ∨ · · · ∨ pn = 1 is a maximal 
hainof length n. �Theorem 4.5 Let L be a �nite distributive latti
e. Then Con(L) is aBoolean latti
e with h(Con(L)
)

= h(L).Proof: For ea
h p ∈ J(L), set θp = ker(p̃). Then
a
( ∧

p∈J(L)

θp

)
b ⇐⇒ (∀p ∈ J(L)) aθpb

⇐⇒ (∀p ∈ J(L))(a ≥ p ⇐⇒ b ≥ p)

⇐⇒ J(a) = J(b)

⇐⇒ a = b.So ∧

p∈J(L)

θp = ∆ is the zero element in Con(L). But Con(L) is distributiveby theorem 4.3, so there is a set X with |X| = d
(
Con(L)

) su
h that Lis 
over preserving embedding into P(X) (theorem 4.2). Therefore ea
h
o-atom θp ∈ Con(L) 
orresponds to some X \ {xp} ∈ P(X). From∧

p∈J(L)

θp = ∆ follows that ⋂

p∈J(L)

(
X \ {xp}

)
= ∅, i.e. X = {xp|p ∈ J(L)},i.e. Con(L) ∼= P(X), i.e. h(Con(L)

)
= h

(
P(X)

)
= |J(L)|. �4.3 Distributive latti
es as subdire
tprodu
tsTheorem 4.6 [1℄(Fundamental theorem of Birkho�) A distributivelatti
e is subdire
tly irredu
ible if and only if it is isomorphi
 to the two-element distributive latti
e 2. Hen
e ea
h distributive latti
e is a subdire
tprodu
t of two-element latti
es.Proof: Suppose that D is a distributive latti
e and that D 
ontains anelement a di�erent from 0 and 1 (i.e. D ≇ 2). De�ne two fun
tions ω :

D → D and σ : D → D by ω(x) = x ∧ a and σ(x) = x ∨ a. Thenobviously ω and σ are morphisms sin
e D is distributive. Set θ1 = ker(ω)and θ2 = ker(σ), then θ1, θ2 ∈ Con(L). Further if (x, y) ∈ θ1 ∩ θ2, then
x ∧ a = y ∧ a and x ∨ a = y ∨ a. Hen
e

x = x ∧ (x ∨ a) = x ∧ (y ∨ a) = (x ∧ y) ∨ (x ∧ a)
= (x ∧ y) ∨ (y ∧ a) = y ∧ (x ∨ a) = y ∧ (y ∨ a)
= y.



4.4. Free distributive latti
es via �lters 27Therefore θ1 ∩ θ2 = ∆. But (1, a) ∈ θ1 and (0, a) ∈ θ2 imply that θ1, θ2 ∈
Con(L) \ ∆. So D is subdire
tly redu
ible. �

Example 4.4 Consider the distributive latti
e D :=
0 b

c d e

f g h

i

awhere
J(D) = {a, b, d, e}. Re
all from theorem 4.4 that the 
o-atoms of Con(D)
orrespond bije
tively to J(D). Namely for p ∈ J(D), the two 
ongruen
e
lasses are ↑p and D\↑p. A shorthand notation is p . These p(p ∈ J(D)) �are� the subdire
tly irredu
ible fa
tors of D. In our 
ase, wehave:

D −→

a

×

b
×

d
×

e
 7−→ (1 , 1 , 0 , 0) =: ~ch 7−→ (0 , 1 , 1 , 1) =: ~het
.Noti
e that −→J := {~a,~b, ~d, ~e} is the set of join-irredu
ibles of D's isomor-phi
 
opy −→
D ⊆ 24, so e.g. ~h = ~d ∨ ~e.4.4 Free distributive latti
es via �ltersDe�nition 4.3 Let (P,≤) be a poset. The free distributive latti
e gen-erated by P is the unique (up to isomorphism) distributive latti
e denotedby FD(P ) with the following properties.(i) There is a generating set P ′ ⊆ FD(P ) su
h that P ′ endowed with theindu
ed order from FD(P ) is isomorphi
 to P .



28 Chapter 4. Distributive latti
es(ii) If D is a distributive latti
e and φ : P ′ → D is an order preservingmap, then φ extends to a latti
e morphism Φ : FD(P ) → D.We shall see in se
tion 6.1 that su
h a latti
e FD(P ) and many otherkinds of �free� latti
es do in fa
t exist. The se
ond property (ii) is 
alleduniversal mapping property. Observe that sin
e FD(P ) is distributiveand any element x of FD(P ) 
an be expressed in terms of elements of P ,
x 
an be written as x =

∨
S∈K

∧
S for some �nite set K of �nite anti
hainsof P . Hen
e the join-irredu
ibles of FD(P ) must all be of the form ∧

Swhere ∅ 6= S ( P is a �nite anti
hain 2. Conversely (see [20℄) every su
helement is join-irredu
ible. In parti
ular any element of P is join-irredu
iblein FD(P ). We 
on
lude that
J
(
FD(P )

)
= {

∧
S : S anti
hain of P and ∅ 6= S 6= P},is the set of nonzero join-irredu
ibles of FD(P ). Dually any element of

FD(P ) 
an be expressed as ∧
S∈K

∨
S, where K is a �nite set of �nite an-ti
hains of P . Hen
e the meet-irredu
ible elements of FD(P ) are pre
iselythe elements of the form ∨

S where S is a proper anti
hain of P . In parti
-ular any element of P is meet-irredu
ible in FD(P ). Therefore any elementof P is doubly irredu
ible in FD(P ).Lemma 4.1 Let P be a �nite poset. Then the map
λ :

(
Fil∗(P ),⊇

)
−→

(
J
(
FD(P )

)
,≤

)

S 7−→
∧
Sis a poset isomorphism.Proof:Only the inje
tivity of λ is nontrivial. So 
onsider R + S in the poset(

Fil∗(P ),⊇
). De�ne ρ : P −→ 2 by

ρ(a) =

{
1 if a ∈ R
0 if a /∈ R.This 
learly order preserving surje
tive map extends to an epimorphism

Φ : FD(P ) −→ 2 with Φ
(∧

R
)

= 1 but Φ
( ∧

S
)

= 0 (at least one a ∈ S isnot in R). Hen
e ∧
R �

∧
S in (

J
(
FD(P )

)
,≤

). �2Noti
e that ∧
P = 0 is not join-irredu
ible by de�nition. If ∧

∅ = 1 is join-irredu
ible, then 1 = p where p is the biggest element of (P,≤). Therefore 1 =
∧
{p},i.e. S = ∅ is never ne
essary.



4.5. Alternative method for 
omputing FD(P ) 29Theorem 4.7 Let (P,≤) be a �nite poset. Then the free distributive latti
e
FD(P ) is isomorphi
 to Id(Fil∗(P ),⊇).Proof: By lemma 4.1, (

Fil∗(P ),⊇
)

∼= (J,≤) where J := J
(
FD(P )

).Hen
e, using Birkho�'s theorem 4.2, FD(P ) ∼= Id(J,≤) ∼= Id
(
Fil∗(P )

)
,⊇).

�Corollary 4.1 The free distributive latti
e FD(P ) is �nite if and only if
P is �nite. In this 
ase |FD(P )| ≤ 22|P |

.Proof: This is 
lear by the previous theorem 4.7. �4.5 Alternative method for 
omputing FD(P )In this se
tion, we des
ribe another method to 
ompute FD(P ). As opposedto the method via the proper �lters of P studied in the previous se
tion 4.4,it 
an be generalized (see 
hapter 6) to the 
omputation of free modularlatti
es.De�nition 4.4 Let (P,≤) be a �nite poset and let L be a latti
e. A P -labelling of L is a 
ouple (λ, Lλ) where Lλ
∼= L and λ : P → Lλ is anorder preserving map with the property that λ(P ) generates Lλ. Two P -labellings (λ1, L1) and (λ2, L2) are said to be equivalent if there exists anisomorphism α : L1 → L2 su
h that λ2 = α ◦ λ1.PSfrag repla
ements

P

L1

L2

λ1

λ2

αFigure 4.2: Commutative diagram showing two equivalent P -labellings of L.De�nition 4.5 Let (L1, λ1) and (L2, λ2) be two P -labellings of a latti
e L.A map β : L1 → L2 is 
alled a morphism if
(i) β is ∨-preserving (in parti
ular order preserving) and,

(ii) β
(
λ1(a)

)
≤ λ2(a) for all a ∈ P , i.e. β sends labels below labels.
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esThe set of morphisms between two P -labellings (λi, Li) and (λj, Lj) of alatti
e L, ordered by α ≤ β ⇔ α(x) ≤ β(x) for all x ∈ Li, 
learly 
ontainsa greatest element, denoted βij : Li → Lj.Lemma 4.2 Let λi : P → Li (1 ≤ i ≤ s) be a 
olle
tion of P -labellings.Then
(a) βii = idLi

for all i ∈ {1, 2, · · · , s} and,
(b) βik ≥ βjk ◦ βij for all i, j, k ∈ {1, 2, · · · , s}.Proof: The proof of (a) is obvious. To prove (b), observe that βjk ◦ βij isa morphism from Li to Lk and βik is the biggest morphism from Li to Lk,hen
e βik ≥ βjk ◦ βij. �We now fo
us on distributive latti
es. Let P be a �nite poset andlet D1, D2, · · · , Ds be a maximal 
olle
tion of pairwise non-equivalent P -labellings of 2. By theorem 3.5 and lemma 4.2, the morphisms βij (1 ≤

i, j ≤ s) yield a 
ertain subdire
t produ
t L ⊆ D1 × · · · × Ds. We aregoing to show that L ∼= FD(P ). More spe
i�
ally, denote by 1 the maxi-mum element of Di and de�ne ψi : Di → D1 × D2 × · · · × Ds by ψi(x) =(
βi1(x), βi2(x), · · · , βis(x)

). Then the set K = {ψ1(1), ψ2(1), · · · , ψs(1)} isa poset where the order is de�ned 
omponentwise. We will show in theorem4.8 that FD(P ) ∼= Id(K,≤).Lemma 4.3 Let (P,≤) be a �nite poset. Then there is a bije
tion betweenthe proper �lters of P and the P -labellings of the two-element latti
e 2.Proof: If λ : P → D is any P -labelling of 2, then λ(P ) ⊆ D generates 2by de�nition. So λ−1(1) 6= ∅ and λ−1(1) 6= P . Moreover if a ∈ λ−1(1) and
a ≤ b, then sin
e λ is order preserving, 1 = λ(a) ≤ λ(b). It follows that
λ(b) = 1, i.e. b ∈ λ−1(1). So λ−1(1) is a proper �lter of P . Conversely,every proper �lter of P 
learly arises that way. �Let Fil∗(P ) = {f1, f2, · · · , fs} be the set of proper order �lters of P andlet λi : P → Di (1 ≤ i ≤ s) be the P -labellings of 2 su
h that fi = λ−1

i (1),i.e. the labels of the top elements of Di are pre
isely the elements of fi.Then Fil∗(P ) with the reverse in
lusion is a poset. For 1 ≤ i, j ≤ s, were
all that βij : Di → Dj is the biggest ∨-preserving map su
h that
βij

(
λi(a)

)
≤ λj(a) for all a ∈ P . (4.5.1)Lemma 4.4 For all 1 ≤ i, j ≤ s,

βij(1) = 1 if and only if fi ⊆ fj .



4.5. Alternative method for 
omputing FD(P ) 31Proof: Suppose that βij(1) = 1 and let a ∈ fi = λ−1
i (1). Then λi(a) = 1.But λj(a) ≥ βij

(
λi(a)

)
= βij(1) = 1 implies that λj(a) = 1. Hen
e a ∈

λ−1
j (1) = fj . Conversely, suppose that fi ⊆ fj. Then β : Di → Dj, where
β(0) := 0 and β(1) := 1 trivially maps labels below 
orresponding labels,and so βij ≥ β, i.e. βij = β. �Theorem 4.8 The free distributive latti
e FD(P ) is isomorphi
 to Id(K,≤
).Proof: Re
all that K = {ψ1(1), ψ2(1), · · · , ψs(1)} where s is the numberof pairwise non-equivalent P -labellings of 2 and ψi(1) =

(
βi1(1), βi2(1),· · · ,

βis(1)
). Consider the map σ : (K,≤) → (Fil∗(P ),⊇) de�ned by σ(ψi(1)) =

fi. It is 
lear that σ is surje
tive by 
onstru
tion. We will prove that σ isan order isomorphism.Suppose �rst that ψi(1) ≤ ψj(1), then βik(1) ≤ βjk(1) for all 1 ≤ k ≤ s.So {fk ∈ Fil∗(P )|βik(1) = 1} ⊆ {fk ∈ Fil∗(P )|βjk(1) = 1}. By lemma 4.4,
{fk ∈ Fil∗(P )|fi ⊆ fk} ⊆ {fk ∈ Fil∗(P )|fj ⊆ fk}. Therefore fi ∈ {fk ∈
Fil∗(P )|fj ⊆ fk}, hen
e fi ⊇ fj and so σ is order preserving.Conversely, suppose that ψi(1) � ψj(1). Then βik(1) � βjk(1) for some k,i.e. βik(1) = 1, βjk(1) = 0. By lemma 4.4, it follows that fi ⊆ fk and
fj * fk. This implies that fi + fj. So (K,≤) ∼= (Fil∗(P ),⊇), and bytheorem 4.7 it follows that Id(K,≤) ∼= Id

(
Fil∗(P ),⊇

)
∼= FD(P ). �Example 4.5 Consider for instan
e the poset (P,≤) := α

β

εδ

In FD(P ) the join-irredu
ibles are ���
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β

δ

δ ε

εα

δα

α

δα

ε

ε

They 
orrespond to the proper �lters in reverse ordering:
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esThe prin
ipal �lters 
orresponding to the elements of P are indi
ated,for instan
e ↑β = {β, δ, ε} =: βδε. Usually |Fil∗(P )| > |P |, i.e. FD(P ) hasusually more join-irredu
ibles than doubly irredu
ibles. Similar to generaldistributive latti
es (se
tion 4.3) let us visualize the subdire
t de
omposi-tion
FD(P ) −→
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D8

δ ∧ ε 7−→ (0 0 0 0 0 1 1 1)
α 7−→ (1 0 0 1 1 0 1 0)
ε 7−→ (0 0 1 0 1 1 1 1)Here, additionally to the join-irredu
ible A on top (alias A ∈ Fil∗(P )),we write P \A on the bottom of 2. In this way we obtain the P -labellingsof 2 in the same sense of de�nition 4.4. On
e the 8 o
tuples 
orrespondingto the join-irredu
ibles of FD(P ) are 
omputed, the whole latti
e FD(P )is determined.Claim: The o
tuples 
an be written using the morphisms βij : Di −→

Dj as follows:
δ ∧ ε 7−→ (β61(1), β62(1), β63(1), · · · , β68(1))
α 7−→ (β11(1), β12(1), β13(1), · · · , β18(1))
ε 7−→ (β31(1), β32(1), β33(1), · · · , β38(1))Proof: Re
all, for the general P -labellings Li and Lj the morphism

βij : Li → Lj is the biggest ∨-preserving map that sends labels below
orresponding labels. In the 
ase of Li = Di = 2, there are just two typesof βij :
βij : A

P\A
−→

B

P\B
is βij =id ⇔ βij(1) = 1 ⇔

A ⊆ B.
βij : A

P\A
−→

B

P\B
is βij ≡0 ⇔ βij(1) = 0 ⇔

A * B.



4.5. Alternative method for 
omputing FD(P ) 33For instan
e, β65(1) = 0 sin
e {δ, ε} * {α, ε}, but β67(1) = 1 sin
e
{δ, ε} ⊆ {α, δ, ε}. �The steps involved in the 
al
ulation of FD(P ) via P -labellings 
an besummarized as follows:Step 1: Compute all the non-equivalent P -labellings D1, D2, · · · , Dsof the two-element latti
e 2 (or equivalently, 
ompute all the proper �ltersof P ).Step 2: Compute the morphisms βij : Di → Dj and setK = {ψ1(1), ψ2(1), · · · ,
ψr(1)}, where ψi(1) = (βi1(1), βi2(1),· · · , βis(1)). Then Id(K,≤) ∼= FD(P )where the order in K is taken 
omponentwise.PSfrag repla
ements

(a) (b)

fi fi

P \ fi P \ fiP \ fj P \ fj

fj
fj

βij βij

Figure 4.3: (a) fi ⊆ fj, so βij(1) = 1. (b) fi * fj, so βij ≡ 0.We will later explain how to e�
iently 
ompute the elements of Id(K,≤)via the algorithm we will introdu
e in 
hapter 7.Example 4.6 Determine the free distributive latti
e FD(P ) and its subdi-re
tly irredu
ible fa
tors where P is the poset P of �gure 4.4(a).



34 Chapter 4. Distributive latti
esStep 1: The 13 non-equivalent P -labellings of 2 are drawn in �gure4.4(b).
1 2 3

4 5 6

2345612456
13456

2456
3456

1456456564645654

12356
12346

1245
1236

1235
1234 23

123 13 12 3 2 1

D D D D D D D D D D D D D1 2 3 4 5 6 7 8 9 10 11 12 13

PSfrag repla
ements
P =

(a)

(b)

Figure 4.4: (a) The poset P under 
onsideration (b) The 13 P -labellings of 2.Step 2: By using lemma 4.4, one 
an easily 
ompute the βij 's, forinstan
e, β12 = β13 = β16 ≡ 0 and β11(1) = β14(1) = β15(1) = β17(1) =
β1i(1) = 1 for all i ≥ 8. On the other hand, we 
ompute the ψi(1) as follows.We list the 
omponents of a ve
tor as a string for the sake of simpli
ity.
ψ1(1) = (β1i)1≤i≤13 = (1, 0, 0, 1, 1, 0, 1, 1, 1, 1, 1, 1, 1) =: 1001101111111
ψ2(1) = (β2i)1≤i≤13 = (0, 1, 0, 1, 0, 1, 1, 1, 1, 1, 1, 1, 1) =: 0101011111111.In the same manner, we obtain

ψ4(1) = 0010111111111, ψ5(1) = 0000101111111,
ψ6(1) = 0000011111111, ψ7(1) = 0000001111111,
ψ8(1) = 0000000100111, ψ9(1) = 0000000010101,
ψ10(1) = 0000000001011, ψ11(1) = 0000000000100,
ψ12(1) = 0000000000010, ψ13(1) = 0000000000001.Letting K = {ψi(1)}1≤i≤13, we 
on
lude with theorem 4.8 that FD(P ) ∼=

Id(K,≤). The Hasse diagram of K is shown in �gure 4.5.
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(1)8ψ

(1)7
ψ

(1)9ψ

(1)13(1)12ψ ψ(1)11ψ

ψ2(1) ψ3(1)

PSfrag repla
ements

Figure 4.5: The poset (K,≤)A 
omputer subroutine 
alled base-of-line.nb of the algorithm des
ribedin steps 1 and 2 has been implemented with the Mathemati
a pa
kage. Theelements of Id(K,≤) will be expli
itly 
omputed and its Hasse diagram willbe drawn in 
hapter 7. The 13 subdire
tly irredu
ible fa
tors of FD(P ) arethe 13 P -labellings of 2 shown in �gure 4.4.



Chapter 5Modular latti
es
5.1 Some preliminary results on modularlatti
esDe�nition 5.1 A latti
e (L,≤) is said to be modular if for all a, b, c ∈ L

a ≤ b ⇒ a ∨ (b ∧ c) = b ∧ (a ∨ c). (5.1.1)Note that the inequality a ∨ (b ∧ c) ≤ b ∧ (a ∨ c) is trivial for all a ≤ b inany latti
e L.It is not di�
ult to see that any distributive latti
e is modular. It 
anbe shown thatM3 is modular but that N5 is not. The latti
e Sub(M) of thesubmodules of a module over a ring is modular. Indeed let N1, N2 and N3be submodules ofM su
h that N1 ⊆ N2. As seen above, it remains to showthat N1 + (N2 ∩N3) ⊇ N2 ∩ (N1 +N3). So let x ∈ N2 ∩ (N1 +N3). Then
x ∈ N2 and x = a+ b where a ∈ N1 and b ∈ N3. So a ∈ N2 sin
e N1 ⊆ N2.Therefore b = x − a ∈ N2 sin
e N2 is a submodule of M . So b ∈ N2 ∩ N3and x = a + b ∈ N1 + (N2 ∩N3). So (Sub(M),∩,+) is a modular latti
e.Proposition 5.1 [6℄ A latti
e is modular if and only if it 
ontains no sub-latti
e isomorphi
 to N5.In 
hapter 2, we observed that not every 
omplemented latti
e is rela-tively 
omplemented. However, this is true in modular latti
es.Proposition 5.2 [16℄ Every 
omplemented modular latti
e L is relatively
omplemented. In fa
t one proves that the 
omplement of any element x ofan interval [a, b] ⊆ L is a ∨ (x′ ∧ b).36



5.1. Some preliminary results on modular latti
es 37Theorem 5.1 [16℄(Dedekind transposition prin
iple)Let (L,≤) be a modular latti
e and let a, b ∈ L. Consider the maps
φa : [b, a ∨ b] −→ [a ∧ b, a] and ψb : [a ∧ b, a] −→ [b, a ∨ b]

x 7−→ a ∧ x x 7−→ b ∨ x.Then φa and ψb are latti
e isomorphisms and φ−1
a = ψb. Moreover, theimage of a subinterval under either these fun
tions is a transposed of thatsubinterval. Conversely, if (L,≤) is a latti
e for whi
h the maps φa and ψbare latti
e isomorphisms for all a, b ∈ L, then L is a modular latti
e.

PSfrag repla
ements a b

a ∧ b

a ∨ b

ψb

φa

Figure 5.1: Illustration of the Dedekind transposition prin
ipleIt follows immediately from theorem 5.1 that proje
tive intervals of amodular latti
e are isomorphi
 and that for any modular latti
e L and anydistin
t elements a, b, c :(i) If both a and b 
over c, then a ∨ b 
overs both a and b.(ii) If c 
overs both a and b, then a and b both 
over a ∧ b.Every �nite height modular latti
e is graded and
h(a) + h(b) = h(a ∧ b) + h(a ∨ b) for all a, b ∈ L.Moreover the number of representatives of 
lasses of proje
tive prime quo-tients within a maximal 
hain is an invariant. For instan
e, these two
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maximal a, b-
hains: b

a

4

5

3

2

1

and
a

b

10

9

8

7

6

of the modular latti
e
9

6

7

10

8

5

4

3

2

1

b

a

ea
h feature 1,1,4 prime quotients
of the dotted, fat, and thin proje
tivity 
lass respe
tively.Theorem 5.2 [16℄ Every �nite height modular latti
e L in whi
h 1 is thejoin of a �nite set of atoms is a 
omplemented modular latti
e of �niteheight.Proof: Let A be the set of atoms and x ∈ L. Set d0 = x. If di 6= 1, thenpi
k ai ∈ A su
h that ai � di (su
h ai exists otherwise 1 =

∨
A ≤ di whi
his a 
ontradi
tion), and let di+1 = di∨ai. Sin
e A is �nite, this 
onstru
tionstops after a �nite number of steps, so there exists n su
h that

1 = dn+1 = dn ∨ an = dn−1 ∨ an−1 ∨ an = · · ·

= d0 ∨ a0 ∨ · · · ∨ an = x ∨ a0 ∨ · · · ∨ an.Letting y = a0 ∨ a1 ∨ · · · ∨ an yields x∨ y = 1. Let us prove that x∧ y = 0.For all i ≤ n, we have di ∧ ai = 0 sin
e ai is an atom and ai � di. So bymodularity, h(di ∨ ai) = h(di) + h(ai). That is,
h(x ∨ a0 ∨ a1 ∨ · · · ∨ ai−1 ∨ ai) = h(x ∨ a0 ∨ a1 ∨ · · · ∨ ai−1) + h(ai).Hen
e by indu
tion, we have h(x∨y) = h(x)+h(a0)+· · ·+h(an).Moreover,

h(y) = h(a0)+h(a1)+ · · ·+h(an). This implies that h(x∨y) = h(x)+h(y).Therefore h(x ∧ y) = 0, that is x ∧ y = 0. Hen
e y is a 
omplement of x in
L. �



5.1. Some preliminary results on modular latti
es 39De�nition 5.2 Let (L,≤) be a latti
e. We say that the interval [a, b] ⊆ Ltransposes weakly down into the interval [c, d] and we denote [a, b] ցw

[c, d] if b = a∨ d and c ≤ a. Dually [a, b] transposes weakly up into [c, d]denoted [a, b] րw [c, d], if a = b∧c and b ≤ d. We say that [a, b] transposesweakly into [c, d] if [a, b] transposes either up or down into [c, d]. We saythat [a, b] is weakly proje
tive into [c, d] if there is a �nite sequen
e
[a0, b0] = [a, b], [a1, b1], · · · , [an, bn] = [c, d]su
h that [ai, bi] transposes weakly into [ai+1, bi+1] for all 0 ≤ i ≤ n−1. Forinstan
e in the following �gure, [a, b] ցw [a1, b1] րw [a2, b2] ցw [c, d], so

[a, b] is weakly proje
tive into [c, d].PSfrag repla
ements
a
b

c

d

a1

b1

a2

b2

Figure 5.2: Illustration of weak proje
tivity.
De�nition 5.3 A latti
e L is said to satisfy the proje
tivity property ifwhenever [a, b] is weakly proje
tive into [c, d], then [a, b] is proje
tive into asubinterval of [c, d].Theorem 5.3 [16℄ Every modular latti
e satis�es the proje
tivity property.Proof: Suppose that [a, b] րw [c, d]. Then a = b ∧ c and b ≤ d. So
[a, b] = [b∧c, b] transposes up into [c, b∨c] ⊆ [c, d]. Dually if [a, b] ցw [c, d],then [a, b] = [a, a∨d] transposes down into [a∧d, d] ⊆ [c, d]. So in either 
ase
[a, b] transposes into a subinterval of [c, d]. Suppose that [a0, b0] transposesweakly into [a1, b1] whi
h transposes weakly into [a2, b2]. Then from the pre-vious arguments, [a0, b0] transposes into a subinterval [x1, y1] ⊆ [a1, b1] and
[a1, b1] transposes into a subinterval [x2, y2] ⊆ [a2, b2]. So [a1, b1]

ρ
∼= [x2, y2]and [x1, y1] transposes into ρ([x1, y1]) ⊆ [x2, y2] by Dedekind transpositionprin
iple. That is [x1, y1] transposes into a subinterval of [a2, b2]. So [a0, b0]is proje
tive into a subinterval of [a2, b2]. The proof 
an now be 
ompletedby indu
tion on the length of the 
hain of weak proje
tivity. �



40 Chapter 5. Modular latti
es5.2 Congruen
es and modularityThe following lemma, whi
h is valid in any latti
e (see [16℄), will be usedto prove theorem 5.4, an important result whi
h will allow us to show that
Con(L) is Boolean for any modular latti
e L.Lemma 5.1 [16℄ (R.P. Dilworth[1950℄) Let L be a latti
e with a, b, c, d ∈
L su
h that a ≤ b and c ≤ d. Then (a, b) ∈ Cg(c, d) if and only if there isa sequen
e

a = e0 ≤ e1 ≤ e2 ≤ · · · ≤ en = bsu
h that [ei, ei+1] is weakly proje
tive into [c, d] for all i ≤ n.Theorem 5.4 Let (L,≤) be a modular latti
e and let a, b ∈ L with a ≺ b.Then Cg(a, b) is an atom in Con(L).Proof: Let θ ≤ Cg(a, b) and 〈c, d〉 ∈ θ with c 6= d (i.e. θ 6= ∆). Then
(c∧d)θ(c∨d) by proposition 3.5 on page 14. This implies that (c∧d, c∨d) ∈
Cg(a, b). Therefore there exists a sequen
e c ∧ d = e0 ≤ e1 ≤ · · · ≤ en =
c ∨ d su
h that [ei, ei+1] is weakly proje
tive into [a, b] for all 0 ≤ i ≤
n−1. So [ei, ei+1] is proje
tive into a subinterval of [a, b] by the proje
tivityproperty. But a ≺ b implies that [ei, ei+1] is proje
tive into [a, b]. Thereforeby theorem 3.3 on page 16, (a, b) ∈ Cg(ei, ei+1) ⊆ Cg(c ∧ d, c ∨ d) ⊆ θ. So
Cg(a, b) ⊆ θ. This implies that Cg(a, b) = θ and thus Cg(a, b) is an atom.
�Theorem 5.5 (R.P. Dilworth[1950℄) If (L,≤) is a modular latti
e of�nite height, then Con(L) is a Boolean latti
e.Proof: By theorem 4.3, it su�
es to show that Con(L) is 
omplemented.Take a �nite maximal 
hain of L, say

0 = a0 ≺ a1 ≺ · · · ≺ an = 1.Trivially we have Cg(a0, a1) ∨ Cg(a1, a2) ∨ · · · ∨ Cg(an−1, an) ⊆ Cg(0, 1) =
1Con(L). But (a0, a1), (a1, a2) ∈ Cg(a0, a1)∨Cg(a1, a2) implies by transitivitythat (a0, a2) ∈ Cg(a0, a1) ∨ Cg(a1, a2). Also (a0, a2), (a2, a3) ∈ Cg(a0, a1) ∨
Cg(a1, a2) ∨ Cg(a2, a3) implies by transitivity that (a0, a3) ∈ Cg(a0, a1) ∨
Cg(a1, a2) ∨ Cg(a2, a3). Therefore, 
ontinuing this pro
ess will give:

(0, 1) = (a0, an) ∈ Cg(a0, a1) ∨ Cg(a1, a2) ∨ · · · ∨ Cg(an−1, an).That is:
1Con(L) ⊆ Cg(a0, a1) ∨ Cg(a1, a2) ∨ · · · ∨ Cg(an−1, an).



5.2. Congruen
es and modularity 41Therefore,
1Con(L) = Cg(a0, a1) ∨ Cg(a1, a2) ∨ · · · ∨ Cg(an−1, an).Sin
e for all 0 ≤ i ≤ n− 1, ai ≺ ai+1, Cg(ai, ai+1) is an atom in Con(L) bytheorem 5.4 and we see that 1Con(L) is a join of a �nite number of atoms.Therefore by theorem 5.2, Con(L) is a 
omplemented latti
e. �Note that if L is a modular latti
e of �nite height, then Con(L) is of�nite height and h(Con(L)) ≤ h(L). For instan
e, 
onsidering the modularlatti
e

L :=
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θ

θθ

θθ

θ

∇

∆where
L

θ1

L  θ2
L

θ3

L
θ4

L
θ5

L
θ6



42 Chapter 5. Modular latti
esWe see that Con(L) is Boolean and h(Con(L)
)

= 3 < 6 = h(L).Corollary 5.1 Let L be a �nite modular latti
e, then L is simple if andonly of L is subdire
tly irredu
ible.Proof: We have already noti
ed that if L is any simple latti
e then itis subdire
tly irredu
ible (
f. remark 3.1). Conversely if L is subdire
tlyirredu
ible, then Con(L) has only one atom. Sin
e Con(L) is Boolean bytheorem 5.5, ne
essarily Con(L) ∼= 2 sin
e 2 is the only Boolean latti
ewith exa
tly one atom, therefore L is simple. �5.3 Proje
tive geometry and 
omplementedmodular latti
es.De�nition 5.4 A proje
tive geometry is a 
ouple (P,Λ) where P is a setof points and Λ ⊆ P(P ) is a set of lines satisfying the following properties:
P1: For all distin
t points p, q ∈ P there is exa
tly one line l ∈ Λ with

p, q ∈ l.
P2: (Pas
h Axiom) Ea
h line l ∈ Λ whi
h interse
ts two sides of a tri-angle1 ∆ := {l1, l2, l3} also interse
ts the third side of ∆, in formulas:

∅ 6= l ∩ 1 6= l ∩ l2 6= ∅ ⇒ l ∩ l3 6= ∅.There is a �nite dimensionality axiom as well, whi
h however is void when
P is in�nite.Example 5.1 1. Let K be a �nite �eld and n ≥ 2. Set P = {1-dimensional subspa
es of K

n} and Λ = {2-dimensional subspa
es of
K

n}. Then (P,Λ) is a proje
tive geometry.2. Suppose that Λ ⊆ 2P satis�es P1, and any two nontrivial lines2 in-terse
t. Then P2 is trivially satis�ed. In this 
ase (P,Λ) is 
alledproje
tive plane. The smallest proje
tive plane is
1A triple of pairwise interse
ting lines that do not interse
t at the same point.2Lines that 
ontain at least three distin
t points.
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tive geometry 43
(P,Λ) =:3. Suppose that Λ ⊆ 2P satis�es P1, and there are no triangles. Then P2is trivially satis�ed as well. Here is an example (the trivial 2-elementlines are not drawn):
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Let (P,Λ) be a proje
tive geometry. A subset X ⊆ P is said to be
Λ-
losed if for any line l ∈ Λ, |l∩X| ≥ 2 implies l ⊆ X. It is 
lear that theinterse
tion of any family of Λ-
losed subsets of (P,Λ) is Λ-
losed. Hen
ethe set C(P,Λ) of Λ-
losed subsets of P is a 
omplete latti
e. In fa
t, ithappens to be a 
omplemented modular latti
e [21℄.Conversely let L be a �nite 
omplemented modular latti
e. Call g ⊆ J(L)a line if g = J(a) := {x ∈ J(L)| x ≤ a} for some a ∈ L with h(a) = 2.Let Λ be the family of all lines g. Then the pair (J(L),Λ) is a proje
tivegeometry and the set C(J(L),Λ) of Λ-
losed subsets of J(L) is a latti
e.Further,Theorem 5.6 [22℄ Let L be a �nite height 
omplemented modular latti
e,then L ∼= C(J(L), Λ) with the isomorphism given by a 7→ J(a)While ea
h proje
tive geometry (P,Λ) is 
oupled to a 
omplemented mod-ular latti
e, it needs not be 
oordinatizable, i.e. (P,Λ) needs not beasso
iated to a �eld K as in example 5.1.1. As an extreme 
ase of theorem5.6 also noti
e that the �nite height 
omplemented distributive latti
es (i.e.Boolean latti
es) are pre
isely the one with an empty set Λ of lines.De�nition 5.5 A proje
tive geometry (P,Λ) is said to be non-degeneratedif C(P,Λ) is dire
tly irredu
ible of height ≥ 3. This amounts to say that
|Λ| > 1 and there are no trivial lines.It turns out [13; 22℄ that the subdire
tly irredu
ible fa
tors of C(P,Λ)(whi
h here 
oin
ide with the dire
tly irredu
ible fa
tors) 
orrespond bije
-tively to the 
onne
ted 
omponents of (P,Λ).



44 Chapter 5. Modular latti
es5.4 Representation of �nite modular latti
es.In this se
tion, we will 
ombine the Birkho�'s representation theorem for�nite distributive latti
es with ideas from proje
tive geometries to get a rep-resentation theorem for �nite modular latti
es. For starters, we introdu
ethe 
on
ept of Λ-
losed order ideal.De�nition 5.6 For any integer n ≥ 3, we denote by Mn the height twomodular latti
e with n atoms. An element x of a modular latti
e L is saidto be a Mn-element if there is a height two interval [x0, x] ∼= Mn whi
h
ontains all the lower 
overs xi of x. That is, if x1, x2, · · · , xn are the lower
overs of x, then x0 = x1 ∧ x2 ∧ · · · ∧ xn is 
overed by xi for all 1 ≤ i ≤ n.A line 
orresponding to a �xedMn-element x ∈ L is an n-element subset
lx = {p1, p2, · · · , pn} ⊆ J(L) su
h that pi ≤ xi and pi � x0 (1 ≤ i ≤ n).A base of lines of a �nite modular latti
e L is a family Λ of lines lx withexa
tly one line 
orresponding to ea
h Mn-element x ∈ L. An order ideal
K of (J(L),≤) is 
alled Λ-
losed if for all l ∈ Λ,

|l ∩K| ≥ 2 ⇒ l ⊆ K.We denote by C(J(L),Λ) the set of Λ-
losed order ideals of J(L).In parti
ular, the proje
tive geometry (
J(L),Λ

) asso
iated to a �nite height
omplemented modular latti
e L, yields a unique base of lines Λ for L (where
pi = xi throughout). Often bases of lines are not unique though.Example 5.2 The following latti
e L has two Mn-elements and a base oflines of L is given to the right. We see that b is aM4-element and d is aM3-element with lb = {a1, a2, a3, c} and ld = {a1, a4, a5}. So Λ = {lb, ld} is abase of lines of L. Observe that l′d = {a2, a4, a5} is also a line 
orrespondingto d, and Λ′ = {lb, l

′
d} is another base of lines.
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L :=

Λ

a

b

c

c

d
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a3

a3
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Figure 5.3: A latti
e with two Mn-elements and a base of lines of L.



5.4. Representation of �nite modular latti
es. 45Any order ideal K ⊆ J(L) of type K = J(a) := {x ∈ J(L) : x ≤ a} is
Λ-
losed. In fa
t let lx = {p1, p2, · · · , pk} be a line of L and |lx ∩K| ≥ 2.Suppose that pi, pj ∈ K. Then pi ≤ a and pj ≤ a. Therefore x = pi∨pj ≤ a.But p1, p2, · · · , pk ≤ x ≤ a implies that lx ⊆ K. Less obvious is that every
Λ-
losed order ideal K ⊆ J(L) is of type K = J(a). Thus, generalizingtheorem 5.6 we have:Theorem 5.7 (Herrmann-Wild)[13; 22℄ Let L be a �nite height modularlatti
e, and let Λ be any base of lines. Then a 7→ J(a) yields an isomorphism
L ∼= C

(
J(L),Λ

).In parti
ular, the �nite distributive latti
es L are pre
isely the ones withempty bases of lines.



Chapter 6Free modular latti
es
6.1 Free latti
es within a varietyDe�nition 6.1 A 
lass V of algebras of given type1 is 
alled variety ifit is 
losed under the operations of taking subalgebras, dire
t produ
ts andepimorphi
 images.For instan
e, the 
lass of all semigroups is a variety, and the 
lass of all
ommutative semigroups is a subvariety of it. On the other hand, the 
lassof all �elds is not a variety sin
e the dire
t produ
t of two �elds is not a�eld (nonzero elements of type (x, 0) having no inverse). The interse
tionof any family of varieties of algebras (of the same type) is again a variety.If K is a family of algebras of a given type, the smallest variety 
ontaining
K is a variety 
alled variety generated by K; it is in fa
t the interse
tionof all the varieties 
ontaining K and denoted by V ar(K). By Birkho�'stheorem [17℄, ea
h X ∈ V is a subdire
t produ
t of subdire
tly irredu
iblealgebras of V.In the sequel we fo
us on varieties of latti
es. For starters, from Birkho�'stheorem and theorem 4.6 follows:Corollary 6.1 The variety of latti
es generated by D2

∼= 2 is the variety
D of all distributive latti
es.Theorem 6.1 The latti
e variety M3 := V ar({M3}) is the 
lass of allsubdire
t produ
ts of M3 and D2.In fa
t, for any latti
e L, V ar({L}) is the 
lass of all subdire
t produ
tsof epimorphi
 images of sublatti
es of L [17℄.1We refer to [17℄ for the pre
ise de�nition of the type of an algebra.46



6.1. Free latti
es within a variety 47De�nition 6.2 A latti
e polynomial on the variables x1, x2, · · · , xn isde�ned re
ursively as follows:(i) x1, x2, · · · , xn are latti
e polynomials.(ii) If p := p(x1, x2, · · · , xn) and q := q(x1, x2, · · · , xn) are latti
e polyno-mials, then (p ∨ q) and (p ∧ q) are latti
e polynomials.Example 6.1 x1 ∨ x1, x1 ∧ (x1 ∨ x2) and (x1 ∨ x2) ∧ x1 are distin
t latti
epolynomials.The set of all latti
e polynomials on the variables x1, x2, · · · , xn togetherwith the operations ∨ and ∧ is 
alled term algebra and it is denoted by
(Tn,∧,∨). Note that (Tn,∧,∨) is not a latti
e as x1 ∧ x2 6= x2 ∧ x1. If K isa 
lass of latti
es, we de�ne on (Tn,∧,∨) the relation θK by:
pθKq if and only if for any latti
e L ∈ K and for any substitution

δ : {x1, x2, · · · , xn} → Lwe have,
p(δ(x1), δ(x2), · · · , δ(xn)) = q(δ(x1), δ(x2), · · · , δ(xn)) in L.In other words: The �identity� p ≡ q holds in all latti
es L of K.Example 6.2 For any 
lass K of latti
es, we have

(x1 ∨ x1) θK x1 and (x1 ∧ x2) θK (x2 ∧ x1).Moreover if K is the variety of modular latti
es, then
(
x1 ∧

(
x2 ∨ (x1 ∧ x3)

))
θK

(
(x1 ∧ x2) ∨ (x1 ∧ x3)

)
.Theorem 6.2 The relation θK is a 
ongruen
e on the algebra (Tn,∧,∨)and

FK(x1, x2, · · · , xn) := Tn/θKis the latti
e 
ontained in V ar(K) that is generated by xj := xj/θK (1 ≤
j ≤ n) and satis�es the following universal mapping property: For any
L ∈ K and any substitution δ : {x1, x2, · · · , xn} → L, there is a uniquehomomorphism f : FK(x1, x2, · · · , xn) → L extending δ, i.e. the followingdiagram 
ommutes where i is the �in
lusion map� i(xj) = xj:
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i f ◦ i = δ

δ{x1, x2, · · · , xn}

∃!f

L

FK(x1, x2, · · · , xn)Proof: The only 
andidate for f is
f(p(x1, · · · , xn)/θK) := p(δ(x1), · · · , δ(xn)).By the very de�nition of θK , f is well de�ned. That f is a homomorphismis just as easy. If K ⊆ K ′, then θK ⊇ θK ′, and so FK(x1, · · · , xn) isan epimorphi
 image of FK ′(x1, · · · , xn). However, if K ′ is the varietygenerated by K, then FK ′(x1, · · · , xn) = FK(x1, · · · , xn). Essentially thisis be
ause an identity p ≡ q that holds in all members of K, also holds inall dire
t produ
ts, sublatti
es and epimorphi
 images of su
h.Example 6.3 If K = {D2}, then in view of 
orollary 6.1 and the above wehave

FK(x1, · · · , xn) = FD(x1, · · · , xn).The 
ardinality fd(n) of FD(x1, · · · , xn) is only known up to n = 8. Forinstan
e fd(3) = 18 and fd(4) = 166. This implies that taking arbitraryunions and interse
tions of any sets S1, · · · , S4 one 
an obtain at most 166di�erent sets. Indeed, putting S = S1 ∪ · · · ∪ S4, there is by theorem 6.2a homomorphism f : FD(x1, · · · , x4) → P(S) with f(xi) = Si, and so thesublatti
e of P(S) generated by S1, · · · , S4 has 
ardinality at most fd(4).6.1.1 Generators and relationsLet V be a variety of latti
es and put F := FV(x1, · · ·xn). For simpli
itywe shall hen
eforth write xi rather that xi for the generators of F .Theorem 6.3 Let R be a set of pairs (ti, si) ∈ F × F (i ∈ I) interpretedas �relations� ti(x1, · · · , xn) = si(x1, · · · , xn). Put
FV(x1, · · · , xn;R) := F/θ,where θ is the 
ongruen
e generated by the pairs (ti, si) in R. Then FV

(x1, · · · , xn; R) has another universal mapping property in the sense thatfor ea
h L ∈ V and all α1, · · · , αn ∈ L whi
h satisfy
ti(α1, · · · , αn) = si(α1, · · · , αn),



6.1. Free latti
es within a variety 49there is a homomorphism f : FV(x1, · · · , xn;R) → L with f(xj) = αj

(1 ≤ j ≤ n).Proof: To �x ideas, say n = 4, and t1 := x1 ∨ x2, s1 = x3 ∧ x4 (so
|I| = 1). Thus put θ = 〈(x1 ∨ x2, x3 ∧ x4)〉 ∈ Con(FV(x1, x2, x3, x4))and FV(x1, x2, x3, x4;R) := FV(x1, x2, x3, x4)/θ. Let L ∈ V be su
h that
α1, α2, α3, α4 ∈ L and α1 ∨ α2 = α3 ∧ α4. We look for an homomorphism
f : FV(x1, x2, x3, x4;R) → L with f(xj) = αj . Consider the map δ :
{x1, x2, x3, x4} → L de�ned by δ(xj) = αj. By the universal mappingproperty of theorem 6.2, there is an homomorphism ρ : FV(x1, x2, x3, x4) →
L with ρ(xj) = αj . In parti
ular

ρ(x1 ∨ x2) = ρ(x1) ∨ ρ(x2) = α1 ∨ α2

= α3 ∧ α4 = ρ(x3) ∧ ρ(x4) = ρ(x3 ∧ x4).Thus (x1 ∨ x2, x3 ∧ x4) ∈ Ker(ρ), and so θ = 〈(x1 ∨ x2, x3 ∧ x4)〉 ⊆
Ker(ρ). Hen
e by the se
ond isomorphism theorem 3.2, there is a 
on-gruen
e Ker(ρ)/θ on FV(x1, x2,x3,x4)

/
θ satisfying ρ(a) = ρ(b) ⇐⇒

aθ

(
Ker(ρ)

/
θ
)
bθ. Thus f(aθ) := ρ(a) is a well de�ned homomorphism from

FV(x1, x2, x3, x4)
/
θ to L whi
h satis�es f(xj/θ) = ρ(xj) = αj . �Example 6.4 Taking D to be the variety of distributive latti
es, it is wellknown that the free distributive latti
e on three generators FD(x, y, z) is:PSfrag repla
ements

x y z

x ∨ y

x ∨ z

y ∨ z

If R = {(x∨y, y∨z)}, then θ := 〈(x∨y, y∨z)〉 
ollapses the thi
k primequotients and so FD(x, y, z;R) := FD(x, y, z)/θ is given by:
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esPSfrag repla
ements
x

y

z

x ∨ y = y ∨ z

x ∨ z

Hen
e this is the �most general� distributive latti
e generated by x, y, zand subje
t to relation x ∨ y = y ∨ z; any other latti
e of that kind is anepimorphi
 image of it. As opposed to theorem 6.1 the relation x ∨ y =
y ∨ z only holds for the generators; so a ∨ b = b ∨ c does not hold for all
a, b, c ∈ FD(x, y, z;R).6.1.2 FV(P,≤) as a spe
ial 
ase of FV(x1, · · · , xn,R)De�nition 6.3 If (P,≤) is a poset on P = {x1, · · · , xn}, put

FV(P,≤) := FV(x1, · · · , xn;R)where R is a set of relations of a very spe
i�
 type, namely
R := {(xi, xi ∧ xj)|xi, xj ∈ P, xi < xj}.We 
all FV(P,≤) the latti
e freely generated by the poset P within thevariety V.For V = L the variety of all latti
es, FL(P,≤) has a neat des
ription.Namely, as easy extension of the Whitman test (see [3℄) whi
h handles

FL(x1, · · · , xn), it is shown in [23℄ that FL(P,≤) ∼= Tn/θ, where θ :=
{(t1, t2)|t1 ≤′ t2 and t2 ≤′ t1} and ≤′ on Tn is de�ned by indu
tion asfollows:1. x ≤′ y : ⇐⇒ x ≤ y, for all x, y ∈ P2. t1 ∨ t2 ≤′ t3 : ⇐⇒ t1 ≤

′ t3 and t2 ≤′ t33. t3 ≤′ t1 ∧ t2 : ⇐⇒ t3 ≤
′ t1 and t3 ≤′ t24. t1 ≤′ t3 or t2 ≤′ t3 ⇒ t1 ∧ t2 ≤

′ t35. t3 ≤′ t1 or t3 ≤′ t2 ⇒ t3 ≤
′ t1 ∨ t2
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es within a variety 51Noti
e that for R := ∅ and P := n (the n-element anti
hain) we get
FV(n,≤) = FV(x1, · · · , xn; ∅) = FV(x1, · · · , xn).Every n-generated latti
e L ∈ V is 
learly isomorphi
 to FV(x1, · · · , xn;R)for a suitable set of relations R, but L needs not be isomorphi
 to anylatti
e of type FV(P,≤).When V is the variety D of distributive latti
es, we are dealing with thelatti
e FD(P ) introdu
ed in se
tion 4.4.Example 6.5 If (P,≤) :=

z 

y
x = 1+2, then θ =

〈
(y, y∧z)

〉
ollapses the following thi
k prime quotients of FD(x, y, z):
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e FD(P,≤) = FD(x, y, z)
/
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6.1.3 Spe
ializing the variety V in FV(P,≤)We are now giving an alternative 
onstru
tion of FV(P,≤) in the spe
ial
ase where the variety V is generated by some single �nite latti
e Y . We�rst need to know the �nitely many subdire
tly irredu
ible members Zi of
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V ar({Y }). Next take all non-equivalent P -labellings λi : P → Li (1 ≤
i ≤ s) of these latti
es, i.e. ea
h λi is monotone and λi(P ) generates Li(
f. se
tion 4.5). Noti
e that one Zi may give rise to many P -labellings
λj : P → Lj where all Lj = Zi.Theorem 6.4 [24℄ With notation as above, the latti
e FV(P ) is isomorphi
to the subdire
t produ
t of L1, · · · , Ls generated by the s-tuples (λ1(p), λ2(p),
· · · , λs(p)) (p ∈ P ).Proof: For notational 
onvenien
e we de�ne FV(P ) as the generated sub-latti
e mentioned above and verify the universal mapping property. It iseasy to see that the generating set {(λ1(p), · · · , λs(p))|p ∈ P} of FV(P ) isisomorphi
 to (P,≤), and so we identify the two. Take any X ∈ V and anymonotone map α : P → X. By proposition 6.1, 〈α(P )〉 ∈ V is a subdire
tprodu
t of some of the Zi's, say 〈α(P )〉 ⊆ Z1×Z2×Z2 and 
orrespondingly
α(p) = (α1(p), α2(p), α3(p)) for all p ∈ P . Thus 〈α1(P )〉 = Z1, 〈α2(P )〉 =
〈α3(P )〉 = Z2. Hen
e these αi (1 ≤ i ≤ 3) must be some of our P -labellings
λj, w.l.o.g. 
orresponding to λ1 : P → L1, λ2 : P → L2, λ3 : P → L3.(Note that although L2 = L3(= Z2), in a nonredundant subdire
t produ
twe will have λ2 6= λ3). Hen
e FV(P ) → X, (a1, · · · , as) 7→ (a1, a2, a3) is thesought extension of α : P → X: (λ1(p), · · · , λs(p)) 7→ (λ1(p), λ2(p), λ3(p)).
�6.2 Free modular latti
es FM3(P )In this se
tion, M will denote the variety of all modular latti
es and M3the variety of modular latti
es generated by M3. Thus by proposition 6.1,
X ∈ M3 if and only if X is a subdire
t produ
t of fa
tors M3 or D2.A

ordingly, the modular latti
e freely generated by P within the variety
M3, respe
tively M is denoted by FM3(P ) respe
tively FM(P ).Re
all that FM3(P ) is always an epimorphi
 image of FM(P ). As wewill see later (se
tion 6.3), they are a
tually isomorphi
 for many types ofposets P.
Example 6.6 For P := ��
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, there are 6 non-equivalent

P -labellings of 2, namely
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and a unique P -labelling of M3, namely ��
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M3Therefore FM3(P ) is a subdire
t produ
t of (D2)
6 ×M3. Sin
e P is iso-morphi
 to the subposet {(λ1(p), · · · , λ7(p))|p ∈ P} of FM3(P ), we 
anidentify any p ∈ P with the 
orresponding 7-tuple (λ1(p), · · · , λ7(p)). So

x = (λ1(x), · · · , λ7(x)) = (1, 0, 0, 1, 1, 0, u) =: 100110u,

y =: 010101v

z =: 001011wwhere {u, v, w} is the set of atoms of M3. Thus the Hasse diagram of
FM3(x, y, z) is given in �gure 6.1 where:
p = x ∧ y = 0001000, q = x ∧ z = 0000100,
r = y ∧ z = 0000010, a = x ∧ (y ∨ z) = 000110u,
b = y ∧ (x ∨ z) = 000101v, c = z ∧ (x ∨ y) = 000011w,
u = p ∨ q = 0001100, v = p ∨ r = 0001010,
w = q ∨ r = 00001104, e = a ∨ d(= e∗) = 000111u,
f = b ∨ d(= f ∗) = 000111v, g = c ∨ d(= g∗) = 000111w,
0 = x ∧ y ∧ z = 0000000, d = (x ∧ y) ∨ (y ∧ z) ∨ (z ∧ x) = 0001110,and p∗ = x ∨ y is the dual of p, etc.For bigger posets P , it be
omes 
omputationally 
umbersome to 
om-pute FM3(P ) as the sublatti
e of L1 × · · · × Ls generated by all s-tuples

(λ1(p), · · · , λs(p)) (p ∈ P ). It would be ni
e to e.g. �rst 
ompute all thejoin-irredu
ibles and then all joins thereof. However, as opposed to FD(P )not all join-irredu
ible of FM3(P ) are in�ma of elements of P ⊆ FM3(P ).For instan
e, in example 6.6 the join-irredu
ible a is x ∧ (y ∨ z).
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Figure 6.1: Hasse diagram of the free modular latti
e on three generators.In this se
tion we show how one 
an predi
t the right ∨-morphisms βij :
Li → Lj among the subdire
tly irredu
ible fa
tors of FM3(P ) and herewith(se
tion 3.6) get the set J of join-irredu
ibles of FM3(P ). Computing oneby one all the joins of elements of J is a
tually infeasible but the fa
t thatonly ∨ (and not ∧) is involved will allow for some other tri
ks to get thejob done (
hapter 7).The latti
e FM3(x, y, z) in example 6.6 
oin
ides with the famous 28-element Dedekind latti
e FM(x, y, z). As a preview to se
tion 6.3 we men-tion that generally, whenever FM(P ) happens to be �nite, it 
oin
ides with
FM3(P ).6.2.1 Constru
tion of a base of lines of FM3(P )Let (P,≤) be a �nite poset. Suppose that λi : P → Li (1 ≤ i ≤ s) are thepairwise non-equivalent P -labellings of 2, and λi : P → Li (s+1 ≤ i ≤ s+t)are the pairwise non-equivalent P -labellings ofM3. As seen in theorem 6.4,

FM3(P ) ⊆ L1 × · · · × Ls × Ls+1 × · · · × Ls+t
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es FM3(P ) 55is the subdire
t produ
t generated by the tuples (λ1(p), · · · , λs+t(p)) (p ∈
P ). For all 1 ≤ i ≤ s, we denote indi�erently by 1 the unique nonzerojoin-irredu
ible of Li and for all s + 1 ≤ j ≤ s + t, let (p, j), (q, j), (r, j) bethe three nonzero join-irredu
ibles of Lj . Let Λj = {(p, j), (q, j), (r, j)} bethe unique base of lines of Lj . We de�ne for all 1 ≤ i ≤ s + t, the map
ψi : Li → L1 × · · · × Ls × Ls+1 × · · · × Ls+t by

ψi(x) := (βi1(x), · · · , βis(x), βi(s+1)(x), · · · , βi(s+t)(x))where as in de�nition 4.5, we let βij : Li → Lj be the biggest ∨-preservingmorphism between Li and Lj that maps labels below labels. By theorem4.2 the βij 's satisfy βii = idLi
and βik ≥ βjk ◦ βij . By theorem 3.5, if we set

J1 = {ψ1(1), ψ2(1), · · · , ψs(1)}

J2 =

s+t⋃

j=s+1

{ψj(p, j), ψj(q, j), ψj(r, j)},then the sublatti
e F of L1×· · ·×Ls×Ls+1×· · ·×Ls+t whi
h is ∨-generatedby J1∪J2 is a subdire
t produ
t of L1×· · ·×Ls ×Ls+1×· · ·×Ls+t. In fa
tby theorem 6.4, F = FM3(P ). Before we give an example to illustrate thisfa
t, let us 
larify the details and the pro
edure involved in the 
omputationof the base of lines (J,Λ) of FM3(P ).6.2.2 Steps to determine a base of lines (J,Λ) of
FM3(P )Step 1: Determination of the P -labellings of 2 and M3.We �rst 
ompute the P -labellings of 2 and the P -labellings of M3. The

P -labellings of 2 are as in se
tion 4.5, they 
orrespond to the proper �ltersof P . The 
omputation of the P -labellings of M3 relies on the number of
3-element anti
hains of P . In fa
t any 3-element anti
hain of P gives riseto at least one P -labelling of M3.Step 2: Determination of the morphisms βij.The determination of a morphism βij between two P -labellings of 2 isstraightforward sin
e βij(1) = 1 ⇔ λ−1

i (1) ⊆ λ−1
j (1). Similarly the 
al-
ulation of a morphism βij between a P -labelling of 2 and a P -labellingof M3 is not di�
ult. In 
ontrast, the determination of a morphism β be-tween two P -labellings of M3 needs more attention. By 
onsidering thequotient M3/ker(β) and dis
arding the P -labellings for the moment, we
an distinguish �ve 
ases.
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Figure 6.2: β ≡ 01. |M3/ker(β)| = 1, i.e. ker(β) = ∇, then β(1) = β(0) = 0. So there isonly one morphism β ≡ 02. If |M3/ker(β)| = 2, then the following four sub
ases may arise.a) β(1) = 1 and all atoms map to the same image y. Then ne
essar-ily y = 1 sin
e β(a) = β(b) = β(c) = y implies y = β(a)∨β(b) =

β(a ∨ b) = β(1) = 1.PSfrag repla
ements
aa bb cc xFigure 6.3: Two of the four possible morphisms, x is any of the 3 atoms.b) β(1) = 1 and exa
tly two of the atoms have the same image

y. Then again y = 1 and there are exa
tly 12 possible su
hmorphisms, exa
tly 3 of whi
h satisfy β(0) = 0.
PSfrag repla
ements x

x
x(i)(ii) a a aFigure 6.4: (i) The 3 morphisms satisfying β(0) = 0 and (ii) 3 of the 9 mor-phisms satisfying β(0) 6= 0 (ea
h atom, say a for instan
e yields exa
tly 3 mor-phisms).
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) 0 < β(1) < 1 and all atoms have the same image y. Then ne
es-sarily, β(1) = y and there are exa
tly 3 possible su
h morphisms
orresponding to 3 
hoi
es of y.
PSfrag repla
ements

y
yyFigure 6.5: 3 possible morphisms 
orresponding to 3 
hoi
es of y.d) 0 < β(1) < 1 and only two atoms have the same image y. Thenne
essarily β(1) = y and there are exa
tly 9=3.3 possible su
hmorphisms 
orresponding to 3 
hoi
es for x, ea
h of whi
h 
om-prises 3 
hoi
es for y.PSfrag repla
ements xxx
y

y
yFigure 6.6: 3 
hoi
es of y for a �xed x.

3. If |M3/ker(β)| = 3, then ne
essarily two atoms, together with the topelement of M3 must have 1 as image. In this 
ase, there are exa
tly9=3.3 possible su
h morphisms 
orresponding to 3 
hoi
es for x, ea
hof whi
h 
omprises 3 
hoi
es for y.PSfrag repla
ements
x

x
x

y y yFigure 6.7: 3 
hoi
es of x for a �xed y
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Note that the map f depi
ted by a

b b

c
1

0

’is not a morphism sin
e it is not ∨-preserving. In fa
t f(a∨b) = f(c) =
1 6= b′ = 0 ∨ b′ = f(a) ∨ f(b).4. |M3/ker(β)| = 4, then exa
tly one of the atoms, say x, together withthe top element of M3 must have 1 as image. In this 
ase there areexa
tly 18 = 3.3.2! possible morphisms 
orresponding to 3 
hoi
es for
x, ea
h of whi
h 
omprises 3 
hoi
es for y and 2! permutations on aand b.PSfrag repla
ements

ax y bFigure 6.8: A possible su
h morphism.
Note that the map is impos-sible sin
e it is not ∨-preserving.5. |M3/ker(β)| = 5, i.e. ker(β) = ∆, there are obviously 6=3! possiblemorphisms 
orresponding to the 3! permutations on the images of the3-element anti
hains.Step 3: Determination of the base of lines (J,Λ).Let L1, L2, · · · , Ls resp. Ls+1, Ls+2, · · · , Ls+t be maximal sets of pairwisenon-equivalent P -labellings of 2 resp. M3. Considering the unique nonzerojoin-irredu
ible 1 of Li (1 ≤ i ≤ s), and the three atoms (p, j), (q, j), (r, j)of Lj (s+ 1 ≤ j ≤ s+ t), we 
ompute(1) ψi(1) for all i ∈ {1, 2, · · · , s}
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es FM3(P ) 59(2) lj = {ψj(p, j), ψj(q, j), ψj(r, j)} for all j ∈ {s+1, s+2, · · · , s+ t},and we set
Λ = {ls+1, ls+2, · · · , ls+t}

J = {ψ1(1), ψ2(1), · · · , ψs(1)} ∪ ls+1 ∪ ls+2 ∪ · · · ∪ ls+t.Then (J,Λ) is a base of lines of FM3(P ).Example 6.7 For the poset P of �gure 6.9(a) below, there are 12 pair-wise non-equivalent P -labellings of 2 and two pairwise non-equivalent P -labellings of M3 as indi
ated on �gures 6.9(b) and 6.10(a) respe
tively. Inany P -labellings of 2, if f ⊆ P is on top, then P \ f is on the bottom2. Wehave not indi
ated the bottom labels for simpli�
ation.

PSfrag repla
ements

P :

L1 L2 L3 L4 L5 L6 L7 L8 L9 L10 L11 L12

1 2 3

3

4

4

5

5 34 35 45 145 245 345 1245 23451345

(a)

(b)

Figure 6.9: (a) A poset P with (b) 12 P -labellings of 2.

2We represent a set by listing its elements as a string, for instan
e 245 representsthe set {2, 4, 5}.
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PSfrag repla
ements

(a)

(b)

L′
13

L13
L14

1 2

3

33

4

4

5

5

45

12

12

Figure 6.10: (a) Two P -labellings of M3. (b) L′
13 and L13 are equivalent P -labellings of M3 (whi
h would trigger redundant subdire
t fa
tors).The morphisms β13,14 and β14,13 are given in �gure 6.11, while the mor-phisms β13,i and βi,13 are listed in table 6.1 for all 1 ≤ i ≤ 12. Likewise themorphisms β14,i and βi,14 are listed in table 7.3 for all 1 ≤ i ≤ 12.PSfrag repla
ements

L13 L14

4 5 1 23 3

12

45

Figure 6.11: The morphisms β13,14 in thin lines and β14,13 in dashed lines.
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3 4

5

12

35

3
4

5

12

45

3
4

5

12

145

3
4

5

12

245

3 4
5

12

345

3 4 5

12

1245

3 4 5

12

1345

3 54

12

2345

Table 6.1: The morphisms β13,i, in thin lines and themorphisms βi,13, in dashed lines (1 ≤ i ≤ 12).
1 2 3

3
45

1 2 3

445

1 2 3

45 5

1 2 3

45 34

1 2 3

45 35

1 2 3

45 45

1 2 3

45 145

1 2 3

45 245

1 2 3

45 345

1
2 3

45 1245

1
2

3

45 1345

1
2

3

45 2345Table 6.2: The morphisms β14,i, in thin lines and themorphisms βi,14, in dashed lines (1 ≤ i ≤ 12).To 
ompute the elements of J , we will identify (by isomorphism) any P -labelling ofM3 to the poset of �gure 6.12(a) and any P -labelling of 2 to theposet of �gure 6.12(b) i.e. (p, j) ≡ 2, (q, j) ≡ 3 and (r, j) ≡ 4. This doesnot matter sin
e the order under 
onsideration on the subdire
t produ
t
FM(P ) ⊆ L1 × · · ·Ls × Ls+1 × · · · × Ls+t is taken 
omponentwise.
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esPSfrag repla
ements
(a) (b)

00

11

32 4

Figure 6.12: (a) Poset identifying the P -labellings of M3. (b) Poset identifyingthe P -labellings of 2.With this notation, we have
ψ1(1) = (β1,i(1))1≤i≤14 = (1, 0, 0, 1, 1, 0, 0, 0, 1, 0, 1, 1, 2, 4) =: 10011000101124.The other elements of J are 
omputed in the same manner and listed below.
ψ2(1) = 01010111111131, ψ3(1) = 00101111111141, ψ4(1) = 00010000101104,
ψ5(1) = 00001000101104, ψ6(1) = 00000111111101, ψ7(1) = 00000010011002,
ψ8(1) = 00000001010103, ψ9(1) = 00000000101104, ψ10(1) = 00000000010000,
ψ11(1) = 00000000001000, ψ12(1) = 00000000000100,
ψ13(2) = 0001100010112, ψ13(3) = 00010111111131, ψ13(4) = 00001111111141,
ψ14(2) = 00000000011002, ψ14(3) = 00000000010103, ψ14(4) = 00000000001104.Put

J1 = {ψ1(1), ψ2(1), · · · , ψ12(1)},

J2 = {ψ13(2), ψ13(3), ψ13(4), ψ14(2), ψ14(3), ψ14(4)},

Λ = {{ψ13(2), ψ13(3), ψ13(4)}, {ψ14(2), ψ14(3), ψ14(4)}}.Then FM3(P ) has the set of join-irredu
ibles J = J1 ∪ J2 (the disjointunion of the �distributive� and �modular� parts), and the base of lines (J,Λ)is depi
ted as:
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PSfrag repla
ements

ψ1(1) ψ2(1) ψ3(1)

ψ4(1) ψ5(1)
ψ6(1)

ψ7(1) ψ8(1) ψ9(1)

ψ10(1) ψ11(1) ψ12(1)

ψ13(2) ψ13(3) ψ13(4)

ψ14(2)
ψ14(3) ψ14(4)Figure 6.13: The Hasse diagram of theposet of join-irredu
ibles (J,≤) of FM3(P ).

PSfrag repla
ements
ψ13(2)

ψ13(3)

ψ13(4)

ψ14(2)
ψ14(3)

ψ14(4)

Figure 6.14: A base of lines of FM3(P ).
6.3 A proof of Wille's theoremThis se
tion is devoted to the proof of Wille's fundamental result. We willstudy two 
ru
ial lemmas on posets (the D2-lemma and the M3-lemma)whi
h will be used throughout the proof.We set A4 = 1+1+1+1 := h1 h2 h3 h4 , the 4-element anti
hainand
H5 = 1+2+2 := h4

h3 h 1

h5

h 2Proposition 6.1 Let A and B be any two nonempty sets and let f : A→ Bbe a surje
tion, then there is an inje
tion g : B → A with f ◦ g = 1B.Proof: By the axiom of 
hoi
e, pi
k a 
hoi
e fun
tion γ : P(A) → Aand de�ne g(b) = γ(f−1(b)) for b ∈ B. Then by de�nition of the 
hoi
efun
tion, g(b) = γ(f−1(b)) ∈ f−1(b) implies f(g(b)) = b. That is f ◦g = 1B.Moreover if g(b1) = g(b2) then f(g(b1)) = f(g(b2)). So b1 = b2 and therefore
g is inje
tive. �Corollary 6.2 If f1 : A → B and f2 : B → A are surje
tive maps, then
A ∼= B.
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esProof: By the previous proposition, there are inje
tive maps g1 : B →
A and g2 : A→ B. By Cantor-Bernstein's theorem (see [25℄) A ∼= B. �Lemma 6.1 (D2-lemma[9℄) Let M be a subdire
tly irredu
ible modularlatti
e and let M = 〈E0 ∪ E1〉 where E0, E1 are �nite and M ≇ D2. Then,

∨
E0 ≥

∧
E1.Proof: Suppose ∨

E0 �
∧
E1 and set

M0 = {x ∈M |x ≤
∨

E0} and M1 = {y ∈M |y ≥
∧

E1}.
x

x y

x y

y

E

E1

0

M

M 0

1

Obviously M0 6= ∅ and M1 6= ∅ sin
e ∨
E0 ∈M0 and ∧

E1 ∈M1 by the�niteness of M0,M1. If x ∈ M0 ∩M1, then ∧
E1 ≤ x ≤

∨
E0 whi
h is a
ontradi
tion, when
e M0 ∩M1 = ∅. If x, y ∈ M0 ∪M1, then x, y ∈ M0 or

x, y ∈ M1 or x ∈ M0 and y ∈ M1. For the �rst two 
ases, it is 
lear that
x∧y, x∨y ∈M0∪M1. For the later 
ase, x∧y ≤ x ≤

∨
E0 implies x∧y ∈M0and x∨y ≥ y ≥

∧
E1 implies x∨y ∈M1. Therefore x∧y, x∨y ∈M0∪M1.Thus M0 ∪M1 is a sublatti
e of M . Trivially E0 ⊆ M0 and E1 ⊆ M1, so

E0 ∪ E1 ⊆ M0 ∪M1. Therefore M = 〈E0 ∪ E1〉 ⊆ M0 ∪M1 sin
e M0 ∪M1is a latti
e. Hen
e M = M0 ∪M1 and the map
f : M −→

0

1

:= D2 de�ned by f(z) =

{
0 if z ∈M0,
1 if z ∈M1is well-de�ned sin
e M = M0 ∪M1 is a partition. Moreover it is 
lear that

f is an epimorphism. Therefore M/Ker(f) ∼= D2. But by assumption
M ≇ D2. This implies that Ker(f) /∈ {∆,∇}, and so M is not simple.By 
orollary 5.1 on page 42, this is a 
ontradi
tion sin
e M is subdire
tlyirredu
ible by assumption. �



6.3. A proof of Wille's theorem 65Lemma 6.2 (M3-lemma[9℄) Let M be a subdire
tly irredu
ible modularlatti
e and M = 〈E0 ∪ E2 ∪ E3 ∪ E5 ∪ E1〉 where E2 6= ∅, E3 6= ∅, E5 6= ∅and all Ei are �nite. Set
di := Sup

⋃
{Ej|i divides j} and di := Inf

⋃
{Ej|j divides i} (i = 2, 3, 5)If M ≇ M3, then

(d2 ∧ d3) ∨ (d2 ∧ d5) ∨ (d3 ∧ d5) ≥ (d2 ∨ d3) ∧ (d2 ∨ d5) ∧ (d3 ∨ d5).To �x ideas take,
M :=

E

E
E E

E

E

E

0 0

3 5

2

2

1

d

d

d

d

3

3

2

2

d5

d5,

,

M is 
learly subdire
tly irredu
ible sin
e any 
ongruen
e 
ollapsing aprime quotient 
ollapses the whole M . For simpli
ity, a point a ∈ M islabelled Ei if a ∈ Ei. One 
he
ks that indeed
(d2 ∧ d3) ∨ (d2 ∧ d5) ∨ (d3 ∧ d5) ≥ (d2 ∨ d3) ∧ (d2 ∨ d5) ∧ (d3 ∨ d5),whi
h here boils down to 1 ≥ 0.Proof of lemma 6.2: Suppose that
(d2 ∧ d3) ∨ (d2 ∧ d5) ∨ (d3 ∧ d5) � (d2 ∨ d3) ∧ (d2 ∨ d5) ∧ (d3 ∨ d5).We will prove the existen
e of an epimorphismM ։ M3 := A B C

1

0This will be a 
ontradi
tion sin
e M is simple and M ≇ M3 by hypoth-esis. Put
σ(0) = d0, γ(0) = (d2 ∧ d3) ∨ (d2 ∧ d5) ∨ (d3 ∧ d5),

σ(A) = d2 ∧ (d3 ∨ d5), γ(A) = d2 ∨ (d3 ∧ d5),

σ(B) = d3 ∧ (d2 ∨ d5), γ(B) = d3 ∨ (d2 ∧ d5),

σ(C) = d5 ∧ (d2 ∨ d3), γ(C) = d5 ∨ (d2 ∧ d3),

σ(1) = (d2 ∨ d3) ∧ (d2 ∨ d5) ∧ (d3 ∨ d5), γ(1) = d1.



66 Chapter 6. Free modular latti
es
σ(A) ≤ d2 :=

∧
(E1 ∪ E2) ≤

∧
E2 ≤

∨
E2 ≤

∨
(E0 ∪ E2) := d2 ≤ γ(A).Similarly σ(P ) ≤ γ(P ) for all P ∈M3. Put

S :=
⋃

p∈M3

[σ(P ), γ(P )].We show that:1) (∀P,Q ∈M3) σ(P ∨Q) = σ(P )∨σ(Q) and γ(P ∧Q) = γ(P )∧γ(Q).2) S is a sublatti
e of M .3) M = S4) The �ve intervals [σ(P ), γ(P )] (P ∈M3) are mutually disjoint.Proof of 1):
σ(A) ∨ σ(B) =

(
d2 ∧ (d3 ∨ d5)

)
∨

(
d3 ∧ (d2 ∨ d5)

)

=
((
d2 ∧ (d3 ∨ d5)

)
∨ d3

)
∧ (d2 ∨ d5)by modularity sin
e d2 ∧ (d3 ∨ d5) ≤ d2 ∨ d5

= (d2 ∨ d3) ∧ (d3 ∨ d5) ∧ (d2 ∨ d5)by modularity sin
e d3 ≤ d3 ∨ d5

=: σ(1)

= σ(A ∨B) sin
e A ∨B = 1.On the other hand,
γ(A) ∧ γ(B) =

(
d2 ∨ (d3 ∧ d5)

)
∧

(
d3 ∨ (d2 ∧ d5)

)

= (d3 ∧ d5) ∨
(
d2 ∧

(
d3 ∨ (d2 ∧ d5)

)by modularity sin
e d3 ∧ d5 ≤ d3 ∨ (d2 ∧ d5)

= (d3 ∧ d5) ∨ (d2 ∧ d3) ∨ (d2 ∧ d5)by modularity sin
e d2 ∧ d5 ≤ d2

=: γ(0)

= γ(A ∧B) sin
e A ∧B = 0.



6.3. A proof of Wille's theorem 67Similarly, σ(P ∨ Q) = σ(P ) ∨ σ(Q) and γ(P ∧ Q) = γ(P ) ∧ γ(Q) for all
P,Q ∈M3.Proof of 2): Take x, y ∈ S. If x, y ∈ [σ(P ), γ(P )] for some P ∈ M3,then obviously x∧y, x∨y ∈ [σ(P ), γ(P )] ⊆ S. Suppose say x ∈ [σ(B), γ(B)]and y ∈ [σ(C), γ(C)]. Then

x ∨ y ≥ σ(B) ∨ σ(C) = σ(B ∨ C) = σ(1) and
x ∨ y ≤ γ(B) ∨ γ(C) ≤ γ(1) ⇒ x ∨ y ∈ [σ(1), γ(1)] ⊆ S.Also

x ∧ y ≤ γ(B) ∧ γ(C) = γ(B ∧ C) = γ(0) and
x ∧ y ≥ σ(B) ∧ σ(C) ≥ σ(0) ⇒ x ∧ y ∈ [σ(0), γ(0)] ⊆ S.Therefore S is a sublatti
e of M .Proof of 3): For ea
h e ∈ E2,

σ(A) ≤ d2 :=
∧

(E1∪E2) ≤
∧

E2 ≤ e ≤
∨

E2 ≤
∨

(E0∪E2) := d2 ≤ γ(A).So E2 ⊆ [σ(A), γ(A)] ⊆ S. Similarly, all Ei ⊆ S. So E0∪E2∪E3∪E5∪E1 ⊆
S implies M =

〈
E0 ∪E2 ∪E3 ∪E5 ∪E1

〉
= S sin
e S is a sublatti
e of M .Proof of 4): Suppose for instan
e that [σ(A), γ(A)]∩ [σ(B), γ(B)] 6= ∅.Pi
k x ∈ [σ(A), γ(A)] ∩ [σ(B), γ(B)].

σ(A) ≤ x ≤ γ(B) and σ(B) ≤ x ≤ γ(A)

σ σ

γ γ 

(A) (B)

(A) (B)

x

Then σ(A) ∨ σ(B) ≤ γ(B) and σ(A ∨ B) = σ(A) ∨ σ(B) ≤ γ(A) imply
σ(1) ≤ γ(A) ∧ γ(B) = γ(A ∧ B) = γ(0). This is a 
ontradi
tion sin
e byassumption
γ(0) = (d2∧d3)∨(d2∧d5)∨(d3∧d5) � (d2∨d3)∧(d2∨d5)∧(d3∨d5) = σ(1).Similarly other intervals are mutually disjoint.From (3) and (4) follows that f : M −→M3 de�ned by:

f(x) = P : ⇐⇒ x ∈ [σ(P ), γ(P )]is well-de�ned, and so is obviously an epimorphism by (1). �
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esDe�nition 6.4 For h ∈ (H,≤), denote by r(h) the length of the longest
hain between h and a minimal element of H. All sets ρn(H) := {h ∈
H|r(h) = n}, (n ≥ 0) 
learly are anti
hains.Lemma 6.3 Let (H,≤) be a poset not 
ontaining A4 as subposet and let
ρ0(H) := {m0, m1} (i.e. H has exa
tly two minimal elements). If

U(mi) := {p ∈ H|p � mi} (i = 0, 1),then either U(m0) or U(m1) is a 
hain.Proof: Let p ∈ U(m0) and q ∈ U(m1). We show that p and q arein
omparable. In fa
t if p ≥ q, then q ≥ m0 ⇒ p ≥ m0 whi
h is a
ontradi
tion sin
e p ∈ U(m0). Therefore p � q. Ditto q � p. Now ifneither U(m0) nor U(m1) is a 
hain, then at least two elements of U(m0)say a, b are in
omparable and at least two elements of U(m1) say c, d arein
omparable. By the previous arguments, this implies that {a, b, c, d} is a
4-element anti
hain of H , 
ontradi
ting the assumption. �Lemma 6.4 If A4 * H and H5 * H, then ea
h subdire
tly irredu
iblefa
tor of FM(H) is D2 or M3.Proof:Fix any subdire
tly irredu
ible fa
tor M of FM(H). By proposition3.6 on page 17, there is an epimorphism FM(H)

ρ
։ M . Its monotonerestri
tion ψ : H −→ M is �xed throughout the proof. We emphasize that

ψ 
ould be highly non-inje
tive. We assume thatM ≇ D2 andM ≇ M3 andwe show that |M | = 1. Namely, we shall prove by indu
tion on n := |H|that if M =
〈
ψ(H)

〉
, then |M | = 1.� For n = 1, this is trivially true� For n > 1, we may by indu
tion suppose that if M =

〈
ψ(H ′)

〉 forsome H ′ & H , then |M | = 1.Put E := ψ(H) and ei := ψ(hi) for any hi ∈ H . Let min(E) be the set ofminimal elements of E. We pro
eed now by 
ase distin
tion a

ording to
|min(H)|. With (H,≤) a fortiori (E,≤) has no subposet A4. In parti
ular
|min(E)| ≤ 3.Case 1: |min(E)| = 1, say min(E) = {e0}.



6.3. A proof of Wille's theorem 69Sin
e M = 〈E〉 =
〈
{e0} ∪ (E \ {e0})

〉 and M ≇ D2, e0 ≥
∧

(E \ {e0}) bythe D2-lemma, i.e. lemma (6.1). Hen
e sin
e e0 is the minimum elementof E, e0 =
∧

(E \ {e0}) and thus M =
〈
E \ {e0}

〉
=

〈
ψ(H ′)

〉 for some
H ′ ⊆ H \ {h0}. So by indu
tion hypothesis |M | = 1.Case 2: |min(E)| = 2, say min(E) = {e0, e1}.Set U(ei) = {e ∈ H|e � ei}. By lemma (6.3), either U(e0) or U(e1) is a
hain. Suppose that U(e0) is a 
hain. Then (E,≤) looks so:

01

2

i

ne

e

e e

eWe have M = 〈E〉 = 〈E0 ∪ E1〉 where E0 = ψ(U(e0)) = {e1, · · · , en}and E1 = ψ(U(e1)) = {e|e ≥ e0}. So by the D2-lemma
∨

{e1, · · · , en} ≥
∧

{e|e ≥ e0}.That is,
en ≥ e0 (6.3.1)By the D2-lemma again,

∨
{e1, · · · , ei} ≥

∧
{e|e 6= e1, · · · , ei} (1 ≤ i ≤ n− 1),hen
e

ei ≥ ei+1 ∧ e0 (1 ≤ i ≤ n− 1). (6.3.2)Therefore,
e1 ≥ e2 ∧ e0 by (6.3.2)

≥ (e3 ∧ e0) ∧ e0 by (6.3.2)
= e3 ∧ e0...
≥ en ∧ e0

= e0 by (6.3.1)
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esFrom e1 ≥ e0 follows at on
e (see the sket
h of (E,≤)) that e0 is theminimum element of E. As in 
ase 1, one 
on
ludes that e0 =
∧

(E \ {e0}),when
e M = 〈E \ {e0}〉, when
e |M | = 1.Case 3: |min(E)| = 3.Then ne
essarily |ρ0(H)| = 3. We will distinguish 3 sub
ases a

ording tothe number |ρ1(H)| ≤ 3 of elements of H with length 1.Case 3.1: |ρ1(H)| = 1, say ρ1(H) = {h3}.There is at least one element in ρ0(H), say h2 with h2 ≺ h3. From |ρ0(H)| =
3 follows ρ0(H) = {h0, h1, h2}. If the set {h ∈ H|h � h0 and h � h1} (whi
hat least 
ontains h2) 
ontains two in
omparable elements, say a and b, then
{a, b, h0, h1} would be a 4-element anti
hain of H whi
h is a 
ontradi
tion.So

{h ∈ H|h � h0 and h � h1} = {h2 ≺ h3 ≺ · · · ≺ hn} (n ≥ 2) (6.3.3)is a 
hain. Moreover sin
e ρ1(H) = {h3}, we have
h0 < h or h1 < h ⇒ h ≥ h3 > h2. (6.3.4)

For instan
e (H,≤) is
h

h

h

h h h

i

n

0 1 2

3

h or
h h h0 1 2

h 3

(n = 2)We will show that ψ(h0) ≥ ψ(h2) whi
h will bring us ba
k to 
ase 2.By (6.3.4), h > h0 implies e ≥ e2. Trivially h ≥ hi implies e ≥ ei (i =
1, 2), and so ∧

(E\{e0}) ≥ e1∧e2. But by the D2-lemma, e0 ≥ ∧
(E\{e0}).So

e0 ≥ e1 ∧ e2. (6.3.5)Next, M = 〈{e0, e1}∪
(
{e|e > e0}∪{e|e > e1}∪{ei|2 ≤ i ≤ n}

)
〉 by (6.3.3).So by the D2-lemma

e0 ∨ e1 ≥ (
∧

{e|e > e0}) ∧ (
∧

{e|e > e1}) ∧ e2.
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ase A: Either e0, e1 or e0, e2 are 
omparable. Then |min(E)| ≤ 2 and we areba
k to 
ase 2 or 
ase 1.Sub
ase B: Neither e0, e1 nor e0, e2 are 
omparable. It then follows from e =
ρ(h) > e0 and ρ0(H) = {h0, h1, h2} that h > h0 or h > h1 or h > h2.By (6.3.4) e ≥ e3, and so ∧

{e|e > e0} ≥ e3. Similarly ∧
{e|e > e1} ≥

e3, and therefore
e0 ∨ e1 ≥ e3 ∧ e3 ∧ e2 = e2. (6.3.6)In the lengthly sequel we are going to strengthen (6.3.6) to e0 ≥ e2.In other words, it will turn out that sub
ase B is in fa
t impossible. Forstarters, 
onsider the partition E = E0 ∪E2 ∪E3 ∪E5 ∪E1 depi
ted belowfor some �xed i ∈ {2, 3, · · · , n}:PSfrag repla
ements

E0 = ∅

E1 = E \ {e0, e1, e2, · · · , ei}

E2 = {e0}

E3 = {e1}

E5 = {e2, e3, · · · , ei}

Letting
e′i =

∧
E1,we have e′i ≥ e2 by (6.3.4). We de�ne

d2 :=
∨

(E0 ∪E2) = e0, d3 :=
∨

(E0 ∪ E3) = e1, d5 :=
∨

(E0 ∪E5) = ei,
d2 :=

∧
(E1 ∪E2) = e′i ∧ e0, d3 :=

∧
(E1 ∪ E3) = e′i ∧ e1,

d5 :=
∧

(E1 ∪E5) = e′i ∧ e2 = e2 sin
e e′i ≥ e2.By the M3-lemma, i.e. lemma (6.2),
(d2 ∧ d3) ∨ (d2 ∧ d5) ∨ (d3 ∧ d5) ≥ (d2 ∨ d3) ∧ (d2 ∨ d5) ∧ (d3 ∨ d5).So

(e0 ∧ e1) ∨ (e0 ∧ ei) ∨ (e1 ∧ ei) ≥
(
(e0 ∧ e

′
i) ∨ (e1 ∧ e

′
i)

)
∧

(
(e0 ∧ e

′
i) ∨ e2

)

∧
(
(e1 ∧ e

′
i) ∨ e2

)Sin
e e2 ≤ e′i, it follows by modularity that:
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(e0 ∧ e

′
i) ∨ e2 = (e0 ∨ e2) ∧ e

′
i

(e1 ∧ e
′
i) ∨ e2 = (e1 ∨ e2) ∧ e

′
iTaking into a

ount that (e0 ∧ e

′
i) ∨ (e1 ∧ e

′
i) ≤ e′i we get for all 2 ≤ i ≤ n

(e0 ∧ e1) ∨ (e0 ∧ ei) ∨ (e1 ∧ ei) ≥
(
(e0 ∧ e

′
i) ∨ (e1 ∧ e

′
i)

)
∧ (e0 ∨ e2)

∧(e1 ∨ e2). (6.3.7)Putting
ê0 :=

∧
{e ∈ E|e > e0} and ê1 :=

∧
{e ∈ E|e > e1},we get e′i = ei+1 ∧ ê0 ∧ ê1 by (6.3.3). If we set

en+1 :=
∧

{e ∈ E|e > en},this in
ludes e′n = en+1 ∧ ê0 ∧ ê1. We further pro
ess the right hand side of(6.3.7):
(
(e0 ∧ e

′
i) ∨ (e1 ∧ e

′
i)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

=
(
(e0 ∧ ei+1 ∧ ê1) ∨ (e1 ∧ ei+1 ∧ ê0)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2) sin
e e0 ≤ ê0and e1 ≤ ê1

=
(
(e0 ∧ ei+1 ∧ ê1) ∨ (e1 ∧ ei+1)

)
∧ ê0 ∧ (e0 ∨ e2) ∧ (e1 ∨ e2) by modularity

=
(
(e0 ∧ ei+1) ∨ (e1 ∧ ei+1)

)
∧ ê0 ∧ ê1 ∧ (e0 ∨ e2) ∧ (e1 ∨ e2) by modularity

=
(
(e0 ∧ ei+1) ∨ (e1 ∧ ei+1)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2).The last equality holds sin
e by sub
ase B and (6.3.4), e2 ≤ ê0 and e2 ≤ ê1imply e0 ∨ e2 ≤ ê0 and e1 ∨ e2 ≤ ê1. Coupling the above inequality withinequality (6.3.7) and then taking the meet with (e0 ∨ e2)∧ (e1 ∨ e2), we get

(
(e0 ∧ e1) ∨ (e0 ∧ ei) ∨ (e1 ∧ ei)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

≥
(
(e0 ∧ ei+1) ∨ (e1 ∧ ei+1)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2), 2 ≤ i ≤ n.(6.3.8)Sin
e e0 ∧ e1 ≤ (e0 ∨ e2) ∧ (e1 ∨ e2), modularity applied to the �rst part of(6.3.8) yields

(
(e0 ∧ e1) ∨ (e0 ∧ ei) ∨ (e1 ∧ ei)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

= (e0 ∧ e1) ∨
((

(e0 ∧ ei) ∨ (e1 ∧ ei)
)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

)
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e, taking the union of both sides of (6.3.8) with e0 ∧e1 leaves invariantthe �rst part of (6.3.8) and yields:
(e0 ∧ e1) ∨

((
(e0 ∧ ei) ∨ (e1 ∧ ei)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

)

≥ (e0 ∧ e1) ∨
((

(e0 ∧ ei+1) ∨ (e1 ∧ ei+1)
)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

)

=
(
(e0 ∧ e1) ∨ (e0 ∧ ei+1) ∨ (e1 ∧ ei+1)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)by modularity sin
e e0 ∧ e1 ≤ (e0 ∨ e2) ∧ (e1 ∨ e2).So we get the following inequality for ea
h 2 ≤ i ≤ n :

(
(e0 ∧ e1) ∨ (e0 ∧ ei) ∨ (e1 ∧ ei)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

≥
(
(e0 ∧ e1) ∨ (e0 ∧ ei+1) ∨ (e1 ∧ ei+1)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2).(6.3.9)Iterating (6.3.9) from i = 2 to i = n, we get:

(
(e0 ∧ e1) ∨ (e0 ∧ e2) ∨ (e1 ∧ e2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

≥
(
(e0 ∧ e1) ∨ (e0 ∧ e3) ∨ (e1 ∧ e3)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)...

≥
(
(e0 ∧ e1) ∨ (e0 ∧ en) ∨ (e1 ∧ en)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

≥
(
(e0 ∧ e1) ∨ (e0 ∧ en+1) ∨ (e1 ∧ en+1)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)Therefore, sin
e e0 ≥ e1 ∧ e2 by (6.3.5), we have

e0 ≥ (e0 ∧ e1) ∨ (e0 ∧ e2) ∨ (e1 ∧ e2)

≥
(
(e0 ∧ e1) ∨ (e0 ∧ e2) ∨ (e1 ∧ e2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

≥
(
(e0 ∧ e1) ∨ (e0 ∧ en+1) ∨ (e1 ∧ en+1)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

≥
(
(e0 ∧ e1) ∨ (e0 ∧ en+1) ∨ (e1 ∧ en+1)

)
∧ e2By (6.3.3),

en+1 =
(∧

{e ∈ E|e > en and e > e0}
)
∧

(∧
{e ∈ E|e > en and e > e1}

)

= e0n+1 ∧ e
1
n+1 ≥ e0 ∧ e1where e0n+1 := {e ∈ E|e > en and e > e0} and e1n+1 := {e ∈ E|e >

en and e > e1}. So
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e0 ≥

(
(e0 ∧ e

1
n+1) ∨ (e1 ∧ e

0
n+1)

)
∧ e2

=
((
e0 ∨ (e1 ∧ e

0
n+1)

)
∧ e1n+1

)
∧ e2 by modularity

= (e0 ∨ e1) ∧ e
0
n+1 ∧ e

1
n+1 ∧ e2 by modularity

= e0n+1 ∧ e
1
n+1 ∧ e2 by (6.3.6)

= e2 sin
e e0n+1, e
1
n+1 ≥ e2.This is the desired 
ontradi
tion to the hypothesis of sub
ase B.Case 3.2: |ρ1(H)| = 2, say ρ1(H) = {h3, h4}.If both h3 and h4 
over only one element of ρ(H), then one either has

h h43

ρ (Η)
0

when
e H5 ⊆ H or one has hh3 4

ρ (Η)
0

when
e A4 ⊆

H . In either 
ase we obtain a 
ontradi
tion. Hen
e we may assume that
ρ0(H) = {h0, h1, h2} and h0, h1 ≺ h3: hh

hh h0

3 4

1 2Case 3.2.1: if h1 ≺ h4 (Case h0 ≺ h4 is analogue).Consider the new poset Ĥ := H ∪ {h′1} where h1 ≺ h′1 ≺ h3, h4 and noother new relation. By transitivity, Ĥ looks so:
h1

h2

h4

h0

h3
1h’We 
laim that (Ĥ,≤) 
ontains no A4 and no H5 and ρ1(Ĥ) = {h′1}. In fa
t� If Ĥ 
ontains an A4, then ne
essarily h′1 ∈ A4 sin
e A4 * H . So

h1 /∈ A4 and h /∈ A4 for all h > h′1. Therefore A4 ⊆ {h′1, h0, h2} whi
his a 
ontradi
tion.� If Ĥ 
ontains aH4, suppose that there exists h ∈ H5\{h
′, h0, h1, h2, h3, h4},then ne
essarily h > h3 or h > h4 sin
e ρ1(H) = {h3, h4}. So

{h′1 ≺ h3 ≺ h} ⊆ H5 or {h′1 ≺ h4 ≺ h} ⊆ H5 whi
h, in either 
ase, isa 
ontradi
tion sin
e * H5. So H5 ⊆ {h′1, h0, h1, h2, h3, h4}. Butthen ea
h of the 5-element posets {h′1, h0, h1, h2, h3}, {h′1, h1,h2,h3,h4},
{h′1, h2, h3, h4, h0}, {h′1, h3, h4, h0, h1} and {h′1, h4, h0, h1, h2} 
ontains



6.3. A proof of Wille's theorem 75at least 3 relations of type a < b whi
h is a 
ontradi
tion sin
e H5
ontains only 2 su
h relations.So (Ĥ,≤) 
ontains no A4 and no H5 as 
laimed.It is 
lear that ρ1(Ĥ) = {h′1} sin
e h1 ≺ h′ is the only maximal 
hainending at h′1. Extend ψ : H −→ M to ψ̂ : Ĥ −→ M with ψ̂(h′1) := ψ(h1).Be
ause M =
〈
ψ̂(Ĥ)

〉 where (Ĥ,≤) satis�es ∣∣ρ1(Ĥ)
∣∣ = 1, 
ase 3.1 impliesthat |M | = 1. Case 3.2.2: h0 ≮ h4, h1 ≮ h4Then ne
essarily h2 ≺ h4. So H looks so: h

h

h

hh

4

2
1

3

0When
e H \ {h0, h2} := H− =:
h h

h

43

1From ρ0(H
−) = {h1, h4}, applying lemma (6.3) to H− yields U(h1) = {h ∈

H−|h � h1} is a 
hain or U(h4) = {h ∈ H−|h � h4} is a 
hain.Sub
ase (a): U(h1) = {h ∈ H−|h � h1} is a 
hain h4 < h6 < · · · < h2n.

For instan
e H− :=

h

h

h

h 4

2n

3

h1

6

and so H :=

h

h

h

h

hh

h

2

4

2k

2n

10

3We would like to extend H to a poset Ĥ := H ∪ {h′1} where h1 ≺ h′1 ≺ h3and h′1 ≺ h4.
So Ĥ looks so:

h

h

h

h

h

h

2

4

2k

2n

0

3

h1

h1’
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esCorrespondingly we would like to extend ψ : H −→M to a monotone map
ψ̂ : Ĥ −→ M with Ĥ(h′1) = ψ(h1). If we manage to do that, then we 
anapply 
ase 3.1 to ψ̂ (sin
e 
learly ρ1(Ĥ) = {h′1}) and 
on
lude that |M | = 1.The problem is that if we want ψ̂ to be monotone, then ψ̂(h1) ≤ ψ̂(h4) (sin
e
h1 ≤ h4 in Ĥ). This works only when ψ(h1) ≤ ψ(h4). Thus we must show:

ψ(h4) ≥ ψ(h1), i.e. e4 ≥ e1. (6.3.10)Proof of (6.3.10):Let h2k be the biggest element of U(h1) whi
h is not greater or equal
h0. Put e2n+2 :=

∧
{e ∈ E|e > e2n} and for 2 ≤ i ≤ k

E0 = {e2, e4, · · · , e2i} and E1 = {e0, e1, e3, · · · , e2i+2, · · · , e2n}Applying the D2-lemma to M =
〈
E0 ∪E1

〉 yields ∨
E0 ≥

∧
E1, i.e.

e2i ≥ e0 ∧ e1 ∧ e2i+2, 2 ≤ i ≤ k. (6.3.11)Iterating (6.3.11) from i = 2 to i = k yields
e4 ≥ e0 ∧ e1 ∧ e6 ≥ · · · ≥ e0 ∧ e1 ∧ e2k+2Taking into a

ount that e2k+2 ≥ e0 by de�nition of h2k, we get

e4 ≥ e0 ∧ e1. (6.3.12)Also, applying the D2-lemma to M =
〈
E0 ∪ E1

〉 where
E0 = {e0, e2, e4, · · · , e2i} and E1 = {e1, e3, · · · , e2i+2, · · · , e2n},we get

e0 ∨ e2i ≥ e1 ∧ e2i+2, 2 ≤ i ≤ k. (6.3.13)For 2 ≤ j ≤ k, M =
〈
E0 ∪E2 ∪E3 ∪ E5 ∪E1

〉 where
d̄2 :=

∨
(E0 ∪ E2) = e0, d̄3 :=

∨
(E0 ∪ E3) = e1,

d̄5 :=
∨

(E0 ∪ E5) = e2j , d2 :=
∧

(E1 ∪ E2) = e0 ∧ e2j+2,
d3 :=

∧
(E1 ∪ E3) = e1 ∧ e2j+2, d5 :=

∧
(E1 ∪ E5) = e2 ∧ e3.
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ements
E0 = ∅

E1 = {e3, · · · , e2j+2, · · · , e2n}

E2 = {e0} E3 = {e1} E5 = {e2, e4, · · · , e2j}

By the M3-lemma, we have
(e0 ∧ e1) ∨ (e0 ∧ e2j) ∨ (e1 ∧ e2j)

≥
(
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧

(
(e0 ∧ e2j+2) ∨ (e2 ∧ e3)

)
∧

(
(e1 ∧ e2j+2) ∨ (e2 ∧ e3)

)

=
(
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧

(
(e0 ∨ (e2 ∧ e3)

)
∧ e2j+2 ∧

(
(e1 ∨ (e2 ∧ e3)

)
∧ e2j+2by modularity sin
e e2 ∧ e3 ≤ e2 ≤ e2j+2

=
(
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧ (e0 ∨ e2) ∧ e3 ∧ (e1 ∨ e2) ∧ e3 ∧ e2j+2by modularity sin
e e0, e1 ≤ e3

=
(
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)sin
e e0, e1 ≤ e3 ⇒ (e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2) ≤ e3 ∧ e2j+2

=
(
(e0 ∧ e1) ∨ (e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)sin
e e0 ∧ e1 ≤ e4 ≤ e2j+2 by (6.3.12)⇒ e0 ∧ e1 ≤ e0 ∧ e2j+2.That is for 2 ≤ j ≤ k;

(e0 ∧ e1) ∨ (e0 ∧ e2j) ∨ (e1 ∧ e2j) (6.3.14)
≥

(
(e0 ∧ e1) ∨ (e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2).Taking the interse
tion of both sides of (6.3.14) with (e0 ∨ e2) ∧ (e1 ∨ e2)yields, for 2 ≤ j ≤ k,

(
(e0 ∧ e1) ∨ (e0 ∧ e2j) ∨ (e1 ∧ e2j)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2) (6.3.15)

≥
(
(e0 ∧ e1) ∨ (e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2).Sin
e e4 ≥ e0 ∧ e1 by (6.3.12) and e4 ≥ (e0 ∧ e4) ∨ (e1 ∧ e4), we have
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e4 ≥ (e0 ∧ e1) ∨ (e0 ∧ e4) ∨ (e1 ∧ e4)

≥
(
(e0 ∧ e1) ∨ (e0 ∧ e4) ∨ (e1 ∧ e4)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

≥
(
(e0 ∧ e1) ∨ (e0 ∧ e2k+2) ∨ (e1 ∧ e2k+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)by iterating (6.3.15) from j = 2 to j = k

≥
(
(e0 ∧ e2k+2) ∨ (e1 ∧ e2k+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)sin
e e0 ∧ e1 ≤ e4 ≤ e2k+2 ⇒ e0 ∧ e1 ≤ e0 ∧ e2k+2

=
(
e0 ∨ (e1 ∧ e2k+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)sin
e by de�nition of h2k, e0 ≤ e2k+2 ⇒ e0 ∧ e2k+2 = e0

= (e0 ∨ e1) ∧ e2k+2 ∧ (e0 ∨ e2) ∧ (e1 ∨ e2)by modularity sin
e e0 ≤ e2k+2

= (e0 ∨ e1) ∧ (e0 ∨ e2) ∧ (e1 ∨ e2)sin
e e0, e2 ≤ e2k+2 ⇒ e2k+2 ∧ (e0 ∨ e2) = e0 ∨ e2.Therefore
e4 ≥ (e0 ∨ e1) ∧ (e0 ∨ e2) ∧ (e1 ∨ e2). (6.3.16)On the other hand, M = 〈E0 ∪E2 ∪E3 ∪E5 ∪E1〉 where for 1 ≤ i < j ≤ k

PSfrag repla
ements
E0 = {e2, e4, · · · , e2i}

E1 = {e3, · · · , e2j+2, · · · , e2n}

E2 = {e0} E3 = {e1} E5 = {e2i+2, · · · , e2j}

d̄2 :=
∨

(E0 ∪ E2) = e0 ∨ e2i, d̄3 :=
∨

(E0 ∪ E3) = e1 ∨ e2i,
d̄5 :=

∨
(E0 ∪ E5) = e2j , d2 :=

∧
(E1 ∪ E2) = e0 ∧ e2j+2,

d3 :=
∧

(E1 ∪ E3) = e1 ∧ e2j+2, d5 :=
∧

(E1 ∪ E5) = e3 ∧ e2i+2.



6.3. A proof of Wille's theorem 79By the M3-lemma, we have
(
(e0 ∨ e2i) ∧ (e1 ∨ e2i)

)
∨

(
(e0 ∨ e2i) ∧ e2j

)
∨

(
(e1 ∨ e2i) ∧ e2j

)

≥
(
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧

(
(e0 ∧ e2j+2) ∨ (e3 ∧ e2i+2)

)

∧
(
(e1 ∧ e2j+2) ∨ (e3 ∧ e2i+2)

)

=
(
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧

(
(e0 ∧ e2j+2) ∨ e2i+2

)
∧ e3

∧
(
(e1 ∧ e2j+2) ∨ e2i+2

)
∧ e3by modularity sin
e e0 ∧ e2j+2 ≤ e0 ≤ e3 and e1 ∧ e2j+2 ≤ e1 ≤ e3

=
(
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧ (e0 ∨ e2i+2) ∧ e2j+2 ∧ (e1 ∨ e2i+2) ∧ e2j+2 ∧ e3by modularity sin
e e2i+2 ≤ e2j+2

=
(
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧ (e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2)sin
e e0, e1 ≤ e3 ⇒ (e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2) ≤ e3 ∧ e2j+2.Therefore for 1 ≤ i < j ≤ k,

(
(e0 ∨ e2i) ∧ (e1 ∨ e2i)

)
∨

(
(e0 ∨ e2i) ∧ e2j

)
∨

(
(e1 ∨ e2i) ∧ e2j

)

≥
(
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧ (e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2) (6.3.17)Sin
e for 1 ≤ i < j ≤ k, e2i ≤ e2j , the left hand side of (6.3.17) yieldsby modularity

(
(e0 ∨ e2i) ∧ (e1 ∨ e2i)

)
∨

(
(e0 ∨ e2i) ∧ e2j

)
∨

(
(e0 ∨ e2i) ∧ e2j

)

=
(
(e0 ∨ e2i) ∧ (e1 ∨ e2i)

)
∨ (e0 ∧ e2j) ∨ e2i ∨ (e1 ∧ e2j) ∨ e2i

=
(
(e0∨e2i)∧(e1∨e2i)

)
∨(e0∧e2j)∨(e1∧e2j) sin
e e2i ≤ (e0∨e2i)∧(e1∨e2i)That is, by (6.3.17)

(
(e0 ∨ e2i) ∧ (e1 ∨ e2i)

)
∨ (e0 ∧ e2j) ∨ (e1 ∧ e2j)

≥
(
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧ (e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2).Taking the union of both sides of the previous inequality with (e0 ∨ e2i) ∧

(e1 ∨ e2i) yields
(
(e0 ∨ e2i)∧ (e1 ∨ e2i)

)
∨

((
(e0 ∨ e2i)∧ (e1 ∨ e2i)

)
∨ (e0 ∧ e2j)∨ (e1 ∧ e2j)

)

≥
(
(e0∨e2i)∧(e1∨e2i)

)
∨
((

(e0∧e2j+2)∨(e1∧e2j+2)
)
∧(e0∨e2i+2)∧(e1∨e2i+2)

).That is,(
(e0 ∨ e2i) ∧ (e1 ∨ e2i)

)
∨ (e0 ∧ e2j) ∨ (e1 ∧ e2j)

≥
(
(e0∨e2i)∧(e1∨e2i)

)
∨

((
(e0∧e2j+2)∨(e1∧e2j+2)

)
∧(e0∨e2i+2)∧(e1∨e2i+2)

)sin
e (e0∨e2i)∧ (e1∨e2i) ≤
(
(e0∨e2i)∧ (e1∨e2i)

)
∨ (e0∧e2j)∨ (e1∧e2j).
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esTaking the interse
tion of both sides of the previous inequality with
(e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2) yields

((
(e0∨e2i)∧ (e1∨e2i)

)
∨ (e0∧e2j)∨ (e1∧e2j)

)
∧ (e0∨e2i+2)∧ (e1∨e2i+2)

≥
[(

(e0 ∨ e2i) ∧ (e1 ∨ e2i)
)
∨

((
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧ (e0 ∨ e2i+2)∧

(e1 ∨ e2i+2)
)]

∧(e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2)

=
(
(e0∨e2i)∧(e1∨e2i)

)
∨

[(
(e0∧e2j+2)∨(e1∧e2j+2)

)
∧(e0∨ e2i+2)∧(e1∨e2i+2)

∧(e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2)
] by modularity sin
e

(e0 ∨ e2i) ∧ (e1 ∨ e2i) ≤ (e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2)

=
(
(e0∨e2i)∧(e1∨e2i)

)
∨

((
(e0∧e2j+2)∨(e1∧e2j+2)

)
∧(e0∨e2i+2)∧(e1∨e2i+2)

)

=
((

(e0∨e2i)∧(e1∨e2i)
)
∨(e0∧e2j+2)∨(e1∧e2j+2)

)
∧(e0∨e2i+2)∧(e1∨e2i+2)by modularity sin
e (e0 ∨ e2i) ∧ (e1 ∨ e2i) ≤ (e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2).That is for 1 ≤ i < j ≤ k, we obtain the following re
urren
e (withrespe
t to j) inequality:

((
(e0 ∨ e2i) ∧ (e1 ∨ e2i)

)
∨ (e0 ∧ e2j) ∨ (e1 ∧ e2j)

)
∧ (e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2)

≥
((

(e0 ∨ e2i) ∧ (e1 ∨ e2i)
)
∨ (e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧ (e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2)Iterating the previous inequality from j = i+ 1 to j = k yields

((
(e0 ∨ e2i) ∧ (e1 ∨ e2i)

)
∨ (e0 ∧ e2i+2) ∨ (e1 ∧ e2i+2)

)
∧ (e0 ∨ e2i+2)

∧(e1 ∨ e2i+2) (6.3.18)
≥

((
(e0 ∨ e2i) ∧ (e1 ∨ e2i)

)
∨ (e0 ∧ e2k+2) ∨ (e1 ∧ e2k+2)

)
∧ (e0 ∨ e2i+2)

∧(e1 ∨ e2i+2)On the other hand, we have
((

(e0 ∨ e2i) ∧ (e1 ∨ e2i)
)
∨ (e0 ∧ e2i+2) ∨ (e1 ∧ e2i+2)

)
∧ e1

≥
((

(e0 ∨ e2i) ∧ (e1 ∨ e2i)
)
∨ (e0 ∧ e2i+2) ∨ (e1 ∧ e2i+2)

)
∧ (e0 ∨ e2i+2)

∧(e1 ∨ e2i+2) ∧ e1

≥
((

(e0 ∨ e2i) ∧ (e1 ∨ e2i)
)
∨ (e0 ∧ e2k+2) ∨ (e1 ∧ e2k+2)

)
∧ (e0 ∨ e2i+2)

∧(e1 ∨ e2i+2) ∧ e1
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((

(e0 ∨ e2i) ∧ (e1 ∨ e2i)
)
∨ (e0 ∧ e2i+2) ∨ (e1 ∧ e2i+2)

)
∧ e1 (6.3.19)

≥
((

(e0 ∨ e2i) ∧ (e1 ∨ e2i)
)
∨ (e0 ∧ e2k+2) ∨ (e1 ∧ e2k+2)

)
∧ (e0 ∨ e2i+2)

∧(e1 ∨ e2i+2) ∧ e1But
(
(e0 ∨ e2i) ∧ (e1 ∨ e2i)

)
∨ (e0 ∧ e2k+2) ∨ (e1 ∧ e2k+2)

=
(
(e1 ∨ e2i) ∧

(
(e0 ∨ e2i) ∨ (e1 ∧ e2k+2)

))
∨ (e0 ∧ e2k+2)by modularity sin
e e1 ∨ e2i ≥ e1 ≥ e1 ∧ e2k+2

=
(
(e1 ∨ e2i) ∨ (e0 ∧ e2k+2)

)
∧

(
(e0 ∨ e2i) ∨ (e1 ∧ e2k+2)

)by modularity sin
e (e0 ∨ e2i) ∨ (e1 ∧ e2k+2) ≥ e0 ∨ e2i ≥ e0 ≥ e0 ∧ e2k+2

= (e1 ∨ e2i ∨ e0) ∧ e2k+2 ∧ (e0 ∨ e2i ∨ e1) ∧ e2k+2by modularity sin
e e2i ≤ e2k+2

= (e0 ∨ e1 ∨ e2i) ∧ e2k+2.Therefore,
((

(e0 ∨ e2i) ∧ (e1 ∨ e2i)
)
∨ (e0 ∧ e2k+2) ∨ (e1 ∧ e2k+2)

)
∧ (e0 ∨ e2i+2)

∧(e1 ∨ e2i+2) ∧ e1

= (e0 ∨ e1 ∨ e2i) ∧ e2k+2 ∧ (e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2) ∧ e1

= (e0 ∨ e1 ∨ e2i) ∧ (e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2) ∧ e1sin
e by de�nition of h2k, e2k+2 ≥ e0 and e2k+2 ≥ e2i+2 ⇒ e2k+2 ≥ e0 ∨ e2i+2

= (e0 ∨ e2i+2) ∧ e1sin
e(e0 ∨ e1 ∨ e2i) ∧ (e1 ∨ e2i+2) ≥ e1That is,
((

(e0 ∨ e2i) ∧ (e1 ∨ e2i)
)
∨ (e0 ∧ e2k+2) ∨ (e1 ∧ e2k+2)

)
∧ (e0 ∨ e2i+2)

∧(e1 ∨ e2i+2) ∧ e1

= (e0 ∨ e2i+2) ∧ e1 (6.3.20)On the other hand e0 ∨ e2i+2 ≥ e1 ∧ e2i+4 by (6.3.13), e0 ∨ e2i+2 ≥ e0 ∧ e2i+4and e0 ∨ e2i+2 ≥ (e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2) imply
e0 ∨ e2i+2 ≥

(
(e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2)

)
∨ (e0 ∧ e2i+4) ∨ (e1 ∧ e2i+4).
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esWhen
e
(e0 ∨ e2i+2) ∧ e1 ≥

((
(e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2)

)
∨ (e0 ∧ e2i+4) ∨ (e1 ∧ e2i+4)

)
∧ e1.That is, by (6.3.20)

((
(e0 ∨ e2i) ∧ (e1 ∨ e2i)

)
∨ (e0 ∧ e2k+2) ∨ (e1 ∧ e2k+2)

)
∧ (e0 ∨ e2i+2)

∧(e1 ∨ e2i+2) ∧ e1 (6.3.21)
≥

((
(e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2)

)
∨ (e0 ∧ e2i+4) ∨ (e1 ∧ e2i+4)

)
∧ e1.That is, by (6.3.19) we have the following re
urren
e inequality for 1 ≤ i ≤ k

((
(e0 ∨ e2i) ∧ (e1 ∨ e2i)

)
∨ (e0 ∧ e2i+2) ∨ (e1 ∧ e2i+2)

)
∧ e1 (6.3.22)

≥
((

(e0 ∨ e2i+2) ∧ (e1 ∨ e2i+2)
)
∨ (e0 ∧ e2i+4) ∨ (e1 ∧ e2i+4)

)
∧ e1.By Wille [9℄, page 247:

(e0 ∨ e2k) ∧ e1 ≥ e1 ∧ e2k+2. (6.3.23)But then also (shift indi
es)
(e0 ∨ e2k+2) ∧ e1 ≥ e1 ∧ e2k+4. (6.3.24)Now e0 ≤ e2k+2, and so
e0 ∧ e2k+2 =≥ (e0 ∨ e2k+2) ∧ e1. (6.3.25)Together with (6.3.24) follows

e1 ∧ e2k+2 ≥ e1 ∧ e2k+4. (6.3.26)Be
ause e0 ≤ e2k (6.3.23) be
ause
e1 ∨ e2k ≥ e1 ∧ e2k+2. (6.3.27)From (6.3.27) and (6.3.26) follows by indu
tion that

e1 ∧ e2k ≥ e1 ∧ e2k+2 ≥ · · · ≥ e1 ∧ e2n+2. (6.3.28)



6.3. A proof of Wille's theorem 83In summary, sin
e e4 ≥ (e0 ∧ e4) ∨ (e1 ∧ e4), one obtains from (6.3.16)that
e4 ≥

(
(e0 ∨ e1) ∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

)
∨ (e0 ∧ e4) ∨ (e1 ∧ e4)

=
((

(e0 ∨ e2) ∧ (e1 ∨ e2)
)
∨ (e0 ∧ e4) ∨ (e1 ∧ e4)

)
∧ (e0 ∨ e1)by modularity sin
e e0 ∨ e1 ≥ (e0 ∧ e4) ∨ (e1 ∧ e4)

≥
((

(e0 ∨ e2) ∧ (e1 ∨ e2)
)
∨ (e0 ∧ e4) ∨ (e1 ∧ e4)

)
∧ e1sin
e e0 ∨ e1 ≥ e1

≥
((

(e0 ∨ e2k+2) ∧ (e1 ∨ e2k+2)
)
∨ (e0 ∧ e2k+4) ∨ (e1 ∧ e2k+4)

)
∧ e1by iterating (6.3.22) from i = 1 to i = k

≥
(
(e2k+2 ∨ e0) ∨ (e1 ∧ e2k+4)

)
∧ e1sin
e e0 ≤ e2k+2 ≤ e2k+2 ⇒ (e0 ∨ e2k+2) ∧ (e1 ∨ e2k+2) = e2k+2and e0 ∧ e2k+4 = e0

= (e0 ∨ e2k+2) ∧ e1sin
e e0 ∨ e2k+2 ≥ e1 ∧ e2k+4 by (6.3.13)
≥ e1 ∧ e2k+2 sin
e e0 ≤ e2k+2...
≥ e1 ∧ e2n+2 by (6.3.28)
= e1 sin
e e2n+2 ≥ e1 by de�nition of e2n+2Therefore e4 ≥ e1, whi
h was to be shownSub
ase (b): U(h4) is a 
hain h1 < h3 < · · · < h2n−1.

So H− := H \ {h0, h1}

h

h

h

hh

2i+1

1

3
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2n−1h and so H =

h

h

h

h

h

h

h

h

hh

2n−1

2k−1

0

3

5

1 2

4

6

2m

If we 
an show that ψ(h1) ≥ ψ(h2), then E = ψ(H) has (at most) twominimal elements, when
e |M | = 1 as in 
ase 2.Claim: ψ(h1) ≥ ψ(h2) i.e. e1 ≥ e2.
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esProof of the Claim: Let h2k−1 be the biggest element of U(h4) whi
h is not
� h2. Moreover let e2n+1 := {e ∈ E|e > e2n−1} and let h2 ≤ h4 ≤ · · · ≤ h2mbe the elements in the set {h ∈ H|h � h0 and h � h1} (they form a 
hainsin
e otherwise A4 ⊆ H). Put e2m+2 :=

∧
{e ∈ E|e > e2m}. Applying the

D2-lemma to M =
〈
{e1} ∪ (E \ {e1})

〉 yields
e1 ≥ e0 ∧ e2. (6.3.29)Also for 1 ≤ i ≤ k, we apply the D2-lemma to M =

〈
E0 ∪ E1

〉, where
E0 = {e0, e1, e3, · · · , e2i−1} and E1 = {e2, e4, · · · , e2i+1 · · · , e2n−1} to obtain

e0 ∨ e2i−1 ≥ e2 ∧ e2i+1, (1 ≤ i ≤ k). (6.3.30)For 1 ≤ j ≤ m, applying the M3-lemma to M =
〈
E0 ∪E2 ∪ E3 ∪E5 ∪ E1

〉where
PSfrag repla
ements

E0 = ∅

E1 = {e3, · · · , e2j+2, · · · , e2m}

E2 = {e0} E3 = {e1} E5 = {e2, e4, · · · , e2j}

yields
(e0 ∧ e1) ∨ (e0 ∧ e2j) ∨ (e1 ∧ e2j)

≥
(
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧

(
(e0 ∧ e2j+2) ∨ (e2 ∧ e3)

)
∧

(
(e1 ∧ e2j+2) ∨ (e2 ∧ e3)

)

=
(
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧

(
e0 ∨ (e2 ∧ e3)

)
∧ e2j+2 ∧

(
e1 ∨ (e2 ∧ e3)

)
∧ e2j+2by modularity sin
e e2j+2 ≥ e2 ≥ e2 ∧ e3

=
(
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧

(
e0 ∨ (e2 ∧ e3)

)
∧

(
e1 ∨ (e2 ∧ e3)

)sin
e e2j+2 ≥ (e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

=
(
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2) ∧ e3by modularity sin
e e0, e1 ≤ e3

=
(
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)sin
e e3 ≥ (e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)



6.3. A proof of Wille's theorem 85Therefore taking the interse
tion of both sides with (e0 ∨ e2)∧ (e1 ∨ e2), weget
(
(e0 ∧ e1) ∨ (e0 ∧ e2j) ∨ (e1 ∧ e2j)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

≥
(
(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2) (6.3.31)On the other hand, e0 ∨ e1 ≥ e0 ≥ e0 ∧ e1 and e0 ∨ e2 ≥ e1 ≥ e0 ∧ e1 imply

(e0∨e2)∧(e1∨e2) ≥ (e0∨e1). Also, (e0∨e1)∨(e0∨e2j)∨(e1∨e2j) ≥ e0∨e1.So (
(e0∧e1)∨ (e0∧e2j)∨ (e1∧e2j)

)
∧ (e0∨e2)∧ (e1∨e2) ≥ e0∧e1. Thereforetaking into a

ount (6.3.31), we get

(
(e0 ∧ e1) ∨ (e0 ∧ e2j) ∨ (e1 ∧ e2j)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

= (e0 ∧ e1) ∨
((

(e0 ∧ e1) ∨ (e0 ∧ e2j) ∨ (e1 ∧ e2j)
)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

)

≥ (e0 ∧ e1) ∨
((

(e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)
)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

)

=
(
(e0 ∧ e1) ∨ (e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)by modularity sin
e e0 ∧ e1 ≤ (e0 ∨ e2) ∧ (e1 ∨ e2)That is for 1 ≤ j ≤ m, we obtain the following re
urren
e inequality

(
(e0 ∧ e1) ∨ (e0 ∧ e2j) ∨ (e1 ∧ e2j)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

≥
(
(e0 ∧ e1) ∨ (e0 ∧ e2j+2) ∨ (e1 ∧ e2j+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2).Iterating the later inequality from j = 1 to j = m yields

(
(e0 ∧ e1) ∨ (e0 ∧ e2) ∨ (e1 ∧ e2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

≥
(
(e0 ∧ e1) ∨ (e0 ∧ e4) ∨ (e1 ∧ e4)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)...

≥
(
(e0 ∧ e1) ∨ (e0 ∧ e2m+2) ∨ (e1 ∧ e2m+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)That is

(
(e0 ∧ e1) ∨ (e0 ∧ e2) ∨ (e1 ∧ e2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2) (6.3.32)

≥
(
(e0 ∧ e1) ∨ (e0 ∧ e2m+2) ∨ (e1 ∧ e2m+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2).But e1 ≥ e0 ∧ e1, e1 ≥ e1 ∧ e2 and by (6.3.30) e1 ≥ e0 ∧ e2. So

e1 ≥ (e0 ∧ e1) ∨ (e0 ∧ e2) ∨ (e1 ∧ e2)

≥
(
(e0 ∧ e1) ∨ (e0 ∧ e2) ∨ (e1 ∧ e2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

≥
(
(e0 ∧ e1) ∨ (e0 ∧ e2m+2) ∨ (e1 ∧ e2m+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2) by (6.3.32)

=
(
(e0 ∧ e2m+2) ∨ (e1 ∧ e2m+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)sin
e by 
onstru
tion e0 ≤ e2m+2 or e1 ≤ e2m+2 implies e0 ∧ e1 ≤ e0 ∧ e2m+2or e0 ∧ e1 ≤ e1 ∧ e2m+2
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esBut,
{e ∈ E|e > e2m} = {e ∈ E|e > e2m and e > e0} ∪ {e ∈ E|e > e2m and

e > e1}. So
e2m+2 =

∧
{e ∈ E|e > e2m} = e02m+2 ∧ e

1
2m+2,where e02m+2 = {e ∈ E|e > e2m and e > e0} and e12m+2 = {e ∈ E|e >

e2m and e > e1}. So e0 ∧ e2m+2 = e0 ∧ e02m+2 ∧ e
1
2m+2 = e0 ∧ e

1
2m+2 sin
e

e0 ≤ e02m+2. Ditto e1 ∧ e2m+2 = e1 ∧ e
0
2m+2. Therefore,

e1 ≥
(
(e0 ∧ e

1
2m+2) ∨ (e1 ∧ e

0
2m+2)

)
∧ (e0 ∨ e2) ∧ (e1 ∨ e2)

=
(
(e0 ∧ e

1
2m+2) ∨ e1

)
∧ e02m+2 ∧ (e0 ∨ e2) ∧ (e1 ∨ e2)by modularity sin
e e0 ∧ e12m+2 ≤ e0 ≤ e02m+2

= (e0 ∨ e1) ∧ e
1
2m+2 ∧ e

0
2m+2 ∧ (e0 ∨ e2) ∧ (e1 ∨ e2)by modularity sin
e e1 ≤ e12m+2

= (e0 ∨ e1) ∧ (e0 ∨ e2) ∧ (e1 ∨ e2) ∧ e2m+2sin
e e2m+2 = e02m+2 ∧ e
1
2m+2

= (e0 ∨ e1) ∧ (e0 ∨ e2) ∧ (e1 ∨ e2)sin
e e0, e2 ≤ e2m+2 or e1, e2 ≤ e2m+2 implies e0 ∨ e2 ≤ e2m+2 or e1 ∨ e2 ≤ e2m+2

≥ (e0 ∨ e1) ∧ e2 sin
e (e0 ∨ e2) ∧ (e1 ∨ e2) ≥ e2This is:
e1 ≥ (e0 ∨ e1) ∧ e2.Thus it remains to show that e0 ∨ e1 ≥ e2 to get e1 ≥ e2. Taking i = 1 in(6.3.30) yields
e0 ∨ e1 ≥ e2 ∧ e3. (6.3.33)Sin
e e2i−1 ≥ e3 ≥ e0 for 2 ≤ i ≤ k, (6.3.30) implies e2i−1 ≥ e2 ∧ e2i+1, i.e.

e2 ∧ e2i−1 ≥ e2 ∧ e2i+1 2 ≤ i ≤ kIterating the later inequality from i = 2 to i = k yields
e2∧e3 ≥ e2∧e5 ≥ · · · ≥ e2∧e2k+1 = e2 sin
e e2 ≤ e2k+1 by de�nition of h2k−1Therefore (6.3.33) yields e0 ∨ e1 ≥ e2 whi
h was to be shown.Case 3.3: |ρ1(H)| = 3 say ρ1(H) = {h3, h4, h5}.
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e A4 * H , for instan
e
h

h
h

hhh

0
1

2

3 4
5 with no other relation is notallow. Thus without lost of generality, if these

h

hhh 4

hh0 2

53

1

where theonly relations among h0, h1, · · · , h5, then we would have H5 ⊆ H . Thuswithout lost of generality, we have
h

hhh 4

hh0 2

53

1

with possibly morerelations.In order to avoid that {h0, h1, · · · , h5} ∼= H5, one of these 
ases musto

ur: Sub
ase (a): h4 > h0.Extend H to Ĥ := H ∪ {h′} so Ĥ :

hh4 5

h 2h1
h0

h

h3

’Extend ψ to ψ̂ : Ĥ −→ M by setting ψ̂(h′) = ψ(h3)∧ψ(h4). We 
laim that
A4 * Ĥ and H5 * Ĥ . In fa
t� If A4 ⊆ Ĥ , then there are h6, h7 ∈ Ĥ \ {h′, h0, h1, · · · , h5} with A4 =

{h′, h5, h6, h7} or A4 = {h′, h2, h6, h7}. But then h6 ≥ h3 or h6 ≥ h4or h6 ≥ h5 sin
e ρ1(H) = {h3, h4, h5}. This implies that h6 ≥ h′ or
h6 ≥ h5 whi
h is a 
ontradi
tion.� If H5 ⊆ Ĥ , then there is h ∈ Ĥ \ {h′, h0, h1, · · · , h5} with h, h′ ∈ H5sin
e H5 * {h′, h0, h1, · · ·h5}. But then as before h ≥ h′ or h ≥ h5.If h ≥ h′, then {h′ ≺ h3 ≺ h} ⊆ H5 or {h′ ≺ h4 ≺ h} ⊆ H5 whi
h isimpossible. If h ≥ h5, then automati
ally any other k ∈ H5 is su
hthat k ≥ h′ or k ≤ h′ whi
h is also impossible.So neither A4, nor H5 is 
ontained in Ĥ . ψ̂ is 
learly monotone and sin
e

ρ1(Ĥ) = {h5, h
′} and M =

〈
ψ(Ĥ)

〉 where |ρ1(Ĥ)| = 2, 
ase 3.2 implies
|M | = 1. Sub
ase (b): h4 > h2.
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esThat is hh4 5

h 2h1
h0

h3 Extend H to Ĥ := H ∪{h′2} so: h5

h 2h1
h0

h3 h
4

h2
’and extend ψ to ψ̂ : Ĥ −→M via ψ̂(h′2) := ψ(h2).If A4 ⊆ Ĥ , then ne
essarily h′2 ∈ A4. Sin
e h2 ≺ h′2 ≺ h4, h5, there isat least a point h ∈ A4 \ {h′2, h0, h1, h3}. But then h ≥ h4 or h ≥ h5 or

h ≥ h3. In the two �rst 
ases, h ≥ h′2 whi
h is impossible. In the later
ase h ≥ h3 ≥ h0, h2. So h0, h1, h3 /∈ A4. therefore A4 = {h′2, a, b, c} where
a, b, c ≺ h3. But then H ⊇ {h2, a, b, c} ∼= A4 is a 
ontradi
tion.If H5 ⊆ Ĥ, then ne
essarily h′2 ∈ H5. Sin
e H5 * {h0, h1, · · · , h5}, there isa point h ∈ H5 \ {h′2, h0, · · · , h5}. But h ≥ h4 or h ≥ h5 or h ≥ h3. The�rst two 
ases implies that H5 
ontains a 
hain of type a ≺ b ≺ c, whi
h isimpossible. The later 
ase implies that {h3 ≺ h} ⊆ H5. Therefore there isa k ∈ H5 su
h that {h4 ≺ k} ⊆ H5 or {h5 ≺ k} ⊆ H5. Either of these 
asesyields a 
ontradi
tion.
A4 * Ĥ and H5 * Ĥ . Clearly ψ̂ is monotone and |ρ1(Ĥ)| = 2. So |M | = 1as in 
ase 3.2. Sub
ase (
): h5 > h0.So h5

h 2h1
h0

h3 h
4 is isomorphi
 to h5

h 2h1
h0

h3 h
4 and the 
on
lusionis as in sub
ase (b). Sub
ase (d): h5 > h1.So h5

h 2h1
h0

h3 h
4 extend H to Ĥ := H ∪ {h′1} so h5

h 2h1
h0

h3 h
4

1h’ andextend ψ to ψ̂ : Ĥ −→ M via ψ̂(h′1) = ψ(h1). One 
an show as in 
ase(b) that A4 * Ĥ and H5 * Ĥ. Clearly ψ̂ is monotone and M =
〈
ψ̂(Ĥ)

〉where ∣∣ρ1(Ĥ)
∣∣ = 2. So |M | = 1 as in 
ase 3.2. Be
ause A4 * H , we have∣∣ρ0(H)

∣∣ ≤ 3 and ∣∣ρ1(H)
∣∣ ≤ 3, i.e. all 
ases have been dealt with. �We re
all Wille's theorem.Theorem 6.5 [9℄(R. Wille[1973℄) For ea
h �nite poset (H,≤), the fol-lowing statements are equivalent:
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(i)

∣∣FM(H)
∣∣ <∞

(ii) H 
ontains no subposet A4 or H5.Proof: (i) ⇒ (ii) If H 
ontains A4, then put
f(h1) :=

〈
(1, 0, 0)

〉, f(h2) :=
〈
(0, 1, 0)

〉,
f(h3) :=

〈
(0, 0, 1)

〉, f(h4) :=
〈
(1, 1, 1)

〉.De�ne f(h) ∈ Sub(Q3) arbitrary for h ∈ H \ A4. Then 〈
f(H)

〉
⊆ Sub(Q3)is known to be in�nite. Therefore ∣∣FM(H)

∣∣ = ∞.If H 
ontains H5, then put f(h1), f(h2) and f(h3) as above and
f(h4) =

〈
(1, 0, 0), (1, 1, 1)

〉, f(h5) =
〈
(0, 1, 0), (1, 1, 1)

〉and take f(h) ∈ Sub(Q3) arbitrary for h ∈ H \H5. For the same reason asabove ∣∣FM(H)
∣∣ = ∞.

(ii) ⇒ (i) Lemma 6.4 implies that FM(H) ∈ M3. Therefore by theo-rem (6.2), H i
→֒ FM(H) extends to an epimorphism FM3(H) ։ FM(H).Conversely, FM(H) ։ FM3(H) is an epimorphism sin
e M3 ⊆ M.Hen
e by 
orollary (6.2), FM(H) ∼= FM3(H) whi
h is �nite sin
e M3is lo
ally �nite [17℄ (i.e. any �nitely generated free latti
e in M3 is �-nite). �



Chapter 7The (a,B)-AlgorithmIn this 
hapter, we implement an algorithm 
alled (a,B)-Algorithm1 to
ompute all the elements of a 
losure system on any �nite set. We givesome simple examples and we apply this algorithm to 
ompute FD(P ) and
FM(P ) for posets of small size.7.1 The prin
iple of ex
lusionLet C be a set and let P1, P2, · · · , Pn be a set of properties that the elementsof C may have. In general an element 
an have zero, one or more than oneof these properties. We write Pi(x) to indi
ate that element x has property
Pi and we denote by N(Pi) the number of elements that have property Pi.We want to 
ompute the elements of C that satisfy all the properties Pi .Re
all that the prin
iple of in
lusion-ex
lusion states that

N(P1 ∧ P2) = N(P1) +N(P2) −N(P1 ∨ P2).More generally,
N(P1 ∧ P2 ∧ · · · ∧ Pn) =

n∑

i=1

N(Pi) −
∑

1≤i<j≤n

N(Pi ∨ Pj)

+
∑

1≤i<j<k≤n

N(Pi ∨ Pj ∨ Pk) + · · ·

± N(P1 ∨ P2 ∨ · · · ∨ Pn)1The justi�
ation of the name will be apparent later on.90



7.2. The (a,B)-Algorithm 91whi
h 
an be written in a 
ompa
t form as
N(P1 ∧ P2 ∧ · · · ∧ Pn) =

∑

I∈P({1,2,··· ,n})\{∅}

(−1)1+|I| N
( ∨

i∈I

Pi

)
. (7.1.1)Note that there are 2n − 1 terms on the right hand side of formula (7.1.1)that need to be added or subtra
ted. So the prin
iple of in
lusion-ex
lusionhas exponential time 
omplexity O(2n), therefore it will be 
ostly to beimplemented.An alternative solution to this problem was proposed by M. Wild [26℄,namely the prin
iple of ex
lusion. Basi
ally, the idea behind this prin-
iple is very simple. We start with a set C0 = C and then we re
ursivelyex
lude all the elements that fail to have property P1, P2, · · · , Pn. That is,given C0, we 
ompute

C1 = {x ∈ C0 : P1(x)}, the set of elements satisfying P1.
C2 = {x ∈ C1 : P2(x)}, the set of elements satisfying P1 and P2.
Cn = {x ∈ Cn−1 : Pn(x)}, the set of elements satisfying P1, P2 up to Pn.Obviously we have

C0 ⊇ C1 ⊇ · · · ⊇ Cn and N(P1 ∧ P2 ∧ · · · ∧ Pn) = |Cn|.Observe that the prin
iple of ex
lusion uses only n �steps� to 
ompute
N(P1 ∧ P2 ∧ · · · ∧ Pn) as 
ompared to the 2n − 1 steps involved in theprin
iple of in
lusion-ex
lusion. The 
ir
umstan
es under whi
h this ap-parently naive approa
h is su

essful are dis
ussed in Wild [26℄. Besidesthe generalities, Wild [26℄ furthermore fo
uses on 
ertain properties Pi 
ou-pled to so 
alled impli
ations A→ B, and introdu
es the (A,B)-Algorithm.The (a,B)-Algorithm is a spe
ial 
ase of the (A,B)-Algorithm in that Abe
omes {a}, but it will be further tailored to �t our modular latti
es.7.2 The (a,B)-Algorithm7.2.1 Preliminaries and notationsDe�nition 7.1 Let M be a set. An impli
ation on M is a pair (A,B) ofnonempty subsets of M whi
h will be sometimes denoted by A −→ B. Inthe impli
ation A −→ B, A is 
alled premise and B is 
alled 
on
lusion.A subset X ⊆ M is said to be (A,B)-
losed if A ⊆ X ⇒ B ⊆ X (equiva-lently: A * X or B ⊆ X). More generally, if Σ is a set of impli
ations on
M , a subset X ⊆M is said to be Σ-
losed if X is (A,B)-
losed for everyimpli
ation A −→ B in Σ. The set of Σ-
losed subsets of M is denoted by
C(Σ).



92 Chapter 7. The (a,B)-AlgorithmOne easily shows:Proposition 7.1 C(Σ) is a 
losure system on M , when
e a 
omplete lat-ti
e. Conversely any 
losure system on M is of the form C(Σ) for somefamily Σ of impli
ations on M .Proposition 7.2 Let P be a �nite poset. For any non-minimal element aof P , let Ba be the set of lower 
overs of a and Σ = {{a} −→ Ba : a isnon-minimal in P}. Then C(Σ) = Id(P ).Observe that in proposition 7.2, ea
h impli
ation in Σ is of the form
{a} −→ B i.e. with singleton premise. This justi�es the name of the
(a,B)-Algorithm. We will only deal with this kind of impli
ation, but willlater see how the (a,B)-Algorithm 
an be improved in order to take intoa

ount the impli
ations that do not have singleton premises.De�nition 7.2 A linear extension of a poset (P,≤) is a poset (P,≤′)where ≤′ is a linear order 
ontaining ≤.As is well known, this amount to iteratively �shelling of� (in any order) theminimal elements of P (refer to [27℄ for more details about linear extensionof a poset).
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Figure 7.1: A poset P (on the left) and two linear extensions {1 < 2 < · · · < 7}of P .Before we state the exa
t formulation of the (a,B)-Algorithm, we beginby introdu
ing an example to illustrate some of its 
omputational details.Let (P,≤) be a poset with a linear extension p1 < p2 < · · · < pn. Anysubset X of P is identi�ed with its 
hara
teristi
 fun
tion en
oded by the0,1-ve
tor (δi)1≤i≤n, where
δi =

{
1 if pi ∈ X
0 if pi /∈ X.



7.2. The (a,B)-Algorithm 93By de�nition, a 3-valued row r = (r1, r2, · · · , rn) ∈ {0, 1, 2}n is the familyof all subsets X of P that satisfy for all 1 ≤ i ≤ n:
ri = 1 ⇒ pi ∈ X

ri = 0 ⇒ pi /∈ X.It follows that for ri = 2 there is no restri
tion on pi, and so the
ardinality of a 3-valued row r is 2m where m is the number of o

ur-ren
es of 2 in the ve
tor r. If for example P = {p1, p2, p3, p4, p5}, then
X = {p2, p4, p5} is en
oded by δX = (0, 1, 0, 1, 1). If we 
onsider the 3-valued row r = (2, 1, 0, 2, 1), then |r| = 22 and r represents the family

{(0, 1, 0, 0, 1), (0, 1, 0, 1, 1), (1, 1, 0, 0, 1), (1, 1, 0, 1, 1)},whi
h is the same family as
{{p2, p5}, {p2, p4, p5}, {p1, p2, p5}, {p1, p2, p4, p5}}.The power set P(P ) is en
oded by (2, 2, 2, 2, 2).Example 7.1 Consider the poset P of �gure 7.1 and set

Σ = {4 −→ {1, 2}, 5 −→ {1, 3}, 6 −→ {1, 3}, 7 −→ {2, 4, 6}}.We want to 
ompute Id(P ), the latti
e of ideals of P . Putting
C0 = P(P ) = (2, 2, 2, 2, 2, 2, 2), C1 = {X ∈ C0|4 ∈ X ⇒ {1, 2} ⊆ X},
C2 = {X ∈ C1|5 ∈ X ⇒ {1, 3} ⊆ X}, C3 = {X ∈ C2|6 ∈ X ⇒ {1, 3} ⊆ X},
C4 = {X ∈ C3|7 ∈ X ⇒ {2, 4, 6} ⊆ X},
C1 
an be written as (

C1∩{X ∈ C0 : 4 ∈ X}
)
∪

(
C1∩{X ∈ C0 : 4 /∈ X}

).But
C1 ∩ {X ∈ C0 : 4 ∈ X} = {X ∈ C0 : 1, 2, 4 ∈ X} = (1, 1, 2, 1, 2, 2, 2)and C1 ∩ {X ∈ C0 : 4 /∈ X} = (2, 2, 2, 0, 2, 2, 2). So

C1 = (1, 1, 2, 1, 2, 2, 2)∪ (2, 2, 2, 0, 2, 2, 2).We 
an 
ompute C2, C3 and C4 in the same manner.The steps involved in the 
omputation are summarized on the followingtable 7.2.
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i 1 2 3 4 5 6 7 Ci : ai −→ Bi0 2 2 2 2 2 2 2 C0 = P(P )1 1 1 2 1 2 2 2 C1 : 4 −→ {1, 2}2 2 2 0 2 2 21 1 1 1 1 2 22 1 1 2 1 0 2 2 C2 : 5 −→ {1, 3}1 2 1 0 1 2 22 2 2 0 0 2 21 1 1 1 1 2 21 1 1 1 0 1 23 1 1 2 1 0 0 2 C3 : 6 −→ {1, 3}1 2 1 0 1 2 21 2 1 0 0 1 22 2 2 0 0 0 21 1 1 1 1 1 11 1 1 1 1 2 01 1 1 1 0 1 24 1 1 2 1 0 0 0 C4 : 7 −→ {2, 4, 6}1 2 1 0 1 2 01 2 1 0 0 1 02 2 2 0 0 0 0Table 7.2: Summary of the steps to 
ompute C4By the prin
iple of ex
lusion we know that C4 = C(Σ). From table 7.2and from proposition 7.2, we dedu
e that |C(Σ)| = |Id(P )| = 1 + 2 + 2 +

2 + 22 + 2 + 23 = 21. We 
an expli
itly 
ompute the elements of Id(P )by 
onsidering the 3-valued rows in C4, for instan
e, (1, 1, 1, 1, 1, 1, 1) =
{1, 2, 3, 4, 5, 6, 7} = P and (1, 1, 1, 1, 1, 2, 0) = {(1, 1, 1, 1, 1, 1, 0), (1, 1, 1, 1, 1, 0, 0)} =
{{1,2,3,4,5,6}, {1,2,3,4,5}} =: {123456, 12345}2. If we express the rest ofelements of C4 in the same manner, we obtain
Id(P ) = {∅, 1, 2, 3, 12, 13, 23, 123, 124, 135, 136, 1234, 1235, 1236, 1356, 12345,

12346, 12356, 123456, 123467, P}.The Hasse diagram of Id(P ) is given in �gure 7.22For simpli�
ation we represent a set by listing its elements as a string.
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ements
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Figure 7.2: The Hasse diagram of the latti
e (Id(P ),⊆)We will now adopt a shorthand notation, for instan
e r = (2, b, 0, 1, a) torepresent the family of subsets X ∈ (2, 2, 0, 1, 2) satisfying the impli
ation
p5 −→ p2. Thus r = (2, b, 0, 1, a) is de�ned as r = (2, 1, 0, 1, 1)∪(2, 2, 0, 1, 0).Indeed for a �xed X ∈ r, either p5 ∈ X or p5 /∈ X. If p5 ∈ X (when
e
a = 1), then p2 ∈ X (when
e b = 1). This yields the �rst ve
tor (2, 1, 0, 1, 1).If p5 /∈ X (when
e a=0), the impli
ation p5 ∈ X ⇒ p2 ∈ X is always true nomatter whether or not p2 ∈ X (when
e b=2). This yields the se
ond ve
tor
(2, 2, 0, 1, 0). Similarly we write for instan
e s = (b, 2, b, a, 1) to representthe family of subsets X ∈ (2, 2, 2, 2, 1) su
h that p4 ∈ X ⇒ {p1, p3} ⊆ X.Hen
e s = (1, 2, 1, 1, 1) ∪ (2, 2, 2, 0, 1).From table (7.2), one 
an observe that the number of rows in
reases (orremains 
onstant) from one 
ontext (or working sta
k) to the next. Thismight 
ause a spa
e problem but in the new variant of the (a,B)-Algorithm,M. Wild [26℄ exploited the well known te
hnique of LIFO (Last In, FirstOut) so as to keep the number of rows in the working sta
k below the num-ber of impli
ations to be imposed. The a, b symbolism we have introdu
ed



96 Chapter 7. The (a,B)-Algorithmhelps to minimize the number of row splittings ne
essary and therefore 
on-tributes to speed up the program. For instan
e from the previous example(7.1), repla
e C1 = {X ∈ C0 : 4 −→ {1, 2} ⊆ X} by the 3-valued row
(b, b, 2, a, 2, 2, 2). This yields table 7.3 whi
h is more 
ompa
t than theprevious one.

i 1 2 3 4 5 6 7 Ci : ai −→ Bi0 2 2 2 2 2 2 2 C0 = P(P )1 b b 2 a 2 2 2 C1 : 4 −→ {1, 2}2 1 b 1 a 1 2 2 C2 : 5 −→ {1, 3}b b 2 a 0 2 23 1 b 1 a 1 2 2 C3 : 6 −→ {1, 3}1 b 1 a 0 1 2b b 2 a 0 0 21 1 1 1 1 1 11 b 1 a 1 2 04 1 1 1 1 0 1 1 C4 : 7 −→ {2, 4, 6}1 b 1 a 0 1 0b b 2 a 0 0 0Table 7.3: Contra
ted form of table 7.2One does not need to 
an
el3 any row if the order of the impli
ations in
Σ is 
hosen properly. This order is suggested on
e a linear extension of theunderlying poset is given. For instan
e, the linear extension of the poset
P =:

1

2

3

4 suggests that the premises of the impli
ations should be takenin an in
reasing order, i.e.
Σ = {2 −→ {1}, 3 −→ {2}, 4 −→ {3}}.In this 
ase, no row needs to be 
an
elled (see table (a)) as the premisesalways fall in a label 2. But if the order in Σ is random, say
Σ = {2 −→ {1}, 4 −→ {3}, 3 −→ {2}},one may have to 
an
el a row, see table (b) where row 2 0 1 1 is 
an
elledbe
ause of the impli
ation 3 −→ {2}.3The 
an
ellation operation is 
ostly to the program.
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1 2 3 4
2 2 2 2

2 2
2 2

02
11

2 2
22

0 0
1 1
2

21 1
1 1 1 1

0 0 0
0

C

C

2

3

:

:

2

4 3

3

2C1
:

C0

1 2 3 4
2 2 2 2
2 0 2 2
1 1 2 2
2 0 2 0
2 0 1 1
1 1 2 0
1 1 1 1
2 0 0 0
2 0 1 1
1 1 2 0
1 1 1 1

C0

C1

C

C

:

:

:

2

3

2

4 3

1 1

3 2

Table (b)

Table (a)

Having given this example, we are now in a position to state the (a,B)-Algorithm.7.2.2 Statement of the (a, B)-AlgorithmThe (a,B)-Algorithm 
an be stated as follows:Input: A poset (P,≤) with a linear extension p1 < p2 < · · · <
pn and the 
orresponding set of impli
ations Σ = {a1 −→ B1, a2 −→
B2, · · · , ak −→ Bk} de�ned as in proposition 7.2.Output: C(Σ), the set of Σ-
losed subsets of P , i.e. the set of orderideals of P .

1. Initialize i = 0 and C0 = (2, 2, · · · , 2) = P(P ).
2. Suppose that Ci is 
omputed do,

2.a) i = i+ 1

2.b) Ci = {X ∈ Ci−1 : ai ∈ X ⇒ Bi ⊆ X}.
3. If i < k, go to step 2. Otherwise output Ck and stop.It is straightforward by the prin
iple of ex
lusion to see that Ck = C(Σ).Let us now 
ompute the 
omplexity of the (a,B)-Algorithm. Step 1 
anbe 
omputed in time O(1). If one imposes the impli
ations in the orderlisted in Σ, as does the (a,B)-Algorithm, then we will never delete a 3-valued row be
ause the premise of any impli
ation always falls on a label 2.So sin
e the 3-valued rows are mutually disjoint, the list of 3-valued rowsat the end 
omprises at most N(P ) rows, where N(P ) is the number of



98 Chapter 7. The (a,B)-Algorithmorder ideals of P . Further any row has been subje
ted to exa
tly k ≤ Piterations (steps 2 and 3), ea
h of whi
h 
osts O(
max
1≤i≤k

|Bai
|
)
≈ O(|P |). Sothe (a,B)-Algorithm has 
omplexity O

(
N(P )|P |2

).Theorem 7.1 Given a �nite poset P , the (a,B)-Algorithm 
omputes the
N(P ) order ideals of P in time O

(
N(P )|P |2

). �Example 7.2 For the poset of �gure 7.3, we apply the (a,B)-Algorithm todetermine Id(P ).PSfrag repla
ements

1 2 3 4

5 6 7

8 9 10

(P,≤) :=

Figure 7.3: P has 4 minimal elements, namely 1, 2, 3 and 4.By proposition 7.2, Id(P ) = C(Σ) where Σ = {5 −→ {1, 2, 4}, 6 −→
{1, 4}, 7 −→ {2, 3, 4}, 8 −→ {3, 6}, 9 −→ {5, 6, 7}, 10 −→ 6}. The
(a,B)-Algorithm applied to Σ yields table 7.5.

i 1 2 3 4 5 6 7 8 9 10 Ci : ai −→ Bi0 2 2 2 2 2 2 2 2 2 2 C0 = P(P )1 b b 2 b a 2 2 2 2 2 C1 : 5 −→ {1, 2, 4}2 1 b 2 1 a 1 2 2 2 2 C2 : 6 −→ {1, 4}
b b 2 b a 0 2 2 2 21 1 1 1 2 1 1 2 2 23 1 b 2 1 a 1 0 2 2 2 C3 : 7 −→ {2, 3, 4}
b 1 1 1 a 0 1 2 2 2
b b 2 b a 0 0 2 2 21 1 1 1 2 1 1 2 2 24 1 b b′ 1 a 1 0 a′ 2 2 C4 : 8 −→ {3, 6}
b 1 1 1 a 0 1 0 2 2
b b 2 b a 0 0 0 2 21 1 1 1 b 1 1 2 a 25 1 b b′ 1 a 1 0 a′ 0 2 C5 : 9 −→ {5, 6, 7}
b 1 1 1 a 0 1 0 0 2
b b 2 b a 0 0 0 0 2
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ations of the (a,B)-Algorithm 991 1 1 1 b 1 1 2 a 26 1 b b′ 1 a 1 0 a′ 0 2 C6 : 10 −→ 6
b 1 1 1 a 0 1 0 0 0
b b 2 b a 0 0 0 0 0Table 7.5: Summary of the (a,B)-Algorithm applied tothe poset of �gure 7.3Note that in a 3-valued row r, any o

urren
e of a (respe
tively a′, a′′,

· · · ) is 
oupled to t ≥ 1 o

urren
e(s) of b (respe
tively b′, b′′, · · · ) and
ontributes a fa
tor of (2t + 1) to |r| whereas m o

urren
es of 2 a

ountfor a fa
tor of 2m in |r|. For instan
e
|(1, 1, 1, 1, b, 1, 1, 2, a, 2)| = (21 + 1) · 22 = 12,
|(1, b, b′, 1, a, 1, 1.0, a′, 2)| = (21 + 1)(21 + 1) · 2 = 18,
|(b, 1, 1, 1, a, 0, 1, 0, 0, 0)| = (21 + 1) = 3, and
|(b, b, 2, b, a, 0, 0, 0, 0, 0)| = (23 + 1) · 21 = 18.So |C6| = |Id(P )| = 12 + 18 + 3 + 18 = 51.The (a,B)-Algorithm has been implemented with the Mathemati
a

6.0 (refer to [28; 29℄), the 
ode of this algorithm will be given in 
hapter8. A number of algorithms to 
ompute the set of order ideals of a �niteposet exists in the literature (see [30; 31℄), most of whi
h have 
omplexity
O(N(P )|P |2). George Steiner [31℄ was the �rst (in 1986) to present anenumeration algorithm with 
omplexity O(N(P )|P |).DespiteO(N(P )|P |2), the (a,B)-Algorithm is usually faster than the Steineralgorithm sin
e one row 
an en
ode many ideals.7.3 Appli
ations of the (a,B)-Algorithm7.3.1 Expli
it 
omputation of free distributive latti
esIn 
hapter 4, we gave the pro
edure to 
ompute the free distributive latti
e
FD(P ). In this se
tion, we will dis
uss two examples to see how the (a,B)-Algorithm 
omes into play. We saw in step 3 of this pro
edure that we needto determine (Id(K),≤) whi
h 
an now be done via the (a,B)-Algorithm.
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Example 7.3 (1) Compute FD(P,≤) where (P,≤) =

1

2
3

4

6

5

and sket
h its graph.The eight non-equivalent P -labellings of 2 are:
46 2345634562456456246566

112345 1235 1234 135 123 13 12

D D D D D DD D1 2 3 4 5 6 7 8Figure 7.4: The eight non-equivalent P -labellings of 2.Now we 
ompute the morphisms βij . Obviously β1i = id sin
e 6 ∈ fi forall proper �lters fi of P . In �gure 7.5, we 
ompute β2i and βi2 for 1 ≤ i ≤ 8.Note that for a �xed i, β2i (in dashed lines) and βi2 (in thi
k lines) are givenin the same �gure.
46 46 46

D D D D D D D D

D D D D DD

46 46 46

6 56 246 45646

2456 3456 23456

2 1 2 3 2 4 2 5

827262Figure 7.5: β21 = β23 ≡ 0, β22 = β24 = β25 = β26 = β27 = β28 = id and β12=id, βi2 ≡ 0 for all i ≥ 2.
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ations of the (a,B)-Algorithm 101One 
an similarly show that� β31 = β34 ≡ 0, and β33 = β35 = β36 = β37 = β38 = id.� β41 = β42 = β45 = β47 ≡ id, and β44 = β46 = β48 = id.� β51 = β52 = β53 = β54 and β55 = β56 = β57 = β58 = id.� β61 = β62 = β63 = β64 = β65 ≡ 0 and β66 = β67 = β68 = id.� β7i ≡ 0 for 1 ≤ i ≤ 6 and β77 = β78 = id.� β8i ≡ 0 for 1 ≤ i ≤ 7 and β88 = id.We next 
ompute K = {ψ1(1), ψ2(1), · · · , ψ8(1)} where
ψi(1) = (βi1(1), βi2(1), · · · , βi8(1)).

ψ1(1) = (1, 1, 1, 1, 1, 1, 1, 1), ψ2(1) = (0, 1, 0, 1, 1, 1, 1, 1),
ψ3(1) = (0, 0, 1, 0, 1, 1, 1, 1), ψ4(1) = (0, 0, 0, 1, 0, 1, 0, 1),
ψ5(1) = (0, 0, 0, 0, 1, 1, 1, 1), ψ6(1) = (0, 0, 0, 0, 0, 1, 0, 1),
ψ7(1) = (0, 0, 0, 0, 0, 0, 1, 1), ψ8(1) = (0, 0, 0, 0, 0, 0, 0, 1).The Hasse diagram of (K,≤) is given below. Note that (K,≤) ∼=

(Fil∗(P ),⊇), as has already been proved.
ψ

ψ

ψ

ψ

ψ

ψ (1)
3

(1)5

(1)
7

(1)
8

ψ4(1)

6
(1)

(1)2

ψ
1
(1)

Figure 7.6: The Hasse diagram of (K,≤). 2 3

1

8

4

6

5

7

Figure 7.7: A linear extension of (K,≤).We now apply the (a,B)-Algorithm to 
ompute Id(K,≤). We 
onsidera linear extension (�gure 7.7) of (K,≤) and we set B2 = {1}, B3 = {1},
B4 = {2}, B5 = {2, 3}, B6 = {4, 5}, B7 = {5} and B8 = {6, 7} and
Σ = {2 −→ B2, 3 −→ B3, · · · , 8 −→ B8}. Then by proposition 7.2, Id(K,≤
) ∼= C(Σ).
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i 1 2 3 4 5 6 7 8 ai −→ Bi0 2 2 2 2 2 2 2 2 C0 = P(K)1 b a 2 2 2 2 2 2 C1 : 2 −→ {1}2 1 2 1 2 2 2 2 2 C2 : 3 −→ {1}b a 0 2 2 2 2 21 b 1 a 2 2 2 23 1 1 0 1 2 2 2 2 C3 : 4 −→ {2}b a 0 0 2 2 2 21 1 1 2 1 2 2 24 1 b 1 a 0 2 2 2 C4 : 5 −→ {2, 3}1 1 0 1 0 2 2 2b a 0 0 0 2 2 21 1 1 b 1 a 2 25 1 b 1 a 0 0 2 2 C5 : 6 −→ {4, 5}1 1 0 1 0 0 2 2b a 0 0 0 0 2 21 1 1 b 1 a 2 26 1 b 1 a 0 0 0 2 C6 : 7 −→ {5}1 1 0 1 0 0 0 2b a 0 0 0 0 0 21 1 1 1 1 1 1 11 1 1 b 1 a 2 07 1 b 1 a 0 0 0 0 C7 : 8 −→ {6, 7}1 1 0 1 0 0 0 0b a 0 0 0 0 0 0Table 7.6: Summary of the (a,B)-Algorithm.From table 7.6 one 
an see that |FD(P,≤)| = 1 + 6 + 3 + 1 + 3 = 14.Pre
isely,

(1, 1, 1, 1, 1, 1, 1, 1) = {12345678}
(1, 1, 1, b, 1, a, 2, 0) = {1234567, 123456, 123457, 12345, 12357, 1235}
(1, b, 1, a, 0, 0, 0, 0) = {1234, 123, 13}
(1, 1, 0, 1, 0, 0, 0, 0) = {124}
(b, a, 0, 0, 0, 0, 0, 0) = {12, 1, ∅}So,
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FD(P,≤) = {12345678, 1234567, 123456, 123457, 12345, 12357, 1235,

1234, 123, 13, 124, 12, 1, ∅}.and its Hasse diagram is given below.

Ø

13

1234

12345

123456

12345678

12357

124

12

1234567

123457

1235

123

1Figure 7.8: The Hasse diagram of the free distributive latti
e FD(P,≤), the sixgenerators (doubly irredu
ible elements) are indi
ated.We next illustrate with this example the fa
t that FD(P ) satis�es thede�nition of a free distributive latti
e. It is 
lear that FD(P ) 
ontains a
opy of (P,≤) whi
h generates FD(P ) as we 
an see from the followingpi
tures.
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ements

(P,≤) FD(P )

a
a

b

b c
c

d
d

e

e

f

f

b ∧ c

c ∧ d

(b ∨ c) ∧ d

b ∨ cd ∧ e

(c ∨ d) ∧ e

c ∨ d

d ∨ e

Suppose that D is the distributive latti
e D =
We pi
k any order preserving map, say for instan
e φ : P −→ Q depi
tedas follows:

a

b
c

d e

f

u

v

y

z

x

Consider the map Φ : FD(P ) −→ D depi
ted by the following �gure:
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a

b

d

f

u

v

z

x

e

c

y

One 
an 
he
k by inspe
tion that Φ is a latti
e morphism whi
h extends
φ. (2) Consider the poset of �gure 4.4(a) on page 34. The 
orrespondingposet (K,≤) is given in �gure 4.5. To apply the (a,B)-Algorithm on (K,≤
), we �rst give (�gure 7.9) a linear extension of (K,≤), then the (a,B)-Algorithm applied to (K,≤) yields the next table where the �rst threesteps and the last two steps are summarized.PSfrag repla
ements

1 2 3

4 5 6

7

8 9 10

11 12 13

Figure 7.9: A linear extension of the poset (K,≤) of �gure 4.5.
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i 1 2 3 4 5 6 7 8 9 10 11 12 13 ai −→ Bi0 2 2 2 2 2 2 2 2 2 2 2 2 2 C0 = P(K)1 b b 2 a 2 2 2 2 2 2 2 2 2 4 −→ {1, 2}2 1 b 1 a 1 2 2 2 2 2 2 2 2 5 −→ {1, 3}

b b 2 a 0 2 2 2 2 2 2 2 21 1 1 2 1 1 2 2 2 2 2 2 23 1 b 1 a 1 0 2 2 2 2 2 2 2 6 −→ {2, 3}
b 1 1 a 0 1 2 2 2 2 2 2 2
b b 2 a 0 0 2 2 2 2 2 2 21 1 1 1 1 1 1 1 b b′ a a′ 21 1 1 1 1 1 1 0 1 2 0 0 21 1 1 1 1 1 1 0 0 1 0 0 29 1 1 1 b 1 1 a 0 0 0 0 0 2 12 −→ {8, 10}1 b 1 a 1 0 0 0 0 0 0 0 2
b 1 1 a 0 1 0 0 0 0 0 0 2
b b 2 a 0 0 0 0 0 0 0 0 21 1 1 1 1 1 1 1 1 1 2 2 11 1 1 1 1 1 1 1 b b′ a a′ 01 1 1 1 1 1 1 0 1 b 0 0 a10 1 1 1 1 1 1 1 0 0 1 0 0 0 13 −→ {9, 10}1 1 1 b 1 1 a 0 0 0 0 0 01 b 1 a 1 0 0 0 0 0 0 0 0
b 1 1 a 0 1 0 0 0 0 0 0 0
b b 2 a 0 0 0 0 0 0 0 0 0From this table we see that
|FD(P )| = 22 + (21 + 1)(21 + 1) + · · ·+ (22 + 1) · 21 = 36.Pre
isely,

bb2a000000000 = {a1, a2, · · · , a10} where
a1 = ∅, a2 = 1, a3 = 2, a4 = 3, a5 = 23,
a6 = 13, a7 = 12, a8 = 123, a8 = 124, a10 = 1234,

b11a010000000 = {a11, a12, a13} where
a11 = 235, a12 = 1236, a13 = 12346

1b1a100000000 = {a14, a15, a16} where
a14 = 135, a15 = 1235, a16 = 12345,
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111b11a000000 = {a17, a18, a19} where

a17 = 12356, a18 = 123456, a19 = 1234567,

1111111001000 = {a20} where a20 = 1234567(10),
111111101b00a = {a21, a22, a23} where
a21 = 12345679, a22 = 12345679(10), a23 = 12345679(10)(13),

11111111bb′aa′0 = 11111111b1a10 ∪ 11111111b2a00
11111111b2a00 = {a24, a25, a26, a27, a28, a29} where

a24 = 12345678, a25 = a24 ∪ (10), a26 = a24 ∪ (9),
a27 = a24 ∪ 9(10), a28 = a24 ∪ 9(11), a29 = a24 ∪ 9(10)(11)

11111111b1a10 = {a30, a31, a32} where
a30 = a24 ∪ (10)(12), a31 = a24 ∪ 9(10)(12), a32 = a24 ∪ 9(10)(11)(12),Finally 1111111111221 = {a33, a34, a35, a36} where

a33 = a24 ∪ 9(10)(13), a34 = a24 ∪ 9(10)(12)(13),
a35 = a24 ∪ 9(10)(11)(13), a26 = K.The Hasse diagram of FD(P ) is given below.
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a

a

a

a

a

aa

a

a a

a a

a

1

3
2 4

56
a7

9 a a

10 15
12

11148

1713a16

a

a

a
a

a

a a a

aaaa

aaa

aaa

a

18

19

24
21

20

22

23

33

34

26
25

27 30 28

2931

35 32

36

Figure 7.10: The Hasse diagram of FD( ), the six generators areindi
ated.A 
omplete list is given in 
hapter 7, where for all posets P with 1 ≤
|P | ≤ 6, the 
ardinality of FD(P ) and the number of fa
tors 2 in thesubdire
t produ
t de
omposition of FD(P ) are 
omputed.7.3.2 Expli
it 
omputation of free modular latti
esWe have already seen that ea
h �nite modular latti
e L is isomorphi
 to
C(J(L),Λ) where C(J(L),Λ) is the set of Λ-
losed order ideals of J(L).Sin
e we are only 
on
erned with the variety M3 of modular latti
es havingfa
tors 2 or M3 in their subdire
t produ
t de
omposition, any line l ∈ Λhas exa
tly three elements, and the lines are mutually disjoint.
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ations of the (a,B)-Algorithm 109Re
all that an ideal I of J(L) is Λ-
losed if |l ∩ I| ≥ 2 ⇒ l ⊆ I for all
l ∈ Λ. If l = {p, q, r}, this means that






{p, q} ⊆ I ⇒ {p, q, r} ⊆ I
{p, r} ⊆ I ⇒ {p, q, r} ⊆ I
{q, r} ⊆ I ⇒ {p, q, r} ⊆ I.Whi
h 
an be simpli�ed to





{p, q} ⊆ I ⇒ r ∈ I
{p, r} ⊆ I ⇒ q ∈ I
{q, r} ⊆ I ⇒ p ∈ I.

(7.3.1)Re
all that if a is a non-minimal element of the poset J(L), Ba denotesthe set of lower 
overs of a. By proposition 7.2, a subset I ⊆ J(L) is anideal of J(L) if and only if I satis�es a ∈ I ⇒ Ba ⊆ I for all non-minimalelements a ∈ J(L). Therefore a subset I ⊆ J(L) is a Λ-
losed order idealof J(L) if and only if I satis�es the impli
ations a ∈ I ⇒ Ba ⊆ I forall non-minimal elements a ∈ J(L) together with the impli
ations (7.3.1)for all l = {p, q, r} ∈ Λ. So the (a,B)-Algorithm 
annot be applied to
(J(L),Λ) without modi�
ation sin
e the impli
ations (7.3.1) do no longerhave singleton premises. In this se
tion, we show how we 
an upgrade the
(a,B)-Algorithm. For 
onvenien
e we de�ne:

333 := {000, 100, 010, 001, 111}and we set
44 := {00, 01, 10} and 55 := {00, 11}sin
e then

333 = 044 ∪ 155.This de�nition is handy be
ause for ea
h line l = {p, q, r} ⊆ J(L), and forea
h l-
losed set X there are exa
tly �ve possibilities for X ∩ l:
∅, {p}, {q}, {r}, or {p, q, r}and this is en
oded by 333. For instan
e if J(L) = {p1, p, p3, p4, q, p6, r, p8}(obvious notation), then C(

J(L),Λ
)

= (2, 3, 2, 2, 3, 2, 3, 2). Furthermore ifthe impli
ation p −→ {p3, p4} is imposed, then (2, 3, 2, 2, 3, 2, 3, 2) shrinksto
(2, 0, 2, 2, 4, 2, 4, 2) ∪ (2, 1, 1, 1, 5, 2, 5, 2).
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t if p /∈ X, then it does not matter whether or not p3 or p4 ∈ X,and be
ause X is Λ-
losed, q, r /∈ X or either q or r ∈ X ex
lusively. Thisyields the �rst 8-tuple (2, 0, 2, 2, 4, 2, 4, 2). If p ∈ X, then {p3, p4} ⊆ X,and be
ause X is Λ-
losed, either {q, r} ⊆ X or q, r /∈ X. This yieldsthe se
ond 8-tuple (2, 1, 1, 1, 5, 2, 5, 2). To see how to handle the label 4and the 5, suppose we further impose the impli
ation p1 −→ {r}, then
(2, 0, 2, 2, 4, 2, 4, 2) redu
es to

(1, 0, 2, 2, 0, 2, 1, 2)∪ (0, 0, 2, 2, 0, 2, 1, 2)∪ (0, 0, 2, 2, 2, 2, 0, 2)and (2, 1, 1, 1, 5, 2, 5, 2) redu
es to
(1, 1, 1, 1, 1, 2, 1, 2)∪ (0, 1, 1, 1, 1, 2, 1, 2)∪ (0, 1, 1, 1, 0, 2, 0, 2).With the modi�
ations we have just des
ribed, we are now able to usethe (a,B)-Algorithm to 
ompute the Λ-
losed order ideals of J(L). Wenext give two examples to illustrate the pro
edure dis
ussed in 
hapter 5to expli
itly 
ompute FM(P ).Example 7.4 (1) In this example we 
ompute FM(1+1+1), the freemodular latti
e on three generators.There are six non-equivalent P -labellings of 2 and only one P -labellings of

M3.
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L1 L2 L3 L4 L5 L6

L7Figure 7.11: The P -labellings of 2 and M3The morphisms between two P -labellings of 2 are 
omputed as in ex-ample 7.3(1). The morphisms βi7 and β7i are given in �gure 7.12 for all
1 ≤ i ≤ 6.
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Figure 7.12: The morphisms between the six P -labellings of 2 and the unique
P -labelling of M3.
ψ1(1) = (β1i(1))1≤i≤7 = (1, 0, 0, 1, 1, 0, a) ψ2(1) = (β2i(1))1≤i≤7 = (0, 1, 0, 1, 0, 1, b)
ψ3(1) = (β3i(1))1≤i≤7 = (0, 0, 1, 0, 1, 1, c) ψ4(1) = (β4i(1))1≤i≤7 = (0, 0, 0, 1, 0, 0, 0)
ψ5(1) = (β5i(1))1≤i≤7 = (0, 0, 0, 0, 1, 0, 0) ψ6(1) = (β6i(1))1≤i≤7 = (0, 0, 0, 0, 0, 1, 0)
ψ7(a) = (β7i(a))1≤i≤7 = (0, 0, 0, 1, 1, 0, a) ψ7(b) = (β7i(b))1≤i≤7 = (0, 0, 0, 1, 0, 1, b)
ψ7(c) = (β7i(c))1≤i≤7 = (0, 0, 0, 0, 1, 1, c)

l7 = {a, b, c} is a line of L7, so Λ = ψ(l7) = {ψ7(a), ψ7(b), ψ7(c)} is a base oflines of FM(P ) and J = {ψ1(1), ψ2(1), ψ3(1), ψ4(1), ψ5(1), ψ6(1), ψ7(a), ψ7(b), ψ7(c)}is the set of nonzero join-irredu
ibles of FM(P ). The Hasse diagram of
(J,≤) and a linear extension of (J,≤) are given below.
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112 Chapter 7. The (a,B)-AlgorithmWe now apply the modi�ed (a,B)-Algorithm to 
ompute C(J,Λ). Weset B4 = {1, 2}, B5 = {1, 3}, B6 = {2, 3}, B7 = {4}, B8 = {5}, B9 = {6}.Sin
e {ψ7(a), ψ7(b), ψ7(c)} is a line, the 
orresponding elements 4,5,6 in thelinear extension will be 
oded by the sequen
e 3,3,3 in the (a,B)-Algorithm.
i 1 2 3 4 5 6 7 8 9 Ci : a1 −→ Bi0 2 2 2 3 3 3 2 2 21 1 1 2 1 5 5 2 2 2 C1 : 4 −→ {1, 2}2 2 2 0 4 4 2 2 21 1 1 1 1 1 2 2 22 1 1 2 1 0 0 2 2 2 C2 : 5 −→ {1, 3}1 2 1 0 1 0 2 2 22 2 2 0 0 2 2 2 21 1 1 1 1 1 2 2 23 1 1 2 1 0 0 2 2 2 C3 : 6 −→ {2, 3}1 2 1 0 1 0 2 2 22 b b 0 0 a 2 2 21 1 1 1 1 1 2 2 24 1 1 2 1 0 0 2 2 2 C4 : 7 −→ {4}1 2 1 0 1 0 0 2 22 b b 0 0 a 0 2 21 1 1 1 1 1 2 2 25 1 1 2 1 0 0 2 0 2 C5 : 8 −→ {5}1 2 1 0 1 0 0 2 22 b b 0 0 a 0 0 21 1 1 1 1 1 2 2 26 1 1 2 1 0 0 2 0 0 C6 : 9 −→ {6}1 2 1 0 1 0 0 2 02 1 1 0 0 1 0 0 12 b b 0 0 a 0 0 0Table 7.8: Summary of the modi�ed (a,B)-Algorithmapplied to (J,Λ)So |FM(1+1+1)| = |C6| = 23 + 22 + 22 + 2 + (22 + 1).2 = 28. Weexpli
itly 
ompute FM(1+1+1) as follows.

(1, 1, 1, 1, 1, 1, 2, 2, 2) = {123456} ∪ P(789)
= {123456, 1234567, 1234568, 1234569, 12345678,

12345679, 12345689, 123456789}
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(1, 1, 2, 1, 0, 0, 2, 0, 0) = {124} ∪ P(37)

= {124, 1243, 1247, 12437}
(1, 2, 1, 0, 1, 0, 0, 2, 0) = {135} ∪ P(28)

= {135, 1352, 1358, 13528}
(2, 1, 1, 0, 0, 1, 0, 0, 1) = {12369, 2369}

(2, b, b, 0, 0, a, 0, 0, 0) = (2, 1, 1, 0, 0, 1, 0, 0, 0)∪ (2, 2, 2, 0, 0, 0, 0, 0, 0)
(2, 1, 1, 0, 0, 1, 0, 0, 0) = {1236, 236}
(2, 2, 2, 0, 0, 0, 0, 0, 0) = P(123)

= {∅, 1, 2, 3, 12, 13, 23, 123}.So FM(1+1+1) = {∅, J, 1, 2, 3, 12, 13, 23, 123, 124, 135, 236,1234, 1235, 1236, 1247, 1358, 2369, 12347, 12358, 12369, 123456, 1234567,1234568, 1234569, 12345678,12345679, 12345689}. The Hasse diagram of
FM(1+1+1) is given by the following pi
ture.

1
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12345679 12345689

1234569

12369
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236

23

32

124

135

1234

1235812347

1234567

12345678

1234568

1247 1358 2369
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Figure 7.15: The free modular latti
e on three generators FM(1+1+1), thegenerators are indi
ated.(2) Applying the modi�ed (a,B)-Algorithm to the poset of �gure 6.9,page 59, we obtain |FM(P )| = 80.Prior to the exe
ution of the (a,B)-Algorithm, a �rst program 
alledbase-of-line.nb is run. It takes input a poset P determined by its 
overingrelation and output the Hasse diagram of J(
FM(P

) (resp. J(
FD(P )

)), abase of lines and a 
omplete set of impli
ations.



Chapter 8Numeri
al results
8.1 Cardinalities of the free latti
es FD(P )and FM3(P )In this se
tion, we 
onsider all the posets P with 1 ≤ |P | ≤ 6. For ea
h one,we 
ompute the 
ardinality of the free distributive latti
e FD(P ) and the
ardinality of the free modular latti
e FM3(P ) within the variety M3 ofmodular latti
es with subdire
tly irredu
ible fa
tors 2 or M3. The numberof subdirre
tly irredu
ible fa
tors is also 
omputed and listed in the form
s + t, where s is the number of fa
tors 2, i.e. the number of P -labellingsof 2, and t the number of fa
tors M3, i.e. the number of P -labellings of
M3. Observe that the height h(P ) of FM3(P ) and the number j(P ) ofnonzero join-irredu
ible elements of FM3(P ) 
an be determined as h(P ) =
s + 2t and j(P ) = s + 3t. Further by theorem 6.5, the modular latti
e
FM(P ) freely generated by P is �nite if and only if |P | < ∞ and P
ontains no subposet isomorphi
 either to 1+1+1+1 or 1+2+2. In this
ase FM(P ) = FM3(P ), and so the given 
ardinality of FM3(P ) also isthe 
ardinality of FM(P ). If the 
ardinality of FM3(P ) is boldfa
e, thiswarns that P 
ontains one of the forbidden subposets, and so |FM(P )| =
∞. These results perfe
tly mat
h those obtained by Berman and Wolk [32℄.

114



8.1. Cardinalities of the free latti
es FD(P ) and FM3(P ) 115
|P | = 1

(P,≤) |FD(P )| |FM3(P )| s+ t1 1 0+0Table 8.1: The only one poset of order one.
|P | = 2

(P,≤) |FD(P )| |FM3(P )| s + t (P,≤) |FD(P )| |FM3(P )| s+ t4 4 2+0 2 2 1+0Table 8.2: The 2 non-isomorphi
 posets of order 2.
|P | = 3

(P,≤) |FD(P )| |FM3(P )| s + t (P,≤) |FD(P )| |FM3(P )| s+ t3 3 2+0 5 5 3+05 5 3+0 8 8 4+018 28 6+1Table 8.3: The 5 non-isomorphi
 posets of order 3.
|P | = 4

(P,≤) |FD(P )| |FM3(P )| s+ t (P,≤) |FD(P )| |FM3(P )| s+ t4 4 3+0 6 6 4+06 6 4+0 6 6 4+08 8 5+0 9 9 5+09 9 5+0 12 12 6+013 13 6+0 19 29 7+119 29 7+1 18 18 7+025 36 8+1 25 36 8+148 138 10+3 166 19982 14+14Table 8.4: The 16 non-isomorphi
 posets of order 4.
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|P | = 5

(P,≤) |FD(P )| |FM3(P )| s + t (P,≤) |FD(P )| |FM3(P )| s + t5 5 4+0 7 7 5+07 7 5+0 7 7 5+07 7 5+0 10 10 6+09 9 6+0 9 9 6+010 10 6+0 9 9 6+010 10 6+0 14 14 7+020 30 8+1 12 12 7+013 13 7+0 12 12 7+014 14 7+0 20 30 8+113 13 7+0 20 30 8+119 19 8+0 26 37 8+126 37 9+1 22 32 9+123 23 9+0 17 17 8+019 19 8+0 17 17 8+022 32 9+1 26 37 9+126 37 9+1 19 19 8+033 45 10+1 33 45 10+133 45 10+1 32 44 10+149 139 11+3 29 40 10+129 40 10+1 23 23 9+023 23 9+0 49 139 11+359 154 12+3 51 80 12+2



8.1. Cardinalities of the free latti
es FD(P ) and FM3(P ) 11759 154 12+3 55 147 12+355 147 12+3 167 19983 15+1439 51 11+1 39 51 11+133 33 10+0 167 19983 15+14187 20180 16+14 93 352 14+5103 629 14+6 187 20180 16+1475 185 14+3 75 185 13+3173 2603 16+9 297 63639 18+18297 63639 18+18 885 160228749 22+397727 30+125Table 8.5: The 63 non-isomorphi
 posets of order 5.
|P | = 6

(P,≤) |FD(P )| |FM3(P )| s+ t (P,≤) |FD(P )| |FM3(P )| s+ t7828352 62+910 160946 46+33322950 38+174 9944 34+1337748 32+125 7580 31+12522950 38+174 8788 34+1082990 30+68 2024 28+511195 179700889 26+43 1075 160667032 25+39906 179700889 24+39 3488 30+761326 296198143 26+45 936 160224000 24+39886 160228750 23+39 1058 6306868 26+37670 434366 24+26 407 68915 22+20590 2472286 23+22 354 64461 21+18304 64461 21+18 490 213428 23+22325 64004 20+18 298 63640 19+18255 20984 20+15 218 20392 19+14191 20184 18+14 209 20379 18+14188 20181 17+14 170 19986 17+14168 19984 16+14 9944 34+133
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al results2024 2610806855 28+51 1195 179700889 26+43596 153926 23+22 428 121130 22+221326 296198143 26+45 472 138454 22+22318 63872 20+18 492 210044 22+23325 63943 20+18 298 63640 19+18670 434366 24+26 987 1007808 25+27434 14616 22+15 243 3311 20+11488 60962 22+18 273 32449 20+12234 2895 19+9 184 2626 18+9194 2665 18+9 174 2604 17+9194 2665 18+9 243 3311 20+11188 756 18+7 138 584 18+7273 4936 20+12 154 649 18+7127 415 17+5 100 361 16+5167 1060 18+8 104 369 16+5108 377 16+5 94 353 15+5198 622 19+6 108 243 17+4180 821 18+6 100 216 16+380 190 15+3 110 242 16+383 195 15+3 76 186 14+381 195 16+4 130 686 17+673 170 15+3 59 151 14+363 157 14+3 56 148 13+3490 213428 22+23 167 1060 18+8110 639 16+6 194 2784 18+10119 661 16+6 104 630 15+697 230 16+4 78 178 15+363 158 14+3 71 171 14+3



8.1. Cardinalities of the free latti
es FD(P ) and FM3(P ) 11960 155 13+3 52 142 13+350 140 12+3 255 20984 20+15108 243 14+4 81 195 16+497 230 16+4 58 88 14+262 93 14+2 52 81 13+280 106 16+2 60 84 15+258 71 14+1 44 56 13+140 52 12+1 46 68 14+243 55 13+1 33 44 12+134 45 12+1 30 41 11+162 93 14+2 37 49 12+142 55 12+1 34 46 11+129 40 11+1 27 38 10+136 56 13+2 26 36 11+123 33 10+1 23 33 10+121 31 9+1 7748 32+1251074 160667032 25+39 906 160229710 24+39936 160244000 24+39 318 63873 20+18325 64227 20+18 208 20378 18+14209 20379 18+14 188 20181 17+14590 247228 23+22 354 64461 21+18234 2895 19+9 127 415 17+5110 242 16+3 83 195 15+3180 873 18+6 130 730 17+686 201 15+3 76 186 14+3304 63651 20+18 184 2626 18+9



120 Chapter 8. Numeri
al results100 361 16+5 83 195 15+362 156 14+3 110 639 16+666 163 14+3 56 278 13+3325 64004 20+18 104 369 16+5194 2665 18+9 86 201 15+3108 377 16+5 66 163 14+3119 661 16+6 70 170 14+371 171 14+3 60 169 13+358 88 14+2 46 59 13+147 60 13+1 36 48 12+140 53 12+1 33 45 11+162 93 14+2 37 49 12+142 55 12+1 34 46 11+129 40 11+1 27 38 10+1218 20392 19+14 100 216 16+373 170 15+3 46 59 13+178 178 15+3 47 60 13+140 52 12+1 110 242 16+358 71 14+1 68 68 14+048 48 13+0 38 38 12+054 54 13+0 39 39 12+034 34 11+0 43 55 13+134 34 12+0 27 27 11+029 29 11+0 24 24 10+0



8.1. Cardinalities of the free latti
es FD(P ) and FM3(P ) 12122 22 10+0 20 20 9+0191 20184 18+14 80 190 15+359 151 14+3 63 158 14+336 48 12+1 37 49 12+130 41 11+1 83 195 15+344 56 13+1 38 38 12+028 28 11+0 39 39 12+028 28 11+0 24 24 10+027 27 11+0 27 27 11+020 20 10+0 21 21 10+017 17 9+0 37 49 12+121 21 11+0 23 23 10+018 18 9+0 16 16 9+014 14 8+0 209 20379 18+1463 157 14+3 71 171 14+340 53 12+1 42 55 12+134 46 11+1 34 45 12+129 29 11+0 21 21 10+022 22 10+0 18 18 9+042 55 12+1 23 23 10+026 26 10+0 20 20 9+017 17 9+0 15 15 8+0



122 Chapter 8. Numeri
al results26 36 11+1 16 16 9+013 13 8+0 13 13 8+011 11 7+0 170 20149 17+1452 142 13+3 29 40 11+123 33 10+1 29 40 11+122 22 10+0 16 16 9+017 17 9+0 13 13 8+012 12 8+0 10 10 7+023 33 10+1 13 13 8+010 10 7+0 10 10 7+08 8 6+0 7580 31+125886 160228750 23+39 295 63640 19+18188 20181 17+14 168 19984 16+14298 63640 19+18 174 2985 17+994 354 15+5 76 187 14+356 149 13+3 104 631 15+660 156 13+3 50 141 12+352 82 13+2 40 53 12+130 42 11+1 34 47 11+127 39 10+1 23 34 10+121 32 9+1 188 20181 17+1476 188 14+3 56 149 13+3



8.1. Cardinalities of the free latti
es FD(P ) and FM3(P ) 123
60 156 13+3 33 46 11+134 47 11+1 27 74 10+140 54 12+1 34 34 11+024 44 10+0 20 20 9+030 42 11+1 24 24 10+017 17 9+0 18 18 9+014 14 8+0 34 47 11+118 18 9+0 20 20 9+015 15 8+0 13 13 8+011 11 7+0 23 34 10+113 13 8+0 10 10 7+010 10 7+0 8 8 6+0168 19984 16+14 50 278 12+327 74 10+1 21 60 9+127 74 10+1 20 20 9+014 44 8+0 17 15 8+011 11 7+0 10 10 7+08 8 6+0 21 60 9+111 11 7+0 8 8 6+0
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8 8 6+0 6 6 5+0Table 8.6: The 318 non-isomorphi
 posets of order 6.8.2 Cardinalities of FM(P ) for good posetson seven pointsIn this se
tion, we 
ompute the 
ardinalities, together with some importantparameters, of the free modular latti
es generated by good posets on sevenpoints. We 
all good poset any poset that does not 
ontain a 4-elementanti
hain or the poset 1+2+2 as subposet. Re
all that FM(P ) is �nite ifand only if P is a good poset. In this 
ase FM(P ) is a subdire
t produ
tof fa
tors M3 and D2. There are several algorithms for generating nonisomorphi
 posets on a given number of points ([33; 34; 35℄) in the literature,the one we used for this proje
t 
an be found in [14℄. Thanks for Prof G.Brinkmann from Bielefeld University in Germany who sent us the 
ode(written in C++) of this program from whi
h we where able to extra
t the2045 non isomorphi
 posets (their order relations more pre
isely) on sevenpoints. We then wrote a program that sele
t all the good posets from any�nite set of posets on a given number of points. For the 2045 non isomorphi
posets on seven points, we obtained 1101 good posets. These good posetsare listed below. On top of ea
h good poset P is a list 
ontaining |FM(P )|,the number of fa
torsM3, and the number of fa
tors D2. With our programwe 
an also 
ompute FM(P ) for good posets of higher order, we are onlylimited by 
omputing time 
onstraints.
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8159, 15, 3<8175, 16, 3<8174, 16, 3<8193, 16, 3<8879, 20, 6<8191, 16, 3<

8420, 19, 5<8365, 18, 5< 857, 14, 1< 849, 13, 1< 8161, 15, 3<8665, 18, 6<

850, 13, 1< 851, 13, 1< 892, 16, 2< 8373, 18, 5< 863, 15, 1< 8205, 17, 3<

897, 16, 2< 864, 15, 1< 8381, 18, 5<8247, 18, 3<8199, 17, 3< 859, 14, 1<

852, 14, 1< 8167, 16, 3<8200, 17, 3<8160, 16, 3< 842, 12, 1< 852, 13, 1<

8143, 14, 3<8158, 15, 3< 842, 12, 1< 844, 12, 1< 844, 13, 1< 853, 14, 1<

8356, 17, 5<8189, 16, 3< 849, 13, 1< 841, 12, 1< 8145, 14, 3<8633, 17, 6<

844, 13, 1< 8151, 15, 3< 834, 11, 1< 841, 12, 1< 884, 15, 2< 855, 14, 1<

89, 7, 0< 89, 7, 0< 811, 8, 0< 834, 11, 1< 834, 11, 1< 836, 12, 1<
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8160, 16, 3<8370, 18, 5<8149, 14, 3<8166, 15, 3<8239, 18, 4<8187, 17, 3<

8149, 14, 3<8151, 14, 3<8151, 15, 3<8167, 16, 3<8649, 18, 6<8200, 17, 3<

823, 11, 0< 818, 10, 0< 814, 9, 0< 816, 10, 0< 814, 9, 0< 815, 9, 0<

823, 11, 0< 837, 13, 0< 827, 12, 0< 818, 10, 0< 849, 13, 1< 821, 11, 0<

849, 13, 1< 841, 12, 1< 8158, 15, 3< 848, 13, 1< 823, 11, 0< 8189, 16, 3<

820, 11, 0< 811, 8, 0< 813, 9, 0< 811, 8, 0< 814, 9, 0< 841, 12, 1<

817, 10, 0< 8151, 15, 3< 855, 14, 1< 817, 10, 0< 821, 11, 0< 827, 12, 0<

811, 8, 0< 813, 9, 0< 836, 12, 1< 844, 13, 1< 813, 9, 0< 816, 10, 0<

8206, 17, 3<8691, 19, 6<8152, 15, 3<8643, 18, 6<8152, 15, 3<8167, 16, 3<
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870, 15, 1< 861, 14, 1< 8181, 16, 3<8225, 18, 3<8702, 19, 6<8179, 16, 3<

8408, 19, 5< 875, 16, 1< 8458, 20, 5<8399, 19, 5<8273, 19, 3<8224, 18, 3<

8234, 18, 3<8185, 17, 3< 853, 13, 1< 863, 14, 1< 8108, 17, 2< 876, 16, 1<

853, 13, 1< 855, 13, 1< 855, 14, 1< 864, 15, 1< 8187, 17, 3< 863, 15, 1<

8157, 15, 3<8364, 17, 5<81075, 20, 8<8362, 17, 5<8386, 18, 5<8378, 18, 5<

8196, 16, 3<8205, 17, 3<8159, 15, 3<8204, 18, 4<8599, 20, 7<8166, 16, 3<

8671, 18, 6<8198, 16, 3<8637, 21, 6<8253, 19, 4<8772, 21, 7<8253, 18, 3<

8164, 15, 3<8642, 17, 6<8884, 20, 6<8696, 19, 6<82795, 20, 10<8640, 17, 6<

81070, 20, 8<8226, 18, 3<8179, 17, 3<8658, 20, 7<8424, 19, 5<8180, 16, 3<
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870, 15, 1< 861, 14, 1< 8181, 16, 3<8225, 18, 3<8702, 19, 6<8179, 16, 3<

8408, 19, 5< 875, 16, 1< 8458, 20, 5<8399, 19, 5<8273, 19, 3<8224, 18, 3<

8234, 18, 3<8185, 17, 3< 853, 13, 1< 863, 14, 1< 8108, 17, 2< 876, 16, 1<

853, 13, 1< 855, 13, 1< 855, 14, 1< 864, 15, 1< 8187, 17, 3< 863, 15, 1<

8157, 15, 3<8364, 17, 5<81075, 20, 8<8362, 17, 5<8386, 18, 5<8378, 18, 5<

8196, 16, 3<8205, 17, 3<8159, 15, 3<8204, 18, 4<8599, 20, 7<8166, 16, 3<

8671, 18, 6<8198, 16, 3<8637, 21, 6<8253, 19, 4<8772, 21, 7<8253, 18, 3<

8164, 15, 3<8642, 17, 6<8884, 20, 6<8696, 19, 6<82795, 20, 10<8640, 17, 6<

81070, 20, 8<8226, 18, 3<8179, 17, 3<8658, 20, 7<8424, 19, 5<8180, 16, 3<
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815, 9, 0< 817, 10, 0< 815, 9, 0< 819, 10, 0< 850, 13, 1< 8247, 18, 3<

821, 11, 0< 8155, 16, 3< 821, 11, 0< 825, 12, 0< 831, 13, 0< 824, 12, 0<

8175, 17, 3< 829, 12, 0< 834, 13, 0< 856, 15, 0< 832, 13, 0< 839, 14, 0<

822, 11, 0< 826, 12, 0< 833, 13, 0< 825, 12, 0< 829, 12, 0< 8697, 19, 6<

817, 10, 0< 820, 11, 0< 822, 11, 0< 8161, 16, 3< 876, 16, 1< 860, 15, 1<

815, 9, 0< 817, 10, 0< 840, 13, 1< 849, 14, 1< 860, 15, 1< 848, 14, 1<

8741, 20, 6<8171, 16, 3<8684, 19, 6<8177, 16, 3<8193, 17, 3<8192, 17, 3<

860, 14, 1< 8217, 17, 3<8936, 21, 6<8225, 17, 3<8241, 18, 3<8240, 18, 3<

8195, 17, 3< 862, 14, 1< 8103, 17, 2<8447, 20, 5<8385, 19, 5< 868, 15, 1<



130 Chapter 8. Numeri
al results

861, 15, 0< 840, 13, 0< 845, 14, 0< 825, 11, 0< 827, 12, 0< 832, 13, 0<

8183, 17, 3<865, 15, 1< 840, 13, 0<8253, 18, 3<844, 14, 0< 877, 16, 1<

857, 14, 1< 865, 15, 1< 857, 14, 1<8222, 18, 3<864, 15, 1<8175, 17, 3<

8196, 16, 3<8253, 18, 3<8196, 16, 3<8205, 17, 3<8211, 17, 3<8425, 19, 5<

830, 12, 0< 824, 11, 0< 819, 10, 0< 821, 11, 0< 819, 10, 0< 825, 11, 0<

832, 13, 0< 842, 14, 0< 832, 13, 0< 824, 11, 0< 859, 14, 1< 827, 12, 0<

843, 14, 0< 853, 15, 0< 828, 12, 0<8194, 17, 3<828, 12, 0< 843, 14, 0<

8884, 20, 6<8221, 18, 3<839, 13, 0< 859, 15, 0< 844, 14, 0< 874, 16, 0<

8199, 17, 3<859, 14, 1< 850, 13, 1<8175, 16, 3<857, 14, 1< 839, 13, 0<
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8123, 16, 2<8108, 15, 2<8281, 18, 4<8115, 16, 2< 850, 13, 1< 883, 16, 2<

812, 8, 0< 839, 11, 1< 847, 12, 1< 894, 15, 2< 8209, 18, 4<8257, 19, 4<

834, 11, 1< 811, 8, 0< 814, 9, 0< 89, 7, 0< 811, 8, 0< 89, 7, 0<

841, 12, 1< 823, 11, 0< 818, 10, 0< 814, 9, 0< 89, 7, 0< 811, 8, 0<

8143, 14, 3< 811, 8, 0< 813, 9, 0< 817, 10, 0< 811, 8, 0< 814, 9, 0<

818, 10, 0< 89, 7, 0< 811, 8, 0< 834, 11, 1< 834, 11, 1< 841, 12, 1<

853, 14, 1< 825, 12, 0< 827, 12, 0< 822, 11, 0< 818, 10, 0< 820, 11, 0<

845, 13, 1< 853, 14, 1< 845, 13, 1< 8162, 16, 3< 852, 14, 1< 822, 11, 0<

825, 11, 0< 829, 12, 0< 860, 15, 1< 834, 13, 0< 829, 12, 0< 818, 10, 0<
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8207, 18, 4< 896, 17, 2< 853, 13, 1< 853, 14, 1< 867, 15, 1< 856, 14, 1<

8189, 16, 3<8770, 19, 6<8205, 17, 3<8183, 16, 3<8202, 17, 3< 849, 13, 1<

845, 12, 1< 844, 13, 1< 8164, 15, 3<8631, 20, 7<8275, 19, 4<8180, 15, 3<

847, 12, 1< 839, 11, 1< 841, 12, 1< 868, 15, 2< 8227, 18, 4< 880, 16, 2<

8123, 16, 2< 867, 14, 1< 876, 14, 1< 864, 13, 1< 847, 12, 1< 849, 13, 1<

867, 14, 1< 889, 16, 1< 865, 15, 1< 886, 16, 1< 871, 15, 1< 856, 13, 1<

8735, 20, 7<8424, 18, 5<8478, 19, 5< 861, 14, 1< 8258, 19, 4<8121, 18, 2<

8378, 17, 5<8822, 21, 7<8443, 18, 5<8416, 17, 5<81174, 20, 8<8432, 18, 5<

8650, 20, 7< 899, 17, 2< 856, 13, 1< 873, 15, 1< 853, 14, 1< 860, 14, 1<
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8242, 18, 4<8100, 16, 2< 860, 14, 1< 8255, 19, 4< 864, 14, 1< 883, 16, 1<

8203, 16, 3<8187, 15, 3< 846, 12, 1< 889, 15, 2< 8105, 16, 2< 893, 15, 2<

8156, 14, 3<8174, 15, 3<8190, 16, 3<8172, 14, 3<8171, 15, 3<8262, 18, 4<

8172, 15, 3<81147, 20, 8<8193, 16, 3<8213, 17, 3<8209, 16, 3<8190, 15, 3<

8723, 18, 6<8277, 18, 4<82952, 20, 10<8748, 18, 6<8714, 17, 6<8745, 18, 6<

8222, 17, 3<8248, 18, 3<8278, 18, 3<8227, 17, 3<8662, 17, 6<81174, 20, 8<

8202, 16, 3<8803, 21, 7<8654, 21, 6<8218, 16, 3<8957, 20, 6<8251, 18, 3<

8400, 17, 5<8465, 19, 5<8408, 18, 5<8684, 20, 7<81102, 20, 8<8416, 18, 5<

839, 11, 1< 841, 12, 1< 839, 11, 1< 8156, 14, 3<8372, 17, 5<8424, 18, 5<
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81158, 21, 8<8426, 18, 5< 8450, 19, 5< 8443, 19, 5< 8874, 19, 6<83977, 23, 10<

8666, 21, 7< 8949, 21, 6< 8744, 20, 6< 8206, 17, 3< 8196, 16, 3< 8416, 18, 5<

8941, 21, 6< 8310, 19, 3< 8243, 17, 3< 8253, 18, 3< 8196, 16, 3< 8247, 19, 4<

8202, 16, 3< 8243, 17, 3< 8746, 22, 6< 8305, 20, 4< 8857, 22, 7<81193, 22, 6<

8713, 21, 7< 8225, 18, 3<81344, 22, 8<81117, 21, 8<8488, 20, 5< 8218, 17, 3<

8696, 19, 6< 8187, 15, 3< 8202, 16, 3< 8277, 19, 4< 8273, 19, 3< 8218, 18, 3<

8187, 15, 3< 8205, 17, 3< 8247, 18, 3< 8199, 17, 3< 8434, 19, 5< 8892, 20, 6<

846, 12, 1< 848, 13, 1< 8189, 16, 3< 846, 12, 1< 821, 10, 0< 8187, 15, 3<

864, 15, 1< 854, 13, 1< 8105, 16, 2< 861, 14, 1< 867, 14, 1< 858, 13, 1<
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8215, 18, 3< 888, 16, 1< 871, 15, 0< 81185, 22, 6<8299, 20, 3< 869, 15, 0<

872, 15, 1< 889, 16, 1< 880, 15, 1< 8259, 19, 3< 887, 16, 1< 8204, 18, 3<

8943, 21, 6< 8312, 19, 3< 8245, 17, 3< 8255, 18, 3< 8260, 18, 3< 8488, 20, 5<

831, 13, 0< 821, 10, 0< 823, 11, 0< 821, 10, 0< 835, 12, 0< 8243, 17, 3<

828, 12, 0< 8167, 17, 3< 867, 16, 1< 828, 12, 0< 832, 13, 0< 839, 14, 0<

892, 17, 1< 839, 13, 0< 846, 14, 0< 877, 16, 0< 842, 14, 0< 850, 15, 0<

823, 11, 0< 826, 12, 0< 839, 13, 0< 8754, 20, 6< 8191, 18, 3< 8118, 18, 1<

8718, 19, 6< 821, 10, 0<83104, 22, 10<846, 14, 1< 876, 16, 1< 855, 15, 1<

8882, 19, 6< 8913, 20, 6< 823, 11, 0< 8687, 18, 6<82852, 21, 10<8687, 18, 6<
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8158, 15, 3<8160, 15, 3<8208, 17, 3<8168, 16, 3<8175, 16, 3<8371, 18, 5<

830, 12, 0< 825, 11, 0< 827, 12, 0< 825, 11, 0< 816, 9, 0< 847, 12, 1<

850, 15, 0< 839, 14, 0< 830, 12, 0< 865, 15, 1< 833, 13, 0< 836, 13, 0<

862, 14, 1< 8187, 17, 3< 869, 15, 1< 837, 13, 0< 8206, 18, 3< 835, 13, 0<

875, 16, 1< 846, 14, 0< 840, 13, 0< 825, 11, 0< 856, 14, 1< 871, 15, 1<

861, 15, 0< 835, 12, 0< 839, 13, 0< 845, 14, 0< 837, 12, 0< 840, 13, 0<

855, 14, 0< 8310, 19, 3< 863, 15, 0< 897, 17, 1< 882, 16, 0< 855, 14, 0<

849, 14, 0< 889, 17, 0< 853, 15, 0< 864, 16, 0< 869, 16, 0< 854, 15, 0<

8124, 18, 0< 876, 16, 0< 889, 17, 0< 851, 14, 0< 8237, 19, 3<8263, 19, 3<
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832, 13, 0< 826, 12, 0< 822, 11, 0< 823, 11, 0< 854, 14, 1< 828, 12, 0<

844, 14, 0< 846, 14, 0< 830, 12, 0< 834, 13, 0< 822, 11, 0< 849, 14, 1<

825, 12, 0< 826, 12, 0< 819, 10, 0< 832, 12, 0< 8206, 17, 3< 870, 15, 1<

8162, 16, 3< 854, 14, 1< 8163, 16, 3< 819, 10, 0< 821, 11, 0< 834, 13, 0<

854, 13, 1< 819, 10, 0< 846, 13, 1< 846, 13, 1< 853, 14, 1< 8202, 17, 3<

8186, 15, 3< 8201, 16, 3< 856, 13, 1< 897, 16, 2< 868, 15, 1< 862, 14, 1<

847, 12, 1< 8174, 15, 3< 8387, 18, 5< 8232, 17, 3< 8694, 18, 6< 8203, 16, 3<

866, 14, 1< 856, 13, 1< 849, 12, 1< 849, 13, 1< 8194, 16, 3< 857, 14, 1<

8652, 18, 6< 858, 13, 1< 8107, 16, 2< 859, 14, 1< 8403, 18, 5< 870, 15, 1<
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814, 9, 0< 817, 10, 0< 812, 8, 0< 814, 9, 0< 812, 8, 0< 832, 10, 1<

826, 12, 0< 821, 11, 0< 817, 10, 0< 812, 8, 0< 814, 9, 0< 837, 12, 1<

814, 9, 0< 816, 10, 0< 820, 11, 0< 814, 9, 0< 817, 10, 0< 844, 13, 1<

812, 8, 0< 814, 9, 0< 837, 12, 1< 837, 12, 1< 844, 13, 1< 8146, 15, 3<

841, 13, 1< 818, 10, 0< 821, 11, 0< 816, 9, 0< 818, 10, 0< 816, 9, 0<

829, 11, 0< 821, 10, 0< 823, 11, 0< 821, 10, 0< 816, 9, 0< 818, 10, 0<

827, 12, 0< 828, 12, 0< 827, 11, 0< 878, 14, 1< 830, 12, 0< 836, 12, 0<

8189, 16, 3< 863, 14, 1< 824, 11, 0< 851, 14, 1< 824, 11, 0< 838, 13, 0<

823, 11, 0< 821, 10, 0< 858, 13, 1< 8168, 16, 3< 866, 14, 1< 856, 13, 1<
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8601, 20, 7<8254, 20, 4<8656, 21, 7<8593, 20, 7<8890, 22, 9<8817, 22, 9<

892, 17, 2<81318, 22, 10<887, 16, 2<8585, 19, 7<8585, 19, 7<8610, 20, 7<

8204, 18, 4<8409, 20, 6<8203, 19, 4<885, 16, 2< 893, 17, 2<8211, 19, 4<

842, 12, 1<8198, 17, 4<8196, 17, 4<8211, 18, 4<8691, 20, 7<8247, 19, 4<

834, 11, 1< 837, 12, 1< 864, 15, 2< 846, 14, 1< 841, 13, 1< 837, 12, 1<

81200, 23, 9<8311, 20, 6<8367, 21, 6<834, 11, 1< 836, 12, 1< 840, 13, 1<

8179, 18, 4<8198, 17, 4<8196, 17, 4<8209, 18, 4<8203, 18, 4<8353, 20, 6<

871, 15, 2< 869, 15, 2< 877, 16, 2< 876, 16, 2<8186, 18, 4<8222, 19, 4<

832, 10, 1< 834, 11, 1< 859, 14, 2< 857, 14, 2< 864, 15, 2<8166, 17, 4<
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8158, 15, 3< 8689, 18, 6< 8759, 21, 7< 8167, 17, 3<83096, 22, 10<8697, 18, 6<

8160, 15, 3< 8209, 18, 4< 8764, 20, 6<81507, 23, 10<8191, 18, 3< 8168, 16, 3<

8151, 15, 3< 8161, 16, 3< 8703, 19, 6< 8155, 16, 3< 8175, 17, 3< 8149, 14, 3<

845, 13, 1< 872, 16, 2< 849, 14, 1< 845, 13, 1< 8149, 14, 3< 8151, 14, 3<

856, 14, 1< 8249, 19, 4< 888, 17, 2< 875, 16, 1< 856, 14, 1< 860, 15, 1<

846, 13, 1< 877, 16, 2< 870, 16, 1< 855, 15, 1< 851, 14, 1< 846, 13, 1<

842, 12, 1< 844, 13, 1< 849, 14, 1< 860, 15, 1< 848, 14, 1< 842, 12, 1<

8251, 19, 4< 8505, 22, 6< 8402, 21, 6<81452, 24, 9<8367, 21, 6< 8435, 22, 6<

81006, 23, 9<8246, 18, 4< 8244, 18, 4< 8257, 19, 4< 8252, 19, 4< 8415, 21, 6<
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8251, 18, 4< 8231, 17, 4< 8246, 18, 4< 891, 15, 2< 8132, 18, 3< 8103, 17, 2<

892, 16, 2< 882, 14, 2< 8233, 17, 4< 8449, 20, 6< 8277, 19, 4< 8801, 20, 7<

8108, 17, 2< 8107, 16, 2< 894, 15, 2< 884, 14, 2< 884, 15, 2< 8239, 18, 4<

81194, 23, 9<81452, 24, 9< 896, 15, 2< 8157, 18, 3< 897, 16, 2< 8489, 20, 6<

8623, 20, 6< 8746, 22, 6< 8637, 21, 6< 8638, 21, 6< 8932, 23, 8<84570, 26, 12<

832, 10, 1< 834, 11, 1< 832, 10, 1< 839, 11, 1< 882, 14, 2< 8625, 20, 6<

8175, 17, 3< 832, 10, 1< 834, 11, 1< 857, 14, 2< 834, 11, 1< 837, 12, 1<

8152, 15, 3< 8173, 16, 3< 8402, 21, 6< 8234, 20, 4< 8198, 18, 3< 8171, 16, 3<

8701, 19, 6< 8745, 20, 6< 8154, 15, 3< 8179, 18, 4< 8203, 19, 4< 8156, 16, 3<
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8381, 18, 5< 897, 17, 1< 8402, 19, 5<8393, 19, 5<81027, 22, 9<8456, 20, 5<

867, 16, 1< 862, 15, 1< 857, 14, 1< 8354, 16, 5<8378, 17, 5<8489, 20, 6<

886, 17, 1<81593, 22, 10<872, 15, 1< 877, 16, 1< 857, 14, 1< 888, 17, 2<

81507, 23, 10<853, 13, 1< 874, 15, 1< 8309, 20, 4<8109, 18, 2<8112, 18, 1<

860, 15, 1<81006, 23, 9<81241, 24, 9<855, 13, 1< 855, 14, 1< 876, 16, 1<

8782, 21, 7<8845, 22, 7<8766, 21, 7<81088, 23, 9<8773, 21, 7<81949, 24, 10<

8107, 17, 2<8115, 18, 2<8296, 21, 4<8234, 20, 4<8757, 20, 7<8757, 20, 7<

8305, 20, 4<8253, 19, 4<8473, 21, 6<8947, 22, 7<8749, 21, 7<8109, 17, 2<

897, 16, 2< 889, 15, 2< 853, 13, 1< 8246, 18, 4<8244, 18, 4<8259, 19, 4<
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81063, 19, 8<8221, 18, 3< 8187, 15, 3< 8245, 17, 3< 8746, 22, 6< 8305, 20, 4<

8187, 15, 3< 8189, 15, 3< 8189, 16, 3< 8247, 18, 3< 8199, 17, 3< 8884, 20, 6<

8666, 20, 7< 8416, 18, 5<81088, 23, 9<8488, 20, 5< 8416, 18, 5< 8425, 19, 5<

8362, 17, 5< 8650, 19, 7< 8932, 23, 8<81512, 22, 10<8683, 20, 7< 8650, 19, 7<

8370, 17, 5< 8362, 17, 5< 8409, 20, 6< 8890, 22, 9< 8473, 21, 6< 8371, 18, 5<

8370, 17, 5< 8449, 20, 6< 8385, 19, 5< 8713, 21, 7< 8447, 20, 5< 8387, 18, 5<

81117, 21, 8<81336, 22, 8<8420, 19, 5<81102, 20, 8<81061, 19, 8<81093, 20, 8<

8365, 18, 5< 8658, 20, 7<83673, 22, 12<8354, 16, 5< 8194, 17, 3<81511, 22, 10<

8403, 18, 5< 8378, 17, 5< 8354, 16, 5< 8356, 17, 5<81070, 20, 8<8373, 18, 5<
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856, 13, 1< 849, 12, 1< 849, 13, 1< 847, 12, 1< 839, 11, 1< 841, 12, 1<

853, 14, 1< 854, 14, 1< 858, 13, 1< 8107, 16, 2< 859, 14, 1< 866, 14, 1<

8251, 18, 4< 8101, 16, 2< 850, 13, 1< 877, 16, 2< 850, 13, 1< 865, 15, 1<

8222, 18, 3< 847, 12, 1< 896, 15, 2< 8211, 18, 4< 8107, 16, 2< 894, 15, 2<

8191, 16, 3< 8219, 17, 3< 8511, 22, 6< 8296, 21, 4< 8253, 19, 3< 8217, 17, 3<

8885, 20, 6< 8942, 21, 6< 8193, 16, 3< 8222, 19, 4< 8254, 20, 4< 8196, 17, 3<

8196, 16, 3< 8876, 19, 6< 8953, 22, 7< 8237, 19, 3<83971, 23, 10<8880, 19, 6<

8198, 16, 3< 8247, 19, 4< 8947, 21, 6< 8206, 18, 3<81949, 24, 10<8206, 17, 3<

81191, 22, 6<8257, 19, 3< 8299, 20, 3< 8310, 19, 3< 8243, 17, 3< 8253, 18, 3<
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8708, 19, 6< 8143, 14, 3< 8146, 15, 3<82795, 20, 10<8353, 20, 6< 8211, 19, 4<

812150, 22, 15<8186, 18, 4< 8668, 17, 6< 8141, 13, 3< 8145, 14, 3< 8166, 17, 4<

8633, 16, 6< 8639, 17, 6< 8700, 18, 6< 8637, 16, 6<82785, 19, 10<8807, 20, 7<

82787, 19, 10<8161, 15, 3<83673, 22, 12<8671, 18, 6< 8664, 17, 6<82848, 20, 10<

81061, 19, 8<81069, 20, 8<8181, 17, 3<81148, 21, 8< 844, 13, 1< 81078, 20, 8<

82852, 21, 10<8649, 18, 6< 8684, 19, 6< 8656, 18, 6<81063, 19, 8<81102, 20, 8<

8141, 13, 3< 8631, 16, 6< 8642, 17, 6< 8697, 20, 7<81318, 22, 10<8646, 17, 6<

864, 15, 2< 841, 12, 1<82166, 22, 11<839, 11, 1< 841, 12, 1< 839, 11, 1<
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8158, 15, 3< 8156, 14, 3< 87, 6, 0<

8174, 15, 3< 8251, 18, 4< 8175, 16, 3< 8189, 16, 3< 8172, 15, 3< 8158, 14, 3<

8238, 18, 4< 8181, 16, 3< 8415, 21, 6< 8179, 16, 3< 8207, 18, 3< 8183, 17, 3<

8141, 13, 3< 8156, 14, 3< 8233, 17, 4< 8251, 18, 4< 8231, 17, 4< 8444, 20, 6<

8159, 15, 3< 8163, 16, 3< 8181, 17, 3< 8162, 16, 3< 8143, 13, 3< 8143, 14, 3<

8.3 The 
ode of the (a,B)-AlgorithmA linear extension 1, 2, ..., m,m + 1, ..., w of the poset P is 
onsidered forwhi
h m is the number of minimal elements of P . For any non-minimalelement k, m < k ≤ w, the set Bk of lower 
overs of k is listed in the form
B[k] = Bk. The algorithm then 
ompute the 
ardinality of the latti
e oforder ideals of P.(*Enter the value of m and the value of w where indi
ated*)m=value of m;



8.3. The 
ode of the (a,B)-Algorithm 147w=value of w;(*Enter the list of 
on
lusions of the impli
ations k --> B_k*)B[m+1℄= B_{m+1} ; B[m+2℄ =B_{m+2} ; ...; B[w℄= B_w;
=1; (*the initial length of the many-valued 
ontext*)zeros[1℄= ones[1℄={}; twos[1℄= Range[w℄;SetOfPremises[1℄= {};Do[ p= 
;(* p is a pointer of the 
urrent row to be split*)While[ p>0,BkRest= Complement[ B[k℄, ones[p℄ ℄;If[ BkRest == {}, Goto[Next℄ ℄;(* leave row p un
hanged sin
e B[k℄ is 
ontained in ones[p℄ *)If[Interse
tion[BkRest, zeros[p℄℄#{} ,zeros[p℄ = Union[zeros[p℄,{k}℄;twos[p℄= Complement[twos[p℄,{k}℄;Goto[Next℄; ℄;(*the 0 in the 
on
lusion of {k}-->B[k℄ for
es 0 on position k in row p*) If[Complement[BkRest,twos[p℄℄ = {},SetOfPremises[p℄ =Union[SetOfPremises[p℄,{k}℄ ;
on[p, k℄= BkRest;twos[p℄= Complement[twos[p℄,{k}, BkRest℄;Goto[Next℄ ; ℄;(* the impli
ation {k}-->BkRest falls 
ompletely into twos[p℄ *(* there are only 2's and a's and b's in Bkrest ( and at least onea or b does o

ur ) *)(* that means row p is split into a row 0 at position k and an 
+1-endrowwith 1's at the positions in B[k℄ union {k} : *)Nullen = zeros[p℄; Einsen = ones[p℄; Zweien=twos[p℄;zeros[p℄=Union[Nullen,{k}℄;twos[p℄=Complement[Zweien,{k}℄;
= 
+1;zeros[
℄=Nullen;ones[
℄=Union[Einsen, {k},BkRest℄;twos[
℄= Complement[Zweien,{k}, BkRest℄;S1= Interse
tion[SetOfPremises[p℄, BkRest℄;s1=Length[S1℄;Do[ aa=S1[[i℄℄;ones[
℄ = Union[ ones[
℄ ,
on[p,aa℄ ℄;,{i,s1} ℄;
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al resultsS2=Complement[SetOfPremises[p℄,BkRest℄;s2=Length[S2℄;SetOfPremises[
℄={};Do[ aa=S2[[i℄℄;BB= Complement[ 
on[p,aa℄, BkRest℄;If[ BB = {} ,(* so 
on
lusion of {aa}-->
on[p,aa℄ is in B[k℄ *)twos[
℄=Union[twos[
℄,{aa}℄ ;(* 
on[p,aa℄ not in B[k℄ *),SetOfPremises[
℄ =Union[SetOfPremises[
℄,{aa}℄;
on[ 
,aa℄=BB; ℄;,{i,s2} ℄;Label[Next℄; p=p-1; ℄; ,{k,m+1,w} ℄;(* Compute number of order ideals: *)
ard=0;Do[ t=Length[twos[p℄℄ ;
ard1=2^t;s=Length[SetOfPremises[p℄℄;Do[aa=SetOfPremises[p℄[[i℄℄;
ard1=
ard1*(2^Length[
on[p,aa℄℄+1) ;,{i,s}℄;
ard=
ard+
ard1;, {p,
} ℄ ;Print["The 
ontext has at the end ",
," three-valued rows"℄;Print["The number of order ideals is ", 
ard℄ ;8.4 Con
luding remarksThe 
omputation of free latti
es in general and free modular latti
es in par-ti
ular are interesting problems. The method often used is that whi
h dealswith words on the set of generators (i.e. the poset under 
onsideration).In this thesis, we have proposed another approa
h based on the representa-tion of modular latti
es by 
losure systems. An algorithm to generate theelements of any �nite 
losure system has been implemented with the Math-emati
a software suite, enabling us to a
hieve our main obje
tive whi
h wasto e�e
tively 
ompute the elements of a free modular latti
e generated by a�nite poset and draw its Hasse diagram. Pra
ti
ally, given any �nite poset
P determined by its 
overing relation, the �rst subroutine of the program
omputes J(

FM(P )
) together with a base of lines and the resulting set



8.4. Con
luding remarks 149of impli
ations. The se
ond subroutine whi
h is the (a,B)-Algorithm thentakes this set of impli
ations and outputs |FM(P )| and the number of fa
-tors (2 or M3) in the subdire
t produ
t de
omposition of FM(P ).Theoreti
ally, our program 
an 
ompute |FM(P )| for any �nite poset butpra
ti
ally, this is only feasible for small posets. With this program we wereable to 
ompute |FM(P )| for all posets P with |P | ≤ 6 ex
ept for few 
rit-i
al 
ases. We also 
omputed |FM(P )| for the 1101 good posets on sevenpoints. It would be interesting to improve the algorithm in order to (a)generate |FM(P )| for bigger posets, and (b) to develop a similar algorithmto e�e
tively 
ompute the elements of a latti
e freely generated by a posetwithin a �xed lo
ally �nite variety. As to (b), I am 
urrently pursuing thisin 
ollaboration with Prof. Wild. As to (a), there is hope to handle largeposets as long as their stru
ture is symmetri
. In fa
t the exploitation ofsymmetry is a 
ru
ial issue in the general framework [26℄ of the prin
iple ofex
lusion.



Appendix AMore pi
tures of FD(P ) and
FM(P )We start with posets with no 3-element anti
hain. For these posets, FD(P ) =
FM(P ).

P FD(P )= FM(P ) P FD(P )= FM(P )

n n 1+1
1+2

150
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1+3 2+2
1+4 2+3

Table A.1: Posets with no 3-element anti
hain.



152 Appendix A. More pi
tures of FD(P ) and FM(P )For poset having a 3-element anti
hain, FD(P ) 6= FM(P ).
P FD(P ) FM(P )

1+1+1
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154 Appendix A. More pi
tures of FD(P ) and FM(P )

Table A.2: Posets with a 3-element anti
hain.
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