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Abstract 
 

Digital signal processing technology has improved greatly over the last two decades. Increased 

processing power, cheaper memory and higher sampling rates have enabled the application of 

Frequency-Modulated Continuous Wave (FMCW) radar to a myriad of new areas. FMCW offers a 

number of advantages, such as continuous coverage and low peak output power, making it an 

attractive technology for industrial and automotive applications. 

Expansion into new application environments and the use of new signal processing algorithms have 

created a need for new multipath interference models. This study aims to fulfil that need through 

rigorous mathematical modelling of both the physical multipath environment and the two-dimensional 

Fast Fourier Transform (FFT) signal processing method, in the context of a Dual-Frequency Phase-

Comparison FMCW radar sensor. It will be shown that specular reflections can have a profound effect 

on the amplitude and the phase of an FMCW radar’s base-band received signals. The multipath phase 

error interacts with the signal processing method, resulting in new and interesting effects. 

Furthermore, new mitigation methods will be proposed and critically evaluated by means of simulated 

and real-world measurements. 
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Opsomming 
 

Digitale seinverwerkingstegnologie het baie verbeter oor die laaste twee dekades. Toenames in 

verwerkerkapasiteit, goedkoper geheue en hoër monstertempo’s maak dit moontlik om Frekwensie-

Gemoduleerde Kontinuegolf (FGKG) radar in verskeie nuwe toepassings te gebruik. FGKG bied ´n 

aantal voordele, soos ononderbroke dekking en lae piek-uittreedrywing, wat dit ´n aanloklike 

tegnologie maak vir industriële en motorvoertuig-toepassings. 

Die uitbreiding van FGKG na nuwe toepassingsareas, asook die gebruik van nuwe 

seinverwerkingsalgoritmes, skep ´n behoefte aan nuwe multipad-steuringsmodelle. Die doel van 

hierdie studie is om aan daardie behoefte te voldoen deur middel van deeglike wiskundige modellering 

van beide die fisiese omgewing, asook die twee-dimensionele Vinnige Fourier Transform (VFT) 

seinverwerkingsmetode, binne die konteks van ´n Dubbelfrekwensie-Fasevergelykende FGKG-

radarsensor. Daar sal gewys word dat spekulêre weerkaatsings ´n diepgaande uitwerking kan hê op die 

amplitude en fase van ´n FGKG-radar se basisband-ontvangde seine. Daar is ´n wisselwerking tussen 

die multipad-fasefout en die seinverwerkingsmetode, wat nuwe en interessante nagevolge het. Verder 

sal daar ook nuwe foutverminderingsmaatreëls voorgestel word, wat krities geëvalueer sal word aan 

die hand van simulasiedata en regtewêreld-meetings. 
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I must not fear. 

Fear is the mind-killer. 

Fear is the little-death that brings total obliteration. 

I will face my fear. 

I will permit it to pass over me and through me. 

And when it has gone past I will turn the inner eye to see its path. 

Where the fear has gone there will be nothing. 

Only I will remain. 

 

The Litany Against Fear. 

From the novel Dune, 

by Frank Herbert. 
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Chapter 1: Introduction 

Before the advent of high-speed analogue-to-digital converters (ADC), it was impractical to measure 

phase directly in monopulse architectures. Phase-comparison monopulse systems had to rely on 

analogue techniques to convert phase information into amplitude information [1]. Amplitude-

comparison monopulse systems were generally more accurate and therefore more popular. Modern 

ADC circuitry, combined with high-performance digital processors, make it possible to sample radar 

signals and calculate phase information quickly and accurately. This has led to renewed interest in 

phase-comparison solutions, an example of which is the Active Protection System (APS) radar sensor 

developed by Reutech Radar Systems. This radar system is used to detect and track high-velocity 

targets with small radar cross-sections (rocket-propelled grenades or RPGs) in real time. 

Frequency-Modulated Continuous Wave (FMCW) radar has also seen an increase in popularity over 

the previous decade. Modern digital signal processing hardware, along with high-power solid-state 

amplifiers, has enabled the utilisation of FMCW techniques in a myriad of new applications, such as: 

 Local Positioning Systems 

 Tachymeters 

 Imaging Radars 

 Automotive Radars 

 Electronic Warfare Systems 

New applications and signal processing methods necessitate the development of novel mathematical 

models to describe the interactions between radar signals, radar circuitry and the physical 

environment. 

1.1  Problem Statement 

There are many environmental effects that can lead to degradation of signal quality in radar systems. 

One of the more difficult phenomena to predict and mitigate is multipath [1]. The reason for this 

difficulty is the inherent unpredictability of the terrain in which most radar applications have to 

operate [2] [3]. Several models have been proposed in an attempt to model specific terrain aspects [4]. 

These environmental aspects interact with radio signals in subtly different ways, creating a variety of 

multipath signals. Statistical models are commonly used to account for multipath in unpredictable 

scenarios. This is especially evident in FMCW applications for industrial purposes (e.g. asset 

location), where indoor environments are very common. 
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The APS radar sensor presents a fairly unique situation, as it will be deployed in an outdoor scenario. 

This requires the development of a new, more deterministic multipath model to describe the 

interaction between the environment and the radar. Furthermore, an effective multipath mitigation 

method is also needed to cope with interfering reflections. The objectives for this study can therefore 

be stated as follows: 

 Develop a novel multipath interference model that accounts for both the physical environment 

and the signal processing techniques employed by Dual-Frequency Phase-Comparison FMCW 

radar systems. 

 Propose and evaluate mitigation methods to cope with multipath interference. 

1.2  Contributions 

This study required the development of new models, as well as the expansion of previous work, 

leading to several contributions: 

 The expansion of the two-dimensional FFT (range-Doppler) processing method formula to 

include phase terms that were previously ignored. 

 An evaluation of all burst phase terms to determine their influence on measured phase. 

 The development of a new specular multipath model for FMCW receivers. 

 The integration and evaluation of a new multipath model with the expanded range-Doppler 

processing method formula to determine the influence of specular multipath on measured 

burst phase. 

 The development and evaluation of new multipath mitigation techniques. 

1.3  Layout of this Dissertation 

This study aims to develop a new multipath model for FMCW radars operating in an outdoor 

environment where both the radar and the target are fairly close (in the order of one to two metres) to a 

reflective ground plane. A suitable mitigation method will also be proposed. The work is divided into 

the following parts: 

 A literature review is presented in the second chapter. This part of the dissertation will 

investigate terrain models and mitigation techniques for multipath interference. It will also 

provide a brief description of Dual-Frequency Phase-Comparison FMCW radars. 

 Chapters 3 and 4 will present rigorous mathematical models for range-Doppler processing and 

multipath interference in FMCW systems. This will provide insight into the effects that 

multipath has on phase and amplitude measurements. 

Stellenbosch University  https://scholar.sun.ac.za



 
 

3 
 

 The next section, contained in Chapter 5, will look at phase interferometry. A concise 

explanation of angle extraction will be given in order to understand how erroneous phase 

measurements affect elevation and azimuth parameters. 

 Chapter 6 will propose three mitigation methods. All three methods will be critically evaluated 

through simulated and measured data. 

 The last chapter will present final conclusions. 
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Chapter 2: Literature Review 

This chapter consists of three parts: 

 The first section will give a brief explanation of Dual-Frequency Phase-Comparison FMCW 

radar, using the Active Protection System (APS) sensor as an example. 

 The next section will investigate various physical terrain models. 

 The last section will investigate a number of multipath mitigation techniques for typical 

FMCW applications. 

2.1  Dual-Frequency Phase-Comparison FMCW Radar 

The Active Protection System (APS) radar sensor is a staring radar system designed and constructed 

by Reutech Radar Systems to find and track high-velocity targets with small radar cross-sections 

(RCSs) using phase interferometry [5]. A Frequency-Modulated Continuous Wave (FMCW) radar 

approach was utilised, which has several advantages: 

 Continuous coverage of the target area. 

 Sufficient output power can be achieved with solid-state components. 

 Multiple targets can be tracked simultaneously, as long as they are separated in range or 

Doppler. 

 FMCW systems are intrinsically coherent, making them a sensible choice for phase 

interferometry. 

2.1.1 Overview of FMCW Radar 

Frequency-Modulated Continuous Wave (FMCW) radar systems work by generating a signal, of 

which the frequency changes over time, transmitting it and comparing any received signals with the 

locally generated signal. Due to the physical distance that the transmitted signal must travel before 

reaching a target and being reflected back to the radar, there is a time delay between the locally 

generated signal and received echo signals. This leads to a difference in instantaneous frequency 

between transmitted and received signals, as shown in Figure 2.1. There is a direct relationship 

between the frequency difference and the round-trip time-of-flight, which is exploited to calculate the 

distance between the radar and the target. 

FMCW systems typically mix the incoming receiver signal with a copy of the outgoing transmitter 

signal to produce a base-band or beat signal. Spectral analysis of the beat signal is performed to extract 

range and Doppler information, from which the radial velocity and distance to each target can be 
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computed. More detailed information on FMCW radar signal processing will be presented in Chapter 

3. 

 

2.1.2 Angle Extraction 

After finding the range and velocity, it is also necessary to determine the direction of the target relative 

to the radar. This is accomplished by comparing the measured phase (at the target’s corresponding 

beat frequency) of two or more closely spaced receivers. A difference in phase implies that the echo 

signal arrives slightly earlier at one receiver than it does at the other, which can be used to calculate 

the Angle-of-Arrival (AoA) of that echo signal. This is illustrated in Figure 2.2. 

In the case of the APS system, three receive antennas are spaced approximately 5λ (five wavelengths) 

apart, in the shape of an equilateral triangle. A fourth antenna, used for signal transmission, is placed 

in the centre of the receive antenna array, shown in Figure 2.3. Three receive antennas allow for the 

extraction of both azimuth and elevation angles. 

 

Figure 2.1 Illustration of typical FMCW signals. The instantaneous transmitter frequency increases linearly over the 

duration of a sweep. Echoes are delayed by a period of time (Δt), resulting in a frequency difference (Δf). 
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2.1.3 Dual-Frequency Operation 

The physical size of the receive antennas and the required isolation between the transmitter and the 

receivers determine the relatively large 5λ antenna spacing. This results in ambiguities when 

calculating elevation and azimuth angles, which is resolved by transmitting at two carrier frequencies 

dsinθ 

 

Figure 2.2 The Angle-of-Arrival (θ) of a signal can be determined by comparing the phases of Rx1 and Rx2. 

150 mm

Rx1

Tx

Rx3Rx2

 

Figure 2.3 Antenna configuration example. 
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instead of one. APS generates a chirp signal that starts at 9.1 GHz and another chirp that starts at 10.1 

GHz. Echoes from both chirps can be used to create a third artificial phase measurement at 1 GHz, 

where the antenna spacing is approximately half a wavelength and unambiguous angles can be 

extracted. A detailed analysis of this will be presented in Chapter 5. 

2.2  Terrain Modelling 

Much research has been done to model, predict and interpret the effects of radar reflectivity for 

various terrains. Knowledge of how and why microwave signals interact with the physical 

environment allows us to improve the performance of radar systems in terms of resolution and 

accuracy [1]. It also allows us to expand the potential application areas for radar technology. This has 

been driven by, amongst other fields, the geosciences [7] [8]. The need for mapping of terrain in 

remote or inaccessible locations, finding and mapping of resources, mapping of agricultural land usage 

and many other applications have led to a number of specific terrain models. The following 

subsections will explore the main aspects regarding the modelling of physical terrain. 

2.2.1 Smooth Flat Surface 

This is the simplest model for multipath interference and forms the basis for the other multipath 

models in the following subsections. Reflection due to a smooth, flat surface is shown in Figure 2.4: 

 

There are four main signal paths; three are the result of reflections and one is the direct line-of-sight 

path. For each reflection, the signal undergoes attenuation and a phase-shift [9]. Attenuation and 

phase-shift are determined by the reflection coefficients for horizontal and vertical polarization, as 

given by Fresnel’s equations ((2.1) and (2.2), taken from [4]): 

 Γு ൌ
sinα – ሺε െ cosଶαሻ

భ
మ

sinα ൅ ሺε െ cosଶαሻ
భ
మ

 (2.1)

 

Figure 2.4 Direct and reflected signal paths for a smooth flat surface. 
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Γ௏ ൌ
ε sinα – ሺε െ cosଶαሻ

భ
మ

ε sinα ൅ ሺε െ cosଶαሻ
భ
మ

 (2.2)

 

where α is the incidence angle, ε is the complex dielectric constant of the surface and ΓH and ΓV are the 

reflection coefficients for horizontal and vertical polarization respectively. The complex dielectric 

constant ε is dependent on the properties of the surface material and will typically vary with frequency 

[6]. 

2.2.2 Rough Flat Surface 

Subsection 2.2.1 illustrated the reflections that can be expected from a smooth, flat surface. This is 

referred to as the specular component of the reflected power, but there is also a diffuse component. 

Consider equation (2.3) (taken from [4]): 

 
∆Φ ൌ

ߠsin݄∆ߨ4
ߣ

 (2.3)

 

where λ is wavelength, θ	  is the grazing angle and Δh	 is the difference in height of two points on the 

reflecting surface. ΔΦ	 is the phase-shift that is introduced between two waves reflecting off these two 

points. Lord Rayleigh considered a surface electromagnetically smooth if: 

 
∆݄sinߠ ൏

ߣ
8

 (2.4)

 

The Rayleigh Roughness Criterion (2.4) is used to determine whether a surface is electromagnetically 

smooth or rough. A rough surface will produce a diffusely reflected signal, which has a uniformly 

distributed phase. It can essentially be thought of as a large number of small, independent scatterers, 

each contributing to the total field [4]. Reflected signals typically have both a specular and a diffuse 

component. 

2.2.3 Vegetation 

Vegetation can be modelled in several different ways, depending on leaf structure, leaf size, vegetation 

height, moisture content and operating frequency. One model, suggested by [7], assumed that each 

individual blade or stem scatters like a long, thin, lossy cylinder. The model also assumes that very 

little of the incident energy reaches the underlying surface. This implies that absorption depends on the 

complex dielectric constant of the vegetation. A field with an adequate covering of grass would be a 

good physical example for this model. 
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Similarly, leaves could be modelled as planar sheets, since the actual size of the leaves is greater than 

the operating wavelength at higher microwave frequencies. This was used by [8] to account for 

various polarizations of scattered fields, the scattering geometry and other parameters. 

 

2.2.4 Other Terrain Effects 

The terrain effects that have been considered up to this point were restricted to land-based models. The 

Smooth Flat Surface model can be used to describe sea reflection for small areas of ocean under very 

tranquil conditions [4], but this is a rare situation. More comprehensive models have been developed 

to include the effects of oceanic wave motion [9] [10]. Sea waves can be divided into larger waves, 

which can be several metres high, and capillaries, which are superimposed onto the larger wave 

structure. 

Another terrain model is that of Composite Surfaces [11] [12]. Natural surfaces that are very rough 

(with average height differences greater than a wavelength) normally possess a smaller scale of 

roughness as well, for instance the oceanic wave model mentioned in the previous paragraph [4]. The 

reflecting surface can be thought of as a number of smaller, slightly rough scattering surfaces that are 

tilted at various angles. 

There are a number of propagation effects that have not been mentioned yet, such as depolarization, 

divergence caused by the curvature of the earth’s surface, atmospheric scattering, atmospheric 

absorption and reflectivity models of larger vegetation structures (such as trees). 

2.3  Mitigation Techniques 

Multipath interference is a common source of errors in a number of electronic systems, e.g. channel 

fading in wireless communication systems [13], loss of accuracy in position location systems [14] [15] 

or incorrect angle resolution in tracking radars [1]. Much research has been done to compensate for 

this source of interference or in some cases even exploit the additional information provided by 

multiple signal paths. The following subsections will briefly discuss a few mitigation techniques that 

are commonly used in FMCW systems. 

2.3.1 Increased Bandwidth 

Some mitigation techniques attempt to distinguish direct line-of-sight signals from reflected or 

multipath signals in time and/or frequency [16] [17] [18] [19]. Increasing system bandwidth typically 

allows for improved range-resolution [20] [21]. Consider the following equation, taken from [20]: 

Δܴ௥௘௖௧ ൎ 2
ܿ

௙௠ܤ3
 (2.5) 
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where Bfm is the effective signal bandwidth, 

c is the propagation velocity and 

ΔRrect is the range-resolution (minimum distance required to separate two targets). 

With sufficient range-resolution it is possible to distinguish direct line-of-sight (LOS) echoes from 

non-direct line-of-sight (NLOS) echoes in radar systems, as a LOS return corresponds to the shortest 

signal path for a particular target. 

An example where sufficient bandwidth is employed to mitigate the effects of severe multipath is the 

active transponder system (with high-precision clock synchronisation) presented in [22] and [23]. This 

work is further extended in the design of a 24 GHz radar tachymeter, presented in [24], where distance 

and angle were measured with root-mean-square errors of 2.2 cm and 0.16°, respectively. 

2.3.2 Ultra-Wideband 

Ultra-Wideband (UWB) techniques can be used where increasing the bandwidth for other topologies 

becomes unpractical. UWB techniques go hand-in-hand with very high range-resolution [25] [26], 

which often makes it possible to separate LOS and NLOS return signals [27], [28]. A drawback of 

UWB systems is the relatively low coverage due to restrictions on transmitted energy [29]. The pulsed 

frequency modulation techniques presented in [30], [31] and [32] attempt to overcome this limitation 

by combining the strengths of UWB and FMCW. 

2.3.3 Integration of Additional Measurement Information 

A standard FMCW system will analyse the beat frequency to determine range and velocity [1]. The 

systems proposed in [33] and [34] utilise the phase information, which was previously discarded, to 

improve overall accuracy. If three consecutive measurements to the same target are taken with 

instantaneous phases φ1, φ2 and φ3, the angular rates (ω) and acceleration (α) can be calculated as 

follows: 

ωଵ ൌ
φଶ െ	߮ଵ
Δܶ

 (2.6) 

߱ଶ ൌ
߮ଷ െ	߮ଶ
Δܶ

 

ఝ ൌߙ
߱ଶ െ	߱ଵ

Δܶ
 

 

where ΔT is the elapsed time between consecutive measurements. Calculating angular rate and angular 

acceleration from phase measurements provides additional information, which can be used to improve 

range and velocity accuracy or to detect non-line-of-sight (NLOS) signals. 
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Both signals are of equal amplitude and a Blackman window function was used. The shape of the 

energy-spectral-density (ESD) is now a function of: 

Δ݂ ൌ	 ே݂௅ைௌ 	െ 	 ௅݂ைௌ  

and 

Δ߶ ൌ	߶ே௅ைௌ 	െ 	߶௅ைௌ  

 

The frequency of the first peak detected, fDet, should be equal to the LOS frequency, fLOS. Multipath 

interference can shift fDet, as shown in Figure 2.8, causing an error (ferr = fLOS - fDet) in the measured 

frequency. The mitigation method presented in [43] measures a set of characteristics of the ESD and 

inputs them into an appropriately trained feedforward neural network, which outputs an estimate of 

ferr. 

2.3.7 Additional Inertial Sensors 

Al-Qudsi, Edwan, Joram and Ellinger investigated the feasibility of integrating an inertial 

measurement unit (IMU) with an FMCW system to improve performance in highly reflective 

 

Figure 2.8 Example of frequency shift due to a closely spaced multipath tone, taken from [43]. In this example Δf = 2.2 

kHz and Δϕ = 0. 
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The use of active tags that modulate the incoming signal serves two purposes – multiple tags can be 

deployed simultaneously, since each tag is identifiable by its unique modulation frequency, and target 

returns are separated from clutter signals after demodulation [47]. Reflecting in the cross-polarisation 

further suppresses echoes from walls and other objects [48].  

Retrodirectivity reduces multipath interference via two mechanisms. It ensures that potential reflective 

surfaces or objects (other than the interrogating radar system) are not illuminated with the LOS signal, 

thereby reducing the strength of multipath signals. NLOS signals are also reflected in the direction 

from which they came, which results in longer signal flight times and therefore greater separation in 

frequency (after demodulation) of LOS and multipath returns. 

The system described in [46] was designed for deployment in a warehouse environment. Tags are to 

be placed on mobile units (forklifts) that operate at ground level, with radar units placed near the 

ceiling around the perimeter. Radar and tag antenna radiation patterns can therefore be more directive. 

Radar antenna patterns were designed to look downwards and away from the perimeter, which reduces 

unwanted reflections from the ceiling and walls, while the tags were designed to look upwards. 

2.4  Conclusion 

This chapter investigated a number of physical terrain models, ranging from simple flat ground plane 

models to more complex oceanic surface and vegetation models. Chapter 4 will consider this 

information again when deriving the effects of the environment on FMCW signals. Several multipath 

mitigation techniques were also described, with a number of interesting approaches being used. These 

will be considered in Chapter 6 when suitable mitigation methods are proposed. Now it is necessary to 

consider signal processing and its effects, which will be discussed in the next chapter. 
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Chapter 3: FMCW Signal    
Processing 

This chapter will take a closer look at the mechanics of FMCW signal processing, starting from the 

basic expression for instantaneous transmitter signal (3.1) and working up to an expanded formula for 

the measured burst phase (3.23). Frequency-Modulated Continuous Wave (FMCW) radars transmit a 

continuous sinusoid signal, of which the frequency is modulated. A number of modulation schemes 

can be used, such as triangular, sinusoidal, saw-tooth or stepped-frequency. These modulation 

schemes are illustrated in Figure 3.1: 

 

Typical FMCW systems, such as the one depicted in Figure 3.2, compare echo signals with a copy of 

the transmit signal, usually by mixing the two signals and filtering out the lower side-band. This forms 

the base-band signal, also called the beat frequency, zero-IF signal or video signal, which contains the 
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Figure 3.1 Examples of modulation schemes employed in FMCW systems. 

Stellenbosch University  https://scholar.sun.ac.za



 
 

18 
 

range and Doppler information. Each modulation scheme will have its own signal processing methods; 

this chapter will focus on saw-tooth modulation (which is a popular modulation scheme and was also 

employed in the design of the APS radar sensor). 

 

3.1  Stationary Target 

Figure 3.3 shows the saw-tooth modulation scheme, also known as Linear Frequency-Modulated 

Continuous Wave (LFMCW), in more detail: 

 

 
Figure 3.2 General FMCW radar system diagram. 
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Figure 3.3 Linear Frequency-Modulated Continuous Wave modulation scheme. 
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Starting at f0, the instantaneous frequency is swept linearly up to f0 + fsweep over a time period of Tsweep. 

After a time Trec (during which the signal generation circuitry is reset), the next frequency sweep is 

generated. Instantaneous phase is obtained by integrating the instantaneous frequency; this is needed 

for the mathematical expression of the transmit signal given by (3.1): 

ሻ ൌݐ௫ሺ்ݏ ௫்ܣ sin ൬න2݂ߨሺݐሻ݀ݐ൰ 

 ൌ	்ܣ௫sin ቆ2ߨනቆ ଴݂ ൅
௦݂௪௘௘௣

௦ܶ௪௘௘௣
ቇݐ  ቇݐ݀

 ൌ	்ܣ௫sinሺ2ߨ ଴݂ݐ ൅ ଶݐߤߨ ൅ ଴ሻ (3.1)ߠ

 

where f0 is the start frequency, 

fsweep is the frequency sweep range, 

Tsweep is the duration of the sweep, 

θ0 is the initial phase and 

μ (= fsweep/Tsweep) is the frequency sweep rate. 

Echoes from a stationary target will be received after a delay of td seconds: 

ሻ ൌݐோ௫ሺݏ ߨோ௫sinሺ2ܣ ଴݂ሺݐ െ ௗሻݐ ൅ ݐሺߤߨ െ ௗሻଶݐ ൅ ଴ሻ (3.2)ߠ

ௗ ൌݐ
2ܴ
ܿ

 (3.3)

 

where R is the range (or distance) between the transceiver and the target and 

c is the speed of wave propagation. 

Mixing SRx(t) and STx(t) and taking the lower side-band produces the zero-IF signal: 

ሻ ൌݐூிሺݏ ߨሺ2	ூிcosܣ ଴݂ݐௗ ൅ ݐௗݐߤߨ2 െ   ௗଶሻݐߤߨ

 ൌ ூிcosܣ ቀ2ߨ ூ݂ிݐ ൅ Φௗ െ ଵߨ2
ଶ ூ݂ிݐௗቁ (3.4)
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ூ݂ி ൌ ௗ (3.5)ݐߤ

Φௗ ൌ ߨ2 ଴݂ݐௗ (3.6)

 

where fIF is the beat frequency (which is used to determine range) and  

Φd is the phase, which will be compared to the phase of another channel to determine Angle-

of-Arrival (AoA). 

3.2  Moving Target 

Section 3.1 derived a mathematical expression for the zero-IF signal when a stationary target is 

present. If the object of interest is moving, there will be a number of parameters that may also change, 

such as td, fIF, Φd, etc. This section will investigate the effect of target movement on the base-band 

signal. 

Assuming that the target is moving away from the transceiver at a radial velocity v, the range between 

the target and the transceiver will become a function of velocity, time and sweep number: 

ܴሺݐ, ݊ሻ ൌ 	ܴ଴ ൅ ݊ݒ ௥ܶ௘௣ ൅ (3.7) ݐݒ

 

The return time-of-flight will also change: 

,ݐௗሺݐ ݊ሻ ൌ 	
2ܴሺݐ, ݊ሻ

ܿ
 

ൌ	 ௗ଴ݐ ൅	
݊ݒ2
ܿ ௥ܶ௘௣ ൅

ݒ2
ܿ
(3.8) ݐ

ௗ଴ݐ ൌ
2ܴ଴
ܿ

 

 

R0 is the range at t = 0 and n = 0, 

n is the sweep number (starting from sweep 0), 

0 ≤ t ≤ Tsweep, 

Trep is the time interval between the start of consecutive sweeps (= Tsweep + Trec) and 
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c is the speed of wave propagation. 

The base-band signal, sIF(t), will become a function of velocity and sweep number. Substituting (3.8) 

into (3.4) yields the following: 

,ݐூிሺݏ ݊ሻ ൌ ݐௗݐߤߨcosሺ2ܣ ൅ ߨ2 ଴݂ݐௗ െ ߨ2
1
2
 ௗଶሻݐߤ

ൌ cosܣ ቈ2ߤߨ ቆ
ݒ2
ܿ
െ
ଶݒ2

ܿଶ
ቇ  ଶݐ

				൅2ߤߨ ቆݐௗ଴ ൅
ݒ2
ܿ
݊ ௥ܶ௘௣ ൅

଴݂

ߤ
ݒ2
ܿ
െ
ݒ2
ܿ
ௗ଴ݐ െ

ଶݒ4

ܿଶ
݊ ௥ܶ௘௣ቇ  ݐ

				൅2ߨ ଴݂ݐௗ଴ ൅ ߨ2 ଴݂
ݒ2
ܿ
݊ ௥ܶ௘௣ 

				െ2ߤߨ ቆଵ
ଶ
ௗ଴ଶݐ ൅

ݒ2
ܿ
݊ ௥ܶ௘௣ݐௗ଴ ൅

ଶݒ2

ܿଶ
݊ଶ ௥ܶ௘௣

ଶቇ቉ (3.9)

 

Equation (3.9) can be reorganised into a more sensible form: 

,ݐூிሺݏ ݊ሻ ൌ ߨcos൫2ܣ ூ݂ிݐ ൅ ߨ2 ୼݂݊ݐ ൅ Φ଴ ൅ ୼݊ߠ ൅ ߨ2 ௦݂௤ݐଶ (3.10)

				൅2ߨ ௘݂௥௥௢௥ݐ െ Φ௘௥௥௢௥ሻ 

 

with: 

ூ݂ி ൌ ௗ଴ (3.11a)ݐߤ

୼݂ ൌ ߤ
ݒ2
ܿ ௥ܶ௘௣ 	െ ߤ

ଶݒ4

ܿଶ ௥ܶ௘௣ 

ൌ ߤ
ݒ2
ܿ ௥ܶ௘௣ ൬1 െ

ݒ2
ܿ
൰ (3.11b)

Φ଴ ൌ ߨ2 ଴݂ݐௗ଴ (3.11c)

୼ߠ ൌ ߨ2 ଴݂
ݒ2
ܿ ௥ܶ௘௣ െ ߤߨ2

ݒ2
ܿ ௥ܶ௘௣ݐௗ଴ (3.11d)

௦݂௤ ൌ ߤ
ݒ2
ܿ
ቀ1 െ	

ݒ
ܿ
ቁ (3.11e)
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௘݂௥௥௢௥ ൌ ߤ ൬ ଴݂

ߤ
ݒ2
ܿ
	െ

ݒ2
ܿ
ௗ଴൰ (3.11f)ݐ

Φ௘௥௥௢௥ ൌ ߤߨ2 ቆଵ
ଶ
ௗ଴ଶݐ ൅

ଶݒ2

ܿଶ
݊ଶ ௥ܶ௘௣

ଶቇ 

ൎ ௗ଴ଶ (3.11g)ݐߤߨ

 

Equation (3.10) contains a number of terms, some of which are useful for extracting telemetry 

information, while other terms are negligible or potential sources of errors. The beat frequency, fIF, is 

directly related to the distance (R0) between radar and target. Radial velocity is obtained from θΔ, the 

change in phase between consecutive sweeps due to the change in distance. Elevation and azimuth 

angles can be calculated by comparing the phase (Φ0) of adjacent receivers. Other terms (fΔ, fsq, ferror 

and Φerror) are usually considered small enough to be negligible; this will be confirmed in section 3.4  

3.3  Range-Doppler Processing 

FMCW radar systems typically make use of some form of spectral analysis. This can be in the form of 

a single Fast Fourier Transform (FFT) operation, as employed by [46]; two FFT operations (one FFT 

for the up-chirp and another for the down-chirp in triangular FMCW systems), as implemented in [17] 

and [19]; or a two-dimensional FFT operation, as presented in [49], [50] and [51]. The APS radar 

sensor uses a two-dimensional FFT technique, also known as range-Doppler processing, to extract 

range, velocity and phase information. 

Consider the following simplified expression for the zero-IF signal: 

,ݐூிሺݏ ݊ሻ ൌ ߨcosሺ2ܣ ூ݂ிݐ ൅ Φ଴ ൅  ୼݊ሻ (3.12)ߠ

 

A target is detected at frequency fIF, with an initial phase of Φ0, by analysing the spectrum after the 

first sweep (n = 0). After the second sweep the measured phase increases by θΔ. This change in phase 

(due to radial movement of the target) is used by A.G. Stove in [52] to propose a moving target 

indicator (MTI) for FMCW radar. It is this same change in phase between consecutive sweeps that 

permits the two-dimensional FFT technique proposed in [53]. 

The base-band signal is sampled at a rate of fs. Each sweep produces NR samples, with a total of ND 

sweeps being combined to form a block of NR × ND samples. This block of data, referred to as a burst, 

will be subjected to range-Doppler processing. 
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The first step is illustrated in Figure 3.4. Every row of samples (with each row containing all the 

samples from a single sweep) is subjected to an FFT operation, often called the range FFT. The result 

is an NR × ND block of complex values, with each row containing the spectral data of the 

corresponding sweep’s base-band signal. 
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Figure 3.4 Illustration of the two-dimensional FFT (range-Doppler) processing method. 

 

Figure 3.5 Progression of phasors after range-FFT for consecutive sweeps. A range-bin’s amplitude will remain (almost) 

constant for consecutive sweeps, but if the target is moving the phase will change. 
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The second step is a Doppler FFT, also shown in Figure 3.4. Each column can be thought of as a 

progressive series of phasors (illustrated in Figure 3.5), with the magnitude representing the echo 

signal strength for the corresponding range and the phase representing the relative number of 

wavelengths travelled. A change in phase between consecutive sweeps is therefore equivalent to a 

change in distance travelled by the transmit and echo signals; this is why the Doppler FFT can be used 

to determine velocity. 

Range-Doppler processing produces an NR × ND array of complex values, often referred to as a range-

Doppler map. Target detections correspond to local maxima, with range and velocity determined by 

the target’s position relative to the range and Doppler axes, illustrated in Figure 3.6. 

 

3.3.1 Range FFT 

The zero-IF signal from each sweep is sampled at a rate of fs to produce NR samples. Assuming that fsq 

is small enough to be omitted: 

,ݐூிሺݏ ݊ሻ ൎ ߨcosሺ2ܣ ூ݂ிݐ ൅ ߨ2 ୼݂݊ݐ ൅ ߨ2 ௘݂௥௥௢௥ݐ ൅ Φ଴ 

				൅	ߠ୼݊ െ	Φ௘௥௥௢௥ሻ 

ൌ ߨcos൫2ܣ ௞݂ݐ ൅ ߨ2 ௤݂ݐ ൅ ߨ2 ୼݂݊ݐ ൅ θ୼݊ ൅ Φଵ൯ (3.13)

 

with 

 

Figure 3.6 Example of a range-Doppler map. The image on the left shows the entire map, while the image on the right 

has been magnified to show a detection. 
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௞݂ ൌ 	
௦݂

ோܰ
݇ ൤݇ ൌ 0, 1, 2…	 ோܰ

2
൨ (3.14a)

௤݂ ൌ 	 ூ݂ி ൅	 ௘݂௥௥௢௥ െ ௞݂ ൌ
௦݂

ோܰ
൤െ ݍ

1
2
൑ ݍ ൑

1
2
൨ (3.14b)

୼݂ ൌ 	
௦݂

ோܰ
(3.14c) ݌

Φଵ ൌ 	Φ଴ െ	Φ௘௥௥௢௥ (3.14d)

 

where fk is the range-bin frequency and is a multiple of the fundamental frequency, fs/NR, fq is 

the remaining fraction of the fundamental frequency, and p encapsulates fΔ. 

Converting from continuous time to discreet time: 

ݐ ൌ
ݎ

௦݂
 ሾݎ ൌ 0, 1, 2… 	 ோܰ െ 1ሿ (3.15)

,ݎூிሺݏ ݊ሻ ൌ ܣ cos ൬2ߨ
݇ݎ

ோܰ
൅ ߨ2

ݍݎ

ோܰ
൅ ߨ2

݊݌ݎ

ோܰ
൅ ୼݊ߠ ൅ Φଵ൰ (3.16)

 

An FFT operation1 is performed on each sweep’s sampled base-band signal, the output of which is a 

series of complex values known as range-bins (with k denoting the number of the bin): 

,ሺ݇ݕ ݊ሻ ൌ ,ݎூிሺݏሼܶܨܦ ݊ሻሽ 

≜	 ෍ ,ݎூிሺݏ ݊ሻ݁
ି
௜ଶగ௞௥
ேೃ

ேೃିଵ

௥ୀ଴

 

ൌ	ܣ௥݁௜
ሾఏభ௡ା	ఏమሿ (3.17)

 

The values q and k form the beat frequency and are determined by range. The change in phase between 

consecutive sweeps, θΔ, is determined by radial velocity, while the cross-term p shows the coupling 

between range and velocity. This coupling, also called range-Doppler coupling, can be interpreted as 

chirp on the range beat frequency (due to the change in range) or as chirp on the Doppler frequency 

(due to the changing transmitter frequency) [52]. In this study it will be lumped with θΔ, thereby 

                                                      
1 Mathematically defined here as a Discreet Fourier Transform, DFT, which is what the FFT approximates [61]. 
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interpreting the small change in frequency between consecutive sweeps as a change in phase after 

applying the FFT operation. 

The two phase terms from (3.17) can now be written as: 

ଵߠ ൌ ୼ߠ	 ൅ (3.18a) ݌ߨ

ଶߠ ൌ 	Φ଴ െ	Φ௘௥௥௢௥ ൅ (3.18b) ݍߨ

3.3.2 Doppler FFT 

After the range FFTs have been computed, a second set of Doppler FFTs is performed. For each 

range-bin k, all range FFT values from sweep 0 to sweep ND – 1 (n = 0, 1, 2 … ND - 1) are taken as 

input for the next FFT operation: 

ܻሺ݇, ܾሻ ൌ ,ሺ݇ݕሼܶܨܦ ݊ሻሽ 

≜ ෍ ,ሺ݇ݕ ݊ሻ݁
ି
௜ଶగ௕௡
ேವ

ேವିଵ

௡ୀ଴

 

ൌ ෍ ௥݁௜ܣ
ሾఏభ௡ ା ఏమሿ݁

ି
௜ଶగ௕௡
ேವ

ேವିଵ

௡ୀ଴

 (3.19)

 

Similar to the range-bin frequency fk, the Doppler-bin frequency can be defined as: 

௕ߠ ≜ ߨ2
ܾ

஽ܰ
 ሾܾ ൌ 0, 1, 2…	 ஽ܰ െ 1ሿ (3.20)

 

with the remainder frequency: 

௔ߠ ≜ ଵߠ െ	ߠ௕  

ൌ ߨ2
ܽ

஽ܰ
 ሾെ0.5 ൑ ܽ ൑ 0.5ሿ (3.21)

 

Substituting (3.20) and (3.21) into (3.19) yields: 
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ܻሺ݇, ܾሻ ൌ ෍ ௥݁௜ܣ
ሾఏభ௡ ା ఏమሿ݁

ି
௜ଶగ௕௡
ேವ

ேವିଵ

௡ୀ଴

 

ൌ ෍ ௥݁ܣ
௜ቂଶగ

௕
ேವ

௡ ା ଶగ
௔
ேವ

௡ ା ఏమ ି
ଶగ௕௡
ேವ

ቃ
ேವିଵ

௡ୀ଴

 

ൌ ෍ ௥݁ܣ
௜ቂଶగ

௔
ேವ

௡ ା ఏమቃ
ேವିଵ

௡ୀ଴

 (3.22)

ൌ ௥ௗ݁௜஍್ೠೝೞ೟ܣ  

 

The measured burst phase can now be expanded: 

Φ௕௨௥௦௧ ൌ ଶߠ ൅  ܽߨ

ൌ Φ଴ െ	Φ௘௥௥௢௥ ൅ ݍߨ ൅ ߨ ஽ܰሺߠଵ െ ௕ሻߠ
ߨ2

 

ൌ Φ଴ െ	Φ௘௥௥௢௥ ൅ ሺߨ ூ݂ி ൅ ௘݂௥௥௢௥ െ ௞݂ሻ
ோܰ

௦݂
 

				൅	ሺߠ୼ ൅ ݌ߨ െ ௕ሻߠ
஽ܰ

2
 

ൌ Φ଴ െ	Φ௘௥௥௢௥ ൅ ூ݂ி
ߨ ோܰ

௦݂
൅ ௘݂௥௥௢௥

ߨ ோܰ

௦݂
െ  ݇ߨ

				൅	ߠ୼
஽ܰ

2
	൅ ߨ ୼݂

ோܰ

௦݂

஽ܰ

2
െ ߨ2

ܾ

஽ܰ

஽ܰ

2
 

ൌ Φ଴ െ	Φ௘௥௥௢௥ ൅ ூ݂ி
ߨ ோܰ

௦݂
൅ ௘݂௥௥௢௥

ߨ ோܰ

௦݂
െ  ݇ߨ

				൅	ߠ୼
஽ܰ

2
	൅ ߨ ୼݂

ோܰ ஽ܰ

2 ௦݂
– (3.23) ܾߨ

 

The measured burst phase (Φburst) consists of a number of components, of which only one term (Φ0) is 

typically desired. Table 3.1 lists all the phase terms in (3.23), with a short description of each. 

Each complex value of Y(k,b) is referred to as a range-Doppler-bin, with the indices k and b 

corresponding to discrete range and Doppler axis positions. The corresponding range can be calculated 

as: 
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ܴܽ݊݃݁௕௜௡	௞ ൌ
ܿ ௦݂

ߤ2 ோܰ
݇ (3.24)

 

The corresponding speed value will be: 

௕	௕௜௡݀݁݁݌ܵ ൌ
ܾܿ

2 ଴݂ ௥ܶ௘௣ ஽ܰ
 (3.25)

 

Table 3.1 Burst phase components. 

Term Formula Expanded Formula Description 

Φଵ Φ଴ 2ߨ ଴݂ݐௗ଴ Desired phase measurement. 

Φଶ െΦ௘௥௥௢௥ െ2ݐߤߨௗ଴ଶ Additional non-linear phase. 

Φଷ ூ݂ி
ߨ ோܰ

௦݂
ௗ଴ݐߤ 

ߨ ோܰ

௦݂
 

Additional phase terms added by 

range-FFT processing. 
Φସ ௘݂௥௥௢௥

ߨ ோܰ

௦݂
ߤ  ൬ ଴݂

ߤ
ݒ2
ܿ

െ
ݒ2
ܿ
ௗ଴൰ݐ

ߨ ோܰ

௦݂
 

Φହ െ݇ߨ െ݇ߨ 

Φ଺ ߠ୼
஽ܰ

2
 ൬2ߨ ଴݂

ݒ2
ܿ ௥ܶ௘௣ െ ߤߨ2

ݒ2
ܿ ௥ܶ௘௣ݐௗ଴൰

஽ܰ

2
 

Additional phase terms added by 

Doppler-FFT processing. 
Φ଻ ߨ ୼݂

ோܰ ஽ܰ

2 ௦݂
ߤߨ 

ݒ
ܿ ௥ܶ௘௣ ൬1 െ

ݒ2
ܿ
൰ ோܰ ஽ܰ

௦݂
 

Φ଼ – – ܾߨ  ܾߨ

 

3.4  Confirmation of Theoretical Approximation 

This section will present several simulation results to confirm the validity of (3.23), as well as explore 

the limits of any assumptions or simplifications made previously. These assumptions include: 

 The amplitude of sIF remains fairly constant for the duration of a single sweep. 

 The amplitude of y(k,n) remains fairly constant for the duration of an entire burst. 

 Radial velocity remains fairly constant for the duration of an entire burst. 

 The quadratic frequency term fsq is small enough to be negligible. 
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 The range-Doppler coupling term fΔ can be lumped with θΔ. 

3.4.1 Amplitude 

Figure 3.7 shows the difference between simulated burst phase2 and the phase value calculated by 

(3.23). A very small error is observed, indicating excellent agreement between theoretical 

approximation and simulated measurement. A second set of graphs is shown in Figure 3.8, which 

investigates phase error for various velocities. It is clear that an increase in velocity also increases the 

discrepancy between approximation and reality. One of the assumptions mentioned previously, 

namely that the amplitude of y(k,n) remains fairly constant, is not valid at higher velocities3. 

 
 

Windowing has not been explicitly mentioned thus far; rectangular window functions have been used 

implicitly in the previous analyses. Most systems, including APS, use window functions to reduce 

spurious behaviour in the frequency domain. Figure 3.9 shows the difference between approximate 

and actual burst phase for several velocities, but this time using a Blackman window for both range 

and Doppler FFTs. A substantial reduction in error can be seen, even at much larger velocities. This 

can be ascribed to the change in amplitude (of y(k,n)) brought about by the use of a windowing 

function. 
                                                      
2 Typical APS system parameters were chosen for this simulation – f0 = 10.1 GHz, Nr = 256, Nd = 256, fsweep = 50 
MHz, Trep = 20 μs, Tsweep = 16 μs, Trec = 2 μs and fs = 16 MHz. 
3 The change in amplitude is due to sinx/x roll-off. 

 

Figure 3.7 Difference between theoretically calculated and simulated burst phase. 
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Figure 3.8 Burst phase error for various radial velocities, rectangular windowing function. 
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Figure 3.9 Burst phase error for various radial velocities, Blackman windowing function. 
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3.4.2 Quadratic Frequency 

In (3.13) it was assumed that the quadratic frequency term fsq is small enough to be omitted. Recall 

from (3.1) that a linear frequency sweep produces the following signal: 

ሻ ൌݐ௫ሺ்ݏ ߨ௫sinሺ2்ܣ ଴݂ݐ ൅ ଶݐߤߨ ൅ ଴ሻ (3.26)ߠ

 

with 

ൌ ߤ
௦݂௪௘௘௣

௦ܶ௪௘௘௣
 (3.27)

If we look at an equivalent expression containing fsq, we can compare it to (3.26) and calculate the 

frequency sweep bandwidth: 

௘௤ ൌݏ ߨsin൫2ܣ ூ݂ிݐ ൅ ߨ2 ௦݂௤ݐଶ൯  

 ൌ ߨsinሺ2ܣ ଴݂
ᇱݐ ൅ ଶݐᇱߤߨ ൅ ଴ߠ

ᇱ ሻ 

⇒		 ଴݂
ᇱ ൌ ூ݂ி 

଴ߠ
ᇱ  ൌ 0 

ᇱ ൌߤ 2 ௦݂௤ 

 ൌ ߤ2
ݒ2
ܿ
ቀ1 െ

ݒ
ܿ
ቁ 

 ൎ 2 ௦݂௪௘௘௣

௦ܶ௪௘௘௣

ݒ2
ܿ

 

 

In both cases the sweep time is Tsweep, therefore 

௦݂௪௘௘௣
ᇱ  ൎ 4

ݒ
ܿ ௦݂௪௘௘௣  

 

The equivalent sweep bandwidth associated with fsq is in the order of a few tens or hundreds of Hertz, 

which is small enough to ignore. 
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3.4.3 Other Negligible Terms 

There are three terms that still need to be evaluated in this regard: fΔ, ferror and Φerror. Recall the 

expression for Doppler frequency: 

ଵߠ ൌ ୼ߠ	 ൅ (3.28) ݌ߨ

 

It was assumed that πp was small enough to be lumped with θΔ without any further consideration, but 

this might not be the case. If πp becomes large enough, it could cause the Doppler frequency (θ1) to 

jump to an adjacent bin. A comparison between πp and Doppler-bin width is necessary. 

݌ߨ ൌ ߨ ୼݂
ோܰ

௦݂
 

ൌ ߨ ோܰ

௦݂
ߤ
ݒ2
ܿ ௥ܶ௘௣ ൬1 െ

ݒ2
ܿ
൰ 

ൎ ߨ ௦݂ ௦ܶ௪௘௘௣

௦݂

௦݂௪௘௘௣

௦ܶ௪௘௘௣

ݒ2
ܿ ௥ܶ௘௣ ൤ ோܰ ൌ

௦ܶ௪௘௘௣

௦ܶ
ൌ ௦ܶ௪௘௘௣ ௦݂൨ 

ൌ ߨ2
ݒ
ܿ ௦݂௪௘௘௣ ௥ܶ௘௣ (3.29)

 

The maximum phase by which consecutive sweeps can differ from each other is 2π radians. The width 

of a Doppler-bin is therefore: 

௕௜௡ߠ ൌ
ߨ2

஽ܰ
 (3.30)

 

The ratio between πp and Doppler-bin width can be calculated: 

݌ߨ
௕௜௡ߠ

ൌ
ݒ ஽ܰ ௦݂௪௘௘௣ ௥ܶ௘௣

ܿ
 (3.31)

 

Figure 3.10 plots the ratio in (3.31) as a function of radial velocity for typical APS system parameters 

– ND = 256, fsweep = 50 MHz and Trep = 20 μs. Even at moderate velocities the effect of fΔ is enough to 

push a detection towards an adjacent Doppler-bin and must be accounted for if accurate velocity 

measurements are required. 
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For ferror it is necessary to look at the width of a range-bin, since a large enough deviation in frequency 

from fIF could cause a detection to jump to an adjacent range-bin. The range-bin width is: 

௕݂௜௡ ൌ
௦݂

ோܰ
 (3.32)

 

ferror can also be simplified: 

௘݂௥௥௢௥ ൌ ߤ ൬ ଴݂

ߤ
ݒ2
ܿ
െ
ݒ2
ܿ
 ௗ଴൰ݐ

ൌ
ݒ2
ܿ
ሺ ଴݂ െ ூ݂ிሻ 

ൎ
ݒ2
ܿ ଴݂ (3.33)

 

The ratio between ferror and fbin can be calculated: 

௘݂௥௥௢௥

௕݂௜௡
ൎ
ݒ2 ଴݂ ௦ܶ௪௘௘௣

ܿ
 (3.34)

 

 

Figure 3.10 Ratio between πp and Doppler-bin width as a function of radial velocity. 

0 100 200 300 400 500 600 700
0

0.1

0.2

0.3

0.4

0.5

0.6

Radial Velocity [m/s]

R
at

io

Stellenbosch University  https://scholar.sun.ac.za



 
 

34 
 

 

Figure 3.11 plots this ratio as a function of radial velocity, again with typical system parameters – f0 = 

10.1 GHz and Tsweep = 16 μs. As with fΔ, radial velocity does have a significant effect and should be 

taken into consideration when accurate range measurements are needed. 

The last term that must be investigated is Φerror. This phase term consists of two parts: 

Φ௘௥௥௢௥ ൌ Φ௘௥௥ଵ ൅ Φ௘௥௥ଶ (3.35)

with  

Φ௘௥௥ଵ ൌ ௗ଴ݐߤߨ
ଶ  (3.36)

Φ௘௥௥ଶ ൌ ߤߨ2
ଶݒ2

ܿଶ
݊ଶ ௥ܶ௘௣

ଶ  (3.37)

 

Figure 3.12 (a) and (b) shows the non-linear phase introduced by Φerr1 and Φerr2. The first term appears 

to have a significant impact, but this must be considered in the context of phase interferometry. If two 

or more receivers are placed close to each other (for the purpose of comparing phase measurements 

and extracting angles) they will have almost identical values for Φerr1, which would render this term 

negligible. The second term, Φerr2, is very small and can be ignored. 

 

 

Figure 3.11 Ratio between ferror and range-bin frequency as a function of radial velocity. 
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(b) 

Figure 3.12 Non-linear phase terms Φerr1 (a) and Φerr2 (b) as functions of radial velocity. 
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3.5  Conclusion 

Chapter 3 discussed the two-dimensional FFT (or range-Doppler) signal processing method employed 

by FMCW systems. An in-depth mathematical derivation was completed, thereby revealing a number 

of non-ideal terms in the final burst phase measurement. Each of these terms were scrutinised to 

determine their potential effect on measured burst phase. All of this will be combined with a multipath 

interference model in the next chapter. 
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Chapter 4: Multipath Model 

The previous chapter developed formulas for the base-band receiver signal and the measured burst 

phase – without taking multipath interference into account. This chapter will investigate the multipath 

phenomenon as observed during test-runs of APS, select an appropriate terrain model, develop a 

mathematical model and integrate this into the expressions for the zero-IF signal. 

4.1  Terrain Model Selection 

Terrain model selection can be influenced by a number of factors, such as physical deployment 

environment, operating frequency and coverage area. A radar system deployed in a maritime scenario 

might have to take the curvature of the earth into consideration, while automotive radar will most 

likely assume a flat ground surface. APS was designed for combat environments, with a relatively 

small (less than 400 m) coverage area. Any ground reflections can consequently be assumed to be 

from a flat surface. 

 

 

Figure 4.1 Simulated phase error due to diffuse multipath interference. 
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Figure 4.1 and Figure 4.2 illustrate the effects of diffuse multipath interference on the measured burst 

phase and signal amplitude. The phase error (shown in Figure 4.1) exhibits random behaviour, which 

is what one would expect under diffuse multipath conditions. Compare this to the phase error 

produced by specular multipath, shown in Figure 4.3. Under specular conditions multipath signals 

combine coherently, which can lead to large phase errors that persist for longer periods of time (such 

as the phase error at a range of 80 - 120 m). 

This can also be seen when looking at the change in amplitude. Figure 4.2 shows the change in 

received signal amplitude when diffuse multipath is present. Random behaviour can again be seen, as 

one would expect under such conditions. Compare again to the specular case, shown in Figure 4.4. 

Larger changes in amplitude occur when signals combine constructively or destructively, which could 

lead to a reduction in signal-to-noise ratio or even loss of signal. 

Most practical scenarios exhibit a combination of diffuse and specular multipath. While diffuse 

multipath will most certainly degrade measurement accuracy to some extent, practical observations 

show that specular multipath is the most problematic, which is why this study has opted for the 

Smooth Flat Surface terrain model (described in Chapter 2). 

 

Figure 4.2 Simulated change in amplitude due to diffuse multipath interference. 
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Figure 4.3 Simulated phase error due to specular multipath (Γ = 0.5). 
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Figure 4.4 Simulated change in amplitude due to specular multipath (Γ = 0.5). 
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4.2  Specular Multipath Model 

Specular multipath allows for the use of ray-tracing techniques from classical optics. Recall the four 

possible signal paths for a smooth, flat terrain (shown in Figure 4.5): 

1. Direct from transmitter to target, direct from target to receiver. 

2. Direct from transmitter to target, reflection from target to receiver. 

3. Reflection from transmitter to target, direct from target to receiver. 

4. Reflection from transmitter to target, reflection from target to receiver. 

 

 

These four signal paths result in four FMCW base-band signal components: 

ሻ ൌݐଵሺݏ ߨሺ2	ଵcosܣ ூ݂ிଵݐ ൅ Φௗଵ െ ߨ ூ݂ிଵݐௗଵሻ (4.1a) 

ሻ ൌݐଶሺݏ ߨሺ2	ଶcosܣ ூ݂ிଶݐ ൅ Φௗଶ െ ߨ ூ݂ிଶݐௗଶ ൅  ୻ଶሻ (4.1b)ߠ

ሻ ൌݐଷሺݏ ߨሺ2	ଷcosܣ ூ݂ிଷݐ ൅ Φௗଷ െ ߨ ூ݂ிଷݐௗଷ ൅ ୻ଷሻ (4.1c)ߠ

ሻ ൌݐସሺݏ ߨሺ2	ସcosܣ ூ݂ிସݐ ൅ Φௗସ െ ߨ ூ݂ிସݐௗସ ൅ ୻ସሻ (4.1d)ߠ

 

with: 

ሻ ൌݐூிሺݏ ሻݐଵሺݏ ൅	ݏଶሺݐሻ ൅ ሻݐଷሺݏ ൅  ሻ (4.2)ݐସሺݏ

 

Radar 
Device

Target

Direct

Reflected

 

Figure 4.5 Illustration of possible signal paths. 
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A number of approximations can be made, detailed below ((4.3a) - (4.3j)), which will allow the signal 

components in (4.2) to be combined into a single expression.  

ଷܣ	ଶ ൌܣ ൌ ଵΓ (4.3a)ܣ	

ସ ൌܣ  ଵΓଶ (4.3b)ܣ

୻ଷߠ	୻ଶ ൌߠ ൌ ୻ (4.3c)ߠ	

୻ସ ൌߠ ୻ (4.3d)ߠ2

ூ݂ிଶ ൌ	 ூ݂ிଷ ൌ 	 ூ݂ிଵ ൅ ୍݂୊୼ (4.3e)

ூ݂ிସ ൌ	 ூ݂ிଵ ൅ 2୍݂୊୼ (4.3f)

Φௗଶ ൌ	Φௗଷ ൌ 	Φௗଵ ൅ Φ୼ (4.3g)

Φௗସ ൌ	Φௗଵ ൅ 	2Φ୼ (4.3h)

ௗଶ ൌݐ ௗଷݐ ൌ ௗଵݐ ൅ ୼ (4.3i)ݐ

ௗସ ൌݐ ௗଵݐ ൅ ୼ (4.3j)ݐ2

 

These approximations can be made in the case of specular multipath. Whenever a transmit or echo 

signal is reflected by an appropriate surface, it undergoes a change in amplitude (represented here by 

the factor Γ) and a change in phase (represented by the additional phase term θΓ). Together, these two 

terms form the complex reflection coefficient. It is furthermore assumed that the reflection coefficient 

remains constant for the forward scattering and echo signal paths. The base-band signal components 

can now be written as: 

ሻ ൌݐଵሺݏ ߨሺ2	ଵcosܣ ூ݂ிଵݐ ൅ Φௗଵ െ ߨ ூ݂ிଵݐௗଵሻ 

 ൌ ሺܺሻ (4.4)	ଵcosܣ
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ሻ ൌݐଶሺݏ  ሻݐଷሺݏ

 ൌ ߨଵΓcosሺ2ܣ ூ݂ிଵݐ ൅ Φௗଵ െ ߨ ூ݂ிଵݐௗଵ 

 				൅	ሺ2୍݂ߨ୊୼ݐ ൅ Φ୼ െ ߨ ூ݂ிଵݐ୼ െ ௗଵݐ୊୼୍݂ߨ െ ୼ݐ୊୼୍݂ߨ ൅	ߠ୻ሻሻ 

 ൌ ሺܺݏ݋ଵΓܿܣ ൅ ܻሻ (4.5)

ሻ ൌݐସሺݏ ߨሺ2	ଵΓଶcosܣ ூ݂ிଵݐ ൅ Φௗଵ െ ߨ ூ݂ிଵݐௗଵ 

 				൅2ሺ2୍݂ߨ୊୼ݐ ൅ Φ୼ െ ߨ ூ݂ிଵݐ୼ െ ௗଵݐ୊୼୍݂ߨ െ ୼ݐ୊୼୍݂ߨ ൅  ୻ሻߠ

 				െ2୍݂ߨ୊୼ݐ୼ሻ 

 ൌ ଵΓଶcosሺܺܣ ൅ 2ܻ െ  ୼ሻݐ୊୼୍݂ߨ2

 ൎ ଵΓଶcosሺܺܣ ൅ 2ܻሻ (4.6)

with  

ܺ ൌ ߨ2 ூ݂ிଵݐ ൅	Φௗଵ െ ߨ ூ݂ிଵݐௗଵ (4.7)

ܻ ൌ ݐ୊୼୍݂ߨ2 ൅ Φ୼ െ ߨ ூ݂ிଵݐ୼ െ ௗଵݐ୊୼୍݂ߨ െ ୼ݐ୊୼୍݂ߨ ൅	ߠ୻ (4.8)

 

Substituting (4.4), (4.5) and (4.6) into (4.2) yields: 

ሻ ൎݐூிሺݏ ଵܣ cosሺܺሻ ൅ ଵΓܣ2 cosሺܺ ൅ ܻሻ ൅ ଵΓଶcosሺܺܣ ൅ 2ܻሻ  

 ൌ ଵሾcosሺܺሻܣ ൅ 2Γ cosሺܺሻ cosሺܻሻ െ 2Γ sinሺܺሻ sinሺܻሻ  

 				൅	Γଶ cosሺܺሻ cosሺ2ܻሻ െ Γଶ sinሺܺሻ sinሺ2ܻሻሿ 

 ൌ ଵሾ1ܣ ൅ 2Γ cosሺܻሻ ൅ Γଶcosሺ2ܻሻሿ cosሺܺሻ 
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 				െ	ܣଵሾ2Γ sinሺܻሻ ൅ Γଶ sinሺ2ܻሻሿsinሺܺሻ (4.9)

 

The following trigonometric identity can be used to simplify (4.9): 

cosሺ߮ܣ ൅ ሻ ൌߠ ߠcos߮cosܣ െ  ߠsin߮sinܣ

 ൌ cos߮ܤ െ  sin߮ (4.10a)ܥ

ଶ ൌܣ ଶܤ ൅ ଶ (4.10b)ܥ

tanߠ ൌ
ܥ
ܤ

 (4.10c)

 

Applying (4.10) to (4.9) produces: 

ሻ ൎݐூிሺݏ cosሺܺܯଵܣ ൅ Φ௠௣ሻ 

 ൌ ߨcos൫2ܯଵܣ ூ݂ிଵݐ ൅ Φௗଵ െ ߨ ூ݂ிଵݐௗଵ ൅ Φ௠௣൯ (4.11) 

 

with 

ܯ ൌ ඥሺ1 ൅ 2Γ cosሺܻሻ ൅ Γଶcosሺ2ܻሻሻଶ ൅ ሺ2Γ sinሺܻሻ ൅ Γଶsin	ሺ2ܻሻሻଶ 

ൌ ඥሾሺ1 ൅ Γcosሺܻሻሻଶ ൅ Γଶsinଶሺܻሻሿଶ 

ൌ ሺ1 ൅ Γcos	ሺܻሻሻଶ ൅ Γଶsinଶሺܻሻ (4.12)

 

and 

tan൫Φ௠௣൯ ൌ 	
2Γ sinሺܻሻ ൅ Γଶsinሺ2ܻሻ

1 ൅ 2Γ cosሺܻሻ ൅ Γଶcosሺ2ܻሻ
 (4.13)
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The presence of specular multipath interference will therefore change the amplitude of the base-band 

signal by a factor of M and the phase by the addition of Φmp. M and Φmp are periodic functions of Y, 

illustrated here in Figure 4.6 and Figure 4.7:  

 

 

 
Figure 4.6 Change in base-band signal amplitude as a function of Y for various reflection coefficients (blue denotes a 

smaller coefficient and red a larger coefficient). 
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Figure 4.7 Change in base-band signal phase as a function of Y for various reflection coefficients (blue denotes a smaller 

coefficient and red a larger coefficient). 
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4.3  Integration of Multipath Model 

Section 4.2 showed that the base-band signal’s amplitude changes by a factor M and its phase by the 

addition of Φmp. Both M and Φmp will change in value as the target’s position changes with time. The 

following simplifications will therefore be made when taking multipath into account: 

 The change in M is small enough that it may be considered constant for the duration of several 

sweeps. 

 The change in Φmp is small enough that it may be considered constant for the duration of one 

sweep. 

 The increase (or decrease) in Φmp between consecutive sweeps (ΦΔmp) remains constant for 

several sweeps. 

With these simplifications, (3.10) can be updated to include multipath: 

,ݐூி,௠௣ሺݏ ݊ሻ ൌ ߨcos൫2ܯܣ ூ݂ிݐ ൅ ߨ2 ୼݂݊ݐ ൅ Φ଴ ൅ ୼݊ߠ ൅ ߨ2 ௦݂௤ݐଶ (4.14)

				൅2ߨ ௘݂௥௥௢௥ݐ െ Φ௘௥௥௢௥ ൅ Φ௠௣ ൅ Φ୼௠௣݊൯ 

ൎ ߨcosሺ2ܯܣ ூ݂ிݐ ൅ ߨ2 ୼݂݊ݐ ൅ Φ଴ ൅  ୼݊ߠ

				൅2ߨ ௘݂௥௥௢௥ݐ െ Φ௘௥௥௢௥ ൅ Φ௠௣ ൅ Φ୼௠௣݊൯ 

 

where M is the change in amplitude due to multipath at t = 0 and n = 0, 

Φmp is the change in phase due to multipath at t = 0 and n = 0, and 

ΦΔmp is the difference in multipath phase between consecutive sweeps. 

The formulas for range-Doppler processing can be updated to include multipath. The output of the 

range FFT, (3.17), can be rewritten as: 

,ሺ݇ݕ ݊ሻ ൌ ,ݎூி,௠௣ሺݏ൛ܶܨܦ ݊ሻൟ 

≜	 ෍ ,ݎூி,௠௣ሺݏ ݊ሻ݁
ି
௜ଶగ௞௥
ேೃ

ேೃିଵ

௥ୀ଴

 

ൌ	ܣ௥݁ܯ௜
ሾఏభ௡ା ఏమሿ (4.15)
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with: 

ଵߠ ൌ ୼ߠ	 ൅ ݌ߨ ൅ Φ୼௠௣ (4.16a)

ଶߠ ൌ 	Φ଴ െ	Φ௘௥௥௢௥ ൅ ݍߨ ൅ Φ௠௣ (3.18b)

 

The formula for burst phase, (3.23), will also change: 

Φ௕௨௥௦௧ ൌ ଶߠ ൅  ܽߨ

ൌ Φ଴ െ	Φ௘௥௥௢௥ ൅ ݍߨ ൅ Φ௠௣ ൅ ߨ ஽ܰሺߠଵ െ ௕ሻߠ
ߨ2

 

ൌ Φ଴ െ	Φ௘௥௥௢௥ ൅ ሺߨ ூ݂ி ൅ ௘݂௥௥௢௥ െ ௞݂ሻ
ோܰ

௦݂
൅ Φ௠௣ 

				൅	൫ߠ୼ ൅ ݌ߨ ൅ Φ୼௠௣ െ ௕൯ߠ
஽ܰ

2
 

ൌ Φ଴ െ	Φ௘௥௥௢௥ ൅ Φ௠௣ ൅ ூ݂ி
ߨ ோܰ

௦݂
൅ ௘݂௥௥௢௥

ߨ ோܰ

௦݂
െ  ݇ߨ

				൅	ߠ୼
஽ܰ

2
	൅ ߨ ୼݂

ோܰ ஽ܰ

2 ௦݂
൅ Φ୼௠௣

஽ܰ

2
– (4.17) ܾߨ

 

The first multipath phase term, Φmp, will clearly have a significant impact on burst phase 

measurements. The second term, ΦΔmp, is dependent on environmental factors and target velocity, 

which makes it more difficult to quantify. There are two main concerns – the effect of ΦΔmp on 

Doppler frequency (4.16a) and the change in measured burst phase (4.17). 

Figure 4.8 shows the ratio between ΦΔmp and Doppler-bin width for typical APS system parameters 

and a reflection coefficient value |Γ| of 0.5. Several radial velocities are depicted. It is clear that 

multipath interference has the potential to influence Doppler frequency substantially, especially at 

closer ranges. 

Figure 4.9 illustrates the effect of ΦΔmp on measured burst phase. Significant changes in measured 

phase can be seen, even at moderate velocities. 
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Figure 4.8 Ratio between ΦΔmp and Doppler-bin width as a function of range and for various radial velocities. 
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Figure 4.9 Burst phase error due to specular multipath for various radial velocities. 
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4.4  Confirmation of Integrated Model 

This section will present a number of simulation results to validate the formulas that were derived in 

the previous sections. All simulations were done in Matlab®. 

The first set of results, presented in Figure 4.10, shows the error in measured burst phase for various 

magnitudes of reflection coefficient and a relatively low radial velocity. Excellent correlation can be 

seen between the predicted theoretical phase error (Φmp from (4.13)) and the simulated phase error. 

 

The second set of results, presented in Figure 4.11, illustrates the change in multipath phase error at 

higher radial velocities. At higher velocities the second multipath phase term, ΦΔmp, becomes more 

prominent. Excellent correlation can again be seen between the predicted theoretical phase error (Φmp 

+ ΦΔmpND/2 from (4.17)) and the simulated phase error, except for very sharp changes Φmp. This is 

where the assumption that the change in multipath phase error between consecutive sweeps remains 

fairly constant, no longer holds. 

 

Figure 4.10 Comparison of theoretical and simulated burst phase errors due to specular multipath interference. 
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4.5  Conclusion 

This chapter constructed a new multipath interference model for Dual-Frequency Phase-Comparison 

FMCW applications. A flat ground plane was assumed as the primary reflective surface; from here 

expressions were derived for the changes in phase and amplitude of an FMCW base-band signal due to 

multipath interference. These mathematical expressions were combined with the signal processing 

derivations in Chapter 3 to produce the final model. Extensive simulations were also conducted to 

prove the validity and establish the limits of the new model. Chapter 5 will look at phase 

interferometry and angle extraction, which should provide a benchmark for determining the severity of 

any multipath phase errors. 

 

  

 

Figure 4.11 Comparison of theoretical and simulated burst phase errors due to specular multipath interference. 
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Chapter 5: Phase 
Interferometry 

Chapters 3 and 4 developed a new model for specular multipath interference in FMCW systems. This 

chapter will take a closer look at Angle-of-Arrival (AoA) determination, as well as calculation of 

elevation and azimuth angles, which is necessary to quantify the error introduced by multipath 

reflections. 

5.1  Basic Angle-of-Arrival Extraction 

Figure 5.1 shows two receivers, separated by a distance d, as well as an incoming signal. Assuming 

the origin of the signal is far enough away, the incoming wave fronts can be approximated as planar 

(instead of spherical), which means that lines A and B can be drawn parallel to each other. Signal path 

B is slightly longer than signal path A; this causes a difference in phase between the two receive 

signals. The phase difference, ΔΦ, is related to the incidence angle, γ, and can therefore be used to 

determine AoA. 

 

γ γ 

d

dsinγ  

RxA RxB

A B

 

Figure 5.1 The Angle-of-Arrival (γ) determines the difference in path length (dsinγ) that a signal travels to two receivers 

separated by a distance of d. 
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Recall from Table 3.1 that the measured burst phase (without any interference or error components) 

for receiver A can be expressed as: 

Φ஺଴ ൌ ߨ2 ଴݂ݐௗ଴ (5.1)

 

Receiver B’s signal will be delayed by a short time period: 

Φ஻଴ ൌ ߨ2 ଴݂ሺݐௗ଴ െ Δݐሻ (5.2)

Δݐ ൌ
Δ݀
ܿ

 

ൌ
݀ sin ߛ
ܿ

 

 

The phase difference will then be: 

ΔΦ ൌ Φ஺଴ െ Φ஻଴ (5.3)

ൌ ߨ2 ଴݂
Δ݀
ܿ

 

ൌ
݀ߨ2 sin ߛ

଴ߣ
 

 

The relationship in (5.3) can be used to calculate AoA when ΔΦ is known: 

ߛ ൌ asin ൬
ΔΦߣ଴
݀ߨ2

൰ (5.4)

 

5.2  Translating AoA into Elevation and Azimuth Angles 

Figure 5.2 illustrates the coordinate system used in this text. Elevation (θ) is defined as the angle that 

the line (RT) from the target to the origin (x = 0, y = 0, z = 0) makes with the horizontal plane (xy). 

Azimuth (φ) is defined as the angle that the vertical plane containing line RT makes with the y-axis. 

The radar is at the origin, and the range is the distance from radar to target, which would be the length 

of line RT. 
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There are several receive antenna configurations that could potentially be used to obtain elevation and 

azimuth angles. They will be discussed in the following sub-sections. 

5.2.1 Equilateral Triangle Antenna Constellation 

The APS radar device uses an equilateral triangle configuration, shown in Figure 5.3. Three receive 

antennas, all operating at 9.1 and 10.1 GHz, are placed at equal distances from each other with a 

transmit antenna placed in the centre. This allows for a compact and efficient system design. 

Each pair of two receive antennas creates an axis around which an AoA can be measured. These axes 

do not relate directly to elevation and azimuth. Consequently, additional calculations are required. 

Three axes, each with an AoA and a range measurement, produce three toroids. The intersection of 

these toroids marks the target location. This can become a very complex problem to solve, especially 

if range and angle resolution are taken into account. A two-dimensional approximation is shown in 

Figure 5.4, where the toroids are projected onto the xz-plane and treated as lines. 

z

x

y

T

R

φ

θ

 

Figure 5.2 Elevation and azimuth angles relative to a global coordinate system. 
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150 mm

Rx1

Tx

Rx3Rx2

 

Figure 5.3 Equilateral triangle antenna configuration (as seen from the back). 

l2

a

c

z

x
Rx2-Rx3 axis

 

Figure 5.4 Two-dimensional approximation to determine elevation and azimuth angles (equilateral triangle). 
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The three projected lines should intersect at a point (x1, z1). Together with range, x1 and z1 can be used 

to calculate target position in three-dimensional space. The three phase differences are defined as: 

ΔΦଵ ൌ Φோ௫ଵ െ Φோ௫ଷ (5.5)

ΔΦଶ ൌ Φோ௫ଶ െ Φோ௫ଷ 

ΔΦଷ ൌ Φோ௫ଵ െ Φோ௫ଶ 

 

which can be used to calculate three AoAs: 

γଵ ൌ asin ൬
ΔΦଵߣ଴
݀ߨ2

൰ (5.6)

γଶ ൌ asin ൬
ΔΦଶߣ଴
݀ߨ2

൰ 

γଷ ൌ asin ൬
ΔΦଷߣ଴
݀ߨ2

൰ 

 

Referring to Figure 5.4, lengths l1, l2 and l3 will be: 

݈ଵ ൌ ݎ sin ଵ (5.7)ߛ

݈ଶ ൌ ݎ sin  ଶߛ

݈ଷ ൌ ݎ sin  ଷߛ

 

Lines A and C will intersect the z-axis at: 

௔ݖ ൌ
2݈ଵ
√3

 (5.8)

௖ݖ ൌ
െ2݈ଷ
√3

 

 

The three-dimensional intersection point can now be expressed as: 
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ଵݔ ൌ ݈ଶ (5.9)

ଵݖ ൌ
௔ݖ ൅ ௖ݖ

2
 

ଵݕ ൌ ටܴଶ െ ଵݔ
ଶ െ ଵݖ

ଶ 

 

where R is the range from radar to target. 

Elevation and azimuth will be: 

ߠ ൌ asin ቀ
ଵݖ
ܴ
ቁ (5.10)

߮ ൌ atan ൬
ଵݔ
ଵݕ
൰ 

 

5.2.2 Right-Angled Triangle Antenna Constellation 

A right-angled configuration, illustrated in Figure 5.5, was used extensively during the early stages of 

this study while investigating multipath effects. The vertical Rx1-Rx2 axis allows for direct translation 

from AoA to elevation angle. 

 

Rx1

Rx2 Rx3

Tx

 

Figure 5.5 Right-angle antenna configuration (as seen from the back). 
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Figure 5.6 illustrates the geometry when solving for elevation and azimuth in a right-angled 

configuration. Elevation is given by: 

ߠ ൌ asin ൬
ΔΦଵߣ଴
݀ߨ2

൰ (5.11)

with  

ΔΦଵ ൌ Φோ௫ଵ െ Φோ௫ଶ 

 

Azimuth is related to the geometry as follows: 

sin߮ ൌ
ݔ
ᇱݎ

 (5.12)

 

 

x-axis

T

R

φ

θ

x

r`

r

 
Figure 5.6 Elevation and azimuth angle geometry for the right-angled configuration. 
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The second phase difference (between Rx2 and Rx3) can be used to calculate x, while elevation can be 

used to obtain r’: 

ݔ ൌ ݎ cos (5.13) ߛ

ᇱݎ ൌ ݎ cos  ߠ

ߛ ൌ asin ൬
ΔΦଶߣ଴
݀ߨ2

൰ 

ΔΦଶ ൌ Φோ௫ଷ െ Φோ௫ଶ 

⇒ 				߮ ൌ asin ቀ
cos ߛ
cos ߠ

ቁ 

 

5.2.3 Two-by-Three Matrix Antenna Constellation 

The six-antenna configuration, shown in Figure 5.7, was used during a proof-of-concept 

demonstration [54]. It is included here because these measurements will be presented in a subsequent 

chapter. Each antenna is used for a single operating frequency only, which necessitates the use of six 

receive and two transmit antennas. Angle extraction remains the same as in the equilateral triangle 

configuration. 

 

Rx2-f2 Rx1-f1 Rx3-f2 Tx-f1

Tx-f2Rx2-f1Rx1-f2Rx3-f1
 

Figure 5.7 Two-by-three matrix antenna constellation (as seen from the back). 
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5.3  Receiver Spacing and AoA Ambiguities 

Section 5.1 showed how the phase difference between two closely spaced receivers was related to the 

incoming signal’s incidence angle: 

ΔΦ ൌ
݀ߨ2 sin ߛ

଴ߣ
 (5.14)

 

Aside from incidence angle, operating frequency and receiver spacing also determine phase difference. 

For a given wavelength (or operating frequency), there is a maximum receiver spacing (d) where 

unambiguous angle extraction is still possible. Assuming the incidence angle (γ) can range from -90° 

to +90°: 

െ
ߨ
2
൑ ߛ ൑

ߨ
2

 (5.15)

⇒				െ2ߨ
݀
଴ߣ
൑ ΔΦ ൑ ߨ2

݀
଴ߣ

 

 

This implies that a maximum receiver spacing of half a wavelength (approximately 15 mm at 10 GHz) 

is required for unambiguous AoA determination. The APS radar sensor was designed with a receiver 

spacing ten times wider, approximately five wavelengths. An additional mechanism is needed to 

resolve the angle ambiguity, which will be discussed in the following sub-section. 

5.4  Dual-frequency Angle Extraction 

The AoA ambiguity mentioned in the previous sub-section can be resolved by incorporating a second 

operating frequency. Burst phase measurements from two operating frequencies (and a single receive 

antenna) can be used to create a third artificial operating frequency. Recall the ideal burst phase 

expression from (5.1) for operating frequency f1: 

Φ஺ଵ ൌ ߨ2 ଵ݂ݐௗ଴ (5.16)

 

A second burst phase measurement at f2 for the same receive antenna will be: 

Φ஺ଶ ൌ ߨ2 ଶ݂ݐௗ଴ (5.17)
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Subtracting ΦA2 from ΦA1 yields: 

Φ஺ଷ ൌ ߨ2 ଵ݂ݐௗ଴ െ ߨ2 ଶ݂ݐௗ଴ 

ൌ ߨ2 ଷ݂ݐௗ଴ (5.18)

 

Using APS as an example: 

ଷ݂ ൌ ଵ݂ െ ଶ݂ 

ൌ ݖܪܩ	10.1 െ 9.1  ݖܪܩ

ൌ  ݖܪܩ	1

 

A third artificial operating frequency of 1GHz was created, which can be used to resolve the angle 

ambiguity at f1 and f2 (also called coarse angle estimation). At 1 GHz, the receive antenna spacing of 

150 mm is approximately equivalent to half a wavelength. 

5.5  Multipath Effect 

This section will investigate the effect of multipath on extracted angles. Chapter 4 developed a 

mathematical model that describes the change in measured burst phase due to specular multipath 

interference. Errors in burst phase will lead to errors in extracted elevation and azimuth angles, but it 

is the error in coarse angle that is of greatest practical concern. If the phase error is large enough, it 

could lead to incorrect ambiguities being resolved. 

Consider the case where the receive antenna spacing is 5λ. The AoA is given by: 

sin ߛ ൌ
ΔΦߣ଴
݀ߨ2

 ቂെ
ߨ
2
൏ ߛ ൏

ߨ
2
ቃ 

ൌ
ΔΦߣ଴
଴ߣ5ߨ2

 (5.19)

 

There are ten possible angles4 for γ, which correspond to ten possible phase differences: 

                                                      
4 In the case where ΔΦ = 0, there will be nine possible angles, since ±π/2 is excluded. 
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ΔΦ௣௢௦௦௜௕௟௘ ൌ ΔΦ േ ሾ݊ ݊ߨ2 ൌ 0, 1, 2, 3, 4, 5ሿ (5.20)

 

Figure 5.8 shows all possible angles (γ) for a burst phase difference measurement (ΔΦ) of 0. It can 

clearly be seen that a coarse angle estimation error as small as approximately 0.1 radians (6°) is 

enough to result in an incorrect ambiguity being chosen. 

 

Figure 5.9 (a - c) shows the simulated coarse angle error and the resulting ambiguity angle error (error 

due to incorrect ambiguity being chosen). The first graph (Figure 5.9 a) illustrates angle errors under 

mild multipath conditions (|Γ| = 0.1). While the coarse angle error is fairly small, there are some 

instances where an incorrect ambiguity is chosen. The second and third graphs are for moderate (|Γ| = 

0.3) and severe (|Γ| = 0.5) multipath conditions. Coarse angle errors become very large under these 

circumstances, which is why a mitigation method is essential. Mitigation methods will be discussed in 

the next chapter. 

γ 
=

 1
1°

 

γ =
 2

4°
 

γ = -24° 

γ = -11° 

 

Figure 5.8 Ambiguous angles for a phase difference measurement of 0. 
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5.6  Conclusion 

This chapter discussed some of the algorithms and antenna configurations that can be utilised to 

calculate elevation and azimuth angles in phase-comparison systems. This allowed for a qualitative 

evaluation of multipath phase error, which will be needed in Chapter 6 when possible mitigation 

methods are proposed. 

 

 
(c) 

Figure 5.9 Coarse angle error and the resulting ambiguity angle error for (a) |Γ| = 0.1, (b) |Γ| = 0.3 and (c) |Γ| = 0.5. 
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Chapter 6: Mitigation Methods 

Previous chapters investigated the effects of specular multipath interference on the measured burst 

phase and the resulting errors in angle estimation. It was shown that, even under moderate multipath 

conditions, serious coarse angle errors can occur. This chapter will investigate three mitigation 

techniques that can be implemented to cope with multipath interference. 

6.1  Method 1: Single Channel Phase Unwrapping 

The ideal burst phase, Φ0, is a function of the distance between the target and the radar. As this 

distance changes (due to target movement), the burst phase will change, continually wrapping itself 

around the (-π, π] range. This mitigation method will attempt to unwrap the measured burst phase and 

then look for any periodic variations caused by multipath. 

6.1.1 Algorithm Description 

Recall the expression for measured burst phase from (3.23): 

Φ௕௨௥௦௧ ൌ Φ଴ െ	Φ௘௥௥௢௥ ൅ Φ௠௣ ൅ ூ݂ி
ߨ ோܰ

௦݂
൅ ௘݂௥௥௢௥

ߨ ோܰ

௦݂
െ  ݇ߨ

				൅	ߠ୼
஽ܰ

2
	൅ Φ୼௠௣

஽ܰ

2
൅ ߨ ୼݂

ோܰ ஽ܰ

2 ௦݂
–  ܾߨ

ൌ ሺΦ଴ െ Φ௘௥௥௢௥ሻ ൅ ߨݍ ൅ ߨܽ ൅ ሺΦ௠௣ ൅ Φ୼௠௣
ଵ
ଶ ஽ܰሻ (6.1)

 

There are four main components: (Φ0 – Φerror), q (which changes as the target moves from range-bin to 

range-bin), a (which changes as the target moves from Doppler-bin to Doppler-bin) and the multipath 

phase error. 

 Φ0 and Φerror can be estimated by using (3.11a) and (3.11a). 

 q can be estimated by calculating the time spent in each range-bin. 

 a can be estimated by calculating the time spent in each Doppler-bin. 

The estimates for (Φ0 – Φerror), qπ and aπ are subtracted from Φburst to produce an intermediary phase: 
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Φ௧௘௠௣ ൌ Φ௕௨௥௦௧ െ Φ଴௘௦௧ െ ௘௦௧ߨݍ െ  ௘௦௧ߨܽ

ൎ Φ௥௘௠௔௜௡ௗ௘௥ ൅ ሺΦ௠௣ ൅ Φ୼௠௣
ଵ
ଶ ஽ܰሻ (6.2)

 

The intermediary phase is then unwrapped and compared with the range data. The graphs of the 

unwrapped phase and the range should be similar in shape. The last step is to remove the remaining 

non-multipath phase by subtracting an appropriately scaled version of the range graph. Figure 6.1 

illustrates the process: 

 

 

Figure 6.1 Single-channel phase unwrapping algorithm. 
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6.1.2 Simulation Example 

This sub-section will illustrate the mitigation method step-by-step using a simulation example. Two 

receive antennas were placed directly above each other at heights of 1 m and 1.15 m respectively. The 

simulation parameters are listed in Table 6.1. 

Table 6.1 Simulation parameters. 

Parameter Value Notes 

Target Velocity -100 m/s Velocity remained constant. 

Initial Target Range 20 m  

Target Placement (Height, Offset) (1 m, 0 m) Target directly in front of radar. 

Target Attitude (Azimuth, Elevation) (0 rads, 0 rads) Target moved directly towards radar. 

SNR 20 dB After range-Doppler processing. 

Antenna Separation Distance 0.15 m  

Operating Frequencies (f1 , f2) (10.1 GHz, 9.1 GHz)  

Sample Rate, fs 15.625 MHz  

Samples per Sweep, NR 256  

Sweeps per Burst, ND 256  

Sweep Duration, Trep 20 μs  

Sweep Rate, μ 3.125 THz/s  

Reflection Coefficient, |Γ| 0.5  

 

The first step is to extract range-bin and Doppler-bin data. The Doppler-bin data is trivial to obtain in 

this case, as the target is maintaining a constant velocity. Substituting into (3.25) and solving for b 

yields: 

ݎ݈݁݌݌݋ܦ െ ܾ݅݊௙ଵ ൌ 34 

ݎ݈݁݌݌݋ܦ െ ܾ݅݊௙ଶ ൌ 31 
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The Doppler-bin data can also be measured (as it would be in a real-world scenario). Radial velocity is 

estimated as the average of the velocities obtained via Doppler-binf1 and Doppler-binf2 (from (3.25)): 

௘௦௧ݒ ൌ
1
2
ቈ

ܾܿଵ
2 ଵ݂ ௥ܶ௘௣ ஽ܰ

൅
ܾܿଶ

2 ଶ݂ ௥ܶ௘௣ ஽ܰ
቉ (6.3)

ൌ  ݏ/݉	99.21

 

 

The range-bin data is presented in Figure 6.2. From this it is possible to estimate the initial range (R0) 

using (3.24): 

ܴ଴ ൌ
ܿ ௦݂

ߤ2 ோܰ
݇ (6.4)

ൌ 20.51	݉ 

 

 

 

Figure 6.2 Range-bin number as a function of range. 
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R0 is combined with velocity to estimate range (shown in Figure 6.3): 

ܴ௘௦௧ ൌ ܴ଴ ൅ න ݑ௘௦௧݀ݒ
௧

଴
 (6.5)

 

 

With Rest it is possible to obtain an estimate of (Φ0 – Φerror), which allows for the first part of the 

multipath estimation algorithm to be completed: 

Φ଴ െ Φ௘௥௥௢௥ ൌ ߨ2 ଴݂
2ܴ
ܿ
െ ߤߨ2 ቆଵ

ଶ
ௗ଴ଶݐ ൅

ଶݒ2

ܿଶ
݊ଶ ௥ܶ௘௣

ଶቇ 

ൎ ߨ2 ଴݂
2ܴ
ܿ
െ ߤߨ4

ܴଶ

ܿଶ
 

⇒	Φ଴௘௦௧ ൌ ߨ2 ଴݂
2ܴ௘௦௧
ܿ

െ ߤߨ4
ܴ௘௦௧
ଶ

ܿଶ
 (6.6)

 

and: 

 

Figure 6.3 Estimated range as a function of range. 
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(a) 

 
(b) 

Figure 6.4 Comparison of burst phase (a) after and (b) before compensation. 
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Φ௘௦௧ଵ ൌ ሺΦ଴ െ Φ௘௥௥௢௥ሻ ൅ ߨݍ ൅ ߨܽ ൅ ቀΦ௠௣ ൅ Φ୼௠௣
ଵ
ଶ ஽ܰቁ െ Φ଴௘௦௧ 

ൌ ቀΦ௠௣ ൅ Φ୼௠௣
ଵ
ଶ ஽ܰቁ ൅ ߨݍ ൅ ߨܽ ൅ Φோ௘௠௔௜௡ௗ௘௥ (6.7)

 

Figure 6.4 (a and b) illustrates this, where the unaltered burst phase is compared with the phase after 

subtracting Φ0est. The altered phase changes at a far slower rate, and it is now possible to see the 

transitions (circled in magenta) from one range-bin to the next range-bin. 

The next step is to estimate q and a (from (6.1)). Recall from (3.14b) that the value of q changes from 

-0.5 to 0.5 as the target moves from one boundary of the range-bin to the other boundary. It should be 

possible to deduce an estimate for q from the range-bin data presented in Figure 6.2. 

Since the simulated target is moving at a constant velocity, it is not necessary to estimate a (which will 

also remain constant), but a similar method as for q can be followed. 

 

 

Figure 6.5 Estimated q as a function of range. 
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Figure 6.5 shows the estimated q for this simulation example, which was obtained by converting the 

step-function range-bin data into a corresponding saw-tooth function. The multipath estimate can be 

further refined by subtracting πq (and πa, if applicable): 

Φ௘௦௧ଶ ൌ Φ௘௦௧ଵ െ ௘௦௧ݍߨ െ  ௘௦௧ܽߨ

ൌ ቀΦ௠௣ ൅ Φ୼௠௣
ଵ
ଶ ஽ܰቁ ൅ Φோ௘௠௔௜௡ௗ௘௥ (6.8)

 

This produces the graph in Figure 6.6. The phase discontinuities (where the target transitioned from 

one range-bin to the next) have been removed, but there is still a remaining non-multipath phase 

component. The remainder (Φremainder) is due to the small difference between estimated and actual 

range. 

 

Figure 6.7 compares a graph of Φest2 after unwrapping with a scaled graph of estimated range. They 

are similar in shape, since the estimated range (and therefore Φ0est) should be similar in shape to the 

 

Figure 6.6 Compensated burst phase after subtracting πq. 
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actual range. Subtracting an appropriately scaled version of the estimated range should therefore 

produce something very close to the desired multipath phase: 

Φ௘௦௧ଷ ൌ Φ௘௦௧ଶ െ  ଵܴ௘௦௧ܭ

ൎ ቀΦ௠௣ ൅ Φ୼௠௣
ଵ
ଶ ஽ܰቁ ൅ ஼௢௡௦௧ (6.9)ܭ

 

 

The only remaining undesired component should be an approximately constant phase, KConst. Recall 

from Figure 4.7 that the multipath phase error should have a zero mean (for the duration of one 

period), which implies that KConst can be eliminated by subtracting an appropriate value: 

௘௦௧݄ݐܽ݌݅ݐ݈ݑܯ ൌ Φ௘௦௧ଷ െ Φ௘௦௧ଷ 

ൎ ቀΦ௠௣ ൅ Φ୼௠௣
ଵ
ଶ ஽ܰቁ (6.10)

 

 

Figure 6.7 Unwrapped, compensated burst phase as a function of range. 
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A final estimate for the multipath phase error is compared to the actual multipath phase error in Figure 

6.8, clearly showing very good agreement between the two. 

 

6.1.3 Measured Data Example 

This sub-section will apply the phase unwrapping method to real-world measured data obtained from a 

Reutech Radar Systems demonstrator radar. During measurement, a rocket-propelled grenade (RPG) 

was launched from approximately 200 m away towards a target area 14 m to the right of the radar 

system. An eight-antenna configuration was used (six receive and two transmit antennas), similar to 

that shown in Figure 5.7. 

The first step is extracting range-bin and Doppler-bin information, presented here in Figure 6.9 and 

Figure 6.10 respectively. Data from all six receivers are shown to illustrate the effects of noise (and 

other interfering signals). The Doppler-bin data can then be used to estimate radial velocity, shown in 

Figure 6.11, which can in turn be used to estimate range, shown in Figure 6.12. Estimates for q and a 

can also be computed, as illustrated in Figure 6.13. 

 

Figure 6.8 Final estimation of multipath phase error. 
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Figure 6.9 Detected range-bins for all channels. 
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Figure 6.10 Detected Doppler-bins for all channels. 
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Figure 6.11 Estimated radial velocity. 
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Figure 6.12 Comparison of estimated range and corresponding bin range. 
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The next step is to combine all these estimates to calculate Φest2: 

Φ௘௦௧ଶ ൌ Φ௘௦௧ଵ െ ௘௦௧ݍߨ െ  ௘௦௧ܽߨ

ൌ ቀΦ௠௣ ൅ Φ୼௠௣
ଵ
ଶ ஽ܰቁ ൅ Φோ௘௠௔௜௡ௗ௘௥ (6.11)

 

Φest2 for all six channels is shown in Figure 6.14. These phases, which comprise a multipath 

component and a remainder component, are unwrapped, producing the graphs in Figure 6.15. An 

appropriately scaled version of the range graph is subtracted from each channel’s unwrapped phase, 

which produces the estimates in Figure 6.16. These graphs are fairly close to the desired multipath 

error phases, with only a small portion of ΦRemainder that still has to be accounted for. A final estimate, 

comprised of several straight lines, is subtracted to produce the single-channel multipath error 

estimates shown in Figure 6.17. 

 

 
Figure 6.13 Estimates for q and a (offset from each other for clarity). 
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Figure 6.14 Compensated burst phase for all channels. 
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Figure 6.15 Unwrapped, compensated burst phase for all channels. 
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Figure 6.16 Unwrapped, compensated burst phase for all channels after additional correction. 
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Figure 6.17 Single-channel multipath phase error estimates. 
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Figure 6.18 shows the result when combining all the single-channel multipath estimates during coarse 

angle extraction. Recall from Section 5.4 that an artificial operating frequency can be created by 

subtracting the phase difference at f2 from the phase difference at f1, which can be used to resolve the 

angle ambiguity when receiver spacing is larger than λ/2. The antenna configuration used during this 

set of measurements (see Section 5.2.3) will have the following coarse angle phases: 

Φ௖௔ଵ ൌ ൫Φ௥௫ଵ௙ଵ െ Φ௥௫ଶ௙ଵ൯ െ ሺΦ௥௫ଶ௙ଶ െ Φ௥௫ଵ௙ଶሻ (6.12)

Φ௖௔ଶ ൌ ൫Φ௥௫ଵ௙ଵ െ Φ௥௫ଷ௙ଵ൯ െ ሺΦ௥௫ଷ௙ଶ െ Φ௥௫ଵ௙ଶሻ (6.13)

Φ௖௔ଷ ൌ ൫Φ௥௫ଶ௙ଵ െ Φ௥௫ଷ௙ଵ൯ െ ሺΦ௥௫ଷ௙ଶ െ Φ௥௫ଶ௙ଶሻ (6.14)

 

Subtracting the coarse angle multipath estimates in Figure 6.18 from Φca1, Φca2 and Φca3 reduces the 

mean error by 14.4%, -3% and 22.9% respectively. 

 

 
Figure 6.18 Comparison between coarse angle phases and their estimated multipath components. Expected coarse angle 

phases (calculated from the physical geometry of the measurement setup) are displayed as dashed lines. 
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6.2  Method 2: Sum-Difference Processing 

This method compares the difference and sum of consecutive sweeps in an attempt to estimate the 

second multipath term (ΦΔmp). Recall the following expression for sweep n from (4.14): 

,ݐூிሺݏ ݊ሻ ൌ ߨcos൫2ܣ ூ݂ிݐ ൅ ߨ2 ୼݂݊ݐ ൅ Φ଴ ൅ ୼݊ߠ ൅ ߨ2 ௦݂௤ݐଶ (6.15)

				൅2ߨ ௘݂௥௥௢௥ݐ െ Φ௘௥௥௢௥ ൅ Φ௠௣ ൅ Φ୼௠௣݊൯ 

ൌ ܣ cosሺܺሻ 

 

and for sweep n + 1: 

,ݐூிሺݏ ݊ ൅ 1ሻ ൌ ߨcos൫2ܣ ூ݂ிݐ ൅ ߨ2 ୼݂݊ݐ ൅ Φ଴ ൅ ୼݊ߠ ൅ ߨ2 ௦݂௤ݐଶ (6.16)

				൅2ߨ ௘݂௥௥௢௥ݐ െ Φ௘௥௥௢௥ ൅ Φ௠௣ ൅ Φ୼௠௣݊ ൅ ߨ2 ୼݂ݐ ൅ ୼ߠ ൅ Φ୼௠௣൯ 

ൌ ܣ cosሺܺ ൅ ܻሻ 

 

Sum and difference signals can be defined as: 

,ݐஊሺݏ ݊ሻ ≜ ,ݐூிሺݏ ݊ ൅ 1ሻ ൅ ,ݐூிሺݏ ݊ሻ 

ൌ ܣ cosሺܺ ൅ ܻሻ ൅ ܣ cosሺܺሻ 

ൌ ܣ2 cos
ܻ
2
cos

2ܺ ൅ ܻ
2

 (6.17)

 

and 

,ݐ୼ሺݏ ݊ሻ ≜ ,ݐூிሺݏ ݊ ൅ 1ሻ െ ,ݐூிሺݏ ݊ሻ 

ൌ ܣ cosሺܺ ൅ ܻሻ െ cosܺ 
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ൌ െ2ܣ sin
ܻ
2
sin

2ܺ ൅ ܻ
2

 (6.18)

 

The signals described by (6.17) and (6.18) can be subjected to range-Doppler processing in the same 

way that regular input signals would be. Dividing the burst amplitude of the difference signal by the 

burst amplitude of the sum signal produces the following: 

୼ሽݏሼ݌݉ܣ

ஊሽݏሼ݌݉ܣ
ൌ
ܣ2 sin

ܻ
2

ܣ2 cos
ܻ
2

 

ൌ tan
ܻ
2

 (6.19)

 

Taking the arctangent of (6.19) gives an estimate for Y: 

2atan ቆ
୼ሽݏሼ݌݉ܣ

ஊሽݏሼ݌݉ܣ
ቇ ൌ ܻ 

ൌ ߨ2 ୼݂ݐ ൅ ୼ߠ ൅ Φ୼௠௣ 

ൎ ୼ߠ ൅ Φ୼௠௣ (6.20)

 

Radial velocity determines θΔ, which means that the multipath term (ΦΔmp) can be estimated. 

 

6.2.1 Algorithm Description 

Figure 6.19 contains a flow diagram that describes the sum-difference processing method. Raw input 

signal data from a single channel are used to construct the sum and difference signals. After range-

Doppler processing, the amplitude information (from the same range-Doppler-bin as the original 

detection) is used to estimate Y. Velocity data is used to estimated θΔ, which is subtracted from Yest to 

give ΦΔmp-est. Integration is applied to obtain an estimate of the multipath phase error, which can then 

be subtracted from corrupted burst phase measurements to improve accuracy. 
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6.2.2 Simulation Example 

Table 6.2 Simulation parameters. 

Parameter Value Notes 

Target Velocity -400 m/s Velocity remained constant. 

Initial Target Range 20 m  

Target Placement (Height, Offset) (1 m, 0 m) Target directly in front of radar. 

Target Attitude (Azimuth, Elevation) (0 rads, 0 rads) Target moved directly towards radar. 

SNR 50 dB After range-Doppler processing. 

Antenna Separation Distance 0.15 m  

Operating Frequencies (f1 , f2) (10.1 GHz, 9.1 GHz)  

Sample Rate, fs 15.625 MHz  

Samples per Sweep, NR 256  

Sweeps per Burst, ND 256  

Sweep Duration, Trep 20 μs  

Sweep Rate, μ 3.125 THz/s  

Reflection Coefficient, |Γ| 0.5  

 

 

Figure 6.19 Sum-difference processing algorithm. 
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Table 6.2 contains all the relevant simulation parameters for this example. Figure 6.20 shows the 

estimated ΦΔmp after applying sum-difference processing and removing the velocity component (θΔ). 

Integrating this result produces an estimate for multipath phase error, shown in Figure 6.21. Care must 

be taken to remove any erroneous offset before integration, as this could lead to large errors in 

estimated multipath. 

 

 

 
Figure 6.20 Comparison between estimated and actual multipath phase difference. 
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Figure 6.21 Comparison between estimated and actual multipath phase error. 
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6.2.3 Measured Data Example 

The same data that was captured and used in Section 6.1.3 will be used here. After sum-difference 

processing, an estimate for Y is obtained, shown here in Figure 6.22. The two graphs are very similar 

in shape to the radial velocity from 6.1.3 (as expected). Removing θΔ gives an estimate of ΦΔmp, of 

which an example is illustrated in Figure 6.23. 

 

 

 
Figure 6.22 Estimated Y for all channels. 
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Figure 6.23 Estimated multipath phase difference for Rx1f1 channel, shown in blue. A magnified version of the offset 

correction is shown in red. 
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Figure 6.24 (a), (b) and (c) show the original coarse angle phases (Φca1, Φca2 and Φca3) with their 

respective multipath corrected versions. Mean error reductions of 15.5%, 20.3% and 41.7% were 

achieved. 

6.3  Method 3: Filtering 

This section will investigate a basic α-filter solution as mitigation method. The assumption is that the 

AoA will change slowly over time, as compared with multipath phase errors, noise interference and 

other disturbances. A suitable low-pass filter should be able to suppress unwanted signals, while 

leaving the desired angle information intact. 

6.3.1 Filter Description 

There are several filter solutions that could potentially be used for this application. The α-filter was 

selected as a computationally inexpensive option that is also very simple to design. It is well known 

from radar tracking that α-β filtering is an effective method for estimating position from noisy 

observation data [55] [56] [57]. 

The working of an α-filter is described by (6.21): 

 

(c) 

Figure 6.24 Comparison between corrected and non-corrected coarse angle phase for (a) Φca1, (b) Φca2 and (c) Φca3. 
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௡ݔ ൌ ௡ିଵݔ ൅ ௥௘௦ (6.21)ݔߙ

and   

௥௘௦ݔ ൌ ௢௕௦ݔ െ   ௡ିଵݔ

 

where xn is the filtered output, 

xres is the residue (difference between a new observation xobs and the previous output) and 

α is a constant that determines how quickly new observation data is incorporated into the 

filtered output. 

6.3.2 Simulation Example 

Table 6.3 Simulation parameters. 

Parameter Value Notes 

Target Velocity -100 m/s Velocity remained constant. 

Initial Target Range 20 m  

Target Placement (Height, Offset) (1 m, 0 m) Target directly in front of radar. 

Target Attitude (Azimuth, Elevation) (0 rads, 0 rads) Target moved directly towards radar. 

SNR 20 dB After range-Doppler processing. 

Antenna Separation Distance 0.15 m  

Operating Frequencies (f1 , f2) (10.1 GHz, 9.1 GHz)  

Sample Rate, fs 15.625 MHz  

Samples per Sweep, NR 256  

Sweeps per Burst, ND 256  

Sweep Duration, Trep 20 μs  

Sweep Rate, μ 3.125 THz/s  

Reflection Coefficient, |Γ| 0.5  
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Table 6.3 details all the relevant simulation parameters for this example. Two receive antennas were 

placed in a vertical line with a distance of 0.15 m between them (approximately 5λ). Severe multipath 

interference can be seen in Figure 6.25 (a and b), where the burst phase difference (ΔΦ) for operating 

frequencies f1 and f2 is shown. Figure 6.25 (c) shows the phase difference (ΔΦ) at f3, the artificial 

operating frequency created by subtracting ΔΦ at f2 from ΔΦ at f1. It is this phase information that will 

be used to calculate the coarse angle. 

The next step is to apply an α-filter to the coarse angle phase data. There is a design trade-off between 

filter response time and unwanted signal rejection: if α is chosen too high, the filter will not provide 

sufficient interference rejection, but if α is chosen too low, it might take a long time for the filter to 

settle on the correct value. Figure 6.26 (a, b and c) illustrates the effect of different α values. In the 

case of (a), α was chosen too high and the filter output does not remove multipath interference. 

Scenario (c) has an α value that is too low, and it takes too long for the output to settle at the correct 

level. A midway value was chosen for (b); here the filter output provides sufficient multipath 

suppression (most of the time), while settling time is reduced to an acceptable level. 
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(b) 

 
(c) 

Figure 6.25 Angle-of-arrival phases (ΔΦ) for (a) f1 = 10.1 GHz, (b) f2 = 9.1 GHz and (c) f3 = f1 – f2 = 1 GHz. 
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(a) 

 

(b) 

20 30 40 50 60 70 80 90 100
-4

-3

-2

-1

0

1

2

3

4

Range [m]


 [

ra
d]

 

 

Unaltered

Filtered
Actual

20 30 40 50 60 70 80 90 100
-4

-3

-2

-1

0

1

2

3

4

Range [m]


 [

ra
d]

 

 

Unaltered

Filtered
Actual

Stellenbosch University  https://scholar.sun.ac.za



 
 

90 
 

 

 

6.3.3 Measured Data Example 

The same measurement data from 6.1.3 and 6.2.3 was filtered using an α-filter. Two sets of results are 

presented: for the first, the initial state of the filter was set to ideal conditions, while the other set of 

results is for a worst-case scenario. Figure 6.27 (a), (b) and (c) show the unfiltered coarse angle phases 

(Φca1, Φca2 and Φca3) in blue, with the filtered versions superimposed in red. Reductions in mean error 

of 71.4%, 79.1% and 79.5% were obtained. 

Figure 6.28 (a), (b) and (c) show the same unfiltered coarse angle phases; however, the initial state of 

the α-filter was set to worst-case values. This was done to see how long it would take for the filter to 

settle on the correct band. Reductions in mean error of 52.7%, 58.1% and 54.6% were achieved in this 

non-ideal case. 

 

(c) 

Figure 6.26 Comparison of filtered and unfiltered coarse angle phase (ΔΦ at f3) for (a) α = 1/300, (b) α = 1/4000 

and (c) α = 1/10000. 
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(c) 

Figure 6.27 Comparison of filtered and unfiltered coarse angle phases for (a) Φca1, (b) Φca2 and (c) Φca3. In this example 

the filter was initialised with favourable values. 
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(b) 

 

(c) 

Figure 6.28 Comparison of filtered and unfiltered coarse angle phases for (a) Φca1, (b) Φca2 and (c) Φca3. In this example 

the filter was initialised with extreme values. 
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6.4  Comparison 

Table 6.4 provides a quick comparison of the most important aspects of all three mitigation methods. 

The clear winner is filtering, which provides by far the largest reduction in error and is also the 

simplest in terms of computational complexity. Whilst the other two methods did show a lot of 

potential during simulation experiments, they were unable to cope properly with the more erratic 

nature of a real-world measurement. 

Table 6.4 Comparison of mitigation methods. 

 Mean Error Reduction Computational Complexity 

Phase Unwrapping 11.4% Very Complex 

Sum-Difference Processing 25.8% Very Complex 

Filtering 76.6% Simple 

 

There is one way in which phase unwrapping and sum-difference processing can provide more insight 

into the nature of multipath interference, namely their ability to estimate the multipath phase error for 

a single channel. In applications where the target is more “well-behaved”, i.e. constant or near 

constant velocity, the first two mitigation methods should perform much better and should also 

provide some measure of the multipath error signal itself. 
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Chapter 7: Conclusions 

Radar systems operating in any environment where reflective or partially reflective surfaces are 

present will suffer from multipath interference. Understanding the effects of the physical environment 

on transmitted and received signals is crucial when designing mitigation algorithms. Advancements in 

digital signal processing have extended the capabilities of FMCW radar and have thereby allowed the 

application thereof in new fields. This study was presented with a unique opportunity – new operating 

environments and signal processing schemes require novel multipath models. 

Several physical environment models were investigated, with a flat, reflective ground surface being 

selected. A number of multipath mitigation techniques for typical FMCW applications were also 

studied. Many of these assume an industrial indoor environment with multiple reflective surfaces, 

which require the application of statistical methodologies. Despite the ingenious approaches of these 

mitigation methods, they were not suitable for the typical operating parameters of the Active 

Protection System (or other similar systems). 

A rigorous mathematical derivation of the two-dimensional FFT, or range-Doppler, processing method 

was combined with expressions for phase and amplitude disturbance due to specular multipath for 

FMCW radar signals. Additional phase terms that are typically ignored were scrutinised to determine 

the effect they have on the measured burst phase. Some were found to have a significant impact under 

certain range and velocity conditions. Two multipath phase terms were also discovered, one of which 

is a result of the particular signal processing method employed. 

Three mitigation methods were proposed and critically evaluated. Simulation results showed the 

potential viability of all three methods. Although the first two methods, Phase Unwrapping and Sum-

Difference Processing, are computationally expensive, they have the potential to estimate the 

multipath error signal for a single channel. The third method, which uses a simple α-filter approach, is 

much easier to implement and also has a far lower computational overhead. All three methods were 

applied to real-world measurement data, with the α-filter method showing the best results by far. 

All the objectives that were set at the beginning of this study have been completed: 

 A novel multipath interference model was derived that accounts for both the environment and 

the range-Doppler processing method. 

 Three mitigation methods were proposed and critically evaluated. 
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In addition to these objectives, a thorough mathematical derivation of the two-dimensional FFT signal 

processing method for FMCW systems was also completed, giving insight into the non-ideal aspects 

of this method. 
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