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Abstract. For fixed t > 2, we consider the class of representations of 1 as a sum of unit fractions
whose denominators are powers of ¢, or equivalently the class of canonical compact t-ary Huffman
codes, or equivalently rooted t-ary plane “canonical” trees. We study the probabilistic behavior of
the height (limit distribution is shown to be normal), the number of distinct summands (normal
distribution), the path length (normal distribution), the width (main term of the expectation and
concentration property), and the number of leaves at maximum distance from the root (discrete
distribution).
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1. Introduction. We consider three combinatorial classes, which all turn out
to be equivalent: partitions of 1 into powers of ¢, canonical compact t-ary Huffman
codes, and “canonical” t-ary trees; see the precise discussion below. In this paper,
we are interested in the structure of these objects under a uniform random model,
and we study the distribution of various structural parameters, for which we obtain
rather precise limit theorems. Let us first define all three classes precisely and explain
the connections between them. Throughout the paper, t > 2 will be a fixed positive
integer. Figure 1 shows examples in the case t = 2.

1. Partitions of 1 into powers of ¢ (representations of 1 as a sum of unit fractions
whose denominators are powers of t) are formally defined as follows:

T

1
Cpartition = {(xlv---ax‘r) ez TZO,OSQH <ap <<y, thl :1}
=1

The external size |(x1,...,x,)| of such a representation (x1, ..., z,) is defined
to be the number 7 of summands.
2. Second, we consider canonical compact t-ary Huffman codes:

Coode = {C C{1,...,t}*| C is prefix-free, compact, and canonical}.
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Fic. 1. All elements of external size 5 (and internal size 4, respectively) in Crree, Ccode, and
CPartition fO'I" t=2.

Here, we use the following notions:

e {1,...,t}* denotes the set of finite words over the alphabet {1,... t}.

e A code C is said to be prefiz-free if no word in C is a proper prefix of
any other word in C.

e A code C is said to be compact if the following property holds: if w is a
proper prefix of a word in C, then for every letter a € {1,...,t}, wa is
a prefix of a word in C.

e A code C is said to be canonical if the lexicographic ordering of its words
corresponds to a nondecreasing ordering of the word lengths. This con-
dition corresponds to taking equivalence classes with respect to permu-
tations of the alphabet (at each position in the words).

The external size |C| of a code C' is defined to be the cardinality of C.

If C € Coodge with C = {wy,...,w,} and the property that length(w;) <
length(w;+1) holds for all ¢, then (length(w;),...,length(w;)) € Cpartition-
This is a bijection between Ccoge and Cpgrtition Preserving the external size.
This connection can be explained by the Kraft-McMillan inequality [20, 22],
which states that for any prefix-free code C' = {w1, ..., w;} one must have

T

Z tflength(wi) <1,

i=1

and compact codes are precisely those for which equality holds (meaning that
they are optimal in an information-theoretic sense).

3. Finally, both partitions and codes are related to so-called canonical rooted
t-ary trees:

Crree = {T rooted t-ary plane tree | T' is canonical}.

Here, we use the following notions:
e t-ary means that each vertex has no or ¢ children.
e Plane tree means that an ordering “from left to right” of the children of
each vertex is specified.
e Canonical means that the following holds for all k: if the vertices of
depth (i.e., distance to the root) k are denoted by vy, ...,vk from left
to right, then deg(v;) < deg(v;+1) holds for all i.
The external size |T| of a tree is given by the number of its leaves, i.e., the
number of vertices of degree 1.

(© 2015 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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If C' € Ccoode, then a tree T € Cppee can be constructed such that the vertices

of T are given by the prefixes of the words in C, the root is the vertex

corresponding to the empty word, and the children of a proper prefix w of

a code word are given from left to right by wa for ¢ = 1,...,t. This is a

bijection between Ccoge to Crree preserving the external size.
Further formulations, details, and remarks can be found in the recent paper of Elsholtz,
Heuberger, and Prodinger [11]. We will simply speak of an element in the class C when
the particular interpretation as an element of Cpartition, Ccodes O Cree 1S nOt relevant.
Our proofs will use the tree model; therefore Cry. is abbreviated as 7.

The external size of an element in C is always congruent to 1 modulo ¢t — 1. This

can easily be seen in the tree model, where the number of leaves 7 and the number
of internal vertices n are connected by the identity

T=1+n(t-1).

Therefore, we will from now on consider the internal size: for a tree T' € Crpyee
the internal size of T' is the number n(7T) of internal vertices, for a code C € Ccode
the internal size is the number of proper prefixes of words of C, and for a partition
(z1,...,2:) € Cpartition, the internal size is defined to be (7 —1)/(t — 1). We will omit
the word “internal” and will always use the variable n (or n(T) for a specific element
T € C) to denote the size.

The asymptotics of the number of elements in C of size n has been studied by
various authors; see the historical overview in [11]. Special cases and weaker versions
(without explicit error terms) of the following result, which is given in [11] (building
upon the generating function approach by Flajolet and Prodinger [14]), were obtained
earlier and independently by different authors (Boyd [5], Komlds, Moser, and Nemetz
[19], Flajolet and Prodinger [14], and Tangora [28]).

THEOREM 1.1 (see [11]). Fort > 2, the number of elements of size n in C is (in
Bachmann—Landau notation) given by

Ro™ +0(p}),

where p > p2 and R are positive real constants depending on t with asymptotic expan-
sions (ast — c0)

1 t log 2 1 1 t-2 t?
pZQ—F-FO(ﬁ), p2 =1+ f +O(t—2), R:§+W+O<ﬁ>

In fact, all O-constants can be made explicit and more terms of the asymptotic
expansions in t of p, p2, and R can be given.

In spite of the fact that the counting problem has been studied independently
by many different authors, to the best of our knowledge the structure of random
elements has not been considered before. Thus the purpose of this contribution is to
study the probabilistic behavior of various parameters of a random element in C of size
n. We always use the uniform random model: whenever a random tree (equivalently,
partition or code) of a given order n is chosen, all elements are considered to be equally
likely:

1. The height h(T') of a tree T' € Crpyee is defined to be the maximum distance
of a leaf from the root. In the interpretation as a code, this is the maximum
length of a code word. In a representation of 1 as a sum of unit fractions, this
corresponds to the largest denominator used (more precisely, to the largest
exponent of the denominator).

(© 2015 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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The height is discussed in section 3. It is asymptotically normally distributed
with mean ~ ppn and variance ~ on, where

1 t-2 t? s 1 —t?45t-2 t3
/Lh:§+%+0(ﬁ) and o :Z—FT—FO ﬁ 3

cf. Theorem 3.1. Moreover, we prove a local limit theorem.

. The number of distinct summands of a representation (z1,...,z,) of 1 as a

sum of unit fractions is denoted by d(z1,...,2;). In the tree model, this
corresponds to the cardinality d(T') of the set of depths of leaves in a tree
T € Cryee- In the code model, this is the number of distinct lengths of code
words.

The number d(7T) is studied in section 4. It is asymptotically normally dis-
tributed with mean ~ ugn and variance ~ o2n, where

1 t—4 t? s 1 —t*4+9t—14 t2
Md:§+ﬁ+o(ﬁ> and 0d:1+T+O ﬁ ;

cf. Theorem 4.1. Moreover, a local limit theorem is proved again.

. The mazimum number of equal summands of a representation (x1,...,x;) of

1 as a sum of unit fractions is denoted by w(z1,...,z;). In the code model,
this is the maximum number of code words of equal length. In the tree model,
this is the “leaf-width” w(T), i.e., the maximum number of leaves on the same
level.

The number w(T') is studied in section 5. We prove that E(w(T')) = p,, logn+
O(loglogn) with p,, = 1/(tlog2)+ O(1/t?) and a concentration property; cf.
Theorem 5.1.

. The (total) path length £(T') of a tree T' € Crpree is defined to be the sum of the

depths of all vertices of the tree. In our context, it is perhaps most natural
to consider the external path length £egternai(T), though, which is the sum of
depths over all leaves of the tree, as this parameter corresponds to the sum
of lengths of code words in a code C' € Cgoge. Likewise, the internal path
length Cinternai(T') is the sum of depths over all nonleaves. Clearly, we have
Lezternal(T) + Linternat (T) = £(T), and the relations
t—1 1
éczternal (T) = TZ(T) + Tl(T) and éintcrnal (T) = ;é(T) - TL(T)

for t-ary trees are easily proven. Therefore, all distributional results for any
one of those parameters immediately cover all three. The total path length
turns out to be asymptotically normally distributed as well (see Theorem 7.1),

with mean ~ ji;,n* and variance ~ o7 ,n°. The coefficients have asymptotic

expansions
t t tt—2) t3
,l/dtpl:?'ﬂh:Z—FW—FO(ﬁ

and

2 —t* 4 583 — 22 tP
Opl ==+ ——— + O = | .

12 + 3.9t+4 922t
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The path length is studied in section 7. Its analysis is based on a generating
function approach for the moments, combined with probabilistic arguments
to obtain the central limit theorem.

5. The number of leaves on the last level (i.e., maximum distance from the root)
of a tree T' € Cryee is denoted by m(T'). This corresponds to the number of
code words of maximum length and to the number of smallest summands in
a representation of 1 as a sum of unit fractions.

This parameter may appear to be the least interesting of the parameters we
study. However, it is a natural technical parameter when constructing gen-
erating functions for the other parameters. From these generating functions
the probabilistic behavior of m(T) can be read off without too much effort,
so we do include these results in section 6.

The limit distribution of m(T') is a discrete distribution with mean 2¢ + o(1)
and variance 2t2 + o(1); cf. Theorem 6.1.

A noteworthy feature of the results listed above is the fact that the distributions
we observe are quite different from those that one obtains for other probabilistic
random tree models. Specifically, the parameters differ not only from those of Galton—
Watson trees (which include, among others, uniformly random t-ary trees) but also
from those of recursive trees and general families of increasing trees. See [7] for a
general reference. In particular, the following hold:

e The asymptotic order of the height of a random Galton—Watson tree of or-
der n is only y/n, and it is known that the limiting distribution (which is
sometimes called a Theta distribution) coincides with the distribution of the
maximum of a Brownian excursion [12]. The height of random recursive trees
(or other families of increasing trees) is even only of order logn and heavily
concentrated around its mean; see [6].

e The path length of random Galton-Watson trees is of order n%/2, and it
follows an Airy distribution (like the area under a Brownian excursion) in the
limit [26]. For recursive trees, the path length is of order nlogn with a rather
unusual limiting distribution [21].

e While the height of our canonical trees is greater than that of Galton—Watson
trees, precisely the opposite holds for the width (as one would expect): it is of
order y/n for Galton-Watson trees [8, 27], with the same limiting distribution
as the height, as opposed to only log n in our setting. For recursive trees, the
width is even of order n/+1/logn; see [9].

Indeed, the structure of our canonical t-ary trees is comparable to that of com-
positions: Counting the number of internal vertices on each level from the root, we
obtain a restricted composition, in which each summand is at most ¢ times the pre-
vious one. In the limit £ — oo one obtains compositions of n starting with a 1 in
this way. The recent series of papers by Bender and Canfield [1, 2, 3] and Bender,
Canfield, and Gao [4] is concerned with compositions with various local restrictions.
In fact it would be possible to derive the central limit theorems for the height and
the number of distinct summands from Theorem 4 in [2], but in a less explicit fashion
(without precise constants, and further work would still be required for a local limit
theorem). A parameter related to the “leaf-width” (the largest part of a composition)
is also studied in [4], but in addition to the fact that the parameters are not quite
identical, it also seems that the technical conditions required for the main result of
[4] are not satisfied here.

Finally, we offer a remark on numerics and notation. Throughout the paper,
various constants occur in all our major results, and we provide numerical values for

(© 2015 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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small t as well as asymptotic formulae for these constants in terms of t. The error
terms that occur in these formulae have an explicit O-constant, which is indicated by
error functions ¢;(...). These functions have the property that |¢;(...)| < 1 for all
values of the indicated parameters. All results were calculated with the free open-
source mathematics software system SageMath [24] and are available online.! The
numerical expressions were obtained by using interval arithmetic; therefore they are
reliable results. Each numerical value of this paper is given in such a way that its
error is at most the magnitude of the last indicated digit. It would be possible to
calculate the values with higher accuracy. Determining accurate numerical values and
asymptotic formulae is not just interesting in its own right; it is also important for
some of our theorems: specifically, for all Gaussian limit laws it is crucial to ensure
that the growth constants associated with the variance are nonzero. We will therefore
comment repeatedly on how reliable numerical values can be obtained.

2. The generating function. In this section, we derive the generating function
which will be used throughout the paper.

The analysis of the path length (section 7) also requires results on canonical
forests. For r > 1, we consider the set F,. of canonical forests with r roots. These r
roots are all on the same level and ordered from left to right. The notion “canonical”
introduced for trees here is meant to hold over all connected components of the forest.
This means that a forest may not be seen as a collection of trees but rather as the
subgraph of a canonical tree induced by its vertices of depths > d for some d. In fact,
this is also the interpretation for which we will need results on forests. We will phrase
the generating function in terms of forests, but most other results will be formulated
for trees only.

The height A(T), the cardinality d(T) of the set of different depths of leaves, and
the number m(T) of leaves on the last level of a forest? T € F, of size n = n(T)
can be analyzed by studying a multivariate generating function H(q,u,v,w), where
g labels the size n(T'), u labels the number m(T') of leaves on the last level, v labels
the cardinality d(7T) of the set of depths of leaves, and w labels the height h(T).

THEOREM 2.1. The generating function

H(q, u,v,w) Z ()T (T o (T)

TeF,
can be expressed as
(.1) F g, 0,0,10)  alg. 0y0,0) 4 blg. a,0,0)— 28100
. q,u,v, =a\gq,u,v, q,u,v, 1—b(q,1,v,w)
with
rlil,,rt i — v - QMU
q’u v w qu uwow H 1 —q[[z]]utl 5
(51 th, j J—1 1—o— [4] tt
(2.2) b(q, u, v, w) = Z vgu" w v —qltly ’

— 1— q[jﬂutj Pl 1— q[[i]]uti

!The worksheets containing the calculations can be found at http://www.danielkrenn.at/
unit-frac-parameters-full.

2We use the symbol T (instead of F)) for a canonical forest in F, since we usually look at the
special case r = 1, where T is a tree.

(© 2015 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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where [j] ;= 1+t + - +tI71.
The functions a(q,u,v,w) and b(q,u,v,w) are analytic in (q,u,v,w) when

1
lg| < —=-
|ul

When u = 1, the generating function can be simplified to

a(q,1,v,w)

2. H(qg,1 =
( 3) (q7 7U7w) 1 _b(q71’v’w)

The proof of Theorem 2.1 depends on solving a functional equation for the gener-
ating function. As we will encounter similar functional equations for related generating
functions in section 7, we formulate the relevant result in the following lemma.

LEMMA 2.2. Let D C C be the closed unit disc, and let ¢ € C with |g| < 1. Let
P, R, S, [ be bounded functions on D and s be a constant such that |S(u)] < s <1

for allu € D.
If
(2.4) fu) = P(u) + R(qu') f(1) + S(qu) f (qu")
holds for all w € D, then
(2.5) J(w) = a(u) + b(u) 1 f(;zl)
holds with

7=0 =1
(2.6) o i |
b(u) = > R(gVu”) T S(gu")
j=1 =1

provided that b(1) # 1.
Proof. We iterate the functional equation (2.4) and obtain

Flu) = aru) + be(u) F(1) + er(u) f (gt
for k > 0 with

k—1 J
ax(w) = 3" Plghhu) [] (g,
3=0 i=1
k -1 »
be(w) = R(gVu") [T (@ u"),
j=1 i=1
k .
cr(u) = H S (qllyth.

@
I
=

The assumption |¢| < 1 implies that limg_, q[[k]]utk = 0 for |u|] < 1. Therefore,

lim ag(u) = a(u), lim bg(u) = b(u), lim cg(u) =0
k—o0 k—o0 k— o0

(© 2015 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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for u € D and the functions a(u) and b(u) given in (2.6).
Taking the limit in (2.4), we get

(2.7) f(u) = a(u) + b(u) f(1)

for u € D. Setting v =1 in (2.7) yields (2.5). O
Proof of Theorem 2.1. The proof of Theorem 2.1 follows ideas of Flajolet and
Prodinger [14]; see also [11]. We first consider

Hy(g,u,v) = [w'H(qu,v,w) = > ¢"Dum@yd™)

TeF,
h(T)=h

for some h > 0.

A forest T” of height h + 1 arises from a forest T' of height h by replacing j of its
m(T) leaves on the last level (for some j with 1 < j < m(T)) by internal vertices, each
with ¢ leaves as its children. If j = m(T), then all old leaves become internal vertices,
so that d(T") = d(T). Otherwise, i.e., if j < m(T), at least one of them becomes a
new leaf, meaning that we have a new level that contains one or more leaves, and
hence d(T") = d(T) + 1.

For the generating function Hp, this translates to the recursion

m(T)—1
Hy(guwo) = Y < 3 qn<T>+jujtvd<T>+1+qn<T>+m<T>um<T>tvd<T>>

TCF,
h(T)=h

j=1

(2.8) 1 — (quty™(T)
_ § : qn(T)Ud(T) <qutv (qu ) - + (1 _ ,U)(qut)m(T)>
1—qu
TeF,
h(T)=h

= R(q7 qutvv)Hh(qv 1) U) + S(Qa quta U)Hh(Qa quta U)a

where we set

uv l—-v—u

R(q,u,v) = , S(q,u,v) =

1—u 1—u

Note that the initial value is given by Hy(q, u,v) = u"v.
Now set

Do = {(q,u,v,w) € C* | |q| <1/5,Jul < 1,[v— 1] <1/5, jw| < 1}.

We note that if (¢, u, v, w) € Dy, we have

N | =

3
|R(q,q’u,t,’l})| S E7 |S(q,qut,v)| S
This and (2.8) imply that |Hp,(q, u,v)| < (6/5)(4/5)" holds for h > 0 and (g, u,v,w) €
Dy. Thus H(q,u,v,w) = > ;<0 Hn(g, u,v)w" converges uniformly for (q,u,v,w) €
Do. -
Multiplying (2.8) by w"*! and summing over all A > 0 yields the functional
equation

H(q,u,v,w) =u"v+wR(q,qu’,v)H(q,1,v,w) +wS(q, qu’,v)H(q, qu’, v, w).

(© 2015 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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Lemma 2.2 immediately yields (2.1).
Now let

Dy = {(g,u,v,w) € C* | |qu' ™| < 1}.

We clearly have Dy C D;. For (¢, u,v,w) € D;, we have

lim q[[k]]u = klim q*l/(t*l)(ql/(tfl)u)t,c =0.
— 00

k— o0

Therefore, a(g,u, v, w) and b(q, u, v, w) are analytic in D;. O

In the following lemma, we also state a simplified expression and a functional
equation for b(g, u,v,w) in the case v =1, w = 1.

LEMMA 2.3. We have

oo

I gl t
1 q™"u _ qu "
b(g,u,1,1) = (=1) Hl_qmuti—1_qut(1—b(q,qu,1,1))-
=1

J=1

In particular, the coefficient [u’]b(q,u,1,1) vanishes if j is not a multiple of t.

Proof. This is an immediate consequence of (2.2). O

Next we recall results on the singularities of H(g, 1,1, 1); see Proposition 10 of [11].
We use functions ¢; for modeling explicit O-constants, as was mentioned at the end
of the introduction.

LEMMA 2.4. The generating function H(q,1,1,1) has exactly one singularity

= qo with |q| < 1— g, This singularity qo is a simple pole and is positive. For
> 4, we have

1 1 t+4  3t24+23t+38 73
2 + 9t+3 + 92t+5 + 23t+8 + 100 - 24t51(75)-

qo =

For t € {2,3}, the values are given in Table 1. Furthermore, let

1  log2 0.06
=3t T
fort > 6, and let Q be given by Table 1 for 2 <t < 5. Then qq is the only singularity

q of H(q,1,1,1) with |q| < qo/Q-
Setting U = 1— lot%z fort>2andU =1-— 19;—?2 fort =2, we have the estimate

(2.9) Ut maX(Q 2) <1.

These results do not depend on the choice of the number of roots r.

Proof. By [11, Proposition 10], the function 1 — b(g,1,1,1) has a unique simple
zero q = qo with |g| <1 —0.72/t and no further zero for |g| < go/Q; the asymptotic
estimates for gy and @ follow from the results given in [11].

At this point, we still have to show that the numerator does not vanish in ¢g. We
note that go < 3/5. Using [11, Lemma 8], we obtain

J
qO THJ]] qO 9 83038203
71;1 1)—1 < — <1
|a(go ) l=ay— -+ Z I[ll [[zﬂ 10 ' 903449750

(© 2015 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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TABLE 1
Constants qo and Q for 2 <t < 10. For the accuracy of these numerical results see the note at
the end of the introduction.

t 90 Q
2 | 0.5573678720139932 | 0.7131795784312742
3 | 0.5206401166257250 | 0.6307447647757403
4 | 0.5090030531391631 | 0.5930691701039086
5 | 0.5042116835293617 | 0.5720078345052473
6 | 0.5020339464245723 | 0.559428931713329
7 | 0.5009982119507272 | 0.550735002693058
8 | 0.5004941016343997 | 0.544259198784997
9 | 0.500245704703080 0.539248917438516
10 | 0.5001224896234884 | 0.535257359027998
Therefore,
(2.10) a(go,1,1,1) = ©(1)

holds uniformly in 7.

For t > 30, the estimate (2.9) follows from the asymptotic expressions. For ¢ < 30,
it is verified individually. |

Using this result, we will be able to apply singularity analysis to all our generating
functions in the coming sections. At this point, we restate Theorem 1.1 on the number
of trees taking the notation of Theorem 2.1 into account and extend it to the number
of canonical forests with r roots.

LEMMA 2.5. Forr > 1, let

a(qf)a ]-7 17 ]-)

qo%b(q,l,l,l) 4=q
=q0

(2.11) v(r) =

where a(qo, 1,1, 1) is taken in the version with r roots.
Then

(2.12) v(r) =0(1)
uniformly in r > 1 and the number of canonical forests with r roots of size n is

L?(l +0(Q"M)),

(2.13) i

also uniformly in r > 1.
Proof. By singularity analysis [13, 15], Lemma 2.4, and Theorem 2.1, the number
of canonical forests with r roots of size n is

o0 e (220-0)o(9)) ()

The O-constant can be chosen independently of r, as a(q,1,1,1) can be bounded
independently of r for |q| = ¢o/Q.

The estimate (2.10) immediately yields (2.12). Combining this with (2.14) yields
(2.13). O
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When analyzing the asymptotic behavior of the height (section 3), the number of
leaves on the last level (section 6), and the path length (section 7), the corresponding
formulae contain the infinite sum b(g, u, 1, w) and its derivatives. In order to perform
the calculations to get the asymptotic expressions in t as well as certifiable numerical
values for particular ¢, we will work with a truncated sum and bound the error we
make. We define

i gl
q U
bJ(q7u717w):_ § : wj I I 1_q[z]]utz'

1<5<J

Note that the variable v encoding the distinct depths of leaves is handled separately
in Lemmata 2.8 and 2.9.

The following lemmata provide the estimates we need.

LEMMA 2.6. Let J € N and q, u, w € C with |qut_1‘ < 1. Set

|[[J+1]} |u|t~’+1

lg
Q = |w| .
+1 tJ+1’
1 — gt Jul

and suppose that Q@ < 1 holds. Then

)™ Jul” 1
Ib(q, u, 1,w) = by(g,u, 1, w)| < fw]” <H — gyt ] 1-Q°

Note that as ‘qut_1| < 1, the error bound stated in the lemma is decreasing in J.
Proof of Lemma 2.6. Set

qHZ]] u

J
sz(q,u,l,w)—bJ(q,u,l,w):—Z jwjnl—q[m]u“'

j>J

As |qlut'| is decreasing in i, we have
JHI] T\ i
< "l H a1 Jul”
= 1-|q IH"“HI Itm L1 — glilut|

[
J g Jul”
= |w” Q7 H L[ —giTur]

it dfu
w H — 0t

for 7 > J. This leads to the bound

R <l H [l o =l ﬁ o) L
=~ qM m q[[l]]ut], 1_@7

which we wanted to show. a
We also need to truncate the infinite sums of derivatives of b(q,u, 1,w). This is
done by means of the following lemma.
LEMMA 2.7. Let J € N and o, B, v € Ny, and let g € C with |q| < % Suppose
e citheru=1,U =1, and =0, or
o ucC with |u| <1/U — log\[ for U defined in Lemma 2.4
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holds. Further, let w € C with |w| < 2. Set

1
@O g1

5
©=3

and suppose J was chosen such that Q < 1 holds. Then

o+t

m(b(q,u, Lw) = bs(q,u, Lw))‘

2 Bgo § ! : L !
<l By (¢t /log\/i) 627 <3> <}:[1 (g)MU“ _1) 1-Q°

Proof. Let ¥ € C with [9| < 1/U and n € C with |p| < 2. Cauchy’s integral
formula gives

b(f, 193 1777) B bJ(f, 193 1777)
(€ —q)tt

« ol

0
—(b(Q71951777) _bJ((Lﬁalvn)) = %
l§—al=5

g " omi de.

The bound on ¢ implies |£] < %. Using the standard estimate for complex integrals,
(2.9) and Lemma 2.6 yield

3_a(b(191)—b(191>)<a'6“§Jﬁ 1 1
aqa q,v, 1, m J\q,v, 1,1 = 3 (g)ﬂz]]Utl_l 1_Q

i=1

Note that the right-hand side is independent of g, 9, and 7, and, as J tends to infinity,
this bound is going to zero. Therefore, for fixed ¥ and 7, the series 8‘97 b(g,9,1,n)

converges uniformly on the compact set {q | |¢| < 2}. Thus, for ¥ with [J] < 1/U
and 7 with || < 2, this function is analytic. Note that this result stays true if ¥ =1
and U = 1.

We use Cauchy’s integral formula again and obtain

g7 o0°

%@(b(q,ﬁ, L,w) —bs(q,9, 17“’))‘

(11— w)Ht !

'Y_'% %(b((Lﬁalan)_bJ(qaﬁalan)) d
270 g —w|=

(63

< ’Y'G’Y aa—(b(qaﬁa 1,’[1}) - bJ(qaﬁa ].,U)))‘
q

(o3

5\ [+ 1 1
< alyl 6ot (—) < —— ) .
3 il:[l(%)mU“—l 1-Q

Note that [w| < 2 implies || < 3. Moreover, 8?:% b(q,?,1,w) is analytic in ¥ with
[¥] < 1/U. Again, this result stays true if ¥ =1 and U = 1.
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Using Cauchy’s integral formula once more yields

o~ o8 o

aq aUB awv (b(qauvlaw) —bJ(q,U,l,w))‘

o ﬂ% %%(b(qvﬁalaw)_bJ(qa,&alaw)) do
- 211 |9 ul_log\f (ﬁ—U)BJrl

o> 97
< B!(t*/log V2)? ‘@%(b(q,u, 1,w) — by(q,u, 1,w))‘ ,

which is the desired result after inserting the bound from above. d

In section 4 we analyze the distinct depths of leaves. Again, we work with infinite
sums by replacing them with finite sums and bounding the error we make. Similar to
the estimates above, we define

and have the following two lemmata.
LEMMA 2.8. Let J €N, g € C with |¢q| <1 and v € C. Set

Y v
= |q|* <1 + 7) :
1 — g/l

and suppose Q < 1 holds. Then

ol g™ (T 1
1b(q,1,v,1) = bs(q,1,v,1)] < ‘1_ g1l H ‘1_q[[l]]| -Q

=1

Proof. Set

1) [t RN O
vq v—q

R:b(qvlaval)_bJ(Qalvvvl) .
; q[[J]] H q[[z]]

Let 7 > J. We have
Ll =1+t = J1 = ]+t = J).

Therefore, for j > J we obtain

) EIR = o
L] J I v
q" H [[1]] |(I| |(J| <1+ 1_ |q|[[J]]> ot <1+ |1 _q[[i]]|> :

This leads to the bound

ry < P O (1 So
1= \1——qWH |

=1

which we wanted to show. 0
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The result of the previous lemma can be extended to derivatives; see below. The
proof is skipped, as it is very similar to the proof of Lemma 2.7.
LEMMA 2.9. Let J € N, a € Ny, and v € Ng. Further, let ¢ € C with |q| < £ and

v € C with [v] < 3. Set
J
5\° 5
Q:<—) <1+73 )
V1
ANNENE

and suppose J was chosen such that Q) <1 holds. Then

oot
0qovY

(b(qv 1a v, 1) - bJ(Qa 1, 1))}

ga!7!6“+7$<ﬁ<1 g[”])) L .
O AN AR R OLVV

3. The height. We start our analysis with the height h(7T") of a canonical tree
T € T. It turns out that the height is asymptotically (for large sizes n = n(T"))
normally distributed, and we will even prove a local limit theorem for it. Moreover,
we obtain asymptotic expressions for its mean and variance. This will be achieved by
means of the generating function H(q,u,v,w) derived in section 2.

So let us have a look at the bivariate generating function

a(q7 17 17w)
H(g,1,1Lw) =Y ¢"DhM) = 222
7;, 1-5(q,1,1,w)

for the height. We consider its denominator

J [
- q
D(q,w) =1- b(Q7 17 1,11}) = § :(_1)ij H 1— q[[l]] ’
=1

J=0

From Lemma 2.4 we know that D(q,1) has a simple dominant zero gop. We can see
the expansion of D(g,w) around (go, 1) as perturbation of a meromorphic singularity;
cf. the book of Flajolet and Sedgewick [15, section IX.6]. This yields a central limit
theorem (normal distribution) for the height without much effort. But we can do
better: we can show a local limit theorem for the height. The precise results are
stated in the following theorem.

THEOREM 3.1. For a randomly chosen tree T € T of size n the height h(T) is
asymptotically (for n — oo) normally distributed, and a local limit theorem holds. Its
mean is pupn + O(1), and its variance is oin + O(1) with

ib(QOa ]-7 17 w)|w:1

(3.1) fih =

q0 aqb(Qa 1 17 1)|q:qo

1 t—2 202+43t—8 93 +4512 + 2t — 88 0.55¢4

= -+ + 62( )

2 2t+3 22t+5 23t+8 24t

and
o 1 —t245t—2 A3+ 42 427t — 14 0.26t*
o =~ + + e3(t)

4 9t+4 922t+6 93t

(© 2015 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 11/29/16 to 146.232.125.160. Redistribution subject to CCBY license

1614 C. HEUBERGER, D. KRENN, AND S. WAGNER

fort>2.

Recall that “randomly chosen” here and everywhere else in this paper means
“uniformly chosen at random” and that the error functions ¢;(...) are functions with
absolute value bounded by 1; see also the last paragraph of the introduction.

We calculated the values of the constants pj and 0,21 numerically for 2 < ¢ < 30.
Those values can be found in Table 2. Figure 2 shows the result of Theorem 3.1. It
compares the obtained normality with the distribution of the height calculated for
particular values in SageMath.

TABLE 2
Numerical values of the constants in mean and variance of the height for small values of t; cf.
Theorem 3.1. See also Remark 3.2. For the accuracy of these numerical results see the note at the
end of the introduction.

2

t Hn Th

21 0.5517980333242771 | 0.3191028720021838
3| 0.5330219170893142 | 0.2640876574238174
41 0.5216130806307567 | 0.2465933142213578
5| 0.5137644952434437 | 0.2404182939877220
6 | 0.5084950082062925 | 0.2396633993742431
71 0.5051047365215813 | 0.2411570855092153
8 | 0.5030001253275540 | 0.2432575483836212
91 0.5017308605343554 | 0.2452173961787762

10 | 0.5009832278618640 | 0.2467757623911673

Remark 3.2. For the (central and local) limit theorem to hold, it is essential that
o7 # 0, which is why we need reliable numerical values and estimates for large t. As
mentioned earlier, we used interval arithmetic in SageMath [24] in all our numerical
calculations to achieve such results. We used a precision of 53 bits (machine precision)
for the bounds of the intervals. All values are calculated to such a precision that the
error is at most the magnitude of the last digit that occurs. The reason for the varying
number of digits after the decimal point (in, for example, Table 2) are numerical
artifacts. In these cases, we could have given an additional digit at the cost of a
slightly greater error (twice the magnitude of the last digit).

The proof of Theorem 3.1 is split up into several parts. At first, we get asymptotic
normality (central limit theorem) and the constants for mean and variance by using
Theorem IX.9 (meromorphic singularity perturbation) from the book of Flajolet and
Sedgewick [15]. For the local limit theorem we need to analyze the absolute value
of the dominant zero go(w) of the denominator D(q,w) of the generating function
H(gq,1,1,w). Going along the unit circle, i.e., taking w = €%, this value has to have
a unique minimum at ¢ = 0.

From the combinatorial background of the problem (nonnegativity of coefficients)
it is clear that |q0 (ew)| > |qo(1)]. The task showing the uniqueness of this minimum
at ¢ = 0 is again split up: We show that the function ‘qo (e“")‘ is convex in a region
around ¢ = 0 (central region); see Lemmata 3.4-3.6. For the outer region, where ¢
is not near 0, we show that zeros of the denominator are larger there. This is done in
Lemma 3.3.

Those lemmata mentioned above showing that the minimum is unique work for
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Fic. 2. Distribution of the height for t = 2, and n = 30 (top figure) and n = 200 (bottom
figure) inner vertices. On the one hand, this figure shows the true distribution of all trees of the
given size and on the other hand the result on the asymptotic normal distribution (Theorem 3.1 with
only main terms of mean and variance taken into account).

all general t > 30. For the remaining ¢, precisely, for each ¢ with 2 < ¢ < 30, the same
ideas are used, but the checking is done algorithmically using interval arithmetic and
SageMath [24]. Details are given in Remark 3.8.

So much for the idea of the proof. We start the actual proof by analyzing the
denominator D(g,w). For our calculations we will truncate this infinite sum and use
the finite sum

Jp gl
Dy(gw):= Y (=1)w 1:[1 T4l

0<j<J

instead. Bounds for the tails (difference between the infinite and the finite sum) are
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given by Lemma 2.6. In particular, we write down the special case J = 2 of this
lemma, which will be needed a couple of times in this section. Substituting 1/z for g,
we get

1 1 1

(32)  |D(1/z,w) — Da(1/z,w)| < |uw|? .
2 =1 2" = 11— ] /(|2 — 1)

)

L+t _ 1. Derivatives of D(g, w) are handled by

under the assumption that |w| < |z|
Lemma 2.7.

As mentioned earlier, the proof of the local limit theorem for the height for general
t consists of two parts: one for w in the central region (around w = 1) and one for w
in the outer region. The following lemma shows that everything is fine in the outer
region. After that, a couple of lemmata are needed to prove our result for the central
region.

LEMMA 3.3. Let w = €%, where ¢ is real with \/97/96 7272 < |p| < 7. Then
each zero of z + D(1/z,w) has absolute value smaller than 2 —1/2¢.

Proof. Suppose that we have a zero zg of the denominator D(1/z, w) for a given w
and that this zero fulfills |zo| > 2 — 1/2t. We can extend the equation D(1/zg,w) =0
to

w

0=1-
Zo—].

+ D(l/zo,w) — DQ(l/Z(),’LU) y

which can be rewritten as
zo=14+w— (20— 1) (D(1/20,w) — Da(1/z0,w)) .
Taking absolute values and using bound (3.2) obtained from Lemma 2.7 yields

1 1
RN ERVIETL Y

|20] < |1+ w[ +

We have the lower bounds

1\t 1\t
‘%ﬂ—1ﬁﬂmﬁ“—1z<2—§> —1:?H<1—§ﬂ> ~1>2!

and

49,

t24t+1
‘zgﬂ __w Z|zovz+t+1__]rz ot +t+1 (1__ 1 ) s 807159 _

2t+1 — 16384

which can be found by using monotonicity and the value at ¢t = 2. Therefore, we
obtain

49 1

(3.3) |m|§u+ww+1§?.

Since we have assumed |zo| > 2 — 1/2!, we deduce

97 1

1 S92
[L+wl=2- 25
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On the other hand, using || > /97/96727%/2? and the inequality [sin(p/4)] >
l¢| /(v2m) for || < 7 (which follows by concavity of the sine on the interval [0, Z]),
we have

97 1

2
1+ w| = 2+2cosg0:2(1—2sin2§) §2_P@2<2_4_8§’

which yields a contradiction. O

Now we study the central region more closely. Looking at the assumptions used
in Lemma 3.3, this is when || < 1/97/96 7 27%/2. As mentioned in the sketch of the
proof, we show that the function |q0 (ei“")| is convex.

We know the location of the dominant and second dominant zeros of the denomi-
nator D(g,1). As we need those roots for general w (along the unit circle), we analyze
the difference of D(q,w) from D(q,1). Using Rouché’s theorem then yields a bound
for the dominant zero, which is stated precisely in the following lemma.

LEMMA 3.4. Suppose t > 5 and |w— 1] < § — 5(%)t. Then q — D(q,w) has
exactly one root with |q| < % and no root with |q| = 2.

Proof. We use Rouché’s theorem on the circle |¢| = 2. With |w| < 3, || = 2,
and the bound (3.2) (obtained from Lemma 2.7) we get

9 1 1 2\'
D - D < = <329(-=) =0
126) = Datr )| < S e T <22 (5) <
where we took out the factor (2/3)! and used monotonicity together with the value
for t = 5.
With Dy(¢q, w) =1 —wgq/(1 — q) we obtain

|D(q7w) _D(q71)|
< |D(qaw) - D2(q7w)| + |D2(q7w) - D2(q7 1)' + |D2((], 1) - D(qa 1)|

2 t
§2b+|w—1|}ﬁ}§2b+2|w—1|§1+2b—10<§> <1-b.

On the other hand, the M&bius transform ¢ — 1 — ¢/(1 — ¢) maps the circle |¢| = 2/3
to the circle |z — 1/5] = 6/5. Therefore |1 — ¢/(1 — ¢)| > 1, and so we have

D] 2 [1- L] = 100 1) - Data ] = 1.

This proves the lemma by Rouché’s theorem and Lemma 2.4. a

The previous lemma gives us exactly one value go(w) for each w in a region around
1. We continue by showing that this function gy is analytic.

LEMMA 3.5. Fort > 5 and lw—1| < 1 — 5(%)t, the function qo(w) given
implicitly by D(qo(w),w) =0, |qo(w)| < 2, is analytic.

Proof. We follow along the lines of the proof of the analytic inversion lemma; cf.
Flajolet and Sedgewick [15, Chapter IV.7]. Consider the function

1 7{ 5 D(g,w)
lal=3

S dq.
2mi D(q,w) 1q

al(w

Since D(g,w) # 0 for all ¢ and w allowed by the assumptions, this function is con-
tinuous. Moreover, using the theorems of Morera and Fubini as well as Cauchy’s
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integral theorem, the function o; is analytic. By Lemma 3.4 and by ubing the residue
theorem we get that o1 (w) equals ¢ fulfilling D(¢g,w) = 0 and |g| < ; i.e., we obtain
o1(w) = go(w). O

Since we have analyticity of gp in a region around 1 by Lemma 3.5, we can show
that small changes in w do not matter much; see the following lemma for details.
Later, this is used to estimate the derivative at some point w by the derivative at 1.

LEMMA 3.6. Let t > 30 and w = ', where ¢ € R with |p| < \/97/9672-1/2,
We have the inequalities

5 17 102
a0w) = ao(D)] < 575 lab(w) —ah (D] < 575, and g (w) — ()] < 7

Proof. Set d = % -5 (%)t By Lemma 3.5 the function go(w) is analytic for
|w — 1] < d. Therefore, by Cauchy’s integral formula, we get

) () — o (1) = KL CICON 1(9)
g5 (w) —qg (1) omi ]li_ll_d((c_w)kﬂ (4_1)k+1>d<

for k € Ny, where q0 ) denotes the kth derivative of qo. For its absolute value we
obtain

05 w) =g ()] < K max Jao(O] max (¢ —w)"EFD — (¢ 1)),

We have |go(¢)] < % by Lemma 3.4. Further, we get

(¢ = w)=+D - (¢ = 1)~ 04| =

9 (- gy dé}
<|w—1|(k+1) max |[¢— & *F2
ge(l,w]
Since

-1 <|lw—1] =¥ -1] < i

L
e dt‘ <lel,
0

we have |[( — £| > d — |¢|. Collecting all those results and using d < § and the bound
given for |p| results in

(k-l—l) t 97 —(k+2)
k k B
i w) - ()] < EED ) <__5<3> T m) |

Inserting all bounds gives the estimates stated for k € {0, 1,2}. O
Now we are ready to show that the second derlvatlve of |q0( Wj)| is positive. To
do so, we show that this second derivative is around < for ¢ = 0 and use the bounds

of Lemma 3.6 to conclude positivity for w in some reglon around 1.
LEMMA 3.7. Ift > 30 and ¢ € R with |¢| < \/97/96727/2, then

d? o (2
] |a0(€™)[" > 0.
Proof. Write

0
Ay = 0 D(q,w) and Ay = — D(q,w)

g=qo(w) q=qo(w)
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and analogously Agq, Agw, and A, for the function D(g, w) derived twice and then
evaluated at ¢ = go(w). By inserting the asymptotic expansion of ¢y (see Lemma 2.4)
into the expressions

Ay 20 Ay Ay — Agg A2 — AwwAg
(3.4) q(w) = 3, and g (w) = A
obtained by implicit differentiation, we find
, 1 0.07t ” 1 0.04¢2

qo(l):—z—i—T&L(t) and q, (1) = Z+ 51 es(t) .

For the calculations themselves, we used the approximation Ds(q, w) of the denomi-
nator D(q,w) together with the bound for the tail given in Lemma 2.7.
Set w = e'?. Using the bounds of Lemma 3.6 yields

i 1
w(E) = 5+ 573 <6(1)

; L
@b(e) =~ + g7z i)

; 1103
qg(e w) = 4 + 2t/2 (t)

We define z(¢) and y(¢) to be the real and imaginary parts of gg (ei‘/’), respec-
tively. Thus

z(p) +iy(p) = qo(e?),
2 (@) +iy'(p) =ie™ gy ()

and
33//((,0) 4 Zy”(QO) — _eigp qé(eiap) _ 621'«,0 qé/(eicp) )

Then, the estimates above lead to

1 6
z(p) = §+2t7€9(75)a y(p) 5t/ €10(t)
19 1 19
() = 5172 enn(t), y'(p) = —1 1t 3 £12(t)
124 124
ﬂf/l(gﬂ) = 2t/2 813(t) ’ N( ) 2t/2 514(t)

These in turn together with
d2 ip\ |2 ’ 2 / 2 " 7
(3.5) a2 90 (€)= 2(2"(9)” + ' (9)” + x(9) 2" (9) + y(#) " (¥))

give us the second derivative

| 1 144
— o ()| = g+ i e1s(t) > 01206,
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which is what we wanted to show. O

Remark 3.8. The ideas in this section presented so far can also be used to show
the uniqueness of the minimum of ‘qo (ei‘/’)‘ at ¢ = 0 for a fixed t. In particular, this
works for ¢t < 30, where some of the results above do not apply.

For the calculations SageMath [24] is used. Further, we use interval arithmetic
for all operations. The checking for fixed ¢ is done in the following way. We start
with the interval [—4, 4] for ¢. In each step, we check whether the second derivative
(using (3.4) and (3.5)) is positive. If not, then we half each of the bounds of the
interval and repeat the step above. When this stops, we end up with a region around
0 that is convex. For its complementary, we now use a bisection method to show that
|a0(¢"?)| > |qo(1)|. Note that we can use an approximation D (¢, w) instead of the
denominator D(g,w), which can be compensated for by taking the bounds obtained
in Lemma 2.7 into account.

For 2 < t < 30, those calculations were done with a positive result; i.e., the
minimum at ¢ = 0 is unique.

Now we have all results together to prove the main theorem of this section.

Proof of Theorem 3.1. We use Theorem IX.9 of Flajolet and Sedgewick [15] and
apply that theorem to the function H(gq,1,1,w). This gives us the mean and the
variance and as a central limit asymptotic normality. In particular, we obtain

[qn]%H(q7 17 ]-7 U})|w:1
[q"|H (g,1,1,1)

E(n(T)) =

By (2.3), we have

Calg,1,1,1) 22b(g, 1,1, w)lw=1 | malg, 1,1, w)|wm
(1_b(Qa17131))2 1_b(Qa17131)

0
%H(qa 17 1,’[1})

w=1

By singularity analysis, we can extract the asymptotics to get the linear behavior of
this mean and in particular the constant (3.1).

For the local limit, we need a more refined analysis. Recall the notation D(g,w) as
the denominator of H(q, 1,1, w), and let go(w) be given implicitly by D(go(w),w) =0,
lgo(w)| < 2, according to Lemmata 2.4 and 3.4. Set gy = qo(1) and

g+
Coy = ———D(q,w
ary 8q°‘8w’Y ( ) d=do, w=1

Then we obtain the asymptotic formula ppn + O(1) for the mean with

Co1
- )
1090

and the variance is o2n + O(1) with

2 2 2 2
€51€2090 + 017990 — 2 Co1C10C1140 + Co2CT0q0 + C§1C10
3 2 .
C1040

op =

To calculate the coefficients ¢, we need derivatives of D(g, w). In order to avoid
working with infinite sums, we use the approximations D ;(q,w). Lemma 2.7 shows
that the error made by using those approximations is small. For the calculations
themselves, SageMath [24] was used.
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To show the local limit theorem, we have to show
|90 ()| > lgo(1)]

for all nonzero ¢ € [—m,7]; cf. Chapter IX.9 of [15].

Let ¢ > 30. Lemma 3.7 states that |go(e#)] is convex for || < /97/96727/2;
therefore the minimum at ¢ = 0 is unique for these ¢.

For all other ¢, the value of |q0( )] is greater than 1/(2—1/2%) > 1/2+ 1/2t+2
by Lemma 3.3. This value itself is greater than 1 + 0.1251/2" > |go(1)|. Therefore
the minimum at ¢ = 0 is unique and the local hmlt theorem follows for ¢t > 30.

When ¢ < 30, we use an algorithmic approach to check that the minimum at
= 0 is unique. The details can be found in Remark 3.8. O

4. The number of distinct depths of leaves. In this section we study the
number of distinct depths of leaves d(T") of a canonical tree T' € T, motivated by
the interpretation as the number of distinct code word lengths in Huffman codes.
This parameter is also asymptotically normally distributed, and we show a local limit
theorem. The approach is essentially the same as for the height. It is based on the
generating function H (g, u,v,w) from section 2. To analyze the parameter d(7"), we
look at the bivariate generating function

a(g,1,v,1)
H(g,1,v,1) Z DM = 202277
TeT 1 _b(qvlaval)

for the number of distinct depths of leaves. Again, we consider its denominator

[ I R )
o B vq v—4q
D(q,v) -—1—b(q,17071)—1—21_qngﬂ H — qlil
1<j

and proceed as in the previous section. Lemma 2.4 tells us the existence of a simple
dominant zero ¢ of D(g,1). Again, we expand the denominator D(q, v) around (qo, 1)
and use Theorem IX.9 from Flajolet and Sedgewick [15] to get asymptotic normality.
The local limit theorem follows from considerations of the dominant zero of D(q,v)
with v on the unit circle. This results in the following theorem.

THEOREM 4.1. For a randomly chosen treeT’ € T of size n the number of distinct
depths of leaves d(T') is asymptotically (for n — o0o) normally distributed, and a local
limit theorem holds. Its mean is piqn + O(1), and its variance is o2n + O(1) with

1 t—4 22—t —14  9t3 4 27¢2 — 76t — 144 0.06¢*
=5+t oms * " oms T 23t+8 24t e16(t)
and
o 1 —t24+9t—14  —43 4202 + 3t — 54 0.056t*
9a= 77T ot 14 + 92t+6 T om e1r(t)
fort>2.

Again, as in the previous section, we calculated the values of the constants g
and o2 numerically for 2 < ¢ < 30, and they are given in Table 3. Figure 3 visualizes
the result of Theorem 4.1 as in the previous section.

As mentioned above, the proof of Theorem 4.1 works analogously to the proof
of Theorem 3.1. It is again spread over several lemmata. There is a one-to-one
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TABLE 3
Values of the constants in mean and variance of the number of distinct depths of leaves for
small values of t; cf. Theorem 4.1. See also Remark 3.2. For the accuracy of these numerical results
see the note at the end of the introduction.

2
Hd 04

0.4151957394337730 | 0.2449371766120133
0.4869093777539261 | 0.2893609775712220
0.5024588321518999 | 0.2741197923680785
0.5050331956677906 | 0.2607084483093273
0.5043408269340902 | 0.2530808413006747
0.5030838633817897 | 0.2495578056054622
0.5020050053196332 | 0.2483362931739359
0.5012375070905982 | 0.2482103208441571
0.5007377066674932 | 0.2485046286268308

~+

O © 00O Uk W

—_

correspondence between Lemmata 4.2-4.6 and Lemmata 3.3-3.7 in the section for the
height parameter. Due to their similarities, the proofs are skipped a couple of times
and only some differences (for example, the different constants) are mentioned. The
idea of the proof itself is described in the previous section below Theorem 3.1.

To show Theorem 4.1, it is convenient to work with the finite sum

) I R 3]
o vgq v—gq
Digv):=1= > —mll—=—m
< =1

instead of the denominator D(q,v) = 1—b(q,1,u,1). The error made by this approx-
imation was analyzed at the end of section 2, namely in the Lemmata 2.8 and 2.9.

For the local limit theorem, we split up into the central region around v = 1 and
an outer region. The following lemma covers the latter one.

LEMMA 4.2. Let v = €%, where ¢ is real with 212742 < || < 7. Then each
zero of 2+ D(1/z,v) has absolute value smaller than 2 — 1/2¢.

The proof follows along the same lines as the proof of Lemma 3.3, but we get the
bound

7
2ol < 1+ ]+ o

instead of (3.3).

Next, we go on to the central region. As a first step, we bound the location of
the dominant zero.

LEMMA 4.3. Supposet >4 and |[v —1| < %—5(%)2 then ¢ — D(q,v) has ezactly
one root with |q| < % and no root with |q| = 2.

This lemma is proven analogously to Lemma 3.4. The only difference is the bound

2\ ¢
|D(q,v) — Da(q,v)| < 3.09 <§> =b,
which is valid for ¢ > 4.

LEMMA 4.4. Fort >4 and |v — 1| < %—5(§)t, the function qo(v) given implicitly
by D(qO(U) 7U) =0, |q0(’l})| < %7 is Cmalytic-
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0.15 | i e true values
Theorem 4.1
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O |
6 71| e true values
Theorem 4.1
= l
E
=
e)
e
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0 - |
| |

| | |
0 50 100 150 200
distinct depths of leaves

Fic. 3. Distribution of the distinct depths of leaves for t = 2, and n = 30 (top figure) and
n = 200 (bottom figure) inner vertices. On the one hand, this figure shows the true distribution of
all trees of the given size and on the other hand the result on the asymptotic normal distribution
(Theorem 4.1 with only main terms of mean and variance taken into account).

The proof of this analyticity result is the same as that for Lemma 3.5 and is
therefore skipped here.

In the central region around v = 1, small changes in v do not change the location
of the dominant zero much, which is made explicit in the lemma below.

LEMMA 4.5. Lett > 30 and v = €', where ¢ € R with |p| < 27272 then

9 34 202
a0(0) — o] € 5 1ab(0) —dh(DI < 5y and laf() — G (D] < S

Again, the proof works analogously to the proof of the corresponding lemma for
the height parameter.
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In order to prove the local limit theorem we show that the second derivative of
|qo (€%?)| is positive. This is stated in the following lemma.

LEMMA 4.6. Ift > 30 and ¢ € R with |p| < 22712, then

d? v (2
d—gpz ‘qo (e“")‘ > 0.

We use the proof of Lemma 3.7 and update the constants.

For a fixed ¢ we can use SageMath [24] and perform calculations with interval
arithmetic. The details, which are stated for the height in Remark 3.8, remain valid.
For integers ¢ fulfilling 2 < ¢ < 30 we showed that |q0 (ew)| has a unique minimum at
@ =0.

The proof of Theorem 4.1 follows by the same arguments as the proof of Theo-
rem 3.1: We use Theorem IX.9 of Flajolet and Sedgewick [15] applied to the function
H(g,1,v,1) to get mean and variance (and asymptotic normality as a central limit,
too). For the local limit theorem the uniqueness of the minimum of ‘qo (ei‘/’)‘ is
shown by a two-fold strategy. The central region with |¢| < V372742 is covered by
Lemma 4.6 (using previous lemmata as prerequisites). Lemma 4.2 discusses the outer
region. For ¢t < 30 the algorithmic approach above is used.

5. The width. In this section, we consider the width, i.e., the maximum number
of leaves on the same level, for which we have the following theorem.
THEOREM 5.1. For a randomly chosen tree T' € T of size n, we have

E(w(T)) = pw logn + O(loglogn)

for the expectation of the width w(T'), where p,, is given by

B O TS D= S
Fo=3"1 \log2 " 1.2t10g%2 4t °'®

fort >10. For 2 <t <9, the values of u,, are given in Table 4.
Furthermore, we have the concentration property

1
(5.1) P(|w(T) — pw logn| > oy loglogn) = O(T)
log” “n

for o> 2.

In Figure 4 one can find the distribution of the leaf-width for a given parameter
set together with the mean found in Theorem 5.1.

First, we sketch the idea of the proof. We consider trees whose width is bounded
by K. The corresponding generating function Wk (g) can be constructed by a suitable
transfer matrix, and we quantify the obvious convergence of Wi (q) to H(q,1,1,1).
The dominant singularity gx of Wk (q) is estimated by truncating the infinite positive
eigenvector of an infinite transfer matrix corresponding to H(q, 1,1,1) and applying
methods from Perron—Frobenius theory. Then the probability P(w(T) < K) can
be extracted from Wk (q) using singularity analysis. Our key estimate states that
the singularity gx converges exponentially to g, from which the main term of the
expectation as well as the concentration property are obtained quite easily. A more
precise result on the distribution of the width would depend on a better understanding
of the behavior of qx as K — oo, which seems to be quite complicated.
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TABLE 4
Numerical values of the constants p for 2 <t < 10; c¢f. Theorem 5.1. See also Remark 3.2.
For the accuracy of these numerical results see the note at the end of the introduction.

t Hw
2 | 1.710776751014961
3 | 0.7660531443158307
4 1 0.4936068552417457
5 | 0.3650919029615249
6 | 0.2902388863790219
7 | 0.2411430286905858
8 | 0.2063933963643483
9 | 0.1804647899046739
10 | 0.1603561167643597
04 e true values
4+ 1 N .
o ! - - = expectation
0.3 : |
Fey :
E 1
1
= 02f ' |
o) 1
o 1
a 4
®
0.1} L |
' o
1
® 1
1 o ©
O} e e e o 1 °*°® o0 |
| | | |
0 5 10 15
leaf-width

F1c. 4. Distribution of the leaf-width for t = 2 and n = 100 inner vertices. On the one hand,
this figure shows the true distribution of all trees of the given size and on the other hand the result on
the expectation of this distribution (Theorem 5.1 with only main term of mean taken into account).

The proof of the theorem depends on the following definitions. Apart from the
width w(T'), we also need the “inner width” w*(T') defined to be

w*(T):= max Lp(k)
0<k<h(T)

for a recursive construction. Here, Lr(k) denotes the number of leaves at level k.
By definition, the inner width w*(T") does not take the leaves on the last level into
account.

For K > 0, we are interested in the generating function

Wk (q) = E q”(T).
TeT
w(T)<K
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We represent Wi (q) in terms of the generating functions

WK,T(Q) = Z qn(T)

TeT
w (T)<K
m(T)=tr

for r > 0 so that

LK/¢]
Wic(a) =1+ Y Wi, (q)-
r=1

Here, the summand 1 corresponds to the tree of order 1. For all other trees, the
number m(T") of leaves on the last level is clearly a multiple of ¢.

Next we set up a recursion for Wg ,, 1 < r < N(K), where N(K) := [K/(t —
1)] — 1. Let us define the column vector

Wk(q) == (Wk1(a),. ., Wrnwo) "
and the “transfer matrix”
T < r+ K

t ="~ ot 1<r<N(K)’
1<s<N(K)

where the Iversonian notation®

1 if expr is true,
[expr] = : :
0 if expr is false

popularized by Graham, Knuth, and Patashnik [17] has been used.
We now express W (q) in terms of Mg (q).
LEMMA 5.2. For K > t, we have

q
0
(5.2) Wic(q) = (I~ Mi(a) ™" | |
0

Proof. As in the proof of Theorem 2.1, a tree T of height h+1 > 2, inner width at
most K, and m(T’) = rt arises from a tree T of height h, inner width at most K, and
m(T) = st by replacing r of the st leaves of T' on the last level by internal vertices
with ¢ succeeding leaves each. We obviously have r < st. In order to ensure that
w*(T") < K, we have to ensure that st —r < K. We rewrite these two inequalities as

r+ K

.
5.3 <5< .
(5:3) ==

If r < N(K), we have r < K/(t — 1) and therefore s < K/(t — 1) by (5.3), ie.,
s < N(K). This justifies our choice of N(K). The construction above yields s new

3Keep in mind that we also use square brackets for extracting coefficients: [¢"]Q(q) gives the nth
coefficient of the power series Q.
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internal vertices in T”. There is only one tree T’ of height < 2, namely the star of
order ¢ + 1, which has one internal vertex (the root). In this case, r = 1.
Translating these considerations into the language of generating functions yields

N(K)

T r+ K
Wk.r(q) = qlr = 1]+ ; q [; <5< — } Wk s(q)-
Rewriting this in vector form yields (5.2). O

We will obtain asymptotic expressions for the coefficients of W by singular-
ity analysis. To this end, we have to find the singularities of (I — Mx(q))~! as a
meromorphic function in ¢. In order to do so, we have to consider the zeros of the
determinant det(! — Mx(q)). Note that gk is a zero of det(I — Mk(q)) if and only if
1 is an eigenvalue of Mk (gx). In the next lemma, we collect a few results connecting
M (q) with Perron—Frobenius theory.

LEMMA 5.3. Let K >t and ¢ > 0. Then

1. the matriz Mk (q) is a nonnegative, irreducible, primitive matriz;

2. the function q¢ — Amax(Mk(q)) mapping q to the spectral radius of Mk (q) is
a strictly increasing function from (0,00) to (0,00);

3. if M (q)x < x or Mi(q)x > x holds componentwise for some positive vector
x, then Amax(Mk(q)) <1 or Amax(Mk(q)) > 1, respectively.

Proof. We prove each statement separately.

1. The matrix M (q) is nonnegative by definition. We note that 7 < r—1 holds
forallr >2and r+1 < # holds for all » < N(K). This implies that
all subdiagonal, diagonal, and superdiagonal elements of My (q) are positive.
Thus Mg(q) is irreducible. As all diagonal elements are positive, it is also
primitive.

2. This is an immediate consequence of [16, Theorem 8.8.1(b)].

3. Assume that Mg (q)z < x for some positive z. Let y© > 0 be a left eigenvector
of Mk (q) to the eigenvalue p(Mg(q)). Then

p(Mk(q))y" = =y" Mg (qg)z < y"x.

The result follows upon division by y?x > 0. The case Mx(q)x > x is
analogous. O
We consider the infinite matrix

Mol = (0 [7 23] o,

t 1<s

and the infinite determinant det(I — My (q)) which is defined to be the limit of the
principal minors det([r = s] — ¢" [% < SDI?;% when N tends to oo; cf. Eaves [10].
1<s
For |g| < 1, this infinite determinant converges by Eaves’ sufficient condition.
We now show that the infinite determinant is indeed the denominator of the
generating function H(q,1,1,1).
LEmMMA 5.4. We have

det(I - Moo(q)) =1- b(Qv L1, 1)7

where b(q,1,1,1) is given in Lemma 2.3.
Proof. When expanding the infinite determinant, we take the 1 on the diagonal
in almost all rows and some other entry in rows a; < as < --- < ay for some k. These
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other entries have to come from —M,(g). Extracting the sign for these rows yields

det(I — Moo (q)) Z det(q"[a; < taj])i<ij<k

|
7
|
—_
~—
o

k>0 1<a;<ag<--<ag
=> (-1* > gt det([a; < tag))i<i <
k>0 1<ar<az<---<ap

We trivially have a; < ta; for j > i, so all entries on the diagonal of ([a; < taj])lgi)jgk
and above this diagonal are 1. If ay < ta;, the first and second rows of ([a; <
ta;j])i<ij<k are identical, so the determinant vanishes. Therefore, we only have to
consider summands with as > ta;. In this case, we clearly have a; > ta; for all
i > 2; ie., the first column of ([a; < taj])1<ij<k is (1,0,...,0)T. Repeating this
argument, we see that only summands with a;41 > ta; for 1 < j < k contribute to
the determinant. For those summands, the matrix ([a; < ta;])i<ij<k equals ([j >
i])1<s,j<k and thus has determinant 1.
Therefore, we obtain the representation

det(I — Moo(q)) = Z(_]_)k Z qa1+~~~+ak'

kZO la17...7ak
Vj:ajpr1>ta;

With the change of variables a1 =: by and aj41 —ta; =: by—; for 1 < j < k, we obtain

det(I — Mu(q)) = > _(=1)F Y~ gn[lrtield]

k>0 by, ,be>1
=> (- kH<Z [Tye )zl—b(q,l,l,l). 0
k>0 b;>1

If K tends to infinity, Wg (¢) tends to H(g, 1,1, 1), as the restriction on the width
becomes meaningless. For our purposes, we will need a slightly stronger result: we
also need convergence of the numerator and the denominator of Wk (¢) given by (5.2)
and Cramer’s rule to the numerator a(q,1,1,1) and the denominator 1 — b(g,1,1,1)
of H(q,1,1,1), respectively. We prove this in two steps. The first one is to prove
that the numerator and the denominator of Wi (¢) tend to the corresponding infinite
determinants. This is stated in the following lemma.

LEMMA 5.5. For |g| < 0.6, we have

det(I — Mx(q)) = det(I — Muo(q)) + O(g"/ D).

The same conclusion holds when the sth columns of both I — M (q) and I —Ms(q) are
replaced by the vector (¢,0,...)T with K — 1 and infinitely many zeros, respectively.
The estimate still holds for the first derivatives with respect to q.

Proof. The infinite determinant det(I — My, (g)) consists of summands

4 H qﬂ'(s :tq ses w(s) _ iqzses s
ses

where m: N — N is a bijection such that there are only finitely many nonfixed points
of m and S is a finite subset of N containing all nonfixed points of m. Note that
the complement of S corresponds to those columns where 1 has been chosen on the
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diagonal in the expansion of the determinant. Not all (7, S) will actually occur due
to the Iversonian expression in the definition of My (q).
For every k € N, there is a bijection from the set

{(T(,S) ‘ 7m: N — N bijective, S C N finite such that {s € N | 7(s) #s} C S

and » m(s) = k}

ses

to the set

J
{(a:l, co,wy) ENI } j €N, sz = k with pairwise distinct a:l}

i=1

of compositions of k with distinct parts: the set S can be recovered as the set of
summands in the composition, and the permutation w can be recovered from the
order of the summands.

As there are at most exp(2v/klogk) compositions of k with distinct parts by a
result of Richmond and Knopfmacher [23], there are at most that many summands
+¢" in the infinite determinant det(I — M. (q)).

The difference between det(I — My (q)) and det(I — Mk(q)) consists of those
summands which do not choose the 1 on the diagonal in some row > N(K') or which
choose an entry in some column s and in some row r with s > (r+ K)/t. In the latter
case, the 1 on the diagonal cannot be chosen in row s, so that the exponent of ¢ in
this summand is at least r + s > K/t. So all summands in the difference are of the
form +¢* for some k > K/t. By the triangle inequality and the above estimates, we
obtain

|det(I — Muo(q)) — det(I — Mk (q))| < Y exp(2Vklogk)q® = O(¢"/?).
E>K/t

The argument does not change if the sth column of both matrices is replaced by the

column vector (g,0,...,0)7T.
Differentiating the determinant can be done term by term. The error term does
not change, as the bound O(¢*/(?") is weak enough. O

The second step in the proof of the convergence of the numerator and the denom-
inator of Wk (q) consists of the following simple lemma.

LEMMA 5.6. Let |q| < 0.6. Then the denominator det(I — Mk (q)) of Wik (q) con-
verges to 1 —b(q, 1,1,1) with error O(¢"/Y). The numerator det(I — My (q)) Wk (q)
of Wik (q) converges to a(q,1,1,1) with the same error. The same is true for the first
derivatives with respect to q.

Proof. The first statement is simply the combination of Lemmata 5.5 and 5.4.

As a formal power series, Wi (q) converges to H(q, 1,1, 1) in view of the fact that
[q" Wk (q) = [¢"]H(¢,1,1,1) holds for n < (K —1)/(t — 1) because a canonical tree
with n internal vertices has 14+n(t —1) leaves and therefore width at most 1+n(t—1).

As 1—15(q,1,1,1) has no root with |¢| < 1/2 by Lemma 2.4, Wi (q) converges to
H(gq,1,1,1) for |q| < 1/2. As the denominator is already known to converge to the
denominator 1 — b(q,1,1,1) of H(gq,1,1,1), we conclude that the numerators (which
are already known to converge to some infinite determinant) actually have to converge
to a(q,1,1,1).
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By Lemma 5.5, taking derivatives with respect to ¢ does not change the argu-
ment. O

In order to obtain information on the roots of det(I — Mg (g)) and therefore the
singularities of Wk (q), we approximate the Perron—Frobenius eigenvector of Mg (q)
by that of the infinite matrix My (g). The following lemma gives this eigenvector
explicitly—as we will see in the next section, it has a natural combinatorial interpre-
tation.

LEMMA 5.7. Forr > 1, we have

[r/e-1
(5.4) q" (1 - Z [u/']b(gq,u, 1, 1)) = [u"")b(q,u,1,1).

Jj=1

In particular, if we set p, = [u"™]b(qo,u,1,1), then (p;)r>1 is a right eigenvector of
Moo(qo) to the eigenvalue 1, i.e.,

(55) MOO(QO) : (p'r)r21 = (pr)'er-

Proof. Multiplying the left-hand side of (5.4) with ™" and summing over r > 1
yields

t t oo [e%}
qu rrod qu . i,
t Z(qut) [w'b(q, u,1,1) = 1 i Z[u]t]b(q,u, 1,1) Z (qu®)
S = r=jt+1
J>1
Jt<r
t t o0
= qu — qu t\jt[,,jt b 1.1
1— qut 1— qut J:Zl(qu ) [’LL ] (q7u7 ) )

t

_ 9 t _
o 1-— qut (1 - b(q7qu 715 1)) - b(qvua 17 1)3

where the last equality comes from Lemma 2.3. This concludes the proof of (5.4).

Setting ¢ = ¢o in (5.4) and noting that 1 = b(qo,1,1,1) = > o, pr yields
(5.5). O B

We now use the fact that (p,)r>1 is an eigenvector of M (q) to derive bounds
for its entries.

PropoSITION 5.8. All constants p., v > 1, are positive, and we have p, =
Qg /r) and p, = O(r?q"), where

1
=g .

Proof. As we will see later in the proof of Theorem 6.1, equation (6.2), the
pr are limits of probabilities and therefore a priori nonnegative. In fact, this is a
consequence of Lemma 2.5. Moreover, they sum to 1 as mentioned earlier, and in
view of the eigenvalue equation and the fact that M (q) is an irreducible matrix, we
even know that they must be strictly positive.

By the eigenvalue equation (5.5), we have

Dr 2> qu[r/t]
for all 7 > 1. Tterating this yields, with ppi, = ming«; ps,

Siset T /e Sl /)
Pr 2 qq =0 Dy /tllosy v1q 2 Pminqg =0

log, 74+3.%2, r/t? 141/(t—1
2 Pmingg ¢ i=0 = pminrlogt ‘ZOqS( /( ))
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As go > 1/t by Lemma 2.4, we have log, g0 > —1 and the lower bound follows.

To prove the upper bound, we proceed in two steps. In a first step, we note
that the eigenvalue equation (5.5) together with the fact that ) -, pr =1 yields the
weaker upper bound -

Pr=ap Y Ps<q5 Y ps=dp

s>[r/t] 5>1

In a second step, we use induction on 7 and assume that p, < cs?¢? for s < r for some
constant ¢ depending on ¢. Then the eigenvalue equation (5.5) yields

1
pr<ah Y pa<eqy >, SEta@Y a@<cg Y, 82q2+1_q0q§7’

s=[r/t] [r/t]<s<r r<s [r/t]<s

. r/t]2 2¢.[r/t q+(1 + g« T 1 .

gy (I 20l a0 e a1
1—q. (1—qs) (1—q«) 1—4qo

(r+t)? | 2¢.(0r+t)  ¢(1+q)\ Lo,
< T * - T"
Cq“(tm—q*) - (A-gp)® TTog®

1—
As t?(1 —g.) > 1 for t > 2 (cf. Lemma 2.4), we obtain

141141
pr < e/t = ety gy
for sufficiently large r. O
LEMMA 5.9. The generating function Wi (q) has a unique singularity qrx with
lgrc| < 0.6 for K > c1, where ¢y is a suitable positive constant depending on t. It is a
simple pole and a zero of det(I — Mk (q)). Furthermore,

1 k-1 K/(t—1
q0 + 2740 /=1 < qrx < qo + c3K?q; /=0
for suitable positive constants co, c3 depending on t.
Proof. In the following, c4, c5, ... denote suitable positive constants depending
on t.

As H(gq,1,1,1) has a unique pole ¢ with |¢| < 0.6 by Lemma 2.4 and the numerator
and denominator of Wk (g) tend to the numerator and denominator of H(q,1,1,1),
respectively, by Lemma 5.6, W (q) also has a unique pole with |¢| < 0.6 for sufficiently
large K.

We set xx = (p1,...,pnx)) L. If we find a ¢ > 0 such that Mg (q)rx > zk,
then Lemma 5.3 implies that Apax(Mk(¢)) > 1 and gk < g.

We therefore consider the rth row of Mg (q)zx for some 1 <r < N(K). We have

r r r [ Pr Pr+K
Me@ex)=¢ Y mzd Y pszq(7— ,:K)

dp qo

by the eigenvalue equation (5.5). By Proposition 5.8, we have

r+K
p—”g <ecar(r+ K)? q: = = car(r + K)2q£(/(t_1) < C5K3q£(/(t_1).
Prq x4y
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Therefore, we have

Pr+K 1 1 1
(- = > > .
praf (1 _ peex ) ST 2 T gl

Prdqp

This means that for ¢ = ¢o + C7K2qé</(t71), we have Mk (q)xx > vk, as desired.

The proof of the lower bound follows along the same lines. O

Proof of Theorem 5.1. We choose K large enough so that Wi (¢) has a unique
singularity gx with |gx| < 0.6 and such that gx /0.6 < 0.99. By singularity analysis
and Lemma 5.6, we have

y _ Wk _ wpnyy () "
P(w(T) < K) = " H(g 1,1,1) =(1+0(0.6 ) (qo > (1+0(0.99™))
for K > cg.

We now estimate
(5.6) E(w(I) = 3 (1 - B(T) < K)).

K>0

We use the abbreviation S :=1/¢5~" > 1.
First, we consider the summands of (5.6) with S¥ < n/log?n. By Lemma 5.9,

we have
g \" 1 " logn\"
— Z 1+ CQ—F 7T Z 1+ C10 Z C10 IOg n.
q0 SEloggn n

We conclude that these summands of (5.6) contribute loggn + O(loglogn). Similar
estimates imply that

(5.7) P(w(T) —loggn < —ologglogn) = O (%)
log” " n
for o > 1.

Now, we consider the summands of (5.6) with n/log?n < S¥ < nlog®n. These
are O(loglogn) summands with each trivially contributing at most 1, so the total
contribution is O(loglogn).

Next, we consider the summands of (5.6) with nlog®n < S < n*°85 We now
have

2

and therefore

P(w(T) < K) > (14 O(n~108s 061/} expy (—(n +1)log (q—K)> >1— ey

qo0 logn’

The total contribution of these summands is therefore O(1). Similar estimates imply
that

1
(5.8) P(w(T) —loggn > ologglogn) = O (T)
log? “n
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for o > 2.
Next, we consider the summands of (5.6) with n*t1°89 < §K < §t»  This time,
we have
dK 2

n
— <1l+casz—,
do n

and therefore

P(w(T) < K) = (1 + O(n~280-6l)) exp <—(n +1)log <(f]_}0<)> >1- 014%.

The total contribution of these summands is therefore O(1).

Finally, we note that all summands with K > tn vanish: any tree with n internal
nodes has at most width tn.

Collecting all terms, we obtain

logn

+ O(loglogn).
The combination of (5.7) and (5.8) immediately yields the concentration property
(5.1). 0

6. The number of leaves on the last level. Analyzing the parameter m(T)
counting the number of leaves of maximum depth (labeled by the variable u in the
generating function H (g, u,v,w)) is the topic of this section. Here, T is a canonical
forest in F, for some number of roots . We note that for fixed |u| < 1, the dominant
simple pole qo of H(g,1,1,1) is also the dominant singularity of H(q,u,1,1) and is
still a simple pole. Therefore, m(T") tends to a discrete limiting distribution; we refer
the reader to section IX.2 of Flajolet and Sedgewick [15]. Note that the number m(T")
is divisible by t unless T has height 0. The result presented in this section is a very
useful tool in proving the central limit theorem for the path length in the following
section.

THEOREM 6.1. Let qo, Q, and U be as described in Lemma 2.4 and q. be as defined
in Proposition 5.8. For m > 1 such that mt € Z, we set p,, = [u™]b(qo,u,1,1) as in
Lemma 5.4. Then, for a randomly chosen forest T € F, of size n, we have

Ut\™
(6.1) P(m(T) =mt) = pm +0(Q"U™) = p, (1 + O(Q”m(—) )) =0U™)
uniformly in r.

Furthermore, we have E(m(T)) = py, + O(Q™) and V(m(T)) = o2, + O(Q™)

uniformly in r. Here,

22—t 34+6t2 -5t 3t + 3263 + 61t2 — 56¢ o 1.3t4
W = 2t — — — - + €19(?)

ot+1 92t+3 23t+8 3. 94t+4 24t
and

tt — 32 54+ 13t4 — 33 — 1742
o2 =92t? — — *

m 2t+1 42t+3
3t0 4+ 59¢° 4 215¢* — 893 — 208t2  2t7
_ 23t+6 + WEQO (t)
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Numerical values of the constants in mean and variance of the number of leaves on the last
level for t € {2,3}; ¢f. Theorem 6.1. See also Remark 3.2. For the accuracy of these numerical
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TABLE 5

results see the note at the end of the introduction.

t Hm Ufn
2 3.3008907135661046 3.4340283494347781
3 5.4223250580971105 10.9926467981432752
4 7.5391743055684431 23.0048877906448059
5 9.6531072700455410 39.9382006717564049
6 | 11.7525465927985450 61.9509728363450114
7 | 13.8311837210749625 88.8290211521323761
8 | 15.8889617566427750 | 120.2125697911546141
9 | 17.9291240142580452 | 155.7621950801096596
10 | 19.9558689242933884 | 195.2366537978909468
T T t 1
[ ]
06l . h rue values
o X Pm
: - - - expectation
'
> 04 ! n
e 1
= 1
= X
e} 1
o 1
= 1
2 0.2 1 —
'
1
X
1 x
0 ! 2O
| | | | | | |

0 S 10 15 20 25 30

leaves on the last level

Fic. 5. Distribution of the leaves on the last level for t = 2 and n = 30 inner vertices. On the
one hand, this figure shows the true distribution of all trees of the given size and on the other hand
the result on the expectation of this distribution (Theorem 6.1 with only main term of mean taken
into account).

fort > 4. Fort € {2,3}, the values of pm and o2, are given in Table 5.

Note that by Lemma 2.3, p,,, = 0 for noninteger m.

Again, we visualize the distribution of the leaves on the last level for a given
parameter set; see Figure 5. This is compared with the mean of Theorem 6.1.

Proof. As the variables v and w do not play any role, we write H(q,u), a(q,u),
and b(q, u) instead of H(q,u,1,1), a(q,u,1,1), and b(q, u, 1, 1), respectively.

By (2.9), we have U'~!qy/Q < 1;i.e., a(q,u) and b(g, u) are analytic for |g| < go/Q
and |u| < 1/U by Theorem 2.1. By (2.1) and Lemma 2.4, the meromorphic function
q — H(q,u) for fixed u with |u| < 1/U has a unique singularity in {q | |¢| < qo/Q@},
namely qg, independently of u.

We use Cauchy’s formula, the residue theorem, and the fact that a(g,u) does not
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contribute to the residue at ¢ = ¢o to obtain

1 H(g,u)
q"|H(q,u) = —]{
7 A

H 1 H
:_Res< (q,?)’q:qo)jL_.j{ (q;:t)d
gt 27 Jigj=q0/@ 4"
— b(qg,u)l/(”/') + L% H(Qau)
|

: q,
a 216 Jigj=q0r@ €

where v(r) has been defined in (2.11).
By Lemma 2.5, the probability generating function P, (u) of m(T) is given by

(6.2) P (u) = bgo,u) + O(Q")

uniformly for |u| < 1/U and uniformly in the number of roots r (it suffices to bound
the numerator and the denominator of H(q,u) separately in order to get a uniform
bound in ). We remark that this proves the nonnegativity of the constants p,,, which
we required in the proof of Proposition 5.8.

Expectation and variance follow upon differentiating b(go,u) with respect to u
and inserting the asymptotic expression for qg. Here, we use the bounds derived in
Lemma 2.7.

In order to compute ]P’(m(T) = mt), we consider

v(r _H(gq,u)
™[ H (g, 1) = pm 74 7( dqdu.
qo 27” lul=1/0 Jjdl=a0/@ q”““””“

Bounding H(q,w) uniformly in r and using Lemma 2.5 and Proposition 5.8 yields
(6.1), taking into account that

Ut 2
Z =2 + t—2€21 (t)
for ¢ > 30 and that U?/q, > 1 remains true for all ¢ > 2. 0

7. The path length. This section is devoted to the analysis of the path length.
While the external path length is most natural in the setting of Huffman codes, it is
more convenient to work with the total and the internal path lengths, respectively.
As it was pointed out in the introduction, all three are essentially equivalent since
they are (deterministically) related by simple linear equations.

THEOREM 7.1. For a randomly chosen tree T € T of size n the total path length
(as well as the internal and the external path lengths) is asymptotically (for n — o)
normally distributed. Its mean is asymptotically pyn® + O(n), and its variance is
asymptotically o7,n® + O(n?) with

ot t2—2t 23432 — 8t Ot + 4563 + 22 — 88t 0.048t°
ohh =3 T S T T o6 93149 + g e(t)

Hipl =
and

) 2 —tt 4513 —2t2 —6t° + 611 + 2713 — 1412

Tt T 13 3.2t 3. 2240
—27t6 — 72¢° 4 237t* + 3023 — 232t 0.078¢7
+ 3 93170 +—m £23(1)
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for t > 30.

We determined numerical values of these constants as in the previous sections.
They are given in Table 6. Figure 6 shows the result of Theorem 7.1 for particular
values. It compares the obtained normality with the distribution of the total path
length found by a simulation in SageMath.

TABLE 6
Values of the constants in mean and variance of the total path length for small values of t; cf.
Theorem T7.1. See also Remark 3.2. For the accuracy of these numerical results see the note at the
end of the introduction.

2
Hipl Utpl

0.5517980333242771 | 0.4254704960029117
0.7995328756339714 | 0.7922629722714524
1.0432261612615134 | 1.3151643425139087
1.2844112381086093 | 2.0034857832310170
1.5254850246188775 | 2.8759607924909180
1.7678665778255347 | 3.9388990633171834
2.0120005013102160 | 5.1894943655172528
2.2577888724045994 | 6.6208696968269586
2.5049161393093200 | 8.2258587463722461

~+

O © 00O Uk Wi

—_

We first use a generating functions approach to determine the asymptotic behavior
of the mean and variance. Let us define

(g, u,w) == Z@ (1) (1)
TeT

for the rth moment of the total path length. Note that

) aO(Qa 1,’LU)

Lo(g,u, w) = H(g,u,1,w) = ao(q w,w) + blg,w,w) —p o=

in the notation of Theorem 2.1 but writing a( instead of a and leaving out the pa-
rameter v.

We are specifically interested in L; and L. In analogy to the approach we used
to determine a formula for H(q,u,v,w) in the proof of Theorem 2.1, we obtain a
functional equation for L,(q,u,w) by first introducing

Lrn(gu) = [wh]Ly(qu,w) = > 4(T)"¢" " um™™).
TeT

R(T)=h
Define, for the sake of convenience, the linear operators &, = uau, d, = w%,
and &, = qa% acting on our generating functions. We get the following result for the

generating function of the first moment.
LEMMA 7.2. We have

al(qa ]-7 U})

Li(q, v, w) = a1(q, u,w) + b(q; u, w)m
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1073
| e true values
sl i Theorem 7.1
) |
;;
o) 4 s
o
hat
o,
2 - |
0 - |
| | | | | |
0 200 400 600 800 1,000
total path length
1074
| e true values
Al | Theorem 7.1
g 3 :
%
£ 2 1
-
a,
1 - |
O - |
| | | | |
0 1 2 3 4
total path length -10*

F1G. 6. Distribution of the total path length for t = 2, and n = 30 (top figure) and n = 200
(bottom figure) inner vertices. On the one hand, this figure shows the true distribution of all trees of
the given size and on the other hand the result on the asymptotic normal distribution (Theorem 7.1
with only main terms of mean and variance taken into account). In order to take into account that
the total path length is always even, we rescale the limit distribution.

with

qﬂl]] uti

o g
a1(q, u,w) = Z(‘UJU}J (®u®uLo)(g, g1’ w) H T— it
=0

J i=1

Proof. Replacing j leaves of depth h by internal vertices, thus creating jt new
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leaves of depth h + 1, increases the total path length by jt(h 4+ 1). Thus we get

Li pyi(g,u Z Z LT ”(T)“ujt + Z (h+ 1)m(T)q”(T)um(T)
TeT j=1 TeT
h(T)=h h(T)=h+1
qu’

0
= T qut (Lin(g,1) — L1 (g, qu’)) + (h + 1)U%L0,h+1(% u)

and Li o(¢g, ) = 0. Then, by multiplying by wh*! and summing over all h, we obtain

t

utw
Ll (q7 u, ’U}) = 1q_ ut (Ll ((L 17 ’U}) - Ll(qa qut’ ’U})) + (I)uq’wLO((L u, ’U})
Lemma 2.2 yields the desired formula for L (g, u,w). O

Next, we derive a formula for the generating function of the second moment.
LEMMA 7.3. We have

a2(q7 ]-7 U})

La(q, u, w) = az(q, u,w) + b(q; u, w)m

with

2, u,w) = Y (=170 (2@u@uL)(a, gVt w) — (@202 Lo) (g, gt w))
Jj=0
J [i,,t*
qtru
x H 1— glilyr

=1

Proof. As in Lemma 7.2, we derive a functional equation for Ls(q, u,w). Starting
with a tree T of height h and creating jt new leaves of depth h+ 1 changes the square
of the total path length from ¢(T)? to (¢(T) + jt(h + 1))*. This translates to

Loni(g,u Z Z oT 2 n(T)+jujt+ Z (h+ 1)2m(T)2qn(T)um(T)
TeT j=1 TeT
h(T)=h h(T)=h+1
+2 3 (A4 D(UT) = m(T)(h + 1))m(T)g" @™
TeT
h(T)=h+1
qu’

= 1 g (Lanl@: D) = Lan(g. qu'))

+2(h+ 1)@y L1 nt1(q,u) — (h +1)*®@2 Lo ng1(q, w).

Note that we have Lg (g, u) = 0. Encoding the height by w” leads to the functional
equation for the generating function

t

utw
L2(q7 u, ’U}) = 1q_ ut (LZ(qa 1, ’U}) - L2(q7 qutv U}))
+ Z(buq)le(qv Uu, w) - q)zq)%uLO(qv Uu, w)
Again, Lemma 2.2 finishes this proof. O
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In order to determine the asymptotic behavior of mean and variance, one only
needs to find the expansion around the dominating singularity go and apply singularity
analysis. The main term of the mean is easy to guess: assuming that the vertices are
essentially uniformly distributed along the entire height, it is natural to conjecture
that £(T) is typically around tn(T)h(T')/2 and thus of quadratic order. This is indeed
true, and the variance turns out to be of cubic order (terms of degree 4 cancel, as one
would expect). The following lemma substantiates these claims for the mean.

PROPOSITION 7.4. The mean of the total path length is pm? + O(n) with

t
Hipl = i,uh

Proof. By substituting L¢ into the functional equation of Lemma 7.2, we get an
explicit expression for Lq(g, 1, w), namely

L ,1,11) q, jﬂ,w —
1(g )= (1—b( J:ZO b)(¢,q )El_qm
ao(q, 1, w) = o , I gl
OB 1) w? (@, ®b)(q, g7, :
+ (1 . b(q, 1’ w))2 J 0( ) w ( )(q q U}) bl 1 _ quZ]]
(1 - b(q7 17 w))2 =0 ]- - q[[z]]
1 - D wi (P, P (51 . q[[i]]
+m;(—)w( uPuwao)(q, ¢ 7w)i1;[11_q[[1-]]~

The dominant term in this sum is the first one, with a triple pole at the dominant
singularity gg. The second and third terms, however, are also relevant in the calcula-
tion of the variance, where one further term in the asymptotic expansion is needed in
view of the inevitable cancellation in the main term. Singularity analysis immediately
yields the asymptotic behavior of the mean: since the pole is of cubic order, the order
of the mean is quadratic, i.e., it is asymptotically equal to p¢n?, where the constant
lipl is given by

(Puwb)(q0,1,1) 0Ty
M) g = oDl LY )ao a1 [T 2
2( q051712j Zzll_qgﬂ

Plugging in the definition of b as a sum, it is possible to simplify this further. One
has

ng

(®ud)(q,u,1) =

-1 f[ q s i th
h h
h=1 1 — glrdut h=1 1 —gltut
by logarithmic differentiation and thus

k [R]+¢"[5] k h
_ q t
(-1t 4 y
hl;[l 1 — glhI+t"14] hz::l 1 — glPI+t"13]
j+k Iil k h
k-1 q t
(=1) (H 1_qﬂi]]>hz_:l1_qﬂh+jﬂ

i=j+1

k=1

(Dub)(g, 4V, 1) =

[z 1]

b
I

1
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since [R] + t"[j] = [h + j] by definition. Plugging this into (7.1), we find

x> j+k 41 k h

(®wb)(q0,1,1) ithk—1 ¢ q t
= - _1)+ 0 _
Hir! 2((I)qb)(q07 1, 1)2 Z Z( ) H 1— HZ]] Z - qgh"‘ﬂ]]

i=1 do h=1 1

o ¢ [i] ¢
((I)wb)(qﬂv 13 1) %)
Hipl = 5 = 377 1 1\o
P 2(Pgb) (g0, 1,1)2 ; Hl 1 gl ;hzl [[h+é ]
oo ¢ [i] 0
_ ((I)wb)(qﬂv 13 1) qo
e TP PN by PR E
oo £ i
= ((I)wb)(qov 13 1) Z(_ )E—l qg ]] t[[’l"]]
2(@,0) (0, 1, 1)? 2~ W) 2= o

Noting now that

<t V&
(40)(g,1,1) = Z(_l) <H 1— qu]]> Z 1—qll”
i=1 r=1

(=1

which can be seen by another logarithmic differentiation, we can replace the sum in
the expression for p,; above by t - (®4b)(qo,1,1), which finally yields

Ll = z ((I)wb)(QO, 17 1)
" 2 ((I)qb)(q(h L, 1) ’

and the second fraction is precisely up; cf. (3.1). O

Our next goal is to obtain the asymptotics of the variance, which will again follow
by applying the tools from singularity analysis together with the result for the mean
shown above.

Let us use the abbreviation

0 ‘ J [i]
(0.3, = 317200 (o) s1.1) (T 5 )

§=0 i=1

where M is a function in the variable j and ® an operator, to simplify the expressions
in the following lemma.
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LEMMA 7.5. The variance of the total path length is o7, n® + O(n*), where

s (®20)(q0,1,1) (Pu) (g0, 1,1)°
7t (D) (g0, 1, 1)
 (@g®ub) (90, 1,1) (Bub) (0, 1,1)
(D) (40, 1, 1)"

_ %E(qm = 1,8,) <E(qo,j = 1,8,8.) + 3(q0, 5 — [T, 2)

+E<qo,]HZ HM,CDU>)

111_

S(go,j > 1,8,,)°

(g0, 5 > 1,8,)

(®wb)(go, 1,1)* : . )
+ Wq(;,ll):* <E(QOJ = 2[[] + 1]] - lv(bu)

—|—Z<q0,] »—>2t; 1_[[']][[1]}@ ))

E(QOvj = 1aq>u)2
3 E(QO?] = 1aq>u) (Z(QOJ = 17(I>uq)’u)) + Z(QOJ ’_>j7 q)u))

Proof. In order to calculate the variance, one needs, besides the result of Propo-
sition 7.4, the asymptotic behavior of La(g,1,1) at the dominant singularity. Only
the terms of pole orders 4 and 5 (i.e., highest and second-highest) are needed. More
details on the computation can be found in the appendix. By Lemma 7.3 we obtain

6a0(q7 13 1)((I)wb)(Qa 17 1)2
(1 - b(q7 17 1))5

4a(q,1,1)(Dub)(g,1,1)? . . i
O(Q(l _11))(((]7 1’)1()(])41 ) <E(q,j — [[] + 1]]7'1)1;,)

RS )

8ap(q,1,1)(Dy,b)

La(q,1,1) = S(g,j > 1,8,)°

gq’ LY S(gd o 180) (.5 1, 3u®0)

(1—-b(g,1,1))*
i S0 L)’
2a0((é,11_,1b)((§%1u’bi§) q,1,1) E(q,j = 17(I)u)2
o I R
 2a0(g,1,1)(®ub)(g, 1,1)°

(b rny oI b

+O<m)

(© 2015 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 11/29/16 to 146.232.125.160. Redistribution subject to CCBY license

1642 C. HEUBERGER, D. KRENN, AND S. WAGNER

as q tends to qq.

Applying singularity analysis to the highest and second-highest order terms of
both L; and Lo yields the variance. The terms of order n* cancel (as expected), and
one finds that the main term of the variance is asymptotically Ufpln3. ad

In order to obtain expressions (either the asymptotics in ¢ or the values for par-
ticular given ) of y14, and o7, we insert the dominant singularity go (see Lemma 2.4)
into the formulae obtained in Proposition 7.4 and Lemma 7.5. We remind the reader
again that it is important to establish that afpl # 0, so numerical values and estimates
for large t are needed again. A couple of technical difficulties arise due to the infinite
sums. These are discussed in the following remark.

Remark 7.6. We use SageMath [24] for our calculations. In order to get the
asymptotic expression and values for o7, in Theorem 7.1 (note that we have fiy
already due to Proposition 7.4 and the results of section 3), we have to evaluate
infinite sums and insert the dominant singularity qo.

We will explain step by step how this is done:

(a) We start with the expression for 07, found in Lemma 7.5.

(b) First, let us consider the infinite sums (g, M, ®). For a suitable Jx de-

pending on ¢, we calculate the first Jy summands directly and use a bound
for the tails. More precisely, we use

> (=1 M() (@b) (g0, 1) ( a )

j=Js im11— qu]]

J: ] 00
1@b) (g0 1g1.1) [ T] -0 M;QI>
€ ( ) qo, 14y ; JQ

[2]
=11 — (]0Z j=Js

with the interval I = [-1,1], M(j) < M; for j > Jx, and Q = qg‘]Hﬂ/(l -
[J+1]

40 ) .

Let us consider the bound M;. If M(j) = [j], we set M; = t7/(t — 1) and
analogously for M(j) = [j + 1]. If M (j) =>1_, t[[i]]/(l—quﬂ), we use M; =
2t9T1 /(1 — qo). Otherwise (M(j) =1 and M(j) = j), we simply take M; =
M (5). These choices allow us to find a closed form for Z;.;Jz M;Qi~7=.
Proceeding as described above gives an expression consisting of finitely many
summands containing functions b, which will be handled in the following step.

(¢) Let us deal with the function b(q,u,w) and its derivatives, which all are

infinite sums. As above, we calculate the first J, summands directly for a
suitable J, chosen depending on ¢t. Then we add the bound provided by
Lemmata 2.6 and 2.7 to take care of the tails.
At this point, we end up with a symbolic expression not containing any
(visible or hidden) infinite sums; only the variables t, go, U and the interval T
occur. Thus, we are almost ready to insert the asymptotic expressions or
values for these parameters.

(d) Now, we are ready to insert the dominant singularity go. On the one hand,
this can be the asymptotic expansion of gy as ¢ — oo (in our case valid for
t > 30); cf. Lemma 2.4. We choose Jy, = J, = 3. The result will then again
be an asymptotic expression for o7,.

On the other hand, we can use a particular value for go for given ¢ (which
for us means, more precisely, an interval containing qo). In these cases, we
choose Jy = J, = 4 for 8 < t < 30 and higher values for ¢ < 8 (up to
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Jyx = Jp = 14 for t = 2). The resulting Ut2pl is then computed using interval
arithmetic.

In order to prove asymptotic normality of the total path length, a different, more
probabilistic approach is needed. Standard theorems from analytic combinatorics no
longer apply since the path length grows faster than, for example, the height, so that
mean and variance no longer have linear order.

We number the internal vertices of a random canonical t-ary tree of size n from
1 to n in a natural top-to-bottom, left-to-right way, starting at the root. Let Xy ,
denote the depth of the kth internal vertex vy in a random tree T' € T of order n.
Moreover, set Y, = Xpt1.n — Xin € {0,1}. In words, Yy, is 1 if the (k + 1)st
internal vertex has greater distance from the root than the kth, and 0 otherwise. It
is clear that the height can be expressed as

n—1

WT) =1+ maxXpn =14 Xnn =1+ ; Yien,

which would indeed be an alternative approach to the central limit theorem for the
height. More importantly, though, the internal path length can also be expressed in
terms of the random variables Y}, ,,, namely by

n n k—1 n—1
éinternal(T) = ZXk’" = Z }/j,n = (Tl _ j)}/},n
k=1 k=1 j=1 j=1
Now
n—1 n —j
n_léinternal (T) = Zl " }/j,n
j:

can be seen as a sum of n—1 bounded random variables Z; ,, = %an An advantage
of this decomposition over other possible decompositions (e.g., by counting the number
of vertices at different depths) is that the number of variables is not random. Another
important point is that the Z;, are bounded after rescaling, so that they also have
bounded moments.

Unfortunately, the Z;,, are neither identically distributed (which is not a major
issue) nor independent, which makes standard versions of the central limit theorem
for sums of random variables inapplicable. However, they are almost independent in
that they satisfy a so-called strong mixing condition (inequality (7.2) of the following
lemma).

LEMMA 7.7. Let Fs, be the o-algebra induced by the random variables Z1 p, Zap,

.y Zsi o, and let G, be the o-algebra induced by the random variables Zs, n, Zsy41,n,
wos Zyn—1n. There exist constants k and A (depending only on t) such that

(7.2) |P(AN B) —P(A)P(B)| < ke As2751)

for all1 < s1 < s2 <n and all events A € Fs, and B € G, .

The main idea of the proof of the strong mixing condition is simple: events
A € Fs, describe the shape of the random tree 7' up to the sith internal vertex
vs,, while events B € G, describe the shape of the random tree 7' from the soth
internal vertex vs, on. The probabilities of such events can be calculated by means
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TABLE 7
Values of v and nj for the decomposition of a random tree.

J rj n;
1 1 s1—1— fi
2| at+1l4fp|s2—1—gx—(s1—1-fi)
3lopt1+g n—(s2—1—g)
[ ) r=1
Ty
S1
oo 0000 ro =06, fx=3, f, =2
— —
I T, fo
52
oo 0000 r3=06,9x=2,9,=3
~ S
gx T3 9p

Fic. 7. Decomposition of canonical trees. This decomposition into T1, T2, and T3 is used in
the proof of Lemma 7.7.

of Lemma 2.5 and Theorem 6.1, and the exponential error terms that one obtains
through this approach yield the estimate (7.2) above.

Proof of Lemma 7.7. For a canonical tree T', let F\(T') and F,(T") be the number of
internal vertices on the same level as v, , left and right of v, , respectively. Similarly,
let GA(T) and G,(T") be the number of internal vertices on the same level as v, , left
and right of v,,, respectively. For fixed s1, fi, f,, 52, gx, and g, there is a bijection
between the following;:

e the set of canonical trees T' with F\(T') = fx, F,(T) = f,, GA(T) = g, and
G,(T) = g, and such that v,, and v,, are on different levels, and
o the set of tuples (Th,T%,T3) where T; is a canonical forest with r; roots, n;
internal vertices, and m;t leaves at the last level, where the values of r; and
n; are given in Table 7, T} has no isolated roots,® and m;t > r;;1 holds for
je{1,2}.
An illustration can be found in Figure 7.

Here, T consists of the first levels of T" up to and including the level of v, T5
consists of the levels of T' from and including the level of vs, up to and including the
level of vs,, and T3 consists of the levels of T' from and including the level of vs,. Note
that the internal vertices of T' are partitioned into those of T3, T5, and T3, as the last
level of a forest does not have any internal vertices by definition.

Note that the definition of a canonical forest does allow an arbitrary number of
isolated roots; by definition, those are leaves and not internal vertices. In order to
use Lemma 2.5 and Theorem 6.1 for our cases, we use the simple bijection between
forests with n internal vertices and r roots, all of which are nonisolated, and forests
with n — r internal vertices and rt roots realized by omitting all r roots.

4We define an isolated root to be a root without children.
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With Q@ = % + (log2)/(2t) + 0.06/t2 (Lemma 2.4), ¢. = ¢/ (Proposi-
tion 5.8), and U = 1 — (log 2)/t? (Theorem 6.1), we fix 0 < § < 1/4 such that

]
(U iy

holds for all j > 1. We first compute the probability to have at least mit > 6(sa — $1)
vertices at the level of vs,. To do so, we use the decomposition as described above
with the following modification: we do not use the full decomposition into (74,75, T5)
but join the latter two to have a decomposition (73,753) in the obvious way. By
Lemma 2.5 and Theorem 6.1 we have

v(1)g; ™ OU™) = O(gg ™ U™
canonical trees T with mt leaves, and there are
(t’l“z) —no— n3+r2(1 +O(Qn2+n3 m)) — O(qanQ n3)

canonical forests Th3. Note that we used v(try) = ©(1) (see Lemma 2.5) and ¢4 < 1.
Therefore, using U < 1, we find the desired probability to be

1 —ny mlt 7Z2 ns3
Oarasogy 2 2.0w"U )

m12>6(s2—s1)/t fa

- ¥ sowr

m1>8(s2—s1)/t fa
= Z O(mltUmlt)
maq 25(82781)/t

= 0(5(82 _ Sl)U(S(Szfsl)) — O((Sg _ 81)U5(S2781)).

Analogously, the probability that there are at least §(s2 — s1) vertices at the level
of vy, is also O((sa — s1)U%271)). In particular, the probability that v,, and v,
are on the same level is bounded by O((52 - 51)U5(52_51)). From now on, we consider
the event W that vs, and vs, are on different levels and that there at most §(sa — $1)
vertices at each of the levels of vs, and vs,, respectively. The previous discussion
shows that

(7.4) P(W) > 1— O((sy — s1)U°2751)),

Now let two events A € Fy, in the o-algebra generated by Z; ,,...,Zs, » and
B € G, in the o-algebra generated by Zs, n, Zsy4+1,n; - - Zn—1,n be given. The event
A consists of a collection of possible shapes of the random tree T up to the s;th vertex
vs,, and likewise B consists of a collection of possible shapes of the random tree T’
from the soth vertex v, onwards. For ease of presentation, we assume that the events
A and B consist of only one such shape up to s; and from s, on, respectively; the
general case follows upon summation over all shapes in A and B. The shapes A and
B uniquely determine Fj(T') =: f) and G,(T") =: g,, respectively. On the other hand,
F,(T) and G»(T") will be somewhat restricted by the shapes in A and B, respectively.

Using Lemma 2.5, Theorem 6.1, and the bijection into a tree and forests described
above yields the following estimates for the probabilities we are interested in. There,
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the error term O(Q™) in the denominator will always be absorbed by the error term
in the numerator because Q™ < Q*2~*~!. We obtain

1 —no—nz+ry no+nz—ro
PN = ot 2R T 0@ )

-3 ey g9
fo

using the inequalities @ < 1, ro < §(s2 — s1) (since we are in the situation that event
W occurs), and ng + ng > s — s1. We also get

1

]P(B M W) = — V(l)q—nl—nz
o, X

m(1vofen(E)°)

= Z 40° P (1 + o(Q(3/4—5)(52_51)))

gx r3/t<ma<d(s2—s1)/t

by (7.3) with j = s2 — s1 and the inequalities gy < d(s2 — s1) (again because W
occurs) and ny +ng > ng > (1 — §)(s2 — s1). Similarly, we calculate the probability
that all three events A, B, and W occur simultaneously as

P(ANBNW)

1 —no+ry
SLOearo@) = 2 e

fp)gA TS/t§m2§6(82781)/t

o i)

v(tr2) i tmadtr e
= Z Z ( 2)q01+ 3+ 2pm2(1+O(Q(3/4 26)(s2 1)))’

v(1)
fp)gA TS/t§m2§6(82781)/t

where we additionally used 1o < §(s2 — s1). We conclude that

t
PANW)PBNW) ~PANBAW) < Y > VV((? gy,
fo:gx 13 /t<m<é(s2—s1)

x O(QB/1720)(s2=s1)
= 0(QB/A=2) (2= \P(A N BNW).

Combining this with (7.4) yields the strong mixing property (7.2). O

Now we are able to apply the following result of Sunklodas.

LEMMA 7.8 (see Sunklodas [25]). Let d, s € (2,3], k, A, co be fized positive
constants. Then there exists a constant K such that for all positive integers n and
random variables X1, Xa,..., X, the following holds:

If

1. E(X;) =0 for all j,
2. maxi<;<n E(lles) S d,
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3. the strong mizing condition

sup  |P(ANB) — P(A)P(B)| < ke "
A€F,, BEG 4+
1<t<n—r1

holds for all T (where Fy and Gy, are the o-algebras generated by X1, ..., X
and by Xiir, ..., Xp, respectively), and
4. the inequality

holds,
then we have

sup
xr

P35 jzzxj ) - a(o| < KloelBe/y

where ®(x) = (2r)~1/2 1. e~""/2 du denotes the distribution function of a standard
normal distribution.

Remark 7.9.  Actually, Sunklodas gives a stronger statement where A is not
necessarily constant, but we will only need this version. Moreover, he technically
considers an infinite sequence X7, Xs, ... of random variables and assumes that the
conditions above hold for all n. However, the statement gives an explicit inequality
for each fixed n, and the proof of this inequality given in [25] only makes use of the
conditions for the same fixed n. This is important for us since we are not considering
an infinite sequence but rather a finite sequence of n random variables that all depend
on n.

Proof of Theorem 7.1. The qualitative behavior of the asymptotics of mean and
variance follows from the moment generating functions L; and Lo (see Lemmata 7.2
and 7.3) by using the standard tools from singularity analysis [15], as explained earlier.
We get the constants pi4,; and oy from Proposition 7.4 and Lemma, 7.5, respectively,
by inserting either the asymptotic expansion of gg (cf. Lemma 2.4) or the values of ¢g
for given t (see also Remark 7.6).

Asymptotic normality follows from Sunklodas’s result (Lemma 7.8) applied to
the sequence X; = Z;,, — E(Z; ) = “=1(Yj.n — E(Yj,n)), where Yj ,, Zj , are defined
as explained earlier in this section. Since |Xj| is bounded by 1, the first condition
of Lemma 7.8 is trivially satisfied (for any s). The second condition (strong mixing
property) is exactly Lemma 7.7, and finally we already know that the variance of the
sum n~! >_7—1 Xj, which is equal to the variance of N Yinternat(T), is of linear order
because the variance of £;,terna 1s of cubic order.

Since the upper bound for A, in Lemma 7.8 goes to 0 as n — oo, it fol-
lows that the distribution of f;ternar (suitably renormalized) converges weakly to
a Gaussian distribution. We can even conclude that the speed of convergence is
O(n=*?logn). 0

Appendix A. Details on the variance of the total path length. In this
appendix, more details of the proof of Lemma 7.5 are given. Some of these calculations
were performed with computer assistance using SageMath [24].
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For any variable z, we write ®, = 2% a . Such an operator satisfies the following
properties.
LEMMA A.1. For any expressions a, b and any variable z, we have

D, (a+b)=D,(a)+ D,(b), D, (ab) = ,(a)b + a®.(b).

Moreover, for a function f we have

Pf =0, ( Bf) zaf+ 282f <I>Zf+z2ﬁ.

0 0z 072 072
If (z1,. .., 2k) = f(21,...,2k) i a k-ary function and a1, ...,ax are expressions, we
have
5 of
o, (f(a,...,ax Za_ ai, ..., ag)®(a ).

In view of the functions occurring in section 7, we have the following, more specific
properties.

LEMMA A.2. Let (q,u,w) — f(g,u,w) be a function and j be a nonnegative
integer. We have

20N ) = (@), a0 0) + 9L (g, Ut ) g

= (24 )@, "N’ w) + [ ®uf) (g, g N w),
@u(7a. a0 w)) = 2 (g g0 )bl = 8@, ) (g 0 ),
o (f(a. V" w)) = (B f) (0. 4N w).

We also need derivatives of the products appearing throughout this paper.
LEMMA A.3. Let

Then we have

with

Proof. These results follow since (®,f) = f(2)/(1 — z) for f(z) = z/(1 —
z). O
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Next, we consider the infinite sum

S(g,u,w, M, f) = > (1w M(j, q,u,w) f (g, ¢V u’, w) P (g, u),
720

where the function M depends on j, ¢, u, and w and the function f on ¢, u, and
w. Note that this notion is slightly more general than (g, M, ®) of section 7. The
relationship between these two is

E(q7 M7 Q) = S(q’ u? w7 M7 Qb)|

u=1l,w=1"

where b is defined in Theorem 2.1 of this paper.
Taking derivatives yields the following results.
LEMMA A.4. We have

D,S(q,u,w, M, f) = S(q,u, w, .M, f) + S(q,u,w, M, D4 f) + S(q,u,w, M[§], Pu.f)
+ S(q,u,w, Mrj(q,u), f),

®,S(q,u,w, M, f) = S(q,u,w, ®, M, f) + S(q,u,w, Mt} , ®, f)
+ S(g, u, w, Mp;(g, u), f),

®,S5(q,u,w, M, f) = S(q,u,w, Mj, f)+ S(q,u,w, @, M, )+ S(q,u,w, M, ®,,f),

where M g(4,q,u,w) is short for (j,q,u,w) — M(j,q,u,w)g(j,q,u,w).

We are now on our way to deriving an expression for Ls(g, 1, 1) suitable for doing
singularity analysis (cf. the proof of Lemma 7.5). As a first step, using the properties
above we obtain the following expression for La(g,1,1) (only leading terms):

6 (Pwa) (¢.1,1) (Pubd) (¢,1,1) S (¢,1,1,1, (®ub) (¢,1,1))°
(1—b(q,1,1))3
8 (Pyb) (¢,1,1)S (q,1,1,1, (P, Pyd) (¢,1,1)) S (¢, 1,1,1,(Pyd) (¢, 1,1)) a(g,1,1)
(1- b(q, 1,1))4
a

+

N 6 (Pwb) (¢,1,1)2S(¢,1,1,1, (®ub) (¢, 1,1))* a (g, 1,1)
(1 -0b(q,1,1))>
L2050 (@ L) S (L1 1L (@) (.1, 1) a(g,1,1)
(1 —0b(q,1,1))*
2(®ub) (¢,1,1)* S (g, 1, 1,1, (®2b) (¢,1,1)) a(q,1,1)
(1 —0b(q,1,1))*
4(Dyb) (¢,1,1)°S (g, 1 1,1,S(q,1,1 t7,(92b) (¢,1,1))) a (g, 1,1)
* (1= b(g, L, 1))*

4(Pub) (¢,1,1)* 5 (¢,1,1,1,5 (¢.1,1,p5(, 1), (®ub) (¢.1,1))) a (g, 1, 1)
(1 - b(qa ]-7 1))4
2(Pywb) (q,1,1)5(q,1,1,1,(Pud) (¢,1,1)) S (g, 1,1, 5, (®ub) (¢,1,1)) a (g, 1,1)
(1 - b(qa ]-7 1))4 .

For readability, we have not written the — formally needed in the formula above; for
example, the S-function in the first summand should read as

+

+

S(q,1,1,(,q,u,w) — 1, (q,u,w) — (P,b) (¢, 1,1)).
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Compared to the formula found in the proof of Lemma 7.5, nested S-functions appear.
As a next step, we simplify these nested S-functions by means of the following lemma.

LEMMA A.5. We have

S(q,l,l,l,(q,u,w)'—>S(q,u,1,(j,q,u w)Hpj(qﬂ )7f))

—S(q,l,l (4, ¢, u, w) >—>tz [[Z.(];[[l]],f)

and
S (q, 1,1,1,(q,u,w) — S (q,u, 1,(J,q, u, w) — tj,f))
= 5(0 11, G G 1L ),
Proof. We have

S( lalvla(qvuaw) HS(q,u,l,(j,q,u,w) HM(],(],U,UJ),_]C))
= Z _1)kS(Q7qﬂkﬂvla(j7Q7u7w) = M(Jaqvuaw)af)Pk(Qal)

k>0
=> (-1FPu(q. 1) (=1 M (j,q, ¢, w) £ (q, g1 g1 1) Py (g, 41"
k>0 j>0
O [il , [k] !
_ 1Y\k+d . Ix] Li+k] q q -q
- Z ( 1) M(ijaq 7w)f(q7q 1 H qM H 1 . q[m]qﬂk]]tz
7,k>0 =1
L] 7 li+k]
_ VAL (5 . oIk Li+k] a q
D DM g a w) f g 1)H1_quzﬂH1_quz+ku
7,k>0 =1
= Z (_1)k+jM(.77qaq[[kﬂ7w)f(q7qﬂj+kﬂ7 1)Pj+k(Q7 1)
7,k>0

With the substitution £ = j + k, this equals

4
S D f e d D) Pg, 1)) T M (G g, g T w)
7=0

£>0
j .
= S<q7 17 17 (j?q?uﬂw) H ZM(k7q7 qﬂjkﬂﬂw)ﬂf)'
k=0

We now compute the inner sums occurring in the simplified expressions for the nested
S-functions. The second one is simply > 7_, t* = [j + 1]. The first one is

J ik ; .
'L tl
S =SS - Y
p i kTt Tk
k=0 S L qllglhe e 1 gl A
With the substitution i + j — k = £, this equals
# £ J 1 j 1]
Z 1-— qﬂf]] = Z 1— qﬂf]] gZ qﬂg]] ; Z 1_ qﬂeﬂ .

1<i<itj—0<j 1<i<e<j
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The result now follows. O
We continue to rewrite La(g,1,1). Using the previous lemma, we have

Vs(q) Vi(q)

b 10yt a-sg oy T O e

LZ(q7 17 1) =

for suitable V5(q) and Vi(q). Using the fact that b(go,1,1) = 1 and the expression for
®2f of Lemma A.1, we get

ob
1_b(Q7171):1_<1+(q_q0)8 (q07171)

(¢ — q0)° a_zb
2 0q?

- (1- D)@y

n (@0, 1,1) + O((q —qo>3))

( D2 — Dyb ,
_ 1_—) 202 (00, 1,1) + O((g — 00)?)
(

®2h — B b
X <1 - (1 - %) quqbq(qo, 1L,1)+O((q - QO)2)> :

We also have

Vala) = Va(an) + (0 - a0) 512 an) + Ol — )

V(o) (1——) D,V5)(a0) + Ol(a — a0)?).

Therefore, we obtain

_ Vs(qo) g\’
L2011 = 1@ by (g0, L) (1 - q_o)

(@) w) | V(@) (@3~ @b, 1.
(T 2o o ey

—4 -3
(-3) +0<<l——> )
do q0
an expression which is suitable for singularity analysis.
LEMMA A.6. We have

-5 4 —n 4
w(p_4)  _ " 10 L\ _ a0t 50°
(- 2) =m0 0(5) = (g + T o).

The previous lemma follows directly by expanding into a binomial series. We can
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use it to extract coefficients of Ly(g,1,1) and obtain

n \%
[qn]LQ(q, 1, 1) = {4y <24((¢qb3522?1’ 1))5 n'
((240)(q0,1,1))°>  6((Pgb)(qo0,1,1))° 12((®gb)(q0,1,1))°

Va(q) 3 2
* 6<<<I>qb><qo,1,1>>4)” + Ol >>'

We conclude that the second moment of the total path length is

Vs(qo) nd
24((®4b)(qo, 1,1))*a0(qo, 1,1)
n < 5V5(q0)  (24V5)(q0) 5V5( 0)(P5b — @4b)(qo0, 1, 1)
12((®40)(qo, 1,1))* 6((‘1)qb)(QOa171)) 2((®4b QO,l 1))°

4 +O(n2).

6((‘51) b qO,]. 1 3)&0 qO,l ].

Similarly, writing

Es(q) Fs(q)

(1 -0(q,1,1))3 (1 —0b(g,1,1))2 +O((1 = b(q, 1, 1))_1)

Ll(q7 17 1) =

and performing singularity analysis shows that the expectation is

EB((]O) n2
2((®4b)(qo0,1,1))%ao(qo, 1,1)
4 ( 3E3(q0)  (24E3)(q0) 3E3(qo) (P20 — ®4b)(qo, 1,1)
((Pgb)(90,1,1))*  ((P4b)(qo,1,1))? 2((@4b)(qo, 1,1))?

Es(q) n
T @b 1, 1)) w1 oW

From the results above an expression for the constant Utzpz that occurs in the asymp-
totic formula for the variance follows. Using Lemma A.5 to rewrite the nested .S-
functions gives the result that was stated in Lemma 7.5.

REFERENCES

[1] E. A. BENDER AND E. R. CANFIELD, Locally restricted compositions. 1. Restricted adjacent
differences, Electron. J. Combin., 12 (2005), 57.

[2] E. A. BENDER AND E. R. CANFIELD, Locally restricted compositions. 11. General restrictions
and infinite matrices, Electron. J. Combin., 16 (2009), 108.

(3] E. A. BENDER AND E. R. CANFIELD, Locally restricted compositions II1. Adjacent-part periodic
inequalities, Electron. J. Combin., 17 (2010), 145.

[4] E. A. BENDER, E. R. CANFIELD, AND Z. GAO, Locally restricted compositions IV. Nearly free
large parts and gap-freeness, Electron. J. Combin., 19 (2012), 14

[5] D. W. BovyD, The asymptotic number of solutions of a diophantine equation from coding theory,
J. Combinatorial Theory Ser. A, 18 (1975), pp. 210-215.

[6] M. DRMOTA, The height of increasing trees, Ann. Comb., 12 (2009), pp. 373-402.

[7] M. DrRMOTA, Random Trees, SpringerWienNew York, Vienna, 2009.

[8] M. DRMOTA AND B. GITTENBERGER, On the profile of random trees, Random Structures Algo-
rithms, 10 (1997), pp. 421-451.

(© 2015 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 11/29/16 to 146.232.125.160. Redistribution subject to CCBY license

[9] M.

=
=
QO = Q

[23] B.

[21] H.
B

A PROBABILISTIC ANALYSIS OF CANONICAL TREES 1653

DrMoTA AND H.-K. HWANG, Profiles of random trees: Correlation and width of random
recursive trees and binary search trees, Adv. in Appl. Probab., 37 (2005), pp. 321-341.

. E. EavEs, A sufficient condition for the convergence of an infinite determinant, STAM J.

Appl. Math., 18 (1970), pp. 652-657.

. ELsHorLrz, C. HEUBERGER, AND H. PRODINGER, The number of Huffman codes, compact

trees, and sums of unit fractions, IEEE Trans. Inform. Theory, 59 (2013), pp. 1065-1075.

. FLAaJOLET, Z. GAO, A. ODLYZKO, AND B. RICHMOND, The distribution of heights of binary

trees and other simple trees, Combin. Probab. Comput., 2 (1993), pp. 145-156.

. FLAJOLET AND A. ODLYZKO, Singularity analysis of generating functions, SIAM J. Discrete

Math., 3 (1990), pp. 216-240.

. FLAJOLET AND H. PRODINGER, Level number sequences for trees, Discrete Math., 65 (1987),

pp. 149-156.

. FLAJOLET AND R. SEDGEWICK, Analytic Combinatorics, Cambridge University Press, Cam-

bridge, UK, 2009.

. D. GopsiL AND G. ROYLE, Algebraic Graph Theory, Grad. Texts in Math. 207, Springer-

Verlag, New York, 2001.

. L. GrRanaMm, D. E. KNUTH, AND O. PATASHNIK, Concrete Mathematics. A Foundation for

Computer Science, 2nd ed., Addison—Wesley, Reading, MA, 1994.

. HEUBERGER, D. KRENN, AND S. WAGNER, Analysis of parameters of trees corresponding

to Huffman codes and sums of unit fractions, in Proceedings of the Meeting on Analytic
Algorithmics & Combinatorics (ANALCO), New Orleans, LA, 2013, SIAM, Philadelphia,
2013, pp. 33-42.

. KoMmLOs, W. MOSER, AND T. NEMETZ, On the asymptotic number of prefiz codes, Mitt.

Math. Sem. Giessen, 165 (1984), pp. 35-48.

. G. KrAFT, A Device for Quantizing, Grouping, and Coding Amplitude Modulated Pulses,

master’s thesis, Massachusetts Institute of Technology, Cambridge, MA, 1949.
M. MAHMOUD, Limiting distributions for path lengths in recursive trees, Probab. Engrg.
Inform. Sci., 5 (1991), pp. 53-59.

. MCMILLAN, Two inequalities implied by unique decipherability, IRE Trans. Inform. Theory,

2 (1956), pp. 115-116.
RicHMOND AND A. KNOPFMACHER, Compositions with distinct parts, Aequationes Math.,
49 (1995), pp. 86-97.

[24] W. A. STEIN ET AL., Sage Mathematics Software (Version 6.5), The Sage Development Team,

[25] J.

[26] L.

[27] L.

http://www.sagemath.org (2015).

K. SUNKLODAS, The rate of convergence in the central limit theorem for strongly mizing
random variables, Litovsk. Mat. Sb., 24 (1984), pp. 174-185.

TAKACS, On the total heights of random rooted trees, J. Appl. Probab., 29 (1992), pp. 543—
556.

TAKACS, Limit distributions for queues and random rooted trees, J. Appl. Math. Stoch.
Anal., 6 (1993), pp. 189-216.

[28] M. C. TANGORA, Level number sequences of trees and the lambda algebra, European J. Combin.,

12 (1991), pp. 433-443.

(© 2015 STAM. Published by SIAM under the terms of the Creative Commons 4.0 license


http://www.sagemath.org


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


