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Abstract

Rank 2 Drinfeld modular forms have been studied for more than 30 years, and
while it is known that a higher rank theory could be possible, higher rank
Drinfeld modular forms have only recently been defined. In 1988 Gekeler
published [Ge2| in which he studies the coefficients of rank 2 Drinfeld modular
forms. The goal of this thesis is to perform a similar study of the coefficients
of higher rank Drinfeld modular forms.

The main results are that the coefficients themselves are (weak) Drinfeld
modular forms, a product formula for the discriminant function, the ratio-
nality of certain naturally defined modular forms, and the computation of
some Hecke eigenforms and their eigenvalues.
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Opsomming

Drinfeld modulére vorme van rang 2 word al vir meer as 30 jaar bestudeer
en alhoewel dit lankal bekend is dat daar Drinfeld modulére vorme van hoér
rang moet bestaan, is die definisie eers onlangs vasgepen. In 1988 het Gekeler
die artikel [Ge2] gepubliseer waarin hy die koeffisiénte van Fourier reekse van
rang 2 Drinfeld modulére vorme bestudeer. Die doel van hierdie proefskrif is
om dieselfde studie vir Drinfeld modulére vorme van hoér rang uit te voer.

Die hoofresultate is dat die koeffisiénte self (swak) Drinfeld modulére
vorme is, ‘n produk formule vir die diskriminant funksie, die feit dat sekere
natuurlik gedefiniéerde modulére vorme rasionaal is, en die vasstelling van
Hecke eievorme en hul eiewaardes.

il
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Introduction

In 1974, Drinfeld’s paper [Dr] appeared introducing what is now called a
Drinfeld module. His motivation was their use in explicit class field theory in
the rank 1 case and some results in rank 2 that may fall under the Langlands
programme for function fields. Since then many results have appeared which
are strikingly similar to results known about elliptic curves. One such topic
is that of Drinfeld modular forms. The existence of such a theory may have
been implicit in [Dr], but the first to define them explicitly and study their
properties was Goss in his thesis, of which a version is published as [Gol].

Even though Goss’s definition is stated in arbitrary rank, a useful form
of this definition is only given in rank 2. Many people have developed the
theory of one-dimensional (rank 2) Drinfeld modular forms. However, it
has been difficult to get a handle on higher dimensional Drinfeld modular
forms. The point is that a modular form can be interpreted as a global
section of a sheaf on a moduli space and that it should extend to some
compactification. In the rank 2 case, the moduli space is an algebraic curve
which can essentially only be compactified in one way. A major breakthrough
to obtain a higher dimensional theory came when Pink (in [Pi]) constructed
a Satake-compactification of moduli varieties that behaves well under the
natural morphisms. This allowed him to define Drinfeld modular forms of
higher rank algebraically. Breuer and Pink then interpreted this algebraic
definition analytically to say what “holomorphic at infinity” should be in this
case.

Since a holomorphic function is uniquely determined on an admissible
open, we may identify a Drinfeld modular form with its Fourier expansion
at infinity and hence it makes sense to study its coefficients. Since these are
higher dimensional functions, the coefficients are no longer constant, but are
themselves functions of one fewer parameter. The main theme of this thesis
is to study these coefficients in a similar way to the way Gekeler studied the
coefficients in the one-dimensional case in |Ge2]. For example, the coeffi-
cients turn out to be (weak) modular forms themselves (Proposition [3.2.7);
however not satisfying the “holomorphic at the cusps” conditions.

vil
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INTRODUCTION viii

Here follows an outline of this work. In Chapter[I]we give a short overview
of the classical analogues (elliptic curves and elliptic modular forms) of the
objects we shall work with. Chapter [2| gives a basic introduction to Drinfeld
modules and a quick overview of their moduli space and its associated rigid
analytic structure.

Chapter [3| starts our discussion of Drinfeld modular forms. Here we give
the definitions of weak modular forms, modular forms, Fourier expansions at
infinity and calculate some of these expansions (though often only up to the
first term). At the end there is a discussion as to when such a modular form
should be considered a “rational Drinfeld modular form,” which might lead
to questions about the behaviour of modular forms under reduction modulo
ideals in A. Lastly, in Chapter [ we define Hecke operators on the space of
modular forms of weight £ for the full modular group and calculate some
eigenvectors and their eigenvalues, as well as proving that the Hecke algebra
is completely multiplicative.

Since this is a thesis I give an outline of what my own contributions
are and what I learned elsewhere. This is especially necessary in this case,
since the article [BP] is not yet available and some of their results have to
be reproduced in order to have a self-contained treatment. I also give such
indications in the text, but here everything is together.

In Chapter [2] almost everything has been known for many years. The only
results that do not appear in the literature are Lemma[2.6.15)and Proposition
2.6.16] Breuer and Pink suspected that every function on & must have a
Laurent series expansion, but the current statement and proof of Proposition
2.6.16| are novel — the same goes for Lemma [2.6.15 on which it relies.

The material in Chapter [3| builds on the work by Breuer and Pink [BP].
Since that work is not yet available, it was necessary to reproduce their
results here for the sake of completeness. Almost everything up to the end
of section [3.3] with some minor modifications, are due to [BP]. I made the
following modifications:

e In Definition I changed their definition
up(wi) = eay (W)™

to the way it appears in Definition [3.2.1. This is similar to the way the
parameter changed for rank 2 Drinfeld modular forms. The reason for
this change is that this allows us to study the rationality of Drinfeld
modular forms in Section 3.6l
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e By including Lemma [3.2.2] and Corollary I managed to refine
their argument in Proposition to include the last line: “Moreover,
for every n € N there exists r > 0 such that B(0,r) x Q"= C U.” This

allows us to apply Proposition [2.6.16|

e [ learned the statement of Proposition from [BP], but supplied
my own proof.

e The statements of Proposition [3.3.2] (a) and (c) were implicit in [BP],
but I made them explicit, added (b) and supplied the proof.

e Proposition is completely new.

The examples from section appear in [BP]. However, I also made
slight modifications to these examples, for example replacing the lattice A"
by a more general lattice of the form A = A x A. This provides examples
of Drinfeld modular forms on components that do not correspond to free A-
modules. Another change was changing the definition of Eisenstein series for
I'(N) (and by extension the coefficient forms) to its current form using cosets
in N7'A/A instead of cosets in A/NA. This makes the presentation more
natural and ensures that the consequent definitions of coefficient forms work
for arbitrary ideals, and not only principal ideals. The only really new idea
that was needed for this translation was the argument that N C (a;+v;) 1A
during the proof of Proposition |3.4.2]

The computations of u-expansions of Drinfeld modular forms in Section
are mostly my own work. The expansion for Eisenstein series for GL,.(A)
are very similar to the rank 2 expansions in the original work of Goss, and
use essentially the same techniques. The calculation of the expansion for
Eisenstein series for I'(/V) depends on what was obtained by Breuer and
Pink up to equation (with some modifications due to a change in the
definition). However, the rest of the calculation in section is new. The
product formula for the discriminant function is also new. This provides a
generalization of the formula by Gekeler in [Gell], which is different from the
generalization by Hamahata in [Ha].

In subsection was known and appears in [Ge2], while everything
in is new.

In Chapter [4] section appears in [Sh] and section is an (almost)
direct translation of [Sh] Chapter 3.2 from SL,(Z) to GL,(A). Section 4.3|is

new.
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Chapter 1

The classical case

In this chapter, we quickly review the basic definitions of elliptic modular
forms, in order to give some perspective for the analogous theory of Drinfeld
modular forms that we shall discuss later. We shall restrict ourselves to
discussing only elliptic modular forms. Even though our goal is to define
Drinfeld modular forms of higher rank, i.e. of more than one variable, the
results obtained are more closely related to those in the theory of elliptic
modular forms than in modular forms in more variables, like Hilbert or Siegel
modular forms. The reason for this is that the Drinfeld modular forms will
have expansions in one variable, similar to the elliptic modular forms case.

1.1 Modular forms

Let H = {z € C|Im(z) > 0} be the upper half-plane. There is a natural
action of GLj (R) on H given by

a b az+b

= —.

c d cz+d
Now, for every n € Z, define I'(n) as the set of matrices with integer entries
that are congruent to the identity matrix modulo n. The group I'(n) is
called a principal congruence subgroup of SLg(Z). Any group I' satisfying

I'(n) € I' C SLy(Z) for some n € N is called a congruence subgroup of
SLy(Z).

Definition 1.1.1. Let ' be a congruence subgroup of SLa(Z) and k be an
integer. A weak modular form of weight k with respect to ' is a function
f:H — C such that

(a) f is holomorphic on H;
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(b) for any~y € T" of the form
(cz+d)*f(2).

We may rewrite (b) slightly by rephrasing it as invariance by a certain
action. So, for

Z ) and any z € H, we have f(y(z)) =

define
fIlk(2) = (det ) ez + d) " F(7(2)).

A simple computation shows that this indeed defines an action of GL2(R) on
the set of holomorphic functions f : # — C. Then (b) may be rephrased as

(b') for any v € T' we have f[y], = f as functions on H.

Note that the set of weak modular forms has the structure of a C-vector
space. In general it is infinite dimensional. We need another condition called
“holomorphic at infinity” to find a useful finite dimensional subspace.

By definition, a congruence subgroup I' contains a principal congruence
subgroup I'(n), and hence contains a translation element

(07)

This might not be the smallest translation element, but its existence implies
the existence of a smallest one. Define h to be the smallest positive integer

such that
1 h
(1)er

If we let v be the matrix above, then f[y|x(z) = f(z + h). Hence, if f is a
weak modular form, then f is h-periodic. Now, any h-periodic function g on
H factors through g, : H — D', z = €2™/" where D' = {z € C|0 < |z| < 1}
is the punctured unit disc (i.e. ¢ = g o g, where g : D' — C). Moreover,
if g is holomorphic on H, then § is holomorphic on D’. If § turns out to be
holomorphic on the whole unit disc, we say that g is holomorphic at infinity.
This is equivalent to saying that ¢ has an expansion of the form

9(2) = ang;.

n>0

In order for the vector space of modular forms to be finite, we need the
condition holomorphic at infinity, but we shall also need this condition at
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other “limit points.” We define the set of cusps for I' as the set of orbits of
P*(Q) under the action of SLy(Z) given by

a b m am -+ bn m , —d
Yy P ey e T
(c d) (n) cm + dn Orn7é c’

g (__cd> = 00 and y(00) = ¢ (if ¢ = 0, then y(o0) = 00). The set of cusps is
finite, since SLy(Z) acts transitively on P!(Q) and [SLy(Z) : T'] is finite.

Definition 1.1.2. A weak modular form of weight k with respect to T is said
to be a modular form of weight k for I' if also

(c) for every § € SLy(Z), the function f[d]x is holomorphic at infinity.

Moreover, if the Fourier expansion of f[d]x at infinity has 0 constant term
for every d, then we call f a cusp form.

We shall denote the C-vector space of weight k modular forms for I' by
M (I).

In practice it is not necessary to check (c) for all § € SLy(Z), but only for
a finite set of coset representatives of I'\SLy(Z).

Example. The Eisenstein series of weight k£ € Z is the function Gy, : H — C
defined by
Gi(7) = Z (et +d)7".

(c,d)€Z2\.(0,0)

It turns out that if £ > 4, then this sum is convergent and that if &k is even,
then it is a non-zero modular form for SLy(Z). Moreover, each modular form
for SLy(Z) is a polynomial in G4 and Gg.

The discriminant function

A(7T) == (60G4(1))* — 27 (140G (7))*

turns out to be the non-zero cusp form of lowest possible weight.
The weight k& (k > 2, even) Eisenstein series for SLy(Z) has Fourier
expansion ([DS] §1.1)

2mi)k &
Gr(T) =2¢(k) + 2(5{: — )1)‘ ;ak_l(n)q”,

where ( is the Riemann zeta function, and o;(n) is the sum of the i-th powers
of the divisors of n.
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The g-expansion of the discriminant function A can be computed from a
product formula ([DS] following Proposition 1.2.5):

A(r) = (2m)2% [T (1 - g

We shall prove a generalization of this formula in section

1.2 Hecke operators

Hecke operators are linear operators between vector spaces My (I'y) — M(I's)
for congruence subgroups I';,I's. In the case when I'; = I'y we have an en-
domorphism of C-vector spaces, and there are many results on the structure
of such operators. For example, the Spectral Theorem tells us that there
exists a basis of cusp forms that form a system of simultaneous eigenforms
for a certain infinite set of Hecke operators. In this section we simply give
an indication of available results and omit details. For certain details, the
reader can refer to Chapter [4, where the function field analogue is treated in
more detail, and for other details we refer the reader to [DS] Chapter 5.

Let I'; and 'y be congruence subgroups, let a € GL3 (Q), and consider
the double coset I'yal's. It can be written as the disjoint union of right cosets
\U; T'18;. We then define the Hecke operator associated to the double coset
I'al’s : Mk(rl) — Mk(rg) by

filals], = Z f1Bik-

It is not hard to check that it is well-defined and that it sends modular forms
for I'; to modular forms for I'y and cusp forms for I'; to cusp forms for I's.

In the special case when I'y = I's and a = ( é 2 ) (a € Zy), we denote

the operator T,. It turns out that these operators are multiplicative in the
sense that if ged(a, b) = 1, then Ty, = T, 7.

It turns out that the eigenvectors for these operators (called eigenforms)
have Fourier expansions that are of arithmetic interest. For example, the
coefficients are multiplicative — i.e. if m, n and N (the level) are relatively
prime, then a,,, = a;,a,.

Example. FEach Eisenstein series Gy is an eigenform for each operator
T, on the space of weight & modular forms for SLy(Z). The discriminant
function A is also an eigenform, since the space of cusp forms that contains
it is one-dimensional.
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Chapter 2

Drinfeld modules

From now on we let A = Ox(X \ 00) be the coordinate ring of a smooth,
projective curve X over the finite field F,, minus one point denoted by oc.
The basic example is the polynomial ring FF,[t], where oo is the point for

which its associated absolute value is ‘%’ = qdes9—dee S In fact, we shall

often make the simplifying assumption that A = [ [t]. A ring as described
above is called a Drinfeld ring.

Let F' be the fraction field of A, let F, be the completion of I’ with
respect to the valuation associated to the point oo, let m be a uniformizing
parameter in Fio, let A = Faceo [7] be the ring of elements in F, that are
regular at oo, and let C,, be the completion of an algebraic closure of F..
By Krasner’s Lemma, C,, remains algebraically closed. When speaking of
an absolute value on C.,, we shall always mean the unique extension of the
absolute value on A associated to oo, and we shall denote the valuation by
v(z). When a € A, we shall often write dega in stead of v(a). One should
think of A, F, F,, and C,, as analogues of Z, Q, R and C, respectively. One of
the reasons for this construction is that now one is able to develop a function
theory and a geometric theory over Cg,.

Later on we shall also need the rings A = 1&1(14 /aA), the profinite com-

pletion of A, and A? = A®, F, the ring of finite adeles of A.

In this chapter, and later, we shall encounter many sums or products over
expressions involving the non-zero elements of a set. We shall denote a sum
or product over the non-zero elements of a set S by

Sty o T f@).

€S z€S
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2.1 Analysis on C

Since the absolute value on C is non-archimedean, an infinite sum ), a,,
where a, € C,, for n > 1, converges if and only if lim,,_.o, a, — 0. Hence
one may determine for which X a power series ) ., a,X™ converges.

Proposition 2.1.1. Let f(X) = > . a. X" € Ci[X] be a power series
in X with coefficients in Co,. Then f defines a function on the open ball
|X| < R(f) (taking values in Cs), where R(f) = hminf, oo an| " is the
radius of convergence.

Proof. Whenever |X| < R(f), we have lim,_, |a,X"| = 0, and thus the
series converges to a value in C. O

Proposition 2.1.2. For anyr < R(f), the function f has only finitely many
zeros in the closed disc | X| <.

Proof. [God] Proposition 2.11. O

Definition 2.1.3. The function f(X) =} . a, X" is entire if R(f) = oo,
or equivalently, if the series converges for all X € C,.

Proposition 2.1.4. (a) Every non-constant entire function f(X) has a
zero.

(b) Ewvery non-constant entire function f(X) is surjective.

Proof. (a) is a direct consequence of the study of Newton polygons preceding
Proposition 2.13 in [God], while (b) is simply (a) applied to f(X) — ¢ for an
arbitrary ¢ € C.. O

In the following theorem we encounter an infinite product of linear terms.
Under the conditions of the theorem it will define a function. We should
mention explicitly that the function we are defining is the uniform limit of
the polynomials defined by taking only finitely many factors at a time.

Theorem 2.1.5 (Weierstrass Factorization Theorem). Suppose that f(X)
is an entire function with non-zero roots (A1, \a, ... ) listed with multiplicity.
Also suppose that f(X) has 0 as a root with multiplicity m (possibly 0). Then,
for some constant ¢ € C,, we have

X
lim (A, =0 and f(X)= cXmH (1 - )\—) :
i>1 i

Conversely, given ¢ € Co, m € Zxo and a sequence (A1, A, ...) for which
lim,, o0 |An| = 0, the above product defines an entire function.
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Proof. 1f we let g(X) = X™[[;5, (1 - %), then (f/g)(X) is an entire func-

tion with no zeros, and hence, by Proposition m (a), constant.
Conversely, let N € R, and suppose that there are k of the \; which are
less than nor equal to N/ |A;|. Then

2k
JJgt
i=1

This implies that coefficient ¢y, in the product expansion satisfies c;,/fk <1/VN.
Since N was chosen arbitrarily, this means that the resulting function is en-
tire. =

k

| [ER

=1

K
N

> I | — >Nk

e A A T

2.2 Exponential functions

Let L be an F,-linear subspace of C, (not necessarily finite dimensional).
We define the exponential function associated to L by

er(X)=xT[ (1 - %) .

By Theorem [2.1.5] the product only converges to an entire function if any ball
of finite radius contains only finitely many elements of L. If L satisfies this
property, we call L strongly discrete. It turns out that e;(X) is an F,-linear
function in the sense of the following proposition.

Proposition 2.2.1. Let L be a strongly discrete F,-subspace of Cs. Then
the function er,(X) is F,-linear, i.e. satisfies the following properties:

(a) er(cX) =cen(X) for all X € Cy, and all c € Fy;
(b) en(X+Y)=ep(X)+en(Y) forall X,Y € C.

Proof. (a) If ¢ = 0, it is clear, since both sides are 0. Otherwise the zero
set of er(X) is L, while the zero set of ey (cX) is {c'!A\|N € L} = L,
since L is an [F, vector space. The equality follows by comparing the
coeflicients of X.

(b) Firstly, suppose that L is finite, and hence that ey (X) is a polynomial
in X. For some Y € C,, consider the polynomial h(X) = e (X +Y)—
er(X) —ep(Y). Its degree is clearly less than that of e, (X). However,
every X = z € Lisaroot of h. Indeed, if z € L, then ey (z) = 0 and the
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roots of e (24+Y") (as a polynomial in Y') is the set {A\—z |\ € L} = L.
This means that h has more roots than its degree, hence is identically
0 as a function.

Now, viewing Y as a variable, the polynomial ey (X +Y) — ey (X) —
er(Y) € Co[X][Y] is 0 for every Y € C. Since C, is an infinite field,
this means that it is the zero polynomial.

The results follows by writing L = (J L; as a union of finite F-subspaces
of C and noting that ey (X) = lim e, (X).
11— 00
m
In fact, all separable entire F -linear functions are constant multiples of
exponential functions.

Proposition 2.2.2. Let f(X) be an entire function for which f'(X), the
formal derivative of f, has no common zeros with f(X). Also suppose that
f(X) is Fy-linear. Then its set of zeros, form a sub-F-vector space of C.

Proof. Note that if z; and 2 are zeros of f, then f(cz;) = ¢f(z1) = 0 and
f(z1 4+ 22) = f(z1) + f(22) = 0 as well. By the asumption on f’; the roots
are all simple. O

By Proposition we now know that ey, (X) is F,-linear, and thus that
its power series expansion in X has non-zero coefficients only for those powers
of X whose exponent is a power of g. We write

(2.1) er(X) =) e (L)X

n>0

making explicit the dependence of the coefficients on the set L. Furthermore,
we know that f is entire, and hence that it is surjective.

Proposition 2.2.3. The function ey, : Coo — C, induces an isomorphism
of additive groups L\Cs — Cy.

Proof. We already know that it is a well-defined group homomorphism and
that it is surjective. Since the kernel of ey, is L, the map is an isomorphism.
O

Lemma 2.2.4. Let L be a strongly discrete F-subspace of C, and z € Cx.
We have the estimate

ler(2)| > min{|z — A| : A € L}.
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Proof. By replacing z by a suitable z + h (h € L), we may assume that
|z| = min{z — A : A € L}. We have

/ z
@l = -2
AEL
A=z
AeL
Now we split up the product into those factors where |z| < |A| (in which case
|1 — 2| = 1), where |z| > [A| (in which case |1 — 2| = || > 1) and where
|z| = |A|. In the latter case, our choice of z implies |z — A| > |z| = |A|, and
we conclude that |ex(z)| > |z|. O

Proposition 2.2.5. (a) Let L be a strongly discrete F-linear subspace of
Cw, and c € Cy,. Then

eer(cX) = cep(X).

(b) Suppose that L and M are strongly discrete F-linear subspaces of Co
such that L C M. Then e (M) is a strongly discrete F,-linear subspace
of Co, and

em(X) = e, (er(X)) as power series in X.

Proof. For (a) note that e.;(cX) = cX H/ (1 - %) = cep(X).

c
AeL
For (b), let S be a set of coset representatives for M /L such that each

representative has minimum absolute value in the coset (this is possible since
M is strongly discrete), and let » > 0. Pick s € S such that |eL(s)| < r. By
Lemma [2.2.4] this means that min{|s — A| : A € L} < |e(s)| < r. The ball
around 0 with radius r has only finitely many elements, and hence s must
be in a coset to which one of these elements belong. Thus, there are only
finitely many choices of s for which |er(s)| < r. This means that ey (M) is
strongly discrete.

The function ey (X) has simple zeros at exactly the elements of M. The
function e, (ar)(er (X)) has zeros exactly when er(X) € ez (M), which hap-
pens exactly when X € M. Thus, the functions on the left and right hand
sides have the same zero sets. The equality follows from the fact that the
derivative of both sides is equal to 1. O
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Like in the classical case there is also an inverse to the exponential func-
tion — the logarithmic function associated to L. We define it as the power
series inverse of ey (X), i.e. as the unique power series log;(X) such that
er(log; (X)) = log.(er(X)) = X. The coefficients of log, (X) may be com-
puted by calculating these compositions of power series and comparing coef-
ficients. It turns out that log; (X) also has non-zero coefficients if and only
if the corresponding power of X is a power of ¢. So, we let

(2.2) log (X) =) X"

n>0

This function is not entire, but it has a positive radius of convergence.
In Lemma we shall give another interpretation of these coefficients
as certain modular forms.

2.3 Drinfeld modules

To define Drinfeld modules, we shall pay special attention to those expo-
nential functions associated to sets with even more structure — that of A-
submodules of C,,. In our analogy, this corresponds to Z-submodules of C
or lattices, which are important in the theory of elliptic curves and elliptic
modular forms.

Definition 2.3.1. A lattice A of rank r is a projective A-submodule of C.,
of rank r which is strongly discrete in Cy,.

The last property is necessary, since this ensures that the associated ex-
ponential function is defined. Also note that since the modules we are con-
sidering are submodules of the field C,,, projective is the same as finitely
generated.

Proposition 2.3.2. A projective module A C C,, of rank r is a lattice if
and only if F.o\ is an Fy-vector space of dimension T‘H

Proof. |Go4] Propositions 4.6.2 and 4.6.3. O
Theorem 2.3.3. Let A be a lattice of rank r, and a € A. Then

(2.3) er(aX) = @h(er(X)),

I'Note the difference between A ® 4 Fao, an abstract r dimensional vector space, and
FoA, an F,-sub-vector space of C, which may have dimension less than 7.
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where (X)) is the polynomial of degree |a|” = q"%® given by

(2.4) oX [T (1 - %(A))

AeTA/A
Proof. By Proposition with M = 1A and L = A we get ep(aX) =
ae1(X) = p5(ea(X)). O

It is worth noting that the degree of the polynomial ¢ is |a|” = ¢" 9.
From equation we deduce that ¢ (ph (X)) = ¢ (X) = (2 (X)).
So, in fact, the map a — ¢” defines a ring homomorphism ©* : A —
Endr, (G4(Cx)), where the latter is the ring of Fi-linear group endomor-
phisms of C.

Given any such ring homomorphism, the map A x C, — C., (a,z) —
©a(z) defines an A-module structure on C,, which is quite different from the
usual structure. This is the Drinfeld module structure.

Definition 2.3.4. Let k be a field for which there exists a morphism ¢ :
A — k. A Drinfeld A-module over k is a ring homomorphism ¢ : A —
Endg, (G4 (k)) such that its derivative do = v, and ¢ # 1.

Proposition 2.3.5. (a) Let ¢ be a Drinfeld A-module over a field k. There
exists an integer r such that for every a € A, p.(X) is a polynomial of
degree q"9°8(®) | This integer is called the rank of ¢.

(b) If A is a lattice of rank r, then ©" is a Drinfeld module of rank r.
Proof. The proof of (a) can be found in [Go4] Proposition 4.5.3., while for

(b) simply note that for any non-zero a € A, the index [A : aA] = ¢" %82 and
hence, by equation (2.4)) the polynomial ©* has degree ¢"d?. O]

For a lattice A this means that ¢® is a Drinfeld module. We call it the
Drinfeld module associated to A. It turns out that every Drinfeld module
over Cy is a Drinfeld module associated to some lattice (Theorem [2.4.4]).

Example.  As a special example of a Drinfeld module we mention the
Carlitz module. Assume that A = F,[t]. Then the Carlitz module is the
unique Drinfeld module ¢ for which ¢, (X) = t X+ X9. By the Uniformization
Theorem for Drinfeld modules (Theorem there exists a lattice L of rank
1 such that ¢, = ¢. Define 7 € C, such that L = 7A. We call 7 the Carlitz
period. It is a number which is transcendental over F' (just like 7 € R is
transcendental over Q) and various formulas can be given for it, e.g.

) 17—t
WZCH(l—W>
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where ( is a (¢ — 1)** root of —1, which is defined up to a multiple of F, (see
[God] §3.2., where it is denoted by &).

2.4 Morphisms of Drinfeld modules

Definition 2.4.1. If Ay and Ay are two lattices of the same rank, we define a
morphism of lattices ¢ : Ay — Ao as an element ¢ € Cy, such that cA; C As.
We shall not consider any morphisms between lattices of different rank.

Proposition 2.4.2. Let ¢: Ay — Ay be a morphism of lattices. Then

(2.5) P(X)=ex ] 1 (1 N eAiA))

is an F,-linear polynomial for which P.(p2 (X)) = ¢22(P.(X)) for all a € A.

Proof. Note that ¢'Ay/A; is an F -vector space, which is finite, since A; and
A5 have the same rank. Hence equation defines an [F-linear polynomial.
Now note that P.(ey, (X)) is an entire function with simple zeros at the
points of ¢'Ay and with derivative ¢. Thus P.(ej, (X)) = ce-14,(X) =
ea,(cX) by Proposition (a).
Replacing X by aX this becomes

Py (en, (X)) = Pe(en, (aX) = e, (aX) = 952 (en, (cX)) = 952 (Pelen, (X)),

the last following from the final equation in the previous paragraph. Since
ea, is surjective, it follows that P.(p21 (X)) = p22(P.(X)). O

Definition 2.4.3. Let ¢ and v be two Drinfeld modules of the same rank. A
morphism f : ¢ — ¥ is a polynomial p(X) such that p(p.(X)) = ¥ (p(X))
for alla € A.

Theorem 2.4.4 (Uniformization Theorem for Drinfeld modules). The asso-
ciation A — @, (c 1 Ay = Ny) = (P. : o™ — ©"2) defines an equivalence
between the category of A-lattices of rank r in C and the category of Drinfeld
A-modules of rank r over C.

Proof. [Go4] Theorem 4.6.9. O

We say that two lattices A; and Ay are similar or homothetic if cA; = Ay
for some ¢ € C,. This defines an equivalence relation on the set of lattices.
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It is easy to see that in this case the associated morphism P, is linear. Any
linear polynomial X has an inverse (under composition) % This means
that ¢ induces an isomorphism of Drinfeld modules. On the other hand, if
P : oM — " is an isomorphism, then it must be linear, since no other
polynomial has an inverse. Then this morphism could only come from a
¢ € C, for which cA; = A,. Let us finish this section by comparing the

coefficients of isomorphic Drinfeld modules.

Proposition 2.4.5. Let ¢ : o — 1 be an isomorphism of Drinfeld modules,
where ¢(X) = ¢X. Let a € A. If po(X) = aX + 1 X9+ -+ + ¢, X" and
Vo(X) = aX +h X9+ +h, X, then h; = ¢\~ g; for everyi=1,... n.

Proof. By definition of a morphism of Drinfeld modules, we have cp,(X) =
1a(cX), and by comparing the coefficients of X% we obtain cg; = ¢ h;,
yielding the result. [

2.5 Goss polynomials

Later we shall study many expressions of the form

Spa(2) == Z(z + M)k

AEA

It turns out that for any £ > 1, Sk A is a polynomial in S 5, so in some
respects, it will be sufficient to study S; . We also give the following lemma
for later use.

1
EA (X ) '

Lemma 2.5.1. In the notation above, we have Sy A(X) =

Proof. Note that the derivative of ey (X) is 1. Therefore taking the logarith-
mic derivative on both sides of

ea(X) = X[ (1 . %)

yields the result. O]

Proposition 2.5.2. Let A C C be a strongly discrete F-linear set. There
exist polynomials Py s such that S x = Py a(S1.4). These polynomials also
have the following properties:

(a) Pra(X) = X (Peo1a(X) 4+ e1(A) Peoga(X) + ea(A) Peegz a(X) +---),
where we make the convention that Py A(X) =0 if k < 0;
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(b)

(c)

(d) Pora(X) = Pra(X)P;

(e)

(f) for k = ¢ — 1 we have the formula Ppy_y(X) =Y B;X7~7 where

0<i<j
the B; are the coefficients of the logarithm function from equation (2.2);

Py s monic of degree k;

Pua(0) =0 and X2 | Poa(X) if k> 2;

if k <q, then PA(X) = X*;

(g) The indices of the non-zero coefficients of Py s are all congruent to k
modulo ¢ — 1;

(h) The coefficients of Py a(X) lie in the ring Fylei(A), ..., en(A)]P| where
m is chosen such that ¢™ < k < ¢™*!;

(1) X2PA(X) = kPeia(X).

Proof. The proofs of (a)—(f) and (i) appear in [Ge3] and is reproduced almost
exactly since we believe that it is not readily available.

The statement is clearly true for k = 1, with P, ,(X) = X for any A.
The rest of the proof relies on the Newton relations for a polynomial which
we state here without proof.

Lemma 2.5.3 (Newton relations). Let f(X) = H(X —pi) = ZaiXi be a
i=1 i=0
polynomial, and for k > 0 define Sy ==, pi. Then
k—1
Z a;Sp_; + kay =0 forn > k; and
i=0
Z%Sk—i =0 forn<k.
i=0

]

First make the assumption that A is finite, and that dimp, A = m. Then
ea is a polynomial of degree ¢ and simple roots at elements of A. Let f be
the polynomial

e (X1 —2) X"

ea(z)

f(X) =

*Recall our notation in equation (2.1 that er(X) = 3, 5 en(D)X9".
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We have

en (X' —2) =en(X7") —enlz) = Zen(/\) (X7 =21,

=0

and conclude that f(X) is a polynomial of degree ¢" with roots { ﬁ‘ A€ A}
and expansion

The Newton relations now give

Sk = Z Sk—gin = S1A (Sk—1,4 + €1(A)Sp—ga + €2(A)Sk_g2pa +---) .

1<qi<k—1

This defines a recurrence from which we may calculate Sy 4 in terms of S; .
By definition, this will give us exactly the Goss polynomials. Note that they
are uniquely determined since, by Proposition m (b) and Lemma [2.5.1
S1.a takes infinitely many values.

In fact this recurrence gives us exactly (a), which implies (b), (c), (d) and
(e), while (g) also follows by a simple induction. To prove (f) we show that
the two polynomials Q(X) = > 7,; Bi(A)X? and R(X) = X7 Py _; 5(X 1)
are the same. Since Q(X) is the truncation of log, (X), we have Q(ex (X)) =
X + O(X?). We also have

Rlea(X)) = en(X)" Py (ea(X)™)
= eA(X)Y Sy 14,

where the second term is X1~¢ + Z/,\eA(X — M) and the first is X9 +
O(X9*1). Noting that (X — ) is an invertible function in Co;[X], we con-
clude that also R(ex(X)) = X + O(X?). Since @ and R have degree less
than ¢/ and are equal modulo X%, this implies that Q = R.

The proof of (i) is also by induction, noting that it is true for £ = 1, and



Stellenbosch University http://scholar.sun.ac.za

CHAPTER 2. DRINFELD MODULES 16

that if it is true for j < k, then

X?PiA(X) = XPa(X)+X | D> e(MX*P 4 (X)

1<q'<k—1

= X BaX)+ Y @)k~ ¢)Pra_galX)

1<¢’<k-1

= X | kPa(X)+ > ei(A)kPi_ga(X)

q<q’<k—1

= kPpa(X).

Now, let A be general. Set A, = AN B(0,r). Then S = lim, o Sk,
and ej(X) = lim,_, ea, (X) locally uniformly. We define the polynomials
PpaA(X) == lim, 00 Pra, (X), where we take the limit coefficientwise. We
have

Pea(S1A) = Tllfglo P (2)(S1a,) = rlijgo Sk.A, = SkA-

The properties for Py o follow immediately from the finite case.
Lastly, note that (h) also follows from the recursion formula (a), which
we now know to be valid for arbitrary lattices. O

The polynomials Py o are called the Goss polynomials after David Goss
who first introduced them in [Go3] §6(c).

2.6 The Drinfeld Period Domain ("

2.6.1 Rigid Analytic Spaces

Before defining 2", we make a quick digression to define rigid analytic va-
rieties and some related objects. This is an overview, merely stating the
definitions and most important results. For a more detailed introduction,
the reader may consult [Bo|] or [EFvdP].

Definition 2.6.1. The ring of strictly convergent power series in n variables
over Cy is the ring Coo(x1, ..., x,) defined as

i1 7 : _
{ E @y ,.ig Ty w0 Ty € Coo[[xlw'-axn]] . hm Ay, oy = 0}
. 11++ip—00
i1
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consisting of all power series that converge on the closed unit ball B(0,1) =
{(217 s 7Zn) S Cgo | ma‘X|Zi| S 1}

Definition 2.6.2. A Tate algebra is a quotient of a ring of strictly convergent
power series by a finitely generated ideal. It turns out ([Bd] §1.2 Corollary
10) that every Tate algebra is also a finite extension of a strictly convergent
DOWET Series Ting.

Remark. In fact, strictly convergent power series rings are Noetherian.
Thus the condition that the ideal be finitely generated is superfluous.

There is a bijection between the unit ball from Definition and the set
of maximal ideals of Cy(xy,...,x,) which allows a correspondence similar
to that in algebraic geometry. Hence, for any Tate algebra A, we denote the
set of its maximal ideals by Spm(A). We also consider A to be its ring of
functions. Such a space is called an affinoid space.

This space will be endowed with a sheaf with respect to a Grothendieck
topology. To describe the sheaf we first say what an admissible open subset
is.

Definition 2.6.3. Let X = Spm(A) be an affinoid space. A subset U C X is
said to be an affinoid subset if there exists a morphism ¢ : Spm(B) — U for
some affinoid algebra B such that for every morphism 1 : Spm(C) — U (with
C' an affinoid algebra), there exists a unique morphism of affinoid algebras
p: B — C such that ¥ = ¢ o Spm(p).

A consequence of the definition ([Bo| §1.6 Lemma 10) is that ¢ defines
an isomorphism Spm(A) — U. As special kinds of affinoid subdomains
we mention Weierstrafl domains and Laurent domains. They will make an
appearance in the next section when defining the Drinfeld period domain.

Definition 2.6.4. Let X = Spm(A) be an affinoid space and let fy,..., f, €
A, and g1,...,9s € A be functions. A Weierstrall domain s a subset of X of
the form

X(fla"'af?”) = {'CE €X: |fl(x)’ S 1}
and a Laurent domain is a subset of X of the form
X(fla"-vfragflv"'aggl) = {iIZ’ €X: ‘fl(l')| < 17 ‘gj(x” > 1}

By taking affinoid sets and affinoid subsets to be admissible opens, we
obtain a Grothendieck topology. For completeness we include a definition of
a Grothendieck topology that is suitable for us.
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Definition 2.6.5. Let X be a set. A Grothendieck topology on X consists
of

e aset S CP(X) of subsets of X, called admissible open subsets; and

e a family (CovU) for admissible opens U, where each CovU is a set of
admissible coverings of U whose elements are sets {U; }ier of admissible
opens for which U = J,c; Ui;

with the properties
(a) if U,V €S, thenUNV €S;
(b) for each U € S, {U} € CovU;

(¢) if {Uitier € CovU and for each i € I, {Vij};es, € CovU, then
{VijYier,jev, € CovU; and

(d) f UV € S and V C U and {U;}icr € CovU, then {U;NV}ier €
CovUNV.

The Grothendieck topology just defined is called the weak Grothendieck
topology. However, it does not behave well under morphisms, so we need
to extend it (by adding more admissible opens) to the strong Grothendieck
topology. The following definition gives the admissible opens and admissible
coverings in this case:

Definition 2.6.6. Let X be an affinoid space. We define the strong Grothendieck
topology on X as follows:

e The admissible open sets are the sets U C X for which there exists
a covering (not necessarily finite) U = | J,.; U; by affinoid subdomains
U; € X with the property that for any morphism ¢ : Z — X of affi-
noid spaces with p(Z) C U, the covering (¢~ ' (U)),e; of Z admits a
refinement which is a finite covering of Z by affinoid subspaces.

e The admissible coverings of an admissible open set V' are the coverings
V= UjeJ Vi of V' by admissible opens V; with the property that for any
morphism ¢ : Z — X of affinoid spaces with ¢(Z) C V', the covering
((p_l(Vj))jeJ of X admits a refinement which is a finite covering of Z
by affinoid subspaces.
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Definition 2.6.7. A G-ringed space is a set X endowed with a Grothendieck
topology T and a sheaf Ox of rings with respect to this Grothendieck topology.
A locally G-ringed space is a G-ringed space for which the stalks Ox , are all
local rings.

A morphism of ringed spaces (¢, ") is a function ¢ : X — Y which
18 continuouﬂ with respect to the respective Grothendieck topologies and a
morphism of sheaves ¢ : Oy — ¢, (Ox). A morphism of locally ringed
spaces must moreover induce local homomorphisms on the stalks.

A rigid analytic space is locally ringed space (X, %, Ox) that admits an
admissible covering X = |JU; by affinoid sets with the Grothendieck topology
from Definition [2.6.6]

We now present an example which will be relevant later on. Let 0 < r < 1.
For any k define the annulus By := Coo(X,r*X 1) = {z € C : ‘rk‘ <
|z] < 1}. Tt is an affinoid subspace of P!(C.,). The punctured unit disc
B' = {2z € Cy|0 < |z| < 1} is the union (J,~, B. It is an admissible open
subset of P!(C,,) and the covering by annuli is an admissible covering.

The functions that are holomorphic on By, are the Laurent series znGZ an X"
where lim,, o |a,| = 0 and lim,,_, o, 7*"|a,| = 0. Thus, the functions holo-
morphic on B’ must be the Laurent series

(2.6) { > a. X"

neL

lim |a,| =0,VR>0 lim R"|a,|= O} :
n—oo n——oo

Proposition 2.6.8. Let [ : B — Co, be a bounded holomorphic function on
the punctured unit disc. Then it extends to a holomorphic function on the
unit disc {z € C : |2| < 1}.

Proof. This is a special case of [EvdP|] Proposition 2.7.13. O

Lastly we consider quotients of rigid spaces. Suppose that a group I' acts
on a rigid space X. (By this we mean that for any v € I', the map = +— ~x
is a morphism of rigid spaces.) Suppose further that the action of I" on X
is discontinuous. By this we mean that there exists an admissible covering
X = ;; Ui of X such that for every U, the set {y € I'|y(U;) N U; # 0} is
finite.

Proposition 2.6.9. Let X be a rigid space, and let ' be a group which
acts discontinuously on X. Then there exists a morphism of rigid spaces
p: X =Y with the universal property:

3 A morphism of sets with Grothendieck topologies is continuous if the inverse image of
an admissible open set is admissible, and if the inverse image of an admissible covering is
an admissible covering.
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e p is ['-invariant.

e Let U C X be an admissible I'-invariant set, and let q : U — Z be a
I"-invariant morphism. Then p(U) C Y is admissible and there is a
unique morphism r: p(U) — Z such that q=rop:U — p(U) — Z.

We call Y the quotient space of X by I' and denote it by T'\ X .

The admissible open sets of '\ X are the sets of the form p~'(U) where U
is an admissible subset of X and the admissible coverings are the coverings
p 1 (U) = U, p ' (U;) where |J; U; is an admissible covering of U. We may
also describe the structure sheaf by Op\ x(U) := Ox(p~*U)", the subring of
[-invariant elements of Ox (p~!U).

More details about quotient spaces as well as an example can be found
in [FvdP] Chapter 6.4.

2.6.2 The Drinfeld Period Domain )"

Eventually, we shall define modular forms as holomorphic functions on the
Drinfeld period domain €2 satisfying a modular functional equation. One of
the goals of this section is to define the rigid analytic structure on €2". Then
we can say what it means for a function to be holomorphic on €2". The rigid
structure on 2" was given in Drinfeld’s original paper [Dr] (Propositions 6.1
and 6.2), but is also explicitly mentioned in [SS]. We follow the approach
from the latter quite closely.

Definition 2.6.10. The Drinfeld period domain 2" s the complement in
P~ (Cy) of the union of all F..-rational hyperplanes.

This space turns out to be an admissible open subset of P"~!(C,,). To
prove this, we define neighbourhoods of each hyperplane, the complements
of which are affinoid subsets. Unless stated otherwise, in this section we shall
choose elements w € P"1(C.) to be unimodular. This means that we pick
w=(wy 1wy :w,) in such a way that max;<;<,{|w:|} = 1.

Let H C P"!(C.) be an F-hyperplane. It is defined by a linear form
lg(w) = hywy + -+ + hyw, which we may choose such that H = {w €
P YCy) | ly(w) = 0} and h; € Ay for every i = 1,...,r, but at least
one h; ¢ mAy. Such a form is defined up to multiplication by a unit in
As. In particular, |(g(w)| is well-defined for any w € P. We now define
neighbourhoods of such a hyperplane.

Definition 2.6.11. Let ¢ € Q, and let H be an F, -hyperplane. The set
H(e) = {w € P""Y(C) : [lu(w)| < €}, is called an e-neighbourhood of the
hyperplane H.
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Theorem 2.6.12. Fach set

Q= Q(|7]") =P (Coo) ~ | H(|7|)

(where H ranges over all Fu-hyperplanes) is an affinoid subspace of Q7.
Moreover, the set {2, | n € N} forms an admissible covering of Q.

The key to this theorem is that each €2, is defined by only finitely may hy-
perplanes. Since the hyperplanes are defined by linear forms with coefficients
in Ay, we may define congruences between them. We say that H; = H,
(mod 7") if we can choose £g, and ¢y, such that ¢y, = (g, (mod 7"), where
this congruence is coeflicientwise. Let also H,, denote the set of equivalence
classes of hyperplanes modulo 7" and let H = 1&171(,1 We also endow H
with the profinite topology in this construction. In particular, it is compact.

Lemma 2.6.13. Two hyperplanes Hy and Hy are congruent ly, = (g,
(mod 7") if and only if Hi(|7"|) = Ha(|7"|).

Proof. It £y, = {y, (mod 7"), then for any w we have |[(y, (w) — ly,(w)| <
|7"|, since w is chosen to be unimodular. Then w € Hy(|7"|) if and only if
w € Hy(|m™]).

Conversely, suppose that H(|7"|) = Ha(|7"|). For a given unimodular
w, whether £y, (w) < |7|" (j = 1,2) depends only on (wy, ... ,w,) modulo 7"
Indeed, assume that w = @ (mod 7") in the sense that w; — @; € 7" A% for
i =1,...,r. Since the linear forms ¢z, have coefficients in A, this implies
that £y, (w) — g, (0) € T" Ay as well.

Thus for j = 1,2, the linear forms fp; associated to H; induce linear
functions (y; : (A/m"A)" — (A/m"A) which are easily seen to be surjective.
Now, if Hy(|7"|) = Ha(|n™]), then these maps have the same kernel, implying
that they differ by a scalar which is invertible in A, i.e. there exists an
a € (As/TAs)* such that £y, = aly, or equivalently we may choose £,
so that g, = lg, (mod 7). O

Since there are only finitely many elements in A, /7" A, there are only
finitely many equivalence classes of hyperplanes modulo 7". Hence (2, is the
Laurent domain P*1(Co.) (777" ) ren, )-

Proof of Theorem[2.6.13 Note that €, is an affinoid subspace, since it is a
Laurent domain. It is also a finite intersection of sets of the form P"~!(C,.) \
H(|x|"), where H is a hyperplane. But such a set is isomorphic to an open
polydisc in the affine space P"~1(C,,) \ H. It is also known that such poly-
discs form an admissible covering of the affine space. Therefore if f : Y —
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P"~1(C,) is a rigid analytic morphism such that f(Y) C P"}(C, )~ H, then
there is an n(H) € N such that f(Y) C P"~}(Cy) \ H (|7"D)).

Now let f: Y — P"!(C4) be a morphism such that f(Y) C Q". Then,
in fact, f(Y) C P (Csx) ~ Upey H (|7")]). However, by Lemma
the sets {H' € H|H' C H(|n"|)} are open in the topology on #H. Since
‘H is compact, there are finitely many hyperplanes Hq, ..., H, and positive
integers ny,...,n, such that

U H C H(lm|)u--- U H (™).
HeH

Setting n := maxn, we see that

J Hc |J H(x") € Hi(ja™ ) U---U H,(Jx" )
HeH HeH,

and ultimately f(Y) C Q,. Therefore the 2, form an admissible covering of
Qr. O

In [Dx], Drinfeld also gives a finer admissible covering by using the Bruhat-
Tits building for GL,. We omit its discussion since we do not use it except
to mention its use in Lemma [3.1.6

Since the sets €2, are affinoid, there exist Tate algebras A, such that
Spm(A,) = Q,. We refrain from writing them down explicitly. The holo-
morphic functions on §2,, are exactly the elements of A,,. The functions that
are holomorphic on 2" are the functions that are holomorphic on each €2,, —
hence the intersection of all the A,,. Alternatively, one may use the following
equivalent definition:

Definition 2.6.14. A function f : €, — C, is holomorphic on €2, if it
is the uniform limit of rational functions on §, with no poles in ,. A
function f : Q" — C, is holomorphic on Q" if its restriction to each §2,, is
holomorphic on €,.

Later on we shall need the fact that holomorphic functions on a certain
open set have a power series expansion. This is a natural place to prove this.

Lemma 2.6.15. Let B'(R) = {z € Spm(C) |0 < |z| < R} be the punctured
disc of radius R, and ), be the affinoid subspace of 2" as before. Then a
function holomorphic on the product B'(R) x Q,, has a Laurent series expan-

sion of the form
> faX"
neL
where each f, is a uniquely determined holomorphic function on €.
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Proof. This follows from the characterization of products of affinoid domains
(Spm(A) Xspm(c)Spm(B) = Spm(A®cB), the completed tensor product) and
an argument similar to that leading up to equation ({2.6). The f,, are uniquely
determined, since otherwise there is a non-zero expansion corresponding to
the zero function. This would mean that evaluating the functions f,, for some
w € €),, there results a non-zero Laurent series with coefficients in C,, which
is zero for all X € B’(0, R). This clearly cannot be. O

Remark. The radius R in the proof plays some role as to what “size” the
functions f,, can have, but we shall not need this.

Proposition 2.6.16. Let U be a neighbourhood of {0} x Q"1 C Cyo x Q71
of the form U, ~, B(0,7,) x Q=1 where for each n, B(0,r,) is the disc of
radius r,, centred at 0. Also let U’ =U N (Coo ~ {0}) x QL.

Then any function holomorphic on U' has a Laurent expansion of the

form
> RXE

keZ

where each f, is a uniquely determined holomorphic function on ).

Remark. Again, the r, have an effect on what “size” the functions f, may
have on each 2,,, but we are not concerned with this here.

Proof. By an extension of the argument in Lemma [2.6.15| showing that any
punctured disc is an admissible open, any set of the form B’(0, R) x £,
is an admissible open (since €2, is an affinoid domain). Then, since the
intersections B'(0, R,,) x 2, N B'(0, R,,) X €, are admissible open sets, U’ is
the rigid space given by the admissible covering U" = |J,,~, B'(0, ) X ..
Therefore the functions on U’ are exactly those with Laurent series ex-
pansions Y, , fiX * where for every n > 1, f,, is holomorphic on €2,,. This is
the same as saying that each fj is holomorphic on Q". The fact that they are
uniquely determined follows from Lemma [2.6.15( and the sheaf property. [

We defined 2" by giving conditions on unimodular coordinates. However,
in Chapter |3, we shall make the convention that the last coordinate w, = 1.
If we define |w| := max{|w;| : 1 <i < r}, then the unimodular representative
and the representative where w, = 1 differ by some factor with absolute value
lw|. Note that |w| > |w,| = 1. Also define

(2.7)wl; := inf{|g(w)| : H C P""'(C) an F.-rational hyperplane}.
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(The hyperplanes are still assumed to have unimodular coefficients.) In fact,
this is a minimum, since any w € 2" is in some (2,, and on €2,, there are only
finitely many hyperplanes that define different functions |5 (w)|. This serves
as an analogue of the imaginary part of z € H in the classical case. We may

now rewrite
Q= {w e @ : |, 2 |a]" Jw]}.

2.7 Moduli of Drinfeld modules

It is known that rank 2 modular forms can be interpreted as the sections of a
certain sheaf on the algebraic curve whose points correspond to isomorphism
classes of Drinfeld modules. Such a curve is called a moduli curve. This is
analogous to the classical case. The same thing can be done for Drinfeld
modules of arbitrary rank, but in this case the resulting moduli variety has
dimension greater than 1. Here we give a quick overview of the moduli space
in general so that later we may relate analytic Drinfeld modular forms and
algebraic Drinfeld modular forms. A more complete overview can be found
in [Pi] §1, and even more details can be found in [DeHul.

Let S be a scheme over F'. Then a Drinfeld module over S of rank r is a
pair (F, ), where E is a line bundle over S and ¢ a ring homomorphism

v:A— End(E), a— @,= Z aiT

120

(where 7 represents the Frobenius endomorphism and ¢,; € T'(S, E'=7))
such that the derivative dy : a — @40 is the structure homomorphism and
in the fibre over any s € S, the sum becomes a (twisted) polynomial in 7 of
degree r dega.

Next, for an ideal N C A, a level N structure is an isomorphism of group
schemes over S

A (NTHAY 5 @[N] = () ker(ga),

aeEN

where @[N] is the group scheme of N-torsion points of ¢ (i.e. the elements
x € E for which ¢, (z) = 0 for every a € N).

Drinfeld |Di1] showed that the fine moduli space of rank r Drinfeld modules
with level N structure exists, and that it is an » — 1 dimensional irreducible
smooth affine variety of finite type over F'. We shall denote this variety by

~

M (x> where we define K(N) := ker(GL,(4) — GL,(A/N)).
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There is an isomorphism of rigid analytic spaces
M) (Coe) = GL(F)\ (@7 x GL,(AL)/K(N))

This isomorphism suggests that one may define the moduli space for open
compact subgroups K C GLT(AQ). However, the quotient only has nice
properties when K is also fine, i.e. if there exists a prime ideal p such
that the image of K in GL,(A/p) is nilpotent. (In fact, this can be done
independently of this isomorphism.)

Proposition 2.7.1. The components of M}, correspond to the double cosets
GL,(F)\GL.(AL)/K. Let G be a set of double coset representatives for it
and set Ty := gKg~' N GL,.(F) for each g € S. Then, moreover, there is a
rigid analytic isomorphism

My = J]r,\

geSs
Proof. [Hu| Proposition 2.1.3. O

Since M}"((N) is a fine moduli space, there exists a universal Drinfeld
module over M}"((N) whose fiber at each point is the Drinfeld module and
level structure that corresponds to that point.

2.8 The Pink-Satake compactification

Pink’s observation was that since all isomorphism classes of rank r Drin-
feld modules appear as points on the affine moduli space, the points on the
boundary of a compactification must necessarily have a different rank. Thus,
he introduced the concept of a generalized Drinfeld module over a scheme
([P1] Definition 3.1). This essentially differs from the normal definition only
in that the rank may vary across the scheme. For the more subtle differences
we encourage the reader to read |Pi.

Definition 2.8.1. A generalized Drinfeld A-module over S is a pair (E, @)
consisting of a line bundle E over S and a ring homomorphism

p: A= Bnd(E), a—@o=Y par

with .; € (S, E'"9") satisfying the conditions:

(a) The derivative dp : a — @q0 is the structure homomorphism A —
['(S, Og).
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(b) In the fiber over any point s € S, the map ¢ defines a Drinfeld module
of some rank ry > 1.

[t turns out that the following definitions ([Pi] Definitions 3.9 and 4.1) de-
fine a compactification which behaves well under various natural morphisms
and allows one to define Drinfeld modular forms.

Definition 2.8.2. A generalized Drinfeld A-module (E, @) over S is called
weakly separating if for any Drinfeld module (E', ") over any field L con-
taining F', at most finitely many fibers of (E, @) over L-valued points of S
are isomorphic to (E', ¢").

Definition 2.8.3. For any fine open compact subgroup K C GLT(A), an
open embedding M. — Mp- with the properties

(a) My is a normal integral proper variety over F, and

(b) the universal family (E, ) on M extends to a weakly separating gen-
eralized Drinfeld module (E, ) over M.,

is called a Satake-Pink compactification of Mp.. We shall call (E,¢) the
universal family on Mj;.

Theorem 2.8.4. For every fine K C GLT(A’;), the variety M}, has a Satake-
Pink compactification. Moreover, this compactification and the extension of
the universal family are unique up to unique isomorphism.

Proof. [Pi] Theorem 4.2. O
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Chapter 3

Drinfeld modular forms

We now arrive at the main objects of this thesis, Drinfeld modular forms.
We start by defining an action of GL,(F) on Q" and an induced action on
the set of holomorphic functions " — C.,. This allows us to define weak
modular forms as those functions that satisfy a certain automorphic func-
tional equation. Like in the case of elliptic modular forms it is necessary to
define holomorphy at the cusps and for this we introduce Fourier expansions
at infinity. Then we introduce the main examples of Drinfeld modular forms
and ultimately study their Fourier expansions at infinity. At the end we
give a product formula for the Drinfeld discriminant function and study the
rationality of some forms.

For the rest of this thesis we adopt the following notation: if X is some
rank r object, we shall write X for the rank r — 1 object obtained by “for-
getting the first entry.”

3.1 Group Actions

From now on we shall always represent an element w € )" as a row matrix
w= (w,®) = (w1, ...,w,) and make the convention that w, = 1. We would
like to define an action of GL,(F,.) on Q", by w-~y~!, where the latter should
be viewed as matrix multiplication[] To do this properly we need to make
the last entry of yw equal to 1. So let the last entry of w-v~! be j(v,w), and
define yw = j(v,w)'w-~y~!. Note that j(y,w) will necessarily be non-zero,
because the w; are F.-linearly independent.

IThe reason we choose this action instead of left multiplication, is that " can be
identified with the set of linear functions F” — C,, which are injective when tensored
with F. The action described is the one induced from the natural action of GL,(4) on
the set of linear functions F" — Cg.

27
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It will be useful to compare the sizes of w and yw. The following lemma
relates the size (absolute value of the maximum element) as well as the
“imaginary absolute value” ||, defined in equation ({2.7]).

Lemma 3.1.1. There exist constants ¢y, co, c3 depending only on v such that
(a) lwl; < 1i(y,w)| < e lwl;

jwl

(b) 1 <|yw| < ecor—; and

|W|i
‘W‘i

(c) e3 < ’7W|i <L
|w|

Proof. Since 7 is fixed, there exists ¢ € R such that all the entries of v~ !
have absolute value less than c.

(a) Every term in j(vy,w) has absolute value at most c|w|, implying
|j(w,v)] < clw|. Moreover, j(v,w) is an A-linear combination of the w;,
and hence also an F..-linear combination. It might not be unimodular, but
making it unimodular will only decrease it. Therefore |j(v,w)| > |w|;, which
is the smallest any F,.-linear combination can be.

(b) Clearly |yw| > 1, since yw is normalized so that its r-th entry is 1,
hence the maximum of its entries is at least 1. We have |wy™!| < ¢|w| (here
wy~ ! is the matrix product) and hence [yw| = [j(7,w)| " jwy™| < c|w|/ |w],,
using (a).

(¢) Since w, is a unimodular F,, hyperplane, and we always normalize so
that w, = 1, the upper bound is immediate. The lower bound is trickier. We
may express a linear form £ as a column matrix (¢1,...,4,)T, when the value
of |¢(w)| is simply the absolute value of the element wl € C,. The action of
v on Q" affects this as follows: ¢(yw) = j(v,w) twy 4.

Note that j(v,w) is independent of ¢, thus we may focus on minimizing
wy . We interpret v~/ as a linear form. Clearly ¢ is Fi-linear if and
only if v~1¢ is. However, it might not be unimodular. Denote its entry with
maximum absolute (choose one if there are more than one) value by m(~, £).
Then £, := m(v,¢) 'y~ is a unimodular linear form.

Now

L) = 1) Il O - 6] >
‘W‘@'

-1
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so we only need an upper bound for |m(v, ¢)|. But the largest entry of ¢ has
absolute value 1, while the entries of y~! all have entries at most c¢. Hence
im(v, )| < c. In summary

ow)] > 12k

e wl|
Since ¢ was arbitrary, this holds for all F-linear forms, and hence

|W|¢

e |wl

lywl; =

]

Definition 3.1.2. The weight k, type m factor of automorphy is the function
o : GLr(Flo) X Q" — Coo defined by agm(y,w) = (dety) "5 (y,w) ™.

Lemma 3.1.3. The factor of automorphy oy, ., satisfies the following prop-
erties:

(a) Oky,mq (77 w)akz,mz (77 w) = Oy +ko,mq1+ma (77 W),'

(b) pm (Y2, w) = Qg m (71, Vo) ke m (Y2, w).

Proof. (a) is trivial from the definition of a and for (b), the right hand side
is

5(m,72w) ~F(det 1) T (2, w) R (det y2) ™™ = (det yiyn) ™ ( (71, Yow) (25 w)) ",

so it follows from the fact that j(71, vow) is the right-most entry of ( J(vo, w) " Hwyy 1)) it
s0 j(71,72w)j (2, w) is the right-most entry of wy, 'y, . O

The factor of automorphy can be used to define an operator on the set
of holomorphic functions f : Q" — C,,. This operator will then be used to
define which functions are modular.

Definition 3.1.4. For any v € GL,.(F), define the operator [y]xm, as the
operator that assigns to the function f : Q" — Cy, the function f[y]gm(w) =

(7, w).f ().

Lemma 3.1.5. (a) If f : Q" — C is holomorphic on Q", then so is

(b) We have the equality fly17e]em(w) = (f[vilim) [elkm(w), and hence
the operators [Y]rm define a right action of GL,(Fx) on the set of
holomorphic functions on C,.
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Proof.  (a) This follows immediately from the fact that v : Q" — Q" is an
isomorphism of rigid analytic spaces.

(b)

(f[a]km) (row) ok m (2, w)
F(7172w) ke (71, Vo) ks (2, W)
f(nmyew) ok m(172,w) = flnvelkm(w)

fImlemlvelem(w) =

]

We say that two subgroups G, Gy of some group G are commensurable
if Gy N G4 has finite index in both G; and G5. It can be verified that
commensurability is an equivalence relation. Then I' C GL,.(F) is said to
be an arithmetic subgroup of GL,(F) if it is a subgroup of GL,(F') which
is commensurable with GL,(A). Let us fix I' as an arithmetic subgroup of

GL,(F).

Lemma 3.1.6. The space Q" has an admissible covering by admissible open
sets (U;) such that the sets {y € T |yU; NU; # 0} are finite for each i, i.e. T
acts discontinuously on €2".

Proof. A covering satisfying these conditions is given in [Dr] Proposition
6.2. A discussion of this Lemma (where the term discrete action instead of
discontinuous is used) is contained in [Dx] §6 (B), which comes shortly after
the stated Proposition. O

Remark. The reason the proof of Lemma [3.1.6] is omitted is that it
requires an interpretation of 2" through the Bruhat-Tits building. Though
this is important in the theory of Drinfeld modular forms in rank 2, and is
worth pursuing in higher rank, it is not needed for the rest of this work.

Definition 3.1.7. A holomorphic function f : Q" — C., is called a weak
modular form of weight k and type m for I' if f[y|gm(w) = f(w) for all
vyel.

Remark. Note that if v is a scalar matrix cI (¢ € F)), then f[y](w) is
¢k £(w). Hence a weak modular form can be non-zero only if k = rm
modulo the size of {cI|c € F,} NT". In particular, if I' = GL,(A), then a
weak modular form can be non-zero only if k = rm (mod ¢ — 1).
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3.2 Fourier expansion at the cusps

In general, the space of weak modular forms of weight £ will be infinite
dimensional. However, if we impose a condition that such a function must
stay bounded when extended to a certain compactification of Q", then the
space will become finite dimensional. This boundedness condition is easier
to explain when studying a Fourier expansion of such a function at a “cusp”
of Q.

Let U be the algebraic subgroup of GL,.(F') consisting of matrices of the

form
1 0 -+ 0

U2
idrfl
Uy
where we take the identity matrix and allow further non-zero entries only
in the first column. We may consider the first column as an (r — 1)-tuple

(vg,...,v.). It is a simple exercise to check that this association defines an
isomorphism ¢ : Gy — F™1.
Define I'y := I'NU. We compute the action of some element t~!(vy, ..., v,) €

Iy onw = (w,w) as (w; — (vawg + + - + Vw,), ). Let Ay = 1(Ty) C F™1,
viewed as a group of column vectors.

It is clearly F,-linear and since I' is commensurable with GL,(A), also
t(Ty) is commensurable with A"~! and hence WAy C C, is strongly dis-
crete in C,,. By Proposition the exponential function ey, defines an
isomorphism @Ay \Coo — Cop.

Note that if v € I'y, then j(y,w) = w, = 1 = det~, and hence that
any weak modular form for I' is invariant under I'y. Any weak modular
form for T" thus descends to a function on the quotient space I'y;\Q2". By
Proposition [2.6.9] the existence of this quotient space is guaranteed if T'y
acts discontinuously on 2", which follows from Lemma |3.1.6]

The quotient morphism is essentially the restriction of the map £ : C, X
Q1 — Co x Q! defined by (w1, ®) + (eza, (w1),@) to the subset Q" C
Co X "1 since it defines an isomorphism between 'y \Q2" and its image.
This is an isomorphism as groups and as rigid analytic spaces. Thus any
'y invariant function f factorizes through ega, and hence any I'yy invariant
function holomorphic on Q" is a function of the variables ega, (w1), wo, ...,
Wy_1: B

fw) = fleany (wi),w).

However, we would like a function to remain bounded as w; — o0, so

the multiplicative inverse of ega, (w1) would be a better choice. Since w; ¢
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WAy ®4 Fi, the function ega, (wy) is never zero, and it would make sense to
do this. However, it will be of benefit later on if we use a constant multiple
of the inverse, instead of the inverse itself.

Definition 3.2.1. Let the parameter at the cusp oo for I' be the function
g (w1) = exgn, (Twi) ™" =7 ega, (wi) 7,

where 7 is the Carlitz period. Note that it is a function of both wy and @w and
that it depends on T.

Remark. With this normalization we can define rationality of modular
forms when A = F[t] in a simple way. Bockle pointed out that for other A,
we shall need a different normalization.

Lemma 3.2.2. Let A C F" be a projective A-module. For anyn, there exists
a constant ¢ depending only on n such that for any w € €,,, there are at most
c elements A\ € wA such that |\ < |w|.

(In fact, we may choose ¢ = q"".)

Proof. Any A is of the form ayw; +- - -4a,w,, and we must have [A| > |7| ™" |w|
by definition of €2,. In particular, for any A, we have |7"A| > |w|, hence for
every class in (A/7™)", there can be at most one representative A satisfying
|A| < |w|. Hence, the number of A such that |A| < |w| is bounded by some
constant depending only on n. O

Corollary 3.2.3. For every n, there exists a constant R, depending only
on n such that for any w € Q, and any z such that |z| < |w| we have
lewa(2)| < R,.

Proof. Note that e,x(2) = 2 [Jcun (1 — %) and this product can be split up
into three factors: where || < |z|, where |\| = |z| and where || > |z|. Those
factors where |z| < |A| have absolute value 1 and the factors where |z| = ||
have absolute value less than or equal to 1. Hence

e <12 TT |5

IAI<[z]

Since w € Q,, we have |A\| > |7|" - |w|, so each factor satisfies ‘ﬂ <
|7|™". By Lemma the number of such \’s is bounded by some constant
depending on n, yielding the result. O
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Proposition 3.2.4 ([BP]). The map
[p\Q" — Coo x Q71

[(wi,@)] = (ug(wr), @)

defines a rigid analytic isomorphism of Ty\Q" onto a subset of Coy x Q!
of the form
U =uU~ ({0} xQ

where U is an open neighbourhood of ({0} x Q"1).
Moreover, for everyn € N there exists r, > 0 such that B(0,r,) x Q= C
Uu.

Proof. This map is exactly the isomorphism &£ described above followed by
the map z + (7z)~' on the first coordinate ez, (w;), which is itself an
isomorphism, since it is never 0. It remains to show that the image is of the
required form.

Since ez, defines an isomorphism I';/\Co, — Co, the required image
consists of elements of the form

(zony (72)"H, @) € Coo x Q71

such that z ¢ WAy ®4 F. Hence, it is enough to show that for fixed n and all
@ € ' the quantity eza, (2) is bounded from above for z € OAy ®4 Fa.

Since F, = F,((7m)) is a discrete valuation ring, any z € F, can be
written in the form a + zp, where a € A and |z| < 1. Thus, if we denote

@] = max{|wa],...,|w|}, then FoowAy C @Ay + B(0,|®]), and we may
write w; = wp + A, where A € @Ay and |wy| < |@|. Then by Corollary
the result follows. O

Proposition 3.2.5 ([BP]). Any 'y invariant function f holomorphic on Q"
can be written in the form

where each f, is a function holomorphic on Q=Y. Moreover, each f, is
uniquely determined.

Proof. This now follows by simply putting together Proposition and

Proposition [2.6.16] O
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Remark. Like in the classical case, the u-expansion does not define a
series that converges everywhere. However, Proposition [3.2.5| implies that it
does converge for w in a set of the form | J, ., B(0,r,) x Q! as required by
Proposition [2.6.16] -

Let T be the subgroup of T consisting of matrices ~ with first row (1,0,...,0)
and first column (1,0, ...,0)T. By abuse of notation we shall also denote by
T the group of (7 — 1) x (r — 1) matrices obtained by deleting the first row
and first column. In the following propositions we shall need to compute the
parameter ug(wq) after some v € GL,(A) has been applied to w. Therefore
we write yw for the last r — 1 entries of yw and 7 (yw) for its first entry.

Lemma 3.2.6. Let v € GL,.(A) have first row (1,0,...,0) and first column
(1,0,...,0)T as described above. There exists a constant k depending only
on 7y such that if w € B(0,r,) x Q7 then yw € B(0, 7, [5(v, w)| ™) x Qb by

Proof. We have w € €, if and only if |w|, > || |w|. If this is the case, then
by Lemma |3.1.1| we have

hol; o eslwl;

[ywl T ey |wl

i Z |7T|27’L+k:

for some constant k& depending only on . Hence yw € €y, Performing
this in rank 7 — 1, implies that if @ € Q71 then yw € Qgg}rk
Assume that w € B(0,7,) x Q"~'. Then |uz(w;)| < 7,, implying that

[usz (1 (yw))| = 13 (7, @) g (wi)| < |3 (v, w) 7 O

Proposition 3.2.7. Let f be a weak modular form of weight k and type m
for T and let it have the expansion given in Proposition[3.2.5. Then for every
n € Z, the function f, : 01 — Cs is a weak modular form of weight k —n
and type m for T

Proof. Note that since f is a weak modular form for T', it automatically
satisfies the modularity condition for all 4 € I'. Let h € I'y. If we write

1 0 10
h_<v id) and 7_(0 &)’

where 4 and id are (r — 1) x (r — 1) matrices, and v is a (r — 1) x 1 matrix,

then
10
lw—(v ’?)
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Therefore us(m(yw)) and ug(wy) are related by

wi) = J(7, @)ug(wr).

Now we may calculate

Y a@us(@)" = fw) = femw)

ne”

= j(y,w) " (det )T f(w)
= j(y,w)F(det )™ ful(@)usm(mi(w))"

nez

= ) j(yw) F(dety) " £ (@) (7, w) g (wi)™.

ne”Z

Suppose that the left-hand side converges on the neighbourhood | J,~, B(0, r,,) %
Qr=1. (By Proposition it does converge on some neighbourhood of this
form.) Then, by Lemma|3.2.6, the right-hand side converges on |, B(0, 7,5(7,w) ") x
an}rk Therefore this equality takes place on a neighbourhood of this form.

By the uniqueness of the f,, we have the equality f,(©) = f,,(Yw)j (7, )" *(det 7)™
for all # € T, i.e. that f, is a weak modular form of weight k — n and type

m for T. [

Definition 3.2.8. Let f be a 'y invariant function with the Laurent ex-
pansion from Proposition . The order at infinity of f is ordr,(f) =
inf{n € Z| f.(®) # 0 for some w}. We say that f is meromorphic at infin-
ity w.r.t. I' if ordr, (f) # —oo and that f is holomorphic at infinity w.r.t.

I' if ordr, (f) > 0.

This definition may be stated in a number of slightly different ways. The
ones we shall consider involve growth conditions of f as |w|, tends to infinity.
Let us say that f remains bounded along “vertical lines” if for any fixed @
there exist N, R > 0 such that |w|, > R = |f(w)| < N. If for any N > 0
there exists an R > 0 with this property, we say that f tends to 0 along
vertical lines. Analogously, we say that f remains bounded (resp. tends to
0) along “vertical strips” if for any z € Q™! there exists a neighbourhood
U>sZzin Q' and N, R > 0 such that [w|, > R,0 € U = |f(w)| < N (resp.
if for all N > 0 there exists R > 0 with this property).

Proposition 3.2.9 ([BP]). Let f be a weak modular form for T. The fol-
lowing conditions are equivalent:

(a) f is holomorphic at infinity;
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(b) f remains bounded in every vertical line;
(¢) f remains bounded in every vertical strip.

Moreover ordr, (f) > 1 if and only if f tends to 0 in every vertical line
(equivalently every vertical strip).

Proof. From the proof of Proposition , for every @ € Q !, there is a
neighbourhood V . Q! of & and an affinoid open V C Co x V for which
there is an isomorphism I'y\V < B'(0, R(&)) x V, where B'(z,r) denotes
the punctured disc with centre z and radius r, and R(®) = 7 'p(@)~! is a
locally constant function.

A Ty invariant holomorphic function f : Q" — C,, induces a function
F : B'(0,R(@)) x V — Cu. Fixing & for the moment, we see that the
expansion of f in terms of ug(w;) is exactly the Laurent expansion of F at 0.
Hence f is meromorphic at infinity if and only if, for every @, F' has a pole
at 0, and f is holomorphic at infinity if and only if, for every w, F' extends
to a function on B(0, R(w)). By Proposition 2.6.8 F extends to a function
on B(0, R(@)) if and only if is bounded on B(0, R(@)).

(a)=-(c): Now, if f is holomorphic at infinity, then for every @, F(u,®)
is bounded for u in some neighbourhood of 0. However, this is the same as f
being bounded, for every fixed @, on the “vertical line” where @ is fixed and
|w|, = oo.

Actually, by the proof of Proposition [3.2.4] if f is holomorphic at infinity,
then every @ has a neighbourhood W on which p is constant, and hence F' is
bounded on B’(0, R(&)) x W. So f is not only bounded in “vertical lines”,
but also in “vertical strips”.

(c)=-(b) is obvious.

(b)=-(a): If f is bounded on every such line, then for every w, F is
bounded on W ~ {0} x {@} for some neighbourhood W of 0. Then by
Proposition 2.6.8] F extends to a holomorphic function on W x {@}. This
means that F' has a power series expansion with no negative terms of ug (w1 ),
implying that f is holomorphic at infinity.

O

There are other cusps than the one at infinity and modular forms need to
exhibit boundedness at each cusp. Rather than define expansions at every
cusp, we study the expansions at infinity of the functions f[0]x, ., for various
d € GL,.(F).

Define P to be the parabolic subgroup of GL,(F") consisting of matrices
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of the form
0
* *
% % *

Proposition 3.2.10 ([BP]). Let f : Q" — Cy be a I'y invariant func-
tion and let 6 € P(F). Then f[0]gm is a function invariant under sy =
(67'T6) NU(F). Moreover

ordr, , (f[0]km) = ordr, (f)-

In particular f[0)km is meromorphic (resp. holomorphic) at infinity w.r.t. T
if and only if f is meromorphic (resp. holomorphic) at infinity w.r.t. T.

Proof. Let us assume first that ¢ is of the form

(5a)

Then I'sy = I'y and dw = (w; — @B, w) and detd = 1 = j(d,w). The u
parameter for f[d]x,, may now be written in terms of the parameter for f as
follows:

up(wr = @8) = (ezan(Twn) — ez53(705)) "
= ug(wn) (1 = ug(wn)eqz:(700)) ™
Then the expansion for f[0],, is

flolem(w) = an O)ug(wy — wPB)"

ne”L

= Y Ful@)ua(wn)" (1 ualen)enns (738)) "

ne’

proving the statement for ¢ of this form.
Now suppose that ¢ is of the form
a 0
0 0 )’
where o € F* and ¢ € GL,_1(F). If we let Ag = (Lsp) = 5 1Ay« then
det 6 = adetd and j(6,w) = j(8, ), implying that dw = j(8, ) (a Loy, @06~ )
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Hence the expansion of f[0],,, must be in terms of usg(w1) = €4, (Ta ™ wy)™
eﬁwg—lAUa(ﬁ-Wl)_l- We have

U o5-1 - = e_g5-1 T—
e J(0,w) TRty 7(9,0)

= a- ](57 (D) ’ eﬁ&S—IAUa(ﬁ-wl)

= a-j(0,0) - usg(w).

and it follows that the expansion of f[d] is

-1

3(8,@) 7" (det §) ™™ f(dw)
~ ! 061
= 9(0.& e m -
J(,)dt(>f<( : ))

= j(6,@)Fdet (6)™ D fa ( ——
% j(6,@)
The statement for § of this form follows from this equality.

Finally, by writing an arbitrary 6 € P(F’) as a product of matrices of the
two forms above, the statement follows in full generality.
]

Proposition 3.2.11 ([BP]). Let I'y < T' be arithmetic subgroups of GL,.(F)
and set I'yy =Ty NIy Let f : Q" — Cy be a I'y invariant function. Then

OI'dFl,U(f) = [FU : Fl,U]OrdFU (f)

In particular f is meromorphic (resp. holomorphic) at infinity w.r.t. T if
and only if [ is meromorphic (resp. holomorphic) at infinity w.r.t. T'y.

Proof. Note that Ay = «(T'y ) is a subgroup of Ay = «(I'y) of index [Ay :
A1) = [Ty : Ty p]. Also note that both Ay and Ay are Fy-linear subsets of
F! and hence that for any @ the sets @Ay and WA, iy are Fy-linear subsets
of Co. Let the index be p?, and let ®; be the polynomial from Proposition
for which ezza, = ®g 0 €zaa, - We know that g is Fy-linear, and

CI)LZ)(Z) = ee,wAl U 7rwAU Z (I)w 'sz

1
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and that the polynomial depends on w. By the choice of d we have ®g 4 # 0.
We may now compute

U&;(wl) = eﬁQAU(ﬁw1>_1 = (CI)LD(eﬁ(DALU(ﬁ-wl)))il

We may expand the last factor as a geometric series, which contains only
positive powers of u; 5. So ordr, (f) = n if and only if the expansion of f
in terms of ug starts with f,(0)ug(wy)™ if and only if the expansion of f

d
. . ~ & np
in terms of u; 5 starts with f, (@)=l — q(;fl)

o,d

proving the proposition. O

if and only if ordr, ;7(f) = np?,

3.3 Modular forms

3.3.1 Analytic modular forms

Definition 3.3.1. A function f : Q" — C, is a modular form of weight k
and type m for I if f is a weak modular form of weight k and type m for I
and f[8]km is holomorphic at infinity for all § € GL,(F'). It is said to be a
cusp form (resp. double cusp form) if furthermore ordr, (f[0]km) > 1 (resp.
> 2) for all § € GL,.(F).

Proposition 3.3.2. Let D = {§;}; be a set of representatives for the double
coset '\GL,.(F)/P(F) and let f be a weak modular form for T".

(a) If f[d]x is holomorphic at infinity for each § € D, then f is a modular
form.

(b) Let h(A) be the class number of A. If T' = GL,(A), then D has h(A)

elements.
(¢) In general, D is a finite set.

Thus, the condition of holomorphy at infinity only needs to be checked for
finitely many 6 € GL,.(F). In particular, if A =F,[t] and I' = GL,(A), then

f 1s a modular form if and only if it is holomorphic at infinity.
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Proof. (a) follows from the I-invariance of f and Proposition [3.2.10]

For (b) recall that the quotient of algebraic groups GL, /P is isomorphic
to projective space P" 1. Therefore GL,.(F)/P(F) = P"~!(F). We now show
that the map GL,(A)\P""}(F) to the class group CI(A) of A defined by
[y 02 = [Doi_, 2:4] is a bijection.

First we check that the map is well-defined. Firstly two different repre-
sentatives in P"1(F) differ by a factor of some a € F. Therefore the ideals
>, z; A differ by a factor a € F, and thus lie in the same ideal class. Now
suppose that v € GL,.(A) and that y[zy : -+ : x.] = [y1 : --- : y,]. Since
v € GL,(A), each y; € >"'_, x;A, and that each z; € Y, y;A. This implies
that the ideals >, , ;A and Y, ;A are the same.

The map is clearly surjective, so it remains to check injectivity. Suppose
that [zy : --- 2] and [yg -+ @y, satisfy D0 2 A = >0 ;A (if these
ideals differ by a constant factor, we may renormalize one of the elements to
make the ideals equal). Denote these ideals by M. Consider the maps

pe i AT = M, (ay,...,a.) — > ax;;  and
py AT = M, (ar,...,a.) = D> 4y

Both are surjective and fit into short exact sequences
(3.1) 0 — kerp, = A" = M — 0,

(and similar for y). Since GL,(A) consists of exactly the automorphisms of
A", the problem becomes that of lifting the identity on M to an automor-
phism of A" in the following diagram:

0 — kerp, - A - M — 0

0 — kerp, - A" = M — 0.

Since M is projective (as an A-module), and the identity map idy, : M — M
is surjective, there is a map s : M — A" such that p, o s = idy;. This means
that the short exact sequence splits. Therefore kerp, = A"/M, and
similarly kerp, = A"/M. Thus we may choose an isomorphism ker p, —
kerp,. Writing A" = kerp, & M (resp. A" = kerp, & M) in the following
diagram:

kerp, — kerp,®M <+ M

} \J
kerp, — kerp, ® M <« M,

means that there is a unique morphism ker p, @ M — ker p, & M making the
whole diagram commute. But by the Five Lemma, if the two morphisms on
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the side are isomorphisms, then the arrow in the middle is an isomorphism
as well.
This gives us the automorphism of A" we were after and proves injectivity.

Now for a congruence subgroup I' of a general stabilizer (not necessarily
GL,(A)), the group I'NGL,(A) is of finite index in GL,(A). But D can have
at most as many elements as this index, proving (c). ]

As in the classical case, the modular forms of a given weight and a given
type form a C.-vector space. Furthermore, by Lemma m (a) the product
of a modular form of weight k; and type m; with a modular form of weight
ko and type mo gives a modular form of weight ki + ko and type mq + mo.
The weight and type define a double grading on this ring.

Definition 3.3.3. Denote by My, ., (I') the space of modular forms of weight
k and type m for I'. We shall omit m if the type is 0. Also denote by M(T")
the doubly graded ring of modular forms for T.

Remark. Since m occurs only in the power of the determinant of some
v € I, it only depends on the order of detI" C Fy. In particular, it makes
sense to consider spaces My, ,,(I') for all k € Z, and m € Z/(q — 1)Z.

3.3.2 Algebraic modular forms

~

Let K C GL.(A) be a fine open compact subset and denote by Ly the
dual of the relative Lie algebra of £ — M. (Recall that E — M}, is the
universal Drinfeld module and that E is its extension to M}, which is unique
by Theorem M) It is an invertible sheaf, so we may speak of L.

Definition 3.3.4. ([Pi] Definition 5.4) For any integer k we define the space
of algebraic modular forms of weight k as

MZZQ(K) = H’ (M[roﬁl;((]v))l{ where K(N) C K is fine.

(This is the subring of K-invariant elements under the GL,(A) action de-
scribed in [Pif.) In [Pi] it is shown that this definition does not depend on
the choice of N.

The ring of algebraic modular forms is the graded ring

M(K) = @ Mi(K).

k>0
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Also denote by W(K) = HO(M}, Licay)™ the space of algebraic weal
modular forms of weight & and by W, (I") the space of analytic weak modular
forms of weight k for I'.

Theorem 3.3.5 ([BP]). Let S be a set of representatives for the double coset
GL,(F)\GL,.(AL)/K, and for each g € S set Ty = gKg~' N GL,(F). Then
there are isomorphisms of Co-vector spaces:

Coo @1 Wi(K) = EDWA(T,).

geSs

Coo ®p M (K) =5 @) Mi(Ty).

ges

3.4 Examples of modular forms

From now on we fix a projective A-submodule A C F" and denote by GL4(A)
its stabilizer in GL,(F). We also impose the condition on A that A = A x A,
i.e. that the first coordinate can be separated from the others. We shall view
elements of A C F" as column vectors, and hence wA can be interpreted as

a lattice in C,.

3.4.1 Eisenstein series

Perhaps the simplest example of a modular form is the Eisenstein series. We
shall provide two examples — Eisenstein series for the full modular group
GLA(A) and Eisenstein series for congruence subgroups I'(NV).

Eisenstein series for GL4(A)
Let k be a positive integer and define
E*w) = ZI AR
AEWA

For any N > 0, there are only finitely many elements of A in any ball of
radius N. Therefore this infinite sum converges for any w € 2". Moreover,
on any §),, this convergence is uniform, implying that E* is holomorphic on
Qr.
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The elements v € GL4(A) have the property that lattices wy™'A = wA.
This means that ywA = j(v,w) 'wA and ultimately that

Ekh]k,ﬂ(w) = j(’}/vw)ik Z Aik = Ek(w>7

AEG(y,w) TLwA

proving that Ej, is a weak modular form of weight k and type 0 for GL4(A).
We shall see in section that the u-expansion has no terms with a negative
exponent of u, which means that it is a modular form.

Eisenstein series for I'(V)

Definition 3.4.1. Let N C A be an ideal. The group T'(N) C GLa(A)
defined by
['(N) = ker (GL4(A) = GL4(A/NA))

is called a principal congruence subgroup of GL4(A).

We may adapt the definition of the previous Eisenstein series in order
to obtain modular forms for more general arithmetic groups. Let N C A
be a non-zero ideal, and let [v] € N7'A/A be a non-zero residue class with
v=(v1,...,v,) € N"TA/A a representative for it (i.e. [v] = v+ A). Define

Elyw) =Y AF= 3 (+a)o+ -+ @ +a)™

By our assumption that A = A x A, there is an isomorphism ¢1 : N AN =
(N7Y/A)x (N7'A/A). For [z] € (N71/A), set |[2]| := |N|-min{|z| : 20 € [2]}.

Proposition 3.4.2 ([BP]). Let w € Q", let [v] € N"'A/A be a non-zero

residue class and let v € [v] be a representative, as before.
(a) El 1

(@) = €wn(wo) ™

(b) E[’j)][y]k(w) = E[";,lv](w) for all v € GL4(A). In particular, E[’f}] is a
weak modular form for I'(N).

() ordr, (By) = (|[v]] - g*# %)
d) FEach EF, is holomorphic at infinity.
[v]

(e) E[’Z] is a modular form of weight k for T'(N).
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Proof. The statement in (a) is Lemma with z = wv and lattice wA. For
(b) we calculate that for any v € GL4(A),

Bibh) = s X (et

(a1,...,ar)ENTIA

In order to prove (c) we need, to some extent, to calculate the u expansion
of E[’fj} (w). We have

Ehw) = ) (w-(at+w)*
(a1,...,ar)EA
= ) Y (@t e+ 700+ 700)
a1€4 (ay,...,ar)EA
= 7Y (Pyrar (Flar + vi)wr + 700+ 700) ")
a1€A
(3:2) = Z P roi ((eﬁwA<7_T(a1 + vy)wr) + eﬁj\(frdzﬁ))*l)

a1€A

Let us write E[lﬁ] (@) := e5;(wd)~"! for the rank r — 1 Eisenstein series. Then
expi (F0D) ™! = 77 EL (@),

Let n € N. Then for some ideal M C A we have nA = MN and
N~' = 2M. Since a; +v; € N™' C F, it is of the form m/n where m € M
and n € N. Suppose that a; + vy # 0. Then, since M C mA, we have
(a1 +v1)'A=24=1pd=LMYN > N. Hence (a; +v)"'A D NA
and hence by Proposition (b): €rsarton-14(T) = Pajtua(€rgni(T))
for some polynomial ®,, 1, 51| Note that this stays true if we make the
convention that ®; = 0. Let us mention at this point that if a; + v; # 0
then ®,, ., 5 has degree |(a; +v1)~'/N|"~" and linear coefficient 1 and that

2 Actually, by Proposition this polynomial is the exponential function associated
to the finite Fy-linear set e__ i (7w(a1 + v1) *A).
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its leading coefficient is a function which is nowhere zero on Q"~!. Now

exsi(T(ar +v)wi) = (a1 +01)€rz00, 401 (TW1)
= (al + Ul)q)a1+v1,cb(eﬁwN]\ (ﬁwl))
(33) - (a’l + Ul)q)a1+v1,&z(u_1)'

For simplicity, denote Py z5i by P, and ®4, 14,6 by Po 4, and even P
when a; + v; is understood. Together equations (3.2]) and (3.3) yield

(34) Bljw) = 7Y PR (((al + 1)@y 0 (07 + By (w)l)_l) .

If v; € A, then there is a term where a; + v; = 0, which must be the term

7t P, (E[lv]> = EN[’%] (@). Tt is not divisible by u and we shall shortly see that all

the other terms are divisible by u. Hence in this case ordry), (E[lv] (w)) = 0.

If v; ¢ A, then a generic term is of the form #*Py((cqu™@ + -+ + ¢g) 1)
where the argument is a polynomial of degree d = |(a; +v,)"*/N|""" in u!
with coefficients being functions on Q"~!. The argument in this function can
be rewritten as u?(cq+ - - - +cou?) ™! where (cq+ - - - + cou?) is invertible since
cq is a function which is nowhere zero on Q"~!. Such a term thus has u-order

[(ay + ;)" /N|"~". Hence ordr(n) (E[lv] (w)> = mér}‘ {|(a1 + Ul)_l/Nrfl} >
a

0 so that Ej,(w) is holomorphic at infinity.
Noting that the Goss polynomial Py (X) is divisible by X (Proposition
2.5.2|(c)), equation (3.4) immediately implies that for any k£ we have ordp(yy, <E[’2] (w)) >

ordr(n), <E[i] (w)), implying (d).

To show (e), it remains to show that E[’?U] [0]x is holomorphic at infinity
for every 6 € GL,(F'). This will follow from the fact that E[’fj (0], is a linear
combination of Eisenstein series of higher level, for each of which (c) is true.

Note that if ¢ € F'*, then E[’fj] [c-id]y = ckE[’f)], so we assume from now
on that 6~! has entries in A. Then 6~!A C A, but is of finite index, since
0 € GL,(F) is an automorphism of F". Therefore there exists a principal
ideal mA C A which annihilates the finite A-module A/6~'A and hence
(mA)" C 5 TACA.

Since A contains finitely many cosets modulo mA, the set 6~!A also con-
tains only finitely many cosets, and 6~ '(A + v) also contains finitely many
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cosets modulo mA. Let uq,...,u, be representatives for these cosets. Then
_ —k
Ef[kw) = > (w-6(a+0))
aEA
S ) NI
i=1 aeémA
= St )
i=1 a€A
" NN —k
SO )
i=1 a€A m

= 2 m " Ey()

In this case each E* is an Eisenstein series for I'(m/N~!), hence is holomor-
phic at infinity, implying that E[’Z} [0]r(w) is holomorphic at infinity. This
completes the proof of (e). O

3.4.2 Coeflicient forms

Let ¢ := ¢“? be the Drinfeld module associated to wA. Then, for a € A, we
have the equality

rdega

(3.5) Ya(X) = Z gi(a,w) X"

where go(a,w) = a and for all w € Q" we have g,dega(a,w) # 0. When
A =TF,[t] and a = t we shall suppress mention of a and write simply g¢;(w).
Later we shall need the convention that go(a,w) = a even when dega = 0.

Proposition 3.4.3 ([BP]). Let N C A be an ideal, let a € N and let [v] €
N=*A/A be a non-zero residue class. Then

(a) @a(E[lv} (w)_l) =0; and

(b) @a(X) = aX H (1— XEf).
[v]€a—TA/A
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Proof. We have

Pa(Ep()™") = @a(ewa(w-v)) by Lemma2.5.1
= eyalaw - v) by Proposition [2.2.5

proving (a), since av € aN~'A D A and (b) follows from this case since both
polynomials have the same roots, degree and coefficient of X. O]

The coefficients vary with w and thus define functions on Q". The func-
tions g;(a,w) are called coefficient forms. From Proposition , they are
polynomials in the weight 1 Eisenstein series E[lv] (w). Since these are modular
forms for I'(a), each g;(a,w) is also a modular form for T'( V).

Proposition [3.4.3| allows us to generalize the definition of coefficient forms

to all ideals N C A. Set

exX)=x J[ - ELwXx).

[]EN-TA/A
The roots of this polynomial are
{0} U {Ep(w) " 04[] € NTIA/A} = {epar(wv) [v € [u] € NTTA/AY

which forms an [Fy-linear set, which means that the polynomial itself is [Fy-
linear, since it is the exponential function of its zero set. We define the
normalized coefficient forms with respect to N as the coefficients of the poly-

nomial
rdeg N

pn(X) = Z 8i(N,w) X7

Note that the usual coefficient forms can be related to normalized coefficient
forms by the formula g;(a,w) = ag;(aA,w). In particular we deduce that
go(N,w) =1 for every N.

Proposition 3.4.4 ([BP]). For every ideal N C A and everyi =1,...,rdeg N,
the function g;(N,w) defines a modular form of weight ¢ — 1 and type 0 for
GLA(A).

Proof. Since g, is a homogeneous polynomial of weight ¢ — 1 in the modular
forms E[lv] (w), it too is a modular form of weight ¢* — 1 for I'(N). However,
by Proposition (b), any element of GL4(A) permutes the forms E[lv]7
showing that g; is a modular form for GL4(A). O

Of special interest to us will be the discriminant function.
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Definition 3.4.5. We call the coefficient form g, qega(a,w) of highest weight
the Drinfeld discriminant function for a and denote it by A(a,w). Again, if
A =TF,[t], we denote A(w) := A(t,w) = g,(w). In that case we call it simply
the rank r Drinfeld discriminant function. To avoid confusion, in this work
we never write A(N,w) for the normalized coefficient form of highest weight.
Instead we shall use the usual notation g, 4eq n(IN,w) in that case.

We shall see that A(w) is the type 0 modular form of lowest weight which
is a cusp form for GL,(FF[t]).

3.4.3 Relations between modular forms

The main goal of this section is to obtain some relations between the Eisen-
stein series for GL4(A) and the coefficient forms. In doing so we reach a
secondary goal by mentioning other examples of modular forms for GL4(A),
namely the coefficients of the exponential function. This is also a convenient
place for the definition of some quantities that are of arithmetic interest.

(The contents of this section is essentially in [Ge3|, though in the form of
relations between coefficients where A is a fixed lattice.)

Definition 3.4.6. For every integer n > 0 we define:
(a) [n] :=11" —t € F,[t];

n—1

(b) D, :=[n][n—1]2---[1]7" ;
(¢) L, :=[n]n—1]---[1].

For each w € €, there is the exponential function eya (X) = 3,0 e (wA) X7
from Section 2.2] As w varies, the coefficients e;(w) := e;(wA) vary, and it
turns out that for each 4, the function e;(w) is a modular form of weight ¢* — 1
and type 0 for GL,(A). It should not be hard to show this directly, but we
shall proceed to prove this by obtaining some relations between (e;(w))o<i<k
and (gi(a,w))o<i<k-

Proposition 3.4.7. Let A be a Drinfeld ring and let A C C., be an A-lattice.
Let a € ANT, and

rdega

ex(X) :Zean” and o> (X) = Z g X"
n=0

n>0

Then

rdega

k i
_ q
(aq a) e = E Gi€)_;-
i=1
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Proof. The relation follows by comparing coefficients of X 4" in equation (12.3):

ea(aX) = py(ea(X)) . O

Corollary 3.4.8. (a) Foreveryi > 0, we have e;(w) € Flgi(a,w), ..., Grdegal@,w)].
(b) If A=T,[t], then for everyi > 0, we have D;e;(w) € Alg1(w), ..., g-(w)].

Proof. Both (a) and (b) follow from simple inductions. We outline the in-
duction for (b). We have

er(w) = [1] g1 (w)

so that Dje;(w) = ¢1(w). Taking a =t in equation we get that
rdega

(tqk — t) ek(w) = Z gi(w)ek_i(w)qi.
i=1
Noting that D; = [i]D]_,, we see that if D;e;(w) € A[g1(w), ..., g-(w)], then
Diiie(w)? € Algi(w),. .., g-(w)] and by induction D;y e;(w)? € Algi(w),. .., g-(w)].
Now note that equation |3.4.7| can be rewritten as

Dyex(w) = D _ 12% w)ep—q(

and (b) easily follows. O

Corollary 3.4.9. The functions e,(w) are modular forms of weight ¢"* — 1
and type 0 for GLa(A).

The functions e;(w) and g;(a,w) occur as the coefficients of important
power series. It turns out that the Eisenstein series also occur as coefficients

of such a series.

Lemma 3.4.10. The power series expansion for the function %(X) 1S

—1—ZE’“

ewA

k>1
Proof.
X B X £
eon(X) AZ;AX—A =1 A§A1—§
k
_ 1—22(%) Z(z’w)w
AEwA k>1 k>1 \M\EwA
= 1-) Efw
k>1
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We can use this to prove that there are also relations between the coeffi-
cient forms and the Eisenstein series.

Proposition 3.4.11. Let A be a Drinfeld ring and let a € A. Then
<a — aqk> Eqk_ Zqu_l W) gr—i(a,w)?. ¢

It will be of benefit for us to break the proof into two lemmas, together
implying Proposition [3.4.11} Let 3,(w) be the coefficient of X" in the ex-
pansion of the logarithm function for the lattice wA.

Lemma 3.4.12. The following relations exist between Py(w), the coefficient
forms and the functions e, (w):

(a) B+ iy Bemi(w)? es(w) = 0;
(b) afe(w) = 31 Bi(w)gii(a,w)?".

Proof. By comparing coefficients of X" in the equality X = es(log, (X)),
we get (a). Similarly, we use the equalities (true for arbitrary A)

alogy(X) = log, oex(alogy (X)) = log, (Pa(ea(logy (X)))) = log, (®a(X)),
when (b) follows by comparing coefficients of X4". O
Lemma 3.4.13. For k > 1, we have Bp(w) = =B (w).

Proof. By definition of E*(w) we have EP*(w) = E*(w)P for every k, and
hence that E7 ¢ (w) = E7'~Y(w)?. Again we compare the coefficient X"
of power series

X = ean(X)- ewj((x) - (Z a(w)X“) (1 - ZEW) >

i>0 §>0

yielding

k—1
- Z E7 4 (w)e;(w) = 0.

When k = 1 this yields E7 ! (w) = e;(w) = —f1(w) (by Lemma [3.4.12] (a)).
Assuming that 8;(w) = —FE7 '(w) fori =1,...,k — 1, we get

B = ep(w ZE‘] - ei(w) = ex(w) + Zﬁk ei(w) = =P,

again making use of Lemma [3.4.12] (a). O
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Corollary 3.4.14. (a) For everyk >0, we have E* ' (w) € Flgi(a,w), ..., grdega(a, w)].
(b) If A =T,[t], then for every k > 0, we have Ly EY ~Y(w) € Algi(w), ..., g-(w)].
The proof is almost identical to that of Corollary and is omitted.

Example. Suppose that r > 2 and A = F,[t]. Then we have
o [l]er(w) = g1(w);
o [2ex(w) = gi(w)er(w)’ + g2 = [1] 791" + g
o —[1|E7 (W) = —g1(w) = [1]E(w) = g1(w) and hence E9 ' (w) =

e1(w);
o —[2EC (W) = —go(w) + BN (w)g1(w) = ga(w) = [1J7ET (w)TH! +

[2] EY~1(w), generalizing this formula, which was known for r = 2, to
all » > 2.

We have seen that many of the modular forms can be written as polyno-
mials in the coefficient forms. By the following theorem appearing in [BP],
we see that this is true more generally when A =T [t].

Theorem 3.4.15 ([BP]). Let A=TF,t].
(a) The graded ring of modular forms of type 0 for GL,(A) is
M(GL,(A)) = Cx[gr(w), - .-, gr(w)]-

Moreover, the coefficient forms g1(w), ..., g-(w) are algebraically inde-
pendent.

(b) The graded ring of modular forms for T'(t) is generated by the weight
one Fisenstein series for T'(t).

Proof. This follows from Theorem and [Pi] Theorem 8.2. O

3.5 Computation of certain u-expansions

The computations will be significantly simplified by using u := ug(w;) through-
out. In these computations and in what follows we shall often come across
expressions of the form ¢,(u™'), where ¢ is a Drinfeld module and u is the
parameter at infinity. In order to handle such expressions we make the fol-
lowing definition which resembles the one in Gekeler [Ge2].
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Definition 3.5.1. Let A be a lattice of rank d and ¢ be the associated Drinfeld
module. We define

ddega

FA(X) = X

a

pa(X7Y),
the reciprocal polynomial of p(X).

In most cases the lattice will be the lattice 7&0A; that defines the pa-
rameter uzg(7wy) at infinity. In this case we shall write simply f,(u). Our
computations will only involve modular forms for GL,.(A) or for principal
congruence subgroups I'(N). In those cases, Ay = A and Ay = NA, respec-
tively. Hence, from now on, we use the expression in terms of A instead. For
the following computations we write

SDZ@AU (X) _ aX_i_ﬁ.lfqgl(a’aj)Xq_i__ . .+7—T17q(T71)dcga§(T_1)dog(l(a?(Z))Xq(r—l)dcga’

where the g; are rank r — 1 coefficient forms.

Lemma 3.5.2. The polynomial f,(u) is invertible in Cylwa, ..., w.][u], i.e.
#(w = Y so @™ for some functions ¢; - " — Cu holomorphic on
Qr-t

r—1)dega

Proof. Recall that the leading coefficient Fl=d

is nowhere zero on 7~'. We may then calculate f,(u) = 79" g 1) 4oga(@, @)+
-+ aud" V" =1 where the constant term ﬁl_q(rfl)degag(r_l)dega(a,&J) has

no zeros on )" ~1. Therefore f,(u)~! has a geometric series expansion of the

form

9r—1) deg (@, @) of M (X))

_1— (r—1)dega ~\—1
(O g(rfl)dega(aaw) +§

n>1

(_ fa(u) — ﬁl‘q(r”degag(r—l)dega(a,@))

9(r—1) dega(aa d})

The numerator consists only of functions that are holomorphic on 2" ~!, while
the inverse of the denominator is also holomorphic, since g(T,l)dega(a, @) has

no zeroes on Q1. O
. (r—1)dega
We shall often encounter expressions of the form “qu Lemma|3.5.2
.. . . . . _1_(r—1)dega ~\ r—1)dega
shows that this is a power series in u starting with 7#1-¢"~" G(r—1)degala, @) Lyg' D dese.

We shall denote this expression by u,. In particular,

CI>?DAU (ezony (ﬁwl))_l = Uy,.
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3.5.1 The u-expansion of Eisenstein series for GL,(A)

We now calculate the u-expansion of the Eisenstein series. This serves two
goals. Firstly, it will prove that the Eisenstein series are indeed modular
forms, and secondly it will give us a concrete example of a u-expansion of a
modular form.

Recall our convention that we denote rank » — 1 objects with tildes. So,
by E*(&) we mean the rank r — 1 Eisenstein series evaluated at &. For this
section we also assume that A = A x A. The transformation of the sum to a
sum involving the lattice 7A may seem strange, but it is necessary to arrive
at an expression involving the parameter ug(wy).

E*w) = Z, AR Z/ Z (aw; +A)7F

AedA a€A  \ e
= E¥@)+#* Z/ > (Fawy +7A) 7
a€A  \\eoA

= EM@)+ 7t Z/ > (mawy + M)~

a€A  \ \eroA

= E¥@)+#* Z’ Piasi | D (Rawi + 37!
acA AeTWA

= Ek@’) + Z Z Py zai (677]\(Cﬁ'aw1>71)
a€Ay CeF

= @)+ 7 D0 D" Pusaa (¢l ens (o))
a€A L ceRx

Note that ZCE]F; (¥ = 0if k is not divisible by ¢ — 1, and Z&qu F=—1ifk
is divisible by ¢—1. It is thus clear that only the terms in P _-z (X) for which
the exponent of X is divisible by ¢ — 1 will contribute to the sum. On the
other hand the exponents of the non-zero terms in P, -5 are all congruent
to k modulo ¢ — 1 by Proposition 2.5.2] (g), so either nothing contributes,
or everything does. Assuming from now on that ¢ — 1 divides k, the last
expression simplifies to

Ek(@)"‘ﬁk Z =P zai (QOZM(@MA(%WI))_I) = Ek(@)_ﬁk Z Pk,frwi\(ua)-

a€A+ a€A+
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Proposition 3.5.3. When q—1 | k, the u-expansion of the Fisenstein series

Ek(w) is
EMw) = EX@) = 7" Y Py o (ua)-
(ZGA+
Proof. This is simply a summary of the preceding calculation. O]

Note incidentally that this is a sum indexed over the set A, instead of
over Z. Expansions of this form are called A-expansions or non-standard
expansions. One may argue that since we have replaced Z by A in many
cases, this should be a better expansion than the u-expansion. This is true
at least to the point that Hecke eigenvalues are easier to read off from A-
expansions than from u-expansions. However, not every modular form (nor
even every eigenform) has an A-expansion, so they are still limited in their
application.

In rank 2, there are other forms with known A-expansions, e.g. the dis-
criminant function. In [Pe], Petrov has recently constructed an infinite family
of forms with such expansions. It would be interesting to see if this extends
to the higher rank case.

In the rest of this section we determine which coefficients are possibly
non-zero. These results are applicable, not only to Eisenstein series, but
to all modular forms for GL4(A). They follow the corresponding results of
Gekeler [Ge2] in the rank 2 case quite closely.

Lemma 3.5.4. Suppose that [ is a modular form for GLA(A) and that it
has the expansion f(w) = > o fu(@)u™ and that for some m, the function
fm (@) is not identically 0. Then g — 1| m.

Proof. Note that, since coefficients forms are modular forms for GL4(A),
they must be invariant under the action of scalar matrices ¢/, hence the
u-expansion must be invariant as well. This means that if 4™ occurs in
the expansion of a coefficient form, then ¢™u™ = u™ for all ¢ € Ff, or
equivalently, ¢ — 1 | m. O

Proposition 3.5.5. Let f be one of the following modular forms for GL4(A):
an Eisenstein series B¢ Y w) or a coefficient form gi(a,w) for any a €
ANT,. Let the expansion of f be f(w) = > oo fo(@u. If fi(©) is not
identically 0, then ¢ — 1| m and m = —1,0 (mod q).

Proof. The fact that ¢ — 1 | m is contained in Lemma [3.5.4 Abbreviate by
(%) the property that if f,,(©) is non-zero, then m = —1,0 (mod ¢). Our
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strategy is to systematically obtain (x) for various power series related to
Eisenstein series.

The polynomial f,(u) viewed as a power series satisfies (x), since its
non-zero terms have exponents ¢4¢® — ¢™ for m = 0,...,dega — 1. The
polynomial u¢" ~* trivially satisfies (). Now suppose that dega > 1 and k >
1. Then uf ! satisfies (x), since it equals u? u;? = u? u=9"*" f,(u), where
the first two factors are ¢g-th powers and the last has already been shown. By
Proposition (f), the Goss polynomial Px_;(X) has exponents divisible

by q, except for the leading term which is X ¢"~1_and hence Py _1(u,) satisfies

L are divisible by ¢, and for u? ! it was

(%), since all exponents except ugk_
just shown.

Looking at the equation from Proposition [3.5.3], one clearly sees that any
Eisenstein series satisfies (x). The statement when f = g; is a coefficient
form follows from the relation in Proposition |3.4.11| and by induction for

1=1,...,7. O

3.5.2 The u-expansion of Eisenstein series for principal
congruence subgroups

As before, we let N C A be an ideal and [v] € N"'A/A be a congruence class.
During the proof of Proposition we obtained the formula . Since
E[’?U] is simply a polynomial in Ej,;, we restrict ourselves to the case of weight
1 Eisenstein series in this section. In general it seems hard to do better than
, but we shall calculate the first non-zero coefficient of this expansion
in some special cases. In fact, even though everything up to equation ([3.7)
is true for general N, throughout this section we assume that N = nA is
principal.

During the proof of Proposition [3.4.2| we saw that if v; € A, then there is
a constant term 7P, <77'_1E~I[1ﬂ> = E[lﬁ], so in that case the first non-zero coeffi-

cient is easy to obtain. Otherwise there is a unique a; such that |a; + v1| < 1.
Hence the unique term with lowest u-order corresponds to this a; and is

(3.6 (@1 4+ )@ (™) + By@)7)

where the polynomial ®,, 1., (X) is the exponential function associated to the
finite F-linear set L = ez (7@(a; +v;)~'A). (This was the definition of
D, 40, (X) during the proof of Proposition ) We may choose v; so that
a; = 0. Hence, the u-expansion of this term is the multiplicative inverse of a
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polynomial cgu=%+ -+ + ¢y in u™!, where d = "= deem ¢ = Eh(d}) and

)

(3.7) = v [ ewarl® ™

z€mv] *@A/TNOA
! B z —1
= o I ~(mem (5))
z€v] *OA/NOA
/
1_d77'1_dU1 H 603]\(2)_1
z€(nw1)~1oA/OA
/ ~
= plmdgl=dy, H E[lz](cb)

z€(nw1)~1oA/OA

= N

= T G0 deg(nen) (M0, @)

(3.8) = n 7 A (noy, ©).

Proposition 3.5.6. Let n € A be non-constant, let [v] € n™'A/A be a
residue class, let v = (vy,0) € [v] such that |v] < 1 and let d = ¢(r— deenvr,
Then

Bl (w) = i E (@) + O(u) if vy =0
g nd7?A(nvy, @) " tu + higher terms  if vy # 0.

Proof. The case where v; = 0 was shown above. During the proof of Propo-
sition [3.4.2] (equation (3.2))) it was also shown that if v; # 0, then the unique
term containing the lowest power of u is 7 times the multiplicative inverse of
(cqu™@ + -+ + cp) which is Tud(cq + - - + coud) ™ = 7ule; (1 4+ O(u)), since
cq is a function which is nowhere 0 on Q"~!. By the computation leading up
to equation , the Proposition follows. O

3.5.3 The u-expansion of Coefficient Forms

The goal of this section is to investigate the u-expansions of the coefficient
forms. We shall use the previous section where we computed the expansions
of Eisenstein series for principal congruence subgroups. Since we restricted
ourselves to principal ideals N, we also make that assumption now. (Again,
everything up to equation (3.10)) is true for general N, but for simplicity we
make this assumption now.) One thing to note before starting our calcula-
tions is that the parameters at infinity are not the same. Let us start by
relating them. In this section, let us denote the parameter for GL,.(A) by u
and the parameter for I'(IV) by uy.
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We have I'(N) C GL4(A) and thus I'(NV)y € GLAa(A)y. The index
[GLA(A)y : T(N)y] = [IN"L/A|"™" = ¢r=Ddes N Fyrthermore, the function u
is both GL,(A)y and I'(N)y invariant. By Proposition [3.2.11} ordpyy, (u) =
[N AT ordar, ay (u)-

From the proof of Proposition [3.2.11} there is an [F,-linear polynomial ®;
such that e__; = @z 0 ey-5i, which in this case is F,-linear since I'(/V)y can
be viewed as a Fg-subvector space of GL4(A)y. Supposing that ®5(X) =
Zf:o 5, X7, the proof of Proposition [3.2.11| gives the relation

-1
qd d—
Wl —
u= E q ¢ )
—0

In particular, we can relate the first terms in the expansions of a form in terms
of u and uy respectively. It is perhaps worth mentioning more explicitly what
the polynomial ® is. From Proposition [2.2.5, we know that

X 1 (o)

aeEN-TA/A

which is exactly the polynomial whose coefficients are the normalized coef-
ficient forms 7'7¢ g;(N,®) of rank r — 1. Let us finish this comparison by
putting all of this together in one formula (where we set d := (r — 1) deg N):

-1
(r—1)deg N—1 _{_ i~
™

d
u
3.9 =N |1+ E
( ) ! 7?1ingd(]\[a Jj)

By definition, the normalized coefficient forms are symmetric polynomials
in the Eisenstein series of weight 1. More explicitly,

gi(N7w>: Z H E

SC(N~'/A)" [v]es
|S\ =q"

This allows us to compute the first term of most coefficient forms. By Propo-
sition [3.5.6] the minimum power of u will occur when we choose S to contain
only classes [v] where v; € A or, if this is not possible, as many such [v]
as possible. In particular, when i < (r — 1)deg N, the sum contains terms
where we can choose S € 0x N~'A/A and hence g;(N,w) is not a cusp form.
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In this case we have

g(N,w) = Z H E[v] )+ O(uy)

SCOxN~LA/A [v]€S
1S|=¢"

= > 1l Ea@+0(u)

SCOxN~'A/A [v]€S

(3.10) = 8i(N,0) + O(u),

since g;(N,w) is a modular form for GL4(A) and hence has an expansion in
terms of w.

For i = (r —1)deg N + j, (1 < j < deg N) the unique coefficient of the
lowest power of uy will be determined by multiplying E[lv] (w) for those [v]
that have the lowest absolute value. More explicitly, let S C S be the set
{v1 : |v1] < ¢} x N"'A/A. Then the term with lowest power of u, will be
that of [, cs E[lv] (w). This allows us to calculate ordr(y), (gi(w)) and the
leading coefficient for these ¢. We shall content ourselves with doing this for

Aw)f]
Aw) =t [ Elyw)
[v]e(t—1A/A)"

=+t JI Byw ]I Fyw

[v]e(t—1A/A)" wle(t—1A/A)"
v1=0 v17£0

The first product is
/ ~ 1~
I1 (Eg@] (@) + O(Ut)) = 2A(@) + O(u)
[v]€0x (t=1A/A)r—1
and the second is

(r—1)degtvy _ ,(r—1)degtvy - ~\N—1 .
H (tq 79 G(r—1) deg tv, (tv1, @) "y + higher terms)

[v]le(t—tA/A)"
v17#0

= H H (7v; tuy + higher terms)

o€y [Ele(t-LA/A)

— (=gt H (Ul—lut)‘f*l + higher terms
’U1€]F;<

_ r—1 —1)g"—
a—1)q ugq )q

= —xl ' + higher terms,

3Recall our notation from Deﬁmtlon 5|that A(w) is the rank r Drinfeld discriminant
function g, (¢,w) when A = F[t].
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_r—1

since degtv; = 0 and since [, cpx(v1)™" =], ,epx v1 = —1. By equation
r—1

(3.9) we have that u = % + higher terms, meaning that

(3.11) A(w) = =71 LA@) 7™ 4 O(uf).

We shall confirm this expansion by giving a product formula for A(w).

3.5.4 A product formula for the discriminant function

Assume in this section that A = F [t]. In [Gel], Gekeler gave a product
formula for the rank 2 discriminant function. Hamahata generalized this to
a product formula for the general rank r discriminant function. However,
Hamahata’s expansion is in terms of r different parameters ez (7w;)™!, for
t = 1,...,r. In this section we give a different expansion in terms of the
parameter u;(w; ) at infinity. The exposition follows that of Gekeler’s original
very closely.

Theorem 3.5.7 (Gekeler [Gell). The rank 2 Drinfeld discriminant function
has the product expansion

Aw) = =7 T fulw)

a€A

Remark. This formula does not contradict equation , since the rank 1
discriminant function A should be the leading coefficient of (X)) associated
to the lattice A. Using Proposition [2.4.5/and the fact that ¢4 (X) = tX+X¢,
we obtain A = 79! in this case.

Note that this product makes sense, since the expansion of f,(u) is of the
form ¢+O(u?"™*"~4"*"") where ¢ € F*. The first term can be calculated and
the product converges. If we were to take this formula in general rank we
find that f,(u) has constant coefficient 79" " “**~*A(a, &) ! and the product
would not make sense.

Definition 3.5.8. Whendega > 1, set hy(X) := 79" """ A(a, 0) ' f.(X).
When dega = 0, set ho(X) = 1.

Note that division by 0 does not occur, since A(a,(b) is never 0 on Q1.

Lemma 3.5.9. Ifdega > 1, then the polynomial h,(X) is of the form 1 +
O (Xq(rfl) dega_q(r—l)dega71>
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Proof. If gpé\ (X) — aX 4+ ﬁ-q(r—l)dega_lA(a’ (Z])Xq(rfl) dega then fa<X) _
ﬁ_q(rfl)dega_lA(aj (Z))—|—g(7,_1) dog a_1<a7 (Z)>Xq(r71) _q('rfl) degafl_i_' . .+an(r71) dega_1q
when clearly the statement holds. O]

dega

Remark. The powers of 7 that appear in Lemma [3.5.9) are there because
the coefficient forms g; and the polynomials f, and h, are defined with respect
to different lattices (WA and 7@A respectively). In the rest of this section
when this phenomenon occurs it is for the same reason.

The product formula we shall derive is similar to Theorem [3.5.7 but with
he(u) instead of f,(u). The key lies in the following lemmas:

Lemma 3.5.10.

Aw) = ta? 1 H/ Crwar (Twa) L.

ac(t—1A/A)T

Proof. We have

Alw) = t Hl E[lv}(w) by Proposition [3.4.3] (b)
[t A/A)"

=t H, war(wv)™! by Proposition (a)

[le(t=1A/A)"

!
=t H Terwar (Twv)™" by Proposition 2.2.7 (a)
[v]e(t=1A/A)"
- /
= 71 H Cxwar (Twa) L.
ac(t—1A/A)"

]

Lemma 3.5.11. Let A =w A+ +w.A be a lattice of rank r — 1 and set
AN=w A+ A. Then

SA(X) _ GA(X) H/ ef\(X) + ezi(awl)‘
1) sty
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Proof. We calculate

eA(X) =

g

(1 >
1-— 1 X
L A — awq
eA
/X—l—aw1 1 — Xtawr
e (—_
acA A€A A

H CLWI +X
cA eA aw1

I

I
>x::1 ':1

]

Lemma 3.5.12. Let ¢ be a rank d Drinfeld A-module such that pi(X) =
tX+---+DX and fix zg € C. Then, as polynomials, we have the equality

D J[ X-2=@(X-=x)

wt(2)=pt(20)

Proof. Note that ¢;(z) = ¢i(20) if and only if z — 2 is a root of ¢;(X) if and
only if z is a root of ¢;(X — zp). Hence the polynomials have the same set
of roots. Moreover, the degree on both sides is ¢? (the left since that is the
number of pre-images of ¢;(z) under ¢,), the leading coefficients are both
equal to D and the right hand side has only simple roots. This implies that
the polynomials are equal. O

For simplicity write ¢ for the Drinfeld module and e(X) for the exponen-
tial function associated to the lattice 7@wA. Following the same argument as
in Gekeler [Gel], we calculate the product

H/ e(Tawr)
wel=TA Ay e(Twa) + e(Taw,)
for any fixed a € A, a # 0. Note that e(Taw;) = ¢q(e(7Twy)) and that the set
{e(Fwia) |a € (71 A/A)"} is the inverse image of the set {c-e(7w;) |c € F,}
under ;. Therefore
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H (X + e(Twa))

ac(t—1A/A)"

= T A (X - et n)

ceF,

= TI#778@) " (aX) — ¢ efmn))

cely

and hence (replacing X with e(rw;))

H (e(Twa) + e(Tawy))

ag(t=1A/A)T

= TI# ' 'A@) " (pile(raw)) — - e(7wn))

cely
(3.12) = J]# AG@)  pa—c (e(Fwr))
c€lFy
Hence
H/ e(Tawr) B H e(Tawr)
ac(t—TA/A)" e(ﬁ'woz) + e(%awl) ac(t—1A/A)T e(ﬁ'woz) + e(%awl)

When dega > 1, this becomes

(710" A0, @) )" ha(w)”
[Teer, 77077V Aat — ¢, @)77 A @) hao(u)

, which is equal to

ha(“)qr
[Lcr, hat—c(u)’

(since A(at — ¢,@) = A(@)A(a,®)?") and when a € Fx it becomes

(3.13)

'
al a

[Lecr, hat—c(@) — Tleer, hat—c(u)’
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Lemma 3.5.13. The following infinite products are equal:

I Patw) = IT T ha-ew).

a€A acA ceFy
dega>1

Proof. This is essentially an exercise in showing that these products converge
as functions on some neighbourhood of the cusp at infinity. Once this is
known, each product is taken over the same index set with the same factors
and we are done. More precisely, it is enough to show that for any n, there
exists r, > 0 such that each product has radius of convergence r,, for every
@ € Q=1 This will guarantee uniform convergence on any Q7'

By definition we have ¢q(X) = aX ][, =0 (1 —2), and hence by def-
inition he(X) = [, (=o(l — aX). In these expressions, a runs over the
elements of e_z (a~'@A). Now, by Corollary we may bound the a’s by

a universal d valid for all w € Q,,. Also let ¢ < 1, let | X| < ¢/d and denote
by s; (1 = 1,...,¢" ') the i-th symmetric polynomial in the a. Note that
ho(X) =1+ Zg(;l_l)dega 5;X". By our assumption that each o < d, we now
have s; < d* and hence ;X" < . Since ho(X) has zero coefficients for X!
for i < gr—Ddesa _ glr=Ddega=1 o have |h,(X) — 1| < ga" VB gD dmet
When dega — oo, this tends to 0, implying that the product is convergent
on the ball X < e/d. O

It remains to calculate the factor
/
H e(Twa).
ac(t—1A/A)"

Once again we may break it up into two parts, where a; = 0 and where
a1 # 0. We have

H' T - (y‘raltwl + ﬁ@d)

a1€Fg Ge(t—1A/A)r—1

- 1T 1II (e (ﬁaltu“) + e(ﬁ@d))

a1€Fg ae(t-1A/A) -1

= H/ 7 TA@) ey <e (ﬁaltw1>> by Lemma [3.5.12

a1€F,

N . H’ ar - e(7wr)

alqu

(3.14) = _ﬁ(qrfl—l)(q—l)A@J)1—qu1—q’
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while
(3.15) t I emea)t =70 A@)

ae(t—1A/A)r—1
by Lemma [3.5.10, but applied in rank r — 1.
Theorem 3.5.14.

Aw) = =A@ 7wt T halw) .

a€A

Proof. The proof is essentially contained in the section preceding this Theo-
rem, but we outline the argument. By Lemmas |3.5.10[ and [3.5.11| we have

Aw =m0 T (e(maa) s e<‘”“"1)> |

ac(t-1A/A)" acA e(amw)

Each factor can be simplified to equation (3.13)), and after taking the product
over all a € A, Lemma [3.5.13] tells us that the denominator cancels with

exactly one [] .4 hq(u) in the numerator. By equations (3.14) and (3.15)),

' = -1 5o 4= 1ma—a" A(5))9q,9 1 ; ;
the product H w1 ALy e(fwa)™ ' is —t~'7777 A(@w)%u?!. Putting this
together yields the theorem. O

3.6 Rational Modular Forms

In [Ge2], Gekeler showed that some modular forms have the property that
all its coefficients lie in F'. For us, the definition will be slightly more com-
plicated, since the coefficients are functions, not elements of C,,. Recalling
that these functions are themselves weak modular forms, we shall proceed to
inductively define a rational modular form as one where the coefficients are

all rational weak modular forms. We restrict ourselves to the case A = F,[t]
and I' = GL,(A).

3.6.1 Rational modular forms in rank 2

Let us recall in this section a few results from [Ge2] in order to get a feeling
for which forms are rational. In this case modular forms are functions of
one variable and their u-expansions have constant coefficients. Furthermore
the parameter wu is er(w;) ™', where L is the Carlitz lattice. So we start by
investigating certain quantities related to the Carlitz module.
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Proposition 3.6.1. (a) The coefficients of the Carlitz exponential func-
tion are

en(7A) = Dt
(b) The coefficients of the Carlitz logarithm function are

Ba(TA) = L".

(c) The rank 1 Eisenstein series E*(TA) := ZI A% € F is rational.
AETA
Proof. For (a) we use the relation from Proposition [3.4.7, which in the case
of the Carlitz module p(X) = tX + X9 becomes

(% — t)ep = ety

Since eg = 1, the statement follows by an easy induction.
Similarly, we prove (b) by induction using the relation from [3.4.12] (a),
while (c) follows from (a) and Lemma [3.4.10} O

By Propositions (h) and (a), the Goss polynomial Py z4(X)

has rational coefficients. The u-expansion of the rank 2 Eisenstein series from

Proposition thus becomes:

EF(w) = 7"E¥(7A) = 75 Y Przalua).

(ZGA+

Furthermore, we can calculate the polynomial f, (and thus u,) more precisely.
If ¢ is the Carlitz module, then ¢,(X) = tX + X9 and hence ¢,(X) =
aX + -+ agX9"*" € A[X], where ag € F, is the leading coefficient of a.
Then f,(X) = ag+---+aX?"*"~1 € A[X] with constant coefficient invertible

uqdeg a

fa(u)

in A. That means that the power series also has coefficients in A.

Proposition 3.6.2. For every k > 1, the modular form 7~ L,E7~1(w)
has a u-expansion with coefficients in A.

Proof. By Proposition [2.5.2 (f), we have

k-1 k—1
Pq’“—l(X> — Zﬁinqul — Z L;quk—qz'
=0 =0

Then since u, has coefficients in A it remains to note that L,/L; € A when
J<k. O
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Corollary 3.6.3. The following modular forms have integral u-expansions:
(a) 7791 (w) € Afu];
(b) 77 go(w) € Afu].

Proof. (a) follows from Proposition [3.6.2 while for (b) the relations ¢;(w) =
[1E " and gy(w) = [1]2E7 (w)?t! + [2] E~!(w) from Proposition [3.4.11
yield

A ga() = 79 (B (@) 4 B ()
= = | Y (e ),
a€Ay a€Ay

where the only possible non-integral term is the constant term, but it cancels
to 0. [

3.6.2 Rationality in higher rank

We would like to define a modular form to be rational if its coefficients are
rational. However, the coefficients are not in general modular forms, since
they may fail to be holomorphic at infinity. Hence we need to extend the
definition to weak modular forms.

Definition 3.6.4. We say that a weak modular form f of rank 2 is a rational
weak modular form if in the Fourier expansion at infinity ( Pmposz’tionm

fw) =2 fau",

neL

the coefficients f,, are all elements of F.
We say that a weak modular form f of rank r is a rational weak modular
form f in the Fourier expansion at infinity

fw) =" fa(@)un,

ne’l

the functions f, are all rational weak modular forms of rank r — 1.
A modular form which is also a rational weak modular form is called a
rational modular form.
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Remark. Note that, by the definition, the sum, difference and product
of rational modular forms are rational modular forms (of course of possibly
different weights). The quotient is also a rational weak modular form if no
division by 0 occurs on )". By Proposition |3.3.2] it is also enough to consider
expansions at one cusp, since we are considering only modular forms for

GL,(F,[t]).

Theorem 3.6.5. The modular forms 77 g;(a,w), T *E*(w) and 71~ e, (A)
are rational modular forms.

Proof. By Corollary and Corollary|3.4.14|it suffices to prove that 7% E*(w)

is a rational modular form for every k. We now proceed by induction on the
rank.

For r = 2 this was proved in Proposition [3.6.2] Now suppose that it is
true for forms of rank r — 1. By Proposition |3.5.3| we have the expansion

BN w) =7 PEN@) = ) Psa(ta):

ac€A+

By the induction hypothesis, the constant coefficient is a rational modular
form of weight k. By Proposition 2.5.2] (h) the coefficients of the polynomial
Py, +x lie in the ring Fyle;(7A);]. Since e;(7A) = 7'~7¢;(A) these functions
are all rational modular forms, hence the coefficients of P, _3 are all rational
modular forms.

_ uf
Recall that u, = A

the coefficients of f,(u) are the coefficient forms §;(a,70) = 7~ ;(a, @)
(by Proposition , which are rational modular forms by our induction
hypothesis. We have f,(u) = A(a, 7A) + ur(u), where r(u) is a polynomial
with rational modular forms as coefficients. Thus
uq(rfl)dega _ Uiq(rfl)idepvga (1 +Z (_ ~u7‘(1f)~ )n> |
fa(u) Aa,7A) Aa,7A)

n>0

(r—1)dega

where fo(u) = ud"""* o™ (u71). Thus

meaning that u, has a u-expansion with coefficients rational weak modular
forms. (They are holomorphic on Q=1 since A has no zeros on Q !, but
not necessarily modular forms since division by A takes place.

Finally note that if P, ;5 has rational modular forms as coefficients and u,
has a u-expansion consisting of rational weak modular forms, then P, .5 (ua)
has a u-expansion with rational weak modular forms as coefficients. O

In order to study properties of modular forms under reduction modulo an
ideal of A, we also need to say when they are integral, not just rational. We
may define integrality inductively in the same way as rationality was defined.
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In the rest of this section, we adopt the following normalization to ease
notation: Replace g;(w) by 7179 g;(w) and hence A(w) by 777 A(w). Then
the functions g;(w) and A(w) are all rational modular forms. We also adopt
the notation Ej(w) := 77 E4"~!(w) for Eisenstein series of weight ¢* — 1.
Lastly we shall also often suppress the arguments w and @ and rely on the
tildes to indicate the rank of the functions (in formulas they will either be
rank r or rank r — 1).

Example. If r = 2, Proposition tells us that g; and go are integral
modular forms.

Before continuing with the rank 3 case, let us make a few observations.

Proposition 3.6.6. (a) If the rank i discriminant functions are integral
modular forms for 2 < i < r, then the multiplicative inverse of the
rank v discriminant function A~' is an integral weak modular form of
weight 1 — q".

Now suppose that the rank r — 1 coefficient forms g; are integral modular

forms. Then the following holds:

(b) The expression u, is a power series in u with integral weak modular
forms as coefficients.

(¢) A is an integral modular form of weight ¢" — 1.

(d) g1 and go are integral modular forms

Proof. By equation (3.11]) (and Theorem the expansion of A(w) is of
the form —A%9~" 4 ... (after the normalization discussed directly before
the Example). Hence the expansion of A(w)™! will be a geometric series of
the form —A(@) %'~ (14 ---). Since A(w) is an integral modular form,
the claim would follow if A(%) was an integral weak modular form. Claim
(a) now follows by induction, since we know from Theorem that the
rank 2 Drinfeld discriminant function has —1 as its first non-zero coefficient.

By definition the coefficients of the polynomials u, are quotients of poly-
nomials in the coefficient forms §; by powers of the discriminant A. By
assumption the coefficient forms are all integral, and we have just shown
that the inverse of the discriminant function is integral, proving (b).

By the product formula in Theorem A is a product of expressions
of the form u, and A, proving (c).

By Propositions|3.4.11land |3.5.3 we have g1 = [1] By = g1 —[1] >0 4,
which is an integral modular form by (b) and the assumption on g;.

q—1
Uq
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Also by Proposition [3.4.11| we have g, = [2] B, — ¢/ F) = [2] B, — [1]9EIT,
while by Propositions [3.5.3| and [2.5.2] (f) we have

E1 = E~I1 - Z 'U,Zil and E2 = ENQ - Z <U3271 - E1u327q> .

a€A+ a€A+

Now note that 3" u2"~! has integral coefficients and that [2]E; 3" 12"~ has in-

~ ~ q+1
tegral coefficients, since [2| F; = %gl. Also note that [1]? <E1 -> ug_l) =

[—}] (31 — [1] S us™)""" every term in the binomial expansion of (§; — [1] 3 ud=1)*""

except 7" has a factor [1], and thus remains integral after division by [1],
Hence, modulo A we have g, = [2]Fy — [—}]g]q“ = (o, which is integral.
This completes the proof of (d). O

Corollary 3.6.7. The rank 3 coefficient forms g1(w), g2(w), g3(w) = A(w)
are integral modular forms. The rank 4 coefficient forms ¢;(w), g2(w) and
g1(w) = A(w) are integral modular forms.

Proof. The statements in rank 3 are corollaries of Proposition [3.6.6] (¢) and
(d) and Proposition [3.6.2, while the statements in rank 4 are corollaries of
Proposition [3.6.6] (c) and (d) and what was just shown in rank 3. O

It is plausible that all coefficient forms turn out to be integral modular
forms. This would allow us to study their reductions modulo certain ideals.
Proposition lays a good foundation for a possible inductive argument
to prove this, but a complete proof has been elusive so far.
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Chapter 4

Hecke operators

Hecke operators play a large role in the theory of classical modular forms.
In the function field case one might say that their study has not been so
fruitful, since one does not get the same powerful results. However, it is still
interesting to study them and to see where they differ from classical Hecke
operators and why.

Hecke operators are averaging linear transformations T : My(I'y) —
M (T'2), where we take I'y = I'y in most cases. In the classical case one then
distinguishes those forms which are eigenforms for these operators. There
are various interesting results in the classical case, which one can hope to
generalize to the function field case. For example, in the classical case, the
eigenvalues of an eigenform can be directly read from the coefficients of its
Fourier expansion and thus no two eigenforms can have the same set of eigen-
values. This is false for Drinfeld modular forms. Another difference with the
classical case is that Hecke operators for Drinfeld modular forms are com-
pletely multiplicative.

We shall not discuss all these questions, but rather content ourselves
with developing the basic theory of Hecke operators and by computing some
examples.

4.1 Hecke Rings

The theory of general Hecke operators was developed in the first half of the
twentieth century and a good account is given by Shimura in [Sh]. Here he
proceeds to define Hecke operators for subgroups of an arbitrary group GG. For
simplicity, we shall immediately assume that A = F,[t] and set G = GL,(F).

Let G = GL,.(F). Recall that two subgroups I'1,I'y; C G are said to be

70
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commensurable if I';y N T’y is of finite index in both I'; and I's. This defines
an equivalence relation ~ on the set of subgroups of G. Indeed, the only
non-trivial part is to check transitivity. Suppose that 'y ~ I'y and I'y ~ T's.
Then [Fl N Fg : Fl N FQ N Fg] S [FQ . Fz N Fg] So [Fl N FQ N Fg} is of finite
index in I's; N I's and by symmetry of finite index in I'y N T'5. Since these are
of finite index in I'; and I's, respectively, we have that I'y N"I's NIz is of finite
index in both I'; and I's. Then also I'y N I'3 must be of finite index.

We note that by definition a congruence subgroup of GL,(A) contains
some ['(IV) which is defined as the kernel of the map GL,(A) — GL,(A/N).
Hence I'(N), and indeed every congruence subgroup, is of finite index in
GL,(A) and hence is commensurable with it. Thus all the congruence sub-
groups fall in the same commensurability class.

Lemma 4.1.1. For every g € GL,(F) and any congruence subgroup 1", the
group gI'g~! is also a congruence subgroup.

Proof. We can find m € A such that I'(m) C I and both mg and mg~" have
coefficients in A. Then g7 'T'(m®)g C g7 (I + m*M,.(A))g =T+ m -mg™"-
M,.(A)-mg C I +mM,(A). Noting that the determinant of any matrix in
gI"g~" is an element of F; allows us to deduce that ¢~'I'(m?)g C T'(m).
Then I'(m?) C gT'(m)g~! C gI"g~ . O

Hecke operators will be based on double cosets of the form I'yal's, where
a € GL.(F) and T'; and I'y are congruence subgroups of GL,(A). This
implies that al'ya™! ~ T's. A double coset like this can always be written as
a union of left cosets or as a union of right cosets.

Proposition 4.1.2. If o € GL,.(F), then the double coset I'yal'y can be
written as a disjoint union of [I'y : Ty Na™'Tea] left cosets or as a disjoint
union of [Ty : Ty N alya™] right cosets.

Proof. [Sh] Proposition 3.1. O

Now let Ris be the free Z-module on expressions I'yal's, where o €
GL,(F'). We can define a weighting on R;5 by defining deg(I';al'y) to be the
number of right cosets from Proposition and then extend it linearly
to Ri2. (Note that it can also be done with left cosets, but we shall only
consider right cosets here.)

We can now define a multiplication map Ri5 X Ro3 — Ry3, which is well-
defined and associative. If we write the following double cosets as unions of
right cosets

FlOéFQ = UFlOéZ‘, and FQ/BFE} = UPQ/B]‘,
i J
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then their product should be related to I'ial's8I's = U; T al'y 585 = U; ;T i85
The latter can be reinterpreted as a union of double cosets I'1yI'3. But for
the product to be associative we need to count them with multiplicity. So
we define I'yal's x I';5I'3 as the sum of double cosets I'1vI'3, where such a
term is taken with multiplicity #{(7,J)|T'1a;8; = I'1y}. For more details,
e.g. that this is well defined, we refer to [Sh] Chapter 3.1.

Proposition 4.1.3. Let x € I'ial'y, y € 2603 and z € I'3sy'y. Then
(a) deg(r x y) = deg(z) deg(y) and
(b) (zxy)xz=1zx(yXxz).

Proof. [Sh] Propositions 3.3 and 3.4. O

Now let us assume that I' :=I'y =I'y = I'5 and that « lies in some semi-
group S such that I' € S C GL,(F). Define R(T',S) as the free Z-module
on expressions ['al” where o € S. The multiplication operator defined above
defines a ring structure on R(I',S). When I' = I'(V), then matrix transpo-
sition defines an anti-isomorphism of I". Then [Sh] Proposition 3.8 implies
that R(I",S) is commutative.

Before ending this section, let us quickly mention how all of this can
be adapted to the case where A is not a principal ideal domain. There
are essentially two ways this can be done. In the first way, instead of
GL,(A), we should take GL4(A) for various projective modules A. How-
ever, in this case only the operators that preserve the relevant component
are present. To obtain all the operators we should replace GL,(A) with
G =GL, (A{;), the adelic points of the general linear group and replace I'( V)
by K(N) = ker(G — GL,(NA)). If this is done, we should get exactly the
same definitions as the algebraic Hecke operators defined in [P1i].

4.2 The Hecke Ring for I' = GL,(A)

Our goal in this section is to study the Hecke ring R(I", S) when I' = GL,.(A)
and S = GL,(F) N M,x,(A), the semigroup of matrices with entries in A
and non-zero determinant. The results in this section might not have been
known, but the proofs are direct translations of those found in [Sh] into the
function field situation. We assume throughout that A is a principal ideal
domain.

We shall need the notion of lattices in a vector space V = F". They
are very similar to lattices in C.,, hence the same terminology. If there is
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confusion we shall distinguish between them by saying either “a lattice in V”
or “a lattice in C,,.” However, there will not be much confusion, since the
former is used only in this chapter, and this chapter uses that notion almost
exclusively.

Definition 4.2.1. A lattice in V' is a rank r projective A-submodule of V.

Theorem 4.2.2 (Elementary Divisors). Let L be a free module over A and
M C L a non-zero finitely generated submodule. Then there exists a basis B
of L, a subset {ey,...,en} C B and elements ay, ..., a, € A such that:

(a) {aier,...,amen} is a basis of M; and
(b) a; | ajy1 fori=1,...,m—1.

Moreover, the a; are determined uniquely (up to multiplication by a unit)
satisfying these conditions.

Proof. [Lal III. Theorem 7.8. O

For lattices Ly C Ls of the same rank, the Theorem of Elementary Di-
visors tells us that the quotient Lo/L; is of the form [];_;(A/a;A) where
a; € A and a; | a;41 for each i. We shall denote this ordered set of elements
(a1,...,a,) by {Ls: L1}. Also denote by [L; : L] :== ajas - - - a, the product
of these elements. Note that this notation replaces the usual notation for the
index, which is now gdegllr:L2] ingtead.

Lemma 4.2.3. The diagonal matrices diaglay, ..., a,| where ay,...,a, € A
and a; | ajrq fori=1,...,7r =1, form a set of representatives for the double
coset I'\S/T".

Proof. Let g € S and consider its action on the standard lattice L = A".
Clearly g(L) C L and g(L) is also of rank r, since det g # 0. Hence g(L) is
a lattice of finite index in L. By the Theorem of Elementary Divisors, there
exist a basis eq,...,e, of L and ay,...,a, such that g(L) = aje A+ -+ +
are,A. If P is the matrix that changes the basis from the standard basis
to (e1,...,e.), then this means that P~'gP = diaglai,...,a,] and since
P € GL,(A), we conclude that I'gI" = I'diag|as, . .., a,|L. ]

By Lemma we know the double cosets have representatives of the
form diag[as, . .., a,], and hence that the Hecke algebra is generated by double
cosets of the form I'al’ where o = diag[ay, ..., a,].

Definition 4.2.4. Define the following double cosets:
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(a) For anyr-tuple (a;) € A" such that a; | a;1q for everyi, let T(aq, ..., a,) :

Fal', where a = diaglay, . .., a,].

(b) For any primep € A andi=1,...,r, letTIS;) =T0,...,1p,...,p).

Later when p is fived, we shall write simply TZ-(T).

(c) Foranyn € A, let T, :=> T(ay,...,a,) where the sum is taken over
all r-tuples (a;) € A” such that a; | a1 for every i andn=ay---a,.

In order to study these operators by using lattices, we would like to make
the association I'0 — A" between right cosets of I' in 'al’ and lattices in
F", but as it stands this is not well-defined. From now on we denote the
standard lattice A™ by L.

Lemma 4.2.5. Let M, N C L be lattices. Then {L : M} = {L : N} if and
only if Ma = N for some o € GL,.(A).

Proof. Since an element of GL,(A) preserves any lattice, the “if” part is
clear. Now, suppose that {L : M} = {L : N} = (a1, as,...,a,). By the
definition of this index there exist 2r elements uq, ..., u,,v1,...,v, € A such
that L = w1 A+ -+u,A=v A+ - +v.A M=au A+ -+ a,u.A and
N = av1A+ -+ a,v,A. We define « by letting u;a = v; fori =1,...,r.
This means that La = L (and hence a € GL,(A)) and Ma = N. O

Lemma 4.2.6. Suppose that Tal' = T(ay, ..., a,). The association T'0 — L
defines a bijection between the right cosets I'0 in T'al’ and the lattices M C L
such that {L : M} = (aq,...,a.).

Proof. Assume, without loss of generality, that a = diaglay,...,a,]. If ' =
Fap (B € T), then {L : Lé} = {L : LaB} = {L : La} = (ay,...,a,) by
Lemma [£.2.5]

Conversely, if {L : M} = (aq,...,a,), then by Lemma M = Laf
for some § € I'. Since 8 € I', we have I'af C T'al'. The fact that this
correspondence defines a bijection follows by noting that I'd = I'd" if and
only if Lo = L¢'. O

Corollary 4.2.7. The degree of T(ay,...,a,) (the number of right cosets in
[diaglay, . .., a,|l') equals the number of lattices M C L such that {L : M} =

(al, c. ,Clr).
Proposition 4.2.8. The multiplication of two double cosets is given as fol-

lows: Tal'-T'AT" = Zv cy YT, where ¢y equals the number of lattices M such
that {L : M} ={L: LB} and {M : Ly} ={L: La}.
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Proof. Let I'al' = U;I'a; and I'BT" = U,T'; be disjoint unions of these double
cosets. By the way multiplication is defined, we have

¢y = #{(6,7) |Tif; = Ty} = #{(i, j) | Laif3j = L}

Given v and j, note that ¢ is uniquely determined by I'a; = Ty LIt
Lo,;B; = Ly, set M = LpB;. Then {L : M} = {L : LB;} = {L : LB} and
{M : Ly} ={LB; : La;,f;} ={L: Le;} = {L: La}.

Conversely, suppose that M is a lattice such that {L : M} = {L : L3} and
{M : Ly} ={L: La}. By Lemma this means that there is a unique j3;
such that M = Lf;. Then {L: LyB;"} = {LB; : Ly} = {L : La}. Now, by
Lemma , we must have Lvﬁj_l = Lo, for some 7. Then Ly = Lo 3. U

Proposition 4.2.9. These double cosets satisfy the following multiplication
laws:

(a) T(aiby,...,ab,) =T(a1,...,a,)T(by,...,b.) if ged(a,,b,) = 1.

(b) T'(cay,...,ca,) = T(c,...,c)T(ay,...,a,) for every ¢ € A and every
r-tuple (a;).

Proof. Note that if ged(a,, b,) = 1, then ged(a;, b;) = 1 forevery i = 1,...,7.
Let a = diaglaq, . .., a,] and 5 = diag[by, ..., b.] and let v € Tal'ST. Suppose
for a contradiction that there exist two lattices M and M’ such that both
{L:-M}={L:M}={L:LG}and {M : Ly} = {M'Ly} ={L : La}. By
the Second Isomorphism Theorem, the indices [M+M' : M| = [M': MNM'].
(Here, and in the remainder of this proof, the index refers to the usual concept
and not the one defined in terms of {- : -}.) Since M + M’ C L, the left
hand side must be a divisor of [L : M| = det(f) and since Ly C M NM’, the
right hand side is a divisor of [L : La] = det(«). Since det(«) and det(S) are
relatively prime, both quantities must be 1, implying that M = M’. This
means that if Tal' - T'8T = Zv c,I'I, then each ¢, = 1.

On the other hand, if v € I'al'AT", then we can find a lattice M satisfying
these properties. Then Ly C M C L, and the quotient L/Ly = L/M &
M/Ly=L/La® L/LB = L/Laf, since ged(det(a), det(5)) = 1.

Part (b) follows from the fact that the matrix ¢-id commutes with every
element of T O

Proposition allows us to focus our study to elements of the form
T(p®,...,p) where p € A is prime and e; < --- < e,. Let Rg)(F,S) be
the subalgebra of R(I",S) generated by elements of the form T'(p°, ..., p°).
It turns out that RZ(,T)(F, S) is generated by the elements TZSZ-). We prove this
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by induction on the rank, explaining why the superscript is included in the
notation. From now on fix a prime p. Then A/pA is a finite field with gd¢&?
elements.

Proposition 4.2.10. Let c,(:) be the number of k-dimensional (A/pA)-subvector
spaces of (A/pA)". Then

(qrdegp o 1)(qrdegp _ qdegp) . (q'rdegp o q(k—l)degp)

My _ () _
deg (Tk > = (= (qkdegp _ 1)(qk’degp _ qdegp) .. (qkdegp — q(k’—l)degp) .

Proof. By Corollary the degree of T, k(r) is the number of lattices M C L
such that {L: M} =(1,...,1p,...,p). In that case pL C M C L and M/pL
e o

is a n — k-dimensional subspace of L/pL = (A/pA)". On the other hand, for
every n — k-dimensional subspace W of (A/pA)", there is a unique M such
that M/pL = K.

The formula for c,(j) is standard and well-known. See for example [Ro] I.1
Exercise 21. [

Let m: RY™ — R be the Z-linear map
{m(T(1,p*,....p")) =T, ....p7),n(T(P®,...,p)) =0 forey>0.

Lemma 4.2.11. The map 7 is a surjective ring homomorphism with kernel
TV RSHY,

Proof. Surjectivity is clear and the fact that the kernel is as stated, follows
from Proposition m (b). Set a’ = (1,p™,...,p%), ¥ = (1,p™, ..., p"),
d = (1,ph,...,p¥)anda = (p™,...,p¥), b= (p*,...,p),d = (p¥, ..., p%)
and suppose that a - b contains the term d with coefficient ¢; and that a’ - ¥’
contains the term d' with coeflicient ;. It suffices to prove that for any d we
have ¢4 = ¢.

Let L = uw A+ +uA L' =uA+ L and N = phug A+ - pPu, A,
N' = uA+ N. Then {L : N} = d and {L' : N'} = d'. By Corollary
[1.2.7] we know that ¢q = #{M|{L : M} = b,{M : N} = a} and ¢, =
#{M'|{L': M'} =¥V, {M : N'} = da'}. Let M’ be a lattice for which
{L'-M'}=¥band {M': N'} =a and set M = M'N L. Then {L: M} =0
and {M : N} = a. On the other hand let M be a lattice in uy F' + - -+ + u, A
for which {L : M} = b and {M : N} = a and set M’ = ugA + M. Then
{L': M'} =¥ and {M': N'} =, providing the one-to-one correspondence
that proves ¢, = c4.
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Now we know that T'(a)-T'(b) = >, cdT'(d) and T'(a')- T'(b") = >, 4T (d')+

T(p,...,p)x for some element x € R, (1), (The last term appears, since there

are lattices M’ with the desired indices that are not of the form ugA + M,
but these are necessarily contained in pL.) Then

m(T(d)TW)) =7 (Z T(d) >+7T(T( chT T(a)-T(b).

]

Definition 4.2.12. For any element of R,(I',S) define w(}_ c,l'al’) =
max{z|p® = deta, ¢, # 0}. Call an element ) c,I'al’ homogeneous if
det a is the same for every o where ¢, # 0.

The elements ['al™ and T'(p®, ..., p°) are trivially homogeneous, while it
is also clear that the product of any two homogeneous elements is homoge-
neous.

Theorem 4.2.13. The ring Rz(f) 1s the polynomial ring in r algebraically
independent elements TZ-(T) fori=1,...,r.

Proof. The proof is by induction on r. If » = 1, Proposition (b) implies
that T'(p°) = T'(p)¢. Now assume that r > 2 and that the result is true for r.

To prove that every element of the form T'(p®, ..., p°) is a polynomial in the
required elements, we proceed by induction on w(T'(p®,...,p")) = eg+-- -+
e,. Note that if this is zero, then g = --- =¢. =0and T(1,...,1) =1 € Z.

If e > 0, then by Proposition[d.2.9(b), we have the equality T'(p®, ..., p*) =
T(p,...,p)°T(1,pr=,...,p~%), so it suffices to handle the case where
ep =0. Let X =T(1,p,...,p°). By the induction hypothesis, the element

(X)) =T{p,...,p7) € Rg) can be represented as a polynomial

(T, T0) = Y uMy(TY, T,

where the M}, are monomials and u; € Z. Note that since X is homogeneous,
this polynomial must be homogeneous in the sense that w(M}) is the same

for every k. Now consider the element ¥ = & (Tl(rﬂ), e ,TT(T’Jrl ) € R, (r+l),
Note that since X is homogeneous, it too is homogeneous. We have 7(X) =
7(Y), implying by Lemma that X —Y = TtV . Z for some Z €
Rgﬂ). Consequently, X —Y is homogeneous, and hence Z is homogeneous,
but w(Z) < w(X). By our induction hypothesis, Z is a polynomial in the
elements 7" (i=1,...,r).
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For algebraic independence, suppose that there is some polynomial rela-
tion between the 7}":

P <T1(r+1)’ o 7Tr(r+1)> — Z (Tr(ﬁl)yq)d <T1(r+1)’ o ,Tr(r+1)> — 0,

=m

where ®,,, @, # 0. Since Tr(ﬁl) is not a zero divisor (by Proposition m
(b)), this means that

n d—m
Z (Tfr{l)> o, (Tl(r+1)’ o 7TT(7’+1)> —0

d=m

Thus 0 = 7(0) = 7 ((I)d (Tf””, o ,T}’““))) — B, (Tf”, o ,T,‘”), giving a
contradiction with the assumption that ®,, # 0.

As in the classical case, we shall obtain a recurrence relation for the
elements T+ by interpreting the formal power series > -, Tpr X ¥ as the mul-

1 N .
tiplicative inverse of 7_ (—1)ig2"(~ 1 desr T X' To do this we need two
lemmas. Recall that cgk) was defined in Proposition |4.2.10]

(k

Lemma 4.2.14. If we make the conventions that c; ) =0 when i > k and

céo) =1, then

T%(”Xi(ZTprj)=Zc§’“’< 2. T(L.-.,l,pdl,...,pdwxdl*"'*dk).
§=0 k=0

1<dy < <dj

Proof. For any k and any k-tuple (dy, . .., d)) we shall compute the coefficient
m(dy,...,dy)of T(1,...,1,p%, ... p%)in the product TZ-(T)Xi ( > ijXj>.

=0
Note that for any such k-tuple only the term 7, X7 where i+j = dy +- - - +dj,
can contribute to this coefficient. Let N be a fixed lattice such that {L : N} =

(1,...,1,p%, ... p%). By Proposition [4.2.8 we can compute
m(dy,...,dg) = MI|{L-M}=({1,....1p,...,p), A{M : N} ={L: La}},
(dy k) z@:#{ { p=( pr--5p)s 4 F=A 13

the sum ranging over I'al’ where det(a) = p™ and o € A. If N C M then
there exists a € S such that {M : N} = {L : La} and det(a) = [M : N] =
p™. Thus

m(dy,...,dy) = #{lattices M’ [M : N]=p™,

(4.1) {L:M}:(l,...,lp,...,p)}.

r—i 7
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fL=wA+ - +uAdand N = wA+ -+ u_ A+ phu,_j 1 A+
oo pu, A, then pL + N = w1 A+ - 4+ Up_p A+ pty_p1 + - - - + pu, A, and
hence L/(pL + N) = (A/pA)%. Furthermore, if M satisfies the conditions in
equation ([4.1)), then L/M = (A/pA)". If i > k, then there is no M satisfying
the conditions, and hence m(dy,...,dy) = 0. If i <k, then M/(pL + N) =
(A/pA)*~tis a subspace of L/(pL + N) = (A/pA)k. Conversely, for every
such subspace, there exists a unique lattice M satisfying the conditions in
equation h Therefore m(dy, ..., dy) = cgk). O

Lemma 4.2.15. For any k > 0, we have

i 1,

Z(_l)iqiz(z@l) degpcz(k) —0.

=0

Proof. Let ®(X) = (X — 1)(X — ¢%°8?) ... (X — ¢~V deeP) be a polynomial
of degree k, and consider the polynomial

B k—1 (ID(X)
\IJ(X) - ; (I)/(qidegp)<X _ qidegp) ’

The polynomial ¥ has degree strictly less than k and for j = 0,1,...,k—1 we
have @' (g7 d°8P) = (g7 98P — 1) (¢ deeP — gdesp) ... (gideer _ gli=1)degp)(gidesp
qUtDdespy... (gideer _ glk=1)degp) which is also the value of % at
X = ¢79eP, Therefore ¥(X) = 1 for k values X = ¢794%®? j =0,1,...,k—1
and hence W(X) is identically 1.

Then also

k-1 (qkdegp _ 1)<qkdegp _ qdegp) e (qkdegp _ q(k—l)degp)

@/(qidegp) <qk degp __ qidegp)

Y

1=0
where (I)/<qidegp) — <qidegp _ 1)(qidegp _ qdegp) . (qidegp _ q(i—l)deffj)(qidig;: Z
pi—I—l) . <qidegp_q(k—1)degp). Each factor (qidegp_q(i+t) degp) __4q ;(gkpi_ig;;e;pegp

(fort=1,...,k—1—1), so that

k—1 (¢Fdesr — 1)(ghdesr — gdegp) ... (ghdesr _ q(i—l)degp)p%(k*i)(kfifl)
1 = : ' ' |
= (qiar — 1)(qioer — qioer) .- (qideer — gli-T)deap)
k=1
= qi(k*i)(kfifl)degpcz(k)_
=0

1,
Replacing k — i by j, this becomes 1 = Zle qij(y_l)degpcék). O
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Theorem 4.2.16. The operators T,, satisfy the following:
(a) If n =p is prime, then T, = T = T,...,1,p),
(b) If ged(m,n) =1, then Ty, = T,,)T,,.

()

- I
T = Z(—l)lﬂqﬁz(l_l)dengi(T)Tpkfi.

p
=1

Proof. The definition of T,, immediately gives (a), while (b) follows from
Proposition [£.2.9] (a). The statement of (c) will follow by comparing coeffi-
cients of X* in the equality of formal power series

° T 1., .
(S (S ) <o
m=0

i=0
which is true, since by Lemma 4.2.14, this power series is

r

Z(_l)iq%i(i—l)degpzc(k) Z T(1,...,1,p%, ... pt) X+t
k=0

i=0 1<di <--<dj

By [4.2.15| the coefficients of X* where & > 1 sum to 0, proving the identity.
O

4.3 Hecke Operators on Drinfeld modular forms

In this section we show how the abstract Hecke ring R(I",.S) can be repre-
sented in the space of Drinfeld modular forms of weight k. To do this, we as-
sociate to an element I'al’ (or more generally I'yal'y for congruence subgroups

[’y and I'y) a linear operator M (I") — M (') (resp. Mp(I'1) = M (T'2)).

Definition 4.3.1. Let T';,Ty C GL,.(A) be congruence subgroups and let
a € GL,(F). Define the weight k [I'yal'y] double coset operator as the linear
operator [I'yal's] : My(I'y) = My(Ty) defined by

flT1als], = Z f1Bk;

where I'yal’y = U155 is a disjoint union of right cosets.
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First note that the definition does not depend on the choice of 3;, since
[ 3; = I'1 8} if and only if 3} = a3 for some o € I'y, implying that f[5]], =
fledelBile = f1Bjlk, since f is a modular form with respect to IT'y.

To show that we end up with a weak modular form for I's, note that for
any v € I's we have

(fIeTo]e)[y]e = Z FIB k0N = Y F1B)s = FCralsy,

since if {f;} is a set of right coset representatives of I'yal's, then so is {8;7}.

Lastly, note that f[I';al's]x[d]x is holomorphic at infinity for each § €
GL,(F), since for any modular form f and any § € GL,(F), the function
f[6]x is holomorphic at infinity. This means that the image is contained in
M (I'2). By the same reasoning, if f is a cusp form, then f[['yal's] is a cusp
form.

Since Drinfeld modular forms take values in a field of characteristic p,
many of the results from the previous section become much easier than in
the classical case, or in the case of characteristic 0 valued automorphic forms.

In particular, Theorem [4.2.16| becomes
Ty =TT = T, T,

which by induction implies that T,. = (T},)* for all primes p € A and all
k € Zso. Together with Theorem 4.2.16| (b), we have complete multiplica-
tivity of Hecke operators for I' = GL,(A).

Now, let us compute the action of the Hecke operators on modular forms,
starting with 7,,. A set of right coset representatives for I'al' where a =

diag[l,...,1,p] is the set of  ranging over matrices of the form
1
p
* .
* 1

which are almost diagonal with 1’s on the diagonal, except for one entry
which is p; and the only other non-zero entries are in the column below that
p. These entries can also be chosen to have degree less than deg p. Indeed, on
any matrix with determinant p one can perform row reduction (since I' acts
on the left) until you get a matrix with only 1’s and one p on the diagonal.
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Completing the row reduction then shows that any matrix is in a coset '3
for some [ of the form stated.

By definition, for such a 3, we have f[8]x(w) = j(8,w) " f(Bw) = j(B,w)~*
f(7(B,w) tw - B71). Next, note that if

then
1

—bi/p
—b,/p 1
¢ ranging from m + 1 to r, where p appears in column m). Denote w,, 5 =
ging B

wm*blwm-&-l*"'*brwv‘
p

. Then, if m < r, we have

flBlk(w) = f(wi, -, W1, Win By Wint 1, - - - s Wr)),

since j(f,w) = 1, and if m = r, we have

f[ﬁ]k(w) = pkf((pwlﬁ s 7pw1“717w7‘))7

since j(6,w) = 1/p.

Proposition 4.3.2. For each Hecke operator T,, every Eisenstein series
E*(w) is an eigenform for T, with eigenvalue p*.

Proof. By definition of T}, we have

T,E*w) =) E"w)
E

r—1
= Z Z Ek((wla"'awm—lawm,ﬁ7wm+17"-7w7“))

m=1by,41,....brE(A/pA)

+pkEk((pw1, e PWr_1, W)
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By definition of E¥(w), it is the sum of A= as X ranges over the elements of
the lattice wA. Hence E*((wy,. .., Wm_1,Wm. 6, Wmil,---,wr)) is the sum over
A~* where \ ranges over elements of the lattice Agi=w A+ +wp1A+
Wi, g A+ W1 A+ - 4w, A, which contains wA with [Ag : wA] = p. Moreover,
as m ranges through 1 to r — 1 and b,,11, ..., b, range over all elements of
(A/pA), Ap ranges over all such lattices, except A, :== wi A+ - +w,_1 A+
%wTA. However,

PPEM(pwr, . pwrgwy)) = pF Y AT
AEDPA,

= Y A"

AEA,

Hence T),E*(w) is the sum of A as A ranges through all lattices that contain
wA with index p. Note that some terms get repeated, namely those where A €
wA. Moreover, each such term gets repeated 1+ qd®8P g2 degpr ... 4 g(r—1)degp
times (for column m, there are r — m b;’s, each chosen in ¢%°&? ways). In
characteristic p, this is the same as just counting it once.

Hence the sum includes each \ € %wA exactly once and

new =Y (2) =ree

AEWA p

]

Proposition 4.3.3. The space of cusp forms of weight ¢~ — 1 and type 0 is
one-dimensional and generated by the discriminant function A.

Proof. Suppose that there is some non-zero cusp form f of weight ¢ —
1 that is not a multiple of A. Then, by Theorem (a), and since
A(w) is already of weight ¢" — 1, it must be a polynomial in the coef-
ficient forms ¢i(w),...,g,—1(w). Suppose that it is of the form f(w) =
> e 1 (W) g1 (w)=t. Then, by equation (3-10), the constant term
in its u-expansion is fo(0) = >,y §1(@)** -+~ §r—1(@)*r, which is identically
0 by assumption that it is a cusp form. However, by Theorem [3.4.15, the
rank r — 1 coefficient forms g (@), ..., g-—1(w) are algebraically independent,
implying that the polynomial that defines f must be the zero polynomial.
Then f must actually be identically 0 itself, which is a contradiction. O]

Proposition 4.3.4. The discriminant function A(w) is an eigenform of T,
with associated eigenvalue p?=1.
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Proof. By Proposition [4.3.3] it follows that A is an eigenform. It remains
to calculate the eigenvalue. We do this by calculating the first non-zero
coefficient of T, A, since we already know the first non-zero coefficient of A to
be —77 1 A(w)?ut~!. We show that the 5 (among double coset representatives
from equation 4.2)) with non-trivial column m contribute only to higher terms
when m > 1 and that there is a nice formula for those § where the non-trivial
column is column 1.

First suppose that 2 < m < r —1. Then A[f5],_1(w) has an expansion in
terms of exy, (mwy) ™!, where Ag is the lattice woA + -+ + Wy 1A + wim g A +
W1 A+ -+ -+ w,A. This lattice contains A with [Ag : A] = p, and hence by
Proposition (b) there is an F-linear polynomial ® of degree ¢4°8? such
that exn,(mwi) = ®(e,z(mwi)). Suppose that ®(X) = X + .- + DX,
Remembering that e_-;(wi) = v, we then have

deg p
uq

(1)

ern,(Twr) " = (P (u‘l))_l =

the last factor being an inverse which is a power series expansion in u. Each
term in the expansion of A[f]x(w) thus has only terms with powers of u
greater than ¢ — 1 appearing.

Essentially the same thing can be done for m = r, since then wy A+ - - -+
wy_1 A+ %A is again a lattice that contains A with the same index as before.
The factor j(3,w)™* = p* plays no role in the end.

We are left to compute what happens when we take the sum over all
where the non-trivial column is the first. We have

Z A[B]QT'—1<W) = Z f (WI,B; W2, - .- 7w7")
B

ba,..,br€(A/pA)

Y S g (AT’

ba,...,br n>0 p
- wy — bawy — -+ - — byw, -
= Z fn(w) Z emf)]\ ™
n>0 ba,....by p

The internal sum will turn out to be exactly over elements of the [Fy-linear
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p = € ok (%d}]\) and this allows us to write it as a Goss polynomial.

( w1 —bQCOQ — —bTWT>_n
Z em:;[\ m

bo,..., by p
bows + - -+ brwr \\
_ (emml/p) e ( i ))
ba,....by p
= S (epai(mn/p) — N
AEA,

= Pur, [ D (pzi(man/p) = N7

AEA,

= P, (e, (em;\(ﬂwl/i?))_l)

By Proposition (b), e, (€ppi(mwi/p)) = exg(mwi /p) = p~tu~t. Hence

Jus
p

D APl (W) =Y fal@) Pan, (pu).
E

n>0

By Lemmal[3.5.4] every n for which f,, is not identically 0 is divisible by ¢—1,
and by Proposition m (g), every term of P, , with non-zero coeflicient
must then also be divisible by ¢ — 1. Thus the coefficients of u’ for i =
1,...,9—2 are 0.

If n = ¢—1, then P,y ,,(X) = X! (Proposition (e)), hence
there is a term —7¢ 'pI~'A(Q)%us™!. To complete the proof we show that
for n > ¢, the polynomial P, » (X) has no X?°! term. By Proposition m
the only n that appear are congruent to 0 or —1 modulo ¢. If ¢ | n, then
by Proposition [2.5.2 (d) there can clearly be no term with exponent ¢ — 1.
So suppose that n = mq — 1, where m > 2. Then, by Proposition [2.5.2| (i),
X2P) 5 (X) = (¢ = 1)Pga, (X) = = (Pma,(X))". By Proposition 2.5.2f (c),
if m > 2, then P, ,,(X) has no X term, implying that the least non-zero
term of P, , (X) must be at least X**~%, and hence that P, a,(X) can have
no X! term. O
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