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Abstract

The advent of the synthesis or manufacturing of controlled structures on sub-
micron scales as well as experimental developments enabling the investigation
of physics in specific biological systems at extremely small length scales under-
lines the need for dealing with the statistical physics of small systems which
are geometrically confined. A typical example of a system for which physi-
cal questions can be answered by means of theoretical modelling is the virus,
where polymer genetic material is encapsulated in a protein shell.

In this project the role of confinement on polymer chains will be inves-
tigated. We investigate how the translocation of polymer from one region to
another through a small opening depends on various electrolytic, polymer con-
centration and wall interaction conditions. This is an extension of the simple,
purely entropic, picture in that the interaction terms enter the picture. We
employ a variational scheme in deriving our results.
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Opsomming

Sowel die moontlikheid van beheerbare sintese of vervaardiging van strukture
op sub-mikrometer lengteskale asook die koms van eksperimentele metodes
vir die ondersoek van biologiese stelsels op baie klein lengteskale onderstreep
hoe nodig dit is om die statiestiese fisika van klein stelsels met geometriese
beperkings te verstaan. 'n Tipiese voorbeeld waar teoretiese metodes vir fisiese
vrae aangewend word is 'n virus, waar die polimeriese genetiese materiaal in
'n proteien skil beweeg.

In die huidge projek word die rol van 'n spesifieke geometriese beperking op
polimeerkettings ondersoek. Ons ondersoek hoe die oorplasing van 'n polimeer
deur 'n klein opening van een gebied na die ander deur verskillende elektroli-
etiese, polimeer-konsentrasie en wandinteraksie eienskappe athang. Dit is 'n
uitbreiding van die eenvoudige, volledig entropiese beeld vir oorplasing deur-
dat wisselwerkings ingesluit word. 'n Variasiebeginsel word aangewend om die
resultate af te lei.
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Chapter 1

Introduction

Polymer theory has become a well developed subject since when S. F. Edwards
formulated the problem of a self-avoiding polymer in a continous model of a
Hamiltonian with two terms (13). The first term giving a description of the
segments connectivity and the second being the repulsive pseudo potential
between segments. This model is a basis of theoretical polymer physics. It is
closely linked to the path integral formalism of Quantum Mechanics (19; 22).
Thus it enables the application of sophisticated techniques already developed
in high energy physics and condensed matter.

P.G. de Gennes took the subject further when he introduced scaling meth-
ods in analog to phase transitions. He showed that the self-avoiding polymer
problem is a critical phenomenon when the polymer length becomes infinitely
long (7).

1.1 Polymer theory

1.1.1 The single phantom polymer

An ensemble of Brownian particles performing a random walk with steps of
finite size [ is equivalent to the ensemble of random chains (22). We mention
this remark to bring the notations and the formal mathematical representation
of polymers and their connection with the classical process of diffusion.

The probability density G(R(s), R(s), s, ') for a N step unrestricted ran-
dom walk is well known to satisfy the Fokker-Planck-Smoluchowski equation

9,G(R(s),R(s'),s,5") — %V2G(R(8), R(s'),s,s)
=0(R(s) —R(s))d(s— ') (1.1)

with the solution given by

G(R(s),R(s'),s,s) = Nexp (—%%) : (1.2)

1
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Alternatively, this solution can be written in the path integral language using
the Feynman-Kac theorem (19) as

G(R(s), R(5), 5,5) = N exp {—%/ ds (%%)2} (1.3)

Our object of interest the free energy functional can then be derived from the
partition function

Ry (L) 3 [t OR\”
Z :/ DR(s)exp ——/ ds (—) 14
[ PRG) { 5 (5 (14)
L)

where ffij(cé) DR(s) denotes the summation over all possible paths of length L.
This expression is in the view of a polymer where L = N is the chain contour
length and [ is the Kuhn length, the effective length accounting correlations
between chain segments. This corresponds to the phantom polymer since two
segments can occupy a single point in space which is an unphysical scenario.
However it serves as a good model for chains in certain solvent conditions.

Formally
3 F [oR\’
H, = — — 1.
BHo 21/0 ds(@s) (1.5)

can be taken to represent the Hamiltonian for the phantom chain.

1.1.2 The self-avoiding polymer

In the preceeding section we have described random polymers by their coun-
terpart of free Brownian motion. However, polymers should be at the very
least be described by self-avoiding random walks. This constraint of self-
avoidance ensures that the trajectories do not cross themselves. Accounting
for self-avoidance requires a modification of the Hamiltonian Hy by including
an appropriate potential fOL fOL ds ds' V(R(s) — R(s')). The choice of a two-
body interaction potential as opposed to higher order interaction is due to the
physics of these systems. The scenario whereby the segment density is very
high such that three segments get close enough to interact is infrequent. This
potential must always be repulsive when two segments of the chain come to
close contact. It has been realized that (13)

/OL /OL ds ds'" V(R(s) — R(s")) = g/OL /OL ds ds' 5(R(s) — R(s'))  (1.6)
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is a good approximation for this type of interaction. Including this term in
the Halmitonian the partition function for a single self-avoiding polymer is

Ry (L) 3 [k OR\”
Z = / DR(s) exp ——/ ds (—)
R;(0) ( ) { 21 0 83

o : [ " ds ds S(R(s) R(s)) 17

where we have set f = 1. This innocent expression turns out to be difficult
to evaluate and field theory methods have to be invoked in order to make
progress. Without going to great detail we highlight some aspects of the recipe
employed (13; 8).

The Hubbard-Stratonovich transformation (21; 8)

exp (g /OL /OL ds ds' §(R(s) — R(s’))>

- [poen{-] /Ode[R(s)]—g [aromow} s

is applied such that the partition function becomes

Z = /ng/DR(s)exp{—%/oLds (%—I:)Q

[ asomi) - far oo}

(1.9)
Defining
L 2 . L
K(RRyio.L) = [DRjesp 3 [ as (FE) =1 [ as ofree)
21 Jo 0s L Jo
1.10)
then this partition function can be written as
2= [ Dok R0y {2 [aromom|. )

K(R;,Ry; ¢, L) corresponds to the propagator of a particle in an imaginary
potential i¢. Therefore it must satisfy (22)
o I? ‘
= VORI | KRG, RIS 6,L) = 6R(S) — R()aLs - o).
(1.12)
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1.1.3 Collective system — melts and solutions

More often than not polymers exist as a collective thereby forming a polymer
solution in a presence of a solvent. Depending on the polymer segment density
p polymer solutions are usually classified into three regimes, namely, dilute,
semidilute and concentrated polymer solutions. Dilute regime is defined by
p < p*, for which p* is the overlap concentration. The overlap concentration
is reached when the average bulk density exceeds overlap density inside a
polymer coil (31). Since the polymer end-to-end distance R is approximated
by the scaling relation R ~ [N”. The characteristic concentration p* can then
be estimated as

N
Pt~ = [N (1.13)

This shows that the overlap concentration decreases much more rapidly with
increasing chain length and even more so for self-avoiding(swollen) chain in
contrast to the flexible (ideal) chain since v is larger. The crossover to the
concentrated regime occurs when the density reaches the local density p**
inside a Gaussian blob, which is for good solvent conditions given by (31)

v

g (1.14)

where v is the second virial coefficient. The semidilute regime falls into the
range p* < p < p**.

In this collective many chain system excluded volume interactions are now
not only taking place within one single chain, but at an increasing number
of contact points from other chains, that is, increasing polymer concentration
gives rise to additional excluded volume. On the other hand, the correlations
within one chain become more and more destroyed (4). The partition function
is no longer dominated by all the self-avoiding paths but by the remaining
density fluctuations. It is thus useful to introduce collective variables (4; 43;
42), such as collective densities and construct free energy functionals which
contain the collective properties.

We shall now extend the formulation of the preceeding section to that of
dense monodisperse chain system. Taking into account the multiplicity of the
chains the partition function now becomes

/R - /EZ;ZL)EDRQ(S) exp{_%§/oLd5 (3;{;)2
_ gazﬂ/oL /OL ds ds' §(Ru(s) — RB(S/))} :

(1.15)

This partition function is difficult to evaluate and approximation methods have
to be employed. This is done by transforming the problem from chain variables
to chains segment density variables also known as collective variables.
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1.1.3.1 Defining collective variables

As noted above it is now traditional to transform such a problem formulation
to microscopic density variables

p(r) = ;/0 ds 6(r — Ra(s)).
(1.16)

It is convenient to work with the Fourier transform counterpart py. This we
define from

L
p(r) = Z/o ds/dk e~k (r—Ra(s))
a=1

(1.17)

where we have substituted the Fourier representation of the delta function to
the last expression (1.16). Switching between continuous and discrete repre-
sentation under the rule [ dk — % >k leads to

L
pr) = > / dsgy D7 e
a=1"0 4 Kk
1 [E . .
p(r) _ sz/ ds ezk-Ra(s) e—zk-r
0

k a=1

(1.18)

of which the final result is

pr) = > pe ™
k

1 t ik- s
P = ZV/O ds e Rals),
a=1

(1.19)
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1.1.3.2 Transformation of the partition function

Our principal goal is to evaluate or at least approximate the generating func-
tion Z and as such we want to perform the following transformation

Z[R] = Z[p(r)] = Z]px]- (1.20)

The intent of transforming to the reciprocal space k is because of the notation
and the benefits of Fourier methods. This we achieve by performing a passive
transformation

Zin) = 7IR] [ T]dno (pk—zé [ as eik-Ra<s>>

~~
=1

(1.21)

which effectively transforms the partition function to density variables. Re-
minding ourselves that

7w = [ R exp{ Y RAC
_g;/() /0 ds ds’ (5(Ra(s)—Rg(s’))}. (1.22)

2(0) a=1
According to equations (1.16)—(1.19) the interaction component of the Hamil-
tonian is transformed to the density variables as follows

gazﬁ/; /OL ds ds’' 5(Ra(s) — Ry()

_ gZ/OL/OLdS ds’ <%Z eik-(Ra<s>RB<s/>>>

= ‘Z(Z /dse B)Ra(s )(;/OLdsle’kRB )

_ _vz<z /dse R, )@;/ ds’ HR )

(1.23)

Thus the transformed interaction potential is

v L L )
52/ / ds ds' 6(Ra(s) — Rg(s)) = —VZpkpk
8 0 0

(1.24)
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As we shall see later that the recipe that we are following expresses quantities
in terms of averages over the Gaussian distribution
R\’
Os '

3 L
/1(0 HDR exp{—ﬂ;/o ds(

We now turn our attention to transform the delta functional in (1.21) to a
more useful form (43)

I
o px — —/ ds e Ra(®)
(-2i)
. 1 r ik-Ra(s)
/Hd¢kexp Zz¢k P—k—zv/ ds ™
k Kk a=1 0

, L
= / H doy exp {z Z PrpPk — % Z Px Z / ds eik'Ra(s)}
k k k a=1"0

(1.26)

(1.25)

taking a quadratic order approximation we have

e
5 Pk — E :_/ ds ezk-Ra(s)
( ) a=1 v 0

~ /Hd¢k 1—%Z¢kZ/Ldseik'R“(s)
K
1 ik-Ra(s)
5( Zéka/ ds e~ ) eXP{Z¢kPk}
1 — i ¢ g d ik-Ra(s)

~ [T

2V2 ¢k¢k// dS/ ds’ ¢ Rale) I Rls exp{ > dwp. k}-
o,

kK’

(1.27)
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With this crucial result the partition function can be expressed as

I
R] /Hdpk(5 (Pk — Z V/o ds e’k'RD‘(s)>
k a=1

/Hdpk/Hd¢keXp{_gvzp—k0k+i2¢kp_k}
k k " ”
3 L 8Ra 2
(/E[DRQGXP{—ZZ/ ds( B ) }
_/HDRa Z¢k/ ds ¢*Ra s)]
3 LR,

exp{—g;/o ds( P ) }

/HDR 212 Z¢k¢k'/ dS/ ds' ek Rals) ik Rs(s)

exp{_fl; [ s (%) })

(1.28)
i g ik-Ra(s)
1‘;2}{7&% | ds (e,

— N [ [dn [ [Tden

T o2 Z¢k¢k// ds/ ds ik Ra(s)+ik": Rﬂ(s’)>

kk’

v .
exp {—§VZp-kpk + Zz¢kp—k} .
k k

(1.29)
The angular brackets denotes averaging as follows
( _fHaDRa["']eXp{ 5 2a fo gs)}
... 0 prm—
J 1. DRaexp {_Z 2 fo ds (BRQ }
(1.30)

where A is the Gaussian distribution function given by equation (1.25).
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Perhaps it is well suited to evaluate N here. The evaluation follows from
the standard result (19) in path integral methods, namely

R,s 1 (R—Rg)>

DR(s)e” 0 o W) — "o (1.31)

R.s0 VArD(s — sp)

It then follows from this result that
)}
1

3 L (0R,
/l;IDRaexp{—Q—lza:/o ds ( s
3n
3 2
= - R.(L) — R,(0 ) 1.32
Y= exp{ 3 (Ra(1) <>>} (1.3
3 e
The next step to complete the evaluation of the generating function 7 is
then to perfom the sums /; and Iy, which we define below, in order to integrate

out the p and ¢ variables. This is done by rewriting R in terms of the centre
of mass coordinates Ry.

, L
L = %k’zaak/o d8< eik'R“(s)>0

(1.33)
and
1 e ke R ()i R ()
_ / ik-Rq (s)+ik’- s’
12:2—Wz¢k¢k//o dS/O d8<6 B >O.
kK’
a,B
(1.34)
As for I; in these new relative coordinates we have
i L «
= oo [ dsqemmeveon),
k,a 0
(1.35)

which is equivalent to

i [ J dRo [ TT, DY peBor¥elD exp {2 57, [ ds (5)"}
— gbk / ds
4 k,a 0 deOIHaDYanp{_%ZafoLdS (agsa)2}
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; Lo [dRee™ T [T, DY e Yo exp (-5 5, [} ds (3)°
= Z ¢>k/ ds v
k,a 0 deofHaDYanp{_ﬁ Za fO dS( 0s ) }

d k)fHaDYaeik.Y( exp{ ZIZ fO (8(3506)2}
o J dRo [ TI, DY aexp {5 X, f ds (%)}

i2¢ /Ld fHaDYanp{ 212 fo ds(aYa) }
_ v 0 s

v deofHaDYanp{_ﬁ Za fO ds (86%)2}
L3 o Jy ds

v deO0

i nLeo

vV v

(1.36)

Then as for Is we have

2

2V2 0
KK’

Z¢k¢k’ / ds / ds R0+Ya(5))+lk/(Ro+Yﬁ(s/))>
a,B

(1.37)

which we split into two sums one for « = § and the other for o # (3, that is,

2V

0

kK
o172 Z¢k¢k// dS/ ds k(Ro,a+Ya(s)+ikK (Ro,5+Y s (s ))>
Y 2 0
ot B

(1.38)
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The first sum

k(Ro+Ya(s))+ik'(Ro+Ya(s"))
2V2 Z¢k¢k1/ dS/ dS 0 0 >0

kK
= ngb gb //L " Lds <ei(k-‘rk/)ROeik‘Ya(S)"r’ik"Ya(S’)>
2v* kK’ ah 0 0 0
1 ) L L
= 2—‘/2%;%%//0 ds i ds
5<k+k’)fHa DY ek Ya($)+K Ya(s' exp{ 3 Z fo ds( Y ) }
X

J AR [ TL. DY aexp {55, Ji ds (%)}
1 L L ,
— 2_V22k:¢k¢'k/0 ds/o ds

JTL DY e Yel D exp {2 57 [ ds (%
J dRo [ TL DY aexp {4 5, Jy ds (5)"}

')

(1.39)

X

If we split the expression inside the parantheses such that it can be expressed
in manner as follows

(K(0,5)) (K(s",5))g (K (s, L)) (1.40)

then the last line then simplifies to

L L
_ 2‘1/221{:¢k¢_k/0 ds/o ds'
[ DY, exp {—%fj, do (2Xa)? 4 ik (Ya(s) — Ya(s’))}
J dRo [ DY exp{—3 5 do (%)}
o L L ,fDYaexp{ zlf da[(aY“) —1 lk(ag;")}}
- W%cﬁk&k/o ds/o ds deof'DYaexp{ 51Jo do (%)

. 2
1 Z / fDYaexp{—z?’l fss, do [( —i%k) —i—lgkﬂ}
T / s / s . .
2V2 4 o Jo J dRo [ DY exp{~3 [3 do¥2 |

X
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Performing a transformation
X = Y, —i-ko

X, = Y,—i-k (1.42)

W =~ W[~

thereby leading to

/ | DX, exp {—% [5 do [Xi + %kﬂ }

1 L
53 ¢k¢-k/ dS/ ds :
212 Zk: 0 0 [ dRgy [ DY, exp {—%fj doYﬁ}
1 L L lk2| /|
= — (bgb_/ds/ ds e 61578
2V3Zk: DM A A

L2
k2Ll
1+ 12

Q

(1.43)

n
5173 2 Do
i 2

The final step comes from the approximation which reduces the double integral

to
[Cas [[ag b B (1.44)
ds/ ds' e7e¥ 1~ 1.44
k2Ll
0 0 L+ 55

the details of which are given in appendix A. Then the second sum is evaluated
to

k(Ro,a+Ya(s))+ik'(Ro s+ Ys(s")
2V22¢k¢k// ds/ ds 0 (Ro,s+Y )>0

kK
a3
L
= 2 Z ¢k/ dS< eik(RO,(x+Ya(3))>0 Z (bk/ / dS/ <€7’k,<RO,B+Yﬁ(S,)>>
B
n* —n (Lo
- 2v2 ( V ) (1.45)
which leads to the conclusion
2 — 2V2 V 2‘/3 - kP-k 1 + % .

where we approximated n? —n ~ n? at large n limit. Combining these results
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the generating function (1.28) becomes

L _ 1 (nooL 1 (nooL)\>
_V(V)_2v2(v>
2

1 L v ‘
T oy3 zkjﬁbkﬁb-k [—1 n @] exp {—ﬁvgk:p_kpk +zzk:¢kp_k}

Zpx]

— N [ [dn [ [ don

12

_Z TL¢0L . 1 7’L¢0L ?
V( i% > 2V2( i% )

L? 1 )
(?/3 <1 n %)> OxPr — ’l/)-k¢k]

(1.47)

— [ o [ T

X exp —gVZp-kpk - %Z
k k

where k # 0. If we now define the bare structure function as

SO(k) = né (1 :km) (1.48)

12

we can then express the generating function as
Z[px]

— c/]l[m/]l[mk
X exp —gvzk: lpi|? — %Zk: {%So(k)|¢k|2 — ip-k¢k:|

= C/Hdpkexp{—gVZp-kpk}
k k

X /H dgy exp —% Z [%SO(kW-kCﬁk — i (P + pk¢—k>]
K

k

(1.49)

where symmetry has been employed in the last line. We are then now in a
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position to complete the square and perform the ¢y integral, that is,
Zpx]

= C/l;[dpkeXp{—gV;p-kpk}/ll[dqﬁk

<o) 33 Kqﬁk _isov(i)pky i (¢k _Zsov(i)pk) e

k

= C/Hdpkexp{—‘gzk: {%jLSotk)} p—kpk}/l;[d¢k

ol Sl ) 3 (o) 8

where C' and C” contains the infinite prefactors and factors we are not inter-
ested in from the evaluation of the integrals. We have used the identity

N
1 V2T
dyexp{ ——ylA } = 1.54
/RN y p{ Y Y det(A) (34
further upon (1.53) we apply the identity
det B=expTrinB (1.55)

and finally obtain

F ~ F0+@21n(v 5 )) (1.56)

=

(1.50)

|

(1.51)

(1.53)
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1.1.3.3 The effective screened potential

The important result of the preceeding calculation is the description of the
screening phenomenon of the interactions on a single chain that takes place in
the system of sufficiently many chains. This result was first formally obtained
by Edwards (13). We shall outline its derivation here. This is done by rewriting
the interaction term such that we tag one of the chains with a label 1 and apply
the so called Random Phase Approximation again. Thus we have

52 / ’ / " ds ds' 5(Ru(5) — Ruls)

[Z/ / ds ds' §(R, //dsdstl s) — Ry(s"))

+§/OL /OL ds ds' §(Ry(s) — Ra(s’>>]

(1.57)
employing the transformation as before in (1.16) and (1.19) results in

Z[py] ~

/ [ doxexp
k

V2 v L R
_ _Z —ik-Ra(s)
9 Zk (V S0(k )ﬂ-kﬂk 5 Ek Pk/o dse

_g/OL/OLds ds' §(Ry(s) — Ru(s))

(1.58)

employing symmetry we have
V2 v 1 iR (s
R R
V2 (v N 1 )
= T 5 T oo | PkPx
2 - Vo So%k)

L L
_Z <Z pk/ dse—kRa(s) +,0-k/ dseik.Rl(s)>
” 0 0

(1.59)
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enabling us to completing a square for the first two terms which then become
equivalent to

v 1 12 v v 1 e KR
— S — ik-Ra(s)
|7 )~ 2( vrsm) o
VZ3? (v 1 otk . /
v ds ds’ ¢ R1(s)Ri()
—l—; 3 (V+So(k)) ; sas e
(1.60)

Therefore, the first two terms are reduced to

V2 v 1 v L LR
__ = _Z —ik-Ri(s)

V2 V202 (v 1 -1 L , ,
- _ DD I T ds ds’ ik-(R1(s)—Ri(s ))'
5 Ek P-kPx T+ gk 3 (V+So(k)) ]/o sds e

(1.61)

This shows that the interactions within the single chain are no longer

v L . ’
Z—/ ds ds' e Ri(9)-Ru(s) (1.62)
Kk 2 Jo
but they become reduced or screened to
v V%2 (v 1 -1 L , /
Z_ Zoa - ds ds' e Ri(s)—Ru(s)) 1.63
2375 (7 50 ]/ (163

due to the presence of other chains in a melt. Substituting for S°(k) as given
in (1.48) we have the approximation

i 27,2 L
AR ~Ri) = 3|5 -t | [ sy o
k¢ v,/
i 21,2 L
AR -Ris) = 3|5 ho| [ dsas erauorme)
k _2 Ep(k +£72) | Jo

(1.64)
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where we have set the L dependent term to zero and defined p = nL/V. If we
transform this result back to real space variables we have

A = 5/O ds ds' §(Rq(s) — Ry (s))

2 12 2 L ik-(R1(s)—Ra(s"))
L (12V v / ds ds' /dk6 .
s\ )@ ) ) Po

(1.65)
The Fourier transformation relationship (44).
R(s 13
/ e IROTREIE ey _ AT (1.66)
" R(s) — R(5)| k24 ¢72

allows us to finally obtain,

v

A = 5/0 ds ds' 6(R4(s) — Ry(s'))

—|R1(s)=Ra(s")]/€
(12p)/ ds/ ds' ¢
IRi(s) — Ru()]

(1.67)

where & = £(p~'/?) is the Edwards screening length which determines the
length scale or concentration at which the interactions are important. Beyond
this length the chain can progressively be treated as a Gaussian chain.

1.1.4 Adsorption

Generally, polymers exist in confining environments of one form or the other.
These environments can be membranes, for example, which can interact with
the chain in a variety of ways. In the context of this thesis we shall be interested
in adsorption type of interaction in conjunction with polymer translocation
under constriction. Under certain physical conditions, polymers can adsorb
spontaneously from solution onto a confining surface if the interaction between
the polymer and the surface is more favourable than that of a solvent with the
surface. In equilibrium, adsorption increases the concentration of the polymers
near the surface. The knowledge of conformational states of the polymer at
the surface and the polymer monomer density profile near the surface enables
the evaluation of physical quantities such as the surface tension (39).

In the literature various models have been reported for equilibrium ad-
sorption. In these models effects of either the nature (liquid or solid) or the
geometry of the interface are studied. These are coupled to the nature of the
interactions whether they are short or long ranged interactions.
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In cases of weak adsorption fluctuations of monomer concentration are of
central importance (31). It has been shown (7) that the thickness ¢ of the
adsorbed polymer layer is characterized by a divergent power law

t~(T—-T.)"

However, in the cases of strong adsorption and long ranged attractive surface
potentials mean field theory (30) suffices in describing adsorption behavior.

An interesting example of adsorption is that of a polyelectrolyte chain
confined into a vesicle. This study well illustrates the physics of adsorption
phenomena. When the pH of the solution in the vesicle is altered the vesicle
undergoes rupture (41).

1.1.5 Translocation

As mentioned earlier, our study will evolve around translocation upon con-
striction. We shall briefly review here the background of our study we find
relevant. Starting with the definition. Polymer translocation is a stochastic
process whereby a chain threads through a pore with a size comparable to
the segment of the chain crossing from one side of a membrane under the free
energy barrier determined by the configuration partition function (38).

Due to various potential technological applications such as rapid DNA se-
quencing, gene therapy and controlled drug delivery, polymer translocation
has received considerable experimental and theoretical interest in the last
decade (38).

The research efforts have increasingly been investigating quantitatively the
force driving translocation on physical grounds. Amongst the investigated
driving mechanisms is the effect of asymmetry in the solution concentrations on
both sides of the membrane (3), and selective adsorption of the membrane (38)
and the Brownian ratchet mechanism (37).

The theoretical treatment normally reduces this problem to a one dimen-
sional diffusion process. The translocation coordinate s is considered the only
relevant dynamical variable. The central difficulty is to find an appropriate
expression for the probability current that correctly reflects the correlated mo-
tion of the whole polymer (25). A simplified model is usually adopted upon
the assumption that the polymer progression is slow compared to the equili-
bration period for both polymer strands on both sides of the membrane. Thus
the force acting on the translocating segment is taken to be only due to the free
energy F'(s) barrier of an entropic nature. The dynamics of the translocation
coordinate s then follows standard Brownian motion. The Smoluchowski (34)
equation can be used with the free energy F'(s) playing the role of an external
potential.

Under the above mentioned assumption the average passage time 7 is found
to scale as 7 ~ % where [ is the Kuhn length and D is the diffusion con-
stant (6). There is controversy around the diffusion constant D. Sung and
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Park (38) chose D oc N~! in analogy to reptation dynamics of a Rouse chain,
thus yielding 7 oc N? whilst Muthukumar (29) argued that D is not the diffu-
sion coefficient for the whole chain but rather that of the individual segment
threading through the pore thus D # D(N). On the other hand the equilibra-
tion time scales as 7 oc N1 (6) where v is the Flory exponent. This then
raises questions on the foundation of the entire approach since the equilibra-
tion time in this picture is larger than the translocation time. On the basis
of these inconsistencies Metzler and coworker then suggested that anomalous
diffusion should be a more suitable description (24). Sakaue (40) took another
approach and formulated the problem in the framework of tension propagation
dynamics (40; 20).

1.2 Thesis organization

In Chapter 2 we shall study the translocation of a single polymer confined to
a semi-infinite space. We first start by a very simplified picture of a phantom
polymer to outline the program we will be applying. We model this process
by applying the method of images (5) in order to compute the force driving
the translocation. Thereafter we introduce the short range interactions of
excluded volume type between the polymer segments. In the study of this
translocation scenario we introduce a variational calculation to compute the
renormalized Kuhn length (17) which we shall further employ in the rest of
the chapters. Effectively our scheme is to compute the renormalized Kuhn
length of the polymer such that the polymer is viewed as a Markov chain in
order to follow the same method as in the phantom polymer to compute the
driving force. We apply the afore mentioned methods to a scenario of a charged
polymer chain under various solvent conditions. These electrolyte conditions
are chosen to be dissimilar on the either side of the wall. We have derived the
translocation force under various of these solvent conditions. This force we
used to determined how far would the chain thread to a zero force.

In contrast to the hardwall confinement in Chapter 5 we model a scenario
whereby one of the walls has an attractive long range potential. We limit the
wall interactions to be such that the polymer on the other half of the partition
does not interact with the strand on the other side of the wall. We similarly
determine how far does the translocation progress under various regimes.

Finally we present the summary of the results and highlight the possible
further investigations that we would like to undertake for this long standing
problem.
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Chapter 2

Phantom chain under hard wall
confinement

In this section we shall formulate the ideas that we shall be using later for
non-phantom chain models we are interested in. Here we describe the phan-
tom chain model of contour length L translocating through a pore under wall
confinement by studying the statistical force f on the segment at the transition
point. This force is a function of the free energy F' of the chain.

We shall account for electrolytic conditions by using the method of effective
step length developed by Edwards and Singh (17). That is the polymer chain
is modelled by a Gaussian chain of a renormalized Kuhn length. This effective
step length is computed by variational methods. In this chapter we shall not
formulate this variational scheme but assume the validity of the approach. We
will demonstrate how the role of the effective step length affects the free energy
of the chain.

2.1 The free energy

We shall simplify our model by assuming that part of the chain, with contour
length L_, has already threaded to the left side (cis-side) of the confining wall
thereby we shall not consider the initial pore targeting process. The total free
energy [ is given by the combination of the cis-side free energy F_(L_) and
the trans-side free energy F'y (L)

F=F (L-L,)+F.(L,). (2.1)

The trans-side free energy F, is given by the partition function Z, through

the relationship

where Z, is given by
Z, = /dr dr' G (v,v'; L,). (2.3)

20
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G4 (r,r’; L) is a probability distribution function satisfying (1.1). The solu-
tion for the unconfined chain is given by

3 \? 3
G(r,r/; L+> = (m) exp <—W(r — r/)) . (24)

with the reminder that L = NI. In this model, analogous to the free random
flight, we can apply the method of images (5) to determine our probability dis-
tribution function G, (r,r’; L) for the semi-infinite space confinement. That
is,

Gy(r,ryLy) = G(r,x's Ly) — G(r, —1'; Ly). (2.5)

Setting the starting anchor vector point r’ to r' = (0,0, €) near the wall. The
probability distribution function G (r,r’; L, ) is

Gi(r,x; L)
= [Gz(zv €; L—I—) - Gz(za —€ L-‘r)] Gx(xv 0; L+)Gy<y7 0; L+)

= (27-‘-]\3[+l_2i_> e(_zNilﬁ_ (m2+y2)) e(—ﬁ(z_ep) - e(_ﬁ(z+e)2)] |

(2.6)
This distribution function inserted in (2.5) then results in (2.3) becoming

Zy = _3 /+ooda:/+ood exp | — 5 (% + %)
T ez ) ) )L P Tan e Y
o 3 3
/6 dz {exp <_2N+li (z — 6)2) — exp (_—2N+li (z + 6)2):|

2
2, = |y <£>

6 VINLI2
(2.7)
or rather in terms of length we have
|7l L 6
Z+ = s +erf \/_6 .
6 Vi,
(2.8)

Therefore the free energy F'. of the trans-side follow as

7Tl+ L+ \/66
\/ erf .
6 I.L,

F+ = —kBTln

(2.9)
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2.2 Effect of electrolytic conditions on the force

We shall account for electrolytic conditions by using the method of effective
step length developed by Edwards and Singh (17). That is the polymer chain
is modelled by Gaussian chain of a renormalized Kuhn length. The implicit
assumption we shall make is that the wall has no effect on the renormalized
step length. This might not be completely accurate.

The second law of thermodynamics (33)

F=U-TS (2.10)

where U, S and T are the internal energy, temperature and the entropy of the
system respectively allows us to calculate the statistical force f as

oF

~or (2.11)

f=

2.2.1 Similar electrolytic conditions

The partition function Z_ of the cis-side is essentially similar in form to that

of the trans-side
; 7rl_(L—L+)erf< ( Ve )

6 L— L)L
(2.12)

and thus the cis-side free energy

Fo= —kBTln{ m (L — L+)erf< Ve ) } (2.13)
6 L — L)L

with the emphasis on the effective Kuhn length. The partition function of the
whole chain is given by the product of the generating function of the polymer
strand on the trans and cis-side, with the note that . = [, under similar
electrolytic conditions, is

B iy V6e V6e
Z = ?\/LjL(L — L) erf <\/ﬁ> erf (\/ﬁ) :

(2.14)
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Therefore the total free energy I follows from this generating function as

F = —kpTh {%\/LJF(L — L) erf <ﬂ> erf (l&) }

VisLy (L— L)
7Tl+
F = —kglhn | %5V - L)
V/6e V6e
—kgTln |etf | — | erf | —/—— .
<\/5+L+ N
(2.15)
The driving force f follows from (2.11) and is given by
;o ke[ L-oLy
2 | Ly(L—Ly)
(e 6¢?
i ool el i)
d _ 3/2 V6e 3/2 V6e
(L—Ly)3 erf< l+(L—L+)> LY erf<\/l+T+>
(2.16)

The profile of such a force is shown below in Figure 2.1
f
2.x1076

1.x10° 6}

~1.x1076F}

_2.x1076}

Figure 2.1: Force profile for the phantom chain where the Kuhn lengths are
set to 1 unit.

2.2.2 Different electrolytic conditions

We shall now demonstrate in a simple pertubation of the effective step length
from the case of equivalent Kuhn lengths how the force profile changes due to
such a pertubation. This consequently demonstrates how the translocation is
biased. This is essentially the manner we shall be incorporating the effect of
solvent conditions on the translocation.
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We have seen above that the translocation force is zero when the chain
strands are of equivalent length on either side of the partition. We shall deter-
mine on this basis, f (LJr = %) = 0 when [, = [_, what will be the new chain
length distribution on either side of the partition that achieves this. We shall
also derive the rates of translocation at least from the force profile gradients.
We let the new Kuhn lengths be defined by

I = 1, - (2.17)
and we want to determine the length L, such that the translocation force is
equivalent to zero, that is,

L
FILS +aX, L+ A, 1 — ) :f(§+a)\, Ly + A, l+—>\> =0 (2.18)

which reduces this to the problem of calculating a. Performing a Taylor ex-
pansion to the first order produces the constraint that determines «, namely

df (54 aX, L+ A, L —2)

=0 2.19
) (2.19)
where the function f (L., [, l; L) is given by
f(Ly, L, 1 L)
_ kgT [ L-2L,
2 | Le(L—Ly)

+7<?BT6\/§ \fexp{ x= L+)} - l+exp{ 66

(L - L+)3/2 eI‘f <l(\£€€L+)> 3/26rf <

)

The length distribution is then given by the «a equivalent to

«

VBreBE (21 — 24¢2) exf (243¢) — 121v/Te
o (37) - 2vEe)

. 2
l (6 Sree e (8¢2 — I2L) erf <2—*/§’6> 4 AL erf (2—‘/36> - 24[\/362)

WL WL
(2.21)
so that the zero force will be attained when the length distribution is
L, =L/2+ a\ (2.22)

An illustration for L = 100 is shown in Figure 2.2. The profile depicting
this translocation force for a different Kuhn length is shown in Figure 2.3
This graphical result illustrates the bias on translocation due to the difference
in effective step length. Also from this profile we get insight on the rate of
translocation due to the bias.
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Figure 2.2: The variation of the length that corresponds to the zero force.
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Figure 2.3: Force profile for the phantom chain where the Kuhn lengths for
are varied by 0.5 units each set to 1.5 and 0.5 units.
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Chapter 3

Self avoiding chain under hard
wall confinement

In this chapter we shall further develop what we started with in the last section
of the previous chapter. We shall account for the chain interactions on the
effective Kuhn length such that we can treat the chain as a Markov chain.
This effective Kuhn length is derived by applying a variational method. We
shall model a chain in a good solvent translocating under similar geometric
confinement introduced earlier to the cis-side with a theta solvent.

3.1 Formulation

The strategy we are following here was pioneered in (17; 15). We will largely
be borrowing from this work. We have mentioned in section (1.1.2) that the
probability distribution of the self-avoiding polymer, corresponding to good
solvent conditions, is of the form

GR,Ry; L) = exp{—%/OLds (%—3)2—U/OL/OLds ds' 5(3(3)—3(5’))}.

(3.1)

We shall use this distribution to pursue a simpler alternative method to model
interacting polymer chains by introducing an effective step length [; such that

([R(L) ~ R(0)) = LI (32)

26
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Hence the task is reduced to calculating this effective Kuhn length. The aver-
age square end-to-end distance of the chain on the trans-side is given by

(R(L) - R(0))

Ry(L)
— %[/ | DR[R(L) — R(0)]?

R, (0
exp{—%/OLds (%—f)Q—U/OL/OLds s 6(R(s)—R<s’>)}

(3.3)
where
R (L) 3 L OR\ 2 L /L
N:/ DR exp ——/ ds (—) —v/ / ds ds' §(R(s) — R(s")) ¢ .
R;(0) 2l )y Js o Jo
(3.4)
Introducing the effective Kuhn length [; as follows
(R(L) = R(0)])
R;(L)
_ %/R:O) DRIR(L) — R(0)]2
% i,
3 (L ORN\? 3 /1 1\ L /oRN\? gL oL ,
exp —E/O ds (g) — [2 (7 - 71)/0 ds <£> +U/0 /0 ds ds’ 6(R(s) —R(s))
Hq
(3.5)
and replacing e~ with its series representation
H2
eHo =1 - Hy+ =2+ .. (3.6)

2
where we shall limit ourselves to first order approximation
(R(L) - R(0)?)
J&t! PRIR(L) — R(0))? &=
ffl::f DR e Ha

~

[R5 DRIR(L) - RO Hy e [ DR 1]
[fffitf DR e—Ha} ?

[fli ' DRIR(L) — R(0)]* e~ e [/ DR Hbe—Ha}

)

2
[ffif DR e_Ha}
= L+ O(Hb)
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We have used the approximation

~ 1+ H, + Hy? 3.8
1—m, T (3.8)

to obtain the result in (3.7). Now, in order for (3.2) to be fulfilled we have the
constraint O(H,) must be equivalent to 0, that is,

SR DRIR(L) — R(0)]? Hy e/ [B DR 1o
i o]
Jo! DR[R(L) — R(0))? e~ Mo e Ri DR, HyeHo

= Ry (3.9)
& PR e_Ha]

which effectively determines the effective step length [;. Splitting H, to two
terms(see expression (3.5)) the first term integral on the left hand side of the
above expression is equivalent to

J&! DRIR(L) = R(O) Hj e [t DR e~
J& DR eHar
) o JPRIR(L) — RO e { [ ds (52)°)
2\l 11) |oA fDReXp{)\foLds (%%)2}
J PRI[R(L) — R(0)] eXp{_Qif (B_R)}

|/ PRexp {3 fo ds (& H

/DR[ s ]{% /jds(g_gy}]

A=—3/21




Stellenbosch University http://scholar.sun.ac.za

CHAPTER 3. SELF AVOIDING CHAIN 29

The second term integral on the left hand side of (3.9) with the second term
of Hy, H, is equivalent to

_ —R(0 it e=Ha 7% e Ha
&’ DR[R(L) — R(0)] Hi e~M= [(V DR =1
2
[fPI:fDRe—Ha}

= U/RL DR{P&(//dsdsé (s) - R())eXp{ 20, OLdSRQH
e LdsRQ}
/OLds/OLds’/dk
3

x DReXp{—
X exp {z’k- (R(s) ~ R(s) - 5 /OL ds R?}

Ry 3 L )
X DR exp { / ds RQ}
R, 2

(3.12)

l\D|w

L Jo

where we omitted the normalization factor from the second line. Applying
the same arguments as in (1.39) and (1.40) and transforming the k integral to
spherical coordinates

/dk / / / k*sin 6 df do dk—47r/ K dk (3.13)

we have (3.11) becoming

K212
ﬁ ds/ ds/ dk k2 ¢ [<R2>1 |S |]
™
_ F ds/ ds/ dk k2 ¢ (R,
s
2 e
—11;12/ ds/ ds// dk k* e == ‘|3—s']2.
™ Jo 0 —o0

Therefore, the left hand side of (3.9) is equlvalent to

si-4)-0

L 00 s
Cas ds’/ dkk%;mﬁ ‘<R2>1

(3.14)

Do | W
VR
~|
|
~| =
v
Q.
)
=)
no
\/
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Similarly, we evaluate the right hand side of (3.9)
Jo! DRIR(L) — R(0)]? e = [V DR Hye Mo
2
[f::if DR e*Ha]

w61 [ e),
gl ffof o)
S () )

ll\s 8]
+2_7r2 dS/ dS/ dk k’g <R2>1.

(3.16)

Equating between (3.14) and (3.15) results in the cancellation of similar terms
and leaves us with

(-2) - [ [
1 1 6 [L3
2 _ / /
The final step is a result from
o2 (F L R ey )
187T2/0 ds/ ds’/ dk k" e ¢ |s— ¢
2 00
Y / ds / ds— / dk ekl
187 o s /6
vl? 3\/_ 1
= /2
8.2 ( > / ds/ ds'|s — §'|~
vl? 3\/_ L _
TR (h) / ds [/0 ds'(s —§')~ 1/2+/ ds'(s — §') 1/2]
_ VA (NP a6 I
]_87'('2 4 ll 3 7'('3 ll

Investigating different limits of (3.17), we have in the limit of small v, [
approximately equivalent to [. A more interesting limit is when v < L2 such

(3.18)
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that

(3.19)

thereby leading to the conclusion that

1
6 5

3.2 The free energy

SIS
4

(S]]

Ut

We then approximate from the above results the total free energy of our
translocating polymer with a strand on the cis-side having the effective step
length L°T = [, and corresponding cis-side free energy

7l (L — L) V/6e
5 erf( T L+)l+>] . (3.20)

The free energy of the strand on the trans-side having the effective step
length

F_ = —kgTIn

3

1
2 6 5 2 2 1
1, =25 ( > I, 505 L5 (3.21)

is approximated as

Tl+eﬁL+ \/66
F, = —kgTln |4/ erf
+ 6 ( /l+eﬂL+
Therefore the approximate total free energy is

7l (L — L) . V6e
6\ VLI,

2/5
—In \/(272;1)) L, LY5 erf Ve
V(&) @rol 0 L L
(3.23)

(3.22)

F = —kgT {ln
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3.3 The force driving translocation

The force that that will be experienced by the chain segment at the pore
follows from (2.11) and is given by

___ BYre
f = 1 _ QQEGXP( VL+(1+U)2/5)

2 x2/5], \/\/_L (Lyv) 2/5erf __alWme

+ (0 vV \FL+(1+U)2/5

l(L L)
) 2\/7l eel+ (L= oL, — L
L (L. — L)

I (L — Ly))3erf [ =L LA
(2= L) ert (o)
(3.24)

where a = /2325 and B = 22/53%/5. This force has the profile depicted in
Figure 3.1
f
0.00010;

0.00005 [

F 20 40 80 100
— 0.00005 [

- 0.00010 |

— 0.00015 [

Figure 3.1: The force profile where the strength v is varied from 0.1 represented
by the leftmost profile to 60 units represented by the rightmost profile.

Figure 3.1, shows that the chain will thread further upon the increase of
the excluded volume strength from 0.1 units to 30 and 20 units for an increased
volume strength to respectively, 3 and 60 units. This we find interesting since
it demonstrates somewhat the complex relationship between the translocation
force and excluded volume interaction strength and hence the translocation
time. It is also worthwhile to note the rates of translocation for the different
regimes depicted in the same figure.
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Chapter 4

Polyelectrolyte chain under hard
wall confinement

In this chapter we shall again outline an approximation scheme presented by
Muthukumar (28), somewhat similar to that of the preceeding chapter, that
provides us with limiting laws and analytical interpolation formulas for the
renormalized step length for various polyelectrolyte concentrations. We then
use these to model the translocation of a single polyelectrolyte chain under
similar geometric constraints that we have introduced.

4.1 Collective chain system

The calculation here is built on what we presented in section 1.1.2-3. Our ideal
is to determine the effective interaction and effective step length. In order to
achieve that we need to undergo the following constructs since these quantities
of interest are interelated. We have already seen that the free energy of the
polymer solution takes the following form
2
)

—BF, 1 Rf(L)HDR() 3i/Ld (
e = — alS)exXp — = S
TL' R;(0) - 2l a 0
1 n L L
_2_122/0 /0 ds ds' V(Ra(s) — Ry(s"))
a,B

(4.1)

OR
0s

where V(R,(s) — Rg(s’)) for this model contains not only the excluded vol-
ume interactions but also the long range interactions of Coulomb type. The
strategy pursued here requires that we perfom a Hubbard-Stratonovich trans-
formation as before by introducing an auxillary field ¢ such that
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1 2 Lo
exp | = ds ds' V(Ra(s) — R (5’)))
(21 QZ;/O /o ’

[ Doexp{ =i S0 [ ds o[Ra(s)] — £ [ dr dr’ 9(r)V (= )0 }
a fD¢exp {—% fdr dr’ ¢p(r)V-1(r — r’)gb(r’)}

(4.2)

where the operator V~!(r — r’) is defined such that
/dr’ Ve - ) Vi —1") =d(r —1"). (4.3)

The result of this transformation is that the free energy expression (4.1) be-
comes

MRl 3 (M (OR.\’
—BF, _ 9 o
e oy HDRQ(S)D¢ eXP | ~5; ;/ ds ( 5 )

where

M = /D¢exp {—% /dr dr’ ¢(r)V " Hr — r')¢(r’)} : (4.5)

Proceeding in a similar manner as we did in (1.9) we have

_ R 3 L (OR\® i [E
K(R;,Ry;¢,L) :/Ri(o) DReXp{—Z/O ds (g) _Z/o ds ¢[R(s)]}
(4.6)

which we shall write in shorthand as K(¢). This reduces the free energy
expression to

on, LI DOK(O) exp {1 [ dr ' o)V r —¥)o(x')}

Y [Doexp{—1 [drdr' ¢(r)V-1(r—r)o(r)} (47)
If we apply the identity (16)
KO =l [ 2L expl—(n+ 1) Inpo+ kK (9)] (438)

c 2T
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where the closed contour C' encloses the origin once in the complex plane. The
free energy expression becomes

e = ot [26] [ S exploto+ )i+ k)]

exp {—% /dr dr’ ¢(r)V 1 (r — r’)qﬁ(r’)} .
(4.9)

We now introduce an effective distribution function for a labelled chain in order
to evaluate these integrals. Let K represents this distribution with any pair
of its segments undergoing an effective interaction through the field created
by all other chains. We denote this effective interaction by A which combines
both screened Coulomb and excluded volume interactions. Hence K can be
written as

[_( [ DOK (8) exp {uK (¢) — 3 [ dr dr’ ¢(r)V " (r —')o(r')}
[ Doexp {uK(¢p) — fdr dr’ ¢(r)V=(r —r)p(r') }

/DRexp{—%/od <83) 2l2//dsd3A (s) = R(s ))}.

(4.10)

This then enables the computation of the effective interaction and the related
quantities of interest as we see in the next section when we implement this to
the free energy expression.

4.1.1 The free energy

The effective distribution function of a labelled chain K can be introduced by
adding and subtracting pK in (4.9) yielding

= M / Do { /C I expl~(n + 1)+ uK(d))]} exp [uK — kK]
X 6Xp {—% / dr dr' $(x)V " (x — r/)qb(r’)}

= M" /—exp (n+1)Inp+ pukK]
2m
- 1
X /D¢exp {u [K(¢) — K] — 5 /dr dr’ ¢(r)V 1 (r — r’)¢(r’)} :
(4.11)
It is useful to rewrite the auxillary field variable ¢(r) by its Fourier represen-

tation
3

o(r) = do + /k . (;lT’;qbk exp(ik - 1) (4.12)
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such that the pair interaction term becomes

[ ar oy - o)
= qbg/dr dr’ Vi r —1')
/ dk' dk ¢y i / dr dr' V7(r — pf)etker ik

1
(2m)0
1 > 1L/
— ngg‘/b_l + W /dk/ dk ¢k¢k’ /dI‘ dI'/ V—l(r o r/)ezk.r-mk r

L
(2

= Vg /dk’ dk gzbk(pk,/dr dAV (A K)THiK-A
(4.13)

and finally
N 1 _
/dr dr’ o(r)V Hr —v)o(r) = g5 QVy 1 + —— 2n) /d oV (4.14)

where we have employed (4.3) to obtain the first term and r transformed to r'+
A. The volume is now represented by (). Hence,

QVoe5
2

exp{—Fp—i—
/ ——exp[—(n+ 1) Inu+ uK]
2mi

J Mg donexp {1 [K(6) = K] = § fipo Vi ' }
X .
[ Thgo dorcexp (=4 fyzo ts 01

(4.15)
This transformation also affects K so that it becomes

- el ()

k#0
1

——/ /k#o 2n)? 3 Prexp(ik - R(s ))+uK(¢)—§/k#0( )? 0RVi }
/Hd¢kexp{ ¢) ;/k;éo (d3l<); ¢k ko }

k£0
(4.16)

In order to turn K into a Gaussian function that is ameanable to evaluation
we need to redefine K(¢) in a suitable manner. The choice

uk(9) = i (0) = 5 [ . (;lﬁ’; V67 (4.17)
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fulfills this requirement, where &, is an undefined quantity. As a result K
becomes

/lg[odd)k/DR
xexp{—%/{f (—) —-/ /k;éo s Pk exp(ik - R(s))

‘%/¢% Vi - ‘/km =i }
/Hdsbkexp{l/k#o% Vil — 1/#0(6”; RV }

k£0
(4.18)

where the pK(0) terms have cancelled out. Combination of the quadratic
terms give us

/L[Od@/DR
xexp{—%/OLd (85) —%/ dS/k#O 27)8 g P exp(ik - R(s))

1 Pk

/qusk exp {—1 /k#) (;Z:; (& + 1)v,;1¢§}.

k£0

(4.19)

If we complete the square and evaluate the ¢y integrals in the similar fashion
as in (1.49)-(1.52) we have

3 [F (0R)®
/DRQXP{_ﬂ/O ds (E)

o [ [ s [ SR avewiadri e
’ (4.20)

where the Gaussian integrals cancelled out with those of the denominator. It
is befitting to define the quantity resulting from the completion of the square
n (4.19)

A = VM4 &)
(4.21)
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or equivalently
A = Vi(14+&)" (4.22)

and importantly Edwards and Anderson showed that (12)

1 2
Ay = q {(d7) (4.23)

These two equations are of central importance in the calculation of the quanti-
ties we are interested in, namely, the renormalized step length and the effective
interaction. The connection to the free energy expression (4.15) follows from
the average of (4.17) with the substitution of (4.22)

wlicto) = (w0 - [ Ssavia)

_ uK(O)—%LO% WV (6)
wK o) = k)~ | . (;ﬂr’j EVAL (1.21)

Therefore 11 [K(¢) — (K (¢))] in the free energy expression can be expressed as

W) = (KN = [ Goseviel-0a) )

such that the exponential of the free energy expression is equivalent to

Q%%}

exp{ —F, +

= /—exp (n+1)Inp+ pK]
2me

J [ Txz0 A exp{ fk;ﬁo gjrl)€3 e (0F — QAL — 5 fk;éo ddks Vi }
X
J Hk;éo dox exp ( fkﬂ) (gjrk?: Vi )
= /%exp + 1) Inp+ pK]
i Hk#o doy exp { fk#o d3k [ (& + 1)V, o2 — QSka—lAk]}
X :
f Hk;éo dox exp( k#£0 ( gwk3 kV )

(4.26)
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Applying the identity (4.8) again we have

0 2
exp {—Fp + V20¢0 }

Tt {4t [ 20~ )]}

" J Miezo o exp( o Ty gbgvk—l)
et {ASfE o0 B
! J Tliczo dé exp (—% > s ¢iv,;1> '

Taking the natural logarithm on both sides gives the free energy expression as

QVed
2

—BF, =
e Mptoner {4 S [£ -0 )]}
n f Hk;é() d¢x exp <—$ Zk;ﬁo ¢%kal)

OV K"
opy - -, K

+1In

2 n!

+1H/qubkeXp{ 202 M—Z‘Q(l_%ﬂ}

k#0

evaluating the Gaussian integrals in a similar manner for (1.53) and recombin-
ing the logarithm terms gives us

OV K" 1 -
BF, = %—m{ﬁ]—52{1 J Zln[ ] (4.29)
k£0
the free energy from various contributions, namely, the background contribu-
tion, the n many effective chains contribution and the fluctuation contribution.
This free energy expression takes the similar form to that derived by Vilgis
and Borsali (42).
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4.2 Isolated polyelectrolyte chain

4.2.1 The Effective interaction

We shall determine the effective interaction A by the method of effective step
length which we have seen already in Chapter 3. The actual distribution
function of the n many chain system

Go.R) = HeXp{ o | @?)

"/ /k#O e R = [ e}

(4.30)
is approximated by an effective Gaussian distribution
i 2 ,
oo = Tlon{ 3[4 () -1 [ o)
= ej{p [—Ho| (4.31)
where [, is an effective step length, such that
{[Ra(L) — Ru(0)]*) = Li,. (4.32)

In a similar construction, as in the previous chapter, we add and subtract the
Hamiltonian Hy to the argument of the exponent of the actual distribution.
This gives us

3 [F . [0R.\?
G(¢,R) = Hexp{—a/ ds( 83)
- —/ / gbkexp(zk R,)
k;«éO
1 L3 Lds (OR,\?
Ry
2 k?éo( ) 2 0 ll 88
_1/ —dkgb?A—l_?/L@ OR,\*
2 k=0 (271')3 =k 2 0 ll (98
1/ A3k 9 1}
+— —— i A
2 k40 (2m)3 R

(4.33)

G(¢,R) = exp[—Hy— Hyy — Hip — iH,)]
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where the different terms in the exponent are defined below, namely

3 L1 1Y (0R.\’
HH = 52(1:/0 ds (7_E> < ag) (434)

Hyy = 1/ &k on (Vit =AY (4.35)
12 9 K0 (271')3 k k k :
Hy = 1Z/Ld/ ﬂgb (ik - Ry) (4.36)
S - Jo ’ k£ (27)3 e EPU o '

The definition of the effective interaction Ay was established in (4.23) as

1
A, = 0 (07). (4.37)
According to the distribution function (4.33) we have

1 /D¢ DRGP(4,R)

B Q [Do DRP(¢,R) (4.38)
- <¢i>o + {<¢i(_H11 — Hyp + h)>0
- <¢>i>0 (¢p(—Hn — Hiz + h)>0 +...}
(4.39)

where the identity we employed in (3.8) has been invoked. One should per-
haps stress that the averaging is over the effective (renormalized step length)
Gaussian distribution of (4.31). Further, & is defined as

h= i % (4.40)

If we approximate Ay by the zeroth term (¢7), then we have the constraint
from the next two terms in (4.39)

(Pi(—Hyy — Hia+ ), — (67), (dr(—=Hu — Hiz+ h)), =0 (4.41)

resulting in

($i(Hia — h)), = (07), (dr(Hiz — ), (4.42)

since Hy; is independent of ¢y, as listed in (4.32). The derivation of the effective
interaction Ay essentially rests upon this constraint. The problem is then
reduced to the evaluation of the above expression.
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We start by evaluating the left hand (¢7 (Hiz — h)),.

(Gr(Hiz — h)),
J D¢ DR (H1z2 — h) exp [~ H]
D¢ DR exp [—H|

_ 5|1 d*u 2 (1/—1 —1
= /qu DR¢;, {5 /Wéo (%)3% (V,'—A, )—h]
3 Lds (0R,\* 1 Pk,
xexp{—ag/o H( s ) —i/k#o—(QW)?,ébkAk }

. 3 Lds (0R,\? 1 Bk,

(4.43)

factoring the chain variable components leaves us with
(G(Hia = h)),
1/ Doox [ fu;ﬁo 271')3 b (V ' A/Il) ] exp{ K£0 ( gjrk«? k 1}
2 Do exp{ fk;éo (gjr’;3 A }

(4.44)

Without going to the details of pictorial representation of h, the contribution
from all terms of h upon configurational average is defined to be (28)

o
(4.45)
where
G = g(p) — By(p) / (d3) CurrAg(v) (4.46)
with g(u) given by
g(p) = 0 (4.47)

M2l1l‘
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Applying the fundamental result (4.45) to (4.44) then we have

(Pi(Hia — h)),
oot 1 Ity oy, 1 dg_,u 9 }
B / Dosi { /u;éo (2m)? SV 2p/u;éo (27T)3¢“C#

1 Bk,
“Xp{‘é/k#o i |
_ w-! 2 |1 P 2 (v,—1 —1
= /D¢¢k {5 /WAO (27T)3¢“ (VM —AM +P§u)}

1 Bk,
- " AATL
“X"{ 2/#0 (2m)s }

(4.48)
where
1 1
W™ =Dgoexpy — gbk : (4.49)
2 K£0 ( )
A shorthand definition of the quantity in braces
F, =V, = A+ pC, (4.50)

allows us to turn the integral into a generating function as we outline below

(i(Hia — h)),
1 [ Doy, [ fu;ﬁo o) 3¢2F ] exp{ fk;&o gfrl)€3 iA;Zl}

_ 3 (4.51)
Q Dgzﬁexp{ fk#) dk3¢zA }
) fDasask[ Jto (s 62 |
QD¢6XP k40 { gjrk?’ P+ 3 S0 1 d3k3¢k(A t- )]}
A Bk 1 _
exp{‘ Hk iy [ geier - ml)]
4.52)

Now, defining

z(A) = B /;#o( 7 S Or Fy ;/k#) (;l; o3 (AL Fk)] (4.53)

2\ = %/I#OSTP¢§(A,€1+<A—1)F,€). (4.54)
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The expression (4.52), in a similar fashion to (3.10), simplifies to the desired
result

<¢k (Hip — >0
1 fD(b ¢k |: fu;éo (]52F :| —z(\)
Q | D¢ e

1 [ Dod? —z(A)
= o0 [l Pa ] + o (e =), ()

A=1

The quantity in the brackets is given by

1 ID¢¢2 _%fk;éO (;lST;CS(ﬁ%(Agl"F(/\_l)Fk)

ngb e ka;éo (Q,r)g k(AL +H(A-1)Fy)

1 Juk ID¢ e ? fkl’éo (2")3 s

f Doe ? 2 fie 0 o

(4.56)
following the same procedure as in (1.50), (4.56) reduces to
| o e G
L d
Q e_%fk’#o%ln“k’
16 / >k 1
= ————— n ’
20/ Jrwpo (27)° o
1 3K 1
=—— oK — K
9 /k/;ﬁ(] (271_)3”]6 ( )
1., _
=3 (A + (A= 1)F ] (4.57)
Therefore,

(QF(Hia — h))y — (B0 (R (Hiz — b))y = Oa [A7 + (A= 1) F] ™" (4.58)

where ) is set to unity thereafter. Equation (4.41) requires that the right hand
side is equated to zero which implies Fj, = 0. According to (4.50) we have

Vit = A+ 00, =0 (4.59)
giving us the quantity of interest

Vie

AL = .
: 14 pVik(Ax, 11)

(4.60)
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Vilgis and Borsali (42) showed that for the system under consideration

Vi = (w+ e ) (4.61)

k2 + K2

where w,w, and x are respectively the excluded volume strength, Coulomb
strength and the Debye screening length. Thus the effective interaction is
given by

N U= N
1+ p (w+ 7%) Ge(Ax, 1)

(4.62)

4.2.2 The Effective step length

Our primary goal has been to determine the renormalized step length under
various salt and concentration regimes. This we pursue in this section with a
construction closely similar to that of Chapter 3 but for more general type of
interactions presented in (26). The distribution function of the labeled chain

) 3 X [OR\?
K = D = Zr
/ Rexp{ 21/() ds(&s)

.y : [ “isas | ) s AeKR(s) - R

as in (3.5) then becomes

St ()

L 11/ )
_21? /OL /OL ds ds' /k#) (;F)Tk)gAk exp(ik[R(s) — R(Sl)])} :

(4.63)
Writing R(s) in its Fourier representation
R(s) = Q—Rq exp(igs) (4.64)
oo 2T
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leads to

0 27 ) o
= / —ﬂ/ dq'i’q¢ RRy5(q + )
*dg < dg , *
-/ 2t RqR—q‘/m or ! el
dq 9o
= —q°R;. 4.65
= (1.65)

Therefore, the generating function becomes
_ R’
K = /'DReXp —§/ dq
2 ) . 2mg(q )
1 1
oo G )
2 (@) 90
d3k
ds ds' A
212/ / ’ /k;é() (2m)? *
L [T dg . .
x exp |ik 2—Rq exp(iqs) — exp(igs’)
oo 2T
_ 3 [~ dg R?
K = /DRexp{——/ ——q—X} 4.66
2 ) 2mg(q) (469
where g(q) = 1;/¢* and X is defined by
3 dgq 1 1 9
X = = R
2/ 2r ( (q) Q)) !
3
/ / ds ds’ / 'k Ak
2l2 k0 27T)

*d
X exp {Zk/ 2—qRq exp(igs) — exp(igs’)
oo 2T
(4.67)

In order to make progress from this point onward we employ the maximum
entropy condition (33)

1 48 _
—_—— = h =kpln K 4.
kT 09(q) =0 where S=kgln (4.68)

at equilibrium. A key construct to this program is the inequality relation

(exp(—)) = exp (—z) (4.69)
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that we apply to the generating function (4.66) with the consequence
0o d R2
/DReXp{—§/ 4 —X}
2/ 2mg(q)
3 [* dg R?
> [ DR —= ——L (X
_/ eXp{ 2/_00 2m 9(q) < >g}
(4.70)
where
3 (oo dg R
= (4.71)

(X)

ooﬂRg

.=
fDReXp {_% ffoo 27 g(q)}

The entropy function is obtained by taking the logarithm on both sides such

that
00 RQ
kg lIn {/DRexp{—§/ @—q —XH
2 J o 2mg(q)
3 [ dq Rg
> _- i} _
> kpln [/DReXp{ 2/_00 27 9(4) (X),
(4.72)
or rather
3 [ dq Rg
> S - S A . .
S > /{;Bln{/DRexp{ 2/_0027rg(q) (X), (4.73)
Now, applying the extremum condition (4.68) we have
0 3 [~ dq R?
——kpln /DReX {——/ ——L (X }} =0
[ PR3 [ g - o0,
aol /e {3 Sl] - &
In DRexpl —= —_— = — (X
d9(a) { P12 ) 2n(0) d9(q) 0,
(4.74)

this forms the principal construct in the derivation of the renormalized step
length equation. The task remaining is to evaluate this expression. Beginning
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with the left hand side we have
5 o0 d Rg
W[DReXp{— JZ oozgg(m}
fDRexp{—%foooo ggrg(q)}
oo oo d 3
fDRexp{—% o 5 )} {_% Oozgrg(q)}
0o R2
fDRexp{—%f 00 ggg(q)}
oo R2 > B
[ PR {3 /7% 82} {3 2 SRy o))
) 300d (4.76)
fDRexp{ ) ooQ;Irg }
[ au R 0 -
fDReXP{ OOSZ'Q }{% oocéerz[( )] 25(6],_@}
B — (4.77)
fDReXp{—§ f—oo %g(q)}
R2 0 R}
S Tdr i |3y exp {3 S0, 2255 } (4.78)
= o R2 ' .
JT1,dr gexp {3 [ 278}

Discretization of the integral in the exponent where now ¢ — ? and perfom-
ing the Gaussian integrals we have

(4.75)

- = (4.79)

2m
fdr ¢ €XP { s R2CLY)

Our next focus is the evaluation of the right hand side of (4.74)
L<§/°°@( ! _L)Rz
d9(q) 2m \gola) 9(g)/) "
3k *d , ,
212/ / ds ds' /kio o) Ak exp [zk /_Oo %Rq exp(iqs) — exp(zqs')1>
> dq ( 1 1 ) 2>
— -— | R
< /_oo 2m \goq) 9(a)) 7/,
L

3
2
1) 1 L Bk < dq
(= ’ AR A K dq . B , |
"oy q><212/o /o bl /k;éo @mp P {Z /_m o TR0 ©XP(igs) — exp(igs >]>

g

(4.80)

g
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The first term is computed as follows

) <3 / dq ( 1 1 ) R2>

6g9(q) \2 2 \gola)  9(a)) "/,
oo dqg’ 0o d RZ
s [UPR{ESLE (G - ) R e {3 s
= = .
59(61) fDRexp { e 27qrg q)}
(4.81)

discretization of the term in the exponent leaves us with standard multiple

GGaussian integrals
§ /3 [®dg ([ 1 1Y\ .y
sta o G~ ) %),
o [y {5 % (Gt — ) By oo
prdrpeXp{ 23 P(t—}
P

~ R}
—o0 g(p

}_
(4.82)

3 ooR2_
__L

3
2L

D fHdr{ (9o<p>_ ) }

dg(q) prdrpeXp{—ﬁz_oom} |

(4.83)
o [ S (G - ) B e { ) @584)

dg(q) I fdrpexp{—%gR—E’)}
(4.85)

where we use the Gaussian integral as the generator to get
4] 3 d 1 1 9
sta ) s (@~ 7m) Rq>g
i < [9)
:W%;{ggoé)—q (4.86)
4] 3 [*d 1 1 2\ L

e ) 5 (o - @) Rq>g Tot
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Then as for the second term of (4.80) we have

<2l2 / / ds ds’ /k r f’; Ay exp [Zk /_ Z IR, fexp(igs) — exp (iqs')]D
ok {2l2/ / Ao s /kﬂ%“
X exp [zk/m%R [exp(ZQS)—exp(ZQS)]” p{ / ;ZZ;({;)}
= foren{-3 [ 2]
_ @ [/Hdrp{Q—;/oL/OLdsds’ /k;,éog)TkpA’“

Xexp[ . ZR { <2m S)—exp <2wzps’)uexp{—%i;g’)}

g

(4.90)

3 «— R?
—/Hdrpexp{——z—p ]
. 2L~ g(p
(4.91)
B 5 fdrp{zz2 fo fo ds ds' fk;éo )3 Ak}exp{ %%}
5g(¥) , [dr, exp{ QLQP(L%)}

: o oring!
X exp {%k ‘R, {exp ( W[ips) — exp ( szs )H

i TipS Tips’ R;%
oo o ) (2] 25

R2
» fdrpexp{—%mf)}

After completing the square for the R, variable to evaluate the Gaussian in-
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tegrals we have (4.92) equivalent to

B 1okt , 4’k 9K [ ios ios\?
5 (@) {ﬁ/ / ds ds /k;so—ZW = A XHeXp{—G—L (e —e > }
0 d3k o\ 2
0 2z2/ / b /k#o (2n)? A’feXp{ 6L29 G )H

(4.93)
B (Sgéﬁ 212/ / s ds LOZ—SA’“

k2 dq ’ iq's iq's’ 2
XeXP{—E/Qﬂg(Q)< —¢ ) H
B A3k 9 gias 2
_ 12[2/ / ds ds' /k?éo o Ak/c( )
d

k2 / iq's iq's’ 2
xexp{—g —ig(q)(eq — e )}
3 Mo o
_ 2//dsds/ TE Ak sin? <M
12 s (27)° 2
K2 fdqd . ., ({qd(s—5)
xexp{—gfgg(q)sm (T)}
3 Moo o
- 2//dsds/ dkA k? sin? (M)
12 k;éo 27)3
K> [dd 1 (q) . 5 (¢ (s—5)
XeXp{—g/‘g?Sln (T)}

(4.95)

Combining this result and (4.79) as well as (4.89) we therefore arrive at the
integral expression that one has to solve to determine the approximate renor-
malized step length given here

(5~ i)
= 12[2/ / ds ds' /k;so d3]§ Ay k* sin® </(8_8>)
xexp{—%Q/g—illé—zl)sinz (—q/(SQ_S,))}.

(4.96)

Evaluating this expression require numerical methods in general except in some
limits. At this point we shall quote the analytic results given in the reference
paper (28) for different salt and polymer concentration limits.
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4.2.2.1 High salt limit

The approximate analytic results for high salt condition where the effective
interaction takes the form of (1.67) with a slight modification

A(r) = (w + %) {5(7") — fréfer/& (4.97)

where w,w. and k are respectively the excluded volume, Coulomb strength
and the inverse Debye screening length a parameter depending on the charge
density of counterions and salt ions. & is the exclude volume screening length
depending on polymer segments concentration p and w + 5.

e Infinitely dilute solution

Within this salt limit when the polymer concentration p — 0 which
corresponds to & — oo we have

/1 1\ 1 /6 We\ 1
T (7_5) =\ = (w+§) L (4.98)

e Approaching the overlap density

When the polymer concentration p approaches the overlap concentra-
tion p* we have

1 1 c i 1
I, = _1\/554 (w+w_2>4p*%r§
22 V T K

1 3 3 We\~F 3, 1
fl = 2—2\/;52 (w—i-?) 4p il 2, (499)

e Concentrated regime

Above the overlap concentration we have

w+ % 1/2
L = 1+0 R
' " ( pl* )

& = | <6p <w + %))W . (4.100)

4.2.2.2 Low salt limit

The approximate analytic results for low salt condition where the effective
interaction is given by both screened and oscillatory expression

A(r) = % cos (——\/;5 ) eIV, (4.101)
2

&y is the correlation length depending on polymer segments concentration p
and Coulomb strength w..
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e Infinitely dilute solution

Within this salt limit when the polymer concentration p — 0 which
corresponds to & — oo we have

1 1 1 We\ ;3
- = — — ) L=. 4.102
(l ll) \/gﬂ'%lQ <w * /€2> ’ ( )

e Approaching the overlap density

3
2
I

When the polymer concentration p approaches the overlap concentra-
tion p* we have

2/3
ho= \@(%) (%) " o
1/3
o -5 (GQ (S e

e Concentrated regime

Above the overlap concentration we have

Wi/t
_ c —3/4
- z+o<W />

~1/4
£ — (6’;;“"0) . (4.104)

4.3 The force driving translocation

We shall discuss translocation upon three regimes, namely, translocation be-
tween high and low salt in infinitely dilute solution, again translocation be-
tween high and low salt,however, for semidilute solution and finally transloca-
tion between concentrated and infinitely dilute solutions in both salt limits.

4.3.1 High and low salt limit — infinitely dilute solution

In this section we shall investigate the translocation from a high salt to a low
salt solvent conditions for infinitely dilute concentration. We shall do this, as
before, by determining an approximate force driving translocation.
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High salt case on the trans-side

The renormalized Kuhn length from (4.96) is given by

5 (1] 1 1 6 w, 1
2l=——=)=24/— =\ L 4.105
! (z+ zl) 2\ (0+35) 12 (4.105)

1
which shows the I; ~ L3 scaling relationship. We write the solution to this
expression as

1
Iy ~ L% (4.106)

thereby resulting in the trans-side free energy, with the new renormalized step
length accounting for the chain interactions in high salt conditions, given by

L%/° 6
Ty erf \/—6

0 \/ yL3/®

F+ = —kBTln

(4.107)

Low salt case on the cis-side

If, in contrast to the trans-side, we have low salt conditions such that the
renormalized step length of the chain is given by (4.102)

s (1 1 1 ( wc) L%
e i 4.1
i (l n) T e TR (4.108)

which shows the [y ~ L — L, scaling relationship. We write the solution to
this expression as
li~n(L—Ly). (4.109)

Therefore the cis-side free energy follows from (2.13) as
(L — Ly )? V/6e
erf :
6 n(L—Ly)?

The total free energy is thus given by

F = —k’BThl

(4.110)

16/5
F(Ly) = —kgTln ”6+ erf %66/5
vL

—kBT In

m(L — L+)2€rf V/6e
6 n(L — Ly)? '

(4.111)
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The force driving translocation then follows as

_ 6e2
1 6\/§€e "’Li/d
f = ng —
[ r6/5 /Be
L+ ’}/L+ erf (\/’y—;?>
_ 6e2
R L Ve T
‘ L—L,)L
L — L.)2)32¢rf V6e ( + +
A )

(4.112)

The force profile corresponding to this modelled situation is shown in Figure
4.1.

0.0001 -

0.00005 |

20 40 60 80 100

—0.00005 -

Figure 4.1: The force profile for translocation between high and low salt con-
ditions in infinitely dilute solution.

In this scenario of infinitely dilute polymer density between high and low
salt the threading traverses till 70 units towards the high salt side. The rate
of translocation is also enhanced as depicted in Figure 4.1.

4.3.2 High and low salt limit — semidilute solution

In this section we shall investigate the translocation again from a high salt to
a low salt solvent condition, however, for semidilute concentration. We shall
do this, as before, by determining an approximate force driving translocation.
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High salt case on the trans-side

The renormalized Kuhn length from (4.99) is given by

1 6 1 We\a -1 -1
ll = 2—411\/;54 (’w—i‘ﬁ) p+4l+2

L = 612 (4.113)

=

and a screening length relationship

1 /3 s we\"i -3
51:2—2\/;54 (w—i-?) 4p+ !

thereby resulting in the trans-side free energy, with the new renormalized step
length accounting for the chain interactions in high salt conditions, given by

| -1
F, = —kgTlh m”6 L+erf Ve
\/§1 2L,

Low salt case on the cis-side

D=

(4.114)

(4.115)

If, in contrast to the trans-side, we have low salt conditions such that the
renormalized step length of the chain from (4.103) is given by

6v/2 * B o 1 1.2
o (—> \/é“%)w“
L o= pls (4.116)

and the screening length relationship

() B e

Therefore the cis-side free energy follows from (2.13) as

“S(L-L
F. = —kgTln \/Wﬂl 3<6 +)erf Ve
VAT

(4.118)
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The total free energy is thus given by

_lL
F(L,) = —kgTl \/7”” Lo [ VO
6 N =

—kpTIn \/“‘ AL~ Ly) Ve

erf

6 2
NARIRS

(4.119)

The force driving translocation then follows as

612/3¢2

1 /618 Tee” FERE
fo= kT ey dlee —
VR (L - L)t ()
w(L—Ly)
NE
B 2\/65\472667% L—2L,
v\ (L—Ly)L
VT (0L, ) 3/ %erf (%) ( +) L+
(4.120)

The force profile corresponding to this modelled situation is shown in Figure
4.2.

0.0004 -

0.0002 -

—0.0002

—0.0004

Figure 4.2: The force profile of varying [ from small to large for high-low salt
translocation in semi dilute concentration.

In the semidilute regime electrolytic conditions asymmetry do not seem to
have any significant bias on the translocation force bias as shown in Figure 4.2
except for the steepening of the force profile.



Stellenbosch University http://scholar.sun.ac.za

CHAPTER 4. POLYELECTROLYTE CHAIN 58

4.3.3 Infinitely dilute and concentrated solutions

We have seen that in the concentrated regime for both salt limits the renor-
malized step length is essentially reflecting Guassian chain statistics and it is
given by l; = [,. Therefore the free energy expression of the trans-side is given

by
[l Ly orf V/6e
6 Vi Ly

On the other hand we have already determined the free energies of infinitely
dilute concentration for both salt limits as shown in equations (4.107) in the
high salt and (4.111) in the low salt. Combining the free energies for either
salt concentration for dense polymer regime and high salt infinitely dilute
solution and for either salt concentration for dense polymer regime and low
salt infinitely dilute solutions we, respectively, have

4
—kpT In {,/m“erf(\/ﬂ )
Ly Ly

—kpTIn | ) THEL) o <—¢5€ )}

\V/Y(L—L4)8/5
_ mly Ly
kgT In {\/ erf (\/l+L+>]

_ mn(L—L)? V6e
kgT In {\/ 5 erf (\/n(LLJr)?)] .

(4.122)

F. = —kgTh

(4.121)

\

The force expressions then follow from this equation as as

s _ ge2
1 LT 10\/Eee Ly
10 \/Li/Qe f(ffL )
_ 652
24/ 8ee y(L—L4)8/% _
16 V& | SL-llly

_ Ser V6e L-Ly
f(Ly) = vt s

6c2 6e2
2\/7 2¢ "(E-L4)? ¢ T
( Vn(L— L+)2€rf(\f([€L )) \/Li/2erf( \/%)

L-3L,
T (L—L+)L+) :
(4.123)

\

The accompanying force profiles are shown below in Figure 4.3
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f
0.00020

0.00015 F
0.00010 |

0.00005

- 0.00005 |-

- 0.00010 F

- 0.00015 -

Figure 4.3: The force profiles for concentrated to high and low salt in semi
dilute concentration with high salt on the left.

The translocation to the infinitely dilute polymer concentration in the high
salt limit does not show any significant bias. However, when in the low salt
limit the bias is clearly illustrated where the chain progresses 75% to the
concentrated side at a slower rate contrast to the case of both sides being of
infinitely dilute concentrations. Thus the density asymmetry is manifested
through the rate of translocation.
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Chapter 5

Polyelectrolyte chain under
attractive wall confinement

Short range adsorption behavior of Gaussian chain models has been investi-
gated to a large extent (31) with experimental results achieved. When in-
teractions such as excluded volume interactions are present the description of
the adsorption behavior becomes difficult to determine (2). In this chapter
we shall model the polyelectrolyte chain translocation in the presence of an
attractive wall of uniform charge density o in the regime where the effects
due to counterion condensation on the chain and on the surface respectively
obtained by Manning and Gouy-Chapman theory (31) will not be taken into
account. This is an initial investigation where the role of the length variation
upon the adsorption is not considered. We will do this by again employing
the approximate method of effective step length to account for other interac-
tions excluding the surface chain interactions. This enables the separation of
variables, that is, the probability distribution function can be written as the
product of three functions, each of single real space co-ordinate. The result
of this is the two dimensional diffusion equation with a renormalized Kuhn
length and a one dimensional diffusion equation, of renormalized step length,
with a surface chain potential.

5.1 Formulation

The strategy we are pursuing here closely follows the work of Wiegel (45).
We have discussed in the preceding chapter the effective Halmitonian of a
collective system of charged polymers. That is, the probability distribution
for the polyelectrolyte chain interacting with an attractive potential can be

60
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modelled as
Ry(L)

L 2
GR,L) = /R-(O) DR(s)eXp{—%/o ds (%—S)

i /OL /OL ds ds' A (R(s) — R(s)) — B /0 ) d2sz—2€—m}.
(5.1)

The last term represents the surface-chain segment interaction where r is the
distance between chain segment R(s) and the wall, k is the inverse Debye
screening length, d?S is the surface element area, ¢ is the dielectric constant
and () is charge of each monomer segment and finally r is the distance from
the wall to the segment R(s) of the chain. The renormalized step length ap-
proximation method and Feynman-Kac theorem allow us to map the problem
to (27)

ﬂ - l_1v2 4 BQWO_Qe_KZ

oL 6 ekl
where the chain-chain and chain-solvent interactions are encapsulated in the
effective step length [; with the exclusion of the surface-chain interaction.
Fortunately, we have already computed this effective step length using a varia-
tional method approximation in Chapter 4. Upon the separability assumption
the solution can be written as

G(R(s),Ro; L) = G(x,x0; L)G(y, yo; L)G(z, 20; L) (5.3)

where Ry = (0,0,¢). The solution can then be derived from the two dimen-
sional diffusion equation in x and y, of renormalized step length, together with
the eigenvalue problem

G(R(s),Ro; L) = 6(R(s) — R(s))d(s — &) (5.2)

e 52 ) = B2 (5.4

for the z coordinate which has the boundary conditions
Um(z =0) = (2 — 00) = 0. (5.5)
The z-component of the Green function can be expressed as the expansion (44)
G(2,20,L) = > m(2)05, (20)e b (5.6)

The transformation of this equation, see below, produces a Bessel differential
equation which has Bessel function solutions J,(£). The z and y Green’s
function component is

3

3
G(Ryy, Ro, L) = on Ll exp {_QLZ1 [ﬁ + yQ] } (5.7)

Then the remaining task is to determine the eigenfunctions and their corre-
sponding eigenvalues for the z component.
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5.2 Adsorption Behaviour

An analogy to the quantum mechanical problem of a particle in a box with
the potential (35)

2mloQ| .

V) = = el

suggests two regimes of different characteristics. The regime where 5 < 3. the
potential has no bound states(adsorbed states). Where (. is a certain critical
value. As for the case where § > (3. the potential has at least one bound state.
That is for T' < T, there is a bound state with a ground state energy Ej. In
the limit L — oo (8)

G(z,20,L) = > m(2)5,(20)e b

G(z,z0; L) =~ ¢0(z)wa‘(z0)e*E0L

(5.8)

(5.9)

where the sum is then dominated by the ground state term where

N 487|o Q)| : s
Yo(2) = Jy, ((m) e ) (5.10)

as will be discussed shortly. 1y is the value corresponding to the ground state
energy, (see (5.19) below). This eigenfunction is derived from the transforma-
tion of (5.4) by

o(§) = ¢(z) 1 (5.11)
487|o 2
& = (ijing ©’ (512)
since
a2 d2¢ d de\? o>
. d—d—s+(d—> i
(5.13)
and
de\ 2 487 |0 I ’ K2
() -{ (o) 5] -
(5.14)
while

1
P _ ([ a3moQ) VPR ] R,
dz2  \ kgTerdll; N

(5.15)
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therefore

I, &? 2mo@ _,..
[—E@—B oril € }¢(f)

| L@ d | (dE\ &P 210Q .
- l‘% (d_d_§+<d_) E) T ]W

KL Ld & 4810 () _RZ] o(6)

R {Ed_§+d£2 el

(5.16)

which eventually transforms (5.4) the eigenvalue expression to the Bessel equa-
tion (44)

¢  1do A
B Tk 14+ = =0 5.17
d52+§d5+<+52)¢ (>47)
upon the definition
)= 24F
I{2l1

with the boundary conditions
6(0) = 0 (5.18)
1
48m|le@| \ ?
Pl = 0. 1
¢ <(l€BT€Ii3”1> ) 0 (5 9)
The regime that has a bound state (adsorb) is a solution to the differential

equation when A < 0. The solutions to this equation is given by Bessel func-
tions of the first kind (45) that is

(&) = Const x J,(&) (5.20)

where v is determined by solving (45)

487|o Q)| 2
Pl e = 21
/J ((k‘BTEH?’lll) ) / 521)
(5.22)
upon the condition that

A=—-12  v>0. (5.23)

This expression shows that the ground state energy Ej corresponds to the case
where v = V4 =: 1. This value is obtained for the first time when (45)

( 487|o ()|

3
SOOIl )T o) = 2.4048. 5.24
/cBTm%) Jo1 (5:24)
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The solution(s) which corresponds to the bound state (s) to this algebraic
expression thus exists only when

%
) > joq = 2.4048. (5.25)

487|o ()|
]{EBT€I€3”1

The critical temperature 7, between the adsorbed and unadsorbed state then

follows as
4870

= . 0.26
jalk’BEH‘glll ( )

C
This equation determines the critical point between the state of adsorption
and unadsorption to the surface. In the limits of low and high salt we have
shown the values of the renormalized step length [; at infinitely dilute solutions
so that the critical temperature is determined by

1 k=0
T. ~ 1 (5.27)
EKJT(J?LIUS k(Ll)?2 — oo.

This illustrates that in the strong screening case, which corresponds to the
flexible chain, achieving adsorption would require greater temperature reduc-
tion when compared to the rod-like chain limit of low salt. This expressed
differently, when the excluded volume interaction dominates the electrostatic
interactions the critical temperature scales as

T, ~ L5. (5.28)

5.3 The force driving translocation—adsorbing
trans-side and hard wall cis-side

Here we approximate the free energy in a scenario where the trans-side has
an attractive wall contrast to the cis-side which has the hard wall. The free
energy of the cis-side is given by equation (2.13)

F_(Ly) = —k:BTln{ Wl'(L(j_ LJr)erf( (L\/—EE[,+)Z_> } : (5.29)
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We can now estimate the free energy F, of the trans-side from equation (2.3),
(5.7) and (5.9) as follows

Z, = /dr /dROG(R,RO,L+)

0 3 3
Z, = dxd 2P
+ /_OO vy (27TL+11> eXp{2L+l1 [ 4y ]}
X/ dz1po(2)1hg (20) e P00+

_ e 48m|o Q)| R 48m|o Q)| P
7. = EoL+ dzJ, —— =l 2 * 7 x 2
+ € /6 ZJO ((k‘BT&fliS”l) ‘ ) Jyo ((/{JBTSI{Slll ©

(5.30)

substituting Ey from (5.17) and (5.23) we have

Z, = ——2Ly o i |\ ) €72
* eXp{ 24 *} o ((kBTm?’lll) ©

o0 48m|o Q)| P
dzd,, | [ —2E9% 7). (5.31
X/e “Ju ((l{:BTem?’lll) ¢ ) (5:31)

The integral of .J,,, above, in the limit where L is large such that the argument
is small, is divergent. However, since our interest is on the logarithm of this
expression we then conclude that

2l 2
F, ~ kyTa (” 211”0> L. (5.32)

I 4877—‘0—@‘ % -5
a=J ((kBT€/£3lll) e > : (5.33)

In the following sections we shall determine the full approximate translocation
force expressions using the combination of these free energies (5.31), (5.34)
and the derived renormalized Kuhn lengths.

where

5.3.1 High and low salt limits — infinitely dilute solution

e High salt
In a similar token as in (4.106) the renormalized step length of the at-
tractive wall side is given by

I, =LY (5.34)
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Therefore, by combining (5.31) and (5.34), the total free energy is given
by

24

—kgTIn { m(L = L+)erf < Ve ) }
6 (L— L)L

—kBTln{ m(L — L+)erf< Ve ) } .
6 L L)L

(5.35)

2l 2
F.(L,) = kpTa (“ 1”0)L+

We then deduce the force that drives translocation as

1
f = ——kTays*3/ L1

20
62
. gﬂeem .
kT +
1 [(L— L) et (L) Ly =L
IW/I—L;

(5.36)

This force is depicted in Figure 5.1 below
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~0.06 |
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20 40 60 80 100

Figure 5.1: Force profile for translocation between the attractive wall for in-
finitely dilute high salt limit side and theta conditions.

e Low salt
In a similar token as in (4.109) the renormalized step length of the at-
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tractive wall side is given by

I, = L. (5.37)
Therefore, by combining (5.31) and (5.34), the total free energy is given
by

24
—kgT In { mi(L — L+)erf ( Ve ) } )
6 (L— L)L

We then deduce the force that drives translocation as

652
) 12 /See P07
(L — Ly)3erf (L)

6
In/L—L+

2 2
F(Ly) = kpTa (“ ””0) 2

6
L, —L

—ak*nL v+

(5.39)

This force is depicted in Figure 5.2 below
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—14f
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Figure 5.2: Force profile for translocation between the attractive wall for in-
finitely dilute low salt limit side and theta conditions.

5.3.2 High and low salt limits — semidilute solution

e High salt

In a similar token as in (4.113) the renormalized step length of the at-
tractive wall side is given by

I, = 61742, (5.40)
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Therefore, by combining (5.31) and (5.34), the total free energy is given

by
257-1/2, 2
F(L,) = kgTa (M> L.
24
hpTIn 4y TEE L) Ve .
6 L — L)L
(5.41)

We then deduce the force that drives translocation as

_ 652
;o 1k‘T 24\/%‘?6 HE adk*v? 12

+
2\ (L - L) 32ert (IL) Vi Le—L

/L-L;

This force is depicted in Figure 5.3 below
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Figure 5.3: Force profile for translocation between the attractive wall for semi-
dilute high salt limit side and theta conditions.

e Low salt
In a similar token as in (4.113) the renormalized step length of the at-
tractive wall side is given by

Iy = pl=%3, (5.43)
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Therefore, by combining (5.31) and (5.34), the total free energy is given

by
2,7-2/3 2
F(L,) = kgTa (%—4”0) L,
Tl 4y JTEE L) Ve .
6 L — L)L
(5.44)

We then deduce the force that drives translocation as

_ 652
PR 24/ Sec PO ot 12

_I_
24 2/3 L, —L
I(L— L,)%2ef (%) l +

L—-Ly

(5.45)

This force is depicted in Figure 5.4 below
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Figure 5.4: Force profile for translocation between the attractive wall for semi-
dilute low salt limit side and theta conditions.

The result from the profiles derived above is that the active wall enhances the
translocation in general. In the infinitely dilute density condition the role of
salt concentration is depicted in Figure 5.1 and Figure 5.2. The semidilute
case displays a nearly constant rate of translocation. In both scenarios above
95% of the chain thread through.
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Chapter 6

Summary and outlook

6.1 Summary of results

Our discussion is mainly based on the force profiles we have derived. We have
computed the force that drives translocation under various conditions on the
basis of the method of images. The implementation of this method is only
limited to Markov chains. Thus we followed the renormalization of the step
length approximation. In the second chapter we illustrated this strategy for
the phantom chain. As intuitively expected, the translocation force reaches a
minimum when the chain has threaded half of its length. We then numerically
shown in Figure 2.3 how far would the chain translocate to reach the minimum
force. This was illustrated by varying the Kuhn lengths by 0.5 units in each
side as a reflection of different solvent conditions. In this figure we understand
the gradient of the force as function of length L as well. In contrast to the
symmetric case the chain threads to by 25 units of length in this particular
example with the length chosen to be 100 units. That is, the chain will further
thread a 25 units to the side of 0.5 units step length.

In the following chapter we analytically estimate the renormalized Kuhn
length for a chain under good solvent conditions threading to the cis-side of
theta solvent conditions. We follow a similar program as before and conclude
that, as shown in Figure 3.1, that the chain will thread further from the weak
excluded volume strength to 30 and 20 units for an increased volume strength
to respectively, 3 and 60 units. This we find interesting since it demonstrate
sometime somewhat complex relationship between the translocation force and
excluded volume interaction strength and hence the translocation time. It
is also worthwhile to note the rates of translocation for the different regimes
depicted on the same figure.

The essence of the analytic calculation of the renormalized Kuhn length
that we outlined in Chapter 3 is taken a step further for the case where the
electrostatic interactions play a role. There exist various regimes of salt con-
centration and chain densities. We considered three cases after the derivation

70
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of the generic integral expression describing the renormalized step length. The
three situations are those of translocation between high and low salt condi-
tions for the infinitely dilute conditions on both sides of the partition and
semidilute conditions on both sides of the partition. Also, the translocation
between the concentrated solution condition to the high and low salt limits
of infinitely dilute conditions. In the first scenario of infinitely dilute polymer
density between high and low salt the threading traverses till 70 units towards
the high salt side. The rate of translocation is depicted in Figure 4.1. In the
semidilute regime the electrolytic conditions asymmetry do not seem to have
any significant bias on the translocation as shown in Figure 4.2. The effect of
polymer density asymmetry is illustrated in Figure 4.3. The translocation to
the infinitely dilute polymer concentration in the high salt limit does not show
any significant bias. However, when in the low salt limit the bias is clearly
illustrated where the chain progresses 75% to the concentrated side at a slower
rate contrast to the case of both sides being of infinitely dilute concentrations.
Thus the density asymmetry is manifested through the rate of translocation.

The result from the profiles derived above is that the active wall enhances
the translocation in general. In the infinitely dilute density condition the role
of salt concentration is depicted in Figure 5.1 and Figure 5.2. The semidilute
case displays a nearly constant rate of translocation. In both scenarios above
95% of the chain thread through.

6.2 OQOutlook

It would be interesting to study the role of the geometry of the confining surface
such as that of a curved sphere to translocation, possibly, in conjuction with
adsorption. These curved geometries are encountered in biological systems. As
a motivating example, Alexander (1) found that adsorption on curved surfaces
changes the density profile of the adsorbed polymer chains. A fluctuating
surface would be a good model to bio-membranes.

As a further study, the hydrodynamical aspect would be a natural follow-
ing step where coupled Navier-Stokes and Langevin equations would have to
be solved to determine quantities such as the segment-to-segment correlation
function.
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Appendix A

Structure function

The integral

L L 112 ’
/0 ds/o ds' e~ sk 15—l (A.1)

upon the transformation

becomes

L L .
[ [ ot
0 0

1 1
= L2/ da/ do’e=elo=7'l (A.2)
0 0

1
T=0-0 andS:i(J—f—a')

and further

which has the Jacobian equivalent to unity. This yields

1 1 /
L2/ da/ do' e~ o=l
0 0
1/2 25
= 2L° / ds / dre Il
0 25
1/2 0 28
= 2L2/ dS [/ dTe‘”—F/ dTe_‘”}
0 28 0
1/2 28
= 4L2/ dS/ dre 7
0 0

412 1/2
Y

a Jo
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this results to

L L 11,2 / 2
/ ds/ ds e"s¥ =5l — 12 — (—1 + o+ e_o‘)
0 0 «
= L*f(a)
L2
14+ /2
L L 2
/ ds / ds' e~ ¥l — _Lk%
0 0 1+

12

(A.4)

where we have used the Debye function approximation (8) for f(«).
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