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Summary

Subdivision is an important iterative technique for the efficient generation of curves and
surfaces in geometric modelling. The convergence of a subdivision scheme is closely con-
nected to the existence of a corresponding refinable function. In turn, such a refinable
function can be used in the multi-resolutional construction method for wavelets, which

are applied in many areas of signal analysis.

As an introduction to subdivision, we give in Chapter 1 a survey of some results in corner-
cutting subdivision for curves, and then the following Chapters 2 to 6 are devoted to the
topic of interpolatory subdivision for curves. First, in Chapter 2, after discussing Dubuc—
Deslauriers subdivision, we introduce a general class A, . of symmetric interpolatory
subdivision schemes with the property of polynomial filling up to a given odd degree
2v — 1. Also, we show in Theorem 2.7 that any member of A4, is uniquely expressible

in terms of a finite sequence of Dubuc—Deslauriers schemes.

In Chapter 3, we present two construction methods for convergent schemes in A,,,. The
first method is based on the sampling at the half integers of a finitely supported function
Q with appropriate properties, and the second method uses a Bezout identity containing

a Hurwitz polynomial H.

We proceed to develop, in Section 4.2, and as ultimately stated in Theorem 4.8, a sufficient
condition, consisting of two inequalities, for convergence, which provides an alternative
to a well-known existing condition due to C.A. Micchelli, and which is then shown, in

Section 4.3, to be applicable for certain subclasses of A, .

Next, in Chapter 5, we introduce, as an extension of Dubuc—Deslauriers subdivision, yet
another construction method for schemes in A, ,, as based on the sampling at % of a
certain fundamental interpolant sequence, and for which, as stated in Corollary 5.7, an
efficient computational method is then derived by using the Dubuc—Deslauriers expansion

result of Theorem 2.7. In the setting of splines, we then show that our Theorem 4.8 yields
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convergence also for a subclass of subdivision schemes not satisfying the abovementioned

Micchelli condition.

All of the above subdivision schemes are based on the availability of a bi-infinite initial
data sequence. Since, in many practical applications, a given finite initial data sequence
can not be extended in a natural way to be bi-infinite, we develop in Chapter 6, for the
special case of Dubuc-Deslauriers subdivision, a modified subdivision scheme which is
equivalent to Dubuc—Deslauriers subdivision away from the boundaries, and in such a
way that the properties of interpolation and polynomial filling are preserved. Finally, in
Chapter 7, we use the results of Chapter 6 to construct boundary-adapted interpolation

wavelets, and then present applications in signature smoothing and image decomposition.

vi



Opsomming

Subdivisie (of onderverdeling) is 'n belangrike tegniek wat op 'n doeltreffende en vinnige
manier krommes en oppervlakke genereer in geometriese modellering. Die konvergensie
van 'n subdivisieskema is nou verwant aan die bestaan van 'n ooreenstemmende verfynbare
funksie. So 'n verfynbare funksie kan in die multiresolusionele konstruksiemetode van

golfies, wat toegepas word in baie gebiede van seinverwerking, gebruik word.

As inleiding tot subdivisie, gee ons in Hoofstuk 1 'n oorsig van sommige resultate van
hoeksny subdivisie vir krommes. Hoofstukke 2 tot 6 word gewy aan die onderwerp van
interpolerende subdivisie vir krommes. Eerstens, in Hoofstuk 2, na 'n bespreking van
Dubuc-Deslauriers subdivisie, stel ons 'n algemene klas A, van simmetriese interpol-
erende subdivisieskemas, met die eienskap van polinoomvulling tot 'n gegewe onewe graad
2v —1, bekend. In Stelling 2.7 wys ons dan dat enige lid van A+ op 'n unieke manier in

terme van 'n eindige ry Dubuc—Deslauriers skemas uitdrukbaar is.

In Hoofstuk 3 gee ons twee konstruksiemetodes vir konvergente skemas in A, . Die eerste
metode is gebaseer op die monstering by die half-heelgetalle van 'n funksie Q met eindige
steungebied en ander toepaslike eienskappe, terwyl die tweede metode gebruik maak van

'n Bezout identiteit wat 'n Hurwitz polinoom H bevat.

Ons gaan voort, in Afdeling 4.2, om 'n voldoende voorwaarde vir konvergensie, soos
uiteindelik in Stelling 4.8 geformuleer, te ontwikkel. Hierdie voorwaarde, wat 'n alternatief
tot die bekende voorwaarde deur C.A. Micchelli is, bestaan uit twee ongelykhede en word

dan in Afdeling 4.3 op sekere subklasse van A, suksesvol toegepas.

Volgende, in Hoofstuk 5, stel ons, as 'n uitbreiding van Dubuc—Deslauriers subdivisie, 'n
verdere konstruksiemetode vir skemas in A, voor. Hierdie metode is gebaseer op die
monstering by % van 'n sekere fundamentele interpolant, wat dan, soos geformuleer in
Gevolg 5.7, lei tot 'n doeltreffende berekeningsmetode, waarin gebruik gemaak word van

die Dubuc—Deslauriers uitbreidingsresultaat van Stelling 2.7. In die geval van latfunksies,

vil
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toon ons dan dat Stelling 4.8 konvergensie lewer vir 'n subklas van subdivisieskemas wat

nie aan die bogenoemde Micchelli-voorwaarde voldoen nie.

Al bogenoemde subdivisieskemas is gebaseer op die beskikbaarheid van 'n dubbel-oneindige
aanvanklike datary. Aangesien 'n gegewe eindige datary in baie praktiese toepassings nie
op 'n natuurlike manier na 'n dubbel-oneindige ry uitgebrei kan word nie, ontwikkel ons
in Hoofstuk 6, vir die spesiale geval van Dubuc—Deslauriers subdivisie, 'n rand-aangepaste
subdivisieskema. Hierdie aangepaste subdivisieskema is ekwivalent aan Dubuc—Deslauriers
subdivisie weg van die rante, en behou die interpolasie- en polinoomvullingseienskappe
van Dubuc-Deslauriers naby die rante. Laastens, in Hoofstuk 7, gebruik ons die resul-
tate van Hoofstuk 6 om rand-aangepaste interpolasiegolfies te kontrueer. Toepassings in

handtekeningvergladding en in beelddekomposisie word aangebied.

viil



Acknowledgments

I would like to thank the Mathematics and the Applied Mathematics Departments for
employing me during my doctorate and structuring my respective posts in such a way
as to allow me time to complete this dissertation; Charles Micchelli for inspiring sessions
of work and philosophy; Ben Herbst, for enjoyable afternoons of programming and idea
exploration; and, my promoter, Johan de Villiers, for his keen error-spotting eye and for
his invaluable guidance and help in so many aspects of this dissertation. Without your

help and support, this dissertation would not exist in its present form.

1X






Contents

Summary . . . ... e v
Opsomming . . . . . . . . . . . vii
List of Symbols . . . . . . . . . . .. xiii
1 Introduction to subdivision 1
1.1 Notation and general concepts . . . . . . . . .. ... ... ... ... ... 2
1.2 Cardinal B-splines and Lane—Riesenfeld subdivision . . . . ... ... ... 5
1.3  General positive masks . . . . .. ... 11
1.4 Nonnegative masks . . . . . . . . .. Lo L 15
2 The class A, of symmetric interpolatory mask symbols 17
2.1 Preliminaries . . . . . . . ..o 17
2.2 Dubuc-Deslauriers subdivision . . . . . .. ... 0oL 19
2.3  An existence and convergence result . . . .. ... 22
24 The general class A, . . . . ..o oo 27
2.5 The DubucDeslauriers expansion of A€ A, . . . . .. ... ... .. 35
3 Two classes of convergent subdivision schemes from A, . 41
3.1 The generating function Q . . . . . . . .. ... Lo 41
3.2 Choosing Q as a centered cardinal B-spline . . . . . . ... .. ... ... .. 43
3.3 The generating Hurwitz polynomial H . . . . . .. .. .. ... ... ... 46
3.4 Choosing Q as a fundamental interpolant . . . . . . . . .. ... ... ... 52

x1



Contents

4 Existence and convergence by means of the cascade algorithm 65
4.1 A family of mask symbols with zeros on the unit circlein C . . . .. . .. 65
4.2 A convergence theorem . . . . . . ... L 69

4.2.1 The cascade algorithm . . . . . .. ... .. ... L. 70
4.2.2 Sufficient conditions for existence and convergence . . . . . . . . . . 71
4.3 Examples . . . ... 83
4.3.1 The casesn =2 and n =3 of Section 4.1 . . . . . . ... ... ... 83
4.3.2 The Dubuc-Deslauriers case . . . . . . . .. .. .. ... .. .... 86

5 An extension of Dubuc—Deslauriers subdivision 89
5.1 The general construction method . . . . . . . .. .. ... ... .. 90
5.2 The resulting Dubuc-Deslauriers expansion . . . . . . . .. ... ... ... 96
5.3 The case where {fj :j € J,} are chosen as truncated powers . . . . .. . .. 104

6 Dubuc—Deslauriers subdivision for finite sequences 115
6.1 Construction of a modified scheme . . . . . . . .. ... ... ... ... 116
6.2 The refinability of the sequence {¢pj}. . . . . . ... ... ... 120
6.3 Convergence of the modified subdivision scheme . . . . . . . .. ... ... 124
6.4 An explicit formulation . . . . . .. ..o 124

7 Interpolation wavelets on an interval 129
7.1 Background . . .. ... 129
7.2 Decomposition based on interpolation . . . . . . ... ... 131
7.3 Decomposition and reconstruction algorithms . . . . . .. ... ... ... 135
7.4 Examples . . . ... 141

7.4.1 Signature smoothing . . . . . . .. ... 141
7.4.2 Two-dimensional interpolation wavelet decomposition . . . . . . . . 143
References 145

xii



List of Symbols

List of Symbols

Symbol

Definition
the set of natural numbers
the set of natural numbers < k
the set of integers
the set of nonnegative integers
the set of nonnegative integers < k
the set of integers j + 1,5 +2,...,j +k}
the set of integers {j,j + 1,...,j + k}
the set of integers {—k+1,...,k}
the set of integers j —k+1,...,j +k}
the set of real numbers
the set {x = (x1,%2,...,xx) : X3 € R,j € Ny}
the sum Z
jez
the set of complex numbers
the largest integer < x
the smallest integer > x
the linear space of bi-infinite real-valued sequences

the subspace of M(Z) consisting of those sequences in M(Z) with finite
support, i.e. a finite number of non-zero elements

the linear space of real-valued functions on R

the subspace of M(R) consisting of finitely supported functions in M(R)
(refinement) mask in My(Z)

support of the mask a, i.e. supp(a)={j : a; # 0}

the mask symbol, defined by Z a;(-)’ (a Laurent polynomial or a poly-

)
nomial) corresponding to the mask a € My(Z)

subdivision operator with mask a € My(Z)
subdivision operator, with mask a, applied r times
the resulting sequence after applying S}, to a sequence c

the backward difference sequence defined by (Ac); = Acj = ¢5 — ¢j_1,
jeZ,if c e M(Z)
the backward difference function defined by f — f(- — 1), if f € M(R)

xiil



List of Symbols

Symbol
A™f

Definition
the m-th backward difference function defined by A™f = A(A™ 1),
m > 2, if f € M(R)

V-1 (c]@] + c]@]) L jeZ, reZ., for e M(Z)

the supremum over all j € Z

the supremum over all x € R

the subspace of bounded sequences in M(Z)
the linear space of continuous functions in M(Z)
the subspace of C(R) consisting of all finitely supported functions

for k € Z,, C*R) = {f € M(R) : f0) € C(R), j € Z}, with the
convention f(© = f
the subspace of M(R) consisting of piecewise continuous functions

the linear space of bounded functions in C(R)
the sup norm for the linear space {*(Z) (or C(R))

the subspace of M(Z) consisting of those bi-infinite sequences ¢ € M(Z)
which are such that Ac € {*°(Z)

limit function of the subdivision scheme S,
refinable function with respect to a given mask
the linear space of polynomials of degree <n

the truncated power, where x¥ = x* if x > 0, and x¥ =0, if x < 0, and
with 0° =1

cardinal spline space of order m

cardinal B-spline of order m

the Euler—Frobenius polynomial Z NG+ 1)(-)
j

{2m14 (T) 1j € Z}, the refinement mask of N,

mask symbol associated with Lane—Riesenfeld subdivision S jm)
limit curve of Lane-Riesenfeld subdivision S m)

the Kronecker delta, equal to zero for all j € Z, except for &y =1
the Kronecker delta, equal to zero for all j, k € Z, except for 8;; =1
the sequence {§;:j € Z}

for k € J,,, the Lagrange fundamental polynomials of degree (2n — 1),
with respect to the interpolation points J,

Xiv



List of Symbols

Symbol Definition
dn Dubuc—Deslauriers mask of order n (satisfying the polynomial filling
property for p € 7o, 1)
D, Dubuc—Deslauriers mask symbol of order n
ob limit function of the Dubuc-Deslauriers subdivision scheme Sq4,
D Dubuc-Deslauriers refinable function with refinement mask d,
Ay a class of symmetric interpolatory and polynomial filling mask symbols
ple the even part Z p2;(-)? of a (Laurent) polynomial p = ij(-)j
j j
pl© the odd part Z P21 ()7 of a (Laurent) polynomial p = ij(-)j
j j
f(x) for x € R, the Fourier transform J e ™ (t)dt of f € M(R)
A(t]-) for t € R, a linear combination of two consecutive Dubuc—Deslauriers
mask symbols
Ta cascade operator for a given mask a € My(Z)
n—1
e defined by Z (k —j)azs1, ] € Zn 2, and zero otherwise, for
k=j+1
ac Mo(Z)
[x0,...,XaJf mn-th order divided difference of f with respect to the points xo < x1 <
.« .. < Xn

(Rj:jeln) aspecific kind of fundamental interpolant with respect to the interpo-
lation points J,,

N; the B-spline with knots {—j +1,—j+2,...,0,3,1,...,i —1,j}
{05} a sequence of refinable functions, constructed by adapting the Dubuc—

Deslauriers refinable function ¢pF to an interval

MT RZTLJH

{S;:r€Z,} the subdivision operator sequence for finite sequences in M,

O the limit curve of the boundary-adapted Dubuc—Deslauriers subdivision
scheme

a]!;l (refinement) mask of the boundary-adapted Dubuc-Deslauriers subdi-

vision scheme

W5} interpolation wavelets (constructed from boundary-adapted Dubuc-
Deslauriers refinable functions {¢7j})

XV



List of Symbols

XVvi



Introduction to subdivision

Consider the following simple iterative procedure: For a given sequence ¢(© = {C]@ SEVA:
in the plane, generate a new ‘denser’ sequence ¢V = {c]m :j € Z} in the plane, where
the odd-indexed elements of the new sequence interpolate the old ones. Alternatively one
could demand that, with T® and T'" denoting the polygons connecting the points of,

respectively, ¢© and ¢!V, that TV “smoothes out” T'® in the sense of corner-cutting.

Subdivision schemes generate a new sequence by taking a linear combination of the old
sequence, in contrast to standard interpolation (or smoothing) procedures which involve
calculating an interpolatory (or smoothing) function and then evaluating the function.

For example if one generates the new sequence using

(1) 1(.(0) (0)
Cy = Z(Cj—l + ¢ >’ )
jEeZ, (1.1)
(1) (0)
€41 = G

then the even-indexed elements of the new sequence are generated halfway between the
old ones. This step can of course be repeated indefinitely, roughly ‘doubling’ the number
of points in the sequence at each step. In this case the new sequence fills in or converges
to the polygon I'® connecting the initial sequence c'® (see Figure 1.1). Thus we obtain,
in the limit, a continuous piecewise linear curve. In general, the existence and smoothness

of such a limit curve depend on the choice of the coefficients of the linear combination.

There is no unique or best way of obtaining the coefficients of the linear combination.
In this chapter, we introduce the general concepts of subdivision schemes and then dis-

cuss choices for these coefficients that have a smoothing effect. A useful and general
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* *
* *
* *
* *
Ho * Ferr *
dor * oo *
* *
*
E * sos “““ *
a) Original sequence c'®’ an e riginal sequence c'®’/, update
Original (9) and th b) Original (0) updated
polygon () sequence c(1) and the polygon

r1) — (o)

Figure 1.1: Illustration of iterative procedure (1.1)

introduction to subdivision methods can be found in [6].

1.1 Notation and general concepts

We shall denote by N the set of natural numbers, by Z the set of integers, by R the set of
real numbers and by C the set of complex numbers. For the set of nonnegative integers
we write Z, and for any k € Z, we use the symbol Zy to denote the set of nonnegative
integers < k, i.e. Zy := {0,1,...,k} and the symbol Ny to denote the set of positive
integers < k, i.e. N :={1,2,...,k}.

We write M(Z) for the linear space of bi-infinite real-valued sequences, i.e. a € M(Z) if
a ={a; € R:j € Z}, and use the notation supp(a) = {j : a; # 0} to denote the support
of the sequence a. The subspace of M(Z) consisting of those sequences in M(Z) with
finite support will be denoted by My(Z), i.e. a ={a;: j € Z} € My(Z) if a € M(Z), and

supp(a) is a finite set.

Similarly, we write M(R) for the linear space of real-valued functions on R and use the
notation My(R) for the subspace of M(R) consisting of finitely supported functions in
M(R), i.e. f € Mp(R) if f € M(R), and there exists a bounded interval [«, 3] such that

f(x) =0, x € [«,B]. The subspace of continuous functions in My(R) will be denoted
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by Co(R).

For a given sequence a € My(Z), we then generalise the subdivision algorithm implied

by (1.1) by defining the subdivision operator S, : M(Z) — M(Z) by

(Sac)j:=> ajacy, jEZ, c€M(Z), (1.2)
k

where we use the convention, here and throughout this thesis, that Z = Z The
k keZ
sequence a is then called the mask of the subdivision operator S, and the associated

Laurent polynomial

Alz):=) ad, zeC\(0}, (1.3)
j
is called the mask symbol of the subdivision operator S,.

For any initial sequence ¢ € M(Z), the subdivision scheme associated with the mask

a generates the sequence {c : r € Z_} recursively by
c®=c¢, ¢ =8,V reN, (1.4)

or, equivalently,

=¢c, c”=S"c reN. (1.5)

Henceforth, for a given mask a € My(Z), whenever we refer to “the subdivision scheme

Sa”, we shall mean the subdivision scheme (1.2), (1.4).

It should be noted that, whereas the definitions and results on subdivision throughout this
thesis are stated and proved for initial sequences ¢ € M(Z), they can easily be extended,
componentwise, to the case of vector-valued initial sequences c¢. However, for simplicity
of presentation, we restrict ourselves to the case where ¢ € M(Z), except possibly in the

graphical examples, were we choose ¢ = {c;:j € Z}, with ¢; € R? j € Z.

We denote by {*(Z) the subspace of bounded sequences in M(Z), i.e. ¢ € £*°(Z) if
c € M(Z), and |[c|lo := suplc;] < oo. Recall that £*°(Z) is a complete normed linear
j

space with respect to the norm || - [|o. For D € {M(Z), M(R)}, we define the backward
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difference operator A : D — D by (Ac); = Ac; =¢;—c¢j—1,j € Z, if D = M(Z) and
by Af =f—1f(-—1)if D =M(R). Also, we introduce the symbol A®(Z) to denote the
subspace of M(Z) consisting of those bi-infinite sequences ¢ € M(Z) which are such that
Ac € {°(Z). Note in particular that £*°(Z) is a proper subspace of A®(Z); also, A*(Z)

contains those unbounded sequences ¢ € M(Z) that are such that Ac € {*°(Z).

The following property of the subdivision operator S, in (1.2) will be needed our subse-
quent work. We use, for x € R, the notation |x| for the largest integer < x, and [x]| for

the smallest integer > x.

PROPOSITION 1.1 For a given mask a € My(Z), the subdivision operator Sy, as defined
by (1.2), satisfies
Sac €L®(Z), cel™(Z).

Proof. Suppose ¢ € {*(Z), and suppose supp(a) ={M,M +1,... N} for some M, N €
Z. Then, from (1.2), we have

[N/2] [N/2]
‘(Sac)zj‘ = ‘Z a2j—2kCk Z axcik| < llclly, Z laxl, jE€Z. (1.6)
k k=[M/2] k=[M/2]
Similarly, we get
[(N-1)/2]
(Sahp| < Ml > lazenl, jeZ (17)
k=[(M—1)/2]
[N/2] [(N—1)/2]
With the definition K = max Z la, Z lazks1] p, it then follows from (1.6)
k=[M/2] k=[(M—1)/2]
and (1.7) that
(Sec)y| < Klell., jez
Hence, S.c € {*(Z). [ |

We write C(R) for the linear space of continuous functions on R, and, for k € Z,, we

define C¥(R) := {f € M(R) : fU) € C(R), j € Z}, with the convention f© = f. Observe
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that C°(R) = C(R). We shall use the symbol C~'(R) to denote the space of piecewise

continuous functions on R.

The concept of convergence for a subdivision scheme is now defined as follows.

DEFINITION 1.2 For a given mask a € My(Z), we shall call the subdivision scheme S 4

convergent on M C M(Z) if, for every initial sequence ¢ € M, there exists a function

® € C(R) such that

@ (5) = ||, —0, T— 00 (1.8)
We call @ the limit function of the subdivision scheme S,.
Note in the definition above that, for any given x € R, since the dyadic set {Zi, jeZ,re Z+}

is dense in R, there exists a sequence {j, : v € Z,} such that ;—r, — X, T — 00, and thus

)CD(X)—CS) —0+0=0, T— 00,

< ‘(D(x) — @ (&) ) + ‘(p (&) _ngrr)

(r)

from (1.8) and the fact that @ is continuous at x; hence ¢;.° — ®@(x), 1 — oo.

Closely related to the convergence of subdivision schemes is the concept of a refinable

function, as defined next.

DEFINITION 1.3 A function & € C(R) is called refinable if there exists a sequence

a € My(Z) such that
b= ad2-—j). (1.9)
j

We call (1.9) the refinement equation, with corresponding refinement mask a.

In the next section we discuss the cardinal B-splines as a family of refinable functions.

1.2 Cardinal B-splines and Lane—Riesenfeld subdivision

In this section we introduce, for m € N, the cardinal B-spline of order m as a finitely

supported function, the integer-shifts of which provide a basis for the cardinal spline
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space of order m. We then discuss the cardinal B-spline of order m as an example of
a refinable function, with its associated subdivision scheme known in the literature as

Lane-Riesenfeld subdivision [45].

For m € N, we define the cardinal spline space S..(Z) as the set of all functions

s € M(R) which are such that

S‘[k)k+]):pk€ﬂmf]) keZ)
(1.10)
s € C™2(R),

where, for a given k € Z,, the symbol 7, denotes the space of polynomials of degree < k.

In order to find a basis for S,.(Z) consisting of the integer shifts of single finitely supported

function, we define the cardinal B-splines N, of order m € N recursively by

1, xel0,1),
Ni(x) = { (1.11)
O) Xg[())]))
1
N, = JNm_1(-—t) dt, m>2. (1.12)
0

With the truncated power function (-)% € M(R) defined, for k € Z, by

xk, x>0,
k _
x5 =

0, x<0,

with the convention 0° = 1, and the m-th backward difference function defined by A™ =
A(A™ ), m > 2, for f € M(R), the cardinal B-spline N, of order m € N satisfies (see

e.g. [8, Chapter 4]) the following properties:

N, — %Am(-)i” __ 1 > (=1 (T) (=T (1.13)

(m—1) (m—])!jGZm
Num(-—j) € Sw(Z), je€Z (1.14)
Nmw=> a™Nn(2-—j), (1.15)

)

1 m
(m) .
a = N P =/ 1.16
) Zm—l <) ) ( )

where the sequence a!™ = {agm) 1y € Z} € My(Z) is defined by
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and where we have adopted the convention that (m) =0, ) &€ Zw;

Nn(x) =0, x¢ (0,m)

N.(x) >0, xe(0,m)

2 Nmlx—j)=1, xeR;

j
N (x) = —~— N

T m-—1 "

j

(for m > 2);

(for m > 2);

m—1

N = N a(x) = N 1(x = 1), x € R,

Nm(x) = Npp(m —x),

x € R, (form > 2).

In particular, using (1.13), we obtain

Na(x) =4 2—x, x€1,2),
0, x¢I(0,

x, x€(0,1),

2).

)TN (= T), x€ER, (form>2);

(for m > 3);

(1.17)
(1.18)

(1.19)

(1.20)
(1.21)

(1.22)

(1.23)

Also, according to (1.15) and Definition 1.3, we see that the cardinal B-spline N, is

refinable with respect to the mask a = a™ € My(Z) as given by (1.16). Examples for

m = 2,3,4 are plotted in Figure 1.2. The set {N.(-—j):j € Z} is a basis for S;u(Z)

0.8]

0.6

0.4

0.2]

0.8]

0.6

0.4

0.2]

0.8]

0.6

0.4

0.2]

(a) m=2

Figure 1.2: The cardinal B-splines N, associated with refinement mask a™.

(see e.g. [50, Theorem 2.1]) in the sense that, for every s € S;,(Z), there exists a unique

sequence ¢ € M(Z) such that

s=) ¢Nu(-—j).

Next, we consider the subdivision scheme S, associated with the mask a™ in (1.16),
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which is known as Lane-Riesenfeld subdivision (see e.g. [45] and [50]), and which, accord-

ing to (1.2), (1.4) and (1.16), is given, for an initial sequence ¢ € M(Z), by
1 m -
0) _ ™ _ (r—1) :
c¥ =c, ¢ = T Ek <j —Zk)ck , JE€Z, reN. (1.24)

The following convergence result for Lane—Riesenfeld subdivision was proved in [50, The-

orem 2.2].

THEOREM 1.4 For any integer m > 2, the Lane-Riesenfeld subdivision scheme (1.24)

converges on A*®(Z), with limit function
O=Dpn=> c¢;Nul(-—]j). (1.25)
j

Moreover, the convergence rate is geometric in the sense that, for every initial sequence

c € A®(Z) in (1.24), we have

)
<™ Acl., TEZ.. (1.26)

[0 (5) ] < ™

Observe in particular from (1.25) in Theorem 1.4 that, if we choose the initial sequence

c=0={8;:j €Z}in (1.24), where

1, 9=0 .
6]' —{ 0, )7&0’ j €7, (127)

we get @y = Nyy; hence the Lane—Riesenfeld subdivision scheme (1.24) yields an efficient
recursive algorithm for the computation of the cardinal B-splines. In fact, the graphs in

Figure 1.2 were generated using this technique.

We proceed to consider Lane—Riesenfeld subdivision schemes for specific values of m.

Setting m = 2 in the Lane-Riesenfeld subdivision scheme (1.24), we obtain the recursive

algorithm
™ _ —1 _ 1. 0=1) (r—1)
€y = (Sac(r ))2;' = Z(Cj—l +¢ )’
jezZ, reN. (1.28)
() _ —1 _ (1)
Coj1 = (Sac™ ))2j+1 =G
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Note that (1.28) is identical to the algorithm implied by (1.1), where the odd-indexed
elements of the updated sequence c™ are simply the elements of the ¢, while the
even-indexed elements of the updated sequence ¢™ are the midpoints between adjacent

(r—1

elements of the sequence ¢, as illustrated in Figure 1.1.

Now observe from Theorem 1.4 that the limit curve for the subdivision scheme (1.28) is

indeed the piecewise linear continuous function given by @, = Z ¢;N2(- —3j), and that,

)
from (1.28) and (1.26), we have @, (%) = c]m, j € Z,r € Z,, all of which is consistent

with the example drawn in Figure 1.1. Observe also from (1.15) and (1.16) that N3 is

refinable with respect to the mask a = a(?.

Next, setting m = 3 in the Lane-Riesenfeld subdivision scheme (1.24), we obtain the

recursive algorithm

r _ —1 _ 1 (.01 (r—1)

jeZ, reN. (1.29)

() — 1 (r—1) (r—1)
i1 = (Sac® 1))2j+1 = Z<3C‘T +¢5 )’

The algorithm (1.29) was originally described by de Rham [18] as a special case of a
family of similar algorithms. He also proved that the limit curve for this special case is
in C'(R) and composed of quadratic arcs (see also [60]), whereas all the other algorithms
in this family produce limit curves with fractal-like properties. Many years later, Chaikin
analysed the algorithm (1.29) in [7], and it is therefore known as the de Rham—Chaikin

algorithm.

According to Theorem 1.4, the subdivision scheme (1.29) converges to the (piecewise

quadratic) C'-smooth limit function @3 = chN3(- —j) for any initial sequence ¢ €

)
A®(Z). In Figure 1.3, a illustration is given for a specific choice of the initial sequence c.

Observe from (1.15) and (1.16) that N3 is refinable with respect to the mask a = a/®).

In [60], Riesenfeld rediscovered that the de Rham-Chaikin algorithm (1.29) has a limit

curve in C'(R) and then in [45] Lane and Riesenfeld introduced the subdivision scheme
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%

5 i 3

(c) c(©) (%) and c(®) (—) (d) limit curve @3

Figure 1.3: Subdivision with mask a(®.

(1.24) , thereby generalising the de Rham—Chaikin algorithm to include algorithms for
generating cardinal splines of all orders m. We show here the Lane-Riesenfeld subdivision

scheme for m =4 in (1.24), as given by

(1) 1/.(0=1) (r—=1) (r=1)
cy = —8(0]- +6c;, +ci, )
jeZ, reN,
() 1 (r—1) (r—1)
Cp = glde H+4e),

(as illustrated in Figure 1.4); and for m =5 in (1.24) we get

™ _ 101 (r—1) (r—1)
¢y = qele T+ 10¢ 7 +5¢,0),
jezZ, reN.
(r) _ 1 (r—=1) (r—1) (r—1)

(d) limit curve ¢4

Figure 1.4: Subdivision with mask a®.

10



Chapter 1. Introduction to subdivision

Since, for any m € N, we have the exact form (1.25) of the limit curve @, in terms
translates of the cardinal B-spline of order m, we know the exact degree of smoothness
of the limit curve, i.e. ® € C™2(R). Also, (1.11) and (1.20) can be used to derive
explicit expressions for the associated refinable functions, the cardinal B-spline N,,. This
is not the case in general: to our knowledge all other refinable functions are not known
explicitly, and so need to be computed numerically by first solving an eigenvalue problem
to find the values of the refinable function on Z, before using the refinement equation
(1.9) recursively to evaluate the refinable function on the dyadic set {J :j € Z,r € N}
(see e.g. [55, Section 6.3]).

Note in particular for the Lane-Riesenfeld masks, from (1.16), (1.14) and the fact that
Sw(Z) c C™2(R), that both the length of the mask and the regularity of the limit curve

increases with m.

1.3 General positive masks

As an extension of Lane—Riesenfeld subdivision, we consider in this section subdivision

schemes with positive masks a € My(Z) which, for a given n € N, satisfy the conditions

supp(a) = Zn, (1.30)

a; >0, j€&Zn, (1.31)

Z az = Z A254+1 = 1. (132)
j j

The following fundamental result, as proved in [50, Theorem 2.5 and Proposition 2.1] (see

also [53] and [52]), extends the refinement result (1.15), (1.16) to a more general context.

THEOREM 1.5 For a given integer 1 > 2, suppose the sequence a € My(Z) satisfies the

conditions (1.30), (1.31) and (1.32). Then there exists a refinable function ¢ € Co(R)

11
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with refinement mask a such that

d(x) =0, x¢&(0,n), (1.33)
d(x) >0, xe€(0,n), (1.34)

Y dlx—j)=1, x€R. (1.35)
j

Moreover, ¢ is the unique function in Co(R) satisfying (1.9) and (1.35).

Convergence of the subdivision scheme S, for masks satisfying the conditions of Theo-
rem 1.5 was proved in [53] (see also [50, Theorem 2.5]) for initial sequences ¢ € {*°(Z)
in the subdivision scheme (1.4). Here we state a recent generalisation proved in [20,
Theorem 3.1], that also allows for unbounded initial sequences ¢ in (1.4), as long as the
corresponding difference sequence is bounded, i.e. if Ac € {*(Z), and which also pro-
vides an explicit bound (in terms of the mask) for the geometric convergence rate of the

subdivision scheme S.

THEOREM 1.6 Let the mask a € My(Z) satisfy the conditions of Theorem 1.5. Then the
corresponding subdivision scheme Sy is convergent on A®(Z), and has the limit function
® € C(R), as given by
©=3 c¢d(-—j), (1.36)
j

with & denoting the refinable function of Theorem 1.5. Moreover, the subdivision scheme S o

converges geometrically in the sense that, with the number p = p(a) defined by

p:=Jsup {Z laj_2¢—ar2el: JkEZ, -kl <n— 1} , (1.37)
¢
we have
1
zSp§1_min{a0>a]>"'>an}<1) (138)
and
@ (5) =], <p"m—1)lAcle, TEN. (1.39)

12



Chapter 1. Introduction to subdivision

It is interesting to note from Theorem 1.4 that, for the Lane—Riesenfeld subdivision scheme
(1.24), the analogue (1.26) of the estimate (1.39) actually holds with geometric constant
3, which is consistent with the lower bound for p in (1.38).

As also noted after Theorem 1.4 in the context of Lane—Riesenfeld subdivision, we see that

the choice ¢ = 6, in Theorem 1.6 yields ® = ¢; hence the subdivision scheme S, can be

used as a recursive algorithm for the computation of the associated refinable function ¢.

However, whereas convergence of a subdivision scheme S, implies the existence of a cor-
responding refinable function (see e.g. [50, Theorems 2.3 and 2.4], the converse is not
necessarily true: the mere existence of a refinable function is, in general, not sufficient to
ensure the convergence of the associated subdivision scheme (see e.g. [5, Proposition 2.3]
[41], [54]). For example, as shown in [54, Example 2.1], the function ¢ = N(3) is refin-
able with mask symbol A(z) = % + 234 %ZG, z € C, illustrated in Figure 1.5, while the
associated subdivision scheme is not convergent, since c]m =0,j#0mod3, for all r € N

(cf. Theorem 1.8 in the following section).

. .
TR

0.8} : AR vl

. (RN

Figure 1.5: The refinable function ¢ = N(3)

Our next theorem, as proved in [50, Theorem 2.7], gives a result on the regularity (or
minimum degree of smoothness) of the refinable function ¢ in Theorem 1.5, and therefore

also of the limit curve @, as defined by (1.36) in Theorem 1.6.

Recall that a Hurwitz polynomsial is defined as a polynomial with all its zeros in the

open left half plane of C. Hence the coefficients of a Hurwitz polynomial are necessarily

13



1.3. General positive masks

of the same sign.

THEOREM 1.7 In Theorem 1.5, suppose that, for n > 3, there exists an integer v € N
and a Hurwitz polynomial C of degree > 1, such that the corresponding mask symbol A,
as given by (1.3), satisfies

14z
2

v+1
Au):z( ) C(z), ze€C. (1.40)

Then ¢ € CY(R).

Observe in particular that the conditions on the mask a in Theorem 1.5, together with

(1.3), imply that deg(A) = n, and thus, since deg(C) > 1, we must have v <n — 2.

For example, for the choice C(z) = % + %z + %zz in (1.40), we have from Theorem 1.7
that the regularity of associated refinable function ¢ increases as the order of zero at
z = —1 increases, i.e. as v increases in (1.40). The resulting refinable functions plotted in

Figure 1.6 support this fact.

0.6
05}
0.4}
0.3
0.2

0.1f

Figure 1.6: Refinable functions ¢ with increasing smoothness

Observe from (1.16) and (1.3) that the mask symbol A,, corresponding to the Lane-

Riesenfeld subdivision scheme is given by

Ama):z<1zz)m, zeC. (1.41)

Hence, if m > 3, the conditions of Theorem 1.7 are satisfied with v=m — 2 and C(z) =
%(1 +2), z € C, so that, in this case, we have the smoothness result ¢ = N, € C™2(R),

which is consistent with (1.14) and the bottom line of (1.10).

14



Chapter 1. Introduction to subdivision

1.4 Nonnegative masks

The positivity condition (1.31) for the existence of a refinable function, as well as for
subdivision convergence, can be weakened to include nonnegative masks, i.e. masks a €
Mo(Z) that are such that a; > 0, j € Z. It is known (see e.g. [5] or [64]) that for a
nonnegative mask a € My(Z) and for n > 2, the conditions (1.32), together with the
conditions

supp(a) C Zn, (1.42)

and

0<apan<1 and ged{j:a;#0}=1, (1.43)
are necessary for the convergence of the corresponding subdivision scheme S .

The conjectured sufficiency of conditions (1.32), (1.42) and (1.43) for subdivision conver-
gence is discussed in [5, p. 55| as an important open problem, and much work has been
done since in attempts to prove it (see e.g. [35, 48, 43]). The following theorem, as proved

by Wang in [65, Theorem 1.2], provides a result for a large subclass of such masks.

THEOREM 1.8 Suppose, for n > 2, a nonnegative mask a € Mo(Z) satisfies the condi-
tions (1.32), (1.42), and 0 < ao, an < 1, and suppose that there exist integers v < p < (
in supp(a) such that gcd(q —r,p — 1) =1 with q — v an even number. Then the associ-
ated subdivision scheme S converges on {*°(7Z) and there exists a corresponding refinable

function ¢ € Co(R) with refinement mask a.

For example, the mask symbol

Alz) =2+ g2+ 323+ L2+ 322 + 225 z€C, (1.44)

satisfies the conditions of Theorem 1.8, withn =6, r =0, p =3 and q = 4. Hence the
associated subdivision scheme S, converges, as illustrated in Figure 1.7; moreover, there
exists a corresponding continuous, finitely supported refinable function ¢, as illustrated

by Figure 1.8.

15
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(d) Limit curve

Figure 1.7: Subdivision with mask symbol A as given in (1.44)

Figure 1.8: Refinable function ¢ associated with mask symbol (1.44)

Subdivision schemes with positive masks are often referred to as ‘corner-cutting’ schemes,
since this is a characteristic shared by all subdivision schemes with positive masks, as
previously illustrated in Figures 1.3 and 1.4. However, in some applications it is important
that the limit curve interpolates the initial data, suggesting the need for interpolatory
subdivision schemes. A rather trivial example of such an interpolatory subdivision scheme

is given by the Lane-Riesenfeld case m = 2 in (1.28).

The subsequent Chapters 2 to 6 of this thesis are devoted to the construction and analysis

of a general class of such interpolatory subdivision schemes.

16



The class A v of symmetric
interpolatory mask symbols

In this chapter, after introducing the basic concepts of interpolatory subdivision, and
discussing the special case of Dubuc—Deslauriers subdivision, we introduce and analyse a

general class A, of symmetric, interpolatory subdivision schemes.

2.1 Preliminaries

We consider here the subclass of subdivision schemes S, which are interpolatory in the

sense that, in (1.2), we have
(Sac)2j=c5, Jj€Z, ceM(Z). (2.1)

If (2.1) holds, the sequence {c” : v € Z,} of real sequences generated by the subdivision

scheme (1.4) satisfies

cg] = c]gr*”, ieZ, reN, (2.2)

that is, at each step of the subdivision scheme the even-indexed elements of the updated

™1 whereas the odd-indexed elements of

sequence ¢ correspond to the sequence c!
the updated sequence ¢™ are calculated as some weighted average of a finite number of
neighbouring elements of ¢™. This is, up to a single integer index shift, reminiscent of

the Lane—Riesenfeld subdivision scheme (1.28) (with m = 2), and which has, according

to (1.41), the mask symbol

As(z) =J+z+32% zeC. (2.3)
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A necessary and sufficient condition on the mask a for a subdivision scheme to be inter-

polatory is given in the following result.

PROPOSITION 2.1 For a mask a € My(Z), the subdivision scheme S is interpolatory in

the sense of (2.1) if and only if
ax =29, jEL, (2.4)

or, equivalently, if and only if the corresponding mask symbol A, as defined by (1.3),

satisfies the identity
A(z)+ A(—z) =2, zeC\{0} (2.5)

Proof. Suppose the sequence a € My(Z) satisfies (2.4). Then, from (1.2), we have for
j € Z that

(SaC)Zj = E a2j—2k Cx = E 5j—ka:Cj,
k k

thereby yielding (2.1).

If (2.1) holds for all ¢ € M(Z), we can choose ¢ = 9, in (2.1) to deduce from (1.2) that
d5 = Z azokdx=ay, JE€Z
K

so that (2.4) holds.

It remains to prove the equivalence of (2.4) and (2.5). First use (1.3) to rewrite the

left-hand side of (2.5), for z € C\ {0}, as

AlZ)+A(-z) = ) ajd+) a-2)

_ 2j 2541
= E azz” + E aj1 27
j j

+

2j 2541
E Clz;'Z]—E azyi1z? |,
j j
and thus

Alz) +A(—2z) =2) ayz¥, zeC\{0. (2.6)

18
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Now suppose that (2.4) holds. Then (2.6) gives
Alz) +A(—z) =2) &z =2, zeC\{0},
j
so that (2.5) holds. If (2.5) holds, then (2.6) implies
2=A(z)+A(—z) = ZZ axz¥, ze€C\{0},
j

and thus
Y ayz? =1, zeC\{0},
j
thereby yielding (2.4). [ |
Observe that the Lane-Riesenfeld mask with m = 2 and its associated mask symbol A,

as given in (2.3) is a shifted version of an interpolatory mask, in the sense that the mask

symbol A(z) =z TA;(z), z € C \ {0}, satisfies the interpolatory condition (2.5).

2.2 Dubuc—Deslauriers subdivision

In this section, as was done in [21], we derive Dubuc-Deslauriers subdivision as an opti-

mally local polynomial filling subdivision scheme which is also interpolatory.

To this end, for a given n € N, consider the problem of finding a minimally supported

mask a such that the (2n — 1)-th degree polynomial filling property
Z a]'*2kp(k) = p(%)) ] € Z) P € Ton—1, (27>
K

holds.

For this purpose we introduce the Lagrange fundamental polynomials £y € 71, for

kel ={—n+1,...,n}, as defined by

E'rl.,k - H ];;)., k € Jn) (28)



2.2. Dubuc—Deslauriers subdivision

so that
o |1 9=k )
en,k(]) - 6k,] L { O) )- % k’ k,) 6 Jn, (29)
and
Z p(k) gn,k =P, P ETon1. (210)

keln
Note, from (2.9) and (1.27), that &y = 0k, k € Z.

Setting j = 0 and j = 1 in (2.7), and then using (2.10) and (2.9), we obtain

a_z + Z a_ox bnj(k) = §;,
kZJn
) € dn,

arg+ Z @12k lnj(k) = nj (3),
KTn

and therefore a necessary condition for a minimally supported mask a to satisfy (2.7) is

a_p = 5]', j € Z, (211&)
a2 = tnj(3), j€n (2.11Db)
a1-25 = 0, ) Q’ Jn. (2.11C)

The choice (2.11) is also sufficient to fulfill (2.7). In fact, if j = 2m, m € Z, then, for

P € Ton 1, equation (2.11a) implies

),

ST

D aiap(k) =) amap(k) =) axp(m—k) =p(m)=p(
k k k

whereas, if j =2m + 1, m € Z, then (2.11b),(2.11c) and (2.10) yield

Z ajap(k) = Z azepp(m —k)
k k

n—1
= ) (3 p(m—X)

k=—n

= > pm+Ktx () =p(m+3) =p(d).

keln
Hence the subdivision scheme corresponding to the mask (2.11), as introduced by Dubuc

and Deslauriers in [31, 28], is indeed a minimally supported mask sequence for which (2.7)

20
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holds. We call, for a given n € N, the mask a = d,, ={dn;:j € Z} given by

dn,Zj = 6]) ] € Z)
dni—2s = I (3), j€n, (2.12)
dnvj = O) |j| 2 ZTL)

the Dubuc—Deslauriers mask of order n, and write
Dn(z) = ) dniZ, z€C\{0}, (2.13)
j
for the associated Dubuc—Deslauriers mask symbol.

Observe that, since the two conditions (2.11a) and (2.4) are identical, we can conclude
from Proposition 2.1 that the subdivision scheme with mask (2.11) is interpolatory. Ac-
cordingly, we call the interpolatory subdivision scheme S4, based on the choice a = di,,

the Dubuc—Deslauriers subdivision scheme of order n.

Note that, by construction, the mask a = d,, satisfies the polynomial filling property
(2.7), i.e.

Y dnjar(K)=p(l), j€Z, pEmma, (2.14)
k
and that the choice a = d,, is a mask of shortest possible length satisfying (2.7).

We now derive an explicit expression for the Dubuc—Deslauriers mask d,,. To this end,

we first calculate, for k € Jn,

I16-) - 11 (57)

kAjE€In k#je€ln

2 122
T =2k 2
j€EIn

] .l n—1 .
= [[@+n

2T -2k Ll
(=™ 1 [2n—1)177
TO2mI k1| n-1 ] (2.15)

whereas

(=)™ m —1+k)!(n—k)!,

—
’(;\.\
z
I
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from which, together with (2.12) and (2.8), we then deduce that the Dubuc-Deslauriers

mask d,, has the explicit formulation

dn2 = 9 jez, )

n /2n—-1\ (=1 /2n -1 .
dni—2 = 7in3 < o ) I n—j , )€, (2.16)
dnj = 0, il > 2n.

For example, using (2.13) and (2.16), we obtain, for z € C\ {0}, the formulas

Di(z) = 3(z"+2+2), (2.17)
Dy(z) = & (—z7°+927"+16+9z2—2°), (2.18)
D3(z) = 5 (327> =252+ 15027 +256 4+ 150z — 252> + 32°) . (2.19)

Also, from (2.16), we observe that the mask coefficients {d,;:j € Z} are symmetric, in
the sense that

dn‘j = dny_j, j € 7. (220)

Next, in Section 2.3 below, we proceed to show that the Dubuc—Deslauriers subdivision

scheme S4. belongs to a general class of convergent interpolatory subdivision schemes.

2.3 An existence and convergence result

Following [51, Theorem 4.1 and Corollary 4.1], we next present a set of sufficient conditions
on a mask symbol A for the existence of a corresponding interpolatory solution ¢ € Cy(RR)
of the refinement equation (1.9), and for the convergence of the associated interpolatory

subdivision scheme S.

If a Laurent polynomial A satisfies A(z) = A(z71), z € C\ {0}, we call A a symmetric
Laurent polynomial. We then define the degree of a symmetric Laurent polynomial A(z) =

Z aj 2, z € C\ {0}, as the smallest integer m € Z, for which it holds that a; = 0,

j
| >m+1.
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THEOREM 2.2 For a given n € N, let the mask a € My(Z) be such that the mask symbol

A defined by (1.3) has degree 2n — 1, and satisfies the following properties:

Alz)+A(—z) =2, zeC\{0), (2.21)
A(=1) =0, (2.22)
Ale¥) >0, —mT< x < . (2.23)

Then there ezists a refinable function ¢ € C(R), with refinement mask a, such that

o(x) =0, x&(—2n+1,2n—1); (2.24)
d0G) =985, je (2.25)
> dlx—j)=1, xeR. (2.26)
j

Moreover, the corresponding subdivision scheme Sq, as given by (1.2) and (1.4), is inter-
polatory in the sense of (2.1), and converges on M(Z), where the limit function ® € C(R)
s given by

©=) cbl-—j), (227)

and where

=0 (), jez, reiZ,. (2.28)

Remark: Laurent polynomials which are real-valued on the unit circle in C can be
shown to be necessarily symmetric. Hence our positivity condition (2.23) above implies
that Theorem 2.2 admits only symmetric Laurent polynomials, in which case the degree

is well defined.

Proof. For the proof of the existence of a refinable function ¢ € Co(R) satisfying the
properties (2.24) — (2.26), we refer to [51, Theorem 4.1] or [38, Theorem 4.2].

Observing from (2.21) and Proposition 2.1 that the subdivision scheme S is interpolatory

in the sense of (2.1), it therefore remains to prove that the subdivision scheme S, is
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2.3. An existence and convergence result

convergent on M(Z). To this end, it will suffice to prove that the function ® € C(R)
satisfies (2.28) for every initial sequence ¢ € M(Z) in (1.4), since (1.8) then holds trivially

for every ¢ € M(Z).

If r = 0, then (2.28) follows from (2.25) and (2.27). For r > 1, we use the refinability
(1.9) of ¢, together with (1.2), (1.4) and (2.25) to deduce, for k € Z, that

°(F) = Yol

= ch Zae(b 211 Zk—ﬂ)

= chz Cle—Zk(I) Z%I—E)

— i(sacew (-0

= icé”cb (=0 = = ) dloli—0=c,
14

thereby proving (2.28). |

Observe that (2.21) and (2.22) imply

A1) =2. (2.29)

We call a refinable function ¢ € C(R) an interpolatory refinable function if it also

satisfies the interpolatory condition (2.25).

Remarks:

(a) As opposed the “corner-cutting” subdivision schemes of Chapter 1, convergent in-
terpolatory subdivision schemes have, according to (2.28), the property that for
each r € Z,, the sequence ¢ lies entirely on the limit curve and therefore “fills

up” the limit curve @ as r increases.

(b) In general the existence of a refinable function does not guarantee the convergence
of the associated subdivision scheme, see e.g. [5, 41, 54]. Here however, for a mask

which is such that its symbol A satisfies (2.21), the proof of the convergence of the
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subdivision scheme S, is based solely on the existence of an interpolatory refinable
function ¢. We can conclude that for interpolatory subdivision schemes, the exis-
tence of an interpolatory refinable function is a necessary and sufficient condition

for the convergence of the associated subdivision scheme.

The above observation is consistent with the result [5, Proposition 2.3] that if a
function ¢ € Cpo(RR) is L™ stable, in the sense that there exists a constant A > 0,

such that
Al < || X cibl-=3)|| _, cetx(@) (2:30)
j

and refinable with refinement mask a, then the associated subdivision scheme S is
convergent. The fact that our interpolatory refinable functions above indeed satisfy
the stability result (2.30) follows from the result [42, Theorem 5.1] according to

which (2.30) is equivalent to the linear independence condition

Y cjdp(-—j) =0 implies ¢; =0, jE€Z, c€l®(Z),
j

which in our case is directly deducible from the interpolatory condition (2.25).

Following the argument introduced in [51], our next result shows that Theorem 2.2 can

be used to prove the convergence of the Dubuc—Deslauriers subdivision scheme.

THEOREM 2.3 Form € N, the Dubuc—Deslauriers subdivision scheme Sgq, , with mask d

as in (2.12), is convergent on M(Z), and the limit function ® = O is given by
O = ¢ dR(-—j).
j
Moreover, the Dubuc—Deslauriers refinable function 2 € Co(R) satisfies the properties
o =) dn;$R(2- =)
dP(x) :]O, xE(—2n+12n—-1); (2.31)
dr() =8, jez (2.32)

D _dRlx—j) =1, xeR.
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2.3. An existence and convergence result

Proof. According to Theorem 2.2, it will suffice to prove that the choice A = D, satisfies
the properties (2.21), (2.22) and (2.23).

The top line of (2.12) and Proposition 2.1 show that (2.21) holds. Next, choosing p(x) =1,
x € R in (2.14), we find that

Y dnja=1, j€Z, (2.33)
k

and thus the choice a = d,, satisfies the sum conditions (1.32), so that also (2.22) holds.

Finally, we use formulas proved in [51, Lemma 3.1], according to which

J (sinw)®™ ' dw

Dy(e™) = 2% . XER, (2.34)
J (sinw)*™ ' dw
and thus
; 2n—1)! “
n(e™) = (2n—1) 5 J (sinw)™ 'dw >0, —-m<x<m, (2.35)
22“—2[(n— ])'] X
to deduce that (2.23) is also satisfied. |

In [28, Theorem 6.2] the authors used, in contrast to (2.35), a Rolle-type argument to
conclude that the choice A = Dy, as given by (2.12) and (2.13), satisfies the condition
(2.23) for any n € N.

We call the refinable function ¢pF the Dubuc—Deslauriers refinable function. For
the analysis of the regularity (or smoothness) class of the Dubuc-Deslauriers refinable
functions, which is outside the scope of this thesis, we refer to [28, Chapter 7; see in

particular Theorem 7.11].

For example, with the mask a = d;, as implied by (2.13) and (2.18), the corresponding
refinable function ¢7? is plotted, using Dubuc-Deslauriers subdivision with initial sequence
¢ = 0, in Figure 2.1. Also, the convergence of Dubuc—Deslauriers subdivision with n = 2

is illustrated in Figure 2.2.
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Chapter 2. The class A,,~ of symmetric interpolatory mask symbols

(a) () (x) and c(1) (o)

(c) ¢l () and c(®) (=) (d) limit curve ®F

Figure 2.2: Illustration of the Dubuc-Deslauriers subdivision scheme Sg,.

2.4 The general class A,

The Dubuc—Deslauriers mask d,, satisfies the (2n—1)-th degree polynomial filling property
(2.14). Also, since (2.20) holds, the corresponding mask symbol D, is a symmetric Laurent
polynomial: Dy(z) = D, (z7"), z € C\{0}; and, as follows from the top line of (2.16) and
Proposition 2.1, we also have D(z) + Dn(—2z) = 2, z € C\ {0}, i.e., the mask symbol D,
determines an interpolatory subdivision scheme. These observations motivate our next

definition, which was first introduced in [22].

DEFINITION 2.4 For uw € Z, and v € N, we say that a Laurent polynomial A, as given

by (1.3), and with degree at most 2(n + v) — 1, determines a symmetric interpolatory

27



2.4. The general class A, ~

subdivision scheme Sq of accuracy 2v — 1 if it satisfies

Alz) =A(z"), zeC\{0}, (2.36)
Alz) +A(—z) =2, zeC\{0}, (2.37)
and
Z a2p(kK)=p(d), i€Z peEmm. (2.38)
k

We denote the class of all such Laurent polynomials by A, .

Observe in particular that

Aov={D,}, ~vEN, (2.39)

which follows from the fact, as established in Section 2.2, that, by construction, the
Dubuc—Deslauriers mask symbol Dy, is the unique symmetric Laurent polynomial of lowest
possible degree such that the associated mask d, satisfies the polynomial filling property
(2.38), with v =n.

Also note that, by choosing the polynomial p in (2.38) as p(x) =1, x € R, we obtain
Z aj ok = 1, jeZ, (240)
k

which, in turn, holds if and only if the sum conditions (1.32) hold. Therefore, if A € A+,

then

A(1)=2, A(-1)=0. (2.41)

Hence every mask symbol A € A, has a zero at —1, and, moreover, satisfies the sum

conditions (1.32).

Our next result shows that the polynomial reproduction property (2.38) can be replaced
by an equivalent condition on the order of the zero at —1 of the symbol A. Forj € Z_,
we use the notation A to denote the jth derivative of the Laurent polynomial A, where

A0 — A,
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Chapter 2. The class A,,~ of symmetric interpolatory mask symbols

PROPOSITION 2.5 For a mask a € My(Z), suppose v € N, and suppose the Laurent
polynomial A defined by (1.3) is such that the interpolatory condition (2.37) holds. Then

the mask a satisfies the polynomial filling property (2.58) if and only if

A1) =0, je&Zy_. (2.42)

Proof. Since (2.37) and Proposition 2.1 give az = 85, j € Z, we see that the condition

(2.38) is equivalent to the condition

Z aerP(i—K) =p(i+3), J€Z, peEmna. (2.43)
K

It therefore remains to prove that (2.43) holds if and only if (2.42) holds.

Since az = 0j, j € Z, we see from (1.3) that A(z) =1+ Z aye1z”t 2z € C\ {0}, and
k
thus

A1) =8+ (=1 > q5(2k+1an1, € Zav-1, (2.44)
K

where, for x € R,

do(x) =1, ax)= ] x=0, jeNy. (2.45)

EGZj,]

Observe that q; € 73, j € Zy—1. Hence, if we define
p;=di(—=2-+1+2j), j € Zy, (2.46)
then also p; € 7, j € Zpy—1. Moreover,
AD(=1) =54 (—1)" ij(j —K)ax1, j € Zoy, (2.47)
k

and

p]() + %) = q](o) = 6]') ) € Z2’\/71) (248>
from (2.45).
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2.4. The general class A, ~

Suppose (2.43) holds. Then, since p; € 7; C Ttay—1, j € Zay—1, we find from (2.47) and
(2.48) that, for any integer j € Zy 1,
Am(—” = 0 ]H ZP; K)azii1
= o+ (—WHPJ‘(J +3) =&+ (=1 =0,
thereby proving that (2.42) holds.

Conversely, suppose (2.42) holds. Then, from (2.44), we have
> 452k + Nage = (—1)85, j € Zoy1. (2.49)
K

Suppose now p € Tyy,_1, and fix j € Z. From (2.45), we see that {q, : { € Zsy 1} is a
basis for 7, 1. Hence, from (2.46), we deduce that {p¢(- —j +£) : L € Zyy 1} is a basis
for my—1. Thus there exists a coefficient sequence {a;¢ : £ € Zyy—1} C R such that

Y ogepel-—j+1). Using (2.46) and (2.49), we obtain

{€Zs~ 1

Zﬂzk+1p(j—k) ZQZkJr] Z Oé;ePf,()— )—5+€)
K

USY/
Z A2kt Z o ePe(—k +€)
eeZZv 1
ZaZk+] Z O(]eqlg( k+€)+1+2€)
USY/
= Z Oéj,eZ a2kt qe(2k + 1)
LEZ )~ 1 k
= Z &0 (—1)86g = &j0- (250)
CE€Zrv
But, from (2.48), we have that
PG+ = Y weme(i+i—i+)
0eZsy 1
= Z O(j,ep(z(e + %) = Z &0 6@ = &5,0. (251)
0€Z2~ 1 LEZy~ 1
It follows from (2.50) and (2.51) that (2.43) indeed holds. |
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Chapter 2. The class A,,~ of symmetric interpolatory mask symbols

Note that from (1.3), the symmetry condition (2.36) has the equivalent formulation
a=ay, jEZ, (2.52)
and the condition deg(A) < 2(n+v) — 1 is equivalent to the condition
a;=0, j&{2(n+v)+1,...2(u+v)—1}L (2.53)

It follows, using also Proposition 2.5, that the class A, can, equivalently to Definition 2.4,

be defined by the properties (2.53), (2.52), (2.37) and (2.42).

Generalising the Dubuc—Deslauriers result of [21, Theorem 2.1}, we now establish further

properties of the refinable function associated with a mask symbol in A, .

THEOREM 2.6 For p € Zy and v € N, suppose A € A, is such that there exists an
associated refinable function ¢ € Co(R), and such that ¢ is interpolatory in the sense of
(2.25). Then & also satisfies the properties

D p()d(-—i)=p, pEMm; (2.54)
J

= (—); (2:55)

¢(3)=qa;, jez (2.56)

If, moreover, for n = w+v, we have the finite support property (2.24), then also

$(2n-1-2"(n—3-K)) =0, mkeZ,. (2.57)

Proof. To prove (2.54), suppose { € Zyy 1, k € Z and v € Z,. We shall prove that
. . 0
2 e (x—1)=(F), (2.58)
j
which then implies (2.54), since the set {2% keZ, re Z+} is dense in R, and ¢ is a
finitely supported continuous function on R.

Noting that (2.58) is an immediate consequence of (2.25) if r = 0, we assume next that

T > 1. Then, using consecutively the refinability (1.9) of ¢, the polynomial filling property
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2.4. The general class A, ~

(2.38) and the interpolatory property (2.25) of ¢, we get

Yt (E-d) = D 3'Y amd (55 —2j—m)
j m

j

=) [Z Q2 5"'] b (55 —m)

m

= 2 Y Mo m) == ()Y mlek—m) = (§)",

thereby completing the proof of (2.58).

Similarly, the symmetry (2.55) of ¢ will be proved if we can show that, for k € Z and

TE Ly,
b(5) =0 (-5). 250
For r = 0, (2.59) follows from the interpolatory property (2.25) of ¢, whereas for r = 1,

it follows from the refinability (1.9) of ¢, the symmetry (2.52) of the mask a, and (2.25),
that, for k € Z,

For r > 2, we use the refinability of ¢, together with (1.2), (2.52) and (2.25), to deduce

that
b5 = Ytz
= ia_jd) (= +9)
= iaid) (=77 +13)

j

SR RYISSEEE]

j

= Zﬂj ZCL@(D (—5= +2j+10)
r

j

= Za]- Zagd) (—5= +2j+10)
L

j
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Chapter 2. The class A,,~ of symmetric interpolatory mask symbols

- ¥ [Tacan|orr0
¢ j

= Y (Saa)id (—555 +0)

4

= Y (Si'a) b=k +0) = (S ), (2.60)

¢
A similar argument shows that also CP(%) = (8™ 'a)x, k € Z, which, together with

(2.60), proves (2.59) for r > 2.

Property (2.56) is an immediate consequence of the refinability (1.9) and the interpolatory

property (2.25) of ¢.

Finally, as was done in [21, Theorem 2.1], we prove (2.57) by induction. For m = 0,
property (2.57) follows from (2.56) and the fact that supp(a) C [-2n + 1,2n — 1], since
deg(A)< 2n — 1. To advance the inductive hypothesis from m to m + 1, we use the

refinability of ¢ and the finite support property of a to deduce that, for k € Z,,

p(n—1-2"V(m-3-%)) = Y g é(n-2-2"(n-3-¥ )
j

In—2

= Z Clzn_]_j(b<2n—1 -2 (n_%_[k"i_zm)])))

j=0

thereby completing our inductive proof. [ |

Remarks:

(a) The refinability of ¢ and equation (2.56) imply

¢:Z¢(%)¢(2-—j). (2.61)

(b) The symmetry (2.55) of ¢ and (2.57) imply that

d(-m+1+42m(m-3-1)) =0, mKeZ. (2.62)
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2.4. The general class A, ~

(c) For k > n—1, (2.57) and (2.62) hold because the argument of ¢ falls outside its
support interval [-2n+1,2n—1], while for k € Z,,_,, the argument falls within the
support. This, in turn, implies that, for n = p++v > 2, the refinable function ¢ has
an infinite number of zeros within its support and that these zeros are clustered more
densely towards the edges of the support, as illustrated for the Dubuc—Deslauriers

refinable function ¢ with the associated mask symbol D3 € Ay 3 in Figure 2.3.

1

0.8|

0.6|

0.4]

0.2

0

-0.

0.0:

0.015f

0.01

0.005

-0.005f

(a) ¢P with ¢P (x) =0, x & (—5,5)

1

0.5

5

10°

0

5

—0.01

2 2.

.x10°

5 3 35 4

(b) ¢ on [2,5]

45

5

\

/’\

= \\/ -10 \/

3 3.5 4 4.5 5 4 4.2 4.4 4.6 4.8 5

(d) $F on [4,5]

(c) (1)3]? on [3,5]

Figure 2.3: The clustered zeros of the refinable function ¢

(d) Since for n € N, the Dubuc—Deslauriers mask symbol Dy, is in Agn, we have from
Theorems 2.6 and 2.3 that the corresponding refinable function ¢ satisfies the

polynomial reproduction property (2.54), i.e.

> P dR(-—i)=p, PEMmm, (2.63)

and is symmetric, i.e.

br(—) = Py (2.64)

(e) Apart from the regularity result [5, Proposition 2.5 and Remark 2.6] (see also [51,

Theorem 2.2]), not much is known about the regularity (smoothness) class of the
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Chapter 2. The class A,,~ of symmetric interpolatory mask symbols

refinable function ¢ of Theorem 2.6. It remains an interesting open problem to

investigate this issue.

2.5 The Dubuc—Deslauriers expansion of A € A,

Our result below, as was first established in [22], gives us a convenient representation for

the class A, of mask symbols in terms of Dubuc-Deslauriers mask symbols.

THEOREM 2.7 For u € Zy, v € N, a Laurent polynomial A belongs to the class Ay~ if

and only if there exists a unique sequence {t;, j € Z,} C R, with Z t; =1, such that
=

A=) Dy, (2.65)

JE€Lp
and with {D, : n € N} denoting the Dubuc—Deslauriers mask symbols as given by (2.12)
and (2.13).

Proof. Suppose A € A,,. The symmetry (2.36) and interpolatory property (2.37) of
the symbol A allow us to uniquely associate the Laurent polynomial A with the vector
(@1,a3, ..., Qavw-1) € RY™. For a fixed £ € Z,_1, we now choose p = pg = (—2-+1)%
in (2.38) to deduce that

1 1
Z A2k+1 (k+ %)ze = Z ar-2x (—k + %)ze = 7% Z ar—akpe(k) = ﬁpe (%) =0
k k k

(2.66)
But, from (2.52), we also have
1
Yamn (kD) = Y anmak+ )+ Y amn (k+ 1)
K KEZyy v 1 K=—p—v
1
= Z azcr (k+ %)ze + Z a1 (k+ %)ze
KEZyy v 1 K=—p—v
= ) ana (k)T Y amn (k=37
KE€Zytv—1 KEZy v 1
=2 Y anna(k+d)*. (2.67)
KEZy 4 ~v—1
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2.5. The Dubuc—Deslauriers expansion of A € A,

Combining (2.66) and (2.67), we find that the conditions

20
Z A2x+1 (k+ %) = %5e, (e L1, (268)
kEZV+u—]
are satisfied by the vector (ai, as, ..., Qzniu—1) € RV

We proceed to rewrite the homogeneous system of linear equations for £ € N,_; in (2.68) as
a matrix equation, and then use the concepts of rank and null space to prove our theorem.
To this end, we define x,, = (k + %)2, k € Zviu—1, and observe that the points xy are
distinct, with x # 0, k € Zy, 1. Hence the (v—1) x (v+p) matrix X = (xex) 277"

where xgx = (xk)e, is, according to a standard result for Vandermonde matrices with

distinct points, of rank (v — 1). It follows that the null space N'(X) of X has dimension

(L+T1).

According to the (v—1) homogeneous equations in (2.68), i.e. for £ € N,,_;, we deduce that
the vector (ay, as, ..., Qziw—1) € R¥™ is an element of N (X). Moreover, since D4 €
Au~, § € Zy, we see that the vectors (dv4j1, dviis, - - - Avij2vei)-1,0,...,0) € RY™H j e
Z,, all belong to the nullspace N(X). Now note that the vectors
(dv451, dvagzy - - - Ay 2vi)-1, 0, . .., 0), j € Zy,, form a linearly independent set in R*,
since, for every j € Z,,, D4 is of exact degree (2(v+j) —1), as follows from the explicit
formulas (2.16). Hence, the coefficient sequences associated with the Laurent polynomials
Dy, j € Zy, form a basis for the nullspace N (X), and consequently there exist unique
real numbers t;, j € Z,, so that (2.65) holds. Hence, from (2.65), (1.3) and (2.13), we

have

A2k+1 = E Hdvy k1, K€ Zygya,
JEZy

and thus, using (2.68) for { = 0, together with (2.33) and (2.20), we find that

%: Z QZH]:Z’(]— Z dv+j,2k+1:%Zti>

KEZv + n—1 jeZu KEZ + n—1 jeZu

and thus Z =1

JE€EZp
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Chapter 2. The class A,,~ of symmetric interpolatory mask symbols

Conversely, suppose the Laurent polynomial A is given by (2.65), where Z t; =1. Then
€Zy

(2.65) and (2.20) yield

Z t DV—H _1 Z Y DV-H (Z)) FAS C \{0})

JEZLy JEZy
so that A satisfies (2.36), whereas

Alz)+A(=2) =} t|Dyisl2) +Duis(—2)| =2 Y & = 2, z€C\ {0}
jeZu ]GZu

from the top line of (2.12), together with Proposition 2.1, thereby showing that A also
satisfies (2.37).

Finally, suppose p € 72,_1. Since (2.65), (1.3) and (2.13) yield

a; = Z tkd’erk,]') )€ Z)

kEZy

we get, for j € Z, and using (2.14), that

Za]-_zkp(k) = Z Zted\/+€‘j—2k p(k)
K

= Eeétzelzz dy-rej-2kP( ]
= [%Zzute]p(%)zp(%)»

thereby showing that a also satisfies the polynomial filling property (2.38). It follows that
AcAy |

We now proceed in Propositions 2.8 and 2.9 below to identify two subclasses of A, .
that satisfy the conditions of Theorem 2.2, and for which we are therefore guaranteed
the existence of a refinable function and the convergence of the associated subdivision

scheme S.

PROPOSITION 2.8 Foru € Z,, v € N, suppose that the Laurent polynomial A belongs to

the class Ay~ and, moreover, is such that, in the Dubuc—Deslauriers expansion (2.65) of
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2.5. The Dubuc—Deslauriers expansion of A € A,

Theorem 2.7, we have

t; >0, je Zu. (269)

Then the conditions of Theorem 2.2 are satisfied with n =v + W.

Proof. From (2.65), (2.35) and (2.69), we see that A has the property A(z) >0, |z| =1,
with equality if and only if z = —1. Hence A satisfies (2.22) and (2.23). Since A also
satisfies the interpolatory condition (2.37), so that (2.21) holds, we conclude that A

satisfies the conditions of Theorem 2.2 with n =v 4 . [ |

For the proof our next result, we are indebted to Tomas Sauer.

PROPOSITION 2.9 For u € Zy, v € N, suppose the Laurent polynomial A € A~ has a

coefficient sequence a € Mo(Z) in (1.3) satisfying

. > O» ] S JV—H,L)
“2”{ 20, ¢ T (2.70)

Then A satisfies the conditions of Theorem 2.2 with n =v + L.

Proof. Since A € A,,, it follows from (1.3) and (2.21) that A(z) =1 +A(z), z € C\{0},

where

Alz)= Y ayaz?', zeC\{0. (2.71)

jEJv+p

Since, as noted before in (2.40), the condition (2.38) implies
Z azj—1 = ], (272)
j

we deduce from (2.41) that A has the property A(1) = 1. Using (2.71) and (2.52), we

then obtain, for x € R,

A(ebc) _ Z azj_1eix(2j—1)
je€Tu+~
0
_ Z azjqei"(z"’”—i- Z azjileix(ijl)
j=—p—v+1 JEN+v
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— Z a_2j+]e—ix(2j—1)+ Z azj_]eix(Zj—U

jGNquV jENquV
— Z azjilefiX(ijl]_i_ Z Clzjqeix(zj*”
jENu+V ]'ENH-H,
— Z a1 [e—ix(Zj—l) + eix(Zj—])]
jENquv
= 2 ) aycos(2j—Tx (2.73)
JENv 41

In particular, (2.73) shows that A(e™) is real for x € R, and according to (2.70), and the
symmetry (2.52) of a, we conclude that, for x € R, we have
A(e™) <2 Y aya=) aya=1 x€R, (2.74)
JENy 41 j

from (2.72).

Moreover, from (2.73), (2.70) and (2.74), x € R satisfies the equation A(e®™) = —1 if and
only if for every j € N, we have that cos(2j—1)x = —1, i.e. if and only if x = (2k+ 1),
k € Z. Since also A(z) =1+ A(z), z € C\ {0}, it then follows that A(z) > 0 for |z| = 1,
with equality if and only if z = —1, thereby proving that A satisfies the conditions of
Theorem 2.2 with n = pw+v. |

For any given pu € Z; and v € N, we can construct a mask symbol A € A, using the
Dubuc—Deslauriers expansion (2.65) of Theorem 2.7 which, moreover, has a convergent
corresponding subdivision scheme Sy if t; > 0, j € Z, by virtue of Proposition 2.8 or
a; >0, j € J,4v, by virtue of Proposition 2.9. In the next section we develop two other
construction techniques for A € A, which similarly yield convergent interpolatory

subdivision schemes S,.
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Two classes of convergent
subdivision schemes from A,

In this chapter we present two general methods, as were first introduced in [22], of generat-
ing a Laurent polynomial A € A, associated with a convergent, symmetric interpolatory
subdivision scheme. The first method is based on the sampling at half integers of a given
symmetric function Q € Co(R) with a certain polynomial reproducing property, and
the second one depends on solving a Bezout identity associated with a given symmetric

Hurwitz polynomial H of even positive degree and with a zero at z = —1.

3.1 The generating function Q

Following [22], we start with a continuous function Q € Cy(R), and then define the mask
a; € Mo(Z) by
d;, j even,

Q(Z), j odd. (3:-1)

a; =

To ensure that the corresponding mask symbol A belongs to the class A, we demand

that Q satisfies

Qx) =0, x¢&(—v—pnv+up); (3:2)
Q=0Q(—); (3.3)
D> pIQ—i)=p, PEMmH (3.4)

The following result then holds.
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3.1. The generating function Q

THEOREM 3.1 For uw € Z,, v € N, suppose the function Q € Co(R) satisfies the three
properties (3.2), (3.3) and (3.4). Then, with the mask a € Mo(Z) defined by (3.1), the
associated mask symbol A defined by (1.3) belongs to the class Ay~.

Proof. According to (1.3), (3.1) and (3.2), we have that A has degree at most 2(pu+v)—1.
Moreover, (2.36) and (2.37) are immediate consequences of (3.1) and (3.3). It remains to

prove that the polynomial reproduction property (2.38) holds.

Suppose therefore that p € 1o, 1. If j = 2n, n € Z, we have, from the top line of (3.1),

).

Nol—-

Z aj_xp(k) = Z am-2p(k) =p(n) =p(
k K
Ifj=2n+1,n € Z, we have
Z aj_2xp(k) = Z azny1-2kp(k) = Zp(k)Q(n-l- ;=K =pn+3) :P(%)»
K K

by virtue of (3.4). Hence (2.38) is satisfied. |

If, in addition to (3.2), (3.3) and (3.4), Q is a fundamental interpolant, i.e.

and is refinable, then it is also a refinable function corresponding to the mask (3.1) defined

above. Indeed, if

Q=) ¢Q2-—j),
j

then the condition (3.5) implies q; = Q (%), j € Z, and thus ¢ = a (cf. (2.56) in
Theorem 2.6). This observation provides some motivation for the choice of the mask

sequence described in (3.1).
In Sections 3.2 and 3.4 below, we present two admissible choices for the function Q.
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Chapter 3. Two classes of convergent subdivision schemes from A,

3.2 Choosing Q as a centered cardinal B-spline

As in [22], our first choice of Q is the centered cardinal B-spline of even order. The next
theorem proves that this choice not only satisfies the conditions (3.2), (3.3) and (3.4), and
is therefore valid in the context of Theorem 3.1, but also yields a convergent symmetric

interpolatory subdivision scheme.

THEOREM 3.2 For m € N, the Laurent polynomial A defined by (1.3), (3.1), with the
choice

Q :N2m(m+')» (36)
belongs to the class Am_11 and satisfies the conditions of Theorem 2.2 with n = m.
Proof. According to Theorem 3.1, it will suffice to prove that the choice (3.6) for Q
satisfies the three conditions (3.2), (3.3) and (3.4), with p=m—1and v =1.

From (3.6) and (1.17) we see that (3.2) holds with p = m —1 and v = 1. Also, (1.22)
gives

Nom(m +-) = Nom(m —-), (3.7)
and thus, we see for j € Z, from (3.6), that
Q(—) =Nom(m—-) =Nom(m+) =Q,
and thus Q satisfies (3.3).

It remains to prove the identity

D iNomx+m—j)=x, x€R, (3.8)

)

which, together with the fact that, from (1.19),

ZNZmbH—m—j) =1, x€eR,

)

will then prove that (3.4) holds with v = 1.
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3.2. Choosing Q as a centered cardinal B-spline

To this end, we first note, from (1.14) and (1.23) that the function F € C(R) defined by
F=> jNaof-+1—3j)
j

satisfies F € S3(R) and F(k) =k, k € Z, and thus F(x) = x, x € R, since the function F
is a piecewise linear polynomial with breakpoints at the integers. Hence (3.8) holds for

m=1.
If m > 2, we define the function G € S,,,,(Z) by

G(x):ZjNZm(x—l—m—j)—x, x € R. (3.9)

)

Now we use the formula (1.21) for the derivative of a cardinal B-spline to obtain, for
x € R,
G'x) = Y i [Namalx+m—j) = Namalx+m—j—1)] -1,
j

= D iNamalx+m—=j) =3 (- Namalx+m—j)—1,

j j

= Y Nowalx+m—j)—1=0,

)

from (1.19), and thus
G'(x) =0, xeR. (3.10)

If we can show that

G(0) =0, (3.11)

then it would follow from (3.10) that G(x) = 0, x € R, which, together with (3.9), would
then imply that (3.8) also holds for m > 2 and our proof will be complete. To this end,

we now use the definition (3.9) of G, together with (1.17), and (3.7), to obtain

G(0) = > jNam(m—j)
j

m—1
= >  jNyn(m—j)
j=—m-+1
—1
= > jNamm—j)+ >  jNom(m—j)
j=—m+1 JENm 1
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Chapter 3. Two classes of convergent subdivision schemes from A,

= ) (“DNamm+j)+ Y jNam(m—j)

jeNmfl jGNm71
= — ) jNamm—j)+ >  jNam(m—j) =0,
jeNmfl jeNm71

thereby proving the desired result (3.11).

Finally, we appeal to (3.1), (3.6) and (1.18) to deduce that the conditions of Proposi-
tion 2.9 are satisfied with p = m — 1 and v = 1, from which it then follows that the

conditions of Theorem 2.2 are satisfied. [ |

For example, with m = 2, we have Q = Ny4(2 + ) in (3.6), so that if we choose the mask

a as in (3.1), we obtain the mask symbol

1
Alz) = E(z*3+23z*‘ +48+232+z3>, 2 € C\{ol. (3.12)

The associated refinable function ¢ is plotted in Figure 3.1 and the convergent subdivision

scheme with mask symbol A is illustrated in Figure 3.2.

Figure 3.1: The refinable function ¢ with mask symbol (3.12).

In the paper [46, Section 3], the authors proved existence and convergence for the non-
interpolatory mask a € Mo(Z) defined, according to [46, equation (3.6)], by a; = Nm(%),
j € Z, which is different from, but related to, the interpolatory mask defined by (3.1),

(3.6).
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3.3. The generating Hurwitz polynomial H

(c) ¢(®) (%) and c(®) (=) (d) limit curve

Figure 3.2: Subdivision with mask symbol (3.12).

3.3 The generating Hurwitz polynomial H

Following [22], our second general method for computing a convergent symmetric inter-
polatory subdivision scheme in A, , is based on a given Hurwitz polynomial H satisfying

certain additional conditions.

We shall rely on the following two propositions from [22] concerning Bezout identities.

PROPOSITION 3.3 Suppose, forn € N, that H = Z hi(-) is a Hurwitz polynomial of

jEZZn
even degree 2n.. Then there exists a unique polynomial G = Z gj(~)j of even degree
J€ZLon—2
2n — 2, such that the Bezout identity
H(z)G(z) — H(—z)G(—z) = z*™!, ze€C, (3.13)

is satisfied. Moreover, the coefficients of G have the alternating sign property

(=1)"™*g; >0, j € Zoma. (3.14)

Proof. To prove the existence of a unique polynomial G in 75, 1 satisfying the Bezout
identity (3.13), we use a method similar to the one that was employed in the proof of [24,
Theorem 5.
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Chapter 3. Two classes of convergent subdivision schemes from A,

Since H is a Hurwitz polynomial, the two polynomials H and H(—-) have no common
factors, and thus, according to a standard result in polynomial algebra, there exist two

polynomials U and V such that
H(z)U(z) + H(—z)V(z) =1, zeC. (3.15)

Using, for a function f : C — C, the notation f_ for the function f_(z) = f(—z), z € C, it
then follows from (3.15) that WHU+WH_V = W, where the polynomial W is defined by
W(z) = z*™ ', z € C. Denote by Q and R the unique polynomials, with R € 71551, such
that WV = QH + R. But then HM + H_R = W, where the polynomial M is defined by
M = WU + QH_. Hence deg(M) = deg(W —H_R) —deg(H) < (dn—1)—2n=2n—1,
ie., M € 1y, 1. Suppose now that M,ﬁ € T are such that HM + H R = W, and
define K = M —M and L = R — R, so that HK = H_L, with K,L € 7, 1. Since H
and H_ have no common factors, and H has degree 2n, we deduce that K =L =0, i.e.,
M and R are the unique polynomials in 713, ;1 such that HM + H_R = W. Since also
H_M_+ HR_ =W_ = —-W, and thus, (H)(—R_) + (H_)(—M_) = W, with M_,R_ €
Ton 1, we deduce that M = —R_, or, equivalently, R = —M _. Hence, with the definition

G = —R_, we have shown that G is the unique polynomial in 75,1 such that (3.13) holds.

Recalling the fact that H is a polynomial of even degree 2n, we see that (3.13) does not

allow G to have odd degree, hence G € 7, 5.

Next, to prove (3.14), we first note from (3.13) that the coefficients of G are determined

by solving the linear system

Z hoji1-k0k = 30n-14, € Zan2. (3.16)
K€Zyn-2
Now define the matrix H by

H=(Hjx), Hjx=hoi1x J,K€E Zy_2,

which, since H is a Hurwitz polynomial, and according to the result [50, Lemma 2.4], is

invertible.
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3.3. The generating Hurwitz polynomial H

Using the notation

T, .oy Tp
H No
<c1 o cp>’ P € Non-2,
for the determinant of the submatrix of H formed by rows 74, ..., T, and columns ¢y, ..., cp,

as well as the definition {k+ N} ={k+1,k+2,...,k+n} forn € N and k € Z, we next

apply Cramer’s rule to (3.16) to obtain the formula

H<T1> s Ton—2 )
- (—1 )n+k+]l Cr,1y+ -+ Cx2n—2 ke N (3 17)
gk = 3 det(H) y 2n—2, .
where

S E, {c Nn,],

Tl 041 ten—14+Ny
and

(+1 Le {k + Nznfsz}.

Specialising the result [50, Lemma 2.4], we conclude that the two determinants in (3.17)

Ckye:{ L, ¢ e Ny

are positive, thereby proving the desired result (3.14), as well as the fact that deg(G) =
2n—2. |

We shall say that a polynomial p of degree n, as defined by p(z) = Z piz, z € C, is
JEZn
a symmetric polynomial if p,_; = pj, ] € Zn, or, equivalently, if z™p (z_1) = plz),

z € C\{0}. Since, for a symmetric polynomial p with deg(p) = n, we must have p(0) # 0,
we deduce that the zeros of a symmetric polynomial p occur in reciprocal pairs, i.e. for
zo € C\{0} we have p(zo) = 0 if and only if p (25]) = 0. Hence, if a symmetric polynomial
p of degree n is such that p(—1) = 0 and p(1) # 0, and if we denote the order of zero at

z=—1 by v € N, then it must be true that n and v are either both even, or both odd.

The following specialisation of Proposition 3.3 can now be proved.

PROPOSITION 3.4 Suppose, in Proposition 3.3, we choose H as a symmetric polynomaial
with only negative zeros, and with H(—1) = 0. Then G is a symmetric polynomial satis-
fying

G(z) #0, |[z]=T1. (3.18)
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Proof. From the Bezout identity (3.13), as well as the symmetry of the polynomial H,
we have, for z € C \ {0}, that
H(z) [ZZTL_ZG (2_1)} —H(—z2) [(—z)zn_zG (—2_1)}
=z 2H(z")G () ~H (=) G (=) |

an-2 -2+l _ ,2on-1

=z z ,

and thus, from the uniqueness result in Proposition 3.3, it follows that z?“2G (Z*]) =

G(z), z € C\ {0}, i.e. G is a symmetric polynomial.
Noting in particular from (3.14) that
(=1)"G(=1) > 0, (3.19)

we finally refer to [37, Lemmas 2.3 and 2.4] (see also [38, Theorem 4.3]) for the proof of
(3.18). n

The result of Proposition 3.4 allows us, as was done in [22], to prove the following theorem.

THEOREM 3.5 In Proposition 3.4, suppose that, forv € Ny, the polynomial H has a zero

of order 2v at z = —1. Then the Laurent polynomial A defined by
A(z) =222 H(2)G(z), ze€ C\{0}, (3.20)

belongs to the class An_v~, and satisfies the conditions of Theorem 2.2.

Proof. First, note from (3.20) that deg(A) = 2n — 1. Moreover, the symmetry of the
polynomials H and G ensure that the Laurent polynomial A in (3.20) is symmetric in the

sense of (2.36).

Next we observe from (3.20) and (3.13) that A also satisfies the interpolatory condition
(2.37). Since H has a zero of order 2v at z = —1, it follows from (3.20) and (3.19) that
A also satisfies the condition (2.42), so that we can deduce from Proposition 2.5 that the

polynomial filling property (2.38) holds. Hence A € A, .
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3.3. The generating Hurwitz polynomial H

Finally, we conclude from (3.20), (2.41), together with the hypothesis that H has only
negative zeros, and (3.18), that A satisfies the positivity condition (2.23). Hence A

satisfies all the conditions of Theorem 2.2. [ |

Remark: Observe that the case v =mn in Theorem 3.5 yields the Hurwitz polynomial
H(z) = (14 z2)*™, zeC,

with the resulting Laurent polynomial A, as defined by (3.20), belonging to the class Ag n,
so that, from (2.39), we have here that A = Dy, the Dubuc-Deslauriers mask symbol as
given explicitly by (2.13), (2.16). Theorem 3.5 therefore provides an alternative proof to
the one in Theorem 2.3, as based on (2.34) and (2.35), to show that A = D, satisfies the

positivity condition (2.23), and therefore also all the conditions of Theorem 2.2.

As a second example we choose n = 2 and the Hurwitz polynomial H in Theorem 3.5 as
H(z) = (1+2)%(2+2)(14+22), zeC,

so that v = 1. The unique polynomial G of degree 2 satisfying the Bezout identity (3.13)
is then given by

1 2
G(Z)——@<2—9Z+22), z€C,

and the resulting Laurent polynomial A € A ;, according to (3.20), has the formulation

A(z) = ;—O(—4z—3+49z—‘ +90+49z—42%), ze C\{0} (3.21)

The corresponding refinable function ¢ of Theorem 2.2 is plotted in Figure 3.3(a) and

the associated convergent subdivision scheme S, is illustrated in Figure 3.4.

Note that, although the refinable function ¢ in Figure 3.4(a) appears to satisfy ¢(x) =0,
x & (—2,2), we see from (2.24) in Theorem 2.2, that ¢(x) = 0, x ¢ (—3,3) and from (2.57)
in Theorem 2.6, together with (2.62), that ¢ has clustered zeros towards the boundaries

of its support interval (—3,3), as illustrated in Figure 3.4(b) and (c).
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Chapter 3. Two classes of convergent subdivision schemes from A,
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Figure 3.3: The refinable function ¢ with mask symbol (3.21)

(a) c(©) (x) and c(1) (o)

(c) ¢l () and c(®) (=) (d) limit curve

Figure 3.4: Subdivision with the mask symbol (3.21)

In [46], the authors considered the mask symbol A defined by (3.20), with, for M € Z
and an integer m > 3, the specific choice H(z) = 2 (]—JZFZ)WFZM En(z), z € C, in (3.13),
where E,, is the Euler—Frobenius polynomial of degree m — 2, as defined (see e.g. [61,
Theorem 2.1]) by

Em(z)= ) Nn(i+1)2, z€C, (3.22)

J€Lm 2

where, from (1.13), we have
N (j+1):¥Z(—1)k ™M Gr1—1™T, jez (m>2). (3.23)
" (m—1) & 13 ’ mez s

Our approach has the advantage of also proving the existence of the corresponding refin-

able function ¢ € C(R).

In the following section, we choose Q as a fundamental interpolant and then show that
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3.4. Choosing Q as a fundamental interpolant

this construction technique is equivalent to a specific choice of H in (3.13).

3.4 Choosing Q as a fundamental interpolant

In this section, we present the theory developed in [22] to construct, in addition to the
centered B-spline case of Section 3.2, a second choice for the generating function Q of
Section 3.1. The cardinal spline special case of the interpolatory mask symbol A in
Theorem 3.10 below was also considered in [46, equation (3.27)]. Our results below
extend, simplify and improve upon those in [46]. In particular, we show here, as was
already also pointed out in [23], that the strong hypothesis of the existence of a solution

to the refinement equation [46, equation (3.37)] can be removed.

Using the results of Section 3.3, we shall show that, starting with a given Hurwitz polyno-
mial (mask symbol) B, and its associated refinable function ¢ according to Theorem 1.5,
we can construct a fundamental interpolant Q € Cy(R) in the linear space spanned by
the translates {@(2 - —j) :j € Z}. This function Q is shown to be an admissible choice in
the context of Theorem 3.1, and such that the interpolatory condition (3.5) also holds.
Moreover, we shall demonstrate that the resulting Laurent polynomial A constructed from

(3.1) and (1.3) then satisfies the conditions of Theorem 2.2.

Recall that a Pdlya frequency sequence a of all orders is such that all the minors of the

bi-infinite matrix W defined by
(W) = ax, j,k€Z,

are nonnegative. A complete characterisation of such sequences is available in terms of
the zeros of the Laurent polynomial A = } a;j(-) (see [44, Chapter 8, Theorem 9.5]).
For a Laurent polynomial (or polynomial) p = Z p;(+)’, we shall use the notation p'¢ =
j
ZPZj(')Zj, and pl®) = szj+1 ()P to denote the even and odd parts of p. Note that
j j

)
then p'® = 3 [p +p(—)], and p'® = 3[p —p(—)].
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PROPOSITION 3.6 Suppose for an integer m > 2 that the polynomial B = Z b;(-) € M

j
is a Hurwitz polynomial of degree m, with B(1) =2 and B(—1) = 0. Then there exists a

refinable function @ € C(R) such that

¢(x) =0, x¢(0,m) (3:24)
0= bie(2:—) =) b2 ) (3.25)
(p(x)]izn(;, x € (0,m); | (3.26)
D) ex—j)=1, xeR (3.27)
};(X)—@(y)} <Kpkx—ylP, xyeR, (3.28)

for some constant K > 0, and where p = —log, p, with p = p(a) as in (1.37) and (1.38),
so that f € (0, 1].

Moreover, the polynomial £ of degree m — 2 defined by
Ezx)= Y e(+1d=Y ol+1)d, zeC, (3.29)
jEZm72 ]

has only negative zeros and satisfies the Bezout identity

B(z)E(z) — B(—2z)E(—z) = 2zE(z?), z€C. (3.30)

Proof. Since B is a Hurwitz polynomial of degree m and B(1) > 0, it follows that b; > 0,
j € Zm. For the existence of a refinable function ¢ € C(R) satisfying the properties
(3.24)—(3.27), we can therefore refer to Theorem 1.5. The Hélder continuity property
(3.28) of ¢ is proved in [50, Theorem 2.5 and Corollary 2.1] (see also [20, Theorem 1.2]).

To prove that the polynomial E defined by (3.29) has only negative zeros, we first appeal
to [36, Theorem 4.1 and Corollary 3.1] (see also [50, Theorem 2.6]) to conclude that
{@(j) : j € Z} is a Pdlya frequency sequence of all orders. The fact that E has only

negative zeros then follows directly from [44, Chapter 8, Corollary 3.1].
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3.4. Choosing Q as a fundamental interpolant

Finally, to prove the polynomial identity (3.30), we use (3.29) and (3.25) to obtain, for

zeC,

2E(zY) = 2} o(j+1)2
j

=2y Zbkcp(zmn—k)] 22
L k

= z) | ao(2j+2-2k)+ ) bane(2j +2—2k—1)] 2”
j k k

)
= z) by |) ¢(2j—2k+2)z”
- .

L )

—_

+2) b [Z 0(2j — 2k +1)2?
k j

+2 ) ba [Z ¢(2j + 1)22j+2k]
- .

)

= z) ba|) @(2j+2)27*
- .

L )

= [Z bZkZZk] [Z (P((ZJ + ]) + 1)sz+]]
k j
Z b2k+1ZZk+]] [Z ©(2j+1)z”
k j

— B9(2)E@(2) + B (2)E)(2)

+

[B(z) + B(—z)] 3 [E(z) — E(—2z)] + 3[B(z) — B(—2)] 3 [E(z) + E(—2)]

N=

[B(z)E(z) — B(—z)E(—2]]. n

Note that the choice B(z) =27™(1 +2z)™, z € C, in Proposition 3.6 gives, according to
(1.15), (1.16) and (1.41), @ = N, and observe also that the polynomial E as defined by

(3.29) is then the Euler-Frobenius polynomial as given by (3.22).

The fundamental interpolant Q € Cy(IR) can now be constructed as follows.

THEOREM 3.7 Let, for a given integer m > 2, the polynomial B and the function @ be
as defined in Proposition 3.6, and suppose the integer p € Ny, denotes the order of the
zero at z = —1 of B. Then there exists a sequence ¢ € My(Z) such that the function Q
defined by

m—2

Q=) o) = ) co2 ) (3.31)

j=—2m+2
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has the following properties:

Qx)=0, x&(—m+1,m-—1), (3.32)
QG) =295, jeiz (3.33)
> P(Q—i)=p, PEM (3.34)

Proof. First, observe that (3.32) is a consequence of (3.31) and (3.24). Next, in the
settings of Propositions 3.6 and 3.3, we define the polynomial G of degree 2m — 4 as the
solution of the Bezout identity (3.13) with n = m — 1, and H chosen as the Hurwitz

polynomial of degree 2m — 2 as given by

H=1BE, (3.35)

1
2
where E is the polynomial defined by (3.29), and which, according to Proposition 3.6, has

only negative zeros. If we now define the Laurent polynomial C by

m—2

Z ¢z = Z ¢iZd = C(z) =z "™™B(2)G(z), z€ C\{0}, (3.36)

j=—2m+2

then (3.13) implies the identity
2 [C(Z)E(z) —C(—2)E(=2)| =2, zeC\{o). (3.37)
We proceed to show that, with the coefficient sequence {c;j:j € Z} € My(Z) as chosen in

(3.36), the function Q defined by (3.31) satisfies the interpolatory property (3.33).

We shall, in fact, prove that
D> QP =1, zeC\{0}, (3.38)
j

which is equivalent to (3.33). To this end, we use (3.31), the definitions (3.36) and (3.29)
to obtain, for z € C\ {0},

Y Qi = Y Y cpld -k

j

k
_ Z[Z con(2j — 2K) +Zczk+1(p 2 — Zk—n]
j Kk
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3.4. Choosing Q as a fundamental interpolant

Z Czk[Z @(2j — Zk)sz:| + Z C2k+1 [Z ©(2j —2k — ])sz]
Kk j " ].

Z CZk[Z (2 + 2)sz+2} 224 Z Cokt1 [Z 0(2j + 1)221+1]sz+1
k j m j

z [Z czkzzﬂ [Z ©(2j +2)22j+]] +z [Z czk+1zzk+1] [Z ©(2j+ 1)22]1
k j k j

zC¥(2)EC(2) 4+ 2z C9(2)El¥(2)

by virtue of (3.37), which then implies the desired result (3.38).

With the Fourier transform of a function f € Co(R) defined by

(o¢]

flx) = J e XUf(t) dt, x € R,

(&)

we prove property (3.34) by first using the Fourier transform formulations

Qx) = 1C(e ™?)H (%), xeR,

and
00 = 1B(e™5 (3), xeR, (3.30)
of, respectively, (3.31) and (3.25), as well (3.36), to deduce that
Q(x) = ™ xG(e ™) H(x), x € R. (3.40)

Exploiting the fact that the polynomial B has a zero of order p at z = —1, we use (3.39)

inductively, to conclude that @¥(27j) =0, j € Z\ {0}, { € Z, 1, and thus from (3.40),

QYW(2mj) =0, jeZ\{0), (€Zy.

(3.41)

Now, for a fixed x € R and { € Z,_1, define the function u by u(t) :=t‘Q(x —t), t € R.

It follows that u € Co(R). Now observe from (3.31) and (3.28) that the function Q,

and therefore also the function u, is Holder continuous with exponent 3 € (0, 1], and
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therefore also of bounded variation. Hence we can apply the Poisson summation formula

Zu(j) = Zﬁ(Zﬂj), (see e.g. [8, Chapter 2|), together with (3.41), to obtain
j j

> iQx—i) =) (—i)k(i)xf‘k@“w). (3.42)

keZy

It follows from (3.42) that the function w defined by w := Z i'Q(- —3j) is in 7, ¢ and

)
satisfies w(k) = k!, k € Z, from (3.33). Thus w(x) = x%, x € R, thereby proving

(3.34). ]

Next we show that, with the additional constraints of symmetry and real zeros on the
Hurwitz polynomial B, the fundamental function Q in Theorem 3.7 is also symmetric,
and can therefore be used in (3.1) to construct a mask A € A, for certain pu,v € N.

First, we prove the following specialisation of Proposition 3.6.

PROPOSITION 3.8 In Proposition 3.6, if it also holds that B is a symmetric polynomial,
then @ is a symmetric function in the sense that @(m — -) = @ and, moreover, E is a

symmetric polynomial of degree m — 2. Also,

#£0, m even,
E(—1) (3.43)
=0, m odd.

Proof. Define ) € Co(R) by ¥ = @(m — ). Then, since by,_; = bj, j € Z,, by virtue of

the fact that B is a symmetric polynomial of degree m, we have, for x € R,

ij¢(2x—i) = ij@(m—2x+j)
| = ibm—j@(m—ZX—Fj)
= ibjcp(z(m—x)—j)
= cp](m—x)zw(x), (3.44)

by virtue also of the refinability (3.25) of @. Since, from (3.27),

D bix—j)=) e(m-x+j)=1 xeR,
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3.4. Choosing Q as a fundamental interpolant

we deduce from (3.44), together with the uniqueness result in Theorem 1.5, that P = @,

and thus @(m —-) = @.

If we write E(z) = Z e; 2, z € C, then, from (3.29), we have
jeZm—Z

es=¢(+1), j€Zmn, (3.45)
and it then follows from the symmetry of ¢, as proved above, that
em2=@0Mm—1—j)=0(+1)=¢ej, j€Zmn,,
thereby showing that E is a symmetric polynomial.
Finally, to prove (3.43), and following a method introduced in [23] and further developed
in [22], we set z =1 in the Bezout identity (3.30), and use the fact that both B and E are
symmetric polynomials, to deduce that
2{E(—1) = B(i)E(i)— B(—1i) E(—1)

— BOEW - B()E()

= BHA)E({A)—i™B({i)i™2E(i)

= [T+ (=)™ B{) E(). (3.46)
Since B is a Hurwitz polynomial, and since, from Proposition 3.6, the polynomial E has

only negative zeros, we see that B(i) E(1) # 0, which together with (3.46), then implies
the desired result (3.43). [ |

The result of Proposition 3.8 enables us to prove the following.

THEOREM 3.9 In Theorem 3.7, if we choose B as a symmetric polynomial of degree m
and with only negative zeros, then the sequence ¢ € Mo(Z) in (3.31) is symmetric in the

sense that
Cj—2m42 = Cm—24, J E€Z, (3.47)
and the function Q defined by (3.31) has the additional property of symmetry, in the sense

of (3.3).
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Proof. First, we note from (3.35) and (3.36) in the proof of Theorem 3.7 that, with
the additional constraints on B as in this theorem, and since, from Proposition 3.8, we
know that the polynomial E is symmetric and has only negative zeros, H is a symmetric
Hurwitz polynomial of degree 2m — 2 with only negatives zeros. But then, recalling also

from Proposition 3.3 and 3.4 that then G is a symmetric polynomial of degree 2m — 4,

we find that (3.36) gives, for z € C \ {0},
Clz) = Z—2m+2<ZmB (2—1) ) (sz—4 G (2—1)> _ Z—m(sz—zB (2—1) G (Z—l) ) —,mC (Z—l) )
thereby proving that ¢; = ¢_j_, j € Z, which is equivalent to the desired result (3.47).

Next, recalling from Proposition 3.8 that @(m —-) = ¢, we now use (3.31) and (3.47) to

deduce that, for x € R,

m—2

QA=) = D  ¢ol-2x—j)

j——2m42
= Z Cjamp2@(—2x —j +2m —2)
JE€Z3m—a

= ) Cmo2i@(-2x—j+2m—2)
jEZSm74
m—2

= ) gel-2x+m+j)
j=—2m+2

m—2

= Z cjp(m— (2x —j))
j— 2m 2

m—2

= ) 4e(2x—j)=Qx).

j=—2m+2

Hence the function Q is symmetric in the sense of (3.3). |

An important special case of Theorem 3.9 is provided by the choice B(z) = %")m,
)

2(
z € C, so that p = m, in which case, according to (3.25), Theorem 1.5, (1.15) and
(1.16), we have that ¢@ = N,,, the cardinal B-spline of order m, and E = E,, is the
corresponding Euler-Frobenius polynomial of degree m — 2, as given by (3.22). The

resulting minimally supported fundamental spline interpolant Q = Q.,, as previously
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3.4. Choosing Q as a fundamental interpolant

investigated by various authors in [58], [15], [49], [19, 26, 25, 27], [10] and [38], can
therefore be explicitly constructed by solving for the polynomial G,, of degree 2m — 4

from the Bezout identity

(H5) " Em(2)Gm(2) = (155) " Em(—2)Gml(—2) = 2™, z€C, (3.48)

and then defining

m—2
j=—2m+2
m—2
where, in the notation C,(z) = Z cmyjzj, z € C\ {0}, we have
j=—2m+2
Cm(z) =222™2 (H2) " G(z), z € C\{0} (3.50)

These fundamental spline interpolants Q. are useful in approximation theory, in the sense
that the corresponding local spline interpolation operator @ : M(R) — S,.(Z/2) defined
by
(Qf)(x) =D f(1)Qm(x—ij), x€R,
j

not only has the interpolatory property (Qf)(j) = f(j), j € Z, f € M(R), but also,
according to (3.34), is exact on the polynomial space 7,,,_1. For m = 2 3,4, the Laurent

polynomial C,, is explicitly calculated by first using (1.13) and (3.23) to obtain

1, m=2,
En(z) =4{ 3(1+2), m =3, z€C, (3.51)
d(1+4z+2%), m=4,

(cf. also [8, p. 191]) and then using (3.48) and (3.50) to find, for z € C, that

J(z2+22774+7), m=2,
Colz)=¢ 3(—z 42348 2+82"+1—2), m=3,
s (20 —4z°— 62" +2823+58224+282"'—6—4z+2%), m=4.

Using also (3.49), we can then compute Q., for m = 2,3 4, as illustrated in Figure 3.5.
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0.8 0.8

0.6 0.6

0.4] 0.4]

0.2 0.2

(a) m=2 (b) m=3 (c) m=4

Figure 3.5: Examples of the fundamental interpolant Q,, .

Remark: The graphs in Figure 3.5 were generated using Lane-Riesenfeld subdivision, as
given by (1.24), with initial sequence {cmj:j € {—2m+2,...,m — 2}} for, respectively,
m = 2,3,4. From Theorem 1.4, we then conclude that this subdivision scheme converges,

at a geometric rate, to the limit curve @, = Z Cm;jNm(- —j). Hence, we obtain the

j
desired function Q. in (3.49) by setting Qum = O m(2-).

Our main result of this section is now as follows.

THEOREM 3.10 For an integer m > 2, let the Laurent polynomial A be defined by (1.3)
and (8.1), with the generating function Q chosen as the symmetric fundamental inter-

polant of Theorem 3.9. Then, with p € Ny, denoting the order of zero at z = —1 of the

polynomial B, we have that A belongs to the class Am_1_~, where

%p, m even,
v — (3.52)
Tp+1), m odd

Moreover, A satisfies the conditions of Theorem 2.2, withn =m —1.
[Recall, as observed before Proposition 3.4, that m and p are either both even or both odd.]
Proof. First, observe from (3.1) and (3.33) that

u=Q(%), jez, (3.53)
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3.4. Choosing Q as a fundamental interpolant

and thus, using also (1.3), (3.31) and (3.29), we get, for z € C\ {0}, that

Alz)=) Q)7 = ) ) coli-K7
j ik
= ZZch(p(j—k)zj_k_]zk
ik

= ZZ e(j)2! Z ez = zE(z)C(z2), (3.54)
j K
which together with (3.36), yields the formula
A(z) =z ™3 B(z) E(z) G(z), ze€ C\{0}, (3.55)

with the polynomial G as in the proof of Theorem 3.7. It then follows from the hypothesis
that the polynomial B has a zero of order p at z = —1, together with the result (3.43) of
Proposition 3.8, that condition (2.42) is satisfied with v given by (3.52), and thus, from

Proposition 2.5, that the polynomial filling property (2.38) holds with v given by (3.52).

Next, we observe from (3.55), since also Proposition 3.6 gives deg(E) = m — 2, and, since
the proof of Theorem 3.7 gives deg(G) = 2m — 4, that we have deg(A) = 2m — 3. Also,
from Propositions 3.8 and 3.4, we know that E and G are both symmetric polynomials,
from which, together with the symmetry of the polynomial B, and the formula (3.55), we

deduce that A is a symmetric Laurent polynomial, i.e. (2.36) holds.

Noting from (3.1), (3.33) and Proposition 2.1 that (2.37) holds, we conclude that A
satisfies the conditions of Definition 2.4 with p = m — 1 —-v, and with v given by (3.52).

It follows that A € A1 ~.

But then, using also (2.41), we see that the conditions (2.21) and (2.22) of Theorem 2.2
hold. Also, since the polynomial B is symmetric and has only negative zeros, and thus,
according to Proposition 3.6 and 3.8, the polynomial E is symmetric and has only negative
zeros, we have that the polynomial H as given by (3.35) is symmetric and has only negative
zeros. Thus, from Proposition 3.4, (3.55), and the fact that A(1) = 2, from (2.41), we

conclude that the positivity condition (2.23) is satisfied.
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Chapter 3. Two classes of convergent subdivision schemes from A,

Finally, since deg(A) = 2m — 3, as noted above, we conclude that A does indeed satisfy

the conditions of Theorem 2.2 withn=m —1. [ |

Remarks:

(a) Observe from (3.52) that, if m is an odd integer > 3, then the polynomial re-
production property (2.54) of the corresponding refinable function ¢ holds for
v = %(p +1), ie.
> p()d(-—j)=p, pem, (3.56)
j

whereas the generating function Q has, according to (3.34) in Theorem 3.7, the same
polynomial reproduction property only for polynomials of degree < (p — 1). Hence
we did not appeal directly to Theorem 3.1 for the proof of Theorem 3.10, since that
result would not have yielded the improved polynomial reproduction degree p in

(3.56).

(b) Observing from (3.52), together with the fact that the order p of the zero at z = —1
of the polynomial B satisfies p € Ny, we see that A belongs to the class A1,

where

Nm, m even,

v e (3.57)
Numo, m odd.

2

We deduce from (3.57) that m — 1 —+v =0 if and only if

E

1, m=2,
me{2,3} and v= (3.58)
2, m=3.

Hence, we have A € Ay if and only if m and v are such that (3.58) holds, and thus,
according to (2.39), the Laurent polynomial A of Theorem 3.10 satisfies A = D,,
the Dubuc—Deslauriers mask symbol as given by (2.13) and (2.12), if and only if
(3.58) holds.

As a special case, we can choose B(z) = 2 (]—erz)m, z € C, in Theorem 3.9, i.e. Q = Qmn

is the minimally supported fundamental spline interpolant (3.49) with knots at the half
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3.4. Choosing Q as a fundamental interpolant

integers. According to the formula (3.54) we then have A(z) = zC,,(z)Ein(z), 2z € C\{0}.
Using (3.51), together with (3.48) and (3.50), we find that, for z € C\ {0},

Alz) = $(z"'+2+2z), m=2, (3.59)
Alz) = £(-z2+927"+16+92-2%), m=3, (3.60)

Alz) = ﬁ (Z’S —21z3 4+ 164z + 288 + 164z — 212° + 25) , m=4, (3.61)

Note in particular from (3.59), (2.17), (3.60) and (2.18), that A = Dy and A = D>, which

is in accordance with our Remark (b) above.

In Figures 3.6 and 3.7, we have plotted the refinable function ¢ associated with mask

symbol (3.61), and illustrated the associated convergent subdivision scheme Sg.

1

0.8]

0.6

0.4]

0.2]

0

-0.

-5 0 5

Figure 3.6: Associated refinable function ¢ for the mask symbol (3.61).

(a) ¢ (%) and c(1) (o) (c) ¢l () and c(®) (-) (d) limit curve

Figure 3.7: Subdivision with the mask symbol (3.61).
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Existence and convergence by
means of the cascade
algorithm

In Chapter 2, we observed that, if a mask symbol A belongs to the class A, for some
i € Z, and v € N; then the interpolatory condition (2.21) and condition (2.22) of a zero
at z = —1 of Theorem 2.2 are automatically satisfied. According to Theorem 2.2, the
further constraint (2.23) of positivity on the unit circle in C then guarantees the existence
of a corresponding refinable function ¢, as well as the convergence of the associated

subdivision scheme S.

In Section 4.1 below, we provide, as was done in [22], an example of a one-parameter
family of mask symbols A € A, that do not satisfy (2.23), but for which numerical
evidence seems to suggest the existence of a refinable function, as well as subdivision
convergence. Motivated by these results from [22], we proceed here, in Section 4.2, to
develop alternative sufficient conditions on mask symbols in A, in order to capture
existence and convergence for a class of mask symbols which could also include mask
symbols not satisfying the positivity condition (2.23), and we then proceed in Section 4.3

to show that a subclass of our example in Section 4.1 does indeed satisfy these conditions.

4.1 A family of mask symbols with zeros on the unit circle in C

In the setting of Theorem 2.7, we first show that, for an integer n > 2, the one-parameter

family of mask symbols A € A; ,_; given by

A=A(tl)=(1-tDn+tDn, teR, (4.1)
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4.1. A family of mask symbols with zeros on the unit circle in C

satisfies A(e*™) = 0 for some x¢ € (5,7) if t > 1. Hence, this particular one-parameter

family of mask symbols A do not satisfy the positivity condition (2.23) of Theorem 2.2.

We shall rely on the following properties of the Dubuc—Deslauriers mask symbol D.,.

LEMMA 4.1 Forn € N, the Dubuc—Deslauriers mask symbol Dy, as given by (2.13) and

(2.12), can be generated recursively on the unit circle z = e, x € R, by using the formulas
Di(e™) =cosx+1, x€R, (4.2)
and

ix ix 1 n—2 : 2n—-2
D.(e™) =D,_4(e )+W(n_1)cosx(smx) , xeR, n>2 (4.3)

Moreover, for allm € N, we have that

D.(1)=2, D.i)=1, Dn(=1)=0. (4.4)

Proof. Setting n =1 in (2.35), we get

D;(e™) :J sinwdw=cosx+1, x€R,

X

thereby proving (4.2).

Next, for n > 2, we use (2.35) and integration by parts to obtain, for x € R,

ixy (2Tl—1)' T o
Da(e™) = zh_z[(n_”qu(smw)z dw
= (2n—1)! ! g =2 (™ n
a 22n—2[(n—1)!}2 {Zn_1COSX(smx)2 2+2n_]Jx(81nw)2 3dw]
(2n —2)!

(sin w)?™ 3 dw

= cos x(sin x)

. 2n—3) [~
5 2 2_|_ ZJ

22“—4[(n—2)!] X

22“—2[(11 — 1)!}

1 /2n-2 .
= W(;— : ) cos x(sinx)?" 2 + Dy (e),

thereby showing that (4.3) holds.

Next, since Dy, € Apn, n € N, we have from (2.36) that Dy(i) = Dn(—1), n € N, and
from (2.37) that Dy (1) + Dn(—1) = 2, from which we then deduce that D(i) = 1. As
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Chapter 4. Existence and convergence by means of the cascade algorithm

noted before in (2.41), the remaining two values of D in (4.4) are true for all mask

symbols in A, ,, and are therefore also true for D,. |

The following result from [22] provides a class of mask symbols 4; ,_; that do not satisfy

the positivity condition (2.23).

PROPOSITION 4.2 For a integer n > 2, the mask symbol A(t|-) defined by (4.1) satisfies

. . 1 /2n—2
Altle™) = Dpr(e™) +t = (" ) cosx(sinx)™ 2, xe€R, teR, (4.5)
222\ n—1

with Dy, denoting the Dubuc—Deslauriers mask symbol of order n. Moreover,

A(tle™) = 0,
te—2n+2,1], (4.6)
Altle™) > 0, x¢€(—mm),

whereas, if t > 1, then there exists exactly one point x € (%,71) such that

3\

A(tle™) > 0, x € (—x¢,xyt)

A(tlet™) = 0,
(4.7)
A(t‘eix) < 0) X € (_T[) T[) \ [_Xtyxt]v

A(tle'™ = 0.
Proof. To prove (4.5), we first rewrite (4.1) as
A(tz) = Dua(2) +t (Da(z) = Dua(2)), 2 € C\(O),
and then use (4.3).

For 0 <t <1, (4.6) follows from (4.1) and (2.35). Suppose therefore that t € R\ [0, 1].
From (4.4) and (4.1) we have

A1)=2,  Atli)=1, A{t/-1)=0, teR. (4.8)

Now use (2.35) and (4.5) to obtain

d o2n—1/2n=3\, B 14 2l
aA(t\e”‘) = W(n—1 )(smx)ZTL 3¢ [coszx— 2117_’“1 , x€R. (4.9)
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In (4.9), we find that

whereas
ﬁ <0, te (-2T’L+2,0) (411)

Suppose now that t € (—2n + 2,0). Then (4.9) and (4.11) imply that d—‘iA(tleb‘) <0,
x € [0,7), which, together with (4.8), gives A(t|x) > 0, x € [0,7t). But, the fact that

A € A, implies that A is a symmetric Laurent polynomial, so that
Atle ™) = A(tle™), xeR. (4.12)

Hence, if t € (—2n+2,0), we also have A(tle™) > 0, x € (—m, 0]. Since also A(t|—1) =0
from (4.8), it follows that (4.6) holds for t € (—2n + 2,0).

If t =—2n+ 2, we see from (4.9) that

4o - 2n=Nin=1) <2n—3

i Sond )(sin x)?" 3 cos?x, x €R,

n—1

which, together with (4.8), and the fact that A is symmetric, completes our proof of (4.6).
Next, suppose t € (1,00). Then (4.10) and (4.9) imply the limits

iA(tlei") — 0", x— 0,
dx

and
d

—A(tle™) — 0", x — .
dx

Moreover, from (4.9) and (4.10), there exist precisely two solutions xo € (0,%) and
X1 € (%, 7() of the equation d—‘iA(tIeb‘) =0 for x € (0, 7). Keeping the symmetry property
(4.12) of A in mind, as well as (4.8), we deduce that there exists exactly one point

x¢ € (5, ) for which (4.7) holds. |

Proposition 4.2 shows that if t > 1, the mask symbol A(t|-) defined by (4.1) does not

satisfy the positivity condition (2.23), so that Theorem 2.2 is inconclusive regarding the
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Chapter 4. Existence and convergence by means of the cascade algorithm

existence of a corresponding refinable function, or the convergence of the associated sub-

division scheme S,.

However, setting n = 2 and t = 3 in (4.1), we obtain, using also (2.17) and (2.18), the

formula

AQBR)=-32z3+ 8z +1+ 82— 32% zeC\{0} (4.13)

and if we now apply the associated subdivision scheme S, to the initial sequence ¢ = 9,
our numerical calculations, as illustrated in Figure 4.1, seem to suggest convergence, to

what would then be the corresponding refinable function ¢.

0

-0.2

Figure 4.1: Numerical evidence of convergence of S, with mask symbol (4.13)

In Section 4.2 below, we proceed to develop sufficient conditions for existence and con-
vergence that will also capture a collection of mask symbols for which Theorem 2.2 is not

valid due to the non-compliance of the mask symbol to the positivity condition (2.23).

4.2 A convergence theorem

In this section we derive, in the setting of Theorem 2.2, an alternative to the positivity
condition (2.23), while still ensuring the existence of an interpolatory refinable function

and the convergence of the associated interpolatory subdivision scheme.
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4.2.1 The cascade algorithm

We define, for a given mask a € My(Z), the cascade operator T,: M(R) — M(R) by
(Taf)(x) =) aif(2x—j), x€R. (4.14)
j

The corresponding cascade algorithm, then generates, for a given initial function g €

M(R), the sequence {¢,: 1 € Z,} C M(R) recursively by

d)O =9, ¢T+1 — Tad)ry T E Z+- (415>

We shall rely on the following relationship, (see [50],[20]), between the subdivision and

cascade operators.

LEMMA 4.3 For a given mask a € Mo(Z), the subdivision operator Sq : M(Z) — M(Z)
and the cascade operator Tq : M(R) — M(R), as defined by, respectively, (1.2) and (4.14),

satisfy the relationship

(Tflf)(x):Z(Sgé)jf(zrx—j), xeR, reN, feM(R), (4.16)

)

with & ={8; 1§ € 7).

Proof. Since S0 = a from (1.2) and (1.27), we see from (4.14) that (4.16) holds for
r=1 1Ifr > 2 we use (1.2) and (4.14) to get, for f € M(R) and x € R,

> (she);f(2x—j) = Z[Z aj—2c (S5 10),
k

j j

= Z (S:li]é>k Z (lj,Zkf(ZTX — ])]

f(2™x —j)

k
— Z (Su'9), Z ajf<2(2T’1x —k) — ))]
k L J
— Z (Su'8), (Taf) (27 'x — k)
k
= ) a (T ') (2x—k) = (T3f) (x). |
k
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4.2.2 Sufficient conditions for existence and convergence

First, for a given interpolatory mask a € My(Z), we establish, in terms of the associated
interpolatory subdivision scheme S, a sufficient condition for the convergence of the

cascade algorithm (4.15) for a suitable choice of initial function g.

We denote by C,(R) the space of bounded functions in C(R), i.e. f € C(R) if f € C(R)

and |[f]|o := sup|f(x)| < oo, where we define sup = sup. Recall that C,(R) is a complete
X X xER

normed linear space (or Banach space) with respect to the norm || - [|.

Note that we use the same notation || - || for the norm on £*°(Z) and the norm on C,(R);

however the appropriate meaning should always be clear from the context.
THEOREM 4.4 Suppose the mask a € Mo(Z) also satisfies

ax =29, jeEL, (4.17)

Z aA2j+1 = ], (418)
j

and let {¢, : v € Z,} denote the sequence in C(R) generated by the cascade algorithm

(4.15) with the initial function g chosen as
g=Na(-+1), (4.19)

where N3 is the linear B-spline, as given by (1.23).

Also, with the choice ¢ = & in (1.4), let, according to Proposition 1.1, {c" : v € Z,} C
(*(Z) denote the sequence generated, according to (1.5), by the subdivision scheme S,

and define the sequence {ym ‘T E Z+} C {>®(Z) by
YJ{T) — M ] <c]@] + c]@]) , 1€Z, rv€Z,. (4.20)
If, moreover, there exists a real number p = p(a) € [0,1) such that
V™ oo < IV oo, 7€ Zy, (4.21)
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then the cascade algorithm (4.15) converges in the sense that there exists a function ¢ €

Cu(R) such that
pr+]

b — Prlloo <

—0, T— 0. (4.22)

Proof. First, observe from (4.19), (1.23), (1.15) and (1.16) that g € Co(R), and that

3 3=,
g=) bjg(2-—j), where bj=¢ 1, j=0, (4.23)
j O) )g{_]>0)1}

Now use Lemma 4.3, together with (1.5), (4.17), Proposition 2.1, (2.2), (4.23) (1.18) and

(1.19), to deduce that, for r € Z, and x € R, we have

[Pria(x) = de(x)] = > (S518);9(27 x —j) — ) (Si8);9(27x —j)
j j
_ ZC§T+1 2'r+1 ZC g(2"x —3j)
_ ZCTH 2r+1 Zcr+1 Zbkg(ZH]X—Z]’—k)
k
= Z cgrﬂ)g(Z”]x Z ot Z b 29(2" x — k)
j k

= 1> ¢ g2 Mx—j Z(Zb] chzl”)g(z*“x—j)

j

_ Z T-H Z b] 2kC21]:H ] g(zT—HX o ))

i L

- Z CZ;H szl ZkC21I:H ] Q(ZTHX —2j)
j L
Z

szjﬂ Z b2ji ZkC2k ] g(2"x —2j—1)

SHESS bzmkcé‘:”] o(2""x =2 = 1)
k

)

j
+1 +1 +1) 1 .
— Z[cgﬂ)—%cg) —cgﬂ}g(ZHX—ZJ—])
j
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T g2 — 25 — 1)

< ‘ngg 9272 - 1)
< [yt Z g2 'x —2j—1)
< [yt Z g(2x — ) = HV(H”HOO' (4.24)

But (4.21) implies that, for r € Z,

41| < <p 9L <ot (4.25)

1% <o [y, <e® [V, <

since H}/(OJHOO = 1, from the fact that (4.20) yields ygo) =0 — %(6];1 +0i11), ] €Z. 1t
follows from (4.24) and (4.25) that

}d)T-H (X) - (br(x)} < pr-H) X € R) TE Z-H

from which we then deduce that
pT—H
T—p

|drie(x) — drlx)| < , x€R, r€Z,, (eN. (4.26)

Since (4.14), together with the fact that a € My(Z), implies that the operator T, maps
Co(R) into Co(R) C Cy(R), and since g € Co(R) C Cyu(R), we see from (4.15) that
{b,:1r€Z,} C Co(R) C Cy(R). Hence (4.26) yields the estimate

Nad
-l )
so that [|[p; — dull ., — 0, j,k — oo, and we conclude that {¢, : v € Z,} is a Cauchy

|| drie — (I)'rHoo_ reZ,, (€N,

sequence in C,(R) with respect to the || - || norm. But C,(R) is a complete normed
linear space (or Banach space) with respect to the norm || -||,. Hence there exists a limit
function ¢ € C(R) such that [|[¢ — ¢/l , — 0, 1 — oo. Moreover, since, for a fixed

T € Z,, and any £ € N, we have from (4.26) that

o —drlle < lld— brpelloy + lprie — drll

pT
<l = bl +

pT
1—p’

— 0+ { — oo.
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4.2. A convergence theorem

It then follows that (4.22) holds.

Next, we prove the following properties of the limit function ¢ in Theorem 4.4.

THEOREM 4.5 Suppose, in Theorem /.4, we also have that

Supp(a) = [M> ey N])

(4.27)

where M, N € Z satisfy M < —1 and N > 1. Then the limit function ¢ in Theorem 4.4

is in Co(R), and satisfies the conditions

Moreover, ¢ is the unique function in Co(R) satisfying (4.29) and (4.30).

Proof. Our first step is to prove that

(I)T‘(X):O) X€<M_N;_]>N_N2?])> T€Z+)

which, together with the conditions M < —1 and N > 1, would then imply that
¢r(x) =0, x¢&(M,N), Te€Z,.

To this end, we first note from (4.19) and (1.23) that

x+1, xe€(-1,0),
g(X) = 1_X> X € [O)])>
O» Xg(_1)]))

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

and thus, since ¢o(x) = g(x) = 0, x & (—1,1), we see that (4.32) holds for r = 0.

Proceeding inductively, we next assume that (4.32) holds for a fixed r € Z,. Then (4.15),
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(4.14) and (4.27) imply that (4.32) holds for v+ 1. The general validity of (4.32) follows

by induction.

Now let x & (M, N). Then, (4.33) and (4.22) yield

[d(x)] = [b(x) — br(x)| < Nl — il , — 0, T— 00,
thereby proving that (4.28) holds, and thus also that ¢ € Cy(R).

To prove the refinability (4.29) of ¢, we first show that T, maps Cy(R) into itself. To

this end, we use (4.27) and (4.14) to obtain, for f € C(R) and x € R, the estimates

N

<3 laylf2x—i)l < il Z aj,
=M =M
from which we then deduce that T, maps C,(R) into itself, with

Taflloe < il Z|a] f € Cu(R).

Hence,

T.f
”’ﬂ” Z|]| fe Cu(R), f#£0,

and it follows that T, is in fact a bounded linear operator from C,(R) to C(R), with the
N

operator norm |[[Tgll, < Z a;l.

According to a standard result (see e.g. [33, Theorem 4.4.2]), T, is therefore also a contin-
uous operator from C,(R) into itself. It then follows from (4.22), together with the fact
that ¢ € Cy(R) € Cy(R), that

$ = lim §ryr = Iim (Tapy) = Ta (lim &) = Tud,

and thus ¢ = Ty, which, according to the definition (4.14) of the cascade operator T,

is equivalent to the refinement equation (4.29).

Next, to prove (4.30), we first show that
&) =98, j€Z, reZ,. (4.35)
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4.2. A convergence theorem

Observing from (4.15) and (4.34) that (4.35) holds for r = 0, we suppose next that (4.35)
is true for a fixed r € Z,. Then (4.14) and (4.15) give, for j € Z,

Pri1(j Z axd.(2j — Z az-kPr(k Z az—xdx = az = 95,

from (4.17), thereby concluding our inductive proof of (4.35). But then (4.22) and (4.35)

yield, for j € Z,

|0(G) = 8] = [d() — d:(G)| < || — be||, — 0, T— 00,

from which we deduce that (4.30) is true.

Similarly, we prove (4.31) by first showing inductively that
Y dux—j) =1, xeR, reZ. (4.36)

To this end, first note from (4.15), (4.19), and (4.34) that (4.36) is true for r = 0. We
now assume that (4.36) holds for a fixed r € Z.. But then, from (4.14) and (4.15), and
since (4.17) and (4.18) hold, we get, for x € R, that

D bealx—j) = Zakcbrax—ﬁ—k)]
j

Z ax—2idr(2x — )]
Z Ax— 2]] 2X — k)

T2x— =1,

B

%
2

from our induction hypothesis. Hence (4.36) is true.
Now for a fixed x € R, and suppose k is the (unique) integer such that x € [k,k + 1).

76



Chapter 4. Existence and convergence by means of the cascade algorithm

Using (4.36) and (4.28), we obtain, for r € Z,

D dlx—ij)—1

= [d)(x—)')—tbr(x—)')]‘

j

k—M
= | D) [dx—i)— belx—7)]
j=k+1-N
k—M
< ) |dlx—i) = dbrlx =)
j=k+1—N

< (N_M)Hd')_(bTHOO—)O) T — 00,
by virtue of (4.22), and it follows that (4.31) does indeed hold.

Finally, to prove the uniqueness result of the theorem, suppose that \ € Cy(RR) satisfies
=) a2 ), (437)
j

and
Y(j) =28, JjeZ, (4.38)

and let 0 = ¢ — . Our proof will be complete if we can show that
0 (%) =0, keZ, reZ,, (4.39)

from which it would then follow that 8(x) = 0, x € R, since the dyadic set {zﬁr keZ,re Z+}
is dense in R, and 0 € Cy(R).

To prove (4.39), we first note from (4.30) and (4.38) that (4.39) holds for r = 0. Next
we use (4.29) and (1.2) to deduce that, for k € Z and r € N, and with & = {§; : j € Z},

we have

¢ (3) = 2 ad (7))

)

= D (Sad);d (35 —i)

j

= ) (Sad); ) awb (75 —2 1)
j ¢

= Z (Saé)j Z Cle-z;'(b (r% - E)
j 14

)

ISTES
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4.2. A convergence theorem

= Z [Z Qe 2 (5a5)j] ¢ (=2 —10)

¢

= 2 (58), 0 (7% —Y)

¢

= ) (SEd) bk —10) = (SLd),, (4.40)
¢
having also used (4.30). Similarly, (4.37) and (4.38) yield
¥ (£) =(SL8)y, ke€Z, rei,. (4.41)
Together, (4.40) and (4.41) then show that (4.39) also holds for r € N. [ |

As an immediate consequence of Theorems 4.4 and 4.5, together with Theorem 2.6, we

can now state the following result.

COROLLARY 4.6 In Theorem 4.4, suppose the mask a € My(Z), in addition to satisfying
(4.17) and (4.18), is such that the corresponding mask symbol A, as defined by (1.3),
belongs to the class A~ for some w € Zy and v € N. Then Theorem 4.5 holds with
M=-2u—2v+1 and N = 2u+ 2v — 1, and the corresponding refinable function
satisfies the properties (2.54) — (2.57) of Theorem 2.6.

Next, regarding the convergence of the subdivision scheme S, associated with the mask
a of Theorem 4.4, we note that the existence of the corresponding refinable function ¢,
together with the properties (4.29) and (4.30) can be used, as in the proof of Theorem 2.2

(see also Remark (b) after that proof), to immediately yield the following result.

THEOREM 4.7 The subdivision scheme Sq, as defined by (1.2) and (1.4), and with mask
a € Mo(Z) as in Theorem 4.4, is interpolatory in the sense of (2.1), and converges on

M(Z), in the sense that (2.28) holds, and with the limit function © given by (2.27).

To complete our existence and convergence theory of this section, we establish sufficient

conditions on the mask a of Theorem 4.4 for the contractive property (4.21) to hold.
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THEOREM 4.8 Suppose the mask symbol A associated with the mask a € My(Z) in The-
orem 4.4 is such that A belongs to the class A~ for some w € Z, and v € N, with

n=u+v>2 Suppose also, with the sequence x ={o,: L € Z} € My(Z) defined by

n—1
D (k—0Qazng1, L€ Zn oy

g = ¢ k=t+1 (4.42)
0, e € anzy

that the two inequalities

1
D e < 7 (4.43)

0€lm 2

and

1
D o+ < L (4.44)
LEln 1

are satisfied. Then there exists a real number p = p(a) € [0,1) such that the inequality

(4.21) holds, so that all the conclusions of Theorems 4.4 and 4.5, Corollary 4.6 and

Theorem 4.7 are valid.

Proof. We first prove that the sequence {y™ : v € Z,} C {*(Z), as given by (4.20),

satisfies the recursion formulas

] :
Y%L) = =2 Z oce(%@eﬂ"’%@“)’ JEL T &Ly, (4.45)
EEZn—Z
ey 1oy S (ot + o) (v i CZ, reZ,. (4.46)
Yy = 5|7 X1 T X\ Yipe TYje) | » I €L TE L (&
LELm 1

To this end, we first use (1.2), (1.4), and (2.53) and (2.52), to obtain, forj € Zandr € Z,

(r+1) (v _ ()
Cj41 = Z A2j+1-2kCy = Za]—2kck+j
ke{j+In} keln

0
() ()
= E A1-2kCyyy t E a1-2kCy;
k=—n+1 KeNy,
() ()
= 2 a2k71<cl—k+j+ck+j)
keNR
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4.2. A convergence theorem

-5 ()

KEZn 1

= Z A2kt <c]@k + c]@k +]> + ay <c§” + cﬁ)l). (4.47)

keN,

But (2.40), (2.53), (4.18) and (2.52) give

i
1= Z azj1 = Z azj1 + Z azj1 = Z (@ 51+ az) =2 Z az1,
j

ﬁ:_n' jEanl jeZn71 jEanl

and thus

1
) aya= 5- (4.48)

jEanl

Combining (4.47) and (4.48) then yields, for j € Z and v € Z,

(r+1) () () 1 () ()
CZ;—H = Z A2k+1 <er—k + Cj:—k-i—]) + (2 - Z CLZk+]) <CjT + Cj:_1)

keNL_q keNL_q
( (r) (r) (1) 1(.() (r)
= Z A2k+1 <C]Tk C]._rH — er + CjT—o—k—H) + 5 <er + C]._r’_]> . (4.49)
keNL 1

Now we use (4.20), (4.49) and (2.2) to obtain, for j € Z and v € Z,

(r+1) (r+1) 1 (r+1) (r+1)
Yz;+1 = C11 — 32 <Cz; + C2]+z>
(1) 1 (. ()
= C41 — 32 <Cj + Cj+1>
( () () ()
keN,

We claim that, forj € Z, k e Nand r € Z,,
()
Cj: ]+l U+ C]+k+1 =—2 Z <Y]+e+1 +V] e) (4.51)
LEeZy 1

To prove (4.51), we insert the definition (4.20) into the right-hand side of (4.51) to find
that

—2 Z <YJ+€+1 "‘Y) e)

LEZy 1

_ (7) (7) (7) (7) (7) (7)
= Z (k—10) (Cj+€+2 —2¢ 041 F G0 T Cp — 26+ Cj—f—])

LEZy 1
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_ Z (k—ﬂ)(C](HH-l-C] . 1) 2 Z <1+e+1+cl )e)

LEZy 1 0eZy
£ 3 -0t )
LEZy 1
k+1
=2 eENk
+ Z (k—1¢) <C§T+)e + C]@Hl)
LEZy 1

() b () -2 e )
+ Y [k—t+2-2k— 0+ 1) k=0 (el +c,s)

() () () ()
+ (Cj-rkkﬂ + Cj:k) - 2<Cj:—k + CjT—k+1) + 2( Gt C; k+1)

() (r) () (r)
= _<Cj+1 +¢ ) + (Cj+k+1 + Cj—k)»
which is the left-hand side of (4.51).

Now substitute (4.51) into (4.50) to obtain, for j € Z and v € Z,

(r+1)
y2;+] = -2 Z A2k+1 Z (V)+e+1 +Y) E)

KeNy 1 €k
n—1
= =2 Z [ Z (k — e)a2k+1] (YQM +Y]@g) =-2 Z ¢ (Vise1 +Yie),
0€Zn 5 Lk=t+1 €Zn—2
from (4.42), and thereby proving the recursion formula (4.45).
To prove (4.46), we first show that
YZZH (y] —yiﬂ y%ﬂ ), jE€Z, TCZ,. (4.52)

To this end, we first use (4.20) and (2.2) to obtain, for j € Z and v € Z,

() (r+1) (r+1)
Y; Yz1+1 — Y251
1 (T) T+1 r+] T+1 r+] r+] T+1)
(r+1) (r+1) (r+1) (r+1)
2cy = Cxp1 —Co ZY )
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4.2. A convergence theorem

thereby proving (4.52). Now we substitute (4.45) into (4.52) to get, forj € Z and r € Z,

(r+1)

ZY

V42 ) a2 ) el t2 Y arlet2 ) ey

LELm 2 LELn 2 LELm 2 LElm >

V42 ) et )l t2 ) a2 3 e

2eN, 0elm 2 0elm 2 LeN,

y]m +2 Z (ocH + ocg>y§2e +2 Z <ocg,1 + ocg>*y§:)e

[/ LElm 1

Y](T) +2 Z <062—1 + 062) (Y]@e + Y;TJ»,

[y

after having recalled also from (4.42) that «_; = a7 = 0, and thereby proving (4.46).

We proceed to use the recursion relations (4.45) and (4.46) to prove our theorem.

From (4.45) we have, for j € Z and r € Z, that

and thus

Vi <2 Y (Wil + ) < 4L Y ed @)
€Zn 2 LElm >
sup)vgi})g 4 Y | V)L, rez, (4.54)
LELn 2

whereas, similarly, from (4.46), we see, for j € Z and v € Z, that

so that

Hence, if we define

v [T
)v < S {14 Y e+l | (4.55)
LELm 1
sup)YTH‘S %4—2 > e ol | [Y7], . TEZy (4.56)
0EZm 1
p=opla)=maxq4 Y lad, +2 > oo+l p (4.57)
0€Zn—2 LEZm 1

it follows from (4.54), (4.56), together with (4.43) and (4.44), that (4.21) is satisfied, with

p=p(a) €[0,1) given by (4.57). m

82



Chapter 4. Existence and convergence by means of the cascade algorithm

4.3 Examples

We proceed to apply our existence and convergence result of Theorem 4.8 to specific

examples.

43.1 The cases h = 2 and n = 3 of Section 4.1

(a) First, we apply Theorem 4.8 to the family of mask symbols of Section 4.1, for the
case 1 = 2, so that A(t]-) € Ay, t € R. From (4.1), (2.17) and (2.18), we obtain, for
t € R and z € C\ {0}, the formula

A(tlz) = (1—1t)Dq(z) +tDy(z)
ot (1t 1ot ot
= —1g% +<2+16)Z +1+<2+16 z2—- 522 (4.58)
and thus, using (1.3), (4.58) and (4.42), we have

Xo=——, o =0, j#0, teR. (4.59)

Noting, in the notation of Theorem 4.8, that we have here n = 2, and therefore, from

(4.59), that in this case

Z ol = %(’0671 + ool + oo + 0€1|> =3 Z e 1+ aul, teER,

€% 2 €T
we immediately deduce that the conditions (4.43) and (4.44) of Theorem 4.8 hold if and
only if (4.44) holds, i.e., if and only if 2|og| < }‘, or equivalently, according to (4.59), if
and only if [t| < 2. It then follows from Theorem 4.8 that the family of masks A(t|-), as
given by (4.58), satisfies all the conditions of Theorems 4.4 and 4.5, Corollary 4.6 and

Theorem 4.7, if and only if [t| < 2.

In particular, the mask symbol (4.13) satisfies the conditions of Theorem 4.8, since there
t= % < 2, and therefore, as was suggested by the graphical numerical evidence, the func-

tion plotted in Figure 4.1 is indeed the corresponding refinable function ¢ of Theorem 4.4.
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Now observe that Proposition 4.2 with n = 2, together with Theorem 2.2, imply the
existence of a refinable function ¢ and the convergence of the associated subdivision
scheme S, for t € [—2,1]. Hence, in particular, for t > 1, in which case, according to
Proposition 4.2, A(t|-) has two zeros on the unit circle in C, and about which Theorem 2.2
is therefore inconclusive, our Theorem 4.8 actually extends the existence and convergence

interval to t € [—2,2).

It should be pointed out here that, according to explicit calculations by other authors (see
[5, Example 3.1],[32]) with respect to more refined contractivity properties of the subdivi-
sion operator S, than is captured by the inequality (4.21), the existence and convergence
interval can actually be extended to t € (—8,8). This is a substantial improvement on

our analogous result, which merely yields the interval t € (—2,2).

(b) Next, we consider the case n = 3 in (4.1), for which, to our knowledge, an existence
and convergence t-interval has not, as in (a) above, been previously investigated. In this
case we have A(t[) € A, t € R, and we obtain, from (4.1), (2.18) and (2.19), for t € R
and z € C\ {0}, the formula

Altlz) = (1—1) Dz(z +tD3()
= Sy (20
- 6 16 28)°
T 9\ , 3t

Using (1.3), (4.60) and (4.42), we then calculate the values
1 3t 3t ,
060:—<E+ﬁ), (XIZF’ OC]':O, )QZ], t e R. (4.61)

In the notation of Theorem 4.8, we now have n = 3, so that, using (4.61), we find that

Z loce] = lox_1 + ool 4 o + oo <oy + oxol + [oxo + otq] + oy + ota = Z loce—1 + ol

bE€Zn 2 0E€Zm

from which we immediately deduce that the conditions (4.43) and (4.44) of Theorem 4.8
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Chapter 4. Existence and convergence by means of the cascade algorithm

hold if and only if (4.44) holds, i.e. if and only if

1
ool + oo + o] + o] < 2 (4.62)

which we find, after substituting (4.61) into (4.62), to hold if and only if

16 + 3t| + [3t| < 48, (4.63)

or equivalently, }t — %} <8 ie te (—%2, ]—36)

It then follows from Theorem 4.8 that the family of masks A(t|-), as given by (4.60),
satisfies all the conditions of Theorems 4.4 and 4.5, Corollary 4.6 and Theorem 4.7, if and
32 16).

only if [t — 3| < 8, i.e., if and only if t € (—3%, 18

For example, setting t =5 in (4.60), we obtain, for z € C \ {0},

1
A5lz) = 5= (1527°—61273+17427 1+ 256+ 1742 — 612° + 152°), (4.64)

for which, from the analysis above, there exists a refinable function, plotted in Figure 4.2

and a convergent subdivision scheme, as illustrated in Figure 4.3.

W
0.8
0.6}
0.4f

0.2f

-5 0 5

Figure 4.2: Refinable function with mask symbol (4.64)

Observe that, for the mask symbol A(t|-) given by (4.60), Proposition 4.2 with n = 3
and Theorem 2.2 imply the existence of a refinable function ¢ and the convergence of the
associated subdivision scheme S for t € [—4, 1]. Hence, in particular for t > 1, in which
case, according to Proposition 4.2, A(t|-) has two zeros on the unit circle in C, and about
which Theorem 2.2 is therefore inconclusive, our Theorem 4.8 extends the existence and

convergence interval to t € [—4, 1—36)
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(a) ¢(® () and c(1) (o) (b) ¢!V (x) and c(?) (o) (c) ¢l (%) and c(®) (-) (d) limit curve

Figure 4.3: Illustration of subdivision with mask symbol (4.64)

4.3.2 The Dubuc—Deslauriers case

In this thesis, existence and convergence for the Dubuc—Deslauriers mask symbol A = D,
have already been established in Theorem 2.3 (see also the remark after Theorem 3.5).
It is interesting to investigate whether the Dubuc—Deslauriers mask a = d,, actually
satisfies the conditions (4.43) and (4.44) of Theorem 4.8, in which case we would then
have an alternative existence and convergence proof. Since the values t = 0 and t = 1
are included in our convergence intervals (—2,2) and (—3—82, ]—36) in Section 4.3.1, we can

already conclude that the masks a = d,,, n € {2, 3} do indeed satisfy the conditions (4.43)
and (4.44) of Theorem 4.8.

In general, with the notation
Sn=4 ) o,  Ta=4 > loeg+ ol (4.65)
0E€Zn -2 LELm 1
with {a : £ € Zn_1} defined by (4.42) and (2.12), and where here a = d,,, we wish to
prove that

Sha<1 and T,<1, forevery integer n > 2. (4.66)

For the cases n = 2,3,4,5, we use (2.16) in (4.42) to calculate the values in Table 4.1. It
follows that the mask a = d, satisfies the conditions (4.43) and (4.44) for n € {2, 3,4, 5}.
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n|2|3] 4|5

S | 1| 1| 103 55
n 4 32 256 1247
T 1|19 ] 81 | 95
n 2 32 128 1521

Table 4.1: Calculated values for the Dubuc—Deslauriers masks

Next, using a numerical technique based on (2.12) and (4.42), we obtain the graph in
Figure 4.4 for n € {2,...,28}.

0.8 T
e e60000509088355
0.7p B 60‘50‘00‘0900‘90‘899Qw‘; “““““““
e : : + 1
(o] gt :
o : + 1 : :
: : + 7 : :
0.6 g R T AR
: + : : :
+
: + : : :
0.5 P B N R R
N + N N N N
+
R —_— e s,
+ ' ' ' o T,
03 " " " " 2
5 10 15 20 25

Figure 4.4: Numerical experiments with S, and T.

On the basis of this numerical evidence, it seems plausible to conjecture that the Dubuc—
Deslauriers mask a = d,, does indeed satisfy (4.66), and therefore the conditions (4.43)
and (4.44) for all n > 2. A further investigation of this conjecture is in progress, and

initial results are promising.
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An extension of
Dubuc—Deslauriers subdivision

We present here a further method of generating a symbol A € A, ., i.e. a symmetric,
interpolatory mask symbol of degree at most 2(n+v) — 1, and with, according to Propo-
sition 2.5, a zero of order at least 2v at z = —1. This method, as first introduced in [22],

is based on a local interpolation scheme.

The basic idea described here is to add in a symmetric function sequence {f; :j € [}, to a
basis for the polynomial space 715,_1, and then design a subdivision scheme by constructing

a sequence of fundamental interpolants, which, when evaluated at %, as in the Dubuc—
Deslauriers construction (2.12), then yields a symmetric, interpolatory subdivision scheme
that can be considered as an extension of Dubuc—Deslauriers subdivision. Since we are
adding in functions to a basis for the polynomial space 75,1, our subdivision scheme will

then also automatically satisty (2.38).

In Section 5.1 below, we provide a sufficient condition on the above-mentioned sequence
{f; : 5 € J.} to ensure that the subdivision mask of the newly generated subdivision
scheme is in A,~. Then, in Section 5.2, we choose the sequence of functions {f;:j € J,}
as truncated powers and study the resulting simplifications of the general theory. Also,
in specific examples, we investigate the issue of the existence of a corresponding refinable

function, and the convergence of the associated subdivision scheme.
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5.1 The general construction method

In this section we present sufficient conditions on the above-mentioned function sequence

{f; :j € Ju} in order to generate a subdivision mask symbol A in A, .

Forn e Z,, let xo < x1 < ...< xn be a sequence of points in R, and suppose f is a given
real-valued function with domain D¢ C R such that [xq,xn] C Dy. We shall denote by
[Xo, ..., xn]T the n-th order divided difference of f with respect to the points xg, ..., Xn
(see e.g. [56, Chapter I, Section 2.2]). With the conventional definition [x]f := f(x), x €

[0, Xnl, we then have, for 0 <j < j+ £+ 1 < n, the recursion formula

D10y Xt T =[x, 00 x5 f
Xy ey X5 f= , 5.1
[ j ]+€+1] Xittr1 — X ( )
that can be used recursively to compute the divided difference [xo, ..., xf. Also, if f has

n continuous derivatives on the interval [xg, Xn], then there exists a point & € (xo,Xn)

such that

Xoy -y %l = (), (5.2
n.

We shall rely on the following lemma to develop the theory.

LEMMA 5.1 Form € N, let xo < X1 < ... < X;n be a sequence of points in R and let

gj : X0, Xml = R, j € Zm,, denote a sequence of functions. Then the determinant sequence
Dy =det(Ay), k€ Zmn, (5.3)

where the matrices {Ay : kK € Z} are defined by
(A)y = X4y - ooy Xminirm) 95, 1,7 € Zm, (5.4)

satisfies the relation

Dy = H (% — Xj4icr1) | D1, K€ Zm. (5.5)

J€Zm—1-x
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Chapter 5. An extension of Dubuc—Deslauriers subdivision

Proof. The result (5.5) is obtained by performing successive row subtractions on the

first (m — k) rows of the determinant Dy and using (5.1). [

The following existence result can now be proved.

THEOREM 5.2 For w,v € N, suppose fj: [-p—v+ 1, u+v] =R, jel,, is a sequence

of functions such that the 2u x 21 matriz X defined by

(X) = [vri,.. v—}—i]ﬂ, i,j € "HLU (56>

Y

is invertible. Then the linear space Sy~ defined by

Su~=span{f;:j € J.} & M2y (5.7)

has dimension (2u+2v), and there exists a unique fundamental sequence {R;:j € J v} C

S\~ such that

R](k’) = 6j,k) )»k' € Ju+v- (58)
Also,
Z S())R) =S, Ss¢& Su,v- (59)
jGJu+v
If, moreover,
fi=fi500—1), jel, (5.10)
then
Rj :R1—)'(1 _')> j GJu+V- (511)

Proof. The existence of a unique fundamental sequence {R;:j € J, 4} C S, satisfying
the interpolatory condition (5.8) will follow if we can prove, for each j € J .1, the existence

of a unique sequence {fj;:i=—pu+1,..., u+ 2v}, such that

Z Bji filk) + Z Bk ™ 1 =81, k€T, (5.12)

icly ie{u+Nyy }
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or, equivalently, if we can prove that the determinant D of the coefficient matrix of the
linear system (5.12), which is given by

fup(—p—v+1) - ful—p—v+1) T (—p—v+1) - (—p—v+1)H
| a2 e RV T iyt 2) e (a2
foalp+v) o fulu+v) T (uv) (p+v)2T
(5.13)
is nonzero.

Now consider the determinant sequence {Dy : k € Z,,} of Lemma 5.1, with the choices

m=2u+2v—1,x=—-pnu—v+14+1,1€ Z,, and

fi_wr1, 7€ Zpy,
9j = L (5.14)
(')]_ H’ ) € {ZH‘i‘ ZZV—1}>

where, for n € Z, and k € Z, we use the notation {k + Z,} to denote the set {k,k +
1,...,k+n}. It then follows from (5.13), (5.14), (5.3) and (5.4), that D = D,. Hence,

from (5.5), D is nonzero if and only if

Using also the property (5.2) of divided differences, we deduce that the determinant D,

has the structure

[7}17’\/4’] ,,,,, fu+v+1]f_u+1 s [*LL*’V‘F] ,,,,, fu+v+1]fu o0 --- 0 O
[7ufv+2 ..... fu+v+2] f_u_,_] st I:*LL*’V‘FZ ,,,,, fu+v+2]fu o0 -~ 0 O
[u—v ..... u+v] f,ujq e [u—v ..... u+v]fu 0 O e O O
Dy, = X X 00 --- 0 1. (5.16)
X e X o0 --- 1T x
X e X o1 -+ x x
X e X 1 x -+ x X

By exploiting the structure of the zeros and ones in the last 2v columns of D,y in (5.16),
we now expand Dy, with respect to these columns to deduce from (5.6) that Dy, =

det(X) # 0, and from which it then follows that (5.15) does indeed hold.
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Chapter 5. An extension of Dubuc—Deslauriers subdivision

For each fixed j € J, v, the unique solution {Bji:i=—p+1,...,u+ 2v} of the (2n +
2v) x (2u + 2v) linear system (5.12) then yields the fundamental function sequence {R; :
j € Juiv) C Sy, as given by
Ri=> Bifit Y Bil)™ ", €T, (5.17)
i€l ie{ptNyy )

and which satisfies the interpolation condition (5.8).

According to (5.7), dim(S,~) < 2p+ 2v. But the interpolatory condition (5.8) implies
that the set {Rj :j € Juiv} C Sy is linearly independent, so that dim(S,.~) > 2u + 2v.
Hence dim(S,,~) = 2p + 2v, and it immediately follows that the set {Rj :j € Jy4u} is a

basis for Sy .

To prove (5.9), suppose s € S,,. Since {Rj : j € J,~} is a basis for S, there exists

a unique sequence {f; : j € J4~v} C R such that s = Z B;R;. But then (5.8) yields
jGJquv

B; =s(j), j € J,qv, thereby proving (5.9).

Finally, suppose the symmetry condition (5.10) is satisfied. With {€,;:j € J,} denoting
the Lagrange fundamental polynomials in 715, 1 as defined by (2.8), we now define the

sequence {Wj :j € Jy4~v) C Sy~ by

fj+v ] € {_V + Ju}»
EVJ—H) ] € {M + Jv}»

where, for n € Z, and k € Z, we use the notation {k + J,} for the set {k —n 4+ 1,k —
n+2,...,k+n}. Since {{,;:j € J,} is a basis for 1,1, it follows from (5.7) and (5.18),
together with the fact that dim(S,.~) = 2u + 2v, that {w; :j € J,4~} is also a basis for
Si~. We claim that

wy=wi(1 =), j €. (5.19)

To prove this statement, we first note from (5.18) and the symmetry condition (5.10),
that (5.19) holds for j € {—v + J,}. Next, we observe that the Lagrange fundamental

polynomials {{,;:j € Jy} are symmetric about % since, for j € J,, we have, from (2.8),
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that

1—-—k
byi5(1—2) = H m

1—j#ke]y
1 1——(1—k)
jAkeETY ! )= (1 _k)
K
= H e :Ev,j-
j;ﬁkeuﬂv ] _k

Thus (5.19) also holds for j € {u+ J2v}. With the definition
ﬁi = Rl—i“ —), j€ Ju+v> (520)

we have ﬁj u—v+1,u+v] = R, j € J4, by virtue of the fact that R; € S, i.e.
Rj:[u—v+1,u+v] =R, j€ J,y. Moreover, (5.8) and (5.20) imply that

RJ(k) = 6i,k> ])k € “HH+V' (521)

Since {wj:j € Jy4+) is a basis for S, there exists, for every j € J,iv, a sequence

{cjx 1 k € Juyv) such that Ry = Z Cj KWk, and thus, using also (5.19), we get
kEJp+v

Rj = Z C]_j‘ka“ — ) — Z C1-j,1—k Wk, ) c JLH—V»

kelut~ ket~
from which we deduce that ﬁj € Sy~ j € Jusn. Since also (5.21) holds, and since
{Rj:j € Ju4~) is the unique function sequence in S, satisfying (5.8), it follows that ﬁj =

Rj, j € J.~, which, together with (5.20), yields the desired symmetry result (5.11). |

Suppose, for given positive integers p and v, we are given a sequence {fj : j € J,} that
satisfies the conditions of Theorem 5.2. Analogous to the Dubuc—Deslauriers definition

(2.12), we now define the mask

ay = 6]', ) - Z,
a1—2;5 = R] (%) ) ) € JLH-V) (522>
a; = O» ) € JLH—NP

The following result then holds.
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Chapter 5. An extension of Dubuc—Deslauriers subdivision

THEOREM 5.3 If the sequence {f;:j € J,} is a sequence as in Theorem 5.2, and such that

the symmetry condition (5.10) is also satisfied, then the Laurent polynomial A defined by
(1.3) and (5.22) belongs to the class Ay~ .

Proof. Referring to Definition 2.4, we first observe from (5.22) that the Laurent polyno-
mial A has degree at most 2(n+v) — 1. Next, from the top line of (5.22), together with

Proposition 2.1, we conclude that (2.37) holds.

To prove that the symmetry condition (2.36) is satisfied, we observe from the middle line

of (5.22), together with (5.11), that, for j € J, 1,
a2 =R; (3) =Ri5 (3) = 1205 = az1.

Hence, noting also the top and bottom equations in (5.22), we get a_; = a;, j € Z, which

is equivalent to the mask symbol symmetry condition (2.36).

Finally, to prove that the polynomial filling property (2.38) holds, let p € 72, _1. Then,

from the top line of (5.22), we get

Y ayaplk)=p(), jez (5.23)
k

Next, for j € Z, we define q; = p(j + -), so that also, q; € m2,—7. But the definition (5.7)
shows that 7,1 C S,~, so that q € S,v. Hence, using (5.22) and (5.9), we get, for

j € Z, that

Z ap1-p(k) = Z AP —k)
X X
= Zal—ka(j+k)
X

= > aapli+k)

kEJp+'v

= ) a(dRe(3) =a;(3) =p (%),

kEJquv
which, together with (5.23), implies that (2.38) is satisfied. Hence, according to Defini-

tion 2.4, we have A € A,. |
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Observe, from (2.12) and (5.22), that the Dubuc—Deslauriers subdivision scheme Sg4, can
be interpreted as the additional case u = 0 and v = n in the context of Theorem 5.3, and
that the subdivision scheme (5.22) can therefore be regarded as an extension of Dubuc—
Deslauriers subdivision, as obtained by adding in, according to Theorems 5.2 and 5.3, a

sequence {f; :j € J,} to the polynomial space 7,1 to form the enlarged space S, .

5.2 The resulting Dubuc—Deslauriers expansion

From Theorem 2.7, we know that any mask symbol A € A, can be written as a (unique)
linear combination of Dubuc-Deslauriers symbols {D~4;:j € Z,}. We proceed to deter-
mine, for the mask symbol A defined by (1.3) and (5.22), the coefficients of the linear
combination (2.65) in terms of the sequence {f; : j € J.}. Since the Dubuc-Deslauriers
mask symbols {Dv;:j € Z,} in this expansion can be explicitly computed from (2.16)
and (2.13), and since the coefficient sequence {t; : j € Z,} will be shown below to be
obtainable as the unique solution of a (t+ 1) x (1—+ 1) linear system, we would then have
established an explicit computational method for A that is more efficient than the one
based on the expansion (5.17) and which depends on solving the (2p+ 2v) X (2p + 2v)

linear system (5.12).

Suppose therefore that {t; : j € Z,} is, according to Theorems 2.7 and 5.3, the unique
sequence in R such that Z tj =1and A = Z t;Dy44. Thus, from (1.3) and (5.22),

jeZu )'GZH
together with (2.12) and (2.13), we have for z € C \ {0} that

1+ Z Re(3)z ™ =A(z) = 1+ Z ar_nz' %

kEu]]),H—v kEJH-H,

= 1+ Z th dyisa | 2775

kEJp+v jEZu

and thus

D> Re(9)z"F= ) 1) tduyaa| 2 zeC\{0}, (5.24)

keu]]p+'\/ keu]]p+'\/ JEZH
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Chapter 5. An extension of Dubuc—Deslauriers subdivision
so that

Re(3) =D tdvygian kKEJIun. (5.25)
JEZy
For i € J,, we have from (5.7) that f; € S, so that (5.9) and (5.25) yield
fi(3)= D> flR() = D) filk) | D tidviix
keju+v kGJp+v jEZu
= Z Z fi(k) dvigi—a|
€Ly _kGJquv |
= > | ) kb)) b (5.26)
jEZu _kEJ'v+j |

by virtue of (2.12). Using also the fact that Z t; = 1, we deduce from (5.26) that

Z ; Zf ’V+]k %) t; =0, iEJu.
JE€Ly kelvyj

(5.27)

A standard error expression in polynomial interpolation (see e.g. [56, Chapter I, Theo-
rem 2.8]) gives

SO URTCINNG

v+)k j
kely 4

,,,,, il fi, J€Zy,
where

iel,, (5.28)

2
_ 1 _ (=D (k=10
meJi
as follows immediately from (2.15), so that also the recursion formula

2k + 1) ?
pk+1:—<T) Pr, keN,

(5.30)
is satisfied. Combining (5.27), (5.28), the symmetry (5.10) of the sequence {f;:j € J.J,
and the fact that Z t; =1, we deduce that, in the vector notation
€Ly
to 1
t 0
ty 0
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5.2. The resulting Dubuc—Deslauriers expansion

and with the (L4 1) x (L + 1) matrix B given by

(B) ! =0y (5.32)
ij = ) € ) .
] Py [%,—V—j-i—] ..... ’V+]'j| fi, ie NLU H

we have

Bt =b. (5.33)
We have therefore established, as was done in [22], the following result.

THEOREM 5.4 For the mask symbol A € A, ~ of Theorem 5.3, the corresponding unique
coefficient sequence t = {tj:j € Z,} in (2.65) of Theorem 2.7, satisfies the (L+1) x (n+1)
linear system (5.33).

We proceed to prove here that the matrix B, as given by (5.32) and (5.29), is invertible,
from which, together with Theorem 5.4, it will then follow that the unique solution t
of the linear system (5.33) yields, through its definition in (5.31), the desired coefficient
sequence {t;j : j € Z,,} in the Dubuc-Deslauriers expansion (2.65) of the mask symbol A of
Theorem 5.3.

To this end, we first prove the following implication of the sequence {f; :j € J,} satisfying

the conditions of Theorem 5.2.

PROPOSITION 5.5 If, in Theorem 5.2, the symmetry condition (5.10) is also satisfied by

the sequence {f; :j € I}, then the u x w matriz H defined by
(H)jk = hjk = [—V—k—H ..... V—k—H]fj + [—’V+k ..... V+k]fj, j, k e NH’ (534)

18 1nvertible.

Proof. According to Theorem 5.2, we know that the 2p x 2u matrix X, where
(X)jk = xjx = [-ovev—utilf i, J,k € Ny, (5.35)

satisfies det(X) # 0. Now define the two 2 x 2 matrices U and V by

Xjk — Xj2u4+1—k, K € Ny,

Xiky ke {H‘f’ Nu}, ) € NZH) (536)

(Wi =up = {
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Chapter 5. An extension of Dubuc—Deslauriers subdivision

and

Uik + Uoppi—5k T € Ny,
V)i = Vi = ) R . H ke N 5.37
(Ve = vi {uik> j e {n+ Ny, € N (5:37)

so that det(X) = det(U) = det(V), and therefore det(V) # 0.

Next, we use (5.37), (5.36) and (5.35), together with (5.10) and the fact that a divided

difference is a symmetric function of its arguments, to deduce that, for j, k € N, we have

Vik = W+ Wik

= Ojk — 9j2ut1-k T 92015k — 92p 1,241k

= [nvt, V*H+j]f—p+k_ [RTREVAS I V*HJri]qu—k
R B ATES B NURTREE (]| SRS EEVERTRE B NURTEAES B 1) SRS
= [vtptiSeptvi 5l — Fpvtie vl f
Hnv vl gk — vt 1 v 150

= 0,

and thus, from a standard block-partitioned matrix result for determinants (see e.g. [34,

Chapter 2, Section 5]), we obtain
det(V) = (—1)"det(M)det(N), (5.38)
where the p x u matrices M and N are defined by
(M)jk = Mjk = Vj ik, ), kK € Ny, (5.39)

(N)jic = Njk = Vi J, k€ Ny (5.40)
Since det(V) # 0, we conclude from (5.38) that det(M) # 0. But, from (5.39), (5.37),
(5.36) and (5.35), we find that, for j, k € N,
Mjk = Wik T Up1 sk
X bk T X215,k

= [—u—v+j ..... v—u+j]fk+[—v+u+1—j ..... u+v+1—j]fk. (541)
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Next we define P = MT, so that, from (5.41),
(P)jk = iy v—pt K 5 + [vpnr 1=k, vi1-1f5, k€ Ny, (5.42)
Then det(P) = det(M), and thus det(P) # 0. Finally, observe from (5.34) and (5.42) that
(H)jk = (P)j,ur1—x,  J,k € Ny,

and thus det(H) = (—1)*2det(P). Hence det(H) # 0, i.e. H is invertible. [ |

Using Proposition 5.5, we can now prove the invertibility of the matrix B.

THEOREM 5.6 If, in Theorem 5.2, the symmetry condition (5.10) is also satisfied by the
sequence {f; :j € .}, then the matriz B defined by (5.32) and (5.29) is invertible.

Proof. First, we use (5.28) in the definition (5.32) of the matrix B, to deduce, by
subtracting successive columns in det(B), that det(B) = (—1)*det(C), where C is the

i X pu matrix defined by
(C)]k = Pjk (%) — Pj k-1 (%) ) ))k' S NPU (543)

and with pj. denoting, for k € N, the (unique) polynomial in 7ty(4x)—1 that interpolates
f; on the set J,4x. Hence it will suffice to prove that det(C) # 0, for then det(B) # O,

and thus B is invertible.

From the Newton divided difference formula in polynomial interpolation (see e.g. [56,

Chapter I, Theorem 2.6]), we have, for j, k € N, that

v+k—1
Pik — Pj k-1 = [—V—k—H ..... v+k—1]fj H ( - (),) + [—V—k+1 ..... v+k]fj H ( - E),
ey k-1 {=—v—k+1

which, together with (5.43), yields

(C)jk = Pvik—1 (’V +k— %) [fvkar] ,,,,, ’v+k]fj + [7vfk+1 ..... v+kf1]fj:| y j, k € Nu, (544)

1
[ vkt vl fy = PV — <[7vfk+2 ..... vk T — vkt v+kf1]fj>, ik e Ny,
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which, together with (5.44), yields

(Cjx = %pwk_] ([7vfk+1 ..... vik-1]f + [v—k+2,..., v+k]fj>, jy ke Ny (5.45)
Hence,
1
det(C) = 5 kl_N[ Pvir1 | det(E), (5.46)
ENu

where E is the p x p matrix defined by

(E)jk = €6jk = [—V—k—H ..... V+k—1]fj + [—V—k+2 ..... V+k]fj, j, k e NH' (547)

It will therefore suffice to prove that det(E) # 0, since then (5.46) gives det(C) # 0. We
claim that the columns of the matrix E are related to the columns of the matrix H, as

defined by (5.34), by the equations

hjk, k = 1,
e = jeN,, (5.48)
A | hyr + Z Mhi |, k=2,...,1,
1ENK 1
where, for k =2,..., 1,
i 2k —2 2k —2 .
lei:(_1)+k{( k—l )_(k—l—1 ):|) lENk—1> (549>
and where
1
A = ) .
K 2v+i (5:50)
i€ENzk 2

To prove (5.48), we first note from (5.47) and (5.34) that

ej1 = hyr, jeN,

so that (5.48) holds for k = 1. Now, for k € {2,...,u} and j € Ny, we find, by applying

the recursive formula (5.1) repeatedly to the right-hand side of (5.47), and by recalling
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the definition (5.34), that

4 2k —2
Sk _ Z (_1)1( . )[vk+1+i ..... vkt 14T

A i
k 1€Zox—2

1€Zox—2
2k —2
+ Z ( 1)1<2k—2— )[ v+k—i,..., v+k71]f]
1€Zrx—2
2k—2
— Z (—1) ( ) )([—v Kt T4, v—k+ 14 5 + [—vik—i,... V+k—1]f])
1
i€Z2x—2
2k -2
= hj+ Z < )([—v—k+1+i ..... vkt 1+ f5 + [vk—,., v+k—i]f)->
iENK 1
2k —2
+ Z ( ) ([7vfk+1+i ..... vt 1+ 5+ [ vkt vk f]-)
ie{k+Zx—2}
ik (2k—2
= hjc+ ie§1 (—1) +k< i ) ([7vfi+1 ..... v—i+1]f5 + [V, v+i]fj>
. 2k—2
i+k+1 . . . .
+ ieél (—1 ) (1 n K — ]) ([—V+1 ..... v+1]fj + [—v—1+1 ..... V—l—H]f)')

2k —2 . 2k —2
= hy+ Z 1+k< )hji+ Z (_1)l+k+1 <i_|_k_1)h'ii

1eENK 1ENK 1

(o) (220w

thereby proving (5.48) also for j € N, and k € {2,..., u}.

= hj+ Z (—T1)H*

1eENK_

i
It follows from (5.48) that det(E) = [H A | det(H). Since Proposition 5.5 gives
k=2
det(H) # 0, and since (5.50) implies that Ay # 0, k = 2,..., u, we therefore also have

det(E) # 0. m

Combining the results of Theorem 5.4 and 5.6, we immediately deduce the following result.
COROLLARY 5.7 The Dubuc—Deslauriers expansion coefficient sequence t ={t; :j € Z,}
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of Theorem 5.4, can be obtained as the unique solution of the (w+ 1) x (w+ 1) linear
system (5.33).

We conclude that the computational algorithm for the mask symbol A € A,, ., based on
(1.3), (5.22), (2.65), (2.13) and (2.16), and in which we have to solve the (n+1) x (u+1)
linear system (5.33) to compute the coefficient sequence {t; : j € Z,} in (2.65), is more
efficient than the one obtained from the algorithm based on (1.3), (5.22), (5.17) and the
solving of the (2u 4+ 2v) x (2n + 2v) linear system (5.12) to compute, for each j € J, 4,

the coefficient sequence {B;i:i=—p+1,...,u+2v}in (5.17).

We proceed to consider the special case u = 1 of Theorem 5.3. Writing f = 1, we deduce
from Corollary 5.7 and Theorem 2.7 that the resulting mask symbol A, as defined by (1.3)

and (5.22), is in A;~, and is given by
A = toDy + t1Dy i1, (5.51)

where t = (to, t1) is the unique solution of the 2 x 2 linear system

] 1 to 1
Bt = = 52
{ Pv [%,fw&] ..... v]f Pv41 [%,fv ..... v+1]f :| |: t] :| |: 0 } ) (5 5 )

[ to ] 1 Pv+1 [%,fv ..... v+1}f -1 |: 1 :|

S det(®) | o il 1 | L0

Now observe, from the proof of Theorem 5.6, that, since w = 1, and using also (5.46) and

so that

(5.53)

(5.47), we have
det(B) = —det(C) = —3 py det(E) = —3 p,, ( [3 Ve[ T+ 5y v+1]f>. (5.54)

It follows from (5.53), (5.54), and (5.30) that

(2v + 1)2 [%,—V ..... V—H]f
ty, = 5.95
© 2 [—’V ..... V]f + [—V+1 ..... V+]]f) ( )

1
t; = 2 : . 5.56
! v+ [ vt vi)f (5.56)

We will use the explicit formulation (5.51), (5.55), (5.56) of the mask symbol A, together

with (2.13) and (2.16), for specific choices of f and v in the following section.

103



5.3. The case where {f;:j € J,} are chosen as truncated powers

5.3 The case where {fj : j € J,,} are chosen as truncated powers

In this section we make a specific choice of the sequence {f;:j € J,,} in Theorem 5.2, and

apply the analysis of Sections 5.1 and 5.2.

We will need the following facts from the theory of spline functions on arbitrary knot

sequences (see e.g. [56, Chapter 11, Section 2| or [57, Chapter 19 and 20]).

For a given m € N, and a partition IT = {x; : j € Z} of R, where x; < Xj41, j € Z, we

define the spline space S..(TT) of order m and with respect to the partition TT as the set

Sm(TT) = {s € M(R) : 8|y, 5, 1) € Tm_1;8 € C™*(R) }.
Then, with the definition
Nm,j(x) = (_1)m(xi+m_xj) [Xj)"')xj+ﬂ1] (X_')T_]v XER) mEN)

we have, for m € N, that the following properties are satisfied:

1 3
Nm,] XH‘m Z b) k _Xk m )
kelj+Zm }
where j e Z;
b = — ke{j+7Z,),
n H (x¢ —xx) U+ Zm)
k#EE{]‘FZm} )

Nmj € Sm(TT), j €Z;
Nm,j(x) = O) X g (ijxi+m)> ] € Z) (m Z 2))

Nm,j(x) > O) X € (ijxj+m)> ] < Z)

> Npjx) =1, xeR
j

._X] —-m —

X5
)
Nm—l,j

Njp=— 2
) Xj4m—1 — Xj Xj—m — Xj+1

Nm—],j-H) ] € Z) (m Z 2)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

Moreover, the sequence {Ny,;:j € Z} is a basis for S,,(IT) in the sense that, for every

s € S,u(TT), there exists a unique sequence ¢ € M(Z) such that s = Z cjNmj. If, for a

j
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given integer { € Z, we have x; ={+j, j € Z, so that TT = Z, then

Nimj=Nm(-—0—j), je€Z, (5.62)

with N,, denoting the cardinal B-spline of order m, as introduced in Section 1.2. The
sequence {Ny,; :j € Z} is called the the sequence of m-th order B-splines with respect to
the knot sequence TT. Note in particular from (5.57) that, for a fixed j € Z, the B-spline
N ; depends only on the finite knot sequence {x;, ..., Xj+m}. Also, from (5.57) and (5.58),

we deduce, for m > 3 and k € N,,,_,, the differentiation formulas

1)
N(mk?i(x) = (-1 )m(ni%_)k)!(xﬂm — %) X5, Xyl (x = )T, x €R, (5.63)
and
(m—1)! S
Ngi?j = h (%j4m — %5) Z by (- —xi) | B (5.64)

Ke{j+Zm }
with bj as in the second equation in (5.58).
As an example of the sequence {f;:j € J,}, which, in the context of Theorem 5.3, yields

the mask symbol A € A, by means of (1.3) and (5.22), we now choose, as was done in

[22], the truncated powers

fi = (&—)77, jeN, (5.65)

f; = fi5(0—=1), j=—-p+1,...,0, (5.66)

where
Ev] € (%,’V‘i‘]), jENu)
(5.67)
Ev] < E»j+]> jENu—]) (1fHZZ)

The following result then shows that this choice is indeed an admissible one.

PROPOSITION 5.8 For u, v € N, with u < v, if the sequence {f;:j € I} is defined by

(5.65), (5.66), and (5.67), then the matriz X defined by (5.6) is invertible.
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Proof. First observe from (5.65), (5.66), (5.67), (5.57) and (5.62), with { = —v, that if
we define the 21 x 2pu matrix Y by

NZV(£]+V_1)) ] ENLL)

(Y)y; = iel,, (5.68)

NZV(1 _Ev]—j +V_l)) ] =—Hu+ 1v"'>0)
then, from (5.6), we have det(X) = (—1 )¥(2v)H det(Y). Hence our proof will be complete
if we can show that det(Y) # 0. According to the Schoenberg—Whitney Theorem [57,
Theorem 19.4], we know that the matrix Y defined by (5.68) satisfies det(Y) # 0 if and

only if
va(aj+v_j)>0) jeNu)

Nov(1 =& 54+v—3j) >0, j=—p+1,...,0. (5.69)

But, from (5.67) and the fact that p <-v, we have

<THhv—p<f+v—j<(v+i)l+v—i=2v, jEN,

N —

and, for j =—pu+1,...,0,
0=T—(v+(0—j)+v—i<l—&5+v—j<g+v—j<v+p—3<2v—1.

Thus

1—£]_J+'V—]€(O,2'\/), ]:_PL—I_]))O»
which, together with (1.18), shows that the Schoenberg—Whitney condition (5.69) is in-
deed satisfied. Hence det(Y) # 0. [ |

Combining the results of Proposition 5.8 and Theorem 5.3, we deduce the following.

COROLLARY 5.9 For u, v € N, with u < v, if the mask symbol A defined by (1.3)
and (5.22) is based on the choice (5.65), (5.66), (5.67) of the sequence {f;:j € J.} in
Theorem 5.2, then A € A, ~.

We can now use Corollary 5.7 to calculate the coefficients {t;:j € Z} of the Dubuc-

Deslauriers expansion (2.65) of the mask symbol A € A, of Corollary 5.9. To this
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end, we first use the definition (5.57) to define the sequence
Noj = Nojj41 € Sy(TT), jEN, (5.70)

where the partition M= {xx : k € Z} of R is defined by

K, k <0,
=< 3, k=1, (5.71)
k—1, k> 2.

Note from (5.70), (5.59) and (5.60) that

NZ]’(X) :O> Xg (_]+1>))) ] EN) (572)

ﬁZj(X) >O> X € (_]+1>))) ) e N. (573)
Also, the B-spline N 2 1s symmetric about %, ie.
Ny(1—) =Ny, jeN, (5.74)

as is proved by using (5.57) and the fact that a divided difference is a symmetric function

of its arguments.

It then follows from (5.32), (5.70), and (5.63) that, for the mask symbol A € A, of
Corollary 5.9, the coefficient sequence t = {t; : j € Z,} in the Dubuc-Deslauriers expansion
(2.65) is the unique solution t of the (L4 1) x (L + 1) linear system (5.33), where, using
again also the fact that a divided difference is a symmetric function of its arguments, the

matrix B is given by

1, i=0,
(B)ij = (2’\/—1)' = (2§) . ) €7

Vi N ) . i), N , Loy

p+)(2\/+2j—1)(2v—|—2j—1)! 2viz(E) el

or, equivalently, using also (5.29),
1, i=0,
(Bl =14 (—=1)¥H(2v—-1)! [2v+2j—2\ < , j € Z,, (5.75)

Q4v+4j—2 ( v+ij—1 ) N2\3+2J'( i), 1e NH’
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5.3. The case where {f;:j € J,} are chosen as truncated powers

with the convention that (g) = 1. We are indebted to Charles Micchelli for pointing out to
us that, in the case where the sequence {f; :j € J,} is given by (5.65), (5.66), the second
line of (5.32) can be expressed in terms of B-spline derivatives, as in (5.75), thereby

eventually leading to the useful existence and convergence criterium in Theorem 5.10

below, as based on (5.82), together with (5.77), (5.78), (5.51) and (2.35).

Hence, for the mask symbol A € A, of Corollary 5.9, the coeflicient sequence {t; : j €
Z,,} in the Dubuc-Deslauriers expansion (2.65) of A can be computed by solving the linear

system (5.33), with B, t and b as given by (5.75) and (5.31).

The existence of a corresponding refinable function ¢, and the convergence of the asso-
ciated subdivision scheme S, can then be studied by, for example, investigating whether

the sufficient conditions of either Theorem 2.2 or Theorem 4.8 are satisfied by A.

We shall consider here the case p = 1, v € N, of Corollary 5.9. In this case A has the
form (5.51), where, writing f = f; and & = &;, we find from (5.55), (5.56), (5.65), (5.66),
(5.57) and (5.63), that with

E=&¢€(3v+1), (5.76)
the formulas
_ _ 1 ﬁgv+2(£)
o=t = N V) + N (B v 1)’ (5.77)
t] — t](a) — 4v NZV(E») (578)

2v—1 NZV(£+V) +N2V(E»+V_ 1)’
are satisfied.
For £ € (3,v + 1), we now observe from (5.51), (4.1) and Proposition 4.2 (with n = v+1),

together with (5.78), that, for v € N, the mask A € A;, in Corollary 5.9 satisfies the

positivity condition (2.23) of Theorem 2.2 if

y_1) < Nay () v

’ S NtV A NDETv—T) = & (5.79)

whereas, if Ngv 2(&) <0, then A has two zeros on the unit circle in C.
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Since —3 (2v —1) < 0, v € N, we deduce from (5.70), (5.60) and (1.18) that the left-
hand inequality in (5.79) holds for all & € (3,v+1). Also, from (5.72), we see that the
right-hand side inequality in (5.79) holds for & € [v,v + 1), with, from (5.78),

t1(&) =0, &elv,v+1). (5.80)

Next, since Theorem 2.7 gives to = 1 — t;, we deduce from (5.79) and (5.77), and
using (1.18) once again, that the right-hand inequality in (5.79) holds if and only if
S (%,V + 1) is such that

N2, (&) > 0. (5.81)

But, from [56, Chapter II, Theorem 2.5], together with the definition (5.70), we conclude

that there exists exactly one point &% € (%,v + 1) such that
<0, J<E<E,
Ng 6] =0 E=E, (5.8
>0, & <&E<v+1.

Next, we use (5.77) and (5.78), together with the fact that to = 1 — t, and since also
N2 (v) = 0 from (5.72), to obtain

NY, (V) =2Na(2v—1)>0, veN, (5.83)
by virtue also of (1.17) and (1.18). It then follows from (5.83) and (5.82) that

& € (3,v). (5.84)

In particular, combining the results (5.77) — (5.84), and recalling also from (2.13) and

(2.16) that deg(D,) =2n — 1, n € N, we have therefore established the following result.

THEOREM 5.10 Forv € N, let A € Ay, denote the mask symbol obtained by setting p =
1 in Corollary 5.9. With &, denoting the unique point in (%,V) such that Né’vﬂ(ﬁ,) =0,
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5.3. The case where {f;:j € J,} are chosen as truncated powers

we have that, if the condition & € [E5,v + 1) holds, then A satisfies the conditions of

Theorem 2.2 with
V1, & <E<y,
n— (5.85)
v, vIEL<vH+I,

whereas, if & € (%, a,), then A has two zeros on the unit circle in C. Moreover,

DV-H) E, - E:/)
A =
D,, Ee€lv,v+1).

Examples. We proceed to consider the special cases v =1 and v = 2 of Theorem 5.10.

(a) First, setting v =1 in Theorem 5.10, we seek the unique point &} € (%, 1) which is
such that

Ny (&) =o. (5.86)
But, since to + t1 = 1, we deduce from (5.77) and (5.78) that (5.86) holds if and only if
&) € (%, 1) is such that

No25) 1

No(&7 +1) + Na(&7) 4

since also, from (5.70), we have that N, = N,(2:). It follows from (5.87) and (1.23) that

2—2&; ]

2—(g+N]+& 4

(5.87)

and thus &) = g.

Hence, according to Theorem 5.10, the condition & € [g,Z) guarantees that the mask
symbol A € A of that theorem satisfies the conditions of Theorem 2.2 with

2, f<E<],

1, 1<E<2

Moreover, A =D, if £ = g, and A =D, if £ € [1,2).

Now recall from Section 4.3.1(a), and according to (4.58), (5.51) and (5.78) and the fact
that Nz = N5(2-), that our mask A considered here satisfies the conditions of Theorem 4.8
if and only if & € (%,2) is such that [t;(&)] < 2, i.e.

1 N>(28) 1
T2 SNGET ) IN(E) T2

(5.88)
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From (1.18), we see that the left-hand inequality of (5.88) holds for all & € (%, 2), whereas,
if & € [1,2), then (1.17) yields N,(2&) = 0, so that the right-hand inequality of (5.88)
holds. If & € (3,1), then (1.23) shows that

Ny28) 2-2%

- ZEv)

B+ )T No(E)  Ro(er ] +E

i.e. the right-hand inequality in (5.88) holds if and only if & € (%, 1).

Hence [t(&)] = [t1(&)] < 2 if and only if & € (%,2), so that our Theorem 4.8 actually
extends the existence and convergence &-interval from & € [g,Z) to & € (%, 2) and where
the interval & € (%, g), according to Theorem 5.10, produces mask symbols A with zeros

on the unit circle in C.

,£), it follows from (5.78) that

Na(B) 3

t (13) =4 _ -
R EI R )
and thus to (12) =1 —1t5 (32) = —3, which, together with (5.51) and (4.1) with n = 2,

yields once again the mask symbol (4.13), as given by
Al2)=A(Blz) =—2z3+Ez ' +1+ 52— 323, zeC\{0}, (5.89)

and with corresponding refinable function ¢ plotted in Figure 4.1. Here we illustrate the

associated convergent subdivision scheme in Figure 5.1

(b) Next, we set v = 2 in Theorem 5.10, and proceed to seek the unique point &3 €

(%,2) which is such that Ng(&}) = 0, i.e.,, from (5.74), we shall seek the unique point

n; € (—1,3) which is such that N/Z(n3) = 0, and then set &3 = 1 —n3. From (5.70), we
therefore need to find the point nj € (—1 , %) such that Ng _,(n3) = 0, which, from the
differentiation formula (5.64), and since the partition TT = IT = {Xy : k € Z} is defined by

(5.71), is equivalent to the equation

D [ 11 %}:%J (n— %)’ =0, (5.90)

k=2 Lk#t=—2
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(a) C(O) (*) and c(1) (o) (b) C“) (*) and c(2) (o) (C) C(O) (*) and C(G) (7) (d) limit curve

Figure 5.1: Illustration of subdivision with mask symbol (5.89)

L %=1, 3=2, =3 (5.91)

N|—=

X2=—2, x93=—1, %=0, X3 =

To solve (5.90), we first consider the possibility n3 € (—1,0). But then the equation (5.90)

is given by

Z] [ li[ geigk] (ni_ikf:o»

k=2 Lk#t=—2

or, equivalently,

1 oma2— L)oo,

300 36
so that
3/% )
ny=+———~ —0.0267,
1B

which is indeed in the correct interval (—1,0). It follows that

3-2¢/5

et — V
52 T]Z 1_@

is the unique point in (%, 2) such that Ng (£5) = 0. Hence, from Theorem 5.10, we deduce

~ 1.0267

that our mask symbol A € A, satisfes the conditions of Theorem 2.2 if & € [£},3) =~

[1.0267,3), with
3, &<§E<

2, 2<E<3,
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Chapter 5. An extension of Dubuc—Deslauriers subdivision

and where A =D3if £ = &5, and A =D, if & € [2,3).

If & € (3,&3), it follows from (5.82), (5.77), (5.78), and the condition to(&) + t1(&) =1,
that t(§) = t1(&) > 1, and thus, from (5.51) and Proposition 4.2 (with n = 3), we
deduce that A then has two zeros on the unit circle in C. According to example (b) in
Section 4.3.1, the conditions of Theorem 4.8 are satisfied by A, as given by (5.51), (5.77),
(5.78) and (5.70), if and only if

Ny _1(&)
< ET e <2 (5.92)

From (1.18) and (5.74), we see that it suffices to findn € (—1, ) such that the inequality

Na1(n) = 2 [Na(n +2) + Nafn +1)] <0 (5.93)

is satisfied, having also noted from (1.17) and (5.72) that the inequality (5.92) holds, with

the expression in the middle of (5.92) equalling zero if n € (=2, —1].

Using (5.58) and (1.13), we find that (5.93) is equivalent to the inequality

Z ﬁ ] _gk)i—z Z(—1)k<i)(n+2—k)i+(n+1)i <0,

k=1 [kﬂ Xe = X KeZ,
(5.94)

with the knot sequence {xy : k € {—2+ Zg¢}} as given by (5.91), so that (5.94) is equivalent
to

7 men)? 2(n+2) <o. (5.95)

A routine calculus procedure now shows that the inequality (5.95) holds for all n €

(—1 , %), thereby proving that (5.92) holds for all & € (%,3).

Our result of Theorem 4.8 therefore extends the existence and convergence interval & &
[£5,3) ~ [1.0267,3), as obtained from Theorems 5.10 and 2.2, to & € (%,3), which is the

entire range of & under consideration in this example.

For example, setting & = % € (%,3) and v =2 in (5.78), yields

(2 = 8§ MNaa(3) 880
TINGE) N, () 459
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and since to (3) =1—1t1(5) = —355, we find from (5.51), (2.18) and (2.19) that

Alz) = L(55z—5—318z—3+ 1487 27 + 2448 + 1487z—318z3+55z5), ze C\{0h

2448
(5.96)
The corresponding refinable function ¢ and the associated convergent subdivision scheme

are illustrated in Figures 5.2 and 5.3, respectively.

T -5 0 5

Figure 5.2: Refinable function with mask symbol (5.96)

(a) ¢(©) (%) and c(1) (o) (b) c¢M) (%) and c(2) (o) (c) c¢(© (%) and c(6) (-) (d) limit curve

Figure 5.3: Illustration of subdivision with mask symbol (5.96)
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Dubuc—Deslauriers subdivision
for finite sequences

The subdivision schemes of the previous chapters are all based on the availability of
a bi-infinite initial sequence c in (1.4), as is the case, for example, if ¢ is a periodic
sequence. However, in applications one is often confronted with finite initial sequences,
in which case modifications of the subdivision scheme are required to accommodate the
boundaries. Following [21], we present a method of adapting the Dubuc-Deslauriers
subdivision scheme S, , as introduced in Section 2.2, to be applicable when the initial

sequence ¢ in (1.4) is finite.

For the remaining part of this thesis, we shall use, for n € N, the simpified notation

b= S=Sa,; dj =dnj, J€Iy =10, j€da  (6.1)

We base our construction on a multi-scale sequence of fundamental interpolants {ijr}
defined on a bounded interval. Away from the boundaries the integer shifts of the original
functions ¢ suffice, while the adjustments in the proximity of the boundaries preserve
the polynomial reproduction property (2.63) of ¢. The resulting adapted interpolatory
subdivision scheme, which corresponds to Dubuc—Deslauriers subdivision away from the
boundaries, then also preserves the polynomial filling property (2.14) of the subdivision
scheme S. In fact, most results derived in this paper depend on these polynomial filling

or polynomial reproduction properties.
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6.1 Construction of a modified scheme

We first adapt the Dubuc—Deslauriers refinable functions to accommodate the boundaries
of an interval and then use these adapted refinable functions construct a corresponding

subdivision scheme for finite sequences.

For n € N, we derive the specific properties of these refinable functions from the Dubuc—
Deslauriers refinable function ¢ = ¢ of Section 2.3, with appropriate modifications near

the boundaries.

With n € N, as in Section 2.2, let L be a positive integer with L > 4n — 2, and let v be a
nonnegative integer. On the basis of Theorems 2.2 and 2.6, and the subsequent equation

(2.61), we seek to construct a sequence {pJ} = {d] :j € Zyr1, T € Z,} such that, for each

fixed r S Z+,

¢; € CI0,2'L], j € Zyy; (6.2)
[O,Zn—1+]), jEZanh

dj(x) =0, x¢Z < (=2n+1+j,2n—1+j), j=2n,...,2'"L —2n, (6.3)
(—2n+1+7j,2"L], j=2L—2n+1,...,2'L;

$5(k) =85k, Ik € Zyr; (6.4)

> p()e](x) =plx), x€[0,2'L], pEmmy; (6.5)

J€Zyr L

GIx) = D> ¢ (5)dr(2x), x€0,27L, j€EZyr. (6.6)

keZzT+1]_
Denoting the linear space of finite real sequences ¢ = {cj : j € Zx1} by M,, i.e., M, =

R?' ™1 we define the subdivision operator sequence {S, : 1 € Z,} for S, : M, — M4, by

(Sic)i= > dr()ew §E€Zyuy, TELZ.. (6.7)

KE€Zyr
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The corresponding subdivision scheme is defined by
c® =ce Moy, cM=8,4c"Y reN, (6.8)

or, equivalently,

c@=¢, =8 _4(..(S(Soc)---), TeEN. (6.9)
Observe that (6.4), (6.7) and (6.8) imply

(r) (r—1)

Cy =¢ , JE€Zya, TEN, (6.10)

i.e. the subdivision scheme (6.7), (6.8) is interpolatory, whereas (6.5) implies
> () p=p(), j€Zyar, PEMma, (6.11)
KEZyr1
according to which the subdivision scheme (6.7), (6.8) has the (2n — 1)-th degree poly-
nomial filling property. In (6.7) — (6.11) we have obtained the analogues of (1.2), (1.4),
(1.5), (2.2) and (2.14), respectively.

To find a sequence {¢;} satisfying (6.2) — (6.6), we observe from (2.31) and (2.63) that,

D> pl)dx—i) =D pllb(x—j)=p(x), pEmm1, x€R2n—2,2T—2n+2]
JEZyr 1 j

(6.12)
Thus, the sequence {¢(- —j)} provides suitable refinable functions away from the bound-
aries, however closer to the boundaries of the interval some modifications are necessary.
These boundary modifications can again be based on property (2.63). Using arguments

similar to the ones which led to the construction of the mask (2.12), we define, for each

fixed r € Z,, the sequence {¢]} on the interval [0,27L] by

( —1

Gx—D+ Y Gapk—m+Ddx—k), € Zmn, (6.13a)

k=—2n+2
$l(x) = d(x —j), j=2n,...,2"L —2n, (6.13b)
$ (2L —x), j=2L—2n+1,...,2', (6.13¢c)
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where the Lagrange fundamental polynomial polynomials {{ : k € J.} C 71,1 are given

by (2.8). Examples of these modified functions are plotted in Figure 6.1.

12

140 /N
A
0.8l
\
0.6}

0.4t
\

0.2

Figure 6.1: Illustration of definition (6.13) with n = 2.

Using

d(n+i+k)=0 keZy, (6.14)

and

¢(—n—1-k)=0, keZ, (6.15)

which follow from (2.57) and (2.62) with m = 0, we prove the following useful properties

of the sequence {d)]m}.

PROPOSITION 6.1 Supposen € N, r € Z,, and L is an integer with L > 4n — 2. Then

the sequence {7}, as defined by (6.13), satisfies

dl(x) = d(x —3), xe€2n—2,2"L —2n+ 2], j € Zop1, (6.16)

)

$j(x) =fnnlx—n+1), xel0,1], j € Zon, (6.17)

€j7n+1 (%—Tl-i- ])) k € Zanh
r(%) = ) € Loyn_1. (618)
¢ (5—i), k=2n—2,...,
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Proof. For j € Zy 1 2n, (6.16) follows from the definition (6.13) and the finite support
property (2.31) of ¢. It therefore suffices to prove (6.16) for j = 2L —2n+1,...,2"L.
But then, from (6.13c) and (6.13a),

$j(x) = ¢ 5(2'L—x) = d(—x+]) = d(x —]),

by virtue of the symmetry property (2.64) of ¢.

To prove (6.17), suppose x € [0,1] and j € Zz—1. Then (6.13a), (2.9) and (2.31) yield

GIx) = D Gaalk—n+Nd(x—k)

kEJan]

= D Ganlk—n+Dox—k) = nnlx—n+1),
k

by virtue the fact that ¢ satisfies the polynomial reproduction property (2.63).

For the proof of (6.18), we first let k € Z3,, 1 and j € Z, 1. Then, using consecutively
(6.13a), (2.9), (6.15), (2.31) and (2.63), we get

—1
Oj(5) = ¢(5-i)+ 2 Gaali-n+1d(5-1) (6.19)
i=—2n+2
= Y Gaali-n+De(5-1)
i€lon_1
3n—2
= Y Gaali-n+ D (k1)
i=—2n+2
= ) Ganli-n+1)d (5-1) (6.20)
= (),j,nJr] (%—n-l—]) (621)

Next, for k > 2n and j € Z, 1, we see that (6.19) holds again, and the bottom part
of (6.18) therefore follows, since ¢ (%‘ — i) =0,1i=-2n+2,...,—1, by virtue of the

interpolatory property (2.32) and (6.14).

To complete the proof of (6.18), it remains to show that for j € Z, 1, we have
d(5—i) =t (5—m+1), ke{2n—22n-1}. (6.22)
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6.2. The refinability of the sequence {¢]}

For k = 2n — 2, the property (6.22) is a consequence of (2.32) and (2.9), whereas for
k =2n — 1 we use (2.56) and the middle line of (2.12) to deduce that

¢ (li( - )) =dom12 = eifnﬂ (%) = €j7n+1 (% —n-+ 1) . [ |

We proceed to show in the following section that the sequence {d)]m} defined by (6.13) is

refinable.

6.2 The refinability of the sequence {¢]}

Analogous to the bi-infinite case, our proof in Section 6.3 below of the convergence of the
subdivision scheme will depend on the refinability of the sequence {¢j}, as proved in this

section.

THEOREM 6.2 The sequence {§j}, as defined in (6.13), satisfies the properties (6.2) —

(6.6).

Proof. The properties (6.2) — (6.4) are immediate consequences of the properties (2.32)
and (2.31) of ¢.

To prove (6.5), we choose p € T, 1, and assume first that x € [0,2n — 2). Using (6.3),
(6.13a), (6.13b), the polynomial reproduction property (2.63), finite support (2.31) of ¢,

and (2.10) consecutively, we get

D> piejx) = ) p()ej(x)

J€Zyry J€Z4n 4

—1
= ) plex—i+ D> | D pi)nnlk—n+1)| d(x—k)

J€Zan—a k=—2n+2 |j€Zon_1
In—4
= Y Pl —i) =Y p)bx—i) =px).
j=—2n+2 j

For x € [2n —2,2"L — 2n + 2], the property (6.5) follows from (6.16) and (6.12). Similar

arguments establish polynomial reproduction for x € (2'"L —2n + 2,2"L].
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Chapter 6. Dubuc—Deslauriers subdivision for finite sequences

To prove the refinability (6.6), assume first that j € Z;, 1 and x € [0,2n — 2). Then,
(6.13a) and (2.9), imply

)= > Gnp(k—n+Dbx—k).

kEJ2n71
Now, use the refinement equation (2.61), together with (2.31), to obtain

en—6

o) = > > Gmalk—n+ N (3 —K) [ d(2x —1). (6.23)

i=—2n+2 | k€lon_1

For the first part of the sum in (6.23) we get, from (2.31), (6.14), (6.15), the polynomial
reproduction (2.63), and definition (6.13a),

D | 2 Ganlk—mENd (3 -K) | d2x—1)
i€lon_1 _k€J2n71

- Z Zei*ﬂﬂ(k—n-i-”d)(—;—k) d(2x —1)

IEJZn 1

= Ze_w —n+1) p(2x —1)

1€J2n 1

— Z ¢ n+1 n+1)cb(2x—1 + Z {; n+]< n+1)¢r+1(2x)

i=—2n+2 i€Zon_1
—1

— > 12 Gan(Gen ) tiank—n+1)| d(2x—k)

k=—2n+2 [i€Zon_1
= Y Laan(G-n+0)elM 2 = ) oI (3) o720, (6.24)
1€Zon—1 1€Zon—1

having also used the polynomial reproduction (2.10), and (6.18).

For the remaining part of the sum in (6.23), we use the interpolatory properties (2.9) and

(2.32), as well as (6.14) and (6.18), to obtain

6n—6

2 | 2 Ganlk—n+Nd(5-Kk)| d2x—1)
i=2n | k€Jan_1

en—6

= Z(I) d(2x — 1)

i=2n

6n—6 21T

_ Zd)r % d)rJr] 2X Z d)r % ¢T+1 ZX) (625)

i=2n i=2n
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6.2. The refinability of the sequence {¢]}

where we also used the definition (6.13b), and the inequality L > 4n — 2. Combining
(6.23), (6.24) and (6.25) then yields the result (6.6) for j € Z,, 1 and x € [0,2n — 2).

Next, for j € Zyn—1 and x € 2n—2,2n — 14 j), we use Theorems 2.3, as well as (6.14),
(2.61), (6.18) and (6.14), to get

GJ(x) = dp(x—j) = Zd> $(2x — k)
4n—2+2)
= > o d(2x — k)
k=2n-2
An—2+2j
— Z (br ]zc £+1 ZX)
k=2n—2
— Z d)r l§< ]rj] ZX)
k€Z21+1L

since L > 4n — 2, thereby establishing (6.6) for this subcase.

For j € Zy—1 and x € 2n — 1 +j,2"L], we deduce from (6.3), (6.18), (2.32) and (6.14)

that
An—3+2j

Z d)r % £+1 (2x) = Z d)r % £+1 (2x)
KEZyri1y k=2n+2j

4n—3+2j

= > (i) o2 = 0=0]x),

k=2n+2j

by virtue of the top part of (6.3). Hence, we have established (6.6) for all j € Zyn_.

Now consider the case j € {2n,...,2'L—2n}and x € (—2n+1+j,2n—1+7j). We use
definition (6.13b), (2.61), (2.31), as well as (6.14) and the finite support property (6.3),

to find that
GI)=dpx—i) = > d(5-9)d2x—k)

ke{2j+lon—1}

= Y d(E-ierty
ke{2j+Ion—1}

= > (-9 e
kGZzT+1L

— Z d)r % ]r<+1 ZX)
kezzr+1[_
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Chapter 6. Dubuc—Deslauriers subdivision for finite sequences

based on the inequalities —2n+1+2j >2n+1, and 2n —1+2j <2™'L —-2n—1.

Forj € {2n,...,2"L—2n} and x € [0, —2n+1+]j], we use (6.3), (6.13b), (2.32) and (6.15)

to get
Y e H) o) = > d(5-9)ep (20 = 0 =dJ(x).
k€Z2r+lL keZZ) 2n
Similarly, for j € {2n,...,2"L —2n} and x € 2n —1+j, 2'L], with (6.14), we have
pAREE
SoarHe ) = Y e(5-i)erT@) = 0 = ).
KEZyri1, k=2n+2j

Hence (6.6) also holds for j € {2n,...,2"L — 2n}.

Finally, let j € {2'L —2n+1,...,2"L} and x € [0,2"L]. Then (6.13c), together with the
fact that (6.6) holds for j € Z,,, 1, gives
$dj(x) = b3 4(2"L—x)

= Z b ( (%) o (ZTHL_ZX)

kEZZT+]L
= ) Ok QLY N (27— 2x)
k€Z21+]L
= Y oI (5) el 27— 2.
keer+lL
We claim that
G5 (27— 2%) = ¢ (2x), x€00,27L), k€ Zyy, (6.26)

which, if true, completes the proof of the theorem. Definition (6.13c) implies that (6.26)
is true for k € Zon 1 U{2'L—2n+1,...,2"L}, whereas, if k € {2n,...,2"L —2n}, we find
that (6.13b) and (2.55) yield, for x € [0, 2"L],

O [27TL=2%) = d(k—2x) = (2x—K) = oI (2%). .
Remark: Observe from (6.16) and (6.13a), (6.13b), together with the support properties
(6.3) and (2.31), that

dj(x) = b(x—j), xe€2n—2,2'L], j € Zyrom. (6.27)

)
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6.3. Convergence of the modified subdivision scheme

6.3 Convergence of the modified subdivision scheme

We now prove the analogue of the results (2.27) and (2.28) Theorem 2.2 for finite subdi-

vision sequences.

THEOREM 6.3 For each initial sequence ¢ = {c;} € My and with ¢; = cl)? defined as in

(6.13), the subdivision scheme (6.7), (6.8) converges to the function

Di(x) =) ¢di(x), x€[0,L], (6.28)
JEZL
in the sense that
o) =@ (X)), k€Zyi, TEZ;. (6.29)

Proof. Repeatedly using (6.6), (6.7), (6.8), and eventually (6.4), for k € Zy andr € Z,
we obtain

Pu(z) = D) ()

JEZL

:ZCJZCDO% (75r)

JEZL 1€Z)1

- Z Cg)d)g (z=7)

i€ZyL

= Y "ol =c. n

i€Zyr

Analogous to the subdivision scheme with mask (2.16), we proceed in the following section

to derive an explicit formulation of the boundary-adapted subdivision scheme (6.7), (6.8).

6.4 An explicit formulation

Let ¢ € M. Then, from the subdivision operator definition (6.7), we obtain

Si¢ojpr = Z d)k % Ck, ) € Zoyria, (6.30)

Ke€Zory
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Chapter 6. Dubuc—Deslauriers subdivision for finite sequences

and thus, using also (6.13b), (6.15) and the top of (6.18), we get
Si¢c)ojp1 = Z e (G+3—n+T1)ck, jEZna. (6.31)
keZZn 1
Next, we claim that

Selmr= Y  bj(Per, j=m,...,2L—-2n. (6.32)

ke{j+In}

Indeed, if j € {n,...,2n — 3}, then (6.30), (6.3), (6.18), (6.13b), (2.56) and the last line
of (2.12) yield

41
S = E d(+3—k)ex= E d2j+1-2kCx,

KEZgn 4 ke{j+In }

and (6.32) then follows from the middle line of (2.12) for j € {n,...,2n—3}. Similarly, if

je{2n—2,...,2"L — 2n}, we additionally use (6.16) to get

41
SiC)o1 = E d(+35—Kk)ex= § dj41-2xCx,

keZyr1 ke{—n+In}

which, together with the middle line of (2.12), then proves (6.32) forj € {2n—2,...,2"L—

2n}.
Forj e {2'L—2n+1,...,2"L — 1}, we first note the symmetry
or(x) =% (2'L—x), x€l0,2'L], k&€ Zyp, (6.33)

which follows from (6.13c), and the fact that, for k € {2n,...,2"L — 2n}, (6.13b) and
(2.64) give

G k(2L —=%) = d(k—x) = d(x — k) = Pr(x).

Thus, from (6.33),

LG+ ) = o5 (2T -1-9)+1), ke Zy,

j=2L—2n+1,...,2L—1.  (6.34)
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6.4. An explicit formulation

Combining (6.31), (6.32), (6.34), and using (6.10), we find that the subdivision scheme

(6.7), (6.8) has, for a given initial sequence c!® = ¢ € My, the explicit formulation
C(ZT]'+1) = CJm> ) € Loy,
T ) (r . Te Z+’ (635>
= > ale)), jeZry,
KeZor
where
benp (j+35-—1), KEZp,
aly = j € Zna, (ifn>2), (6.36)
0, K=2n,..., 27,
(),k,j (%) ) k € {] + Jn}v
ay = j=n—1,...,2L—mn, (6.37)
0) keZZTL\{j+In})
all = a0 KEZa, j=2L—-n+1,....,2L—1.  (6.38)

Explicit formulations of (6.36) and (6.37) are now obtained by using a calculation similar

to the one which yielded the middle line of (2.16). For k € Zy, 1, and j € Z,,_,, we have

(—1)i+k 1 (2j + 1)!(4n —3 — 2j)!
23 i 41 —2k(2n—2—j)!2n—1—K)§k!’

benpi(G+35—1) = (6.39)

whereas for k € j +J,.}, and j=n—1,...,2'L —n,

Gy (n—T\ (1) n—1
ek“”"%ﬂ$(n—1)zy+1—zk n+j—k) (6.40)

For example, if n =2, (6.39) and (6.40) in (6.36) give

16
2, k=1,
ag =14 —=, k=2 (6.41)
- k=3,
0, k=4,...,2L



Chapter 6. Dubuc—Deslauriers subdivision for finite sequences

In Figure 6.2, we have applied the modified subdivision scheme (6.35), with mask based
on (6.41) and (2.18) to a specific choice of finite (non-periodic) initial sequence c. Note

how there are no edge effects at the boundaries of the initial sequence.

(a) ¢(®) (%) and (V) (o) (b) ¢V (%) and ¢(2) (o) (c) cl®) (%) and c(®) () (d) limit curve

Figure 6.2: The adapted Dubuc-Deslauriers subdivision scheme (6.35) with mask (6.41)
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Interpolation wavelets on an
interval

Following Section 4 of [21], we show here how the refinable sequence {¢]} of Section 6.2
can be used to explicitly construct interpolation wavelets on an interval. Our definition
in (7.10) below coincides, in the inner region bounded away from the endpoints, with the
definition of interpolation wavelets on R as given in e.g.[12, equation (1.11)], [47, p 300]
and [63, p 193].

7.1 Background

Alternative approaches to the construction of wavelets on an interval include work by
Daubechies [17, Section 10.7] and Cohen, Daubechies and Vial [14], in which periodization
and related methods are used for the construction of orthonormal wavelet bases on an
interval. In the spline setting, explicit constructions of symmetric biorthogonal spline
wavelets on an interval, as well as the corresponding decomposition and reconstruction
algorithms, appear in Chui and Quak [13], Quak and Weyrich [59], Chui and de Villiers
[11] and Chui [9, Section 7.3.2].

The connection between the compactly supported orthonormal wavelets of Daubechies
[16, 17] and Dubuc—Deslauriers subdivision has been noted by several authors (see e.g. [51,
Section 3]), and exploited for the construction of biorthogonal interpolatory wavelets by
Beylkin and Saito [4], and Bertoluzza and Naldi [2, 3]. A further study of the relationship
between interpolation processes and wavelets construction appears in the paper by Lee,

Sharma and Tan [46].
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7.1. Background

The idea, as used in this chapter, to construct interpolation wavelets by means of a non-
orthogonal linear space decomposition and an interpolation operator, has been studied
for wavelets on R by Chui and Li [12], and used by Sweldens; to construct lifting schemes
in [63].

Our interpolation wavelet decomposition and reconstruction algorithms for finite data
sets, as given by (7.32), (7.33) below and (6.36) — (6.40) in Chapter 6, are identical to
those derived by Arandiga, Donat and Harten [1, equations (55) and (56)]. Making use
of ideas developed by Harten [39, 40|, these authors derive their equations from a general
framework—our approach has the advantage that it allows an explicit construction of the
underlying refinable sequence {¢p]} as demonstrated by our equation (6.13) in the previous
chapter. This is perhaps closer to the unpublished work of Donoho [29], in the sense that
both are based on polynomial extrapolation. An essential difference however, lies in
the way in which the associated nested sequence of linear spaces {V,} is defined. While
Donoho’s construction is consistently based on a polynomial extrapolation operator, we
define the linear space V; as the span of the sequence {¢j}. The nesting property of the

{V:} then follows from the refinability of {¢j}, as proved in Section 7.2 below.

Note that the wavelets constructed in this manner do not have vanishing moments—
the mean of our wavelet is not zero. In this regard our wavelets are similar to those
mentioned by Mallat [47, p 301]. We show however that the corresponding interpolation
wavelet space can be characterized in terms of a projection operator which is exact on
polynomials, therefore the interpolation wavelet coefficients of a function are relatively
small in those regions where the function exhibits local polynomial-like behavior. For
the construction of (non-orthogonal) interpolation wavelets on the interval with vanishing

moments, we refer to Donoho [30].

Finally, Schroder and Sweldens [62] develop algorithms implementing interpolation wavelets

on an interval without providing detailed proofs.
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Chapter 7. Interpolation wavelets on an interval

7.2 Decomposition based on interpolation

The main result of this chapter is the direct sum (non-orthogonal) space decomposition
of Theorem 7.1 below, by virtue of which we obtain compactly supported symmetric

interpolation wavelets.

Let n € N and L > 4n — 2 be as in Chapter 6, and let R be a given positive integer. We

define the linear space sequence {V, : v € Zg} by
Vi = span{d](2"R) 1 € Zy}, 1€ Zy, (7.1)
and the linear operator sequence {P, : v € Zg} for P, : C[0,2RL] — V,, by

= > f2%M)]27 ), x€[0,2°), e Zg, (7.2)

JEZHrr1
with ¢ = ¢P denoting, as in Chapter 6, the Dubuc-Deslauriers interpolatory refinable
function of Theorem 2.3. It follows from (6.4) that P, is an interpolation operator, which

means that, for each f € C[0, 2RL],
(P.)(2%T5) =f(2%), j € Zy1, TE€Zg. (7.3)
Also, a proof based on (6.4) shows that P, is a projection on V,. Thus,
Pf=1, feV, reZ. (7.4)
Furthermore, (6.5) gives

Z P2RTGI2" %) =p(x), x€[0,2'L], pEmma, TELL, (7.5)

J€Zyry

by virtue of which
Ton—1 C Vr, TC ZR, (76)

where here 715, is restricted to the interval [0, 2"L].

Since (6.6) yields the refinement equation,

G2 ") = Y qf(—) P2 Ry), x€00,2'L, € Zyr, TEZga, (T.7)

keer+l L
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7.2. Decomposition based on interpolation

we have the nesting property

V. C VH_], T € Zr_. (78)

Based on (6.4) one can prove that, for each fixed r, the set {d)]T(Zr*K) :j € Zyry }is linearly

independent on [0, 2"L], and thus, from (7.1), we have
dimV, =2"L+1, 1€ Zg (7.9)
Now define the sequence {j} = {\] :j € Zyrp 1, T € Zg 1} by
PI(x) = o5 (x), x€[0,2'L), j€Zyia, TEZroa, (7.10)
with corresponding linear spaces
W, = span{tl)jr(ZrH’R-) 2§ € Ly}, TE Ly (7.11)
From (7.10) and (7.1) follows that
W, C Vi, 1€ Zgs. (7.12)

If U, V and W are linear spaces, we use the direct sum notation U =V & W to denote
that fact that, for each f € U, there exist g € V and h € W such that f = g + h, and

with g and h uniquely determined by f.

The following direct sum decomposition result holds.

THEOREM 7.1

Vr+] = Vr S WT) TE Zth (713>

with V. and W, defined by (7.1) and (7.11).

To prove Theorem 7.1, we first introduce the linear spaces U, and X,, where
UT = {f — PTf fe VT+1}, TC ZR,], (714)
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Chapter 7. Interpolation wavelets on an interval

with P, defined by (7.2), and
Xp ={f € Vi1 : f(287) =0, je€Zy), v€Zgn, (7.15)
in terms of which the following preliminary result holds.

PROPOSITION 7.2 The linear spaces Vv, Wy, U, and X, as defined by (7.1), (7.11), (7.14)
and (7.15), satisfy

(a) W,=U,=X,, 1€Zp; (7.16)

(b) ViAW, ={0}, € Zp. (7.17)

Proof. (a) First, we show that U, = X,. If g € U,, then (7.2) and (7.3) yield g(28 ) =
0, j € Zy, ie.g € X;, so that U, C X,. If g € X;, then (7.2) and (7.15) imply P,g = 0;
hence, g = f — P,f with f = g, and thus, since also f € X, C V,;; from (7.15), we have

from (7.14) that g € U,. Consequently, X, C U,.

Next, we prove that W, C X,. If g € W,, there exists a coefficient sequence {cq, ..., 1}
such that g(x) = Z (277 ®x), x € [0,27L]. But then, from (7.10), we have

KE€Zyr1 1

92" ) = Y adnhi(2) =0, jeZry,

KEZyr1
by virtue of (6.4). Definition (7.15) then implies that g € X,. So, W, C X..
We now show that U, C W,, thereby completing the proof of (7.16). Suppose therefore

g € U,, so that, from (7.14) and (7.1), there exists a coefficient sequence {c;j:j € Zyr+11}

such that the function f € V,,; given by

fx)= Y o2 ), xe 0,27, (7.18)
jezzr+l]_
satisfies the equation
g(x) = f(x) — (P.f)(x), x € [0,2RL]. (7.19)
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7.2. Decomposition based on interpolation

But, from (7.2), (7.18), (6.4) and (6.6), we obtain

PHX) = > | D &7 (2K dp2m )| ¢

J€ZLyri1; | kE€ZprL

= ) ]2

JEZyry

= Z C2; Z (br lz< r+1 2r+1 RX)

J€Zr 1 KEZyri1

_ Z C2j d)'r-H (2T+] RX)

J€Zyry

+ D oy > o7 (k) b2 ). (7.20)

JEZyr L KEZjri 1
Also, from (7.18),

fx) = D cxby 27 R+ D copndih (27 ). (7.21)

JE€Zyry JEZyr1 1

Combining (7.19), (7.20) and (7.21) yields

g)= > leym— D> cadp(G+3) | b5 ), (7.22)

JE€EZyr1 1 KeZor

which, together with (7.11), (7.10), implies that g € W,. Thus U, C W,.

(b) Suppose f € V, N W,. Then (7.4) and (7.2) imply that, for x € [0,2"L],

f(x) = = > f(287Tj)¢](27 %) =0,
J€Zar L
after noting from (7.16) that f € X,, and then using the definition (7.15). |

We can now prove Theorem 7.1.

Proof. Let r € Zg_; be fixed. Take any f € V,,; and define g = P,f and h = f — P,f.
Then (7.2) implies that g € V;, whereas (7.14) and (7.16) imply that h € W,. We have
therefore shown that there exist functions g € V, and h € W, such that f =g+ h. It
remains to be proved that g and h are uniquely determined by f. But, if go € V; and
ho € W, are such that f = go + hp, then wu =go—g € V., and v=h — hy € W,, with
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Chapter 7. Interpolation wavelets on an interval

u=v. Thusu € V,NW, and v € V., N W,, and the desired uniqueness result follows
from (7.17). [

From (7.13) one concludes that dim W, = dim V,;; — dim V,, so that (7.9) leads to
dim W, =2'L, 1€ Zg 1. (7.23)

Hence, based on the definition (7.11), we conclude that the set {{pJ(2™7R) :j € Zyr 4}

is linearly independent on [0, 2RL], and therefore is a basis for W;.

We have therefore established, for each fixed r € Zg_1, an interpolation wavelet basis
{11)}(2”1*'2-) 1j € Zy1_1} for the interpolation wavelet space W,. The elements of
the sequence {1])}”} are called interpolation wavelets. Examples for n = 2 are plotted

in Figure 7.1.

Figure 7.1: Boundary interpolation wavelets with n = 2.

In the next section, we derive the corresponding wavelet decomposition and reconstruction

algorithms.

7.3 Decomposition and reconstruction algorithms

The symmetric interpolation wavelets of the previous section lead to finite decomposi-
tion and reconstruction formulas with rational coefficients given by the values of certain
Lagrange polynomials at half integers, as described in the section below. We then com-

ment on a connection between interpolation wavelet decomposition on an interval and
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the adapted subdivision of Chapter 6 and also on a property analogous to the vanishing

moments property usually associated with wavelets.

To obtain the decomposition algorithm, let r € Zg_; be fixed, and suppose f,,1 € V41 is

given by
or+ 1 L

froa(x) = Y /I (2"Rx), x € [0,28L]. (7.24)
j=0

According to Theorem 7.1, and for the bases {¢j} and {1j} of V; and W, we know that
there exist unique coefficient sequences {c]m :j € Zy1} and {d]m :j € Zy1_1} such that

the functions f,. € V; and g, € W, defined by

fx) = Y c"dI(2"®x), xe€[0,2"L], (7.25)
JEZyr1
and
= Y A2 ™), x € 0,281, (7.26)
J€Zyr—1
satisfy
fr+] - fr + Jr. (727)

In particular, observe that we then have the interpolation wavelet decomposition

fTZfo—|— Z gj.

JEZR 1
Moreover,
fr=Pfrp (7.28)
and
gr = fri1 — Pifigg. (7.29)

The coefficients {d]m} in (7.26) are called the interpolation wavelet coefficients.

Using (7.24), (7.10) and (7.29), and the argument which led to (7.22), we obtain, for all
€ [0, 2RL],

Z d ZT—H —R x) = Z Cgi})_ Z ‘F-H d)k( %) ll);r(z‘r+1—kx).

JEZLgr1 1 J€Zyr1 4 KEZor i
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Since {P](2"17R) 1§ € Zyri 1) is a linearly independent set on [0, 2RL], we have
1 1 .
d;ﬂ = CgiR — Z H— (I)k( %) y ) € Loy .
KEZyr1

Next, using (7.25), (7.28), (7.2) and (6.4) we get, for all x € [0, 2RL],

Y IR = fi(x) = (Pefra) (%)

J€Zyry

_ Z Z C](:-H T+1 (23) (I);‘(erRX)

J€Zyv1 | K€Zyri1p

_ Z C2r+1 d) (Zr_ )

JE€Zyry

(7.30)

Since the set {d)]T(Zr*K) :j € Zor1 ) is linearly independent on [0, 2RL], we deduce that

Now observe from (6.30), (6.8) and (6.35) that

LG+ =all, k€Zyy, j€Zyi,

which, together with (7.30) and (7.31), then yield, for a given data sequence {ch)

Zor1 }, the following interpolation wavelet algorithms:

Decomposition algorithm:

+1 .
¢ =5, j € Znt,
r=R—1,R-2,...,0.
(1) (r+1) +1) . ) ) )
di 2:+1 Z a;, kCZL y ) € Loy,

KEZyr

Reconstruction algorithm:

+1 .
C(Z; : - Cgﬂ) ) € ZZW_)

r=20,1 R—1

(r+1) () (r) (1) : Yo ’

CZT]'—H :d‘jr + Z akaCkT) ]EZZrth
KEZyry

(7.31)

1j €

(7.32)

(7.33)

Here the coefficient sequence {a]g;l tk € Zyr, j € Zyr1q, v € Zgr_1} is defined by (6.36),

(6.37), (6.38), with explicit formulations in (6.39) and (6.40).
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7.3. Decomposition and reconstruction algorithms

Suppose f € C[0,2RL], with the integers R and L suitably chosen. The sequence {f,
r=R—1,R—2,...,0} is then defined by (7.28), with fr = f, whereas the sequence
{gr : 7 =R—=1R—2,...,0} is defined by (7.29). The coefficient sequences {C]m 1y €
Zyi1, =R R—1,...,0} and {d]m :j € Zyyi—q, r=R—1,R—2,...,0} are computed
recursively by means of (7.32). In particular, observe that since (7.2) and (7.25) yield

> MoR(x) =frl(x) = (Pr)(x) = Y f(j

jEZZRL ]EZZRL

we have C =f(j), j € Zx;, and thus, the interpolation wavelet decomposition algorithm

(7.32) can, in this context, be rewritten as

= f(zR_rj)y ] € Zfl)

G

d(r) _ f(zRfrfl(z)- +1)) — Z a;;lf(zk—rk)’ ) =€ Zy1_1.

)
KEZyr

r=R—1,R—2,...,0. (7.34)

The reconstruction is then performed by means of (7.33).

At this stage, it is of interest to point out the following relationship between the interpo-

lation wavelet procedure (7.34), (7.33) and the interpolatory subdivision scheme (6.35).

After the decomposition with (7.34) has been performed, suppose that we set the inter-

polation wavelet coefficients

A" =0, j€Zyr, TEZpa, (7.35)

)

at each successive step of the reconstruction phase (7.33). The final reconstructed (and

smoothed) function is then

feld = > ¢"f(0), xe0,2%, (7.36)

J€EZyR

with, as is clear from the top parts of (7.33) and (7.34), and (6.4),

fr(2RK) = c!® = f(2Rk), ke Z:.

ZRk
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Chapter 7. Interpolation wavelets on an interval

Now observe that the zero values (7.35) substituted into the bottom part of (7.33) yield

precisely the bottom part of the subdivision formula (6.35).

Hence the interpolation wavelet decomposition and reconstruction scheme described above

is equivalent to the following interpolatory subdivision scheme:

Choose ¢ = ¢© = f(2Rk), k € Z,, and apply the interpolatory subdivision scheme

(6.35). According to Theorem 3.3, this scheme converges to the limit curve

=Y f(2%)¢0x), xelo,Ll. (7.37)

JEZL

Then, using the refinement equation (6.6), as well as (6.7) — (6.8), we get

ox) = Y c”pd(x)

jeZL
= 7 > q>°( )q>k2x)
J€LyL keZzL
= 2 At == ) ofof2%) = frl2%),
keZy1 KEZ,R,
from (7.36). Hence,
g(x) = fr(2%x), x € [0,L]. (7.38)

The subdivision approach therefore has the significant advantage of providing an efficient

iterative procedure for the construction of the function fg in (7.36).

Finally, suppose in the decomposition procedure defined by the algorithm (7.34) we have,
for some given polynomial p € 75,1, and for a fixed r € {R—1,R—2,...,0}, that there

exists an integer pu € [0,2"L] such that

where

o = max{0, 28 "(u—2n +2)}, B =min{2"L, 28 "(n+2n —2)}.
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7.3. Decomposition and reconstruction algorithms

Then, using also (7.34), (7.30), (6.3) and (6.5), we find

k=min{2"L,u+2n—2}

df = p2¥2u+1) - Y p2XTRIGL (h+3)

k=max{0,u—2n+2}

= p28 T2+ 1)) = Y PR TRIGL(r+ D) =0.

KeZory

Hence the interpolation wavelet coefficients d]m of the function f, with local polynomial-
like behaviour, can be expected to be small in comparison to the interpolation wavelet co-
efficients d]m corresponding to those regions where the function f exhibits non-polynomial-

like behaviour.

For example, choose the function f in (7.34) as the cubic cardinal B-spline Ng4, with
an arbitrary choice of the integers R and L. As follows from (1.14) and (1.10), the B-
spline N4 consists of four cubic polynomial pieces joined together in such a way that the
second derivative of the B-spline N4 is continuous, while the third derivative has jump
discontinuities at the integers Z4. Now choose n = 2 to ensure, by the above argument,
that the wavelet coefficients d]m, r=R—1,R—2 ...,0 are zero in the regions where f
is identical to a polynomial and non-zero in the regions where the third derivative has a

jump discontinuity.

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0O 50 100 150 200 250 300

Figure 7.2: Cubic cardinal B-spline Ny, sampled at 257 equally spaced points.

In Figure 7.2, we have chosen R = 3 and L = 32 and plotted the sequence of sampled
values c?) = f(j) versus their indices. Figure 7.3 shows the result of the interpolation
wavelet decomposition algorithm (7.34), where the resulting coefficients are also plotted

versus their indices.
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x10™*

d©
i

15

o 5 10 15 20 2 30 3 0 50 100 150 200 250

(a) Average component. (b) Detail components.

Figure 7.3: Third level decomposition of the cubic cardinal B-spline N4 of Figure 7.2.

We observe that the average values cgo)

, as shown in Figure 7.3(a), consist of precisely
every eighth value of the original B-spline. What is of more interest is the set of detail
components shown in Figure 7.3(b). Note that, as expected, the interpolation wavelet co-

efficients d]m, r=2,1,0, are non-zero only where the B-spline N4 has jump discontinuities

in its third derivative.

7.4 Examples

In this section we illustrate the interpolation wavelets by applying them to two practical
problems. Of course we do not claim that the schemes described above are more efficient in
practice than any of the alternatives. This would require a detailed study which we leave
for future consideration. These examples merely serve to illustrate the theory developed
above. Note in particular how the interpolation wavelet decomposition on an interval

avoids any edge artifacts.

7.4.1 Signature smoothing

Figure 7.4(a) shows part of a signature that was captured by a digitized tablet. One
clearly sees the quantization effect of the underlying grid of this particular tablet. Almost
all applications require that the signature should be smoothed. We therefore applied a

single level of the interpolation wavelet decomposition (7.34) with n = 2. All the detail
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coefficients were set equal to zero, and a single reconstruction step was performed using

the zero detail coefficients. The result is the smoothed signature in Figure 7.4(b). Note

)

that we follow standard practice by displaying only the discrete coefficients c]gR , connected

by straight line segments. This is different from the smooth curve given by (7.36).

340

330 /

320 // | //\‘
310 /‘,/ / ’f} / ‘(
300 J(’ V \\

290 |

=}

280 14

270,

(a) Original signature sample. (b) Smoothed signature.

Figure 7.4: Ilustration of smoothing with interpolation wavelet decomposition.

A closer look at the original and reconstructed signature is given in Figure 7.5. Note
from Figure 7.5(a) how every other data point stays the same (due to the interpolation
property). The remaining points however, are calculated in such a way that the result is
a smoother signature. In fact, this procedure is exactly the same as if we discarded every
other data point of the original signature and then applied one step of the subdivision
scheme with n = 2 to the result, as described in Chapter 6. As mentioned above we plot
only the data points connected by straight lines, and not the smooth curve fg described
by (7.36). An efficient way of calculating fg is by subdivision: according to the argument
leading from (7.36) to (7.38), each step of the subdivision scheme doubles the number of
points on the curve fr. The result of two more subdivision steps is shown in Figure 7.5(b).

Note how the reconstructed curve has become noticeably smoother.

Note that the main problem in this case is that the data points themselves are corrupted
by noise. Insisting that the data points are interpolated is therefore not the best way to
proceed. In this case non-interpolatory schemes such as Lane—Riesenfeld [45] (see also [50,
Chapter 2]) might prove beneficial. Even in this less than ideal situation, the interpolation

wavelets provide a surprisingly good smoothing, with no artificial edge effects.
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—— Original signature
- - Smoothed signature

335}
— Original signature
3301 - - _Smoothed signature

(a) A single reconstruction step (b) After two more subdivision steps.

Figure 7.5: Magnification of original and smoothed signature.

7.4.2 Two-dimensional interpolation wavelet decomposition

For our second example we use the well-known painting by Salvador Dali, Gala contem-
plating the Mediterranean, Figure 7.6(a), the original of which can be seen in the Dali
museum in Figueras, Spain. Although already painted in 1976, it is a beautiful illustra-
tion of Dali’s awareness of images on different scales, in this case, a portrait of Abraham
Lincoln, the 16th President of the United States of America, and Gala, Dali’s wife, looking

out to sea.

(a) Original image. (b) Decomposition of image.

Figure 7.6: Illustration of two-dimensional interpolation wavelet decomposition.

Constructing a two-dimensional tensor product from the interpolation wavelet (7.10) (see

e.g. [9, Section 6.4]), allows us to perform a two-dimensional decomposition of Dali’s
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painting, as illustrated in Figure 7.6(b), effectively separating the high frequency compo-
nents (detail) and the low frequency components (average). (With the original painting,
the same effect is obtained by viewing it from a distance, again effectively removing the
detail components—obviously what Dali had in mind.) Note how clearly the image of
Abraham Lincoln is captured by the average component, displayed in the top left-hand
corner of Figure 7.6(b). The remaining part of the figure consists of the various detail

components.

(a) Detail removed. (b) Average removed.

Figure 7.7: Reconstructed images.

Now we set the detail components equal to zero, and then reconstruct according to a
two-dimensional reconstruction algorithm also based on the tensor product interpolation
wavelet. The result, as shown in Figure 7.7(a), is the image of Abraham Lincoln interpo-
lated back onto the original grid of Figure 7.6(a). If we set the average component equal
to zero, and then reconstruct, we obtain the image in Figure 7.7(b), which contains all

the areas of sharp transition which are absent from Figure 7.7(a).
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