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CHAPTER 1. FLOW Btglertyessig University http://scholar.sun.ac.za 9

while the corresponding flow in the Hermitian matrices is
H = ([Diag(H), H], H],

which is precisely Wegner’s flow equation! To summarize, we see that Wegner’s flow equations determine
steepest descent curves to diagonality in matriz space. The difference between the two cases presented
above is that using [N, H] as the generator produces steepest flow towards N, while [Diag(H), H] produces
steepest descent flow to the diagonalized form of Hy. Both generators cause H to flow to diagonal form,

with the latter achieving this slightly quicker. The advantage of the first formulation (using N) is that

e The equations are quadratic in H and cubic in @, while in the latter case they are cubic in H and
pentic in Q.

e By choosing an appropriate N it may be possible to restrict the flow to some submanifold of C(Hj),
for instance the tridiagonal matrices. This is what we shall do in Chapter 3, in the context of the
Lipkin model (see Eq. (3.14)).

e Whereas the only stable fixed point of the flow equations using [N, H] as generator is the final diagonal
matrix, it is possible for the flow equations using [Diag(H), H] to end with remaining offdiagonal
elements between states with equal diagonal elements (see Secion 1.1). This is because these points
are local minima in the objective function F, from which a steepest descent formulation will not
escape.

e It can be shown [10] that the final diagonal matrix to which the flow proceeds has its eigenvalues

listed down the diagonal in the same order as in V.

The last property follows from the fact that, if H is diagonal,
F(H) = [|[H=N|? =" (hi — nii)?,
i
so that F' is minimized when H is similarly ordered to N. This viewpoint clears up some of the confusion
evident in the physics literature about these topics. Some authors have expressed reservations about using
generators like [N, H] instead of Wegner’s original choice [37]. Others, in order to gain the advantages
mentioned above, have set up new generators [40]. In the mathematical framework we have presented
here it has been shown that the flow equations are robust - quite generally, the differential equation to

minimize the distance of H to some subspace P(H) is

H = [[P(H),H],H].

1.4 Other methods

1.4.1 One step continuous unitary transformations

A simpler but less general diagonalization scheme is Safonov’s ‘one step’ unitary transformation [14, 15,

16, 17, 18]. The idea is to choose a fixed scalable generator instead of a completely dynamic generator as
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