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INTRODUCTION
Sewer networks form a vital part of public 
health in urban areas and constitute one of 
the most capital-intensive infrastructure 
investments (Wirhadikusumah et al 
2001). Consequently the ability to improve 
sewer network designs through the use of 
metaheuristic optimisation algorithms could 
potentially yield a significant reduction in 
capital expenditure. Simultaneous sewer 
network layout and hydraulic design 
optimisation using these algorithms has 
been investigated in recent times. However, 
the algorithms are computationally 
very expensive, since the optimisation 
procedure responsible for the hydraulic 
design has to be completed for a very 
large number of layout attempts. Lejano 
(2006) found that, due to the complexity of 
simultaneous optimisation algorithms, most 
research has been done on the hydraulic 
optimisation sub-problem, while the layout 
remains static. This paper focuses on the 
development of a computationally efficient 
heuristic optimisation algorithm by which, 
for a given layout, all constraints of the 
hydraulic design are systematically satisfied 
using slope information. The method is 
applied to two benchmark problems in 
the literature and shown to obtain near 
optimal hydraulic designs, while requiring 
very little computational effort. These 
characteristics make it ideal for combination 
with a metaheuristic algorithm for optimal 
layout creation.

OPTIMISATION CONSTRAINTS 
AND ANALYSIS
Sewer networks comprise manholes con-
nected by sewer pipes and other compo-
nents, such as pumping stations and rising 
mains. The network is used to collect waste 
water from various facilities, such as houses, 
schools and industrial buildings, and convey 
it to a sewage processing plant where the 
waste water is purified. The design is to be 
optimised, in this paper, in terms of capital 
investment cost. The objective function 
for the optimisation of simultaneous sewer 
network layout and hydraulic design optimi-
sation is as per Equation 1 (Moeini & Afshar 
2012), while Figure 1 shows the definition of 
depth variables.

Minimise C = 
N
∑
i=0

LiKi(di, Ei
ave) + 

M
∑
j=0

Kj (hj)�(1)

Where:
	 C	=	 cost function of sewer network
	Li	=	 length of pipe i, i ∈ {1, … , N}
	Ki	=	� unit cost function of pipe i defined in 

terms of its diameter (di) and average 
cover depth (Ei

ave)
	Kj	=	� unit cost function of manhole j, defined 

in terms of its height (hj)
	N	=	 number of pipes in the network
	M	=	 number of manholes in the network

Sewer network design is subject to a multi-
tude of constraints of varying complexity, as 
described below.

Sewer network design: 
Heuristic algorithm for 
hydraulic optimisation
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For a given sewer network layout and choice of pipe material, the total installed cost of the 
network is determined mainly by the pipe diameters and slopes. Hydraulic design optimisation 
is the task of determining suitable pipe diameters and slopes so as to minimise the installed cost 
of the network. This is a complex problem for which numerous solution approaches have been 
proposed. Recently the use of metaheuristic algorithms, like Ant Colony Optimisation (ACO) 
for example, has gained popularity, and they perform well for a given static layout. However, 
their computational complexity precludes their use in simultaneous layout and hydraulic 
optimisation, where a complete hydraulic optimisation has to be performed for each layout. 
This paper proposes a computationally efficient method for near optimal hydraulic design of 
a gravity sewer network. It makes use of required minimum slope information to heuristically 
determine optimal pipe sizes and slopes. The method is used to solve two benchmark problems 
and is shown to obtain good solutions while being computationally extremely efficient. 
Therefore it is ideally suited to be used in combination with a metaheuristic algorithm aimed at 
optimising the network layout.
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1. Cover depth
Both minimum and maximum cover depth 
constraints are enforced. Minimum cover 
depths protect pipes from imposed loads, 
such as vehicle loads where sewer pipes pass 
under roads. The minimum cover depth 
also prevents cross-contamination between 
water distribution networks by ensuring that 
sewer pipes are placed below water mains. 
Furthermore, the minimum cover depth 
ensures an adequate drop for house connec-
tions. Similarly, the maximum cover depth 
prevents pipe failure under excessive soil and 
imposed loads. Maximum cover depth may 
also be enforced to avoid excessive excavation, 
specifically where soil conditions are adverse.

2. Velocity
Both minimum and maximum velocity con-
straints are enforced at the peak design flow 
rate. The minimum velocity prevents the 
deposition of solid particles. The maximum 
flow velocity is enforced to prevent erosion 
of the pipe material.

3. Slope
A minimum slope is enforced on all pipes. 
This is to prevent inaccurate placement dur-
ing construction, or adverse slopes resulting 
from pipe settlement. The minimum slope 
requirement also ensures that, during full-
flow conditions, the minimum flow velocity 
is achieved.

4. Required spare capacity
A percentage spare capacity is enforced at 
peak-flow conditions to ensure that pressur-
ised flow does not occur. The constraint has 
the additional benefit of providing a margin 
of safety if storm water ingress is experi-
enced during peak-flow times. Some inves-
tigators (Moeini & Afshar 2012; Haghighi & 

Bakhshipour 2015) use a maximum relative 
flow-depth constraint rather than percentage 
spare capacity. This is merely a different for-
mulation of the same constraint. Moeini and 
Afshar (2012) enforce a minimum relative 
flow depth. In this implementation no such 
constraint, or an equivalent, is enforced. 
This constraint is not common engineering 
practice; furthermore, near the sources of 
the network it becomes almost impossible to 
enforce this constraint, due to unavoidable 
low-flow rates.

SC = 
Qfull – Qpeak

Qfull
� (2)

Where:
	 SC	 =	 spare capacity ratio
	Q full	 =	 full-flow rate (m3/s)
	Qpeak	 =	� partially full-flow rate at peak 

conditions (m3/s)

�This constraint results in partially full-flow 
conditions in all pipes; to solve for the 
hydraulic parameters, Manning’s equation is 
used to estimate velocities throughout this 
investigation.

5. Commercially available diameters
Diameters may only be selected from a 
discrete set of commercially manufactured 
diameters.

6. Progressive pipe diameters
The diameter of a pipe may only be equal 
to or larger than any of the pipes directly 
preceding itself. This is to prevent pos-
sible blockage, damming of waste water 
and sudden increase in flow velocities in 
the network.

7. Progressive pipe depths
The outflow pipe of any manhole may not be 
placed above the deepest inflow pipe. This 
prevents permanent damming of waste water 
and solid deposition in the manhole.

Contributor Hydrograph Theory is used in 
this implementation for accumulated flow rate 
calculations, taking time delays into account. 
The contributing hydrograph at each node is 
routed down the network to the outfall man-
hole. Theoretically this downstream routing 
should be done using full hydrodynamic flow 
analysis. However, Stephenson and Hine 
(1982) have demonstrated that ordinary time-
lag routing is of sufficient accuracy for sewer 
network design purposes.

HYDRAULIC OPTIMISATION
Hydraulic optimisation of a sewer net-
work is one part of the two-part network 

optimisation problem, in which element 
sizes, installation depths and slopes are 
determined for a given layout. Due to the 
highly constrained nature of hydraulic 
optimisation and the complexity of simul-
taneous solution algorithms, this part has 
seen considerably more work than the layout 
optimisation problem. Mays and Wenzel 
(1976) applied dynamic programming (DP) 
to the design of gravity sewer networks with 
the assumption that the direction of flow is 
fixed, severely restricting the set of problems 
to which their concepts may be applied. 
Robinson and Labadie (1981) also applied DP 
to develop an optimisation procedure. Miles 
and Heaney (1988) developed a storm water 
drainage design method using a spreadsheet 
package which may be applied to static lay-
outs. More recently non-classic optimisation 
algorithms have been developed. Diogo and 
Graveto (2006) developed a comprehensive 
enumeration model and simulated annealing 
(SA) algorithm for the layout and component 
size optimisation of sewer networks. Afshar 
(2006; 2012) and Afshar et al (2011) have 
applied numerous non-classic optimisation 
techniques to the sewer network hydraulic 
design problem, namely an ant colony 
algorithm (ACO) (2006), cellular automata 
(CA) (2011), a rebirthing genetic algorithm 
(RGA) (2012), and more recently a hybrid 
genetic algorithm (GA) and general hybrid 
cellular automata (GHCA) were proposed 
for the efficient and effective optimal design 
of pumped sewer networks with fixed 
layouts (Rohani & Afshar 2015). The lack of 
computational efficiency of these algorithms 
restricts combining them with a non-classic 
optimisation algorithm for layout optimisa-
tion, due to the resulting computation times.

Some hydraulic optimisation algorithms 
have been developed and successfully com-
bined with layout optimisation algorithms, all 
with different advantages and disadvantages. 
Walters (1985) used DP for simultaneous 
layout and size optimisation, and his method 
could be used to drain a set of sources with 
fixed positions. Li and Matthew (1990) used 
discrete differential dynamic programming 
(DDDP), which utilised an iterative procedure 
to generate the layout, and then to size the 
sewers and pumps while keeping the layout 
fixed. DDDP has some significant drawbacks 
– it restricts the search space and reduces the 
probability of locating the global optimum. 
The DDDP stages must be manually divided 
for each individual problem and this reduces 
its practicality. Pan and Kao (2009) used a 
genetic algorithm (GA) combined with qua-
dratic programming (QP). In their approach 
a majority of the constraints were formulated 
in QP, while other parameters, such as layout 
and pipe diameters, were determined by the 

Figure 1 Definition of depths
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GA. Moeini and Afshar (2012) proposed an 
ant colony optimisation (ACO) algorithm, 
combined with a tree growing (TG) algorithm, 
which performs both the layout construction 
and selects diameters simultaneously. In their 
approach an assumption of sewer flow at 
maximum relative depth is made, allowing for 
the calculation of pipe slopes. Haghighi and 
Bakhshipour (2015) combined previous works, 
namely the loop-by-loop cutting algorithm 
(Haghighi 2013) and an adaptive genetic 
algorithm (Haghighi & Bakhshipour 2012), 
with a tabu search (TS) algorithm to create an 
effective hybrid algorithm for simultaneous 
layout and element size optimisation.

The approach followed by both Moeini 
and Afshar (2012), and Pan and Kao (2009) 
to use a single selection algorithm for both 
layout and element sizing has the advantage 
of computational efficiency while suffering 
from what will be termed here as fitness 
warping. With this approach a layout is con-
structed, and simultaneously element sizes 
(in this case diameter of pipes) are selected. 
In the initial iterations of an evolutionary 
optimisation algorithm the population often 
comprises entirely randomly selected solu-
tions. It is therefore unlikely that good solu-
tions have been found, or that the algorithm 
has started to converge around a good or 
optimal region in the search space for either 
sub-problem. If the algorithm produced 
a very good layout during, especially, but 
not limited to, its early iterations it is very 
unlikely that the accompanying diameters 
will also fall within a very good region of the 
search space. The result is that the overall 
fitness of the solution is poor, due to the 
poor diameter selection, despite the very 
good layout. Consequently, the algorithm is 

unable to recognise that a good layout has 
been found. To overcome this drawback, a 
hydraulic optimisation procedure is required 
which is well suited to be combined with 
an algorithm responsible only for layout 
construction. It must be able to compute all 
hydraulic design parameters. To this end 
a new heuristic optimisation algorithm is 
proposed, which uses a systematic iterative 
approach to select diameters while satisfy-
ing all hydraulic design constraints. The 
algorithm operates under the heuristic that 
increasing diameters, in order to reduce the 
required slope by a significant margin, leads 
to economic decisions. The algorithm relies 
entirely on this heuristic to obtain near-
optimal costs. The cost of the final design 
is only calculated once the entire design has 
been completed. The mathematical deriva-
tions, formulae and engineering concepts 
relevant during the heuristic procedure are 
described hereafter.

Referring to constraint 4 above (under 
Optimisation Constraints and Analysis), 
Manning’s equation for partially full-flow 
conditions is used. From Manning’s equation 
it is clear that flow rate, diameter and slope 
are interdependent variables. As described 
earlier, the accumulated flow rates are 
dependent on network layout. The diameter 
selections are limited to a set of commer-
cially available diameters, while the slope is a 
continuous variable with an upper and lower 
bound. Once flow rates and diameters are 
known, the required slope can be calculated 
directly to satisfy Manning’s equation, i.e. 
partially full flow that provides the required 
spare capacity of constraint 4. Substituting 
Manning’s equation into Equation 2, and 
after some manipulation, yields:

Ap
5/3 = 

(1 – SC)Af
5/3 Pp

2/3

Pf
2/3

� (3)

Where:
	Ap	 =	partial-flow area (m2)
	SC	 =	spare capacity ratio
	 Af	 =	full-flow area (m2)
	Pp	 =	partially wetted perimeter (m)
	 Pf	 =	wetted perimeter at full flow (m)

Substituting this into Manning’s equation 
for partial-flow conditions, Qp, after some 
manipulation, yields:

Qp = 
1

n 

(1 – SC)Af
5/3

Pf
2/3

 S� (4)

Where:
	Qp	=	� flow rate at partial-flow conditions 

(m3/s)
	 S	=	 slope of the pipe (m/m)
	 n	=	 Manning Roughness Coefficient

All other variables are as defined in Equation 3.
Equation 4 ensures that the conditions of 

constraint 4 are satisfied if used to calculate 
the slope, while additionally allowing for the 
calculation of slopes in terms of the full-flow 
area and wetted perimeter. Constraint 6 
(progressive pipe diameters) can be directly 
enforced during the diameter selection pro-
cess. This is done by selecting diameters in 
sequence, ensuring that all upstream pipes of 
the current pipe already have their diameters 
selected, and adjusting the lower-bound of 
the set of eligible diameters for the current 
pipe accordingly.

The lower-bounding slope of a pipe is 
influenced by a number of constraints, as 
indicated in Figure 2. All of the constraints 
have to be satisfied simultaneously, as 
described below.

Minimum required slope
This value is specified.

Minimum allowable cover depth
Cover depth requirements may enforce a 
steep slope on pipes in order to achieve the 
necessary depth at the downstream manhole, 
as shown in Figure 2.

Minimum velocity
The minimum velocity constraint, combined 
with Manning’s equation, yields:

vmin = 
1

n 

A2/3

P2/3
 S � (5)

As vmin is a known constant, the flow 
area, A, and wetted perimeter, P, can 
be determined if the flow depth can be 
determined. Then the required slope, S, to 

Figure 2 Minimum required slopes
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achieve the required minimum velocity, can 
be calculated.

The flow depth can be calculated using 
the hydraulic equation Q = vA. The flow rate 
is known if the calculation is carried out in 
a topological sort order, as described further 
on. The only unknown remaining is the 
partial-flow area, as v is substituted for vmin or 
vmax depending on the slope being calculated. 
Rewriting the hydraulic equation to allow 
solving with a line search algorithm yields:

(Q – vA)2 = 0� (6)

Equation 6 is obviously a minimum when 
Q = vA; in all other cases a value > 0 is 
obtained. It should also be noted that it is 
important to solve for the flow depth and 
not just the area, as in Equation 5 the wetted 
perimeter is also required. The flow area and 
wetted perimeter may be written in terms of 
the flow depth (also refer to Figure 3).

φ = cos–1 

æ

çè y – d
2

d
2

æ

çè� (7)

A = d
2

8
(θ – sin (θ))� (8)

⇒

A = d
2

8

æ

çè2π – 2cos–1

æ

çèy – d
2

d
2

æ

çè
æ

çè
 – sin

æ

çè2π – 2cos–1

æ

çèy – d
2

d
2

æ

çè
æ

çè� (9)

P = d
2

θ = d
2

æ

çè2π – 2cos–1

æ

çèy – d
2

d
2

æ

çè
æ

çè� (10)

Substituting the expressions for the area 
in terms of the flow depth into Equation 6 
yields a highly implicit equation in terms 
of both the diameter and flow depth. 
Diameters are selected beforehand, so the 
flow depth can be solved for using a line 
search algorithm. In this implementation an 

interval-halving algorithm is used. Once the 
flow depth is known, it is used in Equation 5 
to solve for the minimum required slope 
to achieve the minimum allowed velocity. 
Increasing the slope increases the flow veloc-
ity. It should be noted that in all equations 
of this section vmin could be substituted 
for vmax, or any other known velocity, to 
obtain the required slope to achieve the 
specified velocity.

Required spare capacity
The required spare capacity constraint also 
allows for the calculation of a minimum 
required slope. Increasing the slope above 
this minimum value does not violate the 
constraint. Using Equation 4 the required 
slope can be calculated in terms of the flow 
area and wetted perimeter. The only design 
parameter required to calculate these values 

is the diameter, which at this stage is known. 
Using Equations 2 and Manning’s equation, 
an expression for the required slope is found:

S = 
æçè QpnPf

2/3

(1 – SC)Af
5/3

æçè
2

� (11)

Where:
	 S	 =	� required slope to achieve minimum 

spare capacity (m/m)
	 Qp	 =	� flow rate at partial-flow conditions 

(m3/s)
	 n	 =	� Manning roughness coefficient
	Pf

2/3	 =	� wetter perimeter at full flow (m)
	 SC	� =	 spare capacity ratio
	Af

5/3	=	� full-flow area (m2)

After accounting for all the lower-bounding 
slope constraints, the next step is to 
determine when increasing the diameter is 

Figure 3 Parameters of a circular profile
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potentially beneficial, i.e. when an increment 
in diameter leads to a reduction in slope and 
consequently an expected reduction in cost. 
For the first two cases, namely minimum 
allowable slope and cover requirements, 
increasing the diameter obviously has no 
effect on the required slope. In the other 
cases, namely velocity and spare capacity, 
increasing the diameter may prove to be 
beneficial. This is tested by keeping the 
flow rate and Manning roughness constant, 
and varying the diameter while calculating 
required slopes. Using Q = 15 ℓ/s, n = 0.015, 
v = 0.75 m/s and SC = 0.3, the required slopes 
for various diameters are shown in Figure 4.

Figure 4 (p 51) shows that increasing 
the diameter affects the required slopes 
differently. The required slope to maintain 
a minimum spare capacity decreases, while 
the required slope to achieve a specified 
velocity increases. This increase in slope 
for velocity is counter to what is common 
in engineering practice. When Equation 5 
is used to calculate the required slope, the 
assumption of full-flow conditions is often 
made. If the assumption of full-flow condi-
tions is made, then increasing the diameter 
reduces the required slope to achieve the 
minimum velocity. Using the hydraulic equa-
tion Q = vA, if both the flow rate, Q, and the 
velocity, v, remain constant, then the flow 
area, A, also remains constant. When assum-
ing full-flow conditions under the same 
minimum velocity for a larger diameter, 
the flow area increases and consequently so 
does the flow rate. It is due to this increase 
in flow rate and flow area that the required 
slope decreases. In the case of Figure 4, the 
flow rate and velocity are kept constant, 
and consequently so is the flow area. When 
the diameter increases, the flow area is 
maintained by a decrease in flow depth. This 
increase in diameter leads to an increase in 
wetted perimeter, despite the reduction in 
flow depth. Referring again to Equation 5, 
rewriting in terms of the slope yields:

S = 
æçèvminnP2/3

A2/3

æçè
2

� (12)

All the variables in this equation remain 
constant during a diameter increment, 
apart from wetted perimeter, P, which 
increases. As P is directly proportional to 
the slope, S, this leads to an increase in the 
required slope.

This implies that increasing the diameter 
may be beneficial in two cases: (i) when spare 
capacity is the active lower-bound slope 
constraint, and (ii) when maximum velocity 
is the active upper-bound slope constraint. 
These possibilities should be evaluated 
before accepting any diameter increase as 

beneficial. Consequently the change in slope 
is evaluated by parameter γ:

γ = 
Si–1 – Si

Si–1
� (13)

Where:
	 γ	=	slope change factor
	 Si	=	�required slope for the current dia

meter (m/m)
	Si–1	=	�required slope for the previous dia

meter (m/m)

If γ ≥ γb, where 0.0 ≤ γb ≤ 1.0, the increase 
in diameter is considered beneficial, i.e. the 
diameter increment leads to a sufficient 
enough reduction in slope that a reduction 
in capital expenditure can be expected. 
Otherwise the previous diameter is accepted 
if it resulted in a feasible design. If the cur-
rent diameter is the first eligible diameter, 
this evaluation step is simply skipped. 
γb, the beneficial slope change factor, is 
a predefined variable of the optimisation 
procedure, similar to the evaporation rate 
of ACO or the mutation rate of a GA, which 
must be calibrated for a specific problem. γb 
is best understood by evaluating the effects 
of its extreme values on the final solution. 
At γb = 0 any reduction in slope is always 
considered beneficial, i.e. the least buried 
depth solution is obtained. At γb = 1 the 
steepest feasible slope is used, as no reduc-
tion in slope is ever considered beneficial, 
i.e. the smallest diameter which results in a 
feasible slope is used for each pipe. In most 
cases this results in capacity being the active 
minimum slope constraint. This is similar 
to the assumption Moeini and Afshar (2012) 
make in their hydraulic analysis procedure, 
where the flow depth is assumed to always 
be the maximum allowable. However, their 
diameter is not necessarily the smallest fea-
sible. Li and Matthew (1990) found in their 
work that a balance between minimum bur-
ied depth and other feasible slopes resulted 
in better results than either extreme. The 
optimisation procedure should be repeated 
for multiple values of γb to determine the 
best value. Figure 8 (p 56) shows a sensitiv-
ity analysis of the γb parameter for the two 
benchmark problems discussed further on 
(under Results).

In all cases when determining the 
required slopes from hydraulic parameters, 
the peak design flow rate is required. The 
accumulated flow rates, calculated with 
contributor hydrograph theory, are not 
only dependent on the network layout, but 
also the network elements, as time delay 
is considered. This problem is addressed 
by performing the hydraulic design of the 
network in the topological sort order of the 

layout graph, which can always be found, as 
only gravity sewer networks with no cycles 
are considered. Inflow hydrographs are 
defined at all manholes, thus the flow rate 
of the outgoing pipe of any manhole with no 
inflow pipes is immediately known. Starting 
the design from these manholes, the hydrau-
lic design and placement of the outgoing 
pipe can be completed using the equations 
described in this section. The hydrograph of 
this outgoing pipe can then be added to the 
hydrograph of the target manhole, with time 
delay included, since all the required hydrau-
lic parameters have been determined. This 
procedure is continued downstream until all 
network components have been designed. 
Determining the topological sort order can 
be combined with the design procedure. In 
the topological sorting algorithm, vertices 
with no incoming edges are placed first, 
thereafter vertices are only added once all 
their preceding vertices have been included 
in the ordering. In this case manholes may 
be added if they have no incoming pipes, or if 
the hydraulic design of all its incoming pipes 
has been completed. Manhole depths are 
set to the maximum excavation depth of all 
incoming pipes.

Some rare special cases may be 
encountered during the procedure, which 
compromise the feasibility of the design. The 
special cases, listed below, are dealt with as 
described:
i.	 The minimum allowable slope exceeds 

the maximum allowable velocity slope: 
The diameter must be increased to 
restore feasibility.

ii.	 The slope is dictated by minimum 
cover: The active slope constraint is 
cover, and is exceeding the maximum 
allowable velocity slope. Increasing the 
diameter would increase the maximum 
allowable velocity slope to restore feasibil-
ity. Alternatively, it is possible to increase 
the upstream depth of both the pipe and 
manhole to accommodate the required 
slope. This decision is again evaluated 
by γ. It is possible that this increased 
cover depth may exceed the maximum 
allowable cover depth, in which case 
increasing the diameter is the only option 
to restore feasibility.

Figure 5 shows a simplified flow chart of 
the pipe diameter selection procedure. 
This procedure is repeated for all pipes, as 
described above, in the topological sort order 
of the layout.

Where:
	 D	 =	�the eligible set of diameters, satisfy-

ing constraints 5 and 6, in ascending 
order

	 di	=	the current diameter in D
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	 di–1	=	the previous diameter in D
	Sactive	=	�the active, or critical, minimum slope
	 Scap	=	�required slope to achieve spare 

capacity
	Svmax	=	�required slope to achieve maximum 

velocity
	 γ	=	slope change factor
	 γb	=	beneficial slope change factor

Referring to Figure 5, the procedure starts 
by selecting the smallest eligible diameter 
in D, and is then incremented by one with 
each iteration. The minimum required 
slopes for cover, minimum and maximum 
velocity, and spare capacity are calculated as 
described in this section. The largest of all 
the minimum slopes, including minimum 
required, is selected as the active, or critical, 
minimum slope, Sactive. If di is not the small-
est diameter in D, then previous slope infor-
mation is available and γ is calculated using 
Equation 13. If it is the smallest diameter, the 
evaluation of γ is simply skipped at this itera-
tion. If γ ≥ γb the change in diameter is con-
sidered beneficial, i.e. the reduction in slope 
is expected to reduce the cost. If the change 
in diameter is considered beneficial, it may 
be possible that further increments are also 
beneficial. If the active slope is either the 
spare capacity, Scap, or maximum velocity, 

Svmax, another diameter increment is applied 
and the procedure restarted. If neither was 
the active slope, the current diameter is 
accepted. If no diameter increment was pos-
sible the current diameter is accepted and 
the maximum velocity slope prioritised over 
spare capacity. Where the diameter incre-
ment is not considered beneficial, γ < γb, the 
previous diameter is checked for feasibility. 

If the previous diameter resulted in a feasible 
slope, it is accepted as the diameter for the 
pipe. If it did not, the active slope constraints 
are checked to determine if a diameter incre-
ment may be beneficial.

Once a pipe has its diameter and slope 
calculated, using the procedure above, the 
upstream hydrograph of the pipe is routed 
downstream, with time-delay, and added to 
the cumulative flow rate in the downstream 
manhole. This procedure is continued down-
stream until all pipes have had their slope 
and diameter calculated. Once the entire 
design of the network is completed, the cost 
function, Equation 1, is used to determine 
the total cost of the design.

RESULTS
Two benchmark problems are used to 
determine the effectiveness of the heuristic 
diameter selection algorithm. In both cases a 
maximum relative flow depth and static flow 
values are specified. In order to ensure the 
proposed heuristic procedure is accurately 
compared to the preceding algorithms, the 
relative flow depth of the result cannot 
exceed the specified value. The maximum 
relative flow-depth parameter is never direct-
ly incorporated. The spare capacity is set to 
a value which results in a maximum relative 
flow depth very close to, but still below, the 
specified maximum. The static flow rates 
are incorporated by simply disabling the 
downstream routing of flow rates during the 
optimisation of the benchmark problems to 
allow direct comparison of results.

The first example is a network originally 
designed by Mays and Wenzel (1976), which 
has since been solved by other investigators. 
The network, shown in Figure 6, has 21 man-
holes and 20 pipes. The unit cost functions 

Figure 6 Network layout of benchmark 1

Sink

17 16

15

18

20

19

1314

11

12

7

89

10

3 2

1 0

45

6

Figure 5 Diameter selection procedure

Yes

No

Yes

No

No

Yes

Start

di = Next diameter

Determine Sactive

di–1 Feasible?

End

γ ≥ γb Sactive = Scap | Svmax



Journal of the South African Institution of Civil Engineering  •  Volume 59  Number 3  September 201754

of Equation 1 proposed for this problem is 
(Meredith 1972):

Ki = 

ìïïíïïî

10.98d + 0.8E – 5.98
if d ≤ 3ft and E ≤ 10ft

5.94d + 1.166E + 0.504Ed – 9.64
if d ≤ 3ft and E > 10ft

30.0d + 4.9E – 105.9
if d > 3ft

Kj = 250 + h2
m� (14)

Where:
	 d	 =	 the diameter of pipe i ( ft)
	 E	 =	 the average cover depth of pipe i ( ft)
	hm	 =	 the height of manhole m ( ft)

The pipe unit cost, Ki, is obtained in $/‌ft and 
the manhole unit cost, Kj, in $. The Manning 
coefficient for all pipes is taken as 0.013. The 
maximum allowable relative flow depth, (y

d), 
is taken as 0.82. The minimum allowable 
cover depth, Emin, is taken as 2.4 m. The 
minimum velocity, vmin, and maximum 
velocity, vmax, is taken as 0.6 m/s and 3.6 m/s 
respectively. The minimum allowable slope 
is 0.001 (m/m). The set of commercially 
available pipes {D} = {304.8 mm (12 in), 
381 mm (15 in), 457.2 mm (18 in), 533.4 mm 
(21 in), 762 mm (30 in), 914.4 mm (36 in), 

Table 1 Data of benchmark problem 1

Pipe
Ground elevation (m)

Length  
(m)

Design 
discharge 

(m3/s)Upstream Downstream

1-0 136.55 135.64 186.54 2.6617

2-1 137.46 136.55 152.40 2.5201

3-2 138.65 137.46 121.92 2.4635

4-3 140.21 138.65 105.23 0.2548

5-4 141.43 140.21 91.44 0.1699

6-5 142.65 141.43 121.92 0.1132

7-3 141.73 138.65 172.21 2.0104

8-7 143.26 141.73 106.68 0.5663

9-8 144.78 143.26 106.68 0.4530

10-9 147.83 144.78 152.40 0.2548

11-7 143.26 141.73 152.40 1.2459

12-11 144.78 143.26 106.68 0.4530

13-12 147.83 144.78 137.16 0.3398

14-13 149.35 147.83 147.64 0.2265

15-11 146.30 143.26 167.68 0.6229

16-15 147.83 146.30 131.08 0.2275

17-16 149.35 147.83 121.92 0.1132

18-15 148.49 146.30 106.68 0.2548

19-18 150.88 148.49 121.92 0.1982

20-19 152.40 150.88 106.68 0.1132

Table 2 Results of benchmark problem 1

Model Cost (US$) Function Evaluations

Mays and Wenzel (1976) 265 775 –

Robinson and Labadie (1981) 275 218 –

Miles and Heaney (1988) 245 874 –

Afshar (2006) ACO 241 496 29 900

Afshar et al (2011) CA 253 483 50

Afshar (2012) RGA 241 896 100 000

Proposed Heuristic Method 246 795 –

Table 3 Heuristic solution of benchmark problem 1

Link Slope
(m/m)

Active 
constraint

Diameter
(mm)

Max 
velocity

(m/s)

Relative 
flow depth

(
y
d)

Cover depth (m)

Source Target

1-0 0.0043 Capacity 1219.2 2.6013 0.8188 2.5326 2.4231

2-1 0.0078 Capacity 1066.8 3.2168 0.8188 2.40 2.6850

3-2 0.0098 Cover 1066.8 3.5489 0.7251 2.4 2.4

4-3 0.0194 Capacity 381.0 2.5513 0.8184 2.4 2.8861

5-4 0.0107 Cover 381.0 1.8777 0.7402 2.6420 2.4

6-5 0.0126 Capacity 304.8 1.7710 0.8184 2.4 2.7182

7-3 0.0120 Max Vel 914.4 3.5914 0.7949 3.4133 2.4

8-7 0.0160 Capacity 533.4 2.8930 0.8184 2.4 2.5730

9-8 0.0142 Cover 533.4 2.6901 0.7051 2.4 2.4

10-9 0.0200 Cover 381.0 2.5857 0.8066 2.4 2.4

11-7 0.0115 Capacity 762.0 3.1188 0.8184 2.7016 2.9289

12-11 0.0142 Cover 533.4 2.6901 0.7051 2.4 2.4

13-12 0.0222 Cover 457.2 2.9854 0.6543 3.0723 2.4

14-13 0.0154 Capacity 381.0 2.2679 0.8184 2.4 3.1485

15-11 0.0193 Capacity 533.4 3.1822 0.8184 2.7316 2.9302

16-15 0.0154 Capacity 381.0 2.2679 0.8184 2.4 2.8840

17-16 0.0126 Capacity 304.8 1.7710 0.8184 2.4 2.4182

18-15 0.0205 Cover 381.0 2.6218 0.7949 2.4 2.4

19-18 0.0196 Cover 381.0 2.4822 0.6602 2.4 2.4

20-19 0.0142 Cover 304.8 1.8741 0.7715 2.4 2.4

Figure 7 Network layout of benchmark 2
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1 066.8 mm (42 in), 1 219.2 mm (48 in)}. 
Table 1 shows the necessary data for the 
benchmark problem.

Table 2 shows the results obtained by 
various methods for the problem. The 
proposed heuristic method is able to 
achieve a result similar to the metaheuristic 
optimisation methods, while requiring 
6 milliseconds of computation time using a 
personal computer with 3rd generation Intel 
Core i7-3630QM.

Table 3 shows the detailed solution 
obtained by the proposed heuristic method. 
Table 3 indicates the method’s ability to dif-
ferentiate between the benefit of minimum 
possible slopes and diameter increments. 
Note that for pipe 7-3 the special case where 
the cover slope exceeds the maximum 

allowable velocity slope is encountered. The 
cover depth of the pipe at the source end and 
the depth of its source manhole are increased 
to achieve the required slope.

The second problem, shown in Figure 7, 
is part of the “Kerman” network in Iran 
(Afshar et al 2011). For this example the 
unit cost functions given in Equation 15 
(Afshar et al 2011) are used in conjunction 
with Equation 1 for cost calculations.

Ki = 1.93e3.43di + 0.812Ei
1.53 + 0.437diEi

1.47

Kj = 41.46hj� (15)

Where:
	di	 =	 the diameter of pipe i (m)
	Ei	 =	 the average cover depth of pipe i (m)
	hj	 =	 the height of manhole j (m)

The Manning coefficient for all pipes is con-
sidered as 0.013. The maximum allowable 
relative flow depth, (y

d), is considered as 0.82. 
The minimum allowable cover depth, Emin, is 
considered as 2.45 m. The minimum velocity, 
vmin, and maximum velocity, vmax, are con-
sidered as 0.3 m/s and 3.0 m/s respectively. 
The minimum allowable slope is 0.001 (m/m). 
The set of commercially available pipes, 
{D} = {150 mm, 200 mm, 250 mm, 300 mm, 
400 mm, 500 mm, 600 mm, 700 mm}.

The necessary data for the definition of 
benchmark problem 2 is shown in Table 4. 
The problem is solved using the proposed 
heuristic method. Table 5 shows the results 
obtained by various methods while solving 
the problem. All values shown in Table 5, 
except for the newly proposed heuristic 
method, were presented by Afshar et al (2011).

Table 5 shows the algorithm’s ability to 
obtain a near-optimal solution while also 
only requiring 6 milliseconds of computation 
time. Table 6 shows the detailed solution 
produced by the heuristic method for bench-
mark problem 2.

Figure 8 shows a sensitivity analysis of 
the γb parameter for both problems. From 
this figure it is clear that the value of γb is 
not very sensitive to small changes around 
the optimum. However, some improvement 

Table 4 Data of benchmark problem 2

Pipe
Ground elevation (m)

Length  
(m)

Design 
discharge 

(m3/s)Upstream Downstream

1-0 65.42 64.50 320 0.1473

2-1 65.82 65.42 340 0.1047

3-2 66.22 65.82 350 0.1012

4-3 67.28 66.22 470 0.0967

5-4 68.24 67.28 400 0.0387

6-5 69.85 68.24 450 0.0366

7-6 71.19 69.85 300 0.0340

8-7 72.10 71.19 260 0.0324

9-8 73.66 72.10 460 0.0304

10-9 74.59 73.66 260 0.0279

11-1 66.10 65.42 590 0.0446

12-11 66.80 66.10 400 0.0403

13-12 68.60 66.80 500 0.0319

14-13 70.10 68.60 400 0.0300

15-14 71.50 70.10 400 0.0264

16-15 73.00 71.50 400 0.0211

17-4 68.40 67.28 440 0.0596

18-17 69.30 68.40 310 0.0580

19-18 69.90 69.30 260 0.0562

20-19 70.70 69.90 300 0.0549

Table 5 Results of benchmark problem 2

Model Cost (US$) Function Evaluations

Mansuri, Khanjani 83 116 –

BFGS 82 732 –

Fletcher-Reeves 81 553 –

GA 77 736 100 000

Cellular Automata 80 879 20

Proposed Heuristic Method 78 779 –

Table 6 Heuristic solution of benchmark problem 2

Link Slope
(m/m)

Active 
constraint

Diameter
(mm)

Max 
velocity

(m/s)

Relative 
flow depth

(
y
d)

Cover depth (m)

Source Target

1-0 0.0029 Cover 500 1.1286 0.6309 2.45 2.45

2-1 0.0012 Cover 500 0.7344 0.6816 2.45 2.45

3-2 0.0011 Cover 500 0.7214 0.6719 2.45 2.45

4-3 0.0023 Cover 400 0.8985 0.7988 2.45 2.45

5-4 0.0023 Cover 300 0.7354 0.6973 2.4932 2.45

6-5 0.0038 Capacity 250 0.8530 0.8164 2.45 2.5432

7-6 0.0045 Cover 250 0.9109 0.7109 2.45 2.45

8-7 0.0035 Cover 250 0.8161 0.7539 2.45 2.45

9-8 0.0034 Cover 250 0.7957 0.7266 2.45 2.45

10-9 0.0036 Cover 250 0.8008 0.6680 2.45 2.45

11-1 0.0012 Cover 400 0.5949 0.5762 2.45 2.45

12-11 0.0018 Cover 300 0.6537 0.8145 2.45 2.45

13-12 0.0036 Cover 250 0.8211 0.7383 2.45 2.45

14-13 0.0038 Cover 250 0.8286 0.6914 2.45 2.45

15-14 0.0032 Cover 250 0.7628 0.6641 2.5541 2.45

16-15 0.0041 Capacity 200 0.7684 0.8164 2.45 2.6041

17-4 0.0025 Cover 400 0.8628 0.5391 2.45 2.45

18-17 0.0029 Cover 400 0.9277 0.4980 2.8274 2.45

19-18 0.0034 Capacity 300 0.9076 0.8184 2.6162 2.9274

20-19 0.0032 Capacity 300 0.8866 0.8184 2.45 2.6162
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in the final cost is gained from repeating the 
algorithm for multiple values of γb. Because 
γb is not sensitive around the optimum, it 
may be calibrated where multiple similar 
networks have to be optimised. This avoids 
having to repeat the solution of each 
problem multiple times for each problem. 
However, the algorithm is computationally 
efficient enough that repetitions do not 
inhibit its usability, even when combined 
with a computationally expensive layout 
optimisation algorithm.

From these benchmark problems it 
becomes clear that the heuristic algorithm 
maintains near-optimal solution quality 
while having almost instantaneous 
computation time. This makes it ideally 
suited for combining with an ACO or similar 
algorithm responsible for layout creation that 
requires a significant amount of function 
evaluations (100 000+), each of which 
requires a hydraulic optimisation run.

CONCLUSION
In this paper a heuristic optimisation algo-
rithm, which relies on the assumption that 
keeping slopes to a relative minimum while 
increasing diameters leads to economic deci-
sions, was proposed. The algorithm solves 
the problem incrementally, determining the 
hydraulic parameters of each element indi-
vidually. The algorithm was applied to two 

previously proposed benchmark problems 
and was shown to be able to produce near-
optimal results with very little computational 
effort. The results obtained by this algo-
rithm, due to its computational efficiency 
and solution quality, can be used to seed the 
set of eligible hydraulic parameters of other, 
more computationally expensive, optimisa-
tion methods, reducing the size of the search 
space. This method is ideally suited to be 
combined with a non-classical, computa-
tionally expensive, optimisation algorithm 
which aims to optimise the network layout, 
as will be shown in a follow-up article by 
the authors. The algorithm produces static 
results for a static layout. This allows layout 
creation techniques to be compared more 
directly, as the fitness of a given layout is not 
dependent on a non-classical optimisation 
algorithm’s varying performance.
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Figure 8 �Sensitivity of γb for (a) benchmark problem 1 and (b) benchmark problem 2
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