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Summary

The multicell inverter, being a widely used multilevel converter, has received much

attention in recent years due to problems associated with cell capacitor voltage. In this

dissertation we study the balancing problem with a focus on steady-state unbalance. This

is achieved by systematic and mathematically rigorous study of the natural balancing

mechanisms of the three-phase 2-cell and 3-cell multicell converter, undertaken by using

dynamic modelling of the multicell converter, Bennet’s geometric model, steady-state and

time constant analysis. Space vector analysis is also performed for the three-phase 2-cell

multicell converter. The theory is verified by comparing theoretical results with simula-

tion results.
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Opsomming

Die multisel omkeerder as algemeen-gebruikte meervlakkige omsetter het die

afgelope jare groot belangstelling gewek op grond van die probleme wat met selkapasitor

stroomspanning geassosieer word. In hierdie proefskrif word die balanseringsprobleem met

die klem op die ewewigswanbalans bestudeer. Dit is verrig deur ’n sistematiese en streng

wiskundige studie van die natuurlike balanseringsmeganismes van die drie-fase 2-sel en 3-

sel multisel omsetter te maak. Dit is gedoen deur die gebruik van dinamiese modellering

van die multisel omsetter, Bennet se geometriese model, ewewigtoestand tydkonstante

analises, en ruimtevektoranalise is vir die drie-fase 2-sel multisel omsetter gedoen. Die

teorie word bevestig deur die teoretiese resultate met die simuleringsresultate te vergelyk.
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Chapter 1

Introduction

This chapter introduces the reader to what motivated the present research into natural

balancing of three-phase multicell converters. We begin this chapter by giving an overview

of the development of multicell converters. However work done on natural balancing

of multicell converters is treated separately in chapter 2. Furthermore we provide the

research objective and the outline for achieving this objective.

1.1 Multilevel Converters

The need for high power ratings and reduction of harmonic content of generated voltage

and current waveforms led to the design of different multilevel converter topologies. These

converters use voltage clamps to equally share the input voltage between the series con-

nected devices and supply a multilevel output voltage [1], [13], [14], [15], [16], [50]. The

multilevel converter structure was introduced as a means of eliminating the need for the

step-up transformer in high-voltage drives and reducing the output waveform harmonic

content [17], [18].

The multilevel converter topology attempts to address some of the limitations of the

standard two level converter. Because of their modular and simple structure, they can be

stacked up to almost unlimited number of levels [51]. Motor damage and failure caused

by adjustable-speed drive converters’ high-voltage change rates(dv/dt)[16] was overcome

by multilevel converters because their individual devices have a much lower (dv/dt) per

switching and they operate at high efficiency because they can switch at a much lower

frequency than PWM-controlled converters.

Increasing the output voltage meant raising the DC-bus voltage, which leads to significant

problems with voltage sharing among switching devices connected in series during turn-on

and turn-off [52],[53], thus limiting the number of devices to a maximum of five. This

problem is avoided by employing multilevel converters because as the DC-bus voltage is

raised, the voltage stress on each switching device can be held constant by adding more

1
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levels to the converter. This helps in reducing the harmonics, because the increase in

voltage levels leads to improved harmonic performance without increased switching loss

and also reduces the filter size. Multilevel converters are used extensively in high-power

applications with medium-voltage levels. Applications include laminators, mills, convey-

ors, pumps, fans, blowers and compressors [15]. The three most often used topologies for

multilevel converters are briefly discussed in the following subsections.

1.1.1 Cascaded multicell

Cascaded multicell was not fully realised until Lai and Peng patented and presented its

advantages in 1997. The interest in its research development ranges from small-power ap-

plications such as hybrid electric vehicles to very-high-power applications such as STAT-

COM and FACTS controllers. A cascaded multicell with separate DC source consists

of half-bridge converter units connected in series as shown in Figure 1.1 [16], [70], [54].

Figure 1.1 depicts a cascaded multicell converter.

• •

• •

• •

A

B

C

Figure 1.1: Cascaded multicell

1.1.2 Diode-clamped converters

This converter appeared in several papers including the study of vector control [19], [20]

and of PWM strategy [55]. The topology consists of two capacitors that divide the DC-

bus in half. Each phase leg consists of a number of switches in series connected via diode
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to the tap points, which are connected to the neutral point between the two DC-bus

capacitors as shown in Figure 1.2. Advantages of this converter include the improved

quality of the output waveform and higher DC-bus voltage. Though initially intended

for use in the reduction of current harmonics caused by nonsinusoidal voltage feeding

that caused power losses, electromagnetic interferences and pulsating torques in ac motor

drives [21], its applications now include a static var compensation system [22], [53], a

high-voltage direct-current(HVDC) transmission system [23], [1], active filtering [23] and

power conditioning systems for superconductive magnetic energy storage [23]. Figure 1.2

shows a five level diode-clamp converter.

••

• •

•• •

•

•

•

•

•

•

•

•

2
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4C

n
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3aS
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6aS

7aS

8aS

Figure 1.2: Five level diode-clamp converter

1.1.3 Capacitor-clamped converter

This converter, also known as a flying capacitor and multicell converter [50],[14],[24],

consists of independent capacitors clamping the device voltage to one capacitor voltage

level, allow an increase in the commutation voltage as well as the apparent frequency and

having application in high-voltage DC transmission. Figure 1.3 shows a 2-cell 3-phase
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multicell converter.

•

•

• • •

•

•
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•

•

•
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Figure 1.3: 2-cell 3-phase multicell converter

1.2 Research Objective

Natural balancing has been successfully applied in a series-stacked converter [71], a three-

level NPC converter [25], [72], [56] and a single-phase p-cell multicell converter [73].

Though work has been done in the natural balancing of three-phase multicell converters

[57], it has not been proved that their capacitor voltages naturally balance. This dis-

sertation provides an insight into natural balancing of capacitor voltages of three-phase

multicell converters. The work is divided into the following chapters:

Chapter 2 Literature Review

This chapter briefly reviews the work done by other authors in the natural balancing of

capacitor voltages of multicell converters.

Chapter 3 Circuit and Spectral Analysis

This chapter analyses the switching functions of 2-cell and 3-cell three phase multicell

converters using interleaved switching. It uses Bennet’s geometric technique and Bowe’s

double Fourier series method to calculate the coefficients of the switching functions. The-

oretical results are then verified with simulation results.
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Chapter 4 Steady State Analysis

This chapter derives steady-state equations and uses them to describe the balancing of

the cell capacitor voltages. This is done by mathematically modelling the coefficients

of the switching functions to obtain the steady-state behaviour of the 2-cell and 3-cell

three-phase multicell converter.

Chapter 5 Time Constant Analysis

This chapter calculates the time constants associated with the rebalancing of the DC-

bus voltages. These time constants are then used to plot the exponential decay of the

capacitor voltages. The results are then verified with simulations.

Chapter 6 Space Vector Analysis

This chapter studies the natural balancing of a 2-cell multicell converter under space

vector modulation. It computes the switch combination sequences of 2-cell multicell and

plots the waveform of the reference vector when in different regions of the six sectors. It

then proves, using simulations, that a 2-cell multicell converter naturally balances under

space-vector modulation.

Chapter 7 Conclusion

This chapter provides a summary and describes the contribution of this dissertation.



Chapter 2

Literature Review

In this chapter we review the work carried out on natural balancing of the cell capacitor

voltages of multicell converters. Though progress has been made in the natural balancing

of capacitor voltages, there is still opportunity for further investigation.

2.1 Meynard et al.’s Model

This model represents the self-balancing property of the imbricated cells of multilevel

converters [24]. It focuses on the harmonic content of the cell capacitor currents which

are modelled as functions of duty-cycles over the cells.

• •

•

•

•

•

( 1)i bS +pbS

I

(
1)

c
p

V
−

•

•

•

•

ibS ( 1)i bS − 1bS

ci
V (

1)
c

i
V

− 1c
V

( 1)i tS +ptS itS
( 1)i tS − 1tS

cp
E

V
=

( )1, 1D φ( )1, 1i iD φ− −( ),i iD φ( )1 1,i iD φ+ +( ),p pD φ

Figure 2.1: Commutation cell

Figure 2.1 consists floating interconnected capacitors and series connected switching

devices. These floating capacitors acts as DC-sources and thus have to be charged to the

correct voltage. The voltage across each capacitor is determined by the input voltage and

the number of cells. The sum of the instantaneous voltage across the switches is equal to

the voltage E. The equation that describes the voltage across each cell capacitor is given

by equation 2.1.

Vck = i·E/p, i = 0, · · ·, p. (2.1)

6
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The equivalent circuit is developed where each blocking switch is replaced with a

voltage source and each conducting switch is replaced with a current source. The following

assumptions were made:

• The switches are ideal; that is the on-state voltage, off-state currents, delays and

switching times are zero.

• Dead times are zero.

• The floating capacitors are designed to limit the variations of the voltage applied to

each commutation cell.

• The load has a time constant which is less than the switching period so that at each

switching period, the load current is the steady state current.

The nth harmonic of a zero to one square signal with phase φ and duty cycle D is

given by:

Hn =
2

nπ
sin(nDπ)ejnφ (2.2)

The nth harmonic for the chopped voltage is given by:

V n
s =

p
∑

i=1

2

mπ
sin(mDπ)(Vci − Vci−1)e

jnφi (2.3)

The nth harmonic for the load current is given by:

In = |In| ejψn

The average current in the top ith switch Sit generated by the nth harmonic of the load

current is given by:

InSit =
|In|
nπ

cos(ψn − nφi)sin(nDiπ) (2.4)

where ψn is the phase of the nth harmonic of the load current.

The quantity Gn
i is given by:

Gn
i =

1

nπ
sin(nDiπ)ejnφi (2.5)

Since ic = C dVc
dt

it follows that:

V̇ n
ci

=
1

Ci
InCi (2.6)

where V̇ n
ci

is the variation of the cell capacitor voltage over one switching period and InCi
is the average cell capacitor current over one switching period.

Rewriting InCi = InS(i+1)t
− InSit results in:

V̇ n
ci

=
1

Ci
ℜe

{

Gn
i+1 −Gn

i I
n
}

(2.7)
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With In =
V n
S

Zn
the above equation is rewritten as:

V̇ n
ci

= 2ℜe
{[

1

Ci
Gn
i+1 −Gn

i

]

1

Zn

([

...Gn
i −Gn

i+1...
] [

V n
Ci

]

+Gn
pVt

)

}

(2.8)

Writing the above equation in the general form Ẋ = A ·X +B · U with

X = V n
Ci

(2.9)

U = Vt (2.10)

A = ℜe
{[

1

Ci
Gn
i+1 −Gn

i

]

1

Zn

[

...Gn
i −Gn

i+1...
]

}

(2.11)

B = ℜe
{[

1

Ci
Gn
i+1 −Gn

i

]

1

Zn
Gn
p

}

(2.12)

Taking r harmonics into account equation 2.8 becomes:

[

V̇ n
ci

]

=
r
∑

n=1

2ℜe2ℜe



































...
1
Ci
Gn
i+1 −Gn

i

...













1

Zn

([

...Gn
i −Gn

i+1...
] [

V n
Ci

]

+Gn
pVt

)























(2.13)

This results in a model

V̇Ci = A(Di)VCi +B(Di)Vt, i = 1, ..., p− 1 (2.14)

with

A = −2ℜe

























G1
1−G1

2

C1
· · · Gr1−Gr2

C1
...

. . .
...

G1
p−1−G1

p
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· · · Gr

p−1−Grp
Cp−1













·











G1
1−G1

2

Z1 · · · Gr1−Gr2
Z1

...
. . .

...
G1
p−1−G1

p

Zr
· · · Grp−1−Grp

Zr























(2.15)

B = 2ℜe
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1−G1
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...

G1
p−1−G1

p

Cp−1
· · · Gr

p−1−Grp
Cp−1













·











G1
p

Z1

...
Grp
Zr























(2.16)

The following are the conclusions reached by the model:

• A static and dynamic model of multicell converters must take into account phenom-

ena that occur within a switching period.

• Model techniques based on average values cannot represent the characteristics of a

multicell converter.

• The harmonic content of the current is used to calculate the DC current in the cell

capacitor currents which is used to construct an equivalent circuit that is used to

derive state-equations of the model representing the converter.

• The model can be used to determine the steady-state as well as the dynamic response

of the capacitor voltages.
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2.2 Barbi et al.’s Model

This model is focussed on the self-balancing property of the cell capacitor voltages in a

multicell converter [26]. The inverter is in a steady state in terms of cell capacitor voltages

as long as the DC component of the current flowing through the clamping capacitor

is zero. If this DC component deviates from zero, the cell capacitor will be charged

or discharged, leading to load voltage variation, load current variation and in turn DC

component variation in the cell-capacitor current. This model uses sub-harmonic PWM

modulation, also known as interleaved switching, and it was observed that DC component

variation will discharge or charge the cell capacitor until the DC component in the cell

capacitor current returns to zero. The spontaneous cell capacitor current control loop is

shown in Figure 2.2.

Charging or
discharging

cell capacitors

switching
functions

switching
functions

load
impedance

DC
component in
the clamping

capacitor
current

clamping
voltage

load
voltage

load
current

DC component in
the clamping-

capacitor-current

DC component in
the clamping

capacitor current in
steady state is zero

(charge balance)

+
-

Figure 2.2: Spontaneous cell capacitor current control loop
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• •

•

•

1 1/S D

1 1s loadi SW i=
( )1 2cm loadi SW SW i= −

mC
tV

loadi

A
0

cmV

2
tV

2C

1C

2
tV •

2 2/S D

3 3/S D

4 4/S D

2 2s loadi SW i=

3 2s cmV SW V=

( )4 1s t cmV SW V V= −

Figure 2.3: Half-bridge three-level capacitor-clamping converter

Figure 2.3 shows the structure of a half-bridge three-level capacitor-clamping con-

verter. The switching functions generated using subharmonic modulation are expressed

in Fourier form as follows:

s1 =
1

2
+
M

2
sin(ωmt) +

∞
∑

m=1,3,5,...

(−1)
m+1

2
2J

mMπ
2

0

mπ
sin(mωct−

π

2
)

+
∞
∑

m=1,3,5,...

±∞
∑

n=±2,±4,...

2J
mMπ

2
n

mπ
sin(

mπ

2
)cos[(mωct+ nωmt) −mπ]

+
∞
∑

m=2,4,...

±∞
∑

n=±1,±3,...

2J
mDπ

2
n

mπ
cos(

mπ

2
)sin[(mωct+ nωmt) −mπ] (2.17)

s2 =
1

2
+
M

2
sin(ωmt) −

∞
∑

m=1,3,5,...

(−1)
m+1

2
2J

mMπ
2

0

mπ
sin(mωct−

π

2
)

−
∞
∑

m=1,3,5,...

±∞
∑

n=±2,±4,...

2J
mMπ

2
n

mπ
sin(

mπ

2
)cos[(mωct+ nωmt) −mπ]

+
∞
∑

m=2,4,...

±∞
∑

n=±1,±3,...

2J
mMπ

2
n

mπ
cos(

mπ

2
)sin[(mωct+ nωmt) −mπ] (2.18)

where M is the modulation index, ωm is the modulating angular frequency, ωc is the

carrier angular frequency and Jn is the bessel function of the first kind.
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The load voltage variation in response to the deviation of the clamping-capacitor-

voltage away from its steady state value is given by:

∆VA0 = (Vcm.steady − Vcm)







∞
∑

m=1,3,5,...

(−1)
m+1

2
4J

mMπ
2

0

mπ
sin(mωct−

π

2
)

+
∞
∑

m=1,3,5,...

±∞
∑

n=±2,±4,...

4J
mMπ

2
n

mπ
sin(

mπ

2
)cos[(mωct+ nωmt) −mπ]







(2.19)

where Vcm.steady is the steady state value of the cell capacitor voltage.

The load current variation resulting from the load voltage variation is given by:

∆iload = (Vcm.steady − Vcm)







∞
∑

m=1,3,5,...

(−1)
m+1

2
4J

mMπ
2

0

mπzmωc
sin(mωct−

π

2
− φmωc)

+
∞
∑

m=1,3,5,...

±∞
∑

n=±2,±4,...

4J
mMπ

2
n

mπ(zmωc + nωm)
sin(

mπ

2
)cos[(mωct+ nωmt) −mπ − φmωc + nωm]







(2.20)

The corresponding cell capacitor current variation is given by:

∆icm = ∆iload(s1 − s2) (2.21)

Substituting 2.17, 2.18 and 2.20 into 2.21, the DC component in the cell capacitor current

variation is written as follows:

∆icm.dc = (Vcm.steady − Vcm)G (2.22)

where

G =
1

2











∞
∑

m=1,3,5,...









(−1)
m+1

2
4J

mMπ
2

0

mπ





2

1

zmωc
cos(φmωc)







+
∞
∑

m=1,3,5,...

±∞
∑

n=±2,±4,...





4J
mMπ

2
n

mπ
sin(

mπ

2
)





2

1

(zmωc + nωm)
cos[φmωc + nωm]











(2.23)

Since the DC component in the cell capacitor current at steady state is zero, the cell

capacitor voltage transient is given by:

Vcm = Vcm.steady + [Vcm(0) − Vcm.steady] e
−

1
Cm
G

t (2.24)

where Vcm(0) is the initial value of the cell capacitor voltage during transient, Cm is the

capacitance of the cell capacitor, and Cm
G

is the time constant of the transient.



Chapter 2 — Literature Review 12

From the above equations except for the case of when the load is purely reactive, the

DC component in the cell capacitor current variation, caused by cell capacitor voltage

deviation, counteracts such deviation until the DC component in the cell capacitor current

variation becomes zero and the cell capacitor voltage returns to its steady state. This

phenomenon is called the self-balancing of the cell-capacitor voltage.

This model reached the following conclusions:

• cell capacitor voltage self-balances under sub-harmonic PWM modulation when the

load is not purely reactive.

• the time constant of the cell capacitor voltage transient increases with the capaci-

tance of the cell capacitor, the load impedance amplitude and angle, and decreases

with modulation index.

• to deal with small loads, reactive load and a low modulation index there is a need

for balance boosters to enhance self-balancing.

2.3 Ruderman et al.’s Model

This model uses switched systems to analyse the flying capacitor converter [58]. The

analysis is performed in the time domain, treating the flying capacitor converter as a

switched system. The subsystems are the various configurations obtained for each state

of the circuit switches, and the switching law is determined by the modulation. Consider

m continuous-time system described by:

ẋ(t) = fi(x(t)), i = 1, ...m. (2.25)

where x(·)∈ℜn is the state vector, and fi(·) : ℜn→ℜn describes the dynamics of system

i. A switched system is a mathematical model in the form:

ẋ(t) = fσ(t)(x(t)), (2.26)

where σ(·) ∈ {1, ..., m} is the swtching law. The swtching-law determines which subsystem

is active at which time instant.

Switched systems provide suitable models for electric circuits that contain on and off

switches. Each possible configuration of the set of swtches induces a continuos time

dynamics of the state variables. The dynamics of the system changes every time a switch

opens or closes, that is, the modulation of the switches determines the switching law.
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•

•
2tS

C

Li
CV

•

1tS

1bS

2bS

•
2
tV

2
tV

+

−

+

−

L
R

Figure 2.4: Single-phase three-level Flying Capacitor Converter with an RL load

conV

conV−
0

M

( )s t

1t∆ 2t∆ 3t∆ 4t∆

pwmT

1 2b tS S 1 2t tS S 1 2t bS S 1 2t tS S 1 2b tS S

4P 1P 2P 3P 4P

t

Figure 2.5: DC modulation and corresponding switch states

Figure 2.4 shows a flying capacitor converter with the switching states determined by

equations 2.27 and 2.28.

S1 =







on if s(t) < Vcon

off if s(t) < Vcon
(2.27)

S2 =







on if s(t) > −Vcon
off if s(t) < −Vcon

(2.28)

where Vcon(t) = Vcon is a constant signal compared to triangular signal s(t) when using

DC-modulation strategy. The resulting modulation is periodic and the flying capacitor
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converter switches between the four possible phases P1, P2, P3, and P4 as shown in

Figure 2.5. Now let Tp denote the time of one period and ∆ti the time spent in phase

Pi during one period such that Tp =
∑4
i=1 ∆ti. In the AC-modulated case equations 2.27

and 2.28 are written as shown in equations 2.29 and 2.30.

S1 =







on if s(t) < M sin(ηt)

off if s(t) < M sin(ηt)
(2.29)

S2 =







on if s(t) > −M sin(ηt)

off if s(t) < −M sin(ηt)
(2.30)

From the perfomed simulations it was observed that the average value of the capacitor

voltage converges exponentially to the desired value Vt
2
, and then the converter operates

as expected. This was found to be true for various initial conditions and for both DC and

AC modulations. The time domain approach was then used to analysize the converter

by combining the effects of the subsystems that correspond to the various switching

configurations. The analysis provided information on the circuit behaviour and natural

balancing property.

2.4 Holmes et al.’s Model

This model presents a strategy for the analytic determination of the natural voltage bal-

ancing dynamics for three phase flying capacitor converters [27], [28], [29], [57], [59]. It

uses a double Fourier series representation of the modulation process to construct a lin-

earized state-space model of the converter operation.

•

•

• •

•
2
tV

2
tV

( )bi t

•

( )aZ jω+

−

( )ai t

( )ci t
( )cv t

( )bv t

( )av t

( )bZ jω

( )cZ jω

Figure 2.6: Three phase flying capacitor converter
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Using Figures 2.6 and 2.1 the capacitor current is given by:

Ck
dvx,k
dt

(t) = [Sx,k+1(t) − Sx,k(t)] ix(t) (2.31)

where the switching function Sx,k(t) ∈ {0, 1}, x ∈ {a, b, c} and k = 1, 2..., p− 2

The phase leg output voltages are given by:

vx = ⌊2Sx,p−1(t) − 1⌋
[

Vt
2

]

−
p−2
∑

k=1

[Sx,k+1(t) − Sx,k(t)] vx,k(t) (2.32)

and vx,k(t) is the capacitor voltage.

Using double Fourier series the difference switching functions in 2.31 becomes:

[Sx,k+1(t) − Sx,k(t)] =
∞
∑

m=1

∞
∑

n=−∞

[

Amncos
(

ωmn + θm,nx,k

)]

(2.33)

[Sx,N−1(t) − 1] =
∞
∑

m=1

[B0ncos {(ω0t+ φx)}] +
∞
∑

m=1

∞
∑

n=−∞
[Amncos (ωmn + γm,nx )](2.34)

where

ωmn = mωc + nω0

Amn = 2sin

(

mπ

p− 1

)

Cmn

Bmn = 2Cmn

Cmn =
2

mπ
sin

{

(m+ n)
π

2

}

Jn

(

mMπ

2

)

γm,nx = mφp−1 + nφx

and

θm,nx,k = nφx +m
[

(2k − 1)
π

N − 1

]

π

2

Now, writing the capacitor voltage derivative in matrix form results in:

V̇c(t) = AVc(t) + BVt (2.35)

where

A =











Aaa Aab Aac

Aba Abb Abc

Aca Acb Acc











, Axx = −∑∞
m=1

∑∞
n=−∞ℜe

{

C
−1

(Λmnx )∗(Λmnx )T

3|Zmn|ejψmn

}

,

Axy = −∑∞
m=1

∑∞
n=−∞ℜe

{

C
−1

(Λmnx )∗(Λmny )
T

3|Zmn|ejψmn

}
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B =











Baa Bab Bac

Bba Bbb Bbc

Bca Bcb Bcc











, Bxx = −∑∞
m=1

∑∞
n=−∞ℜe

{

C
−1

(Λmnx )∗Ψmnx
3|Zmn|ejψmn

}

,

Bxy = −∑∞
m=1

∑∞
n=−∞ℜe

{

C
−1

(Λmnx )∗Ψmnx
3|Zmn|ejψmn

}

and C = diag[Cc...CN−2], Ψm,n
x = Bmn, Λm,n

x = Amn
[

ejθ
m,n
x,1 ejθ

m,n
x,2 ...ejθ

m,n
x,N−2

]

A root locus analysis strategy is used to illustrate the potential of the modelling technique.

The analysis investigates the capacitor voltage, balancing dependence on modulation in-

dex, carrier frequency and load resistance. This was done by plotting the loci of the

system poles using the eigenvalues of the state-space matrices and recalculating the coef-

ficients of the matrices at a number of points. The root-locus was plotted as a function

of modulation index, carrier frequency, load resistance and load inductance.
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2.5 Wilkinson et al.’s Model

Natural balancing was successfully studied for single phase p-cell converters [73], [30], [31].

The work used a mathematical model to derive equivalent circuits in d and t parameters

and then analysed the switching functions of single to p-cell cases of single phase multicell

under interleaved switching.

Now using Figure 2.1 and double Fourier analysis the following equation under steady

state conditions was derived:
















Vd1
Vt
Vd2
Vt
...

Vdp−1

Vt

















=

−1

p























2ℜ
{

∑p−1
l=1 λl

}

2ℜ
{

∑p−1
l=1 e

j 2πl
p λl

}

· · · 2ℜ
{

∑p−1
l=1 e

j
2πl(p−2)

p λl

}

2ℜ
{

∑p−1
l=1 e

−j 2πl
p λl

}

2ℜ
{

∑p−1
l=1 λl

}

· · · 2ℜ
{

∑p−1
l=1 e

j
2πl(p−3)

p λl

}

...
...

. . .
...

2ℜ
{

∑p−1
l=1 e

−j 2πl(p−2)
p λl

}

2ℜ
{

∑p−1
l=1 e

−j 2πl(p−3)
p λl

}

· · · 2ℜ
{

∑p−1
l=1 λl

}











































2ℜ
{

∑p−1
l=1 αl

}

2ℜ
{

∑p−1
l=1 e

−j 2πl
p αl

}

...

2ℜ
{

∑p−1
l=1 e

−j 2πl(p−2)
p αl

}





















(2.36)

where

λi =
∫

m=pk+i

|Sd1(ξ)|2
Z(ξ)

dξ

αi =
∫

m=pk+i

St(ξ)Sd1(ξ)

Z(ξ)
dξ

and Vd1 to Vdp−1 are voltages difference in the cell capacitor, Vt is DC-bus voltage, Sd1

is the difference switching function, St is the total switching function and Z is the load

impedance.

It was found that under steady-state conditions natural balance was guaranteed under

the following conditions:

• When the switching frequency is sufficiently higher than the reference frequency

such that there is no overlapping of the harmonics.

• When the reference signal does not contain a high frequency which results in aliasing

of the harmonics.

• When the load impedance is reactive (ℜeZ(ω) > 0).
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2.6 Summary

This chapter offers a brief review of the work done on the natural balancing of multicell

converters. Natural balancing of capacitor voltages for single and three-phase converters

has been studied using different approaches. However, opportunities for further investi-

gation in both the single and three phase multicell still exists.



Chapter 3

Circuit and Spectral Analysis

3.1 Introduction

In this chapter we analyse the 2-cell and 3-cell three-phase multicell converter. This we do

by analysing the switching functions and deriving the equivalent circuits of the 2-cell and

3-cell three-phase multicell converters. These circuits make it easier for us to undertake

steady-state analysis in the next chapter. Furthermore we analyse the switching functions

of the three-phase multicell converter using interleaved switching strategies in order to

prove the natural balancing of cell-capacitor voltages.

We use Bennet’s geometric technique and Bowe’s double Fourier series method to cal-

culate the coefficients of the switching functions. We then employ the derived results

[73] of Fourier series expansions of the switching functions to plot the harmonics of the

switching functions using the Matlab and Maple packages. Newton Raphson simulations

and calculations of the switching functions are dealt with in detail in Appendices B and

C; in this chapter we only refer to the results. The theory developed will be used in

the next chapters to prove that the difference in cell-capacitor voltages vδ decays to zero

under steady-state conditions.

19
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3.2 Operation of Multicell Converter

Figure 3.1 shows the p-cell structure of a single phase multicell converter topology. The

switches of the ith cell are arranged in pairs with the top switch denoted by Sit and the

bottom switch by Sib. The top and bottom switches of a cell must never conduct nor

block simultaneously.

DC •

•

•ptS ( )1p tS −

pbS ( )1p bS −

1pC −

( )1c pi −

t cpV V=

+

−

( )1c pv −

•

•( )1i tS + itS

( )1i bS + ibS

iC
cii+

−

civ

•

•2tS 1tS

2bS 1bS

1C
1ci

+

−

1cv

cell i

i

Figure 3.1: Multilevel commutation cell

The cell capacitor is denoted by Ci. The pth or last cell is directly connected to the

DC-bus.

The following assumptions are used when modelling the multicell converter circuit:

• Ideal switches are used, that is, on-state voltage, off-state current, dead-times, delays

and switching times are zero.

• All passive components are ideal and linear.

• The DC-bus is assumed to be infinitely stiff and connected to two equally split

voltage sources.

1i 2i

+

− −

+
s

21 isi =
12 svv =

2v
1v

Figure 3.2: Two-port circuit

Figure 3.2 shows the two-port switching circuit which was first introduced in [71]. We

will be using this two-port switching circuit in our analysis. The arrow points from port

1 to port 2. The relations between voltages v1 and v2 and the currents i1 and i2 are given

by:

v2 = sv1 (3.1)

i1 = si2 (3.2)



Chapter 3 — Circuit and Spectral Analysis 21

where s is the switching function and assumes the values −1 and 1.

The two-port circuit will be used in the next two sections for deriving the equivalent

circuits of 2-cell and 3-cell 3-phase multicell converters.

3.3 2-cell Multicell Converter

Figure 3.3 depicts a 2-cell multicell converter. It consists of the following:

• a DC-voltage Vt split into two series DC-voltages of Vt
2

each with the centre-point

grounded;

• two cells in each phase; and

• a low-pass filter and load resistor.

•

•

• • •

•

•

•

•

•

•

••

•

•

•

• •

•

•

2a tS 1a tS

2a bS 1a bS

1b bS

1b tS2b tS

2b bS

2c bS

2c tS 1c tS

1c bS

dC

cai

cbi

cci

dC

dC

2
tV

2
tV

ai

bi

ci
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b

c

L

L

L

R

R

R

C

C

C

n

•

+

+

+

−

−

−

1cv

2cv

3cv

+

+

+

−

−

−

pav

pbv

pcv

+

+

−

−

abv

bcv

+

−

acv
N

+

−

Figure 3.3: 2-cell 3-phase multicell converter

3.3.1 Circuit analysis

Let sa1 and sa2 represent the switching functions of phase A defined as follows:

sa1 =







1 if Sa1t is closed

−1 if Sa1b is closed
(3.3)

sa2 =







1 if Sa2t is closed

−1 if Sa2b is closed
(3.4)
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The switching functions sb1, sb2, sc1 and sc2 of phases B and C are defined in a similar

manner. Now let us consider Figure 3.3, excluding the load for the moment, that is,

considering Figure 3.4 for phase A and similarly for the other phases.

• •

•

•
2a tS 1a tS

2a bS 1a bS
dC

cai
2
tV

2
tV

ai

an

+

−

1cv

+

−

Figure 3.4: Phase A of 2-cell 3-phase multicell converter without load.

Expressing van, vbn and vcn in terms of the a, b and c switching functions results in











van

vbn

vcn











=











sa2

sb2

sc2











Vt
2

+
1

2











sa1 − sa2 0 0

0 sb1 − sb2 0

0 0 sc1 − sc2





















vc1

vc2

vc3











(3.5)

and the cell capacitor currents are given by:











ica

icb

icc











=
1

2











sa2 − sa1 0 0

0 sb2 − sb1 0

0 0 sc2 − sc1





















ia

ib

ic











(3.6)

The differential equations describing the system are given by equation 3.7:










dvc1
dt
dvc2
dt
dvc3
dt











=
1

2Cd











sa2 − sa1 0 0

0 sb2 − sb1 0

0 0 sc2 − sc1





















ia

ib

ic











(3.7)

3.3.2 Equivalent circuit

We now define the differences between the required voltages of a cell capacitor and the

actual voltage across the cell capacitor. This is important for the study of the capacitor

voltage balance. We define the voltage difference for phases A, B and C by vδa, vδb and

vδc:

vδa =
Vt
2
− vc1 (3.8)

vδb =
Vt
2

− vc2 (3.9)

vδc =
Vt
2
− vc3 (3.10)
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We also define the difference switching functions sda, sdb and sdc as a scaled difference

between the switching function of cell 2 and cell 1 of phases A, B and C respectively as

follows:

sda =
1

2
{sa2 − sa1} (3.11)

sdb =
1

2
{sb2 − sb1} (3.12)

sdc =
1

2
{sc2 − sc1} (3.13)

In the same way we define the total switching function as the scaled sum of the switching

function of cell 2 and cell 1 as follows:

sta =
1

2
{sa1 + sa2} (3.14)

stb =
1

2
{sb1 + sb2} (3.15)

stc =
1

2
{sc1 + sc2} (3.16)

We rewrite matrix equations 3.5, 3.6 and 3.7 in terms of d and t parameters as shown in

matrix equations 3.17, 3.18 and 3.19 respectively.










van

vbn

vcn











=











sta
Vt
2

+ sdavδa

stb
Vt
2

+ sdbvδb

stc
Vt
2

+ sdcvδc











(3.17)











ica

icb

icc











=











sdaia

sdbib

sdcic











(3.18)











dvδa
dt
dvδb
dt
dvδc
dt











= − 1

Cd











sdaia

sdbib

sdcic











= − 1

Cd











ica

icb

icc











(3.19)

Using equations 3.17, 3.18, 3.19, and the two-port circuit shown in Figure 3.2, we obtain

the equivalent circuit of Figure 3.4 given by Figure 3.5. Figure 3.5 shows the two-port

circuits and their direction.
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ai

2
tV

dC

tas das
avδ+ −

a
ai

• •
n

Figure 3.5: Equivalent circuit of Figure 3.4

We obtain similar equivalent circuits for phase B and C. Substituting these equivalent

circuits into Figure 3.3 we obtain the equivalent circuit to the 2-cell 3-phase multicell

converter, shown in Figure 3.3, as given by Figure 3.6. Z denotes the impedance of the

filter and load.

2
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dC

2
tV

2
tV

dC

dC
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bitbs dbs
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L
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+ −
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N
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Z

• •

a

b

c

pav+ −

R

C

pbv+ −

R

C

pcv+ −

ai

bi

ci

Figure 3.6: Equivalent circuit for 2-cell 3-phase multicell converter
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3.4 Circuit Analysis of 3-Cell Multicell Converter

Figure 3.7 illustrates a 3-cell 3-phase multicell converter.
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Figure 3.7: 3-cell 3-phase multicell converter

3.4.1 Circuit analysis

The switching functions sa1 and sa2 are defined the same way as in equations 3.3 and 3.4

whilst sa3 is defined as follows:

sa3 (t) =







1 if Sa3t is closed

−1 if Sa3b is closed
(3.20)

The switching functions for phases B and C are defined in a similar way.

Expressing van, vbn and vcn in terms of the a, b and c switching functions results in











van

vbn

vcn











=











sa3

sb3

sc3











Vt
2

+
1

2











sa2 − sa3 0 0

0 sb2 − sb3 0

0 0 sc2 − sc3





















vca2

vcb2

vcc2











+
1

2











sa1 − sa2 0 0

0 sb1 − sb2 0

0 0 sc1 − sc2





















vca1

vca1

vca1











(3.21)
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while the cell capacitor currents are given by 3.22 and 3.23:











ica1

icb1

icc1











=
1

2











sa2 − sa1 0 0

0 sb2 − sb1 0

0 0 sc2 − sc1





















ia

ib

ic











(3.22)











ica2

icb2

icc2











=
1

2











sa3 − sa2 0 0

0 sb3 − sb2 0

0 0 sc3 − sc2





















ia

ib

ic











(3.23)

The differential equations describing the system are given by:





























dvca1
dt

dvca2
dt

dvcb1
dt

dvcb2
dt

dvcc1
dt

dvcc2
dt





























=
1

2Cd





























sa2 − sa1 0 0 0 0 0

0 sa3 − sa2 0 0 0 0

0 0 sb2 − sb1 0 0 0

0 0 0 sb3 − sb2 0 0

0 0 0 0 sc2 − sc1 0

0 0 0 0 0 sc3 − sc2

























































ia

ia

ib

ib

ic

ic





























(3.24)

3.4.2 Equivalent circuit

The difference between the required voltage of the cell capacitor and the actual voltage

across the cell capacitor is given by:

vδa1 =
Vt
3

− vca1

vδb1 =
Vt
3
− vcb1

vδc1 =
Vt
3

− vcc1

vδa2 =
2Vt
3

− vca2

vδb2 =
2Vt
3

− vcb2

vδc2 =
2Vt
3

− vcc2

The difference switching functions are given by:

sda1 =
1

2
{sa2 − sa1}
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sdb1 =
1

2
{sb2 − sb1}

sdc1 =
1

2
{sc2 − sc1}

sda2 =
1

2
{sa3 − sa2}

sdb2 =
1

2
{sb3 − sb2}

sdc2 =
1

2
{sc3 − sc2}

The total switching functions are given by:

sta =
1

2
{sa1 + sa2 + sa3}

stb =
1

2
{sb1 + sb2 + sb3}

stc =
1

2
{sc1 + sc2 + sc3}

Thus equation 3.21 can be written as follows:











van

vbn

vcn











=























sta
Vt
3

+ sda1vδa1 + sda2vδa2

stb
Vt
3

+ sdb1vδb1 + sdb2vδb2

stc
Vt
3

+ sdc1vδc1 + sdc2vδc2























(3.25)

and equations 3.22 and 3.23 as follows:










ica1

icb1

icc1











=











sda1 0 0

0 sdb1 0

0 0 sdc1





















ia

ib

ic











(3.26)











ica2

icb2

icc2











=











sda2 0 0

0 sdb2 0

0 0 sdc2





















ia

ib

ic











(3.27)
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The differential equations in 3.24 are rewritten in terms of d and t parameters as follows:


























































dvδa1
dt

dvδa2
dt

dvδb1
dt

dvδb2
dt

dvδc1
dt

dvδc2
dt



























































= − 1

Cd
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sda2ia

sdb1ib

sdb2ib

sdc1ic

sdc2ic



























































= − 1

Cd



























































ica1
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(3.28)

Using similar reasoning to that in section 3.3.2 we obtain the equivalent circuit to the

3-phase 3-cell multicell converter given by Figure 3.8.
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Figure 3.8: Equivalent circuit for 3-cell 3-phase multicell converter
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3.5 Interleaved Switching

The main advantage of interleaved switching is that the switching frequency is effectively

multiplied by the number of cells. That is, it is doubled for 2-cell and tripled for 3-cell. In

order to analyze the behaviour of the three-phase multicell converter, it is important to

study the harmonics of the PWM switching functions. We use the double Fourier series

to study the harmonics of the switching functions. This approach was originally devised

by W.R. Bennet and H.S. Black [2], [32] and then adapted for use with power converter

systems by Bowes [60] and has been used in other application [25], [30], [33], [61], [72].

The harmonics of interleaved sinusoidal PWM were analyzed in [34] and the harmonic

cancellation for non-sinusoidal reference signal was verified using simulation in [35] . How-

ever the detailed theoretical analysis of the harmonics of interleaved switching for non-

sinusoidal reference signal was first applied in series-stacked converter [71]. In this study

we use the approach that is similar to the one used in [71], [73]. We will derive the Fourier

Coefficients using the switching functions of single-cell converter, followed by the study

of the switching functions of the 2-cell and 3-cell 3-phase multicell converter.

Throughout this section we assume that the frequency modulation ratio(mf) is given by

mf =
fs
f0

where

fs is the switching frequency; and

f0 is the frequency of the reference signal.

We also assume that mf is an integer.

Also, the angular switching frequency and fundamental frequency are respectively given

by ωs = 2πfs and ω0 = 2πf0.

3.5.1 Switching functions of a single-cell converter

In this subsection we summarise the switching functions of a single-cell (half-bridge)

converter since these were studied in [73]. The reason for this is that the sections which

will follow are based on the calculations of the coefficients of the single-cell.

Figure 3.9 depicts the pulsewidth modulation applied to a single-cell converter. The

reference signal fr(t) is periodic along the t-axis and can be written as follows:

fr(t) = ma sin(ω0t) (3.29)

where ma is the modulation index.

The carrier signal fc as shown in Figure 3.9 (a) is written as follows:

fc(t) =
2

π
arcsin[sin(ωst)] (3.30)
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Figure 3.9 (b) shows the resulting switching function s(t), defined by:

s(t) =







1 if fr(t) > fc(t)

−1 if fr(t) < fc(t)
(3.31)
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Figure 3.9: Generation of interleaved switching for cell 1 of phase A of 2-cell multicell

converter
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Figure 3.10: Construction of the background function F (h, t)

Now from Figure 3.10 (a), the area below fr(t) is coloured blue and is located where

s(t) = 1 whereas the area above fr(t) is coloured red and is situated where s(t) = −1

when viewed in three dimensions. That is:

s(t) =







1 for the blue region

−1 for the red region
(3.32)
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Figure 3.11: Construction of the background function F (h, t)

Figures 3.10 and 3.11 illustrate the construction of a background function F (h, t). In

Figure 3.10 (a) we have placed arrows on the carrier signal to indicate direction. In Figure

3.10 (b) we separate the carrier signal into quarters of a period and place them on top of

each other. Then we place the arrows in one direction to form a straight line by choosing

the ’up’ direction as the correct direction. The resulting figure is shown in Figure 3.11 (b).

The alternative method is that of Figure 3.11 (a). Here we stretch the carrier by turning

it at the first corner from the origin. The resulting triangular carrier will occupy regions

between 1 and 3 above the zero reference and −1 and −3 below the zero reference. We

repeat the same procedure in such a way that the resulting triangular carrier will occupy

regions between 3 and 5 above the zero reference and −3 and −5 below the zero reference

as shown in the figure. Similarly this results in Figure 3.11 (b). Figure 3.11 (b) depicts

the background function F (h, t) that is periodic in both the h and t directions, which can

therefore be represented in a double Fourier series.

Figure 3.12 illustrates the top view of the three-dimensional background function, that

is a two dimensional function F (h, t).

We define the two-dimensional function F (h, t) as follows:

F (h, t) =























































1 if −5<fc(t)≤− 4 + fr(t)

−1 if −4 + fr(t)<fc(t)≤− 2 − fr(t)

1 if −2 − fr(t)<fc(t)≤fr(t)
−1 if fr(t)<fc(t)≤2 − fr(t)

1 if 2 − fr(t)<fc(t)≤4 + fr(t)

−1 if 4 + fr(t)<fc(t)≤5

(3.33)
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Figure 3.12: Top view of the three-dimensional background function

We give the switching function of the cell the value of F (h, t) when following the line:

(h, t) =
(

2ωs
π
t, t
)

(3.34)

in the TOH-plane. This line is shown in Figure 3.12. The gradient of this line segment is

given by 2ωs
π

. Thus the expression of the switching function is as follows:

s(t) = F
(

2ωs
π
t, t
)

(3.35)

From [2] the function F (h, t) can be written as follows:

F (h, t) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t) +B0n sin (nω0t))

+
∞
∑

m=1

(

Am0 cos

(

mπh

2

)

+Bmo sin

(

mπh

2

))

+
∞
∑

m=1

±∞
∑

n=±1

(

Amn cos

(

mπh

2
+ nω0t

)

+Bmo sin

(

mπh

2
+ nω0t

))

(3.36)

where the Fourier coefficient is given by:

Amn + jBmn =
ω0

4π

∫ 2π
ω0

0

∫ 3

−1
F (h, t)ej(

mπh
2

+nω0)dhdt (3.37)

when using the area of integration as shown in Figure 3.12. The area of integration is

given by:

Area of integration = 4T0 = 4
(

2π

ω0

)

=
8π

ω0

(3.38)
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The term ω0

4π
is obtained by calculating 2

Area of integration
.

Substituting equation 3.35 into equation 3.36 we obtain the switching function of the

single cell as follows:

s(t) = F
(

2ωs
π
t, t
)

=
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t) +B0n sin (nω0t))

+
∞
∑

m=1

(Am0 cos (mωst) +Bmo sin (mωst))

+
∞
∑

m=1

±∞
∑

n=±1

(Amn cos (mωst+ nω0t) +Bmn sin (mωst+ nω0t)) (3.39)

The first term 1
2
A00 is the DC-component of s(t) which is zero. The second term A0n+jB0n

is the Fourier coefficient of the reference signal fr(t). The third term Am0 + jBm0 repre-

sents components at the switching frequency ωs. The last term Amn + jBmn represents

the harmonic side-bands around integer multiples of the switching frequency.

The coefficients for this switching function are calculated in appendix A.1 and are sum-

marised below:

• m 6= 0 and n odd:

Amn + jBmn =
2j

mπ
Jn

(

mπma

2

)

(

1 + ejmπ
)

(3.40)

• m 6= 0 and n even:

Amn + jBmn =
2

jmπ
Jn

(

mπma

2

)

(

1 − ejmπ
)

(3.41)

• m = 0 and n = 1:

Amn + jBmn = jma (3.42)

• m = 0 and n 6= 1:

Amn + jBmn = 0 (3.43)

where Jn is the n’th order Bessel function of the first kind given by:

Jn(mπma) =
1

2π

∫ π

−π
e−j(mπma)ejnθdθ (3.44)

or

Jn(mπma) =
1

2π

∫ π

−π
ej(mπma sin θ)e−jnθdθ (3.45)

with J−n(−mπma) = Jn(mπma) and J−n(mπma) = (−1)nJn(mπma)

The properties of the above coefficients are shown in appendix A.2. They were initially

derived in [25] and then modified for the case of the single-cell in [73].
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3.5.2 Switching functions of 2-cell converter
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Figure 3.13: Generation of interleaved switching 2-cell multicell converter
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Figure 3.14: Generation of interleaved switching 2-cell multicell converter

From the previous subsection we established that the equation for the switching func-

tion of a single cell is given by equation 3.39. The background function given in Figure

3.13 for sa1(t) is similar to the background function given in Figure 3.9 for fs = 150Hz.

Thus the value of h and the switching function equation for s(t) and sa1(t) will be the

same. That is:

sa1(t) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t) +B0n sin (nω0t))
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+
∞
∑

m=1

(Am0 cos (mωst) +Bmo sin (mωst))

+
∞
∑

m=1

±∞
∑

n=±1

(Amn cos (mωst+ nω0t) +Bmn sin (mωst+ nω0t)) (3.46)

Now, to obtain the value for h for the switching function sa2(t) we follow the following

procedure:

• We establish the nearest point to zero where the carrier signal cuts the t− axis.

• This point will be our t− intercept.

• We substitute our t−intercept into the line equation given by h = 2ωs
π
t+c to obtain

c where c is our h− intercept.

• We substitute the value of h into the term mπh
2

.

• Then finally we substitute the value of mπh
2

into equation 3.36.

Following the above procedure for switching function sa2(t) we obtain c = −2 and h given

by:

h =
2ωs
π
t− 2 (3.47)

and

mπh

2
= mωst−mπ (3.48)

Figure 3.15 illustrates the top view of the background function of sa1(t) and sa2(t).

Substituting equation 3.48 into equation 3.36 we obtain the switching function of the

second cell as follows:

sa2(t) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t) +B0n sin (nω0t))

+
∞
∑

m=1

(Am0 cos (mωst−mπ) +Bmo sin (mωst−mπ))

+
∞
∑

m=1

±∞
∑

n=±1

{Amn cos ((mωs + nω0) t−mπ)

+Bmn sin ((mωs + nω0) t−mπ)} (3.49)

The trigonometric terms with −mπ can be simplified as follows:

cos(mωs −mπ) =







cos(mωst) if m even

− cos(mωst) if m odd
(3.50)
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Figure 3.15: Top view of the background function of sa1(t) and sa2(t)

sin(mωs −mπ) =







sin(mωst) if m even

− sin(mωst) if m odd
(3.51)

cos((mωs + nω0)t−mπ) =







cos(mωst+ nω0t) if m even

− cos(mωst+ nω0t) if m odd
(3.52)

sin((mωs + nω0)t−mπ) =







sin(mωst+ nω0t) if m even

− sin(mωst+ nω0t) if m odd
(3.53)

Now using the above trigonometric identities we rewrite equation 3.49 as follows:

sa2(t) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t) +B0n sin (nω0t)) +

∞
∑

m=2,4,···
(Am0 cos (mωst) +Bmo sin (mωst)) −

∞
∑

m=1,3,···
(Am0 cos (mωst−mπ) +Bmo sin (mωst)) +

∞
∑

m=2,4,···

±∞
∑

n=±1

{Amn cos (mωst+ nω0t) +Bmn sin (mωst+ nωrt)} −

∞
∑

m=1,3,···

±∞
∑

n=±1

{Amn cos (mωst+ nω0t) +Bmn sin (mωst+ nωrt)} (3.54)

Using equations 3.46 and 3.49 we obtain the phasor representation for phase A of a 2-cell

converter shown in Figure 3.16.
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Figure 3.16: Phasor representation for phase A of 2-cell converter
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Phase B

The equation for the reference signal for phase B is given by:

fr(t) = ma sin
(

ω0

(

t− T0

3

))

(3.55)

We want to use the same background function as that used for the single-cell converter

so that we can employ the Fourier coefficients calculated for the single-cell. For us to do

this we use Figure 3.17 and follow the procedure below:

• Make substitution:

t1 = t− T0

3

This moves the zero-crossing of the reference waveform of phase B to the origin.

• Find the value of tx after shifting the background function to the left by T0

3
.

• Substitute the value tx in the line equation to find c and then h.

• Substitute the value of h into the term mπh
2

.

• Substitute the value of mπh
2

into equation 3.36. This will give us the Fourier series

expansion of the switching function in terms of t1.

• Finally substitute

t = t1 +
T0

3

to rewrite the Fourier series in terms of t.

Figure 3.17 depicts the phase B background function after T0

3
phase-shift.



Chapter 3 — Circuit and Spectral Analysis 39

2 sω
π

( ) 2 s
cf t t c

ω
π

= +

( )' 0
0sin

3r a
T

f t m tω  = −  
  

c

xt 1t

h

Figure 3.17: Phase B background function after T0

3
phase-shift.

Example

To demonstrate the above procedure we employ the background function produced using

f0 = 50Hz, fs = 200Hz and ma = 0.8 for sb1(t). This also demonstrates a situation

where the frequency modulation index mf = 3k + 1. Figures 3.18 (a) and (b) show the

background function before and after phase shifting by T0

3
respectively. From Figure 3.18
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Figure 3.18: Generation of interleaved switching 2-cell multicell converter mf = 3k + 1

for sb1

(a) we can observe that

tx = 2Ts −
1

3
T0
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= 2Ts −
1

3
mfTs

= 2Ts −
4

3
Ts

=
2

3
Ts (3.56)

Now substituting the value of tx into equation fc(t) = 2ωs
π
t+ c we obtain the h− intercept

which is given by c = −8
3
. Thus h will be given by:

h =
2ωs
π
t1 −

8

3
(3.57)

and

mπh

2
= mωst1 −

4

3
mπ (3.58)

Now substituting equation 3.58 into equation 3.36 we obtain:

sb1(t1) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t1) +B0n sin (nω0t1))

+
∞
∑

m=1

(

Am0 cos
(

mωst1 −
4

3
mπ

)

+Bmo sin
(

mωst1 −
4

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t1 −
4

3
mπ

)

+Bmn sin
(

(mωs + nω0) t1 −
4

3
mπ

)}

(3.59)

We now substitute t = t1 + T0

3
back into equation 3.59 and obtain:

sb1(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 2π

3ω0

))

+B0n sin
(

nω0

(

t− 2π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

)

− 4

3
mπ

)

+Bmo sin
(

mωs

(

t− 2π

3ω0

)

− 4

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4

3
mπ

)

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4

3
mπ

)}

(3.60)

For the frequency modulation index mf = 3k + 1 the phasor representations for phase B

of a 2-cell converter are illustrated in Figures C.8, C.9 and C.10.
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Phase C

The equation for the reference signal for phase C is given by:

fr(t) = ma sin
(

ω0

(

t− 2T0

3

))

(3.61)

We follow the same procedure as for phase B except that we use Figure 3.19 and the

substitution for t is as follows:

t2 = t− 2T0

3
(3.62)
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Figure 3.19: Phase C background function after 2T0

3
phase-shift

Example

Now we employ the background function produced using f0 = 50Hz, fs = 250Hz and

ma = 0.8 for sc2(t). This also demonstrates a situation where the frequency modulation

index mf = 3k + 2. Figures 3.20 (a) and (b) show the background function before and

after phase shifting by 2T0

3
respectively.

From Figure 3.20 (a) tx is calculated as follows:

tx =
7

2
Ts −

2

3
T0

=
1

6
Ts (3.63)

Thus c = −2
3

and h will be given by:

h =
2ωs
π
t2 −

2

3
(3.64)

and
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Figure 3.20: Generation of interleaved switching 2-cell multicell converter mf = 3k + 2

for sc2

mπh

2
= mωst2 −

mπ

3
(3.65)

Now substituting equation 3.58 into equation 3.36 we obtain:

sc2(t2) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t2) +B0n sin (nω0t2))

+
∞
∑

m=1

(

Am0 cos
(

mωst2 −
mπ

3

)

+Bmo sin
(

mωst2 −
mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t2 −
mπ

3

)

+Bmn sin
(

(mωs + nω0) t2 −
mπ

3

)}

(3.66)

We now substitute t = t2 + 2T0

3
back into equation 3.59 and obtain:

sc2(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 4π

3ω0

))

+B0n sin
(

nω0

(

t− 4π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 4π

3ω0

)

− mπ

3

)

+Bmo sin
(

mωs

(

t− 4π

3ω0

)

− mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− mπ

3

)

+Bmn sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− mπ

3

)}

(3.67)
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For a frequency modulation index mf = 3k+ 2 the phasor representations for phase C of

the 2-cell converter are shown in Figures C.17, C.18 and C.19.

Table 3.1 indicates the values of tx, c and h for the background function of different

functions and for the case of mf ∈ {3k : k = 1, 2, 3 · · ·}, mf ∈ {3k + 1 : k = 1, 2, 3 · · ·}
and mf ∈ {3k + 2 : k = 1, 2, 3 · · ·}.

Table 3.1: Values for tx, c and h of background function for 2-cell multicell converter

mf sa1 sa2 sb1 sb2 sc1 sc2

3k tx 0 1
2
Ts 0 1

2
Ts 0 1

2
Ts

c 0 −2 0 −2 0 −2

h 2ωs
π
t 2ωs

π
t− 2 2ωs

π
t1

2ωs
π
t1 − 2 2ωs

π
t2

2ωs
π
t2 − 2

3k + 1 tx 0 1
2
Ts

2
3
Ts

1
6
Ts

1
3
Ts −1

6
Ts

c 0 −2 −8
3

−2
3

−4
3

2
3

h 2ωs
π
t 2ωs

π
t− 2 2ωs

π
t1 − 8

3
2ωs
π
t1 − 2

3
2ωs
π
t2 − 4

3
2ωs
π
t2 + 2

3

3k + 2 tx 0 1
2
Ts

1
3
Ts −1

6
Ts

2
3
Ts

1
6
Ts

c 0 −2 −4
3

2
3

−8
3

−2
3

h 2ωs
π
t 2ωs

π
t− 2 2ωs

π
t1 − 4

3
2ωs
π
t1 + 2

3
2ωs
π
t2 − 8

3
2ωs
π
t2 − 2

3

Figures 3.21 (a) and (b) depict the background functions for the cases of mf = 3k+ 1

and mf = 3k + 2 respectively. The difference is in the values of the switching frequency

fs which affects the slope of h as can be seen in the two figures.
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Figure 3.21: Top view of the background functions for the case of (a) mf = 3k + 1 and

(b) mf = 3k + 2

The broad discussion of the switching functions for phases A, B and C with frequency

modulation index of mf = 3k, mf = 3k+1 andmf = 3k+2 is undertaken in the Appendix
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chapter C section C.1 using Table 3.1. From the resulting phasor diagrams represented

in Figures C.1 to C.19 we make the following observations, shown in Tables 3.2, 3.3 and

3.4.

Table 3.2: Observation from phasor diagrams for Phase A

Sda(ω) Sta(ω) m n mf

0 |Sta(ω)| m = 2k ∀n ∀mf

|Sda(ω)| ejπ 0 m = 2k + 1 ∀n ∀mf

Table 3.3: Observation from phasor diagrams for Phase B

Sdb(ω) Stb(ω) m n mf

0 |Stb(ω)| m = 2k n = 3p or n = −3p ∀mf

|Sdb(ω)| ejπ 0 m = 2k + 1 n = 3p or n = −3p ∀mf

0 |Stb(ω)| e−j 2π
3 m = 2k n = 3p+ 1 or n = −(3p + 2) ∀mf

|Sdb(ω)| ej π3 0 m = 2k + 1 n = 3p+ 1 or n = −(3p + 2) ∀mf

0 |Stb(ω)| ej 2π
3 m = 2k n = 3p+ 2 or n = −(3p + 1) ∀mf

|Sdb(ω)| e−j π3 0 m = 2k + 1 n = 3p+ 2 or n = −(3p + 1) ∀mf

Table 3.4: Observation from phasor diagrams for Phase C

Sdc(ω) Stc(ω) m n mf

0 |Stc(ω)| m = 2k n = 3p or n = −3p ∀mf

|Sdc(ω)| ejπ 0 m = 2k + 1 n = 3p or n = −3p ∀mf

0 |Stc(ω)| ej 2π
3 m = 2k n = 3p+ 1 or n = −(3p+ 2) ∀mf

|Sdc(ω)| e−j π3 0 m = 2k + 1 n = 3p+ 1 or n = −(3p+ 2) ∀mf

0 |Stc(ω)| e−j 2π
3 m = 2k n = 3p+ 2 or n = −(3p+ 1) ∀mf

|Sdc(ω)| ej π3 0 m = 2k + 1 n = 3p+ 2 or n = −(3p+ 1) ∀mf
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Simulations

In this section we depict the amplitude and phase spectra of the switching functions. These

spectra are developed using theory and verified using Simplorer and Newton-Raphson

simulations. Detailed derivation and plotting of spectra using Newton-Raphson simulation

is performed in the section B.2 of the Appendix chapter B. The simulation parameters

are given by Table 3.5.

Table 3.5: Simulation parameters

DC − bus voltage Vt 100 V

DC − bus capacitance Cd 40 µF

Switching frequency fs 6 kHz

Modulation frequency f1 50 Hz

Filter inductance L 200 µH

Filter capacitance C 50 µF

Load resistance R 10 Ω
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Figure 3.22: Amplitude spectrum of Sda (ω) generated using (a) Newton-Raphson

simulation and (b) Theory

Figures 3.22 (a) and (b) illustrate the amplitude spectrum of the switching function

Sda (ω) generated using Newton-Raphson simulation and theory respectively, whilst Fig-

ures 3.23 (a) and (b) show the phase spectrum of the switching function Sda (ω) generated

employing Newton-Raphson simulation and theory respectively. Similarly Figures 3.24 (a)

and (b) depict the amplitude spectrum of the switching function Sta (ω) generated using
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Figure 3.23: Phase spectrum of Sda (ω) generated using (a) Newton-Raphson

simulation and (b) Theory

Newton-Raphson simulation and theory respectively, whilst Figures 3.25 (a) and (b) show

the phase spectrum of the switching function Sta (ω) generated using Newton-Raphson

simulation and theory respectively.
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Figure 3.24: Amplitude spectrum of Sta (ω) generated using (a) Newton-Raphson

simulation and (b) Theory

The amplitude spectra for Sdb (ω) and Sdc (ω) are the same as the amplitude spectrum

for Sda (ω) while the amplitude spectra for Stb (ω) and Stc (ω) are the same as the ampli-

tude spectrum for Sta. The phase spectrum for Sdb (ω) derived from simulation and theory

are given by Figures 3.26 (a) and (b) respectively, whilst the phase spectrum for Stb (ω)

derived from simulation and theory are given by Figures 3.27 (a) and (b) respectively.
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Figure 3.25: Phase spectrum of Sta (ω) generated using (a) Newton-Raphson

simulation and (b) Theory

Similarly the phase spectrum for Sdc (ω) derived from simulation and theory are given by

Figures 3.28 (a) and (b) respectively, whilst the phase spectrum for Stc (ω) derived from

simulation and theory are given by Figures 3.29 (a) and (b) respectively.
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Figure 3.26: Phase spectrum of Sdb (ω) generated using (a) Newton-Raphson

simulation and (b) Theory
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Figure 3.27: Phase spectrum of Stb (ω) generated using (a) Newton-Raphson

simulation and (b) Theory
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Figure 3.28: Phase spectrum of Sdc (ω) generated using (a) Newton-Raphson

simulation and (b) Theory

From equations 3.40 to 3.43, and the spectra in Figures 3.22 to 3.29 and Tables 3.2,

3.3 and 3.4, we observe the following:

• The difference switching functions Sda (ω), Sdb (ω) and Sdc (ω) contain harmonics

around odd multiples of the switching frequency.

• The total switching functions Sta (ω), Stb (ω) and Stc (ω) contain harmonics around

even multiples of the switching frequency.
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Figure 3.29: Phase spectrum of Stc (ω) generated using (a) Newton-Raphson

simulation and (b) Theory

The above observations have the following implications:

|Sda (ω)| |Sta (ω)| ≈ 0 (3.68)

|Sdb (ω)| |Stb (ω)| ≈ 0 (3.69)

|Sdc (ω)| |Stc (ω)| ≈ 0 (3.70)
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3.5.3 Switching functions of 3-cell converter

The difference switching functions sda1(t), sda2(t), sdb1(t), sdb2(t), sdc1(t) and sdc2(t) and the

total switching functions sta(t), stb(t) and stc(t) are defined in section 3.4. For convenience

we define the switching functions sa1(t), sa2(t) and sa3(t) as follows:

sa1 (t) =







1 if fc1 < fr1

−1 if fc1 > fr1
(3.71)

sa2 (t) =







1 if fc2 < fr1

−1 if fc2 > fr1
(3.72)

sa3 (t) =







1 if fc3 < fr1

−1 if fc3 > fr1
(3.73)

Switching functions for phases B and C are defined in a similar way. The PWM is

generated by using three reference signals phase-shifted by 2π
3

, given by equations 3.74,

3.75 and 3.76 and three carrier signals phase-shifted by 2π
3

, given by equations 3.77, 3.78

and 3.79. For the reference signal we use a sinusoidal wave with an angular frequency of

ω0 and for the carrier signal we use a triangular wave with an angular frequency of ωs. The

PWM of each cell is generated by comparing one carrier signal with the corresponding

reference signal.

fr1 = sinω0t (3.74)

fr2 = sin
(

ω0t−
2π

3

)

(3.75)

fr3 = sin
(

ω0t−
2π

3

)

(3.76)

fc1 =
2

π
arcsinω0t (3.77)

fc2 =
2

π
arcsin

(

ω0t−
2π

3

)

(3.78)

fc3 =
2

π
arcsin

(

ω0t−
2π

3

)

(3.79)

Figure 3.30, 3.31 and 3.32 depict the generation of the switching functions of the 3-cell

multicell converter using interleaved switching.
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Figure 3.30: Generation of interleaved switching 3-cell multicell converter
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Figure 3.31: Generation of interleaved switching 3-cell multicell converter
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Figure 3.32: Generation of interleaved switching 3-cell multicell converter

Now using a similar approach to that in subsection 3.5.2 we obtain Tables 3.6 and 3.7

which show the values of tx, c and h for the background function of different functions

and for the case of mf ∈ {3k : k = 1, 2, 3 · · ·}, mf ∈ {3k + 1 : k = 1, 2, 3 · · ·} and mf ∈
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{3k + 2 : k = 1, 2, 3 · · ·}.

Table 3.6: Values for tx and c of background function for 3-cell multicell converter

mf sa1 sa2 sa3 sb1 sb2 sb3

3k tx 0 1
3
Ts

2
3
Ts 0 1

3
Ts

2
3
Ts

c 0 −4
3

−8
3

0 −4
3

−8
3

h 2ωs
π
t 2ωs

π
t− 4

3
2ωs
π
t− 8

3
2ωs
π
t1

2ωs
π
t1 − 4

3
2ωs
π
t1 − 8

3

3k + 1 tx 0 1
3
Ts

2
3
Ts

2
3
Ts 0 1

3
Ts

c 0 −4
3

−8
3

−8
3

0 −4
3

h 2ωs
π
t 2ωs

π
t− 4

3
2ωs
π
t− 8

3
2ωs
π
t1 − 8

3
2ωs
π
t1

2ωs
π
t1 − 4

3

3k + 2 tx 0 1
3
Ts

2
3
Ts

1
3
Ts

2
3
Ts 0

c 0 −4
3

−8
3

−4
3

−8
3

0

h 2ωs
π
t 2ωs

π
t− 4

3
2ωs
π
t− 8

3
2ωs
π
t1 − 4

3
2ωs
π
t1 − 8

3
2ωs
π
t1

Table 3.7: Values for tx and c of background function for 3-cell multicell converter

mf sc1 sc2 sc3

3k tx 0 1
3
Ts

2
3
Ts

c 0 −4
3

−8
3

h 2ωs
π
t2

2ωs
π
t2 − 4

3
2ωs
π
t2 − 8

3

3k + 1 tx
1
3
Ts

2
3
Ts 0

c −4
3

−8
3

0

h 2ωs
π
t2 − 4

3
2ωs
π
t2 − 8

3
2ωs
π
t2

3k + 2 tx
2
3
Ts 0 1

3
Ts

c −8
3

0 −4
3

h 2ωs
π
t2 − 8

3
2ωs
π
t2

2ωs
π
t2 − 4

3

Figures 3.33 (a) and (b) illustrate the background functions for the case of mf = 3k

(fs = 300) and mf = 3k+ 1 (fs = 350) respectively. The difference is in the values of the

switching frequency fs, which affects the slope of h as can be seen in the two figures.
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Figure 3.33: Top view of the background functions for the case of (a) mf = 3k and (b)

mf = 3k + 1.

The broad discussion on the switching functions for phases A, B and C with frequency

modulation index of mf = 3k, mf = 3k + 1 and mf = 3k + 2 is to be found in the

Appendix, chapter C section C.2 using Tables 3.6 and 3.7. From the resulting phasor

diagrams represented in Figures C.20 to C.38 we make the following observations shown

in Tables 3.8, 3.9 and 3.10, 3.11 and 3.12, 3.13 and 3.14.

Table 3.8: Observation from phasor diagrams for Phase A

Sda2(ω) Sda1(ω) Sta(ω) m n mf

0 0 |Sta(ω)| m = 3k ∀n ∀mf

|Sda2(ω)| ej π2 |Sda1(ω)| e−j 5π
6 0 m = 3k + 1 ∀n ∀mf

|Sda2(ω)| e−j π2 |Sda1(ω)| ej 5π
6 0 m = 3k + 2 ∀n ∀mf
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Table 3.9: Observation from phasor diagrams for Phase B with mf = 3k

Sdb2(ω) Sdb1(ω) Stb(ω) m n

0 0 |Stb(ω)| m = 3k n = 3p or n = −3p

0 0 |Stb(ω)| e−j 2π
3 m = 3k n = 3p+ 1 or n = −(3p+ 2)

0 0 |Stb(ω)| ej 2π
3 m = 3k n = 3p+ 2 or n = −(3p+ 1)

|Sdb2(ω)| ej π2 |Sdb1(ω)| e−j 5π
6 0 m = 3k + 1 n = 3p or n = −3p

|Sdb2(ω)| e−j π6 |Sdb1(ω)| ej π2 0 m = 3k + 1 n = 3p+ 1 or n = −(3p+ 2)

|Sdb2(ω)| e−j 5π
6 |Sdb1(ω)| e−j π6 0 m = 3k + 1 n = 3p+ 2 or n = −(3p+ 1)

|Sdb2(ω)| e−j π2 |Sdb1(ω)| ej 5π
6 0 m = 3k + 2 n = 3p or n = −3p

|Sdb2(ω)| ej 5π
6 |Sdb1(ω)| ej π6 0 m = 3k + 2 n = 3p+ 1 or n = −(3p+ 2)

|Sdb2(ω)| ej π6 |Sdb1(ω)| e−j π2 0 m = 3k + 2 n = 3p+ 2 or n = −(3p+ 1)

Table 3.10: Observation from phasor diagrams for Phase C with mf = 3k

Sdc2(ω) Sdc1(ω) Stc(ω) m n

0 0 |Stc(ω)| m = 3k n = 3p or n = −3p

0 0 |Stc(ω)| ej 2π
3 m = 3k n = 3p+ 1 or n = −(3p + 2)

0 0 |Stc(ω)| e−j 2π
3 m = 3k n = 3p+ 2 or n = −(3p + 1)

|Sdc2(ω)| ej π2 |Sdc1(ω)| e−j 5π
6 0 m = 3k + 1 n = 3p or n = −3p

|Sdc2(ω)| e−j 5π
6 |Sdc1(ω)| e−j π6 0 m = 3k + 1 n = 3p+ 1 or n = −(3p + 2)

|Sdc2(ω)| e−j π6 |Sdc1(ω)| ej π2 0 m = 3k + 1 n = 3p+ 2 or n = −(3p + 1)

|Sdc2(ω)| ej π2 |Sdc1(ω)| e−j 5π
6 0 m = 3k + 2 n = 3p or n = −3p

|Sdc2(ω)| ej π6 |Sdc1(ω)| e−j π2 0 m = 3k + 2 n = 3p+ 1 or n = −(3p + 2)

|Sdc2(ω)| ej 5π
6 |Sdc1(ω)| ej π6 0 m = 3k + 2 n = 3p+ 2 or n = −(3p + 1)
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Table 3.11: Observation from phasor diagrams for Phase B with mf = 3k + 1

Sdb2(ω) Sdb1(ω) Stb(ω) m n

0 0 |Stb(ω)| m = 3k n = 3p or n = −3p

0 0 |Stb(ω)| e−j 2π
3 m = 3k n = 3p+ 1 or n = −(3p+ 2)

0 0 |Stb(ω)| ej 2π
3 m = 3k n = 3p+ 2 or n = −(3p+ 1)

|Sdb2(ω)| e−j 5π
6 |Sdb1(ω)| e−j π6 0 m = 3k + 1 n = 3p or n = −3p

|Sdb2(ω)| ej π2 |Sdb1(ω)| e−j 5π
6 0 m = 3k + 1 n = 3p+ 1 or n = −(3p+ 2)

|Sdb2(ω)| e−j π6 |Sdb1(ω)| ej π2 0 m = 3k + 1 n = 3p+ 2 or n = −(3p+ 1)

|Sdb2(ω)| ej 5π
6 |Sdb1(ω)| ej π6 0 m = 3k + 2 n = 3p or n = −3p

|Sdb2(ω)| ej π6 |Sdb1(ω)| e−j π2 0 m = 3k + 2 n = 3p+ 1 or n = −(3p+ 2)

|Sdb2(ω)| e−j π2 |Sdb1(ω)| ej 5π
6 0 m = 3k + 2 n = 3p+ 2 or n = −(3p+ 1)

Table 3.12: Observation from phasor diagrams for Phase C with mf = 3k + 1

Sdc2(ω) Sdc1(ω) Stc(ω) m n

0 0 |Stc(ω)| m = 3k n = 3p or n = −3p

0 0 |Stc(ω)| ej 2π
3 m = 3k n = 3p+ 1 or n = −(3p + 2)

0 0 |Stc(ω)| e−j 2π
3 m = 3k n = 3p+ 2 or n = −(3p + 1)

|Sdc2(ω)| e−j π6 |Sdc1(ω)| ej π2 0 m = 3k + 1 n = 3p or n = −3p

|Sdc2(ω)| ej π2 |Sdc1(ω)| e−j 5π
6 0 m = 3k + 1 n = 3p+ 1 or n = −(3p + 2)

|Sdc2(ω)| e−j 5π
6 |Sdc1(ω)| e−j π6 0 m = 3k + 1 n = 3p+ 2 or n = −(3p + 1)

|Sdc2(ω)| ej π6 |Sdc1(ω)| e−j π2 0 m = 3k + 2 n = 3p or n = −3p

|Sdc2(ω)| ej 5π
6 |Sdc1(ω)| ej π6 0 m = 3k + 2 n = 3p+ 1 or n = −(3p + 2)

|Sdc2(ω)| e−j π2 |Sdc1(ω)| ej 5π
6 0 m = 3k + 2 n = 3p+ 2 or n = −(3p + 1)
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Table 3.13: Observation from phasor diagrams for Phase B with mf = 3k + 2

Sdb2(ω) Sdb1(ω) Stb(ω) m n

0 0 |Stb(ω)| m = 3k n = 3p or n = −3p

0 0 |Stb(ω)| e−j 2π
3 m = 3k n = 3p+ 1 or n = −(3p+ 2)

0 0 |Stb(ω)| ej 2π
3 m = 3k n = 3p+ 2 or n = −(3p+ 1)

|Sdb2(ω)| e−j π6 |Sdb1(ω)| ej π2 0 m = 3k + 1 n = 3p or n = −3p

|Sdb2(ω)| e−j 5π
6 |Sdb1(ω)| e−j π6 0 m = 3k + 1 n = 3p+ 1 or n = −(3p+ 2)

|Sdb2(ω)| ej π2 |Sdb1(ω)| e−j 5π
6 0 m = 3k + 1 n = 3p+ 2 or n = −(3p+ 1)

|Sdb2(ω)| ej π6 |Sdb1(ω)| e−j π2 0 m = 3k + 2 n = 3p or n = −3p

|Sdb2(ω)| e−j π2 |Sdb1(ω)| ej 5π
6 0 m = 3k + 2 n = 3p+ 1 or n = −(3p+ 2)

|Sdb2(ω)| ej 5π
6 |Sdb1(ω)| ej π6 0 m = 3k + 2 n = 3p+ 2 or n = −(3p+ 1)

Table 3.14: Observation from phasor diagrams for Phase C with mf = 3k + 2

Sdc2(ω) Sdc1(ω) Stc(ω) m n

0 0 |Stc(ω)| m = 3k n = 3p or n = −3p

0 0 |Stc(ω)| ej 2π
3 m = 3k n = 3p+ 1 or n = −(3p + 2)

0 0 |Stc(ω)| e−j 2π
3 m = 3k n = 3p+ 2 or n = −(3p + 1)

|Sdc2(ω)| e−j 5π
6 |Sdc1(ω)| e−j π6 0 m = 3k + 1 n = 3p or n = −3p

|Sdc2(ω)| e−j π6 |Sdc1(ω)| ej π2 0 m = 3k + 1 n = 3p+ 1 or n = −(3p + 2)

|Sdc2(ω)| ej π2 |Sdc1(ω)| e−j 5π
6 0 m = 3k + 1 n = 3p+ 2 or n = −(3p + 1)

|Sdc2(ω)| ej 5π
6 |Sdc1(ω)| ej π6 0 m = 3k + 2 n = 3p or n = −3p

|Sdc2(ω)| e−j π2 |Sdc1(ω)| ej 5π
6 0 m = 3k + 2 n = 3p+ 1 or n = −(3p + 2)

|Sdc2(ω)| ej π6 |Sdc1(ω)| e−j π2 0 m = 3k + 2 n = 3p+ 2 or n = −(3p + 1)
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Simulations

Figures 3.34 (a) and (b) illustrate the amplitude spectrum Sda1(ω) derived from simulation

and theory respectively. The amplitude spectra of Sda2(ω), Sdb1(ω), Sdb2(ω), Sdc1(ω),

Sdc2(ω) are the same as that of Sda1(ω).
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Figure 3.34: (a)Harmonics of Sda1(ω) derived from simulation (b)Harmonics of

Sda1(ω) derived from theory

Figures 3.35 (a) and (b) depict the amplitude spectrum Sta(ω) derived from simulation

and theory respectively. The amplitude spectra of Stb(ω) and Stc(ω) are the same as that

of Sta(ω).
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Figure 3.35: (a)Harmonics of Sta(ω) derived from simulation (b)Harmonics of Sta(ω)

derived from theory

Figures 3.36 (a) and (b) show the amplitude spectra |Sda1(ω)| |Sta(ω)| derived from sim-
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ulation and theory respectively. The amplitude spectra of |Sda2(ω)| |Sta(ω)|, |Sdb1(ω)| |Stb(ω)|,
|Sdb2(ω)| |Stb(ω)|, |Sdc1(ω)| |Stc(ω)| and |Sdc2(ω)| |Stc(ω)| are the same as that of |Sda1(ω)| |Sta(ω)|.
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Figure 3.36: (a)Harmonics of |Sda1(ω)| |Sta(ω)| derived from simulation (b)Harmonics

of |Sda1(ω)| |Sta(ω)| derived from theory

The phase spectra for all the switching functions of 3-cell multicell are derived in

Appendix chapter B section B.3.

From equations 3.40 to 3.43, the spectra in Figures 3.34, 3.35 and 3.36 and Tables 3.8 to

3.14 we observe the following:

• The difference switching functions Sda1 (ω), Sda2 (ω), Sdb1 (ω), Sdb2 (ω), Sdc1 (ω), and

Sdc2 (ω) contain harmonics around 3k + 1 and 3k + 2 multiples of the switching

frequency for integer k.

• The total switching functions Sta (ω), Stb (ω) and Stc (ω) contains harmonics around

3k multiples of the switching frequency for integer k.

From the above observations we reach the following conclusions:

|Sda1 (ω)| |Sta (ω)| ≈ 0 (3.80)

|Sda2 (ω)| |Sta (ω)| ≈ 0 (3.81)

|Sdb1 (ω)| |Stb (ω)| ≈ 0 (3.82)

|Sdb2 (ω)| |Stb (ω)| ≈ 0 (3.83)

|Sdc1 (ω)| |Stc (ω)| ≈ 0 (3.84)

|Sdc2 (ω)| |Stc (ω)| ≈ 0 (3.85)
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3.6 Summary

In this chapter we studied the switching functions of 2-cell and 3-phase multicell con-

verter under interleaved switching. The technique uses a geometric mathematical model

and double Fourier series to calculate the magnitude and phase of the harmonics of the

switched waveforms. The harmonics obtained were verified using both simplorer and

Newton-Raphson simulations. For a 2-cell 3-phase multicell inverter we observed the

following:

• The difference switching functions Sda (ω), Sdb (ω) and Sdc (ω) contain harmonics

around odd multiples of the switching frequency.

• The total switching functions Sta (ω), Stb (ω) and Stc (ω) contain harmonics around

even multiples of the switching frequency.

For a 3-cell multicell converter we observed the following:

• The difference switching functions Sda1 (ω), Sda2 (ω), Sdb1 (ω), Sdb2 (ω), Sdc1 (ω), and

Sdc2 (ω) contain harmonics around 3k + 1 and 3k + 2 multiples of the switching

frequency for integer k.

• The total switching functions Sta (ω), Stb (ω) and Stc (ω) contain harmonics around

3k multiples of the switching frequency for integer k.



Chapter 4

Steady State Analysis

4.1 Introduction

In this chapter we study the 2-cell and 3-cell multicell converters under steady-state

conditions. We do this by mathematically modelling the coefficients of the switching

functions to obtain the steady-state behaviour of the 2-cell and 3-cell three-phase multicell

converter. The derived steady-state equations are used to describe the balancing of the

cell capacitor voltages. It will be found that as long as the switching frequency is chosen

to be sufficiently higher than the highest frequency component of the reference signal

and the impedance of the load is not purely inductive, then the cell capacitor voltages

will naturally balance. Although it is possible to force the cell capacitor voltages to

balance through active control, due to natural balancing this is not necessary in general.

Furthermore we assume that the cell capacitor is very large and that the cell capacitor

voltages change much slower compared to the rest of the system.

4.2 Steady State Balancing of 2-cell Converter

In this section we study the steady-state analysis of a 2-cell multicell converter. We derive

the equations that are important for describing the balancing of the cell capacitor voltages

under steady-state conditions.

The equivalent circuit of the 2-cell three-phase multicell converter was derived in section

3.3 in terms of d and t parameters. For convenience we represent Figure 3.6 as Figure 4.1

below:

62
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Figure 4.1: Equivalent circuit of 2-cell 3-phase multicell converter

The load in Figure 4.1 acts as an impedance divider and hence we have:

VNn =
1

3
{Van + Vbn + Vcn} (4.1)

Now applying the superposition principle and assuming that the cell capacitor voltages

change much slower than the rest of the system in such a way that the rest of the system

appears to be in a steady state. That is, the capacitor voltages can be viewed as constant

or DC capacitor voltages. Hence we only need to calculate the DC current. Now using

also equation 3.17 we write the DC current for phase A as follows:

Ia(ω) =
Van − VNn
Z(ω)

=
1

3

{

VtSta(ω) + 2VδaSda(ω)

Z(ω)
−

Vt
2
Stb(ω) + VδbSdb(ω)

Z(ω)

−
Vt
2
Stc(ω) + VδcSdc(ω)

Z(ω)

}

(4.2)

Similarly

Ib(ω) =
Vbn − VNn
Z(ω)

=
1

3

{

2Stb(ω)Vt
2

+ 2Sdb(ω)Vδb − Sta(ω)Vt
2
− Sda(ω)Vδa

Z(ω)

−Stc(ω)Vt
2

+ Sdc(ω)Vδc
Z(ω)

}

(4.3)

and

Ic(ω) =
Vcn − VNn
Z(ω)
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=
1

3

{

2Stc(ω)Vt
2

+ 2Sdc(ω)Vδc − Sta(ω)Vt
2
− Sda(ω)Vδa

Z(ω)

−Stb(ω)Vt
2

+ Sdb(ω)Vδb
Z(ω)

}

(4.4)

The phase A cell capacitor current Icda which is the DC-component of ica is given by

Icda(ω) = −Ia(ω) ∗ Sda(ω) (4.5)

Now substituting equation 4.2 into 4.5 we obtain the following equation

Icda(ω) = −1

3

{{

VtSta(ω)

Z(ω)

}

∗ Sda(ω) +

{

2VδaSda(ω)

Z(ω)

}

∗ Sda(ω)

−
{

Vt
2
Stb(ω)

Z(ω)

}

∗ Sda(ω) −
{

VδbSdb(ω)

Z(ω)

}

∗ Sda(ω)

−
{

Vt
2
Stc(ω)

Z(ω)

}

∗ Sda(ω) −
{

VδcSdc(ω)

Z(ω)

}

∗ Sda(ω)

}

(4.6)

Now applying the definition of the convolution integral; we have

Icda(ω) = −1

3

{

Vt

∫ ∞

−∞

Sta(u)

Z(u)
Sda(ω − u)du+ 2Vδa

∫ ∞

−∞

Sda(u)

Z(u)
Sda(ω − u)du

−Vt
2

∫ ∞

−∞

Stb(u)

Z(u)
Sda(ω − u)du− Vδb

∫ ∞

−∞

Sdb(u)

Z(u)
Sda(ω − u)

−Vt
2

∫ ∞

−∞

Stc(u)

Z(u)
Sda(ω − u)du− Vδc

∫ ∞

−∞

Sdc(u)

Z(u)
Sda(ω − u)du

}

(4.7)

Since the average value of ica is equal to zero amperes at steady state, we have

Icda(ω)|ω=0. Thus equation 4.7 can be written as follows

0 = −1

3

{

Vt

∫ ∞

−∞

Sta(u)

Z(u)
Sda(u)du+ 2Vδa

∫ ∞

−∞

|Sda(u)|2
Z(u)

du

−Vt
2

∫ ∞

−∞

Stb(u)

Z(u)
Sda(u)du− Vδb

∫ ∞

−∞

Sdb(u)

Z(u)
Sda(u)du

−Vt
2

∫ ∞

−∞

Stc(u)

Z(u)
Sda(u)du− Vδc

∫ ∞

−∞

Sdc(u)

Z(u)
Sda(u)du

}

(4.8)

Similarly for Icdb(ω)|ω=0 we have

0 = −1

3

{

Vt

∫ ∞

−∞

Stb(u)

Z(u)
Sdb(u)du+ 2Vδb

∫ ∞

−∞

|Sdb(u)|2
Z(u)

du

−Vt
2

∫ ∞

−∞

Sta(u)

Z(u)
Sdb(u)du− Vδa

∫ ∞

−∞

Sda(u)

Z(u)
Sdb(u)du

−Vt
2

∫ ∞

−∞

Stc(u)

Z(u)
Sdb(u)du− Vδc

∫ ∞

−∞

Sdc(u)

Z(u)
Sdb(u)du

}

(4.9)
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and similarly for Icdc(ω)|ω=0 we have

0 = −1

3

{

Vt

∫ ∞

−∞

Stc(u)

Z(u)
Sdc(u)du+ 2Vδc

∫ ∞

−∞

|Sdc(u)|2
Z(u)

du

−Vt
2

∫ ∞

−∞

Sta(u)

Z(u)
Sdc(u)du− Vδa

∫ ∞

−∞

Sda(u)

Z(u)
Sdc(u)du

−Vt
2

∫ ∞

−∞

Stb(u)

Z(u)
Sdc(u)du− Vδb

∫ ∞

−∞

Sdb(u)

Z(u)
Sdc(u)du

}

(4.10)

Writing equations 4.8, 4.9 and 5.5 in the matrix form we obtain























Vδa

Vδb

Vδc























=

−























2
∫∞
−∞

|Sda|2
Z(u)

du − ∫∞−∞
Sdb(u)
Z(u)

Sda(u)du − ∫∞−∞
Sdc(u)
Z(u)

Sda(u)du

− ∫∞−∞
Sda(u)
Z(u)

Sdb(u)du 2
∫∞
−∞

|Sdb(u)|2
Z(u)

du − ∫∞−∞
Sdc(u)
Z(u)

Sdb(u)du

− ∫∞−∞
Sda(u)
Z(u)

Sdc(u)du − ∫∞−∞
Sdb(u)
Z(u)

Sdc(u)du 2
∫∞
−∞

|Sdc(u)|2
Z(u)

du























−1

×























∫∞
−∞

Sta
Z(u)

Sda(u) − 1
2

∫∞
−∞

Stb(u)
Z(u)

Sda(u)du− 1
2

∫∞
−∞

Stc(u)
Z(u)

Sda(u)du

∫∞
−∞

Stb(u)
Z(u)

Sdb(u)du− 1
2

∫∞
−∞

Sta(u)
Z(u)

Sdb(u)du− 1
2

∫∞
−∞

Stc(u)
Z(u)

Sdb(u)du

∫∞
−∞

Stc(u)
Z(u)

Sdc(u)du− 1
2

∫∞
−∞

Sta(u)
Z(u)

Sdc(u)du− Vt
2

∫∞
−∞

Stb(u)
Z(u)

Sdc(u)du























Vt

(4.11)
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Since the above functions are periodic and the analysis is in steady state (which implies

u = lω0 where l is the harmonic number) we have























Vδa

Vδb

Vδc























=

−























2
∫∞
−∞

|Sda(lω0)|2
Z(lω0)

dlω0 − ∫∞−∞
Sdb(lω0)
Z(lω0)

Sda(lω0)dlω0 − ∫∞−∞
Sdc(lω0)
Z(lω0)

Sda(lω0)dlω0

− ∫∞−∞
Sda(lω0)
Z(lω0)

Sdb(lω0)dlω0 2
∫∞
−∞

|Sdb(lω0)|2
Z(lω0)

dlω0 − ∫∞−∞
Sdc(lω0)
Z(lω0)

Sdb(lω0)dlω0

− ∫∞−∞
Sda(lω0)
Z(lω0)

Sdc(lω0)dlω0 − ∫∞−∞
Sdb(lω0)
Z(lω0)

Sdc(lω0)dlω0 2
∫∞
−∞

|Sdc(lω0)|2
Z(lω0)

dlω0























−1

×























∫∞
−∞

Sta
Z(lω0)

Sda(lω0) − 1
2

∫∞
−∞

Stb(lω0)
Z(lω0)

Sda(lω0)dlω0 − 1
2

∫∞
−∞

Stc(lω0)
Z(lω0)

Sda(lω0)dlω0

∫∞
−∞

Stb(lω0)
Z(lω0)

Sdb(lω0)dlω0 − 1
2

∫∞
−∞

Sta(lω0)
Z(lω0)

Sdb(lω0)dlω0 − 1
2

∫∞
−∞

Stc(lω0)
Z(lω0)

Sdb(lω0)dlω0

∫∞
−∞

Stc(lω0)
Z(lω0)

Sdc(lω0)dlω0 − 1
2

∫∞
−∞

Sta(lω0)
Z(lω0)

Sdc(lω0)dlω0 − Vt
2

∫∞
−∞

Stb(lω0)
Z(lω0)

Sdc(lω0)dlω0























Vt

(4.12)

From chapter 3 the phase-b switching functions are the same as those for phase-a but

delayed by T
3

and that the phase-c switching functions are the same as those for phase-a

but delayed by 2T
3

where T is the period of the switching function. Since the functions in

the matrix equation 4.12 are periodic we write it in terms of exponential fourier series as

shown in matrix equation 4.13.























Vδa

Vδb

Vδc























=

−























2
∑∞
l=−∞

|Dal|2
Z(lω0)

−∑∞
l=−∞

|Dal|2
Z(lω0)

e−jl
2π
3 −∑∞

l=−∞
|Dal|2
Z(lω0)

ejl
2π
3

−∑∞
l=−∞

|Dal|2
Z(lω0)

ejl
2π
3 2

∑∞
l=−∞

|Dal|2
Z(lω0)

−∑∞
l=−∞

|Dal|2
Z(lω0)

e−jl
2π
3

−∑∞
l=−∞

|Dal|2
Z(lω0)

e−jl
2π
3 −∑∞

l=−∞
|Dal|2
Z(lω0)

ejl
2π
3 2

∑∞
l=−∞

|Dal|2
Z(lω0)























−1
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×























∑∞
l=−∞

BalDal
Z(lω0)

{

1 − 1
2
e−jl

2π
3 − 1

2
ejl

2π
3

}

∑∞
l=−∞

BalDal
Z(lω0)

{

1 − 1
2
ejl

2π
3 − 1

2
e−jl

2π
3

}

∑∞
l=−∞

BalDal
Z(lω0)

{

1 − 1
2
e−jl

2π
3 − 1

2
ejl

2π
3

}























Vt (4.13)

To simplify analyses of matrix equation 4.13 we write ejl
2π
3 and e−jl

2π
3 in terms of three

classes as shown in Table 4.1. The harmonic number l is written as follows:

l = m
fs
f0

+ n = mmf + n (4.14)

where fs is the switching frequency and f0 is the fundamental frequency.

Table 4.1: Different classes of harmonics

mf m n Class

3k ∀m n = 3p or n = −3p Class 1

3k ∀m n = 3p+ 1 or n = −(3p+ 2) Class 2

3k ∀m n = 3p+ 2 or n = −(3p+ 1) Class 3

3k + 1 m = 3k n = 3p or n = −3p Class 1

3k + 1 m = 3k + 1 n = 3p+ 2 or n = −(3p+ 1) Class 1

3k + 1 m = 3k + 2 n = 3p+ 1 or n = −(3p+ 2) Class 1

3k + 1 m = 3k n = 3p+ 1 or n = −(3p+ 2) Class 2

3k + 1 m = 3k + 1 n = 3p or n = −3p Class 2

3k + 1 m = 3k + 2 n = 3p+ 2 or n = −(3p+ 1) Class 2

3k + 1 m = 3k n = 3p+ 2 or n = −(3p+ 1) Class 3

3k + 1 m = 3k + 1 n = 3p+ 1 or n = −(3p+ 2) Class 3

3k + 1 m = 3k + 2 n = 3p or n = −3p Class 3

3k + 2 m = 3k n = 3p or n = −3p Class 1

3k + 2 m = 3k + 1 n = 3p+ 1 or n = −(3p+ 2) Class 1

3k + 2 m = 3k + 2 n = 3p+ 2 or n = −(3p+ 1) Class 1

3k + 2 m = 3k n = 3p+ 1 or n = −(3p+ 2) Class 2

3k + 2 m = 3k + 1 n = 3p+ 2 or n = −(3p+ 1) Class 2

3k + 2 m = 3k + 2 n = 3p or n = −3p Class 2

3k + 2 m = 3k n = 3p+ 2 or n = −(3p+ 1) Class 3

3k + 2 m = 3k + 1 n = 3p or n = −3p Class 3

3k + 2 m = 3k + 2 n = 3p+ 1 or n = −(3p+ 2) Class 3
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where for

Class 1

ejl
2π
3 = ej2π = 1

e−jl
2π
3 = ej2π = 1

Class 2

ejl
2π
3 = ej

2π
3

e−jl
2π
3 = e−j

2π
3

Class 3

ejl
2π
3 = e−j

2π
3

e−jl
2π
3 = ej

2π
3

for k = 0...∞ and p = −∞...∞
Since the switching functions are real valued, and knowing that Dal = Da(−l) and Bal =

Ba(−l), we write the following functions as follows:

∞
∑

l=−∞

|Dal|2
Z(lω0)

=
0
∑

l=−∞

|Dal|2
Z(lω0)

+
∞
∑

l=0

|Dal|2
Z(lω0)

=
∞
∑

l=0

∣

∣

∣Da(−l)
∣

∣

∣

2

Z(−lω0)
+

∞
∑

l=0

∣

∣

∣Da(−l)
∣

∣

∣

2

Z(−lω0)

=
∞
∑

l=0

∣

∣

∣Dal

∣

∣

∣

2

Z(lω0)
+

∞
∑

l=0

|Dal|2
Z(lω0)

= 2ℜe
∞
∑

l=0

|Dal|2
Z(lω0)

(4.15)

and

∞
∑

l=−∞

BalDal

Z(lω0)
=

0
∑

l=−∞

BalDal

Z(lω0)
+

∞
∑

l=0

BalDal

Z(lω0)

=
∞
∑

l=0

Ba(−l)Da(−l)
Z(−lω0)

+
∞
∑

l=0

BalDal

Z(lω0)

=
∞
∑

l=0

BalDal

Z(lω0)
+

∞
∑

l=0

BalDal

Z(lω0)

= 2ℜe
∞
∑

l=0

BalDal

Z(lω0)
(4.16)
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Now for convenience we define the following variables:

λ1 = 2ℜe
{

∑

class 1

|Dal|2
Z(lω0)

}

(4.17)

λ2 = 2ℜe
{

∑

class 2

|Dal|2
Z(lω0)

}

(4.18)

λ3 = 2ℜe
{

∑

class 3

|Dal|2
Z(lω0)

}

(4.19)

φ2 = 2ℜe
{

∑

class 2

BalDal

Z(lω0)

}

(4.20)

φ3 = 2ℜe
{

∑

class 3

BalDal

Z(lω0)

}

(4.21)

Substituting λ1, λ2, λ3, φ2 and φ3 into equation 4.13 we obtain:























Vδa

Vδb

Vδc























= −

































































2λ1 −λ1 −λ1

−λ1 2λ1 −λ1

−λ1 −λ1 2λ1























+























2λ2 −λ2e
−j 2π

3 −λ2e
j 2π

3

−λ2e
j 2π

3 2λ2 −λ2e
−j 2π

3

−λ2e
−j 2π

3 −λ2e
j 2π

3 2λ2























+























2λ3 −λ3e
j 2π

3 −λ3e
−j 2π

3

−λ3e
−j 2π

3 2λ3 −λ3e
j 2π

3

−λ3e
j 2π

3 −λ3e
−j 2π

3 2λ3

































































−1























φ2 + φ3

φ2 + φ3

φ2 + φ3























3Vt
2

(4.22)
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We can write equation 4.22 as:

Vδ = −{Λ}−1 Φ
3Vt
2

(4.23)

where

Vδ =























Vδa

Vδb

Vδc























(4.24)

Λ =























2λ1 −λ1 −λ1

−λ1 2λ1 −λ1

−λ1 −λ1 2λ1























+























2λ2 −λ2e
−j 2π

3 −λ2e
j 2π

3

−λ2e
j 2π

3 2λ2 −λ2e
−j 2π

3

−λ2e
−j 2π

3 −λ2e
j 2π

3 2λ2























+























2λ3 −λ3e
j 2π

3 −λ3e
−j 2π

3

−λ3e
−j 2π

3 2λ3 −λ3e
j 2π

3

−λ3e
j 2π

3 −λ3e
−j 2π

3 2λ3























(4.25)

Φ =























φ2 + φ3

φ2 + φ3

φ2 + φ3























(4.26)

We rewrite equation 4.23 as follows:

Vδ

Vt
= −3

2
{Λ}−1 Φ (4.27)

The determinant of Λ is given by:

det(Λ) = 27 (λ2 + λ3) (λ2 + λ1) (λ3 + λ1) (4.28)
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which implies that the inverse of Λ exists and has a unique solution provided that

(λ2 + λ3) 6= 0, (λ2 + λ1) 6= 0 and (λ3 + λ1) 6= 0.

By direct computation the inverse of Λ is given by:

Λ−1 =























Λ11 λ2
2e

−j 2π
3 + λ2

3e
j 2π

3 − λ2
1 λ2

2e
j 2π

3 + λ2
3e

−j 2π
3 + λ2

1

λ2
2e
j 2π

3 + λ2
3e

−j 2π
3 + λ2

1 Λ22 λ2
2e

−j 2π
3 + λ2

3e
j 2π

3 − λ2
1

λ2
2e

−j 2π
3 + λ2

3e
j 2π

3 − λ2
1 λ2

2e
j 2π

3 + λ2
3e

−j 2π
3 + λ2

1 Λ33























{

1

9 (λ1 + λ2) (λ1 + λ3) (λ2 + λ3)

}

(4.29)

where

Λ11 = Λ22 = Λ33 = λ2
1 + λ2

2 + λ2
3 + 3λ1λ2 + 3λ1λ3 + 3λ2λ3 (4.30)

Substituting equation 4.29 into equation 4.27 we obtain the equation that gives us insight

into the balancing of cell capacitor voltages of a 2-cell three-phase multicell converter,

shown below:

Vδa
Vt

=
Vδb
Vt

=
Vδc
Vt

= −1

6







(φ2 + φ3)
(

Λ11 + λ2
2e

−j 2π
3 + λ2

3e
j 2π

3 − λ2
1

)

(λ1 + λ2) (λ1 + λ3) (λ2 + λ3)







= −1

6

{

(φ2 + φ3) (λ2
1 + 3λ1λ2 + 3λ1λ3 + 3λ2λ3)

(λ1 + λ2) (λ1 + λ3) (λ2 + λ3)

}

(4.31)

Now using the definitions of λ1, λ2, λ3, φ2 and φ3 in equations 4.17 to 4.21 we can

conclude that equation 4.31 demonstrates that the steady state balancing of the cell

capacitor voltage is influenced by the following two factors:

1. The impedance of the output filter and load Z(lω).

2. The values of BalDal and |Dal|2.

Bal and Dal are Fourier coefficients Amn + jBmn of the switching functions sta(t) and

sda(t) respectively. These coefficients where calculated in [73] using a single-cell single-

phase converter.

Example 3.1

For an interleaved switching with a switching frequency of fs = 6kHz, reference frequency

of f0 = 50Hz and modulation index ma = 0.8, we plot the amplitude spectra of |Bal| and

|Dal| as shown in Figures 4.2 (a) and (b) respectively. We let Aal be the Fourier coefficient

of the switching function sa1(t). Figures 4.3 (a) and (b) show amplitude spectra of |Aal|
and |Bal| |Dal| respectively.
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Figure 4.2: (a)Amplitude spectrum of |Bal| and (b)Amplitude spectrum of |Dal|
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Figure 4.3: (a)Amplitude spectrum of |Aal| and (b)Amplitude spectrum of |Dal| |Bal|

Using the phasor diagrams in chapter 3 we observed that sta(t) contains the frequency

components of sa1(t) around the even multiples of the switching frequency whereas sda(t)

contains the frequency components of sa1(t) around the odd multiples of the switching

frequency. Similarly in Figure 4.2 we also observe that Bal contains frequency components

around the even multiples of the switching frequency whereas Dal contains frequency

components around the odd multiples of the switching frequency. That is, Bal and Dal

do not overlap as confirmed in Figure 4.3 (b), hence:

|Bal| |Dal| ≈0 (4.32)

This property is one of the necessary condition to prove natural balance.
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Example 3.2

When the switching frequency is not suffiently high it causes the sidebands of different

multiples of the switching frequency groups to overlap. This will result in an overlap in

the spectra of Bal and Dal. We demonstrate this property for interleaved switching with a

switching frequency of fs = 350Hz, a reference frequency of f0 = 50Hz and a modulation

index ma = 0.8.
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Figure 4.4: (a)Amplitude spectrum of |Bal| and (b)Amplitude spectrum of |Dal|
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Figure 4.5: (a)Amplitude spectrum of |Aal| and (b)Amplitude spectrum of |Dal| |Bal|

The amplitude spectrum of |Bal| and |Dal| is shown in Figures 4.4 (a) and (b) respec-

tively. From these figures we observe the overlap of the sidebands of different switch-

ing frequency groups. Figures 4.5 (a) and (b) show the amplitude spectra of |Aal| and

|Bal| |Dal| respectively. From Figure 4.5 (b) it is clear that |Dal| |Bal| > 0. This property
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will imply that

Vδa
Vt

=
Vδb
Vt

=
Vδc
Vt

> 0 (4.33)

This in turn will cause imbalance in the cell capacitor voltage.

Example 3.3

When the reference signal contains high frequency components the sidebands of multiples

of switching frequency groups overlap which results in the overlap of Bal and Dal. We

establish this property for interleaved switching with switching frequency of fs = 6300Hz,

a reference frequency of f0 = 900Hz and modulation index ma = 0.8.
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Figure 4.6: (a)Amplitude spectrum of |Bal| and (b)Amplitude spectrum of |Dal|
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Figure 4.7: (a)Amplitude spectrum of |Aal| and (b)Amplitude spectrum of |Dal| |Bal|
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From Figures 4.6 and 4.7 we observe the overlap of the sidebands of different switching

frequency groups. This leads to the overlap of sidebands of switching frequency groups of

Bal and Dal as shown in Figure 4.7 (b). This result implies that there will be an imbalance

in the cell capacitor voltages of a 2-cell three-phase converter.

In this section we derived the theory which establishes the factors that influence the

balancing of the cell capacitor voltage of the 2-cell three-phase converter. We further

furnished examples of factors that cause imbalance in the cell capacitor voltages.
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4.3 Steady State Balancing of 3-Cell Multicell Con-

verter

In this section we study the steady-state analysis of a 3-cell multicell converter. We derive

the equations that are important for describing the balancing of the cell capacitor voltages

under steady-state conditions.

For convenience we represent Figure 3.8 as Figure 4.8 below:

3
tV

dC

3
tV

3
tV

dC

dC

ci

bi
tbs 2dbs

tas

tcs

2das

2dcs

2avδ

2bvδ

2cvδ

n

ai

+ −

+ −

+ −

dC

1das
1avδ+ −

dC
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1bvδ+ −

dC

1dcs
1cvδ+ −

R

C

L

N
L

L

Z

•

pav+ −

R
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pbv+ −

R

C

pcv+ −

a

b
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•

Figure 4.8: Equivalent circuit of 3-cell 3-phase multicell converter

The load in Figure 4.8 acts as an impedance divider and hence we have:

VNn =
1

3
{Van + Vbn + Vcn} (4.34)

Following the same procedure as in section 4.2 we find that the cell capacitor current for

the first cell in phase A yield:

Icda1(ω) = −1

3

{

2Vt
3

∫ ∞

−∞

Sta(u)

Z(u)
Sda1(ω − u)du+ 2Vδa

∫ ∞

−∞

Sda1(u)

Z(u)
Sda1(ω − u)du

+2Vδa

∫ ∞

−∞

Sda2(u)

Z(u)
Sda1(ω − u)du− Vt

3

∫ ∞

−∞

Stb(u)

Z(u)
Sda1(ω − u)du

−Vδb1
∫ ∞

−∞

Sdb1(u)

Z(u)
Sda1(ω − u) − Vδb2

∫ ∞

−∞

Sdb2(u)

Z(u)
Sda1(ω − u)

−Vt
3

∫ ∞

−∞

Stc(u)

Z(u)
Sda1(ω − u)du− Vδc1

∫ ∞

−∞

Sdc1(u)

Z(u)
Sda1(ω − u)du
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−Vδc2
∫ ∞

−∞

Sdc2(u)

Z(u)
Sda1(ω − u)du

}

(4.35)

Since the average value of ica1 is equal to zero amperes at steady state, we have

Icda1(ω)|ω=0. Thus equation 4.35 can be written as follows

0 =
2Vt
3

∫ ∞

−∞

Sta(u)

Z(u)
Sda1(u)du+ 2Vδa1

∫ ∞

−∞

Sda1(u)

Z(u)
Sda1(u)du

+2Vδa2

∫ ∞

−∞

Sda2(u)

Z(u)
Sda1(u)du−

Vt
3

∫ ∞

−∞

Stb(u)

Z(u)
Sda1(u)du

−Vδb1
∫ ∞

−∞

Sdb1(u)

Z(u)
Sda1(u)du− Vδb2

∫ ∞

−∞

Sdb2(u)

Z(u)
Sda1(u)du

−Vt
3

∫ ∞

−∞

Stc(u)

Z(u)
Sda1(u)du− Vδc1

∫ ∞

−∞

Sdc1(u)

Z(u)
Sda1(u)du

−Vδc2
∫ ∞

−∞

Sdc2(u)

Z(u)
Sda1(u)du (4.36)

Similarly for Icda2(ω)|ω=0 we have

0 =
2Vt
3

∫ ∞

−∞

Sta(u)

Z(u)
Sda2(u)du+ 2Vδa1

∫ ∞

−∞

Sda1(u)

Z(u)
Sda2(u)du

+2Vδa2

∫ ∞

−∞

Sda2(u)

Z(u)
Sda2(u)du−

Vt
3

∫ ∞

−∞

Stb(u)

Z(u)
Sda2(u)du

−Vδb1
∫ ∞

−∞

Sdb1(u)

Z(u)
Sda2(u)du− Vδb2

∫ ∞

−∞

Sdb2(u)

Z(u)
Sda2(u)du

−Vt
3

∫ ∞

−∞

Stc(u)

Z(u)
Sda2(u)du− Vδc1

∫ ∞

−∞

Sdc1(u)

Z(u)
Sda2(u)du

−Vδc2
∫ ∞

−∞

Sdc2(u)

Z(u)
Sda2(u)du (4.37)

Similarly for Icdb1(ω)|ω=0 we have

0 =
2Vt
3

∫ ∞

−∞

Stb(u)

Z(u)
Sdb1(u)du+ 2Vδb1

∫ ∞

−∞

Sdb1(u)

Z(u)
Sdb1(u)du

+2Vδb2

∫ ∞

−∞

Sdb2(u)

Z(u)
Sdb1(u)du−

Vt
3

∫ ∞

−∞

Sta(u)

Z(u)
Sdb1(u)du

−Vδa1
∫ ∞

−∞

Sda1(u)

Z(u)
Sdb1(u)du− Vδa2

∫ ∞

−∞

Sda2(u)

Z(u)
Sdb1(u)du
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−Vt
3

∫ ∞

−∞

Stc(u)

Z(u)
Sdb1(u)du− Vδc1

∫ ∞

−∞

Sdc1(u)

Z(u)
Sdb1(u)du

−Vδc2
∫ ∞

−∞

Sdc2(u)

Z(u)
Sdb1(u)du (4.38)

Similarly for Icdb2(ω)|ω=0 we have

0 =
2Vt
3

∫ ∞

−∞

Stb(u)

Z(u)
Sdb2(u)du+ 2Vδb1

∫ ∞

−∞

Sdb1(u)

Z(u)
Sdb2(u)du

+2Vδb2

∫ ∞

−∞

Sdb2(u)

Z(u)
Sdb2(u)du−

Vt
3

∫ ∞

−∞

Sta(u)

Z(u)
Sdb2(u)du

−Vδa1
∫ ∞

−∞

Sda1(u)

Z(u)
Sdb2(u)du− Vδa2

∫ ∞

−∞

Sda2(u)

Z(u)
Sdb2(u)du

−Vt
3

∫ ∞

−∞

Stc(u)

Z(u)
Sdb2(u)du− Vδc1

∫ ∞

−∞

Sdc1(u)

Z(u)
Sdb2(u)du

−Vδc2
∫ ∞

−∞

Sdc2(u)

Z(u)
Sdb2(u)du (4.39)

Similarly for Icdc1(ω)|ω=0 we have

0 =
2Vt
3

∫ ∞

−∞

Stc(u)

Z(u)
Sdc1(u)du+ 2Vδc1

∫ ∞

−∞

Sdc1(u)

Z(u)
Sdc1(u)du

+2Vδc2

∫ ∞

−∞

Sdc2(u)

Z(u)
Sdc1(u)du−

Vt
3

∫ ∞

−∞

Sta(u)

Z(u)
Sdc1(u)du

−Vδa1
∫ ∞

−∞

Sda1(u)

Z(u)
Sdc1(u)du− Vδa2

∫ ∞

−∞

Sda2(u)

Z(u)
Sdc1(u)du

−Vt
3

∫ ∞

−∞

Stb(u)

Z(u)
Sdc1(u)du− Vδb1

∫ ∞

−∞

Sdb1(u)

Z(u)
Sdc1(u)du

−Vδb2
∫ ∞

−∞

Sdb2(u)

Z(u)
Sdc1(u)du (4.40)

Similarly for Icdc2(ω)|ω=0 we have

0 =
2Vt
3

∫ ∞

−∞

Stc(u)

Z(u)
Sdc2(u)du+ 2Vδc1

∫ ∞

−∞

Sdc1(u)

Z(u)
Sdc2(u)du

+2Vδc2

∫ ∞

−∞

Sdc2(u)

Z(u)
Sdc2(u)du−

Vt
3

∫ ∞

−∞

Sta(u)

Z(u)
Sdc2(u)du
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−Vδa1
∫ ∞

−∞

Sda1(u)

Z(u)
Sdc2(u)du− Vδa2

∫ ∞

−∞

Sda2(u)

Z(u)
Sdc2(u)du

−Vt
3

∫ ∞

−∞

Stb(u)

Z(u)
Sdc2(u)du− Vδb1

∫ ∞

−∞

Sdb1(u)

Z(u)
Sdc2(u)du

−Vδb2
∫ ∞

−∞

Sdb2(u)

Z(u)
Sdc2(u)du (4.41)

From chapter 3 the phase-b switching functions are the same as those for phase-a but

delayed by T
3

and that the phase-c switching functions are the same as those for phase-a

but delayed by 2T
3

where T is the period of the switching function.

For T = 2π
ω0

and since the above functions are periodic and the analysis is in steady state

(which implies u = lω0)) and also since for a single phase the three cells are out of phase

by 2π
3

radians, that is

sda2 = sda1e
jl 2π

3

we then represent equations 4.36, 4.37, 4.38, 4.39, 4.40 and 4.41 by the matrix equation

given by 4.42





























































2
∫∞
−∞

|Sda1(lω0)|2
Z(lω0)

dω0

2
∫∞
−∞

|Sda1(lω0)|2
Z(lω0)

e−jl
2π
3 dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

e−jl
2π
3 dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

ejl
2π
3 dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

ejl
2π
3 dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

dω0





























































vδa1 +





























































2
∫∞
−∞

|Sda1(lω0)|2
Z(lω0)

ejl
2π
3 dω0

2
∫∞
−∞

|Sda1(lω0)|2
Z(lω0)

dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

dω0

− ∫∞−∞
|Sda1(lω0)|2

Z(u)
e−jl

2π
3 dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

e−jl
2π
3 dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

ejl
2π
3 dω0





























































vδa2
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+





























































− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

ejl
2π
3 dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

dω0

2
∫∞
−∞

|Sda1(lω0)|2
Z(lω0)

dω0

2
∫∞
−∞

|Sda1(lω0)|2
Z(lω0)

e−jl
2π
3 dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

e−jl
2π
3 dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

ejl
2π
3 dω0





























































vδb1 +





























































− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

e−jl
2π
3 dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

ejl
2π
3 dω0

2
∫∞
−∞

|Sda1(lω0)|2
Z(lω0)

ejl
2π
3 dω0

2
∫∞
−∞

|Sda1(lω0)|2
Z(lω0)

dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

e−jl
2π
3 dω0





























































vδb2

+





























































− ∫∞−∞
|Sda1|2
Z(lω0)

e−jl
2π
3 dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

ejl
2π
3 dω0

− ∫∞−∞
|Sda1|2
Z(ω0)

ejl
2π
3 dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

dω0

2
∫∞
−∞

|Sda1(lω0)|2
Z(lω0)

dω0

2
∫∞
−∞

|Sda1(lω0)|2
Z(lω0)

e−jl
2π
3 dω0





























































vδc1 +





























































− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

e−jl
2π
3 dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

e−jl
2π
3 dω0

− ∫∞−∞
|Sda1(lω0)|2
Z(lω0)

ejl
2π
3 dω0

2
∫∞
−∞

|Sda1(lω0)|2
Z(lω0)

ejl
2π
3 dω0

2
∫∞
−∞

|Sda1(lω0)|2
Z(lω0)

dω0





























































vδc2

=













































































































































































−2
∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(lω0)dω0

−2
∫∞
−∞

Sta
Z(lω0)

Sda1(lω0)e
−jl 2π

3 dω0

−2
∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(lω0)dω0

−2
∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(lω0)e
−jl 2π

3 dω0

−2
∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(lω0)dω0

−2
∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(lω0)e
−jl 2π

3 dω0



























































+



























































∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(lω0)e
jl 2π

3 dω0

∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(lω0)dω0

∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(lω0)e
−jl 2π

3 dω0

∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(lω0)e
jl 2π

3 dω0

∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(lω0)e
jl 2π

3 dω0

∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(u)dω0
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+



























































∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(lω0)e
−jl 2π

3 dω0

∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(lω0)e
jl 2π

3 dω0

∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(lω0)e
jl 2π

3 dω0

∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(lω0)dω0

∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(lω0)e
−jl 2π

3 dω0

∫∞
−∞

Sta(lω0)
Z(lω0)

Sda1(lω0)e
jl 2π

3 dω0













































































































































































Vt
3

(4.42)

Since the functions in the matrix equation 4.42 are periodic we write them it terms of

exponential fourier series as shown in matrix equation 4.43.































































2
∑∞
l=−∞

|Da1l|2
Z(lω0)

2
∑∞
l=−∞

Da1lDa2l
Z(lω0)

−∑∞
l=−∞

|Da1l|2ejl
2π
3

Z(lω0)

−∑∞
l=−∞

Da1lDa2le
jl 2π3

Z(lω0)

−∑∞
l=−∞

|Da1l|2e−jl
2π
3

Z(lω0)

−∑∞
l=−∞

Da1lDa2le
−jl 2π

3

Z(lω0)































































Vδa1 +































































2
∑∞
l=−∞

Da2lDa1l
Z(lω0)

2
∑∞
l=−∞

|Da2l|2
Z(lω0)

−∑∞
l=−∞

Da2lDa1le
jl 2π3

Z(lω0)

−∑∞
l=−∞

|Da2l|2ejl
2π
3

Z(lω0)

−∑∞
l=−∞

Da2lDa1le
−jl 2π

3

Z(lω0)

−∑∞
l=−∞

|Da2l|2e−jl
2π
3

Z(lω0)































































Vδa2
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+































































−∑∞
l=−∞

|Da1l|2e−jl
2π
3

Z(lω0)

−∑∞
l=−∞

Da1lDa2le
−jl 2π

3

Z(lω0)

2
∑∞
l=−∞

|Da1l|2
Z(lω0)

2
∑∞
l=−∞

Da1lDa2l
Z(lω0)

−∑∞
l=−∞

|Da1l|2ejl
2π
3

Z(lω0)

−∑∞
l=−∞

Da1lDa2le
jl 2π

3

Z(lω0)































































Vδb1 +































































−∑∞
l=−∞

Da2lDa1le
−jl 2π3

Z(lω0)

−∑∞
l=−∞

|Da2l|2e−jl
2π
3

Z(lω0)

2
∑∞
l=−∞

Da2lDa1l
Z(lω0)

2
∑∞
l=−∞

|Da2l|2
Z(lω0)

−∑∞
l=−∞

Da2lDa1le
jl 2π

3

Z(lω0)

−∑∞
l=−∞

|Da2l|2ejl
2π
3

Z(lω0)































































Vδb2

+































































−∑∞
l=−∞

|Da1l|2ejl
2π
3

Z(lω0)

−∑∞
l=−∞

Da1lDa2le
jl 2π3

Z(lω0)

−∑∞
l=−∞

|Da1l|2e−jl
2π
3

Z(lω0)

−∑∞
l=−∞

Da1lDa2le
−jl 2π

3

Z(lω0)

2
∑∞
l=−∞

|Da1l|2
Z(lω0)

2
∑∞
l=−∞

Da1lDa2l
Z(lω0)































































Vδc1 +































































−∑∞
l=−∞

Da2lDa1le
jl 2π3

Z(lω0)

−∑∞
l=−∞

|Da2l|2ejl
2π
3

Z(lω0)

−∑∞
l=−∞

Da2lDa1le
−jl 2π

3

Z(lω0)

−∑∞
l=−∞

|Da2l|2e−jl
2π
3

Z(lω0)

2
∑∞
l=−∞

Da2lDa1l
Z(lω0)

2
∑∞
l=−∞

|Da2l|2
Z(lω0)































































Vδc2

=

























































































































































































−2
∑∞
l=−∞

BalDa1l
Z(lω0)

−2
∑∞
l=−∞

BalDa2l
Z(lω0)

−2
∑∞
l=−∞

BalDa1l
Z(lω0)

−2
∑∞
l=−∞

BalDa2l
Z(lω0)

−2
∑∞
l=−∞

BalDa1l
Z(lω0)

−2
∑∞
l=−∞

BalDa2l
Z((lω0)



























































+

































































∑∞
l=−∞

BalDa1le
−jl 2π

3

Z(lω0)

∑∞
l=−∞

BalDa2le
−jl 2π3

Z(lω0)

∑∞
l=−∞

BalDa1le
jl 2π

3

Z(lω0)

∑∞
l=−∞

BalDa2le
jl 2π

3

Z(lω0)

∑∞
l=−∞

BalDa1le
−jl 2π

3

Z(lω0)

∑∞
l=−∞

BalDa2le
−jl 2π3

Z(lω0)
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+

































































∑∞
l=−∞

BalDa1le
jl 2π3

Z(lω0)

∑∞
l=−∞

BalDa2le
jl 2π

3

Z(lω0)

∑∞
l=−∞

BalDa1le
−jl 2π

3

Z(lω0)

∑∞
l=−∞

BalDa2le
−jl 2π3

Z(lω0)

∑∞
l=−∞

BalDa1le
jl 2π3

Z(lω0)

∑∞
l=−∞

BalDa2le
jl 2π

3

Z(lω0)































































































































































































Vt
3

(4.43)

For the case where interleaved switching is used, we will have the cells being phase shifted

by 2lπ
3

for each phase. Hence the matrix equation 4.43 yield:

































































2
∑∞
l=−∞

|Da1l|2
Z(lω0)

2
∑∞
l=−∞

|Da1l|2e−jl
2π
3

Z(lω0)

−∑∞
l=−∞

|Da1l|2ejl
2π
3

Z(lω0)

−∑∞
l=−∞

|Da1l|2
Z(lω0)

−∑∞
l=−∞

|Da1l|2e−jl
2π
3

Z(lω0)

−∑∞
l=−∞

|Da1l|2ejl
2π
3

Z(lω0)

































































Vδa1 +

































































2
∑∞
l=−∞

|Da1l|2ejl
2π
3

Z(lω0)

2
∑∞
l=−∞

|Da1l|2
Z(lω0)

−∑∞
l=−∞

|Da1l|2e−jl
2π
3

Z(lω0)

−∑∞
l=−∞

|Da1l|2ejl
2π
3

Z(lω0)

−∑∞
l=−∞

|Da1l|2
Z(lω0)

−∑∞
l=−∞

|Da1l|2e−jl
2π
3

Z(lω0)

































































Vδa2
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+

































































−∑∞
l=−∞

|Da1l|2e−jl
2π
3

Z(lω0)

−∑∞
l=−∞

|Da1l|2ejl
2π
3

Z(lω0)

2
∑∞
l=−∞

|Da1l|2
Z(lω0)

2
∑∞
l=−∞

|Da1l|2e−jl
2π
3

Z(lω0)

−∑∞
l=−∞

|Da1l|2ejl
2π
3

Z(lω0)

−∑∞
l=−∞

|Da1l|2
Z(lω0)

































































Vδb1 +

































































−∑∞
l=−∞

|Da1l|2
Z(lω0)

−∑∞
l=−∞

|Da1l|2e−jl
2π
3

Z(lω0)

2
∑∞
l=−∞

|Da1l|2ejl
2π
3

Z(lω0)

2
∑∞
l=−∞

|Da1l|2
Z(lω0)

−∑∞
l=−∞

|Da1l|2e−jl
2π
3

Z(lω0)

−∑∞
l=−∞

|Da1l|2ejl
2π
3

Z(lω0)

































































Vδb2

+

































































−∑∞
l=−∞

|Da1l|2ejl
2π
3

Z(lω0)

−∑∞
l=−∞

|Da1l|2
Z(lω0)

−∑∞
l=−∞

|Da1l|2e−jl
2π
3

Z(lω0)

−∑∞
l=−∞

|Da1l|2ejl
2π
3

Z(lω0)

2
∑∞
l=−∞

|Da1l|2
Z(lω0)

2
∑∞
l=−∞

|Da1l|2e−jl
2π
3

Z(lω0)
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−∑∞
l=−∞

|Da1l|2e−jl
2π
3

Z(lω0)

−∑∞
l=−∞

|Da1l|2ejl
2π
3

Z(lω0)

−∑∞
l=−∞

|Da1l|2
Z(lω0)

−∑∞
l=−∞

|Da1l|2e−jl
2π
3

Z(lω0)

2
∑∞
l=−∞

|Da1l|2ejl
2π
3

Z(lω0)

2
∑∞
l=−∞

|Da1l|2
Z(lω0)
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−2
∑∞
l=−∞

BalDa1l
Z(lω0)

−2
∑∞
l=−∞

BalDa1le
−jl 2π

3

Z(lω0)

−2
∑∞
l=−∞

BalDa1l
Z(lω0)

−2
∑∞
l=−∞

BalDa1le
−jl 2π

3

Z(lω0)

−2
∑∞
l=−∞

BalDa1l
Z(lω0)

−2
∑∞
l=−∞

BalDa1le
−jl 2π

3

Z((lω0)
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∑∞
l=−∞

BalDa1le
−jl 2π

3

Z(lω0)

∑∞
l=−∞

BalDa1le
jl 2π

3

Z(lω0)

∑∞
l=−∞

BalDa1le
jl 2π3

Z(lω0)

∑∞
l=−∞

BalDa1l
Z(lω0)

∑∞
l=−∞

BalDa1le
−jl 2π3

Z(lω0)

∑∞
l=−∞

BalDa1le
jl 2π

3

Z(lω0)
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+































































∑∞
l=−∞

BalDa1le
jl 2π3

Z(lω0)

∑∞
l=−∞

BalDa1l
Z(lω0)

∑∞
l=−∞

BalDa1le
−jl 2π3

Z(lω0)

∑∞
l=−∞

BalDa1le
jl 2π

3

Z(lω0)

∑∞
l=−∞

BalDa1le
jl 2π

3

Z(lω0)

∑∞
l=−∞

BalDa1l
Z(lω0)

























































































































































































Vt
3

(4.44)

To simplify the analyses of matrix equation 4.44 we write ejl
2π
3 and e−jl

2π
3 in terms of

three classes. This classes are shown in Table 4.1 of section 4.2. By substituting λ1, λ2,

λ3, φ2 and φ3 into matrix equation 4.44 we obtain:

Vδ = −1

3
{Λ}−1 ΦVt (4.45)

where

Vδ =



























































Vδa1

Vδa2

Vδb1

Vδb2

Vδc1

Vδc2



























































(4.46)

and
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Λ =



























































2λ1 2λ1 −λ1 −λ1 −λ1 −λ1

2λ1 2λ1 −λ1 −λ1 −λ1 −λ1

−λ1 −λ1 2λ1 2λ1 −λ1 −λ1

−λ1 −λ1 2λ1 2λ1 −λ1 −λ1

−λ1 −λ1 −λ1 −λ1 2λ1 2λ1

−λ1 −λ1 −λ1 −λ1 2λ1 2λ1



























































+



























































2λ2 2λ2e
j 2π

3 −λ2e
−j 2π

3 −λ2 −λ2e
j 2π

3 −λ2e
−j 2π

3

2λ2e
−j 2π

3 2λ2 −λ2e
j 2π

3 −λ2e
−j 2π

3 −λ2 −λ2e
j 2π

3

−λ2e
j 2π

3 −λ2e
−j 2π

3 2λ2 2λ2e
j 2π

3 −λ2e
−j 2π

3 −λ2

−λ2 −λ2e
j 2π

3 2λ2e
−j 2π

3 2λ2 −λ2e
j 2π

3 −λ2e
−j 2π

3

−λ2e
−j 2π

3 −λ2 −λ2e
j 2π

3 −λ2e
−j 2π

3 2λ2 2λ2e
j 2π

3

−λ2e
j 2π

3 −λ2e
−j 2π

3 −λ2 −λ2e
j 2π

3 2λ2e
−j 2π

3 2λ2



























































+



























































2λ3 2λ3e
−j 2π

3 −λ3e
j 2π

3 −λ3 −λ3e
−j 2π

3 −λ3e
j 2π

3

2λ3e
j 2π

3 2λ3 −λ3e
−j 2π

3 −λ3e
j 2π

3 −λ3 −λ3e
−j 2π

3

−λ3e
−j 2π

3 −λ3e
j 2π

3 2λ3 2λ3e
−j 2π

3 −λ3e
j 2π

3 −λ3

−λ3 −λ3e
−j 2π

3 2λ3e
j 2π

3 2λ3 −λ3e
−j 2π

3 −λ3e
j 2π

3

−λ3e
j 2π

3 −λ3 −λ3e
−j 2π

3 −λ3e
j 2π

3 2λ3 2λ3e
−j 2π

3

−λ3e
−j 2π

3 −λ3e
j 2π

3 −λ3 −λ3e
−j 2π

3 2λ3e
j 2π

3 2λ3



























































(4.47)

and
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Φ =



























































φ2 + φ3

φ2e
−j 2π

3 + φ3e
j 2π

3

φ2 + φ3

φ2e
−j 2π

3 + φ3e
j 2π

3

φ2 + φ3

φ2e
−j 2π

3 + φ3e
j 2π

3



























































(4.48)

We rewrite equation 4.45 as follows:

Vδ

Vt
= −1

3
{Λ}−1 Φ (4.49)

The determinant of Λ is given by:

det(Λ) = 19683λ2
1λ

2
2λ

2
3 (4.50)

which implies that the inverse of Λ exists provided λ1, λ2 and λ3 are nonzero.

By direct computation we found that the inverse of equation 4.47 is given by:

Λ−1 =



























































Λ11 Λ12 Λ13 Λ14 Λ15 Λ16

Λ21 Λ22 Λ23 Λ24 Λ25 Λ26

Λ31 Λ32 Λ33 Λ34 Λ35 Λ36

Λ41 Λ42 Λ43 Λ44 Λ45 Λ46

Λ51 Λ52 Λ53 Λ54 Λ55 Λ56

Λ61 Λ62 Λ63 Λ64 Λ65 Λ66



























































1

27λ2
1λ

2
2λ

2
3

(4.51)

where

Λ11 = Λ22 = Λ33 = Λ44 = Λ55 = Λ66 = 2λ2λ3 + 2λ1λ2 + 2λ1λ3 (4.52)

Λ12 = Λ34 = Λ56 = λ2λ3 + λ1λ2e
−j 2π

3 + λ1λ3e
j 2π

3 (4.53)
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Λ13 = Λ24 = Λ35 = Λ46 = Λ51 = Λ62 = −λ2λ3 − λ1λ2e
j 2π

3 − λ1λ3e
−j 2π

3 (4.54)

Λ14 = Λ25 = Λ36 = Λ41 = Λ52 = Λ63 = λ2λ3 + λ1λ2 + λ1λ3 (4.55)

Λ15 = Λ26 = Λ31 = Λ42 = Λ53 = Λ64 = −λ2λ3 − λ1λ2e
−j 2π

3 − λ1λ3e
j 2π

3 (4.56)

Λ16 = Λ32 = Λ54 = −2λ2λ3 − 2λ1λ2e
j 2π

3 − 2λ1λ3e
−j 2π

3 (4.57)

Λ21 = Λ43 = Λ65 = λ2λ3 + λ1λ2e
j 2π

3 + λ1λ3e
−j 2π

3 (4.58)

Λ23 = Λ45 = Λ61 = −2λ2λ3 − 2λ1λ2e
−j 2π

3 − 2λ1λ3e
j 2π

3 (4.59)

Now we write the matrix equation that describes the balancing of cell capacitor voltage

as shown in matrix equation 4.60.



























































Vδa1
Vt

Vδa2
Vt

Vδb1
Vt

Vδb2
Vt

Vδc1
Vt

Vδc2
Vt



























































= −















































































(φ2+φ3)(Λ11+Λ13+Λ15)+

(

φ2e
−j 2π

3 +φ3e
j 2π

3

)

(Λ12+Λ14+Λ16)

81λ2
1λ

2
2λ

2
3

(φ2+φ3)(Λ21+Λ23+Λ25)+

(

φ2e
−j 2π

3 +φ3e
j 2π

3

)

(Λ22+Λ24+Λ26)

81λ2
1λ

2
2λ

2
3

(φ2+φ3)(Λ31+Λ33+Λ35)+

(

φ2e
−j 2π

3 +φ3e
j 2π

3

)

(Λ32+Λ34+Λ36)

81λ2
1λ

2
2λ

2
3

(φ2+φ3)(Λ41+Λ43+Λ45)+

(

φ2e
−j 2π

3 +φ3e
j 2π

3

)

(Λ42+Λ44+Λ46)

81λ2
1λ

2
2λ

2
3

(φ2+φ3)(Λ51+Λ53+Λ55)+

(

φ2e
−j 2π

3 +φ3e
j 2π

3

)

(Λ52+Λ54+Λ56)

81λ2
1λ

2
2λ

2
3

(φ2+φ3)(Λ61+Λ63+Λ65)+

(

φ2e
−j 2π

3 +φ3e
j 2π

3

)

(Λ62+Λ64+Λ66)

81λ2
1λ

2
2λ

2
3















































































(4.60)

The denominator of the solution of matrix equation 4.60 is the same as the determinant

of Λ but scaled to a constant. That is, if the determinant is non-zero under the set con-

ditions, then the denominator is also non-zero.

Similarly using the definitions of λ1, λ2, λ3, φ2 and φ3 in equations 4.17 to 4.21 we can

conclude that equation 4.60 shows that the steady state balancing of the cell capacitor

voltage is influenced by the following two factors:

1. The impedance of the output filter and load Z(lω); and.

2. The values of BalDa1l, and |Da1l|2.
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The following examples furnish examples of factors that cause imbalance in the cell

capacitor voltages.

Example 3.4

When the switching frequency is not suffiently high it causes the sidebands of different

multiples of the switching frequency groups to overlap. This will result in an overlap in

the spectra of Bal and Dal. We demonstrate this property for interleaved switching with a

switching frequency of fs = 350Hz, a reference frequency of f0 = 50Hz and a modulation

index ma = 0.8.
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Figure 4.9: (a)Amplitude spectrum of |Bal| and (b)Amplitude spectrum of |Da1l|
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Figure 4.10: (a)Amplitude spectrum of |Aal| and (b)Amplitude spectrum of |Da2l|

The amplitude spectrum of |Bal| and |Da1l| is shown in Figures 4.9 (a) and (b) re-

spectively and those of |Aal| and |Da2l| is shown in Figures 4.10 (a) and (b) respectively.
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Figure 4.11: (a)Amplitude spectrum of |Da1l| |Bal| and (b)Amplitude spectrum of

|Da2l| |Bal|

Figures 4.11 (a) and (b) show the amplitude spectra of |Da1l| |Bal| and |Da2l| |Bal| re-

spectively. From these figures it is clear that |Da1l| |Bal| > 0 and |Da2l| |Bal| > 0. This

property will in turn cause imbalance in the cell capacitor voltage.

Example 3.5

When the reference signal contains high frequency components the sidebands of multiples

of switching frequency groups overlap which results in the overlap of Bal and Dal. We

establish this property for interleaved switching with switching frequency of fs = 6300Hz,

a reference frequency of f0 = 900Hz and modulation index ma = 0.8.
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Figure 4.12: (a)Amplitude spectrum of |Bal| and (b)Amplitude spectrum of |Da1l|
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Figure 4.13: (a)Amplitude spectrum of |Aal| and (b)Amplitude spectrum of |Da2l|
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Figure 4.14: (a)Amplitude spectrum of |Da1l| |Bal| and (b)Amplitude spectrum of

|Da2l| |Bal|

The amplitude spectrum of |Bal| and |Da1l| is shown in Figures 4.12 (a) and (b) re-

spectively and those of |Aal| and |Da2l| is shown in Figures 4.13 (a) and (b) respectively.

Figures 4.14 (a) and (b) show the amplitude spectra of |Da1l| |Bal| and |Da2l| |Bal| respec-

tively. Similarly from these figures it is observed that |Da1l| |Bal| > 0 and |Da2l| |Bal| > 0.

This property will cause an imbalance in the cell capacitor.
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4.4 Summary

The aim of this chapter was to derive the balancing theory for the cell capacitor voltages

of the 2-cell and 3-cell multicell converter under steady state conditions. From the derived

equations we found that factors affecting the natural balancing of 2-cell and 3-cell multicell

converters are:

1. The impedance of the output filter and load Z(lω); and

2. The values of BalDal and |Dal|2 for the 2-cell converter and BalDa1l and |Da1l|2 for

the 3-cell converter.

However it was found that the cell capacitor voltages may not balance if one or both of

the following conditions are satisfied:

1. The switching frequency is not sufficiently higher than the frequency of the reference

signal so that the spectrum of the d coefficients overlaps with the spectrum of the

t coefficients. That is, when |Bal| |Dal| > 0 for the 2-cell three-phase multicell

converter and |Bal| |Da1l| > 0 and |Bal| |Da2l| > 0 for the 3-cell three-phase multicell

converter.

2. The frequency component of the reference signal is high in such a way that the

sidebands of the multiples of the switching frequency group for d coefficients overlap

with the sidebands of the multiples of the switching frequency group for t coefficients.

3. The load impedance is purely inductive, that is if Z(lω) = 0.



Chapter 5

Time Constant Analysis

5.1 Introduction

In this chapter we calculate the time constant associated with the rebalancing of the DC-

bus voltages following a perturbation. This time constant can be seen as a measure of

the strength of the balancing mechanisms.

For calculating this constant we use the theory of linear systems of differential equa-

tions given below, with the aim of expressing the DC capacitor currents as a system of

homogeneous linear differential equations:

The fundamental theorem for linear systems [3] of differential equations states that if A

is an n× n matrix, then for a given x0 ∈ ℜn, the initial value problem

ẋ = Ax

x(0) = x0

has a unique solution given by:

x(t) = eAtx0

If A is an n× n matrix with distinct eigenvalues λ1, ..., λn [4][5], then the solution to the

differential equation

ẋ = Ax

x(0) = x0

is given by:

xi(t) = y1e
tλ1 + ...+ yne

tλn (5.1)

where yi is the corresponding eigenvector for the eigenvalue xi for i = 1, ..., n.

The corresponding time constants [9] will be given by τi = − 1
ℜe{λi} for i = 1, ..., n.

Now for us to calculate these time constants we make the following assumptions:

93
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• The cell capacitors are very large;

• The cell capacitor voltages change much slower than the rest of the system; and

• The DC-bus voltage Vt is zero in order to calculate the homogeneous solutions of

the differential equations characterising the cell capacitor currents.

5.2 2-Cell Multicell Converter

5.2.1 Time Constant

The exponential decay is associated with the DC currents Icda, Icdb and Icdc. Referring

to the equivalent circuit of the 2-cell 3-phase multicell converter given in Figure 3.6, the

change in the capacitor voltage of Cda, Cdb and Cdc is slow; hence the state of the circuit

can be taken as steady. The assumption that Vt = 0, implies that we short-circuit voltage

source Vt
2

in the equivalent circuit to obtain Vt = 0. The resulting circuit is depicted in

Figure 5.1. Thus equation 4.7 is rewritten as follows:

dC

dC

dC

ci

bidbs

das

dcs

avδ

bvδ

cvδ

R

C

n

L
ai

+ −

+ −

+ −

N
L

L

Z

• •

a

b

c

pav+ −

R

C

pbv+ −

R

C

pcv+ −

ai

bi

ci

Figure 5.1: Equivalent circuit of the 2-cell three-phase multicell converter with voltage

source short-circuited

Icda = −1

3

{

2Vδa

∫ ∞

−∞

|Sda(u)|2
Z(u)

du− Vδb

∫ ∞

−∞

Sdb(u)

Z(u)
Sda(u)du

−Vδc
∫ ∞

−∞

Sdc(u)

Z(u)
Sda(u)du

}

(5.2)



Chapter 5 — Time Constant Analysis 95

Since Icda can be written as a first-order differential equation in the form

Icda = Cda
dVδa
dt

we rewrite equation 5.2 as follows:

dVδa
dt

= − 1

3Cda

{

2Vδa

∫ ∞

−∞

|Sda(u)|2
Z(u)

du− Vδb

∫ ∞

−∞

Sdb(u)

Z(u)
Sda(u)du

−Vδc
∫ ∞

−∞

Sdc(u)

Z(u)
Sda(u)du

}

(5.3)

Similarly for Icdb = Cdb
dVδb
dt

we have:

dVδb
dt

= − 1

3Cdb

{

2Vδb

∫ ∞

−∞

|Sdb(u)|2
Z(u)

du− Vδa

∫ ∞

−∞

Sda(u)

Z(u)
Sdb(u)du

−Vδc
∫ ∞

−∞

Sdc(u)

Z(u)
Sdb(u)du

}

(5.4)

and similarly for Icdc = Cdc
dVδc
dt

we have:

dVδc
dt

= − 1

3Cdc

{

2Vδc

∫ ∞

−∞

|Sdc(u)|2
Z(u)

du− Vδa

∫ ∞

−∞

Sda(u)

Z(u)
Sdc(u)du

−Vδb
∫ ∞

−∞

Sdb(u)

Z(u)
Sdc(u)du

}

(5.5)

Since the functions in the equations 5.3, 5.4 and 5.5 are periodic we write it in terms

of exponential fourier series as shown in matrix equation 5.6.
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6Cda
dVδa
dt

6Cdb
dVδb
dt

6Cdc
dVδc
dt
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∑∞
l=−∞

|Dal|2
Z(lω0)

−∑∞
l=−∞

|Dal|2
Z(lω0)

ejl
2π
3

−∑∞
l=−∞
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Z(lω0)

e−jl
2π
3























Vδa +
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|Dal|2
Z(lω0)

e−jl
2π
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l=−∞

|Dal|2
Z(lω0)

−∑∞
l=−∞

|Dal|2
Z(lω0)

ejl
2π
3
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−∑∞
l=−∞

|Dal|2
Z(lω0)

ejl
2π
3

−∑∞
l=−∞

|Dal|2
Z(lω0)

e−jl
2π
3

2
∑∞
l=−∞

|Dal|2
Z(lω0)























Vδc (5.6)

Since Cda = Cdb = Cdc = Cd the above equation simplifies to:

−6Cd























dVδa
dt

dVδb
dt

dVδc
dt
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∑∞
l=−∞

|Dal|2
Z(lω0)

−∑∞
l=−∞

|Dal|2
Z(lω0)

e−jl
2π
3 −∑∞
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|Dal|2
Z(lω0)
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2π
3

−∑∞
l=−∞

|Dal|2
Z(lω0)

ejl
2π
3 2
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l=−∞

|Dal|2
Z(lω0)

−∑∞
l=−∞

|Dal|2
Z(lω0)

e−jl
2π
3

−∑∞
l=−∞

|Dal|2
Z(lω0)

e−jl
2π
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l=−∞
|Dal|2
Z(lω0)

ejl
2π
3 2

∑∞
l=−∞

|Dal|2
Z(lω0)























(5.7)

Now writing e−jl
2π
3 and ejl

2π
3 into three classes as shown in Table 4.1 of section 4.2 and

representing the matrices in terms of λ1, λ2 and λ3 which are defined in equations 4.17,

4.18 and 4.19 we obtain the following matrix:

−6Cd























dVδa
dt

dVδb
dt

dVδc
dt























=























2λ1 + 2λ2 + 2λ3 −λ1 − λ2e
−j 2π

3 − λ3e
j 2π

3 −λ1 − λ2e
j 2π

3 − λ3e
−j 2π

3

−λ1 − λ2e
j 2π

3 − λ3e
−j 2π

3 2λ1 + 2λ2 + 2λ3 −λ1 − λ2e
−j 2π

3 − λ3e
j 2π

3

−λ1 − λ2e
−j 2π

3 − λ3e
j 2π

3 −λ1 − λ2e
j 2π

3 − λ3e
−j 2π

3 2λ1 + 2λ2 + 2λ3













































Vδa

Vδb

Vδc























(5.8)

Which can be written as:

V̇δ = − 1

6Cd
ΛVδ (5.9)

where

V̇δ =























dVδa
dt

dVδb
dt

dVδc
dt























Vδ =























Vδa

Vδb

Vδc
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and

Λ =























2λ1 + 2λ2 + 2λ3 −λ1 − λ2e
−j 2π

3 − λ3e
j 2π

3 −λ1 − λ2e
j 2π

3 − λ3e
−j 2π

3

−λ1 − λ2e
j 2π

3 − λ3e
−j 2π

3 2λ1 + 2λ2 + 2λ3 −λ1 − λ2e
−j 2π

3 − λ3e
j 2π

3

−λ1 − λ2e
−j 2π

3 − λ3e
j 2π

3 −λ1 − λ2e
j 2π

3 − λ3e
−j 2π

3 2λ1 + 2λ2 + 2λ3























The solution of equation 5.9 is given by:

Vδ = Vδ0e
− 1

6Cd
Λt

(5.10)

The eigenvalues of − 1
6Cd

Λ were numerically calculated using the Maple package as follows:

ǫ1 = −λ1 + λ3

2Cd
(5.11)

ǫ2 = −λ1 + λ2

2Cd
(5.12)

ǫ3 = −λ2 + λ3

2Cd
(5.13)

From equation 5.1 the solution of equation 5.9 is yielded:

Vδ = y1e
ǫ1t + y2e

ǫ2t + y3e
ǫ3t (5.14)

where y1, y2 and y3 are corresponding eigenvectors of ǫ1, ǫ2 and ǫ3 respectively.

Using the values λ1, λ2 and λ3 which are defined in equations 4.17, 4.18 and 4.19 the time

constants are given by the following equations:

τ1 =
2Cd

λ1 + λ3

=
Cd

ℜe
{

∑

class 1
|Dal|2
Z(lω0)

}

+ ℜe
{

∑

class 3
|Dal|2
Z(lω0)

} (5.15)

τ2 =
2Cd

λ1 + λ2

=
Cd

ℜe
{

∑

class 1
|Dal|2
Z(lω0)

}

+ ℜe
{

∑

class 2
|Dal|2
Z(lω0)

} (5.16)

τ3 =
2Cd

λ2 + λ3

=
Cd

ℜe
{

∑

class 2
|Dal|2
Z(lω0)

}

+ ℜe
{

∑

class 3
|Dal|2
Z(lω0)

} (5.17)



Chapter 5 — Time Constant Analysis 98

From equations 5.15, 5.16 and 5.17 we observe that factors influencing the value of

the time constants associated with the rebalancing of the capacitor voltages are:

1. The impedance of the output filter and load; and

2. The value of |sda(lω0)|2, that is, the overlap of the spectra sda(lω0) and sda(lω0).

Furthermore, the properties of these time constants as regards the balancing of the cell

capacitor voltage are similar to those found for the single phase 2-cell multicell converter,

that is:

• If λ1 + λ3 = 0, λ1 + λ2 = 0 and λ2 + λ3 = 0 then the time constants τ1 → ∞,

τ2 → ∞ and τ3 → ∞ which implies − Λt
6Cd

→ 0 and the cell capacitor imbalance

Vδ → Vδ0, which implies that the cell capacitor voltage will not balance. This can

only happen if the load impedance is purely imaginary, that is ℜeZ(lω0) = 0 or

when sda(lω0) = 0.

• If λ1 + λ3 = ∞, λ1 + λ2 = ∞ and λ2 + λ3 = ∞ then the time constants τ1 → 0,

τ2 → 0 and τ3 → 0 which implies − Λt
6Cd

→ −∞ and the cell capacitor imbalance

Vδ → 0. This implies that the cell capacitor will balance. Time constant −6Cd
Λ

→ 0

implies an infinite cell capacitor current, which is impossible.

• If 0 < λ1 +λ3 <∞, 0 < λ1 +λ2 <∞ and 0 < λ2 +λ3 <∞ then the time constants

τ1, τ2 and τ3 will be as defined in equations 5.15, 5.16 and 5.17 which implies that

the cell capacitor will exponentially decay according to Vδ = Vδ0e
− 1

6Cd
Λt

.
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5.2.2 Simulations

To ensure the validity of the theory developed, this section compares the theoretical results

obtained using equation 5.10 and the Matlab package with the simulated results of the

practical converter using Ansoft Corporation, Simplorer package and FFT analysis. The

simulation parameters for both 2-cell and 3-cell multicell converter are as follows:

Table 5.1: Simulation parameters

DC − bus voltage Vt 100 V

DC − bus capacitance Cd 40 µF

Switching frequency fs 6 kHz

Modulation frequency f1 50 Hz

Filter inductance L 200 µH

Filter capacitance C 50 µF

Load resistance R 10 Ω

Taking the initial values of Vδa , Vδb and Vδc to be 25 V , −25 V and 0 V respectively we

obtain the natural balancing of the cell capacitor voltages shown in Figures 5.2, 5.3 and

5.4 for the modulation index of 0.6, 0.8 and 1 respectively. The red curve indicates the

exponential decay obtained using theory whilst the blue curve indicates the exponential

decay obtained using simulation.
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Figure 5.2: Exponential decay of Vδa, Vδb and Vδc for modulation index of 0.6 without

balancing circuit. The blue curve is obtained using Simplorer simulation and the red

curve is obtained from theoretical results.
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Figure 5.3: Exponential decay of Vδa, Vδb and Vδc for modulation index of 0.8 without

balancing circuit. The blue curve is obtained using Simplorer simulation and the red

curve is obtained from theoretical results.
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Figure 5.4: Exponential decay of Vδa, Vδb and Vδc for modulation index of 1 without

balancing circuit. The blue curve is obtained using Simplorer simulation and the red

curve is obtained from theoretical results

From equations 5.10, 5.15, 5.16 and 5.17 one of the factors that affect the balancing of

the capacitor voltages is the impedance of the output filter and load. Decreasing the load

impedance is done by connecting the balancing circuit at the frequency where the largest

component of harmonics of Sda occurs, that is, in this case at the switching frequency.

Figure 5.5 illustrates the balancing circuit that acts as a band-pass filter providing a low

impedance at the switching frequency whilst Figure 5.6 shows the balancing circuit con-

nected to the 2-cell multicell converter.
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bRbL

Figure 5.5: Balancing circuit
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Figure 5.6: 2-cell multicell converter with a balancing circuit connected

The impedance Z(s) is given by

Z(s) = Ls+
1

sC
+R

and

Z(jω) = jωL+
1

jωC
+R

= jωL− j

ωC
+R

Hence

|Z(jω)| =

√

(

Lω − 1

ωC

)2

+R2

The minimum magnitude of |Z(jω)| is given by

Zmin = |Z(jω0)|

=

√

(

Lω0 −
1

ω0C

)2

+R2
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Since ω0 = 1√
LC

Zmin =
√
R2

= R

( )ωjZ

minZ

min2Z

1cω 0ω 2cω
β

ω

Figure 5.7: The frequency response plot for the RLC balance booster circuit

Figure 5.7 shows the frequency response plot for the RLC balance booster circuit. At

the cut-off frequencies, the magnitude of the transfer function is
√

2Hmin =
√

2R.

Solving for ωc yields

√
2R =

√

(Lωc −
1

ωcC
)2 +R2

ωc = − R

2L
±
√

(

R

2L

)2

+
1

LC

or

ωc =
R

2L
±
√

(

R

2L

)2

+
1

LC

Taking only the positive values we have

ωc1 = − R

2L
+

√

(

R

2L

)2

+
1

LC

ωc2 =
R

2L
+

√

(

R

2L

)2

+
1

LC
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Bandwith(β), which is the width of the passband, is given by

β = ωc1 − ωc2

=





R

2L
+

√

(

R

2L

)2

+
1

LC



−


− R

2L
+

√

(

R

2L

)2

+
1

LC





=
R

L

Quality factor(Q), which is the ratio of the centre frequency to the bandwidth, is given

by

Q =
ω0

β

=

1√
LC
R
L

=

√

L

R2C

Let Q1, Q2, Q3, Q4 and Q5 be quality factors such that

Q1 > Q2 > Q3 > Q4 > Q5

Then Figure 5.8 shows the effect of the quality factor. This shows that the smaller quality

factor corresponds to the larger bandwidth and conversely.

( )ωjZ

minZ

0ω ω

5Q

4Q

3Q

2Q

1Q

Figure 5.8: Effect of the quality factor

For the parameters of this balancing circuit, we assume that its resistance Rb is 2.2 Ω

and its capacitance Cb is 4.3 µF . Thus we will have

ω0 =
1√
LbCb

2π × (6 kHz) =
1√
LbCb

(5.18)



Chapter 5 — Time Constant Analysis 104

Hence the balancing circuit inductance is given by:

Lb =

(

1

2π × (6 kHz)

)

×
(

1

4.3 µF

)

= 163.632µH (5.19)

The natural balancing of the cell capacitor voltages of the 2-cell multicell converter with a

balancing circuit connected is shown in Figures 5.9, 5.10 and 5.11 for modulation indeces

of 0.6, 0.8 and 1 respectively. The red curve indicates the exponential decay obtained using

theory whilst the blue curve indicates the exponential decay obtained using simulation.

From these figures it can be observed that when the balancing booster is connected the

capacitor voltages balance faster.
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Figure 5.9: Exponential decay of Vδa, Vδb and Vδc for modulation index of 0.6 with

balancing circuit. The blue curve is obtained using Simplorer simulation and the red

curve is obtained from theoretical results
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Figure 5.10: Exponential decay of Vδa, Vδb and Vδc for modulation index of 0.8 with

balancing circuit. The blue curve is obtained using Simplorer simulation and the red

curve is obtained from theoretical results
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Figure 5.11: Exponential decay of Vδa, Vδb and Vδc for modulation index of 1 with

balancing circuit. The blue curve is obtained using Simplorer simulation and the red

curve is obtained from theoretical results

5.3 3-Cell Multicell Converter

5.3.1 Time constant

Exponential decay is associated with the DC currents Icda1, Icda2, Icdb1, Icdb2, Icdc1 and

Icdc2. Referring to the equivalent circuit of the 3-cell 3-phase multicell converter given in

Figure 3.8, the change in the capacitor voltage of Cda1, Cda2, Cdb1, Cdb2, Cdc1 and Cdc2 is

slow; hence the state of the circuit can be taken as steady. Using the assumption that

Vt = 0, implies that we short-circuit voltage source Vt
3

in the equivalent circuit to obtain

Vt = 0. The resulting circuit is depicted in Figure 5.12.
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Figure 5.12: Equivalent circuit of 3-cell three-phase multicell converter with voltage

source short-circuited
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We now use the same reasoning as in subsection 5.2.1.

We thus rewrite equation 4.35 as follows:

dVδa1
dt

= − 1

3Cda1

{

2Vδa1

∫ ∞

−∞

Sda1(u)

Z(u)
Sda1(u)du+ 2Vδa2

∫ ∞

−∞

Sda2(u)

Z(u)
Sda1(u)du

−Vδb1
∫ ∞

−∞

Sdb1(u)

Z(u)
Sda1(u)du− Vδb2

∫ ∞

−∞

Sdb2(u)

Z(u)
Sda1(u)du

−Vδc1
∫ ∞

−∞

Sdc1(u)

Z(u)
Sda1(u)du− Vδc2

∫ ∞

−∞

Sdc2(u)

Z(u)
Sda1(u)du

}

(5.20)

Similarly for Icda2 = Cda2
dVδa2
dt

we have:

dVδa2
dt

= − 1

3Cda2

{

2Vδa1

∫ ∞

−∞

Sda1(u)

Z(u)
Sda2(u)du+ 2Vδa2

∫ ∞

−∞

Sda2(u)

Z(u)
Sda2(u)du

−Vδb1
∫ ∞

−∞

Sdb1(u)

Z(u)
Sda2(u)du− Vδb2

∫ ∞

−∞

Sdb2(u)

Z(u)
Sda2(u)du

−Vδc1
∫ ∞

−∞

Sdc1(u)

Z(u)
Sda2(u)du− Vδc2

∫ ∞

−∞

Sdc2(u)

Z(u)
Sda2(u)du

}

(5.21)

Similarly for Icdb1 = Cdb1
dVδb1
dt

we have:

dVδb1
dt

= − 1

3Cdb1

{

2Vδb1

∫ ∞

−∞

Sdb1(u)

Z(u)
Sdb1(u)du+ 2Vδb2

∫ ∞

−∞

Sdb2(u)

Z(u)
Sdb1(u)du

−Vδa1
∫ ∞

−∞

Sda1(u)

Z(u)
Sdb1(u)du− Vδa2

∫ ∞

−∞

Sda2(u)

Z(u)
Sdb1(u)du

−Vδc1
∫ ∞

−∞

Sdc1(u)

Z(u)
Sdb1(u)du− Vδc2

∫ ∞

−∞

Sdc2(u)

Z(u)
Sdb1(u)du

}

(5.22)

Similarly for Icdb2 = Cdb2
dVδb2
dt

we have:

dVδb2
dt

= − 1

3Cdb2

{

2Vδb1

∫ ∞

−∞

Sdb1(u)

Z(u)
Sdb2(u)du+ 2Vδb2

∫ ∞

−∞

Sdb2(u)

Z(u)
Sdb2(u)du

−Vδa1
∫ ∞

−∞

Sda1(u)

Z(u)
Sdb2(u)du− Vδa2

∫ ∞

−∞

Sda2(u)

Z(u)
Sdb2(u)du

−Vδc1
∫ ∞

−∞

Sdc1(u)

Z(u)
Sdb2(u)du− Vδc2

∫ ∞

−∞

Sdc2(u)

Z(u)
Sdb2(u)du

}

(5.23)

Similarly for Icdc1 = Cdc1
dVδc1
dt

we have:

dVδc1
dt

= − 1

3Cdc1

{

2Vδc1

∫ ∞

−∞

Sdc1(u)

Z(u)
Sdc1(u)du+ 2Vδc2

∫ ∞

−∞

Sdc2(u)

Z(u)
Sdc1(u)du
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−Vδa1
∫ ∞

−∞

Sda1(u)

Z(u)
Sdc1(u)du− Vδa2

∫ ∞

−∞

Sda2(u)

Z(u)
Sdc1(u)du

−Vδb1
∫ ∞

−∞

Sdb1(u)

Z(u)
Sdc1(u)du− Vδb2

∫ ∞

−∞

Sdb2(u)

Z(u)
Sdc1(u)du

}

(5.24)

Similarly for Icdc2 = Cdc2
dVδc2
dt

we have:

dVδc2
dt

= − 1

3Cdc2

{

2Vδc1

∫ ∞

−∞

Sdc1(u)

Z(u)
Sdc2(u)du+ 2Vδc2

∫ ∞

−∞

Sdc2(u)

Z(u)
Sdc2(u)du

−Vδa1
∫ ∞

−∞

Sda1(u)

Z(u)
Sdc2(u)du− Vδa2

∫ ∞

−∞

Sda2(u)

Z(u)
Sdc2(u)du

−Vδb1
∫ ∞

−∞

Sdb1(u)

Z(u)
Sdc2(u)du− Vδb2

∫ ∞

−∞

Sdb2(u)

Z(u)
Sdc2(u)du

}

(5.25)

Since the functions in the equations 5.20, 5.21, 5.22, 5.23, 5.24 and 5.25 are periodic

we write it in terms of exponential fourier series as shown in matrix equation 5.26.
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|Da1l|2
Z(lω0)

2
∑∞
l=−∞
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Vδc2

(5.26)

Now substituting λ1 and λ2, λ3 into matrix equation 5.26 we obtain matrix equation

5.27:
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dt

6Cda2
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−j 2π
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(5.27)

which can be written as equation 5.28 since Cda1 = Cda2 = Cdb1 = Cdb2 = Cdc1 = Cdc2 =

Cd:

V̇δ = − 1

6Cd
ΛVδ (5.28)

where

V̇δ =



























































dVδa1
dt

dVδa2
dt

dVδb1
dt

dVδb2
dt

dVδc1
dt

dVδc2
dt
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(5.29)

The solution of equation 5.28 is given by:

Vδ = Vδ0e
− 1

6Cd
Λt

(5.30)

The eigenvalues of − 1
6Cd

Λ are given by ǫ1 = −λ1+λ3+
√
λ2
1−λ1λ2+λ2

3

2Cd
, ǫ2 = −λ1+λ3−

√
λ2
1−λ1λ2+λ2

3

2Cd
,

ǫ3 = −λ2+λ3+
√
λ2
2−λ2λ3+λ2

3

2Cd
, ǫ4 = −λ2+λ3−

√
λ2
2−λ2λ3+λ2

3

2Cd
, ǫ5 = −λ2+λ1+

√
λ2
2−λ1λ2+λ2

1

2Cd

and ǫ6 = −λ2+λ1−
√
λ2
2−λ1λ2+λ2

1

2Cd

From equation 5.1 the solution of equation 5.28 is yielded by:

Vδ = y1e
ǫ1t + y2e

ǫ2t + y3e
ǫ3t + y4e

ǫ4t + y5e
ǫ5t + y6e

ǫ6t

where y1, y2 and y3 are corresponding eigenvectors of ǫ1, ǫ2 and ǫ3 respectively.

The time constants are given by:

τ1 =
2Cd

λ1 + λ3 +
√

λ2
1 − λ1λ2 + λ2

3

τ2 =
2Cd

λ1 + λ3 −
√

λ2
1 − λ1λ2 + λ2

3

τ3 =
2Cd

λ2 + λ3 +
√

λ2
2 − λ2λ3 + λ2

3

τ4 =
2Cd

λ2 + λ3 −
√

λ2
2 − λ2λ3 + λ2

3

τ5 =
2Cd

λ2 + λ1 +
√

λ2
2 − λ1λ2 + λ2

1
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τ6 =
2Cd

λ2 + λ1 −
√

λ2
2 − λ1λ2 + λ2

1

(5.31)

From the equations given in 5.31 we observe that the factors influencing the value of the

time constants associated with the rebalancing of the cell capacitor voltages are:

1. The impedance of the output filter and load; and

2. The value of |Sda(lω0)|2, that is, the overlap of the spectra Sda(lω0) and Sda(lω0).

To ensure the validity of the theory developed, we compare theoretical results obtained

using equation 5.30 and the Matlab package with simulated results of the practical con-

verter using Ansoft Corporation, Simplorer package and FFT analysis. We take the initial

values of Vδa1 , Vδa2, Vδb1, Vδb2, Vδc1 and Vδc2 to be 25 V , 0 V , 0 V , 0 V , 0 V and 0 V

respectively.

Simulated
Theoretical
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1a
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V
δ

Figure 5.13: Vδa1 for modulation index of 1 without balancing circuit. The blue

line=Simplorer simulation and the red line= theoretical simulation
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Figures 5.13, 5.14, 5.15 and 5.16 depict the natural balancing of the cell capacitor

voltages for modulation index of 1, 0.8, 0.6 and 0.4 respectively when the balancing

circuit is not connected. The red curve indicates the exponential decay obtained using

theory whilst the blue curve indicates the exponential decay obtained using simulation.
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Figure 5.14: Vδa1 for modulation index of 0.8 without balancing circuit. The blue

line=Simplorer simulation and the red line= theoretical simulation
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Figure 5.15: Vδa1 for modulation index of 0.6 without balancing circuit. The blue

line=Simplorer simulation and the red line= theoretical simulation
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Figure 5.16: Vδa1 for modulation index of 0.4 without balancing circuit. The blue

line=Simplorer simulation and the red line= theoretical simulation

Similar to the 2-cell case, we connect a balancing circuit to enhance the capacitor

voltage balance. Figures 5.17, 5.18, 5.19 and 5.20 show the natural balancing of the cell

capacitor voltages for modulation index of 1, 0.8 and 0.6 respectively with the balancing

circuit connected. It is observed from these figures that the balancing circuit causes the

naturall balancing to be achieved faster.
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Figure 5.17: Vδa1 for modulation index of 1 with balancing circuit. The blue

line=Simplorer simulation and the red line= theoretical simulation
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Figure 5.18: Vδa1 for modulation index of 0.8 with balancing circuit. The blue

line=Simplorer simulation and the red line= theoretical simulation
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Figure 5.19: Vδa1 for modulation index of 0.6 with balancing circuit. The blue

line=Simplorer simulation and the red line= theoretical simulation
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Figure 5.20: Vδa1 for modulation index of 0.4 with balancing circuit. The blue

line=Simplorer simulation and the red line= theoretical simulation

5.4 Summary

This chapter calculated the time constants for the 2-cell and the 3-cell multicell converter.

It further demonstrated the rebalancing of the capacitor voltages using the derived theory

and simulations using the Simplorer package. It was observed that for both the 2-cell and

3-cell cases natural balancing was achieved. When the balancing circuit is added the

rebalance of the capacitor voltages occured faster. The theoretical results compared very

well with the simulation results.



Chapter 6

Space Vector Analysis

6.1 Introduction

In this chapter we study the natural balancing of the 2-cell multicell converter under space

vector modulation. In [48] Celanovic et al. studied the space-vector modulation of n-level

three-phase converters using duty-cycle computation and the nearest three vectors. In [36]

McGrath et al. identified how to sequence the three nearest space vectors in the switching

period in order to minimise the total number of switching transitions and optimise the

harmonic profile of the output voltage. In this chapter we compute the switch combination

sequences of the 2-cell multicell converter which have more redundant vector states than

other 3-level converters. For convenience the computations of the duty cycles of other

five sectors and the switching combinations are carried out in Appendixes D and E.

Furthermore we plot the waveforms of the reference vector when in different regions of

the six sectors. We then prove, using simulations, that 2-cell multicell converters naturally

balance under space-vector modulation.

6.2 Switching Vectors

In this section we furnish the switching vectors of the three-level voltage source converter.

There are 27 different voltage levels for these converters. These switching states are then

arranged into 19 different switching vectors as shown in Figure 6.1 due to similarities

of coordinates in the α-β parameter. X0 is the zero vector, while (X1 − X6) are small

vectors, (X7 −X12) are medium vectors and (X13 −X18) are large vectors.

These vectors in Figure 6.1 represent converter output line voltages in a two-dimensional

(Vab, Vbc and Vca) plane and are produced by switching different states of the converter

as shown in Tables 6.1, 6.4, 6.5, 6.2 and 6.3. The said represent the 19 switching vectors

grouped into zero vectors, small vectors, medium vectors and large vectors respectively.

These groups are composed of switching vectors for sa, sb, sc where sa, sb and sc represent

118
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0X 1X

2X3X

4X

5X
6X

7X

8X

9X

10X

11X

12X

13X

14X15X

16X

17X
18X

abV

bcV

caV

Figure 6.1: Switching vectors of a three-level Multicell converter

switching states of phases A, B and C as shown in subsection 3.3.1 for the general case of a

3-level converter. Now the switching states are further simplified for a multicell converter

to include switching states for each cell represented by [sa1, sa2], [sb1, sb2], [sc1, sc2] where

[sa1, sa2] represent switching states for the first and second cells of phase A, [sb1, sb2] repre-

sent switching states for first and second cells of phase B and [sc1, sc2] represent switching

states for first and second cells of phase C. For a 2-cell multicell converter with four dif-

ferent switching states for each phase we will have 64 possible switching states. Thus we

will have many redundant switching states producing the same vector as shown in Tables

6.1, 6.4, 6.5, 6.2 and 6.3. θ indicates the angle position of the vector.

Switching vectors for sα and sβ are given by:





sα

sβ



 = A











sa

sb

sc











(6.1)

where

A =

√

2

3





1 −1
2

−1
2

0
√

3
2

−
√

3
2



 (6.2)
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Table 6.1: Zero switching vectors

V ectors [sa1, sa2], [sb1, sb2], [sc1, sc2] sasbsc sα sβ θ

X0 [1, 1], [1, 1], [1, 1] 111 0 0 0

[1,−1], [1,−1], [1,−1]

[−1, 1], [1,−1], [1,−1]

[1,−1], [−1, 1], [−1, 1]

[−1, 1], [−1, 1], [−1, 1]

[1,−1], [−1, 1], [1,−1]

[−1, 1], [−1, 1], [1,−1]

[1,−1], [1,−1], [−1, 1]

[−1, 1], [1,−1], [−1, 1] 000 0 0 0

[−1,−1], [−1,−1], [−1,−1] -1-1-1 0 0 0

Table 6.2: Medium switching vectors

V ectors [sa1, sa2], [sb1, sb2], [sc1, sc2] sasbsc sα sβ θ

X7 [1, 1], [1,−1], [−1,−1]

[1, 1], [−1, 1], [−1,−1] 10-1
√

3
2

1√
2

π
6

X8 [1,−1], [1, 1], [−1,−1]

[−1, 1], [1, 1], [−1,−1] 01-1 0
√

2 π
2

X9 [−1,−1], [1, 1], [1,−1]

[−1,−1], [1, 1], [−1, 1] -110 −
√

3
2

1√
2

5π
6

X10 [−1,−1], [1,−1], [1, 1]

[−1,−1], [−1, 1], [1, 1] -101 −
√

3
2

− 1√
2

−5π
6

X11 [1,−1], [−1,−1], [1, 1]

[−1, 1], [−1,−1], [1, 1] 0-11 0 −
√

2 −π
2

X12 [1, 1], [−1,−1], [1,−1]

[1, 1], [−1,−1], [−1, 1] 1-10
√

3
2

− 1√
2

−π
6
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Table 6.3: Large switching vectors

V ectors [sa1, sa2], [sb1, sb2], [sc1, sc2] sasbsc sα sβ θ

X13 [1, 1], [−1,−1], [−1,−1] 1-1-1 2
√

2
3

0 0

X14 [1, 1], [1, 1], [−1,−1] 11-1
√

2
3

√
2 π

3

X15 [−1,−1], [1, 1], [−1,−1] -11-1 −
√

2
3

√
2 2π

3

X16 [−1,−1], [1, 1], [1, 1] -111 −2
√

2
3

0 π

X17 [−1,−1], [−1,−1], [1, 1] -1-11 −
√

2
3

−
√

2 −2π
3

X18 [1, 1], [−1,−1], [1, 1] 1-11
√

2
3

−
√

2 −π
3

Table 6.4: Small switching vectors

V ectors [sa1, sa2], [sb1, sb2], [sc1, sc2] sasbsc sα sβ θ

X1 [1, 1], [1,−1], [1,−1]

[1, 1], [−1, 1], [−1, 1]

[1, 1], [−1, 1], [1,−1]

[1, 1], [1,−1], [−1, 1] 100
√

2
3

0 0

[1,−1], [−1,−1], [−1,−1]

[−1, 1], [−1,−1], [−1,−1] 0-1-1
√

2
3

0 0

X2 [1, 1], [1, 1], [1,−1]

[1, 1], [1, 1], [−1, 1] 110 1√
6

1√
2

π
3

[1,−1], [1,−1], [−1,−1]

[−1, 1], [1,−1], [−1,−1]

[1,−1], [−1, 1], [−1,−1]

[−1, 1], [−1, 1], [−1,−1] 00-1 1√
6

1√
2

π
3

X3 [1,−1], [1, 1], [1,−1]

[−1, 1], [1, 1], [1,−1]

[1,−1], [1, 1], [−1, 1]

[−1, 1], [1, 1], [−1, 1] 010 − 1√
6

1√
2

2π
3

[−1,−1], [1,−1], [−1,−1]

[−1,−1], [−1, 1], [−1,−1] -10-1 − 1√
6

1√
2

2π
3



Chapter 6 — Space Vector Analysis 122

Table 6.5: Small switching vectors

V ectors [sa1, sa2], [sb1, sb2], [sc1, sc2] sasbsc sα sβ θ

X4 [1,−1], [1, 1], [1, 1]

[−1, 1], [1, 1], [1, 1] 011 −
√

2
3

0 π

[−1,−1], [1,−1], [1,−1]

[−1,−1], [−1, 1], [−1, 1]

[−1,−1], [−1, 1], [1,−1]

[−1,−1], [1,−1], [−1, 1] -100 −
√

2
3

0 π

X5 [1,−1], [1,−1], [1, 1]

[−1, 1], [1,−1], [1, 1]

[1,−1], [−1, 1], [1, 1]

[−1, 1], [−1, 1], [1, 1] 001 − 1√
6

− 1√
2

−2π
3

[−1,−1], [−1,−1], [1,−1]

[−1,−1], [−1,−1], [−1, 1] -1-10 − 1√
6

− 1√
2

−2π
3

X6 [1, 1], [1,−1], [1, 1]

[1, 1], [−1, 1], [1, 1] 101 1√
6

− 1√
2

−π
3

[1,−1], [−1,−1], [1,−1]

[−1, 1], [−1,−1], [1,−1]

[1,−1], [−1,−1], [−1, 1]

[−1, 1], [−1,−1], [−1, 1] 0-10 1√
6

− 1√
2

−π
3

6.3 Duty Cycles

We divide Figure 6.1 into six sectors spaced anticlockwise by π
3

radians from each other.

Each sector consists of four regions. We now study the duty cycles of each region. These

duty cycles are obtained by synthesising the reference vector using the space vector modu-

lation of the three switching state vectors nearest to the reference vector at every sampling

instant. The duty cycles of other sectors have the same magnitude but are shifted in phase.

Duty cycle(DT ) is the ratio of the period, that the particular vector is selected, to the

total period of the signal and is given by:

DT =
∆t

Ts

where Ts is the switching period and ∆t is the period that the particular vector is selected.

Figure 6.2 illustrates the first sector of the switching state vectors of the 2-cell multicell

converter and the four regions within this sector. The reference vector Vr is synthesised
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Figure 6.2: Regions of vector modulation of the 2-cell multicell converter in the first

sector

using the space vector modulation of the three switching state vectors nearest to the

reference vector at every sampling instant. The nearest three switching state vectors are

selected by locating the reference vector in one of the four regions as shown in Figure

6.2. The reference vector is given by the general formula:

Vr = dpXe + dqXf + drXg

where dp, dq and dr are the duty cycles/durations for the switching vectors Xe, Xf and

Xg respectively.

In this section we will only study the duty cycles for sector I, since the duty cycles for

other five sectors are considered in Appendix D. In addition, the detailed switching

combinations are done in Appendix E

6.3.1 Duty cycles for Sector I

In this subsection we study the sequences and combinations of duty cycles of regions A,

B, C and D of sector I. Figure 6.2 shows the first sector of six sectors with its regions.

From Figure 6.2 we observe that region A has one vector with a redundancy of 3 and

two vectors with a redundancy of 2; region B contains one vector with a redundancy of 1

and two vectors with a redundancy of 2; regions C and D have one vector with a

redundancy of 2 and two vectors with a redundancy of 1. The choice of combination is

influenced by the movement of the reference vector from one region to the next. We
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choose the three nearest space vectors and then add the fourth space vector so that

either the first or fourth vector is redundant; then the sequence is reversed [36]. The

duty cycles of the first and fourth vector are split into equal halves for optimal harmonic

performance [36]. However for a 2-cell multicell converter using Tables 6.1, 6.2, 6.3, 6.4

and 6.5 we note that region A has one vector with a redundancy of 10 and two vectors

with a redundancy of 6; region B has one vector with a redundancy of 2 and two vectors

with a redundancy of 6; regions C and D contain one vector with a redundancy of 6, one

vector with a redundancy of 2 and one vector with a redundancy of 1. We show the

switch combinations using all redundancy in the Appendix E section E.1.

Region A:

For θ ≤ π
6

Now we consider the switch combination sequence for the nearest three vectors moving

from region V IA to IA where V IA denotes the region A of the sixth sector and IA denotes

the region A of the first sector. The combination starts with the vector (100) which is the

redundant vector of the first vector in region V IA2. Looking at the combination it can

be noted that we change the switching state of one phase at a time. The combination is

given by:

d1(100) to d0(000) to d2(00− 1) to d1(0− 1− 1) to d1(0− 1− 1) to d2(00− 1) to d0(000)

to d1(100)

The PWM of this duty cycle is shown in Figure 6.3.

( )1 100d ( )0 000d ( )2 00 1d − ( )1 0 1 1d − − ( )2 00 1d − ( )0 000d ( )1 100d

0

1

0

0

1−

1−

1−

1

1

Phase A

Phase B

Phase C

Figure 6.3: PWM for duty cycles of region IA1

The corresponding reference voltage vector waveform equations for phase A, B and C

are yielded by equations 6.3, 6.4 and 6.5 respectively:

VrefaIA1
=

1

4
d1
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=
1

2
√

2
ma cos

(

ωt+
π

6

)

(6.3)

VrefbIA1
= −1

4
d1

= − 1

2
√

2
ma cos

(

ωt+
π

6

)

(6.4)

VrefcIA1
= −1

2
d2 −

1

4
d1

= −
√

3

2
√

2
ma sin

(

ωt+
π

6

)

(6.5)

For θ ≥ π
6

The switch combination sequence for the nearest three vectors moving from region IA to

IIA starts with vector (110) which only differs from the first vector combination of region

IA1 by the switching states of phase B. The combination is given by:

d2(110) to d1(100) to d0(000) to d2(00− 1) to d2(00− 1) to d0(000) to d1(100) to d2(110)

The PWM of this duty cycle is illustrated in Figure 6.4 and the corresponding reference
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Figure 6.4: PWM for Duty cycles of Region IA2

voltage vector waveform equations for phase A, B and C are given by equations 6.6, 6.7

and 6.8 respectively:

VrefaIA2
=

1

4
d2 +

1

2
d1

=

√
3

2
√

2
ma cosωt (6.6)

VrefbIA2
=

1

4
d2

=
1

2
√

2
ma sinωt (6.7)
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VrefcIA2
= −1

4
d2

= − 1

2
√

2
ma sinωt (6.8)

Region IB:

For θ ≤ π
6

The switch combination sequence for the nearest three vectors moving from region IC to

IB1 starts with vector (100) which is the same as the redundant vector of the first vector

of region IC. The combination yields:

d1(100) to d7(10 − 1) to d2(00 − 1) to d1(0 − 1 − 1) to d1(0 − 1 − 1) to d2(00 − 1) to

d7(10 − 1) to d1(100).

The PWM of this duty cycle is shown in Figure 6.5 and the corresponding reference
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Figure 6.5: PWM for Duty cycles of Region IB1

voltage vector waveform equations for phases A, B and C are yielded by equations 6.9,

6.10 and 6.11 respectively:

VrefaIB1
=

1

4
d1 +

1

2
d7

=

√
3

2
√

2
ma cosωt− 1

4
(6.9)

VrefbIB1
= −1

4
d1

=
1

2
√

2
ma sinωt− 1

4
(6.10)

VrefcIB1
= −1

2
d7 −

1

2
d2 −

1

4
d1

= − 1

2
√

2
ma sinωt− 1

4
(6.11)
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For θ ≥ π
6

The switch combination sequence for the nearest three vectors moving from region IB2

to ID starts with the vector (110) which differs from the first vector of region IB1 by the

switching states of phase B. The combination is given by:

d2(110) to d1(100) to d7(10 − 1) to d2(00 − 1) to d2(00 − 1) to d7(10 − 1) to d1(100) to

d2(110).

The PWM of this duty cycle is depicted in Figure 6.6 and the corresponding reference
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Figure 6.6: PWM for Duty cycles of region IB2

voltage vector waveform equations for phases A, B and C are yielded by equations 6.12,

6.13 and 6.14 respectively.

VrefaIB2
=

1

4
d2 +

1

2
d1 +

1

2
d7

=
1

2
√

2
ma cos

(

ωt+
π

6

)

+
1

4
(6.12)

VrefbIB2
=

1

4
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= − 1

2
√

2
ma cos

(
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π
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(6.13)

VrefcIB2
= −1

2
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1

4
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= −
√

3

2
√

2
ma sin

(

ωt+
π

6

)

+
1

4
(6.14)
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Region IC:

The switch combination sequence for the nearest three vectors moving from region

V ID to IC starts with vector (100) which is the redundant vector of the first vector in

region V ID. The combination is yielded by:

( )1 0 1 1d − − ( )13 1 1 1d − − ( )7 10 1d − ( )1 100d ( )7 10 1d − ( )13 1 1 1d − − ( )1 0 1 1d − −

0

1

0

0

1−

1−

Figure 6.7: PWM for duty cycles of Region IC

and the corresponding reference voltage vector waveform equations for phase A, B and

C are given by equations 6.15, 6.16 and 6.17 respectively.

VrefaIC =
1

4
d1 +

1

2
d13 +

1

2
d7

=
1

2
√

2
ma cos(ωt− π

6
) (6.15)

VrefbIC = −1

4
d1 −

1

2
d13

=

√
3

2
√

2
ma sin(ωt− π

6
) (6.16)

VrefcIC = −1

4
d1 −

1

2
d13 −

1

2
d7

= − 1

2
√

2
ma cos(ωt− π

6
) (6.17)

Region ID:

The switch combination sequence for the nearest three vector moving from region IB2

to ID starts with the vector (00 − 1) which is the same as the redundant vector of the
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first vector in region IB2. The combination is given by:

d2(00 − 1) to d7(10 − 1) to d14(11 − 1) to d2(110) to d2(110) to d14(11 − 1) to d7(10 − 1)

to d2(00 − 1).

The PWM of this duty cycle is shown in Figure 6.8 and the corresponding reference

( )2 00 1d − ( )7 10 1d − ( )14 11 1d − ( )2 110d ( )14 11 1d − ( )7 10 1d − ( )2 00 1d −

0

1

0

0

1−

1−

1−

1

1

Phase A

Phase B

Phase C

Figure 6.8: PWM for Duty cycles of Region ID

voltage vector waveform equations for phase A, B and C are given by equations 6.18, 6.19

and 6.20 respectively.

VrefaID =
1

4
d2 +

1

2
d7 +

1

2
d14

=
1

2
√

2
ma cos

(

ωt− π

6

)

(6.18)

VrefbID =
1

4
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1

2
d7 +

1

2
d14

=

√
3

2
√

2
ma sin

(

ωt− π

6

)

(6.19)

VrefcID = −1

4
d2 −

1

2
d7 −

1

2
d14

= − 1

2
√

2
ma cos

(

ωt− π

6

)

(6.20)



Chapter 6 — Space Vector Analysis 130

6.3.2 Waveforms of Vrefa, Vrefb and Vrefc

Now for the modulation index given by ma =
√

2 we use the reference voltage vector

waveform equations Vrefa, Vrefb and Vrefc, passing only through regions C and D of the

six sectors, to draw the waveform of reference vector Vrefa for phase A as shown in blue

in Figure 6.9, Vrefb for phase B as shown in red in Figure 6.9 and Vrefc for phase C as

shown in green in Figure 6.9.
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Figure 6.9: Waveform of reference vectors Vrefa, Vrefb and Vrefc for the six sectors of

the 2-cell multicell converter passing through regions C and D for ma =
√

2

Now for the modulation index given by ma = 2√
3

with the reference vector passing

only through regions C, B and D of the six sectors we draw the waveform of reference

vector Vrefa for phase A as shown in blue in Figure 6.10, Vrefb for phase B as shown in

red in Figure 6.10 and Vrefc for phase C as shown in green in Figure 6.10
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Figure 6.10: Waveform of reference vectors Vrefa, Vrefb and Vrefc for the six sectors of

the 2-cell multicell converter passing through regions C, B and D for ma = 2√
3

For the modulation index given by ma = 1√
6

with the reference vector passing only

through region A of the six sectors we draw the waveform of reference vector Vrefa for

phase A as shown in Figure 6.11, Vrefb for phase B as shown in Figure 6.11 and Vrefc for

phase C as shown in Figure 6.11.
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Figure 6.11: Waveform of reference vectors Vrefa, Vrefb and Vrefc for the six sectors of

the 2-cell multicell converter passing through region A for ma = 1√
6

Now for the modulation index given by ma =
√

2
3

with the reference vector passing

only through region B of the six sectors we draw the waveform of reference vector Vrefa

for phase A as shown in Figure 6.12, Vrefb for phase B as shown in Figure 6.12 and Vrefc

for phase C as shown in Figure 6.12.
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Figure 6.12: Waveform of reference vectors Vrefa, Vrefb and Vrefc for the six sectors of

the 2-cell multicell converter passing through region B for ma =
√

2
3

6.4 Simulations

6.4.1 Boundary for Regions A, B, C and D

In this subsection we use Figure 6.13 to calculate boundary equations for Regions A, B,

C and D. It is important to be able to determine the boundaries in order to decide in

which sector we are.

Equations for the line and gradient are yielded by:

y − y1 = m(x− x1)

and

m =
y2 − y1

x2 − x1

Region A1:

m =

1√
2
− 0

1√
6
−
√

2
3

= −
√

3
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Figure 6.13: Sector I with coordinates for each region
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y ≤ 1√
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x

Region B2:

y ≤ 1√
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√
3x− y ≥

√
2

Region D:

y ≥ 1√
2

6.4.2 Combination of switching states

Now for us to undertake a simulation setup in Simplorer we need the switching states

combination for the 2-cell multicell converter. There are only four combinations of the

switching states that balance the charges that pass through the cell capacitor. In the

first combination we switch the top switch of the first cell, then the bottom switch of

the second cell (that is [1,−1]) for the first three sectors of the three phases, then we

switch the bottom switch of the first cell, then the top switch of the second cell (that is

[−1, 1]) for the last three sectors of the three phases. In the second combination we do

the reverse of the first combination. In the third combination we switch the top switch of

the first cell, then the bottom switch of the second cell (that is [1,−1]) for sectors I, III

and V, then switch the bottom switch of the first cell, then the top switch of the second

cell (that is [−1, 1]) for sectors II, IV and VI. The fourth combination reverses the third

combination. We show the first and third combinations in section E.7 of Appendix E.
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6.4.3 Simulation results

In this section we provide the simulation results of natural balancing under space vector

modulation. The simulation parameters for this section are as follows:

Table 6.6: Simulation parameters

DC − bus voltage Vt 100 V

DC − bus capacitance Cd 2 500 µF

Switching frequency fs 6 kHz

Modulation frequency f1 50 Hz

Filter inductance L 200 µH

Filter capacitance C 50 µF

Load resistance R 10 Ω

Figures 6.14, 6.17, 6.20 and 6.23 illustrate the unfiltered phase and line output voltage

waveform of the 2-cell multicell converter under vector control modulation for reference

vector in different regions. Figures 6.15, 6.18, 6.21 and 6.24 show in part (a) and (b)

the switching functions sda(t) and sta(t) respectively in the time domain. Figures 6.16,

6.19, 6.22 and 6.25 show in part (a) and (b) the harmonic spectra of Sda(ω) and Sta(ω)

respectively. As can be observed from the harmonics it is difficult to establish where the

highest harmonic occur to be able to apply balancing circuit.
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Figure 6.14: (a)Phase voltage and (b)Line voltage for reference voltage vector in

regions C, B and D



Chapter 6 — Space Vector Analysis 137

( )b

1

0.5

0

0.5−

1−

0.04 0.12 0.16 0.2

( )tas t[
]

da
A

m
pl

it
ud

e
of

s
pu

( ) [ ]Time t s
0

( ) [ ]Time t s
0

1

0.5

0

0.5−

1−

[
]

ta
A

m
pl

it
ud

e
of

s
pu

( )a

( )das t

0.08 0.04 0.12 0.16 0.20.08

Figure 6.15: (a) Switching functions of sda(t) and (b) sta(t) in time domain for

reference voltage vector in regions C, B and D
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Figure 6.16: (a) Harmonics of Sda(ω) and (b) Sta(ω) for reference voltage vector in

regions C, B and D
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Figure 6.17: (a)Phase voltage and (b)Line voltage for reference voltage vector in

regions C and D
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Figure 6.18: (a) Switching functions of sda(t), sda(t) and (b) sda(t)·sda(t) in time

domain for reference voltage vector in regions C and D
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Figure 6.19: (a) Harmonics of sda(t), Sda(ω) and (b) Sda(t)·sda(ω) for reference voltage

vector in regions C and D
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Figure 6.20: (a)Phase voltage and (b)Line voltage for reference voltage vector in

regions A and B
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Figure 6.21: (a) Switching functions of sda(t) and (b) sta(t) in time domain for

reference voltage vector in regions A and B
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Figure 6.22: (a) Harmonics of Sda(ω) and (b) Sta(ω) for reference voltage vector in

regions A and B
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Figure 6.23: (a)Phase voltage and (b)Line voltage for reference voltage vector in region

B
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Figure 6.24: (a) Switching functions of sda(t) and (b) sta(t) in time domain for

reference voltage vector in regions B
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Figure 6.25: (a) Harmonics of Sda(ω) and (b) Sta(ω) for reference voltage vector in

regions B

Figures 6.26 and 6.27 depict the natural balancing of capacitor voltages of the 2-cell

multicell converter for voltage vectors in region A, region B, region A and B, region C,

B and D and region C and D respectively. The red curves signify results obtained using

the exponential decay equation Vδ = Vδ0e
− 1

6Cd
Λt

, derived and given by equation 5.10 in

chapter 5 with the Matlab package. The blue curves represent the exponential decay of

the difference capacitor voltages Vδ, obtained using the Simplorer package.

The above results demonstrate that cell capacitor voltages of the 2-cell three-phase

multicell converter balance naturally under space vector modulation. However the addi-

tion of a balancing circuit did not make a significant difference to the exponential decay

of Vδ. When the reference voltage vector is in regions C and D, the capacitor voltage

difference Vδ did not exponentially decay to zero when using Simplorer simulation.
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Figure 6.26: Natural balancing for reference voltage vector (a) in region A and (b) in

region B.
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Figure 6.27: Natural balancing for reference voltage vector (a) in regions A and B and

(b) in in regions C, B and D

6.5 Summary

In this chapter we studied simulations of a 2-cell multicell converter under space-vector

modulation. We derived the duty cycles of each region for the six sectors and then

derived the switch combination sequence for the nearest three vectors in each region.

Furthermore we plotted graphs for the reference voltage vector in different regions. The

phase and line voltage were shown using Simplorer simulation. Furthermore we observed

that the behaviour of the switching functions is in agreement with the theory developed

in chapter 3. Then we proved using Simplorer and Matlab simulations that the 2-cell

multicell converter naturally balances under space vector modulation.



Chapter 7

Summary and Conclusions

This chapter furnishes a summary of contributions made in this dissertation. It also

identifies possible future work to be done.

7.1 Contributions and conclusions from this study

• In Chapter 3, the 2-cell and 3-cell multicell topologies were modelled. These mul-

ticell converters were modelled using two-port circuit to obtain their equivalent

topology in the d and t parameters. The resulting model forms the basis for the

analysis done in Chapters 4 and 5.

• The switching functions were analysed using interleaved switching. The technique

uses geometric mathematical model and double Fourier series to calculate the magni-

tude and phase of the harmonics of the switched waveforms. Different examples were

used to demonstrate the generation of this switching for all frequency modulation

ratio mf ∈ Z. A procedure was developed, that helped to represent the background

functions for phase B and C after the T0

3
and 2T0

3
phase-shift respectively. This

helped in employing the Fourier coefficients calculated for the single-cell converter

as shown in Appendix A.

• The phasor representation for the three-phases were done for all frequency modula-

tion ratio mf ∈ Z. The derivation of these phasor diagrams is illustrated in detail

in Appendix C. Observations from the phasor diagrams are shown in Tables 3.2,

3.3, 3.4, 3.8, 3.9, 3.10, 3.11, 3.12, 3.13 and 3.14. They demonstrate that the product

of the magnitude of the difference function and the total function will be zero for

all mf ∈ Z.

• To validate the theory developed in Chapter 3, the harmonics of the switching

functions obtained using the theoretical results were compared with the harmonics

when using simulations. The first simulation was done using Simplorer package
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and the second simulation using Newton-Raphson theory which is studied in detail

in Appendix B. The amplitude and phase spectrum from the three sources were

found to be in agreement. The different classes of harmonics are further applied in

Chapter 4.

• The coefficients of the switching functions were modelled to obtain the steady-state

behaviour of the 2-cell and 3-cell three-phase multicell converters. From the derived

equations the factors affecting the naturall balancing of 2-cell and 3-cell converter

were obtained. Also it was demonstrated using examples, the factors that cause

imbalance in the cell capacitor voltages.

• Using the theory of linear systems of differential equations and the DC-component

of the cell capacitor current calculated in Chapter 4, the voltage difference in terms

of the eigenvalues and time constants is obtained. The exponential decay of this

voltage difference is generated using both theory and simulations. It is observed

that when the balancing circuit is connected, the capacitor voltage difference decays

faster.

• Natural balancing of the 2-cell multicell converter is also studied under space vector

modulation. The switch combination sequences of the 2-cell multicell converter is

computed using duty cycles of different sectors and waveforms of the reference vector

when in different regions of the six sectors is plotted.

• For the simulation setup, the switching state combination that balance the charges

that pass through the cell capacitor is used. The four combinations are shown in

Appendix D. The exponential decay of the capacitor voltage difference is shown for

different positions of the reference voltage vector.

7.2 Conclusion

This work has established that 2-cell and 3-cell multicell converters balance naturally un-

der interleaved switching. The factors influencing this balance and conditions under which

the converter does not balance are stated in Chapter 4. Furthermore it was established

that the 2-cell multicell converter balances under space vector modulation.

7.3 Future Work

Natural balancing has been developed for 2-cell and 3-cell multicell converters under

interleaved switching. Simulations have been carried out for 2-cell multicell converters

under space vector modulation. Future work to be done include the theoretical and



Chapter 7 — Summary and Conclusions 144

experimental analysis of the p-cell multicell converter under space vector modulation.

Though much research has been done as regards the natural balancing of p-cell single and

three phase converters, there is still the opportunity to extend this theory to cover p-cell

three-phase multicell converters.
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Appendix A

Fourier Coefficients

A.1 Fourier Coefficients Calculations

The calculation of Fourier Coefficients for single-cell converter was done in [73]. We

summarise the derivation here since we will be using it in chapter 3.

Equation A.1 is used in calculating the double Fourier series coefficients:

Amn + jBmn =
ω0

4π

∫ 2π
ω0

0

∫ 3

−1
F (h, t)ej(

mπh
2

+nω0t)dhdt (A.1)

Figure A.1 is used in aiding the calculation of the double Fourier series coefficients of

interleaved switching for sinusoidal modulation.
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Figure A.1: Generation of interleaved switching single-cell multicell converter

Using the area of integration shown in Figure A.1, a sinusoidal reference of the
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following form:

fr = ma sinω0t (A.2)

with modulation index of ma and frequency of ω0, equation A.1 can be written as follows:

Amn + jBmn =
ωr
4π

∫ 2π
ω0

0

∫ 3

−1
F (h, t)ej(

mπh
2

+nω0t)dhdt

=
ωr
4π

∫ 2π
ω0

0

{∫ ma

−1
(1)ej

mπh
2 dh+

∫ 2−ma sinω0t

ma sinω0t
(−1)ej

mπh
2 dh

+
∫ 3

2−ma sinω0t
(1)ej

mπh
2 dh

}

ejnω0tdt (A.3)

This equation is calculated for two cases:

• Case 1: m 6= 0

Amn + jBmn =
2ω0

4jmπ2

∫ 2π
ω0

0

{

ej
mπ
2

(ma sinω0t) − ej
mπ
2 − ej

mπ
2

(2−ma sinω0t) + ej
mπ
2

(ma sinω0t)

+ej
3mπ

2 − ej
mπ
2

(2−ma sinω0t)
}

ejnω0tdt

=
ω0

jmπ2

∫ 2π
ω0

0

{

ej
mπ
2
ma sinω0t+jnω0t − ej

mπ
2

(2−ma sinω0t)+jnω0t
}

(A.4)

Let θ = ω0t, thus dθ = ω0dt, dt = 1
ω0
dθ. At t = 2π

ω0
, θ = 2π. Changing the variables in

A.4 we obtain the following:

Amn + jBmn =
1

jmπ2

∫ 2π

0

(

ej
mπ
2
ma sin θ+jnθ − ej

mπ
2

(2−ma sin θ)+jnθ
)

dθ (A.5)

To change the boundaries of the integrals, we make this substitution: φ = θ − π and

dφ = dθ. The integration boundaries change as follows:

φ =







−π if θ = 0

π if θ = 2π
(A.6)

Substituting the above variable into equation A.5 results in the following:

Amn + jBmn =
1

jmπ2

∫ π

−π

(

ej
mπ
2
ma sin (φ+π)+jn(φ+π) − ej

mπ
2

(2−ma sin (φ+π))+jn(φ+π)
)

dφ

=
1

jmπ2

∫ π

−π

(

ej
mπ
2

(−ma sinφ)+jn(φ+π) − e−j
mπ
2

(2+ma sinφ)+jn(φ+π)
)

dφ

=
1

jmπ2

∫ π

−π

(

ejnπe−j
mπ
2
ma sinφ+jnφ − ej(m+n)πej

mπ
2
ma sinφ+jnφ

)

dφ

(A.7)
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Equation A.7 can be written in terms of Bessel functions of the first kind using the

following properties:

Jn(x) =
1

2π

∫ π

−π
ej(x sin y−ny)dy (A.8)

Jn(−x) = (−1)nJn(x) (A.9)

J−n(x) = (−1)nJn(x) (A.10)

Using the Bessel functions properties listed in A.8 to A.10, equation A.7 can be written

as follows:

Amn + jBmn =
2

jmπ

(

ejnπJ−n

(

−mπma

2

)

− ej(m+n)πJ−n

(

mπma

2

))

=
2

jmπ

(

ejnπ(−1)nJn

(

−mπma

2

)

− ej(m+n)π(−1)nJn

(

mπma

2

))

=
2

jmπ

(

ejnπ(−1)n(−1)nJn

(

mπma

2

)

− ej(m+n)π(−1)nJn

(

mπma

2

))

=
2

jmπ
Jn

(

mπma

2

)

(

ejnπ − ejmπ+jnπ(−1)n
)

(A.11)

If n is odd, equation A.11 can be simplified as follows:

Amn + jBmn =
2

jmπ
Jn

(

mπma

2

)

(

ejnπ − ejmπ+jnπ(−1)n
)

=
2

jmπ
Jn

(

mπma

2

)

(

−1 + ejmπ(−1)
)

=
2j

mπ
Jn

(

mπma

2

)

(

1 + ejmπ
)

(A.12)

If n is even, equation A.11 can be simplified as follows:

Amn + jBmn =
2

jmπ
Jn

(

mπma

2

)

(

ejnπ − ejmπ+jnπ(−1)n
)

=
2

jmπ
Jn

(

mπma

2

)

(

1 − ejmπ(1)
)

=
2

jmπ
Jn

(

mπma

2

)

(

1 − ejmπ
)

(A.13)

• Case 2: m = 0

A0n + jB0n =
ω0

4π

∫ 2π
ω0

0

∫ 3

−1
F (h, t)ej(

mπh
2 )+nω0tdhdt
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=
ω0

4π

∫ 2π
ω0

0

{∫ ma sinω0t

−1
(1)dh+

∫ 2−ma sinω0t

ma sinω0t
(−1)dh

+
∫ 3

2−ma sinω0t
(−1)dh

}

ejnω0tdt

=
ω0

4π

∫ 2π
ω0

0
ma sin (ω0t)e

jnω0t (A.14)

Let θ = ω0t, thus dθ = ω0dt. The boundary values change as follows:

φ =







−π if θ = 0

π if θ = 2π
(A.15)

Substituting the above boundary values into equation A.14 results in the following:

A0n + jB0n =
1

π

∫ 2π

0
ma sin θejnθdθ (A.16)

If n = 1:

A01 + jB01 =
1

π

∫ 2π

0
ma sin θejθdθ

=
ma

π

∫ 2π

0

1

2j

(

ejθ − e−jθ
)

ejθdθ

=
ma

π

[

∫ 2π

0

1

2j
ejθdθ −

∫ 2π

0

1

2j
dθ

]

= jma (A.17)

• For odd values of both n and m:

Amn + jBmn =
2j

mπ
Jn

(

mπma

2

)

(

1 + ejmπ
)

= 0 (A.18)

• For even values of both n and m:

Amn + jBmn =
2

jmπ
Jn

(

mπma

2

)

(

1 − ejmπ
)

= 0 (A.19)

The coefficients are summarised as follows:

• m 6= 0 and n odd:

Amn + jBmn =
2j

mπ
Jn

(

mπma

2

)

(

1 + ejmπ
)

(A.20)

• m 6= 0 and n even:

Amn + jBmn =
2

jmπ
Jn

(

mπma

2

)

(

1 − ejmπ
)

(A.21)
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• m = 0 and n = 1:

A01 + jB01 = jma (A.22)

• m = 0 and n 6= 0:

A0n + jB0n = 0 (A.23)

A.2 Properties of Fourier Coefficients

• When m 6= 0 equation A.1 can be rewritten as follows:

Amn + jBmn =
ω0

2π

∫ 2π
ω0

0

∫ fr

−fr
ej(mπh+jnω0t)dhdt

=
ω0

2π

∫ 2π
ω0

0

(

∫ fr(t)

−fr(t)
ejmπh

)

ejnω0tdhdt

=
ω0

2jmπ2

∫ 2π
ω0

0

(

ejmπfr(t) − e−jmπfr(t)
)

ejnω0tdt

=
ω0

mπ2

∫ 2π
ω0

0
sin(mπfr(t))e

jnω0tdt (A.24)

• When m = 0 equation A.1 is written as follows:

Amn + jBmn =
ω0

2π

∫ 2π
ω0

0

∫ fr

−fr
ejnω0tdhdt

=
ω0

2π

∫ 2π
ω0

0
(fr(t) + fr(t)) e

jnω0tdhdt

=
ω0

π

∫ 2π
ω0

0
fr(t)e

jnω0tdt (A.25)

Equations A.24 and A.25 play an important role in the following analysis:

1. If m 6= 0, then

|Amn + jBmn| =

∣

∣

∣

∣

∣

ω0

mπ2

∫ 2π
ω0

0
sin(mπfr(t))e

jnω0tdt

∣

∣

∣

∣

∣

≤ ω0

mπ2

∫ 2π
ω0

0

∣

∣

∣sin(mπfr(t))e
jnω0t

∣

∣

∣ dt

=
ω0

mπ2

∫ 2π
ω0

0
|sin(mπfr(t))| dt

≤ ω0

mπ2
· 2π

ω0

=
2

mπ
(A.26)

Equation A.26 shows that Amn + jBmn → 0 as m→ ∞.
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2. If m 6= 0 and n 6= 0, then equation A.24 is integrated by parts as follows:

Amn + jBmn =
ω0

mπ2

∫ 2π
ω0

0
sin(mπfr(t))e

jnω0tdt

=
ω0

mπ2





[

sin(mπfr(t))
1

jnω0
ejnω0t

]
2π
ω0

0

dt

1

jnω0

∫ 2π
ω0

0
ejnω0t cos(mπfr(t))mπ

dfr(t)

dt
dt

)

(A.27)

Since fr(t) is periodic with frequency ω0, the first term in equation A.27 is zero.

Hence,

Amn + jBmn =

∣

∣

∣

∣

∣

1

jmnπ2

∫ 2π
ω0

0
ejnω0t cos(mπfr(t))mπ

dfr(t)

dt
dt

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

−j
nπ

∫ 2π
ω0

0
ejnω0t cos(mπfr(t))

dfr(t)

dt
dt

∣

∣

∣

∣

∣

≤ 1

|n| π
∫ 2π

ω0

0

∣

∣

∣

∣

∣

ejnω0t cos(mπfr(t))
dfr(t)

dt

∣

∣

∣

∣

∣

dt

=
1

|n| π
∫ 2π

ω0

0

∣

∣

∣

∣

∣

dfr(t)

dt

∣

∣

∣

∣

∣

dt

(A.28)

Since
∫

2π
ω0

0

∣

∣

∣

dfr(t)
dt

∣

∣

∣ dt is a constant, this shows that |Amn + jBmn| → 0 as n→ ∞

3. Combining the above results gives the following expression:

|Amn + jBmn| ≤min
(

2

mπ
,

1

|n| π
∫ 2π

ω0

0

∣

∣

∣

∣

∣

dfr(t)

dt

∣

∣

∣

∣

∣

dt

)

(A.29)

Property 2 essentially means if the switching frequency is chosen significantly higher than

the highest frequency harmonic of the reference function fr(t), then the harmonics of s(t)

appear in clusters around integer multiples of mωs. For values of m > 0, the clusters

consists of harmonics at frequencies of mωs+nω0, where n = ±1,±2, · · ·. The magnitude

of the clusters of harmonics decreases as |n| increases. The magnitude of the harmonics

found in these clusters can be determined by
∫

2π
ω0

0

∣

∣

∣

dfr(t)
dt

∣

∣

∣ dt. If the value of this integral is

small, then the magnitude of the side-band harmonics attenuates quickly as n increases

and these side bands do not overlap with neighbouring clusters.



Appendix B

Newton-Raphson Simulation

B.1 Theoretical Background

B.1.1 Newton Raphson Theory

In this subsection we show the Newton Raphson method for finding the root of a function

[12]. Figure B.1 show the geometry behind the Newton Raphson method.

Our first approximation for the root r is x1 which is obtained by guessing. The tangent

( )( )1 1,x f x

( )( )2 2,x f x

( )( )3 3,x f x

1x2x3x4x

y

x
r

( )y f x=

Figure B.1: Geometry behind Newton Raphson method

line of y = f(x) in Figure B.1 at (x1, f(x1)) has x2 as its x-intercept. The idea is that the

tangent line is close to the curve and thus its x-intercept, x2 is close to the x-intercept of

158
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the curve, that the root of the function. From Figure B.1 we have:

x2 = x1 −
f(x1)

f ′(x1)
(B.1)

Continuing with this process we obtain the third approximation x3 given by:

x3 = x2 −
f(x2)

f ′(x2)
(B.2)

This process when repeated will generate a sequence of numbers {xn} which approximates

r. In general if xn is the nth approximation and f
′

(xn) 6= 0, then the next approximation

is given by:

xn+1 = xn −
f(xn)

f ′(xn)
(B.3)

B.1.2 Shift in time

The following theorem can be found in [6] and we use it in sections B.2 and B.3 for

calculating Fourier transform of the pwm over multiple of cycles of the switching period.

Theorem Shift in time

When cn are the Fourier coefficients of f(t), then

f(t− t0)↔e−jnω0t0cn

Proof

The coefficients of f(t− t0) can be calculated using the definition. In this calculation we

introduce the variable τ = t−t0 and we integrate over (−T
2
, T

2
) instead of (−T

2
+t0,

T
2
)+t0,

since this gives the same result:

1

T

∫ T
2

−T
2

f(t− t0)e
−jnω0tdt = e−jnω0t0

1

T

∫ T
2

+t0

−T
2

+t0
f(t− t0)e

−jnω0(t−t0)d(t− t0)

= e−jnω0t0
1

T

∫ T
2

−T
2

f(τ)e−jnω0τdτ

= e−jnω0t0cn

B.2 Newton-Raphson Method for Simulation of a

2-cell Converter

The main purpose of this section is to use Newton-Raphson simulation method for plot-

ting the spectrum of the switching functions of 2-cell multicell converter. This will then

be compared with the spectrum obtained using double-Fourier analysis. The Newton-

Raphson theory is discussed in Appendix for convenience.
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B.2.1 Derivation of the spectrum for the switching function

sa1(t)

This subsection deals with the derivation of the intersection points of the reference signal

with the carrier signal using Newton-Raphson method. The resulting pwm is used to

obtain the amplitude and phase spectrum using the Matlab program. Figure B.2 show

the reference and carrier signal that produce the switching function sa1(t) For the general

sT
2
sT 3

2
sT 5

2
sT2 sT 3 sT

1−

0

0.5

1

0

( )1 1c a
f t ( )2 1c a

f t

( )ra
f t

i
i

i
i i

( )3 1c a
f t ( )1as t

0.5−

Figure B.2: Newton-Raphson method of switching function sa1(t)

case over one cycle of the modulating signal for n = 1· · ·mf .

Modulation signal fra(t) is given by:

fra(t) = ma sin(ω0t) (B.4)

The rising side of the carrier signal fc1a1(t) is given by:

fc1a1(t) =
4

Ts
t− 4(n− 1) (B.5)

The falling side of the carrier signal fc2a1(t) is given by:

fc2a1(t) = − 4

Ts
t+ 4n− 2 (B.6)

The next rising side of the carrier signal fc3a1(t) is given by:

fc3a1(t) =
4

Ts
t− 4n (B.7)
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Where the rising side of the carrier signal fc1a1(t) intersect the modulating signal fra(t)

we define the function f1a1(t) as:

f1a1(t) = ma sin(ω0t) −
4

Ts
t+ 4(n− 1) (B.8)

and where the falling side of the carrier signal f1a1(t) intersect the modulating signal fra(t)

we define the function f2a1(t) as:

f2a1(t) = ma sin(ω0t) +
4

Ts
t− 4n+ 2 (B.9)

and similarly where the rising side of the carrier signal fc3a1(t) intersect the modulating

signal fra(t) we define the function f3a1(t) as:

f3a1(t) = ma sin(ω0t) −
4

Ts
t+ 4n (B.10)

Now using the Newton-Raphson method discussed in appendix section B.1.2 we approxi-

mate the root of equation B.8 as:

t12a1 = t11a1 −
f1a1(t11a1)

f
′

1a1(t11a1)
= t11a1 −

ma sin(ω0t11a1) − 4
Ts
t11a1 + 4(n− 1)

ω0ma cos(ω0t11a1) − 4
Ts

(B.11)

where the initial guess t11a1 is given by:

t11a1 = 1
4
Ts · 4(n− 1) for 0 < t11a1 < mfTs (B.12)

After i successive approximations we will have equation B.11 written as:

t1(i+1)a1 = t1ia1 −
f1a1(t1ia1)

f
′

1a1(t1ia1)
(B.13)

Similarly using the Newton-Raphson method we approximate the root of equation B.9 as:

t22a1 = t21a1 −
f2a1(t2a1)

f
′

2a1(t21a1)
= t21a1 −

ma sin(ω0t2a1) + 4
Ts
t21a1 − 4n+ 2

ω0ma cos(ω0t21a1) + 4
Ts

(B.14)

where the initial guess t21a1 is given by:

t21a1 = 1
4
Ts · (4n− 2) for 0 < t21a1 < mfTs (B.15)

After i successive approximations we will have equation B.14 written as:

t2(i+1)a1 = t2ia1 −
f2a1(t2ia1)

f
′

2a1(t2ia1)
(B.16)

And similarly using the Newton-Raphson method we approximate the root of equation

B.10 as:

t32a1 = t31a1 −
f1(t31a1)

f
′

1a1(t31a1)
= t31a1 −

ma sin(ω0t31a1) − 4
Ts
t3a1 + 4n

ω0ma cos(ω0t31a1) − 4
Ts

(B.17)
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where the initial guess t31a1 is given by:

t31a1 = 1
4
Ts · 4n for 0 < t31a1 < mfTs (B.18)

After i successive approximations we will have equation B.17 written as:

t3(i+1)a1 = t3ia1 −
f3a1(t3ia1)

f
′

3a1(t3ia1)
(B.19)

Now we consider the pwm resulting from the intersection of fc1a1, fc2a1 and fc3a1 with fra .

First we look at the pulse formed between t1(i+1)a1 and t2(i+1)a1 . The width of this pulse

is given by:

W1a1 = t2(i+1)a1 − t1(i+1)a1

We now place this pulse so that it is centred around the origin as shown in Figure B.3

and then calculate its Fourier transform. Taking the Fourier transform of the pulse in

1

2

W− 1

2

W0

tV−

t
01 1t W+01 1t W+ 01t

Figure B.3: Negative Pulse shift process by t01 + W1

2

Figure B.3 results in:

F (ω) =
∫

W1a1
2

−
W1a1

2

(−Vt)e−jω0tdt

=
Vt
jω0

(

e−jω0(t2(i+1)a1
−t1(i+1)a1

)
)

(B.20)

From Appendix B.1.1 we can find the Fourier transform of the negative pulses generated

in Figure B.2 by shifting the pulse between t1(i+1)a1 and t2(i+1)a1 by t01a1 as shown in

Figure B.3 where t01a1 is given by:

t01a1 = t1(i+1)a1 +
W1a1

2
(B.21)
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Thus the resulting Fourier transform of the shifted negative pulse is given by:

F (ω) =
∫

W1a1
2

−
W1a1

2

(−Vt)e−jω0te−jω0t01a1dt

=
Vt
jω0

(

e−jω0(t2(i+1)a1
−t1(i+1)a1

)e−jω0t01a1

)

(B.22)

2

2

W− 2

2

W0

tV

t
02 2t W+

02 2t W+02t 02t

Figure B.4: Positive Pulse shift process by t02a1 +
W2a1

2

Similarly we consider the pulse formed between t2(i+1)a1 and t3(i+1)a1 in Figure B.2.

The width of this pulse is given by:

W2a1 = t3(i+1)a1 − t2(i+1)a1

and its Fourier transform using the positive pulse in Figure B.4 results in:

F (ω) =
∫

W2a1
2

−
W2a1

2

(Vt)e
−jω0tdt

= − Vt
jω0

(

e−jω0(t3(i+1)a1
−t2(i+1)a1

)
)

(B.23)

The shifting of this positive pulse by t02a1 is shown in Figure B.4 where t02a1 is given by:

t02a1 = t2(i+1)a1 +
W2a1

2
(B.24)

The resulting Fourier transform of the shifted positive pulse is given by:

F (ω) =
∫

W2a1
2

−
W2a1

2

(Vt)e
−jω0te−jω0t02a1dt

= − Vt
jω0

(

e−jω0(t3(i+1)a1
−t2(i+1)a1

)e−jω0t02a1

)

(B.25)

To obtain the spectrum of Sa1(ω) we sum up all the Fourier transform for the negative

and positive pulses over any number of cycles of the switching period.
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Figure B.5: Amplitude spectrum of Sa1(ω) generated using (a) Newton-Raphson

simulation and (b) Theory
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Figure B.6: Phase spectrum of Sa1(ω) generated using (a) Newton-Raphson simulation

and (b) Theory

B.2.2 Derivation of the spectrum for the switching function

sa2(t)

In this subsection we derive equations that are necessary for the plotting of Sa2(ω) spec-

trum. The procedure is the same as in subsection B.2.1 except that the carrier signal in

Figure B.7 is out of phase by 180 degrees with the one in Figure B.2.

Modulation signal fra(t) is given by:

fra(t) = ma sin(ω0t) (B.26)
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Figure B.7: Newton-Raphson method of switching function sa2(t)

The falling side of the carrier signal fc1a2(t) is given by:

fc1a2(t) = − 4

Ts
t+ 4(n− 1) (B.27)

The rising side of the carrier signal fc2a2(t) is given by:

fc2a2(t) =
4

Ts
t− 4n + 2 (B.28)

The next falling side of the carrier signal fc3a2(t) is given by:

fc3a2(t) = − 4

Ts
t+ 4n (B.29)

Where the falling side of the carrier signal fc1a2(t) intersect the modulating signal fra(t)

we define the function f1a2(t) as:

f1a2(t) = ma sin(ω0t) +
4

Ts
t− 4(n− 1) (B.30)

and where the falling side of the carrier signal f1a2(t) intersect the modulating signal fra(t)

we define the function f2a2(t) as:

f2a2(t) = ma sin(ω0t) −
4

Ts
t+ 4n− 2 (B.31)

and similarly where the rising side of the carrier signal fc3a2(t) intersect the modulating

signal fra(t) we define the function f3a2(t) as:

f3a2(t) = ma sin(ω0t) +
4

Ts
t− 4n (B.32)
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Now using the Newton-Raphson method discussed in appendix B.1.2 we approximate the

root of equation B.30 as:

t12a2 = t11a2 −
f1a2(t11a2)

f
′

1a2(t11a2)
= t11a2 −

ma sin(ω0t11a2) + 4
Ts
t11a2 − 4(n− 1)

ω0ma cos(ω0t11a2) + 4
Ts

(B.33)

where the initial guess t11a2 is given by:

t11a2 = 1
4
Ts · 4(n− 1) for 0 < t11a2 < mfTs (B.34)

After i successive approximations we will have equation B.33 written as:

t1(i+1)a2 = t1ia2 −
f1a2(t1ia2)

f
′

1a2(t1ia2)
(B.35)

Similarly using the Newton-Raphson method we approximate the root of equation B.31

as:

t22a2 = t21a2 −
f2a2(t2)

f
′

2a2(t21a2)
= t21a2 −

ma sin(ω0t2a2) − 4
Ts
t21a2 + 4n− 2

ω0ma cos(ω0t21a2) − 4
Ts

(B.36)

where the initial guess t21a2 is given by:

t21a2 = 1
4
Ts · (4n− 2) for 0 < t21a2 < mfTs (B.37)

After i successive approximations we will have equation B.36 written as:

t2(i+1)a2 = t2ia2 −
f2a2(t2ia2)

f
′

2a2(t2ia2)
(B.38)

And similarly using the Newton-Raphson method we approximate the root of equation

B.32 as:

t32a2 = t31a2 −
f1a2(t31a2)

f
′

1a2(t31a2)
= t31a2 −

ma sin(ω0t31a2) + 4
Ts
t3a2 − 4n

ω0ma cos(ω0t31a2) + 4
Ts

(B.39)

where the initial guess t31a2 is given by:

t31a2 = 1
4
Ts · 4n for 0 < t31a2 < mfTs (B.40)

After i successive approximations we will have equation B.39 written as:

t3(i+1)a2 = t3ia2 −
f3a2(t3ia2)

f
′

3a2(t3ia2)
(B.41)

Now we consider the pwm resulting from the intersection of fc1a2, fc2a2 and fc3a2 with fra .

First we look at the pulse formed between t1(i+1)a2 and t2(i+1)a2 . The width of this pulse

is given by

W1a2 = t2(i+1)a2 − t1(i+1)a2

Now following the same method as in section B.2.1 the Fourier transform of the positive

pulse is given by:
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F (ω) =
∫

W1a2
2

−
W1a2

2

(Vt)e
−jω0tdt

= − Vt
jω0

(

e−jω0(t2(i+1)a2
−t1(i+1)a2

)
)

(B.42)

and the Fourier transform of the positive pulses generated by shifting the pulse between

t1(i+1)a2 and t2(i+1)a2 by t01a2 where t01a2 is given by:

t01a2 = t1(i+1)a2 +
W1a2

2
(B.43)

can be represented as follows:

F (ω) =
∫

W1a2
2

−
W1a2

2

(Vt)e
−jω0te−jω0t01a2dt

= − Vt
jω0

(

e−jω0(t2(i+1)a2
−t1(i+1)a2

)e−jω0t01a2

)

(B.44)

Similarly we consider the pulse formed between t2(i+1)a2 and t3(i+1)a2 in Figure B.7. The

width of this pulse is given by:

W2a2 = t3(i+1)a2 − t2(i+1)a2

and its Fourier transform using the negative pulse results in:

F (ω) =
∫

W2a2
2

−
W2a2

2

(−Vt)e−jω0tdt

=
Vt
jω0

(

e−jω0(t3(i+1)a2
−t2(i+1)a2

)
)

(B.45)

The shifting of this negative pulse by t02a2 is shown in Figure B.4 where t02a2 is given by:

t02a2 = t2(i+1)a2 +
W2a2

2
(B.46)

The resulting Fourier transform of the shifted negative pulse is given by:

F (ω) =
∫

W2a2
2

−
W2a2

2

(−Vt)e−jω0te−jω0t02a2dt

=
Vt
jω0

(

e−jω0(t3(i+1)a2
−t2(i+1)a2

)e−jω0t02a2

)

(B.47)

To obtain the spectrum of Sa2(ω) we sum up all the Fourier transform for the negative

and positive pulses over any number of cycles of the switching period. The amplitude

spectrum is the same as the one shown in Figure B.5 for Sa1(ω).
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Figure B.8: Phase spectrum of Sa2(ω) generated using (a) Newton-Rapson simulation

and (b) Theory

B.2.3 Derivation of the spectrum for the switching function

sda(t)

In this subsection we derive equations that are necessary for the plotting of Sda(ω) spec-

trum. We use the definition of sda(t) to obtain Figure B.9 from Figures B.2 and B.7.
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Figure B.9: Newton-Raphson method of switching function sda(t)
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The width of the positive pulse is given by:

W1sda = t2(i+1)a1 − t1(i+1)a1 (B.48)

The Fourier transform of the positive pulses generated by shifting the pulse between

t1(i+1)a1 and t2(i+1)a1 by t01sda where t01sda is given by:

t01sda = t1(i+1)a1 +
W1sda

2
(B.49)

is given by:

F (ω) =
∫

W1sda
2

−
W1sda

2

(Vt)e
−jω0te−jω0t01sdadt

= − Vt
jω0

(

e−jω0(t2(i+1)a1
−t1(i+1)a1

)e−jω0t01sda

)

(B.50)

The width of the negative pulse is given by:

W2sda = t3(i+1)a2 − t2(i+1)a2 (B.51)

The Fourier transform of the negative pulses generated by shifting the pulse between

t2(i+1)a2 and t3(i+1)a2 by t02sda where t02sda is given by:

t02sda = t2(i+1)a2 +
W2sda

2
(B.52)

is given by:

F (ω) =
∫

W2sda
2

−
W2sda

2

(−Vt)e−jω0te−jω0t02sdadt

=
Vt
jω0

(

e−jω0(t3(i+1)a2
−t2(i+1)a2

)e−jω0t02sda

)

(B.53)

To obtain the spectrum of Sda(ω) we sum up all the Fourier transform for the negative

and positive pulses over any number of cycles of the switching period.
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Figure B.10: Amplitude spectrum of Sda(ω) generated using (a) Newton-Rapson

simulation and (b) Theory
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Figure B.11: Phase spectrum of Sda(ω) generated using (a) Newton-Raphson

simulation and (b) Theory

B.2.4 Derivation of the spectrum for the switching function

sta(t)

In this subsection we derive equations that are necessary for the plotting of Sta(ω) spec-

trum. We use the definition of sta(t) to obtain Figure B.12 from Figures B.2 and B.7.

The width of the positive pulse between t2(i+1)a1 and t2(i+1)a2 is given by:

W1sda = t2(i+1)a2 − t2(i+1)a1 (B.54)
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Figure B.12: Newton-Raphson method of switching function sta(t)

The Fourier transform of the positive pulses generated by shifting the pulse between

t2(i+1)a1 and t2(i+1)a2 by t01sta where t01sta is given by:

t01sta = t2(i+1)a1 +
W1sta

2
(B.55)

is given by:

F (ω) =
∫

W1sta
2

−
W1sta

2

(Vt)e
−jω0te−jω0t01stadt

= − Vt
jω0

(

e−jω0(t2(i+1)a2
−t2(i+1)a1

)e−jω0t01sta

)

(B.56)

The width of the positive pulse between t3(i+1)a2 and t3(i+1)a1 by t02sta is given by:

W2sta = t3(i+1)a1 − t3(i+1)a2 (B.57)

The Fourier transform of the negative pulses generated by shifting the pulse between

t3(i+1)a2 and t3(i+1)a1 by t02sta where t02sta is given by:

t02sta = t3(i+1)a2 +
W2sta

2
(B.58)

is given by:

F (ω) =
∫

W2sta
2

−
W2sta

2

(Vt)e
−jω0te−jω0t02stadt

= − Vt
jω0

(

e−jω0(t3(i+1)a1
−t3(i+1)a2

)e−jω0t02sta

)

(B.59)
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To obtain the spectrum of Sta(ω) we sum up all the Fourier transform for the positive

pulses over any number of cycles of the switching period.
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Figure B.13: Amplitude spectrum of Sta(ω) generated using (a) Newton-Raphson

simulation and (b) Theory
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Figure B.14: Phase spectrum of Sta(ω) generated using (a) Newton-Raphson

simulation and (b) Theory
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B.2.5 Derivation of the spectrum for the switching function

sb1(t)

In this subsection we derive equations that are necessary for the plotting of Sb1(ω) spec-

trum. The procedure is the same as in subsection B.2.1 except that the reference signal

in Figure B.15 is out of phase by 120 degrees with the one in Figure B.2.
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Figure B.15: Newton-Raphson method of switching function sb1(t)

Modulation signal frb(t) is given by:

frb(t) = ma sin(ω0t−
2π

3
) (B.60)

The falling side of the carrier signal fc1b1(t) is given by:

fc1b1(t) = − 4

Ts
t+ 4n− 2 (B.61)

The rising side of the carrier signal fc2b1(t) is given by:

fc2b1(t) =
4

Ts
t− 4(n) (B.62)

The next falling side of the carrier signal fc3b1(t) is given by:

fc3b1(t) = − 4

Ts
t+ 4n+ 2 (B.63)

Where the falling side of the carrier signal fc1b1(t) intersect the modulating signal frb(t)

we define the function f1b1(t) as:

f1b1(t) = ma sin(ω0t) +
4

Ts
t− 4n+ 2 (B.64)
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and where the falling side of the carrier signal f1b1(t) intersect the modulating signal frb(t)

we define the function f2b1(t) as:

f2b1(t) = ma sin(ω0t) −
4

Ts
t+ 4(n) (B.65)

and similarly where the rising side of the carrier signal fc3b1(t) intersect the modulating

signal frb(t) we define the function f3b1(t) as:

f3b1(t) = ma sin(ω0t) +
4

Ts
t− 4n− 2 (B.66)

Now using the Newton-Raphson method discussed in appendix section B.1.2 we approxi-

mate the root of equation B.64 as:

t12b1 = t11b1 −
f1b1(t11b1)

f
′

1b1
(t11b1)

= t11b1 −
ma sin(ω0t11b1) + 4

Ts
t11 − 4n+ 2

ω0ma cos(ω0t11b1) + 4
Ts

(B.67)

where the initial guess t11b1 is given by:

t11b1 = 1
4
Ts · (4n− 2) for 0 < t11b1 < mfTs (B.68)

After i successive approximations we will have equation B.67 written as:

t1(i+1)b1 = t1ib1 −
f1b1(t1ib1)

f
′

1b1(t1ib1)
(B.69)

Similarly using the Newton-Raphson method we approximate the root of equation B.65

as:

t22b1 = t21b1 −
f2b1(t2)

f
′

2b1(t21b1)
= t21b1 −

ma sin(ω0t2b1) − 4
Ts
t21b1 + 4n

ω0ma cos(ω0t21b1) − 4
Ts

(B.70)

where the initial guess t21b1 is given by:

t21b1 = 1
4
Ts · (4n) for 0 < t21b1 < mfTs (B.71)

After i successive approximations we will have equation B.70 written as:

t2(i+1)b1 = t2ib1 −
f2b1(t2ib1)

f
′

2b1
(t2ib1)

(B.72)

And similarly using the Newton-Raphson method we approximate the root of equation

B.66 as:

t32b1 = t31b1 −
f1b1(t31b1)

f
′

1b1
(t31b1)

= t31b1 −
ma sin(ω0t31b1) + 4

Ts
t3b1 − 4n− 2

ω0ma cos(ω0t31b1) + 4
Ts

(B.73)

where the initial guess t31b1 is given by:

t31b1 = 1
4
Ts · (4n+ 2) for 0 < t31b1 < mfTs (B.74)
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After i successive approximations we will have equation B.73 written as:

t3(i+1)b1 = t3ib1 −
f3b1(t3ib1)

f
′

3b1
(t3ib1)

(B.75)

Now we consider the pwm resulting from the intersection of fc1b1 , fc2b1 and fc3b1 with frb .

First we look at the pulse formed between t1(i+1)b1 and t2(i+1)b1 . The width of this pulse

is given by

W1b1 = t2(i+1)b1 − t1(i+1)b1

Now following the same method as in section B.2.1 the Fourier transform of the positive

pulse is given by:

F (ω) =
∫

W1b1
2

−
W1b1

2

(Vt)e
−jω0tdt

= − Vt
jω0

(

e−jω0(t2(i+1)b1
−t1(i+1)b1

)
)

(B.76)

and the Fourier transform of the positive pulses generated by shifting the pulse between

t1(i+1)b1 and t2(i+1)b1 by t01b1 where t01b1 is given by:

t01b1 = t1(i+1)b1 +
W1b1

2
(B.77)

can be represented as follows:

F (ω) =
∫

W1b1
2

−
W1b1

2

(Vt)e
−jω0te−jω0t01b1dt

= − Vt
jω0

(

e−jω0(t2(i+1)b1
−t1(i+1)b1

)e−jω0t01b1

)

(B.78)

Similarly we consider the pulse formed between t2(i+1)b1 and t3(i+1)b1 in Figure B.7. The

width of this pulse is given by:

W2b1 = t3(i+1)b1 − t2(i+1)b1

and its Fourier transform using the negative pulse results in:

F (ω) =
∫

W2b1
2

−
W2b1

2

(−Vt)e−jω0tdt

=
Vt
jω0

(

e−jω0(t3(i+1)b1
−t2(i+1)b1

)
)

(B.79)
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The shifting of this negative pulse by t02b1 is done similar to the one shown in Figure B.4

where t02b1 is given by:

t02b1 = t2(i+1)b1 +
W2b1

2
(B.80)

The resulting Fourier transform of the shifted negative pulse is given by:

F (ω) =
∫

W2b1
2

−
W2b1

2

(−Vt)e−jω0te−jω0t02b1dt

=
Vt
jω0

(

e−jω0(t3(i+1)b1
−t2(i+1)b1

)e−jω0t02b1

)

(B.81)

To obtain the spectrum of Sb1(ω) we sum up all the Fourier transform for the negative

and positive pulses over any number of cycles of the switching period. The amplitude

spectrum is the same as the one shown in Figure B.5 for Sa1(ω).
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Figure B.16: Phase spectrum of Sb1(ω) generated using (a) Newton-Raphson

simulation and (b) Theory
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B.2.6 Derivation of the spectrum for the switching function

sb2(t)

In this subsection we derive equations that are necessary for the plotting of Sb2(ω) spec-

trum. The procedure is the same as in subsection B.2.5 except that the carrier signal in

Figure B.17 is out of phase by 180 degrees with the one in Figure B.15.
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Figure B.17: Newton-Raphson method of switching function sb2(t)

Modulation signal frb(t) is given by:

frb(t) = ma sin(ω0t−
2π

3
) (B.82)

The falling side of the carrier signal fc1b2(t) is given by:

fc1b2(t) = − 4

Ts
t+ 4(n− 1) (B.83)

The rising side of the carrier signal fc2b2(t) is given by:

fc2b2(t) =
4

Ts
t− 4n+ 2 (B.84)

The next falling side of the carrier signal fc3b2(t) is given by:

fc3b2(t) = − 4

Ts
t+ 4n (B.85)

Where the falling side of the carrier signal fc1b2(t) intersect the modulating signal frb(t)

we define the function f1b2(t) as:

f1b2(t) = ma sin(ω0t) +
4

Ts
t− 4(n− 1) (B.86)
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and where the falling side of the carrier signal f1b2(t) intersect the modulating signal frb(t)

we define the function f2b2(t) as:

f2b2(t) = ma sin(ω0t) −
4

Ts
t+ 4n− 2 (B.87)

and similarly where the rising side of the carrier signal fc3b2(t) intersect the modulating

signal frb(t) we define the function f3b2(t) as:

f3b2(t) = ma sin(ω0t) +
4

Ts
t− 4n (B.88)

Now using the Newton-Raphson method discussed in appendix section B.1.2 we approxi-

mate the root of equation B.86 as:

t12b2 = t11b2 −
f1b2(t11b2)

f
′

1b2
(t11b2)

= t11b2 −
ma sin(ω0t11b2) + 4

Ts
t11 − 4(n− 1)

ω0ma cos(ω0t11b2) + 4
Ts

(B.89)

where the initial guess t11b2 is given by:

t11b2 = 1
4
Ts · 4(n− 1) for 0 < t11b2 < mfTs (B.90)

After i successive approximations we will have equation B.89 written as:

t1(i+1)b2 = t1ib1 −
f1b2(t1ib2)

f
′

1b2(t1ib2)
(B.91)

Similarly using the Newton-Raphson method we approximate the root of equation B.87

as:

t22b2 = t21b2 −
f2b2(t2)

f
′

2b2(t21b2)
= t21b2 −

ma sin(ω0t2b2) − 4
Ts
t21b2 + 4n− 2

ω0ma cos(ω0t21b2) − 4
Ts

(B.92)

where the initial guess t21b2 is given by:

t21b2 = 1
4
Ts · (4n− 2) for 0 < t21b2 < mfTs (B.93)

After i successive approximations we will have equation B.92 written as:

t2(i+1)b2 = t2ib2 −
f2b2(t2ib2)

f
′

2b1
(t2ib2)

(B.94)

And similarly using the Newton-Raphson method we approximate the root of equation

B.88 as:

t32b2 = t31b2 −
f1b2(t31b2)

f
′

1b2
(t31b2)

= t31b2 −
ma sin(ω0t31b2) + 4

Ts
t3b2 − 4n

ω0ma cos(ω0t31b2) + 4
Ts

(B.95)

where the initial guess t31b2 is given by:

t31b2 = 1
4
Ts · 4n for 0 < t31b2 < mfTs (B.96)
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After i successive approximations we will have equation B.95 written as:

t3(i+1)b2 = t3ib2 −
f3b2(t3ib2)

f
′

3b2
(t3ib2)

(B.97)

Now we consider the pwm resulting from the intersection of fc1b2 , fc2b2 and fc3b2 with frb .

First we look at the pulse formed between t1(i+1)b2 and t2(i+1)b2 . The width of this pulse

is given by

W1b2 = t2(i+1)b2 − t1(i+1)b2

Now following the same method as in section B.2.1 the Fourier transform of the positive

pulse is given by:

F (ω) =
∫

W1b2
2

−
W1b2

2

(Vt)e
−jω0tdt

= − Vt
jω0

(

e−jω0(t2(i+1)b2
−t1(i+1)b2

)
)

(B.98)

and the Fourier transform of the positive pulses generated by shifting the pulse between

t1(i+1)b2 and t2(i+1)b2 by t01b2 where t01b2 is given by:

t01b2 = t1(i+1)b2 +
W1b2

2
(B.99)

can be represented as follows:

F (ω) =
∫

W1b2
2

−
W1b2

2

(Vt)e
−jω0te−jω0t01b2dt

= − Vt
jω0

(

e−jω0(t2(i+1)b2
−t1(i+1)b2

)e−jω0t01b2

)

(B.100)

Similarly we consider the pulse formed between t2(i+1)b2 and t3(i+1)b2 in Figure B.7. The

width of this pulse is given by:

W2b2 = t3(i+1)b2 − t2(i+1)b2

and its Fourier transform using the negative pulse results in:

F (ω) =
∫

W2b2
2

−
W2b2

2

(−Vt)e−jω0tdt

=
Vt
jω0

(

e−jω0(t3(i+1)b2
−t2(i+1)b2

)
)

(B.101)
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The shifting of this negative pulse by t02b2 is done similar to the one shown in Figure B.4

where t02b2 is given by:

t02b2 = t2(i+1)b2 +
W2b2

2
(B.102)

The resulting Fourier transform of the shifted negative pulse is given by:

F (ω) =
∫

W2b2
2

−
W2b2

2

(−Vt)e−jω0te−jω0t02b2dt

=
Vt
jω0

(

e−jω0(t3(i+1)b2
−t2(i+1)b2

)e−jω0t02b2

)

(B.103)

To obtain the spectrum of Sb2(ω) we sum up all the Fourier transform for the negative

and positive pulses over any number of cycles of the switching period. The amplitude

spectrum is the same as the one shown in Figure B.5 for Sa1(ω).
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Figure B.18: Phase spectrum of Sb2(ω) generated using (a) Newton-Raphson

simulation and (b) Theory

B.2.7 Derivation of the spectrum for the switching function

sdb(t)

In this subsection we derive equations that are necessary for the plotting of Sdb(ω) spec-

trum. We use the definition of sdb(t) to obtain Figure B.19 from Figures B.15 and B.17.

The width of the positive pulse is given by:

W1sdb = t2(i+1)b2 − t1(i+1)b2 (B.104)
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Figure B.19: Newton-Raphson method of switching function sdb(t)

The Fourier transform of the positive pulses generated by shifting the pulse between

t1(i+1)b2 and t2(i+1)b2 by t01sdb where t01sdb is given by:

t01sdb = t1(i+1)b2 +
W1sdb

2
(B.105)

is given by:

F (ω) =
∫

W1sdb
2

−
W1sdb

2

(Vt)e
−jω0te−jω0t01sdbdt

= − Vt
jω0

(

e−jω0(t2(i+1)b2
−t1(i+1)b2

)e−jω0t01sdb

)

(B.106)

The width of the negative pulse is given by:

W2sdb = t2(i+1)b1 − t1(i+1)b1 (B.107)

The Fourier transform of the negative pulses generated by shifting the pulse between

t1(i+1)b1 and t2(i+1)b1 by t02sdb where t02sdb is given by:

t02sdb = t1(i+1)b1 +
W2sdb

2
(B.108)

is given by:

F (ω) =
∫

W2sdb
2

−
W2sdb

2

(−Vt)e−jω0te−jω0t02sdbdt

=
Vt
jω0

(

e−jω0(t2(i+1)b1
−t1(i+1)b1

)e−jω0t02sdb

)

(B.109)
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To obtain the spectrum of Sdb(ω) we sum up all the Fourier transform for the negative

and positive pulses over any number of cycles of the switching period. The amplitude

spectrum is the same as the one shown in Figure B.10 for Sda(ω).
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Figure B.20: Phase spectrum of Sdb(ω) generated using (a) Newton-Raphson

simulation and (b) Theory

B.2.8 Derivation of the spectrum for the switching function

stb(t)

In this subsection we derive equations that are necessary for the plotting of Stb(ω) spec-

trum. We use the definition of stb(t) to obtain Figure B.21 from Figures B.15 and B.17.

The width of the negative pulse between t2(i+1)b2 and t1(i+1)b1 is given by:

W1sdb = t1(i+1)b1 − t2(i+1)b2 (B.110)

The Fourier transform of the negative pulses generated by shifting the pulse between

t2(i+1)b2 and t1(i+1)b1 by t01stb where t01stb is given by:

t01stb = t2(i+1)b2 +
W1stb

2
(B.111)

is given by:

F (ω) =
∫

W1stb
2

−
W1stb

2

(−Vt)e−jω0te−jω0t01stbdt

=
Vt
jω0

(

e−jω0(t1(i+1)b1
−t2(i+1)b2

)e−jω0t01stb

)

(B.112)
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Figure B.21: Newton-Raphson method of switching function stb(t)

The width of the negative pulse between t2(i+1)b1 and t3(i+1)b2 by t02stb is given by:

W2stb = t3(i+1)b2 − t2(i+1)b1 (B.113)

The Fourier transform of the negative pulses generated by shifting the pulse between

t2(i+1)b1 and t3(i+1)b2 by t02stb where t02stb is given by:

t02stb = t2(i+1)b1 +
W2stb

2
(B.114)

is given by:

F (ω) =
∫

W2stb
2

−
W2stb

2

(−Vt)e−jω0te−jω0t02stbdt

=
Vt
jω0

(

e−jω0(t3(i+1)b2
−t2(i+1)b1

)e−jω0t02stb

)

(B.115)

To obtain the spectrum of Stb(ω) we sum up all the Fourier transform for the positive

pulses over any number of cycles of the switching period. The amplitude spectrum is the

same as the one shown in Figure B.13 for Sta(ω).
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Figure B.22: Phase spectrum of Stb(ω) generated using (a) Newton-Raphson

simulation and (b) Theory

B.2.9 Derivation of the spectrum for the switching function

sc1(t)

In this subsection we derive equations that are necessary for the plotting of Sc1(ω) spec-

trum. The procedure is the same as in subsection B.2.1 except that the reference signal

in Figure B.23 is out of phase by 240 degrees with the one in Figure B.2.
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Figure B.23: Newton-Raphson method of switching function sc1(t)
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Modulation signal frc(t) is given by:

frc(t) = ma sin(ω0t+
2π

3
) (B.116)

The rising side of the carrier signal fc1c1(t) is given by:

fc1c1(t) =
4

Ts
t− 4(n− 1) (B.117)

The falling side of the carrier signal fc2c1(t) is given by:

fc2c1(t) = − 4

Ts
t+ 4n− 2 (B.118)

The next rising side of the carrier signal fc3c1(t) is given by:

fc3c1(t) =
4

Ts
t− 4n (B.119)

Where the rising side of the carrier signal fc1c1(t) intersect the modulating signal frc(t)

we define the function f1c1(t) as:

f1c1(t) = ma sin(ω0t) −
4

Ts
t+ 4(n− 1) (B.120)

and where the falling side of the carrier signal fc2c1(t) intersect the modulating signal

frc(t) we define the function f2c1(t) as:

f2c1(t) = ma sin(ω0t) +
4

Ts
t− 4n+ 2 (B.121)

and similarly where the rising side of the carrier signal fc3c1(t) intersect the modulating

signal frc(t) we define the function f3c1(t) as:

f3c1(t) = ma sin(ω0t) −
4

Ts
t+ 4n (B.122)

Now using the Newton-Raphson method discussed in appendix section B.1.2 we approxi-

mate the root of equation B.120 as:

t12c1 = t11c1 −
f1c1(t11c1)

f
′

1c1(t11c1)
= t11c1 −

ma sin(ω0t11c1) − 4
Ts
t11 + 4(n− 1)

ω0ma cos(ω0t11c1) − 4
Ts

(B.123)

where the initial guess t11c1 is given by:

t11c1 = 1
4
Ts · 4(n− 1) for 0 < t11c1 < mfTs (B.124)

After i successive approximations we will have equation B.123 written as:

t1(i+1)c1 = t1ic1 −
f1c1(t1ic1)

f
′

1c1(t1ic1)
(B.125)
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Similarly using the Newton-Raphson method we approximate the root of equation B.121

as:

t22c1 = t21c1 −
f2c1(t2)

f
′

2c1(t21c1)
= t21c1 −

ma sin(ω0t2c1) + 4
Ts
t21c1 − 4n+ 2

ω0ma cos(ω0t21c1) + 4
Ts

(B.126)

where the initial guess t21c1 is given by:

t21c1 = 1
4
Ts · (4n− 2) for 0 < t21c1 < mfTs (B.127)

After i successive approximations we will have equation B.126 written as:

t2(i+1)c1 = t2ic1 −
f2c1(t2ic1)

f
′

2c1(t2ic1)
(B.128)

And similarly using the Newton-Raphson method we approximate the root of equation

B.122 as:

t32c1 = t31c1 −
f1c1(t31c1)

f
′

1c1(t31c1)
= t31c1 −

ma sin(ω0t31c1) − 4
Ts
t3c1 + 4n

ω0ma cos(ω0t31c1) − 4
Ts

(B.129)

where the initial guess t31c1 is given by:

t31c1 = 1
4
Ts · 4n for 0 < t31c1 < mfTs (B.130)

After i successive approximations we will have equation B.129 written as:

t3(i+1)c1 = t3ic1 −
f3c1(t3ic1)

f
′

3c1(t3ic1)
(B.131)

Now we consider the pwm resulting from the intersection of fc1c1, fc2c1 and fc3c1 with frc .

First we look at the pulse formed between t1(i+1)c1 and t2(i+1)c1 . The width of this pulse

is given by:

W1c1 = t2(i+1)c1 − t1(i+1)c1

Now following the same method as in section B.2.1 the Fourier transform of the negative

pulse is given by:

F (ω) =
∫

W1c1
2

−
W1c1

2

(Vt)e
−jω0tdt

= − Vt
jω0

(

e−jω0(t2(i+1)c1
−t1(i+1)c1

)
)

(B.132)

and the Fourier transform of the negative pulses generated by shifting the pulse between

t1(i+1)c1 and t2(i+1)c1 by t01c1 where t01c1 is given by:

t01c1 = t1(i+1)c1 +
W1c1

2
(B.133)
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can be represented as follows:

F (ω) =
∫

W1c1
2

−
W1c1

2

(−Vt)e−jω0te−jω0t01c1dt

=
Vt
jω0

(

e−jω0(t2(i+1)c1
−t1(i+1)c1

)e−jω0t01c1

)

(B.134)

Similarly we consider the pulse formed between t2(i+1)c1 and t3(i+1)c1 in Figure B.23. The

width of this pulse is given by:

W2c1 = t3(i+1)c1 − t2(i+1)c1

and its Fourier transform using the positive pulse results in:

F (ω) =
∫

W2c1
2

−
W2c1

2

(Vt)e
−jω0tdt

= − Vt
jω0

(

e−jω0(t3(i+1)c1
−t2(i+1)c1

)
)

(B.135)

The shifting of this positive pulse by t02c1 is done similar to the one shown in Figure B.4

where t02c1 is given by:

t02c1 = t2(i+1)c1 +
W2c1

2
(B.136)

The resulting Fourier transform of the shifted positive pulse is given by:

F (ω) =
∫

W2c1
2

−
W2c1

2

(Vt)e
−jω0te−jω0t02c1dt

= − Vt
jω0

(

e−jω0(t3(i+1)c1
−t2(i+1)c1

)e−jω0t02c1

)

(B.137)

To obtain the spectrum of Sc1(ω) we sum up all the Fourier transform for the negative

and positive pulses over any number of cycles of the switching period. The amplitude

spectrum is the same as the one shown in Figure B.5 for Sa1(ω).
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Figure B.24: Phase spectrum of Sc1(ω) generated using (a) Newton-Raphson

simulation and (b) Theory

B.2.10 Derivation of the spectrum for the switching function

sc2(t)

In this subsection we derive equations that are necessary for the plotting of Sc2(ω) spec-

trum. The procedure is the same as in subsection B.2.9 except that the carrier signal in

Figure B.25 is out of phase by 180 degrees with the one in Figure B.23.
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Figure B.25: Newton-Raphson method of switching function sc2(t)
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Modulation signal frc(t) is given by:

frc(t) = ma sin(ω0t+
2π

3
) (B.138)

The rising side of the carrier signal fc1c2(t) is given by:

fc1c2(t) =
4

Ts
t− 4n+ 2 (B.139)

The falling side of the carrier signal fc2c2(t) is given by:

fc2c2(t) = − 4

Ts
t+ 4n (B.140)

The next rising side of the carrier signal fc3c2(t) is given by:

fc3c2(t) =
4

Ts
t− 4n− 2 (B.141)

Where the rising side of the carrier signal fc1c2(t) intersect the modulating signal frc(t)

we define the function f1c2(t) as:

f1c2(t) = ma sin(ω0t) −
4

Ts
t+ 4n− 2 (B.142)

and where the falling side of the carrier signal fc2c2(t) intersect the modulating signal

frc(t) we define the function f2c2(t) as:

f2c2(t) = ma sin(ω0t) +
4

Ts
t− 4n (B.143)

and similarly where the rising side of the carrier signal fc3c2(t) intersect the modulating

signal frc(t) we define the function f3c2(t) as:

f3c2(t) = ma sin(ω0t) −
4

Ts
t+ 4n+ 2 (B.144)

Now using the Newton-Raphson method discussed in appendix section B.1.2 we approxi-

mate the root of equation B.142 as:

t12c2 = t11c2 −
f1c2(t11c2)

f
′

1c2(t11c2)
= t11c2 −

ma sin(ω0t11c2) − 4
Ts
t11 + 4n− 2

ω0ma cos(ω0t11c2) − 4
Ts

(B.145)

where the initial guess t11c2 is given by:

t11c2 = 1
4
Ts · (4n− 2) for 0 < t11c2 < mfTs (B.146)

After i successive approximations we will have equation B.145 written as:

t1(i+1)c2 = t1ic2 −
f1c2(t1ic2)

f
′

1c2(t1ic2)
(B.147)
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Similarly using the Newton-Raphson method we approximate the root of equation B.143

as:

t22c2 = t21c2 −
f2c2(t2)

f
′

2c2(t21c2)
= t21c2 −

ma sin(ω0t2c2) + 4
Ts
t21c2 − 4n

ω0ma cos(ω0t21c2) + 4
Ts

(B.148)

where the initial guess t21c2 is given by:

t21c2 = 1
4
Ts · (4n) for 0 < t21c2 < mfTs (B.149)

After i successive approximations we will have equation B.148 written as:

t2(i+1)c2 = t2ic2 −
f2c2(t2ic2)

f
′

2c2(t2ic2)
(B.150)

And similarly using the Newton-Raphson method we approximate the root of equation

B.144 as:

t32c2 = t31c2 −
f1c2(t31c2)

f
′

1c2(t31c2)
= t31c2 −

ma sin(ω0t31c2) − 4
Ts
t3c2 + 4n+ 2

ω0ma cos(ω0t31c2) − 4
Ts

(B.151)

where the initial guess t31c2 is given by:

t31c2 = 1
4
Ts · (4n+ 2) for 0 < t31c2 < mfTs (B.152)

After i successive approximations we will have equation B.151 written as:

t3(i+1)c2 = t3ic2 −
f3c2(t3ic2)

f
′

3c2(t3ic2)
(B.153)

Now we consider the pwm resulting from the intersection of fc1c2, fc2c2 and fc3c2 with frc .

First we look at the pulse formed between t1(i+1)c2 and t2(i+1)c2 . The width of this pulse

is given by:

W1c2 = t2(i+1)c2 − t1(i+1)c2

Now following the same method as in section B.2.1 the Fourier transform of the positive

pulse is given by:

F (ω) =
∫

W1c2
2

−
W1c2

2

(−Vt)e−jω0tdt

=
Vt
jω0

(

e−jω0(t2(i+1)c2
−t1(i+1)c2

)
)

(B.154)

and the Fourier transform of the positive pulses generated by shifting the pulse between

t1(i+1)c2 and t2(i+1)c2 by t01c2 where t01c2 is given by:

t01c2 = t1(i+1)c2 +
W1c2

2
(B.155)
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can be represented as follows:

F (ω) =
∫

W1c2
2

−
W1c2

2

(Vt)e
−jω0te−jω0t01c2dt

= − Vt
jω0

(

e−jω0(t2(i+1)c2
−t1(i+1)c2

)e−jω0t01c2

)

(B.156)

Similarly we consider the pulse formed between t2(i+1)c2 and t3(i+1)c2 in Figure B.25. The

width of this pulse is given by:

W2c2 = t3(i+1)c2 − t2(i+1)c2

and its Fourier transform using the negative pulse results in:

F (ω) =
∫

W2c2
2

−
W2c2

2

(−Vt)e−jω0tdt

=
Vt
jω0

(

e−jω0(t3(i+1)c2
−t2(i+1)c2

)
)

(B.157)

The shifting of this negative pulse by t02c2 is done similar to the one shown in Figure B.4

where t02c2 is given by:

t02c2 = t2(i+1)c2 +
W2c2

2
(B.158)

The resulting Fourier transform of the shifted negative pulse is given by:

F (ω) =
∫

W2c2
2

−
W2c2

2

(−Vt)e−jω0te−jω0t02c2dt

=
Vt
jω0

(

e−jω0(t3(i+1)c2
−t2(i+1)c2

)e−jω0t02c2

)

(B.159)

To obtain the spectrum of Sc2(ω) we sum up all the Fourier transform for the negative

and positive pulses over any number of cycles of the switching period. The amplitude

spectrum is the same as the one shown in Figure B.5 for Sa1(ω).
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Figure B.26: Phase spectrum of Sc2(ω) generated using (a) Newton-Raphson

simulation and (b) Theory

B.2.11 Derivation of the spectrum for the switching function

sdc(t)

In this subsection we derive equations that are necessary for the plotting of Sdc(ω) spec-

trum. We use the definition of sdc(t) to obtain Figure B.27 from Figures B.23 and B.25.
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Figure B.27: Newton-Raphson method of switching function sdc(t)
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The width of the positive pulse is given by:

W1sdc = t2(i+1)c1 − t1(i+1)c1 (B.160)

The Fourier transform of the positive pulses generated by shifting the pulse between

t1(i+1)c1 and t2(i+1)c1 by t01sdc where t01sdc is given by:

t01sdb = t1(i+1)c1 +
W1sdc

2
(B.161)

is given by:

F (ω) =
∫

W1sdc
2

−
W1sdc

2

(Vt)e
−jω0te−jω0t01sdcdt

= − Vt
jω0

(

e−jω0(t2(i+1)c1
−t1(i+1)c1

)e−jω0t01sdc

)

(B.162)

The width of the negative pulse is given by:

W2sdc = t2(i+1)c2 − t1(i+1)c2 (B.163)

The Fourier transform of the negative pulses generated by shifting the pulse between

t1(i+1)c2 and t2(i+1)c2 by t02sdc where t02sdc is given by:

t02sdc = t1(i+1)c2 +
W2sdc

2
(B.164)

is given by:

F (ω) =
∫

W2sdc
2

−
W2sdc

2

(−Vt)e−jω0te−jω0t02sdcdt

=
Vt
jω0

(

e−jω0(t2(i+1)c2
−t1(i+1)c2

)e−jω0t02sdc

)

(B.165)

To obtain the spectrum of Sdc(ω) we sum up all the Fourier transform for the negative

and positive pulses over any number of cycles of the switching period. The amplitude

spectrum is the same as the one shown in Figure B.10 for Sda(ω).
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Figure B.28: Phase spectrum of Sdc(ω) generated using (a) Newton-Raphson

simulation and (b) Theory

B.2.12 Derivation of the spectrum for the switching function

stc(t)

In this subsection we derive equations that are necessary for the plotting of Stc(ω) spec-

trum. We use the definition of stc(t) to obtain Figure B.29 from Figures B.23 and B.25.
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Figure B.29: Newton-Raphson method of switching function stc(t)
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The width of the positive pulse between t2(i+1)c1 and t1(i+1)c2 is given by:

W1sdc = t1(i+1)c2 − t2(i+1)c1 (B.166)

The Fourier transform of the positive pulses generated by shifting the pulse between

t2(i+1)c1 and t1(i+1)c2 by t01stc where t01stc is given by:

t01stc = t2(i+1)c1 +
W1stc

2
(B.167)

is given by:

F (ω) =
∫

W1stc
2

−
W1stc

2

(Vt)e
−jω0te−jω0t01stcdt

= − Vt
jω0

(

e−jω0(t1(i+1)c2
−t2(i+1)c1

)e−jω0t01stc

)

(B.168)

The width of the positive pulse between t2(i+1)c2 and t3(i+1)c1 by t02stc is given by:

W2stc = t3(i+1)c1 − t2(i+1)c2 (B.169)

The Fourier transform of the positive pulses generated by shifting the pulse between

t2(i+1)c2 and t3(i+1)c1 by t02stc where t02stc is given by:

t02stc = t2(i+1)c2 +
W2stc

2
(B.170)

is given by:

F (ω) =
∫

W2stc
2

−
W2stc

2

(Vt)e
−jω0te−jω0t02stcdt

= − Vt
jω0

(

e−jω0(t3(i+1)c1
−t2(i+1)c2

)e−jω0t02stc

)

(B.171)

To obtain the spectrum of Stc(ω) we sum up all the Fourier transform for the positive

pulses over any number of cycles of the switching period. The amplitude spectrum is the

same as the one shown in Figure B.13 for Sta(ω).
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Figure B.30: Phase spectrum of Stc(ω) generated using (a) Newton-Raphson

simulation and (b) Theory

B.3 Newton-Raphson Method for Simulation of a

3-cell converter

The main purpose of this section is to use Newton-Raphson simulation method for plotting

the spectrum of the switching functions of 3-cell multicell converter. This will then be

compared with the spectrum obtained using double-Fourier analysis. The spectrum for

the switching functions sa1(t), sb1(t) and sc1(t) are the same as those derived for 2-cell

converter.

B.3.1 Derivation of the spectrum for the switching function

sa2(t)

In this subsection we derive equations that are necessary for the plotting of Sa2(ω) spec-

trum. The procedure is the same as in subsection B.2.1 except that the carrier signal in

Figure B.31 is out of phase by 120 degrees with the one in Figure B.2.

Modulation signal fra(t) is given by:

fra(t) = ma sin(ω0t) (B.172)

The rising side of the carrier signal fc1a2(t) is given by:

fc1a2(t) =
4

Ts
t− (4n− 8

3
) (B.173)

The falling side of the carrier signal fc2a2(t) is given by:

fc2a2(t) = − 4

Ts
t+ (4n− 2

3
) (B.174)
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Figure B.31: Newton-Raphson method of switching function sa2(t)

The next rising side of the carrier signal fc3a2(t) is given by:

fc3a2(t) =
4

Ts
t− (4n +

10

3
) (B.175)

Where the rising side of the carrier signal fc1a2(t) intersect the modulating signal fra(t)

we define the function f1a2(t) as:

f1a2(t) = ma sin(ω0t) −
4

Ts
t+ (4n− 8

3
) (B.176)

and where the falling side of the carrier signal f1a2(t) intersect the modulating signal fra(t)

we define the function f2a2(t) as:

f2a2(t) = ma sin(ω0t) +
4

Ts
t− (4n− 2

3
) (B.177)

and similarly where the rising side of the carrier signal fc3a2(t) intersect the modulating

signal fra(t) we define the function f3a2(t) as:

f3a2(t) = ma sin(ω0t) −
4

Ts
t+ (4n+

10

3
) (B.178)

Now using the Newton-Raphson method discussed in appendix section B.1.2 we approxi-

mate the root of equation B.176 as:

t12a2 = t11a2 −
f1a2(t11a2)

f
′

1a2(t11a2)
= t11a2 −

ma sin(ω0t11a2) − 4
Ts
t11a2 + (4n− 8

3
)

ω0ma cos(ω0t11a2) + 4
Ts

(B.179)

where the initial guess t11a2 is given by:

t11a2 = 1
4
Ts · (4n− 8

3
) for 0 < t11a2 < mfTs (B.180)
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After i successive approximations we will have equation B.179 written as:

t1(i+1)a2 = t1ia2 −
f1a2(t1ia2)

f
′

1a2(t1ia2)
(B.181)

Similarly using the Newton-Raphson method we approximate the root of equation B.177

as:

t22a2 = t21a2 −
f2a2(t2)

f
′

2a2(t21a2)
= t21a2 −

ma sin(ω0t2a2) + 4
Ts
t21a2 − (4n− 2

3
)

ω0ma cos(ω0t21a2) − 4
Ts

(B.182)

where the initial guess t21a2 is given by:

t21a2 = 1
4
Ts · (4n− 2

3
) for 0 < t21a2 < mfTs (B.183)

After i successive approximations we will have equation B.182 written as:

t2(i+1)a2 = t2ia2 −
f2a2(t2ia2)

f
′

2a2(t2ia2)
(B.184)

And similarly using the Newton-Raphson method we approximate the root of equation

B.178 as:

t32a2 = t31a2 −
f1a2(t31a2)

f
′

1a2(t31a2)
= t31a2 −

ma sin(ω0t31a2) − 4
Ts
t3a2 + (4n+ 10

3
)

ω0ma cos(ω0t31a2) + 4
Ts

(B.185)

where the initial guess t31a2 is given by:

t31a2 = 1
4
Ts · (4n+ 10

3
)n for 0 < t31a2 < mfTs (B.186)

After i successive approximations we will have equation B.185 written as:

t3(i+1)a2 = t3ia2 −
f3a2(t3ia2)

f
′

3a2(t3ia2)
(B.187)

Now we consider the pwm resulting from the intersection of fc1a2, fc2a2 and fc3a2 with fra .

First we look at the pulse formed between t1(i+1)a2 and t2(i+1)a2 . The width of this pulse

is given by:

W1a2 = t2(i+1)a2 − t1(i+1)a2

Now following the same method as in section B.2.1 the Fourier transform of the negative

pulse is given by:

F (ω) =
∫

W1a2
2

−
W1a2

2

(−Vt)e−jω0tdt

=
Vt
jω0

(

e−jω0(t2(i+1)a2
−t1(i+1)a2

)
)

(B.188)
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and the Fourier transform of the negative pulses generated by shifting the pulse between

t1(i+1)a2 and t2(i+1)a2 by t01a2 where t01a2 is given by:

t01a2 = t1(i+1)a2 +
W1a2

2
(B.189)

can be represented as follows:

F (ω) =
∫

W1a2
2

−
W1a2

2

(−Vt)e−jω0te−jω0t01a2dt

=
Vt
jω0

(

e−jω0(t2(i+1)a2
−t1(i+1)a2

)e−jω0t01a2

)

(B.190)

Similarly we consider the pulse formed between t2(i+1)a2 and t3(i+1)a2 in Figure B.31. The

width of this pulse is given by:

W2a2 = t3(i+1)a2 − t2(i+1)a2

and its Fourier transform using the positive pulse results in:

F (ω) =
∫

W2a2
2

−
W2a2

2

(Vt)e
−jω0tdt

= − Vt
jω0

(

e−jω0(t3(i+1)a2
−t2(i+1)a2

)
)

(B.191)

The shifting of this positive pulse by t02a2 where t02a2 is given by:

t02a2 = t2(i+1)a2 +
W2a2

2
(B.192)

The resulting Fourier transform of the shifted positive pulse is given by:

F (ω) =
∫

W2a2
2

−
W2a2

2

(Vt)e
−jω0te−jω0t02a2dt

= − Vt
jω0

(

e−jω0(t3(i+1)a2
−t2(i+1)a2

)e−jω0t02a2

)

(B.193)

To obtain the spectrum of Sa2(ω) we sum up all the Fourier transform for the negative

and positive pulses over any number of cycles of the switching period. The amplitude

spectrum is the same as the one for Sa2(ω) in the 2-cell multicell converter shown in Figure

B.5.
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Figure B.32: Phase spectrum of Sa2(ω) generated using (a) Newton-Raphson

simulation and (b) Theory

B.3.2 Derivation of the spectrum for the switching function

sa3(t)

In this subsection we derive equations that are necessary for the plotting of Sa3(ω) spec-

trum. The procedure is the same as in subsection B.2.1 except that the carrier signal in

Figure B.33 is out of phase by 240 degrees with the one in Figure B.2.
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Figure B.33: Newton-Raphson method of switching function sa3(t)
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Modulation signal fra(t) is given by:

fra(t) = ma sin(ω0t) (B.194)

The falling side of the carrier signal fc1a3(t) is given by:

fc1a3(t) = − 4

Ts
t+ (4n− 10

3
) (B.195)

The rising side of the carrier signal fc2a3(t) is given by:

fc2a3(t) =
4

Ts
t− (4n− 4

3
) (B.196)

The next falling side of the carrier signal fc3a3(t) is given by:

fc3a3(t) = − 4

Ts
t+ (4n+

2

3
) (B.197)

Where the falling side of the carrier signal fc1a3(t) intersect the modulating signal fra(t)

we define the function f1a3(t) as:

f1a3(t) = ma sin(ω0t) +
4

Ts
t− (4n− 10

3
) (B.198)

and where the falling side of the carrier signal f1a3(t) intersect the modulating signal fra(t)

we define the function f2a3(t) as:

f2a3(t) = ma sin(ω0t) −
4

Ts
t+ (4n− 4

3
) (B.199)

and similarly where the rising side of the carrier signal fc3a3(t) intersect the modulating

signal fra(t) we define the function f3a3(t) as:

f3a3(t) = ma sin(ω0t) +
4

Ts
t− (4n+

2

3
) (B.200)

Now using the Newton-Raphson method discussed in appendix section B.1.2 we approxi-

mate the root of equation B.198 as:

t12a3 = t11a3 −
f1a3(t11a3)

f
′

1a3(t11a3)
= t11a3 −

ma sin(ω0t11a3) + 4
Ts
t11a3 − (4n− 10

3
)

ω0ma cos(ω0t11a3) + 4
Ts

(B.201)

where the initial guess t11a2 is given by:

t11a3 = 1
4
Ts · (4n− 10

3
) for 0 < t11a3 < mfTs (B.202)

After i successive approximations we will have equation B.201 written as:

t1(i+1)a3 = t1ia3 −
f1a3(t1ia3)

f
′

1a3(t1ia3)
(B.203)

Similarly using the Newton-Raphson method we approximate the root of equation B.199

as:

t22a3 = t21a3 −
f2a3(t2)

f
′

2a3(t21a3)
= t21a3 −

ma sin(ω0t2a3) − 4
Ts
t21a3 + (4n− 4

3
)

ω0ma cos(ω0t21a3) − 4
Ts

(B.204)
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where the initial guess t21a3 is given by:

t21a3 = 1
4
Ts · (4n− 4

3
) for 0 < t21a3 < mfTs (B.205)

After i successive approximations we will have equation B.204 written as:

t2(i+1)a3 = t2ia3 −
f2a3(t2ia3)

f
′

2a3(t2ia3)
(B.206)

And similarly using the Newton-Raphson method we approximate the root of equation

B.200 as:

t32a3 = t31a3 −
f1a3(t31a3)

f
′

1a2(t31a3)
= t31a3 −

ma sin(ω0t31a3) + 4
Ts
t3a3 − (4n+ 2

3
)

ω0ma cos(ω0t31a3) + 4
Ts

(B.207)

where the initial guess t31a3 is given by:

t31a3 = 1
4
Ts · (4n+ 2

3
)n for 0 < t31a3 < mfTs (B.208)

After i successive approximations we will have equation B.207 written as:

t3(i+1)a3 = t3ia3 −
f3a3(t3ia3)

f
′

3a3(t3ia3)
(B.209)

Now we consider the pwm resulting from the intersection of fc1a3, fc2a3 and fc3a3 with fra .

First we look at the pulse formed between t1(i+1)a3 and t2(i+1)a3 . The width of this pulse

is given by:

W1a3 = t2(i+1)a3 − t1(i+1)a3

Now following the same method as in section B.2.1 the Fourier transform of the positive

pulse is given by:

F (ω) =
∫

W1a3
2

−
W1a3

2

(Vt)e
−jω0tdt

= − Vt
jω0

(

e−jω0(t2(i+1)a3
−t1(i+1)a3

)
)

(B.210)

and the Fourier transform of the positive pulses generated by shifting the pulse between

t1(i+1)a3 and t2(i+1)a3 by t01a3 where t01a3 is given by:

t01a3 = t1(i+1)a3 +
W1a3

2
(B.211)

can be represented as follows:

F (ω) =
∫

W1a3
2

−
W1a3

2

(Vt)e
−jω0te−jω0t01a3dt

= − Vt
jω0

(

e−jω0(t2(i+1)a3
−t1(i+1)a3

)e−jω0t01a3

)

(B.212)
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Similarly we consider the pulse formed between t2(i+1)a3 and t3(i+1)a3 in Figure B.33. The

width of this pulse is given by:

W2a3 = t3(i+1)a3 − t2(i+1)a3

and its Fourier transform using the negative pulse results in:

F (ω) =
∫

W2a3
2

−
W2a3

2

(−Vt)e−jω0tdt

=
Vt
jω0

(

e−jω0(t3(i+1)a3
−t2(i+1)a3

)
)

(B.213)

The shifting of this negative pulse by t02a3 where t02a3 is given by:

t02a3 = t2(i+1)a3 +
W2a3

2
(B.214)

The resulting Fourier transform of the shifted negative pulse is given by:

F (ω) =
∫

W2a3
2

−
W2a3

2

(−Vt)e−jω0te−jω0t02a3dt

=
Vt
jω0

(

e−jω0(t3(i+1)a3
−t2(i+1)a3

)e−jω0t02a3

)

(B.215)

To obtain the spectrum of Sa3(ω) we sum up all the Fourier transform for the negative

and positive pulses over any number of cycles of the switching period. The amplitude

spectrum is the same as the one for Sa1(ω) in the 2-cell multicell converter shown in Figure

B.5 Sa1(ω).
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Figure B.34: Phase spectrum of Sa3(ω) generated using (a) Newton-Rapson simulation

and (b) Theory

B.3.3 Derivation of the spectrum for the switching function

sb2(t)

In this subsection we derive equations that are necessary for the plotting of Sb2(ω) spec-

trum. The procedure is the same as in subsection B.2.1 except that the carrier and

reference signals in Figure B.35 are out of phase by 120 degrees with those in Figure B.2.
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Figure B.35: Newton-Raphson method of switching function sb2(t)
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Modulation signal frb(t) is given by:

frb(t) = ma sin(ω0t−
2π

3
) (B.216)

The falling side of the carrier signal fc1b2(t) is given by:

fc2b2(t) = − 4

Ts
t+ (4(n− 1) − 2

3
) (B.217)

The rising side of the carrier signal fc2b2(t) is given by:

fc1b2(t) =
4

Ts
t− (4n− 8

3
) (B.218)

The next falling side of the carrier signal fc3b2(t) is given by:

fc2b2(t) = − 4

Ts
t+ (4n− 2

3
) (B.219)

Where the falling side of the carrier signal fc1b2(t) intersect the modulating signal frb(t)

we define the function f1b2(t) as:

f1b2(t) = ma sin(ω0t) +
4

Ts
t− (4(n− 1) − 2

3
) (B.220)

and where the rising side of the carrier signal f2b2(t) intersect the modulating signal frb(t)

we define the function f2b2(t) as:

f1b2(t) = ma sin(ω0t) −
4

Ts
t+ (4n− 8

3
) (B.221)

and similarly where the falling side of the carrier signal fc3b2(t) intersect the modulating

signal frb(t) we define the function f3b2(t) as:

f2b2(t) = ma sin(ω0t) +
4

Ts
t− (4n− 2

3
) (B.222)

Now using the Newton-Raphson method discussed in appendix section B.1.2 we approxi-

mate the root of equation B.220 as:

t12b2 = t11b2 −
f1b2(t11b2)

f
′

1b2
(t21b2)

= t11b2 −
ma sin(ω0t11b2) + 4

Ts
t11b2 − (4(n− 1) − 2

3
)

ω0ma cos(ω0t11b2) − 4
Ts

(B.223)

where the initial guess t11b2 is given by:

t11b2 = 1
4
Ts · (4(n− 1) − 2

3
) for 0 < t11a2 < mfTs (B.224)

After i successive approximations we will have equation B.223 written as:

t1(i+1)b2 = t1ib2 −
f1b2(t1ib2)

f
′

1b2
(t1ib2)

(B.225)
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Similarly using the Newton-Raphson method we approximate the root of equation B.221

as:

t22b2 = t21b2 −
f2b2(t21b2)

f
′

2b2
(t21b2)

= t21b2 −
ma sin(ω0t21b2) − 4

Ts
t21b2 + (4n− 8

3
)

ω0ma cos(ω0t21b2) + 4
Ts

(B.226)

where the initial guess t21b2 is given by:

t21b2 = 1
4
Ts · (4n− 8

3
) for 0 < t21b2 < mfTs (B.227)

After i successive approximations we will have equation B.226 written as:

t2(i+1)b2 = t2ib2 −
f2b2(t2ib2)

f
′

2b2
(t2ib2)

(B.228)

And similarly using the Newton-Raphson method we approximate the root of equation

B.222 as:

t32b2 = t31b2 −
f3b2(t31b2)

f
′

3b2(t31b2)
= t31b2 −

ma sin(ω0t31b2) + 4
Ts
t31b2 − (4n− 2

3
)

ω0ma cos(ω0t31b2) − 4
Ts

(B.229)

where the initial guess t31b2 is given by:

t31b2 = 1
4
Ts · (4n− 2

3
) for 0 < t31a2 < mfTs (B.230)

After i successive approximations we will have equation B.229 written as:

t3(i+1)b2 = t3ib2 −
f2b2(t3ib2)

f
′

3b2
(t3ib2)

(B.231)

Now we consider the pwm resulting from the intersection of fc1b2 , fc2b2 and fc3b2 with frb .

First we look at the pulse formed between t1(i+1)b2 and t2(i+1)b2 . The width of this pulse

is given by:

W1b2 = t2(i+1)b2 − t1(i+1)b2

Now following the same method as in section B.2.1 the Fourier transform of the positive

pulse is given by:

F (ω) =
∫

W1b2
2

W1b2
2

(−Vt)e−jω0tdt

= − Vt
jω0

(

e−jω0(t2(i+1)b2
−t1(i+1)b2

)
)

(B.232)

and the Fourier transform of the positive pulses generated by shifting the pulse between

t1(i+1)b2 and t2(i+1)b2 by t01b2 where t01b2 is given by:

t01b2 = t1(i+1)b2 +
W1b2

2
(B.233)
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can be represented as follows:

F (ω) =
∫

W1b2
2

−
W1b2

2

(Vt)e
−jω0te−jω0t01b2dt

= − Vt
jω0

(

e−jω0(t2(i+1)b2
−t1(i+1)b2

)e−jω0t01b2

)

(B.234)

Similarly we consider the pulse formed between t2(i+1)b2 and t3(i+1)b2 in Figure B.35. The

width of this pulse is given by:

W2b2 = t3(i+1)b2 − t2(i+1)b2

and its Fourier transform using the negative pulse results in:

F (ω) =
∫

W2b2
2

−
W2b2

2

(−Vt)e−jω0tdt

=
Vt
jω0

(

e−jω0(t3(i+1)b2
−t2(i+1)b2

)
)

(B.235)

The shifting of this negative pulse by t02b2 where t02b2 is given by:

t02b2 = t2(i+1)b2 +
W2b2

2
(B.236)

The resulting Fourier transform of the shifted positive pulse is given by:

F (ω) =
∫

W2b2
2

−
W2b2

2

(−Vt)e−jω0te−jω0t02b2dt

=
Vt
jω0

(

e−jω0(t3(i+1)b2
−t2(i+1)b2

)e−jω0t02b2

)

(B.237)

To obtain the spectrum of Sb2(ω) we sum up all the Fourier transform for the negative

and positive pulses over any number of cycles of the switching period. The amplitude

spectrum is the same as the one for Sa1(ω) in the 2-cell multicell converter.
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Figure B.36: Phase spectrum of Sb2(ω) generated using (a) Newton-Raphson

simulation and (b) Theory

B.3.4 Derivation of the spectrum for the switching function

sb3(t)

In this subsection we derive equations that are necessary for the plotting of Sb3(ω) spec-

trum. The procedure is the same as in subsection B.2.1 except that the carrier and

reference signals in Figure B.37 are out of phase by 120 and 240 degrees respectively with

those in Figure B.2.
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Figure B.37: Newton-Raphson method of switching function sb3(t)
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Modulation signal frb(t) is given by:

frb(t) = ma sin(ω0t−
2π

3
) (B.238)

The falling side of the carrier signal fc1b3(t) is given by:

fc1b3(t) = − 4

Ts
t+ (4n− 10

3
) (B.239)

The rising side of the carrier signal fc2b3(t) is given by:

fc2b3(t) =
4

Ts
t− (4n− 4

3
) (B.240)

The next falling side of the carrier signal fc3b3(t) is given by:

fc3b3(t) = − 4

Ts
t+ (4n+

2

3
) (B.241)

Where the falling side of the carrier signal fc1b3(t) intersect the modulating signal frb(t)

we define the function f1b3(t) as:

f1b3(t) = ma sin(ω0t−
2π

3
) +

4

Ts
t− (4n− 10

3
) (B.242)

and where the falling side of the carrier signal f1b3(t) intersect the modulating signal frb(t)

we define the function f2b3(t) as:

f2b3(t) = ma sin(ω0t−
2π

3
) − 4

Ts
t+ (4n− 4

3
) (B.243)

and similarly where the rising side of the carrier signal fc3b3(t) intersect the modulating

signal frb(t) we define the function f3b3(t) as:

f3b3(t) = ma sin(ω0t−
2π

3
) +

4

Ts
t− (4n+

2

3
) (B.244)

Now using the Newton-Raphson method discussed in appendix section B.1.2 we approxi-

mate the root of equation B.242 as:

t12b3 = t11b3 −
f1b3(t11b3)

f
′

1b3
(t11b3)

= t11b3 −
ma sin(ω0t11b3 − 2π

3
) + 4

Ts
t11b3 − (4n− 10

3
)

ω0ma cos(ω0t11b3 − 2π
3

) + 4
Ts

(B.245)

where the initial guess t11b3 is given by:

t11b3 = 1
4
Ts · (4n− 10

3
) for 0 < t11b3 < mfTs (B.246)

After i successive approximations we will have equation B.245 written as:

t1(i+1)b3 = t1ib3 −
f1b3(t1ib3)

f
′

1b3
(t1ib3)

(B.247)
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Similarly using the Newton-Raphson method we approximate the root of equation B.243

as:

t22b3 = t21b3 −
f2b3(t21b3)

f
′

2b3
(t21b3)

= t21b3 −
ma sin(ω0t21b3 − 2π

3
) − 4

Ts
t21b3 + (4n− 4

3
)

ω0ma cos(ω0t21b3 − 2π
3

) − 4
Ts

(B.248)

where the initial guess t21b3 is given by:

t21b3 = 1
4
Ts · (4n− 4

3
) for 0 < t21b3 < mfTs (B.249)

After i successive approximations we will have equation B.248 written as:

t2(i+1)b3 = t2ib3 −
f2b3(t2ib3)

f
′

2b3
(t2ib3)

(B.250)

And similarly using the Newton-Raphson method we approximate the root of equation

B.244 as:

t32b3 = t31b3 −
f1b3(t31b3)

f
′

1b3(t31b3)
= t31b3 −

ma sin(ω0t31b3) + 4
Ts
t3b3 − (4n+ 2

3
)

ω0ma cos(ω0t31b3 − 2π
3

) + 4
Ts

(B.251)

where the initial guess t31b3 is given by:

t31b3 = 1
4
Ts · (4n+ 2

3
)n for 0 < t31b3 < mfTs (B.252)

After i successive approximations we will have equation B.251 written as:

t3(i+1)b3 = t3ib3 −
f3b3(t3ib3)

f
′

3b3
(t3ib3)

(B.253)

Now we consider the pwm resulting from the intersection of fc1b3 , fc2b3 and fc3b3 with frb .

First we look at the pulse formed between t1(i+1)b3 and t2(i+1)b3 . The width of this pulse

is given by:

W1b3 = t2(i+1)b3 − t1(i+1)b3

Now following the same method as in section B.2.1 the Fourier transform of the positive

pulse is given by:

F (ω) =
∫

W1b3
2

−
W1b3

2

(Vt)e
−jω0tdt

= − Vt
jω0

(

e−jω0(t2(i+1)b3
−t1(i+1)b3

)
)

(B.254)

and the Fourier transform of the positive pulses generated by shifting the pulse between

t1(i+1)b3 and t2(i+1)b3 by t01b3 where t01b3 is given by:

t01b3 = t1(i+1)b3 +
W1b3

2
(B.255)



Chapter B — Newton-Raphson Simulation 211

can be represented as follows:

F (ω) =
∫

W1b3
2

−
W1b3

2

(Vt)e
−jω0te−jω0t01b3dt

= − Vt
jω0

(

e−jω0(t2(i+1)b3
−t1(i+1)b3

)e−jω0t01b3

)

(B.256)

Similarly we consider the pulse formed between t2(i+1)b3 and t3(i+1)b3 in Figure B.33. The

width of this pulse is given by:

W2b3 = t3(i+1)b3 − t2(i+1)b3

and its Fourier transform using the negative pulse results in:

F (ω) =
∫

W2b3
2

−
W2b3

2

(−Vt)e−jω0tdt

=
Vt
jω0

(

e−jω0(t3(i+1)b3
−t2(i+1)b3

)
)

(B.257)

The shifting of this negative pulse by t02b3 where t02b3 is given by:

t02b3 = t2(i+1)a3 +
W2b3

2
(B.258)

The resulting Fourier transform of the shifted negative pulse is given by:

F (ω) =
∫

W2b3
2

−
W2b3

2

(−Vt)e−jω0te−jω0t02b3dt

=
Vt
jω0

(

e−jω0(t3(i+1)b3
−t2(i+1)b3

)e−jω0t02b3

)

(B.259)

To obtain the spectrum of Sb3(ω) we sum up all the Fourier transform for the negative

and positive pulses over any number of cycles of the switching period. The amplitude

spectrum is the same as the one for Sa1(ω) in the 2-cell multicell converter.



Chapter B — Newton-Raphson Simulation 212

6 12 18 24 30 36 42 48
[ ]Frequency kHz

6 12 18 24 30 36 42 48
[ ]Frequency kHz( )a ( )b

100−

50−

150−

200−

100

50

150

200

0

(
) [

]
3

de
g

b
P

ha
se

sp
ec

tr
um

of
S

ω

200−

150−

100−

50−

0

50

100

150

200

(
) [

]
3

de
g

b
P

ha
se

sp
ec

tr
um

of
S

ω

0    

 

Figure B.38: Phase spectrum of Sb3(ω) generated using (a) Newton-Raphson

simulation and (b) Theory

B.3.5 Derivation of the spectrum for the switching function

sc2(t)

In this subsection we derive equations that are necessary for the plotting of Sc2(ω) spec-

trum. The procedure is the same as in subsection B.2.1 except that the carrier and

reference signals in Figure B.35 are out of phase by 120 and 240 degrees respectively with

those in Figure B.2.
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Figure B.39: Newton-Raphson method of switching function sc2(t)
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Modulation signal frc(t) is given by:

frc(t) = ma sin(ω0t+
2π

3
) (B.260)

The rising side of the carrier signal fc1c2(t) is given by:

fc1c2(t) =
4

Ts
t− (4n− 8

3
) (B.261)

The falling side of the carrier signal fc2c2(t) is given by:

fc2c2(t) = − 4

Ts
t+ (4n− 2

3
) (B.262)

The next rising side of the carrier signal fc3c2(t) is given by:

fc3c2(t) =
4

Ts
t− (4n+

4

3
) (B.263)

Where the rising side of the carrier signal fc1c2(t) intersect the modulating signal frc(t)

we define the function f1c2(t) as:

f1c2(t) = ma sin(ω0t+
2π

3
) − 4

Ts
t+ (4n− 8

3
) (B.264)

and where the rising side of the carrier signal f2c2(t) intersect the modulating signal frc(t)

we define the function f2c2(t) as:

f2c2(t) = ma sin(ω0t+
2π

3
) +

4

Ts
t− (4n− 2

3
) (B.265)

and similarly where the falling side of the carrier signal fc3c2(t) intersect the modulating

signal frc(t) we define the function f3c2(t) as:

f3c2(t) = ma sin(ω0t+
2π

3
) − 4

Ts
t+ (4n+

4

3
) (B.266)

Now using the Newton-Raphson method discussed in appendix section B.1.2 we approxi-

mate the root of equation B.264 as:

t12c2 = t11c2 −
f1c2(t11c2)

f
′

1c2(t21c2)
= t11c2 −

ma sin(ω0t11c2 + 2π
3

) − 4
Ts
t11c2 + (4n− 8

3
)

ω0ma cos(ω0t11c2 + 2π
3

) − 4
Ts

(B.267)

where the initial guess t11c2 is given by:

t11c2 = 1
4
Ts · (4n− 8

3
) for 0 < t11c2 < mfTs (B.268)

After i successive approximations we will have equation B.267 written as:

t1(i+1)c2 = t1ic2 −
f1c2(t1ic2)

f
′

1c2(t1ic2)
(B.269)
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Similarly using the Newton-Raphson method we approximate the root of equation B.265

as:

t22c2 = t21c2 −
f2c2(t21c2)

f
′

2c2(t21c2)
= t21c2 −

ma sin(ω0t21c2 + 2π
3

) + 4
Ts
t21c2 − (4n− 2

3
)

ω0ma cos(ω0t21c2 + 2π
3

) + 4
Ts

(B.270)

where the initial guess t21c2 is given by:

t21c2 = 1
4
Ts · (4n− 2

3
) for 0 < t21c2 < mfTs (B.271)

After i successive approximations we will have equation B.270 written as:

t2(i+1)c2 = t2ic2 −
f2c2(t2ic2)

f
′

2c2(t2ic2)
(B.272)

And similarly using the Newton-Raphson method we approximate the root of equation

B.266 as:

t32c2 = t31c2 −
f3c2(t31c2)

f
′

3c2(t31c2)
= t31c2 −

ma sin(ω0t31c2 + 2π
3

) − 4
Ts
t31c2 + (4n+ 4

3
)

ω0ma cos(ω0t31c2 + 2π
3

) − 4
Ts

(B.273)

where the initial guess t31c2 is given by:

t31c2 = 1
4
Ts · (4n+ 4

3
) for 0 < t31c2 < mfTs (B.274)

After i successive approximations we will have equation B.273 written as:

t3(i+1)c2 = t3ic2 −
f2c2(t3ic2)

f
′

3c2(t3ic2)
(B.275)

Now we consider the pwm resulting from the intersection of fc1c2, fc2c2 and fc3c2 with frc .

First we look at the pulse formed between t1(i+1)c2 and t2(i+1)c2 . The width of this pulse

is given by:

W1c2 = t2(i+1)c2 − t1(i+1)c2

Now following the same method as in section B.2.1 the Fourier transform of the negative

pulse is given by:

F (ω) =
∫

W1c2
2

W1c2
2

(−Vt)e−jω0tdt

=
Vt
jω0

(

e−jω0(t2(i+1)c2
−t1(i+1)c2

)
)

(B.276)

and the Fourier transform of the negative pulses generated by shifting the pulse between

t1(i+1)c2 and t2(i+1)c2 by t01c2 where t01c2 is given by:

t01c2 = t1(i+1)c2 +
W1c2

2
(B.277)
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can be represented as follows:

F (ω) =
∫

W1c2
2

−
W1c2

2

(−Vt)e−jω0te−jω0t01c2dt

=
Vt
jω0

(

e−jω0(t2(i+1)c2
−t1(i+1)c2

)e−jω0t01c2

)

(B.278)

Similarly we consider the pulse formed between t2(i+1)c2 and t3(i+1)c2 in Figure B.39. The

width of this pulse is given by:

W2c2 = t3(i+1)c2 − t2(i+1)c2

and its Fourier transform using the positive pulse results in:

F (ω) =
∫

W2c2
2

−
W2c2

2

(Vt)e
−jω0tdt

= − Vt
jω0

(

e−jω0(t3(i+1)c2
−t2(i+1)c2

)
)

(B.279)

The shifting of this positive pulse by t02c2 where t02c2 is given by:

t02c2 = t2(i+1)c2 +
W2c2

2
(B.280)

The resulting Fourier transform of the shifted positive pulse is given by:

F (ω) =
∫

W2c2
2

−
W2c2

2

(Vt)e
−jω0te−jω0t02c2dt

= − Vt
jω0

(

e−jω0(t3(i+1)c2
−t2(i+1)c2

)e−jω0t02c2

)

(B.281)

To obtain the spectrum of Sc2(ω) we sum up all the Fourier transform for the negative

and positive pulses over any number of cycles of the switching period. The amplitude

spectrum is the same as the one for Sa1(ω) in the 2-cell multicell converter.
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Figure B.40: Phase spectrum of Sc2(ω) generated using (a) Newton-Raphson

simulation and (b) Theory

B.3.6 Derivation of the spectrum for the switching function

sc3(t)

In this subsection we derive equations that are necessary for the plotting of Sc3(ω) spec-

trum. The procedure is the same as in subsection B.2.1 except that the carrier and

reference signals in Figure B.41 are out of phase by 240 degrees with those in Figure B.2.
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Figure B.41: Newton-Raphson method of switching function sc3(t)
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Modulation signal frc(t) is given by:

frc(t) = ma sin(ω0t+
2π

3
) (B.282)

The falling side of the carrier signal fc1c3(t) is given by:

fc1c3(t) = − 4

Ts
t+ (4n− 10

3
) (B.283)

The rising side of the carrier signal fc2c3(t) is given by:

fc2c3(t) =
4

Ts
t− (4n− 4

3
) (B.284)

The next falling side of the carrier signal fc3c3(t) is given by:

fc3c3(t) = − 4

Ts
t+ (4n+

2

3
) (B.285)

Where the falling side of the carrier signal fc1c3(t) intersect the modulating signal frc(t)

we define the function f1c3(t) as:

f1c3(t) = ma sin(ω0t+
2π

3
) +

4

Ts
t− (4n− 10

3
) (B.286)

and where the falling side of the carrier signal f1c3(t) intersect the modulating signal frc(t)

we define the function f2c3(t) as:

f2c3(t) = ma sin(ω0t+
2π

3
) − 4

Ts
t+ (4n− 4

3
) (B.287)

and similarly where the rising side of the carrier signal fc3c3(t) intersect the modulating

signal frc(t) we define the function f3c3(t) as:

f3c3(t) = ma sin(ω0t+
2π

3
) +

4

Ts
t− (4n+

2

3
) (B.288)

Now using the Newton-Raphson method discussed in appendix we approximate the root

of equation B.286 as:

t12c3 = t11c3 −
f1c3(t11c3)

f
′

1c3(t11c3)
= t11c3 −

ma sin(ω0t11c3 + 2π
3

) + 4
Ts
t11c3 − (4n− 10

3
)

ω0ma cos(ω0t11c3 + 2π
3

) + 4
Ts

(B.289)

where the initial guess t11c3 is given by:

t11c3 = 1
4
Ts · (4n− 10

3
) for 0 < t11c3 < mfTs (B.290)

After i successive approximations we will have equation B.289 written as:

t1(i+1)c3 = t1ic3 −
f1c3(t1ic3)

f
′

1c3(t1ic3)
(B.291)
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Similarly using the Newton-Raphson method we approximate the root of equation B.287

as:

t22c3 = t21c3 −
f2c3(t2)

f
′

2c3(t21c3)
= t21c3 −

ma sin(ω0t21c3 − 2π
3

) − 4
Ts
t21c3 + (4n− 4

3
)

ω0ma cos(ω0t21c3 − 2π
3

) − 4
Ts

(B.292)

where the initial guess t21c3 is given by:

t21c3 = 1
4
Ts · (4n− 4

3
) for 0 < t21c3 < mfTs (B.293)

After i successive approximations we will have equation B.292 written as:

t2(i+1)c3 = t2ic3 −
f2c3(t2ic3)

f
′

2c3(t2ic3)
(B.294)

And similarly using the Newton-Raphson method we approximate the root of equation

B.288 as:

t32c3 = t31c3 −
f1c3(t31c3)

f
′

1c3(t31c3)
= t31c3 −

ma sin(ω0t31c3) + 4
Ts
t3c3 − (4n+ 2

3
)

ω0ma cos(ω0t31c3 − 2π
3

) + 4
Ts

(B.295)

where the initial guess t31c3 is given by:

t31c3 = 1
4
Ts · (4n+ 2

3
)n for 0 < t31c3 < mfTs (B.296)

After i successive approximations we will have equation B.295 written as:

t3(i+1)c3 = t3ic3 −
f3c3(t3ic3)

f
′

3c3(t3ic3)
(B.297)

Now we consider the pwm resulting from the intersection of fc1c3, fc2c3 and fc3c3 with frc .

First we look at the pulse formed between t1(i+1)c3 and t2(i+1)c3 . The width of this pulse

is given by:

W1c3 = t2(i+1)c3 − t1(i+1)c3

Now following the same method as in section B.2.1 the Fourier transform of the positive

pulse is given by:

F (ω) =
∫

W1c3
2

−
W1c3

2

(Vt)e
−jω0tdt

= − Vt
jω0

(

e−jω0(t2(i+1)c3
−t1(i+1)c3

)
)

(B.298)

and the Fourier transform of the positive pulses generated by shifting the pulse between

t1(i+1)c3 and t2(i+1)c3 by t01c3 where t01c3 is given by:

t01c3 = t1(i+1)c3 +
W1c3

2
(B.299)
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can be represented as follows:

F (ω) =
∫

W1c3
2

−
W1c3

2

(Vt)e
−jω0te−jω0t01c3dt

= − Vt
jω0

(

e−jω0(t2(i+1)c3
−t1(i+1)c3

)e−jω0t01c3

)

(B.300)

Similarly we consider the pulse formed between t2(i+1)c3 and t3(i+1)c3 in Figure B.41. The

width of this pulse is given by:

W2c3 = t3(i+1)c3 − t2(i+1)c3

and its Fourier transform using the negative pulse results in:

F (ω) =
∫

W2c3
2

−
W2c3

2

(−Vt)e−jω0tdt

=
Vt
jω0

(

e−jω0(t3(i+1)c3
−t2(i+1)c3

)
)

(B.301)

The shifting of this negative pulse by t02c3 where t02c3 is given by:

t02c3 = t2(i+1)c3 +
W2c3

2
(B.302)

The resulting Fourier transform of the shifted negative pulse is given by:

F (ω) =
∫

W2c3
2

−
W2c3

2

(−Vt)e−jω0te−jω0t02c3dt

=
Vt
jω0

(

e−jω0(t3(i+1)c3
−t2(i+1)c3

)e−jω0t02c3

)

(B.303)

To obtain the spectrum of Sc3(ω) we sum up all the Fourier transform for the negative

and positive pulses over any number of cycles of the switching period. The amplitude

spectrum is the same as the one for Sa1(ω) in the 2-cell multicell converter.
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Figure B.42: Phase spectrum of Sc3(ω) generated using (a) Newton-Raphson

simulation and (b) Theory



Appendix C

Phasor Diagrams

C.1 2-cell Multicell

For convenience we rewrite table 3.1 which was derived in chapter 2 as follows: Table C.1

Table C.1: Values for tx, c and h of background function for 2-cell multicell converter

mf sa1 sa2 sb1 sb2 sc1 sc2

3k tx 0 1
2
Ts 0 1

2
Ts 0 1

2
Ts

c 0 −2 0 −2 0 −2

h 2ωs
π
t 2ωs

π
t− 2 2ωs

π
t1

2ωs
π
t1 − 2 2ωs

π
t2

2ωs
π
t2 − 2

3k + 1 tx 0 1
2
Ts

2
3
Ts

1
6
Ts

1
3
Ts −1

6
Ts

c 0 −2 −8
3

−2
3

−4
3

2
3

h 2ωs
π
t 2ωs

π
t− 2 2ωs

π
t1 − 8

3
2ωs
π
t1 − 2

3
2ωs
π
t2 − 4

3
2ωs
π
t2 + 2

3

3k + 2 tx 0 1
2
Ts

1
3
Ts −1

6
Ts

2
3
Ts

1
6
Ts

c 0 −2 −4
3

2
3

−8
3

−2
3

h 2ωs
π
t 2ωs

π
t− 2 2ωs

π
t1 − 4

3
2ωs
π
t1 + 2

3
2ωs
π
t2 − 8

3
2ωs
π
t2 − 2

3

is used in evaluating the switching functions for different values of frequency modulation

index mf as will be shown below for mf = 3k, mf = 3k + 1 and mf = 3k + 2. Also

included in this section is the phasor representation for different cases of Sa1(ω), Sa2(ω),

Sda(ω), Sta(ω), Sb1(ω), Sb2(ω), Sdb(ω), Stb(ω), Sc1(ω), Sc2(ω), Sdc(ω), Stc(ω).

C.1.1 For frequency modulation index mf = 3k

Phase A

From table C.1 the value of h for the background function of sa1(t) is given by:

h =
2ωs
π
t (C.1)

221
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Substituting equation C.1 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst (C.2)

Now substituting equation C.2 into equation 3.36 we obtain:

sa1(t) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t) +B0n sin (nω0t))

+
∞
∑

m=1

(Am0 cos (mωst) +Bmo sin (mωst))

+
∞
∑

m=1

±∞
∑

n=±1

{Amn cos ((mωs + nω0) t)

+Bmn sin ((mωs + nω0) t)} (C.3)

From table C.1 for the background function of sa2(t) the value of h is given by:

h =
2ωs
π
t− 2 (C.4)

Substituting equation C.4 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst−mπ (C.5)

Now substituting equation C.5 into equation 3.36 we obtain:

sa2(t) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t) +B0n sin (nω0t))

+
∞
∑

m=1

(Am0 cos (mωst−mπ) +Bmo sin (mωst−mπ))

+
∞
∑

m=1

±∞
∑

n=±1

{Amn cos ((mωs + nω0) t−mπ)

+Bmn sin ((mωs + nω0) t−mπ)} (C.6)

Now considering trigonometric terms in equation C.3 and C.6 we have:

cos (mωst−mπ) =







cos(mωst) if m = 2k

− cos (mωst) if m = 2k + 1
(C.7)

sin (mωst−mπ) =







sin(mωst) if m = 2k

− sin (mωst) if m = 2k + 1
(C.8)
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cos ((mωs + nω0) t−mπ) =







cos (mωst+ nω0t) if m = 2k

− cos (mωst+ nω0t) if m = 2k + 1
(C.9)

sin ((mωs + nω0) t−mπ) =







sin (mωst+ nω0t) if m = 2k

− sin (mωst+ nω0t) if m = 2k + 1
(C.10)

Thus the phasor representation for phase A of 2-cell converter when mf = 3k is given by

Figure C.1.
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Figure C.1: Phasor representation for phase A of 2-cell converter
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Phase B

From table C.1 the value of h for the background function of sb1(t) is given by:

h =
2ωs
π
t1 (C.11)

Substituting equation C.11 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst1 (C.12)

Now substituting equation C.12 into equation 3.36 we obtain:

sb1(t1) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t1) +B0n sin (nω0t1))

+
∞
∑

m=1

(Am0 cos (mωst1) +Bmo sin (mωst1))

+
∞
∑

m=1

±∞
∑

n=±1

{Amn cos ((mωs + nω0) t1)

+Bmn sin ((mωs + nω0) t1)} (C.13)

We now substitute back t = t1 + T0

3
into equation C.13 and obtain:

sb1(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 2π

3ω0

))

+B0n sin
(

nω0

(

t− 2π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

))

+Bmo sin
(

mωs

(

t− 2π

3ω0

)))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

))

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

))}

(C.14)

From table C.1 for the background function of sb2(t) the value of h is given by:

h =
2ωs
π
t1 − 2 (C.15)

Substituting equation C.15 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst1 −mπ (C.16)
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Now substituting equation C.16 into equation 3.36 we obtain:

sb2(t1) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t1) +B0n sin (nω0t1))

+
∞
∑

m=1

(Am0 cos (mωst1 −mπ) +Bmo sin (mωst1 −mπ))

+
∞
∑

m=1

±∞
∑

n=±1

{Amn cos ((mωs + nω0) t1 −mπ)

+Bmn sin ((mωs + nω0) t1 −mπ)} (C.17)

We now substitute back t = t1 + T0

3
into equation C.13 and obtain:

sb2(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 2π

3ω0

))

+B0n sin
(

nω0

(

t− 2π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

)

−mπ
)

+Bmo sin
(

mωs

(

t− 2π

3ω0

)

−mπ
))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

−mπ
)

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

−mπ
)}

(C.18)

Now considering trigonometric terms in equation C.14 and C.18 we have:

cos
(

nω0

(

t− 2π

3ω0

))

= cos
(

nω0t−
2nπ

3

)

=



















cos(nω0t) if n = 3p

cos
(

nω0t− 2π
3

)

if n = 3p+ 1

cos
(

nω0t+ 2π
3

)

if n = 3p+ 2

(C.19)

sin
(

nω0

(

t− 2π

3ω0

))

= sin
(

nω0t−
2nπ

3

)

=



















sin(nω0t) if n = 3p

sin
(

nω0t− 2π
3

)

if n = 3p+ 1

sin
(

nω0t+ 2π
3

)

if n = 3p+ 2

(C.20)

cos
(

mωs

(

t− 2π

3ω0

))

= cos
(

mωst−
2mπ

3
mf

)

= cos(mωst) (C.21)
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sin
(

mωs

(

t− 2π

3ω0

))

= sin
(

mωst−
2mπ

3
mf

)

= sin(mωst) (C.22)

cos
(

mωs

(

t− 2π

3ω0

)

−mπ
)

= cos
(

mωst−
2mπ

3
mf −mπ

)

=







cos(mωst) if m = 2k

− cos (mωst) if m = 2k + 1
(C.23)

sin
(

mωs

(

t− 2π

3ω0

)

−mπ
)

= sin
(

mωst−
2mπ

3
mf −mπ

)

=







sin(mωst) if m = 2k

− sin (mωst) if m = 2k + 1
(C.24)

cos
(

(mωs + nω0)
(

t− 2π

3ω0

))

= cos
(

mωst+ nω0t−
2mπ

3
mf −

2nπ

3

)

=























































cos (mωst+ nω0t) if m = k and n = 3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n = 3p+ 1

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = 3p+ 2

cos (mωst+ nω0t) if m = k and n = −3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n = −(3p + 2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = −(3p + 1)

(C.25)

sin
(

(mωs + nω0)
(

t− 2π

3ω0

))

= sin
(

mωst+ nω0t−
2mπ

3
mf −

2nπ

3

)

=























































cos (mωst+ nω0t) if m = k and n = 3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n = 3p+ 1

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = 3p+ 2

sin (mωst+ nω0t) if m = k and n = −3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n = −(3p + 2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = −(3p + 1)

(C.26)
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cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

−mπ
)

= cos
(

mωst+ nω0t−
2mπ

3
mf −

2nπ

3
−mπ

)

=































































































































cos (mωst+ nω0t) if m = 2k and n = 3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = 3p+ 1

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = 3p+ 2

cos (mωst+ nω0t) if m = 2k and n = −3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = −(3p+ 2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = −(3p+ 1)

− cos (mωst+ nω0t) if m = 2k + 1 and n = 3p

− cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = 3p+ 1

− cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = 3p+ 2

− cos (mωst+ nω0t) if m = 2k + 1 and n = −3p

− cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = −(3p+ 2)

− cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = −(3p+ 1)

(C.27)

sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

−mπ
)

= sin
(

mωst+ nω0t−
2mπ

3
mf −

2nπ

3
−mπ

)

=































































































































sin (mωst+ nω0t) if m = 2k and n = 3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = 3p+ 1

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = 3p+ 2

sin (mωst+ nω0t) if m = 2k and n = −3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = −(3p + 2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = −(3p + 1)

− sin (mωst+ nω0t) if m = 2k + 1 and n = 3p

− sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = 3p+ 1

− sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = 3p+ 2

− sin (mωst+ nω0t) if m = 2k + 1 and n = −3p

− sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = −(3p + 2)

− sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = −(3p + 1)

(C.28)

Thus the phasor representation for phase B of 2-cell converter when mf = 3k is given by

Figures C.2, C.3 and C.4.
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Figure C.2: Phasor representation for phase B of 2-cell converter for n = 3p or

n = −3p
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Figure C.3: Phasor representation for phase B of 2-cell converter for n = 3p+ 1 or

n = −(3p+ 2)
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Figure C.4: Phasor representation for phase B of 2-cell converter for n = 3p+ 2 or

n = −(3p+ 1)



Chapter C — Phasor Diagrams 232

Phase C

From table C.1 for the background function of sc1(t) the value of h is given by:

h =
2ωs
π
t2 (C.29)

Substituting equation C.29 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst2 (C.30)

Now substituting equation C.30 into equation 3.36 we obtain:

sc1(t2) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t2) +B0n sin (nω0t2))

+
∞
∑

m=1

(Am0 cos (mωst2) +Bmo sin (mωst2))

+
∞
∑

m=1

±∞
∑

n=±1

{Amn cos ((mωs + nω0) t2)

+Bmn sin ((mωs + nω0) t2)} (C.31)

We now substitute back t = t2 + 2T0

3
into equation C.31 and obtain:

sc1(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 4π

3ω0

))

+B0n sin
(

nω0

(

t− 4π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 4π

3ω0

))

+Bmo sin
(

mωs

(

t− 4π

3ω0

)))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 4π

3ω0

))

+Bmn sin
(

(mωs + nω0)
(

t− 4π

3ω0

))}

(C.32)

From table C.1 for the background function of sc2(t) the value of h is given by:

h =
2ωs
π
t2 − 2 (C.33)

Substituting equation C.33 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst2 −mπ (C.34)
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Now substituting equation C.34 into equation 3.36 we obtain:

sc2(t2) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t2) +B0n sin (nω0t2))

+
∞
∑

m=1

(Am0 cos (mωst2 −mπ) +Bmo sin (mωst2 −mπ))

+
∞
∑

m=1

±∞
∑

n=±1

{Amn cos ((mωs + nω0) t2 −mπ)

+Bmn sin ((mωs + nω0) t2 −mπ)} (C.35)

We now substitute back t = t2 + 2T0

3
into equation C.35 and obtain:

sc2(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 4π

3ω0

))

+B0n sin
(

nω0

(

t− 4π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 4π

3ω0

)

−mπ
)

+Bmo sin
(

mωs

(

t− 4π

3ω0

)

−mπ
))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

−mπ
)

+Bmn sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

−mπ
)}

(C.36)

Now considering trigonometric terms in equations C.32 and C.36 we have:

cos
(

nω0

(

t− 4π

3ω0

))

= cos
(

nω0t−
4nπ

3

)

=



















cos(nω0t) if n = 3p

cos
(

nω0t+ 2π
3

)

if n = 3p+ 1

cos
(

nω0t− 2π
3

)

if n = 3p+ 2

(C.37)

sin
(

nω0

(

t− 4π

3ω0

))

= sin
(

nω0t−
4nπ

3

)

=



















sin(nω0t) if n = 3p

sin
(

nω0t+ 2π
3

)

if n = 3p+ 1

sin
(

nω0t− 2π
3

)

if n = 3p+ 2

(C.38)

cos
(

mωs

(

t− 4π

3ω0

))

= cos
(

mωst−
4mπ

3
mf

)

= cos(mωst) (C.39)
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sin
(

mωs

(

t− 4π

3ω0

))

= sin
(

mωst−
4mπ

3
mf

)

= sin(mωst) (C.40)

cos
(

mωs

(

t− 4π

3ω0

)

−mπ
)

= cos
(

mωst−
4mπ

3
mf −mπ

)

=







cos(mωst) if m = 2k

− cos(mωst) if m = 2k + 1
(C.41)

sin
(

mωs

(

t− 4π

3ω0

)

−mπ
)

= sin
(

mωst−
4mπ

3
mf −mπ

)

=







sin(mωst) if m = 2k

− sin(mωst) if m = 2k + 1
(C.42)

cos
(

(mωs + nω0)
(

t− 4π

3ω0

))

= cos
(

mωst+ nω0t−
4mπ

3
mf −

4nπ

3

)

=























































cos (mωst+ nω0t) if m = k and n = 3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = 3p+ 1

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n = 3p+ 2

cos (mωst+ nω0t) if m = k and n = −3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = −(3p + 2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n = −(3p + 1)

(C.43)

sin
(

(mωs + nω0)
(

t− 4π

3ω0

))

= cos
(

mωst+ nω0t−
4mπ

3
mf −

4nπ

3

)

=























































sin (mωst+ nω0t) if m = k and n = 3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = 3p+ 1

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n = 3p+ 2

sin (mωst+ nω0t) if m = k and n = −3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = −(3p + 2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n = −(3p + 1)

(C.44)
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cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

−mπ
)

= cos
(

mωst+ nω0t−
4mπ

3
mf −

4nπ

3
−mπ

)

=































































































































cos (mωst+ nω0t) if m = 2k and n = 3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = 3p+ 1

cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = 3p+ 2

cos (mωst+ nω0t) if m = 2k and n = −3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = −(3p+ 2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = −(3p+ 1)

− cos (mωst+ nω0t) if m = 2k + 1 and n = 3p

− cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = 3p+ 1

− cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = 3p+ 2

− cos (mωst+ nω0t) if m = 2k + 1 and n = −3p

− cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = −(3p+ 2)

− cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = −(3p+ 1)

(C.45)

sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

−mπ
)

= sin
(

mωst−
4mπ

3
mf −

4nπ

3
−mπ

)

=































































































































sin (mωst+ nω0t) if m = 2k and n = 3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = 3p+ 1

sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = 3p+ 2

sin (mωst+ nω0t) if m = 2k and n = −3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = −(3p + 2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = −(3p + 1)

− sin (mωst+ nω0t) if m = 2k + 1 and n = 3p

− sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = 3p+ 1

− sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = 3p+ 2

− sin (mωst+ nω0t) if m = 2k + 1 and n = −3p

− sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = −(3p + 2)

− sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = −(3p + 1)

(C.46)

Thus the phasor representation for phase C of 2-cell converter when mf = 3k is given by

Figures C.5, C.6 and C.7.
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Figure C.5: Phasor representation for phase C of 2-cell converter for n = 3p or

n = −3p
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Figure C.6: Phasor representation for phase C of 2-cell converter for n = 3p+ 1 or

n = −(3p+ 2)
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Figure C.7: Phasor representation for phase C of 2-cell converter for n = 3p+ 2 or

n = −(3p+ 1)
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C.1.2 For frequency modulation index mf = 3k + 1

The case of phase A is the same as the one done in subsection C.1.1.

Phase B

From table C.1 the value of h for the background function of sb1(t) is given by:

h =
2ωs
π
t1 −

8

3
(C.47)

Substituting equation C.47 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst1 −

4

3
mπ (C.48)

Now substituting equation C.48 into equation 3.36 we obtain:

sb1(t1) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t1) +B0n sin (nω0t1))

+
∞
∑

m=1

(

Am0 cos
(

mωst1 −
4

3
mπ

)

+Bmo sin
(

mωst1 −
4

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t1 −
4

3
mπ

)

+Bmn sin
(

(mωs + nω0) t1 −
4

3
mπ

)}

(C.49)

We now substitute back t = t1 + T0

3
into equation C.49 and obtain:

sb1(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 2π

3ω0

))

+B0n sin
(

nω0

(

t− 2π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

)

− 4

3
mπ

)

+Bmo sin
(

mωs

(

t− 2π

3ω0

)

− 4

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4

3
mπ

)

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4

3
mπ

)}

(C.50)

From table C.1 for the background function of sb2(t) the value of h is given by:

h =
2ωs
π
t1 −

2

3
(C.51)

Substituting equation C.47 into the term mπh
2

of equation 3.36 we obtain:



Chapter C — Phasor Diagrams 240

mπh

2
= mωst1 −

mπ

3
(C.52)

Now substituting equation C.52 into equation 3.36 we obtain:

sb2(t1) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t1) +B0n sin (nω0t1))

+
∞
∑

m=1

(

Am0 cos
(

mωst1 −
mπ

3

)

+Bmo sin
(

mωst1 −
mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t1 −
mπ

3

)

+Bmn sin
(

(mωs + nω0) t1 −
mπ

3

)}

(C.53)

We now substitute back t = t1 + T0

3
into equation C.49 and obtain:

sb2(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 2π

3ω0

))

+B0n sin
(

nω0

(

t− 2π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

)

− mπ

3

)

+Bmo sin
(

mωs

(

t− 2π

3ω0

)

− mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− mπ

3

)

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− mπ

3

)}

(C.54)

Now the difference and the total switching functions will be given by:

sdb(t) =
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

)

− mπ

3

)

+Bmo sin
(

mωs

(

t− 2π

3ω0

)

− mπ

3

))

−
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

)

− 4

3
mπ

)

+Bmo sin
(

mωs

(

t− 2π

3ω0

)

− 4

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− mπ

3

)

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− mπ

3

)}

−
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4

3
mπ

)

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4

3
mπ

)}

(C.55)
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Now considering trigonometric terms in equation C.50 and C.54 we have:

cos
(

nω0

(

t− 2π

3ω0

))

= cos
(

nω0t−
2nπ

3

)

=



















cos(nω0t) if n = 3p

cos
(

nω0t− 2π
3

)

if n = 3p+ 1

cos
(

nω0t+ 2π
3

)

if n = 3p+ 2

(C.56)

sin
(

nω0

(

t− 2π

3ω0

))

= sin
(

nω0t−
2nπ

3

)

=



















sin(nω0t) if n = 3p

sin
(

nω0t− 2π
3

)

if n = 3p+ 1

sin
(

nω0t+ 2π
3

)

if n = 3p+ 2

(C.57)

cos
(

mωs

(

t− 2π

3ω0

)

− 4mπ

3

)

= cos
(

mωst−
2mπ

3
mf −

4mπ

3

)

= cos(mωst) (C.58)

sin
(

mωs

(

t− 2π

3ω0

)

− 4mπ

3

)

= sin
(

mωst−
2mπ

3
mf −

4mπ

3

)

= sin(mωst) (C.59)

cos
(

mωs

(

t− 2π

3ω0

)

− mπ

3

)

= cos
(

mωst−
2mπ

3
mf −

mπ

3

)

=







cos(mωst) if m = 2k

− cos (mωst) if m = 2k + 1
(C.60)

sin
(

mωs

(

t− 2π

3ω0

)

− mπ

3

)

= sin
(

mωst−
2mπ

3
mf −

mπ

3

)

=







sin(mωst) if m = 2k

− sin (mωst) if m = 2k + 1
(C.61)

cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4mπ

3

)

= cos
(

mωst+ nω0t−
2mπ

3
mf −

2nπ

3
− 4mπ

3

)

=























































cos (mωst+ nω0t) if m = k and n = 3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n = 3p+ 1

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = 3p+ 2

cos (mωst+ nω0t) if m = k and n = −3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n = −(3p + 2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = −(3p + 1)

(C.62)
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sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4mπ

3

)

= cos
(

mωst+ nω0t−
2mπ

3
mf −

2nπ

3
− 4mπ

3

)

=























































sin (mωst+ nω0t) if m = k and n = 3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n = 3p+ 1

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = 3p+ 2

sin (mωst+ nω0t) if m = k and n = −3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n = −(3p + 2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = −(3p + 1)

(C.63)

cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− mπ

3

)

= cos
(

mωst+ nω0t−
2mπ

3
mf −

2nπ

3
− mπ

3

)

=































































































































cos (mωst+ nω0t) if m = 2k and n = 3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = 3p+ 1

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = 3p+ 2

cos (mωst+ nω0t) if m = 2k and n = −3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = −(3p+ 2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = −(3p+ 1)

− cos (mωst+ nω0t) if m = 2k + 1 and n = 3p

− cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = 3p+ 1

− cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = 3p+ 2

− cos (mωst+ nω0t) if m = 2k + 1 and n = −3p

− cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = −(3p+ 2)

− cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = −(3p+ 1)

(C.64)

sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− mπ

3

)

= sin
(

mωst+ nω0t−
2mπ

3
mf −

2nπ

3
− mπ

3

)

=































































































































sin (mωst+ nω0t) if m = 2k and n = 3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = 3p+ 1

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = 3p+ 2

sin (mωst+ nω0t) if m = 2k and n = −3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = −(3p + 2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = −(3p + 1)

− sin (mωst+ nω0t) if m = 2k + 1 and n = 3p

− sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = 3p+ 1

− sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = 3p+ 2

− sin (mωst+ nω0t) if m = 2k + 1 and n = −3p

− sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = −(3p + 2)

− sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = −(3p + 1)

(C.65)
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Thus the phasor representation for phase B of 2-cell converter when mf = 3k+ 1 is given

by Figures C.8, C.9 and C.10.

( ) ( )1 2,b bSwitching functions S Sω ω
90

0

30

60120

150

180

210

240
270

300

330

( ) ( )1 2,b bSwitching functions S Sω ω
90

0

30

60120

150

180

210

240
270

300

330

90

0

30

60120

150

180

210

240
270

300

330

( )dbSwitching function S ω
90

0

30

60120

150

180

210

240
270

300

330

( )tbSwitching function S ω
90

0

30

60120

150

180

210

240
270

300

330

( )tbSwitching function S ω
90

0

30

60120

150

180

210

240
270

300

330

( ) 2 & 3 3a m k n p or p= = − ( ) 2 1& 3 3b m k n p or p= + = −

( ) 2 & 3 3c m k n p or p= = − ( ) 2 1& 3 3d m k n p or p= + = −

( ) 2 & 3 3e m k n p or p= = − ( ) 2 1& 3 3f m k n p or p= + = −

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

( )dbSwitching function S ω

1bS2bS1 2,b bS S

dbS dbS

tbS
tbS

Figure C.8: Phase B phasor representation of 2-cell converter for n = 3p or n = −3p
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Figure C.9: Phasor representation for phase B of 2-cell converter for n = 3p+ 1 or

n = −(3p+ 2)
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Figure C.10: Phasor representation for phase B of 2-cell converter for n = 3p+ 2 or

n = −(3p+ 1)
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Phase C

From table C.1 for the background function of sc1(t) the value of h is given by:

h =
2ωs
π
t2 −

4

3
(C.66)

Substituting equation C.66 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst2 −

2

3
mπ (C.67)

Now substituting equation C.67 into equation 3.36 we obtain:

sc1(t2) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t2) +B0n sin (nω0t2))

+
∞
∑

m=1

(

Am0 cos
(

mωst2 −
2

3
mπ

)

+Bmo sin
(

mωst2 −
2

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t2 −
2

3
mπ

)

+Bmn sin
(

(mωs + nω0) t2 −
2

3
mπ

)}

(C.68)

We now substitute back t = t2 + 2T0

3
into equation C.68 and obtain:

sc1(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 4π

3ω0

))

+B0n sin
(

nω0

(

t− 4π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 4π

3ω0

)

− 2

3
mπ

)

+Bmo sin
(

mωs

(

t− 4π

3ω0

)

− 2

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 2

3
mπ

)

+Bmn sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 2

3
mπ

)}

(C.69)

From table C.1 for the background function of sc2(t) the value of h is given by:

h =
2ωs
π
t2 +

2

3
(C.70)

Substituting equation C.70 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst2 +

mπ

3
(C.71)



Chapter C — Phasor Diagrams 247

Now substituting equation C.71 into equation 3.36 we obtain:

sc2(t2) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t2) +B0n sin (nω0t2))

+
∞
∑

m=1

(

Am0 cos
(

mωst2 +
mπ

3

)

+Bmo sin
(

mωst2 +
mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t2 +
mπ

3

)

+Bmn sin
(

(mωs + nω0) t2 +
mπ

3

)}

(C.72)

We now substitute back t = t2 + 2T0

3
into equation C.72 and obtain:

sc2(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 4π

3ω0

))

+B0n sin
(

nω0

(

t− 4π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 4π

3ω0

)

+
mπ

3

)

+Bmo sin
(

mωs

(

t− 4π

3ω0

)

+
mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

+
mπ

3

)

+Bmn sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

+
mπ

3

)}

(C.73)

Now considering trigonometric terms in equations C.69 and C.73 we have:

cos
(

nω0

(

t− 4π

3ω0

))

= cos
(

nω0t−
4nπ

3

)

=



















cos(nω0t) if n = 3p

cos
(

nω0t+ 2π
3

)

if n = 3p+ 1

cos
(

nω0t− 2π
3

)

if n = 3p+ 2

(C.74)

sin
(

nω0

(

t− 4π

3ω0

))

= sin
(

nω0t−
4nπ

3

)

=



















sin(nω0t) if n = 3p

sin
(

nω0t+ 2π
3

)

if n = 3p+ 1

sin
(

nω0t− 2π
3

)

if n = 3p+ 2

(C.75)

cos
(

mωs

(

t− 4π

3ω0

)

− 2mπ

3

)

= cos
(

mωst−
4mπ

3
mf −

2mπ

3

)

= cos(mωst) (C.76)
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sin
(

mωs

(

t− 4π

3ω0

)

− 2mπ

3

)

= sin
(

mωst−
4mπ

3
mf −

2mπ

3

)

= sin(mωst) (C.77)

cos
(

mωs

(

t− 4π

3ω0

)

+
mπ

3

)

= cos
(

mωst−
4mπ

3
mf +

mπ

3

)

=







cos(mωst) if m = 2k

− cos(mωst) if m = 2k + 1
(C.78)

sin
(

mωs

(

t− 4π

3ω0

)

+
mπ

3

)

= sin
(

mωst−
4mπ

3
mf +

mπ

3

)

=







sin(mωst) if m = 2k

− sin(mωst) if m = 2k + 1
(C.79)

cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 2mπ

3

)

= cos
(

mωst+ nω0t−
4mπ

3
mf −

4nπ

3
− 2mπ

3

)

=























































cos (mωst+ nω0t) if m = k and n = 3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = 3p+ 1

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n = 3p+ 2

cos (mωst+ nω0t) if m = k and n = −3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = −(3p + 2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n = −(3p + 1)

(C.80)

sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 2mπ

3

)

= cos
(

mωst+ nω0t−
4mπ

3
mf −

4nπ

3
− 2mπ

3

)

=























































sin (mωst+ nω0t) if m = k and n = 3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n = 3p+ 1

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = 3p+ 2

sin (mωst+ nω0t) if m = k and n = −3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = −(3p + 2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n = −(3p + 1)

(C.81)
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cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

+
mπ

3

)

= cos
(

mωst+ nω0t−
4mπ

3
mf −

4nπ

3
+
mπ

3

)

=































































































































cos (mωst+ nω0t) if m = 2k and n = 3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = 3p+ 1

cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = 3p+ 2

cos (mωst+ nω0t) if m = 2k and n = −3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = −(3p+ 2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = −(3p+ 1)

− cos (mωst+ nω0t) if m = 2k + 1 and n = 3p

− cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = 3p+ 1

− cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = 3p+ 2

− cos (mωst+ nω0t) if m = 2k + 1 and n = −3p

− cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = −(3p+ 2)

− cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = −(3p+ 1)

(C.82)

sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

+
mπ

3

)

= sin
(

mωst+ nω0t−
4mπ

3
mf −

4nπ

3
+
mπ

3

)

=































































































































sin (mωst+ nω0t) if m = 2k and n = 3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = 3p+ 1

sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = 3p+ 2

sin (mωst+ nω0t) if m = 2k and n = −3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = −(3p + 2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = −(3p + 1)

− sin (mωst+ nω0t) if m = 2k + 1 and n = 3p

− sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = 3p+ 1

− sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = 3p+ 2

− sin (mωst+ nω0t) if m = 2k + 1 and n = −3p

− sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = −(3p + 2)

− sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = −(3p + 1)

(C.83)

Thus the phasor representation for phase C of 2-cell converter when mf = 3k+ 1 is given

by Figures C.11, C.12 and C.13.
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Figure C.11: Phasor representation for phase C of 2-cell converter for n = 3p or

n = −3p
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Figure C.12: Phasor representation for phase C of 2-cell converter for n = 3p+ 1 or

n = −(3p+ 2)
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Figure C.13: Phasor representation for phase C of 2-cell converter for n = 3p+ 2 or

n = −(3p+ 1)
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C.1.3 For frequency modulation index mf = 3k + 2

The case of phase A is the same as the one done in subsection C.1.1.

Phase B

From table C.1 for the background function of sb1(t) the value of h is given by:

h =
2ωs
π
t1 −

4

3
(C.84)

Substituting equation C.84 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst1 −

2

3
mπ (C.85)

Now substituting equation C.85 into equation 3.36 we obtain:

sb1(t1) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t1) +B0n sin (nω0t1))

+
∞
∑

m=1

(

Am0 cos
(

mωst1 −
2

3
mπ

)

+Bmo sin
(

mωst1 −
2

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t1 −
2

3
mπ

)

+Bmn sin
(

(mωs + nω0) t1 −
2

3
mπ

)}

(C.86)

We now substitute back t = t1 + T0

3
into equation C.86 and obtain:

sb1(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 2π

3ω0

))

+B0n sin
(

nω0

(

t− 2π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

)

− 2

3
mπ

)

+Bmo sin
(

mωs

(

t− 2π

3ω0

)

− 2

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 2

3
mπ

)

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 2

3
mπ

)}

(C.87)

From table C.1 for the background function of sb2(t) the value of h is given by:

h =
2ωs
π
t1 +

2

3
(C.88)

Substituting equation C.84 into the term mπh
2

of equation 3.36 we obtain:
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mπh

2
= mωst1 +

mπ

3
(C.89)

Now substituting equation C.89 into equation 3.36 we obtain:

sb2(t1) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t1) +B0n sin (nω0t1))

+
∞
∑

m=1

(

Am0 cos
(

mωst1 −
mπ

3

)

+Bmo sin
(

mωst1 +
mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t1 +
mπ

3

)

+Bmn sin
(

(mωs + nω0) t1 −
mπ

3

)}

(C.90)

We now substitute back t = t1 + T0

3
into equation C.86 and obtain:

sb2(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 2π

3ω0

))

+B0n sin
(

nω0

(

t− 2π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

)

+
mπ

3

)

+Bmo sin
(

mωs

(

t− 2π

3ω0

)

+
mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

+
mπ

3

)

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

+
mπ

3

)}

(C.91)

Now considering trigonometric terms in equation C.91 we have:

cos
(

nω0

(

t− 2π

3ω0

))

= cos
(

nω0t−
2nπ

3

)

=



















cos(nω0t) if n = 3p

cos
(

nω0t− 2π
3

)

if n = 3p+ 1

cos
(

nω0t+ 2π
3

)

if n = 3p+ 2

(C.92)

sin
(

nω0

(

t− 2π

3ω0

))

= sin
(

nω0t−
2nπ

3

)

=



















sin(nω0t) if n = 3p

sin
(

nω0t− 2π
3

)

if n = 3p+ 1

sin
(

nω0t+ 2π
3

)

if n = 3p+ 2

(C.93)
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cos
(

mωs

(

t− 2π

3ω0

)

− 2mπ

3

)

= cos
(

mωst−
2mπ

3
mf −

2mπ

3

)

= cos(mωst) (C.94)

sin
(

mωs

(

t− 2π

3ω0

)

− 2mπ

3

)

= sin
(

mωst−
2mπ

3
mf −

2mπ

3

)

= sin(mωst) (C.95)

cos
(

mωs

(

t− 2π

3ω0

)

+
mπ

3

)

= cos
(

mωst−
2mπ

3
mf +

mπ

3

)

=







cos(mωst) if m = 2k

− cos (mωst) if m = 2k + 1
(C.96)

sin
(

mωs

(

t− 2π

3ω0

)

+
mπ

3

)

= sin
(

mωst−
2mπ

3
mf +

mπ

3

)

=







sin(mωst) if m = 2k

− sin (mωst) if m = 2k + 1
(C.97)

cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 2mπ

3

)

= cos
(

mωst+ nω0t−
2mπ

3
mf −

2nπ

3
− 2mπ

3

)

=























































cos (mωst+ nω0t) if m = k and n = 3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n = 3p+ 1

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = 3p+ 2

cos (mωst+ nω0t) if m = k and n = −3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n = −(3p + 2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = −(3p + 1)

(C.98)

sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 2mπ

3

)

= cos
(

mωst+ nω0t−
2mπ

3
mf −

2nπ

3
− 2mπ

3

)

=























































sin (mωst+ nω0t) if m = k and n = 3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n = 3p+ 1

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = 3p+ 2

sin (mωst+ nω0t) if m = k and n = −3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n = −(3p + 2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = −(3p + 1)

(C.99)
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cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

+
mπ

3

)

= cos
(

mωst+ nω0t−
2mπ

3
mf −

2nπ

3
+
mπ

3

)

=































































































































cos (mωst+ nω0t) if m = 2k and n = 3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = 3p+ 1

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = 3p+ 2

cos (mωst+ nω0t) if m = 2k and n = −3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = −(3p+ 2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = −(3p+ 1)

− cos (mωst+ nω0t) if m = 2k + 1 and n = 3p

− cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = 3p+ 1

− cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = 3p+ 2

− cos (mωst+ nω0t) if m = 2k + 1 and n = −3p

− cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = −(3p+ 2)

− cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = −(3p+ 1)

(C.100)

sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

+
mπ

3

)

= sin
(

mωst+ nω0t−
2mπ

3
mf −

2nπ

3
+
mπ

3

)

=































































































































sin (mωst+ nω0t) if m = 2k and n = 3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = 3p+ 1

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = 3p+ 2

sin (mωst+ nω0t) if m = 2k and n = −3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = −(3p + 2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = −(3p + 1)

− sin (mωst+ nω0t) if m = 2k + 1 and n = 3p

− sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = 3p+ 1

− sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = 3p+ 2

− sin (mωst+ nω0t) if m = 2k + 1 and n = −3p

− sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = −(3p + 2)

− sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = −(3p + 1)

(C.101)

Thus the phasor representation for phase B of 2-cell converter when mf = 3k+ 2 is given

by Figures C.14, C.15 and C.16.
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Figure C.14: Phasor representation for phase B of 2-cell converter for n = 3p or

n = −3p
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Figure C.15: Phasor representation for phase B of 2-cell converter for n = 3p+ 1 or

n = −(3p+ 2)
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Figure C.16: Phasor representation for phase B of 2-cell converter for n = 3p+ 2 or

n = −(3p+ 1)
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Phase C

From table C.1 the value of h for background function of sc1(t) is given by:

h =
2ωs
π
t2 −

8

3
(C.102)

Substituting equation C.102 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst2 −

4

3
mπ (C.103)

Now substituting equation C.103 into equation 3.36 we obtain:

sc1(t2) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t2) +B0n sin (nω0t2))

+
∞
∑

m=1

(

Am0 cos
(

mωst2 −
4

3
mπ

)

+Bmo sin
(

mωst2 −
4

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t2 −
4

3
mπ

)

+Bmn sin
(

(mωs + nω0) t2 −
4

3
mπ

)}

(C.104)

We now substitute back t = t2 + 2T0

3
into equation C.104 and obtain:

sc1(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 4π

3ω0

))

+B0n sin
(

nω0

(

t− 4π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 4π

3ω0

)

− 4

3
mπ

)

+Bmo sin
(

mωs

(

t− 4π

3ω0

)

− 4

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 4

3
mπ

)

+Bmn sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 4

3
mπ

)}

(C.105)

From table C.1 the value of h for background function of sc2(t) is given by:

h =
2ωs
π
t2 −

2

3
(C.106)

Substituting equation C.106 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst2 −

mπ

3
(C.107)
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Now substituting equation C.107 into equation 3.36 we obtain:

sc2(t2) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t2) +B0n sin (nω0t2))

+
∞
∑

m=1

(

Am0 cos
(

mωst2 −
mπ

3

)

+Bmo sin
(

mωst2 −
mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t2 −
mπ

3

)

+Bmn sin
(

(mωs + nω0) t2 −
mπ

3

)}

(C.108)

We now substitute back t = t2 + 2T0

3
into equation C.108 and obtain:

sc2(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 4π

3ω0

))

+B0n sin
(

nω0

(

t− 4π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 4π

3ω0

)

− mπ

3

)

+Bmo sin
(

mωs

(

t− 4π

3ω0

)

− mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− mπ

3

)

+Bmn sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− mπ

3

)}

(C.109)

Now considering trigonometric terms in equations C.69 and C.109 we have:

cos
(

nω0

(

t− 4π

3ω0

))

= cos
(

nω0t−
4nπ

3

)

=



















cos(nω0t) if n = 3p

cos
(

nω0t+ 2π
3

)

if n = 3p+ 1

cos
(

nω0t− 2π
3

)

if n = 3p+ 2

(C.110)

sin
(

nω0

(

t− 4π

3ω0

))

= sin
(

nω0t−
4nπ

3

)

=



















sin(nω0t) if n = 3p

sin
(

nω0t+ 2π
3

)

if n = 3p+ 1

sin
(

nω0t− 2π
3

)

if n = 3p+ 2

(C.111)

cos
(

mωs

(

t− 4π

3ω0

)

− 4mπ

3

)

= cos
(

mωst−
4mπ

3
mf −

4mπ

3

)

= cos(mωst) (C.112)
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sin
(

mωs

(

t− 4π

3ω0

)

− 4mπ

3

)

= sin
(

mωst−
4mπ

3
mf −

4mπ

3

)

= sin(mωst) (C.113)

cos
(

mωs

(

t− 4π

3ω0

)

− mπ

3

)

= cos
(

mωst−
4mπ

3
mf −

mπ

3

)

=







cos(mωst) if m = 2k

− cos(mωst) if m = 2k + 1
(C.114)

sin
(

mωs

(

t− 4π

3ω0

)

− mπ

3

)

= sin
(

mωst−
4mπ

3
mf −

mπ

3

)

=







sin(mωst) if m = 2k

− sin(mωst) if m = 2k + 1
(C.115)

cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 4mπ

3

)

= cos
(

mωst+ nω0t−
4mπ

3
mf −

4nπ

3
− 4mπ

3

)

=























































cos (mωst+ nω0t) if m = k and n = 3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = 3p+ 1

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n = 3p+ 2

cos (mωst+ nω0t) if m = k and n = −3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = −(3p + 2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n = −(3p + 1)

(C.116)

sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 4mπ

3

)

= cos
(

mωst+ nω0t−
4mπ

3
mf −

4nπ

3
− 4mπ

3

)

=























































sin (mωst+ nω0t) if m = k and n = 3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n = 3p+ 1

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = 3p+ 2

sin (mωst+ nω0t) if m = k and n = −3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n = −(3p + 2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n = −(3p + 1)

(C.117)



Chapter C — Phasor Diagrams 263

cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− mπ

3

)

= cos
(

mωst+ nω0t−
4mπ

3
mf −

4nπ

3
− mπ

3

)

=































































































































cos (mωst+ nω0t) if m = 2k and n = 3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = 3p+ 1

cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = 3p+ 2

cos (mωst+ nω0t) if m = 2k and n = −3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = −(3p+ 2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = −(3p+ 1)

− cos (mωst+ nω0t) if m = 2k + 1 and n = 3p

− cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = 3p+ 1

− cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = 3p+ 2

− cos (mωst+ nω0t) if m = 2k + 1 and n = −3p

− cos
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = −(3p+ 2)

− cos
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = −(3p+ 1)

(C.118)

sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− mπ

3

)

= sin
(

mωst+ nω0t−
4mπ

3
mf −

4nπ

3
− mπ

3

)

=































































































































sin (mωst+ nω0t) if m = 2k and n = 3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = 3p+ 1

sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = 3p+ 2

sin (mωst+ nω0t) if m = 2k and n = −3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k and n = −(3p + 2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k and n = −(3p + 1)

− sin (mωst+ nω0t) if m = 2k + 1 and n = 3p

− sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = 3p+ 1

− sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = 3p+ 2

− sin (mωst+ nω0t) if m = 2k + 1 and n = −3p

− sin
(

(mωs + nω0) t+ 2π
3

)

if m = 2k + 1 and n = −(3p + 2)

− sin
(

(mωs + nω0) t− 2π
3

)

if m = 2k + 1 and n = −(3p + 1)

(C.119)

Thus the phasor representation for phase C of 2-cell converter when mf = 3k+ 2 is given

by Figures C.17, C.18 and C.19.
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Figure C.17: Phasor representation for phase C of 2-cell converter for n = 3p or

n = −3p
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Figure C.18: Phasor representation for phase C of 2-cell converter for n = 3p+ 1 or

n = −(3p+ 2)
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Figure C.19: Phasor representation for phase C of 2-cell converter for n = 3p+ 2 or

n = −(3p+ 1)
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C.2 3-cell Multicell

Table C.2: Values for tx and c of background function for 3-cell multicell converter

mf sa1 sa2 sa3 sb1 sb2 sb3

3k tx 0 1
3
Ts

2
3
Ts 0 1

3
Ts

2
3
Ts

c 0 −4
3

−8
3

0 −4
3

−8
3

h 2ωs
π
t 2ωs

π
t− 4

3
2ωs
π
t− 8

3
2ωs
π
t1

2ωs
π
t1 − 4

3
2ωs
π
t1 − 8

3

3k + 1 tx 0 1
3
Ts

2
3
Ts

2
3
Ts 0 1

3
Ts

c 0 −4
3

−8
3

−8
3

0 −4
3

h 2ωs
π
t 2ωs

π
t− 4

3
2ωs
π
t− 8

3
2ωs
π
t1 − 8

3
2ωs
π
t1

2ωs
π
t1 − 4

3

3k + 2 tx 0 1
3
Ts

2
3
Ts

1
3
Ts

2
3
Ts 0

c 0 −4
3

−8
3

−4
3

−8
3

0

h 2ωs
π
t 2ωs

π
t− 4

3
2ωs
π
t− 8

3
2ωs
π
t1 − 4

3
2ωs
π
t1 − 8

3
2ωs
π
t1

Table C.3: Values for tx and c of background function for 3-cell multicell converter

mf sc1 sc2 sc3

3k tx 0 1
3
Ts

2
3
Ts

c 0 −4
3

−8
3

h 2ωs
π
t2

2ωs
π
t2 − 4

3
2ωs
π
t2 − 8

3

3k + 1 tx
1
3
Ts

2
3
Ts 0

c −4
3

−8
3

0

h 2ωs
π
t2 − 4

3
2ωs
π
t2 − 8

3
2ωs
π
t2

3k + 2 tx
2
3
Ts 0 1

3
Ts

c −8
3

0 −4
3

h 2ωs
π
t2 − 8

3
2ωs
π
t2

2ωs
π
t2 − 4

3

Table C.2 and C.3 is used in evaluating the switching functions for different values of

frequency modulation index mf as will be shown in subsection for mf = 3k, mf = 3k+ 1

and mf = 3k + 2. Also included in this section is the phasor representation for different

cases of Sa1(ω), Sa2(ω), Sa3(ω), Sda1(ω), Sda2(ω), Sta(ω), Sb1(ω), Sb2(ω), Sb3(ω), Sdb1(ω),

Sdb2(ω), Stb(ω), Sc1(ω), Sc2(ω), Sc3(ω), Sdc1(ω), Sdc2(ω), Stc(ω).
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C.2.1 For frequency modulation index mf = 3k

Phase A

From table C.2 the value of h for the background function of sa1(t) is given by:

h =
2ωs
π
t (C.120)

Substituting equation C.120 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst (C.121)

Now substituting equation C.121 into equation 3.36 we obtain:

sa1(t) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t) +B0n sin (nω0t))

+
∞
∑

m=1

(Am0 cos (mωst) +Bmo sin (mωst))

+
∞
∑

m=1

±∞
∑

n=±1

{Amn cos ((mωs + nω0) t)

+Bmn sin ((mωs + nω0) t)} (C.122)

From table C.2 for the background function of sa2(t) the value of h is given by:

h =
2ωs
π
t− 4

3
(C.123)

Substituting equation C.123 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst−

2mπ

3
(C.124)

Now substituting equation C.124 into equation 3.36 we obtain:

sa2(t) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t) +B0n sin (nω0t))

+
∞
∑

m=1

(

Am0 cos
(

mωst−
2mπ

3

)

+Bmo sin
(

mωst−
2mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t−
2mπ

3

)

+Bmn sin
(

(mωs + nω0) t−
2mπ

3

)}

(C.125)



Chapter C — Phasor Diagrams 269

From table C.2 for the background function of sa3(t) the value of h is given by:

h =
2ωs
π
t− 8

3
(C.126)

Substituting equation C.126 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst−

4mπ

3
(C.127)

Now substituting equation C.127 into equation 3.36 we obtain:

sa3(t) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t) +B0n sin (nω0t))

+
∞
∑

m=1

(

Am0 cos
(

mωst−
4mπ

3

)

+Bmo sin
(

mωst−
4mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t−
4mπ

3

)

+Bmn sin
(

(mωs + nω0) t−
4mπ

3

)}

(C.128)

Now considering trigonometric terms in equation C.122, C.125 and C.128 we have:

cos
(

mωst−
2mπ

3

)

=



















cos (mωst) if m = 3k

cos
(

mωst− 2π
3

)

if m = 3k + 1

cos
(

mωst+ 2π
3

)

if m = 3k + 2

(C.129)

sin
(

mωst−
2mπ

3

)

=



















sin (mωst) if m = 3k

sin
(

mωst− 2π
3

)

if m = 3k + 1

sin
(

mωst+ 2π
3

)

if m = 3k + 2

(C.130)

cos
(

mωst−
4mπ

3

)

=



















cos (mωst) if m = 3k

cos
(

mωst+ 2π
3

)

if m = 3k + 1

cos
(

mωst− 2π
3

)

if m = 3k + 2

(C.131)

sin
(

mωst−
4mπ

3

)

=



















sin (mωst) if m = 3k

sin
(

mωst+ 2π
3

)

if m = 3k + 1

sin
(

mωst− 2π
3

)

if m = 3k + 2

(C.132)
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cos
(

(mωs + nω0) t−
2mπ

3

)

=



















cos ((mωs + nω0) t) if m = 3k

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2

(C.133)

sin
(

(mωs + nω0) t−
2mπ

3

)

=



















sin ((mωs + nω0) t) if m = 3k

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2

(C.134)

cos
(

(mωs + nω0) t−
4mπ

3

)

=



















cos ((mωs + nω0) t) if m = 3k

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2

(C.135)

sin
(

(mωs + nω0) t−
4mπ

3

)

=



















sin ((mωs + nω0) t) if m = 3k

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2

(C.136)

Thus the phasor representation for phase A of 3-cell converter when mf = 3k is given by

Figure C.20.



Chapter C — Phasor Diagrams 271

0

30

60
90

120

150

180

210

240
270

300

330

0

30

60
90

120

150

180

210

240
270

300

330

0

30

60
90

120

150

180

210

240
270

300

330

0

30

60
90

120

150

180

210

240
270

300

330

0

30

60
90

120

150

180

210

240
270

300

330

0

30

60
90

120

150

180

210

240
270

300

330

0

30

60
90

120

150

180

210

240
270

300

330

0

30

60
90

120

150

180

210

240
270

300

330

( ) ( ) ( )1 2 3, ,a a aSwitching functions S S Sω ω ω( ) ( ) ( )1 2 3, ,a a aSwitching functions S S Sω ω ω

1daS

2aS

1 2 3, ,a a aS S S

taS

( ) ( )1 2,da daSwitching function S Sω ω

1 2,da daS S

( ) ( ) ( )1 2 3, ,a a aSwitching functions S S Sω ω ω

1aS

3aS 2aS

1aS

3aS

( ) ( )1 2,da daSwitching function S Sω ω ( ) ( )1 2,da daSwitching function S Sω ω

( ) 3a m k=

2daS

( ) 3 1b m k= + ( ) 3 2c m k= +

( ) 3d m k= ( ) 3 1e m k= + ( ) 3 2f m k= +

( ) 3g m k= ( ) 3 1h m k= + ( ) 3 2i m k= +

2daS

1daS

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

( )taSwitching function S ω ( )taSwitching function S ω ( )taSwitching function S ω

0

30

60
90

120

150

180

210

240
270

300

330

0.5

1

1.5

taS taStaS

Figure C.20: Phasor representation for phase A of 3-cell converter

Phase B

From table C.2 the value of h for the background function of sb1(t) is given by:

h =
2ωs
π
t1 (C.137)

Substituting equation C.137 into the term mπh
2

of equation 3.36 we obtain:
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mπh

2
= mωst1 (C.138)

Now substituting equation C.138 into equation 3.36 we obtain:

sb1(t1) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t1) +B0n sin (nω0t1))

+
∞
∑

m=1

(Am0 cos (mωst1) +Bmo sin (mωst1))

+
∞
∑

m=1

±∞
∑

n=±1

{Amn cos ((mωs + nω0) t1)

+Bmn sin ((mωs + nω0) t1)} (C.139)

We now substitute back t = t1 + T0

3
into equation C.139 and obtain:

sb1(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 2π

3ω0

))

+B0n sin
(

nω0

(

t− 2π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

))

+Bmo sin
(

mωs

(

t− 2π

3ω0

)))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

))

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

))}

(C.140)

From table C.2 for the background function of sb2(t) the value of h is given by:

h =
2ωs
π
t1 −

4

3
(C.141)

Substituting equation C.141 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst1 −

2mπ

3
(C.142)

Now substituting equation C.142 into equation 3.36 we obtain:

sb2(t1) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t1) +B0n sin (nω0t1))

+
∞
∑

m=1

(

Am0 cos
(

mωst1 −
2mπ

3

)

+Bmo sin
(

mωst1 −
2mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t1 −
2mπ

3

)

+Bmn sin
(

(mωs + nω0) t1 −
2mπ

3

)}

(C.143)
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We now substitute back t = t1 + T0

3
into equation C.143 and obtain:

sb2(t1) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 2π

3ω0

))

+B0n sin
(

nω0

(

t− 2π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

)

− 2mπ

3

)

+Bmo sin
(

mωs

(

t− 2π

3ω0

)

− 2mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 2mπ

3

)

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 2mπ

3

)}

(C.144)

From table C.2 for the background function of sb3(t) the value of h is given by:

h =
2ωs
π
t1 −

8

3
(C.145)

Substituting equation C.145 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst1 −

4mπ

3
(C.146)

Now substituting equation C.146 into equation 3.36 we obtain:

sb3(t1) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t1) +B0n sin (nω0t1))

+
∞
∑

m=1

(

Am0 cos
(

mωst1 −
4mπ

3

)

+Bmo sin
(

mωst1 −
4mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t1 −
4mπ

3

)

+Bmn sin
(

(mωs + nω0) t1 −
4mπ

3

)}

(C.147)

We now substitute back t = t1 + T0

3
into equation C.147 and obtain:

sb3(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 2π

3ω0

))

+B0n sin
(

nω0

(

t− 2π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

)

− 4mπ

3

)

+Bmo sin
(

mωs

(

t− 2π

3ω0

)

− 4mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4mπ

3

)

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4mπ

3

)}

(C.148)
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Now considering trigonometric terms in equation C.140, C.144 and C.148 we have:

cos
(

nω0

(

t− 2π

3ω0

))

= cos
(

nω0t−
2nπ

3

)

=



















cos (nω0t) if n = 3p

cos
(

nω0t− 2π
3

)

if n = 3p+ 1

cos
(

nω0t+ 2π
3

)

if n = 3p+ 2

(C.149)

sin
(

nω0

(

t− 2π

3ω0

))

= sin
(

nω0t−
2nπ

3

)

=



















sin (nω0t) if n = 3p

sin
(

nω0t− 2π
3

)

if n = 3p+ 1

sin
(

nω0t+ 2π
3

)

if n = 3p+ 2

(C.150)

cos
(

mωs

(

t− 2π

3ω0

))

= cos
(

mωst−
2mπ

3
mf

)

= cos (mωst) (C.151)

sin
(

mωs

(

t− 2π

3ω0

))

= sin
(

mωst−
2mπ

3
mf

)

= sin (mωst) (C.152)

cos
(

mωs

(

t− 2π

3ω0

)

− 2mπ

3

)

= cos
(

mωst−
2mπ

3
mf −

2mπ

3

)

=



















cos (mωst) if m = 3k

cos
(

mωst− 2π
3

)

if m = 3k + 1

cos
(

mωst+ 2π
3

)

if m = 3k + 2

(C.153)

sin
(

mωs

(

t− 2π

3ω0

)

− 2mπ

3

)

= sin
(

mωst−
2mπ

3
mf −

2mπ

3

)

=



















sin (mωst) if m = 3k

sin
(

mωst− 2π
3

)

if m = 3k + 1

sin
(

mωst+ 2π
3

)

if m = 3k + 2

(C.154)

cos
(

mωs

(

t− 2π

3ω0

)

− 4mπ

3

)

=



















cos (mωst) if m = 3k

cos
(

mωst+ 2π
3

)

if m = 3k + 1

cos
(

mωst− 2π
3

)

if m = 3k + 2

(C.155)
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sin
(

mωs

(

t− 2π

3ω0

)

− 4mπ

3

)

=



















sin (mωst) if m = 3k

sin
(

mωst+ 2π
3

)

if m = 3k + 1

sin
(

mωst− 2π
3

)

if m = 3k + 2

(C.156)

cos
(

(mωs + nω0)
(

t− 2π

3ω0

))

= cos
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3

)

=



















cos ((mωs + nω0) t) if m = k and n=3p or n=-3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n=3p+2 or n=-(3p+1)

(C.157)

sin
(

(mωs + nω0)
(

t− 2π

3ω0

))

= sin
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3

)

=



















sin ((mωs + nω0) t) if m = k and n=3p or n=-3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n=3p+2 or n=-(3p+1)

(C.158)

cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 2mπ

3

)

= cos
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3
− 2mπ

3

)

=



























































































cos ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p+1 or n=-(3p+2)

cos ((mωs + nω0) t) if m = 3k + 1 and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

cos ((mωs + nω0) t) if m = 3k + 2 and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p+2 or n=-(3p+1)

(C.159)

sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 2mπ

3

)

= sin
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3
− 2mπ

3

)
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=



























































































sin ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p+1 or n=-(3p+2)

sin ((mωs + nω0) t) if m = 3k + 1 and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

sin ((mωs + nω0) t) if m = 3k + 2 and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p+2 or n=-(3p+1)

(C.160)

cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4mπ

3

)

= cos
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3
− 4mπ

3

)

=



























































































cos ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

cos ((mωs + nω0) t) if m = 3k + 1 and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p+1 or n=-(3p+2)

cos ((mωs + nω0) t) if m = 3k + 2 and n=3p+2 or n=-(3p+1)

(C.161)

sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4mπ

3

)

= sin
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3
− 4mπ

3

)

=



























































































sin ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

sin ((mωs + nω0) t) if m = 3k + 1 and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p+1 or n=-(3p+2)

sin ((mωs + nω0) t) if m = 3k + 2 and n=3p+2 or n=-(3p+1)

(C.162)
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Thus the phasor representation for phase B of 3-cell converter when mf = 3k is given by

Figures C.21, C.22 and C.23.
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Figure C.21: Phasor representation for phase B of 3-cell converter for m = 3k
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Figure C.22: Phasor representation for phase B of 3-cell converter for m = 3k + 1
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Figure C.23: Phasor representation for phase B of 3-cell converter for m = 3k + 2
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Phase C

From table C.2 the value of h for the background function of sc1(t) is given by:

h =
2ωs
π
t2 (C.163)

Substituting equation C.163 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst2 (C.164)

Now substituting equation C.164 into equation 3.36 we obtain:

sc1(t2) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t2) +B0n sin (nω0t2))

+
∞
∑

m=1

(Am0 cos (mωst2) +Bmo sin (mωst2))

+
∞
∑

m=1

±∞
∑

n=±1

{Amn cos ((mωs + nω0) t2)

+Bmn sin ((mωs + nω0) t2)} (C.165)

We now substitute back t = t2 + 2T0

3
into equation C.165 and obtain:

sc1(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 4π

3ω0

))

+B0n sin
(

nω0

(

t− 4π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 4π

3ω0

))

+Bmo sin
(

mωs

(

t− 4π

3ω0

)))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 4π

3ω0

))

+Bmn sin
(

(mωs + nω0)
(

t− 4π

3ω0

))}

(C.166)

From table C.2 for the background function of sc2(t) the value of h is given by:

h =
2ωs
π
t2 −

4

3
(C.167)

Substituting equation C.167 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst2 −

2mπ

3
(C.168)

Now substituting equation C.168 into equation 3.36 we obtain:
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sc2(t2) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t2) +B0n sin (nω0t2))

+
∞
∑

m=1

(

Am0 cos
(

mωst2 −
2mπ

3

)

+Bmo sin
(

mωst2 −
2mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t2 −
2mπ

3

)

+Bmn sin
(

(mωs + nω0) t2 −
2mπ

3

)}

(C.169)

We now substitute back t = t2 + 2T0

3
into equation C.169 and obtain:

sc2(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 4π

3ω0

))

+B0n sin
(

nω0

(

t− 4π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 4π

3ω0

)

− 2mπ

3

)

+Bmo sin
(

mωs

(

t− 4π

3ω0

)

− 2mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 2mπ

3

)

+Bmn sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 2mπ

3

)}

(C.170)

From table C.2 for the background function of sc3(t) the value of h is given by:

h =
2ωs
π
t2 −

8

3
(C.171)

Substituting equation C.171 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst2 −

4mπ

3
(C.172)

Now substituting equation C.172 into equation 3.36 we obtain:

sc3(t2) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t2) +B0n sin (nω0t1))

+
∞
∑

m=1

(

Am0 cos
(

mωst2 −
4mπ

3

)

+Bmo sin
(

mωst2 −
4mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t2 −
4mπ

3

)

+Bmn sin
(

(mωs + nω0) t2 −
4mπ

3

)}

(C.173)

We now substitute back t = t2 + 2T0

3
into equation C.173 and obtain:
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sc3(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 4π

3ω0

))

+B0n sin
(

nω0

(

t− 4π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 4π

3ω0

)

− 4mπ

3

)

+Bmo sin
(

mωs

(

t− 4π

3ω0

)

− 4mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 4mπ

3

)

+Bmn sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 4mπ

3

)}

(C.174)

Now considering trigonometric terms in equation C.166, C.170 and C.174 we have:

cos
(

nω0

(

t− 4π

3ω0

))

= cos
(

nω0t−
4nπ

3

)

=



















cos (nω0t) if n = 3p

cos
(

nω0t+ 2π
3

)

if n = 3p+ 1

cos
(

nω0t− 2π
3

)

if n = 3p+ 2

(C.175)

sin
(

nω0

(

t− 4π

3ω0

))

= sin
(

nω0t−
4nπ

3

)

=



















sin (nω0t) if n = 3p

sin
(

nω0t+ 2π
3

)

if n = 3p+ 1

sin
(

nω0t− 2π
3

)

if n = 3p+ 2

(C.176)

cos
(

mωs

(

t− 4π

3ω0

))

= cos
(

mωst−
4mπ

3
mf

)

= cos (mωst) (C.177)

sin
(

mωs

(

t− 4π

3ω0

))

= sin
(

mωst−
4mπ

3
mf

)

= sin (mωst) (C.178)

cos
(

mωs

(

t− 4π

3ω0

)

− 2mπ

3

)

= cos
(

mωst−
4mπ

3
mf −

2mπ

3

)

=



















cos (mωst) if m = 3k

cos
(

mωst− 2π
3

)

if m = 3k + 1

cos
(

mωst+ 2π
3

)

if m = 3k + 2

(C.179)
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sin
(

mωs

(

t− 4π

3ω0

)

− 2mπ

3

)

= sin
(

mωst−
4mπ

3
mf −

2mπ

3

)

=



















sin (mωst) if m = 3k

sin
(

mωst− 2π
3

)

if m = 3k + 1

sin
(

mωst+ 2π
3

)

if m = 3k + 2

(C.180)

cos
(

mωs

(

t− 4π

3ω0

)

− 4mπ

3

)

=



















cos (mωst) if m = 3k

cos
(

mωst+ 2π
3

)

if m = 3k + 1

cos
(

mωst− 2π
3

)

if m = 3k + 2

(C.181)

sin
(

mωs

(

t− 4π

3ω0

)

− 4mπ

3

)

=



















sin (mωst) if m = 3k

sin
(

mωst+ 2π
3

)

if m = 3k + 1

sin
(

mωst− 2π
3

)

if m = 3k + 2

(C.182)

cos
(

(mωs + nω0)
(

t− 4π

3ω0

))

= cos
(

(mωs + nω0) t−
4mπ

3
mf −

4nπ

3

)

=



















cos ((mωs + nω0) t) if m = k and n=3p or n=-3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n=3p+2 or n=-(3p+1)

(C.183)

sin
(

(mωs + nω0)
(

t− 4π

3ω0

))

= sin
(

(mωs + nω0) t−
4mπ

3
mf −

4nπ

3

)

=



















sin ((mωs + nω0) t) if m = k and n=3p or n=-3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n=3p+2 or n=-(3p+1)

(C.184)

cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 2mπ

3

)

= cos
(

(mωs + nω0) t−
4mπ

3
mf −

4nπ

3
− 2mπ

3

)

=



























































































cos ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

cos ((mωs + nω0) t) if m = 3k + 1 and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p+1 or n=-(3p+2)

cos ((mωs + nω0) t) if m = 3k + 2 and n=3p+2 or n=-(3p+1)
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(C.185)

sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 2mπ

3

)

= sin
(

(mωs + nω0) t−
4mπ

3
mf −

4nπ

3
− 2mπ

3

)

=



























































































sin ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

sin ((mωs + nω0) t) if m = 3k + 1 and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p+1 or n=-(3p+2)

sin ((mωs + nω0) t) if m = 3k + 2 and n=3p+2 or n=-(3p+1)

(C.186)

cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 4mπ

3

)

= cos
(

(mωs + nω0) t−
4mπ

3
mf −

4nπ

3
− 4mπ

3

)

=



























































































cos ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p+1 or n=-(3p+2)

cos ((mωs + nω0) t) if m = 3k + 1 and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

cos ((mωs + nω0) t) if m = 3k + 2 and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p+2 or n=-(3p+1)

(C.187)
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sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 4mπ

3

)

= sin
(

(mωs + nω0) t−
4mπ

3
mf −

4nπ

3
− 4mπ

3

)

=



























































































sin ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p+1 or n=-(3p+2)

sin ((mωs + nω0) t) if m = 3k + 1 and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

sin ((mωs + nω0) t) if m = 3k + 2 and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p+2 or n=-(3p+1)

(C.188)

Thus the phasor representation for phase C of 3-cell converter when mf = 3k is given by

Figures C.24, C.25 and C.26.
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Figure C.24: Phasor representation for phase C of 3-cell converter for m = 3k
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Figure C.25: Phasor representation for phase C of 3-cell converter for m = 3k + 1
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Figure C.26: Phasor representation for phase C of 3-cell converter for m = 3k + 2
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C.2.2 For frequency modulation index mf = 3k + 1

Phase A

Derivation for switching functions of phase A are the same as in subsection C.2.1 for

mf = 3k.

Phase B

From table C.2 the value of h for the background function of sb1(t) is given by:

h =
2ωs
π
t1 −

8

3
(C.189)

Substituting equation C.189 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst1 −

4

3
mπ (C.190)

Now substituting equation C.190 into equation 3.36 we obtain:

sb1(t1) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t1) +B0n sin (nω0t1))

+
∞
∑

m=1

(

Am0 cos
(

mωst1 −
4

3
mπ

)

+Bmo sin
(

mωst1 −
4

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t1 −
4

3
mπ

)

+Bmn sin
(

(mωs + nω0) t1 −
4

3
mπ

)}

(C.191)

We now substitute back t = t1 + T0

3
into equation C.191 and obtain:

sb1(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 2π

3ω0

))

+B0n sin
(

nω0

(

t− 2π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

)

− 4

3
mπ

)

+Bmo sin
(

mωs

(

t− 2π

3ω0

))

− 4

3
mπ

)

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4

3
mπ

)

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4

3
mπ

)}

(C.192)

From table C.2 for the background function of sb2(t) the value of h is given by:

h =
2ωs
π
t1 (C.193)
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Substituting equation C.193 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst1 (C.194)

Now substituting equation C.194 into equation 3.36 we obtain:

sb2(t1) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t1) +B0n sin (nω0t1))

+
∞
∑

m=1

(Am0 cos (mωst1) +Bmo sin (mωst1))

+
∞
∑

m=1

±∞
∑

n=±1

{Amn cos ((mωs + nω0) t1)

+Bmn sin ((mωs + nω0) t1)} (C.195)

We now substitute back t = t1 + T0

3
into equation C.143 and obtain:

sb2(t1) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 2π

3ω0

))

+B0n sin
(

nω0

(

t− 2π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

))

+Bmo sin
(

mωs

(

t− 2π

3ω0

)))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

))

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

))}

(C.196)

From table C.2 for the background function of sb3(t) the value of h is given by:

h =
2ωs
π
t1 −

4

3
(C.197)

Substituting equation C.197 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst1 −

2mπ

3
(C.198)

Now substituting equation C.198 into equation 3.36 we obtain:
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sb3(t1) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t1) +B0n sin (nω0t1))

+
∞
∑

m=1

(

Am0 cos
(

mωst1 −
2mπ

3

)

+Bmo sin
(

mωst1 −
2mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t1 −
2mπ

3

)

+Bmn sin
(

(mωs + nω0) t1 −
2mπ

3

)}

(C.199)

We now substitute back t = t1 + T0

3
into equation C.199 and obtain:

sb3(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 2π

3ω0

))

+B0n sin
(

nω0

(

t− 2π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

)

− 2mπ

3

)

+Bmo sin
(

mωs

(

t− 2π

3ω0

)

− 2mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 2mπ

3

)

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 2mπ

3

)}

(C.200)

Now considering trigonometric terms in equation C.192, C.196 and C.200 we have:

cos
(

nω0

(

t− 2π

3ω0

))

= cos
(

nω0t−
2nπ

3

)

=



















cos (nω0t) if n = 3p

cos
(

nω0t− 2π
3

)

if n = 3p+ 1

cos
(

nω0t+ 2π
3

)

if n = 3p+ 2

(C.201)

sin
(

nω0

(

t− 2π

3ω0

))

= sin
(

nω0t−
2nπ

3

)

=



















sin (nω0t) if n = 3p

sin
(

nω0t− 2π
3

)

if n = 3p+ 1

sin
(

nω0t+ 2π
3

)

if n = 3p+ 2

(C.202)

cos
(

mωs

(

t− 2π

3ω0

))

= cos
(

mωst−
2mπ

3
mf

)

= cos (mωst) (C.203)
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sin
(

mωs

(

t− 2π

3ω0

))

= sin
(

mωst−
2mπ

3
mf

)

= sin (mωst) (C.204)

cos
(

mωs

(

t− 2π

3ω0

)

− 2mπ

3

)

= cos
(

mωst−
2mπ

3
mf −

2mπ

3

)

=



















cos (mωst) if m = 3k

cos
(

mωst− 2π
3

)

if m = 3k + 1

cos
(

mωst+ 2π
3

)

if m = 3k + 2

(C.205)

sin
(

mωs

(

t− 2π

3ω0

)

− 2mπ

3

)

= sin
(

mωst−
2mπ

3
mf −

2mπ

3

)

=



















sin (mωst) if m = 3k

sin
(

mωst− 2π
3

)

if m = 3k + 1

sin
(

mωst+ 2π
3

)

if m = 3k + 2

(C.206)

cos
(

mωs

(

t− 2π

3ω0

)

− 4mπ

3

)

=



















cos (mωst) if m = 3k

cos
(

mωst+ 2π
3

)

if m = 3k + 1

cos
(

mωst− 2π
3

)

if m = 3k + 2

(C.207)

sin
(

mωs

(

t− 2π

3ω0

)

− 4mπ

3

)

=



















sin (mωst) if m = 3k

sin
(

mωst+ 2π
3

)

if m = 3k + 1

sin
(

mωst− 2π
3

)

if m = 3k + 2

(C.208)

cos
(

(mωs + nω0)
(

t− 2π

3ω0

))

= cos
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3

)

=



















cos ((mωs + nω0) t) if m = k and n=3p or n=-3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n=3p+2 or n=-(3p+1)

(C.209)

sin
(

(mωs + nω0)
(

t− 2π

3ω0

))

= sin
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3

)

=



















sin ((mωs + nω0) t) if m = k and n=3p or n=-3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n=3p+2 or n=-(3p+1)

(C.210)
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cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 2mπ

3

)

= cos
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3
− 2mπ

3

)

=



























































































cos ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p+1 or n=-(3p+2)

cos ((mωs + nω0) t) if m = 3k + 1 and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

cos ((mωs + nω0) t) if m = 3k + 2 and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p+2 or n=-(3p+1)

(C.211)

sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 2mπ

3

)

= sin
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3
− 2mπ

3

)

=



























































































sin ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p+1 or n=-(3p+2)

sin ((mωs + nω0) t) if m = 3k + 1 and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

sin ((mωs + nω0) t) if m = 3k + 2 and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p+2 or n=-(3p+1)

(C.212)

cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4mπ

3

)

= cos
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3
− 4mπ

3

)

=



























































































cos ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

cos ((mωs + nω0) t) if m = 3k + 1 and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p+1 or n=-(3p+2)

cos ((mωs + nω0) t) if m = 3k + 2 and n=3p+2 or n=-(3p+1)
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(C.213)

sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4mπ

3

)

= sin
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3
− 4mπ

3

)

=



























































































sin ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

sin ((mωs + nω0) t) if m = 3k + 1 and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p+1 or n=-(3p+2)

sin ((mωs + nω0) t) if m = 3k + 2 and n=3p+2 or n=-(3p+1)

(C.214)

Thus the phasor representation for phase B of 3-cell converter when mf = 3k+ 1 is given

by Figures C.27, C.28 and C.29.
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Figure C.27: Phasor representation for phase B of 3-cell converter for m = 3k
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Figure C.28: Phasor representation for phase B of 3-cell converter for m = 3k + 1



Chapter C — Phasor Diagrams 297

0

30

60
90

120

150

180

210

240
270

300

330

( ) ( ) ( )1 2 3, ,b b bSwitching functions S S Sω ω ω( ) ( ) ( )1 2 3, ,b b bSwitching functions S S Sω ω ω

1dbS

3bS2bS

( ) ( )1 2,db dbSwitching function S Sω ω

1dbS

( ) ( ) ( )1 2 3, ,b b bSwitching functions S S Sω ω ω

2bS

1bS

3bS

2bS

1bS

( ) ( )1 2,db dbSwitching function S Sω ω ( ) ( )1 2,db dbSwitching function S Sω ω

( ) 3 2 3 3a m k and n p or p= + = −

2dbS

( ) 3 2 3 1 (3 2)b m k and n p or p= + = + − + ( ) 3 2 3 2 (3 1)c m k and n p or p= + = + − +

( ) 3 2 3 3d m k and n p or p= + = − ( ) 3 2 3 1 (3 2)e m k and n p or p= + = + − + ( ) 3 2 3 2 (3 1)f m k and n p or p= + = + − +

( ) 3 2 3 3g m k and n p or p= + = − ( ) 3 2 3 1 (3 2)h m k and n p or p= + = + − + ( ) 3 2 3 2 (3 1)i m k and n p or p= + = + − +

2dbS

1dbS

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

0.2

0.4

0.6

0.8

1

( )tbSwitching function S ω ( )tbSwitching function S ω

tbS tbS• •

0

30

60
90

120

150

180

210

240
270

300

330

0

30

60
90

120

150

180

210

240
270

300

330

0

30

60
90

120

150

180

210

240
270

300

330

0

30

60
90

120

150

180

210

240
270

300

330

0

30

60
90

120

150

180

210

240
270

300

330

0

30

60
90

120

150

180

210

240
270

300

330

0

30

60
90

120

150

180

210

240
270

300

330

3bS

1bS

2dbS

0.2

0.4

0.6

0.8

1

( )tbSwitching function S ω

tbS• 0

30

60
90

120

150

180

210

240
270

300

330

Figure C.29: Phasor representation for phase B of 3-cell converter for m = 3k + 2
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Phase C

From table C.2 the value of h for the background function of sc1(t) is given by:

h =
2ωs
π
t2 −

4

3
(C.215)

Substituting equation C.215 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst2 −

2

3
mπ (C.216)

Now substituting equation C.216 into equation 3.36 we obtain:

sc1(t2) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t2) +B0n sin (nω0t2))

+
∞
∑

m=1

(

Am0 cos
(

mωst2 −
2

3
mπ

)

+Bmo sin
(

mωst2 −
2

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t2 −
2

3
mπ

)

+Bmn sin
(

(mωs + nω0) t2 −
2

3
mπ

)}

(C.217)

We now substitute back t = t2 + 2T0

3
into equation C.217 and obtain:

sc1(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 4π

3ω0

))

+B0n sin
(

nω0

(

t− 4π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 4π

3ω0

)

− 2

3
mπ

)

+Bmo sin
(

mωs

(

t− 4π

3ω0

)

− 2

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 2

3
mπ

)

+Bmn sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 2

3
mπ

)}

(C.218)

From table C.2 for the background function of sc2(t) the value of h is given by:

h =
2ωs
π
t2 −

8

3
(C.219)

Substituting equation C.219 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst2 −

4mπ

3
(C.220)
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Now substituting equation C.220 into equation 3.36 we obtain:

sc2(t2) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t2) +B0n sin (nω0t2))

+
∞
∑

m=1

(

Am0 cos
(

mωst2 −
4mπ

3

)

+Bmo sin
(

mωst2 −
4mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t2 −
4mπ

3

)

+Bmn sin
(

(mωs + nω0) t2 −
4mπ

3

)}

(C.221)

We now substitute back t = t2 + 2T0

3
into equation C.221 and obtain:

sc2(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 4π

3ω0

))

+B0n sin
(

nω0

(

t− 4π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 4π

3ω0

)

− 4mπ

3

)

+Bmo sin
(

mωs

(

t− 4π

3ω0

)

− 4mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 4mπ

3

)

+Bmn sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 4mπ

3

)}

(C.222)

From table C.2 for the background function of sc3(t) the value of h is given by:

h =
2ωs
π
t2 (C.223)

Substituting equation C.223 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst2 (C.224)

Now substituting equation C.224 into equation 3.36 we obtain:

sc3(t2) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t2) +B0n sin (nω0t1))

+
∞
∑

m=1

(Am0 cos (mωst2) +Bmo sin (mωst2))

+
∞
∑

m=1

±∞
∑

n=±1

{Amn cos ((mωs + nω0) t2)

+Bmn sin ((mωs + nω0) t2)} (C.225)
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We now substitute back t = t2 + 2T0

3
into equation C.225 and obtain:

sc3(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 4π

3ω0

))

+B0n sin
(

nω0

(

t− 4π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 4π

3ω0

))

+Bmo sin
(

mωs

(

t− 4π

3ω0

)))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 4π

3ω0

))

+Bmn sin
(

(mωs + nω0)
(

t− 4π

3ω0

))}

(C.226)

Now considering trigonometric terms in equation C.218, C.222 and C.226 we have:

cos
(

nω0

(

t− 4π

3ω0

))

= cos
(

nω0t−
4nπ

3

)

=



















cos (nω0t) if n = 3p

cos
(

nω0t+ 2π
3

)

if n = 3p+ 1

cos
(

nω0t− 2π
3

)

if n = 3p+ 2

(C.227)

sin
(

nω0

(

t− 4π

3ω0

))

= sin
(

nω0t−
4nπ

3

)

=



















sin (nω0t) if n = 3p

sin
(

nω0t+ 2π
3

)

if n = 3p+ 1

sin
(

nω0t− 2π
3

)

if n = 3p+ 2

(C.228)

cos
(

mωs

(

t− 4π

3ω0

))

= cos
(

mωst−
4mπ

3
mf

)

= cos (mωst) (C.229)

sin
(

mωs

(

t− 4π

3ω0

))

= sin
(

mωst−
4mπ

3
mf

)

= sin (mωst) (C.230)

cos
(

mωs

(

t− 4π

3ω0

)

− 2mπ

3

)

= cos
(

mωst−
4mπ

3
mf −

2mπ

3

)

=



















cos (mωst) if m = 3k

cos
(

mωst− 2π
3

)

if m = 3k + 1

cos
(

mωst+ 2π
3

)

if m = 3k + 2

(C.231)
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sin
(

mωs

(

t− 4π

3ω0

)

− 2mπ

3

)

= sin
(

mωst−
4mπ

3
mf −

2mπ

3

)

=



















sin (mωst) if m = 3k

sin
(

mωst− 2π
3

)

if m = 3k + 1

sin
(

mωst+ 2π
3

)

if m = 3k + 2

(C.232)

cos
(

mωs

(

t− 4π

3ω0

)

− 4mπ

3

)

=



















cos (mωst) if m = 3k

cos
(

mωst+ 2π
3

)

if m = 3k + 1

cos
(

mωst− 2π
3

)

if m = 3k + 2

(C.233)

sin
(

mωs

(

t− 4π

3ω0

)

− 4mπ

3

)

=



















sin (mωst) if m = 3k

sin
(

mωst+ 2π
3

)

if m = 3k + 1

sin
(

mωst− 2π
3

)

if m = 3k + 2

(C.234)

cos
(

(mωs + nω0)
(

t− 4π

3ω0

))

= cos
(

(mωs + nω0) t−
4mπ

3
mf −

4nπ

3

)

=



















cos ((mωs + nω0) t) if m = k and n=3p or n=-3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n=3p+2 or n=-(3p+1)

(C.235)

sin
(

(mωs + nω0)
(

t− 4π

3ω0

))

= sin
(

(mωs + nω0) t−
4mπ

3
mf −

4nπ

3

)

=



















sin ((mωs + nω0) t) if m = k and n=3p or n=-3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n=3p+2 or n=-(3p+1)

(C.236)

cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 2mπ

3

)

= cos
(

(mωs + nω0) t−
4mπ

3
mf −

4nπ

3
− 2mπ

3

)

=



























































































cos ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

cos ((mωs + nω0) t) if m = 3k + 1 and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p+1 or n=-(3p+2)

cos ((mωs + nω0) t) if m = 3k + 2 and n=3p+2 or n=-(3p+1)
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(C.237)

sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 2mπ

3

)

= sin
(

(mωs + nω0) t−
4mπ

3
mf −

4nπ

3
− 2mπ

3

)

=



























































































sin ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

sin ((mωs + nω0) t) if m = 3k + 1 and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p+1 or n=-(3p+2)

sin ((mωs + nω0) t) if m = 3k + 2 and n=3p+2 or n=-(3p+1)

(C.238)

cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 4mπ

3

)

= cos
(

(mωs + nω0) t−
4mπ

3
mf −

4nπ

3
− 4mπ

3

)

=



























































































cos ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p+1 or n=-(3p+2)

cos ((mωs + nω0) t) if m = 3k + 1 and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

cos ((mωs + nω0) t) if m = 3k + 2 and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p+2 or n=-(3p+1)

(C.239)
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sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 4mπ

3

)

= sin
(

(mωs + nω0) t−
4mπ

3
mf −

4nπ

3
− 4mπ

3

)

=



























































































sin ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p+1 or n=-(3p+2)

sin ((mωs + nω0) t) if m = 3k + 1 and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

sin ((mωs + nω0) t) if m = 3k + 2 and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p+2 or n=-(3p+1)

(C.240)

Thus the phasor representation for phase C of 3-cell converter when mf = 3k+ 1 is given

by Figures C.30, C.31 and C.32.
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Figure C.30: Phasor representation for phase C of 3-cell converter for m = 3k
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Figure C.31: Phasor representation for phase C of 3-cell converter for m = 3k + 1
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Figure C.32: Phasor representation for phase C of 3-cell converter for m = 3k + 2
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C.2.3 For frequency modulation index mf = 3k + 2

Phase A

Derivation for switching functions of phase A are the same as in subsection C.2.1 for

mf = 3k.

Phase B

From table C.2 the value of h for the background function of sb1(t) is given by:

h =
2ωs
π
t1 −

4

3
(C.241)

Substituting equation C.241 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst1 −

2

3
mπ (C.242)

Now substituting equation C.242 into equation 3.36 we obtain:

sb1(t1) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t1) +B0n sin (nω0t1))

+
∞
∑

m=1

(

Am0 cos
(

mωst1 −
2

3
mπ

)

+Bmo sin
(

mωst1 −
2

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t1 −
2

3
mπ

)

+Bmn sin
(

(mωs + nω0) t1 −
2

3
mπ

)}

(C.243)

We now substitute back t = t1 + T0

3
into equation C.243 and obtain:

sb1(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 2π

3ω0

))

+B0n sin
(

nω0

(

t− 2π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

)

− 2

3
mπ

)

+Bmo sin
(

mωs

(

t− 2π

3ω0

))

− 2

3
mπ

)

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 2

3
mπ

)

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 2

3
mπ

)}

(C.244)

From table C.2 for the background function of sb2(t) the value of h is given by:

h =
2ωs
π
t1 −

8

3
(C.245)
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Substituting equation C.245 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst1 −

4

3
mπ (C.246)

Now substituting equation C.246 into equation 3.36 we obtain:

sb2(t1) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t1) +B0n sin (nω0t1))

+
∞
∑

m=1

(

Am0 cos
(

mωst1 −
4

3
mπ

)

+Bmo sin
(

mωst1 −
4

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t1 −
4

3
mπ

)

+Bmn sin
(

(mωs + nω0) t1 −
4

3
mπ

)}

(C.247)

We now substitute back t = t1 + T0

3
into equation C.247 and obtain:

sb2(t1) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 2π

3ω0

))

+B0n sin
(

nω0

(

t− 2π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

)

− 4

3
mπ

)

+Bmo sin
(

mωs

(

t− 2π

3ω0

)

− 4

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4

3
mπ

)

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4

3
mπ

)}

(C.248)

From table C.2 for the background function of sb3(t) the value of h is given by:

h =
2ωs
π
t1 (C.249)

Substituting equation C.249 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst1 (C.250)

Now substituting equation C.250 into equation 3.36 we obtain:
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sb3(t1) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t1) +B0n sin (nω0t1))

+
∞
∑

m=1

(Am0 cos (mωst1) +Bmo sin (mωst1))

+
∞
∑

m=1

±∞
∑

n=±1

{Amn cos ((mωs + nω0) t1)

+Bmn sin ((mωs + nω0) t1)} (C.251)

We now substitute back t = t1 + T0

3
into equation C.251 and obtain:

sb3(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 2π

3ω0

))

+B0n sin
(

nω0

(

t− 2π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 2π

3ω0

))

+Bmo sin
(

mωs

(

t− 2π

3ω0

)))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 2π

3ω0

))

+Bmn sin
(

(mωs + nω0)
(

t− 2π

3ω0

))}

(C.252)

Now considering trigonometric terms in equation C.244, C.248 and C.252 we have:

cos
(

nω0

(

t− 2π

3ω0

))

= cos
(

nω0t−
2nπ

3

)

=



















cos (nω0t) if n = 3p

cos
(

nω0t− 2π
3

)

if n = 3p+ 1

cos
(

nω0t+ 2π
3

)

if n = 3p+ 2

(C.253)

sin
(

nω0

(

t− 2π

3ω0

))

= sin
(

nω0t−
2nπ

3

)

=



















sin (nω0t) if n = 3p

sin
(

nω0t− 2π
3

)

if n = 3p+ 1

sin
(

nω0t+ 2π
3

)

if n = 3p+ 2

(C.254)

cos
(

mωs

(

t− 2π

3ω0

))

= cos
(

mωst−
2mπ

3
mf

)

= cos (mωst) (C.255)
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sin
(

mωs

(

t− 2π

3ω0

))

= sin
(

mωst−
2mπ

3
mf

)

= sin (mωst) (C.256)

cos
(

mωs

(

t− 2π

3ω0

)

− 2mπ

3

)

= cos
(

mωst−
2mπ

3
mf −

2mπ

3

)

=



















cos (mωst) if m = 3k

cos
(

mωst− 2π
3

)

if m = 3k + 1

cos
(

mωst+ 2π
3

)

if m = 3k + 2

(C.257)

sin
(

mωs

(

t− 2π

3ω0

)

− 2mπ

3

)

= sin
(

mωst−
2mπ

3
mf −

2mπ

3

)

=



















sin (mωst) if m = 3k

sin
(

mωst− 2π
3

)

if m = 3k + 1

sin
(

mωst+ 2π
3

)

if m = 3k + 2

(C.258)

cos
(

mωs

(

t− 2π

3ω0

)

− 4mπ

3

)

=



















cos (mωst) if m = 3k

cos
(

mωst+ 2π
3

)

if m = 3k + 1

cos
(

mωst− 2π
3

)

if m = 3k + 2

(C.259)

sin
(

mωs

(

t− 2π

3ω0

)

− 4mπ

3

)

=



















sin (mωst) if m = 3k

sin
(

mωst+ 2π
3

)

if m = 3k + 1

sin
(

mωst− 2π
3

)

if m = 3k + 2

(C.260)

cos
(

(mωs + nω0)
(

t− 2π

3ω0

))

= cos
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3

)

=



















cos ((mωs + nω0) t) if m = k and n=3p or n=-3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n=3p+2 or n=-(3p+1)

(C.261)

sin
(

(mωs + nω0)
(

t− 2π

3ω0

))

= sin
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3

)

=



















sin ((mωs + nω0) t) if m = k and n=3p or n=-3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = k and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = k and n=3p+2 or n=-(3p+1)

(C.262)
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cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 2mπ

3

)

= cos
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3
− 2mπ

3

)

=



























































































cos ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p+1 or n=-(3p+2)

cos ((mωs + nω0) t) if m = 3k + 1 and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

cos ((mωs + nω0) t) if m = 3k + 2 and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p+2 or n=-(3p+1)

(C.263)

sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 2mπ

3

)

= sin
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3
− 2mπ

3

)

=



























































































sin ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p+1 or n=-(3p+2)

sin ((mωs + nω0) t) if m = 3k + 1 and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

sin ((mωs + nω0) t) if m = 3k + 2 and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p+2 or n=-(3p+1)

(C.264)

cos
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4mπ

3

)

= cos
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3
− 4mπ

3

)

=



























































































cos ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

cos ((mωs + nω0) t) if m = 3k + 1 and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p+2 or n=-(3p+1)

cos
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p+1 or n=-(3p+2)

cos ((mωs + nω0) t) if m = 3k + 2 and n=3p+2 or n=-(3p+1)
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(C.265)

sin
(

(mωs + nω0)
(

t− 2π

3ω0

)

− 4mπ

3

)

= sin
(

(mωs + nω0) t−
2mπ

3
mf −

2nπ

3
− 4mπ

3

)

=



























































































sin ((mωs + nω0) t) if m = 3k and n=3p or n=-3p

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 1 and n=3p or n=-3p

sin ((mωs + nω0) t) if m = 3k + 1 and n=3p+1 or n=-(3p+2)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 1 and n=3p+2 or n=-(3p+1)

sin
(

(mωs + nω0) t− 2π
3

)

if m = 3k + 2 and n=3p or n=-3p

sin
(

(mωs + nω0) t+ 2π
3

)

if m = 3k + 2 and n=3p+1 or n=-(3p+2)

sin ((mωs + nω0) t) if m = 3k + 2 and n=3p+2 or n=-(3p+1)

(C.266)

Thus the phasor representation for phase B of 3-cell converter when mf = 3k+ 2 is given

by Figures C.33, C.34 and C.35.
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Figure C.33: Phasor representation for phase B of 3-cell converter for m = 3k
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Figure C.34: Phasor representation for phase B of 3-cell converter for m = 3k + 1
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Figure C.35: Phasor representation for phase B of 3-cell converter for m = 3k + 2
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Phase C

From table C.2 the value of h for the background function of sc1(t) is given by:

h =
2ωs
π
t2 −

8

3
(C.267)

Substituting equation C.267 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst2 −

4

3
mπ (C.268)

Now substituting equation C.268 into equation 3.36 we obtain:

sc1(t2) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t2) +B0n sin (nω0t2))

+
∞
∑

m=1

(

Am0 cos
(

mωst2 −
4

3
mπ

)

+Bmo sin
(

mωst2 −
4

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t2 −
4

3
mπ

)

+Bmn sin
(

(mωs + nω0) t2 −
4

3
mπ

)}

(C.269)

We now substitute back t = t2 + 2T0

3
into equation C.269 and obtain:

sc1(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 4π

3ω0

))

+B0n sin
(

nω0

(

t− 4π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 4π

3ω0

)

− 4

3
mπ

)

+Bmo sin
(

mωs

(

t− 4π

3ω0

)

− 4

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 4

3
mπ

)

+Bmn sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 4

3
mπ

)}

(C.270)

From table C.2 for the background function of sc2(t) the value of h is given by:

h =
2ωs
π
t2 (C.271)

Substituting equation C.271 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst2 (C.272)
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Now substituting equation C.272 into equation 3.36 we obtain:

sc2(t2) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t2) +B0n sin (nω0t2))

+
∞
∑

m=1

(Am0 cos (mωst2) +Bmo sin (mωst2))

+
∞
∑

m=1

±∞
∑

n=±1

{Amn cos ((mωs + nω0) t2)

+Bmn sin ((mωs + nω0) t2)} (C.273)

We now substitute back t = t2 + 2T0

3
into equation C.273 and obtain:

sc2(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 4π

3ω0

))

+B0n sin
(

nω0

(

t− 4π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 4π

3ω0

))

+Bmo sin
(

mωs

(

t− 4π

3ω0

)

− 4mπ

3

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 4π

3ω0

))

+Bmn sin
(

(mωs + nω0)
(

t− 4π

3ω0

))}

(C.274)

From table C.2 for the background function of sc3(t) the value of h is given by:

h =
2ωs
π
t2 −

4

3
(C.275)

Substituting equation C.275 into the term mπh
2

of equation 3.36 we obtain:

mπh

2
= mωst2 −

2

3
mπ (C.276)

Now substituting equation C.276 into equation 3.36 we obtain:

sc3(t2) =
1

2
A00 +

∞
∑

n=1

(A0n cos (nω0t2) +B0n sin (nω0t1))

+
∞
∑

m=1

(

Am0 cos
(

mωst2 −
2

3
mπ

)

+Bmo sin
(

mωst2 −
2

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0) t2 −
2

3
mπ

)

+Bmn sin
(

(mωs + nω0) t2 −
2

3
mπ

)}

(C.277)
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We now substitute back t = t2 + 2T0

3
into equation C.277 and obtain:

sc3(t) =
1

2
A00 +

∞
∑

n=1

(

A0n cos
(

nω0

(

t− 4π

3ω0

))

+B0n sin
(

nω0

(

t− 4π

3ω0

)))

+
∞
∑

m=1

(

Am0 cos
(

mωs

(

t− 4π

3ω0

)

− 2

3
mπ

)

+Bmo sin
(

mωs

(

t− 4π

3ω0

)

− 2

3
mπ

))

+
∞
∑

m=1

±∞
∑

n=±1

{

Amn cos
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 2

3
mπ

)

+Bmn sin
(

(mωs + nω0)
(

t− 4π

3ω0

)

− 2

3
mπ

)}

(C.278)

Now considering trigonometric terms in equation C.270, C.274 and C.278 we have:

cos
(

nω0

(

t− 4π

3ω0

))

= cos
(

nω0t−
4nπ

3

)

=



















cos (nω0t) if n = 3p

cos
(

nω0t+ 2π
3

)

if n = 3p+ 1

cos
(

nω0t− 2π
3

)

if n = 3p+ 2

(C.279)

sin
(

nω0

(

t− 4π

3ω0

))

= sin
(

nω0t−
4nπ

3

)

=



















sin (nω0t) if n = 3p

sin
(

nω0t+ 2π
3

)

if n = 3p+ 1

sin
(

nω0t− 2π
3

)

if n = 3p+ 2

(C.280)

cos
(

mωs

(

t− 4π

3ω0

))

= cos
(

mωst−
4mπ

3
mf

)

= cos (mωst) (C.281)

sin
(

mωs

(

t− 4π

3ω0

))

= sin
(

mωst−
4mπ

3
mf

)

= sin (mωst) (C.282)

cos
(

mωs

(

t− 4π

3ω0

)

− 2mπ

3

)

= cos
(

mωst−
4mπ

3
mf −

2mπ

3

)

=



















cos (mωst) if m = 3k

cos
(

mωst− 2π
3

)

if m = 3k + 1

cos
(

mωst+ 2π
3

)

if m = 3k + 2

(C.283)
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sin
(

mωs

(

t− 4π

3ω0

)

− 2mπ

3

)

= sin
(

mωst−
4mπ

3
mf −

2mπ

3

)

=



















sin (mωst) if m = 3k

sin
(

mωst− 2π
3

)

if m = 3k + 1

sin
(

mωst+ 2π
3

)

if m = 3k + 2

(C.284)

cos
(

mωs

(

t− 4π

3ω0

)

− 4mπ

3

)

=



















cos (mωst) if m = 3k

cos
(

mωst+ 2π
3

)

if m = 3k + 1

cos
(

mωst− 2π
3

)

if m = 3k + 2

(C.285)

sin
(

mωs

(

t− 4π

3ω0

)

− 4mπ

3

)

=



















sin (mωst) if m = 3k

sin
(

mωst+ 2π
3

)

if m = 3k + 1

sin
(

mωst− 2π
3

)

if m = 3k + 2

(C.286)

cos
(

(mωs + nω0)
(

t− 4π

3ω0

))

= cos
(

(mωs + nω0) t−
4mπ

3
mf −

4nπ

3

)

=



















cos ((mωs + nω0) t) if m = k and n=3p or n=-3p

cos
(

(mωs + nω0) t+ 2π
3

)

if m = k and n=3p+1 or n=-(3p+2)

cos
(

(mωs + nω0) t− 2π
3

)

if m = k and n=3p+2 or n=-(3p+1)

(C.287)

sin
(

(mωs + nω0)
(

t− 4π

3ω0

))

= sin
(

(mωs + nω0) t−
4mπ

3
mf −

4nπ

3

)

=



















sin ((mωs + nω0) t) if m = k and n=3p or n=-3p

sin
(
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(C.292)

Thus the phasor representation for phase C of 3-cell converter when mf = 3k+ 2 is given

by Figures C.36, C.37 and C.38.
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Figure C.36: Phasor representation for phase C of 3-cell converter for m = 3k
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Figure C.37: Phasor representation for phase C of 3-cell converter for m = 3k + 1
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Figure C.38: Phasor representation for phase C of 3-cell converter for 3k + 2



Appendix D

Duty Cycles for Other Five Sectors

D.1 Duty Cycles for Sector II

In this section we study the sequences and combinations of duty cycles of regions A, B,

C and D of sector II. Figure D.1 show the first sector of six sectors with its regions. We

show the switch combinations using all redundancy in Appendix E section E.2.
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Figure D.1: Regions of vector modulation of the 2-cell multicell converter in the second

sector

D.1.1 Region IIA

For θ ≤ π
2

The switch combination sequence for the nearest three vectors moving from sector IA to

325
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IIA is given by:

d2(00− 1) to d0(000) to d3(010) to d2(110) to d2(110) to d3(010) to d0(000) to d2(00− 1)

and the corresponding reference voltage vector waveform equations for phase A, B and C

are given by equations D.1, D.2 and D.3 respectively.

VrefaIIA1
=

1

4
d2

=
1

2
√

2
ma cos

(

ωt− π

6

)

(D.1)

VrefbIIA1
=

1

2
d3 +

1

4
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=

√
3

2
√

2
ma sin

(

ωt− π

6

)

(D.2)

VrefcIIA1
= −1

4
d2

= − 1

2
√

2
ma cos

(

ωt− π

6

)

(D.3)

For θ ≥ π
2

The switch combination sequence for the nearest three vectors moving from sector IIA

to IIIA is given by:

d3(−10 − 1) to d2(00 − 1) to d0(000) to d3(010) to d3(010) to d0(000) to d2(00 − 1) to

d3(−10 − 1)

and the corresponding reference voltage vector waveform equations for phase A, B and C

are given by equations D.4, D.5 and D.6 respectively.

VrefaIIA2
= −1

4
d3

=
1

2
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2
ma cos
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ma sin
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π

6
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(D.6)
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D.1.2 Region IIC

The switch combination sequence for the nearest three vector for sector IIC is given by:

d2(110) to d14(11− 1) to d8(01− 1) to d2(00− 1) to d2(00− 1) to d8(01− 1) to d14(11− 1)

to d2(110)

and the corresponding reference voltage vector waveform equations for phase A, B and C

are given by equations D.7, D.8 and D.9 respectively.
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1

4
d2 +

1

2
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√
3

2
√

2
ma cosωt (D.7)
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4
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2
√

2
ma sinωt (D.9)

D.1.3 Region IIB

For θ ≤ π
2

The switch combination sequence for the nearest three vectors moving from sector IIC

to IIB is given by:

d2(00 − 1) to d8(01 − 1) to d3(010) to d2(110) to d2(110) to d3(010) to d8(01 − 1) to

d2(00 − 1)

and the reference voltage vector waveform equation is given by:

VrefaIIB1
=

1

4
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=
1

2
√

2
ma cos

(
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For θ ≥ π
2

The switch combination sequence for the nearest three vectors moving from sector IIB

to IID is given by:

d3(−10 − 1) to d2(00 − 1) to d8(01 − 1) to d3(010) to d3(010) to d8(01 − 1) to d2(00 − 1)

to d3(−10 − 1)

and the reference voltage vector waveform equation is given by:
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4
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2
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2
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D.1.4 Region IID

The switch combination sequence for the nearest three vectors for sector IID is given by:

d3(010) to d8(01 − 1) to d15(−11 − 1) to d3(−10 − 1) to d3(−10 − 1) to d15(−11 − 1) to

d8(01 − 1) to d3(010)

and the reference voltage vector waveform equation is given by:
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4
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2
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√
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D.2 Duty cycles for Sector III

In this section we study the sequences and combinations of duty cycles of regions A, B,

C and D of sector III. Figure D.2 show the first sector of six sectors with its regions. We

show the switch combinations using all redundancy in Appendix E section E.3.
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Figure D.2: Regions of vector modulation of the 2-cell multicell converter in the third

sector

D.2.1 Region IIIA

For θ ≤ 5π
6

The switch combination sequence for the nearest three vectors moving from sector IIA

to IIIA is given by:

d3(010) to d0(000) to d4(−100) to d3(−10 − 1) to d3(−10 − 1) to d4(−100) to d0(000) to

d3(010)

and the reference voltage vector waveform equation is given by:
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4
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1

2
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=

√
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2
√

2
ma cosωt (D.19)
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For θ ≥ 5π
6

The switch combination sequence for the nearest three vectors moving from sector IIIA

to IV A is given by:

d4(011) to d3(010) to d0(000) to d4(−100) to d4(−100) to d0(000) to d3(010) to d4(011)

and the reference voltage vector waveform equation is given by:

VrefaIIIA2
= −1

4
d4

=
1

2
√

2
cos

(

ωt− π

6

)

(D.22)
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=

1

4
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1

2
d3

=

√
3

2
√

2
sin

(

ωt− π

6

)

(D.23)

VrefcIIIA2
=

1

4
d4

= − 1

2
√

2
cos

(

ωt− π

6

)

(D.24)

D.2.2 Region IIIC

The switch combination sequence for the nearest three vectors for sector IIIC is given

by:

d3(−10−1) to d15(−11−1) to d9(−110) to d3(010) to d3(010) to d9(−110) to d15(−11−1)

to d3(−10 − 1)

and the reference voltage vector waveform equation is given by:

VrefaIIIC = −1

4
d3 −

1

2
d15 −

1

2
d9

=
1

2
√

2
cos

(

ωt+
π

6

)

(D.25)

VrefbIIIC =
1

4
d3 +

1

2
d15 +

1

2
d9

= − 1

2
√

2
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(

ωt+
π

6

)
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VrefcIIIC = −1

4
d3 −

1

2
d15

= −
√

3

2
√

2
sin

(

ωt+
π

6

)

(D.27)

D.2.3 Region IIIB

For θ ≤ 5π
6

The switch combination sequence for the nearest three vectors moving from sector IIIC

to IIIB is given by:

d3(010) to d9(−110) to d4(−100) to d3(−10− 1) to d3(−10− 1) to d4(−100) to d9(−110)

to d3(010)

and the reference voltage vector waveform equation is given by:

VrefaIIIB1
= −1

4
d3 −

1

2
d9 −

1

2
d4

=
1

2
√

2
cos

(

ωt− π

6

)

− 1

4
(D.28)

VrefbIIIB1
=

1

4
d3 +

1

2
d9

=

√
3

2
√

2
sin

(

ωt− π

6

)

− 1

4
(D.29)

VrefcIIIB1
= −1

4
d3

= − 1

2
√

2
cos

(

ωt− π

6

)

− 1

4
(D.30)

For θ ≥ 5π
6

The switch combination sequence for the nearest three vectors moving from sector IIIB

to IIID is given by:

d4(011) to d3(010) to d9(−110) to d4(−100) to d4(−100) to d9(−110) to d3(010) to d4(011)

and the reference voltage vector waveform equation is given by:

VrefaIIIB2
= −1

4
d4 −

1

2
d9

=

√
3

2
√

2
cosωt+

1

4
(D.31)

VrefbIIIB2
=

1

4
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1

2
d3 +

1

2
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=
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2
√

2
sinωt+

1

4
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=

1

4
d4

= − 1

2
√

2
sinωt+

1

4
(D.33)
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D.2.4 Region IIID

The switch combination sequence for the nearest three vectors for sector IIID is given

by:

d4(−100) to d9(−110) to d16(−111) to d4(011) to d4(011) to d16(−111) to d9(−110) to

d4(−100)

and the reference voltage vector waveform equation is given by:

VrefaIIID = −1

4
d4 −

1

2
d16 −

1

2
d9

=
1

2
√

2
cos

(

ωt+
π

6

)

(D.34)

VrefbIIID =
1

4
d4 +

1

2
d16 +

1

2
d9

= − 1

2
√

2
cos

(

ωt+
π

6

)

(D.35)

VrefcIIID =
1

2
d16 +

1

4
d4

= −
√

3

2
√

2
sin

(

ωt+
π

6

)

(D.36)

D.3 Duty cycles for Sector IV

In this section we study the sequences and combinations of duty cycles of regions A, B,

C and D of sector IV. Figure D.3 show the first sector of six sectors with its regions. We

show the switch combinations using all redundancy in Appendix E section E.4.

D.3.1 Region IVA

For θ ≤ 7π
6

The switch combination sequence for the nearest three vectors moving from sector IIIA

to IV A is given by:

d4(−100) to d0(000) to d5(001) to d4(011) to d4(011) to d5(001) to d0(000) to d4(−100)

and the reference voltage vector waveform equation is given by:

VrefaIV A1
= −1

4
d4

=
1

2
√

2
ma cos

(

ωt+
π

6

)

(D.37)

VrefbIV A1
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1

4
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= − 1

2
√

2
ma cos

(

ωt+
π

6

)
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Figure D.3: Regions of vector modulation of the 2-cell multicell converter in the fourth

sector
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1

2
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4
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ma sin

(

ωt+
π

6
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For θ ≥ 7π
6

The switch combination sequence for the nearest three vectors moving from sector IV A

to V A is given by:

d5(−1 − 10) to d4(−100) to d0(000) to d5(001) to d5(001) to d0(000) to d4(−100) to

d5(−1 − 10)

and the reference voltage vector waveform equation is given by:

VrefaIV A2
= −1

4
d5 −

1

2
d4

=

√
3

2
√

2
ma cosωt (D.40)

VrefbIV A2
= −1

4
d5

=
1

2
√

2
ma sinωt (D.41)
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VrefcIV A2
=

1

4
d5

= − 1

2
√

2
ma sinωt (D.42)

D.3.2 Region IVC

The switch combination sequence for the nearest three vectors for sector IV C is given by:

d4(011) to d16(−111) to d10(−101) to d4(−100) to d4(−100) to d10(−101) to d9(−111) to

d4(011)

and the reference voltage vector waveform equation is given by:

VrefaIV C = −1

4
d4 −

1

2
d16 −

1

2
d10

=
1

2
√

2
cos

(

ωt− π

6

)

(D.43)

VrefbIV C =
1

4
d4 +

1

2
d16

=

√
3

2
√

2
sin

(

ωt− π

6

)

(D.44)

VrefcIV C =
1

4
d4 +

1

2
d16 +

1

2
d10

= − 1

2
√

2
cos

(

ωt− π

6

)

(D.45)

D.3.3 Region IVB

For θ ≤ 7π
6

The switch combination sequence for the nearest three vectors moving from sector IV C

to IV B is given by:

d4(−100) to d10(−101) to d5(001) to d4(011) to d4(011) to d5(001) to d10(−101) to

d4(−100)

and the reference voltage vector waveform equation is given by:

VrefaIV B1
= −1

4
d4 −

1

2
d10

=

√
3

2
√

2
ma cosωt+

1

4
(D.46)
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=

1

4
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=
1

2
√

2
ma sinωt+

1

4
(D.47)
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VrefcIV B1
=

1

2
d10 +

1

2
d5 +

1

4
d4

= − 1

2
√

2
ma sinωt+

1

4
(D.48)

For θ ≥ 7π
6

The switch combination sequence for the nearest three vectors moving from sector IV B

to IV D is given by:

d5(−1 − 10) to d4(−100) to d10(−101) to d5(001) to d5(001) to d10(−101) to d4(−100) to

d5(−1 − 10)

and the reference voltage vector waveform equation is given by:

VrefaIV B2
= −1

4
d5 −

1

2
d4 −

1

2
d10

=
1

2
√

2
ma cos

(

ωt+
π

6

)

− 1

4
(D.49)

VrefbIV B2
= −1

4
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= − 1

2
√
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(
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π

6

)

− 1

4
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=

1

2
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1

4
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= −
√

3

2
√

2
ma sin

(

ωt+
π

6

)

− 1

4
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D.3.4 Region IVD

The switch combination sequence for the nearest three vectors for sector IV D is given

by:

d5(001) to d10(−101) to d17(−1 − 11) to d5(−1 − 10) to d5(−1 − 10) to d17(−1 − 11) to

d10(−101) to d5(001)

and the reference voltage vector waveform equation is given by:

VrefaIV D = −1

4
d5 −

1

2
d10 −

1

2
d17

=
1

2
√

2
cos

(

ωt− π

6

)
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=

√
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2
√

2
sin

(

ωt− π

6

)

(D.53)
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2
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2
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= − 1

2
√

2
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(
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6

)
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D.4 Duty cycles for Sector V

In this section we study the sequences and combinations of duty cycles of regions A, B,

C and D of sector V. Figure D.4 show the first sector of six sectors with its regions. We

show the switch combinations using all redundancy in Appendix E section E.5.
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Figure D.4: Regions of vector modulation of the 2-cell multicell converter in the fifth

sector

D.4.1 Region VA

For θ ≤ 3π
2

The switch combination sequence for the nearest three vectors moving from sector

IV A to V A is given by:

d5(001) to d0(000) to d6(0 − 10) to d5(−1 − 10) to d5(−1 − 10) to d6(0 − 10) to d0(000)

to d5(001)

and the reference voltage vector waveform equation is given by:

VrefaV A1
= −1

4
d5

=
1

2
√

2
ma cos

(

ωt− π

6

)

(D.55)
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4
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2
ma sin

(

ωt− π

6

)
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VrefcVA1
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4
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= − 1

2
√

2
ma cos

(

ωt− π

6

)
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For θ ≥ 3π
2

The switch combination sequence for the nearest three vectors moving from sector V A to

V IA is given by:

d6(101) to d5(001) to d0(000) to d6(0− 10) to d6(0− 10) to d0(000) to d5(001) to d6(101)

and the reference voltage vector waveform equation is given by:

VrefaV A2
=

1

4
d6

=
1

2
√

2
ma cos

(

ωt+
π

6

)

(D.58)
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6

)
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VrefcVA2
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1

4
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1

2
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= −
√

3

2
√

2
ma sin

(

ωt+
π

6

)
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D.4.2 Region VC

The switch combination sequence for the nearest three vectors for sector V C is given by:

d5(−1−10) to d17(−1−11) to d11(0−11) to d5(001) to d5(001) to d11(0−11) to d17(−1−11)

to d5(−1 − 10)

and the reference voltage vector waveform equation is given by:

VrefaV C = −1

4
d5 −

1

2
d17

=

√
3

2
√

2
cosωt (D.61)

VrefbV C = −1

4
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2
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1

2
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2
√

2
sinωt (D.62)

VrefcVC =
1

2
d17 +
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2
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1

4
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= − 1

2
√

2
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D.4.3 Region VB

For θ ≤ 3π
2

The switch combination sequence for the nearest three vectors moving from sector V C to

V B is given by:

d5(001) to d11(0−11) to d6(0−10) to d5(−1−10) to d5(−1−10) to d6(0−10) to d11(0−11)

to d5(001)

and the reference voltage vector waveform equation is given by:

VrefaV B1
= −1

4
d5

=
1

2
√

2
ma cos

(

ωt+
π

6

)

− 1

4
(D.64)
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4
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=
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ma sin
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− 1

4
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For θ ≥ 3π
2

The switch combination sequence for the nearest three vectors moving from sector V B to

V D is given by:

d6(101) to d5(001) to d11(0 − 11) to d6(0 − 10) to d6(0 − 10) to d11(0 − 11) to d5(001) to

d6(101)

and the reference voltage vector waveform equation is given by:

VrefaV B2
=

1

4
d6

=
1

2
√

2
ma cos

(

ωt− π

6

)

+
1

4
(D.67)
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+
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4
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=
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+
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4
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D.4.4 Region VD

The switch combination sequence for the nearest three vectors for sector V D is given by:

d6(0− 10) to d11(0− 11) to d18(1− 11) to d6(101) to d6(101) to d18(1− 11) to d11(0− 11)

to d6(0 − 10)

and the reference voltage vector waveform equation is given by:

VrefaVD =
1

4
d6 +

1

2
d18

=

√
3

2
√

2
cosωt (D.70)
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2
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2
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2
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1

2
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1

2
d18 +

1

4
d6

= − 1

2
√

2
sinωt (D.72)

D.5 Duty cycles for Sector VI

In this section we study the sequences and combinations of duty cycles of regions A, B,

C and D of sector VI. Figure D.5 show the first sector of six sectors with its regions. We

show the switch combinations using all redundancy in Appendix E section E.6.

D.5.1 Region VIA

For θ ≤ 11π
6

The switch combination sequence for the nearest three vectors moving from sector V A to

V IA is given by:

d6(0− 10) to d0(000) to d1(100) to d6(101) to d6(101) to d1(100) to d0(000) to d6(0− 10)

and the reference voltage vector waveform equation is given by:

VrefaV IA1
=

1

4
d6 +

1

2
d1

=

√
3

2
√

2
ma cos (ωt) (D.73)

VrefbV IA1
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4
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=
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2
√

2
ma sin (ωt) (D.74)
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Figure D.5: Regions of vector modulation of the 2-cell multicell converter in the sixth

sector
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2
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ma sin (ωt) (D.75)

For θ ≥ 11π
6

The switch combination sequence for the nearest three vectors moving from sector V IA

to IA is given by:

d1(0 − 1 − 1) to d6(0 − 10) to d0(000) to d1(100) to d1(100) to d0(000) to d6(0 − 10) to

d1(0 − 1 − 1)

and the reference voltage vector waveform equation is given by:

VrefaV IA2
=

1

4
d1

=
1

2
√

2

(√
3

2
ma cosωt+

1

2
ma sinωt
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(
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ma cos
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D.5.2 Region VIC

The switch combination sequence for the nearest three vectors for sector V IC is given by:

d6(101) to d18(1−11) to d12(1−10) to d6(0−10) to d6(0−10) to d12(1−10) to d18(1−11)

to d6(101)

and the reference voltage vector waveform equation is given by:

VrefaV IC =
1

4
d6 +

1

2
d18 +

1

2
d12

=
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2
√

2
ma cos
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D.5.3 Region VIB

For θ ≤ 11π
6

The switch combination sequence for the nearest three vectors moving from sector V IC

to V IB is given by:

d6(0 − 10) to d12(1 − 10) to d1(100) to d6(101) to d6(101) to d1(100) to d12(1 − 10) to

d6(0 − 10)

and the reference voltage vector waveform equation is given by:

VrefaV IB1
=

1

4
d6 +

1

2
d12 +

1

2
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=
1

2
√

2
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+
1

4
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For θ ≥ 11π
6

The switch combination sequence for the nearest three vectors moving from sector V IB

to V ID is given by:

d1(0− 1− 1) to d6(0− 10) to d12(1− 10) to d1(100) to d1(100) to d12(1− 10) to d6(0− 10)

to d1(0 − 1 − 1)

and the reference voltage vector waveform equation is given by:

VrefaV IB2
=

1

4
d1 +

1

2
d12

=

√
3

2
√

2
ma cosωt− 1

4
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D.5.4 Region VID

The switch combination sequence for the nearest three vectors for sector V ID is given

by:

d1(100) to d12(1− 10) to d13(1− 1− 1) to d1(0− 1− 1) to d1(0− 1− 1) to d13(1− 1− 1)

to d12(1 − 10) to d1(100)

and the reference voltage vector waveform equation is given by:

VrefaV ID =
1

4
d1 +

1

2
d12 +

1

2
d13

=
1

2
√

2
ma cos

(

ωt+
π
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Switching Combinations

E.1 Sector I
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Figure E.1: Regions of vector modulation of the 2-cell multicell converter in the first

sector

E.1.1 Region A

Duty Cycles

Vr = d0X0 + d1X1 + d2X2

(ma cosωt,ma sinωt) = d0(0, 0) + d1(

√

2

3
, 0) + d2(

1√
6
,

1√
2
)

where ma is modulation index.

ma cosωt =

√

2

3
d1 +

1√
6
d2

343
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ma sinωt =
1√
2
d2

d2 =
√

2ma sinωt

ma cosωt =

√

2

3
d1 +

1√
3
ma sinωt

d1 =

√

3

2
ma cosωt− 1√

2
ma sinωt

d0 = 1 −
√

2ma sinωt−
√

3

2
ma cosωt+

1√
2
ma sinωt

= 1 − 1√
2
ma sinωt−

√

3

2
ma cosωt

For θ ≤ π
6

The switch combination sequence for the nearest three vector moving from sector V IA

to IA for 2-cell is given by:

d1(100) ([1, 1], [1,−1], [1,−1]) to d0(000) ([1,−1], [1,−1], [1,−1]) to

d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1 − 1])

or

d1(100) ([1, 1], [1,−1], [1,−1]) to d0(000) ([−1, 1], [1,−1], [1,−1]) to

d2(00 − 1) ([−1, 1], [1,−1], [−1,−1]) to d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1 − 1])

or

d1(100) ([1, 1], [−1, 1], [−1, 1]) to d0(000) ([1,−1], [−1, 1], [−1, 1]) to

d2(00 − 1) ([1,−1], [−1, 1], [−1,−1]) to d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1 − 1])

or

d1(100) ([1, 1], [−1, 1], [−1, 1]) to d0(000) ([−1, 1], [−1, 1], [−1, 1]) to

d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1 − 1])

or

d1(100) ([1, 1], [−1, 1], [1,−1]) to d0(000) ([1,−1], [−1, 1], [1,−1]) to

d2(00 − 1) ([1,−1], [−1, 1], [−1,−1]) to d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1 − 1])

or

d1(100) ([1, 1], [−1, 1], [1,−1]) to d0(000) ([−1, 1], [−1, 1], [1,−1]) to

d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1 − 1])

or

d1(100) ([1, 1], [1,−1], [−1, 1]) to d0(000) ([1,−1], [1,−1], [−1, 1]) to

d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1 − 1])

or



Chapter E — Switching Combinations 345

d1(100) ([1, 1], [1,−1], [−1, 1]) to d0(000) ([−1, 1], [1,−1], [−1, 1]) to

d2(00 − 1) ([−1, 1], [1,−1], [−1,−1]) to d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1 − 1])

For θ ≥ π
6

The switch combination sequence for the nearest three vector moving from sector IA to

IIA for 2-cell is given by:

d2(110) ([1, 1], [1, 1], [1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1]) to

d0(000) ([1,−1], [1,−1], [1,−1]) to d2(00 − 1) ([1,−1], [1,−1], [−1 − 1])

or

d2(110) ([1, 1], [1, 1], [1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1]) to

d0(000) ([−1, 1], [1,−1], [1,−1]) to d2(00 − 1) ([−1, 1], [1,−1], [−1 − 1])

or

d2(110) ([1, 1], [1, 1], [−1, 1]) to d1(100) ([1, 1], [−1, 1], [−1, 1]) to

d0(000) ([1,−1], [−1, 1], [−1, 1]) to d2(00 − 1) ([1,−1], [−1, 1], [−1 − 1])

or

d2(110) ([1, 1], [1, 1], [−1, 1]) to d1(100) ([1, 1], [−1, 1], [−1, 1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d2(00 − 1) ([−1, 1], [−1, 1], [−1 − 1])

or

d2(110) ([1, 1], [1, 1], [1,−1]) to d1(100) ([1, 1], [−1, 1], [1,−1]) to

d0(000) ([1,−1], [−1, 1], [1,−1]) to d2(00 − 1) ([1,−1], [−1, 1], [−1 − 1])

or

d2(110) ([1, 1], [1, 1], [1,−1]) to d1(100) ([1, 1], [−1, 1], [1,−1]) to

d0(000) ([−1, 1], [−1, 1], [1,−1]) to d2(00 − 1) ([−1, 1], [−1, 1], [−1 − 1])

or

d2(110) ([1, 1], [1, 1], [−1, 1]) to d1(100) ([1, 1], [1,−1], [−1, 1]) to

d0(000) ([1,−1], [1,−1], [−1, 1]) to d2(00 − 1) ([1,−1], [1,−1], [−1 − 1])

or

d2(110) ([1, 1], [1, 1], [−1, 1]) to d1(100) ([1, 1], [1,−1], [−1, 1]) to

d0(000) ([−1, 1], [1,−1], [−1, 1]) to d2(00 − 1) ([−1, 1], [1,−1], [−1 − 1])

E.1.2 Region B

Duty Cycles

Vr = d1X1 + d7X7 + d2X2

(ma cosωt,ma sinω) = d1(

√

2

3
, 0) + d7(

√

3

2
,

1√
2
) + d2(

1√
6
,

1√
2
)
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ma cosωt =

√

2

3
d1 +

√

3

2
d7 +

1√
6
d2

ma sinωt =
1√
2
d7 +

1√
2
d2

d2 =
√

2ma sinωt− d7

ma cosωt =

√

2

3
d1 +

√

3

2
d7 +

1√
6

√
2ma sinωt− 1√

6
d7

=

√

2

3
d1 +

√

2

3
d7 +

1√
3
ma sinωt

d1 + d7 + d2 = 1

d1 = 1 −
√

2ma sinωt+ d7 − d7

= 1 −
√

2ma sinωt

ma cosωt =

√

2

3
− 2√

3
ma sinωt+

√

2

3
d7 +

1√
3
ma sinωt

d7 =

√

3

2
ma cosωt− 1 +

1√
2
ma sinωt

d2 =
√

2ma sinωt+ 1 −
√

3

2
ma cosωt− 1√

2
ma sinωt

= 1 +
1√
2
ma sinωt−

√

3

2
ma cosωt

For θ ≤ π
6

The switch combination sequence for the nearest three vector moving from sector IC to

IB for 2-cell is given by:

d1(100) ([1, 1], [1,−1], [1,−1]) to d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to

d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1 − 1])

or

d1(100) ([1, 1], [1,−1], [1,−1]) to d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to

d2(00 − 1) ([−1, 1], [1,−1], [−1,−1]) to d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1 − 1])

or

d1(100) ([1, 1], [−1, 1], [−1, 1]) to d7(10 − 1) ([1, 1], [−1, 1], [−1,−1]) to
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d2(00 − 1) ([1,−1], [−1, 1], [−1,−1]) to d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1 − 1])

or

d1(100) ([1, 1], [−1, 1], [−1, 1]) to d7(10 − 1) ([1, 1], [−1, 1], [−1,−1]) to

d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1 − 1])

or

d1(100) ([1, 1], [−1, 1], [1,−1]) to d7(10 − 1) ([1, 1], [−1, 1], [−1,−1]) to

d2(00 − 1) ([1,−1], [−1, 1], [−1,−1]) to d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1 − 1])

or

d1(100) ([1, 1], [−1, 1], [1,−1]) to d7(10 − 1) ([1, 1], [−1, 1], [−1,−1]) to

d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1 − 1])

or

d1(100) ([1, 1], [1,−1], [−1, 1]) to d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to

d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1 − 1])

or

d1(100) ([1, 1], [1,−1], [−1, 1]) to d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to

d2(00 − 1) ([−1, 1], [1,−1], [−1,−1]) to d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1 − 1])

For θ ≥ π
6

The switch combination sequence for the nearest three vector moving from sector IB to

ID for 2-cell is given by:

d2(110) ([1, 1], [1, 1], [1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1]) to

d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to

d2(00 − 1) ([1,−1], [1,−1], [−1 − 1])

or

d2(110) ([1, 1], [1, 1], [1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1]) to

d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to

d2(00 − 1) ([−1, 1], [1,−1], [−1 − 1])

or

d2(110) ([1, 1], [1, 1], [1,−1]) to d1(100) ([1, 1], [−1, 1], [1,−1]) to

d7(10 − 1) ([1, 1], [−1, 1], [−1,−1]) to

d2(00 − 1) ([1,−1], [−1, 1], [−1 − 1])

or

d2(110) ([1, 1], [1, 1], [1,−1]) to d1(100) ([1, 1], [−1, 1], [1,−1]) to

d7(10 − 1) ([1, 1], [−1, 1], [−1,−1]) to

d2(00 − 1) ([−1, 1], [−1, 1], [−1 − 1])

or

d2(110) ([1, 1], [1, 1], [−1, 1]) to d1(100) ([1, 1], [−1, 1], [−1, 1]) to
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d7(10 − 1) ([1, 1], [−1, 1], [−1,−1]) to

d2(00 − 1) ([1,−1], [−1, 1], [−1 − 1])

or

d2(110) ([1, 1], [1, 1], [−1, 1]) to d1(100) ([1, 1], [−1, 1], [−1, 1]) to

d7(10 − 1) ([1, 1], [−1, 1], [−1,−1]) to

d2(00 − 1) ([−1, 1], [−1, 1], [−1 − 1])

or

d2(110) ([1, 1], [1, 1], [−1, 1]) to d1(100) ([1, 1], [1,−1], [−1, 1]) to

d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to

d2(00 − 1) ([1,−1], [1,−1], [−1 − 1])

or

d2(110) ([1, 1], [1, 1], [−1, 1]) to d1(100) ([1, 1], [1,−1], [−1, 1]) to

d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to

d2(00 − 1) ([−1, 1], [1,−1], [−1 − 1])

E.1.3 Region C

Duty Cycles

Vr = d1X1 + d13X13 + d7X7

(ma cosωt,ma sinωt) = d1(

√
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, 0) + d13(2
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3
, 0) + d7(

√

3

2
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1√
2
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√

2

3
d1 + 2

√

2

3
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2
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ma sinωt =
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2
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√
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ma cosωt =

√
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3
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√
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3
d13 +

√

3
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√
2ma sinωt

d1 + d13 + d4 = 1

d1 = 1 − d13 −
√

2ma sinωt

ma cosωt =

√

2

3
−
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2

3
d13 −

√
2
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2

3
ma sinωt+ 2

√

2

3
d13 +

√
3ma sinωt

√

2

3
d13 = ma cosωt− 1√

3
ma sinωt−

√

2

3
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d13 =

√

3

2
ma cosωt− 1√

2
ma sinωt− 1

d1 = 1 −
√

3

2
ma cosωt+

1√
2
ma sinωt+ 1 −

√
2ma sinωt

= 2 −
√

3

2
ma cosωt− 1√

2
ma sinωt

Switch Combination

The switch combination sequence for the nearest three vector moving from sector IC for

2-cell is given by:

d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1]) to d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to

d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1])

or

d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1]) to d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to

d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to d1(100) ([1, 1], [1,−1], [−1, 1])

or

d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1]) to d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to

d7(10 − 1) ([1, 1], [−1, 1], [−1,−1]) to d1(100) ([1, 1], [−1, 1], [−1, 1])

or

d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1]) to d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to

d7(10 − 1) ([1, 1], [−1, 1], [−1,−1]) to d1(100) ([1, 1], [−1, 1], [1,−1])

or

d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1]) to d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to

d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1])

or

d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1]) to d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to

d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to d1(100) ([1, 1], [1,−1], [−1, 1])

or

d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1]) to d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to

d7(10 − 1) ([1, 1], [−1, 1], [−1,−1]) to d1(100) ([1, 1], [−1, 1], [−1, 1])

or

d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1]) to d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to

d7(10 − 1) ([1, 1], [−1, 1], [−1,−1]) to d1(100) ([1, 1], [−1, 1], [1,−1])
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E.1.4 Region D

Duty Cycles

Vr = d2X2 + d7X7 + d14X14
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ma sinωt−
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Switch Combination

The switch combination sequence for the nearest three vector moving from sector ID for

2-cell is given by:

d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to

d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to d2(110) ([1, 1], [1, 1], [1,−1])

or

d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to

d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to d2(110) ([1, 1], [1, 1], [−1, 1])

or

d2(00 − 1) ([−1, 1], [1,−1], [−1,−1]) to d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to

d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to d2(110) ([1, 1], [1, 1], [1,−1])

or

d2(00 − 1) ([−1, 1], [1,−1], [−1,−1]) to d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to

d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to d2(110) ([1, 1], [1, 1], [−1, 1])

or

d2(00 − 1) ([1,−1], [−1, 1], [−1,−1]) to d7(10 − 1) ([1, 1], [−1, 1], [−1,−1]) to

d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to d2(110) ([1, 1], [1, 1], [1,−1])

or

d2(00 − 1) ([1,−1], [−1, 1], [−1,−1]) to d7(10 − 1) ([1, 1], [−1, 1], [−1,−1]) to

d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to d2(110) ([1, 1], [1, 1], [−1, 1])

or

d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to d7(10 − 1) ([1, 1], [−1, 1], [−1,−1]) to

d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to d2(110) ([1, 1], [1, 1], [1,−1])

or

d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to d7(10 − 1) ([1, 1], [−1, 1], [−1,−1]) to

d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to d2(110) ([1, 1], [1, 1], [−1, 1])
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E.2 Sector II
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Figure E.2: Regions of vector modulation of the 2-cell multicell converter in the second

sector
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For θ ≤ π
2

The switch combination sequence for the nearest three vector moving from sector IA to

IIA for 2-cell is given by:

d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to d0(000) ([1,−1], [1,−1], [1,−1]) to

d3(010) ([1,−1], [1, 1], [1,−1]) to d2(110) ([1, 1], [1, 1], [1,−1])

or

d2(00 − 1) ([−1, 1], [1,−1], [−1,−1]) to d0(000) ([−1, 1], [1,−1], [1,−1]) to

d3(010) ([−1, 1], [1, 1], [1,−1]) to d2(110) ([1, 1], [1, 1], [1,−1])

or

d2(00 − 1) ([1,−1], [−1, 1], [−1,−1]) to d0(000) ([1,−1], [−1, 1], [−1, 1]) to

d3(010) ([1,−1], [1, 1], [−1, 1]) to d2(110) ([1, 1], [1, 1], [−1, 1])

or

d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to d0(000) ([−1, 1], [−1, 1], [−1, 1]) to

d3(010) ([−1, 1], [1, 1], [−1, 1]) to d2(110) ([1, 1], [1, 1], [−1, 1])

or

d2(00 − 1) ([1,−1], [−1, 1], [−1,−1]) to d0(000) ([1,−1], [−1, 1], [1,−1]) to

d3(010) ([1,−1], [1, 1], [1,−1]) to d2(110) ([1, 1], [1, 1], [1,−1])

or

d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to d0(000) ([−1, 1], [−1, 1], [1,−1]) to

d3(010) ([−1, 1], [1, 1], [1,−1]) to d2(110) ([1, 1], [1, 1], [1,−1])

or

d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to d0(000) ([1,−1], [1,−1], [−1, 1]) to

d3(010) ([1,−1], [1, 1], [−1, 1]) to d2(110) ([1, 1], [1, 1], [−1, 1])

or

d2(00 − 1) ([−1, 1], [1,−1], [−1,−1]) to d0(000) ([−1, 1], [1,−1], [−1, 1]) to

d3(010) ([−1, 1], [1, 1], [−1, 1]) to d2(110) ([1, 1], [1, 1], [−1, 1])

For θ ≥ π
2

The switch combination sequence for the nearest three vector moving from sector IIA to

IIIA for 2-cell is given by:

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to

d0(000) ([1,−1], [1,−1], [1,−1]) to d3(010) ([1,−1], [1, 1], [1,−1])

or

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d2(00 − 1) ([−1, 1], [1,−1], [−1,−1]) to

d0(000) ([−1, 1], [1,−1], [1,−1]) to d3(010) ([−1, 1], [1, 1], [1,−1])

or

d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1]) to d2(00 − 1) ([1,−1], [−1, 1], [−1,−1]) to
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d0(000) ([1,−1], [−1, 1], [−1, 1]) to d3(010) ([1,−1], [1, 1], [−1, 1])

or

d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1]) to d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d3(010) ([−1, 1], [1, 1], [−1, 1])

or

d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1]) to d2(00 − 1) ([1,−1], [−1, 1], [−1,−1]) to

d0(000) ([1,−1], [−1, 1], [1,−1]) to d3(010) ([1,−1], [1, 1], [1,−1])

or

d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1]) to d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to

d0(000) ([−1, 1], [−1, 1], [1,−1]) to d3(010) ([−1, 1], [1, 1], [1,−1])

or

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to

d0(000) ([1,−1], [1,−1], [−1, 1]) to d3(010) ([1,−1], [1, 1], [−1, 1])

or

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d2(00 − 1) ([−1, 1], [1,−1], [−1,−1]) to

d0(000) ([−1, 1], [1,−1], [−1, 1]) to d3(010) ([−1, 1], [1, 1], [−1, 1])
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Switching Combinations

The switch combination sequence for the nearest three vector for sector IIC for 2-cell is

given by:

d2(110) ([1, 1], [1, 1], [1,−1]) to d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to

d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to d2(00 − 1) ([1,−1], [1,−1], [−1,−1])

or

d2(110) ([1, 1], [1, 1], [1,−1]) to d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to

d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to d2(00 − 1) ([1,−1], [−1, 1], [−1,−1])

or

d2(110) ([1, 1], [1, 1], [1,−1]) to d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to

d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to d2(00 − 1) ([−1, 1], [1,−1], [−1,−1])

or

d2(110) ([1, 1], [1, 1], [1,−1]) to d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to

d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1])

or

d2(110) ([1, 1], [1, 1], [−1, 1]) to d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to

d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to d2(00 − 1) ([1,−1], [1,−1], [−1,−1])

or

d2(110) ([1, 1], [1, 1], [−1, 1]) to d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to

d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to d2(00 − 1) ([1,−1], [−1, 1], [−1,−1])

or

d2(110) ([1, 1], [1, 1], [−1, 1]) to d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to

d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to d2(00 − 1) ([−1, 1], [1,−1], [−1,−1])

or

d2(110) ([1, 1], [1, 1], [−1, 1]) to d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to

d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1])
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For θ ≤ π
2

The switch combination sequence for the nearest three vector moving from sector IIC to

IIB for 2-cell is given by:

d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to

d3(010) ([1,−1], [1, 1], [1,−1]) to d2(110) ([1, 1], [1, 1], [1,−1])

or

d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to

d3(010) ([1,−1], [1, 1], [−1, 1]) to d2(110) ([1, 1], [1, 1], [−1, 1])

or

d2(00 − 1) ([1,−1], [−1, 1], [−1,−1]) to d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to

d3(010) ([1,−1], [1, 1], [1,−1]) to d2(110) ([1, 1], [1, 1], [1,−1])

or

d2(00 − 1) ([1,−1], [−1, 1], [−1,−1]) to d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to

d3(010) ([1,−1], [1, 1], [−1, 1]) to d2(110) ([1, 1], [1, 1], [−1, 1])

or

d2(00 − 1) ([−1, 1], [1,−1], [−1,−1]) to d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to

d3(010) ([−1, 1], [1, 1], [1,−1]) to d2(110) ([1, 1], [1, 1], [1,−1])

or

d2(00 − 1) ([−1, 1], [1,−1], [−1,−1]) to d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to

d3(010) ([−1, 1], [1, 1], [−1, 1]) to d2(110) ([1, 1], [1, 1], [−1, 1])

or

d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to

d3(010) ([−1, 1], [1, 1], [1,−1]) to d2(110) ([1, 1], [1, 1], [1,−1])

or

d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to

d3(010) ([−1, 1], [1, 1], [−1, 1]) to d2(110) ([1, 1], [1, 1], [−1, 1])

For θ ≥ π
2

The switch combination sequence for the nearest three vector moving from sector IIB to

IID for 2-cell is given by:

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to

d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to d3(010) ([1,−1], [1, 1], [1,−1])

or
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d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to

d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to d3(010) ([1,−1], [1, 1], [−1, 1])

or

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d2(00 − 1) ([−1, 1], [1,−1], [−1,−1]) to

d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to d3(010) ([−1, 1], [1, 1], [1,−1])

or

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d2(00 − 1) ([−1, 1], [1,−1], [−1,−1]) to

d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to d3(010) ([−1, 1], [1, 1], [−1, 1])

or

d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1]) to d2(00 − 1) ([1,−1], [−1, 1], [−1,−1]) to

d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to d3(010) ([1,−1], [1, 1], [1,−1])

or

d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1]) to d2(00 − 1) ([1,−1], [−1, 1], [−1,−1]) to

d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to d3(010) ([1,−1], [1, 1], [−1, 1])

or

d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1]) to d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to

d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to d3(010) ([−1, 1], [1, 1], [1,−1])

or

d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1]) to d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to

d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to d3(010) ([−1, 1], [1, 1], [−1, 1])
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Switch Combinations

The switch combination sequence for the nearest three vector for sector IID for 2-cell is

given by:

d3(010) ([1,−1], [1, 1], [1,−1]) to d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to

d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1])

or

d3(010) ([1,−1], [1, 1], [1,−1]) to d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to

d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1])

or

d3(010) ([1,−1], [1, 1], [−1, 1]) to d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to

d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1])

or

d3(010) ([1,−1], [1, 1], [−1, 1]) to d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to

d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1])

or

d3(010) ([−1, 1], [1, 1], [1,−1]) to d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to

d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1])

or

d3(010) ([−1, 1], [1, 1], [1,−1]) to d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to

d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1])

or

d3(010) ([−1, 1], [1, 1], [−1, 1]) to d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to

d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1])

or

d3(010) ([−1, 1], [1, 1], [−1, 1]) to d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to

d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1])
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E.3 Sector III
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Figure E.3: Regions of vector modulation of the 2-cell multicell converter in the third

sector
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For θ ≤ 5π
6

The switch combination sequence for the nearest three vector moving from sector IIA to

IIIA for 2-cell is given by:

d3(010) ([1,−1], [1, 1], [1,−1]) to d0(000) ([1,−1], [1,−1], [1,−1]) to

d4(−100) ([−1,−1], [1,−1], [1,−1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1])
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or

d3(010) ([−1, 1], [1, 1], [1,−1]) to d0(000) ([−1, 1], [1,−1], [1,−1]) to

d4(−100) ([−1,−1], [1,−1], [1,−1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1])

or

d3(010) ([1,−1], [1, 1], [−1, 1]) to d0(000) ([1,−1], [−1, 1], [−1, 1]) to

d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1])

or

d3(010) ([−1, 1], [1, 1], [−1, 1]) to d0(000) ([−1, 1], [−1, 1], [−1, 1]) to

d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1])

or

d3(010) ([1,−1], [1, 1], [1,−1]) to d0(000) ([1,−1], [−1, 1], [1,−1]) to

d4(−100) ([−1,−1], [−1, 1], [1,−1]) to d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1])

or

d3(010) ([−1, 1], [1, 1], [1,−1]) to d0(000) ([−1, 1], [−1, 1], [1,−1]) to

d4(−100) ([−1,−1], [−1, 1], [1,−1]) to d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1])

or

d3(010) ([1,−1], [1, 1], [−1, 1]) to d0(000) ([1,−1], [1,−1], [−1, 1]) to

d4(−100) ([−1,−1], [1,−1], [−1, 1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1])

or

d3(010) ([−1, 1], [1, 1], [−1, 1]) to d0(000) ([−1, 1], [1,−1], [−1, 1]) to

d4(−100) ([−1,−1], [1,−1], [−1, 1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1])

For θ ≥ 5π
6

The switch combination sequence for the nearest three vector moving from sector IIIA

to IV A for 2-cell is given by:

d4(011) ([1,−1], [1, 1], [1, 1]) to d3(010) ([1,−1], [1, 1], [1,−1]) to

d0(000) ([1,−1], [1,−1], [1,−1]) to d4(−100) ([−1,−1], [1,−1], [1,−1])

or

d4(011) ([−1, 1], [1, 1], [1, 1]) to d3(010) ([−1, 1], [1, 1], [1,−1]) to

d0(000) ([−1, 1], [1,−1], [1,−1]) to d4(−100) ([−1,−1], [1,−1], [1,−1])

or

d4(011) ([1,−1], [1, 1], [1, 1]) to d3(010) ([1,−1], [1, 1], [−1, 1]) to

d0(000) ([1,−1], [−1, 1], [−1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1])

or

d4(011) ([−1, 1], [1, 1], [1, 1]) to d3(010) ([−1, 1], [1, 1], [−1, 1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1])

or
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d4(011) ([1,−1], [1, 1], [1, 1]) to d3(010) ([1,−1], [1, 1], [1,−1]) to

d0(000) ([1,−1], [−1, 1], [1,−1]) to d4(−100) ([−1,−1], [−1, 1], [1,−1])

or

d4(011) ([−1, 1], [1, 1], [1, 1]) to d3(010) ([−1, 1], [1, 1], [1,−1]) to

d0(000) ([−1, 1], [−1, 1], [1,−1]) to d4(−100) ([−1,−1], [−1, 1], [1,−1])

or

d4(011) ([1,−1], [1, 1], [1, 1]) to d3(010) ([1,−1], [1, 1], [−1, 1]) to

d0(000) ([1,−1], [1,−1], [−1, 1]) to d4(−100) ([−1,−1], [1,−1], [−1, 1])

or

d4(011) ([−1, 1], [1, 1], [1, 1]) to d3(010) ([−1, 1], [1, 1], [−1, 1]) to

d0(000) ([−1, 1], [1,−1], [−1, 1]) to d4(−100) ([−1,−1], [1,−1], [−1, 1])
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Switch Combinations

The switch combination sequence for the nearest three vector for sector IIIC for 2-cell is

given by:

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to

d9(−110) ([−1,−1], [1, 1], [1,−1]) to d3(010) ([1,−1], [1, 1], [1,−1])

or

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to

d9(−110) ([−1,−1], [1, 1], [1,−1]) to d3(010) ([−1, 1], [1, 1], [1,−1])

or

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to
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d9(−110) ([−1,−1], [1, 1], [−1, 1]) to d3(010) ([1,−1], [1, 1], [−1, 1])

or

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to

d9(−110) ([−1,−1], [1, 1], [−1, 1]) to d3(010) ([−1, 1], [1, 1], [−1, 1])

or

d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1]) to d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to

d9(−110) ([−1,−1], [1, 1], [1,−1]) to d3(010) ([1,−1], [1, 1], [1,−1])

or

d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1]) to d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to

d9(−110) ([−1,−1], [1, 1], [1,−1]) to d3(010) ([−1, 1], [1, 1], [1,−1])

or

d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1]) to d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to

d9(−110) ([−1,−1], [1, 1], [−1, 1]) to d3(010) ([1,−1], [1, 1], [−1, 1])

or

d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1]) to d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to

d9(−110) ([−1,−1], [1, 1], [−1, 1]) to d3(010) ([−1, 1], [1, 1], [−1, 1])
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For θ ≤ 5π
6

The switch combination sequence for the nearest three vector moving from sector IIIC

to IIIB for 2-cell is given by:

d3(010) ([1,−1], [1, 1], [1,−1]) to d9(−110) ([−1,−1], [1, 1], [1,−1]) to

d4(−100) ([−1,−1], [1,−1], [1,−1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1])
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or

d3(010) ([1,−1], [1, 1], [1,−1]) to d9(−110) ([−1,−1], [1, 1], [1,−1]) to

d4(−100) ([−1,−1], [−1, 1], [1,−1]) to d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1])

or

d3(010) ([−1, 1], [1, 1], [1,−1]) to d9(−110) ([−1,−1], [1, 1], [1,−1]) to

d4(−100) ([−1,−1], [1,−1], [1,−1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1])

or

d3(010) ([−1, 1], [1, 1], [1,−1]) to d9(−110) ([−1,−1], [1, 1], [1,−1]) to

d4(−100) ([−1,−1], [−1, 1], [1,−1]) to d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1])

or

d3(010) ([1,−1], [1, 1], [−1, 1]) to d9(−110) ([−1,−1], [1, 1], [−1, 1]) to

d4(−100) ([−1,−1], [1,−1], [−1, 1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1])

or

d3(010) ([1,−1], [1, 1], [−1, 1]) to d9(−110) ([−1,−1], [1, 1], [−1, 1]) to

d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1])

or

d3(010) ([−1, 1], [1, 1], [−1, 1]) to d9(−110) ([−1,−1], [1, 1], [−1, 1]) to

d4(−100) ([−1,−1], [1,−1], [−1, 1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1])

or

d3(010) ([−1, 1], [1, 1], [−1, 1]) to d9(−110) ([−1,−1], [1, 1], [−1, 1]) to

d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1])

For θ ≥ 5π
6

The switch combination sequence for the nearest three vector moving from sector IIIB

to IIID for 2-cell is given by:

d4(011) ([1,−1], [1, 1], [1, 1]) to d3(010) ([1,−1], [1, 1], [1,−1]) to

d9(−110) ([−1,−1], [1, 1], [1,−1]) to d4(−100) ([−1,−1], [1,−1], [1,−1])

or

d4(011) ([1,−1], [1, 1], [1, 1]) to d3(010) ([1,−1], [1, 1], [1,−1]) to

d9(−110) ([−1,−1], [1, 1], [1,−1]) to d4(−100) ([−1,−1], [−1, 1], [1,−1])

or

d4(011) ([1,−1], [1, 1], [1, 1]) to d3(010) ([1,−1], [1, 1], [−1, 1]) to

d9(−110) ([−1,−1], [1, 1], [−1, 1]) to d4(−100) ([−1,−1], [1,−1], [−1, 1])

or

d4(011) ([1,−1], [1, 1], [1, 1]) to d3(010) ([1,−1], [1, 1], [−1, 1]) to

d9(−110) ([−1,−1], [1, 1], [−1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1])

or
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d4(011) ([−1, 1], [1, 1], [1, 1]) to d3(010) ([−1, 1], [1, 1], [1,−1]) to

d9(−110) ([−1,−1], [1, 1], [1,−1]) to d4(−100) ([−1,−1], [1,−1], [1,−1])

or

d4(011) ([−1, 1], [1, 1], [1, 1]) to d3(010) ([−1, 1], [1, 1], [1,−1]) to

d9(−110) ([−1,−1], [1, 1], [1,−1]) to d4(−100) ([−1,−1], [−1, 1], [1,−1])

or

d4(011) ([−1, 1], [1, 1], [1, 1]) to d3(010) ([−1, 1], [1, 1], [−1, 1]) to

d9(−110) ([−1,−1], [1, 1], [−1, 1]) to d4(−100) ([−1,−1], [1,−1], [−1, 1])

or

d4(011) ([−1, 1], [1, 1], [1, 1]) to d3(010) ([−1, 1], [1, 1], [−1, 1]) to

d9(−110) ([−1,−1], [1, 1], [−1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1])

E.3.4 Region D

Duty Cycles

ma cosωt = −
√

2

3
d4 −

√

3

2
d9 − 2

√

2

3
d16

ma sinωt =
1√
2
d9

d4 + d9 + d16 = 1

d16 = −
√

3

2
ma cosωt− 1√

2
ma sinωt− 1

d4 =

√

3

2
ma cosωt− 1√

2
ma cosωt+ 2

d9 =
√

2ma sinωt

Switching Combinations

The switch combination sequence for the nearest three vector for sector IIID for 2-cell

is given by:

d4(−100) ([−1,−1], [1,−1], [1,−1]) to d9(−110) ([−1,−1], [1, 1], [1,−1]) to

d16(−111) ([−1,−1], [1, 1], [1, 1]) to d4(011) ([1,−1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [1,−1], [1,−1]) to d9(−110) ([−1,−1], [1, 1], [1,−1]) to

d16(−111) ([−1,−1], [1, 1], [1, 1]) to d4(011) ([−1, 1], [1, 1], [1, 1])

or
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d4(−100) ([−1,−1], [−1, 1], [1,−1]) to d9(−110) ([−1,−1], [1, 1], [1,−1]) to

d16(−111) ([−1,−1], [1, 1], [1, 1]) to d4(011) ([1,−1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [−1, 1], [1,−1]) to d9(−110) ([−1,−1], [1, 1], [1,−1]) to

d16(−111) ([−1,−1], [1, 1], [1, 1]) to d4(011) ([−1, 1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [1,−1], [−1, 1]) to d9(−110) ([−1,−1], [1, 1], [−1, 1]) to

d16(−111) ([−1,−1], [1, 1], [1, 1]) to d4(011) ([1,−1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [1,−1], [−1, 1]) to d9(−110) ([−1,−1], [1, 1], [−1, 1]) to

d16(−111) ([−1,−1], [1, 1], [1, 1]) to d4(011) ([−1, 1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to d9(−110) ([−1,−1], [1, 1], [−1, 1]) to

d16(−111) ([−1,−1], [1, 1], [1, 1]) to d4(011) ([1,−1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to d9(−110) ([−1,−1], [1, 1], [−1, 1]) to

d16(−111) ([−1,−1], [1, 1], [1, 1]) to d4(011) ([−1, 1], [1, 1], [1, 1])

E.4 Sector IV
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E.4.1 Region A
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For θ ≤ 7π
6

The switch combination sequence for the nearest three vector moving from sector IIIA

to IV A for 2-cell is given by:

d4(−100) ([−1,−1], [1,−1], [1,−1]) to d0(000) ([1,−1], [1,−1], [1,−1]) to

d5(001) ([1,−1], [1,−1], [1, 1]) to d4(011) ([1,−1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [1,−1], [1,−1]) to d0(000) ([−1, 1], [1,−1], [1,−1]) to

d5(001) ([−1, 1], [1,−1], [1, 1]) to d4(011) ([−1, 1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to d0(000) ([1,−1], [−1, 1], [−1, 1]) to

d5(001) ([1,−1], [−1, 1], [1, 1]) to d4(011) ([1,−1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to d0(000) ([−1, 1], [−1, 1], [−1, 1]) to

d5(001) ([−1, 1], [−1, 1], [1, 1]) to d4(011) ([−1, 1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [−1, 1], [1,−1]) to d0(000) ([1,−1], [−1, 1], [1,−1]) to

d5(001) ([1,−1], [−1, 1], [1, 1]) to d4(011) ([1,−1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [−1, 1], [1,−1]) to d0(000) ([−1, 1], [−1, 1], [1,−1]) to

d5(001) ([−1, 1], [−1, 1], [1, 1]) to d4(011) ([−1, 1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [1,−1], [−1, 1]) to d0(000) ([1,−1], [1,−1], [−1, 1]) to

d5(001) ([1,−1], [1,−1], [1, 1]) to d4(011) ([1,−1], [1, 1], [1, 1])
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or

d4(−100) ([−1,−1], [1,−1], [−1, 1]) to d0(000) ([−1, 1], [1,−1], [−1, 1]) to

d5(001) ([−1, 1], [1,−1], [1, 1]) to d4(011) ([−1, 1], [1, 1], [1, 1])

For θ ≥ 7π
6

The switch combination sequence for the nearest three vector moving from sector IV A

to IV A for 2-cell is given by:

d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1]) to d4(−100) ([−1,−1], [1,−1], [1,−1]) to

d0(000) ([1,−1], [1,−1], [1,−1]) to d5(001) ([1,−1], [1,−1], [1, 1])

or

d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1]) to d4(−100) ([−1,−1], [1,−1], [1,−1]) to

d0(000) ([−1, 1], [1,−1], [1,−1]) to d5(001) ([−1, 1], [1,−1], [1, 1])

or

d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to

d0(000) ([1,−1], [−1, 1], [−1, 1]) to d5(001) ([1,−1], [−1, 1], [1, 1])

or

d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1])

or

d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1]) to d4(−100) ([−1,−1], [−1, 1], [1,−1]) to

d0(000) ([1,−1], [−1, 1], [1,−1]) to d5(001) ([1,−1], [−1, 1], [1, 1])

or

d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1]) to d4(−100) ([−1,−1], [−1, 1], [1,−1]) to

d0(000) ([−1, 1], [−1, 1], [1,−1]) to d5(001) ([−1, 1], [−1, 1], [1, 1])

or

d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1]) to d4(−100) ([−1,−1], [1,−1], [−1, 1]) to

d0(000) ([1,−1], [1,−1], [−1, 1]) to d5(001) ([1,−1], [1,−1], [1, 1])

or

d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1]) to d4(−100) ([−1,−1], [1,−1], [−1, 1]) to

d0(000) ([−1, 1], [1,−1], [−1, 1]) to d5(001) ([−1, 1], [1,−1], [1, 1])
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Switching Combinations

The switch combination sequence for the nearest three vector for sector IV C for 2-cell is

given by:

d4(011) ([1,−1], [1, 1], [1, 1]) to d16(−111) ([−1,−1], [1, 1], [1, 1]) to

d10(−101) ([−1,−1], [1,−1], [1, 1]) to d4(−100) ([−1,−1], [1,−1], [1,−1])

or

d4(011) ([1,−1], [1, 1], [1, 1]) to d16(−111) ([−1,−1], [1, 1], [1, 1]) to

d10(−101) ([−1,−1], [1,−1], [1, 1]) to d4(−100) ([−1,−1], [1,−1], [−1, 1])

or

d4(011) ([1,−1], [1, 1], [1, 1]) to d16(−111) ([−1,−1], [1, 1], [1, 1]) to

d10(−101) ([−1,−1], [−1, 1], [1, 1]) to d4(−100) ([−1,−1], [−1, 1], [1,−1])

or

d4(011) ([1,−1], [1, 1], [1, 1]) to d16(−111) ([−1,−1], [1, 1], [1, 1]) to

d10(−101) ([−1,−1], [−1, 1], [1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1])

or

d4(011) ([−1, 1], [1, 1], [1, 1]) to d16(−111) ([−1,−1], [1, 1], [1, 1]) to

d10(−101) ([−1,−1], [1,−1], [1, 1]) to d4(−100) ([−1,−1], [1,−1], [1,−1])

or

d4(011) ([−1, 1], [1, 1], [1, 1]) to d16(−111) ([−1,−1], [1, 1], [1, 1]) to

d10(−101) ([−1,−1], [1,−1], [1, 1]) to d4(−100) ([−1,−1], [1,−1], [−1, 1])

or

d4(011) ([−1, 1], [1, 1], [1, 1]) to d16(−111) ([−1,−1], [1, 1], [1, 1]) to

d10(−101) ([−1,−1], [−1, 1], [1, 1]) to d4(−100) ([−1,−1], [−1, 1], [1,−1])

or

d4(011) ([−1, 1], [1, 1], [1, 1]) to d16(−111) ([−1,−1], [1, 1], [1, 1]) to

d10(−101) ([−1,−1], [−1, 1], [1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1])

or
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For θ ≤ 7π
6

The switch combination sequence for the nearest three vector moving from sector IV C

to IV B for 2-cell is given by:

d4(−100) ([−1,−1], [1,−1], [1,−1]) to d10(−101) ([−1,−1], [1,−1], [1, 1]) to

d5(001) ([1,−1], [1,−1], [1, 1]) to d4(011) ([1,−1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [1,−1], [1,−1]) to d10(−101) ([−1,−1], [1,−1], [1, 1]) to

d5(001) ([−1, 1], [1,−1], [1, 1]) to d4(011) ([−1, 1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [1,−1], [−1, 1]) to d10(−101) ([−1,−1], [1,−1], [1, 1]) to

d5(001) ([1,−1], [1,−1], [1, 1]) to d4(011) ([1,−1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [1,−1], [−1, 1]) to d10(−101) ([−1,−1], [1,−1], [1, 1]) to

d5(001) ([−1, 1], [1,−1], [1, 1]) to d4(011) ([−1, 1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [−1, 1], [1,−1]) to d10(−101) ([−1,−1], [−1, 1], [1, 1]) to

d5(001) ([1,−1], [−1, 1], [1, 1]) to d4(011) ([1,−1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [−1, 1], [1,−1]) to d10(−101) ([−1,−1], [−1, 1], [1, 1]) to

d5(001) ([−1, 1], [−1, 1], [1, 1]) to d4(011) ([−1, 1], [1, 1], [1, 1])

or

d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to d10(−101) ([−1,−1], [−1, 1], [1, 1]) to

d5(001) ([1,−1], [−1, 1], [1, 1]) to d4(011) ([1,−1], [1, 1], [1, 1])
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or

d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to d10(−101) ([−1,−1], [−1, 1], [1, 1]) to

d5(001) ([−1, 1], [−1, 1], [1, 1]) to d4(011) ([−1, 1], [1, 1], [1, 1])

For θ ≥ 7π
6

The switch combination sequence for the nearest three vector moving from sector IV B

to IV D for 2-cell is given by:

d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1]) to d4(−100) ([−1,−1], [1,−1], [1,−1]) to

d10(−101) ([−1,−1], [1,−1], [1, 1]) to d5(001) ([1,−1], [1,−1], [1, 1])

or

d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1]) to d4(−100) ([−1,−1], [1,−1], [1,−1]) to

d10(−101) ([−1,−1], [1,−1], [1, 1]) to d5(001) ([−1, 1], [1,−1], [1, 1])

or

d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1]) to d4(−100) ([−1,−1], [−1, 1], [1,−1]) to

d10(−101) ([−1,−1], [−1, 1], [1, 1]) to d5(001) ([1,−1], [−1, 1], [1, 1])

or

d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1]) to d4(−100) ([−1,−1], [−1, 1], [1,−1]) to

d10(−101) ([−1,−1], [−1, 1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1])

or

d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1]) to d4(−100) ([−1,−1], [1,−1], [−1, 1]) to

d10(−101) ([−1,−1], [1,−1], [1, 1]) to d5(001) ([1,−1], [1,−1], [1, 1])

or

d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1]) to d4(−100) ([−1,−1], [1,−1], [−1, 1]) to

d10(−101) ([−1,−1], [1,−1], [1, 1]) to d5(001) ([−1, 1], [1,−1], [1, 1])

or

d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to

d10(−101) ([−1,−1], [−1, 1], [1, 1]) to d5(001) ([1,−1], [−1, 1], [1, 1])

or

d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to

d10(−101) ([−1,−1], [−1, 1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1])

E.4.4 Region D
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Switch Combinations

The switch combination sequence for the nearest three vector for sector IV C for 2-cell is

given by:

d5(001) ([1,−1], [1,−1], [1, 1]) to d10(−101) ([−1,−1], [1,−1], [1, 1]) to

d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1])

or

d5(001) ([1,−1], [1,−1], [1, 1]) to d10(−101) ([−1,−1], [1,−1], [1, 1]) to

d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1])

or

d5(001) ([−1, 1], [1,−1], [1, 1]) to d10(−101) ([−1,−1], [1,−1], [1, 1]) to

d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1])

or

d5(001) ([−1, 1], [1,−1], [1, 1]) to d10(−101) ([−1,−1], [1,−1], [1, 1]) to

d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1])

or

d5(001) ([1,−1], [−1, 1], [1, 1]) to d10(−101) ([−1,−1], [−1, 1], [1, 1]) to

d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1])

or

d5(001) ([1,−1], [−1, 1], [1, 1]) to d10(−101) ([−1,−1], [−1, 1], [1, 1]) to

d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1])

or

d5(001) ([−1, 1], [−1, 1], [1, 1]) to d10(−101) ([−1,−1], [−1, 1], [1, 1]) to

d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1])

or

d5(001) ([−1, 1], [−1, 1], [1, 1]) to d10(−101) ([−1,−1], [−1, 1], [1, 1]) to

d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1])
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E.5 Sector V
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Figure E.5: Regions of vector modulation of the 2-cell multicell converter in the fifth

sector

E.5.1 Region A

Duty Cycles
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6
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1√
6
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ma sinωt = − 1√
2
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1√
2
d6

d0 + d5 + d6 = 1

d0 =
√

2ma sinωt+ 1

d5 = − 1√
2
ma sinωt−

√

3

2
ma cosωt

d6 =

√

3

2
ma cosωt− 1√

2
ma sinωt

For θ ≤ 3π
2

The switch combination sequence for the nearest three vector moving from sector IV A

to V A for 2-cell is given by:

d5(001) ([1,−1], [1,−1], [1, 1]) to d0(000) ([1,−1], [1,−1], [1,−1]) to

d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1])
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or

d5(001) ([−1, 1], [1,−1], [1, 1]) to d0(000) ([−1, 1], [1,−1], [1,−1]) to

d6(0 − 10) ([−1, 1], [−1,−1], [1,−1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1])

or

d5(001) ([1,−1], [−1, 1], [1, 1]) to d0(000) ([1,−1], [−1, 1], [−1, 1]) to

d6(0 − 10) ([1,−1], [−1,−1], [−1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1])

or

d5(001) ([−1, 1], [−1, 1], [1, 1]) to d0(000) ([−1, 1], [−1, 1], [−1, 1]) to

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1])

or

d5(001) ([1,−1], [−1, 1], [1, 1]) to d0(000) ([1,−1], [−1, 1], [1,−1]) to

d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1])

or

d5(001) ([−1, 1], [−1, 1], [1, 1]) to d0(000) ([−1, 1], [−1, 1], [1,−1]) to

d6(0 − 10) ([−1, 1], [−1,−1], [1,−1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1])

or

d5(001) ([1,−1], [1,−1], [1, 1]) to d0(000) ([1,−1], [1,−1], [−1, 1]) to

d6(0 − 10) ([1,−1], [−1,−1], [−1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1])

or

d5(001) ([−1, 1], [1,−1], [1, 1]) to d0(000) ([−1, 1], [1,−1], [−1, 1]) to

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1])

For θ ≥ 3π
2

The switch combination sequence for the nearest three vector moving from sector V A to

V IA for 2-cell is given by:

d6(101) ([1, 1], [1,−1], [1, 1]) to d5(001) ([1,−1], [1,−1], [1, 1]) to

d0(000) ([1,−1], [1,−1], [1,−1]) to d6(0 − 10) ([1,−1], [−1,−1], [1,−1])

or

d6(101) ([1, 1], [1,−1], [1, 1]) to d5(001) ([−1, 1], [1,−1], [1, 1]) to

d0(000) ([−1, 1], [1,−1], [1,−1]) to d6(0 − 10) ([−1, 1], [−1,−1], [1,−1])

or

d6(101) ([1, 1], [−1, 1], [1, 1]) to d5(001) ([1,−1], [−1, 1], [1, 1]) to

d0(000) ([1,−1], [−1, 1], [−1, 1]) to d6(0 − 10) ([1,−1], [−1,−1], [−1, 1])

or

d6(101) ([1, 1], [−1, 1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1])

or
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d6(101) ([1, 1], [−1, 1], [1, 1]) to d5(001) ([1,−1], [−1, 1], [1, 1]) to

d0(000) ([1,−1], [−1, 1], [1,−1]) to d6(0 − 10) ([1,−1], [−1,−1], [1,−1])

or

d6(101) ([1, 1], [−1, 1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1]) to

d0(000) ([−1, 1], [−1, 1], [1,−1]) to d6(0 − 10) ([−1, 1], [−1,−1], [1,−1])

or

d6(101) ([1, 1], [1,−1], [1, 1]) to d5(001) ([1,−1], [1,−1], [1, 1]) to

d0(000) ([1,−1], [1,−1], [−1, 1]) to d6(0 − 10) ([1,−1], [−1,−1], [−1, 1])

or

d6(101) ([1, 1], [1,−1], [1, 1]) to d5(001) ([−1, 1], [1,−1], [1, 1]) to

d0(000) ([−1, 1], [1,−1], [−1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1])

E.5.2 Region C
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Switch Combinations

The switch combination sequence for the nearest three vector for sector V C for 2-cell is

given by:

d5(−1 − 10) ([1, 1], [−1,−1], [1,−1]) to d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to

d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to d5(001) ([1,−1], [1,−1], [1, 1])

or

d5(−1 − 10) ([1, 1], [−1,−1], [1,−1]) to d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to

d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to d5(001) ([1,−1], [−1, 1], [1, 1])

or

d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1]) to d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to
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d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to d5(001) ([−1, 1], [1,−1], [1, 1])

or

d5(−1 − 10) ([1, 1], [−1,−1], [1,−1]) to d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to

d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1])

or

d5(−1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to

d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to d5(001) ([1,−1], [1,−1], [1, 1])

or

d5(−1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to

d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to d5(001) ([1,−1], [−1, 1], [1, 1])

or

d5(−1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to

d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to d5(001) ([−1, 1], [1,−1], [1, 1])

or

d5(−1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to

d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1])
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For θ ≤ 3π
2

The switch combination sequence for the nearest three vector moving from sector V C to

V B for 2-cell is given by:

d5(001) ([1,−1], [1,−1], [1, 1]) to d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to

d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1])
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or

d5(001) ([1,−1], [1,−1], [1, 1]) to d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to

d6(0 − 10) ([1,−1], [−1,−1], [−1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1])

or

d5(001) ([1,−1], [−1, 1], [1, 1]) to d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to

d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1])

or

d5(001) ([1,−1], [−1, 1], [1, 1]) to d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to

d6(0 − 10) ([1,−1], [−1,−1], [−1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1])

or

d5(001) ([−1, 1], [1,−1], [1, 1]) to d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to

d6(0 − 10) ([−1, 1], [−1,−1], [1,−1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1])

or

d5(001) ([−1, 1], [1,−1], [1, 1]) to d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1])

or

d5(001) ([−1, 1], [−1, 1], [1, 1]) to d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to

d6(0 − 10) ([−1, 1], [−1,−1], [1,−1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1])

or

d5(001) ([−1, 1], [−1, 1], [1, 1]) to d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1])

For θ ≥ 3π
2

The switch combination sequence for the nearest three vector moving from sector V B to

V D for 2-cell is given by:

d6(101) ([1, 1], [1,−1], [1, 1]) to d5(001) ([1,−1], [1,−1], [1, 1]) to

d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to d6(0 − 10) ([1,−1], [−1,−1], [1,−1])

or

d6(101) ([1, 1], [1,−1], [1, 1]) to d5(001) ([1,−1], [1,−1], [1, 1]) to

d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to d6(0 − 10) ([1,−1], [−1,−1], [−1, 1])

or

d6(101) ([1, 1], [1,−1], [1, 1]) to d5(001) ([−1, 1], [1,−1], [1, 1]) to

d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [1,−1])

or

d6(101) ([1, 1], [1,−1], [1, 1]) to d5(001) ([−1, 1], [1,−1], [1, 1]) to

d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1])

or
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d6(101) ([1, 1], [−1, 1], [1, 1]) to d5(001) ([1,−1], [−1, 1], [1, 1]) to

d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to d6(0 − 10) ([1,−1], [−1,−1], [1,−1])

or

d6(101) ([1, 1], [−1, 1], [1, 1]) to d5(001) ([1,−1], [−1, 1], [1, 1]) to

d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to d6(0 − 10) ([1,−1], [−1,−1], [−1, 1])

or

d6(101) ([1, 1], [−1, 1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1]) to

d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [1,−1])

or

d6(101) ([1, 1], [−1, 1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1]) to

d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1])
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Switch Combinations

The switch combination sequence for the nearest three vector for sector V D for 2-cell is

given by:

d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to

d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to d6(101) ([1, 1], [1,−1], [1, 1])

or

d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to

d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to d6(101) ([1, 1], [−1, 1], [1, 1])

or

d6(0 − 10) ([1,−1], [−1,−1], [−1, 1]) to d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to
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d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to d6(101) ([1, 1], [1,−1], [1, 1])

or

d6(0 − 10) ([1,−1], [−1,−1], [−1, 1]) to d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to

d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to d6(101) ([1, 1], [−1, 1], [1, 1])

or

d6(0 − 10) ([−1, 1], [−1,−1], [1,−1]) to d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to

d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to d6(101) ([1, 1], [1,−1], [1, 1])

or

d6(0 − 10) ([−1, 1], [−1,−1], [1,−1]) to d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to

d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to d6(101) ([1, 1], [−1, 1], [1, 1])

or

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to

d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to d6(101) ([1, 1], [1,−1], [1, 1])

or

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to

d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to d6(101) ([1, 1], [−1, 1], [1, 1])
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E.6 Sector VI
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Figure E.6: Regions of vector modulation of the 2-cell multicell converter in the sixth

sector
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For θ ≤ 11π
6

The switch combination sequence for the nearest three vector moving from sector V A to

V IA for 2-cell is given by:

d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to d0(000) ([1,−1], [1,−1], [1,−1]) to

d1(100) ([1, 1], [1,−1], [1,−1]) to d6(101) ([1, 1], [1,−1], [1, 1])
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or

d6(0 − 10) ([−1, 1], [−1,−1], [1,−1]) to d0(000) ([−1, 1], [1,−1], [1,−1]) to

d1(100) ([1, 1], [1,−1], [1,−1]) to d6(101) ([1, 1], [1,−1], [1, 1])

or

d6(0 − 10) ([1,−1], [−1,−1], [−1, 1]) to d0(000) ([1,−1], [−1, 1], [−1, 1]) to

d1(100) ([1, 1], [−1, 1], [−1, 1]) to d6(101) ([1, 1], [−1, 1], [1, 1])

or

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d0(000) ([−1, 1], [−1, 1], [−1, 1]) to

d1(100) ([1, 1], [−1, 1], [−1, 1]) to d6(101) ([1, 1], [−1, 1], [1, 1])

or

d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to d0(000) ([1,−1], [−1, 1], [1,−1]) to

d1(100) ([1, 1], [−1, 1], [1,−1]) to d6(101) ([1, 1], [−1, 1], [1, 1])

or

d6(0 − 10) ([−1, 1], [−1,−1], [1,−1]) to d0(000) ([−1, 1], [−1, 1], [1,−1]) to

d1(100) ([1, 1], [−1, 1], [1,−1]) to d6(101) ([1, 1], [−1, 1], [1, 1])

or

d6(0 − 10) ([1,−1], [−1,−1], [−1, 1]) to d0(000) ([1,−1], [1,−1], [−1, 1]) to

d1(100) ([1, 1], [1,−1], [−1, 1]) to d6(101) ([1, 1], [1,−1], [1, 1])

or

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d0(000) ([−1, 1], [1,−1], [−1, 1]) to

d1(100) ([1, 1], [1,−1], [−1, 1]) to d6(101) ([1, 1], [1,−1], [1, 1])

For θ ≥ 11π
6

The switch combination sequence for the nearest three vector moving from sector V IA

to IA for 2-cell is given by:

d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1]) to d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to

d0(000) ([1,−1], [1,−1], [1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1])

or

d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1]) to d6(0 − 10) ([−1, 1], [−1,−1], [1,−1]) to

d0(000) ([−1, 1], [1,−1], [1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1])

or

d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1]) to d6(0 − 10) ([1,−1], [−1,−1], [−1, 1]) to

d0(000) ([1,−1], [−1, 1], [−1, 1]) to d1(100) ([1, 1], [−1, 1], [−1, 1])

or

d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d1(100) ([1, 1], [−1, 1], [−1, 1])

or
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d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1]) to d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to

d0(000) ([1,−1], [−1, 1], [1,−1]) to d1(100) ([1, 1], [−1, 1], [1,−1])

or

d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1]) to d6(0 − 10) ([−1, 1], [−1,−1], [1,−1]) to

d0(000) ([−1, 1], [−1, 1], [1,−1]) to d1(100) ([1, 1], [−1, 1], [1,−1])

or

d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1]) to d6(0 − 10) ([1,−1], [−1,−1], [−1, 1]) to

d0(000) ([1,−1], [1,−1], [−1, 1]) to d1(100) ([1, 1], [1,−1], [−1, 1])

or

d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to

d0(000) ([−1, 1], [1,−1], [−1, 1]) to d1(100) ([1, 1], [1,−1], [−1, 1])
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Switching Combinations

The switch combination sequence for the nearest three vector for sector V IC for 2-cell is

given by:

d6(101) ([1, 1], [1,−1], [1, 1]) to d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to

d12(1 − 10) ([1, 1], [−1,−1], [1,−1]) to d6(0 − 10) ([1,−1], [−1,−1], [1,−1])

or

d6(101) ([1, 1], [1,−1], [1, 1]) to d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to

d12(1 − 10) ([1, 1], [−1,−1], [1,−1]) to d6(0 − 10) ([−1, 1], [−1,−1], [1,−1])

or

d6(101) ([1, 1], [1,−1], [1, 1]) to d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to
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d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d6(0 − 10) ([1,−1], [−1,−1], [−1, 1])

or

d6(101) ([1, 1], [1,−1], [1, 1]) to d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to

d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1])

or

d6(101) ([1, 1], [−1, 1], [1, 1]) to d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to

d12(1 − 10) ([1, 1], [−1,−1], [1,−1]) to d6(0 − 10) ([1,−1], [−1,−1], [1,−1])

or

d6(101) ([1, 1], [−1, 1], [1, 1]) to d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to

d12(1 − 10) ([1, 1], [−1,−1], [1,−1]) to d6(0 − 10) ([−1, 1], [−1,−1], [1,−1])

or

d6(101) ([1, 1], [−1, 1], [1, 1]) to d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to

d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d6(0 − 10) ([1,−1], [−1,−1], [−1, 1])

or

d6(101) ([1, 1], [−1, 1], [1, 1]) to d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to

d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1])

E.6.3 Region B
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For θ ≤ 11π
6

The switch combination sequence for the nearest three vector moving from sector V IB

to V IC for 2-cell is given by:

d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to d12(1 − 10) ([1, 1], [−1,−1], [1,−1]) to
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d1(100) ([1, 1], [1,−1], [1,−1]) to d6(101) ([1, 1], [1,−1], [1, 1])

or

d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to d12(1 − 10) ([1, 1], [−1,−1], [1,−1]) to

d1(100) ([1, 1], [−1, 1], [1,−1]) to d6(101) ([1, 1], [−1, 1], [1, 1])

or

d6(0 − 10) ([−1, 1], [−1,−1], [1,−1]) to d12(1 − 10) ([1, 1], [−1,−1], [1,−1]) to

d1(100) ([1, 1], [1,−1], [1,−1]) to d6(101) ([1, 1], [1,−1], [1, 1])

or

d6(0 − 10) ([−1, 1], [−1,−1], [1,−1]) to d12(1 − 10) ([1, 1], [−1,−1], [1,−1]) to

d1(100) ([1, 1], [−1, 1], [1,−1]) to d6(101) ([1, 1], [−1, 1], [1, 1])

or

d6(0 − 10) ([1,−1], [−1,−1], [−1, 1]) to d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to

d1(100) ([1, 1], [1,−1], [−1, 1]) to d6(101) ([1, 1], [1,−1], [1, 1])

or

d6(0 − 10) ([1,−1], [−1,−1], [−1, 1]) to d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to

d1(100) ([1, 1], [−1, 1], [−1, 1]) to d6(101) ([1, 1], [−1, 1], [1, 1])

or

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to

d1(100) ([1, 1], [1,−1], [−1, 1]) to d6(101) ([1, 1], [1,−1], [1, 1])

or

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to

d1(100) ([1, 1], [−1, 1], [−1, 1]) to d6(101) ([1, 1], [−1, 1], [1, 1])

For θ ≥ 11π
6

The switch combination sequence for the nearest three vector moving from sector V IB

to V IC for 2-cell is given by:

d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1]) to d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to

d12(1 − 10) ([1, 1], [−1,−1], [1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1])

or

d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1]) to d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to

d12(1 − 10) ([1, 1], [−1,−1], [1,−1]) to d1(100) ([1, 1], [−1, 1], [1,−1])

or

d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1]) to d6(0 − 10) ([1,−1], [−1,−1], [−1, 1]) to

d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d1(100) ([1, 1], [1,−1], [−1, 1])

or

d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1]) to d6(0 − 10) ([1,−1], [−1,−1], [−1, 1]) to

d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d1(100) ([1, 1], [−1, 1], [−1, 1])
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or

d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1]) to d6(0 − 10) ([−1, 1], [−1,−1], [1,−1]) to

d12(1 − 10) ([1, 1], [−1,−1], [1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1])

or

d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1]) to d6(0 − 10) ([−1, 1], [−1,−1], [1,−1]) to

d12(1 − 10) ([1, 1], [−1,−1], [1,−1]) to d1(100) ([1, 1], [−1, 1], [1,−1])

or

d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to

d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d1(100) ([1, 1], [1,−1], [−1, 1])

or

d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to

d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d1(100) ([1, 1], [−1, 1], [−1, 1])
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Switching Combinations

The switch combination sequence for the nearest three vector for sector V ID for 2-cell is

given by:

d1(100) ([1, 1], [1,−1], [1,−1]) to d12(1 − 10) ([1, 1], [−1,−1], [1,−1]) to

d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1])

or

d1(100) ([1, 1], [1,−1], [1,−1]) to d12(1 − 10) ([1, 1], [−1,−1], [1,−1]) to

d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1])

or
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d1(100) ([1, 1], [−1, 1], [1,−1]) to d12(1 − 10) ([1, 1], [−1,−1], [1,−1]) to

d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1])

or

d1(100) ([1, 1], [−1, 1], [1,−1]) to d12(1 − 10) ([1, 1], [−1,−1], [1,−1]) to

d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1])

or

d1(100) ([1, 1], [1,−1], [−1, 1]) to d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to

d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1])

or

d1(100) ([1, 1], [1,−1], [−1, 1]) to d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to

d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1])

or

d1(100) ([1, 1], [−1, 1], [−1, 1]) to d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to

d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1])

or

d1(100) ([1, 1], [−1, 1], [−1, 1]) to d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to

d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1])
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E.7 Combination of switching states

In this section we show the first and third switching states combinations only since the

second and the fourth combination follow directly from first and third combinations re-

spectively. Also we only show combinations for reference vector moving through regions

C, B and D and region A since the combinations for reference vector moving through

regions C and D and region B can be derived from the combinations for reference vector

moving through regions C, B and D.

E.7.1 First Combination for reference vector moving through

regions C, B and D

IC

d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1]) to d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to

d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1])

to IB1

d1(100) ([1, 1], [1,−1], [1,−1]) to d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to

d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1 − 1])

to

d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1 − 1]) to d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to

d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1])

to IB2

d2(110) ([1, 1], [1, 1], [1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1]) to d7(10−1) ([1, 1], [1,−1], [−1,−1])

to

d2(00 − 1) ([1,−1], [1,−1], [−1 − 1])

to ID

d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to

d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to d2(110) ([1, 1], [1, 1], [1,−1])

to IIC

d2(110) ([1, 1], [1, 1], [1,−1]) to d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to

d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to d2(00 − 1) ([1,−1], [1,−1], [−1,−1])

to IIB1

d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to

d3(010) ([1,−1], [1, 1], [1,−1]) to d2(110) ([1, 1], [1, 1], [1,−1])

to

d2(110) ([1, 1], [1, 1], [1,−1]) to d3(010) ([1,−1], [1, 1], [1,−1]) to

d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to d2(00 − 1) ([1,−1], [1,−1], [−1,−1])

to IIB2

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to
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d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to d3(010) ([1,−1], [1, 1], [1,−1])

to IID

d3(010) ([1,−1], [1, 1], [1,−1]) to d8(01 − 1) ([1,−1], [1, 1], [−1,−1]) to

d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1])

to IIIC

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to

d9(−110) ([−1,−1], [1, 1], [1,−1]) to d3(010) ([1,−1], [1, 1], [1,−1])

to IIIB1

d3(010) ([1,−1], [1, 1], [1,−1]) to d9(−110) ([−1,−1], [1, 1], [1,−1]) to

d4(−100) ([−1,−1], [1,−1], [1,−1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1])

to

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d4(−100) ([−1,−1], [1,−1], [1,−1]) to

d9(−110) ([−1,−1], [1, 1], [1,−1]) to d3(010) ([1,−1], [1, 1], [1,−1])

to IIIB2

d4(011) ([1,−1], [1, 1], [1, 1]) to d3(010) ([1,−1], [1, 1], [1,−1]) to

d9(−110) ([−1,−1], [1, 1], [1,−1]) to d4(−100) ([−1,−1], [1,−1], [1,−1])

to IIID

d4(−100) ([−1,−1], [1,−1], [1,−1]) to d9(−110) ([−1,−1], [1, 1], [1,−1]) to

d16(−111) ([−1,−1], [1, 1], [1, 1]) to d4(011) ([1,−1], [1, 1], [1, 1])

to IVC

d4(011) ([−1, 1], [1, 1], [1, 1]) to d16(−111) ([−1,−1], [1, 1], [1, 1]) to

d10(−101) ([−1,−1], [−1, 1], [1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1])

to IVB1

d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to d10(−101) ([−1,−1], [−1, 1], [1, 1]) to

d5(001) ([−1, 1], [−1, 1], [1, 1]) to d4(011) ([−1, 1], [1, 1], [1, 1])

to

d4(011) ([−1, 1], [1, 1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1]) to

d10(−101) ([−1,−1], [−1, 1], [1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1])

to IVB2

d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to

d10(−101) ([−1,−1], [−1, 1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1])

to IVD

d5(001) ([−1, 1], [−1, 1], [1, 1]) to d10(−101) ([−1,−1], [−1, 1], [1, 1]) to

d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1])

to VC

d5(−1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to

d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1])

to VB1
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d5(001) ([−1, 1], [−1, 1], [1, 1]) to d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1])

to

d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to

d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1])

to VB2

d6(101) ([1, 1], [−1, 1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1]) to

d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1])

to VD

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d11(0 − 11) ([−1, 1], [−1,−1], [1, 1]) to

d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to d6(101) ([1, 1], [−1, 1], [1, 1])

to VIC

d6(101) ([1, 1], [−1, 1], [1, 1]) to d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to

d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1])

to VIB1

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to

d1(100) ([1, 1], [−1, 1], [−1, 1]) to d6(101) ([1, 1], [−1, 1], [1, 1])

to

d6(101) ([1, 1], [−1, 1], [1, 1]) to d1(100) ([1, 1], [−1, 1], [−1, 1]) to

d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1])

to VIB2

d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to

d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d1(100) ([1, 1], [−1, 1], [−1, 1])

to VID

d1(100) ([1, 1], [−1, 1], [−1, 1]) to d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to

d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1])

E.7.2 Third Combination for reference vector moving through

regions C, B and D

IC

d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1,−1]) to d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to

d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1])

to IB1

d1(100) ([1, 1], [1,−1], [1,−1]) to d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to

d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1 − 1])

to

d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1 − 1]) to d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to
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d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1])

to IB2

d2(110) ([1, 1], [1, 1], [1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1]) to d7(10−1) ([1, 1], [1,−1], [−1,−1])

to

d2(00 − 1) ([1,−1], [1,−1], [−1 − 1])

to ID

d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to d7(10 − 1) ([1, 1], [1,−1], [−1,−1]) to

d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to d2(110) ([1, 1], [1, 1], [1,−1])

to IIC

d2(110) ([1, 1], [1, 1], [−1, 1]) to d14(11 − 1) ([1, 1], [1, 1], [−1,−1]) to

d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1])

to IIB1

d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to

d3(010) ([−1, 1], [1, 1], [−1, 1]) to d2(110) ([1, 1], [1, 1], [−1, 1])

to

d2(110) ([1, 1], [1, 1], [−1, 1]) to d3(010) ([−1, 1], [1, 1], [−1, 1]) to

d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1])

to IIB2

d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1]) to d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to

d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to d3(010) ([−1, 1], [1, 1], [−1, 1])

to IID

d3(010) ([−1, 1], [1, 1], [−1, 1]) to d8(01 − 1) ([−1, 1], [1, 1], [−1,−1]) to

d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1])

to IIIC

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d15(−11 − 1) ([−1,−1], [1, 1], [−1,−1]) to

d9(−110) ([−1,−1], [1, 1], [1,−1]) to d3(010) ([1,−1], [1, 1], [1,−1])

to IIIB1

d3(010) ([1,−1], [1, 1], [1,−1]) to d9(−110) ([−1,−1], [1, 1], [1,−1]) to

d4(−100) ([−1,−1], [1,−1], [1,−1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1])

to

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d4(−100) ([−1,−1], [1,−1], [1,−1]) to

d9(−110) ([−1,−1], [1, 1], [1,−1]) to d3(010) ([1,−1], [1, 1], [1,−1])

to IIIB2

d4(011) ([1,−1], [1, 1], [1, 1]) to d3(010) ([1,−1], [1, 1], [1,−1]) to

d9(−110) ([−1,−1], [1, 1], [1,−1]) to d4(−100) ([−1,−1], [1,−1], [1,−1])

to IIID

d4(−100) ([−1,−1], [1,−1], [1,−1]) to d9(−110) ([−1,−1], [1, 1], [1,−1]) to

d16(−111) ([−1,−1], [1, 1], [1, 1]) to d4(011) ([1,−1], [1, 1], [1, 1])
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to IVC

d4(011) ([−1, 1], [1, 1], [1, 1]) to d16(−111) ([−1,−1], [1, 1], [1, 1]) to

d10(−101) ([−1,−1], [−1, 1], [1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1])

to IVB1

d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to d10(−101) ([−1,−1], [−1, 1], [1, 1]) to

d5(001) ([−1, 1], [−1, 1], [1, 1]) to d4(011) ([−1, 1], [1, 1], [1, 1])

to

d4(011) ([−1, 1], [1, 1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1]) to

d10(−101) ([−1,−1], [−1, 1], [1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1])

to IVB2

d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to

d10(−101) ([−1,−1], [−1, 1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1])

to IVD

d5(001) ([−1, 1], [−1, 1], [1, 1]) to d10(−101) ([−1,−1], [−1, 1], [1, 1]) to

d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1])

to VC

d5(−1 − 10) ([1, 1], [−1,−1], [1,−1]) to d17(−1 − 11) ([−1,−1], [−1,−1], [1, 1]) to

d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to d5(001) ([1,−1], [1,−1], [1, 1])

to VB1

d5(001) ([1,−1], [1,−1], [1, 1]) to d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to

d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1])

to

d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1]) to d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to

d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to d5(001) ([1,−1], [1,−1], [1, 1])

to VB2

d6(101) ([1, 1], [1,−1], [1, 1]) to d5(001) ([1,−1], [1,−1], [1, 1]) to

d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to d6(0 − 10) ([1,−1], [−1,−1], [1,−1])

to VD

d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to d11(0 − 11) ([1,−1], [−1,−1], [1, 1]) to

d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to d6(101) ([1, 1], [1,−1], [1, 1])

to VIC

d6(101) ([1, 1], [−1, 1], [1, 1]) to d18(1 − 11) ([1, 1], [−1,−1], [1, 1]) to

d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1])

to VIB1

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to

d1(100) ([1, 1], [−1, 1], [−1, 1]) to d6(101) ([1, 1], [−1, 1], [1, 1])

to

d6(101) ([1, 1], [−1, 1], [1, 1]) to d1(100) ([1, 1], [−1, 1], [−1, 1]) to
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d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1])

to VIB2

d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to

d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to d1(100) ([1, 1], [−1, 1], [−1, 1])

to VID

d1(100) ([1, 1], [−1, 1], [−1, 1]) to d12(1 − 10) ([1, 1], [−1,−1], [−1, 1]) to

d13(1 − 1 − 1) ([1, 1], [−1,−1], [−1,−1]) to d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1])

E.7.3 First Combination for reference vector moving through

region A

IA

d1(100) ([1, 1], [1,−1], [1,−1]) to d0(000) ([1,−1], [1,−1], [1,−1]) to d2(00−1) ([1,−1], [1,−1], [−1,−1])

to d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1 − 1])

to

d1(0−1−1) ([1,−1], [−1,−1], [−1 − 1]) to d2(00−1) ([1,−1], [1,−1], [−1,−1]) to d0(000) ([1,−1], [1,−1]

to d1(100) ([1, 1], [1,−1], [1,−1])

to IA2

d2(110) ([1, 1], [1, 1], [1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1]) to d0(000) ([1,−1], [1,−1], [1,−1])

to d2(00 − 1) ([1,−1], [1,−1], [−1 − 1])

to IIA1

d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to d0(000) ([1,−1], [1,−1], [1,−1]) to

d3(010) ([1,−1], [1, 1], [1,−1]) to d2(110) ([1, 1], [1, 1], [1,−1]) to

d2(110) ([1, 1], [1, 1], [1,−1]) to d3(010) ([1,−1], [1, 1], [1,−1]) to

d0(000) ([1,−1], [1,−1], [1,−1]) to d2(00 − 1) ([1,−1], [1,−1], [−1,−1])

to IIA2

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d2(00 − 1) ([1,−1], [1,−1], [−1,−1]) to

d0(000) ([1,−1], [1,−1], [1,−1]) to d3(010) ([1,−1], [1, 1], [1,−1])

to IIIA1

d3(010) ([1,−1], [1, 1], [1,−1]) to d0(000) ([1,−1], [1,−1], [1,−1]) to

d4(−100) ([−1,−1], [1,−1], [1,−1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d4(−100) ([−1,−1], [1,−1], [1,−1]) to

d0(000) ([1,−1], [1,−1], [1,−1]) to d3(010) ([1,−1], [1, 1], [1,−1])

to IIIA2

d4(011) ([1,−1], [1, 1], [1, 1]) to d3(010) ([1,−1], [1, 1], [1,−1]) to

d0(000) ([1,−1], [1,−1], [1,−1]) to d4(−100) ([−1,−1], [1,−1], [1,−1])

to IVA1

d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to d0(000) ([−1, 1], [−1, 1], [−1, 1]) to
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d5(001) ([−1, 1], [−1, 1], [1, 1]) to d4(011) ([−1, 1], [1, 1], [1, 1]) to

d4(011) ([−1, 1], [1, 1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1])

to IVA2

d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1])

to VA1

d5(001) ([−1, 1], [−1, 1], [1, 1]) to d0(000) ([−1, 1], [−1, 1], [−1, 1]) to

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1]) to

d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1])

to VA2

d6(101) ([1, 1], [−1, 1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1])

to VIA1

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d0(000) ([−1, 1], [−1, 1], [−1, 1]) to

d1(100) ([1, 1], [−1, 1], [−1, 1]) to d6(101) ([1, 1], [−1, 1], [1, 1]) to

d6(101) ([1, 1], [−1, 1], [1, 1]) to d1(100) ([1, 1], [−1, 1], [−1, 1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1])

to VIA2

d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d1(100) ([1, 1], [−1, 1], [−1, 1])

E.7.4 Third Combination for reference vector moving through

region A

IA

d1(100) ([1, 1], [1,−1], [1,−1]) to d0(000) ([1,−1], [1,−1], [1,−1]) to d2(00−1) ([1,−1], [1,−1], [−1,−1])

to d1(0 − 1 − 1) ([1,−1], [−1,−1], [−1 − 1])

to

d1(0−1−1) ([1,−1], [−1,−1], [−1 − 1]) to d2(00−1) ([1,−1], [1,−1], [−1,−1]) to d0(000) ([1,−1], [1,−1]

to d1(100) ([1, 1], [1,−1], [1,−1])

to IA2

d2(110) ([1, 1], [1, 1], [1,−1]) to d1(100) ([1, 1], [1,−1], [1,−1]) to d0(000) ([1,−1], [1,−1], [1,−1])

to d2(00 − 1) ([1,−1], [1,−1], [−1 − 1])

to IIA1

d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to d0(000) ([−1, 1], [−1, 1], [−1, 1]) to

d3(010) ([−1, 1], [1, 1], [−1, 1]) to d2(110) ([1, 1], [1, 1], [−1, 1]) to
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d2(110) ([1, 1], [1, 1], [−1, 1]) to d3(010) ([−1, 1], [1, 1], [−1, 1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1])

to IIA2

d3(−10 − 1) ([−1,−1], [−1, 1], [−1,−1]) to d2(00 − 1) ([−1, 1], [−1, 1], [−1,−1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d3(010) ([−1, 1], [1, 1], [−1, 1])

to IIIA1

d3(010) ([1,−1], [1, 1], [1,−1]) to d0(000) ([1,−1], [1,−1], [1,−1]) to

d4(−100) ([−1,−1], [1,−1], [1,−1]) to d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to

d3(−10 − 1) ([−1,−1], [1,−1], [−1,−1]) to d4(−100) ([−1,−1], [1,−1], [1,−1]) to

d0(000) ([1,−1], [1,−1], [1,−1]) to d3(010) ([1,−1], [1, 1], [1,−1])

to IIIA2

d4(011) ([1,−1], [1, 1], [1, 1]) to d3(010) ([1,−1], [1, 1], [1,−1]) to

d0(000) ([1,−1], [1,−1], [1,−1]) to d4(−100) ([−1,−1], [1,−1], [1,−1])

to IVA1

d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to d0(000) ([−1, 1], [−1, 1], [−1, 1]) to

d5(001) ([−1, 1], [−1, 1], [1, 1]) to d4(011) ([−1, 1], [1, 1], [1, 1]) to

d4(011) ([−1, 1], [1, 1], [1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1])

to IVA2

d5(−1 − 10) ([−1,−1], [−1,−1], [−1, 1]) to d4(−100) ([−1,−1], [−1, 1], [−1, 1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d5(001) ([−1, 1], [−1, 1], [1, 1])

to VA1

d5(001) ([1,−1], [1,−1], [1, 1]) to d0(000) ([1,−1], [1,−1], [1,−1]) to

d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1]) to

d5(−1 − 10) ([−1,−1], [−1,−1], [1,−1]) to d6(0 − 10) ([1,−1], [−1,−1], [1,−1]) to

d0(000) ([1,−1], [1,−1], [1,−1]) to d5(001) ([1,−1], [1,−1], [1, 1])

to VA2

d6(101) ([1, 1], [1,−1], [1, 1]) to d5(001) ([1,−1], [1,−1], [1, 1]) to

d0(000) ([1,−1], [1,−1], [1,−1]) to d6(0 − 10) ([1,−1], [−1,−1], [1,−1])

to VIA1

d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to d0(000) ([−1, 1], [−1, 1], [−1, 1]) to

d1(100) ([1, 1], [−1, 1], [−1, 1]) to d6(101) ([1, 1], [−1, 1], [1, 1]) to

d6(101) ([1, 1], [−1, 1], [1, 1]) to d1(100) ([1, 1], [−1, 1], [−1, 1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1])

to VIA2

d1(0 − 1 − 1) ([−1, 1], [−1,−1], [−1,−1]) to d6(0 − 10) ([−1, 1], [−1,−1], [−1, 1]) to

d0(000) ([−1, 1], [−1, 1], [−1, 1]) to d1(100) ([1, 1], [−1, 1], [−1, 1])


