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We present results from a chiral soliton model calculation for the spectrum of baryons with a single 
heavy quark (charm or bottom) and non-zero strangeness. We treat the strange components within a 
three flavor collective coordinate quantization of the soliton that fully accounts for light flavor symmetry 
breaking. Heavy baryons emerge by binding a heavy meson to the soliton. The dynamics of this heavy 
meson is described by the heavy quark effective theory with finite mass effects included.

© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
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1. Motivation

Baryons containing heavy quarks such as charm or bottom form 
an excellent opportunity to study the binding of quarks to hadrons. 
Since there is no exact solution to quantum-chromo-dynamics 
(QCD), various models and approximations that focus on partic-
ular features of QCD are relevant. In the context of heavy baryons 
three are of particular importance. First, there is the heavy spin–
flavor symmetry [1]1 that governs the dynamics of heavy quarks. 
Second, there is the chiral symmetry that dictates the interactions 
among the light quarks. In addition to dynamical chiral symme-
try breaking, there is substantial flavor symmetry breaking when 
the strange quark is involved. It is thus particularly interesting to 
investigate baryons that, in the valence quark picture, are com-
posed of a single heavy quark and two light, including strange, 
quarks. Thirdly, generalizing QCD from three to arbitrarily many 
color degrees of freedom suggests to consider baryons as soliton 
configurations in an effective meson theory [3].

Our point of departure is a chiral soliton of meson fields built 
from up and down quarks [4]. States with good baryon quantum 
numbers are generated by quantizing the fluctuations about the 
soliton. The modes associated with (flavor) rotations have large 
non-harmonic components and consequently are treated as collec-
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tive excitations. The Hamiltonian for these collective coordinates 
contains flavor symmetry breaking terms that slightly suppress 
the non-harmonic contributions. The important feature is that this 
Hamiltonian can be diagonalized exactly, i.e. the spectrum can be 
determined beyond a perturbation expansion in the quark mass 
differences [5]. The resulting eigenvalues are associated with the 
strangeness contribution to the baryon masses. For the particular 
case of kaon–nucleon scattering this approach has been verified [6]
to yield the correct resonance position. Subsequently fields rep-
resenting mesons with a single heavy quark are included. While 
their heavy quark components are subject to the heavy spin–flavor 
symmetry, their light ones couple to the light meson fields accord-
ing to chiral symmetry such that the soliton generates an attrac-
tive potential for the heavy meson fields [7]. Combined with the 
soliton, a bound state in this potential builds the heavy baryon. 
(This is a generalization of the so-called bound state approach [8]
that, in the harmonic approximation, describes hyperons in the 
Skyrme model [9].2) The strangeness components of the heavy 
meson bound state are subject to the same collective coordinate 
treatment as the soliton.

Shortly after the bound state approach in the Skyrme model of 
pseudoscalar mesons was applied to hyperons it was extended to 

2 While Ref. [10] comprehensively reviews soliton model studies, Ref. [6] thor-
oughly discusses the two above mentioned descriptions of strangeness in chiral 
soliton models, in particular with regard to the large NC limit.
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heavier baryons [11]. In those studies the relevance of the heavy 
spin–flavor symmetry was not yet recognized. Subsequently, also 
heavy vector meson fields were included [12]. More or less at 
the same time investigations were performed in the heavy limit 
scenario [13,14]. Those heavy limit studies included neither cor-
rections to the heavy spin–flavor symmetry from finite masses nor 
strangeness degrees of freedom. In that case, baryons like �c can-
not be addressed. Strangeness was indeed included in Ref. [15], 
however, light flavor symmetry breaking was treated in a pertur-
bation expansion and finite mass effects were omitted. This does 
not distinguish between even and odd parity or charm and bot-
tom baryons and typically overestimates the binding energy of the 
heavy meson [7]. Also the parameters of the final energy formula 
were fitted rather than calculated from a realistic soliton model. 
These widespread bound state studies derive a potential for the 
meson fields from the soliton that is fixed in position. We note 
that this picture is strictly valid only in the large number of col-
ors limit when the soliton is more massive than the heavy meson. 
Though this approach is a systematic and consistent expansion in 
the number of colors, kinematical corrections should be expected 
in the real world with three colors.

Our soliton model calculation for the spectrum of heavy 
baryons will improve with regard to the following aspects: We take 
the parameters in the mass formula from an actual soliton model 
calculation (we allow for moderate adjustment of the light flavor 
symmetry breaking strength), go beyond the perturbation expan-
sion in that symmetry breaking and construct the heavy meson 
bound state from a model that systematically incorporates finite 
mass corrections. Our model calculation will produce an extensive 
picture of baryons, from the nucleon up to the �b . We will not 
consider doubly-heavy baryons, though.

The spectrum of heavy baryons has been investigated in 
other approaches as well. A comprehensive account of the (non-
relativistic) quark model approach is given in Ref. [16] with some 
newer results reported in Ref. [17]. Relativistic effects are incor-
porated within quark–diquark models [18]. QCD sum rules were 
not only used to obtain the spectrum [19], but also to extract 
the heavy quark mass poles [20]. Lattice QCD calculations can be 
traced from Ref. [21] that also studies baryons with more than one 
heavy quark. Finally, Ref. [22] contains comprehensive reviews on 
baryon spectroscopy that discuss a variety of approaches and may 
be consulted for further references.

2. The soliton model

In chiral Lagrangians the interaction terms are ordered by the 
number of derivatives acting on the pseudoscalar fields. The more 
derivatives there are, the more unknown parameters appear in 
the Lagrangian. Replacing these higher derivatives by resonance 
exchange terms is advantageous because more information is avail-
able to determine the parameters. We thus consider a chiral soliton 
that is stabilized by vector mesons ρ and ω [23] as a refinement 
of the Skyrme model [4,9]. Other shortcomings of the pseudoscalar 
soliton, like the neutron proton mass difference or the axial singlet 
matrix element of the nucleon are also solved when including light 
vector mesons [10].

The basic building block of the model is the chiral field U =
exp

(
i
∑8

a=1 φa(x)λa/ fa

)
, i.e. the non-linear realization of the pseu-

doscalar octet field φa(x). Here fa are the respective decay con-
stants [ fπ = 93 MeV (for a = 1, 2, 3), fk = 114 MeV (for a =
4, . . . , 7). The case a = 8 requires additional input [24] but is not 
relevant here.] and λa are the eight Gell-Mann matrices of SU(3). 
The static field configuration of the soliton is the hedgehog ansatz

U0(r) = exp
[
τ · r̂ F (r)

]
, ωμ(r) = ω(r) gμ0 and
ρ
(0)
im (r) = εikmr̂k

G(r)

r
. (1)

The isovector τ = (λ1, λ2, λ3) comprises the three Pauli matrices 
from the isospin subspace of flavor SU(3). The spatial components 
of the ωμ and the time components of the ρμ fields are zero. For 
the latter, i is an isospin/flavor index and m = 1, 2, 3 labels its spa-
tial components. The profile functions F (r), ω(r) and G(r) enter 
the classical energy functional, Ecl . The profiles are determined by 
the minimization of Ecl, subject to boundary conditions that en-
sure unit baryon number:

F (0) = 0 ,
dω(r)

dr

∣∣∣
r=0

= 0 and G(0) = −2 . (2)

All profile functions vanish asymptotically. Configurations that are 
suitable for quantization are obtained by introducing time depen-
dent collective coordinates for the flavor orientation A(t) ∈ SU(3)

U (r, t) = A(t)U0(r)A†(t) and

τ · ρμ(r, t) = A(t)τ · ρ(0)
μ (r)A†(t) . (3)

In addition profile functions are induced for the spatial compo-
nents of ωμ and the time components of ρμ [25,26]. Defining 
eight angular velocities �a via the time derivative of the collec-
tive coordinates

i

2

8∑
a=1

�aλa = A†(t)
dA(t)

dt
, (4)

allows a compact presentation of the Lagrange function for the col-
lective coordinates from the light meson fields

Ll(�a) = −Ecl + 1

2
α2

3∑
i=1

�2
i + 1

2
β2

7∑
α=4

�2
α −

√
3

2
�8 . (5)

It is obtained from the spatial integral over the Lagrange density 
with the above described field configuration substituted. Note that 
the collective coordinates only appear via the angular velocities; 
A does not appear explicitly. The last term, which is only linear in 
the time derivative, originates from the Wess–Zumino–Witten ac-
tion [27] that incorporates the QCD anomaly. The coefficients α2

and β2 are moments of inertia for rotations in isospace3 and the 
strangeness subspace of flavor SU(3), respectively. These moments 
of inertia are functionals of the profile functions and the varia-
tional principle determines the induced components of the vector 
meson fields. The structure of the collective coordinate Lagrangian, 
Eq. (5) is generic to all chiral models that support soliton solu-
tions. The particular numerical values for the classical energy and 
the moments of inertia are, of course, subject to the particular 
model. Here we employ the calculation described in Appendix A 
of Ref. [26] for the entries of Eq. (5).

3. Heavy meson bound state

In effective meson theories, the heavy flavor enters via a heavy 
meson containing a single heavy quark (charm or bottom) of 
mass M . The dynamics of the heavy meson follows the heavy fla-
vor effective theory [2] that treats the pseudoscalar (P ) and vector 
meson (Q μ) components equivalently. That is, in the limit M → ∞
these components are part of a single multiplet (The constant four-
velocity V μ characterizes the heavy quark rest frame.)

3 Because of the hedgehog structure it is equivalent to coordinate space.
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H = 1

2

(
1 + γμV μ

)(
iγ5 P ′ + γ μ Q ′

μ

)
where

P ′ = e−iM V ·x P and Q ′
μ = e−iM V ·x Q μ . (6)

The Lagrangian that describes the coupling of this multiplet to the 
light mesons including the vector mesons ρ and ω and respects 
the heavy spin–flavor symmetry is [28]

1

M
L̃H = iVμ Tr

{
H Dμ H̄

} − d Tr
{

Hγμγ5 pμ H̄
}

− i

√
2c

mρ
Tr

{
Hγμγν F μν H̄

} + . . . , (7)

where H̄ = γ0 H†γ0. We take the covariant derivative to be4 Dμ =
∂μ + ivμ . The chiral currents of the light pseudoscalar mesons 
are vμ, pμ = i

2

(√
U∂μ

√
U † ± √

U †∂μ

√
U

)
and F μν is the field 

strength tensor of the light vector mesons. The heavy–light cou-
pling constants d ≈ 0.53 and c ≈ 1.60 were determined from heavy 
meson decays. A field theory model that minimally extends to 
finite M and M∗ for the pseudoscalar and vector components, re-
spectively, has also been constructed in Ref. [28]

LH = (
Dμ P

)†
Dμ P − 1

2

(
Q μν

)†
Q μν − M2 P † P + M∗2 Q †

μ Q μ

+ 2iMd
(

P † pμ Q μ − Q †
μpμ P

)
− d

2
εαβμν

[
(Q να)† pμ Q β + Q †

β pμ Q να

]
− 2

√
2icM

mV

{
2Q †

μF μν Q ν

− i

M
εαβμν

[(
Dβ P

)†
Fμν Q α + Q †

α Fμν Dβ P
]}

, (8)

so that LH → L̃H in the heavy limit. Here Q μν is the field strength 
tensor of the heavy vector mesons. The central feature is that, 
through the coupling to the light meson soliton, solutions for the 
heavy meson fields emerge with energy 0 < ω < M , i.e. bound 
states. (Negative energy bound states are also possible. Eventu-
ally they build pentaquark baryons that will not be considered 
here.) The most strongly bound solution has P-wave structure in 
the pseudoscalar component:

P = eiωt

√
4π

�(r)r̂ · τ̂χ , Q 0 = eiωt

√
4π

�0(r)χ and

Q i = eiωt

√
4π

[
i�1(r)r̂i + 1

2 �2(r)εi jkr̂ jτk

]
χ . (9)

Here P and Q μ are three component spinors whose flavor content 
is parameterized by the (constant) spinor χ . Since the coupling 
to the light mesons occurs via a soliton in the isospin subspace, 
only the first two components of χ are non-zero. The four ra-
dial functions in Eq. (9) couple to the profiles of the static soliton, 
Eq. (1) in linear differential equations. Normalizable solutions exist 
only for certain values of ω. These solutions are the bound wave-
functions. Their construction, in particular with regard to finite M
corrections, and their normalization to carry unit heavy charge is 
explained in Refs. [7] and [14], respectively. A heavy baryon is then 
a compound system of the soliton for the light flavors and the 
bound state of the heavy meson [8]. There are also bound states 

4 Symmetry allows to also include the light vector meson in this derivative at 
the expense of an unknown coupling constant. The bound state energies only show 
moderate sensitivity on that constant [7] so we omit it here.
in the S-wave channel in which the heavy meson field is param-
eterized as (see Ref. [12] for parameterizations of higher angular 
momenta)

P = eiωt

√
4π

�(r)χ , Q 0 = eiωt

√
4π

�0(r)r̂ · τ̂χ and

Q i = eiωt

√
4π

[
�1(r)r̂i r̂ · τ̂ + �2(r)rτ · ∂i r̂

]
χ . (10)

They combine with the soliton to form negative parity heavy 
baryons [7,14]. For convenience we have used equal symbols for 
the S and P -wave profile functions but, of course, they are dif-
ferent. The computation of the bound state energies ω from iden-
tifying localized solutions to the equations of motions that arise 
by substituting the parameterizations, Eqs. (9) and (10), into the 
Euler–Lagrange equations of Eq. (8) is detailed in Appendix A of 
Ref. [7]. That reference also provides figures of the resulting profile 
functions.

The heavy meson fields must also account for the collective fla-
vor rotation introduced in Eq. (3). This enforces the substitution

P −→ A(t)P and Q μ −→ A(t)Q μ , (11)

where the right hand sides contain the fields introduced in Eqs. (9)
and (10) for P and S wave channels, respectively. This gives non-
zero strange components of the heavy mesons and couples the 
heavy meson strange quark to that of the soliton. Substituting 
this flavor rotating configuration into the Lagrange density and in-
tegrating over space provides the collective coordinate Lagrange 
function from the heavy fields

Lh(�a) = −ωχ †χ + 1

2
√

3
χ †�8χ + ρχ †

(
� · τ

2

)
χ . (12)

Again, the flavor rotation matrix A does not appear explicitly. With 
the time dependence of the collective coordinates, terms that in-
volve 

∑8
a=1 λa�a enter. In the heavy meson sector the quadratic 

terms provide the bound state contributions to the moments of in-
ertia α2 and β2. Since the bound state wave-functions are strongly 
localized around the center of the soliton5 the latter dominates the 
moments of inertia. It is thus safe to only retain the linear terms 
in Eq. (12). At that order only a = 1, 2, 3 and a = 8 survive be-
cause the bound states do not have any strangeness components. 
The normalization of the bound state wave-function dictates the 
coefficients in the first and second terms. The hyperfine splitting 
parameter ρ is a functional of all profile functions, including some 
of the induced light vector fields. Its explicit expression is given in 
Eqs. (B.1)–(B.4) of Ref. [14], where it is called χP and χS for P -
and S-wave channels, respectively.

4. Quantization in SU(3), symmetry breaking and hyperfine 
splitting

Before we construct a Hamilton operator for the collective co-
ordinates via Legendre transformation of the Lagrangian Ll + Lh we 
recall that the rotations introduced in Eq. (3) are not exact zero 
modes in any sensitive model. The reason is that SU(3) flavor sym-
metry is explicitly broken by different (current) quark masses. This 
breaking is measured by the ratio

x = 2ms

mu + md
, (13)

5 Their asymptotic behavior is e−|ω|r ∼ e−Mr compared to e−mπ r of the chiral 
field.
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where the mq are the current quark masses of the respective 
quarks. It can be estimated from meson data [24,29,30]. In early 
soliton model studies this ratio was considered to be quite large, 
x ≈ 30 [24], or even bigger [31]. This was accompanied by sizable 
symmetry breaking among the hyperons [26]. Later this ratio was 
re-evaluated and found to be somewhat smaller: 20 ≤ x ≤ 25 [30]. 
Thus it is appropriate to consider this ratio for the (light) flavor 
symmetry breaking as a tunable parameter. Then symmetry break-
ing adds to the collective coordinate Lagrangian

Lsb(A) = − x

2
γ̃ [1 − D88(A)] , (14)

where Dab = 1
2 tr

[
λa Aλb A†

]
parameterizes the adjoint representa-

tion of the collective rotations. The coefficient γ̃ is again a func-
tional of the profile functions and acquires its main contribution 
from the classical fields, Eq. (1). It can be computed in any soli-
ton model. (In the literature γ = xγ̃ is typically used.) The heavy 
mesons also contribute to the symmetry breaking parameter by 
appropriately substituting mass matrices in Eq. (8). For example, 
for the charm heavy meson in the P -wave channel we have

γ = γsoliton +
∞∫

0

drr2
[(

m2
D − m2

Ds

)
�2

+
(

m2
D∗ − m2

D∗
s

)(
−�2

0 + �2
1 + 1

2
�2

2

)]
. (15)

Numerically this contribution is small and can easily be compen-
sated by a slight change of x.

We have now collected all terms for the collective coordinate 
Lagrangian L(A, �) = Ll(�) + Lh(�) + Lsb(A) and can construct the 
Hamilton operator by Legendre transformation,

H(A, Ra,χ) = Ecl + 1

2

(
1

α2
− 1

β2

) 3∑
i=1

R2
i

+ 1

2β2

8∑
a=1

R2
a + x

2
γ̃ [1 − D88(A)]

− 3

8β2

(
1 − 1

3
χ †χ

)2

+ |ω|χ †χ + Hhf , (16)

where Ra = ∂L
∂�a

defines the said Legendre transformation. The Ra

are the right generators of SU(3) since [A, Ra] = A(λa/2) upon 
canonical quantization. The spinors χ contain annihilation and cre-
ation operators for the heavy meson bound state. They are quan-
tized as ordinary harmonic oscillators. In particular χ †χ is the 
number operator for the heavy meson bound state. Since we are 
considering hadrons with a single heavy quark, contributions that 
are quartic in χ have been omitted for consistency. (In the square 
a term that is explicitly of quartic order is maintained because it 
cancels a similar term in 

∑
a R2

a , cf. subsection below.) The hyper-
fine splitting part, Hhf, that emerges from the last term in Eq. (12), 
will be discussed later.

4.1. SU(3) diagonalization

The Hamiltonian, Eq. (16) is not complete without the con-
straint

Y R = 2√
3

R8 = 1 − 1
3χ †χ , (17)

that arises from the terms linear in �8 in Eqs. (5) and (12). 
Thus the heavy baryons have right hypercharge 2/3. Since the zero 
strangeness components of any SU(3) representation has equal hy-
percharge and right hypercharge, the SU(3) coordinates must be 
quantized as diquarks for heavy baryons [15]. The most relevant 
diquark representations are the antisymmetric anti-triplet and the 
symmetric sextet.

When symmetry breaking is included, elements of higher di-
mensional representations with the same flavor and R1,2,3 quan-
tum numbers are admixed. We first determine the quantum num-
ber r in the intrinsic spin 

∑3
i=1 R2

i = r(r + 1): In addition to its 
dimensionality, an SU(3) representation is characterized by two 
sets of quantum numbers (I, I3, Y ) for the flavor and (r, r3, Y R)

for the Ra degrees of freedom, respectively. The flavor genera-
tors are La = ∑8

b=1 Dab Rb with L1,2,3 = I1,2,3 and Y = 2√
3

L8 be-

ing the observables. Low-dimensional representations (such as the 
anti-triplet and the sextet) are non-degenerate and their elements 
with Y = Y R have |I | = |R|. Thus r equals the isospin (I) of 
the zero strangeness element within an SU(3) representation: the 
anti-triplet has r = 0 and the sextet has r = 1. Symmetric and 
antisymmetric SU(3) representations do not mix under symme-
try breaking. Hence r = 0 and r = 1 for a heavy baryon whose 
diquark component builds up from the anti-triplet and sextet, re-
spectively. The admixture of higher dimensional representations 
has been estimated in a perturbation expansion for hyperons [32]
and heavy baryons [15]. It can also be done exactly within the so-
called Yabu–Ando approach [5]. The starting point is an Euler angle 
representation of the collective coordinates A in which the conju-
gate momenta Ra are differential operators. Then the eigenvalue 
equation{

8∑
a=1

R2
a + (xγ̃ β2) [1 − D88(A)]

}
�(A) = ε�(A) (18)

is cast into a set of coupled ordinary second order differential 
equations. The single variable is the strangeness changing angle 
in A. The particular setting of the differential equations depends 
on the considered flavor quantum numbers. For ordinary baryons 
(Y R = 1) this treatment is reviewed in Ref. [10] and the results 
for diquark wave-functions that enter the heavy baryon wave-
functions (Y R = 2/3) are reported in Ref. [33]. Having obtained the 
SU(3)-flavor eigenvalue ε from the differential equations we sim-
plify the SU(3) part and write

H(A, Ra,χ) −→ H(χ) = Ecl +
(

1

α2
− 1

β2

)
r(r + 1)

2

+ ε

2β2
− 3

8β2

(
1 − 1

3
χ †χ

)2

+ |ω|χ †χ + Hhf . (19)

The dependence of the eigenvalues ε on x varies with spin and 
isospin. Hence there is implicit hyperfine splitting, however, it also 
appears explicitly as we discuss next.

4.2. Hyperfine splitting

The eigenstates of the Hamiltonian, Eq. (16) are combinations 
in which each term is a product of two factors, one is a function 
of A and the other of χ . The combinations are such that eigen-
states of flavor and total spin are generated. The flavor information 
is completely contained in A because flavor transformations cor-
respond to multiplying A by unitary matrices from the left. To 
construct total spin eigenstates we consider the effect of spatial 
rotations. The soliton is the hedgehog configuration and spatial ro-
tations are equivalent to multiplying A by unitary SU(2) matrices 
from the right. For the heavy meson bound state this multiplica-
tion must be compensated by an additional flavor transformation 
of the spinor χ . Thus the total spin is
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Table 1
Model results for the mass differences of the charm and bottom baryons: �N = M − MN , �c = M − M�c and �b = M − M�b with the M ’s computed from Eq. (22) in 
comparison with available experimental data. The spin and isospin of a considered baryon are I and j. The SU(3) quantum number r is defined in the text. All data are 
in MeV. See text for explanation of question mark on �c .

(I, j, r) x = 25 x = 30 Expt. [34]

Pos. par. Neg. par. Pos. par. Neg. par. Pos. par. Neg. par.

�N �c �N �c �N �c �N �c �N �c �N �c

(0, 1/2,0) �c 1230 0 1479 249 1233 0 1482 249 1347 0 1653 306
(1, 1/2,1) �c 1423 193 1664 434 1425 192 1666 433 1515 168 – –
(1/2, 1/2,0) �c 1446 216 1695 465 1486 253 1735 502 1529 186 1851 504
(0, 1/2,1) �c 1693 463 1934 704 1756 523 1997 764 1756 409 – –
(1/2, 1/2,1) �c 1557 328 1798 569 1588 355 1829 596 1637 290 – –
(1, 3/2,1) �c 1464 234 1717 487 1466 233 1719 486 1579 232 – –
(1/2, 3/2,1) �c 1598 369 1851 622 1629 396 1882 649 1706 359 1876 529(?)
(0, 3/2,1) �c 1734 504 1987 757 1797 564 2050 817 1831 484 – –

�N �b �N �b �N �b �N �b �N �b �N �b

(0, 1/2,0) �b 4391 0 4560 168 4394 0 4563 168 4681 0 4973 292
(1, 1/2,1) �b 4601 210 4771 380 4603 209 4773 379 4872 191 – –
(1/2, 1/2,0) �b 4608 216 4776 385 4647 253 4816 421 4855 174 – –
(0, 1/2,1) �b 4871 480 5041 650 4935 540 5105 710 5110 429 – –
(1/2, 1/2,1) �b 4736 345 4906 514 4766 372 4936 542 – – – –
(1, 3/2,1) �b 4617 226 4785 393 4619 225 4787 392 4983 212 – –
(1/2, 3/2,1) �b 4751 360 4919 528 4782 387 4950 555 5006 325 – –
(0, 3/2,1) �b 4887 496 5055 664 4950 556 5118 724 – – – –
J = −R − χ † τ

2
χ . (20)

Calling j the spin of the considered baryon this implies R · 〈τ 〉 =
j( j + 1) − r(r + 1) − 3

4 ∼ j( j + 1) − r(r + 1), where the expectation 
value refers to the heavy meson bound state. In the approximation 
we have again omitted terms that formally are quartic in χ . This 
scalar product appears in the Legendre transformation with respect 
to �,

∂L

∂�
· � − 1

2α2
�2 − ρχ †

(
� · τ

2

)
χ = 1

2α2
R2 + ρ

α2
R · χ † τ

2
χ .

(21)

Collecting pieces we get the mass formula

M =
(

1

α2
− 1

β2

)
r(r + 1)

2
+ ε

2β2
− 3

8β2

(
1 − N

3

)2

+ |ω|N + ρ

2α2 [ j( j + 1) − r(r + 1)] N , (22)

where N = 0, 1 counts the number of heavy valence quarks con-
tained in the considered baryon. It has been included in the hyper-
fine splitting term since ordinary baryons have r = j. We have col-
lected the leading contributions to the baryon energy in the large 
number of colors (NC ) expansion. However, a contribution O(N0

C )

is missing, the vacuum polarization energy Evac. It is the quan-
tum correction to the classical energy Ecl that cannot be rigorously 
computed because the theory is not renormalizable. Estimates in 
the Skyrme model suggest that Evac considerably reduces Ecl [35]. 
We circumvent this limitation by only considering mass differences 
for which Ecl and Evac cancel and consequently omit these terms 
from Eq. (22).

This quantization scheme predicts two heavy � baryons with 
spin j = 1/2: one has r = 0 and the other r = 1. In an SU(3) sym-
metric world the former would be an anti-triplet state and the 
latter a sextet state. There is no mixing between these baryons be-
cause 

[
H, R2

] = 0. For j = 3/2 only one heavy � baryon emerges 
in this scheme since then r = 1 is required. For the � hyperon 
there is also only a single option with j = 1/2 that is build from 
the octet state. This counting suggests to relate r to the intermedi-
ate spin Jm defined in Ref. [11].
5. Numerical results

As mentioned above, we consider mass differences, because the 
model predictions for the absolute masses are subject to uncon-
trollable quantum contributions.

We find the energy eigenvalues ε in Eq. (18) for all baryons and 
then compute their energies according to Eq. (22). We adopt the 
SU(3) parameters from Ref. [26]: α2 = 5.144/GeV, β2 = 4.302/GeV
and6 γ̃ = 47 MeV. For the heavy sector, the same soliton model 
was used in Ref. [14] to compute the bound state energies ω
and hyperfine parameters ρ for both the P - and S-wave channels. 
From the model calculation described in Section 3 the following 
bound state parameters were obtained

ωP = 1326 MeV , ρP = 0.140 ,

ωS = 1572 MeV , ρS = 0.181 (23)

and

ωP = 4494 MeV , ρP = 0.053 ,

ωS = 4663 MeV , ρS = 0.046 (24)

in the charm and bottom sector, respectively (Ref. [14] lists the 
binding energies ωP ,S − MD and ωP ,S − MB .). Then we are left 
with a single parameter, the effective symmetry breaking x de-
fined in Eq. (13), that is not fully determined. We present our 
results for the charm and bottom baryon spectra in Table 1, that 
also contains the data for experimentally observed candidates [34]. 
We note that most of the quantum numbers listed in Ref. [34] are 
adapted from the quark model and stress that r is not a physical 
observable. Hence assigning the experimental results for � type 
baryons to a particular r value is a prediction. Ref. [34] further-
more lists �c(2625) and �b(5920) with spin j = 3/2 that are not 
contained in our approach: We require | j − r| = 1/2 but these �’s 
have neither strangeness nor isospin so they must have r = 0 and 
j = 1/2. We complete the picture by including the corresponding 
results for the low-lying non-heavy baryons in Table 2.

When comparing our model results to data in Table 1 and Fig. 1
we see that the mass differences within a given heavy quark sector 

6 In the notation of Ref. [26] γ̃ = (δ′/δ′′)γ .



J.P. Blanckenberg, H. Weigel / Physics Letters B 750 (2015) 230–236 235
Fig. 1. (Color online.) Model results and experimental data for the mass differences of positive parity heavy baryons and the nucleon. Left panel: charm baryons, right panel: 
bottom baryons. The shaded areas are the model results for x ∈ [25, 30] and data are indicated by lines and the number (in MeV) is written explicitly. As for ordinary 
hyperons, the asterisks denote total spin j = 3

2 . Note the different scales and off-sets. No experimental datum for �∗
b is available.
Table 2
Mass differences for non-heavy baryons with respect to the nucleon in MeV.

� � � � �∗ �∗ � � − �

x = 25 134 218 320 324 438 551 661 101
x = 30 162 253 404 323 461 601 740 151

expt. 177 254 379 293 446 591 733 125

is overestimated. For example M�c − M�c = 463 MeV for x = 25, 
while the empirical value is 409 MeV. Further increase of x wors-
ens the picture. On the other hand, a sizable value (x ∼ 30) for the 
symmetry breaking is required for a good agreement for non-heavy 
baryons. Simultaneously the splitting between different sectors is 
predicted on the low side. The �c and �b are about 100 MeV and 
300 MeV too low, respectively. This is inherited from the heavy 
flavor calculation which overestimates the binding energies in the 
sense that it is too close to the estimate from exact heavy flavor 
symmetry. This can also be seen from the parity splitting which is 
underestimated by about 50 MeV (it vanishes in the heavy limit). 
Together with the effect of SU(3) symmetry breaking the overes-
timated binding combines to acceptable agreement for the mass 
differences between the double strange baryons �c and �b and 
the nucleon, at least for x = 30. It has been argued [14] that kine-
matical corrections due to the soliton not being infinitely heavy 
change the predictions for ωP ,S appropriately. And indeed, replac-
ing the heavy meson masses by the reduced mass built in con-
junction with the classical soliton energy increases ωP by roughly 
100 MeV and ωS by almost 200 MeV.

For j = 1/2 and positive parity there is an interesting effect 
in the �–� system. The observed mass difference decreases and 
even changes sign when the heaviest flavor turns from strange 
via charm to bottom: M� − M� = 125, 14, −17 MeV. Partially the 
model calculation reproduces this effect. For example, for x = 25
the mass differences 101, 23 and 6 MeV are predicted. Since the 
hyperfine splitting only has a moderate effect, the model exhibits 
a similar scenario for the negative parity channel. Unfortunately, 
there are no data to compare with.

Finally we discuss our results for the masses of those strange 
heavy baryons that have previously not been considered in a heavy 
meson soliton model with realistic heavy meson masses: the �’s 
and �’s. For the positive parity heavy strange baryons we again 
observe that the mass splittings within a heavy multiplet are over-
estimated. A moderate reduction of the symmetry breaking ratio x
would be sufficient to match the experimental data. For the neg-
ative parity �c with j = 1/2 the too large binding of the S-wave 
reverses this picture. This is not the case for its spin 3/2 counter-
part. Interestingly enough, Ref. [34] assigns the quantum number 
of this resonance by assuming it to join an SU(4) multiplet with 
the negative parity �c( j = 3/2). We have argued above that this �c
is not contained in our approach but should be associated with a 
D-wave heavy meson. Thus, as indicated in Table 1, it is question-
able to identify (I, j, r, p) = (1/2, 3/2, 1, −) with �c(2815). Rather 
it is a prediction for an even heavier resonance like the observed 
�c(2930) or �c(2980) whose quantum numbers still need to be 
determined [34].

6. Conclusion

We have presented a model calculation for the baryon spec-
trum that comprises light and heavy flavors. In particular we have 
focused on the role of light flavor symmetry breaking which is 
manifested by the strange quark being neither light nor heavy. 
When quantizing the flavor degrees of freedom, the corresponding 
deviations from the up-down sector are handled (numerically) ex-
actly. In the heavy flavor sector the model is inspired by the heavy 
flavor symmetry, with subleading effects arising from finite masses 
included. The approach also includes the hyperfine splitting for the 
heavy baryons; a moderate effect that vanishes in the heavy limit. 
The model calculation is all-embracing as it contains spin 1/2 and 
3/2 baryons starting from the lightest baryon (nucleon), including 
hyperons and extending to heavy baryons of either parity that have 
the valence quark content strange–strange–bottom. The spectrum 
is computed from a single mass formula where essentially all pa-
rameters are determined using data from the baryon number zero 
sector. We have also calculated masses for heavy baryons that are 
yet to be observed. Though we can only provide an estimate for 
their masses, we find a realistic indication for their positions rela-
tive to observed baryons.

The overall agreement with data is as expected for chiral soliton 
model estimates. As known from earlier studies, the mass predic-
tions for the heavy baryons are on the low side when compared to 
the nucleon. Within a heavy baryon multiplet the computed mass 
differences are larger than the experimental data. This appears to 
be caused by too strong a remnant of the heavy spin–flavor sym-
metry in the approach. An understanding that goes beyond adopt-
ing reduced masses in the bound state approach is required. Fur-
thermore the fine-tuning of the symmetry breaking ratio x as well 
as other model parameters that influence the soliton properties ap-
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pears as an obvious endeavor. Actually, a complete analysis within 
a vector meson soliton model (but also a chiral quark model as the 
Nambu–Jona-Lasinio model [36]) shows that additional symmetry 
breaking operators such as 

∑3
i=1 D8i Ri [26] arise in the Hamilto-

nian, Eq. (16). Their effects on the heavy baryon spectrum will be 
reported in a forthcoming paper.

Acknowledgement

This work supported in part by the National Research Founda-
tion NRF, grant 77454.

References

[1] E. Eichten, F. Feinberg, Phys. Rev. D 23 (1981) 2724.
[2] M. Neubert, Phys. Rep. 245 (1994) 259;

A.V. Manohar, M.B. Wise, Camb. Monogr. Part. Phys. Nucl. Phys. Cosmol. 10 
(2000) 1;
D. Blaschke, M.A. Ivanov, T. Mannel, in: Proceedings, International School on 
Heavy Quark Physics, Dubna, Russia, May 2002, Lect. Notes Phys. 647 (2004) 1.

[3] E. Witten, Nucl. Phys. B 160 (1979) 57.
[4] G.S. Adkins, C.R. Nappi, E. Witten, Nucl. Phys. B 228 (1983) 552.
[5] H. Yabu, K. Ando, Nucl. Phys. B 301 (1988) 601.
[6] H. Walliser, H. Weigel, Eur. Phys. J. A 26 (2005) 361.
[7] J. Schechter, A. Subbaraman, S. Vaidya, H. Weigel, Nucl. Phys. A 590 (1995) 655.
[8] C.G. Callan, I.R. Klebanov, Nucl. Phys. B 262 (1985) 365;

C.G. Callan, K. Hornbostel, I.R. Klebanov, Phys. Lett. B 202 (1988) 269;
J.P. Blaizot, M. Rho, N.N. Scoccola, Phys. Lett. B 209 (1988) 27;
N.N. Scoccola, H. Nadeau, M.A. Nowak, M. Rho, Phys. Lett. B 201 (1988) 425.

[9] T.H.R. Skyrme, Proc. R. Soc. Lond. A 260 (1961) 127;
T.H.R. Skyrme, Int. J. Mod. Phys. A 3 (1988) 2745, article reconstructed by 
I. Aitchison.

[10] H. Weigel, Lect. Notes Phys. 743 (2008) 1.
[11] M. Rho, D.O. Riska, N.N. Scoccola, Phys. Lett. B 251 (1990) 597;

M. Rho, D.O. Riska, N.N. Scoccola, Z. Phys. A 341 (1992) 343.
[12] Y.-S. Oh, B.-Y. Park, D.-P. Min, Phys. Rev. D 49 (1994) 4649;

Y.-S. Oh, B.-Y. Park, Phys. Rev. D 51 (1995) 5016;
Y.-S. Oh, B.-Y. Park, Phys. Rev. D 53 (1996) 1605.

[13] Z. Guralnik, M.E. Luke, A.V. Manohar, Nucl. Phys. B 390 (1993) 474;
E.E. Jenkins, A.V. Manohar, M.B. Wise, Nucl. Phys. B 396 (1993) 27;
E.E. Jenkins, A.V. Manohar, M.B. Wise, Nucl. Phys. B 396 (1993) 38;
D.-P. Min, Y.-S. Oh, B.-Y. Park, M. Rho, arXiv:hep-ph/9209275, 1992;
M.A. Nowak, I. Zahed, M. Rho, Phys. Lett. B 303 (1993) 130;
K.S. Gupta, A.M. Momen, J. Schechter, A. Subbaraman, Phys. Rev. D 47 (1993) 
4835;
D.-P. Min, Y.-S. Oh, B.-Y. Park, M. Rho, Int. J. Mod. Phys. E 4 (1995) 47;
Y.-S. Oh, B.-Y. Park, Z. Phys. A 359 (1997) 83.

[14] M. Harada, A. Qamar, F. Sannino, J. Schechter, H. Weigel, Nucl. Phys. A 625 
(1997) 789.

[15] A. Momen, J. Schechter, A. Subbaraman, Phys. Rev. D 49 (1994) 5970.
[16] W. Roberts, M. Pervin, Int. J. Mod. Phys. A 23 (2008) 2817.
[17] H.J. Lipkin, M. Karliner, AIP Conf. Proc. 1388 (2011) 342;

M. Karliner, H.J. Lipkin, N.A. Törnqvist, EPJ Web Conf. 70 (2014) 00024;
M. Karliner, J.L. Rosner, Phys. Rev. D 90 (2014) 094007;
M. Karliner, J.L. Rosner, arXiv:1506.06386, 2015.

[18] D. Ebert, R.N. Faustov, V.O. Galkin, Phys. Lett. B 659 (2008) 612.
[19] J.-R. Zhang, M.-Q. Huang, Phys. Rev. D 78 (2008) 094015;

Z.-G. Wang, Eur. Phys. J. A 47 (2011) 81;
Z.-G. Wang, Eur. Phys. J. C 68 (2010) 459;
H.-X. Chen, et al., Phys. Rev. D 91 (2015) 054034;
R.N. Faustov, V.O. Galkin, Phys. Rev. D 92 (2015) 054005;
E. Santopinto, J. Ferretti, Phys. Rev. C 92 (2015) 025202.

[20] S. Groote, J.G. Körner, O.I. Yakovlev, Phys. Rev. D 55 (1997) 3016.
[21] Z.S. Brown, W. Detmold, S. Meinel, K. Orginos, Phys. Rev. D 90 (2014) 094507.
[22] E. Klempt, J.-M. Richard, Rev. Mod. Phys. 82 (2010) 1095;

M.M. Giannini, E. Santopinto, Chin. J. Phys. 53 (2015) 020301.
[23] P. Jain, R. Johnson, Ulf-G. Meißner, N.W. Park, J. Schechter, Phys. Rev. D 37 

(1988) 3252.
[24] J. Schechter, A. Subbaraman, H. Weigel, Phys. Rev. D 48 (1993) 339.
[25] Ulf-G. Meißner, N. Kaiser, W. Weise, Nucl. Phys. A 466 (1987) 685.
[26] N.W. Park, H. Weigel, Nucl. Phys. A 541 (1992) 453.
[27] E. Witten, Nucl. Phys. B 223 (1983) 422, 433.
[28] J. Schechter, A. Subbaraman, Phys. Rev. D 48 (1993) 332.
[29] J. Gasser, H. Leutwyler, Phys. Rep. 87 (1982) 77.
[30] M. Harada, J. Schechter, Phys. Rev. D 54 (1996) 3394.
[31] P. Jain, R. Johnson, N.W. Park, J. Schechter, H. Weigel, Phys. Rev. D 40 (1989) 

855.
[32] N.W. Park, J. Schechter, H. Weigel, Phys. Lett. B 224 (1989) 171.
[33] J.P. Blanckenberg, H. Weigel, in: R. Botha, T. Jili (Eds.), Proceedings of SAIP 2013, 

2014, p. 525.
[34] K.A. Olive, et al., Particle Data Group, Chin. Phys. C 38 (2014) 090001.
[35] F. Meier, H. Walliser, Phys. Rep. 289 (1997) 383.
[36] R. Alkofer, H. Reinhardt, H. Weigel, Phys. Rep. 265 (1996) 139;

C.V. Christov, et al., Prog. Part. Nucl. Phys. 37 (1996) 91.

http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4569636874656E3A313938306D77s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4E6575626572743A313939336D62s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4E6575626572743A313939336D62s2
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4E6575626572743A313939336D62s2
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4E6575626572743A313939336D62s3
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4E6575626572743A313939336D62s3
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib57697474656E3A313937396B68s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib41646B696E733A313938337961s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib596162753A31393837686Ds1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib57616C6C697365723A323030357069s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib5363686563687465723A313939357672s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib43616C6C616E3A313938356879s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib43616C6C616E3A313938356879s2
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib43616C6C616E3A313938356879s3
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib43616C6C616E3A313938356879s4
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib536B79726D653A313936317671s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib536B79726D653A313936317671s2
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib536B79726D653A313936317671s2
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib57656967656C3A323030387A7As1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib52686F3A313939327979s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib52686F3A313939327979s2
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4F683A313939347A7As1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4F683A313939347A7As2
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4F683A313939347A7As3
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib477572616C6E696B3A31393932646As1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib477572616C6E696B3A31393932646As2
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib477572616C6E696B3A31393932646As3
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib477572616C6E696B3A31393932646As4
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib477572616C6E696B3A31393932646As5
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib477572616C6E696B3A31393932646As6
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib477572616C6E696B3A31393932646As6
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib477572616C6E696B3A31393932646As7
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib477572616C6E696B3A31393932646As8
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4861726164613A313939377765s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4861726164613A313939377765s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4D6F6D656E3A313939336178s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib526F62657274733A323030376E69s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4C69706B696E3A323031317A7As1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4C69706B696E3A323031317A7As2
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4C69706B696E3A323031317A7As3
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4C69706B696E3A323031317A7As4
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib45626572743A323030376E77s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib5A68616E673A32303038706Ds1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib5A68616E673A32303038706Ds2
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib5A68616E673A32303038706Ds3
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib5A68616E673A32303038706Ds4
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib5A68616E673A32303038706Ds5
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib5A68616E673A32303038706Ds6
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib47726F6F74653A31393936656Ds1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib42726F776E3A32303134656E61s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4B6C656D70743A323030397069s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4B6C656D70743A323030397069s2
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4A61696E3A31393837737As1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4A61696E3A31393837737As1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib5363686563687465723A31393932697As1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4D656973736E65723A313938366A73s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib5061726B3A313939316662s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib57693833s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib5363686563687465723A313939327565s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4761737365723A313938326170s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4861726164613A31393935736As1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4A61696E3A313938396B6Es1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4A61696E3A313938396B6Es1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib5061726B3A31393839777As1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib426C616E636B656E626572673A32303134s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib426C616E636B656E626572673A32303134s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4167617368653A323031346B6461s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib4D656965723A313939366E67s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib416C6B6F6665723A313939347068s1
http://refhub.elsevier.com/S0370-2693(15)00701-7/bib416C6B6F6665723A313939347068s2

	Heavy baryons with strangeness in a soliton model
	1 Motivation
	2 The soliton model
	3 Heavy meson bound state
	4 Quantization in SU(3), symmetry breaking and hyperﬁne splitting
	4.1 SU(3) diagonalization
	4.2 Hyperﬁne splitting

	5 Numerical results
	6 Conclusion
	Acknowledgement
	References


