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Abstract 

This dissertation proposes a new wideband, lumped-parameter equivalent-circuit transfor

mer model that is suitable for parameter estimation applications, while reflecting the inter

nal electromagnetic behaviour of the transformer in its structure. Frequency-dependence 

of the resistive and inductive model elements is investigated experimentally and provision 

is made for these effects in the model structure. A procedure by which the parameters of 

the proposed model structure can be estimated directly from terminal frequency response 

measurements is developed and applied to a 16 k VA, 22 kV / 220 V single-phase distri bu

tion transformer and a 11kV/110 V single-phase voltage transformer. The transformer 

model is validated by applying it to frequency-domain and time- domain simulations in 

the frequency range between 10 Hz and 100 kHz. The results show that the proposed 

model is able to accurately predict transformer responses in this frequency range, includ

ing all prominent winding resonances. The physical significance of the model structure 

is validated by comparing the frequency response of the voltage induced in a search coil 

around the core of the 11 kV / 110 V voltage transformer to the magnetizing branch voltage 

predicted by the model. From this comparison it could be concluded that the proposed 

transformer model correctly represents the magnetic coupling between the transformer 

windings. 

Keywords: Transformer, Wideband modelling, Parameter estimation 
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Opsomming 

In hierdie proefskrif word 'n nuwe wyeband, saamgevoegde-parameter, ekwivalente stroom

baan transformator-modelstruktuur voorgestel. Hierdie modelstruktuur is geskik vir die 

toepassing van parameter afskattingsmetodes en weerspieel die interne elektromagnetiese 

gedrag van die transformator. Frekwensieafhanklikheid van die resistiewe en induk

tiewe modelelemente word eksperimenteel ondersoek en voorsiening vir hierdie effekte 

word in die modelstruktuur gemaak. 'n Metodiek waardeur die parameters van die 

voorgestelde model vanaf terminaal frekwensieweergawe-metings afgeskat kan word, is on

twikkel en word toegepas op 'n 16 kVA, 22 kV/ 220 V enkelfase distribusietransformator 

en 'n 11 kV / 110 V enkelfase spanningstransformator. · Die geldigheid van die transfor

matormodel word bevestig deur dit in die frekwensiebereik tussen 10 Hz en 100 kHz 

toe te pas, in frekwensiegebied- en tydgebied-simulasies. Die resultate toon dat die 

voorgestelde model akkurate voorspellings van transformatorweergawes in hierdie frek

wensiebereik lewer, insluitende alle prominente windingsresonansies. Die geldigheid van 

·die modelstruktuur, ten opsigte van ·die interne elektromagnetiese gedrag van die transfor

mator, is ondersoek deur die frekwensieweergawe van die spanning wat in 'n soekspoel om 

die kern van die 11kV/110 V spanningstransformator ge1nduseer word, te vergelyk met 

die magnetiserings-takspanning wat deur di~.model voorspel word. Hieruit kon die gevol

gtrekking bereik word dat die voorgestelde transformator modelstruktuur die magnetiese 

koppeling tussen die transformatorwindings korrek verteenwoordig. 

Sleutelwoorde: 'fransformator, Wyeband modellering, Parameter afskatting 
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Chapter 1 

Introduction 

This dissertation discusses the development of a wideband lumped-parameter, equivalent

circuit transformer model and the development of a technique by which its parameters can 

be estimated. The following section presents an overview of the factors that motivated 

this study and formulates the basic specifications of the transformer model, with reference 

to particular application areas. The remainder of this introductory chapter is devoted to 

a summary of the methodology that was followed during this project and the boundaries 

within which the research was carried out. 

1.1 Project Motivation 

The electromagnetic behaviour of power transformers working under steady-state sinu

soidal conditions and within their normal operational limits, can generally be approxi

mated adequately by considering the transformer as a simple low-loss voltage-changer (1]. 

However, during transient conditions or during operation at frequencies below or above 

its nominal frequency, the behaviour of a transformer can be complex and difficult to 

predict [1]. The response of a transformer under s-uch operating conditions is affected by 

the non-linear nature of the.ccire'.and by capacitances distributed throughout the winding 

structure (1, 2) .. A variety a'f. transformer model structures which allow for these effects 
. ' 

are available and usually take the forfu of lumped-parameter equivalent-circuit representa-

tions. For most applications, this is the preferred model structure, as such a representation 

is easily included fn data· files for network analysis programs such as the EMTP. By ex-

1 
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pressing an equivalent-circuit model in terms of its state-space representation, or in terms 

of transfer functions, it can be implemented in most general-purpose simulation programs 

such as MATLAB [3]. Another important advantage of equivalent-circuit models is that 

they can provide a great deal of physical insight regarding the processes that take place 

inside the device under consideration. However, this is only true if the equivalent-circuit 

elements correspond to physically meaningful components or processes in the device that 

is being modelled. 

For condition monitoring applications, the physical significance of the elements of a trans

former equivalent-circuit model are of particular interest. The application of the so-called 

Frequency Response Analysis (FRA) method as a diagnostic tool has been the topic of 

· several research projects [4, 5, 6, 7, 8, 9]. The method requires that the frequency-response 

characteristics of a transformer are measured regularly during its service life. Any internal 

damage, such as permanent mechanical deformation of the windings, will lead to changes 

in the magnetising and leakage inductances of the transformer as well as changes in the 

distribution and magnitude of the winding capacitances. Depending on the severity of the 

damage, such changes are thus detectable as changes in the frequency-response charac

teristics of the transformer. While measurement methods for FRA have been extensively 

researched and several transformer manufacturers and utilities have FRA measurement 

programs in place [10],_ little is known regarding the interpretation of FRA measurement 

data. A number of researchers have attempted to address the problem by relating changes 

in the transformer frequency-response characteristics to changes in the parameters of an 

equivalent-circuit model, by using the measured response data to estimate the p&rame

ters of the model [6, 11, 12, 13]. By observing,:which model p3.I:ameters-~~e most sensitive 

to a change in the frequency-response characteristics, conclusions regarding the nature 

and severity of any internal changes· in the transformer can be reached; provided that 

the model parameters (i.e. the equivalent-circuit elements) can be directly related to the 

physical structure of the transformer. 

Such parameter estimation procedures have been carried out for relatively simple fourth 

or fifth order equivalent-circuit transformer models [14, 15, 16, 13]. A reasonably good 

prediction of the transformer frequency-response characteristics can be obtained with a 

simple low-order equivalent circuit model, such as the circuit proposed by Douglass [17]. 

This is illustrated by figure 1.1, which shows the measured Low-Voltage (LV) open-circuit 

input-impedance frequency response of a 16 k VA, 22 kV/ 240 V single-phase distri bu ti on 

transformer and a simulation of the same response obtained by applying the fourth-order 

model developed by Douglass. It is clear that the model is able to predict the locations of 
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the major resonant frequencies of the response (at 100 Hz and at 4.5 kHz) and the amount 

of damping associated with these resonances. However, at frequencies above 5 kHz, the 

model does little more than predict the general trend of the frequency response. The order 

of the model is too low to make provision for the 'minor' resonances that are evident in 

figure 1.1 at the higher frequencies. 

2-.. 
<1l 

~ 
..c:: 
11.. 

- - - Measured -- Simulated 
104 ~~~~~~-~~~,....,...,. ........ -~~~~~--.--.-~~ 
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Figure 1.1: Measured and simulated LV open-circuit input
impedance frequency responses of a 16 kVA distribu- , 
tion transformer. The sin1~lated response wa:s·obtained 
by applying the equivaient:..circuit model proposed by 
Douglass [17]. 

A number of equivalent-circuit model structures that are able to predict the 'minor' wind

ing resonances have been developed (18, 19, 20], mainly with time-domain applications in 

mind. The structures of these models are complex and often rely on arbitrarily synthe

sized networks to account for secondary resonances and other frequency-dependent effects, 

so that the physical significance of the model elements is greatly reduced or non-existent. 

In addition, such model structures have a large number of parameters, which complicates 

the parameter estimation procedure. Thus, for condition monitoring applications there 

exists a clear need for an improved equivalent-circuit transformer model structure with 

the following characteristics: 

• The equivalent-circuit elements of the model structure must represent the physical 



Stellenbosch University  https://scholar.sun.ac.za

Chapter 1. Introduction 4 

construction pf the transformer as closely as possible. 

• The order of the model structure must be high enough to make it possible to pre

dict the 'minor' resonances of the transformer frequency-response characteristics (see 

figure 1.1) . 

• The complexity of the model, and the number of parameters that it requires, must 

be low enough to make parameter estimation from a number of terminal response 

measurements possible. 

The application area of such a model is not limited to transformer condition monitoring. 

A number of research projects have been devoted to the frequency-domain characteristics 

of voltage transformers and high-voltage test transformers for wideband measurement and 

testing applications [17, 14, 21, 22, 23, 24, 25, 26]. These projects concentrated mainly on 

the prediction of the voltage transfer functions, either to correct the transformation ratio 

for harmonic measurements (or other wideband measurements), or to predict the response 

of the transformer when it is employed as part of arr excitation system for wideband, 

high-voltage testing. One approach to the problem is to model the transformer by a 

transfer function [21, 23]. The drawback of this method is that the model is not able 

to account for changes in the frequency response due to changes in the load impedance, 

i.e. the transformer model is only valid at the load impedance at which the transfer

function coefficients were determined. This problem is overcome if an equivalent-circuit 

model is applied, as proposed by a number of authors [17, 14, 22, 24, 26]. Third or 

fourth order equivalent-circuit models are generally applied, which again results in poor 

prediction of any secondary resonant effects in the tr~l).sformer wirrd4ngs. Wnile the 
........ ~. r·· . ~ -~-· . 

physical significance of the model structure is of lesser importance in this application, 

more accurate transformer response predictions could be obtained from an improved model 

structure. 

The same argument applies to transformer models for use in power system simulations in 

the harm6nic frequency range or in the carrier band. For large-scale system simulations, 

complex model structures are not desirable and simple impedance-branch equivalent

circuit models are normally employed [27, 28, 29]. Such models can be derived directly 

from data which is usually available from the transformer manufacturer and generally 

provide an adequate estimate of the impedance presented to the system by the transfor

mer. However, in many cases this approach is not satisfactory. 'fransformers normally 

form part of large static drive systems and are also employed as part of Flexible AC 

'fransmission System (FACTS) devices. As the capability of power electronic switching 

elements increases, the switching frequencies employed in such systems increase. Accu-
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rate analysis of large power electronic systems, or accurate analysis of the propagation 

of harmonics and noise generated by such systems, thus requires a wideband transformer 

model with a bandwidth that extends beyond the switching frequency of the device in 

question. A suitable transformer model would have to cover a frequency band ranging 

from the power system frequency up to at least 100 kHz [30], which is not possible with a 

low-order equivalent-circuit model. Specifying this bandwidth as a minimum requirement 

for an improved model structure would make such a model suitable for a large number of 

applications in the harmonic- and carrier-frequency ranges. 

. 1.2 Project Description 

The research described in this dissertation is based on the hypotheses that: 

(a) A structure for an improved wideband transformer model can be found that adheres 

to the requirements defined in section 1.1, i.e. 

• the model must take the form of a lumped-parameter equivalent circuit that 

represents the physical transformer as closely as possible, 

• the order of the model must be high enough to predict 'minor' winding resonances 

up to 100 kHz, and 

• it must be possible to estimate the model parameters from terminal response 

measurements. 

(b) That a practical procedure can be developed to estimate the parameters of such a 

transformer model structure from terminal frequency response measurements. 

This project thus takes the form of a system identification problem, as illustrated in fig

ure 1.2 [31, 32]. Within this framework provision is made, not only for the development 

of a suitable model structure and the estimation of its parameters, but also for the devel

opment and execution of steps to acquire data from which the model parameters can be 

estimated and for validation of the model. 

Following the outline of figure 1.2, the component tasks of this project are: 

(a) Establishment of prior knowledge. In order to provide a basis for the development 

of an improved transformer model, the first part of this project concentrates on an 
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. Model 
development 
(Chapter 4) 

Start 

Establish 
prior knowledge 

(Chapter 2) 

Parameter 
estimation 

(Chapters 5&6) 

Model 
validation 

(Chapter 7) 

Apply model 

No 

Experiment 
design and 

data collection 
(Chapter 3) 

Figure 1.2: The system identification loop and its relation to the 
st!ucture of this project: 

6 
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overview of transformer models that have been developed to date. This takes the form 

of a detailed literature survey, which also serves to confirm the need for the develop

ment of a new transformer model. Techniques for the measurement of transformer 

frequency-response characteristics are also investigated as well as methods by which 

the parameters of transformer models can be estimated from such measurements. 

The literature survey is presented in chapter 2 of this dissertation. 

(b) Experiment design and data collection. Accurate and reliable frequency-response data 

is required to implement a frequency-domain transformer model parameter estima

tion procedure and to guide the transformer model development process. A number 

of methods exist by which the frequency-response characteristics of transformers can 

be obtained experimentally. The comparative merits and disadvantages of the use of 

stepped-frequency (sinusoidal) excitation, impulse excitation and Pseudo-Random 

Binary Sequence (PRBS) excitation for transformer frequency response measure

ments are investigated. 

A 16 kVA, 22 kV/ 240 V single-phase distribution-ttahsformer was available for labo

ratory testing. Following the development of suitable experimental arrangements and 

signal processing procedures, the frequency-response characteristics of this transfor

mer were measured using stepped-frequency and PRBS excitation signals. The effects 

of the transformer non-linearities on the measured frequency responses are investi

gated experimentally. The experimental component of this project is discussed in 

chapter 3. 

(c) Model development. The resonant behaviour of individual transformer windings is 

investigated and an equivalent-circuit !:,_<:.p,res~n'tation of. a winding is established, 

forming the basis for the construction of a full transformer equivalent-circuit model 

structure. Subsequently, an improved wideband lumped-parameter equivalent-circuit 

transformer model structure, adhering to the requirements outlined in section 1.1, 

is proposed. Frequency-dependence of the equivalent-circuit model elements is in

vestigated and methods are defined by which these effects can be represented for 

frequency-domain application of the transformer model. The development of the 

transformer model is presented in chapter 4 of this dissertation. 

( d) Parameter estimation. A procedure by which the transformer equivalent-circuit 

model parameters can be estimated directly from the transformer terminal frequency 

responses, is developed and implemented using MATLAB [3]. Attention is given to 

the representation of the transformer model within the parameter estimation pro

cedure and to the conditions under which a consistent and unique set of parame

ters is obtained. The parameter estimation procedure is applied to the proposed 
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model structure for the 16 kVA experimental transformer, followed by an evaluation 

of the results. Application of the estimation procedure to other lumped-parameter 

equivalent-circuit model structures, such as the one proposed by Douglass [17], is 

also investigated. Chapter 5 deals with the development of the parameter estimation 

procedure, while chapter 6 focuses on its application to the proposed transformer 

model structure. 

(e) Model validation. To ensure that the identified model will yield accurate transfor

mer response predictions when applied within its limitations, the model has to be 

validated by using it to simulate a variety of responses which can be compared to 

measurements of the same response. A number of such simulations are carried out, 

using the identified model of the 16 kVA transformer, in the frequency-domain as 

well as in the time-domain. 

The proposed model structure and the parameter estimation procedure are then 

applied to an 11 kV/ 110 V voltage transformer so that the entire model identification 

process is validated for a transformer other than the 16 kVA test transformer. Correct 

prediction of the magnetizing branch voltage is verified by comparing the frequency 

responses of the simulated magnetizing .branch voltage and the voltage induced in a 

search coil wound around the 11kV/110 V voltage transformer core. Validation of 

the transformer model is discussed in chapter 7 of this dissertation. 

The project tasks discussed above will be carried out within the following boundaries, so 

that the scope of this research is clearly defined and limited to manageable proportions: 

• Only two-winding transformers are considered~ 

• Measurements and simulations are limited to the frequency range between 10 Hz and 

100 kHz. There are two reasons for establishing this limitation. Firstly, the frequency 

ranges associated with power system harmonics [28], noise from power electronic drive , 

systems [33], power system carrier frequencies [30] and.~ ~ide range of power ~ystem 

transients, including slower lightning impulses [33], are covered. Secondly, the data 

acquisition system that was available for this work has a maximum -3 dB bandwidth 

of 200 kHz when its anti-aliasing filters are in use. As wideband excitation signals are 

used for the experimental work, the use of anti-aliasing filters is mandatory, leading 

to the decision to limit the work presented in this dissertation to the frequency range 

below 100 kHz. 

• Voltage- and frequency-dependent effects resulting from the transformer non-linearities 

will only be represented in the frequency-domain, i.e. time-domain representation of 
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non-linear effects will not be attempted. 

The project is concluded by reviewing and evaluating the success of the various trans

former model identification steps in chapter 8. Conclusions that can be drawn from the 

results of this research, and suggestions for further research are presented. 
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Chapter 2 

Literature Survey 

This chapter provides an overview of transformer models and transformer model structures 

that have been developed and applied to date and investigates the application of parameter 

estimation techniques to these transformer model structures. The aim is to motivate the 

need for an improved lumped-parameter, equivalent-circuit transformer model and to 

provide a basis for the development of such a model and an accompanying parameter 

estimation procedure. 

2.1 Power Transformer Models 

2.1.1 The Basic Transformer Model and its Limitations 

In principle, a two-winding transformer consists of two mutually coupled inductors. By 

forming a T-equivalent circuit of such mutually coupled inductors, a simple transformer 

equivalent cfrcuit can be formed, as shown in figure 2.1 [34]. The leakage inductances of 

the primary and secondary windings are explicitly represented and are given by L1 - M 

and L 2 - M respectively, where L1 and L 2 are the self-inductances of each of the windings. 

The mutual inductance (or the magnetizing inductance of the transformer) is represented 

by M, and is related to L1 and L 2 by [34]: 

(2.1) 

10 
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where k12 is the coefficient of coupling of the transformer windings. This T-equivalent 

allows the transformer to be represented in terms of circuit elements that are not mag

netically coupled, but is subject to the restriction that the 'bottom' terminals of the two 

inductors have to be connected as shown in figure 2.1 [34]. By adding resistances to repre

sent the primary and secondary winding resistances (R1 and R2 respectively), and the core 

losses (Ilm), the transformer equivalent-circuit model shown in figure 2.2 is obtained. The 

transformer T-equivalent circuit model is commonly employed in steady-state simulations 

and performance calculations [1, 2, 35]. 

M ......--.... 

v{ " L 1 •) ~ • ~ • : I~ 
(a) ·-·. . (b) 

Figure 2.1: Two mutually coupled inductors (a) and their T
equivalent circuit representation {b). 

Referring to equation 2.1, it can be seen that the situation where L1 < M or L2 < M 

arises when L2 < kr2L1 or L1 < kr2L2 , resulting in a negative inductance value for one 

of the leakage inductances in figure 2.1 (b). In practical transformers, k12 is close to 

unity and the magnitudes of L1 and L2 can differ by an order of magnitude or more 

(approximately by the square of the winding ratio). This leads to a neg~tiye value for one 

of the leakage inductances in most practical c<tSe'i;f wfi'ere the transformer turns ratio is not 

close to unity. To avoid this problem and to eliminate the need for a common reference 

node for both windings, an ideal transformer is usually added to the T-equivalent circuit 

model, as shown in figure 2.2. The ideal transformer has the same ratio, a, as the winding 

ratio of the practical transformer under consideration, thus providing the correct voltage 

transformation ratio without including a negative inductance fa the equivalent circuit. 

For clarity and ease of analysis, all equivalent-circuit parameters are typically referred to 

either the primary or secondary side of the ideal transformer. For a specific transformer, 

, these parameters are easily estimated by performing an open-circuit test and a short

circuit test [35]. In many cases the basic equivalent-circuit parameters can be obtained 

directly from the transformer manufacturer. 

It is important to note that the representation of the magnetizing branch by linear circuit 

elements, Lm and ltm, is an approximation. In practical transformers the magnetizing 
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L11 a 2
L12 

Figure 2.2: Basic transformer equivalent-circuit model. 

current is determined by the characteristics of the core material, which is saturable and 

exhibits hysteretic properties. The permeability of the core material,µ, is thus dependent 

on the applied magnetomotive force (MMF) and is time-varying due to the hysteresis curve 

of the material. If it is assumed that µ is constant, the self-inductance of a transformer 

winding can be expressed as (35] 

N2 
L=

~' 
(2.2) 

where N is the number of turns on the winding and ~ represents the reluctance of the 

core, which is given by 

(2.3) 

where Ac is the cross-sectional area of the core and le is the mean length of the magnetic 

flux path. Thus, to apply a linear magnetizing inductance in a transformer equivalent 

circuit, an 'effective' value ofµ, and thus Lm, has to be found. The value of such an 

'effective' magnetizing inductance will depeIJ.d.,Jargely on the .excitati~n' voltage applied 

to the transformer as this will determine the extremes traversed by the hysteresis loop. 

The resistive component of the magnetizing branch, Rm, accounts for hysteresis losses 

and eddy-current losses in the core, both of which are frequency dependent. Assuming a 

sinusoidal flux density, B, the hysteresis losses, Ph, are give!1 by the empirical rel.ation

ship (1, 2] 

(2.4) 

The factor ch and the exponent x depend on the properties of the core material; x lies 

between 0.8 and 2.3 and is often taken as x ~ 2 (1]. The eddy-current losses, Pe, can be 
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determined from [1, 2] 

(2.5) 

where Ce depends on the properties of the core material and the thickness of the core 

laminations. By combining the loss components of equations 2.4 and 2.5 and assuming 

that x = 2, the following expression for Rm as a function of frequency can be obtained [15]: 

(2.6) 

where k is a factor dependent on the number of turns of the winding and the cross-sectional 

area of the core. 

A number of methods have been proposed to incorporate the effects of core saturation 

and hysteresis into transformer simulation models. Saturation is commonly represented by 

applying a piecewise-linear approximation of the transformer magnetizing curve [36, 37]. 

Representation of the hysteretic behaviour of the core is more complicated. Especially 

under transient conditions, the trajectory of the hysteresis loop is not static, but changes 

as the core excitation conditions change. For simulations such as inrush-current calcu

lations, the remanent core flux at the time that the transformer is energized, will also 

affect the trajectory followed by the hysteresis loop during the transient. Simple backlash 

elements [38], hyperbolic functions [38] or polynomial approximations [39] can be applied 

to model the hysteretic behaviour of the core and to make provision for the associated 

hysteresis losses. 

In some cases, a series magnetizing branch is preferred to the parallel combination of Lm 

and Rm shown in figure 2.2. In this case, both the inductive and resistive components of 

the magnetizing branch are frequency dependent and can be represented as second-order 

functions of frequency [15]. 

From the above discussion it is clear that the basic transformer model is only valid at the 

voltage and frequency at which its parameters were determined. However, the, model is 

appropriate for most applications which involve operation of the transformer at, or near, 

rated frequency and rated voltage. 
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2.1.2 Modification of the Basic Transformer Model for 

Wideband Applications 

14 

This section considers a class of lumped-parameter equivalent-circuit transformer mod

els which are derived from the basic transformer model discussed in section 2.1.1. In 

particular, the models discussed in this section were developed to increase the relatively 

narrow frequency range over which the basic transformer model can be applied. Essen

tially, this is achieved by the addition of winding capacitances to the basic transformer 

equivalent-circuit model, as shown in figure 2.3. 

The model structure shown in figure 2 .3 is commonly applied to model transformers 

in the harmonic frequency range [29, 23, 25, 24, 40, 28). Capacitances C~ and C~ are 

lumped representations of the primary and secondary inter-turn and winding-to-ground 

capacitances respectively, while Cb represents the inter-winding capacitance. Arrilaga et 
al. [28) have included a further capacitance (Cm) across the magnetizing branch of the 

transformer model, but do not offer any explanation as to its physical origin or purpose. 

This capacitance is generally omitted by other authors. 

Slemon [41] discusses a similar transformer model and deals extensively with the trans

formation of capacitances across the ideal transformer. Note that all capacitances in 

figure 2.3 have been referred to the primary side of the ideal transformer, mainly tq facili

tate analysis of the equivalent circuit. Figure 2.4. s:P,ows the transformer equivalent-circuit 
~ ... r• . , . 

model with the winding resistances and leakage inductances referred to the primary, but 

with the winding capacitances in their original locations. The relationships between the 

referred capacitances ( C~, C~ and C~2 ) and the original capacitances ( C1, C2 and C12 

C' 1 

a2L12 

C' 2 

Ideal 

Figure 2.3: Basic transformer model adapted for wideband applica
tion by the addition of winding capacitances. 
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Ideal 

Figure 2.4: Basic transformer model with additional capacitances 
for wideband. applications, before capacitances have 
been referred to primary. 

shown in figure 2.4) are derived by Slemon [41], leading to the following results: 

(a-1) C~ = C1 + C12 -a- , 

C~ = ~: + C12 ( 
1 ~a)· · and 

C' _ C12 
12 - a · 

15 

(2.7) 

(2.8) 

(2.9) 

The conclusion that can be drawn from the results given in equations 2. 7, 2.8 and 2.9 is 

that care must be taken when applying the model of figure 2.3. The model capacitances 

do not directly reflect the physical transformer capacitances, as c~ and c~ include com

ponents related to C12. If the physical significance of the model capacitances is to be 

preserved, transformation of C 2 and C 12 across the ideal transformer· r.m1st be avofded. 

While the model structure of figure 2.3 is often referred to in the literature [29, 23, 

, 25, 24, 40, 28), not many authors have reported on the validity of the model or the 

frequency range over which it can be successfully applied. Vermeulen et al. [23, 25] used 

the model as a basis to predict the voltage transformation ratio frequency responses of 

a 220 V / 100 kV high-voltage test transformer and a 11kV'/110 V voltage transformer, 

under no-load conditions. They reported good results in the frequency range between 

100 Hz and 10 kHz. Olivier et al. [26] used the model to predict the frequency response of 

a cascade connection of 440 V / 100 kV high-voltage test transformers and reported good 

results up to 1500 Hz by making provision only for the capacitance of the high-voltage 

winding, i.e. all capacitances except C~ were ignored. 

The basic linear transformer equivalent-circuit model of figure 2.3 becomes more useful 

when it is adapted to allow for the non-linear behaviour of the core. Significant work in 
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this regard was done by Douglass [17, 42], who investigated the accuracy of voltage- and 

current transformers in the harmonic frequency range. Douglass proposed the fourth-order 

transformer equivalent-circuit model shown in figure 2.5 [17]. The model is essentially 

identical to the model of figure 2.3, the main differences are that the magnetizing branch 

is represented by a non-linear impedance, Ze, and that the primary and secondary leakage 

inductances and winding resistances have been lumped as Lps and Rps respectively. Zb is 

the burden impedance of the voltage transformer. All circuit elements have been referred 

to the secondary side of the ideal transformer. 

Figure 2.5: Voltage transformer equivalent-circuit model proposed 
by Douglass [1 7]. 

Douglass [17] evaluates his model by showing how it can be used to calculate the freq

uency response of the primary to secondary voltage transformation ratio of two volt

age transformers. The frequency responses of the primary and secondary open-circuit 

and short-circuit input impedances were measured for e~ch transformer, from which the 

equivalent-circuit parameters were estimated..._~J;ie ~.quivalent..:cjrcuit model could then be 

used to predict the voltage transformation ratio of both transformers (with an arbitrary 

burden impedance) for frequencies between 60 Hz and 30 kHz with reasonable accuracy. 

The effect of excitation voltage on the (non-linear) magnetizing impedance is investigated 

carefully. Measurements at 60 Hz with excitation levels below the rated voltage, show 

an increase in the magnitude of Ze as the excitation voltag~ increases. Douglass found 

that the latter effect reduces as the frequency increases above 60 Hz. For this reason 

(and due to the mathematical complications that would be introduced), the effect of ex

citation voltage is not included in the model. However, allowance is made for the strong 

frequency-dependence of Ze, by introducing the following expression [17]: 

(2.10) 

where kR and kx are constant parameters. No physical basis is provided for the re

sult given in equation 2.10. An important conclusion reached by Douglass is that the 
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frequency-dependence of Ze becomes negligible at frequencies above 1 kHz. 

The lumped-parameter equivalent-circuit model developed by Douglass (17] has been suc

cessfully applied by a number of authors (14, 22, 43, 13]. Bak-Jensen, et al. (14] and 

Van Rooijen (22] applied the model to predict the frequency-response characteristics of 

voltage transformers. Good results were reported for frequencies ranging from 50 Hz to 

over 100 kHz. Similar results were reported by Ladewig (43], who applied the model 

to a 16 kVA, 22 kV/ 240 V single-phase distribution transformer. The model is able to 

predict the general trend of the transformer frequency responses, but it is clear from the 

reported results that the order of the model is too low to predict any of the 'minor' wind

ing resonances that are evident in the transformer frequency responses, especially in the 

transformer input-impedance responses (see figure 1.1). 

A number of extensions to the transformer model structure of figure 2.3 have been pro

posed, in order to cater for the 'minor' winding resonances. Ladewig (43] suggested the 

equivalent-circuit model shown in figure 2.6 and shows how the model can be applied 

to predict the frequency-response characteristics of a 16 kVA single-phase distribution 

transformer. From results presented by Ladewig, it is clear that the order of the model 

is high enough to predict the 'minor' resonances of the transformer frequency responses, 

but a good fit was not obtained, as only a manual parameter-fitting procedure was ap

plied. The physical significance of the equivalent-circuit elements is not fully explained by 

Ladewig, and inspection of the model structure reveals a poor representation of the phys

ical transformer windings. The primary and secondary ]Elakage inductances and winding 
~-~·'"' ."t'".,_~ : • 

resistances have each been split into two sections, but any mutual coupling between the 

respective sections has been ignored. In a practical transformer winding, the leakage in

ductances, winding resistances and winding capacitances are distributed throughout the 

Ctia1 Ct1b1 Ct2b1 Ct2a1 

Rtlal Ltial Rt1b1 Lt1b1 Rt2b1 Lt2b1 Rt2al Lt2al 

C111 
Rte1 

Figure 2.6: Transformer equivalent-circuit model proposed by 
Ladewig (43]. 
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winding. For this reason, the validity of isolating several 'leakage' sections, each with its 

own parallel lumped representation of the winding capacitances ( Ctial, Ctlbt, Ct2al and 

Ct2bt), is questionable. 

A similar approach is followed by Van Rooijen [22], who proposed the model structure 

shown in figure 2. 7. The leakage branches and the magnetizing branch are each divided 

into two sections, after which stray capacitances are added to the circuit. Van Rooijen 

motivates his model structure with a discussion of the resonant behaviour of the circuit, 

but like Ladewig [43], ignores mutual coupling between the inductive branches. Also, a 

sound physical basis is not provided for the location of the lumped representation of the 

winding capacitances. 

An important contribution made by Van Rooijen was to investigate the ability of his 

model to predict the frequency response of the 'core voltage·' (Ve in figure 2.7). A search 

coil was placed on the core of an 11 kV / 110 V voltage transformer and the frequency 

response of the 'core voltage' obtained in this manner was measured together with the 

other frequency responses. Thus, if the model proposed by Van Rooijen is able to give 

a good prediction of Ve, it would reinforce the physical reasoning underlying the model 

structure, as Faraday's law states that: 

(2.11) 

where </Jc is the core flux and Ne represents the number .of.turns on"the search coil. In 
~~··"':. , .. ~ : . 

turn, <Pc is proportional to the current fiowmg through the magnetizing inductance and 

thus, if the model is correct, the measured response of the search coil voltage should be 

similar to the response of the sum of the voltages across Lreal and Lrebt, as given by 

Rr1a1 Lr1a1 Rr1bl Lr1b1 Ve Rr2b1 Lr2b1 Rr2a1 Lr2a1 
,.--.fV't'Y\....~~...-~~A 

Cr1b1 Rrel 

Cr1a1 Creal Cr2a1 

Crebl 

Figure 2. 7: Voltage transformer equivalent-circuit model proposed 
by Van Rooijen [22). 



Stellenbosch University  https://scholar.sun.ac.za

Chapter 2. Literature Survey 19 

Ve in figure 2.7. While Van Rooijen demonstrated that his model is able to produce a 

reasonable prediction of the transformer terminal frequency responses, it failed to provide 

an adequate prediction of Ve, leading to the conclusion that the physical basis of the 

model is not sound. 

The basic wideband transformer equivalent-circuit model of figure 2.3 also forms the basis 

of the model structure proposed by Chimklai and Marti [20]. Their model is intended 

for use in transient simulations, but is based on frequency-domain considerations. As 

shown in figure 2.8, the location of the winding capacitances is retained, but the leakage 

and magnetizing branches are replaced by RLC networks which synthesize the frequency

dependent branches Zwinding and Zm. Capacitances Cw-g are lumped representations of 

the winding-to-ground capacitances and make provision for the case where none of the 

transformer terminals are earthed. (Cf. the circuit of figure 2.3, which assumes that 

at least one terminal of the transformer is earthed and as a consequence the lumped 

representation of the winding-to-ground capacitances,is -included in C~ and C~.) 

Zwinding 

Figure 2.8: Transformer model for electromagnetic transient studies 
proposed by Chimklai and Marti. (20]. , 

Chimklai and Marti [20] do not provide details on the synthesis of Zm, but the network 

that was used to approximate Zwinding is shown in figure 2.9. The parameters of this 

network are obtained by fitting the network to a short-circuit input-impedance frequency 

response measurement of the transformer. 

Chimklai and Marti [20] show that good results can be obtained in a frequency band 

ranging from 100 Hz to over 100 kHz using their model, by comparing measured and 

predicted short-circuit input-impedance frequency responses. The model has an order 

that is high enough to provide for the 'minor' resonances of the frequency responses, but 

has been validated for only one of the transformer frequency responses. The use of the 

network of figure 2.9 to synthesize Zwinding suggests that none of the model parameters, 

except the winding capacitances, have any physical significance. 
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Figure 2.9: RLC network used by Chimklai and Marti [20] to syn
thesize Zwinding shown in figure 2.8. 
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Thus far, this section has considered transformer equivalent-circuit models that are in

tended for, or applicable to, frequency-:domain applications and that have been formulated 

as wideband extensions of the basic T-equivalent transformer model of figure 2.2. In some 

cases the T-equivalent model structure is not desirable, especially where a more explicit 

representation of the winding capacitances is required. In this case, a model structure 

which considers a two-winding transformer as two mutuall_y__ coupled inductors, as shown 

in figure 2.1 (a), can be applied. Such a model stni,~tµr:e has been proposed by Keyhani 

et al. (44] and in an extended form by Bak-Jensen (15], as shown in figure 2.10. 

The circuit parameters Lp, Rp, Ls and Rs represent the leakage inductances and winding 

resistances of the primary and secondary windings respectively. The mutual coupling 

between the windings is represented by current-controlled voltage sources Vmp and Vms, 

Cpsl 

ip is 

Lp Ls 

Vp Vs 

Gp Rp Rs Cs 

Vms 

Cps2 

Figure 2.10: Wideband transformer model proposed by Keyhani et 
al. [44] and Bak-Jensen [15]. 
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which also account for the core-losses [15]. The voltages of Vmp and Vms are given by: 

(2.12) 

2 d (ip .. ) 2 (ip . ) 
Vms = a Lm dt ; + 'ts + a 1trn ; + 'ts ' (2.13) 

where a is the turns-ratio of the transformer windings, given by: 

(2.14) 

Keyhani et al. [44] used the model to predict the frequency-response characteristics of a 

15 kVA, 7620 V / 240 V, single-phase distribution transformer and reported good results 

up to 100 kHz. 

2.1.3 Winding-section Based Transfo:firier Models 

The transformer models discussed in this section consider a single transformer winding as a 

starting point, recognizing the distributed nature of the inductive, capacitive and resistive 

components that constitute such a winding, as showri in figure 2.11 [1, 45, 46, 4, 4 7, 48, 49]. 

Figure 2.11: Cascade equivalent circuit of a transformer winding. 

In its most basic form, the circuit of figure 2.11 describes -the winding on a turn-to-turn 

basis. Each inductance represents one turn of the winding and provision is made for the 

inter-turn capacitance and the capacitance between turns and ground. The individual 

turns are mutually coupled. A transformer winding with N turns would thus be repre

sented by a circuit with N mutually coupled sections. This is usually impractical, and 

methods by which the number of sections can be reduced have to be found [50, 51, 52, 53]. 

The simplest manner in which this can be achieved is by assuming that the winding is 

completely uniform. Based on this assumption, all the sections of the circuit in figure 2:-11 

would be equivalent and could thus be lumped into a single section. Practical transformer 
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windings, however, are not uniform and are made up of a set of disks or layers [1, 50, 2]. 

Within such a winding structure it is usually possible to identify uniform winding sec

tions, each of which can then be represented by an equivalent-circuit section. Consider, for 

example, the cross-sectional view of a layered winding shown in figure 2.12. Each rectan

gular box represents a layer of uniformly wound turns. Also note that there is capacitive 

coupling between adjacent layers and between each layer and ground (the transformer 

core or its tank). 

If it is now assumed that each layer is uniformly wound, the equivalent circuit of figure 2.13 

can be formed [50, 45, 54]. In figure 2.13 each parallel LC combination, such as LA-CA, 

thus represents one (uniform) winding layer. The inter-layer capacitances are represented 

by CAB, CBc, etc. and the winding-to-ground capacitances are represented by C9 . 

By assuming the existence of an equipotential surface between adjacent winding layers, a 

further circuit reduction step is possible [45, 50]. In figure 2.14, such equipotential surfaces 

are represented by x-x', y-y' and z-z'. For example, -consider the inter-layer capacitance 

CAB shown in figure 2.13. The equipotential surface x-x' makes it possible to divide CAB 

into two capacitances (C~B), as shown in figure 2.14. The magnitude of c~B is twice that 

of CAB [50]. As the node between the two newly formed capacitances c~B (x) has the 

same potential as node x', these two capacitances can now be added to the inter-winding 

capacitances CA and CB, yielding a transformer-winding equivalent circuit similar to the 

circuit of figure 2.11, with a number of sections that correspond to the number of winding 

layers. 

While the above discussion concentrated on tfie' derl.vatioh of a winding model for layered 

transformer windings, the procedure is equally applicable to other winding types such 

as disc-windings or bobbin-coil (pancake) windings [50]. The parameters for a lumped

parameter winding-section model are typically derived from the turn-to-turn parameters 

of a transformer winding. The latter are usually obtained from calculations based on the 

physical construction of the transformer.winding [53, 52, 51, '55, 56, 57, 58, 59]. Theturn

to-turn winding model is then reduced to the desired number of sections by a mathematical 

reduction technique [52, 53, 51, 60]. 

By combining two or more winding-section equivalent circuits and introducing inter

winding capacitances, a lumped-parameter transformer equivalent circuit can be formed, 

as shown in figure 2.15 [61, 44, 62, 63]. This circuit represents the transformer windings 

in terms of mutually coupled winding sections and makes provision for inter-turn, inter-
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CA 

A B c D 

Figure 2.12: Cross-sectional view of a layered transformer winding. 
Each labeled rectangle represents one winding layer. 

Gov 

LB 

CBc 

Figure 2.13: Equivalent-circuit representation of the winding layers 
shown in figure 2.12 [50]. 

c~4.B c~4.B Ic g C~::v z' Cbv ,Ic g 
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I • I I • I I I 
I 
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LA I CB LB Cc Le Cv Lv 
I 
I 
I 
I 

• x z 
Cg =r Cg =r C8c 

y' 
C8c =r Cg Cg =r 

Figure 2.14: Simplification of the winding-layer model by the intro-
duction of inter-layer equipotential surfaces [50]. 

23 



Stellenbosch University  https://scholar.sun.ac.za

Chapter 2. Literature Survey 24 

winding and winding-to-ground capacitances. When the model of figure 2.15 is applied to 

very high frequency simulations, the effects of the core losses and core non-linearities are 

generally ignored, as the core-flux is inversely proportional to the applied frequency and 

thus has a very small effect at high frequencies (19]. A number of methods have however 

been proposed to include the effect of the core in the model structure of figure 2.15. This 

is usually done by complementing the electrical equivalent circuit of figure 2.15 with a 

representation of the magnetic circuit of the core. 

By applying the principle of duality, the MMF attributed to each winding section and 

the voltages induced in that section due to the MMF's applied by all the other winding 

sections, can be related via an electrical equivalent of the magnetic circuit of the core (64, 

18). In this manner, core non-linearities can be represented and provision can be made 

for core loss-components (and their voltage- and frequency-dependence) in the electrical 

equivalent of the core magnetic circuit (64, 18, 51 ]. An adequate representation of the core 

non-linearities and losses can generally not be obtained by the direct representation of the 
~~·· ·"" _, 

windings as a system of mutually coupled inductors, which is based on the assumption 

that the coupling mechanism is linear (64]. The application of the duality principle has 

the advantage that the resulting equivalent-circuit elements can be related to the physical 

characteristics of the transformer core. 

,,H H1' 
Ca9 1 

. 
Gabl • Cb9 1 

Ca1 Lai Lb1 C1>1 ..... 'i 

~.., l"•: .... 
11H H1' 

Ca9 2 
. 

Cab2 
. 

Cb9 2 
Ca2 La2 Lb2 Cb2 

,,H H1, 
Ca93 Cab3 Cbg3 

,,H H1' 
Cagn • Cabn • Cbgn 

Can Lan Lbn Cbn 

,,H H1' 
Cag(n+l) Cab(n+l) Cbg(n+1) 

Figure 2.15: Lumped-parameter two-winding transformer equiva
lent circuit formed by combining two winding-section 
equivalent circuits [61, 44, 62, 63]. 
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Heuck et al. [54] and Kegel et al. [65] proposed a winding-layer based voltage transformer 

model which provides for the magnetizing inductance and the core losses by coupling 

each winding section to a common magnetizing branch via ideal transformers, as shown 

in figure 2.16. A similar approach is followed by Dettmann et al. [66] to model the 

frequency-response characteristics of high-inductance coils. Each winding layer is rep

resented by a winding-resistance and a leakage inductance component, together with a 

lumped representation of the inter-turn capacitance of each layer. Inter-layer and inter

winding capacitances are also included, but have not been shown in figure 2.16. Each 

winding is represented by n equal sections, which differ only in the values assigned to the 

various capacitances. Coupling between the leakage inductances is ignored, except the 

coupling of leakage-flux components between adjacent layers of the primary and secondary 
' windings, which is represented by current controlled voltage sources. The model param-

eters were determined by performing open-circuit and short-circuit frequency-response 

measurements on a specially constructed voltage transformer, which made it possible to 

access the windings at various points for the connection-of instruments. 

•,. L(f2/n R2fn· • \,.--_ _... 

M 

C11 Ideal II 

Figure 2.16: Voltage transformer equivalent-circuit model proposed 
by Heuck et al. [54] and Kegel et al. [65]. 

Heuck et al. [54] and Kegel et al. [65] applied the model structure of figure 2.16 to' 

frequency-domain simulations of voltage transformers and reported good results for the 

frequency range between 100 Hz and 100 kHz. The assumptions made by them are re

strictive if their model structure is to be applied on a winding-section basis (where one 

section would represent several layers), as the inductances of the various winding sections 
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will not necessarily be equal. This problem can be overcome by allowing different leakage 

inductances and differing ideal transformer ratios for the various winding sections, al

though this would lead to a significant increase in the number ?f model parameters. The 

use of ideal transformers in the model structure makes it possible to represent the magne

tizing inductance and the core losses in a manner which is related to the electromagnetic 

behaviour of the physical transformer. However, this complicates mathematical represen

tation of the model (such as a state-space or nodal admittance matrix formulation), or 

its representation in data files for simulation programs such as the EMTP. 

An alternative approach is proposed by Wilcox et al. [67, 62, 68, 63] by which the mutually 

coupled winding sections are represented by independent (uncoupled) modal networks. 

In this way, frequency-dependent core effects are taken into account, but saturation (or 

hysteresis) can not be represented. Modal analysis techniques are useful in that they 

make it possible to represent the frequency-dependent parameters of the transformer 

in the time-domain and the frequency-domain. !&.this way, modal networks can be 

used to represent frequency-dependent branches in the transformer equivalent circuit. 

Vaessen [69] suggested a transformer model based entirely on modal networks and reported 

good correlation between measured and simulated time-domain transformer responses for 

frequencies up to 5 MHz. While the application of modal analysis techniques can yield 

some useful insights into the resonant behavior of transformer windings [70], the use of 

modal techniques or modal networks in the modelling of transformers is not a direct 

representation of the transformer in terms of its physical construction. 

2.1.4 Black-box Transformer Models 

A black-box model is defined as a model whose parameters are treated as a means to 

fit the model characteristics to the available data, but ~<?. P<?t .. reflec~ the physic!l_l _con

siderations underlying the system that is being modelled [31]. In the context of this 

dissertation, a black-box model structure is not desirable, as a transformer model struc

ture that reflects the physical properties of the device is required. Of interest, however, 

are the parameter fitting techniques applied to such models and the data that is required 

to obtain a satisfactory fit. Black-box transformer models are generally applied to reduce 

the complexities associated with wideband transformer modelling and have the distinct 

advantage that their parameters can be determined from terminal measurements alone. 

The structure of a black-box transformer model often takes the form of a Laplace-domain 
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( s-domain) transfer function 

H(s) = ao + ais + a2s2 + ... + <Ln,Sn 

bo + bis + b2s2 + · · · + bmsm ' 

or a discrete frequency-domain (z-domain) transfer function of the form 

C1Z-l + C2Z-2 + · · · + CnZ-n 
H(z) = ---------

1 + diz-l + d2z-2 + · · · + dmz-m 

27 

(2.15) 

(2.16) 

Such a transfer function can be used to describe the relationship between transformer 

input and output terminal voltages or, in the case where the input impedance of a winding 

is of interest, the relationship between the current flowing through a transformer winding 

and the voltage across that winding. The transfer-function approach has been applied 

to transformer modeling by Soysal [71], by Soysal and Semlyen [72] and by Vermeulen et 

al. [23, 25]. Soysal [71] and also Soysal and Semlyen [72] used input-impedance frequency 

response measurements to estimate the transfer-fonotion coefficients, while Vermeulen 

et al. [23, 25] carried out the parameter estimation in the time domain. The transfer

function approach has the advantage that the order of the model can be increased to 

improve the fit of the model, although this increases the number of transfer-function 

coefficients, thus complicating the parameter estimation process. The model orders that 

are typically employed range from 4 to 8. Soysal and Semlyen [72] show that a sixth-order 

transfer function could be used to provide a good description of the winding impedances 

of a 500 VA single-phase transformer and a 75 kVA, three-phase transformer up to the 

MHz range. Vermeulen et al. (25] reported good predicti9!1s _of the voltage transformation 

ratio frequency responses up to 10 kHz; for a1'10'V / 11 kV single-phase transformer using 

a fourth-order transfer function and for a 33kV/110 V single-phase transformer, using a 

sixth-order transfer function. 

A problematic aspect of transfer-function models, especially those designed to model 

voltage transformation ratios, is the inability to interact with any circuitry external-to the 

transformer. The frequency response of the voltage transformation ratio of a transformer 

is dependent on its load (17]. Clearly, the transfer-function approach is not able to account 

for any load changes and is thus only valid at the loading conditions for which the transfer

function coefficients were estimated. 

This problem is overcome by a second type of black-box transformer model, which essen

tially represents the transformer as an n-port network with no internal nodes. Morched 

et al. (19] formulated such a network by interconnecting each of the terminal nodes with 
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frequency-dependent admittance branches, each of which is expressed in terms of a ra

tional function approximation or an equivalent RLC network. A similar approach is 

followed by Caldecott et al. [73] and LaForest et al. (30), who used impedance functions 

to interconnect the transformer terminal nodes. In all cases the admittance or impedance 

functions are estimated from frequency-domain terminal impedance measurements and 

the bandwidth of the model structure is only limited by the bandwidth of these measure

ments and the desired complexity of the approximation functions. All the authors report 

good results up to 100 kHz. The model structure accounts for all frequency-dependent 

effects, but can not be used to account for non-linear effects such as saturation [19]. 

2.2 Parameter Estimation Applied to Transformer 

Models 

2.2.1 Overview 

Once a transformer model structure has been defined, the parameters of that model struc

ture have to be determined before the model can be applied. In the case of transformer 

models, the parameters are often obtained from calculations based on detailed knowledge 

of the physical construction of the transformer. An alternative approach is to estimate the 

model parameters from measured response data. In som.e c~ses this i&·not feasible: as the 
····~ •:. 

required measurements can only be carried ..... out with great difficulty (e.g. measurement 

of quantities that are only available at points inside the transformer tank). However, 

many model structures are suitable for parameter estimation based on terminal response 

measurements. 

The principle underlying parameter estimation techniques •is· shown in figure 2.1'7. 'XN 

and Y N are sets containing N observations of the system input signal, X, and the system 

response, Y, respectively. Note that noise can be introduced into the system from a variety 

of sources, so that the observations XN and yN inevitably contain noise components. The 

observed response of the system (YN) is now compared to the response predicted by a 

model of that system p>-N), with the observed input signal, XN, applied to the model. A 

quantitative comparison between yN and yN is made by defining a cost function in terms 

of yN and frN. The value of the cost function reduces as the ability of the model to predict 

Y improves. The idea is now to minimize the cost function by adjusting the parameters 
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Figure 2.17: Parameter estimation principle. 
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of the model ((h, ()2 , •.. ()n for a model with n parameters). The relationship between the 

parameters of a model and the cost function is seldom linear and the minimization of the 

cost function becomes a non-linear optimization problem which has to be solved by an 

iterative procedure. 

Thus far it has been assumed that observations X and Y are available as complete sets of 

previously measured data (XN and YN) and that the cost function is formulated in terms 

of all the observations contained in XN and yN (non-recursive parameter estimation). 

The parameter estimation scheme of figure 2.17 is equally applicable to cases where the 

parameters are updated from one observation of X and Y to the next (recursive parameter 

estimation) (74). In this case an error signal (c-k) is generated from .GJ.U;rent obsefvation 

Yk and model output Yk which is then used <tio•·te&rsivefy adjust the model parameters, 

thus producing Y(k+l) which can then be compared to the next observation of the system 

output, Y(k+1)-

A variety of methods by which the estimator of figure 2.17 can be formulated are avail

able [75, 32, 74). The choice of an estimation method for a-partim1lar application def>ends 

on the model structure, the statistical properties of the noise signals (if these are known) 

and the nature of the available measured data [75, 32, 74). 

2.2.2 Transformer Model Parameter Estimation 

The need to derive parameters for transformer models from terminal response measure

ments, rather than by deriving the parameters from detailed physical knowledge of the 
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transformer construction, has prompted a number of researchers to investigate the ap

plication of parameter estimation techniques to transformer models. A transfer-function 

model structure is preferred, as parameter estimation techniques for such a model struc

ture are widely applied and well documented in the literature [75, 32, 7 4]. The use of a 

transfer-function model structure also makes it possible to directly apply existing param

eter estimation software, such as the MATLAB System Identification Toolboxes [75, 76]. 

Vermeulen et al. [25] and Koch [21] investigated the use of least-squares parameter estima

tion techniques to determine the parameters of a transfer function describing the voltage 

transformation ratio of voltage transformers. The transformer is excited by a Pseudo

Random Binary Sequence (PRBS) wideband excitation signal while the excitation signal 

and the transformer response are sampled using a digital data-acquisition system. The 

sampled time-domain waveforms are then used to estimate the parameters of fourth-

9rder and sixth-order discrete frequency-domain transfer ftJ,f!:C~ions. The resulting models 

are shown to give good simulations of the secondar¥ . .to. primary voltage transformation 

ratio of an 11kV/110 V voltage transformer and the voltage transformation ratio of a 

33kV / llOV voltage transformer, up to about 10 kHz. 

The lumped-parameter equivalent-circuit transformer model proposed by Douglass [17] 

forms the basis of the investigation conducted by Bak-Jensen et al. [14] (also see fig

ure 2.5). The aim of the investigation was to determine the parameters of the Douglass 

equivalent-circuit model, rather than the parameters of a transfer-function model, by ap

plying parameter estimation techniques. The full equivalent-circuit model is subdivided 
..... 1t. 

into a number of sub-models, by omitting...eremebts tli'.at are not expected to have an 

influence in a particular frequency range, as shown in figure 2.18. 

Each sub-circuit is used to estimate a different subset of the transformer equivalent

circuit parameters. In each case an s-domain transfer function is derived in terms of the 

sub-circuit parameters. The s-domain transfer function is .then.mapped to. the z-domain 

where the transfer-function coefficients are estimated using a least-squares technique. The 

relevant equivalent-circuit parameters can now be determined from the estimated transfer

function coefficients. Data for the estimation procedures is obtained from transformer 

response measurements using square-wave excitation signa~s. 

At low frequencies, where Cps and Cs are assumed to have a negligible influence, the 

sub-circuit of figure 2.18(b) is used to estimate Ze and Gp. The transformer is excited 

from the secondary side and the excitation signal, vin(t), and the input current, iin(t), are 
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measured. Noting that Ze represents a frequency-dependent series RL-branch consisting 

of Le and Re, the measured quantities can be related by an s-domain expression of the 

secondary open-circuit input admittance: 

(2.17) 

from which Re, Le and Gp can be determined once the coefficients of equation 2.17 have 

been estimated. The frequency-dependence of Re and Le is found from several estimations, 

each obtained by applying a square-wave excitation signal with a different fundamental 

frequency in the range between 50 Hz and 500 Hz. 

Cps 

Lps Rr,s 

c,0.~I,: 
Gp Ze Cs Qz. 

(a) (b) 

Lps Rr,s Iin 
Cps 

v={F= 
.. 

: Iv.. 
?~ 0 

V;n t v=•I o Jc, o /v.. 
0 

(c) (d) 

(a) Full transformer equivalent circuit. 
(b) Estimation of Ze and Gp at low frequencies. 
( c) Estimation of Lps and Rps at frequencies below 1250 Hz. 
(d) High-frequency estimation of Cps· 
(e) High-frequency estimation of Cs. 

Iin -
(e) 

~Iv.. 

Cps 

'1-Tc. 

Figure 2.18: Sub-circuits used by Bak-Jensen··et·a:l. (14) to estimate 
the parameters of the transformer equivalent circuit 
proposed by Douglass (1 7). 

The transformer subcircuit of figure 2.18(c) is used to estimate Lps and Rps. The effect 

of Ze is largely obscured by loading the primary side of the transformer with a known, 

relatively low-valued resistance. The transformer is excited from the secondary side and 

the input signal, Vin, input current, Iin, and primary voltage, Vout are measured. A square

wave excitation signal with a fundamental frequency below 1250 Hz is used. Rps and Lps 
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can now be found from estimates of the coefficients of: 

Y(s) = Iin(s) = 
/ 

1 
Vin(s) Rs+ R + LpsS 

(2.18) 

or 

H(s) = Vout(s) = 
/ 

R's 
Vin(s) Rs+ R + LpsS 

(2.19) 

where R's is the primary burden resistance referred to the secondary. 

At high frequencies (above 500 kHz), the response of the transformer is dominated by the 

stray capacitances, leading to the sub-circuits of figure 2.18(d) and figure 2.18(e). Fig

ure 2.18(d) shows how Cps is determined by exciting the transformer from the secondary 

side and measuring the excitation signal, Vin, and the prim~9' response signal, Vout· Using 

the previously estimated value of Gp, Cps is estimat~gJ:rom: 

H(s) = Vout(s) = Cps . 
Vin(s) Gp+ Cps 

(2.20) 

Finally, by short-circuiting the transformer, Cs is estimated from primary input voltage 

and current measurements, Vin and Iin, as shown in figure 2.18(e), by estimating the 

coefficients of the primary input impedance: 

Z ( S) = Vin ( S) = 1 
fin( S) ( C. + Cps)$ 

(2.21) 

Using the above procedure, parameters were obtained for a ~kV/ ~ V voltage trans

former. The estimated parameters were close to parameter values obtained by using 

the parameter measurement method originally described by Douglass [17]. It is shown 

that simulations of the frequency responses of the secondary .open-circuit input impedance 

and the secondary short-circuit input impedance match the measured frequency responses 

quite well up to 1 MHz. Further results are described by Bak-Jensen [15], demonstrating 

the validity of the parameter estimates by showing good correlation between a number 

of measured and simulated transformer frequency responses, under loaded and unloaded 

conditions. 

Islam et al. [13] describe a simpler method by which the parameters of the equivalent

circuit model proposed by Douglass [17] can be estimated. Similar to Bak-Jensen et al. [14, 

15], the use of three sub-circuits of the full equivalent-circuit model is proposed, by defining 
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low-, medium- and high-frequency circuits. An s-domain transfer function is then written 

for each sub-circuit in terms of the primary to secondary voltage transformation ratio. The 

transfer-function coefficients are then estimated by the least-squares method, from which 

the equivalent-circuit parameters are determined. The parameter estimates are based 

on a single stepped-frequency measurement of the frequency response of the primary to 

secondary voltage transformation ratio. However, the resulting model is only validated by 

comparing the measured and simulated responses of the voltage transformation ratio, i.e. 

it is not clear whether the estimated model is able to accurately predict any of the other 

transformer frequency responses. It is also unclear whether the frequency-dependence of 

Ze was considered. 

A method by which the parameters of the lumped-parameter transformer model shown 

in figure 2.10 (p. 20) can be estimated, is proposed by Keyhani et al. [44]. The estimation 

procedure is based on frequency response measurements of the voltage transformation 

ratio and the short-circuit input impedance of the transformer. The time-constants of 

a transfer function describing the short-circuit input impedance are estimated using the 

non-linear least-squares method, from which the short-circuit step-response of the trans

former is obtained. This data is now used to estimate the low-frequency parameters 

of the transformer model, using the maximum likelihood parameter estimation method 

(see [31, 32, 74, 77]). At low frequencies the basic transformer T-equivalent circuit is 

applied. The same procedure is followed to estimate the parameters of the high-frequency 

model, with good estimates of the low-frequency parameters being available. The method 

was applied to a 15 kVA, 7 620 V / 240 V single-phase distribution transformer ~nd the 

measured and predicted frequency response~£{ th~ short:-circ1:1it inpufimpedance and the 

voltage transformation ratio agree well up to 100 kHz. In another paper, Keyhani et 

al. [78] describe a similar procedure to estimate the parameters of a cascade transformer

winding model, such as the one shown in figure 2.11. Good results were reported for a 

six-section transformer-winding model, but were not based on practical measurements. 

The parameter estimation procedures described by Keyh~n.:i,_ et al. [78, 44] are lengtl:iy and 

require several estimation steps. Further, from the discussion of the estimation procedures 

it is clear that very good initial parameter values have to be supplied for the estimation 

procedures to succeed (within 10% to 203 of the final value). 
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2.3 Transformer Condition Monitoring Based on 

Frequency Response Measurements 

34 

In recent years, the use of terminal frequency response measurements has emerged as a 

condition monitoring and diagnostic tool for power transformers and is gaining accep

tance amongst utilities and transformer manufacturers [10, 79]. The so-called Frequency 

Response Analysis (FRA) method relies on the fact that an internal fault or mechani

cal deformation will cause changes in the electromagnetic parameters of the transformer, 

which are detectable by comparing the frequency-response characteristics of a (suspected) 

faulty transformer to the same response characteristics obtained at an earlier stage, when 

the transformer was known to be healthy. The method was first proposed by Dick and Er

ven [4], who used a frequency-sweep network analyser to measure the frequency responses 

of the transformer voltage transformation ratio and the open-circuit input impedance. 

By using the high-voltage impulse applied during insulati~~ -testing of transformers as a ...... _, ..; 

wideband signal source, Malewski and Poulin [7] measured the frequency response of the 

transformer winding input impedance by digitising the applied impulse signal and the 

winding ground current. The frequency response of the winding impedance is obtained in 

the frequency-domain, by first applying the Fast Fourier Transform (FFT) to both signals. 

The technique was further refined by Vaessen and Ranique [5], who applied a low-voltage 

impulse to the HV windings of the transformer under test. The impulse excitation signal 

and the response at the LV winding terminals are digitized and transformed to the freq

uency domain by FFT processing. From the resulting data, the frequency response of the 

voltage transformation ratio is found. 

While a number of authors have demonstrated that transformer frequency responses are 

sensitive to a variety of mechanical deformations and faults inside the transformer (e.g. [4, 

7, 5, 8, 6, 13]), little is known about the interpretation of FRA data. In other words, it is 

difficult to determine the nature and location of internal ti:{t~n~fqrmer {al.lits. based_p.riJy on 

the available FRA data. If the measured FRA data can be related to a transformer model 

based on physical considerations, further information would be made available, as the 

suspected transformer fault can now be related to changes in the model parameters. This 

approach was investigated theoretically by Dick and Erven [4], Prabhakar et al. [80] and 

Islam and Ledwich (12] who modelled the sensitivity of transformer-winding frequency 

responses to changes in the parameters of a cascade winding equivalent-circuit model. 

More reliable information is made available when FRA data is used to directly estimate 

the parameters of a transformer model. In this way, a change in FRA data can be related 
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to a change in the model parameters, which will aid in diagnosing the nature and location 

of a suspected fault. 

Significant work in this regard was carried out by Mikkelsen [16] and Bak-Jensen et 

al. [6, 11, 81]. The secondary input-impedance frequency responses of three Ja kV/~ V 

voltage transformers were measured at various stages during accelerated ageing tests and 

with simulated faults applied to the transformer windings and core. In each case the 

transformer is excited from the secondary side by a PRBS signal and the applied voltage 

and the winding input current are measured. The measured results are then used to 

estimate the parameters of the equivalent-circuit transformer model shown in figure 2.10. 

The estimation process is simplified somewhat by further lumping the representation of 

the winding resistances, the leakage inductances and the stray capacitances. The input 

impedance is thus represented by a third-order transfer function with six coefficients from 

which five equivalent-circuit parameters have to be determ)11ed. Clear changes in these 

parameters due to ageing and internal faults are d~monstrated, but too few parameters 

were estimated to yield a precise description of the transformer condition from those 

parameters [16]. However, it was shown that the FRA approach can be applied to detect 

the gradual appearance of ageing phenomena. An interesting aspect of the research carried 

out by Mikkelsen [16] and Bak-Jensen et al. [6] is that the most pronounced effects of 

ageing and short-circuited winding turns were noticeable in the low-frequency range of 

the measured input-impedance frequency responses (up to about 10 kHz). Most other 

researchers consider only the high-frequency responses of a transformer when performing 

FRA measurements (typically above 100 kHz). 

Islam et al. [13] estimated the parameters of the equivalent circuit proposed by Dou

glass [17] and report significant parameter changes due to internal transformer faults. 

Parameters for the equivalent circuit were estimated from voltage transformation ratio 

frequency response measurements obtained from two faulted transformers. A further set 

of parameter estimates was obtained from measurements--taken after these transformers 

had been repaired. The results presented by Islam et al. [13] are less conclusive than those 

obtained by Mikkelsen [16] and Bak-Jens~n et al. [6], but do highlight the relationship 

between internal transformer faults and changes in the transformer model parameters 

estimated from terminal frequency response measurements. 
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2.4 Discussion 

The previous sections presented an overview of existing transformer models, with partic

ular attention to the degree by which a model represents the physical transformer and 

the methods by which the model parameters are determined. A brief overview of the 

FRA transformer diagnostic and condition monitoring technique has also been provided 

to establish the current status of the method, especially with regard to the estimation of 

transformer equivalent-circuit parameters from FRA data. 

With the aims of this dissertation in mind, the following conclusions can be drawn from 

the literature presented in the previous sections: 

(a) The bandwidth of wideband transformer models based on the T-equivalent circuit of 

a transformer is limited and the order of such models is"too low to adequately describe 

all the winding resonances that occur in practic~H~ransformers. Where attempts have 

been made to extend the bandwidth or order of the basic T-equivalent circuit, the 

physical significance of the model elements is lost. Wideband transformer models 

based on the T-equivalent circuit have the advantage that it is relatively easy to 

account for frequency-dependent effects and core non-linearities. It has also been 

demonstrated that the parameters of such transformer models can be estimated from 

terminal response measurements. 

(b) By representing transformer windings in terms of a finite number of (uniform) winding 
. ' ... 

sections, high-order, wideband transformer models Gan b~ constructed. The accuracy 

and bandwidth of such models is generally determined by the number of sections 

chosen to represent the transformer win,dings. The frequency-dependence and non

linearities of the core qm be included in the model by providing a representation 

of the core magnetic circuit. This type of transformer model has a large number of 

parameters, which are usually derived from the physical construction parameters of 

the transformer or from a known turn-to-turn representation of the windings. To 

date, it has not been shown that the parameters of such models can be estimated 

successfully from terminal response measurements alone. 

( c) Black-box transformer models are characterized by a lack of physical significance 

of the model parameters. Black-box models are however used to provide a further 

abstraction of transformer equivalent-circuit models. This makes it possible to apply 

existing parameter estimation techniques to determine the parameters of the black

box model from which, in turn, the parameters of an equivalent-circuit model can be 
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solved. Practically, this is only possible for reasonably simple systems, as the black

box parameters are usually lengthy, non-linear expressions in terms of the equivalent

circuit parameters, making solution of the equivalent-circuit parameters difficult. 

(d) The use of the transformer 'core-voltage' frequency response (measured via a search 

coil wound on the transformer core) provides an excellent method by which the 

physical significance of a transformer model can be validated (22]. In cases where the 

transformer core is accessible during measurements, it is worth measuring the 'core

voltage' frequency response to provide an additional response for model validation. 

(e) The parameter estimation techniques that have been proposed to date for lumped

parameter transformer models (using terminal response measurements) are lengthy 

and require a number of estimation steps. Generally, the equivalent-circuit model 

is sub-divided into two or more sub-circuits, based on frequency bands where cer

tain parameters are known to dominate the transformer response. These sub-circuits 

are then represented by a transfer function, or a state-space formulation, to which 
-.-..... .,I 

a parameter estimation procedure is applied. Finally, the equivalent-circuit parame-

ters are determined from the estimated transfer-function (or state-space) coefficients. 

Such procedures have only been demonstrated for relatively simple transformer mod

els. 

(f) While the FRA technique for transformer condition monitoring is gaining acceptance, 

an accurate assessment of the condition of a transformer (or diagnosis of a transfor

mer fault) from FRA data is not yet possible. It has been shown that transformer 

equivalent-circuit parameters can be estimated from FRA data..to assist in" the in

terpretation of that data, but this has"f:5rHy'b~en pr~ven· for very simple models. To 

make more accurate interpretation of FRA data possible, an improved model and an 

associated parameter estimation technique is required. 
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Transformer Frequency Response 

Measurement 

In the context of this dissertation, the frequency-response characteristics of a practi

cal two-winding transformer have to be known, to serve as part of the knowledge-base 

from which a suitable transformer model structure can be developed and to provide data 

from which the parameters of such a model structure can be estimated. A single-phase 

22 kV/ 240 V, 16 k VA distribution transformer was used for most of the experimental 

work discussed in this dissertation and the measurement of i_ts frequen.c.x-responsecharac

teristics is discussed in this chapter. Procedu.t'es' for the\neasurement of the transformer 

frequency responses are developed, focusing on the choice of excitation signal, the exper

imental arrangements and the signal processing techniques that are required to extract 

accurate frequency-response data from sampled time-;-domain signals. Further, the nature 

and severity of voltage- and frequency-dependent effects that arise from the non-linear 

properties of the transformer core are investigated experimentally to establish their influ

ence on the frequency responses of the 22 kV/ 240 V, 16 k VA test transformer. 

3.1 Overview 

The frequency response, or transfer function, between an input and an output of a linear 

system can be determined by exciting the system with an excitation signal, x(t), and 

measuring the response, y(t), of the system to the excitation signal, as shown in figure 3.1. 

38 



Stellenbosch University  https://scholar.sun.ac.za

Chapter 3. Transformer Frequency Response Measurement 39 

If X(jw) and Y (jw) are the Fourier transforms of x( t) and y( t) respectively, the frequency 

response is given by [34]: 

G(. ) = Y(jw) 
JW X(jw) · (3.1) 

In the case of power transformers, the system under consideration is, strictly speaking, 

non-linear. However, under certain operating conditions the behaviour of the transformer 

can be approximated as linear, and the relationship of figure 3.1 can be applied. The 

transformer non-linearities introduce noise to the system, which will also be present in 

the response signal, y(t). If the transformer is excited at a single frequency, the non

linear behaviour of the system causes responses at frequencies other than the excitation 

frequency. As long as these 'unwanted' responses are small in comparison to the response 

at the excitation frequency, the approximation that the system is linear, is acceptable [74]. 

Linear system 

Excitation signal, x(t) 
G(' )= Y(jw) 

JW X(jw) 
Response signal, y( t) 

Figure 3.1: Frequency response determination of a linear system. 

Noise can also be introduced into the system from other sources, such as electr~npagnet

ically coupled noise. Further, the input anj.~putp.ut signals ~re measured with a digital 

data acquisition system which represents the signals in terms of a finite number of discrete 

levels. The inaccuracies introduced by this process are another source of noise, which is 

usually referred to as quantization noise [82]. 

Accurate frequency response measurements require that the combined effect of the var

ious noise sources is reduced as far as possible. Firstly, a suitable excitation signal has 

to be chosen, so that the signal-to-noise ratio of the measured signals is high enough to 

yield acceptable frequency response results. Correct design of the experimental arrange

ment will ensure minimal coupling of electromagnetic noise from external sources and 

the analog-to-digital converter that is used to sample the excitation and response signals 

must have a sufficient number of bits to ensure sampling of the signals at an acceptable 

level of accuracy. The use of anti-aliasing filters is usuaBy required, especially if the ex

citation signal is a wideband signal, to prevent aliasing when the sampled time-domain 

data is transformed to the frequency domain. The sampled data will still contain a noise 
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component, which can be dealt with by suitable signal processing techniques, provided 

that the noise component is relatively low and that the statistical properties of the noise 

component are known [31, 83]. 

3.2 Choice of Excitation Signal 

A wide variety of techniques are available by which the frequency-response characteristics 

of power transformers can be measured. In principle, these methods differ only in the 

type of excitation signal that is applied to the transformer during a frequency response 

measurement [84, 85]. The type of signal that is chosen can have a large influence on 

the accuracy and validity of frequency response measurements. Several excitation signals, 

commonly applied to transformer frequency response measurements, are evaluated in this 

section, with reference to their frequency-domain properties and the excitation levels that 

can be obtained practically. 

During frequency response measurements, it is desirable to excite the transformer under 

test at a reasonably high excitation level, in order to excite the transformer at a level at 

which non-power-frequency excitation signals are likely to occur in practice. In this way, 

the effects that the non-linear properties of the transformer have on its frequency-response 

characteristics will be similar to the non-linearities encountered e.g. by power system 

harmonic voltages [86, 84, 85]. Increasing the excitation l~vel has ··the added benefit of 

increasing the signal-to-noise ratio of the freque~cy respb~se measurements [7 4], provided 

that an increase in the signal level does not disproportionately increase the noise resulting 

from the non-linear characteristics of the transformer (as is likely to be the case if the 

transformer is driven into saturation). 

Stepped-frequency sinusoidal signals, impulse signals am:t· Pseudo-Ftandom Birl1try Se

quences (PRBS) were considered as excitation signals for the power transformer frequency 

response measurements: 

(a) Stepped-frequency Sinusoidal Excitation. The most straight-forward method of mea

suring the frequency-response characteristics of a transformer is to excite the trans

former._with a sinusoidal signal. The frequency of the sinusoidal signal is stepped 

across the frequency range of interest and the magnitudes and relative phase of the 

excitation- and response signals are measured at each frequency. Especially at freq-
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uencies below about 1 kHz, the response waveform is likely to be distorted as a 

result of the non-linear behaviour of the transformer [86]. A linearized frequency 

response measurement is obtained by considering only the fundamental component 

of the excitation- and response signals [43]. Stepped-frequency sinusoidal excitation 

is known to provide consistent, accurate transformer frequency response measure

ments [6, 43, 84, 85]. One of the main benefits of applying stepped-frequency sinu

soidal excitation is that the non-linear behaviour of the transformer can be analysed 

at each frequency, as the non-linearities cause harmonic distortion which is directly 

visible in the measured response signal [7 4, 84, 85]. 

The primary disadvantage of stepped-frequency sinusoidal excitation is the time re

quired to perform a complete frequency response measurement. In most cases the 

measurements are performed by manually adjusting the excitation frequency across 

the frequency range of interest, resulting in a tedious,_time-consuming measurement 

procedure. 

(b) Impulse Excitation. The use of an impulse as a wideband excitation signal for power 

transformer frequency response measurements is very popular, especially for condi

tion monitoring applications using the FRA method [5, 7, 8, 87, 84, 85]. For FRA 

measurements, a low-voltage impulse with a peak voltage of a few 100 V is typi

cally used [5, 8]. Reasonably simple circuitry is required to implement a suitable 

low-voltage impulse generator, as shown in figure 3.2. An impulse is formed by 

discharging capacitor C1 via a pulse-shaping circuit by closing switch S2 , after C1 

h~ been charged via S1 (with S2 open). The shal,)~ of the im~u1se, and hence its 
.,. .... r .. • . ·• ·;.~ , . 

frequency-domain properties, depends on the values of C1, C2 , R 1 and R2 , but is also 

affected by the input impedance of the transformer under test [84, 85]. 

Figure 3.2: Impulse generator. 

Although the power spectral density of a low-voltage impulse signal is low com

pared ts> e.g. a sinusoidal excitation signal, good frequency response measurement 

results have been reported up to frequencies of 10 MHz [5, 7, 8, 87]. However, 

Germishuizen [88] investigated the use of impulse excitation for power transformer 

frequency response measurements, with particular reference to the performance of 
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the method in the low-frequency range (below 1 kHz). Germishuizen found that 

impulse excitation yielded very poor frequency response measurements in this freq

uency range, due to the non-linear characteristics of the transformer under test. (The 

reason for this is also briefly investigated in section 3. 7.) This poor performance in 

the low frequency range is the reason why impulse excitation is not applied in this 

investigation. 

(c) PRES Excitation. PRBS signals, also known as Maximum Length Binary Sequences 

(MLBS), are usually generated with a shift-register inside a feedback loop as shown 

in figure 3.3 (89, 74, 90]. The choice of the number of shift-register stages ns and 

the feedback tapping-point ms is not arbitrary, but a number of combinations exist, 

making it possible to generate a variety of PRBS signals with different frequency

domain properties (89, 90, 86]. The length of the generated PRBS increases with 

n5 and is given by N5 = 2n• - 1. \i\Then the shift register has been clocked N5 

times the sequence repeats, i.e. after a time_T.s ~ = N5 / f dock, where fcLock is the 

frequency at which the shift-register is clocked. The digital output of the shift

register is usually shifted in level and amplified, so that the PRBS assumes levels of 

+a or -a, corresponding to a digital 1 or 0, respectively. 

n 8 -Stage shift-register (clocked at !clock) 

PRBS Out 
2 3 

Figure 3.3: Generation of a PRBS signal using a shift-register 

A periodic (repeating) PRBS is a binary signal with an auto-correlation function, 

rxx(T), which is an optimal approximation of a Dir~~ Pl:!!se fo~ givep. valu~~ pf ns 

and fdock (74], as shown in figure 3.4. Of all the possible sequences which can be 

generated with an n5 -stage shift register, the PRBS has the longest period and the 

shortest correlation length, which means that its power spectral density, Pxx ( w), is as 

flat as possible, as the auto-correlation function and the power spectral density are> 

related to each other by the Fourier transform (74, 89, 82]. The power spectral density 

of a repeating PRBS is a discrete function of frequency, consisting of lines spaced at 

frequericy intervals of fcLock/ N5 , bordered by the envelope shown in figure 3.5. The 

power spectral density remains reasonably flat up to its -3 dB point at 1 f dock· 

For a single (non-repetitive) PRBS, the auto-correlation function also drops to a low 
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a2 

-tit 0 tit T -t 

Figure 3.4: Auto-correlation, rxx(T), of a repetitive PRBS signal. 

value for ITI > /).t = 1/ fctock but becomes equal to zero for ITI 2: T5 , so that only 

the pulse at T = 0 in figure 3.4 is retained. Thus, the power spectral density follows 

the same function as the repetitive case, but is a continuous function of frequency as 

shown in figure 3.5. 

As its name implies, a PRBS is a binary signal, i.e. it only assumes one of two signal 

levels (+a or -a). This sl).ggests that high-level PRBS excitation signals can be gen

erated by amplifying a digital PRBS signal with power-electronic switching elements. 

Such PRBS generators have been described by Van Rooijen and Vermeulen [91] and 

by Cornelissen et al. [92, 90]. The generator developed by Cornelissen [90] consists 

of a programmable digital PRBS source which drives MOSFET switching elements 

and can supply PRBS signals with current levels up to 5 A or voltage , l~vels up 

to 700 V. The flat power spectral deru;jty .~ a P:ItBS· qver a Wi·d~ frequency range 

and the ability to generate PRBS signals at high current- or voltage-levels, makes it 

an excellent choice of wideband excitation signal for transformer frequency response 

measurements. 

For the reasons discussed above; PRBS excitation was seiected··as the-preferred excitation 

method for transformer frequency response measurements. However, as some uncertainty 

existed as to the accuracy of PRBS frequency response measurements, especially at freq

uencies below 1 kHz, it was decided to also obtain a set of stepped-frequency response 

measurements to validate the PRBS measurements. Once the validity of frequency re

sponse measurements with PRBS excitation had been established, this method could be 

applied to qbtain transformer frequency response measurements within a very short time. 
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0.001 0.01 0.1 

f / fclock 

Figure 3.5: Power spectral density, Pxx(w), of a non-repetitive PRBS 
signal. Note th~f the frequency-axis has been normal
ized with respect to fctock· 

3.3 Instrumentation 

3.3.1 Data Acquisition System 

44 

An overview of the instrumentation arrangement for the transformer frequency response 

measurements is shown in figure 3.6. The transformer excitation and response signals 

are sampled by a Yokogawa Model 3656 Analysing Recorder, which has the following 

specifications: 

Analog sub-system 

Number of channels: 

Input voltage range: 

Input impedance: 

Anti-aliasing filters 

2 

±60 mV to ±60 V (peak). 

Standard 1 MO II 13 pF. 

Cut-off frequency, fc: Adjustable from 10 Hz .to200 .. kHz in .. 1--:-2.-5 step.s. 

Stop-band roll-off: -40 dB @ 1.27 Jc, -60 dB @ l.4f c 
Pass-band ripple: 

Digital sub-system 

Sampling rate: 

Resolution: 

Memory: 

up to ±1.5 dB. 

Adjustable from 0.01 Hz to 5 MHz in 1-2-5 steps. 

10 bits (60.2 dB dynamic range). 

8000 Samples per channel. 
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The Yokogawa 3656 data acquisition system is connected to a host computer via an IEEE-

488 (GPIB) parallel interface. The sampled time-domain data is downloaded to the host 

computer via this interface for processing and frequency response calculation. 

IEEE-488 
Parallel 
Interface 

Host 
Computer 

RS-232 
Serial 

Interface 

Yokogawa 3656 
Data Acquisition 

System 

Programmable 
Digital PRBS 

Generator 

-----.. 
1------.. 

1------.. 

A } Analog 

8 
Inputs 

PRES } 
p RBS Optic-fibre Interface 

to PRBS Current Source 
Current 
Setpoint 

Figure 3.6: Computer-based instrumentation system for the trans
former frequency response measurements. 

The use of anti-aliasing filters is mandatory to avoid aliasing, especially when a PRBS 

signal is used to excite the transformer under test, as the power spectral density of these 

signals will normally contain energy above the Nyquist frequency of the sampling system. 

Practical anti-aliasing filters are not ideal, i.e. the sampled signals will be distorted by 

the magnitude and phase responses of the filter, which results in measurement errors. 

Two signals are sampled by the Yokogawa 3656 instrument during frequency response 
' .. 

measurements. Provided th~t the amplitude aI?-sf phase.responses br the two filters are 
~~ ... 1'~:' .~ • • 

identical, errors introduced by the anti-aliasing fiiters are effectively cancelled when the 

frequency response is calculated, as the relative magnitude and phase angle of the two 

sampled signals is determined. However, it can not be assumed that the two filters 

are identical, as some difference is inevitable due to the tolerances of the components 

that were used to construct the filters. By applying the same wideband signal to both 
\, .. , ...... , ... ~'"' ~· . . ... .., ...... 

inputs and comparing the sampled signals in the frequency domain, it was found that the 

magnitude responses of the filters differed by up to 1 dB across the pass-band width of 

the filter, while the maximum difference in the phase responses was 3°. These errors are 

reduced by compensating measured frequency response data with the transfer function 

that is obtained by sampling the same wideband signal with both channels. Such a 

compensation response is required for each set of filters (i.e. each cut-off frequency) that 

will be used during frequency response measurements. 
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At the excitation levels that were used during the transformer frequency response mea

surements, the input currents to the transformer under test were very low (compared to 

the transformer rating); typically in the range between 0.1 mA and 500 mA. Specially 

designed low-inductance shunt resistors, with a measurement bandwidth of several MHz, 

were used to measure these currents [43). Shunt resistor values (Rshunt) between 11 n and 

1 125 n were used. Depending on the frequency response measurement that was being 

carried out, Rshunt was selected to be high enough to ensure a high signal-to-noise ratio in 

the shunt-resistor output voltage, but low enough not to affect the excitation level at the 

transformer terminals. Voltage measurements were always carried out with 10:1 or 100:1 

probes, calibrated and matched to the input impedance of the Yokogawa 3656 instrument. 

3.3.2 PRBS Excitation Source 

The PRBS excitation source that is used in this investigation is described in detail by 

Cornelissen [90, 92). The PRBS source is controlled from the host computer, via an 

RS 232 serial interface and consists of two sub-systems. The digital sub-system (shown 

in figure 3.6) contains a programmable PRBS generator which drives the PRBS output 

stage via a fibre-optic interface to ensure galvanic isolation between the two sub-systems. 

The parameters of the PRBS signal can be set from the host computer, including the 

length of the sequence, N8 , the clock frequency, fc1ock, and the amplitude setpoint, Ia . 

PRES--. 

Setpoint, Ia ----> t 

.. . 

Device -
Under Test 

<----PRES 

Figure 3. 7: Topology of the PRBS current source. 

Two digital control signals, P RBS and its complement P RBS, are used to control the 

state of semiconductor switching elements so that a PRBS source with high output levels 

is realized, as shown in fi_gure 3. 7. The device under test is connected to a DC current 

source via a MOSFET H-bridge, thus causing a PRBS current with levels ±Ia to be forced 

through the device. The current source is realized by a fast current limiter, designed to 

supply a constant current from a voltage source of up to 700 V. The output current 

setpoint of the current controller can be adjusted from the host computer via the digital 
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sub-system of the PRBS generator. The current source can supply a maximum current of 

5 A, but is subject to a maximum power dissipation capability of 150 W. The frequency 

range over which the PRBS source can be applied is limited by the maximum switching 

frequency of the MOSFET switches and the dynamic response of the current source. 

However, PRBS clock frequencies in excess of 200 kHz could be obtained, which was found 

to be sufficient for power transformer frequency response measurements up to 100 kHz. 

3.3.3 Stepped-frequency Excitation Source 

A Meguro MCR-4031 signal generator was used to provide a sinusoidal excitation sig

nal. The maJcimum output voltage of this signal generator is limited to 1 V R.i'vIS and 

an additional power amplifier was used to increase the e~cjt11tion voltage, as shown in 

figure 3.8 [22, 43). A separate frequency counter was....used to provide an accurate reading 

of the signal generator output frequency (which is adjusted manually). 

~ 

Meguro MCR-4031 
Signal Generator 

Hameg HM8122 
Frequency 
Counter 

150 W Power 
Amplifier 

·~ 
''"":. 

·~' 

!---Po 
To device 
under test 

Figure 3.8: Instrumentation for stepped-frequency excitation. 

The arrangement is limited by the capabilities of the power amplifier, which has a power 

bandwidth of DC to ~60 kHz. In practice, the useful bandwidth is also affected by the 

varying load impedance presented to the amplifier by the· tra:nsformer under test. 
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3.4 Frequency Response Measurements Using 

Stepped-frequency Excitation 

3.4.1 Experimental Arrangements 

48 

Three transformer frequency responses were measured by exciting the transformer from 

the LV terminals: 

• LV open-circuit input impedance, ZLoc(jw). 

• LV short-circuit input impedance, ZLsc(jw). 

• LV-HV voltage transformation ratio, HLH(jw). 

A similar experimental arrangement was employed for the measurement of each of these 

three responses and is shown in figure 3.9. Note that one terminal of each winding, as well 

as the transformer tank (and core) are earthed. All voltage measurements were carried 

out with respect to the earthing point. In figure 3.9, the LV terminals are designated by 

LV1 and LV2 , while the HV terminals are labelled HV1 and HV2 . 

As discussed in section 3.3.3, the transformer was excited from a sine-wave generator, 

using a power amplifier to increase the excitation voltage to a reasonable level. The 

bandwidth of the power amplifier extends to approximat~ly _60 kHz, which means "that its 
1 
output voltage drops considerably beyond trurp~iri.t. However, the terminal voltage of the 

transformer can be increased by series-resonating the transformer input reactance with 

an external, variable inductor or capacitor, Xr, depending on whether the transformer 

input impedance is capacitive or inductive at the test frequency (figure 3.9). Using this 
' 

technique, it was possible to maintain an excitation-level of 4.5 % of the transformer LY 

voltage rating across the required 10 Hz to 100 kHz frequeiicy·'range for the operi".:.circuit 

measurements and an excitation level of 2.3 % for the short-circuit measurements. In the 

case of the short-circuit measurements, the excitation system is limited by the maximum 

output current capability of the power amplifier. The disadvantage of increasing the 

excitation level by forming a series-resonant circuit with the transformer winding is that 

additional time is required to adjust Xr at each frequency, so that several hours were 

required to complete one frequency response measurement. 



Stellenbosch University  https://scholar.sun.ac.za

Chapter 3. Transformer Frequency Response Measurement 

Amplifier 

Vat LV1 HV1 Vb2 

Signal 
Generator 

Rs hunt LV2 HV2 

Vb1 ia 

Figure 3.9: Experimental arrangement for stepped-frequency mea
surement of the transformer frequency response charac
teristics with excitation applied to the LV terminals. 
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The LV input-impedance frequency responses, ZLoc(jw) and ZLsc(jw), were measured 

with the HV terminals open-circuit and short-circuit respectively. In each case, Vai (t) 

(see figure 3.9) was measured as the response voltage, y(t), while the excitation signal, 

x(t), i.e. the input current to the winding, ia(t), is given by:/ 

x(t) = ia(t) = -Vb1 (t) . 
Rshunt 

(3.2) 

For both responses a shunt resistance of Rshunt = 11 n was used. The LV-HV voltage 

transformation ratio, HLH(jw), was measured with Rshunt short-circuited and with the 

HV winding open-circuit .. For HLH (jw), the excitation and response signals were Va1 and 

vb2 respectively. A summary of the details of the LV frequency response measurements is 

given in table 3.1. 

Table 3.1: Instrumentation and signal"'<::fetails for: stepped-frequency response 
measurement with excitation applied to the LV terminals. 

Frequency Rshunt Input Response Excitation 
response [n] signal, x(t) signal, y(t) level HV Terminals 

ZLoc(jw) 11 -Vb1 (t) / Rshunt Va1(t) 10 v (4.2 3) Open-circuit 

ZLsc(jw) 11 -Vb I ( t) / Rshunt Va1(t) s .. v .. (2T 3) · · ··sho.rt-circ~it ... 

HLH(jw) 0 Va1(t) Vb2(t) 10 v (4.2 3} Open-circuit 

Similar to the frequency responses that were measured by exciting the transformer from 

the LV terminals, three frequency responses were measured by exciting the transformer 

from the HV terminals: 

• HV open-circuit input impedance, ZHoc(jw). 
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Signal 
Generator 

Amplifier Step-up 
Transformer Va.l LV1 Vb2 

Figure 3.10: Stepped-frequency response measurement with the 
transformer excited from the HV terminals, using a 
step-up transformer to increase the terminal voltage. 

• HV short-circuit input impedance, ZHsc(jw). 

• HV-LV voltage transformation ratio, HHL(jw). 

50 

The experimental arrangement that was used to measurn ~these responses is shown in 

figure 3.10. A step-up transformer was used to raise the output voltage of the power 

amplifier to about 1 3 of the rated HV terminal voltage. This arrangement was found 

to work well up to about 10 kHz; at frequencies above 10 kHz the limited bandwidth of 

the step-up transformer resulted in a rapid reduction of the maximum attainable exci

tation level as a function offrequency (also see [23]). At frequencies above 10 kHz, the 

open-circuit and short-circuit HV terminal input impedance of the 16 kVA transformer is 

capacitive and it was possible to form a series resonance between the transformer input 

impedance and an external, adjustable inductance, Xn to increase the excitation voltage. 

The resulting resonant circuit was lightly damped, so that t.he 1 3 e:x;ci.tation level could 

be maintained, for frequencies above 10 kHZ,"";ithout the. use' of the step-up transformer, 

as shown in· figure 3.11. 

Signal 
Generator 

Amplifier 

Va) HV1 LV1 Vb2 

Figure 3.11: Stepped-frequency response measurement with the 
transformer excited from the HV terminals, using a 
series-resonant circuit to increase the terminal voltage. 



Stellenbosch University  https://scholar.sun.ac.za

Chapter 3. Transformer Frequency Response Measurement 51 

At the main parallel resonant frequencies of the HV input-impedance frequency responses, 

the input impedance of the 16 kVA transformer is in the order of 10 Mn. This is in the 

same order of magnitude as the input impedance presented by the digitising instrument 

via a 10:1 probe. Thus, if the HV terminal voltage, Va1, is measured with respect to an 

earthing point at the connection of terminals HV2 and LV2 (as in figure 3.9), the current 

flowing through Rshunt would be the sum of the currents flowing through the instrument 

input impedance and the transformer input impedance respectively. This would cause 

unacceptable errors in the measured frequency responses. The problem was eliminated 

by moving the earthing point to the position shown in figures 3.10 and 3.11. The current, 

iin, flowing through the input impedance, Zin, of the data acquisition system is now 

confined to a loop that will not affect the transformer terminal current measurements. 

The voltage signal va1 is now the sum of the transformer terminal voltage and the voltage 

across Rshunt, so that the response signal, y(t), is given by: 

y(t) =Val (t) - Vbl (t)·, (3.3) 

while the input signal, x(t), i.e, the transformer input current, ia, is: 

(t) 
_ . _ Vb1(t) 

X -'la- . 
Rshunt 

(3.4) 

Details of the stepped-frequency response measurements, with excitation applied to the 

HV terminals, are summarized in table 3.2. 

Table 3.2: Instrumentation and signal details for stepped-frequency response 
measurement with excitation applied to the HV terminals. 

Frequency Rshunt Input Response Excitation 
response [f2] signal, x(t) signal, y(t) level HV Terminals 

ZHoc(jw) 1250 Vbl ( t) / Rshunt Val (t) - Vbl (t) lit>·V~'(G.5 %)·- .. Open-circuit 

ZHsc(jw) 1250 Vb1 ( t) / Rshunt Val (t) - Vb1 (t) 110 v (0.5 %) Short-circuit 

HHL(jw) 0 Val (t) Vb2(t) 110 v (0.5 %) Open-circuit 
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3.4.2 Signal Processing 

During the stepped-frequency transformer frequency response measurements, the exci

tation signal, x(t), and the response signal, y(t), were sampled by the data acquisition 

system at each frequency of interest. These signals are corrupted by noise and are of

ten distorted due to the non-linear characteristics of the transformer or due to harmonic 

distortion introduced by the excitation system. Only the magnitudes and relative phase 

of the fundamental components of x(t) and y(t) are of interest. This information can 

be extracted by obtaining the Fourier transform of x(t) and y(t), so that the frequency 

response ~t the fundamental frequency, U:J, is given by: 

. Y(jw1) 
G(JWJ) = X(jwf) ' (3.5) 

where X(jw1) and X(jw1) are the Fourier transfor~~ _ _ofx(t)/and y(t) at w1. Practically, 

this procedure has a number of possible sources of error [28]. Signals x(t) and y(t) are 

each sampled at a sampling interval of Ts to yield M discrete data points, x(kTs) and 

y(kT5 ), where k = 1 ... M. Taking the Discrete Fourier Transform (DFT) of x(kT5 ) and 

y(kTs) yields the following estimate of the frequency response spectrum: 

(3.6) 

where 

(3.7) 

Because the sampling clock and the excitation frequency are derived from separate sources, 

the sampling frequency is unlikely to be an exact integer multiple of the excitation freq

uency, so that there is no Wk that coincides exactly with CY.t,·-'IhJJ-s, G(jy)_i~ not ey~l_gated 
at w1, but at the closest value of wk. The resulting error can be reduced by truncating 

x(kTs) and y(kTs) so that M samples represent, as closely as possible, an integer num

ber of cycles of the excitation frequency [28]. Further, the sampling interval should be 

increased as far as possible, without violating the Nyquist criterion and the original sam

pled record length must be as long-as possible. In this way the spacing, !::1wk, between 

successive values of wk can be decreased, as 

(3.8) 
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The sampled signals x(kTs) and y(kTs) must be truncated at the same point to preserve 

their relative phase. Due to their finite record lengths, discontinuities exist at either end 

of x(kTs) and y(kTs) which leads to leakage in their respective frequency spectra [28]. 

Spectral leakage is reduced by applying a suitable time-domain windowing function to 

the sampled data. A Hanning window [83, 28] was applied for the transformer frequency 

response measurements. 

3.5 Frequency Response Measurements Using PRBS 

Excitation 

The stepped-frequency transformer response measurements, discussed in section 3.4, re-

quire the excitation- and response signals to be sa!!}pl~d at each frequency of interest. 

Using PRBS wideband excitation, frequency response measurements can be carried out 

within a much shorter time, as only one or two measurements of the excitation and re-
_;-...i 

sponse signals are required to calculate an estimate of a frequency response. 

3.5 .1 Experimental Arrangements 

The experimental arrangement that was used to measure ~he 16 kVA .transformer freq

uency responses with a PRBS excitation sign"a(~pplied .to the LV terminals (ZLoc(jw), 

ZLsc(jw) an·d HLH(jw)) is shown in figure 3.12. Typically, a PRBS signal, with a signal 

level of Ia=0.4 A and a clock frequency up to 200 kHz was applied to the transformer LV 

terminals. For the LV input impedance frequency responses, the excitation and response 

signals are: 

x(t) = ip(t) = -Vb1 (t) 
Rshunt 

and 
(3.9) 

y(t) = Va1 (t) 

respectively, with all voltage signals measured with respect to the earthing point. For 

the LV-HV voltage transformation ratio, the excitation and response signals are given by 

x(t) = Va1 (t) and y(t) = vb2(t) respectively (also see table 3.3). 
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·Figure 3.13 shows the arrangement that was used to obtain the transformer frequency 

responses that are measured with the PRBS excitation signal applied to the HV terminals 

(ZHoc(jw), ZHsc(jw) and HHL(jw)). As discussed in section 3.4.1, the earthing point is 

moved to the source-side of Rshunt, so that the current, iin, flowing through the data 

acquisition instrument input impedance,. Zin, does not result in erroneous transformer 

t~rminal current measurements. Thus, for the input-impedance frequency responses with 
..... 

excitation applied to the HV terminals, the excitation and response signals are given by: 

x(t) = Vbl (t) 
Rs hunt 

and 
(3.10) 

y(t) =Val (t) - Vbl (t) 

respectively, with all voltage signals measured with respect to the earthing point. For 

the HV-LV voltage transformation ratio, the excitation and response signals are given by 
-: ,,. ,,... 

x(t) = Va 1 (t) and y(t) = vb2(t) respectively, with 11.h.uiit short-circuited. A summary of 

the relevant arrangement and signal details is provided in table 3.3. 

The PRBS current source is not ideal, i.e .. it can not deliver the full set point current if its 

load impedance is too high. The input impedance presenf~d between the HV terminals 

of the 16 kVA transformer is in the order of several MD across most of the frequency 

range between 10 Hz and 100 kHz. Even with the PRBS current setpoint at a very low 
' ~ 

value ( 100 mA is the minimum value), the transformer input impedance is too high for 

the full PRBS current to flow. Instead, a PRBS voltage signal withwa-1'1 amplitlide equal 
" . 

to the PRBS current controller source voI'tage ·is applied, while the maximum current 

is limited to the PRBS current setpoint. The PRBS source voltage was typically set to 
I 

200 V during the HV terminal frequency response measurements. Practically it was found 

that the non-ideal behaviour of the PRBS source does not noticeably affect the frequency 

response measurement results or the frequency range over which excitation is obtained. 

HV1 Vb2 

Rs hunt 

Figure 3.12: Experimental arrangement for frequency response 
measurements with PRBS excitation applied to the LV 
terminals. 
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Figure 3.13: Experimental arrangement for frequency response 
measureinents with PRBS excitation applied to the HV 
terminals. 
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Because the length of the time-domain data records that can be sampled with the data 

acquisition system is limited to 8000 'samples per channel, it is impractical to sample one 

set of time-domain data in order to calculate a transformer frequency response over the 

full 10 Hz to 1()0 kHz frequency range, as the spacing between the frequency-doma.in data 

points 1iS too high in the lower frequency range. E.g. if the time-domain data is sampled 
~ ' ~ ~ ,/ 

at 500 kHz, the sp~cing between the frequency-domain data points is 62.5. Hz, which 

is sufficient above· 1 kHz, but yields only two or three frequency response points in the 

vicinity of the first parallel resonance of the open-circuit input impedances. In practice, 

two frequency decade~ were spanned by one measurement, so that two sets of response 

measurements were required for each frequency response. The resulting two frequency 

responses are theri joined in the_ frequency-domain to form the required frequency response 

over the full 10 Hz to 100 kHz range. Details of the PRBS signals and the excitatioi-i levels 

that were used to obtain the frequency responses of the 16 kVA transformer are given 

in table 3.4. The sar{ipling rates and the anti-aliasing filter cut-off freauencies that were 
' ' -~· .. 

used, are also shown, 

Tabl~ 3'.3t, Instrumenta:tj~>n _and signal details for transformer frequency re-
i. sp<:mse, measul'einents using PRBS excitation . 

,'-· ... .. 

Frequency· ,;Rshunt InpJt Response ,, ~.--Ti:ansfor.mer .. 
·-' .. A•),_ 

response . [h] signal, x(t) signal, y(t) terminals Figure 

' ZLoc(jw) 11 -vb'1(t) / Rshunt Val (t) HV open-circuit 3.12 

ZLsc(jw)' 11 -vbl( t) / Rshunt Val ( t) HV short-circuit 3.12 

HLH(jw) 0 Val ('t) Vb2 ( t) HV open-circuit 3.12 

ZHoc(jw) 1250 Vb1 ( t) / Rshunt Va1(t) - Vb1(t) LV open-circuit 3.13 
' ZHsc(Jw) 1250 Vb1 ( t) / Rshunt Val (t) - Vbl (t) LV short-circuit 3.13 

Hl!L(jw), 0 Val ( t) Vb2 ( t) LV open-circuit 3.13 
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Table 3.4: PRBS signals used to determine the frequency re
sponse characteristics of the 16 kVA test transformer. 

Frequency PRBS Signal Data Acquisition 

response ns J clock [kHz] a Filter f c [kHz] fs [kHz] 

ZLoc(jw) 11 2 0.4 A 1 5 

11 200 0.4 A 100 500 

ZLsc(jw) 9 4 0.4 A 10 50 

11 200 0.4 A 100 500 

HLH(jw) 9 4 
1..--;' 

0.4 A 10 50 

11 200 0.4 A 100 500 

ZHoc(jw) 11 2 200 v 1 5 

11 200 200 v 100 500 

ZHsc(jw) 9 4 100 v LO,/ 50 

11 200 100 v -··· .:10,0 500 

HHL(jw) 9 4 200 v 10 50 

11 200 200 v 100 500 -

3.5.2 Signal Processing 

56 

During a frequency response measurement, the transformer under .test is excite"d by a 

PRES signal while the excitation signal, :t'(t,', 'and th~. re~uired response signal, y(t), 

are sampled by the data acquisition system. Typical excitation and response signals 

are shown in figure 3.14; --in this case the first 4 ms of the PRBS input current and the 

terminal response voltage, that were used to determine the transformer LV open-circuit 

input-impedance frequency response, are shown. The· PRBS excitation current shown in 

figure 3.14 was clocked at 40 kHz, with ns = 9, and extita:ttorr level'·ff.:..:.:0:4 A. The- full 

sequence is 12.8 ms in length and occupies 6 400 sample points when sampled at 500 kHz. 

The power spectral density of the PRBS excitation signal is shown in figure 3.15. It cari 

be seen that the applied PRBS signal provides excitation energy over a wide frequency 

range. In practice it was found that the signal energy contained in the first sidelobe 

was high enough to allow frequency response estimation in its frequency range ( 40 kHz to 

80 kHz for the power spectral density shown in figure 3.15). Note that the measured power 
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Figure 3.14: Typical excitation and response signals during mea
surement of the transformer LV open-circuit input 
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Figure 3.15: Measured and theoretical power density spectrum of 
the excitation signal shown in figure 3.14. 
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spectral density agrees well with the theoretical prediction, which is given by [74, 89]: 

( 
(3.11) 

where wk= 27rkf dock/ N8 • Above 80 kHz, the measured power spectral density drops more 

r:apidly than predicted, due to the anti-aliasing filter Uc=lOO kHz) that was used when 

sampling the PRBS signal. 

Given the sampled excitation and response signals, x(kTs) and y(kTs), the so-called em

pirical estimate of one of the transformer frequency responses can be found [31]: 

(3.12) 

where X(jwk) and Y(jwk) are estimates of the spectra ,,.of·x(kTs) and y(kTs) respec

tively (obtained by applying the DFT). By applying~ equation 3.12 to the signals of 

figure 3.14, the empirical estimate of the LV open-circuit input-impedance frequency re-
::: ( 

sponse, ZLoc(jwk), is found as shown in figure 3.16. The same frequency response, obtained 

by stepped-frequency excitation is also shown in figure 3.16 for comparison. It is clear 

that ZLoc(}wk) is corrupted by noise, showing some variance around the stepped-frequency 

reference response, but is virtually unbiased with respect to the reference response. One 

method of reducing the variance of the empirical frequency response estimate is to average 

several similar responses in the frequency domain. In practice, this yields good results, 
. ~ N 

but involves the sampling and manipulation of }9J"ge amounts of dafa 'and it was found 
~~.,...- .: . . 

to be more convenient to smooth the frequency response estimate by applying a spectral 

estimation algorithm. 

A spectral estimator, that is simple to implement and was found to yield excellent re

sults when applied to the empirical estimates of the transformer frequency responses, is 

described by Kay [83] and by Koopmans [93]. This estimator performs frequency-domain 

averaging within a rectangular frequency-window, centered around a frequency Wk and is 

given by: 

M 

G(jwk) = 2M
1
+ l L G(jwk+n), 

n=-M 

(3.13) 

where M is the width of the frequency window to either side of wk (the total window 

width is thus 2M + 1). The estimator of equation 3.13 can be refined by introducing 
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a weighted frequency window, W-y(w), so that response values close to Wk have a larger 

influence on G(jwk) than values that are further away: 

( 

100 

50 
2-_, 

Q) 
0 00 

<d 
...c 
0... 

-50 

-100 
101 

Figure 3.16: 

M 

G(jwk) = L W-y(n)G(jwk+n). 
n=-M 

-- PRBS · · · · · · Stepped-frequency 

103 .,,1'04/ 

Frequency [H~L. :.,· 

103 

Frequency [Hz] 

Empirical estimate of the transformer LV Of>en-circuif 
input-impedance fr@'queifty re~~onse, ZLoc(jwk), ob
tained by applying PRBS excitation and the same re
sponse measured by applying stepped-frequency exci
tation. 

(3.14) 

A wide variety of weighting functions can be used in equation 3.14. For the transformer 

frequency responses, the Bartlett frequency window [31, 83] was applied as follows: 

W (n) = ~ [sin(1fl1)]
2 

'Y "( sin(;;) ' 
(3.15) 

where "f controls the width of the frequency window within the frequency range bounded 

by Wk-Mand Wk+M; a value of"(= 2 was generally used and the overall frequency window 

width was adjusted by changing NJ. An optimum value for Mis found by trial and error, 

as it depends on the nature and severity of the noise components in G(jwk) as well as 
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the nature of the frequency response itself [31]. In genera.I, large values of Iv! will reduce 

the variance of the estimated frequency response while increasing its bias, especially at 

frequencies where the response changes rapidly. 

For the transformer frequency responses obtained with PRBS excitation, the estimator of 

equation 3.14 was found to give good results. Calculation of the transformer frequency 

response estimates required very little computing time compared to the time required 

to calculate a response estimate using e.g. the spa estimator provided by the MATLAB 

System Identification Toolbox [75], which is a variation of the Blackman-Tukey spectral 

estimator [31, 83]. The complete set of estimated frequency responses of the 16 kVA 

transformer are presented in section 3.6 below. 

3.6 Frequency Response Measurement Results for the 

16 kVA Transformer 

This section presents the full set of measured frequency responses, ~h, of the 16 kVA test 

transformer, as obtained by using stepped-frequency excitation and by PRBS excitation. 

From figures 3.17 to 3.22 it can be seen that very good agreement is obtained between the 

responses measured with stepped-frequency excitation and those obtained by applying 

PRBS excitation. This validates the accuracy of the frequency response measurements 
" .. 

across the 10 Hz to 100 kHz frequency r:l!~~ ... ~t fre~ue~cies below 1 kHz, there is 

some disagreement between the stepped-frequency and PRBS versions of the open-circuit 

input-impedance frequency responses, ZLoc(jw) and ZHoc(jw). This disagreement results 

from the fact that different excitation levels were applied for the stepped-frequency and 

PRBS measurements. The non-linear effects, which cause this voltage-dependence in the 

transformer frequency responses, are explored in more detail in section 3. 7. 

The stepped-frequency and PRBS amplitude responses of HLH(jw), shown in figure 3.21, 

disagree at the first resonance of the response (4.5 kHz). This error is due to some 

bias introduced by the spectral estimator that was used to smooth the PRBS frequency 

response (see section 3.5.2). 
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Figure 3.17: Measured LV open-circuit input-impedance frequency 
response, ZLoc(jw). 
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Figure 3.18: Measured LV short-circuit input-impedance frequency 
response, ZLsc(jw). 
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Figure 3.19: Measured HV open-circuit input-impedance frequency 
response, ZHacUw). 
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Figure 3.20: Measured HV short-circuit input-impedance frequency 
response, ZHsc(jw). 
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Figure 3.21: Meas~red LV-'-HV voltage transformation ratio freq
uency response, HLH(jw). 
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Figure 3.22: Measured HV-LV voltage transformation ratio freq
uency response, HHL(jw). 
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3. 7 Frequency- and Voltage-dependent Effects 

The results presented in section 3.6 show a mismatch, at low frequencies, between the 

transformer open-circuit input-impedance frequency responses measured by the stepped

frequency and PRBS excitation methods respectively. It was suggested that this mismatch 

is due to the different excitation levels that were used during the measurements. To con

firm this, the HV open-circuit input-impedance frequency response of the transformer 

was measured at a number of excitation levels, in the low-frequency range.· The transfor

mer was excited at 220 V, using stepped-frequency sinusoidal excitation, and also with 

a PRBS signal, using excitation levels of 1 kV and 2.5 kV. The high PRBS excitation 

levels were obtained by applying the PRBS signal via a step-up transformer, as shown in 

figure 3.23. The results of these measurements are presented in figure 3.24 and show that 

the first parallel resonant frequency of the HV open-circuit input-impedance decreases as 

the excitation level increases. 

In the frequency range around the first parallel resonance of the transformer open-circuit 

input impedances, the simple parallel RLC circuit shown in figure 3.25 can be used to 

approximate the open-circuit input impedance [94). The equivalent RLC circuit shown 

in figure 3.25 is a simplification of the basic wideband T-equivalent transformer model 

shown in figure 2.3 (p. 14). The parallel RLC circuit is formed by assuming that the 

leakage-branch components (Lll, Ll2, R1 and R2 in figure 2.3) are very small c9mpared 
·~ .. - \ 

to the magnetizing-branch elements (Lm ans;lh·:m figure 2·.3) and can thus be replaced 

by zero-impedance branches. The inter-winding capacitance, C~2 in figure 2.3 is not 

expected to have an effect at frequencies in the vicinity of the first parallel resonance of 

the open-circuit input impedance [14), and can thus be ignored. 

In figure 3.25, Le represents the magnetizing inductance of the transformer and the value 

Step-up 
Transformer LV1 Vb2 

Figure 3.23: PRBS excitation applied to the transformer HV ter
minals via a step-up transformer. 
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of Re is related to the hysteresis and eddy-current losses in the core. The capacitance Ce 

is a lumped representation of the winding inter-turn capacitances and the capacitances 

between the windings and earth. Referring to the equivalent circuit shown in figure 2.3, 

Ce can be considered as a lumped representation of capacitances C~ and C~. The first 

parallel resonance of the input impedance then occurs at: 

1 
(3.16) W1 = ---

JLeCe. 

Capacitance Ce is a function of the geometrical arrangement of the various components 

from which the transformer is constructed, as well as the permittivity of the materials that 

form the dielectric of Ce. Under normal operating conditions,,_none if..t.hes.e parameters 

are likely to change significantly as a function of the -yoltage or the frequency of a signal 

applied to the transformer terminals. Thus, it can be assumed that Ce is constant [95]. 

Therefore, the shift in the location of the resonant frequency of the open-circuit input 

impedance (shown in figure 3.24), has to be due to an increase in the equivalent value of 

Le as the excitation voltage, Ve, increases. 

The value of Ce can be estimated from the LV open-circuit input impedance frequency 

response of the transformer. At frequencies sufficiently greater than the first resonant 



Stellenbosch University  https://scholar.sun.ac.za

Chapter 3. Transformer Frequency Response Measurement 

ie 

tm, ic 

Ve 

Le Re Ce 

Figure 3.25: Equivalent circuit to simulate the transformer open
circuit input impedance at frequencies in the vicinity 
of the first parallel resonant frequency. 
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frequency of the open-circuit input impedance, ZLoe(jw) becomes capacitive, so that an 

estimate of Ce can be found from [94]: 

. 1 
Ce=-------

27r fa IZLoe()27r fa) I ' 
(3.17) 

where fa is the frequency at which Z Loe (jw) is evaluated to determine Ce. From figure 3.17 

it can be seen that ZLoe(jw) is essentially purely capacitive at frequencies in the vicinity 

of 1 kHz, which is 10 times higher than the first resonant frequency of the open-circuit 

input impedance. By applying equation 3.17 at fa = 1 kHz, the value of Ce was found 

from the stepped-frequency measurement of ZLoe(jw) as 3.6 µF. 

To investigate the voltage-dependence of Le, the LV open-circuit input impedance of the 

16 kVA transformer was measured as a function of the excitation.,yoJtage, at a fixed 

frequency of 50 Hz. If a constant value is ass1"1m~ for Ce, the values Le and Re can be 

determined at each voltage. level from: 

and 

1 
Re(Ve) = R {Y5o (V.)} e Loe e 

-1 
Le(Ve) = w2 Ce - W Im{Yi~e(Ve)} ' 

(3.18) 

(3.19) 

where Yi~e(Ve) = {Zi~e(Ve) }-1 is .the LV open-circuit input admittance as a function of 

the excitation voltage Ve at 50 Hz. Note that only the fundamental components of Ve 

and the transformer input current were considered when determining Zi~e(Ve), using the 

procedure described in section 3.4.2. The results are shown in figure 3.26 and it can be 

seen that Le increases considerably as Ve increases, for Ve < 100 V. Over the same voltage 
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range, the value of Re shows a relatively small percentage increase. The knee-point of the 

transformer magnetization curve is rearhed when Ve ~ 110 V and core saturation occurs 

as Ve is increased further. The reversal in the trend of Re and Le for Ve > 100 V, shown 

in figure 3.26, corresponds to the value of Ve at which the knee-point is reached. 
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Figure 3.26: Voltage-dependence of Re and Le. 

The voltage-dependence of Le is related to the,.n.gn .. #near cliaracteristics of the transformer 

core, which is hysteretic and is subject to saturation effects. The remainder of this section 

aims to investigate the voltage- and frequency-dependence of Le and Re, by relating Le 

to the core flux, which is a function of the applied voltage and frequency. 

Letting the equivalent circuit shown in figure 3.25 represent the transformer as seen from 

the LV terminals, with the HV terminals open-circuit, Le can be expressed as [35]: 

(3.20) 

where N represents the number of turns on the LV winding and </>c(t) is the core flux. 

The instantaneous current flowing in the winding is im ( t), ignoring the effects of the 

winding capacitances. Due to the non-linear characteristics of the transformer core, the 

relationship between </>c(t) and im(t) is not linear (i.e. ~is not a constant), which implies 

that Le is time-varying. However, if Le is defined in terms of the fundamental components 
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of </>c(t) and im(t), it will be a constant representing an 'effective' inductance, which is 

valid at the fundamental frequency and at the magnitude of Ve that was used during its 

measurement. (Le was defined in this way to obtain the measurements of figure 3.26.) 

Using Faraday's law, </>c(t) can be found as a function of ve(t), assuming that all the flux 

linked by the winding is confined to the core: 

</>c(t) = ~ J Ve(t) dt. (3.21) 

Note that equation 3.21 implies that if Le is voltage-dependent, it will also be frequency

dependent, as the magnitude of <I>c will decrease as the frequency of Ve is increased (as

suming that the amplitude of Ve remains constant). 

In figure 3.25, im is shown as the sum of the currents flowing in Le and Re, i.e. 'lm 1s 

'the magnetizing current of the transformer. The mechanisll) r~sponsible for the voltage

and frequency-dependence of Le can be visualized by .plotting </>c(t) as a function of im(t) 

at a number of frequencies, which essentially represents the core hysteresis loop at a 

number of operating points. Neither </>c(t) or im(t) can be measured directly, but can be 

derived from measurements of ve(t) and ie(t). The number of turns oti the LV winding 

of the 16 kVA test transformer is known (N = 89), so that </>c(t) can be found from 

equation 3.21. Using the value of Ce estimated above, the magnetizing-branch current 

can be found from measurements of Ve(t) and ie(t) by: 

im(t) = ie(t) - ic(t) 

= ie(t) ~""ce®e(t) 
. dt 

(3.22) 

To measure ie and Ve, the 16 kVA transformer was excited from the LV terminals, us

ing a sinusoidal excitation signal, at frequencies of 5 Hz, 10 Hz, 40 Hz and 80 Hz. An 

excitation voltage of 14 V was used for all the measurements. Practically, this was the 

maximum voltage that could be applied at all the required...:ftequ:encies 'with the avai1aole 

excitation equipment. In each case, signals Ve and ie were sampled simultaneously and </>c 

and im were calculated by applying equations 3.21 and 3.22 numerically. The integration 

of equation 3.21 was performed by applying trapezium-rule integration [74] and the dif

ferentiation in equation 3.22 was performed by applying the first-order forward-difference 

approximation method [74]. The resulting· plots of </>c as a function of im, measured at 

the same excitation voltage, are shown in figure 3.27. 

It is interesting to note that the peak flux reached by the 5 Hz loop ( ~ 6.5 m Wb) is 
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similar to the peak flux reached when the transformer is operating normally. According 

to the manufacturer, the 16 kVA test transformer peak core fllLx density, Bpeak, is 1.1 T 

at 50 Hz and rated voltage. The core has a cross-sectional area, A, of 62 cm2
, which 

translates to a peak flux of: 

</>peak = BpeakA = 1.1 x 6.2 x 10-3 = 6.8 m Wb. (3.23) 

This result provides a degree of validation for the (approximated) hysteresis-loop mea

surements shown in figure 3.27, as the estimated core-flux levels are realistic, considering 

the applied excitation levels and frequencies. 

A crude approximation of the relative values of Le, for the cases shown in figure 3.27, 

can be made by letting Le be proportional to the slope of a straight line which passes 

through the extremes of each hysteresis loop. A reduction in the slope of such a line, as 
...-:,·,,,. /' 

a function of frequency, can be seen in figure 3.27 for the hysteresis loops measured at 
~.,.,..,. _. 

10 Hz, 40 Hz and 80 Hz. When the core is driven into saturation (as for the 5 Hz loop), the 

straight-line approximation predicts a reduction in Le with increased excitation voltage 

or reduced frequency. Although the 5 Hz loop was measured at a low excitation level, it 
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Figure 3.27: Approximated hysteresis loops for the 16 kVA trans
former, excited at different frequencies, but at constant 
voltage magnitudEJ. 
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can be related to the drop in Le that can be seen in figure 3.26 for Ve > 100 V, if it is 

considered that it was measured at a much lower frequency than the results of figure 3.26. 

The straight-line approximation can also be used to show why very poor low-frequency 

response measurements are obtained when an impulse excitation signal is applied to the 

transformer. Unlike sinusoidal and PRBS excitation signals, an impulse is a unipolar 

signal, so that a complete, closed hysteresis loop is never traversed while the impulse is 

applied. Thus, an approximation of Le can never be formed, as the signal-to-noise ratio 

at low frequencies is simply too poor. 

The hysteresis-loop measurements were repeated, maintaining a constant ratio of Ve/ f so 

that the magnitude of <I>c is expected to remain constant. Figure 3.28 shows the results 

of these measurements. A similar hysteresis loop is obtained at each frequency, i.e. all 

the hysteresis loops in figure 3.28 extend to similar extr_emes,,...and the slopes of straight 

lines drawn through the extremes have similar slopes.--Ac~ording the arguments presented 

above, the value of Le should remain constant as a function of frequency if a constant 

Ve/ f ratio is maintained during the measurements. It can also be seen in figure 3.28 

that the area enclosed by the loops increases with frequency. The hysteresis-loop area 
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Figure 3.28: Approximate hysteresis loops for the 16 kVA transfor
mer, measured at different frequencies, maintaining a 
constant Ve/ f ratio. 
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is proportional to the hysteresis and eddy-current losses [35, 1, 2], so that the increase 

in area can be attributed to an increase in these losses with frequency, as predicted by 

equations 2.4 and 2.5. 

Using the equivalent circuit shown in figure 3.25, values for Le and Re (as a function of 

frequency) can be found from the LV open-circuit input-impedance frequency response, 

for the constant Ve case and for the constant Ve/ f case. ZLoc(jw) was measured for each 

case, up to 80 Hz using sinusoidal excitation. Le and Re can be found from: 

1 
Re(w) = Re{Y Loc(jw)} (3.24) 

and 

-1 
Le ( w) = 2 C { (" )} , w 'e - wlm YLoc JW 

(3.25) 

where Y Loc(jw) = {ZLoc(jw)}- 1 is the LV open-circuit input admittance. The results 

of both sets of measurements are shown in figure 3.29. It can be seen that Le remains 

constant for a constant Ve/ f frequency response, while the constant Ve measurement of 

Le shows the expected decrease in the value of Le as the frequency is increased. From the 

results presented above, it can thus be concluded that Le is dependent on the magnitude 

of the transformer core. flux <Pc, so that it is a strong; function of the applied terminal 

voltage and of frequency. 

As shown in figure 3.29, there is very little difference in the values of Re obtained for the 

constant Ve/ f and constant Ve cases. From this result and the result of figlire 3.26, it can 

thus be concluded that Re is a strong function of frequency, but varies only by a small 

amount if the excitation voltage is changed. This supports .. th~ .. approxima.,te expressiQD for 

Re that is given by equation 2.6 [15], in which Re is expressed as a function of frequency 

only. 

From the above results it is clear that the frequency response characteristics of practi

cal transformers are strong functions of the excitation voltage that was used to obtain 

the frequency response measurements. These results also highlight the importance of 

maintaining a constant excitation level while performing transformer frequency response 

measurements. It could be argued that a constant Ve/ f ratio should be maintained, so 

that the equivalent value of Le remains constant. However, in practice this is difficult to 
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achieve over a wide frequency range, complicates the measurement procedure and excludes 

the use wideband excitation signals such as PRBS signals. 

---*-- Constant Ve -*- Constant ve/ f 

0.8 -· . ······· 

s 0.6 

~ 0.4 

0.2 ... ,,..., .. 
,;x: 

x 

. . . . .......... ····-·- ···-· ······· ···~··;_;,··;.:i··lf-"""'· ~_...... 

O'--~--'~~--'-~~-'-~~-'-~~--'-~~-'--~~-'-~~'--~--' 

0 10 20 30 40 50 60 70 80 90 
Frequency [Hz] 

3 

-d_.,.,-. :·•.-; - .. 

* )t - ~ - ~- ~-~--ii(- -x- -~- ->E- -~ -* -
. . . . . . . . - . - . . - . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

O'--~--'~~--'-~~-'-~~-'-~~--'-~~-'--~~-'-~~'--~--' 

0 10 20 30 40 50 60 70 80 90 
Frequency [Hz] 

Figure 3.29: Frequency-dependence of Le and Re. 
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Chapter 4 

Transformer Model Development 

The development of a wideband two-winding transform-er model is described in this chap

ter. As a starting point, the resonant behaviour of an isolated transformer winding is 

investigated and an equivalent-circuit model to represent such an isolated winding is es

tablished. By combining two such winding models, a two-winding transformer equivalent

circuit model is formed. At this point, inter-winding, tum-to-turn and winding-to-ground 

capacitances are added to the model, based on physical considerations. Finally, provision 

is made for the core losses and for the frequency-dependence of the inductive and resistive 

components of the transformer model. 

During the model development process, it has'fo 6e kept' in rriind that the model param

eters are to be found from terminal response measurements by a parameter estimation 

procedure. Care must thus be taken not to 'over-model' the transformer by introducing 

too many model parameters. This would increase the uncertainty of the parameter esti

mates or could cause the model to become unidentifiable [7 4]. Considering the constraints 

imposed by the parameter estimation process, an optimumtransfornief·model' stfifcture 

has to be defined which will also meet the following requirements (see section 1.1): 

• The order of the model structure must be high enough to predict the 'minor' reso

nances of the transformer frequency response characteristics in the frequency range 

between 10 Hz and 100 kHz, while keeping the number of parameters as low as 

possible. 

• The model structure must take the form of a lumped-parameter equivalent circuit 

with elements that represent the internal structure of the transformer. 

73 
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4.1 The Resonant Behaviour of Individual 

Transformer Windings 

74 

The approach that was followed in the transformer model development process was to first 

investigate the resonant behaviour of an isolated transformer winding and then to combine 

two or more winding models to form a transformer model. The resonant behaviour of 

transformer windings has been investigated and modelled by a number of researchers [46, 

47, 96, 97, 98]. In all cases the winding is sub-divided into a finite number of sections, each 

of which is assumed to be homogeneous. This leads to an n-section, cascade equivalent

circuit model such as the one shown in figure 4.1. It is important to note that all the 

winding sections are mutually coupled. The mutual coupling of the winding sections 

complicates analysis of the equivalent circuit, but can not be ignored as this would lead 

to an inaccurate representation of the physical winding system [98]. 

Figure 4.1: n-Section cascade representation of a transformer wind
ing. Note that all inductances are mutually coupled. 

In figure 4.1, capacitances Cg represent the capacitance between the winding and ground, 

while capacitances Cs are a lumped representation of the inter-turn capacitances. For 

most practical transformer windings it is expected that Cg « Cs, as the spacing between 

the winding and the transformer core, or the transformer tank, is usually large due to 

insulation requirements. Further, turns not located on the outer or inner layer of the 

winding are shielded by the outer and inner winding layers and are thus not expected to 

have a significant capacitance to ground, compared to the values of the lumped inter-turn 

capacitances, Cs. However, this is a strong function of the construction of the winding, e.g. 

Abetti and Maginniss [98] found that Cg ~ Cs in their analysis of a specially constructed 

single-layer, helical transformer winding with an inner and an outer grounded electrostatic 

shield. To simplify the following analysis of a transformer winding it will be assumed that 

Cg « Cs and therefore capacitances Cg will be ignored. Note that the omission of these 

capacitances does not reduce the order of the resulting model, as all these capacitances 

form part of loops consisting only of capacitances, thus not adding state variables to 



Stellenbosch University  https://scholar.sun.ac.za$,·· 

Chapter 4. Transformer Model Development 75 

the system (i.e. if the voltages across capacitances Cs are known, the voltages across 

capacitances C9 can be found, assuming that one end of the winding is grounded) [99]. 

The analysis is further simplified by the omission of lumped representations of the winding 

resistance, as this has only a small effect on the resonant frequencies of the winding [47, 

97, 98, 49], but will result in incorrect prediction of the damping associated with each 

resonance. 

The resonant behaviour of the n-section transformer winding equivalent circuit can be 

examined by determining the number and location of the poles and zeros of a frequency

domain expression for the total winding impedance [46, 98]. If the winding resistances 

are omitted, the winding impedance will tend to infinity at the location of a parallel 

resonance and to zero at the location of a series resonance. Figure 4.2 shows the simplified 

transformer-winding equivalent circuit. Choosing loop-currents as shown in figure 4.2, the 
""": .,... ...-

Laplace-domain loop-equations for the equivalent circuit,-in the form ZI = V, are given 
.-,...,. .... -

by: 

sL1 + s~1 sM12 sM1n l I1 0 sC1 

sM12 sL2+--!J sM2n l I2 0 s 2 sC2 

sM1n sM2n sLn+ b l In 0 
S n sCn 

l l l :z:n l Ia Va sC1 sC2 sCn m=l sCm 

' . 
""~ ~· 

L1 0) C1 

L2 fi) C2 

(? ~:---~Va;~ 

Figure 4.2: n-Section representation of a transformer winding, 
showing the loop-currents used in the analysis of the 
circuit. All inductances are mutually coupled and the 
capacitances to ground are not included. 

( 4.1) 
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The total impedance of the winding, Zw(s), can now be found from equation 4.1: 

Z ( ) = Va(s) =Liz 
w S Ia ( S) Lia ' (4.2) 

where Liz is the determinant of the coefficient matrix Z and Lia is the (n+ 1, n+ 1)-th 

cofactor of Z. 

The simplest case (except representing the winding by a single, lumped inductance) is 

obtained when choosing n = 2. For this case, expansion of equation 4.2 yields the following 

expression for the winding impedance: 

Zw(s) = (C1 + C2)(L1L2 - M 2 )s3 +(Li+ L2 + 2M)s. 
C1C2(L1L2 - M 2 )s4 + (C1L1+C2L2)s2 +1 

( 4.3) 

For practical transformer windings L 1L2 > M2, leading to the/conclusion that the coeffi

cients of s in equation 4.3 will always be positive ancrreal The numerator has one trivial 

root at zero and the other two numerator roots are found as: 

s =± (4.4) 

which are purely imaginary complex conjugates. By now ~etting s = jw, the location of 

the impedance zeros in the frequency domain can be found. The zero at 0 Hz is expected, 

as £ 1 and L 2 present no impedance at DC. Only one positive numerator root ~eplains, 
..... ' 

indicating one series resonance in the windi~,i.m~danc~ for 9'll positive frequencies. 

The roots of the denominator of equation 4.3 can be found from: 

For a practical, closely-coupled transformer winding: 

(4.6) 

indicating that the denominator of equation 4.3 has two pairs of purely imaginary, complex 

conjugate roots. Setting s = jw, two frequencies at which the winding impedance tends 

to infinity, or parallel resonant frequencies, are found for all positive frequencies. 

The following example illustrates the properties of a two-section winding equivalent-circuit 
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model and the ability of the circuit to represent a practical transformer winding. Con

sider the two-section equivalent circuit shown in figure 4.3. Resistances R1 and R2 have 

been added to introduce some damping to the system. Ignoring the effect of R1 and R2 

and substituting the element values shown in figure 4.3 into equation 4.3, the following 

expression is found for the frequency response of the input impedance of the example 

winding: 

2 x 10-7s3 + 1 700s 
Zw(s) = . 

1x10-16s4 + 1.1x10-7s2 + 1 
(4.7) 

The numerator of equation 4. 7 has roots at s = 0 and at s = ±j29 155. Thus: the 

example winding has a series resonance at 4 640 Hz. The roots of the denominator are 

at s = ±j3 028 and at s = ±j33 028, which means that the example winding impedance 

exhibits parallel resonances at 482 Hz and at 5 257 Hz. The frequency response of the 

example winding input impedance is shown graphically in figur_e 4.4 (including the effect of 

the winding resistances). The two parallel resonances--an<l the single series resonance can 

clearly be seen. At this point it is interesting to note the close agreement between the trend 

of the response shown in figure 4.4 and the trend of the HV open-circuit input-impedance 

response measured for the 16 k VA, single-phase experimental transformer (see figure 3.19). 

The latter response also exhibits a 'main' parallel resonance, beyond which the winding 

input impedance is predominantly capacitive, followed by a number of 'smaller' resonance 

pairs. Each such resonance pair consists of a series resonance, followed almost immediately 

by a parallel resonance. One such resonance pair is also evident in figure 4.4, characterized 

by the series resonance at 4 640 Hz, followed by the parallel .resonanG@.at 5 256 HZ. 

10 n R1 

C1 l •'11'.P-

10 H L1 

M = 30 H ( 

100 H L2 

C2 1 nF 

100 n R2 

Figure 4.3: Two-section representation of a transformer winding. 
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Figure 4.4: Input-impedance frequency response of the winding 
equivalent circuit shown in figure 4.3. 
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A further interesting result can be derived from equation 4.3. If it is assumed that the 

coupling between L 1 and L 2 is ideal, then L 1L 2 - M 2 = 0. In this case, equation 4.3 

reduces to 

(4.8) 

Using this simplified expression for the winding input impedance, a single parallel reso

nance is found at 

(4.9) 

In the case of the example winding discussed above, equation 4.9 yields w1 = 3015 rad/s 

( 480 Hz), which is very close to the frequency at which the 'main' parallel resonance in 

the winding occurs. Equation 4.9 can thus be used to approximate the location of the first 

parallel winding resonance, provided that the coupling factor between L 1 and L 2 is close 

to unity. This result also shows that the series-parallel resonance pair beyond the first 

parallel resonant frequency are related to the leakage components of L 1 and L 2 , asr this 

series-parallel resonance pair disappears when the coupling between L 1 and L2 is ideal, 

i.e. when the inductances have no leakage components. 
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By increasing the number of sections that are used to represent a transformer winding, 

it should be possible to increase the number of series-parallel resonance pairs following 

the main parallel resonance of the input impedance. By increasing n to 3, the following 

expression is found for Zw ( s): 

(4.10) 

where 

a5 = (C1C2 + C1C3 + C2C3)(L1L2L3 - L3Mf2 - L2Mf3 - L1Mi3 + 21Vf12M13Af23), 

a3 = C1(L1L2 + L1L3 - Mf2 - 2M12M13 - Mf3 + 2L1M23) + 
C2(L1L2 + L2L3 - Mf2 - 2M12M23 - Mi3 + 2L2M13 ) + 
C3(L1L3 + L2L3 - Mf3 - 2M13M23 - Mi3 + 2£3M12), 

b6 = C1C2C3(L1L2L3 - L3Mf2 - L2Mf3 - L1Mi3-.f-' 2-M12M13M23), 

b4 = C1C2(L1L2 - Mf2) + C1C3(L1L3 - Mf3) + C2C3(L2L3 - Mi3) and 

b2 = C1L1 + C2L2 + C3L3. 

( 4.11) 

Examination of equation 4.10 reveals that the numerator and the denominator have five 

and six roots respectively. The numerator has a root at s = 0, indicating zero winding 

input impedance at DC. The remaining four roots of the numerator are two _c9mplex 
...... ' 

conjugate pairs, leading to the interpretatio~"'tha~the winding input impedance has two 

series resonant frequencies. In a similar manner it can be deduced that the winding 

impedance has three parallel resonant frequencies as the denominator has three pairs of 

complex conjugate roots. As was the case where n = 2, an approximate expression for the 

location of the first parallel resonant frequency can be found, based on the assumption 

that £ 1, £ 2 and £ 3 are tightly coupled (cf. equation 4.9):. 

(4.12) 

From equations 4.3 and 4.10 it would thus seem that the input impedance of an n

section transformer equivalent circuit has n series resonant frequencies, including the 

impedance minimum at DC, and n parallel resonant frequencies. Proof of this statement 

will not be attempted here, but it is supported by the work of Popovic [47], Abetti and 

Maginniss [97, 98] and Keyhani et al. [78], whose results show that n series resonances 
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and n parallel resonances are presented by an n-section winding equivalent circuit. 

From the above discussion it can be concluded that an n-section lumped-parameter equiv

alent circuit is suitable for the representation of a practical transformer winding, provided 

that n is large enough to represent all the resonances in the frequency range of interest. It 

is clear that general expressions for Zw ( s) for n > 3 become increasingly more difficult and 

tedious to derive as n increases, and a variety of methods have been proposed by which 

an n-section winding model can be analysed (96, 47, 46, 98]. Common to these analysis 

methods is the assumption that the parameters of an n-section lumped-parameter wind

ing equivalent circuit can be calculated from the physical parameters of the winding in 

question. Of interest to the present work is the feasibility of estimating the parameters of 

an n-section transformer winding model from terminal response measurements. A large 

number of parameters are involved: n capacitances (ignoring capacitances to ground or 

to other parts of the transformer), n self-inductances, ~(n,.,-~ 1-) mutual inductances and 

n resistances, if the winding resistances are to be inclttded. 

Keyhani et al. (78] proposed a method by which these parameters can be estimated from 

terminal response measurement data and illustrate their method by estimating the pa

rameters of a 6-section transformer winding model. The number of parameters to be 

estimated was reduced by assuming that the self-inductances of all the sections are equal. 

The same assumption was made for the values of the lumped inter-tum capacitances and 

the winding resistances. Further, it was assumed that the magnetic coupling between all 

winding sections that have the same geometrical location with respe.ct, to each ·other is 

equal. In this way the number of parameters t'B'be' ctitimat~d ~as reduced to 11 (compared 

to a total of 39 equivalent-circuit parameters, including capacitances to ground). 

Despite the assumptions that were made, Keyhani et al. (78] found that it was not pos

sible to obtain a unique solution for the para.meters based on a terminal response mea

surement alone. The para.meters to which the estimation algorithm converged, depended 

very strongly on the initial values chosen for those parameters. However, if the voltage 

responses across each winding model section were included in the estimation procedure, 

a unique solution for the model parameters was possible. 

From the preceding discussion it would seem that it is not possible to uniquely estimate 

the parameters of an n-section transformer winding model based on a terminal response 

measurement alone. A requirement of the work discussed in this dissertation is, however, 

that only terminal response measurements can be used to estimate the parameters of a 
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transformer model. Measurements of the response of individual winding sections will not 

be available, as these are very difficult to obtain in practice. Even if the transformer 

windings were accessible, the point in the winding at which a sectional response measure

ment is to be taken would be difficult to determine. It must, however, be remembered 

that a transformer consists of at least two windings, each of which can be represented by 

a cascade winding model and that the number of sections used for each winding need not 

necessarily be equal. This also means that more than one terminal response measurement 

is possible, as shown in chapter 3, where a total of six responses were measured for a 

two-winding transformer. Provided that an optimal value of n is chosen to model each 

winding in the frequency range of interest, it should be possible to estimate a unique set of 

parameters for each winding model, as the resonant behaviour of a particular winding will 

be reflected in response measurements conducted at the terminals of the other winding(s). 

4.2 Two-winding Transformer Model 

By combining two n-section winding equivalent circuits, the basis of a model for a two

winding transformer can be formed. The construction of such a model is presented in 

this section, with reference to the 16 kVA, 22 kV/ 240 V, single-phase transformer used 

in most of the experimental work discussed in this dissertation. Firstly, the number of 

sections to be used in the representation of each winding has to be determined. The 

location (in the equivalent circuit) of capacitances between individual ,winding 'sections 

and other parts of the transformer can now t:le~·aefermin~d. A: method by which the core 

losses can be accounted for also has to be found. 

The number of sections that will be used to represent each winding is determined by ex

amining the measured frequency-response characteristics of the experimental transformer. 

The measurement of the open-circuit input impedance of·t-lre·ii·V winding was ·dis'Ctlssed 

in chapter 3 and is shown in figure 3.19. This response shows a 'main' parallel resonance 

in the winding between 100 Hz and 200 Hz, followed by two clearly visible series-parallel 

resonance pairs at 6 500 Hz and 40 kHz. Following the arguments presented in section 4. 1, 

this suggests a minimum of n = 3 for the HV winding. The resonances at 6 500 Hz and 

at 40 kHz are also visible on the response of the LV open-circuit input impedance, as 

parallel-series resonance pairs (see figure 3.17). A further such resonance is present at 

20 kHz, which can also be identified on the HV open-circuit input-impedance response, 

although here it appears highly damped. The experimental transformer has a turns ratio 

of approximately 100, which means that the total self-inductance of the HV winding is 
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1002 = 104 times higher than that of the LV winding. Further, due to the larger number 

of turns and the higher coil diameter, the lumped value of the HV winding inter-turn ca

pacitance is expected to be higher than that of the LV winding. The resonant frequencies 

of the HV winding are thus expected to lie at much lower frequencies than the resonant 

frequencies of the LV winding. Thus, the response of the LV open-circuit input impedance 

for the measured frequency range of 10 Hz to 100 kHz (as shown in figure 3.17), is ex

pected to show the resonant behaviour of the HV winding, as seen from the LV terminals, 

rather than the resonances of the LV winding itself, which occur at frequencies beyond 

the measured range. Four winding sections will thus be used to represent the HV winding 

of the experimental transformer up to 100 kHz, catering for the three resonance-pairs at 

6 500 Hz, 20 kHz and 40 kHz. The LV winding will be represented by a single section, as 

its resonant frequencies are expected to lie above 100 kHz. During the frequency response 

measurements (chapter 3), one terminal of each winding was earthed, which simplified the 

measurement procedures. This configuration will be retained.for the transformer model, 

eliminating some of the capacitances which would be-required to connect the windings to 

ground. Based on the above discussion, the equivalent-circuit model shown in figure 4.5 

can now be constructed for the experimental transformer. 

~-----o HV 1 

Rb3 

Gb"J' 

Lb3 

LV1 

Rat Rb4 

Cai cb4 

Lai Lb4 

LV2 HV2 

Figure 4.5: Basic two-winding equivalent-circuit model of the 
16 kVA experimental transformer. 
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Not included in figure 4.5 are capacitances between the two windings or capacitances 

between the windings and ground. The location of these capacitances is derived from the 

physical layout of the transformer windings, which is shown in figure 4.6. The LV winding 

of the experimental transformer consists of two 4-layer coils, one wound on each leg of the 

core. These two coils are connected in parallel to form the LV winding. The HV winding 

consists of two series-connected 21-layer coils (one per leg), wound over the outside of the 

LV coils. The largest portion of the inter-winding capacitance is therefore found between 

the outer layers of the LV coils and the inner layers of the two HV coils. The -lumped 

representation of the inter-winding capacitance, Gabl, will thus be placed between the LV 

winding and the central node of the HV winding equivalent circuit, as shown in figure 4. 7. 

The lumped inter-winding capacitance is not expected to be very large (relative to the 

inter-turn capacitances) as the spacing between the LV and HV winding is quite high, 

due to insulation and cooling requirements. 

....... ........ --
Core 

LV winding /(4 layen<) 

\ 
HV winding 
(21 layers) 

Figure 4.6: Winding layout of the 16 kVA exper"imentar"frarisfor
mer. 

In the present form of the transformer model, one terminal of each winding is connected 

to earth, which means that any capacitance between the earthed end of the windings and 

earth is effectively short-circuited. Lumped representations of the capacitance between the 

HV winding and earth are included in capacitances Cbio and Cb34 , as shown in figure 4.7. 

Cb34 and Cb12 are lumped representations of the capacitance between adjacent layers of 

the HV winding, in addition to the lumped inter-turn capacitances Cbi to Cb4 . C0.10, 

which is priµiarily intended as a representation of the LV winding inter-turn capacitance, 
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Figure 4.7: Lumped-parameter equivalent-circuit model of the 
16 kVA experimental transformer. All inductances are 
mutually coupled. 
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will include a small component that can be attributed to the capacitance between the LV 

winding and earth. 

Thus far, the transformer core losses have not been included in the transformer model. 

The core losses are often ignored when only the high-frequency behaviour of a transformer 

is under investigation [47]. However, the model of figure 4.7 must be able to predict 

the transformer frequency-response characteristics over the frequency range from 10 Hz 

to 100 kHz. A reasonably accurate representation of the core losses is thus required, 

especially at the lower frequencies where the core losses will have a significant influence on 

the damping associated with the transformer winding resonances. Ideally, the core losses 

would be represented by separating the leakage-flux components, associated with each 

lumped inductance in the equivalent circuit, from the main flux. The main flux is confined 

entirely to the core and can thus be used to determine the transformer core losses. The 

complexities of this approach (and the addition of a large Ilu.mber of model parameters) 

are avoided by assuming that all flux components, inch1ding leakage fluxes, that are linked 

by the lumped winding inductances are confined to the core and thus contribute to the 

core losses. The core losses can now be represented by tightly coupling an inductance Le 

to all the lumped winding inductances. The current through Le is proportional to the 

core flux and the power dissipated by resistance Re, forming a loop with Le, would thus 

be proportional to the core losses (see figure 4.7). This representation of the core losses 

also makes it possible to obtain the 'core voltage' directly from the transformer equivalent 

circuit.· The voltage across Le will be proportional in magnitude and will have the same 

phase as the voltage measured between the terminals of a s~arch coiI..-placed around the 

transformer core. This voltage provides an acfctitidhal re~;onse measurement that can be 

used to validate the transformer model (if the core is accessible). 

4.3 Frequency-dependence of the Transformer Model 

Parameters 

The model structure of figure 4. 7 does not explicitly represent the core of the transformer, 

which makes it difficult to include non-linear effects such as core saturation, hysteresis 

or eddy-current losses in the model. The model of figure 4. 7 is intended primarily for 

frequency-domain applications and therefore accurate time-domain representations of the 

transformer non-linearities are not required. However, the frequency-dependence of the 

inductive and resistive equivalent-circuit elements will have a significant effect on the 
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transformer frequency-response characteristics, especially at low frequencies, as shown 

experimentally in chapter 3. In the following sections, expressions by which the frequency

dependence can be included in the transformer model structure, are established. 

4.3.1 Magnetizing-branch Frequency-dependence 

In section 3.7 the frequency-dependence of the magnetizing branch of the 16 kVA experi

mental transformer was investigated by representing the LV open-circuit input impedance 

by a simple parallel RLC equivalent circuit, as shown in figure 4.8. It was found that the 

resistance representing the core losses, Re, is frequency dependent, while the magnetiz

ing inductance, Le., is a function of the transformer excitation voltage and of frequency. 

If the excitation voltage, Ve, is increased linearly with frequency, i.e. if a constant Ve/ f 
ratio is maintained, the magnetizing inductance remains c~~stant. However, a constant 

.............. -
excitation voltage is usually used during transformer frequency response measurements, 

and the magnetizing inductance thus tends to decrease with increasing frequency. 

Figure 4.8: Simple parallel RLC equivalent circujt to repiiesent the' "' 
LV open-circuit input +mped':ance ~t low frequencies (be
low 100 Hz). 

To incorporate these effects into the transformer model (in the frequency domain), func

tions which describe the frequency-dependence of Re and Le have to be found. In sec

tion 2.1. l the following expression for Re(!) was derived (a.J.so-see [15J1~· 

( 4.13) 

where k, Ce and ch are constants depending on the core material and the constructional 

parameters of the transformer. Equation 4.13 can be rewritten as: 

R (f) = aRe f 
e J + bRe ' 

(4.14) 

with aRe = k/ce and bRe =ch/Ce· In this way, the frequency-dependence of Re is expressed 



Stellenbosch University  https://scholar.sun.ac.za

Chapter 4. Transformer Model Development 87 

in terms of two parameters (aRe and bRe). To demonstrate that equation 4.13 yields an 

acceptable description of the frequency-dependence of Re, consider the measured values 

of Re (f), obtained for the experimental transformer in section 3. 7. By applying a non

linear least-squares curve-fitting routine, values for aRe and bRe can be estimated from 

the measured data (the fmins function provided by MATLAB [3, 100] was applied here). 

The result is shown in figure 4.9, from which it can be seen that equation 4.14 provides a 

good approximation of the measured values of Re(!), with aRe = 1144.9 and bRe = 33.9. 

The above result is applied to the transformer equivalent circuit of figure 4. 7 by using 

equation 4.14 to represent Re· Parameters aRe and bRe can now be estimated along 

with the other equivalent-circuit elements. Note that only one additional parameter is 

introduced due to the frequency-dependence of Re, as Re is completely described by aRe 

and bRe. 

x Measured Rm(!) 

Q9 ......... , ......... , .... , 

0.8 

0.7 

0.6 

c 
~0.5 
" e:: 

0.4 ....... , ........ , ......... . 

0.3 

0.2 ....... : .... . 

0.1 _;_/ ... 

;. ...... 

O'--~--'-~~-'-~~'--~~~~~~--'~~--'-~~-'-~--' 

0 10 20 30 40 50 60 70 80 90 
Frequency [Hz] 

Figure 4.9: Frequency-dependence of Re in the simplified equivalent 
circuit shown in figure 4.8, showing measured values and 
the approximation of those values by equation 4.14. 

As shown in section 3. 7, Le is primarily a function of the excitation voltage used during 

a frequency response measurement, thus a general expression for Le would be a function 

of both excitation voltage and frequency. To simplify the transformer model, it will be 

assumed that the transformer excitation voltage remains constant over the frequency 

range of interest. For this case it was found that the following expression, proposed by 
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Funk and Hantel [95], can be used to approximate the frequency-dependence of Le: 

(4.15) 

Measured values of Le (f), discussed in section 3. 7, will be used to test equation 4.15. 

The parameters of equation 4.15 are estimated from the measured data using a non-linear 

least-squares curve-fitting procedure, leading to the result shown in figure 4.10. It can be 

seen that equation 4.15 provides a good approximation of the measured values of Le with 

a Le = 7. 7798 and bLe = 0.4026. 

x Measured Le(!) - Le(!)= 7.7798f-0.4026 

3.5 .: ......... ; .. 

3 . . . . . . . . . . . . . . . ; . . . 
.......... .; ~ 

2.5 

::t 2 .... 

1.5 ......... ' ......... '.... . ... '. 

0.5 
:··-· .. 

o~~~~~~~~~~~~~~~~.......,...~~~~~~~ 

0 10 20 30 40 50 60 70 80 90 
Frequency [Hz] 

Figure 4.10: Frequency-dependence of Le in the simplified equiva
lent circuit shown in figure 4.8, showing measured val
ues rand the approximation of those values by equa
tion 4.15. 

The frequency-dependence of the magnetizing inductance affects all the winding self

inductances of the transformer model (figure 4. 7), as the magnetizing inductance is not 

represented by a single element. By adjusting La1 and Lb1 to Lb4 according to equa

tion 4. 7, the frequency-dependence is taken into account. Because the self-inductances of 

the transformer equivalent-circuit are frequency-dependent, the mutual inductances be

tween all the inductors, including Le, will also be frequency-dependent. If the assumption 

is made that the coupling coefficients of the various inductance pairs does not change with 
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frequency, the mutual inductances can be determined from 

(4.16) 

at each frequency, where Mij is the mutual inductance between Li and Li and kij is 

the coupling coefficient for Li and Li ( i and j refer to subscripts contained in the set 

{al, bl, b2, b3, b4, c}). The frequency-dependence of the magnetizing branch can be in

cluded in the transformer model of figure 4. 7 by the introduction of one additional pa

rameter (bLe), if it is assumed that bLe is the same for all the inductances (the existing 

self-inductances are each replaced by an expression like equation 4.15). This assumption 

is valid, considering that the same main flux is linked by all the inductances. 

4.3.2 Leakage-branch Frequency-dependence-

An acceptable representation of the frequency-dependence of the transformer leakage

branch elements, i.e. the winding resistances and the leakage components of the winding

section inductances, is considered important in transformer models for harmonic pene

tration studies [28, 27]. The following results will show that the frequency-dependence of 

the leakage-branch elements has to be considered to accurately represent the frequency

response characteristics of transformers under short-circuit conditions. The frequency

dependence of the leakage components can be attributed mainly to skin-effect" which ...... \ 

causes an increase in the winding resistanc~M>ith.'.'irequericy. [28]. A small decrease of 

the leakage inductances as frequency increases is also found [28, 95], and is caused by 

the non-linear behaviour of the transformer core, as the core often forms part of the 

leakage-flux paths. Figure 4.12 shows the measured frequency response of the LV short

circuit input impedance of the 16 kVA experimental transformer in terms of an equivalent 

RL series branch, as shown in figure 4.11. The LV short-G.itGUi.t .. inpuLhr.ipedance shows 

no resonances below 10 kHz and therefore this representation can be considered a valid 

approximation. 

Figure 4.11: Simple series RL equivalent circuit to represent the LV 
short-circuit input impedance. 
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Figure 4.12: Frequencrdependence of the leakage-branch elements. 
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Although a decrease in the leakage inductance with increasing frequency can be seen in 

figure 4.12, the decrease is small and will be ignored, i.e. the leakage. inductance will 

be assumed to be constant. The increase of the winding resistance with frequency is 

significant and can not be ignored. Funk and Hantel [95] suggested the following equation 

to model the frequency dependence of the winding resistances: 

( 4.17) 

R50 is the winding resistance at 50 Hz and am and bm are constants which are adjusted to 

obtain the best fit of R1(f) for a particular transformer. Rather than basing equation 4.17 

on the winding resistance at 50 Hz, the winding resistance'"'aTlhe lowest. measure~d.1req

uency will be used (10 Hz in this case). Using a non-linear least-squares method, values 

of am and bm can be found to fit equation 4.17 to the measured data shown in figure 4.12. 

With the winding resistance at 10 Hz, R 10 = 0.072 st, the following expression for R1 (f) 

is obtained: 

R1(f) = 0.072 1+0.003 {
0 

- 1 . [ ( ) 
1.249] 

(4.18) 

From figure 4.12 it c~n be seen that a good approximation of the measured values of 
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R1 (!) is obtained. To include the frequency-dependence of the winding resistances in the 

transformer equivalent circuit of figure 4. 7, the values of Ra1 and Rb1-Rb4 are adjusted 

according to equation 4.17. As the same type of wire is used to wind the entire HV 

winding, it can be assumed that am and bm are the same for all ~. Four additional 

parameters are thus introduced to account for the frequency-dependence of the winding 

resistances, as separate expressions have to be used for the HV and LV winding resistances 

respectively. The implications of using the same values of am and bm for both the HV 

and LV winding resistances, thereby reducing the number of additional parameters to 

two, will be investigated in chapter 6. 
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Chapter 5 

Estimator Development and 

Implementation 

Having established a suitable transformer model structure, the next step in the modelling 

process is to estimate the parameters of that model structure, based on measured response 

data and on the available a priori knowledge regarding the model parameters. This 

chapter discusses the development of a parameter estimation method for the transformer 

model and the representation of the model structure within that estimatfon procedure. 

5.1 Estimator Structure 

An overview of the transformer model parameter estimation procedure is shown in fig

ure 5.1 and is typical of non-recursive parameter estimation methods r32, 31, 741. An 

estimate of the transformer model responses, ~h, is calculated from an estimate of the 

transformer model parameters, iJ. The estimated model responses are then compared to 

measurements of the same responses, 9T, by the cost function which reduces in value as 

the correlation between the measured and estimated responses improves. An optimization 

procedure is used to minimize the cost function, by iteratively adjusting the parameter 

estimates until a minimum value of the cost function is found. 

It was already shown in chapter 4 that the estimation procedure will have to consider 

more than one transformer response in order to produce unique estimates of the model 

92 
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Figure 5.1: Overview of the transformer model parameter estima
tion procedure. 
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parameters. At this point, it will be assumed that all six terminal frequency responses in 

the set 9T will be considered, i.e. ZLoc(jw), ZLcc(jw), Zyoc(jw), ZHsc(jw), HLy(jw) and 

HHL(jw). The reasons for using frequency-domain responses, rather than time-domain 

responses, will be discussed in section 5.2 below. 

A mathematical representation of the transformer model is required to calculate estimates 

of the model responses from parameter estimates. This representation must be compu

tationally efficient, as the model responses have to be evaluated ma:gx: ~imes during the 

parameter estimation procedure. The develoimrent:-Of a suitable mathematical representa

tion of the model structure is complicated by the relatively high complexity of the model 

structure and the frequency-dependence of some of the equivalent-circuit elements. The 

method that was applied to calculate the estimated transformer responses is discussed 

in section 5.3. The formulation of the cost function is described in section 5.4 and the 

choice of a suitable optimization algorithm is discussed in seet-icm·5.5. 'Fhe cost funetien is 

defined in terms of quadratic error terms, so that a non-recursive, least-squares parameter 

estimator is established for the transformer model. 
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5.2 Reasons for Frequency-domain Estimation 

Generally, the parameters of a model can be estimated either in the time-domain or in 

the frequency-domain. In the case of the transformer model, there are several reasons 

why frequency-domain estimation is used: 

(a) The frequency-dependence of the inductances and resistances of the equivalent-circuit 

transformer model are represented by simple functions in the frequency domain. An 

accurate representation these frequency-dependencies in the time domain would re

quire detailed modelling of the transformer core and of the electromagnetic charac

teristics of the windings. The resulting model would have a higher complexity than 

the present equivalent-circuit model and more parameters would be required to fully 

describe it. 

(b) Frequency-domain estimation of the transformer model p~rameters makes it possible 

to estimate parameters that give the best reprnsentation of the transformer across 

the full 10 Hz to 100 kHz frequency range. A single PRBS signal, that contains 

information across this frequency range, would require ns :2: 15 at a clock frequency 

of 300 kHz. Sampling such a PRBS signal at 500 kHz would yield in the order 

of 50 000 data points. Apart from the fact that this amount of data can not be 

sampled with the available equipment, the processing of such a high number of data 

points represents a significant computing overhead. Typically, it was found that the 

frequency responses only needed to be calculated at ±200 frequency points to yield 

satisfactory results. 

(c) As discussed in section 5.1, several transformer responses, i.e. ZLoc(jw), ZLsc(jw), 

ZHoc(jw), ZHsc(jw), HLH(jw) and HHL(jw), are evaluated simultaneously during 

the parameter estimation process. To estimate the model parameters in the time 

domain, output responses for all these configurations would have to be evaluated 

from the relevant input signals. However, for frequency-domain estimation, no input 

data is required to evaluate the response characteristics of the transformer model. 

( d) Time-domain evaluation of the transformer responses requires a ~eparate state-space 

or transfer-function representation of the model for each response. It will be shown in 

section 5.3 that all the required model frequency responses can be evaluated from a 

single construction of the nodal admittance matrix of the equivalent circuit, resulting 

in a simpler and more efficient representation of the model. 
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5.3 Mathematical Representation of the Transformer 

Model 

An s-domain transfer function is typically used to represent the frequency-response char

acteristics of a model within a parameter estimation routine. In most cases, only an input

output response prediction is required of the model structure, i.e. the physical significance 

of the model parameters is of secondary importance, and it is sufficient to estimate the 

coefficients of the transfer function. However, in the case of this investigation, estimates 

of the equivalent-circuit element values are required. 

Generally, one of two routes can be followed when formulating a representation of an 

equivalent-circuit model structure in terms of its parameters. The first possibility is to 

derive (symbolic) expressions for the required transfer functions in terms of the network 

parameters. Manual derivation of such expressions is time,-:c<Jrrsuming and prone to errors, 

even for networks of modest complexity. Vermeulen 19'4f developed a software tool that 

is able to symbolically derive a state-space and a transfer-function representation of an 

RLC M network, i.e. a network consisting of resistances, inductances, capacitances and 

mutually coupled inductances, using the symbolic math capabilities of Mathematica [101]. 

Similar programs are described by Vermeulen and Brozio [102, 103] and Alderson and 

Lin [104]. Although it seems attractive, this approach is not feasible in the case of 

the transformer model. At the heart of the transformer model is a 6 x 6 inductance 

matrix, L, describing the self-inductances and mutual coupling of the winding-sections. 
' .. 

The determination of a state-space representatioµ~ and the associate<'t transfer-function 
.,.!!"'f'<o~ :-r~ . .. 

representation, requires inversion of matrices that: contain L and L- 1
. The resulting 

symbolic manipulation is too complex to be handled by th~ software within a reasonable 

amount of time and the results are very complex expressions in terms of the circuit 

parameters. 

The second approach to representing the equivalent-circuit model is to numerically deter

mine the required frequency responses from a topological description of the network each 

time the responses have to be evaluated. E.g. the transfer-function coefficients for the re

quired responses can be derived (numerically) by first formulating a numerical state-space 

representation of the transformer network [99] from its topological description. The task is 

computationally intensive, as the coefficients have to be re-evaluated for each evaluation of 

the frequency responses. The problem is compounded when the frequency-dependence of 

the equivalent-circuit elements is included. In this case, the transfer-function coefficients 
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have to be re-evaluated at each frequency at which a response calculation is required. 

Direct calculation of the transformer model frequency responses from the nodal admit

tance matrix representation of the network was found to give the most satisfactory re

sults, particularly if the frequency-dependence of the network elements is included. First, 

a symbolic representation of the nodal admittance matrix, Yn, is formed in terms of the 

resistive and capacitive network elements and the inverse of the inductance matrix, r. 
The resulting expressions for the elements of Yr,, are much simpler than expressions for 

a state-space or transfer-function representation of the network. This symbolic repre

sentation of Yr,, is obtained to avoid numerical reconstruction of the nodal admittance 

matrix from a topological description of the network at each evaluation of the frequency 

responses. An auxiliary PASCAL program was written to formulate a symbolic nodal 

admittance matrix from a simple topological description of a network. An overview of the 

algorithm employed in this program and the results obtained for the transformer model 

are given in appendix A. 

In general, the nodal equations of a network are given by: 

(5.1) 

where Vn is the nodal voltage vector and Jn is the equivalent nodal current source vector. 

As the transformer equivalent-circuit model is passive, the only entries in Jn are currents 

due to external excitation sources. In the following discussion, it will be assumed that 
.,,.'\" 

the nodes of the transformer equivalent circuit are numb.ered as shown 'in figure 5.2, i.e. 
~~l'~ ·~ • • 

the un-earthed terminal of the LV winding is corihected to node 1 and the un-earthed 

Transformer Transformer 
Network Network 

LV1 
r-------, 

HV1 LV1 
,..-------, 

HV1 I I I I 

• I 0 0 I 

1 2 I : .... L.~._.~ 
I 
I I 
I I 4n 
I I 
I I 
I I 

LV2 I I HV2 LV2 I I HV2 
L- - - - - _.J L--- - - --' 

(a) (b) 

Figure 5.2: Node numbering used in nodal analysis of the transfor
mer equivalent-circuit model, with excitation applied to 
the LV terminals (a) and to the HV terminals (b). 
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terminal of the HV winding is connected to node 2 of the equivalent network. (The 

transformer equivalent circuit has 11 nodes. The full node number assignments are shown 

in appendix A.) If the transformer is now excited from the LV terminals by a current 

source with Iin = l.L'.0° A as shown in figure 5.2(a), the nodal equations are: 

V1 1 

V2 0 
Yn - (5.2) 

Vu 0 

After solving for the nodal voltages in equation 5.2, the following expressions can be 

obtained for the LV open-circuit input impedance and the LV-HV voltage transformation 

ratio, at the frequency for which Yn was constructed: 

(5.3) 

and 

(5.4) 

The same procedure can be repeated to determine the HV open-circuit input impedance 

and the HV-LV voltage transformation ratio. With the network excited by a 1 A current 

source at the HV terminals (figure 5.2(b)), the nodal equations are: 

V1 -~.,.~·' 

V2 1 

Yn V3 0 (5.5) 

Vu 0 

Having solved for the nodal voltages, ZHoc and HHL are given by: 

(5.6) 

and 

(5.7) 
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The four open-circuit terminal responses of the transformer model (at one frequency) 

can thus be found from the solutions of two sets of nodal equations. The LV and HV 

short-circuit input impedances can be found without reconstructing the nodal admittance 

matrix. To short-circuit the HV terminals, row 2 and column 2 of Yn are simply deleted 

to form the nodal admittance matrix ~sc2 of the resulting network. With current-source 

excitation at the LV terminals, the new set of nodal equations is given by: 

Vi 1 

V3 0 
y:sc2 V4 - 0 (5.8) n 

VII 0 

The LV short-circuit input impedance is now given by: 

(5.9) 

By deleting row 1 and column 1 from Yn, and exciting the resulting network with a 1 A 

current source at node 2, the nodal equations for the network with the LV terminals 

short-circuited are found as: 

V2 1 

V3 0 
y:scl V4 - 0 n (5.10) 

...,...r•' «! 

Vu 0 

and the HV short-circuit input impedance can subsequently be found: 

(.ti.11) 

Thus, to calculate the transformer frequency responses, the nodal equations of the trans

former equivalent circuit have to be solved four times at each frequency of interest. The 

complete procedure is outlined in figure 5.3. Gaussian elimination is applied to solve 

the nodal equations as this is the computationally most efficient method [99, p. 171]. 

The frequency-dependence of the network elements is included by simply evaluating each 

frequency-dependent element, in terms of the relevant model parameters, before substi

tution in the nodal admittance matrix. 
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Figure 5.3: Determination of the transformer model frequency re
sponses using a nodal admittance matrix description of 
the equivalent circuit. 
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5.4 Formulation of the Cost Function 

The estimated and measured frequency responses of the transformer (~h and ~h respec

tively) are compared by the cost function, which calculates a norm defining the quality 

of the fit of the estimated frequency responses to the measured responses (see figure 5.1). 

The result, which is a function of the current parameter estimates, e(O), reduces in mag

nitude as the quality of the estimates improves. e ( 0) is fed back to the optimization 

algorithm, which bases its choice of iJ on a number of evaluations of the cost function 

(which implies the same number of evaluations of the model responses). 

By writing an error term, er, for each frequency response Gr E 9T at frequency wk, as: 

(5.12) 

a quadratic cost function, including all frequency responses, can be defined as follows: 

(5.13) 

where subscript r refers to one of the six responses in 9T and N1 is the number of 

frequencies at which each error term is evaluated. A problematic aspect of the cost 

function of equation 5.13 lies in the relative scale of the response function values across 

the frequency range. This is especially true of the input-impedance responses, which 
.... t" 

typically have impedance magnitudes rangin~Jlve~ three> orders of rriagnitU:de across the 

10 Hz to 100 kHz frequency range. Thus, a small percentage difference between the 

estimated and measured responses, at a frequency where the impedance magnitude is 

high, will have a much larger effect on the value of e than the same percentage error 
'~, 

at a frequency where the impedance magnitude is low. A solution to this problem is to 

redefine the cost function in terms of the logarithm of the response ma:~itudes and the 

respective phase angles, rather than separately considering the real and imaginary parts 

of the frequency responses as implied by equation 5.13. Defining the following equation 

errors (at a frequency wk), in terms of the magnitude and phase angle of the measured 

and estimated frequency responses: 

€Mr(wk) =log IGr(jwk)l - log IGr(jwk)I 

€Ar(wk) = LGr(jwk) - LGr(jwk), 

and (5.14) 

(5.15) 
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the following expression is obtained for the cost function: 

(5.16) 

Weighting factors WMr and WAr are introduced to adjust the relative effect that the magni

tude and phase information of each response has on the final value of£. These weighting 

factors also make it possible to adjust the relative importance of a particular frequency 

response in the parameter estimation procedure. 

5.5 Optimization Procedure 

For typical parameter estimation applications, an unconstrained optimization algorithm 

is employed to minimize the cost function, which iS-!lormally a non-linear function of 

the model parameters [31, 32, 74]. A wide variety of optimization algorithms are avail

able. Popular choices for parameter estimation are the Gauss-Newton method [105, 106, 

107, 75], or the method of, Levenberg-Marquardt [105, 106, 74]. These algorithms are 

computationally efficient and offer rapid convergence rates [105, 106]. 

An unconstrained optimization algorithm inherently has no regard for any physical con

straints that apply to the model parameters. For instance, it is known a priori that all 

the equivalent circuit elements have positive values. If reason.able initial parameter" values 

are available, the latter constraint was not found 't<l be a~raciical problem. However, for 

any two coupled inductances, Li and Lj, in the equivalent-circuit model, the following 

must hold [34]: 

(5.17) 

At the beginning of the estimation process, only fairly poor initial estimates of the model 

parameters will be available, including estimates of the elements of the inductance matrix, 

L. In practice it was found that the physical constraint of (5.17) is violated by uncon

strained optimization routines, unless a very good initial estimate of the elements of the 

inductance matrix is available. Similar problems were reported by Keyhani et al. [78] 

while estimating the parameters of a 6-section cascade transformer winding model, who 

found. that initial parameter estimates within 20 3 of the final values were required to 

obtain a unique and consistent solution for the model parameters. 
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The knowledge that the coupling coefficient between any two inductors in the transformer 

model must be less than unity, constitutes a priori information that can only be included 

in the estimation process by applying a constrained optimization algorithm. The Sequen

tial Quadratic Programming (SQP) method is such an algorithm and is considered to 

be one of the most efficient and accurate constrained optimization algorithms currently 

available [107, 100]. The SQP method is implemented by the constr function of the 

MATLAB Optimization Toolbox [100] and was applied to the transformer parameter es

timation problem. The method allows boundaries to be placed on the range of values 

that a parameter may assume and provides for the inclusion of inequality constraints. 

The constraint of ( 5.17) is imposed by representing L in terms of the coupling coefficients 

between the various self-inductances, so that mutual inductance between Li and Li is 

given by: 

(5.18) 

where kii is the coupling coefficient. Using the SQP optimization method, kii can now be 

limited to a very narrow physically feasible range. 

5.6 Parameter Estirp.ation Software 

An interactive program was written for MATLAB to facilitate the. _t.r~nsformef"'model 

parameter estimation process. The program eon:sist'S of a~: interface which displays current 

parameter values and allows the user to edit these parameter values. This is important, as 

a fair amount of manual intervention is required during the parameter estimation process 

and when setting up initial parameter estimates. 

From the user interface, the parameter estimation routine Gan .. 9.g.started, .. using the current 

parameters as initial values. When the estimation routine terminates, the new parameter 

estimates are passed to the user interface and these become the current parameter set. The 

software provides a plotting routine, which plots the measured and estimated frequency

response characteristics of the transformer, providing visual feedback of the quality of the 

current parameter estimates to the user. 

Facilities .. are provided by which the current parameter set can be saved to disk and by 

which a previously saved parameter set can be loaded from disk. In this way, a parameter 
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set will not be lost, e.g. if the estimation routine fails, provided that it was saved before 

the estimation routine was started. Parameter disk-files also provide a convenient way of 

transporting a parameter set to other programs, e.g. to calculate a response other than 

the responses used in the estimation procedure. 
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Chapter 6 

Parameter Estimation Results 

The aim of the parameter estimation process is to de~ermirre the values of the trans

former equivalent-circuit model elements, based on asef of measured terminal frequency 

responses, gT· In this chapter, the parameter estimation methodology developed in chap

ter 5 will be applied to the 16 kVA experimental transformer and the results of the esti

mation process will be presented. As a first step, the model parameters will be estimated 

without including any frequency-dependent effects. Once estimates of the linear model 

parameters are available, these will be used as a basis for the inclusion of frequency

dependent effects. The effect of providing insufficient frequency-response information to 

the estimation algorithm will also be investigated. Finally, it will be shown that the pro

posed parameter estimation procedure can be applied to .the transforfriet model suggested 

by Douglass [17]. 

6.1 Definition of the Parameter Set 

The transformer equivalent-circuit model structure of figure 4. 7 has a total of 36 pa

rameters, consisting of 9 capacitances, 6 resistances, 6 self-inductances and 15 mutual 

inductances. Parameter sub-vectors for the capacitances and resistances are respectively 

104 
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given by: 

and 

(6.2) 

The remaining parameters are contained in the inductance matrix, which is given by: 

La1 Ma1b1 Ma1b2 Ma1b3 Ma1b4 Male 

Ma1b1 Lb1 Mb12 Mb13 Mb14 Mblc 

L= 
Ma1b2 Mb12 Lb2 Mb23 Mb24 Mb2c 

(6.3) 
Ma1b3 Mb13 Mb23 Lb3 Mb34 Mb& 

Ma1b4 Mb14 . Mb24 Mb34 Lb4.. Mb4c __ .,. / 

Male Mblc Mb2c Mb3c-~M&ic Le 

In section 4.2 the assumption was made that Le is virtually ideally coupled to the other 

self-inductances. Thus, all coupling coefficients involving Le can be set to a fixed value 

which approaches unity. Le serves only to couple the core-loss resistance Re to the trans

former winding inductances and therefore its value can also remain constant. Letting 

kc be the coupling coefficient between Le and the winding self-inductances, the mutual 

inductances between Le and the winding self-inductances can be written as: 

Male .:.... kc~' Mblc=kc~' 
Cl'f.~f'<ol ·~ ' • 

Mb2c=kc~1 Mb3c = kcy'L;L;;, and (6.4) 

Mb4c=kc~· 

The value of Le can be chosen arbitrarily. A value of 37.5 H was used for Le, which 

placed the estimated value of Re in a numerically convenient ·range. Orrcethe estimation 

procedure is completed, Re is easily referred to either the LV or HV winding, to reflect the 

core-loss resistance as seen from the transformer terminals. A value of 0.9999 was used 
' 

for kc. Thus, the mutual inductances between Le and the winding self-inductances are 

determined from the current estimates of the winding self-inductances at each evaluation 

of ~h- This reduces the number.of parameters to be estimated in L to 15. As discussed 

in section 5.5, constraints will be imposed by the estimation algorithm to keep the mu

tual inductance elements of L within physically feasible bounds. This is done by defining 
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the coupling coefficients as parameters, rather than directly estimating the mutual in

ductances. The mutual inductances can then be determined from the estimates of the 

coupling coefficients and the winding self-inductances (see equation 5.18). The inductance 

matrix can thus be found from the elements of the following parameter sub-vectors: 

(6.5) 

and 

The complete parameter vector for the linear transformer model contains 30 elements and 

is given by: 

(6.7) 

If frequency-dependence of the parameters is to be considered, additional parameters are 

required to define frequency-dependent expressions for the elements of (JR and (}L· These 

parameters will be introduced in section 6.5. 

The elements of (} vary greatly in magnitude and it is good practice to scale the parame

ter vector before it is passed to the estimation algorithm, as the accuracy and numerical 
,,,.'t' 

stability of the estimation procedure is genet,~JJy i:W.proved [10.5]. ThiS'"is' achieved by mul-

tiplying(} by a diagonal scaling matrix, D. The estimation procedure thus estimates the 

elements of a scaled version of the parameter vector. The parameter scales have to be cor

rected at each evaluation of the estimated transformer model frequency responses, (§T), 

by multiplying the current (estimated) parameter vector by v-1 before the responses are 

evaluated. For the estimation of the transformer model nar!:lffieters, the following scaling 

factors were used: 

Capacitances: 109 , i.e. given in nF, except Gabi, which is scaled by 1012 (given in pF). 

Resistances: 10-3 (given in kO), except Ra1 , which is given in 0. 

Inductances: 10-3 (given in kH), except La1 , which is given in H. 

No scaling is applied to the coupling coefficients. Using the above scaling factors, all pa

rameter values are of the same order of magnitude and are conveniently given in standard 

engineering units. 
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6.2 Parameter Constraints 

The use of a constrained optimization algorithm in the parameter estimator for the trans

former model, makes it possible to include a priori knowledge about the parameter values 

and their relative magnitudes in the estimation process. A basic constraint that is im

posed on all parameters is that they are positive. Further, it is possible to constrain all 

parameters to ranges in which t~eir values are expected to lie. This is particularly useful 

in the case of the coupling coefficients, which can thus be constrained to a physically 

feasible range. For the 16 kVA experimental transformer, the following bounds were set 

for all the coupling factors: 

0.9970::::; k ::::; 0.99990. (6.8) 

A number suitably close to unity was chosen as the upper limit for k, while the lower 
) .., ·~ / 

limit is based on experience gained during the par~~eter estimation process. Further 

constraints can be set when considering the physical layout of the HV winding. Lb1 

and Lb4 represent the outer layers of the two coils that constitute the HV winding (see 

figure 4.6). These outer layers are expected to have higher leakage-flux components than 

the inner winding layers, and are affected by their proximity to the tank walls; The flux 

distribution in the inner winding layers, which would form the largest part of the winding, 

is expected to be more uniform. According to this reasoning, the complete HV winding 

would be represented by two smaller 'outer' inductances (Lb1 and Lb4) and two higher

valued 'inner' inductances (Lb2 and Lb3). This information on the relative magnitude 
·~ ... ' 

of the HV winding inductances can be incllilGed i·tl the parameter estimation process by 

defining the following inequality constraints: 

Lb1 < Lb2 

Lb4 < Lb2 

Lb1 < Lb3 

Lb4 < Lb3 

6.3 Data Preparation 

(6.9) 

The PRBS frequency response measurements, from which the transformer model param

eters are to be estimated, contain a large number of data points (in the order of 4000 data 

points per response). To evaluate the transformer model responses at such a high number 
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of points during the estimation procedure, would require an excessive amount of comput

ing time. Therefore, it is desirable to reduce the amount of measured frequency-response 

data to a more manageable volume. Decimation of the measured frequency-response data 

can be achieved by extracting a limited number of logarithmically spaced points from the 

full measured responses (the measured data contains linearly spaced data points, resulting 

in an excessive number of points at the high end of the frequency range). 

Reduction of the number of data points by extracting a subset of the 'raw', unsmoothed, 

frequency-response data is not feasible, as the signal-to-noise ratio of the decimated data 

will increase as the number of data points decreases. This could lead to unwanted bias 

in the estimated frequency-response characteristics of the transformer. This problem is 

reduced considerably when the smoothed frequency response measurements are used in 

the parameter estimation procedure (see section 3.5.2). However, it must be remembered 

that any bias or variance in the smoothed data will be carried forward to the parameter 

estimation procedure, thus affecting the accuracy of the pai"ameter estimates. 

The smoothed, measured transformer frequency responses, ~h, were reduced to 200 ap

proximately logarithmically-spaced data points each, by simply extracting data points, at 

suitable frequencies, from 9T· In this way, an adequate representation of the measured 

responses is made available to the parameter estimation procedure, with 50 points per 

decade across the 10 Hz to 100 kHz frequency range. 

6.4 Linear Model Parameters 

The parameters of the linear equivalent-circuit transformer model were estimated using 

the procedure discussed in chapter 5. When applying the linear model, large errors will be 

made in the low frequency range, as frequency-dependence of the parameters will not have 
( 

been taken into account. To avoid problems due to such filr'"<:ITS';~ only 'frequency-response 

data in the 1 kHz to 100 kHz range was used to estimate the linear model parameters. 

The initial parameters were determined on a trial-and-error basis, by manually adjusting 

parameters and ~bserving the effect of the adjustments on the frequency responses of the 

transformer model. Once a crude approximation of the frequency responses is obtained, 

the parameter estimation routine is started. The estimation software did not allow arbi

trary interruption of the optimization procedure, but by setting a maximum number of 

iterations as a stop criterion, it is possible to examine the current parameter estimates 
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at regular intervals during the estimation process. During the initial stages of the esti

mation process, manual intervention was sometimes required at such points to assist the 

estimation algorithm, e.g. if it was suspected that the algorithm was converging towards 

a local minimum of the cost function. 

The final, estimated parameter set is shown in table 6.1. The corresponding simulated 

transformer frequency responses are compared to the measured responses in figures 6.1 

to 6.6. The frequency responses obtained by sinusoidal stepped-frequency excitation are 

given as the reference measurements in these figures, as these are considered to be the 

most accurate, noise-free frequency response measurements available. 

Table 6.1: Parameter estimates for the linear transformer model 
structure. 

Parameter Value Parameter Value Parameter Value 
J 

Carn [nF] 0.072 ~i [kn] 2.02-~ .kalbl 0.999043 

Cblo [nF] 0.102 ~2 [kn] 2.96 kalb2 0.999051 

Cb12 [nF] 0.164 ~3 [kn] 2.36 kalb3 0.999072 

Cb34 [nF] 0.269 ~[kn] 1.27 ka1b4 0.999079 

Cb1 [nF] 0.228 Re [kn] 60.4 kbI2 0.999130 

Cb2 [nF] 0.351 Lai [HJ 0.358 kbI3 0.997584 

Cb3 [nF] 0.411 Lb1 [kH] 0.144 kb14 0.997907 

Cb4 [nF] 0.187 Lb2 [kH] 0.322 kb23 0.998343 

Cab1 [pF) 60 Lb3 [kH] 0.427 kb24. . "<1:999161 ... .,. ·~ 
Ra1 [OJ 0.0098 Lb4 [kH] o.f61 kb34 0.999321 

In figures 6.1 to 6.4, which show the transformer input impedance frequency responses, 

it can be seen that good agreement of the measured and simulated responses is obtained 

in the high frequency range. Below 4 kHz there is a conskterlrble diff~tence between the 

measured and simulated frequency responses due to frequency-dependence of the inductive 

and resistive model parameters, which has not been taken into account at this stage. The 

frequency responses of the voltage transformation ratios (figures 6.5 and 6.6) are not 

visibly affected by these frequency-dependencies and the simulated results show good 

agreement with the measured frequency responses in the frequency range between 10 Hz 
and 60 kHz. Above 60 kHz, the simulated results deviate from the measured frequency 

responses. This deviation is due to at least one winding resonance below 100 kHz that can 

not be predicted by the model, as its order is too low. This resonance is also evident at 
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approximately 60 kHz in the measured responses of ZLoc(jw) in figure 6.1 and ZLsc(jw) 

in figure 6.2, although not as prominent as in the measured responses of the voltage 

transformation ratios. It is very likely that this resonance can be predicted by adding a 

further section to the representation of the HV winding. However, this was not attempted 

due to the complexity of the associated parameter estimation procedure. 

From the comparison of the measured and simulated transformer frequency responses, it 

can be concluded that the model structure of figure 4.7, with the parameters of table 6.1, 

correctly models the transformer frequency responses up to 60 kHz. Further, an inves

tigation of the estimated model parameters reveals a reasonable correlation between the 

estimated model and the physical construction of the transformer: 

(a) The relative magnitudes of the HV and LV winding parameters correspond to values 

that would be expected from a physical point of view. The LV winding parameters, 
-: .,. ,... 

i.e. La1 , Ra.1 and Ga10 , are much lower than any of .the HV winding parameters and --· -
appear to be in proportion to each other. The inter-turn capacitance component of 

Garn will be lower than the lumped inter-turn capacitances of the HV winding as the 

LV winding has a much lower number of turns. Note that the capacitance between the 

LV winding and earth is also included in Garn· The lumped winding self-inductances, 

resistances and inter-turn capacitances of the HV winding are roughly in proportion 

for each winding section, i.e. the section with the highest self-inductance (highest 

number of turns) also has the highest lumped winding resistance and the highest 

lumped inter-turn capacitance. 

(b) In section 6.2 it was suggested that each O:fthe two coils that constitute the HV 

winding are represented by two self-inductances in the equivalent-circuit model; with 

the smaller self-inductances representing the outer layers of each coil. While this is 

reflected by the relative values of the estimated self-inductances for each coil, closer 

agreement between Lb1 and Lb4 as well as between Lb2 and Lb3 was expected, i.e. 

Lb1 ~ Lb4 and Lb2 ~ Lb3· 

(c) The coupling coefficients between the LV winding and all the HV winding sections 

are similar. This is the expected result, as the HV coils are wound on the outside of 

the two (parallel connected) LV coils. 

It was found that the estimate obtained for Gab1 is not reliable. The cost function is 

insensitive the the value of Gab1 in the 10 Hz to 100 kHz frequency range as Gabi does not 

significantly influence any of the transformer frequency responses in this frequency range. 

Gab1 is not expected to affect any of the transformer frequency responses at frequencies 
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below 500 kHz [14]. Thus, an accurate estimate of Gabi can only be obtained if frequency

response data above 500 kHz is made available to the estimator. 
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Figure 6.1: Measured and simulated LV open-circuit input 
impedance frequency response, ZLoc(jw). 
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Figure 6.3: Measured and simulated HV open-circuit input 
impedance frequency response, ZHoc(jw). 
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impedance frequency response, ZHscUw). 
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Figure 6.6: Measured and simulated HV-LV voltage transformation 
ratio frequency response, HHL(jw). 

6.5 Frequency-dependent Model Parameters 

In the previous section, a set of parameters was estimated for the transformer model, based 

on the assumption that the transformer behaves linearly. From the results in figures 6.1 

to 6.6, it can be seen that this assumption is valid for frequencies above about 4 kHz, but 

not in the lower frequency range, due to frequency-dependence of the equivalent-circuit 

model parameters. Frequency-dependence of the resistiv€,.aad.h:iducti:ve.model patameters 

will be introduced by adjusting the relevant linear parameters, rather than by estimating a 

completely new set of parameters. This reduces the estimation problem to the estimation 

of a few parameters describing the frequency-dependence of the resistive and inductive 

equivalent-circuit model elements. 

A problematic aspect of introducing frequency-dependence is that the resistive and in

ductive equivalent-circuit element values are not only a function of frequency, but are 

also a function of the excitation level that was used during frequency response measure-
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ment. Thus, while the parameter frequency-dependence is expected to follow the same 

trend for the various frequency responses, the parameters that describe the frequency

dependence functions for each response will have different values. This implies that the 

frequency-dependence of the equivalent-circuit elements has to be evaluated separately 

for each response, instead of the simultaneous response evaluation used during the linear 

parameter estimation process. 

Parameter frequency-dependence for the open-circuit and short-circuit input impedance 

responses is treated differently, as these are respectively dominated by the magnetizing

branch elements and the winding resistances. The open-circuit voltage transformation 

ratio frequency responses are not affected by parameter frequency-dependence and no 

separate frequency-dependence functions need to be considered for these responses. 

6.5.1 Open-circuit Frequency Response_s 

The parameter frequency-dependence for the open-circuit input impedance frequency re

sponses is dominated by the magnetizing-branch elements. This means that the core-loss 

resistance, Re, and the winding self-inductances are to be expressed as functions of freq

uency. As discussed in section 4.3.1, the core-loss resistance will be represented by: 

(6.10) 

If it is assumed that the coupling coefficient~l;u~t~n the \raiious winding self-inductances 

are not frequency-dependent, the complete inductance matrix of the transformer model 

can be adjusted to compensate for the frequency-dependence of the winding inductances. 

By applying the frequency-dependence function proposed by Funk and Hantel (95] (see 

section 4.3.1) to the inductance matrix, the following frequency-dependent expression for 

L is obtained: 

(6.11) 

The expressions of equations 6.10 and 6.11 can be us~d to modify the linear transformer 

model parameters, so that the frequency-dependent parameter estimation problem reduces 

to the estimation of only four parameters (aRo, bR0 , aLo and bLo) for each of the two 

open-circuit input impedance frequency responses. The same estimation procedure, that 

was applied to the linear model parameters, was applied to estimate a set of frequency-
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dependence parameters for each open-circuit input impedance response, although it was 

not necessary to define any parameter constraints. Further, only the frequency response 

under consideration was included in the estimation process. 

The estimates of the frequency-dependence parameters, for both the HV and LV open

circuit input impedance frequency responses, are given in table 6.2. The corresponding 

frequency responses are shown in figures 6. 7 and 6.8. From these figures it can be seen 

that, with the inclusion of the frequency-dependence of the magnetizing-branch elements, 

a very good correlation between the measured and simulated open-circuit input impedance 

frequency responses is obtained across the 10 Hz to 100 kHz frequency range. 

The differences in the frequency-dependence parameters obtained for ZLoc(jw) and ZHoc(jw) 

are due to the different excitation levels that were used during the respective frequency 

response measurements. The peak core flux that could be established during the measure

ment of ZHoc(jw) was much lower than that obtained durjng fne measurement of ZLoc(jw). 

At any given frequency, the elements of, Lare lower'""f~r-ZHoc(jw) than for ZLoc(jw), due 

to the higher value of bLo· This is the expected result, as the effective permeability of the 

core tends to increase with excitation level (for low excitation voltages compared to the 

transformer rating), as discussed in section 3. 7. 

Table 6.2: Estimated frequency-dependence parameters for the 
transformer open-circuit input impedance frequency re
sponses. 

Parameter 'ZJ1j_;5;(f t ZH:C(f) 

aRo 96.8 101 

bRo 28.9 40.4 

a Lo 8.89 7.97 

bLo 0.263 0.357 
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Figure 6. 7: Measured and simulated LV open-circuit input 
impedance frequency response, ZLoc(jw), allowing for 
frequency-dependence of the magnetizing-branch. 

L 
Q) 

gj 
..c::: 
0... 

- - - Measured -- Simulated 

102'---~~~~ .......... ..__~.__~~ .......... ..__~.__~~ .......... ..__~.__~~~ 
10 1 102 103 104 105 

100 

50 

0 

-50 

-100 
101 

Frequency [Hz] 

103 

Frequency [Hz] 
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impedance frequency response, ZHac(jw), allowing for 
frequency-dependence of the magnetizing-branch. 
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6.5.2 Short-circuit Frequency Responses 

As discussed in section 4.3.2, the transformer winding resistances are a strong function 

of frequency, primarily due to skin-effect. The winding resistances, together with the 

leakage-inductances of the windings, dominate the short-circuit input impedance freq

uency responses of the transformer in the low frequency range. It was also shown in 

,section 4.3.2 that the equivalent leakage inductance of the experimental transformer does 

not change appreciably with frequency. However, from the result for the linear HV short

circuit input impedance response, shown in figure 6.4, it is clear that the inductive param

eters of the transformer model are slightly affected by non-linearities. In figure 6.4 it can 

be seen that the first resonance peak of ZHsc(jw) occurs at a higher frequency than that of 

the measured response, indicating a reduction in the winding self-inductances as a func

tion of frequency. The inductance frequency-dependence function proposed by Funk and 

Hantel (95] will be applied to account for this reduction in the winding self-inductances: 

L - 1-b~-L· 
non-linear - aLs linear · (6.12) 

Strictly speaking, a different frequency-dependence function should be defined for the HV 

and LV winding resistances respectively, as different conductors are used to form each 

winding. However, it was found that satisfactory results could be obtained by adjusting 

all the linear winding resistances according to the same function: 

linear . R [ ( f )bR•] 
Rnon-linear = CRs 1 + aRs lQ. ~ 1 (6.13) 

Thus, the parameter frequency-dependence for the short-circuit input impedance re

sponses is defined by five parameters (a£8 , bLs, aRs, bRs and cRs)· These parameters 

were estimated for ZLsc(jw) and ZHsc(jw), yielding the results shown in table 6.3. The 

short-circuit input impedance frequency responses, calculated by including the frequency

dependence of the winding resistances, are shown in figures.-6 .. 9 and .. 6 .. 10. and iLcan be 

seen that a good prediction of the measured responses is obtained. 

From the parameter estimates shown in table 6.3, it can be seen that for ZLsc(jw) no 
l. 

adjustment of the winding self-inductances as a function of frequency was required as the 

frequency-dependence function maintains a value of unity across the frequency range. In 

the case of ZHsc(jw), the low value of ho causes a slight reduction in the element values 

of L as the frequency increases, but this is sufficient to correct the location of the first 

resonance peak of this response. The values of aLs and hs shown in table 6.3 are similar 
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to the values reported by Funk and Hantel (95], who determined values of aLs and bLs for 

the short-circuit input-impedance frequency responses of a number of transformers. 

The estimation results in table 6.3 also show a good agreement between the frequency

dependence parameters of the winding resistances for ZLsc(jw) and ZHsc(jw). This indi

cates that these parameters are primarily frequency-dependent and are not significantly 

affected by the excitation level that was used during the measurement of the short-circuit 

input impedance frequency responses. 

Table 6.3: Estimated frequency-dependence parameters for the 
transformer short-circuit input impedance frequency re
sponses. 

Parameter ZLsc(jw) ZHsc(jw) 

aRs 0.0118 0.0103 

bRs 0.908 0.9"30/ 
...... .,,,.. .. -

CRs 12.6 12.4 

a Ls 1 1 

hs ~o 0.0084 
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Figure 6.9: Measured and simulated LV short-circuit input 
impedance frequency response, ZLscUw), including 
frequency-dependence of the winding resistances. 
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Figure 6.10: Measured and simulated HV short-circuit input 
impedance frequency response, ZHscUw), including 
frequency-dependence of the winding resistances. 
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6.6 Parameter Estimation From One Frequency 

Response 

121 

All six of the available, measured transformer frequency responses, ~h, were used in 

the parameter estimation procedure to obtain the results discussed in section 6.4. This 

is not ideal, as six responses have to be measured and the inclusion of these responses 

in the parameter estimation procedure represents a considerable computing overhead. 

The aim of the following example is to confirm the earlier conclusion that more than 

one frequency response measurement is in fact required to obtain feasible and unique 

parameter estimates for the transformer model. 

Table 6.4 shows a set of parameter estimates obtained for the transformer model, using 

only the LV open-circuit input impedance frequency responses as reference for the param

eter estimation procedure. In all other respects, the estimation procedure was identical 

to that used to obtain the parameter estimates discussed in section 6.4. Generally, the 

parameters shown in table 6.4 seem physically feasible and the result is a good simulation 

of ZLoc(jw), as shown in figure 6.11. 

However, when the same parameters are used to predict any of the other transformer 

Table 6.4: Parameter estimates for the linear transformer model 
structure, using only the LV open-circuit input 
impedance frequency-response data. 

Parameter Value Parameter Value Parameter Value 

Caio [nF] 0.0654 ~1 [H2] 2.29 kalbl 0.999174 

Cbw [nF] 0.125 ~2 [H2] 2.67 kalb2 0.999267 

Cb12 [nF] 0.228 ~3 [kn] 2.44 kalb3 0.998791 

Cb34 [nF] 0.162 i44 [kn] 1.98 k 0.998857 ~QJWI_. __ 
,~·· ...... . . . 

Cb1 [nF] 0.177 Re [kn] 60.4 kbl2 0.999235 

Cb2 [nF] 0.381 La1 [HJ 0.348 kbI3 0.999151 

Cb3 [nF] 0.355 Lb1 (kH] 0.156 kbl4 0.997901 

Cb4 (nF] 0.168 Lb2 (kH] 0.412 kb23 0.998146 

Cab1 [pF) 60.1 Lb3 (kH] 0.394 kb24 0.997682 

Rai [n] 0.019 Lb4 [kH] 0.113 kb34 0.998894 
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frequency responses, incorrect results are obtained. Figures 6.12 and 6.13 show the sim

ulated LV short-circuit input impedance and the HV-LV transformation ratio frequency 

responses respectively, obtained using the parameters of table 6.4. The simulated LV 

short-circuit input impedance response clearly shows that the first series-parallel reso

nance pair is incorrectly represented, being under-damped and thus more prominent than 

the equivalent, measured resonance at that point. In the HV-LV voltage transformation 

ratio frequency response, the same resonance pair incorrectly appears as a parallel-series 

resonance pair. This can easily be seen from the reversed phase response of this resonance 

pair. Thus, table 6.4 represents a set of parameters for the equivalent-circuit transformer 

model that does not correctly describe all the frequency-response characteristics of the 

experimental transformer. This result highlights the importance of considering as many 

frequency responses as possible when validating a transformer model or estimating its 

parameters. 

It was found that the frequency responses predicted by,,,,the proposed model are very 

sensitive to the values of the coupling coefficients.-·eomparing the coupling coefficient 

estimates shown in table 6.4 to the estimates shown in table 6.1, it can be seen that the 

coupling coefficients estimated from one response differ considerably from those estimated 

from a full set of frequency responses. Reasonably similar values were however obtained for 

the other parameters. It can thus be concluded that the parameter estimation procedure is 

unable to reliably resolve the relative values of the coupling coefficients when only the LV 

open-circuit input impedance frequency response is used as input data. This problem is 

expected to become more severe as the number of sections used to represent each winding 
.._, ..... 

is increased. This raises the following question: How m.!1J1y.sections· ean be added to the 
4:f.<r,osT'•' ·~ : • 

model before unique and consistent parameter estimates can no longer be obtained, even 

when a full set of terminal frequency responses (but no other information) is available? 

An answer to this question can probably only be found by carrying out a detailed analysis 

of the transformer model structure. Referring to the analysis presented in section 4.1, it 

can be seen that this is not a straight-forward matter and was thus not attempted as part 

of this project. 



Stellenbosch University  https://scholar.sun.ac.za

Chapter 6. Parameter Estimation Results 123 

104 

c 
~ 102 
;::l ..., 
·a 
b() 
~ 

::2:: 100 

101 

100 

50 
L 

Q) 
0 ~ ..c:: 

0.... 
-50 

-100 
101 

----

- - - Measured -- Simulated 

103 

Frequency [Hz J 

--- ..... _______ ,,,.,,., 

103 -- - 104 
Frequency [Hz] 

Figure 6.11: LV open-circuit input impedance frequency response, 
ZLoc(jw), simulated with the parameters of table 6.4. 
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Figure 6.12: LV short-circuit input impedance frequency response, 
ZLsc(jw), simulated with the parameters of table 6.4. 
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Figure 6.13: HV-LV voltage transformation ratio frequency re
sponse, HHL(jw). The simulation used the parameters 
of table 6.4. 

6. 7 Application of the Parameter Estim.~~or 
o~r·· ·~ ~ • - . 

to the Model Proposed by Douglass 

In section 2.2.2, the methods developed by Bak-.Jensen et al. (14] and Islam et al. (13] 

to estimate the parameters of the transformer model proposed by Douglass (17], were 

discussed. These methods require that the transformer mcrdeHs· represented by a"'Il:umber 

of reduced sub-circuits, which are each described by a transfer function. The coefficients 

of these transfer functions are then estimated by applying standard parameter estimation 

algorithms and finally the equivalent-circuit elements are determined from the estimated 

transfer-function coefficients. 

The aim of this section is to show that the parameter estimation procedure, developed 

in chapter 5, can also be applied to directly estimate the parameters of the transformer 

equivalent circuit proposed by Douglass [17] for the 16 kVA test transformer. The com-



Stellenbosch University  https://scholar.sun.ac.za

Chapter 6. Parameter Estimation Results 125 

plete Douglass equivalent-circuit model is shown in figure 6.14. The model is described 

by eight parameters, including the ratio a = Nv/ Ns of the ideal transformer, so that a 

parameter vector can be formulated as follows: 

(6.14) 

The transformer model, excluding the ideal transformer, is represented by its nodal ad

mittance matrix (see Appendix A), with all parameters referred to the LV side of the 

ideal transformer. The HV input impedance responses and the voltage transformation 

ratio frequency responses are subsequently scaled by the ratio of the ideal transformer so 

that this ratio can be included as a parameter: 

ZHoc(jw) = a2Z~0c(jw), 
ZHsc(jw) = a2Z~5c(jw), 

1 
HHL(}w) = -H~djw) ancf ~,, 

a ..._.,..._ -

(6.15) 

(6.16) 

(6.17) 

(6.18) 

where the prime indicates a response that is referred to the LV side of the ideal transformer. 

The SQP constrained optimization routine was used to minimize the cost function of 

the estimator, but no constraints were specified, except to limit all the parameters to 

a feasible, positive range. An unconstrained optimization routine can be applied with 

equal success: The BGFS [106, 105) method, implemented by the fminu function of the 
" .. 

MATLAB Optimization Toolbox (100) was alsq~applied. to estimate· the parameters of 
•~"~ ~ . . 

the model proposed by Douglass and yielded results that were virtually identical to those 

Ideal 

-~.-- '· " 

Figure 6.14: Transformer equivalent circuit proposed by Dou
glass [1 7], with a frequency-dependent magnetizing 
branch. 
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produced by the SQP method. 

The stepped-frequency response measurements of the 16 kVA transformer were used to 

estimate the model parameters. With respect to the estimation procedure, the Douglass 

model structure has fewer degrees of freedom than the proposed model structure of fig

ure 4.7, so that it was possible to estiinate its parameters using only two of the responses 

in 9T· Table 6.5 shows the parameter estimates that were obtained for the model, using 

only ZLoc(jw) and HLH(jw) as input responses. The predicted frequency responses are 

compared to the measured responses in figures 6.15 to 6.20. 

Note that the estimates of Cs and Cps are likely to be poor. The first parallel resonance 

in ZLoc(jw) occurs when Le resonates with Gp at a resonant frequency of: 

(6.19) 

if the effects of the other circuit elements are ignored. Solving for Ji yields: 

(6.20) 

Substituting the estimated values of Gp and k& in equation 6.20 shows that the first 

parallel resonant frequency of ZLoc(jw) lies at Ji = 109 Hz, which agrees with the response 

of ZLoc(jw) shown in figure 6.15 (the same resonance is also visible from the HV terminals, 
... ,.'\I' 

as shown in figure 6.17. The series resonance fqllowing. the first pabtllel resonance, is 
o~"·· . ~ , . 

formed by Lps and Gp, with a resonant frequency of approximately: 

1 
h = V = 4 627 Hz , 

27r Gp Lps 

Table 6.5: Parameter estimates for the transformer model proposed 
by Douglass [1 7]. 

Parameter Value Parameter Value 

GP [µF] 4.05 Re [OJ 20.7 V7 
Cs [nF) 1.75 Lps [mH) 0.292 

Cps [nF) ~o Le [HJ 5.47/v'l 

£4,s [OJ 0.591 Np/Ns 96.7 

(6.21) 
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which can be seen in figure 6.15 and corresponds with the first peak in the voltage trans

formation ratio frequency responses. The next resonance that will occur in ZLoc(jw) will 

be a parallel resonance between Cs and Lps, assuming that Gp can be treated as a short

circuit, as Cs « Gp. Using the estimated values of Cs and Lps, the resonant frequency of 

this resonance can be approximated by: 

1 
/3 = = 222 kHz, 

27f JCs Lps 
(6.22) 

which lies above the frequency range that was considered in the parameter estimation 

process. An accurate estimate of Cs would require that frequency response data in the 

vicinity of f 3 is available. Thus, it must be concluded that the estimate of Cs given in 

table 6.5 i~ not reliable. A similar argument applies to Cpsi which is generally considered 

to have virtually no effect at frequencies below 500 kHz [14]. This is confirmed by the 

fact that a value of Cps ~ 0 was estimated. In contrast to this result, Douglass [17] found 
".'.' ,. / 

Cps values that were more than an order higher thaJ.1,,,..C.s; when determining parameters 

for two voltage transformer models in the frequency range between 100 Hz and 30 kHz. 

Thus, the results reported by Douglass suggest that Cps will have a noticeable effect on 

the transformer frequency responses in the frequency range below 100 kHz. Bak-Jensen 

et al. [14] also reported values of Cps that are higher than Cs. However, their parameter 

estimation procedure was unable to determine a reliable value for Cs, so that a conclusion 

on the relative magnitudes of Cs and Cps can not be drawn from their results. The accurate 

estimation of Cs and Cps for the model proposed by Douglass [17] is an important issue 

which can not be addressed in the present context, as frequency response datar is not ..... ' 
available over a sufficiently wide frequency r11t:age.'"tlowever, it ·is likely that the parameter 

estimation procedure presented above will yield accurate and reliable estimates of Cs and 

Cps, provided that a full set of frequency response data is available up to at least 1 MHz. 

From the responses shown in figures 6.15 to 6.20 it can be seen that the model proposed 

by Douglass provides a reasonably good prediction of the.ir:equency.aresponses ... 0£ the 

16 kVA transformer, despite its relative simplicity. The agreement between the measured 

and predicted frequency responses of the short-circuit input impedances ZLsc(jw) and 

ZHsc(jw) is not as good as for the other responses. The reason for this is that the 

frequency-dependence of lips, due to skin-effect, has not been considered. By reducing 

the value of Rps, a better prediction of the short-circuit responses is obtained at the cost of 

a poorer prediction of the damping associated with all the winding resonances, except the 

first parallel resonance in the open-circuit input impedance responses. This result suggests 

that the transformer model proposed by Douglass can be improved by the addition of a 
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function to describe the frequency-dependence of Rps (such a.s the frequency-dependence 

function proposed by Funk a.nd Ha.ntel [95]). 
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Figure 6.15: Measured and simulated LV open-circuit input 
impedance frequency response, ZLoc(jw). 
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impedance frequency response, ZLsc(jw). 
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Figure 6.17: Measured and simulated HV open-circuit input 
impedance frequency response, ZHoc(jw). 
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Figure 6.18: Measured and simulated HV short-circuit input 
impedance frequency response, ZHsc(jw). 
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Figure 6.19: Measured and simulated LV-HV voltage transforma
tion ratio frequency response, HLH(jw). 
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Chapter 7 

Model Validation and Application 

. With the parameters estimated in chapter 6, the proposed 1.limped-parameter equivalent

circuit transformer model is able to predict the opell-circuit and short-circuit frequency 

responses of the 16 kVA experimental transformer. This chapter aims to further validate 

the transformer model by demonstrating its ability to predict the frequency-response 

characteristics of the transformer under loaded conditions and by applying the model for 

time-domain simulations. 

Application of the transformer model, and the associated parameter estimation process, 

to an 11 kV/ 110 V voltage transformer is also presented. The core of this transformer was 

accessible, which made it possible to measure the 'core-voJ~age' response (i.e. the frequency 
·~ . 

response of the voltage induced in a search?coll tightly woun·d on the transformer core). 

The core-voltage provides additional frequency responses which can be used to validate 

the transformer model, especially with respect to the physical significance of the model 

elements. 

7.1 16 kVA, 22 kV/ 240 V Distribution Transformer 

7. I. I Frequency-domain Simulations 

The frequency response of transformers under loaded conditions is often of interest, par

ticularly in the case where voltage transformers are to be used for voltage harmonic 

132 
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measurements [17, 28]. The voltage transformation ratio frequency response is a func

tion of the transformer load [17, 14], and the availability of a good transformer model 

would make it.possible to compensate wideband measurements made via the transformer, 

provided that the load-impedance characteristics are known. 

An 11 n resistive load was connected to the LV side of the 16 kVA transformer, and 

the HV-LV voltage transformation ratio frequency response, HHL(jw), was measured 

using stepped-frequency excitation. The 11 n load represents ! of the transformer full

load rating. The equivalent-circuit transformer model, using the parameters obtained 

in section 6.4, was used to predict the HV-LV voltage transformation ratio frequency 

response. Frequency-dependence of the model parameters was not included. The results 

are presented in figure 7.1 and it can be seen that the measured and simulated results agree 

well up to 50 kHz. It can thus be concluded that the transformer model can be applied 

with the transformer under loaded conditions. This result serves as a cross-validation for 

the transformer model, i.e. validating the model with a response that was not used in the 

parameter estimation process [74]. -- -
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Figure 7.1: Measured and simulated 16 kVA Transformer HV-LV 
voltage transformation ratio with an 11 n resistive load 
connected to the LV terminals. 



Stellenbosch University  https://scholar.sun.ac.za

Chapter 7. Model Validation and Application 134 

7.1.2 Time-domain Simulations 

Two estimation steps are performed before the parameters of the transformer equivalent

circuit model is obtained. Firstly, a non-parametric estimation process is applied to 

the 'raw' frequency-response data to obtain a smoothed version of the transformer freq

uency responses. The second step is the determination of the model parameters from the 

smoothed frequency-response data, as described in chapter 6. These steps could lead to 

errors in the eventual parameter estimatef,', due to bias introduced by each estimation 

procedure. However, if it can be shown that the transformer model is able to adequately 

predict the time-domain response to an unprocessed input signal, it can be concluded 

that the errors made in the estimation process are within acceptable limits. This section 

investigates the time-domain response of the transformer model to a number of input 

signals, to demonstrate the validity of the transformer model and the accuracy of the 

parameter estimation process. 

The time-domain response simulations were carried out by formulating state-space rep

resentations of the transformer model and then calculating the model response to a mea

sured input signal, using the lsim function provided by the MATLAB Control System 

Toolbox [108]. The state-equations used in these simulations are given in appendix B. 

Problems can be expected during time-domain simulations due to the poor condition of 

the inductance matrix, L. The core-loss resistor is included in the equivalent-circuit model 

by connecting it across a separate inductor, Le, which is tightly coupled to the winding 

self-inductances. As a result, L is almost singular. This did not present a probh~m dur-..... \ 

ing the frequency-response simulations, blc!t..lea~ to accumulating numerical errors in 

the time-domain simulations [36]. The problem can be overcome by applying a solution 

algorithm that is stable under such conditions [99]. However, the problem can also be 

solved by improving the condition of L by slightly increasing the value of Le without 

adjusting any other elements of L. Good results, with no appreciable loss in accuracy, 

were obtained by increasing Le from 37.5 H to 38.5 H. 

The non-linear behaviour of the inductive and resistive transformer equivalent-circuit el

ements can not be included in a model intended for time-domain simulations without 

significantly complicating the model structure (see section 2.1.3). No non-linear effects 

have thus been included in the model that was used to obtain the time-domain responses 

discussed below. As discussed in chapter 3, the non-linearities mainly affect the trans

former responses in the frequency range below 1 kHz. Thus, the input signals have been 

chosen in such a way that the transformer will be excited predominantly in the high-
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frequency range, i.e. between 1 kHz and 100 kHz, thus limiting errors that will arise from 

not including non-linearities in the transformer model. 

Three sets of time-domain response simulation results for the 16 kVA experimental trans

former will be presented here: 

(a) The LV terminal voltage response to a PRBS ~nput current applied to the LV ter

minals, with the HV terminals open-circuit, is shown in figure 7.2. The PRBS input 

current was generated with fc = 200 kHz and N = 15, and is shown in the upper 

trace of figure 7.2. Note that the complete PRBS signal is not shown for clarity. 

The lower plot in figure 7.2 compares the calculated time-domain response to the 

measured response for the same input signal. Figure 7.3 presents an expanded view 

of the first 200 µs of the simulated and measured signals. 

(b) The HV terminal voltage response to a PRBS current applied to the LV terminals, 

with the HV terminals open-circuit, is shown in figure 7~4: The PRBS input current is 

shown in the upper trace of figure 7.4 (the PRBSsignal parameters are fc = 200 kHz 

and N = 15). The simulated and measured HV voltage responses are compared in 

the bottom section of figure 7.4. An expanded view of the simulated and measured 

results is given in figure 7.5. 

(c) In many practical applications, the response of transformers to impulse excitation 

signals is of importance [2, 1). Figure 7.6 shows the measured and simulated HV 

terminal voltage response to an impulse voltage applied to the LV terminals. The 

upper trace of figure 7.6 shows the input voltage, while the measured and simulated ..... \ 

responses to the input signal are give:reiJt. th-e- lower". plot, 

From the above results it can be seen that the lumped-parameter equivalent-circuit trans

former model can be used to obtain accurate time-domain terminal response simulations, 

with good agreement between the simulated responses and the measured responses to the 

same input signal. These results confirm the accuracy oUJi..~e~:model p.~rLameter.estjmation 

procedure, as the measured input signals and the measured responses were not subjected 

to the signal processing steps applied to obtain the transformer frequency responses. 
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Figure 7.2: Measured and simulated LV terminal response to a 
PRBS input current. 
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7.1.3 EMTP Implementation 

138 

The time-domain transformer response simulations discussed in section 7 .1.2 require that 

a state-space representation of the transformer model is available. H~J:V((Ver, in most cases 

it is more convenient to implement the trm'l.Afotfiler m~del using a transient simulation 

program such as the EMTP [36), especially when the model is to form part of a larger 

system simulation. The lumped-parameter equivalent-circuit structure of the transformer 

model makes its inclusion in such programs a reasonably simple matter, provided that 

multiple coupled branches are supported by the software in question. 

The simulation results discussed in this section were obtained with the ATP version of 

the EMTP [109). The winding self-:-inductances are represented by a system of mutu

ally coupled branches which also include the winding resistances. The capacitances are 

included as linear RLC-branches of which only the capacitive component is used. The 

elements of the inductance matrix, L, have to be entered with a high accuracy to ensure 

that the simulation results will be accurate (a minimum of 5 to 6 significant digits is 

recommended [36)). As discussed in section 7.1.2, the value of Le has to be increased 

slightly to avoid accuracy or numerical instability problems due to ill-conditioning of the 
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inductance matrix. The full ATP data file for the 16 kVA transformer model is given in 

appendix C. 

ATP can be used to perform both time-domain and frequency-domain simulations. Frequency

domain simulation is available via the FREQUENCY SCAN option of ATP and was used to 

verify that the transformer model data was entered correctly in the ATP data file. The 

open-circuit LV input impedance and the LV-HV voltage transformation ratio frequency 

responses, calculated by ATP, are shown in figures 7. 7 and 7.8. These results show that the 

ATP frequency-domain simulation yields correct results for both responses. Below 1 kHz 

the frequency response prediction for the LV open-circuit input impedance (figure 7.7) is 

not correct, as the non-linearity of the winding self-inductances and the winding resis

tances can not easily be included in the ATP model. 

ATP was used to calculate the LV terminal voltage response to a PRBS input current at 

the LV terminals. The current input signal, used to obtain"'the results shown in figure 7.2, 

was also used as input signal to the ATP simulation(;; appendix C). The measured and 

simulated time-domain responses are shown in figure 7.9 and it can be seen that a very 

good simulation of the LV voltage is obtained from ATP. 
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Figure 7. 7: LV open-circuit input impedance frequency response, 
ZLoc(jw). The simulated result was calculated by ATP. 
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HLH(jw). The simulated result was calculated by ATP. 
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7.2 11kV/110 V Voltage Transformer 

In the previous sections, the development, parameter estimation and validation of the 

transformer model was carried out with particular reference to the 22kV /240V, 16 kVA 

experimental transformer. This section aims to demonstrate that the identification proce

dure can successfully be applied to another two-winding transformer. For this purpose an 

11kV/110 V voltage transformer was selected. The core of this transformer was accessi

ble, which made it possible to place a number of test turns around the core to measure 

the frequency response of the core-voltage. The core-voltage is given by: 

(7.1) 

where Ne represents the· number of test turns and ef>e is the core flux. This represents 

a further response signal which can be used to validate the transformer model, as the 
""'.: ,./ 

trend of Ve should correspond to the voltage induc~si iJI the coupling inductance, Le, if 

the model correctly simulates the transformer. 

The high-frequency response of the voltage transformer is complex and at least four 

major series-parallel resonance pairs can be identified in the frequency range between 

1 kHz and 100 kHz. According to the arguments presented in section 4.2, five sections 

would be required to accurately represent the HV winding. If five HV winding sections 

are used, the transformer model would be represented by more than 40 parameters, which 

complicates the parameter estimation process considerably. It was however found that ..... \ 

acceptable simulation of the transformer fr~ncy responses .can be obtained by applying 

a model with three or four HV winding sections. Results for both the three and four HV 

winding section models will be presented. 

7.2.1 Three-section HV Winding Model 

An equivalent-circuit model with three HV winding sections and a single LV winding 

section was developed for the 11 kV/ 110 V voltage transformer. The model structure 

is similar to the structure defined for the 16 kVA experimental transformer, with the 

exception that the HV winding is divided into only three sections. The voltage transformer 

windings are wound on an E-core, with the HV winding wound over the LV winding on 

the middle leg of the core. The HV winding thus consists of a single coil, leading to the 
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lumped inter-layer capacitances Cb12 and Cb23 as shown in figure 7.10. 

cb3 

LV2 n-~-4~---<..._~__...~~-+--~--~~-+-~~~-+-~~_.~--~---0 HV2 

Figure 7.10: Lumped-parameter equivalent-circuit voltage transfor
mer model, using three HV winding sections. 
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The frequency responses, 9T, of the 11kV/110 V voltage transformer were measured in 

the frequency range between 100 Hz and 100 kHz by applying PRBS excitation signals. 

In addition to ~h, two responses involving the core-voltage were also measured: 

(a) During the measurement of the LV open-circuit input impedance, the response of the 

search-coil voltage, Vea was also recorded. Definir.H~ a transfer .function iri terms of 
-~.,_~ ·~ : .. 

the core-voltage and the LV terminal voltage' (V LV) as: 

( . ) Vea(jw) 
HLeo JW = V ( . ) , 

LV JW 
(7.2) 

yields a frequency response that can be used to test the validity of the transformer 

model. 

(b) The core-voltage was also measured with the HV winding terminals short-circuited, 

from which a short-circuit core-voltage frequency response can be defined as: 

( . ) Yes(jw) 
HLes JW = V ( . ) , 

LV JW 
(7.3) 

where Yes is the search-coil response voltage and V LV is the LV terminal excitation 

voltage. 
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The voltage transformer model parameters were estimated from ~h by applying the pa

rameter estimation procedure discussed in chapters 5 and 6. The resulting parameters 

are shown in table 7.1. Note that the core-voltage frequency responses, HLco(jw) and 

HLcs(jw) were not used in the parameter estimation process. 

Table 7.1: Parameter estimates for the voltage transformer model 
structure of figure 7.10. 

Parameter Value Parameter Value Parameter Value 

Ca10 [nF] 0.048 Ra1 [OJ 2.58 ka1b1 0.997605 

Cb10 [nF] 0.038 ~I [k0] 5.30 ka1b2 0.998107 

Cb12 [nF] 0.081 ~2 [kn] 5.28 ka1b3 0.998433 

Cb23 [nF] 0.086 Rb3 [kO] 5.00 kb12 0.999145 

Cb1 [nF] 0.150 Re [kn] 59.9 kb13 0.997804 

Cb2 [nF] 0.156 La1 [HJ 0.621 kb23 0.998852 
.-.:""'/ 

Cb3 [nF] 0.158 Lb1 [kH] 1.14 - . -
Cab1 [pF] 10 Lb2 [kH] 0.772 

Lb3 [kH] 0.264 

The measured and simulated LV open-circuit input impedance frequency responses are 

shown in figure 7.11 and the corresponding core-voltage responses are given in figure 7.12. 

The LV short-circuit frequency responses are presented in figures 7.13 and 7.14. (The 

remaining voltage transformer frequency responses are included in appendix D.) Note 
'• .'\" 

that the measured and simulated core-voltage re~~onse magnitudes nave been normalized 
-~"· ~ . .. 

to their respective values at 10 Hz to allow comparison of the results. As expected, the 

three-section HV winding model predicts two series-parallel resonance pairs beyond the 

first series resonance in ZLoc(jw). From the responses of ZLoc and ZLsc it can be seen 

that the model predicts a slightly under-damped first resonance pair, while the second 

pair approximates the response at a point where two closely-spaced resonances are clearly 

visible from the measured responses. A reasonably good approximation of the measured 

responses is nevertheless obtained for the high-frequency range. Poor results are obtained 

below 1 kHz as no frequency-dependence has been taken into account; The predicted core

voltage responses follow the general trend of the measured responses, but it is clear that 

several winding resonances are not accounted for by the model. However, the correlation 

between the measured and simulated core-voltage responses does suggest that the model 

is a good approximation of the physical behaviour of the transformer, but is limited by 

the number of sections used to represent the HV winding. 
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Figure 7.11: Voltage transformer LV open-circuit input impedance freq
uency response, ZLoc(jw) (Three HV winding sections). 
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Figure 7.12: Voltage transformer open-circuit core-voltage frequency re
sponse, HLcaUw) (Three HV winding sections). 
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7.2.2 Four-section HV Winding Model 

From the results discussed in section 7.2.1, in which a transformer model with three HV 

winding sections was used to predict the voltage transformer frequency responses, it was 

concluded that more HV winding sections are required to improve the simulated core

voltage frequency-response results. The aim of this section is to show that the predicted 

core-voltage frequency responses are improved by increasing the number of HV winding 

sections in the transformer model to four. 

The equivalent-circuit model structure (with four HV winding sections) for the 11kV/110 V 

voltage transformer is shown in figure 7.15. This model structure is essentially identical 

to the structure of the model of the 16 k VA transformer (figure 4. 7). As the HV winding 

consists of a single coil, a further lumped inter-layer capacitance, Cb23 , has been added. 

Following the same reasoning, capacitances Cb13 and Cb24 were also added. However, 

very low values were estimated for Cb13 and Cb24 , indicating that these capacitances are -- -
not required in the model structure. cbl3 and cb24 were subsequently omitted from the 

model. The location of the inter-winding capacitance, Gabi, was chosen to approximate 

its physical location with respect to the transformer windings. Estimation of the model 

parameters was carried out with the frequency response measurements used to obtain the 

results of section 7.2.1, yielding the parameter estimates shown in table 7.2. 

Table 7.2: Parameter estimates for the voltage transformer model 
structure of figure 7.15. 

·~ ... \ 

Parameter Value Parametel'I" "'Valtle :Pa:rameter Value 

Caw (nF] 0.017 Ra1 (n] 2.10 k~lbl 0.998516 

Cb10 (nF] 0.034 ~I (kn] 2.67 kalb2 0.997795 

Cb12 (nF] 0.048 ~2 (kn] 4.95 kalb3 0.997702 

Cb23 [nF] 0.080 ~3 [kn] 4.32 ka1b4 0.998202 

Cb34 [nF] 0.084 ~[kn] 3.58 kbl2'""~·-·· 0:998686 

Cb1 [nF] 0.352 ~[kn] 79.7 kb13 0.999092 

Cb2 [nF] 0.209 La1 [H] 0.690 kbl4 0.999131 

Cb3 [nF] 0.434 Lb1 [kH] 0.822 kb23 0.998974 

Cb4 [nF] 0.201 Lb2 [kH] 0.203 kb24 0.997777 

Cab1 [pF] 5 Lb3 [kH] 0.494 kb34 0.998823 

Lb4 [kH] 0.281 
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Figure 7.15: Lumped-parameter equivalent-circuit model of the 
11kV./110 V voltage transformer, using four HV wind
ing sections. Note that Cbi3 and Cb24 were omitted to 
form the final model. 
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The measured and simulated LV open-circuit and short-circuit input-impedance frequency 

responses are shown in figures 7.16 and 7.18 respectively. The remaining voltage transfor

mer frequency responses are included in appendix D. The simulated frequency responses 

of ZLoc and ZLsc show only a slight improvement over the results shown in figures 7.11 

and 7.13. Apparently, only two high-frequency parallel-series resonance pairs are repre

sented, even though four HV winding sections are employed by the transformer model. 

This is due to the fact that two sections have been combined to predict the resonance

pair at 10 kHz. The damping of this resonance is predicted accurately by the model, 

which was not the case when only three HV winding sections were used (cf. figures 7.11 

and 7.13). It is possible to adjust the model parameters in such a way that three distinct 

high-frequency resonance-pairs are represented in ZLoc(jw) and ZLsc(jw). However, this 

leads to incorrect prediction of the voltage transformation ratio frequency responses (see 

section 6.6). 

The effect of introducing an additional HV winding section is clear when considering 

the core-voltage frequency responses, which ar:e given -in figures 7.17 and 7.19. With 

four HV winding sections, the predicted core-voltage responses follow the trend of the 

measured responses much more closely than was the case when only three HV winding 

sections were used. From the phase response of ZLoc(jw) it can be seen that several 

winding resonances exist that are not predicted by the model, notably those at the points 

indicated by A and B in figure 7.16. These resonances occur at the frequencies where the 

simulated core-voltage deviates the most from the measured core-voltage response. It can 

thus be concluded that the correlation between the core-voltage response predicted by the 
'• .'\" 

model and the measured core-voltage response wl]J..impreve as the mimb'er of HV winding 
O.'f!'<'"' . ~ . • 

sections used in the model increases, i.e. as the number of predicted resonances increases. 

This result also shows that the transformer model provides a good approximation of 

the electromagnetic behaviour of the transformer and that the 'core-voltage' frequency 

responses provide an excellent means to validate a transformer model. 

While a further increase in the number of sections used to model the HV winding is likely 
' 

to improve the accuracy of the core-voltage response predictions, this was not attempted 

for practical reasons. More computing time is required to evaluate the model frequency 

responses during the estimation procedure, as the complexity of the mathematical descrip

tion of the model increases with order. Further, a higher number of iterations is required 

before the estimation procedure converges to a feasible set of parameter estimates, due 

to the higher number of parameters. 
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Figure 7.16: Voltage transformer LV open-circuit input impedance 
frequency response (Four HV winding sections). 
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Figure 7.17: Voltage transformer open-circuit core-voltage freq
uency response, HLco (Four HV winding sections). 
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Figure 7.18: Voltage transformer LV short-circuit input impedance 
frequency response (Four HV winding sections). 
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Figure 7.19: Voltage transformer short-circuit core-voltage freq
uency response, HLcs (Four HV winding sections). 
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Conclusions and Recommendations 

The findings of this research project and the key conclusions that were drawn from the 

results of the experimental and theoretical work, are reviewed in this chapter. Finally, 

suggestions for further research are discussed. 

8.1 Transformer Modelling 

An extensive literature survey was conducted to determine whether transformer"· model 

structures exist that meet the requirementsoaorigi'rIBlly defined in chapter 1 of this disser

tation. It was found that: 

(a) The order of existing lumped-parameter equivalent-circuit transformer model struc

tures, that are suitable for parameter estimation applications, are too low to make 

the prediction of the 'minor' winding resonances possible,, 

(b) A variety of transformer model structures, which have an order that is high enough to 

predict the 'minor' winding resonances, have been described. However, these model 

structures are complex and have a high number of parameters, which makes them 

unsuitable for the application of parameter estimation techniques. 

A new wideband, lumped-parameter equivalent-circuit transformer model structure was 

subsequently proposed to overcome these problems. The development of this model struc

ture was based on physical principles and on the characteristics of measured transformer 
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frequency responses. The model structure was validated by applying it to simulate a 

16 kVA, 22 kV/ 240 V single-phase distribution transformer and a 11 kV/ llO V voltage 

transformer, leading to the following findings: 

(a) Frequency-domain response prediction. The proposed transformer model provided 

very accurate predictions of the frequency responses of the two test transformers in 

the frequency range between 10 Hz and 100 kHz, including prediction of the 'minor' 

winding resonances. The number of 'minor' resonances that can be represented by 

the proposed model structure is only limited by the number of sections that are used 

to represent each of the transformer windings. The model was successfully applied 

to the simulation of open-circuit and short-circuit frequency responses. It was also 

shown that the model can be applied to predict the frequency-response characteristics 

of a loaded transformer. 

(b) Time-domain response prediction. The proposed trailsT6rmer model produced ex-
--~ 

cellent results when applied to time-domain simulations in a linear form. For time-

domain simulations the non-linear effects of the transformer were ignored. Thus, good 

results can not be expected if the excitation and response signals contain significant 

low-frequency components (typically below 1 kHz). 

( c) Representation of non-linear effects. The proposed transformer model is primar

ily intended for, but not limited to, frequency-domain application. For this reason, 

detailed representation of the transformer non-linearities was not desirable, as this 

would increase the number of model parameters and thus complicate the parameter ...... \ 

estimation procedure. It was, however,..feun·~hat tlie frequency-dependence of the 

inductive and resistive elements could be approximated by applying the empirical 

functions proposed by Funk and Hantel [95] and Bak-Jensen [15]. These functions 

describe the frequency-dependence of each of the inductive and resistive model ele

ments in terms of two constants. It was found the same constants could be applied to 

d~scribe the frequency-dependence of a group of moael,..e1ements, •. e.g. only twe-con

stants are required to model the frequency-dependence of all the winding resistances. 

Thus the inclusion of frequency-dependent effects in the transformer model did not 

result in a la.-ge increase in the total number of model parameters. The disadvantage 

of this approach is that the transformer non-linearities are not represented in the time 

domain, so that the proposed model can only be applied to time-domain simulations 

in its linear form. 

( d) 'Core-voltage' prediction. The ability of a transformer model to accurately represent 

the core flux was identified as an excellent means to assess the physical significance 
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of a transformer model structure. It was found that the proposed transformer model 

structure provides a good representation of the core flux. This was shown by compar

ing the voltage induced in a search coil wound on the core of an 11kV/110 V voltage 

transformer, to a simulation of the voltage across the core-loss resistor of the trans

former model. Good correlation between the measured and simulated core-voltage 

responses was obtained under open-circuit and short-circuit conditions. It can thus 

be concluded that the equivalent-circuit elements of the proposed transformer model 

structure have a very high degree of physical significance. 

8.2 Transformer Frequency Response Measurement 

In order to meet the project objectives, a suitable technique-:t0~measure the frequency re

sponse characteristics of a practical power transformer .. rrad'to be developed. The measured 

transformer frequency responses provided information which could be applied during the 

model development process and were also used as input data to the parameter estimation 

procedure. 

(a) Excitation signal. Several excitation signals were considered for application to the 

transformer frequency response measurements. It was found that stepped-frequency 

excitation yielded very good, virtually noise-free results, but that a large amount of 

time is required to complete a single frequency respQqse measurement. The -~ethod 
·~.,.. ·~ : .. 

is also limited by the restricted bandwidth of the signc;i,l amplifier and step-up trans-

former, if these are used. Impulse excitation provides good response measurements at 

high frequencies (typically above 1 kHz), but at low frequencies, the signal-to-noise 

ratio of the response signal is too low to provide meaningful results. PRBS excitation 

signals yielded excellent results across the 10 Hz to 100 kHz freauencv range. PRBS 

signals can be generated at high voltage- or current levels and contain signal energy 

over a wide bandwidth, which makes them ideal for rapid transformer frequency re

sponse measurements. Measurements were performed using both stepped-frequency 

excitation and PRBS excitation and good agreement between the respective results 

was consistently obtained. 

(b) Signal processing. Transformer frequency responses measured with a wideband exci

tation signal will inevitably contain a certain amount of noise, due to the non-linear 

properties of the transformer under test, errors introduced by the data acquisition 

system, which quantifies its input signals in terms of discrete levels, and electro-
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magnetically coupled noise from sources external to the test arrangement. During 

frequency response measurements with PRBS excitation, reasonably high excitation 

levels could be applied to the transformer under test so that high signal-to-noise ra

tios could be maintained over a wide frequency range. As a result, the unsmoothed 

estimates of the transformer frequency responses contained only a relatively small 

noise component, which could be successfully removed by the application of a sim

ple spectral estimation algorithm, without reducing the accuracy of the frequency 

response measurement. 

(c) Instrumentation. During transformer frequency response measurements, it is easy 

to underestimate the magnitude of the terminal input impedance, particularly in 

the vicinity of a parallel resonant frequency in the HV input-impedance frequency 

responses. In the case of the 22 kV/ 240 V, 16 kVA test transformer, the HV open

circuit input impedance was found to be of the same order of magnitude as the 

input impedance of the data-acquisition system (lO_Mnwhen using a 10:1 probe). 

Unless the experimental arrangement is designed-oor~ectly, large errors will be made 

during the measurement of the HV input impedance frequency responses, as the 

current flowing into the transformer terminals is of the same order of magnitude as 

the current flowing through the input impedance of the data-acquisition system. 

8.3 Parameter Estimation 

Existing parameter estimation procedures for transformer equivalent-circuit models re

quire that the equivalent circuit is sub-divided into several smaller sub-circuits, each of 

which is represented by a transfer function [14, 13, 44). The coefficients of these trans

fer functions are then estimated, from which the equivalent-circuit parameters are finally 

determined. 

A parameter estimation procedure to determine the parameters of the proposed trans

former equivalent-circuit model was developed and implemented. This procedure differs 

from previously proposed methodologies in that the equivalent-circuit parameters are es

timated directly, i.e. without the need to formulate intermediate sub-circuits. Further, 

several transformer frequency responses are simultaneously evaluated by the estimator. 

This procedure was found to provide consistent, unique and accurate parameter estimates 

for the proposed transformer model structure. The following findings are of importance 

to the application of parameter estimation techniques to transformer models: 



Stellenbosch University  https://scholar.sun.ac.za

Chapter 8. Conclusions and Recommendations 155 

(a) Frequency-domain estimation. Estimation of the parameters of the proposed transfor

mer model structure was carried out in the frequency domain. It was found that the 

frequency-domain approach has several distinct advantages that make it preferable 

to a time-domain estimation procedure: 

• The frequency-dependence of the model parameters is simple to represent in the 

frequency domain. 

• A lower number of data points are required, so that fewer evaluations of the 

model responses are required within each iteration of the estimation procedure. 

• In the frequency domain, several responses can be evaluated simultaneously with 

relative ease, without the need for input data for each required response. 

(b) Constrained minimization of the cost function. The proposed transformer model 

consists of a number of mutually coupled inductors. For practical transformers, the 

following inequality holds for each pair of coupled ind~t~nces Li and LJ: 

(8.1) 

If a standard, unconstrained optimization algorithm is applied to minimize the cost 

function during the parameter estimation process, the inequality of equation 8.1 is 

often violated. A constrained optimization algorithm was successfully applied to min

imize the cost function when estimating the parameters of the proposed transformer 

model. The use of such an optimization procedure makes it possible to constrain all 

the transformer model parameters to a physically feasible range so that equation 8.1 

can be enforced. 

( c) Uniqueness of the parameter estimates. It was shown that the parameters of the pro

posed transformer model can not be estimated uniquely from one of the transformer 

frequency responses alone. Practically it was found that at least four of the trans

former frequency responses were required as input data to the estimation procedure 

to obtain an accurate and consistent solution for the tr<th~furmer ·model param~ters. 

However, it is not known how many winding sections can be employed in the model 

before it is no longer possible to uniquely estimate the model parameters from a set 

of terminal frequency responses alone. 

( d) Parameter estimation of the transformer model proposed by Douglass. The parameter 

estimation procedure that was developed for the proposed transformer model was also 

successfully applied to estimate the parameters of the equivalent-circuit transformer 

model proposed by Douglass (17]. It was further shown that a constrained optimiza

tion algorithm is not required in this case, as the model suggested by Douglass does 
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not include any mutually coupled inductances. A minimum of two transformer freq

uency responses were required as input data to the estimation procedure to obtain 

accurate results. 

(e) Inter-winding capacitance. Both the proposed model structure and the transformer 

model suggested by Douglass [17] include capacitances representing the capacitance 

between the transformer windings. Realistic estimates of the inter-winding capac

itance could not be obtained. The reason for this is that the magnitude of the 

inter-winding capacitance is too low to have any significant effect on the transformer 

frequency responses in the 10 Hz to 100 kHz frequency range that was considered in 

this investigation. Typically, the inter-winding capacitance affects the transformer 

frequency responses at frequencies above 500 kHz [14]. 

8.4 Recommendations for Furt-her Research 

(a) Parameter sensitivity to transformer faults and ageing. One of the intended applica

tion areas of the proposed transformer model and the parameter estimation procedure 

is transformer condition monitoring. By relating changes in the measured transformer 

frequency responses to changes in the model parameters, conclusive results regarding 

the nature and location of any internal faults or damage may be obtained. This 

problem was investigated by Mikkelsen et al. [11, 81, 16] and Bak-Jensen et al. [6] 
····"" by applying parameter estimation techniques to the, transformer mudel proposed by 

-~"· ·~ . . 
Douglass [17]. The use of an improved transformer model is expected to yield more 

detailed and accurate information from which conclusions regarding the condition of 

a transformer can be drawn. However, before the proposed transformer model can 

be applied to practical transformer condition monitoring problems, the sensitivity of 

the model parameters to a variety of potential faults has to be investigated in detail. 

(b) Extension of the trans/ ormer model. In this dissertation, the modelling of two-winding 

transformers in the frequency range between 10 Hz and 100 kHz was considered. The 

validity of the proposed model structure for frequencies above 100 kHz remains to 

be confirmed. It has been shown that the number of winding resonances that can 

_be predicted by the proposed model is a function of the number of sections that are 

used to represent the windings. Thus, a logical extension of the model would be to 

incorporate additional winding sections and then applying it over a wider frequency 

range. However, what is not known is how many winding sections can be used before 

it is no longer possible to uniquely estimate the model parameters from terminal 
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frequency response measurements alone, assummg that the parameter estimation 

procedure can be carried out practically when a large number of winding sections 

is used. This is an important question that has to be considered as part of further 

research projects in order to define the limitations of the model structure when it is 

used in parameter estimation applications. 

It should also be possible to extend the model to include more than two windings. 

However, extension of the proposed model structure to more than two windings in

creases the number of model parameters, resulting in a more complicated parameter 

estimation procedure which is likely to require additional frequency responses as input 

data as the number of windings increases. In the case of a three-phase transformer, it 

may be possible to find a way to exploit the similarity of the three primary windings 

and the three secondary windings respectively, to simplify the parameter estimation 

process (e.g. by assuming that the three primary and the three secondary windings 

are identical, so that a reasonably accurate initial p_arameter estimates are obtained 

before allowing the parameters of each winding t; be adjusted independently by the 

parameter estimation procedure). 

(c) Transformer model capacitances. Although a representation of the inter-winding ca·

pacitance is included in the proposed transformer model structure, a reliable estimate 

of this capacitance could not be obtained for any of the models considered during 

this project. Very low values were obtained for the inter-winding capacitance, which 

suggests that it only affects the transformer frequency response characteristics sig

nificantly at frequencies above 100 kHz. Thus, the location of the inter,,.winding .. .,. \ 

capacitance within the model structur(J;i.€oul<t not be ver-ified. This problem can be 

addressed by obtaining frequency response data over a wider frequency range, which 

can then be used to obtain more reliable estimates of the inter-winding capacitance. 

A similar uncertainty exists in the significance of Cps in the model proposed by Dou

glass [17] (see figure 6.14) and its magnitude relative to the other equivalent-circuit 

capacitances. These problems should be addressed as-pa,r.t-of futur.e. :r:esearch-;-.. espe

cially in cases where the physical significance of the representation of the inter-winding 

capacitance is of importance. 

(d) PRES excitation at high frequencies. The PRBS source described by Cornelissen [90, 

92] was applied for the transformer frequency response measurements described in 

this dissertation, which required response measurements up to 100 kHz. For transfor

mer FRA testing, the frequency-response characteristics of transformers are typically 

measured up to frequencies in the order of several MHz [4, 5]. The maximum freq

uency at which the PRBS source output signal contains useable energy is limited by 
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the maximum switching frequency of the semiconductor switching elements used to 

realize the output stage. The maximum frequency up to which Cornelissen 's PRBS 

source can be applied has not been established, mainly due to the limitations of the 

available data acquisition equipment. This maximum frequency should be determined 

and if it is found to lie below~ 5 MHz, methods should be investigated by which the 

frequency range of the PRBS source can be extended (keeping in mind that useable 

signal energy is contained in the side-lobes of the PRBS power spectral density). 
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Appendix A 

Symbolic Nodal Admittance 

Matrices 

Methods by which the nodal admittance matrix of a linear network can be constructed 

from a topological description of the network, are well documented in the literature [99, 

28]. A symbolic, rather than a numeric version of the nodal admittance matrix can be 

obtained by programming such a method in terms of symbolic element values. Brozio 

and Vermeulen [102] have shown that this can be achieved by making use of the symbolic 

mathematics capabilities of MATLAB [3, 110] or Mathematica [101]. The string-handling 

capabilities of the PASCAL programming language also qi~e it a gooo-ohoice for· t'he im-
f"· ·~ . 

plementation of a symbolic nodal admittance matrix construction program. PASCAL 

allows considerably more flexibility in the formatting of the input and output data than 

MATLAB or Mathematica, while requiring a roughly similar amount of coding for this 

application. Significantly faster program running times are also obtained. Such a PAS

CAL program (MAKEYN) was implemented to derive the nodal admittance matrices of the 

transformer equivalent-circuit moclels described in this dissertaffon. The prograrri7eads 

a topological description of the network from a file and outputs the nodal admittance 

matrix of that network in a form that can be read directly by MATLAB. 

159 
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A.1 Construction of the Nodal Admittance Matrix 

Consider an RLC M network, consisting of b branches and n + 1 nodes. The nodes are 

numbered from 0 to n and the branches are numbered from 1 to b. Node 0 is defined as 

the reference node. The network will thus have an n x n nodal admittance matrix, Yn,. 

The construction of Yn starts by conceptually removing all branches from the network, 

so that Yn = 0. The elements of Yr,, are now updated by sequentially adding the relevant 

entries for each branch [99]. 

In the MAKEYN program, Yn is represented as an n x n array of strings: 

Listing A.l 
var 

Yn = array[1 .. n,1 .. n] of string; 
End of listing A. l 

The size of this structure is limited by the available computer memory and by the limita

tions of the memory model implemented by the compiler. Note that it is always possible 

to define the structure in terms of memory pointers to increase its size. Using Borland's 

Turbo Pascal [111], a 20 x 20 nodal admittance matrix could be defined, with each entry 

limited to 150 characters in length, which was found to be sufficient for the networks 

considered in this dissertation. 

The PASCAL variable Yn is initialized by settin!!_ear.h ?f it~ elemehts' to represent an 
empty string: 

Listing A.2 
for i := 1 to n do 

begin 
for j := 1 to n do Yn[i,j] 

end; 
End of listing A.2 

''. 
' 

Once Yn has been initialized, network data is read from an input file. As the transformer 

equivalent-circuit model is passive, only RLC branches and mutual inductances have to 

be supported. RLC branches and mutually coupled branches are treated differently, so 

that MAKEYN has to identify the branch type and then update Yn according to the relevant 

procedure, as shown in figure A.l. Sections A.1.1 and A.1.2 discuss how nodal admittance 

matrix entries are made for each branch type. MAKEYN continues to read input data and to 

update Yn until the end of the data file is reached. Before the completed Yn is written to 
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an output file, Yn is formatted so that the output file can be read directly by MATLAB. 

The correct row and column separators are appended to the element strings and any 

remaining empty strings are replaced by '0'. 

A.1.1 RLC Branches 

Consider the zth network branch, directed from node i to node j, with an admittance y1. 

Letting y' denote the existing value of an element of Yn, the elements of Yn are updated 

for the zth branch as follows [99' 102]: 

I 
Yii = Yii + Y1 

I 
Yij = Yij - YI 

(A.l) 
I 

Yii = Yii - Yt 
I 

Yii = Yii + Yt 

In general, each y1 thus appears in four places in Yr;,. However, if i = 0 or j = 0, i.e. the 
' 

branch is incident at the reference node, the entry is not made. In the MAKEYN program, the 

above process is applied symbolically. First, a symbolic representation of the admittance 

of each branch has to be determined in terms of the branch-element designator. For RLC 

branches, with s = jw: 

Resistive branch~ .. 

Inductive branches: 

Capacitive branches: 

.J. 
·~yl = ~ 

R1 

1 
Y1=

sL1 

Yt = sC1 

(A.2) 

(A.3) 

(A.4) 

The nodes at which a branch is incident, i and j, the element type (R, L or C) and the 
symbolic element value, or element designator, are read from the data file. Using this 
information, entries can be made in the symbolic nodal admittance matrix: 

Listing A.3 
case Branch_ Type of . ~~-

'R' Yn_Entry - '1/' + Designator; 
'L' Yn_Entry - '1/(s*' + Designator +'),; 

'C' Yn_Entry - 's*' + Designator; 
end; 
if i<>O then Yn[i,i] := Yn[i,i] + '+' + Yn_Entry; 
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Read number 
of branches, k, 
and designator 

fore :=1tokdo 
Read ic and Jc 
from input file 

Write entries 
to Yn 

(Listing A.4) 

Yes 

No 

Start MAKEYN 

Initialize and 
open input file 

Read branch 
type from 
input file 

No 

•. 

Format Yn and 
write to 

output file 

End MAKEYN 

Yes 

Read i, j and 
designator from 

input file 

Write entries 
to Yn 

(Listing A.3~. , 

Figure A.1: Flow diagram for the MAKEYN program. 

162 
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if (i<>O) and (j<>O) then 
begin 

Yn[i,j] 
Yn [j, i] : = 

end; 

Yn[i,j] + '-' 

Yn[j,i] + '-' 
+ Yn_Entry; 
+ Yn_Entry; 

if j<>O then Yn[j,j] 
End of listing A.3 

Yn[j,j] + '+' + Yn_Entry; 

A.1.2 Mutually Coupled Branches 

A system of k mutually coupled branches is generally represented as follows: 

V1 Lu M12 M1k 11 

V2 M21 L22 M2k 12 
=s 

~ ·-: / 

----vk Mk1 Mk2 Lkk lk 

or 

VL = sLIL. 

163 

(A.5) 

(A.6) 

Equation A.5 can not be included in Yn directly, but must be expressed in terms of the 

inverse inductance matrix, r = L - 1 [99]: 

(A.7) 

The system of mutually coupled branches can now be witten in terms of voltage-controlled 

current sources as illustrated by figure A.2. Assuming that r is known, k entries have to be 

(a) 

+ 
rll 

(b) 

Figure A.2: Representation of mutually coupled branches for inclu
sion in Yri,. 
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made in Yn for each branch in the mutually coupled system. The reciprocal self-inductance 

of the zth branch, ru, directed from node i to node j, is entered as an admittance branch 

between nodes i and j. Also connected between nodes i and j are k - 1 voltage-controlled 

current sources, controlled by the voltages across the reciprocal self-inductances of the 

other branches that form part of the mutually coupled system. The current source re

sulting from the coupling of the mth branch (directed from node p to node q) to the zth 

branch, results in the following entries in Yn: 

I 
Yip= Yip+ 9m 

I 
Yiq = Yiq - 9m 

I 
Y}P = Y}p - 9m 

(A.8) 

Y}q = YJq + 9m 

where 

(A.9) 

It is not practical to attempt the inversion of L symbolically, as the resulting expres

sions are unwieldy (the determinant of L appears in each element of r). The MAKEYN 

program thus constructs the symbolic nodal admittance matrix in terms of r, based on 

the assumption that r can be found numerically before its elements are substituted in 

the symbolic Yn. MAKEYN reads the following information from the input file for each set 

of mutually coupled branches: 

(1) The number of coupled branches, k, 

(2) the designator that will be used to identify the elements of r, and 

(3) k pairs of incident node numbers, ic and Jc, where c = 1) 2 ... k, i.e. the incident 

nodes of each coupled branch are read. 

The following listing shows how the nodal admittance matrix entries for mutually coupled 
branches are made by MAKEYN: 

Listing A.4 
for c := 1 to k do 

begin 
str(c,c_string); (* Convert c to string *) 

Yn_Entry := Designator+'('+c_string+' ,'+c_string+')/s'; 
if i[c]<>O then Yn[i[c] ,i[c]] := Yn[i[c] ,i[c]] + '+' + Yn_Entry; 
if (i[c]<>O) and (j[c]<>O) then 
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begin 
Yn [i [c], j [c]J : = Yn [i [c], j [c]] + ' - ' + Yn_Entry; 
Yn[j[c],i[c]] := Yn[j[c],i[c]] + '-' + Yn_Entry; 

end; 
if j [c] <>O then Yn [j [c] , j [c]] : = Yn [j [c] , j [c]] + '+' + Yn_Entry; 
for r := 1 to k do 

begin 
if r<>c then 

begin . 
str(r,r_string); (* Convert r to string *) 

Yn_Entry := Designator+'('+c_string+' ,'+r_string+')/s'; 
if (i[c]<>O) and (i[r]<>O) then 

Yn[i[c] ,i[r]] := Yn[i[c] ,i[r]] + '+' + Yn_Entry; 
if (j[c]<>O) and (i[r]<>O) then 

Yn[j[c],i[r]] := Yn[j[c],i[r]] + '-' + Yn_Entry; 
if (i[c]<>O) and (j[r]<>O) then 

Yn[i[cJ,j[r]] := Yn[i[cJ,j[r]] + ~-/_....+ Yn_Entry; 
if (j [c] <>O) and (j [r] <>O) theu_. .:: 

Yn[j [c] ,j [r]] := Yn[j [c] ,j [r]] + '+' + Yn_Entry; 
end; (* if r<>c *) 

end; (* for r *) 

end; (* for c *) 

End of listing A.4 

A.2 Example 

165 

The nodal admittance matrix of the proposed transformer model, with four HV winding 

sections (see figure 4.7), is large and will thus not serve as a good example to demonstrate 

the operation of the MAKEYN program. Figure A. 3 shows a transformer model that is based 

on the same structure, but uses only one section to represent each winding. 

Using the node numbers shown in figure A.3, the MAKEYN input file for this equivalent

circuit model is: 
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[] Cab IT] 

Ra Rb 

Ca IT] 0 Cb IT] 

La Lb • 

~ 
Le Re 

Figure A.3: Transformer equivalent-circuit model with one section 
per winding. 

Type 'l J Designator 

l l l l 
c 1 0 Ca 

c 2 0 Cb 

c 1 2 Cab 

R 1 3 Ra 

R 2 4 Rb 

R 5 0 Re 

M 3 I f-- Three coupled branches. 

3 0 f-- Coupled branch nodes (3 rows). 

4 0 

5 0 

166 

The designator I is used to represent the inverse admittance matrix. After running MAKEYN 

with the above input data, the output file contains the following symbolic representation 

of Yr;,, which can be included in a MATLAB file without modification: 

Yn = [+s*Ca+s*Cab+1/Ra,-s*Cab,-1/Ra,0,0; .. . 

-s*Cab,+s*Cb+s*Cab+1/Rb,0,-1/Rb,O; .. . 

-1/Ra,0,+1/Ra+I(1,1)/s,+I(1,2)/s,+I(1,3)/s; .. . 

0,-1/Rb,+I(2,1)/s,+1/Rb+I(2,2)/s,+I(2,3)/s; .. . 

O,O,+I(3,1)/s,+I(3,2)/s,+1/Rc+I(3,3)/s]; 

Within MATLAB, s is replaced by jw and I is found by numerically inverting the in

ductance matrix of the transformer model before substitution in the nodal admittance 

matrix. 
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Hcwriting tlw MAKEYN output in terms of the inverse inductance matrix f, yielcls the 

following re::;u]t for the nodal admittance matrix of the equivalent circuit of figure A.3: 

sC" + sC<1.b + i" -sCab 1 0 0 -R., 

-sCab sCb + sCab + ~ 0 1 0 - R& 

Y1,. = 1 0 ..L+.!f11 ~r12 !f13 {A.10) - Fl,, Ra s s 

0 J 1f:n t 1 r ir 
- Ro -+- 22 - 23 s R.,, s s 

0 0 .! f 31 s 
1 fa2 s 

1 1 r - +- 33 Re s 
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St.ate-space Representation of the 

Transformer Model 

B.1 Formulation of the State-equations 

A generalised algorithm by which unique and consistent expressions for the state-equations 

of RLC M networks can be obtained is described by Chua and Lin [99]. Provided that 

the network does not contain loops consisting of independent voltage sources or cutsets 

consisting of independent current sources, the procedure~ putlined beJew can be foilowed 

to obtain a state-space representation of an 1l:Lcf!Ji· network. · 

The first step is to construct a topological description of the network under consideration. 

Kirchoff's current law, applied to each network node, can be expressed as [99]: 

Ai'i = 0 
) (-B. l) 

where Ai' and i denote the node-branch incidence matrix and the branch-current vector 

respectively. An n-node, b-branch network gives rise to a n x b incidence matrix of the 

form 

(B.2) 

where 

168 



Stellenbosch University  https://scholar.sun.ac.za

Appendix B. State-space Representation of the Transformer Model 169 

aij = 1 if branch j is incident at node i and the positive current direction is defined 

away from node i, 

aij = -1 if branch j is incident at node i and the positive current direction is defined 

towards node i, and 

if branch j is not incident at node i. 

The elements of the branch-current vector, i are ordered with respect to the type of 

network element involved, i.e. sequentially in the order of independent voltage sources, 

capacitors, resistors, inductors and lastly, independent current sources. Within the ca

pacitive and inductive branch-current groups, the branch-currents can be further ordered 

to reflect the preferred allocation of state variables. 

Equation B. l is overdetermined. An independent set of equations is obtained by deleting 

one of the rows of Ai', which yields a reduced incidence matrix. The reduced incidence 
~,. / 

matrix is now transformed to row-echelon form by a.§_~i~s of elementary row operations, 

and arranged so that the first non-zero entry of each row lies on the diagonal. The result 

is a reduced incidence matrix in the form 

(B.3) 

where A~ and A~ denote tree and link partitions for the network. The fundamental cutset 

matrix of the network, Dc, is obtained from the reduced incidence matrix, by applying 

the following transformation [99]: 

(B.4) 

which yields 

(B.5) 

where 

lE'.T 0 0 0 F11 F12 F13 F14 

DC= 
0 lc:r 0 0 F21 F22 F23 F24 

(B.6) 
0 0 lro 0 F31 F32 F33 F34 

0 0 0 lL'.T F41 F42 F43 F44 
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and 

(B.7) 

The entries in the cutset matrix, Dc, are all submatrices containing only ones and zeros. 

The submatrices denoted by 1 are diagonal unit matrices. Subscripts 'J and £., indicate 
I 

tree and link entries respectively, while subscripts E, C, R, L and J indicate the type 

of branch element, i.e. independent voltage sources, capacitors, resistors, inductors and 

independent current sources respectively. The RLC branches are characterised by the 

following rel a ti onshi ps: 

[::] [~ ~J [::] or [::] [~" ~J [::] (B.8) 

[:::] = [~7 ~~l :t [:~]-· ~~d (B.9) 

(B.10) 

Matrices R, G and ce are square matrices with branch-element values on the diagonal. 

The remaining entries in R, G and ce are zero. Matrix L is the inductance matrix which 

is assumed to be positive definite, i.e. its inverse exists. Given the partitione~ .. cutset 

matrix Dc and the branch-element matrices9~,.st*-spa~· eXp.ression'fO~ the network can 

be obtained jn the following form [99]: 

x = Ax + B 1 u + B2u' (B.11) 

where 

I 1 
A= [M(O)]- A(O) (B.12) 

B1 = [M(o)]-1 Bio) (B.13) 

B2 = [ M(O) ]-l B~O) (B.14) 
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and 

(B.15) 

A(o) = [ -F23R-
1 
Ff3 (-F22 + R-

1 
Ff3RTF32)] 

(Ff2 - Ff2G-1 F33Gi:,Ff3) -Ff2G- 1 F32. 
(B.16) 

Bio) = [ -F23R-
1 
F'f3 (-F21 + F23R-

1 
Ff3RTF31 )] 

(Ff2 - Ff2G- 1 F33Gi:,F'[3) -Ff2G- 1 F31 
(B.17) 

(B.18) 

The input vector, u, contains the independent voltage and current sources: 

(B.19) 

The derivative of u appears in equation B.11 and can be eliminated by a change of 

variables: 

(B.20) 

which yields the standard-form state equations: 

(B.21) 

where 

B = B 1 +AB2 . (B.22) 

For the applications discussed in this dissertation, the output variables of the state

equations are usually one, or more, of the state-variables. In such cases it is straight

forward to manually construct the standard-form output equations: 

y=Cx+Du. (B.23) 
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B.2 State-equations for the 16 kVA Thansformer 

Model 

The state-equations for the 16 kVA transformer model can be constructed by applying the 

above procedure. Using the node-numbering scheme shown in figure B.l on page 174, the 

nodal incidence matrix, Ai', for the transformer equivalent circuit (excited by a current 

source, i 1 , at the LV terminals) is given by equation B.28 on page 175. The branch-element 

matrices, ce, R, Land Gare given by equations B.29 to B.32, respectively. By applying 

equations B.15 to B.18, matrices MC0l, AC0l, Bi0
) and B~o) can be found. Up to this 

point, the derivation of the state-equations could be carried out symbolically [94, 103], 

to yield the expressions given by equations B.33 to B.36 on page 176. The next step 

requires inversion of M(o) (equations B.12 to B.14). It is impractical to perform this 

step symbolically, as the resulting expressions are extremel-¥~ lengthy and complex. The 

estimated element values of the 16 kVA transformer equivalent circuit (see table 6.1) are 

thus substituted in equations B.33 to B.36 before the operations given by equations B.12 

to B.14 are carried out. Finally, the state equations are obtained by applying the change 

of variables given by equation B.20. The resulting state-space matrices for the 16 kVA test 

transformer, excited by a current source at the LV terminals, are given in equations B.37 

to B.40 on page 177. 

Output equations for the transformer network are usually straight-forward to formulate. 

If the LV terminal voltage response to the input current i 1 is require.d ,(as was th'e case 
' . 

for the simulation result shown in figure 7.2"7'the""1-equired output is simply the voltage 

across Ca1 , the first state-variable, so that the output equation is: 

y=[1 o o o o o o o o o o]x 
= [vca1l · 

(B.24) 

(B.25) 

The simulation results shown in figures 7.4 and 7.6 were obtained by exciting the trans

former with a voltage source connected to the LV terminals. The state-equations for this 

case are derived in the same way as for the current-source case. The topological data is 

similar to that shown on page 175, with the following changes: 

(1) The entry for Ca10 in Ai' is replaced by an entry for the voltage source, e1. (Ca 10 

is connected in parallel to the voltage source and will thus not affect the voltage 
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response of the equivalent circuit.) 

(2) The entry for i 1 in Ai' is removed. 

(3) The row and column associated with Caw in ce are removed. 

With these changes in effect and using the estimated parameters for the 16 kVA transfor

mer model (see table 6.1), the state-space matrices given by equations B.41 to B.44 are 

obtained (page 178). The simulation results of figures 7.4 and 7.6 show the HV termina.l 

voltage response of the transformer, i.e. the voltage across Cbro, for which the output 

equation was formulated as follows: 

y = [1 o o o o o o o o o] x 

= [vcb10J · 

(B.26) 

(B.27) 
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Figure B.1: Transformer equivalent circuit with node numbering for 
state-space implementation. 
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A= 

B= 

X= 

U= 

State-space matrices for 16 kVA transformer model, current source at LV terminals. 

0 0 0 0 0 -7.9723x 109 1.3749x 108 8.934lx 107 -2.8062x 108 -6. I 656x 108 0 

0 0 0 0 0 -6.7034x 108 -1.2730x 109 -8.2718x 108 -4.6171xl08 -l.0144xl09 0 

0 0 0 0 0 2.2683x 108 - l.5758x 109 - l.0239x 109 1.5624x 108 3.4327x 108 0 

0 0 0 0 0 l.3749x 108 -2.6819x 109 1.1061x109 9.4700x 107 2.0807x 108 0 

0 0 0 0 0 -2.8062x 108 9.4700x 107 6.1536x 107 - l.8654x 109 l.2474x 109 0 

4437.1 -56.648 78.037 -140.20 12.563 -43.473 2.4017x 105 -6.3390x 104 l.0382x 105 7.1819x 104 - l.5337x 105 

-118.81 4.5074 -9.1435 12.672 -4.4070 1.1641 -L6245x 104 l.3740x 104 -236.54 -5714.6 l.2487x 104 

21.389 -5.6932 11.082 -10.025 6.5684 -0.2096 9371.5 -1.5971x104 -2061.1 7217.9 -2051.8 

-44.086 -3.1785 4.0538 -0.7748 5.6132f 0.4319 -203.04 -2593.8912 -5733.5 4029.8 4704.1 
'1 
? 

l.6873x 104 -1.4815x 104 -56.648 11.685 -17.378 10.201 -14.864 0.5550 -9111.5 7485.4 5602.5 

2.5395 -0.0928 0.1267 -0.2407 0.0149·1 -0.0249 417.93 -100.6840 183.4;{ 117.61 -~{.0889x 104 , 
I 

[ 7.9723x 109 
f 

01] ~ 0.6703x109 L ... o.2268x 109 -0.1375x109 0.2806x 109 0 0 0 0 0 
t 
j 
\ . 

[ VCa10 vcb10 Vcb12 Vcbl Vcb3 ZLa1 ZLb1 ZLb2 ZLb3 ZLb4 iLc] T 

[ii] 

(B.37) 

(B.38) 

(B.39) 

(B.40) 
~ 
0 
0.. 
(1) -
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State-space matrices for 16 kVA transformer model, voltage source at LV terminals. 

0 0 0 0 0 - l.2845x 109 -8.3469x 108 -4.3812x 108 -9.6260x 108 0 

0 0 0 0 0 - l.5718x 109 -1.0214x 109 l.4825x 108 3.2573x 108 0 

0 0 0 0 0 -2.6795x 109 l.1076x 109 8.9861x107 l.9744x 108 0 

0 0 0 0 0 8.986lxl07 5.839lx 107 -l.8555x 109 1.2691x109 0 

A= 
-56.648 78.037 -140.20 12.5630 -43.4730 2.40l 7x io5 -6.3390x 104 l.0382x 105 7.1819x 104 - I.5337x 105 

4.5074 -9.1435 12.672 -4.4070 1.1641 - l .6245x 104 l.3740x 104 -236.54 -5714.6 l.2487x 104 

-5.6932 11.082 -10.025 6.5684 -0.2096 9371.5 - 1.5971 x 104 -2061.1 7217.9 -2051.8 

-3.1785 4.0538 -0.7748 5.6132 0.4319 -203.04 -2593.9 -5733.5 4029.8 4704.1 

11.685 -17.3780 10.201 -14.8640 fl.5550 -9111.5 l.6873x 104 7485.4 - l.4815x 104 5602.5 
'1 

-0.0928 0.1267 -0.2407 0.0149 -u.0249 417.93 -100.68 183.43 117.61 -3.0889x 104 . 
. '.) 

B= [ 0 0 0 0 4432.9 -118.55 20.999 -44.257 -55.870 2.5327 ]T 
! 
f 
t 

[vcb10 

j 
iLc ]T X= Vcb12 Vcbt ~cb3 'lLa1 'l£b1 'l£b2 'l£b3 'l£b4 

U= [e1] 

(B.41) 

(B.42) 

(B.4:3) 

(B.44) a: 
0 
0... 
ro -
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Appendix C 

EMTP Implementation of the 

Transformer Model 

The following data files show how the proposed transformer model structure can be imple

mented in the EMTP. Data files for the 16 kVA, 22kV /240V, single-phase test transfor

mer, using the parameters given in table 6.1, are presented. These data files were created 

for use with the ATP version of the EMTP and tested with the January 1996 Salford

DBOS release of the program, running under MS-DOS on an IBM-compatible personal 

computer [109). 

The node labelling and the element values that were used to create the data cases are 

shown in figure C. l on page 183. For clarity, the self- and mutual inductance values 

have not been included in figure C.l, however, these can be obtained from the inductance 

matrix, which is given by (with all elements in H): 

al bl b2 b3 b4 c 

al 0.3576444 7.1616985 10.7253580 12.3423966 7.5831988 3.6618278 

bl 7.1616985 143.6851960 214.9940672 247.0199271 151.8179181 73.3969840 

L= b2 10.7253580 214.9940672 322.2530235 370.2157153 227.6465639 109.9184771 

b3 12.3423966 247.0199271 370.2157153 426.7300908 262.0045266 126.4878575 

b4 7.5831988 151.8179181 227.6465639 262.0045266 161.0845498 77.7139791 

c 3.6618278 73.3969840 109.9184771 126.4878575 77.7139791 37.50 

Note that in the following data files, inductances are given in mH and capacitances are 

given in µF. Resistances are given in n. 

179 
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C.1 Data File for Frequency-domain Simulations 

The following data file shows how the LV open-circuit input impedance frequency response 

of the 16 k VA transformer can be calculated by ATP, by using the FREQUENCY SCAN 

option. The equivalent circuit is excited by a 1 A current source at node NODE01 (the LV 

terminals). The input impedance is then given by the voltage response across Ca1 (line 

18). By changing the location and type of the source (on line 55) and requesting output 

of the relevant voltage, other frequency responses can be obtained. 

BEGIN NEW DATA CASE 
c ------------------------------------------------------------------------------
C 22kV/240V, 16 kVA SINGLE-PHASE TRANSFORMER 
C FREQUENCY RESPONSE SIMULATIONS 
C LV OPEN-CIRCUIT INPUT IMPEDANCE 
c ------------------------------------------------------------------------------
c FMINFS DELFFS FMAXFS NPD 
FREQUENCY SCAN 10.0 1.0E5 100 
c (O=mH) (O=uF) 
C DELTAT TMAX XOPT COPT EPSLIN TOLMAT TSTART 

1E-6 0 0 0 
c IOUT I PLOT IDOUBL KS SO UT MAX OUT IPUN MEMSAV ICAT NERERG IPRSUP 

1 1 1 3 0 1 
$VINTAGE, 1 
c 1 2 3 4 5 6 7 8 
c 345678901234567890123456789012345678901234567890123456789012345678901234567890 
C NODE1 NODE2 NODE3 NODE4<------R-------><------L-------><------C-------> 0 

NODE01 0. 0722E-3 . •· 2 

c 

NODE02 
NODE02NODE04 
NODE04 
NODE02NODE03 
NODE03NODE04 
NODE04NODE05 
NODE05 
NODE01NODE04 
NODE06 

51NODE01 
52NODE02NODE03 

53NODE03NODE04 

54NODE04NODE05 

55NODE05 

60.39E3 
<------R-------><------L-------> 

0.009798 357.644400733 
0.0 7161.698462583 

2021.43 143685.19595107 
0.0 10725.358005762 
0.0 214994.06721455 

2963.70 322253.02353114 
0.0 12342.396576185 
0.0 247019.92710387 
0.0 370215.71531121 

2354.97 426730.09076669 
0.0 7583.198794562 
0.0 151817.91813314 
0.0 227646.56393629 

'5°.i022E-3 
0.1638E-3 
0.2685E-3 
0.2281E-3 
0.3510E-3 
0.4110E-3 
0.1871E-3 
60.030E-6 
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42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 

Appendix C. EMTP Implementation of the Transformer Model 

56NODE06 

$VINTAGE, 0 
BLANK CARD ENDING BRANCH CARDS 
BLANK CARD ENDING SWITCH CARDS 
C 1A CURRENT SOURCE AT NODE01 
C <NODE>ST AMPLITUDE FREQUENCY 
14NODE01-1 1.41421 1.0 
BLANK CARD ENDING SOURCE CARDS 

NODE01NODE02 

0.0 262004.52662276 
1267.81 161084.54979598 

0.0 3661.827798873 
0.0 73396.984018946 
0.0 109918.47708910 
0.0 126487.85747294 
0.0 77713.979074762 

0.0001 37500.000000000 

PHASE DEG/SEC 
0.0 0 

BLANK CARD ENDING OUTPUT VARIABLE REQUESTS 
BLANK CARD ENDING PLOT CARDS 
BEGIN NEW DATA CASE 

TSTART 
-1. 0 

C.2 Data File for Time-domain Simulations 

TSTOP 
100.0 

181 

The following data file was used to calculate the LV terminal voltage response of the 

16 kVA transformer to a PRBS input current at the LV terrrlinals. The input current 

data, which was sampled in the laboratory, is read from an external file at line 59. By 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

•. ~ 

omitting line 59 and adjusting the source card o,q,.Jine 54, any one of'tf1e standard ATP .!P.o... ~~ ' . 
sources can be applied instead. 

BEGIN NEW DATA CASE 
c ------------------------------------------------------------------------------
c 22kV/240V, 16 kVA SINGLE-PHASE TRANSFORMER 
C TIME DOMAIN SIMULATIONS 
C INPUT DATA IS READ FROM EXTERNAL FILE 
C Le IS SET TO 38.5H TO AVOID NUMERICAL PROBLEMS 
c ------------------------------------------------------------------------------
c (O=mH) (O=uF) 
C DELTAT TMAX XOPT COPT EPSLIN TOLMAT TSTART 

2.0E-7 0.0010 0 0 
c IOUT I PLOT IDOUBL KSSOUT MAX OUT IPUN MEMSAV ICAT NERERG IPRSUP 

50 1 1 3 0 1 
$VINTAGE, 1 
c 1 2 3 4 5 6 7 8 
c 345678901234567890123456789012345678901234567890123456789012345678901234567890 
C NODE! NODE2 NODE3 NODE4<------R-------><------L-------><------C-------> 0 

NODE01 0. 0722E-3 2 
NODE02 
NODE02NODE04 

0.1022E-3 
0.1638E-3 

2 
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NODE04 
NODE02NODE03 
NODE03NODE04 
NODE04NODE05 
NODE05 
NODE01NODE04 
NODE06 60.395E3 

c <------R-------><------L-------> 
51NODE01 
52NODE02NODE03 

53NODE03NODE04 

54NODE04NODE05 

55NODE05 

56NODE06 

$VINTAGE, 0 
BLANK CARD ENDING BRANCH CARDS 
BLANK CARD ENDING SWITCH CARDS 

0.009798 357.644400733 
0.0 7161.698462583 

2021.43 143685.19595107 
0.0 10725.358005762 
0.0 214994.06721455 

2963.70 322253.02353114 
0.0 12342.396576185 
0.0 247019.92710387 
0.0 370215.71531121 

2354.97 426730.09076669 
0.0 7583.198794562 
0. 0 151817. 91813·3·1!1 
0. 0 22764§..,,..56.393629 
0.0 262004.52662276 

1267.81 161084.54979598 
0.0 3661.827798873 
0.0 73396.984018946 
0.0 109918.47708910 
0.0 126487.85747294 
0.0 77713.979074762 

0.0001 38500.000000000 

0.2685E-3 
0.2281E-3 
0.3510E-3 
0.4110E-3 
0.1871E-3 
60.030E-6 

C USER DEFINED CURRENT SOURCE, TO BE READ FROM EXTERNAL FILE WI~Jt.$~NCLUDE BE!.OW 
C <NODE> TSTART TSTOP 

1NODE01 -1.0 0.001 
BLANK CARD ENDING SOURCE CARDS 

NODE01NODE02 
BLANK CARD ENDING OUTPUT VARIABLE REQUESTS 
C INCLUDE INPUT DATA FROM EXTERNAL FILE 
$INCLUDE FILENAME.EXT 
BLANK CARD ENDING PLOT CARDS 
BEGIN NEW DATA CASE 

182 
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NODE01 LV1 {)--~~~-.....~~ 
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Figure C.1: 16 kVA Transformer equivalent circuit node labelling for ATP implementation. 
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Appendix D 

11kV/110 V Voltage Transformer 

Frequency Responses 

This appendix presents additional results for the 11 kV/ llO V voltage transformer model 

discussed in sections 7.2.1 and 7.2.2. The frequency responses shown below support the 

accuracy of the parameter estimates that were obtained for the three-section and the 

four-section HV winding voltage transformer models respectively. 

The following measured and simulated frequency responses are shown for both the three

section model and the four-section model, in sections D.l and D.2 resp€ctively: 

(a) HV open-circuit input impedance, ZHocUW ). 

(b) HV short-circuit input impedance, ZHscUw). 

(c) LV-HV voltage transformation ratio, HLH(jw). 

(d) HV-LV voltage transformation ratio, HHL(jw). 

184 
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D.1 Three-Section HV Winding Model 

100 

50 
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- - - Measured -- Simulated 

103 

Frequency [Hz] 
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/t 
/\ I\./ \ __ ...,.,,,. 

Figure D.1: Measured and simulated HV open-circuit input impedance 
frequency response, ZHoc(jw) (three HV winding sections). 
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Figure D.2: Measured and simulated HV short-circuit input impedance 
frequency response, ZHsc(jw) (three HV winding sections). 
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tions). 



Stellenbosch University  https://scholar.sun.ac.za

Appendix D. 11kV/110 V Voltage Transformer Frequency Responses 187 

D.2 Four-Section HV Winding Model 
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Figure D.5: Measured and simulated HV open-circuit input impedance 
frequency response, ZHoc(jw) (four HV winding sections). 
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Figure D.6: Measured and simulated HV short-circuit input impedance 
frequency response, ZHsc(jw) (four HV winding sections). 
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Figure D. 7: Measured and simulated LV-HV voltage transformation ra
tio frequency response, HLH(jw) (four HV winding sections). 
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