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Abstract

The sub-sampling phase locked loop (SSPLL) is a variant of the traditional
phase locked loop (PLL) that relies on sampling a high frequency output signal
to compare with a low frequency, low phase noise reference signal. Central
to the SSPLL system is an impulse generator, which drives the sampling of
the output signal. Step Recovery Diodes (SRDs) and Non-linear Transmission
Lines (NLTLs) have been used in impulse generators for SSPLL systems. Both
these approaches to impulse generation can introduce new sources of phase
noise. This thesis aims to discover the primary sources of phase noise in both
SRD- and NLTL-based impulse generators in order to improve the overall
phase noise of the output of the SSPLL frequency synthesiser. To this end, this
thesis will investigate the theory of operation and modelling of both the SRD
and the NLTL circuit components. Impulse generator circuits based on these
components will be described, and literature on noise susceptibility of these
circuits will be presented. Finally, a case study is put forward to demonstrate
the theory. It was found that SRD impulse generators are susceptible to shot
noise due to the high currents needed to drive SRDs, as well as AM/PM
conversion noise when poorly matched. NLTL impulse generators, on the other
hand, were found to generate less additional phase noise, but are also limited
in their power handling capabilities. In many cases, NLTL based impulse
generators will allow for reduced phase noise in frequency synthesis.
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Chapter 1

Introduction

Frequency synthesis is a very important part of many electronic systems, par-
ticularly in radio frequency or microwave applications. It is often useful to
generate extremely high frequency signals that are also accurately tuned to a
specific frequency of interest. In some applications, it is essential that these
high frequency signals are free of frequency variations such as phase noise,
which degrades spectral purity.

Phase noise is unwanted deviations from the desired signal frequency that
occur on small timescales [1]. Phase noise causes the signal power to become
spread across adjacent frequencies. These errors can lead to smearing when
up- or down-converting signals, or jitter in digital circuits.

In order to reduce phase noise, a Phase Locked Loop (PLL) can be used.
PLLs are a type of electronic control circuit designed to generate a high fre-
quency signal while maintaining a stable phase-lock with a low noise, low
frequency source [2]. In recent years, PLLs that make use of sampling in the
control loop have been developed [3]. These are known as Subsampling PLLs,
and are often able to significantly reduce the overall phase noise in the output
of a frequency generator [4].

SSPLLs often rely on an impulse generator to trigger the sampling mecha-
nism. These impulses need to have a very short pulse width in order to trigger
an accurate sample, as well as a large amplitude to drive the sampling circuit.
A stable sampling period is also important for reliable frequency generation.

This thesis investigates two components that can be used to generate im-
pulses: the Non-linear Transmission Line (NLTL) and the Step Recovery Diode
(SRD).

A NLTL is a transmission line that is periodically loaded with diodes, such
that a pulse travelling along this transmission line will experience a phase
velocity dependent on it’s voltage [5, 6]. The voltage-dependant velocity will
cause higher voltages to travel along the line at a different speed to the lower
voltages. A pulse travelling along the NLTL will experience a shortening of
it’s rise time and a lengthening of it’s fall time, or vice-versa, depending on
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CHAPTER 1. INTRODUCTION 6

the nature of the capacitance of the diodes. This pulse-shaping effect can be
used to generate short, high amplitude impulses [7].

An SRD is a diode with a non-linear capacitance. It is capable of storing
charge while forward-biased and quickly releasing it when reverse-biased [8].
The SRD is similar to a PIN diode, where an intrinsic semiconductor material
is placed between a positively and negatively doped semiconductor. In the
case of the SRD, there is no clear boundary between the doping regions, as
the doping of the semiconductor material gradually changes from positive, to
intrinsic, to negative. The design of the SRD allows it to store charge carriers
in it’s intrinsic region while conducting. When the diode is switched off, the
stored charge must be released in order for the SRD to become reverse-biased.
This happens in a quick release of charge, which can be channelled into a load
to form a pulse [9, 10].

To facilitate the design of SRD-based impulse generator circuits, it is help-
ful to make use of diode models to approximate the diode’s response. Because
the non-linear capacitance and charge storage effects of the SRD are crucial to
the generation of impulses, simple diode models that ignore these effects are
not sufficient. More complicated diode models that attempt to approximate
the charge carrier densities in the semiconductor are needed.

The charge carrier density in a semiconductor is described by the ambipolar
diffusion equation (ADE), for which no analytical solution exists in the general
case [11]. This thesis investigates three models which use different techniques
to solve the ADE.

Caverly’s model [12, 13, 14, 15] is a well known PIN/SRD diode model
that can be implemented using common circuit components. Caverly’s model
makes use of a Laplace transformation of the ADE. The transformation results
in an equation containing a hyperbolic function. In order to implement this
using basic circuit components, an approximation is used which results in an
infinite series which can be truncated according to the accuracy required of
the model.

Buiatti’s PIN/SRD model [16] can also be implemented using common
circuit components. Buiatti’s approach divides the intrinsic region of the diode
into a number of nodes, and makes use of finite difference modelling to reduce
the continuous carrier density into a finite number of discrete nodes. The
accuracy of the model depends on the number of nodes used.

Morel’s model [17] makes use of a state space technique to find a continu-
ous approximation of the charge carrier density in the intrinsic region of the
PIN/SRD. The model uses mathematical methods to find an appropriate com-
bination of basis functions which can accurately describe the state of charge
carrier in the diode. This density approximation can be used in the ADE to
model the diode’s response in a circuit. Due to the mathematical nature of
this model, it is not easily implemented in existing circuit simulation software.

Along with accurate modelling of an impulse generating component’s op-
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CHAPTER 1. INTRODUCTION 7

eration, it is also important to understand the phase noise characteristics of
different impulse generation designs. In this thesis, impulse generating circuits
were investigated with a focus on their use in SSPLLs. An important metric
in SSPLL systems is their ability to produce a spectrally pure signal with very
little noise [2], therefore, understanding the mechanics by which the impulse
generators could add additional noise to the output signal is crucial to a well
designed system.

The SRD impulse generator is described in general in this thesis. It was
found to be sensitive to AM/PM noise conversion, where AM noise over the
diode is converted to PM noise by modulating the timing of the reverse-bias
pulse [18]. Because of this, impedance mismatch is known to be detrimental to
an SRD’s noise performance [19]. Reflections due to impedance mismatch can
modulate the applied signal, causing noise in the output. Impedance mismatch
effects can be reduced by introducing broadband attenuation, but this reduces
the output power of the device [19].

The SRD impulse generator also suffers from shot noise, which is noise
related to current through a P-N junction [20, 21]. Since the SRD works with
large currents, shot noise becomes a significant contributor to the total noise
in the output signal.

The NLTL-based impulse generator was also studied to determine it’s phase
noise susceptibilities. Compared to the SRD impulse generator, the NLTL has
a much more well behaved impedance, and is much easier to match [7]. Shot
noise is also a concern, but with proper biasing can be substantially reduced.
After shot noise, the largest contributor of phase noise in NLTL circuits is
voltage noise in the bias circuitry [22].

Finally, a case study of an existing SSPLL system is analysed. The phase
noise in the output signal was found to be higher than predicted by simple
SSPLL phase noise equations. Troubleshooting was carried out to find the
source of the additional phase noise, and suggestions are given for further
improvements to the system based on the work presented in this thesis.

Stellenbosch University https://scholar.sun.ac.za



Chapter 2

Background Theory

2.1 Phase Noise Theory

Phase noise refers to the unwanted, short-term frequency deviations in the
output of an oscillator [1]. Ideally, all of the power in the output of an oscillator
would be concentrated at the desired output frequency, forming a pure sinusoid
at the fundamental frequency. Phase noise causes the output power of the
oscillator to be spread into the neighbouring frequencies (shown graphically in
Figure 2.1). Phase noise can cause errors in transmissions that use the phase
of a signal to carry information, or can cause “smearing” when a noisy signal
is used to up- or down-convert a received signal.

Phase noise is often characterised as the ratio of the power in one sideband
of the output signal per 1 Hz to the total signal power, in units dBc at a specific
offset from the carrier [1, 23].

f

P
[d

B
m

]

f0

(a)

f

P
[d

B
m

]

f0

(b)

Figure 2.1: Ideal (a) and noisy (b) oscillator output signals in the frequency
domain.
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CHAPTER 2. BACKGROUND THEORY 9

2.1.1 Mathematical representation

The output signal of an oscillator can be described by

vo(t) = Vo cos(ω0t+ θ(t)) (2.1)

where amplitude variation is ignored, and phase variation is represented by
θ(t). Phase variations can be discrete or random, depending on the source
of the noise [1]. Usually, θ(t) is a combination of noise effects from various
sources.

To show the sideband nature of phase noise, Pozar’s description [1] is help-
ful. Phase noise can be treated as frequency modulation of the carrier, by
setting

θ(t) =
∆f

fm
sin(ωmt) = θp sin(ωmt) (2.2)

where fm = ωm/2π is the modulating frequency, and θp is the peak phase
deviation. Using (2.2) to expand (2.1):

vo(t) = Vo[cosω0t cos(θp sinωmt)− sinω0t sin(θp sinωmt)] (2.3)

By assuming small phase deviations (θp � 1), (2.3) can be simplified to

vo(t) = Vo

[
cosω0t−

θp
2

(
cos(ω0 + ωm)t− cos(ω0 − ωm)t

)]
(2.4)

(2.4) shows clearly that the addition of the phase variation signal θ(t) results
in modulation sidebands on either side of the carrier signal.

Phase noise is characterised by the ratio of sideband power (Pn) to carrier
power (Pc). The phase noise of Equation 2.4 is described by

L (f) =
Pn
Pc

=
1
2
V 2
n

1
2
V 2
c

=

(
Voθp

2

)2

V 2
o

=
1

4
θ2
p =

1

2
θ2
rms (2.5)

where Vn and Vc are the voltage amplitudes of the noise signal and carrier
signal respectively, and θrms = θp/

√
2. Since the phase noise power appears

symmetrically around the carrier, it is appropriate to characterise the power
spectral density of the phase noise by the power in both sidebands:

Sθ(fm) = 2L (fm) = θ2
rms (2.6)

2.1.2 Types of phase noise

Thermal noise

Thermal noise (also known as Johnson or Nyquist noise) is noise due to the
random movement of charges in conductors with a temperature above 0 K [1].
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CHAPTER 2. BACKGROUND THEORY 10

The available power in a thermal noise signal is described by

Pn = kTB (2.7)

where k is the Boltzmann constant, T is the temperature in Kelvin, and B
is the bandwidth of the system. Note that thermal noise is mostly frequency
independent, so appears as “white noise” across the spectrum. The thermal
noise power in a 1 Hz band (B = 1) at room temperature (T = 290 K) is
therefore

Pn = k(290)(1)

= (1.38 · 10−23)(290)

= 4.00 · 10−21 W

= −173.98 dBm

≈ −174 dBm (2.8)

(2.8) represents the lowest theoretical limit to which the noise of a system
at room temperate can be reduced.

Flicker noise

f

Offset from carrier [Hz]

S
φ

[d
B

c] 1
f

fc

Thermal Noise Floor

Figure 2.2: Flicker noise power.

Another type of noise that is common to most active devices is flicker
noise. This noise appears close to the carrier, and is inversely proportional to
the offset from the carrier, which is why it is often referred to as 1/f noise.
Due to it’s inverse proportionality, flicker noise can be easily identified in phase
noise measurements by it’s −10 dB/decade slope, shown in Figure 2.2.
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CHAPTER 2. BACKGROUND THEORY 11

The flicker noise is characterised by the flicker corner fc, which is the fre-
quency at which the flicker noise power is equal to the thermal noise power.
Above this frequency, the thermal noise power is dominant.

2.1.3 Frequency multiplication and phase noise

Phase noise is affected by frequency multiplication and division in an impor-
tant way. Consider a signal vo(t) with phase noise signal φ(t). The result of
multiplying the frequency of vo(t) by N can be represented by

vo(t) = Vo cos
(
N
(
ωt+ θ(t)

))
= Vo cos

(
Nωt+Nθ(t)

)
(2.9)

with the phase noise as defined in (2.5)

L (f) =
1

2
N2θ2

rms (2.10)

it is clear that multiplying a signal’s frequency by N increases the phase noise
of that signal by N2, or, in decibel, 20 log(N) [23].

2.2 Phase locked loops

2.2.1 Traditional PLLs

OSC

PFD LF

VCO

OUT

N

Figure 2.3: Traditional PLL system diagram.

A phase-locked loop (PLL) is system used to regulate the output of a
voltage controlled oscillator (VCO) with reference to some input frequency.
PLLs have been used to synchronise power generators, recover clock signals
from data transmissions and demodulate FM signals, among other applications
[2]. When designing a frequency synthesiser, a PLL is often used to generate
a stable, high frequency output from a low frequency reference [24].
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CHAPTER 2. BACKGROUND THEORY 12

A typical PLL system, as shown in Figure 2.3, includes a reference signal, a
Phase-Frequency Detector (PFD), a Loop Filter (LF), a VCO and a feedback
divider.

The PFD is a device that takes as inputs the reference and feedback signals,
and provides an output proportional to the difference in the input frequencies.
Often this output is produced by a Charge Pump (CP), which either supplies a
current pulse if the feedback signal lags the reference signal, or sinks a current
pulse if the feedback signal leads. The duration of the pulse is determined by
the magnitude of the phase error. The current pulse passes through the LF,
which converts the pulse into a DC voltage proportional to the phase error.
This error signal is used to control the VCO’s output frequency. Finally, the
feedback divider (N) is used to control the ratio of the VCO’s frequency to the
reference signal frequency. Sometimes a divider is used in the reference fre-
quency path (usually denoted by R), so that the input and output frequencies
are related by:

fout =
N

R
fin (2.11)

Although N and R are often integer values, Fractional-N PLLs also exist.
These can generate frequencies that are not related to the reference frequency
by a simple integer division ratio, but also tend to suffer from decreased noise
performance.

One of the most important parameters of any PLL is the Loop Bandwidth,
which is mostly determined by the LF. The loop bandwidth determines the
time it takes for the PLL to lock to the desired frequency: a larger bandwidth
allows faster frequency acquisition. The loop bandwidth also determines the
composition of the phase noise on the output signal. Within the loop band-
width, the phase noise output is dominated by the phase noise of the reference
signal, PFD and LF. It’s important to note that the phase noise of the refer-
ence signal increases by at least 20 log N

R
, as discussed in Section 2.1.3. Outside

the loop bandwidth, the output phase noise is dominated by the VCO noise.
[2]

One of the main reasons for using a PLL is to improve the output phase
noise of the VCO. Generally, at small offsets, the phase noise of the reference
oscillator is much lower than the phase noise of the VCO. Oscillator phase
noise, in general, is composed of flicker noise and a phase noise floor due to
thermal noise. At larger offsets, the noise floor of the multiplied reference
signal can be larger than the phase noise of the VCO. For optimal phase noise
performance, the bandwidth of the feedback loop is usually set to be equal to
the point where the noise floor of the multiplied reference signal is equal to the
VCO phase noise. This is considered to be the optimal design for minimum
jitter [2].
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CHAPTER 2. BACKGROUND THEORY 13

The closed-loop transfer function for a traditional PLL is as follows [20]:

HCL(s) =
NKφF (s)2πKV CO

Ns+KφF (s)2πKV CO

(2.12)

where Kφ represents the gain of the PFD, F (s) represents the transfer function
of the LF and KV CO represents the gain of the VCO.

Moes shows in [20] that the phase noise generated by any device in the
PLL system experiences gain according to (2.12), with the exception of the
VCO, which has the following transfer function:

HV CO(s) =
Ns

Ns+KφF (s)2πKV CO

(2.13)

2.2.2 Sub-sampling PLLs (SSPLLs)

A Sub-sampling PLL (SSPLL) is a configuration of the traditional PLL, but
without the N-divider in the feedback path [4]. According to Tonk (2017) [3],
who has compiled a summary of the development of the SSPLL over time, the
first instance of a SSPLL was by Hafez in 2000 [25].

Instead of dividing the VCO output signal down to the reference frequency,
a Sampling Phase Detector (SPD) is used to sample the VCO signal with
a sampling frequency equal to the reference frequency. If the VCO signal
is a harmonic of the reference signal, each sample will occur at the same
point, periodically in the VCO signal. The SPD will output a DC voltage
proportional to the phase offset between the reference and the VCO output.
Should the VCO output not be a harmonic of the reference signal, the SPD
will output a signal with a frequency equal to the difference between the VCO
output frequency and the nearest harmonic of the reference signal. Figure 2.4a
shows the result of subsampling in the time domain.

From the frequency domain perspective (Figure 2.4b), the reference signal
is used to produce a frequency comb containing, ideally, all the harmonics of
the reference signal. The VCO output is then mixed with the nearest harmonic,
producing the difference frequency.

The benefit of this topology is described quite clearly in [4]. Briefly, the gain
in the phase noise introduced by the Charge Pump of the PLL is proportional
to N2. By using a SPD in the feedback path instead of an N-divider, the
division factor is effectively reduced to N = 1. Removing the N-divider also
eliminates the noise and power consumption from that device.

The major drawback of the SSPLL is that its frequency lock range is very
small. The SSPLL can only lock the VCO to the nearest harmonic of the
reference signal. To overcome this limitation, the SSPLL is often paired with
a traditional PLL which initially steers the VCO to the desired frequency,
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CHAPTER 2. BACKGROUND THEORY 14

t

V

(a) Time domain representation.

f
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(b) Frequency domain representation.

Figure 2.4: Graphical representation of the result of subsampling.
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CHAPTER 2. BACKGROUND THEORY 15

after which the SSPLL takes control of the VCO. This necessarily increases
the complexity of the PLL system.

By sampling the VCO output, the sampler also periodically loads the VCO,
which can cause modulation effects on the output. In [26], Goa describes this
problem, and suggests using buffers in the feedback path to minimise the effect
of the sampler on the VCO.

2.3 Sampling Phase Detectors

Figure 2.5: SPD Circuit Diagram[27]

A Sampling Phase Detector, as shown in Figure 2.5, consists of a Step-
Recovery Diode (D1) capacitively coupled (C1, C2) to a Schottky diode mixer
(D2, D3). It is produced as an Integrated Circuit (IC) by a number of manu-
facturers, such as MACOM’s MSPD series [28].

The Schottky diodes are used as a balanced mixer to sample an RF signal.
The RF signal is usually applied between the two Schottky diodes. When the
SRD generates a pulse, the Schottky diodes are briefly turned on to sample
the RF signal. By sampling the RF input, an IF frequency is generated, and
appears either as a balanced signal across Ports 3 and 5 (with reference to
Figure 2.5), or as a single-ended signal at Port 4 - depending on the configu-
ration of the SPD circuit. The RF and IF frequencies are usually many orders
of magnitude apart, so high- and low-pass filters can be used to separate the
signals [27].

Generally the IF output signal strength of the SPD is very low, and is
dependant on both the RF and reference signal levels (see Figure 2.6a) [28].
The low output voltage means that amplification is usually required, which
can introduce noise and complexity to the PLL circuit.
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CHAPTER 2. BACKGROUND THEORY 16

(a) IF output voltage depen-
dence on reference and RF signal
power.[28]

(b) IF output voltage frequency
dependence.[27]

Figure 2.6: IF output voltage dependencies.

The efficiency of the SPD can be approximated with a sinc function which
is dependant on the frequencies of the input signals, as well as the value of the
capacitance between the SRD and the Schottky diode mixer [28]. Figure 2.6b
shows a typical voltage output for a range of RF frequencies.

2.4 Step Recovery Diodes (SRDs)

SRDs have been found to be very useful in generating very narrow sampling
pulses [29, 30, 31, 32]. Originally, SRDs were used in frequency multiplication
applications [33, 34]. Chilvers (1968) [35] developed a generalised efficiency
curve, which shows that for the correct choice of component characteristics,
the efficiency of a SRD frequency multiplier can approach unity - under ideal
conditions.

However, for use in a wideband sampler circuit, the SRD is required to
generate a comb of high frequency components. Such a circuit can be seen as
either an impulse generator or a comb generator. In [29], Han shows that a
shunt-mode SRD configuration is best for a sampling circuit. Han also men-
tions in [30] that ringing on the output of the impulse generator occurs when
there is a mismatch in the impedance of the generator and the RC network
that follows it. Zhang (1996) [9] also shows some useful design equations for
SRD comb generators.

Hewlett Packard has produced a comprehensive application note on the use
of the SRD for frequency multiplication and comb generation purposes [10].
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CHAPTER 2. BACKGROUND THEORY 17

2.4.1 Overview of semiconductor theory

Semiconductors are made by forming a crystal structure of atoms (often silicon
or germanium [36]) bonded together with covalent bonds. When sufficiently
excited, some of these covalent bonds can be broken, allowing the electrons
that form those bonds to move into the conduction band, where they can
move freely through the material. The opposite effect also occurs: the holes
left behind by these electrons can also move through the structure. Together
these holes and electrons act as positive and negative charge carriers. The sum
of these moving charges forms a current [36].

A pure, single element semiconductor structure is known as an intrinsic
semiconductor. In such a material, the densities of positive and negative charge
carriers are equal. The concentration of these carriers is usually quiet small, so
only relatively small currents can be generated [36]. By introducing impurities
into the crystal structure, the concentration of charge carriers can be increased
substantially. Semiconductors with added impurities are known as extrinsic
semiconductors and the process of adding impurities to a semiconductor crys-
tal is known as doping. N-type semiconductors have been doped with donor
atoms, which increase the concentration of negative charge carriers, while p-
type semiconductors have increased concentrations of positive charge carriers
due to the added acceptor atoms.

When a p-type and a n-type semiconductor are in contact with one another,
a P-N junction exists at the shared surface. Due to the high concentration of
electrons in the n-region, and the low concentration of electrons in the p-region,
a diffusion current of electrons flows into the p-region. In the same way, the
difference in the concentration of holes in the two regions causes a diffusion
current of holes to flow into the n-region.

As the electrons and holes diffuse away from their donor/acceptor atoms,
these atoms become ionised and are no longer neutrally charged. The donor
atoms in the n-region become positively charged, while the acceptor atoms
in the p-region become negatively charged. These oppositely charged regions
in contact with one another generate an electric field which opposes the dif-
fusion current, directed from the n-region to the p-region. As more charge
carriers move across the junction, the electric field becomes stronger until an
equilibrium is reached and the diffusion current no longer flows.

The charged parts of the p- and n-regions are known as the space-charge
region, and the voltage across the space-charge region due to the electric field
is known as the built-in potential barrier (Vbi). Vbi can be calculated by

Vbi = VT ln

(
NaNd

n2
i

)
(2.14)

where Na and Nd are the concentrations of donor and acceptor atoms in the p-
and n-regions respectively, and ni is the intrinsic carrier concentration for the
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semiconductor material. VT is called the thermal voltage, and it is given by
VT = kT/e, where k is Boltzmann’s constant, T is the absolute temperature,
e is the charge on an electron.

If a voltage (VR) is applied in the same direction as the electric field in
the space-charge region - that is, a positive voltage applied to the n-region of
the junction - the applied voltage increases the magnitude of the electric field
which prevents the flow of electrons and holes. The junction is now considered
to be reverse-biased.

Since the magnitude of the electric field increases, and assuming the doping
concentration remains constant in both regions, the number of charge carriers
in the space charge region must increase, which means the width of the space
charge region increases. The capacitance of the space-charge region is called
the junction capacitance and is given by

Cj = Cj0

(
1 +

VR
Vbi

)1/2

(2.15)

where Cj0 is the junction capacitance with no applied voltage.
If a voltage (vD) is applied in the opposite direction to the electric field in

the space-charge region - that is, a positive voltage is applied to the p-region
of the junction - the applied voltage decreases the magnitude of the electric
field, disrupting the equilibrium and allowing charge carriers to diffuse across
the junction.

The diffusion of carriers across the junction leads to an excess of minority
carriers in the two regions - excess holes in the n-region, and excess electrons
in the p-region. These excess carriers continue to defuse into each region,
recombining with majority carriers and maintaining the current. [36]

2.4.2 PIN diodes

The P-I-N junction is similar to the P-N junction, except that a lightly doped
(or ideally intrinsic) semiconductor material exists between the p- and n-doped
regions. This i-region creates a wider depletion region when the device is in
thermal equilibrium, and also provides a space where charge can be stored
during forward conduction [13].

The charge in the i-region is determined by the ambipolar diffusion equa-
tion, which is as follows [11]:

∂p

∂t
(x, t) = D

∂2p

∂x2
(x, t)− p(x, t)

τ
(2.16)

which has the boundary conditions:

∂p

∂x
(0, t) = −ηi(t) (2.17)
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∂p

∂x
(w, t) = κi(t) (2.18)

where p(x, t) is the carrier concentration of a specific carrier, either holes or
electrons, τ is the carrier lifetime, D = 2µnµp

µn+µp
VT , µn and µp are the electron

and hole mobilities, i(t) is the current flowing through the area, VT is the
thermal voltage, and w is the width of the i-region. η and κ are given by:

η =
1

2qµpVTA
(2.19)

κ =
1

2qµnVTA
(2.20)

where A is the diode’s effective area, and q is the charge on an electron.
An analytical solution for (2.16) does not exist in the general case. In

practice, a number of approximations are used to reduce the complexity of
(2.16), some of which are discussed in Chapter 4.

2.4.3 SRD operation

A Step Recovery Diode (SRD) is similar to a PIN diode, in that it has a p- and
n-doped region, separated by a layer of intrinsic semiconductor. The intrinsic
region (i-region) in a SRD is formed by manufacturing the p- and n-regions
with a steep doping profile such that, at the point where the two regions meet,
the semiconductor is very lightly doped or even undoped.

The SRD’s doping profile allows it to store charge in its intrinsically doped
region while conducting. When the diode is reverse biased, the stored charge
is released in a sudden pulse, before conduction is stopped. The SRD therefore
acts as a highly non-linear capacitor. [23]

While forward-biased, the SRD stores charge in it’s i-region. The stored
charge is given by

Qs = τI (2.21)

where I is the current through the diode, and τ is the recombination time of
the material. [23]

When the diode switches to reverse-bias, the stored charge is released in
a short pulse which ends suddenly as the last of the charge is extracted from
the i-region. The reverse-biased diode, once depleted of stored charge, has a
small, constant capacitance equivalent to

Cs =
εsA

d
(2.22)

where A is the area of the junction, d is the depletion zone width, and εs is
the dielectric constant of the material.
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2.5 Non-linear Transmission Lines (NLTLs)

A non-linear transmission line (NLTL) is a type of transmission line where the
phase velocity experienced by a signal on the line is dependent on the ampli-
tude of the signal [7]. This is achieved by distributing diodes with voltage-
dependent capacitances periodically along the line. A NLTL can be useful in
pulse shaping applications, which is discussed in detail in Section 5.3.

L

C Cd

Figure 2.7: LC model of an NLTL section.

The basic model for a segment of an NLTL is shown in Figure 2.7. L and
C represent the per unit inductance and capacitance of the line segment, and
Cd is the diode capacitance, which is voltage dependent.

In an ideal NLTL, where there are no losses and the low-pass filter effects
are ignored, the propagation delay for any section of the line is given by [7]:

T (V ) =
√
LCT (V )) (2.23)

where CT (V ) = C +Cd(V ) is the total capacitance of the line segment. If the
input signal is a falling step function, the fall time at a segment n is given by:

Tf,n = Tf,in − n∆T

= Tf,in − n(T (Vh)− T (Vl)) (2.24)

where Tf,in is the fall time of the input signal, and Vh and Vl are the high and
low voltage levels for the step function. (2.24) is shown graphically in Figure
2.8.

If enough segments are used, Equation 2.24 shows that Tf,n may become
negative, at which point a shock wavefront forms on the line and Vn(t) becomes
discontinuous [7]. The number of segments required to cause a shock wave is
[7]:

n ≈ Tf,in/∆T (2.25)

In a real-world, non-ideal NLTL, Tf,n will not become negative, but will reach
a minimum where wave dispersion effects counteract the wave compression of
the line [7].
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t
Vl

Vh

Tf,in

(a) Signal fall time at NLTL input.

t
Vl

Vh

Tf,in − n∆T

(b) Signal fall time at node n.

Figure 2.8: NLTL fall time reduction.

Stellenbosch University https://scholar.sun.ac.za



Chapter 3

Case Study

A low noise frequency synthesiser, capable of generating an output signal with
a frequency between 4 and 8 GHz, in 100 MHz steps, was analysed.

The frequency synthesiser makes use of a hybrid PLL design. A traditional
PLL subsystem is used to coarsely tune a VCO near the desired output fre-
quency. Once the output frequency has stabilised within 10 MHz of the desired
frequency, control of the VCO is switched to the subsampling PLL (SSPLL)
subsystem. The SSPLL, as described in Section 2.2.2, is cable of generating
output signals with much lower phase noise than traditional PLL systems, but
also has a much smaller frequency lock range.

The SSPLL makes use of a Sampling Phase Detector (SPD) to sample the
output signal using the 100 MHz reference signal. The SPD generates a low
frequency “beat tone” output that is equivalent to the difference between the
VCO output frequency and the nearest harmonic of the 100 MHz reference
signal. The phase of this beat tone output is compared to a 10 MHz reference
derived from the original 100 MHz reference signal, and the resulting error
signal is used to phase lock the VCO to the 100 MHz reference.

3.1 Problem description

Although the SSPLL design is known to produce less phase noise than tradi-
tional PLL designs [4], the output produced by the SSPLL in this case study
did not achieve the low phase noise levels predicted by the theory.

The measured phase noise on the output signal is shown in Figure 3.2.
There is a roughly 10 dB slope at offsets lower than 10 kHz (circled), which
levels out at about 100 kHz. There is also increased phase noise at the 1 MHz
offset. Both these slopes are not expected, so although the noise characteristics
of the SPD topology is better than the traditional alternative, there is room
for improvement by identifying the causes of these noise power slopes.

22
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VCO

OUT

÷ N

LF 1PFD 1

OSC

100 MHz

SPD PFD 2 LF 2

÷10

STEERING PLL

SSPLL

Figure 3.1: Hybrid frequency synthesiser system diagram.

Figure 3.2: Measured SPD PLL output with unidentified noise power circled.

3.2 Experiments performed

In order to determine the source of the excess phase noise, three experiments
were performed.
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First, the choice of a 10 MHz beat tone frequency was investigated. An
experiment was performed to determine whether the output phase noise was
sensitive to the chosen offset frequency.

The divide-by-10 divider and phase frequency detector in the SSPLL were
implemented with a Computer Programmable Logic Device (CPLD). The sec-
ond experiment attempted to determine whether this implementation was in-
ferior to using lumped components.

Lastly, an inverter appeared in the circuit at the input to the divide-by-10
divider in order to ensure the signal was a square wave. An experiment was
performed to determine whether this component contributed to the output
phase noise.

3.2.1 Beat tone frequency dependence

The SSPLL was designed to lock the SPD output beat tone to 10 MHz. The
first investigation was to determine whether the frequency of this beat tone
had any effect on the output phase noise. A previous iteration of the SSPLL
design did not make use of this offset and instead used a DC output from
the SPD to control the VCO. This previous design produced an output with
phase noise characteristics closer to the expected output, but was less reliable
in achieving a lock on the desired frequency.

The SSPLL was adjusted to operate with a beat tone of 5 MHz, but the
phase noise on the output was identical to the original 10 MHz settings.

Therefore the unexpected phase noise appears to be unrelated to the offset
frequency.

3.2.2 CPLD effects

In the SSPLL circuit, the divide-by-10 divider and the PFD were implemented
with a Computer Programmable Logic Device (CPLD). Since this device was a
digital component, and not designed with phase noise in mind, it was thought
that it could be the source of the unexpected phase noise.

CPLD divider

The SSPLL divider reduces the frequency of the very low noise reference so
that it can be compared to the beat tone from the SPD. Additional noise
added at this stage could propagate to the output of the system.

The phase noise on the output of the CPLD divider was compared to the
phase noise on the output of a typical flip-flop divider. The results are shown
in Figure 3.3.

The results show that the flip-flop divider had less phase noise than the
CPLD divider at most offset frequencies, with phase noise levels on the flip-flop
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output remaining below −150 dBc/Hz across the band. The CPLD divider, on
the other hand, had a measured phase noise power above −150 dBc/Hz across
the band.

(a) CPLD divider (b) Flip-flop divider

Figure 3.3: Comparison of CPLD and flip-flop dividers

In light of the lower noise power present in the flip-flop divider output, the
flip-flop divider was integrated into the SSPLL circuit, with the CPLD being
used only for phase comparison. This was done to investigate whether the
reduction in divider noise would result in less phase noise in the output signal.
The result is shown in Figure 3.4b. Comparing this result to the original
measurement (reproduced as Figure 3.4a), the noise power across the band is
very similar below 100 kHz, and there is a small improvement above 100 kHz.

CPLD PFD

Since implementing a flip-flop divider in place of the CPLD divider successfully
eliminated some of the phase noise, it was thought to remove the CPLD from
the SSPLL circuit entirely. A PFD module was use in it’s place, together with
the flip-flop divider from before.

The result of this change is shown in Figure 3.5. This measurement is
marginally better than the previous one, where the PFD function was per-
formed by the CPLD, since the noise power at offsets less than 100 kHz is
about 5 dB lower. The result is also better than the original measurement
(Figure 3.2), as the noise power is lower across the whole band. This shows
that the CPLD was the cause of some of the phase noise in the output.

However, there still remained a significant noise power slope below 10 kHz,
which theoretically should not be present.

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 3. CASE STUDY 26

(a) Original

(b) With external divider

Figure 3.4: Comparison of PLL RF output phase noise measurements
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Figure 3.5: PLL output without CPLD

3.2.3 Inverter phase noise

The input to the divide-by-10 divider is preceded by an inverter, which is used
to ensure that the input to the divider is a square wave with fast turn on and
turn off times. This is done to reduce jitter on the divider’s output.

The gain of the inverter circuit is dependant on the value of a feedback
resistor. Since the inverter gain has a direct effect on the divider’s output
jitter, the effect of the inverter gain on the output phase noise of the whole
system was investigated.

During this investigation, it was found that the original resistor used in
the circuit was faulty. Replacing the resistor with another resistor of the same
value resulted in improved phase noise performance, in addition to the phase
noise reductions of the previous investigations.

Other than the faulty resistor, changing the gain of the inverter had no
noticeable effect on the phase noise output of the SSPLL system.
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3.2.4 Summary of findings

From the investigations described above, it was found that neither the beat
tone frequency nor the inverter gain had any effect on the output signal phase
noise. Only the CPLD device was found to add significant phase noise to the
system. A faulty resistor was also discovered and replaced, improving noise
performance.

The best phase noise result obtained is shown in Figure 3.6. A roughly
15 dB/decade slope exists with a corner frequency at 100 kHz offset from the
carrier. A noise floor of −125 dBc is present between 100 kHz and 1 MHz. At
offsets greater than 1 MHz, the VCO phase noise is dominant.

Figure 3.6: Best noise measurement

3.3 Further phase noise improvements

Many possible sources of phase noise in the SSPLL circuit have been explored.
In order to further reduce phase noise a deeper understanding of the core
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mechanics of the circuit must be developed. Specifically, this thesis will inves-
tigate the impulse generator that drives the SPD.

Without an accurate model of the SRD’s nonlinear behaviour, designing an
efficient, low phase noise circuit would be extremely challenging. This thesis
will investigate different PIN/SRD models, with a view to understanding the
diode’s operation, and the challenges faced when designing SRD-based impulse
generating circuits.

The impulse generator itself will also be investigated. Sources of phase
noise within the impulse generator will be analysed, and an alternative design
considered.
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Chapter 4

PIN and SRD Diode Models

When designing circuits that utilise SRDs, it is helpful to use an accurate model
to predict the behaviour of the circuit. Unfortunately, due to the diode’s non-
linear characteristics, and charge storage and release mechanisms, modelling
an SRD can present a challenge.

In order to become familiar with some of the challenges in diode modelling,
this chapter presents a number of approaches that have been employed to
model PIN-type diodes like the SRD.

4.1 Summary of diode modelling strategies

In [11], Kraus gives an overview of the various PIN diode modelling strategies
that have been employed over the years. As the SRD has a PIN diode structure,
the PIN models are also applicable to SRDs. The important aspects that are
relevant to all PIN/SRD diode modelling strategies have been summarised in
this section.

4.1.1 Basic structure and working

To accurately model PIN/SRD diode behaviour at high frequencies, there are
a number of effects that must be taken into account. These effects are usually
not well described by the simple models used for low power and low frequency
devices. When considering diode models to be used for a pulse generating
circuit, resistance effects and charge storage effects are most important.

Resistance

During forward conduction, both the voltage drop over the PIN/SRD diode
and power loss in the PIN/SRD diode are largely dependent on the resistance of
the lightly doped semiconductor layer. This resistance is not usually constant,
and can be dependant on voltage and current in a non-linear way [11].

30
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The resistance of the i-region is given by

R =

∫ x2

x1

dx

qA(µnn+ µpp)
(4.1)

where x1 and x2 are the boundaries of the i-region, A is the area of the
i-region, n and p are the charge carrier densities, µn and µp are the charge
carrier mobilities, and q is the charge on an electron [11]. However, the charge
carrier densities are usually not constant across the region, and are therefore
dependent on position. The mobilities of the charge carriers are also sometimes
variable. A dynamic description of the charge carrier densities is required to
accurately calculate the resistance of the i-region, and even then, (4.1) must
be solved using simplifications [11].

Charge Storage

Charges stored in the i-region during forward conduction must be removed
before the PIN/SRD diode can block current in reserve bias. These charge
storage effects are very important at high frequencies. The charge stored in
the i-region is a function of both time and position. The ambipolar diffusion
equation (ADE) is used to determine the density of charge carriers (p(x, t))[11]:

dp

dt
= −p

τ
+D

d2p

dx2
(4.2)

where τ is the charge carrier lifetime and D is the diffusion coefficient. (4.2)
is only valid during high-level injection, when the hole and electron densities
are nearly equal [11].

The current in the i-region is related to the charge carrier distribution
according to the transport equation [11]:

I =

(
1 +

µp
µn

)(
In − qAD

dp

dx

)
(4.3)

where I is the total current and In is the electron current.
Using (4.3) as a condition for (4.2), we obtain the charge control equation:

dQ

dt
= −Q

τ
+ In(xr)− In(xl) (4.4)

where Q is the charge in the region and xr and xl are the position bound-
aries of the region [11].

Unfortunately, solving this system of equations analytically in the general
case is not possible [11].
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4.1.2 Modelling approaches

PIN/SRD diode models can be constructed either as subcircuits, mathematical
functions, or a combination of these [11]. Subcircuit models are generally
used when the simulation program does not allow for solving mathematical
functions, and can become very complex. Models based on mathematical
functions are more efficient, but since analytical solutions of the underlying
physics equations (Equations 4.1 and 4.2) are not possible, other approaches
must be used to solve these models [11].

Functional Model

The functional model attempts to avoid the equations governing the diode’s
behaviour by treating the device as a “black box” and describing only the
externally observed behaviour. [11]

Examples of functional models are models that make use of look-up tables
and models that use carefully chosen expressions to describe the observed
behaviour of the device in a simple way.

Functional models are usually quite fast, but are less accurate than other
modelling approaches. They are best used to simulate the behaviour of a spe-
cific application [11]. Since a functional model only models the external be-
haviour of the diode, the specific effects that are most important to a particular
circuit can be focused on, while less important effects are ignored. Functional
models are also useful in cases where the diode’s switching properties are of
little importance, such as in low frequency applications.

Approximate Solution

Since it is not possible to solve the physical equations directly, some diode
models make use of mathematical approximations. Some of these approxima-
tions can be shown to be very near an exact solution, given certain boundary
conditions [11].

Some models make use of an assumed solution. In the case of the charge
carrier distribution required to solve (4.2), one can choose a simple function
to mimic the assumed distribution. Mathematical techniques can be used to
help choose the best assumed distribution, and usually make use of a function
such as:

p(x, t) = p0(x, t) +
∑
i

gi(t)fi(x) (4.5)

where p0(x, t) is the distribution at equilibrium. Various techniques can be
used to find gi(t) and fi(x).

An approximate solution can also be used for (4.2) directly. Some models
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substitute (4.2) for
dp

dt
= h(t)p(x, t) (4.6)

The variables in this solution can be separated:

dp

dt
=
∑
i

hi(t)fi(x) (4.7)

where the accuracy of the solution can be improved by using more fi(x) terms.
Models based on approximate solutions are applicable to almost all sit-

uations, since they approximate the physics of the diodes. The parameters
needed for these types of models require some effort, however [11].

Transformation

Another approach to solving the difficult mathematical equations is to trans-
form them into a different type of equation. For example, some models use a
Laplace transformation on (4.2), resulting in an equation in the s-domain [11]:

L

[
D
d2p′

dx2

]
= p′

(
s+

1

τ

)
(4.8)

where p′ = p(x, t)− p(x, 0).
However, in order to use a transformation, certain boundary conditions are

required. In the case of the Laplace transformation 4.8, the transformation
requires that the boundaries of the charge storage region are fixed. This is
only true in special cases or for short periods of time [11].

The solution of a transformed equation is in the form of an infinite series,
which needs to be truncated to produce a result.

Since the transformation based approach is similar to the approximation
based approach (both are techniques for finding a near-exact solution), it is
applicable in many of the same situations. Because a transformation solution
is in the form of an infinite series of terms, a transformation based model is
best judged by how quickly it converges on a usable answer.

Lumped Model

In a lumped model approach, the region being modelled is divided into smaller
sections with fixed characteristics. The modelling techniques can then focus
on the change between each section. For example, in (4.3), the following
substitution can be made:

qA
dp

dx
→ ∆Q

(∆x)2
(4.9)

which replaces the computation of the derivative of the charge carrier density
function with a calculation of the difference between the charge at discrete
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nodes. Although the equations used in this model are not computationally
intense, many nodes are needed for high accuracy. This model is however not
restricted by special cases.

The lumped model offers a good balance between speed and accuracy. Only
a few parameters are required, and they are usually closely related to the
electrical characteristics of the diode [11].

Numerical Solution

The numerical solution is the most accurate method of modelling diode be-
haviour [11]. Such a solution relies on dividing the region into a finite number
of mesh points. Difficult to solve differential equations can then be expressed
as the differences between the mesh points.

The difference between this approach and the lumped model approach is
that the lumped model makes use of the averages of each section, whereas the
numerical approach uses the values at each node.

The numerical solution most closely approaches a simulation of the internal
physics of the diode, and as such is computationally expensive when compared
to all other approaches [11]. The numerical solution also requires an intimate
knowledge of the device’s internal characteristics.

4.2 Caverly’s model

4.2.1 Derivation of the model

The PIN/SRD diode model developed by Caverly [12, 13, 14, 15] is a transfor-
mation based approach to solving the ambipolar diffusion equation (Equation
4.2), repeated here in the form Caverly uses for convenience [13]:

∂2n(x, t)

dx2
=
n(x, t)

Daτ
+

1

Da

∂n(x, t)

dt
(4.10)

where n(x, t) is the carrier density in the i-region, Da is the diffusion coefficient,
and τ is the carrier lifetime.

Caverly’s model calculates the i-region effects of the PIN/SRD diode, but
leaves the effects P-I and I-N junctions to be determined by existing devices
in the SPICE library. [13]

Equation 4.10 is transformed according to the Laplace transformation, us-
ing the boundary conditions proposed by Strollo in [37]:

dn(x)

dx
|x=0 = − b

1 + b
· 1

qADa

I(t) (4.11)

dn(x)

dx
|x=xm = 0 (4.12)
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where b = µn
µp

is the electron to hole mobility ratio and xm is the location of

the minimum charge density in the i-region. xm is found by [12]:

xm =
W

2

[
1 +

2λ

W
tanh−1

(
b− 1

b+ 1
tanh

(
W

2λ

))]
(4.13)

where W is the i-region thickness and λ = La/
√

1 + sτ , with the diffusion
length La =

√
Daτ [37].

A relationship between the current flowing through the diode and the
charge stored in the i-region is found in the s-domain [12]:

I(s) = Q(s)
La
√

1 + sτ

xmτ
tanh

(
xm
La

√
1 + sτ

)
(4.14)

4.2.2 Simplification into a SPICE subcircuit

To obtain a useable SPICE circuit model from Equation 4.14, a Pade ap-
proximation of the function x tanh(x) is used to find an approximate transfer
function [13]:

H(s) =
1

Z +
1

3
T

+
1

5Z +
1

7
T

+ . . .

(4.15)

with Z = τ
1+sτ

and T = x2m
Da

.
The RC ladder circuit in Figure 4.1 can be used to implement the approx-

imated transfer function in SPICE.

Q(s)

τ

1

5τ

1/5T/3 T/7

Figure 4.1: Circuit diagram of Caverly’s PIN/SRD diode model
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4.3 Buiatti’s model

Buiatti [16] uses a lumped model approach to approximate the solution of the
ADE (4.2). The equations are then implemented using a SPICE subcircuit
which allows for easy implementation.

4.3.1 Fundamental equations

Buiatti’s model is based on the physical equations that govern the PIN/SRD
diode’s behaviour, starting with the ambipolar diffusion equation and bound-
ary conditions as written in [16]:

∂p

∂t
= Da

∂2p

∂x2
− p

τHL
(4.16)

∂p

∂x
(xL, t) =

1

2qA

(
In(xL)

Dn

− Ip(xL)

Dp

)
(4.17)

∂p

∂x
(xR, t) =

1

2qA

(
In(xR)

Dn

− Ip(xR)

Dp

)
(4.18)

where Dn and Dp represent electron and hole diffusion coefficients, and Da =
2DnDp

Dn+Dp
. τHL is the carrier lifetime, and In and Ip are the electron and hole

currents. Finally, xL and xR represent the left-most and right-most boundary
of the PIN/SRD diode’s base region, which has width W .

The electron and hole currents due to carrier recombination at the bound-
aries are given by [38] as follows:

In(xL) = qhpAp
2(xL) (4.19)

Ip(xR) = qhpAn
2(xR) (4.20)

where hp and hn are the recombination parameters [38]. The electron and hole
currents at other positions in the i-region can be found by considering the total
current through the diode, as given by:

ID = In + Ip + Idep (4.21)

where Idep is due to charge variations in the space charge region:

Idep = −qNDA
∂xL
∂t

(4.22)
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4.3.2 Finite difference modelling

Buiatti’s approach to solving (4.16) involves discretising the diode’s base region
to use finite difference modelling for the space variable alone [16]. A time-
domain based circuit simulator is then used to solve the time dependant part
of the equation.

The i-region of the diode is divided into N elements of length ∆x. Central
difference approximations are used at each node (i) between the N elements,
from 1 to N + 1. The partial derivatives are given as follows:

∂p

∂x

∣∣∣∣
i

=
pi+1 − pi−1

2∆x
(4.23)

∂2p

∂x2

∣∣∣∣
i

=
pi+1 − 2pi + pi−1

2∆x2
(4.24)

Using this approximation, (4.16) can be rewritten:

∂p

∂t

∣∣∣∣
i

= Da
pi+1 − 2pi + pi−1

∆x2
− pi
τHL

(4.25)

To solve this equation for i = 1 and i = N+1, i.e. the boundaries of the region,
would require knowing p0 and pN+2. This can be avoided by considering the
boundary conditions stated in (4.17) and (4.18).

Using all of the above-mentioned equations, one can obtain the following
set of differential equations:

[C]

[
∂p

∂t

]
+ [G][p] + [I] = 0 (4.26)

where [C] and [G] are symmetrical, square matrices of size N + 1 defined
respectively as follows [16]:

Mij =


0.5 i = j = 1, N + 1

1 i = j = 2, . . . , N

0 i 6= j

(4.27)

Gij =


Da

∆x2
+ 1

2τHL
i = j = 1, N + 1

2Da

∆x2
+ 1

2τHL
i = j = 2, N

−Da

∆x2
i = 1, . . . , N, j = i+ 1

−Da

∆x2
i = 2, . . . , N + 1, j = i− 1

(4.28)

and [I] is a (N + 1) x 1 vector which is all zero except for:

I1 =
Da

2qA∆x

(
qAhpp

2
1

Dn

− ID − Idep − qAhpp2
1

Dp

)
(4.29)

IN+1 =
Da

2qA∆x

(
ID − Idep − qAhpp2

n+1

Dn

+
qAhpp

2
n+1

Dp

)
(4.30)
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I1

G12

G1 C1

G23

G2 C2

. . .
Gn n+1

Gn+1 Cn+1 In+1

Figure 4.2: Circuit diagram of Buiatti PIN diode model for SPICE [16]

In order to use this model in a circuit simulator, such as SPICE, Buiatti
[16] makes use of a subcircuit where the voltage at each node represents the
carrier density p at the corresponding node in the model of the i-region in the
diode. Using this technique, (4.26) can be equated to the subcircuit shown in
Figure 4.2.

In this circuit, the shunt capacitors and resistors are given as

Ci =

{
0.5 i = 1, N + 1

1 i = 2, . . . , N
(4.31)

Gi =

{
1

2τHL
i = 1, N + 1

1
τHL

i = 2, . . . , N
(4.32)

The non-linear resistors between the nodes are given by:

Ri,i+1 =
∆x2

Da

(4.33)

Non-linear resistors are used so that ∆x can be adjusted to account for the
moving boundaries of the space charge region during reverse recovery.

4.3.3 Diode model

Finally, once the carrier concentrations in the i-region have been modelled, the
results must be used to calculate the voltage over the diode.

Under forward-bias, the total voltage over the device is a sum of the voltage
drops of the P-I and I-N junctions (VJL and VJR respectively), and the in the
neutral region, Vepi. The voltages VJL and VJR are given by the usual diode
junction equations [16], as shown in Section 2.4.1.

VJL = VT ln

(
p(0)ND

n2
i

)
(4.34)

VJR = VT ln

(
p(W )

ND

)
(4.35)
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Vepi is primarily due to ohmic resistance [16], and can be calculated from
the discretised region model as follows:

Vepi =
ID
qA

N∑
i=1

∆x

pi(t)(µn + µp) + µnND

(4.36)

where pi is the average carrier concentration in the i-th element.
During reverse recovery, space charge regions form at the junctions. The

boundaries of the neutral region moves, and the position of the boundaries
must be maintained so that p(xL) ≈ 0 and p(xR) ≈ 0. The voltage drop over
the space charge region on the left side is calculated by [16]:

Vleft =

(
ID

2AεvS
+
qND

2ε

)
· x2

L (4.37)

Where vS is the saturation velocity of the carriers. The expression for the
voltage drop on the right hand side is similar [16].

Buiatti goes into more detail regarding how to implement these calculations
using SPICE components [16].

4.3.4 Summary

Buiatti’s PIN/SRD diode model is relatively easy to implement, since it makes
use of the SPICE circuit simulator that is already widely used. The model
requires seven parameters: ND, W , A, τHL, hp, hn and p0. These parameters
are geometric and physical parameters related to the construction of the diode,
and are not always easily obtainable.

4.4 Morel’s model

The state variable model developed by Morel [17] is primarily an approximation
based approach to solving the ADE (Equ 4.2). The Morel model considers two
regions in the PIN/SRD diode: the carrier diffusion region in the neutral base
of the PIN/SRD diode, and the space charge region of the P+N junction.
Unlike the Caverly model, the Morel model incorporates the space charge
region, instead of relying on other models.

Morel’s model uses three state variables to approximate the carrier distri-
bution in the charge storage region. The model requires only 6 parameters.
The only external variables required are the current passing through the diode,
and the voltage drop over the diode. [17]
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4.4.1 Carrier diffusion region

As in most models, the carrier diffusion region is governed by the ADE. Morel
writes the ADE and boundary conditions as follows [17]:

∂p

∂t
(x, t) = D

∂2p

∂x2
(x, t)− p(x, t)

τ
(4.38)

∂p

∂t
(0, t) = −ηi (4.39)

∂p

∂t
(w, t) = κi (4.40)

where p(x, t) represents the hole concentration, τ is the carrier lifetime, D =
2µnµp
µn+µp

UT is the ambipolar diffusion coefficient ([this is in Caverly’s model too!])

with UT being the thermal voltage, and i(t) representing the current flowing
through the region. In the boundary conditions, η = 1

2qµpUTA
, κ = 1

2qµnUTA
,

with A being the effective area of the diode.
Morel finds a variational equation by multiplying Equation 4.39 by s(x) - an

arbitrary trial function independent of time. By integration and the boundary
conditions, the following equation is obtained:

d

dt

∫ w

0

ps dx =−
∫ w

0

D
∂2p

∂x2
s dx−

∫ w

0

1

τ
ps dx

+D(ηs(0) + κs(w))i (4.41)

The general form of (4.41) is then defined as:

d

dt
m(p, s) + g(p, s) = `(s, i) (4.42)

with

m(p, s) =

∫ w

0

ps dx (4.43)

g(p, s) =

∫ w

0

D
∂p

∂x

∂s

∂x
dx+

∫ w

0

1

τ
ps dx (4.44)

`(s, i) = D(ηs(0) + κs(w))i (4.45)

According to [17], the solution p exists in the functional space V. Equation
4.42 is true for all s ∈ V. Since it is not possible to solve (4.42) in the general
case, an approximate solution for the carrier concentration p is chosen:

pn(x, t) =
n∑
1

ξk(t)wk(x) (4.46)
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pn is an approximate solution for p, and exists in the functional space Vn which
is a subset of V. The functions wk form the basis of Vn, and ξk(t) provide the
coordinates in the space. [17]

Because of the approximation, (4.42) becomes:

d

dt
m(pn, s) + g(pn, s) = `(s, i) (4.47)

which is true for all s ∈ Tn, where Tn is a subset of V with the same dimension
as Vn. Tn is described by the basis functions sj. Making use of the above
approximations, we achieve the following matrix equation [17]:

M
dξ

dt
+ Gξ = L(i(t)) (4.48)

with

Mkj = m(wj, sk), Gkj = g(wj, sk) (4.49)

Lj(i) = `(sj, i), k, j = 1, n (4.50)

ξ is a vector of order n. To use (4.47) the basis functions wk and trail functions
sj are carefully chosen, following which the matrices M, G and L can be
determined. Finally, (4.47) needs to be written in the general state variable
form:

dx

dt
= f(x,y) (4.51)

0 = b(x,y) (4.52)

Equation 4.47 can be written as:

dx

dt
= −Dx + L(i) (4.53)

with

D = GM−1 (4.54)

x = Mξ (4.55)

The voltage drop across the diffusion region (ud) is necessary to form the last
equation in the state variable form (4.52):

ud = Rd(x)i

0 = Rd(x)i− ud (4.56)

where

Rd(x) =
1

A

∫ w

0

dx

q(µn + µp)p(x)
(4.57)
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The final state variable model for the carrier diffusion region is therefore given
by the following equations:

dx

dt
= −Dx + L(i) (4.58)

0 = Rd(x)i− ud (4.59)

where x are the internal state variables. If the external variables are repre-
sented by y =

(
i
ud

)
, then (4.58) and (4.59) can be seen to be in the form of

(4.51) and (4.52) respectively.

4.4.2 Space charge region

The state variable model for the space charge region is simpler than the model
for the carrier diffusion region. If we consider a positive current in the diode
to be flowing from the p-region to the n-region, we can give the total current,
i, as a sum of the currents flowing into and out of the P-N junction:

i = in + ip (4.60)

The current entering the n-region is not always 0 when reverse biased [17].
When the reverse bias voltage changes, the width of the space charge region
changes. The changing space charge region requires electrons to leave or enter
the region, resulting in current in:

in = − d

dt
(qNDAwc) (4.61)

By combining (4.60) and (4.61)), the first equation of the state variable model
is obtained:

dwc
dt

=
ip − i
qNDA

(4.62)

The second equation in the state variable model is found by considering the
second external variable, the reverse voltage over the over the region,uc, which
is given as follows by [39]:

φ− uc =
UT
2

(
wc
LND

)2

(4.63)

where φ is the built-in junction voltage and the Debye length is LND =
√

εUT

qND
,

where ε is the dielectric constant. An empirical expression for ip is given by
[17]:

ip
I0

= −x1
τ

τD

(
1 + α

wc
LND

)
(4.64)
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Where I0 is the diode saturation current. The inclusion of x1 accounts for the
effects of stored charge in the diffusion region, and τD is an adjustable param-
eter used to tune the strength of the effect. α is also an adjustable parameter
used to account for the effects of the moving diffusion region boundaries. While
the previous equations apply during reverse bias, the model must also be ap-
plicable during forward bias. [17] provides the following relation for wc during
forward bias:

wc =

√
2εUT
qp1

(4.65)

where p1 is the carrier density at the edge of the space charge region and can
be calculated from (4.46) with x = 0.

4.4.3 Complete global model

The full model proposed in [17] combines the local models for the carrier
diffusion region and the space charge region. The model has the advantage of
requiring only a few parameters and also takes into account the stored charge
effects when the diode becomes reverse biased. In this discussion, the details
on finding appropriate basis and trial functions has been neglected, as they
are handled in detail in [17].

4.5 Model comparison in simulated circuits

In order to gain a practical understanding of the previously discussed diode
models, a SPICE simulation was set up to compare the Caverly and Buiatti
diode models. The Morel model, although attempted, was ultimately too
complicated to achieve useable results within the limits of this project.

The Caverly model was implemented to the 4th order, while the Buiatti
model was designed with 8 segments.

The diode that was chosen to be modelled was the MACOM MMD820-
0805. The datasheet [41] gives the characteristics of the diode as shown in
Table 4.1.

Characteristic Value

Breakdown voltage (VB) 40 V
Total capacitance (CV R) 1.76 pF
Carrier lifetime (τ) 60 ns
Transition time (tt) 80 ps

Table 4.1: MACOM MMD820-080 [41] given characteristics.
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The software packaged used to conduct the simulations was LTspice [42].
Two circuits were chosen to compare the diode models. The first circuit

replicates a commonly used technique to measure the carrier lifetime of a diode
[40]. This circuit was chosen as a simple test to determine whether the diode
models operated as expected: by modelling the diode’s carrier lifetime with
reasonable accuracy.

The second circuit used to test the diode models was a generic impulse
generator circuit. For this circuit, impedance matching of the source was
ignored, since impedance mismatch effects can easily overshadow the operation
of the device under test. This circuit was chosen to analyse the diode model
operation in a practically useful circuit.

4.5.1 Carrier lifetime test

Vs

50 Ω DUT

50 Ω

Figure 4.3: Diagram of PIN/SRD diode carrier lifetime measurement circuit

The circuit used in this test is commonly used to measure the carrier life-
time of a PIN diode. [40]

A known forward current (IF ) is induced through the diode, allowing the
intrinsic region to store charge. The current is quickly reversed to extract the
stored charge. The reverse current through the diode begins at a maximum,
and decreases to zero as the stored charge is depleted. The maximum reverse
current (IR) is recorded, as well as the recovery time (τrr) for the reverse
current to decrease to 50% of it’s maximum. The carrier lifetime (τ) is then
calculated according to [40]

τ =
τrr

ln
(

1 + IF
IR

) (4.66)

Adjusting the circuit so that IF = 10 mA and IR = 6 mA has the useful result
of reducing the denominator in (4.66) to near 1, and therefore τ ≈ τrr.

For the purpose of this simulation, the forward and reverse currents were
generated using the same voltage levels for both models. Initially, Vs was set to
2 V for 100 ns. Vs was then instantaneously switched to 0.3 V. The resulting
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(a) Caverly’s diode model.

(b) Buiatti’s diode model.

Figure 4.4: Carrier lifetime simulated measurement.

currents for the Caverly and Buiatti models are shown in Figures 4.4a and
4.4b, respectively.

The carrier lifetime measured by each model, according to (4.66), is shown
in Table 4.2. From the results we can see that both models were able to
correctly simulate the carrier lifetime measurement, although Caverly’s model
produced a result closer to the expected value of 60 ns. Caverly’s model
also generates a smoother decrease in reverse current as the stored charge is
depleted, whereas the Buiatti model drops nearly vertically.
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Parameter Caverly Buiatti

IF [mA] 10.450 10.398
IR [mA] 6.489 6.601
τrr [ns] 57.630 61.922
τ [ns] 60.062 65.461

Table 4.2: Measured results from simulation.

4.5.2 Impulse Generator Test

A simple impulse generating circuit was designed according to the design pro-
cess outlined in [10]. A 100 MHz driving signal frequency (f1) was chosen to
remain consistent with the example in Chapter 3.

V1

L

DUT RLCT

Figure 4.5: Diagram of PIN/SRD impulse generator circuit

The application note [10] recommends a damping factor (ζ) of 0.3. The
damping factor is given by

ζ =
tp

2πRLCV R
(4.67)

where tp is the pulse width of the resultant impulse, CV R is the reverse ca-
pacitance of the diode, and RL is as shown in Figure 4.5. An appropriate
pulse width of tp = 166 ps was calculated using the chosen diode’s reverse
capacitance of 1.76 pF [41], and the desired load resistance of 50 Ω.

The drive inductance (L) was calculated according to [10]

L =

(
tp
π

)2
1

CV R
(4.68)

and the tuning capacitance (CT ) using [10]

CT =
CVR

(2f1tp)2
(4.69)

The final values used for the circuit are shown in Table 4.3.
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Symbol Description Value Units

f1 Driving signal frequency 100 MHz
A1 Driving signal amplitude 10 V
CT Tuning capacitance 1.599 nF
L Driving inductance 1.584 nH
RL Load resistance 50 Ω

Table 4.3: Impulse generator circuit values.

The Caverly model results are shown in Figure 4.6. The pulse generated
had a pulse width of 273 ps, which was greater than the designed pulse width
of 166 ps. The pulse height was around −43 V, which is close to the breakdown
voltage of the diode.

The harmonic generation capabilities of the impulse generator circuit is
shown in Figure 4.7. The plot shows that the simple diode impulse generator
was capable of converting a 100 MHz signal into a harmonic comb with a
relatively flat response up to about 3 GHz.

This simulation acts as a demonstration of the ability of the Caverly PIN/
SRD diode model to simulate an SRD impulse generator. The simulation
ignores many effects that would exist in a real-world circuit. As stated before,
impedance matching effects were ignored for the purposes of this simulation.
Parasitic capacitance and inductance was also mostly ignored. It is likely that
the harmonic comb output of the impulse generator would be low-pass filtered
by some of these ignored effects.

Although attempts were made to use the Buiatti PIN/SRD diode model
in the simulation of this circuit, it proved exceedingly difficult and no useful
results were obtained. The Buiatti model relies on two “normalisation con-
stants” [16] to reduce large values to a more manageable order of magnitude.
The model appears to be quite sensitive to the value of these constants. In
some cases, the model would produce an impossibly large pulse, as shown in
Figure 4.8. In most cases, the model would simply stop working when the diode
became reverse biased. This error was likely due to discontinuous changes in
voltages and currents inside the model, as can be seen when comparing the
results of the Caverly and Buiatti models in the previous simulation (Figure
4.4). The SPICE engine is not well suited to finding solutions when values
change as rapidly as when using the Buiatti model in this application.
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(a) Impulse train result.

(b) Individual pulse.

Figure 4.6: Impulse generator result using Caverly diode model.
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Figure 4.7: Power spectrum of simulated impulse generator output.

Figure 4.8: Impulse generator result using Buiatti diode model.
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4.6 Discussion

This chapter has shown a number of different approaches that have been used
to model the behaviour of PIN/SRD diodes. Each of these methods have
benefits and drawbacks which need to be considered when deciding which
approach to use.

The Caverly model results in a relatively simple to implement circuit of
common electronic components. This can be easily simulated in any common
circuit simulation software. The accuracy of this model depends on the number
of circuit sub-segments used, as this directly relates to the number of terms
in the truncated form of (4.15). The Caverly model also uses relatively few
variables, which is beneficial if parameters for the diode being modelled are not
readily available. Practical simulations incorporating this model demonstrated
that it was capable of accurately modelling the operation of a given SRD diode,
in both a simple measurement circuit, as well as an impulse generating circuit.

The Buiatti model, like the Caverly model, also simplifies to a lumped cir-
cuit model. The model makes use of a finite difference approach, so higher or
lower levels of accuracy can be achieved by dividing the i-region into many or
fewer segments, respectively. The Buiatti model requires a few more parame-
ters than the Caverly model, which can present a difficulty when implementing
it. Simulations using this model were also attempted, and while the Buiatti
model was found to be useful for a simple diode application, it was found to
be poorly suited for use in an impulse generating circuit.

Finally, the Morel model is more complicated model to implement. This
model is not reducible to simple circuit, so the model would likely need to
be implemented in code written specifically for the modelling of a PIN/SRD
diode. The accuracy of the model can also be controlled by the number of basis
functions used to approximate the carrier density in the i-region, but the choice
of basis function can also improve the accuracy substantially. Unfortunately,
this model also requires the most variables of all the models considered. As
such, the Morel model can only be implemented if the parameters of the model
are known in detail.
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Chapter 5

Phase Noise in Pulse Generators

5.1 Impulse generators

An impulse generator is a device designed to create short, high amplitude
pulses. There are many types of pulse generator circuits: impulse generators
are designed to produce a single, sharp pulse of energy, while comb generators
are more focused on the repetition rate: producing a impulse train which has
comb-like harmonics in the frequency domain. Pulse generators can be used in
a wide variety of applications, from sampling signals to harmonic generation
and frequency multiplication.

To illustrate the important characteristixcs of a pulse generator, a simpli-
fied voltage pulse as described by the triangle function:

Λ(x) =

{
1− |x|, for |x| < 1

0 otherwise
(5.1)

A periodic pulse signal can be obtained by convolution of a triangle function
with a Dirac comb, as shown in Figure 5.1.

p(t) = VpΛ

(
2

Tt
t

)
∗XT (t) (5.2)

where Vp is the pulse height and Tt is the pulse width, and T is the period of
the repetition.

Both the triangle function and the Dirac comb have known Fourier trans-
forms:

F (Λ(at)) =
1

|a|
sinc2

(
f

2πa

)
(5.3)

F (XT (t)) =
1

T
X1/T (f) (5.4)
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t
−Tt

2

Vp

Tt
2 T−T

Figure 5.1: Simplified pulse train (5.2).

Knowing that convolution in the time domain equates to multiplication in
the frequency domain, the Fourier transform of (5.2) can be found to be:

P (f) = Vp
Tt
2

sinc2

(
Tt
4π
f

)
· 1

T
X1/T (f)

= A sinc2

(
Tt
4π
f

)
·X1/T (f) (5.5)

Equation (5.5) is shown graphically in Figure 5.2. The spectrum generated
by the pulse generator is a comb of harmonics of the driving signal. The
amplitudes of the harmonics follow a sinc2 function with nulls at:

f =
4n

Tt
, n = 1, 2, 3, . . . (5.6)

f
1
T

−1
T

4π
Tt

−4π
Tt

Figure 5.2: Simplified pulse spectrum (5.5).

The pulse width is shown by (5.6) to be inversely related to the spacing
between the nulls of the envelope of the harmonic comb.
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5.2 SRD pulse generator

Many pulse generator circuits make use of Step Recovery Diodes (SRDs) due
to their charge storage effects and nonlinear capacitance. Because SRD pulse
generators make use of both of these effects, they have been found to be
superior to varactor diodes for pulse generation in terms of power handling
capability and efficiency [8].

SRD-based impulse generators make use of two features of the SRD to
generate pulses: firstly, the fast change in the capacitance of an SRD as it
switches from forward to reverse bias, and secondly, the quick release of stored
charge before the diode becomes reverse biased [8].

One of the simplest SRD-based impulse generators is shown in Figure 5.3.
In this circuit, energy is stored in the inductor during the positive half of
the input signal’s cycle, when the SRD is forward biased. When the diode
becomes reverse biased, the capacitance of the diode becomes very small. The
time constant of the diode-load subcircuit is therefore very small, and the
energy stored in the inductor is released into the load very quickly. [10]

A simulation of this circuit in action is shown in Chapter 4.5.2.

Vb

V

L

RL

Figure 5.3: SRD-based impulse generator.

The output of this circuit, in the ideal case, has an extremely high band-
width. In reality, non-idealities in the circuit will filter many of the harmonics.
In order to increase the output power at the desired harmonics, designers will
often include resonant output filters. Resonant input filters can also be used to
improve impedance matching and to prevent the impulse energy from propa-
gating towards the generator. The diode can also be biased with a DC voltage
(Vb) as a means of controlling when the diode switches in order to optimise
the output of the circuit. [10]

The voltage pulse generated by the SRD while switching from forward- to
reverse-bias can be described as a damped sinusoid of the form [23]:

Vd(t) = I0

(
L

Cd(1− ζ2)

)1/2

exp

(
−ζωnt′

(1− ζ2)1/2

)
sin (ωnt

′) (5.7)
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where I0 is the current in the inductor at the beginning of the cycle, Cd is
the diode’s depletion capacitance, that is the capacitance of the diode when
strongly reverse biased. t′ = t− T + Tt is the time since the beginning of the
pulse (with Tt being the pulse length). ωn is the loaded resonant frequency,
and ζ is the damping factor:

ωn =

(
1− ζ2

LCd

)1/2

(5.8)

ζ =
1

2RL

(
L

Cd

)
(5.9)

The peak voltage, Vp, and pulse width, Tt, are given by [23]:

Vp = −I0

(
L

Cd

)1/2

exp

(
−πζ

2(1− ζ2)1/2

)
(5.10)

Tt =
π

ωn
(5.11)

5.2.1 SRD phase noise considerations

AM/PM conversion

AM-to-PM conversion describes an effect where amplitude modulation in the
signal applied to a nonlinear element causes phase modulation in the output
of the circuit [23].

When the SRD switches from forward- to reverse-bias, the charge stored in
the diode needs to be removed before the diode can switch off. The speed at
which the stored charge is depleted is directly related to the current through
the diode while it is switching. Amplitude noise on the reference signal applied
to the SRD can cause variations in this current, causing the exact moment of
the switch-off pulse to vary in each cycle. This effect transfers amplitude noise
on the reference signal into phase noise in the SRD output signal. [18]

AM noise in the signal applied to the SRD can be caused by impedance
mismatch in the circuit: a likely occurrence due to the very small resistance
of the diode when forward-biased. Attempts to increase the efficiency of SRD-
based multipliers by optimising the matching network may result in worse
phase noise performance [19]. Introducing broadband attenuation to the cir-
cuit has been found to be effective at reducing phase noise in the output by
controlling the effective load impedance seen by the diode [19].

The magnitude of the effect of the AM-to-PM noise conversion is dependant
on the frequency of the AM noise in the driving signal, as shown in [43].
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Shot noise

Shot noise is noise that occurs due to electrons crossing a potential barrier,
such as the barrier present in all P-N junction devices [20, 21]. The current
flowing across such a barrier is not perfectly continuous: it is the combined
effect of many random pulses of charge as carriers move across the barrier.
Shot noise is characterised by the mean-square of these current pulses [20, 21]:

i2n = 2qIDCB (5.12)

with q representing the charge on an electron, IDC representing the average
current through the potential barrier, and B representing the bandwidth in
Hz. (5.12) shows that the shot noise amplitude is proportional to the square
root of the average current through the diode.

The SRD in a SRD-based pulse generator requires large currents in order to
move charge carriers into the intrinsic region and also to quickly remove them
while switching [6]. According to (5.12), these large currents will produce shot
noise. This effect is demonstrated by Kheirdoost in [43], where a reduction in
the amplitude of the SRD driving signal resulted in an almost linear reduction
in output jitter. However, the driving signal can only be reduced to a certain
minimum voltage, below which the diode will not turn on. Because of the low
impedance of the SRD, this minimum voltage will still produce a significant
current, and therefore shot noise.

5.3 Nonlinear Transmission Lines (NLTLs)

5.3.1 Overiew of NLTL theory

The Nonlinear Transmission Line (NLTL) is another device that has been
found useful in pulse shaping applications. Where SRD-based impulse gener-
ators make use of the storage and release of charge, NLTL-based generators
utilise the edge sharpening effect of a NLTL to generate a very fast transition
from one voltage level to another.

In the case of an ideal, lossless, regular transmission line, the voltage wave-
form can be described by [1]:

V (z) = V +
0 e
−jβz + V −0 e

jβz (5.13)

where V +
0 and V −0 represent the amplitude of the waves travelling in the pos-

itive and negative z directions, respectively. β is the phase constant, and is
given by [1]:

β = ω
√
LC (5.14)

where L and C are the per-unit inductance and capacitance of the transmis-
sion line. The characteristic impedance (Z0) and phase velocity (vp) of the

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 5. PHASE NOISE IN PULSE GENERATORS 56

transmission line are [1]:

Z0 =

√
L

C
(5.15)

vp =
1√
LC

(5.16)

In the case of a NLTL, the transmission line is constructed with a non-
linear, voltage-dependant per-unit capacitance. This is usually achieved by
periodically loading the line with either nonlinear capacitors, or reverse-biased
diodes, such as varactor diodes. A simplified model of this circuit is shown in
Figure 5.4. The primary effect of this nonlinear capacitance is to change the
phase velocity from (5.16) to [5, 6]:

vp(V ) =
1√

LCT (V )
(5.17)

where the combined capacitances of the line and the diode is given by CT =
C+Cd(V ). Practically, (5.17) shows that for a voltage wave travelling along the
NLTL, the speed at which it transverses the line is dependent on the voltage
of the wave. In the case of a voltage wave of varying amplitude, some parts
of the wave will experience greater phase velocity than others. This will cause
the wave to change shape, as some parts of the wave become compressed, while
other parts become elongated. The exact mechanics of this process, whether
larger voltages travel faster than smaller ones, or vice versa, depends on the
nature of the nonlinear capacitance Cd(V ).

L

C Cd

Figure 5.4: LC model of an NLTL section.

Due to the LC nature of the NLTL, the transmission line has a built-in
low pass filter effect. The cut-off frequency for a NLTL is known as the Bragg
frequency (ωBragg) [7]:

ωBragg =
2√

L(C + Cd(V ))
(5.18)

The propagation delay for a signal on a NLTL is given by [7]:

T (V ) =
√
LCT (V ) (5.19)
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For a NLTL where higher voltages propagate faster than lower voltages, the
fall time (Tf ) of a falling step function at a diode n along the NLTL is given
by [7]:

Tf,n = Tf,in − n(T (Vh)− T (Vl)) (5.20)

where Vh and Vl are the high and low voltages of the step function, respectively.
Equation (5.20) predicts that, for a large enough number of diode sections,

the step fall time at a given diode will become negative. In reality, the mini-
mum fall time possible on a NLTL is limited by the Bragg frequency, and the
diode cut-off frequencies [5, 7]. When this limit is reached, the voltage wave
forms a shock wave.

Once a shock wave forms, Equation 5.20 only applies to the continuous
part of the signal, while the shockwave has a per section propagation delay
given by [7]:

Tls(Vl, Vh) =
√
L(Cl + Cls(Vl, Vh)) (5.21)

where the large-signal capacitance, Cls, is given by:

Cls(Vl, Vh) =
1

Vh − Vl

∫ Vh

Vl

Cd(V )dV (5.22)

The impedance experienced by the shockwave is [7]:

Zls(Vl, Vh) =

√
L

Cl + Cls(Vl, Vh)
(5.23)

If the transmission line is connected to a load impedance ZL = Zls(Vl, Vh), the
shockwave will pass into the load without reflection or distortion [7].

5.3.2 NLTL pulse generator

IN NLTL d/dt OUT

Figure 5.5: NLTL impulse generator diagram.

The simplest NLTL-based pulse generating system consists of an amplifier,
a NLTL and an impulse shaping circuit [44] as depicted in Figure 5.5. The
transition time compression effect of a NLTL depends strongly on the difference
between the high and low voltage levels of the signal being transmitted. For
this reason, using a saturated amplifier to drive the NLTL is appropriate to
maximise the effect. The sharp voltage step at the output of the NLTL can
be differentiated by a series capacitance to produce a voltage pulse.
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More complicated configurations also exist. Some NLTL generators use
a ring-type layout to generate two wavefronts travelling around the ring in
opposite directions. The wavefronts collide at the final node, creating a voltage
pulse equivalent to the superposition of the two wavefronts [45]. Another
configuration also makes use of two NLTLs. One NLTL is connected to the
signal source, and the other is terminated by a short circuit. The two NLTLs
are connected via the load resistor, and the impedances of the lines are carefully
chosen to generate refracted and reflected waves that travel along the NLTLs
and converge on the load resistor [46].

5.3.3 NLTL phase noise considerations

The primary consideration when analysing the noise effects of an NLTL is the
bias point of the diodes [6]. Current flowing through the diodes while they are
forward-biased will generate shot noise. To minimise this noise, an NLTL can
be designed to be reverse-biased for the majority or even the entire period of
the driving signal. In [6], the noise generated by the reverse biased diodes was
found to be lower than the noise floor of the measurement system.

The next greatest contributor to noise in the NLTL is the reverse biasing
circuitry, as changes in the reverse bias voltage will result in changes to the
line capacitance, and will directly affect the compression effect of the NLTL.
The phase noise due to the equivalent resistance of the reverse bias circuit (R)
is given by [6]:

Lφ(fm) = 20 log10

(√
4kTR

)
− 20 log10 (Kd)− 3dB (5.24)

where Kd is the phase shifter constant in V/rad. NLTLs have been shown to
be sensitive to AM-to-PM noise conversion for voltage noise on the line [22].

5.4 Comparisons

SRDs are a well established feature in the field of harmonic generation, having
been discussed in detail since the 1960s [10, 47, 8, 35]. NLTLs, on the other
hand, are a relatively recent innovation, with monolithic devices appearing
in the late 1980s and early 1990s [48, 49]. Although both devices are very
different in operation, their similar use cases invite comparison.

When designing an SRD-based impulse generator, attention must be given
to the reactive component of the diode’s input impedance [23]. Because of this
reactive impedance, the input bandwidth for an SRD circuit is very narrow
[5]. NLTLs, on the other hand, can be shown to have a nearly non-reactive
impedance, and therefore a much wider input frequency range [5, 7].

The SRD’s low, reactive impedance also makes impedance matching diffi-
cult. Impedance mismatch has been found to be an important factor in SRD
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phase noise generation, due to the diode’s susceptibility to AM-to-PM noise
conversion [19]. NLTL’s are also susceptible to AM-to-PM noise conversion
[22], however the primary source of AM noise in a NLTL system is the bias
voltage circuit, which is relatively easy to control. In general, NLTL’s are
reported to have much lower phase noise than SRDs [5, 6, 22, 50]. The im-
provement in spectral purity is largely due to the lower currents present in
normal NLTL operations. The SRD requires the movement of large numbers
of charge carriers, which results in higher shot noise and recombination noise
[5, 43].

In terms of power usage, NLTLs have been shown to have better conversion
efficiencies than SRDs [5, 51]. Since NLTLs do not require large currents to
function, they can also be used at lower power levels than SRD circuits [50].

Lastly, due to the wider input bandwidth of the NLTL, an NLTL-based
comb generator can operate with a higher frequency input signal than an
SRD-based comb generator [51, 50]. The input frequency of a comb generator
determines the spacing of the harmonics, as shown in (5.5). NLTL comb
generators can therefore be used in applications where fewer, more widely
spaced harmonics are required.
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Chapter 6

Conclusion

This research investigated the phase noise contribution of two type of im-
pulse generating circuits, namely: Step Recovery Diode (SRD) and Non-linear
Transmission Line (NLTL) based impulse generators. Both these impulse gen-
erators are used in Subsampling Phase Locked Loops (SSPLLs) to drive the
sampling circuit. Being a key component of any SSPLL system, the impulse
generator needs to be well understood by the designer to ensure optimal spec-
tral purity in the output signal.

The research investigated both impulse generation techniques in detail:
first, by describing the theory of how the SRD and NLTL devices work, and
presenting commonly used models. The typical impulse generating circuits
that make use of these devices were then described, and their susceptibility to
various sources of noise are compiled from literature.

Finally, a case study was presented in which an SSPLL type frequency
synthesiser with poor phase noise performance was improved and further sug-
gestions were given based on the work in this thesis.

6.1 Findings

Although they are popular in impulse generating circuits, SRDs were found to
be generally difficult to implement effectively in terms of reducing phase noise
in SSPLLs. SRD’s have a very small series resistance when conducting [14],
making impedance matching challenging. To compound the issue, SRDs are
also sensitive to AM/PM noise conversion when poorly matched: reflections
in the circuit can trigger the step response multiple times in a single cycle, or
hinder the release of the stored charge [18].

The step response of the SRD is also difficult to accurately model. The
equations that describe the charge carrier distribution inside the diode are
difficult to solve, and models that make approximations still rely on device
parameters that are not often readily available to the designer. Often, an
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empirical investigation is most appropriate, and it is not often easy to predict
how well results from one device will be accurate for others.

The SRD does have it’s use, however, in high powered applications. Al-
though it’s phase noise performance will degrade as current through the device
increases, the SRD is still capable of operating with higher power levels and
generating higher power impulses.

NLTL, being a less well known technology, were found to be easier devices
to implement in designs, with reasonable impedance while operating. The
circuit is not as compact as the SRD, but should generate less phase noise in
most conditions. The modelling of the NLTL is also simpler to implement,
and less dependent on individual device characteristics.

The NLTL may require amplification in some circuit configurations, and
this may amplify phase noise as well. The trade off between the amplified
phase noise of the NLTL, and the phase noise native to the SRD under high
currents, would need to be considered by the designer.
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