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Abstract

Disease treatment is achieved through the administration of medication act-
ing at the molecular level which results in changes at the physiological level.
These changes are caused by molecular interactions which are usually com-
plex and not well understood. Research often focuses on the mechanism of
action of the drug as well as the speci�city and binding a�nity for the drug
target. Such research is important, however, understanding and analysing the
drug e�ects at the physiological level are equally important. The analysis and
quanti�cation of these e�ects can be di�cult in large, complex systems. Con-
sequently, such systems are mostly analysed from a broad perspective, often
with the implementation of computational techniques including mathematical
modelling. Analyses can then be performed using specialised mathematical
frameworks, such as modular control analysis. These frameworks often focus
on determining the control of groups of reactions (modules) and are usually
complex, requiring detailed knowledge of the framework prior to implementa-
tion. To this end, modular control analysis was formulated in Mathematica
and a software package was constructed to automate the application of the
analysis framework. Use of the package was demonstrated on a model of glu-
cose metabolism in Plasmodium falciparum-infected erythrocytes. The control
of the whole parasite was determined, with the control of the parasite on the
�ux through itself and the infected erythrocyte determined to be near com-
plete. Use of the package to analyse models with multiple modules was also
demonstrated. In this way, use of the modular control analysis framework has
been simpli�ed, with only fundamental knowledge required to perform analyses
with the software package.
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Opsomming

Siektes word behandel deur die toediening van medikasie wat op molekulêre
vlak werk en veranderinge op �siologiese vlak tot gevolg het. Hierdie veran-
deringe word veroorsaak deur molekulêre interaksies wat gewoonlik kompleks
is en nie goed verstaan word nie. Navorsing fokus dikwels op die werkingsme-
ganisme van die geneesmiddel sowel as die spesi�siteit en bindingsa�niteit vir
die geneesmiddelteiken. Sulke navorsing is belangrik, maar om die geneesmid-
dele�ekte op �siologiese vlak te verstaanen te ontleed is ewe belangrik. Die
ontleding en kwanti�sering van hierdie e�ekte kan moeilik wees in groot, kom-
plekse stelsels. Gevolglik word sulke stelsels meestal vanuit 'n breë perspektief
ontleed, dikwels deur die implementering van berekeningstegnieke, insluitend
wiskundige modellering. Ontledings kan dan uitgevoer word met behulp van
gespesialiseerde wiskundige raamwerke, soos modulêre kontrole-analise. Hier-
die raamwerke fokus dikwels op die bepaling van die beheer van groepe reaksies
(modules) en is gewoonlik kompleks, wat gedetailleerde kennis van die raam-
werk vereis voor implementering. Vir hierdie doel is modulêre kontrole-analise
in Mathematica geformuleer en 'n sagtewarepakket is saamgestel om die toe-
passing van die ontledingsraamwerk te outomatiseer. Gebruik van die pakket
is gedemonstreer op 'n model van glukosemetabolisme in Plasmodium falcipa-
rum-geïnfekteerde rooibloedselle. Die beheer van die hele parasiet is bepaal,
en dit is gevind dat die parasiet byna volledig beheer op die �uksie deur hom-
self en die besmette rooibloedsel het. Die gebruik van die pakket om modelle
met veelvuldige modules te ontleed is ook gedemonstreer. Op hierdie manier
is die gebruik van die modulêre kontrole-analise raamwerk vereenvoudig, met
slegs fundamentele kennis wat nodig is om ontledings met die sagtewarepakket
uit te voer.
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Chapter 1

General Introduction

1.1 Motivation

The treatment of diseases is frequently achieved through the administration of
medication acting at the molecular level which results in changes at the phys-
iological level. This phenomenon is the foundation of modern medicine and is
often taken for granted. These physiological changes are the result of numer-
ous molecular interactions that are usually complex and not well understood.
Improving the understanding of these interactions is of particular importance
as it can provide insight into possible treatments of disease states through
the identi�cation of drug targets. Research often focuses on the mechanism
of action of drug candidates and the e�ects at the molecular level, i.e. the
speci�city and a�nity of binding to the target, however, analysing and under-
standing the drug e�ects at the physiological level is equally important. The
quanti�cation of these e�ects can be di�cult due to the size and complexity
of the biochemical systems involved. Such systems are mostly analysed from
a broad perspective, such as a hierarchical approach, often with the imple-
mentation of computational techniques including mathematical modelling. A
number of mathematical models describing glucose metabolism and regulation
at the whole-body level have been constructed. Kang and colleagues [2] discuss
a number of these models, each including varying degrees of scope and detail.
A whole-body model of glycogen regulation [4] has also been constructed with
incorporation into a more detailed hierarchical whole-body model proposed
by Snoep and colleagues [3]. The hierarchical approach aims to describe a
biochemical system in terms of a number of organisational `levels', such as
reactions within cells and the role of tissues and organs. Mathematical models
of such systems are subsequently constructed with detailed reaction kinet-
ics included for cellular reactions/processes, while less detail is included for
the `higher' levels such as that of organs. This simpli�cation into detailed
compartments at the molecular level and less detailed compartments at the
tissue or organ level enables the e�ect of the molecular level on the physiolog-
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CHAPTER 1. GENERAL INTRODUCTION 2

ical level to be quanti�ed. This is achieved as the mathematical model links
components at the physiological level to molecular components, directly or
indirectly, enabling changes at the molecular level to be associated with corre-
sponding changes at the physiological level. Subsequently, our understanding
of the regulatory processes involved is improved, enabling us to better under-
stand how the medication is able to achieve the sought after changes observed
at the physiological level. In this way, the mechanisms through which medica-
tions are able to alleviate symptoms and treat conditions can be analysed in
an appropriate mathematical framework.

The e�ects of interactions between the drug and the drug target, resulting
in changes observed both at the molecular level and the physiological level,
can be quanti�ed using metabolic control analysis (MCA). MCA is an anal-
ysis framework that quanti�es the extent to which �uxes or metabolites are
controlled by the components within a system [5]. Subsequently, MCA results
in the identi�cation of enzymes that may be suitable drug targets due to their
considerable control on the �uxes or metabolites of interest. Drug development
strategies can then focus on designing drugs capable of e�ciently interacting
with the identi�ed target enzymes. In this way, MCA acts as a powerful tool
for focusing drug design on speci�c enzymes known to control the component of
interest. While this greatly bene�ts drug development as well as improves the
understanding of the regulatory network within biochemical systems, enzymes
determined to exert considerable control may yet prove to be inopportune drug
targets due to similarity in host and pathogen enzymes and control distribu-
tions. Medication is often designed to target unique enzymes of the target
organism, however, this is not always possible. In situations where enzymes
with a high degree of similarity with host enzymes are targeted, a number of
side-e�ects may be observed. A prevalent example of this is chemotherapy,
which successfully targets cancer cells, however, host cells are also negatively
a�ected. This results in severe side-e�ects experienced by patients. For this
reason, treatment approaches are sought which minimise the negative impact
on the host.

Two factors determine the response of a system to an alteration. The �rst
is the control coe�cient quantifying system wide e�ects of the change and the
second is the elasticity coe�cient which quanti�es local e�ects of the change
on reaction rates. Similarity between host and pathogen enzymes, which is
likely in conserved pathways such as glycolysis, implies similarity in elastic-
ity coe�cients. For this reason, emphasis is often placed on determining the
control coe�cients of enzymes, however, treatment of diseases usually requires
knowledge of the healthy/host enzyme as well as that of the target enzyme.
This is necessary as the host and pathogen (target organism) may have com-
parable control coe�cients for the identi�ed target enzyme, targeting of which
may lead to undesirable side-e�ects. It is possible to mitigate the risk of side-
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CHAPTER 1. GENERAL INTRODUCTION 3

e�ects when targeting enzymes with a high degree of similarity with a host
enzyme. This is achieved by analysing the control coe�cients determined for
the target enzyme on pathogen metabolism to that of the host enzyme on host
metabolism. If the control of the host enzyme on host metabolism is consid-
erably smaller than that of the target enzyme on pathogen metabolism, then
the target enzyme may still act as a good drug target. In this way, it is possi-
ble that drug interactions with both the target enzyme and the host enzyme
may have di�erent e�ects on the target and host pathways. This is due to a
small inhibition of the target enzyme having a considerable e�ect on pathogen
metabolism if the target enzyme exerts a large degree of control, while similar
inhibition of the host enzyme could result in a lesser e�ect on the host/healthy
cells if the control of the host enzyme on the pathway is small. In this way,
comparison of the control of host and pathogen enzymes provides insight into
the viability of the pathogen enzymes as potential drug targets.

The application of MCA to biochemical systems provides insight into the
regulatory mechanisms and subsequent interactions, however, such analyses
may be di�cult to perform on large systems. For this reason, extensions to
MCA have been developed that simplify the analysis of large biochemical sys-
tems. This is achieved through the determination of the control of groups
of reactions as opposed to that of individual enzymes. As such, biochemical
systems are often simpli�ed prior to performing analyses. One such technique
for analysing large biochemical systems is through the decomposition of the
system into a number of blocks/modules consisting of multiple reactions. The
control of these groups of reactions can then be determined. Such analyses
are considerably easier to perform due to the reduced number of components
within the decomposed system. A number of extensions to MCA have been
developed enabling such analyses to be performed, including top-down control
analysis, hierarchical control analysis, and modular control analysis [6; 7; 1].
The application of such a framework to large, complex biochemical systems
may improve our understanding of the interactions within the molecular level
as well as the subsequent e�ects at the whole-body level. To this end, mod-
ular control analysis was selected for implementation in a software package
automating the application of the framework to models of biochemical sys-
tems. This will aid the analysis of large, complex biochemical systems such
as those of disease states, where molecular interactions cause the development
and maintenance of the disease state. Such models will likely be hierarchical
in nature, consisting of both �ne and coarse grained components. Modular
control analysis would then aid the description of the interactions between
the organisational levels (cellular, tissue, or organ) through the determining
of overall control coe�cients for groups of reactions. In this way, the control
of the selected groups of reactions, such as cell or tissue types or even di�er-
ent organs, on components at the physiological level may be quanti�ed. While
such an analysis could be performed on models of a number of di�erent disease

Stellenbosch University  https://scholar.sun.ac.za



CHAPTER 1. GENERAL INTRODUCTION 4

states, malaria was selected as an example analysis.

An excess of 228 million malaria cases were reported in 2018, with 93%
in Africa [8]. This highlights the severity of the disease both globally and in
Africa. For this reason, the malaria disease state was chosen to be analysed
using modular control analysis. Glucose metabolism in malaria is an ideal
case study for the application of the framework as the parasite, infected ery-
throcytes, or even tissues and organs may be designated as modules for which
the overall control coe�cients may be determined. Glucose metabolism is of
importance when considering the malaria disease state as the malaria parasite
is reliant on glycolysis for survival. Hypoglycaemia and lactic acidosis are also
prevalent amongst patients with severe malaria infections and are indicators of
poor prognosis [9]. While it is understood that the parasite contributes to the
development of lactic acidosis, the contribution is considered to be minor due
to the biomass of the parasite being considerably smaller than that of the host
[10]. Analysing a whole-body model of glucose metabolism in malaria patients
could provide insight into and quantify the contribution of various components
of glucose metabolism. In this way, the contribution of the parasite and in-
fected erythrocytes to the development and maintenance of lactic acidosis and
hypoglycaemia could be quanti�ed. To this end, modular control analysis was
applied to models pertaining to malaria, including a model of glycolysis in the
malaria parasite, Plasmodium falciparum [11], and glucose metabolism in P.
falciparum-infected erythrocytes [12]. These analyses acted as demonstrations
of the possible applications and bene�ts of modular control analysis, particu-
larly in the context of analysing glucose metabolism in malaria patients. The
application of modular control analysis to models of other disease states may
be similarly insightful.

1.2 Research Question

Can the contribution of organs and molecular compartments of interest to
disease states be quanti�ed using modular control analysis? Diseases often
manifest at the whole-body level, however, the underlying causes are gener-
ally molecular. An example of such a disease is cancer, where whole-body
symptoms are experienced by the individual, yet the cause is a molecular
mechanism, such as a mutated gene, which alters the molecular environment
to such an extent that the disease state develops. In this way, application of
modular control analysis to whole-body models of disease states may improve
the understanding of the molecular mechanisms involved in the development
of the disease states at the whole-body level. This may aid the treatment of
diseases through the identi�cation of compartments (modules) warranting fur-
ther research due to a high degree of control on the pathway �ux. Determining
the control of compartments may also improve the understanding of the con-
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CHAPTER 1. GENERAL INTRODUCTION 5

trol that large structures, such as organs, have on �uxes and metabolites of
interest. A software package enabling the automation of such analyses was
developed in the Wolfram Mathematica ® coding environment. The package
was then used to analyse complex, biologically relevant models of glycolysis in
P. falciparum as well as glucose metabolism in P. falciparum-infected erythro-
cytes. These analyses demonstrate the computational application of modular
control analysis on models of large biochemical systems such that analyses of
larger, whole-body models may be performed in future studies.

1.3 Aims and Objectives

The aim of this thesis was to construct a software package enabling the appli-
cation of modular control analysis to mathematical models of biochemical sys-
tems and demonstrate its use in a model of a disease state. A model of glucose
metabolism in P. falciparum-infected erythrocytes was selected to demonstrate
the application of the package. The aim was achieved through the completion
of �ve objectives:

The �rst objective was to identify possible theoretical frameworks that
could be used to perform the analysis of the model and select the most ap-
propriate one. Secondly, modular control analysis, the chosen framework, was
formulated in a manner that may be easily used to perform analyses. Thirdly,
modular control analysis was applied to core models to improve understanding
of the application of the framework as well as to identify possible di�culties
that may arise during analyses of more complex pathways. Fourth, a software
package enabling the automation of modular control analysis was developed
such that analyses of large, complex models may be performed in a simpli-
�ed, streamlined manner. Lastly, complex, biologically relevant models were
analysed, including the model of glucose metabolism in P. falciparum-infected
erythrocytes.

Chapter two provides a review of appropriate literature. Systems Biology
is introduced, followed by a review of metabolic control analysis as well as
several extensions of the framework which may be suitable for addressing the
research question. Extensions of MCA involving modularisation of biochemi-
cal systems are prioritised. Whole-body modelling is introduced with emphasis
on its application to malaria. Malaria is brie�y discussed, providing context
supporting it as the focus for application of the package in this study. In this
way, the potential theoretical frameworks are reviewed with modular control
analysis selected to perform the desired analyses as well as for incorporation
into a software package.

Chapter three provides a detailed description of modular control analysis as
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CHAPTER 1. GENERAL INTRODUCTION 6

well as the application of the framework following formulation in the Wolfram
Mathematica® coding context. The application of the framework to simple
linear and branched pathways is discussed as they were performed prior to the
development of a package automating such analyses.

Chapter four provides demonstrations of the application of the developed
package to simple and complex core models. Analyses of models of glycolysis
in the P. falciparum parasite as well as glucose metabolism in P. falciparum-
infected erythrocytes were performed using the developed package, with the
results of these analyses discussed in the �nal section of chapter four.

Chapter �ve provides a general discussion of how the aim of this study was
addressed and subsequent objectives achieved. Concluding remarks regarding
the bene�ts of both the framework as well as the developed package are made,
as well as possible focuses of future research.
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Chapter 2

Literature Review

2.1 Introduction

The purpose of this literature review is to provide background information
on systems biology and introduce several theoretical frameworks as possible
approaches to address the research question. In this way, the �rst objec-
tive, selection of an appropriate theoretical framework to perform the desired
analyses, will be achieved. The basic principles of systems biology will be
introduced with emphasis on mathematical modelling and the applications of
such models. Approaches to control analysis will be discussed beginning with
traditional metabolic control analysis followed by top-down, hierarchical, and
modular approaches. Whole-body modelling will be discussed and its appli-
cation to the malaria disease state, with a focus on glucose metabolism. The
examples provided serve to illustrate the respective concepts and approaches
discussed in this chapter.

2.2 Systems Biology

Systems biology focuses on studying the relationship between components at
the molecular level and e�ects observed at the physiological level [13]. One
of the aims of systems biology is to identify the emergent properties of bio-
logical systems. Emergent properties are biological functions resulting from
interactions between components of systems that cannot be identi�ed through
analysis of the components of the system in isolation [14]. These interactions
are studied in a quantitative manner using mathematical models, which di�ers
from qualitative approaches implemented in molecular biology where hypothe-
ses are often based on verbal models [14]. Systems biology can be approached
in two ways, namely the bottom-up and top-down approaches. The bottom-up
approach involves detailed analysis of individual components and their inter-
action within the system. This approach is often used to analyse speci�c
reaction pathways using detailed models to describe the speci�c system, or

7
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CHAPTER 2. LITERATURE REVIEW 8

portion thereof, under study. The top-down approach is more applicable to
linking cellular functions, or other larger scale processes, to the whole-body
or genome. As such, the top-down approach involves the use of models en-
compassing entire cells, tissues, or whole organisms/genomes, which, while less
detailed than those of the bottom-up approach, provide insight into the inter-
actions between larger components of systems [14]. It should be noted that the
two approaches are complementary, with the bottom-up approach analysing
systems in a detailed manner from interactions between individual components
progressing towards understanding systems on a larger scale, while the top-
down approach begins analysing interactions on a larger scale with less detail
and progresses towards interactions between �ner grained system components.

2.2.1 Mathematical models

Mathematical models are used in systems biology to describe the system and
the associated interactions in a quantitative manner. Models are inherently
simpli�cations of the systems being studied with the simpli�cation aiding the
analysis and comprehension of the system [14]. While models are constructed
based on simpli�cations of systems, varying levels of detail are required de-
pending on the aim of the analysis. The aim of the analysis is relevant as it
determines whether details such as kinetics of each reaction within the system
should be included in the model, or whether the stoichiometry of the reactions
will be su�cient. Another consideration constraining the detail of the model is
the size of the system being analysed. Detailed kinetic models, while bene�cial
for quantitative analysis of the components of a pathway, may prove di�cult to
construct for large biochemical systems such as whole-cells, genomes, or whole
organisms such as for whole-body models. As such, there are two main types
of models used in systems biology, �rstly kinetic and secondly stoichiometric
models [14].

The complexity of biochemical systems is due to the multitude of interac-
tions between components of systems. Enzymes are components of particular
importance as they determine the rates of reactions they catalyse, however,
the rate at which these reactions occur is in�uenced by substrate and prod-
uct concentrations. It is through the consumption and production of shared
metabolites that enzymes interact and, in doing so, exert a degree of control
on di�erent components of the system [13]. The dependence of reaction rates
on the concentrations of metabolites is described by enzyme kinetics. The
kinetics of the enzymes, and therefore of the reactions, can be determined
experimentally and then compiled into a mathematical model of the system
[13] using e.g. ordinary di�erential equations to describe the time dependent
change in metabolite concentrations as a function of enzyme catalysed reaction
rates. These detailed kinetic models can be bene�cial for a number of reasons.
Firstly, the time course data generated by the model can be compared to ex-
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perimental observation to test our biochemical understanding. Secondly, in
silico experiments can be performed on the model testing the e�ect of pertur-
bations of system components enabling, for example, analysis of the control
distribution via metabolic control analysis. Analogous `wet' experiments, may
prove infeasible due to the di�culty of performing the required perturbations
or due to the associated costs [13].

While kinetic models o�er a variety of bene�ts including the ability to per-
form quantitative analyses, such as metabolic control analysis, the construc-
tion of detailed kinetic models of large biochemical systems is challenging.
Nielsen [14] describes a form of stoichiometric models applied to the study of
metabolism at a larger scale than is usually analysed by kinetic models. The
models are termed Genome-Scale Metabolic Models (GEMs) and describe the
entirety of metabolism in an organism, using multiple sources of information.
The models are primarily based on the stoichiometry of the reactions with
each reaction linked to an enzyme [14] and associated with the presence of
a gene. GEMs, and stoichiometric models in general, enable the determina-
tion of functional metabolic routes through �ux balance analysis using steady
state constraints, or structural analyses such as elementary �ux mode analysis.
Flux balance analysis (FBA) identi�es the �ux distribution within a metabolic
network [15]. FBA can be performed to predict growth rate or production of
a metabolite of interest following gene knockout(s) and other imposed con-
straints during in silico experiments. Elementary �ux mode analysis identi�es
minimal, unique reaction sets at steady state, termed elementary �ux modes
(EFM) [16]. EFM analysis enables the identi�cation of reactions critical to
the metabolism of metabolites of interest, enabling potential gene knockout
candidates to be identi�ed. These analyses can be performed computationally
and can provide insight into the di�erences between metabolism of di�erent or-
ganisms as well as aiding in the metabolic engineering of organisms bene�cial
for biotechnological applications [14]. A limitation to stoichiometric models
is the inability to perform quantitative analyses, such as metabolic control
analysis, due to the limited kinetic information included in the models. This
limitation can be addressed by the inclusion of reaction kinetics [14], however,
this can prove di�cult to achieve for all reactions in the system and is the
reason kinetic models are usually limited to smaller biochemical systems. The
analysis of mathematical models provides insight into the systems being stud-
ied, which would otherwise be di�cult to achieve using experimentation and
observation alone [13]. As such, several methods of analysing mathematical
models of biochemical systems, which can be performed computationally, have
been formulated, including metabolic control analysis.
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2.3 Metabolic Control Analysis

Metabolic control analysis (MCA) is a sensitivity analysis framework that
can be used to quantify the control exerted by individual enzymes on steady
state system variables, such as pathway �uxes and metabolite concentrations
[17]. Subsequently, MCA enables the distribution of control among the com-
ponents of a system to be quantitatively determined, thereby elucidating the
relative importance of each component within the system [18]. An impor-
tant component of MCA is the elasticity coe�cient, which represents the local
e�ect of a perturbation of an e�ector on a reaction rate. The elasticity coe�-
cient considers solely local e�ects, as opposed to the control coe�cients where
system-wide e�ects are taken into account. As such, an enzyme has as many
elasticity coe�cients as there are parameters directly a�ecting it, such as the
substrates, products, and e�ectors of the reactions catalysed by the enzyme
[13]. Experimentally elasticity coe�cients are determined by perturbing indi-
vidual metabolite concentrations and measuring the change in the rate of the
reactions. Computationally, such as when performing MCA on mathematical
models of biochemical systems, the elasticity coe�cients can be determined by
calculating the partial derivatives of reaction rate equations with respect to
the individual metabolite concentrations [19], shown in equation 2.1.

ϵvksj =
∂vk
∂sj

(2.1)

with ϵvksj the unnormalised elasticity coe�cient for metabolite j on reaction
k, vk the rate of reaction k and sj the concentration of metabolite j. The
elasticity coe�cients are normalised by multiplying the inverse of the steady
state �ux of reaction k, vk−1, with the unnormalised elasticity coe�cient ϵvksj
and the steady state concentration of metabolite j, sj, as shown,

εvksj = vk
−1 × ϵvksj × sj (2.2)

with εvksj the normalised elasticity coe�cient for metabolite j on reaction
k. The elasticity coe�cients described here concern changes in metabolite
concentrations, however, elasticity coe�cients of parameters, εvkp , may also be
determined in a similar manner. The degree of control is expressed as �ux and
concentration control coe�cients, which represent the e�ect of a perturbation
of an enzyme activity, or reaction rate, on a speci�c �ux or metabolite at
steady state, respectively. This is expressed as the percentage change in the
�ux or metabolite concentration at steady state following a 1% perturbation
to an enzyme activity [13]. The normalised �ux control coe�cients can then
be expressed as

CJi
vk

=
∂Ji
∂vk

× vk
Ji

(2.3)
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with CJi
vk
the normalised �ux control coe�cient of reaction k on �ux i. The

normalised concentration control coe�cients are de�ned in a similar manner,

CSj
vk

=
∂Sj

∂vk
× vk
Sj

(2.4)

with CSj
vk the normalised concentration control coe�cient of reaction k on

metabolite j. The product of the elasticity and control coe�cient is the re-
sponse coe�cient, a quanti�cation of the e�ect of a parameter change on a
steady state variable,

Rx
p = Cx

vk
εvkp (2.5)

with x a steady state �ux or metabolite concentration and p the parameter
being perturbed. If the parameter being perturbed a�ects multiple reactions,
the response of a �ux to the parameter perturbation is equivalent to the sum
of elasticity and control ceo�cient products of a�ected reactions.

MCA can be bene�cial for a variety of reasons, as discussed by Moreno-
Sânchez and colleagues [20], including i) drug design, speci�cally identi�cation
of drug targets for the treatment of diseases and ii) genetic engineering, such
as for the production of compounds of interest. Kacser & Burns [5] and Hein-
rich & Rapoport [21] originally de�ned MCA and since its development and
formalisation, MCA has been extensively utilised for the purposes of iden-
tifying enzymes exhibiting `signi�cant' control over �uxes and intermediate
concentrations of biological or industrial importance.

2.3.1 Examples of Application

The examples given in the following and subsequent sections serve as demon-
strations and are selected rather arbitrarily, they are not necessarily the most
relevant, and certainly do not form a complete set of applications. MCA has
been applied extensively to biochemical systems for a variety of purposes, with
an example of its application to drug target identi�cation presented by Bakker
et al [22], where metabolic control analysis was applied to the glycolytic path-
way of bloodstream form Trypanosoma brucei. The application of MCA estab-
lished that the control over the glycolytic �ux was distributed among several
enzymes, namely aldolase (ALD), glyceraldehyde-3-phosphate dehydrogenase
(GAPDH), phosphoglycerate kinase (PGK), and glycerol-3-phosphate dehy-
drogenase (GDH), as well as the glucose transporter. The study by Bakker
et al [22] also highlighted that the control coe�cients determined during the
analysis are speci�c to the conditions under which the analysis was performed.
This was emphasised by the altering of the control properties of the enzymes
and glucose transporter across di�erent external glucose concentrations. The
authors determined that while the glucose transporter exerts the majority of
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control over glycolytic �ux at low (4 mM) external glucose concentrations, with
a �ux control coe�cient of 0.95, the control gradually shifts to the enzymes
ALD, GAPDH, PGK and GDH at higher glucose concentrations, although the
majority of �ux control is still exerted by the glucose transporter at 8 mM ex-
ternal glucose, with a �ux control coe�cient of 0.63. In this way, Bakker et al
[22] determined possible drug targets for the treatment of Trypanosoma brucei
infection with the glucose transporter being the prominent target, followed by
ALD, GAPDH, PGK and GDH. Bakker and colleagues also highlight another
consideration that must be evaluated after performing a control analysis to
identify possible drug targets. The similarity of the host enzymes or proteins
to the identi�ed drug targets must be considered as well as the degree of con-
trol that such host enzymes or proteins exert over appropriate host metabolic
pathways [22]. This is an important consideration as identifying drug targets
in a parasite or pathogen based solely on its �ux control is not su�cient and,
for instance, the similarity between host and pathogen enzymes as well as the
control of the homologous enzyme in the host must be considered.

Metabolic control analysis has also been applied to study glycolysis in Sac-
charomyces cerevisiae through the construction of a kinetic model based on
the consistent characterisation of all enzymes involved in the pathway [23].
The authors [23] noted that often mathematical models of biochemical sys-
tems are generated using information gathered from di�erent sources. This
method can, however, be problematic owing to the characterisation of the
enzymes being performed under di�erent conditions. This discrepancy may
a�ect the accuracy of the kinetic models produced as well as the outputs of
analyses performed on such models, such as the control coe�cients determined
during MCA [23]. The authors also discuss the fact that isoenzymes present in
pathways are often overlooked during enzyme characterisation and subsequent
model construction. As such, the authors aimed to construct a detailed kinetic
model of yeast glycolysis, speci�cally of S. cerevisiae, through the consistent
characterisation of each enzyme in the glycolytic pathway. An initial model
of yeast glycolysis was constructed using information gathered from published
data as well as pre-existing models. This allowed MCA to be applied to this
preliminary kinetic model such that the control distribution of the pathway
was computationally determined. The authors then experimentally measured
the kinetics of the reaction determined to be the most controlling on glycolytic
�ux. This was done such that the turnover number, (kcat), enzyme concentra-
tion, and a�nity constants for each isoenzyme were measured, with the values
used to re�ne the model. This process was repeated until each enzyme and
related isoenzymes had been kinetically characterised with the determined val-
ues used to improve the model. While the objective was to use experimental
data to re�ne each reaction, if this was not possible then data from litera-
ture was used. The re�ned model was then used to predict the steady state
�uxes and intermediate concentrations which were subsequently compared to
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experimental values. Adjustments were made to the model parameters where
appropriate to minimise discrepancies between the predicted and measured
values. MCA was then performed following validation of the model. The ap-
plication of MCA to the re�ned model provided insight into the distribution of
control in the pathway, which was not obvious upon performing MCA on the
initial model. The majority of control on glucose uptake in the initial model
was by glucose transport, hexokinase, and ATPase. Along with PFK, these
reactions accounted for 95% of the �ux control in the initial model. The con-
trol distribution in the �nal model, however, was considerably wider with 10
reactions accounting for 95% of �ux control, although the same three enzymes
exerted the highest control on glucose uptake.

2.3.2 Advantages and limitations

There are a variety of bene�ts to using metabolic control analysis, including the
quanti�cation of control enzymes have on �uxes and metabolites of interest. In
this way, MCA provides a quantitative description of why the up-regulation of
a single enzyme seldom results in a signi�cant increase in the �ux through the
pathway, while the up-regulation of multiple enzymes determined to exhibit
large �ux control coe�cients results in a more notable increase in the path-
way �ux [17]. MCA also enables the determination of the mechanism through
which a �ux or metabolite concentration is regulated. This is achieved through
the determination of elasticity, control and subsequent response coe�cients.

While there are many bene�ts to applying metabolic control analysis to
biochemical pathways, there are limitations that must be considered. MCA is
constructed based on assumptions that may be di�cult to satisfy depending
on the speci�c metabolic pathway to be analysed, as well as the metabolite
concentrations and �uxes required for the analysis. Fell [17] discusses the
assumptions of MCA with one of the important assumptions being that the
system to be analysed must be able to achieve a stable steady state. This is
achieved by �xation of the source and sink metabolites preventing the system
from reaching equilibrium. In this way, the �uxes and metabolite concentra-
tions in the system remain constant at the steady state as the rates of formation
and degradation of the metabolites are equal. Another assumption inherent to
MCA is that the metabolite concentrations must be uniform/homogenous such
that the metabolites are equally available to enzymes catalysing their reactions
[17]. This does not apply to compartments within a cell, for example, where
the metabolite `pools' are separated. In this case, the internal metabolites of
the compartment must have a homogenous distribution, with the distribution
of metabolites external to the compartment also being homogenous, where the
internal and external steady state concentrations need not be identical [17].
While the determination of control coe�cients for each enzyme in a pathway
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can provide insight into the mechanisms through which �ux or metabolite
concentrations may be modi�ed, through the use of inhibitors or genetic ma-
nipulation among others, this can prove di�cult to achieve with large, complex
biochemical networks. The di�culty arises during the experimental determi-
nation of the metabolite concentrations, steady state �uxes, and the kinetic
characterisation of the enzymes in the pathway. The measurement may be dif-
�cult to achieve experimentally, or expensive particularly when many reactions
are to be analysed. This limitation is compounded by the perturbations that
need to be made to the system to determine the desired control and elasticity
coe�cients. The impact of these experimental limitations can be reduced by
performing MCA on a subset of enzymes, �uxes and metabolites.

Extensions to traditional MCA have, however, been developed which en-
able the system under study to be grouped such that the experimental re-
quirements are reduced, enabling the analysis of large, complex biochemical
networks. These extensions are not necessarily replacements to traditional
MCA for application to larger networks, but rather alternatives. One such
extension of traditional MCA, which allows the treatment of a biochemical
system such that a group of reactions (enzymes) may be analysed, is top-down
control analysis.

2.4 Top-Down Control Analysis

Top-down control analysis is a useful extension to traditional metabolic con-
trol analysis as it allows complex metabolic networks to be simpli�ed through
the grouping of reactions into reaction `blocks'. Control analysis can then be
performed on the simpli�ed version of the metabolic network consisting of var-
ious blocks of reactions and connecting metabolites. A notable contribution to
the formalisation of this approach to metabolic control analysis was provided
by Brown and colleagues in 1990 [6]. They provide a detailed description of
the mathematical derivation as well as application of this method to a linear
pathway. Top-down control analysis di�ers from traditional MCA primarily
as the analysis yields overall control coe�cients of the reaction blocks. This
is in contrast to the control coe�cients of individual enzymes determined by
traditional MCA. In this way, the two methods are complementary, with suc-
cessive top-down control analyses determining control coe�cients from a broad
perspective progressing towards a �ner perspective, such as determining con-
trol coe�cients of individual enzymes. This is achieved by reducing the size
of the reaction blocks until only a single enzyme remains within a reaction
block at which point the individual control coe�cients of each enzyme would
have been determined. Traditional control analysis, however, determines con-
trol coe�cients of individual enzymes, allowing the progressive determination
of the control of multiple enzymes on a speci�c �ux or metabolite. As such,
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traditional MCA has also been referred to as a `bottom-up' approach [24].

2.4.1 Examples of application

Top-down control analysis has been applied to various biochemical systems
illustrating the ease with which this approach to control analysis can be per-
formed experimentally, although traditional MCA is still one of the most
applied control analysis frameworks. Simpson and colleagues [25] applied
top-down control analysis to the biosynthesis of lysine in Corynebacterium
glutamicum. This was achieved by grouping a simpli�ed lysine production
pathway around the PEP/pyruvate branch point. In this way, three mod-
ules were selected with the �rst encompassing the reactions converting glucose
to PEP/pyruvate, the second module encompassing the reactions involved in
the TCA cycle and the third and �nal module encompassing the reactions
converting PEP/pyruvate to lysine [25]. During this analysis PEP/pyruvate
were treated as a single metabolite due to uncertainty of the anaplerotic path-
way reactions stoichiometry regarding the production of lysine from PEP and
pyruvate [25]. The authors noted that this grouping results in the equivalent
assumption that the pyruvate kinase reaction is at equilibrium as this reaction
is responsible for the conversion of PEP to pyruvate. Subsequently, the �ux
control coe�cients resulting from perturbations in pyruvate kinase activity
are assumed to be zero [25]. Large perturbations were used to determine the
group/overall �ux control coe�cients through the use of a method described
by Small and Kacser [26] allowing the determination of �ux control coe�cients
despite such coe�cients being de�ned on the basis of in�nitesimally small per-
turbations. The group control coe�cients determined in this study showed
that the control of lysine synthesis resided primarily with the lysine synthe-
sis reactions encompassed in the third module. The analysis also determined
that the TCA cycle, the second module, primarily controls itself. As such, the
authors noted that the PEP/pyruvate branch point can be considered a rigid
branch point as the downstream branches weakly a�ect one another, while
strongly a�ecting themselves as quanti�ed by the large group control coe�-
cients for the modules on their own �uxes [25].

Top-down control analysis has also been applied to oxidative phosphory-
lation in liver mitochondria of rats fed with a high-fat diet [27]. The aim of
the study was to determine whether the inhibition of mitochondrial adenine
nucleotide translocator (ANT) by long chain acyl-CoA (LCAC) is an under-
lying mechanism linking obesity with type 2 diabetes. The authors addressed
this aim �rstly by determining whether mitochondrial adaptation occurred as
a result of the diet-induced inhibition of ANT, resulting in a reduction of this
inhibition. Secondly, the control of ANT on aspects of oxidative phosphoryla-
tion was determined, as a high control of ANT on oxidative phosphorylation
supports the role of ANT inhibition by LCAC linking obesity with type 2 dia-
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betes [27]. Top-down control analysis was performed following decomposition
of the oxidative phosphorylation system into 5 modules, a substrate oxidation
module, proton leak module, ATP synthesis module, ANT and hexokinase [27].
These modules were considered to be connected by three intermediates, specif-
ically membrane potential (∆ψ), intra- and extra- mitochondrial ATP/ADP
ratios [27]. Although the approach used was top-down control analysis, it is
referred to as modular control analysis in the study. This is likely due to top-
down control analysis requiring modular decomposition of the system prior to
performing the analysis, similar to that of modular control analysis. However,
while both methods involve decomposition of the system into modules, there
are considerable di�erences between these two approaches, with modular con-
trol analysis being discussed in section 2.6 and di�erences between the two
methods discussed in section 2.6.2.

In their study the high fat diet induced an increase in hepatic LCAC con-
centration as well as accumulation of the oxidative stress marker N ε - (car-
boxymethyl) lysine. The authors determined that there was not a signi�cant
change in mitochondrial number between the low-fat and high-fat diets. As-
pects of the mitochondrial composition of the hepatocytes from the low and
high fat diets were then tested. The authors determined there was a signi�cant
reduction in cytochromes c + c1 in the high-fat diet treated group [27]. The
respiratory activity of the mitochondria was determined not to be signi�cantly
di�erent between the high and low fat diet treated groups. Lastly, modular
kinetic analysis was performed to determine if functional components of mito-
chondrial oxidative phosphorylation were altered between the two diet-treated
groups, with no signi�cant di�erence being determined [27]. The control of
ANT on oxidative phosphorylation in mitochondria was determined to be sim-
ilar in rats of both treatment groups. This supports the role of ANT linking
obesity with type 2 diabetes. As such, ANT plays an important role in the
development of type 2 diabetes in rats brought on by a high-fat diet resulting
in the increase in LCAC, with LCAC inhibiting ANT. This inhibition of ANT
is signi�cant due to the considerable control exerted by ANT on mitochon-
drial oxidative phosphorylation, which suggests inhibition of ANT will have
signi�cant e�ects on mitochondrial function. Prolonged exposure to a high fat
diet did not result in metabolic alterations to combat the e�ects of increased
LCAC and associated ANT inhibition [27]. The results of this study may be
applicable to humans such that high-fat diets may be linked to the develop-
ment of type 2 diabetes in humans through the accumulation of LCAC and
subsequent inhibition of ANT.

Top-down control analysis is a powerful tool for performing control analysis
on large, complex biochemical networks. This method enables the simpli�ca-
tion of such networks into a number of reaction blocks (modules) linked by a
small number of intermediates, which aides its experimental application. As
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with all forms of control analysis, however, this method has both advantages
and limitations that must be considered prior to its application.

2.4.2 Advantages and limitations

There are several bene�ts to applying top-down control analysis to a biochem-
ical network, the most evident being the simpli�cation of the network being
analysed. The simpli�cation of the network, while decreasing the di�culty
of performing the required experiments, results in the quanti�cation of the
control that a group of reactions, such as within the mitochondria or other
such compartment, exert on a �ux or metabolite of interest [24]. This can
be particularly bene�cial as it allows one to determine, quantitatively, por-
tions of a pathway that exert signi�cant control on the �uxes or metabolites
of interest in control coe�cients termed overall �ux/concentration control ce-
o�cients that quantify the control of all reactions in the reaction block on
the �ux/metabolite of interest. In this way, top-down control analysis can be
used as a tool to quantitatively compare portions of a pathway (network) to
determine which portions should be further investigated due to those portions
exerting signi�cant control. The analysis of these blocks of reactions may pro-
vide considerable insight into the importance of cellular structures, tissues,
or even organs, on �uxes of interest. Another advantage of top-down control
analysis is the ability to determine overall �ux control coe�cients through the
measurement of only �uxes. This can be achieved by the kinetic modi�cation
of reaction blocks or the incorporation of new branches [24]. Overall elasticity
coe�cients (elasticities of the reaction block) can be determined through per-
turbation of the �ux through a reaction block, not the reaction block for which
the overall elasticity is being determined, resulting in a change in the steady
state concentration of the linking metabolite as well as a change in the �ux
through the reaction block for which the overall elasticity is being determined.
For instance, if two reaction blocks were linked by a single linking metabolite,
one could increase the �ux through the upstream reaction block enabling the
determination of the overall elasticity of the linking metabolite to the down-
stream reaction block. A similar perturbation may be performed to determine
the overall elasticity coe�cient for the linking metabolite to the upstream re-
action block by perturbing the �ux through the downstream reaction block [6].
The �ux perturbations can be performed by increasing the concentration of
an enzyme in the appropriate reaction block or by introducing a branch which
directly a�ects the concentration of the linking metabolite. While this method
for determining the overall elasticities is bene�cial, it can only be used if the
activity of the reaction block for which the overall elasticity is being deter-
mined is not a�ected by any means other than through the linking metabolite.

As this is a method of control analysis, the assumption that the system
is able to reach a stable steady state is inherent and can prove to act as an
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experimental limitation. The time scale of the reactions involved must also be
considered as there may be signi�cant di�erences in the time scales of the reac-
tions that can result in control coe�cients varying over time [6]. A limitation
of top-down control analysis is that the overall control coe�cients determined
during the analysis do not provide insight into the individual control coe�-
cients of the enzymes within the reaction blocks. As such, the distribution
of control among the individual enzymes is unknown. Further analysis of a
reaction block determined to have a large control coe�cient could reveal small
individual control coe�cients which sum to the large overall control coe�cient
of the reaction block. In contrast, a small overall control coe�cient may be
the result of a large negative control coe�cient and multiple small positive
control coe�cients for the enzymes in the reaction block (or vice versa). As
a result, while overall control coe�cients are useful indicators of the control
of reaction blocks, the limitations of these coe�cients should be considered.
Another limitation to top-down control analysis is the number of independent
�uxes that may be present in a reaction block. A single independent �ux must
be present for each reaction block [28]. While this may appear to be a con-
siderable limitation, it is generally possible to restructure the reaction blocks
such that each consists of a single independent �ux. An alternative to the
proposed restructuring is provided by modular control analysis which will be
discussed in section 2.6.

An alternative to traditional MCA and top-down control analysis is hier-
archical control analysis. Hierarchical control analysis is similar to the top-
down approach in that the biochemical system to be studied is separated into
groups of reactions. These groups are, however, not linked by net mass �ow.
In this way, hierarchical control analysis can be considered an extension of
the top-down approach for application to hierarchical systems, such as signal
transduction networks [24; 29].

2.5 Hierarchical Control Analysis

Hierarchical control analysis, like top-down control analysis, is a tool for per-
forming control analysis on large, complex biochemical networks. Hierarchical
control analysis, however, speci�cally addresses biochemical systems consisting
of groups of reactions (or modules) regulating other modules solely by regula-
tory e�ects. In this way, there is no net mass �ow between the modules, which
are subsequently referred to as the levels of the system [29]. An important con-
tribution to the development and formalisation of hierarchical control analysis
was by Kahn and Westerho� in 1991 [29] where they initially referred to the
method as the cascade control theorem. In their publication they provide the
mathematical development of the method while also applying the method to
an example system, the regulatory cascade controlling glutamine-synthetase in
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enteric bacteria. Cascade control theory was progressively expanded in their
paper [29], with the initial cascade control theorem being applicable to lin-
ear cascades lacking feedback loops. A linear cascade without any feedback
loops is characterised by a system containing multiple modules, with module
1 regulating itself and module 2, module 2 regulating itself and module 3, in
a linear fashion, progressing until the last module in the cascade which regu-
lates only itself. In this form, the theorem could describe how the control of
the modules in a linear cascade was regulated in terms of the control of the
modules on themselves as well as on one another. This form of the theorem
was then generalised such that non-linear cascades could be analysed provid-
ing no feedback loops were present in the cascade. In this way, the theory
was extended such that a module in the cascade could regulate any number of
modules downstream of itself, such as module 1 being able to regulate modules
2,3,4,5...n with n denoting the last module in the cascade [29]. While this was
a considerable improvement to the applicability of the theorem, the authors
noted that the inability to apply the theorem to biological systems consisting
of one or more feedback loops would act as a considerable limitation. As such,
the authors further developed the theory into a two-module control theorem
which allowed for a feedback loop in a two-module system [29]. This was then
extended to a cascade system consisting of a cyclic feedback loop. This form
of the theorem, termed the cyclic feedback control theorem by the authors,
could be applied to regulatory cascades where each module only regulated it-
self and the module immediately downstream, such that module 1 regulates
only itself and module 2, with the �nal module in the cascade regulating itself
and the �rst module and in this way completing the cycle of feedback. The
�nal extension discussed by Kahn and Westerho� in their publication [29],
concerned their feedback loop control theorem. This form of their control the-
orem for regulatory cascades allowed the control analysis of a linear regulatory
cascade consisting of a single feedback loop. As such, only one module in the
cascade could regulate an upstream module, with an example being an 8 mod-
ule cascade where module 5 regulates both module 6 as well as an upstream
module such as module 2. The cascade control theorems presented by Kahn
and Westerho� were later extended by Hofmeyr and colleagues [7] such that a
more general theorem was developed. The method presented by Hofmeyr and
colleagues allowed for the existence of multiple feedback loops within a multi-
level (or multi-module) biochemical system. However, repeated application of
the two-module control theorem [29] enabled application of the theorem to
systems consisting of multiple feedback loops, resulting in a similar analysis
to that which would be achieved by the method presented by Hofmeyr and
colleagues [7].
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2.5.1 Examples of application

Hierarchical control analysis has been experimentally applied to DNA super-
coiling in Escherichia coli with a focus on the regulatory role of gyrase and
topoisomerase I [30]. Snoep and colleagues [30] determined the inherent control
coe�cients of both gyrase and topoisomerase I on DNA supercoiling to be 0.17
(±0.01) and -0.14 (±0.03) respectively. The inherent control coe�cients repre-
sent the control of each enzyme on DNA supercoiling following a modulation to
the transcription level of the enzyme after which the enzyme concentration is
�xed. The system is then allowed to attain a new steady state. These inherent
control coe�cients are equivalent to the local or intramodular control coe�-
cients described by Hofmeyr and Westerho� [7], where each level is considered
in isolation [18]. Snoep and colleagues [30] then determined the global control
coe�cients, termed integral control coe�cients by Hofmeyr and Westerho� [7],
of gyrase and topoisomerase I to be 0.13 and -0.13 respectively. The summa-
tion of the inherent control coe�cients of gyrase and topoisomerase I on DNA
supercoiling is equivalent to 0, within the bounds of experimental error, as is
the summation of the global control coe�cients for gyrase and topoisomerase
I on DNA supercoiling. This consistency, noted by the authors [30], provides
evidence supporting the authors assumption that gyrase and topoisomerase
I are the main contributors to the degree of wild-type supercoiling at steady
state. The authors also determined the distribution of the homeostasis of DNA
supercoiling in wild-type E. coli at the activity level and at the gene expression
level, with 72% of the homeostasis occurring at the level of enzyme activity
and 28% at the gene expression level. In this way, the contribution of the reg-
ulation of gene expression as well as of the regulation of enzyme activities was
determined. The authors also determined the individual contribution of the
regulation of gene expression for both gyrase and topoisomerase I on home-
ostatic control. The regulation of gyrase expression contributed 21%, while
the regulation of topoisomerase I contributed 7% to the homeostasis of DNA
supercoiling [30]. This application of hierarchical control analysis provides an
indication of the appropriateness of the method to determining, in a quanti-
tative manner, the distribution of control in a multi-level biochemical network.

Another example of the application of hierarchical control analysis is pro-
vided by Westerho� and colleagues [31], where hierarchical control analysis is
applied to an example ecosystem, that of the production of acetic acid from
glucose such as occurs during the souring of wine. The purpose of this study
is to demonstrate the application of hierarchical control analysis to microbial
ecological systems. This is possible with the example ecosystem analysed in
the publication, however, it may also be possible to apply hierarchical control
analysis to other ecological systems provided the system can attain a stable
steady state and the degree of coupling between the feeding and growth rates
is treated explicitly, as stated by the authors. The analysis of the ecosystem
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under study demonstrates the similarity between the ecosystem and that of a
biochemical network [31]. As such, the species for which control is determined
can be biological or chemical, with regards to the hierarchical control analysis
of an ecological system. In this way, yeast and Acetobacter were both treated
as species during the analysis, along with ethanol. The system is considered
hierarchical as it is analysed from the perspective of three levels being present,
one each for yeast, ethanol, and Acetobacter, which regulate one another in-
directly, noting that there is no conservation of mass in this system. In this
way, the system analysis is comparable to that of hierarchical control analysis
and was analysed accordingly. While the authors noted the magnitude of the
elasticities used during the analysis may not be correct, it is stated that the
elasticities chosen may be realistic enough for any observations made based on
the results of the analysis to still be pertinent [31]. In light of this, the authors
noted the analysis yielded interesting results regarding the control on ethanol
concentration, with yeast exerting no control over the concentration of ethanol.
It was also observed that Acetobacter exerts strong control over the yeast con-
centration, which is of interest due to the pH and acetic acid concentrations
being bu�ered. This application of hierarchical control analysis demonstrates
that this approach, while applicable to large, complex biochemical systems
such as those of signal transduction, may also be used to analyse ecosystems
under steady state conditions and in doing so improve understanding of the
distribution of control in ecological systems [31].

2.5.2 Advantages and limitations

Hierarchical control analysis is a powerful extension to traditional MCA as
it enables the determination of control distribution in biochemical systems
consisting of multiple levels that are not connected by mass �ow. This is
particularly advantageous as traditional control analysis does not address the
distribution of control over multi-level systems such that the control di�erent
levels exert over one another could be quanti�ed. In this way, hierarchical con-
trol analysis extends the scope of application for control analysis to systems
of biological importance including gene expression and signal transduction.
While this is itself a signi�cant advantage of the method, another is the reduc-
tion of complexity resulting from the decomposition of the system into levels
(or modules). The degree of complexity can then be increased upon successive
analyses if more detail is sought, similar to successive analyses using top-down
control analysis.

While there are various bene�ts to the use of hierarchical control analysis,
there are limitations. One such limitation is that the levels may only regulate
one another through e�ectors such that the e�ectors are not converted during
the regulation of other levels in the system [32]. This limitation is based on
assumptions, which while generally applicable to biochemical systems, may
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prove limiting. One such assumption is that the concentration of the e�ec-
tor is much higher than that of the enzyme it regulates, with the resulting
enzyme-e�ector complex being negligible relative to the total e�ector concen-
tration [32]. Another assumption is that enzymes acting as catalysts are not
altered by the reactions they catalyse. While these assumptions are generally
applicable, each should be validated prior to hierarchical control analysis being
performed [32]. Each level in the system may not exchange net mass �ow while
at steady state, as has been previously mentioned, however, another limita-
tion is inherent in hierarchical control analysis regarding conserved moieties.
Conserved moieties may not be shared between levels thereby linking them.
They can, however, be present within individual levels [32].

2.6 Modular Control Analysis

Both hierarchical and top-down control analysis are useful extensions of tradi-
tional MCA, each with their advantages and limitations, and we now introduce
modular control analysis, a third approach to perform control analysis on com-
plex biochemical systems. Modular control analysis, as suggested by the name,
involves the decomposition of the system being analysed into modules. This
decomposition di�ers from that used in the hierarchical approach as modular
control analysis, similar to top-down control analysis, allows for net mass �ow
between modules. Modular control analysis, while similar to the top-down
approach, di�ers in two main aspects. Firstly, modular control analysis allows
for metabolites within a module to a�ect reactions within other modules, pro-
vided the interactions conform to speci�c constraints, whereas the top-down
approach does not allow for metabolites within modules to interact with com-
ponents in other modules [24]. Secondly, this method allows for the presence
of multiple independent bridging �uxes linking modules, as opposed to the
top-down approach where only a single independent bridging �ux is permitted
[24]. As such, modular control analysis is considered a more general approach
than top-down control analysis.

A notable contribution to the formalisation of modular control analysis
was by Schuster and colleagues [1]. A detailed mathematical derivation of
the formalisation of the approach was provided, with aspects of the formalism
applied to biochemical pathways. The formalism describes the decomposition
of the system to be analysed into modules of two types. Type 1 modules
(module 1) are considered `black-boxes' where detailed information regarding
the reactions and metabolites within the module are assumed to be unknown
and are not considered during the analysis [33]. Modules of type 2 (module 2)
are considered to be under observation such that the reactions and metabolites
are known and any changes are observable [33]. This decomposition of the
system results in reactions being partitioned such that they can be considered
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module 1 or module 2 reactions, however, reactions linking modules of type
1 with modules of type 2 are termed bridging reactions [1]. A generalised
schematic of this decomposition is shown in Figure 2.1 [1].

Figure 2.1: Schematic of the generalised modular decomposition of a metabolic
network, adapted from the publication by Schuster and colleagues [1], with module
1 and 2 representing type 1 and 2 modules respectively. The arrows indicate the
reactions in the network. Arrows labelled with a "b" indicate reactions bridging
module 1 with module 2 or the external environment, and arrows labelled with a "2"
indicate the reactions present in module 2.

Following determination of the independent bridging reactions, the analysis
is performed such that the control of the modules on the bridging reactions, as
well as on components of module 2, are determined. Schuster and colleagues [1]
demonstrated the extension of the method where a system can be analysed with
two modules of type 1. While the example demonstrated in the publication
represents a simple decomposition such that only metabolites link the two type
1 modules, shown in Figure 2.2, the authors describe how the method can be
applied to a system decomposed into any number of type 1 modules connected
by both metabolites and reactions, such that the type 2 module consists of both
reactions and metabolites [1]. Modular control analysis was then applied to a
system consisting of glycolysis, the TCA cycle and oxidative phosphorylation
where oxidative phosphorylation was considered as a type 1 module. Modular
control analysis was subsequently applied to a model of metabolic regulation
including gene expression [1]. This is of particular importance as previously
such analyses were performed in terms of unconnected modules, such as by the
application of hierarchical control analysis, whereas the authors demonstrate
that this approach enables the substrates for protein synthesis to be considered
as metabolites, therefore a�ecting the regulatory process [1].
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Figure 2.2: Simpli�ed schematic of a biochemical network decomposed such that
two type 1 modules are de�ned, modules u and l [1]. Internal reactions of the type 1
modules are not shown. This decomposition is such that the type 2 module does not
contain any reactions, as such the arrows indicate the bridging reactions of the two
type 1 modules. The two type 1 modules are linked by metabolites X1, X2, and X3.

2.6.1 Examples of application

Modular control analysis has been applied to slipping enzymes by Schuster and
Westerho� [34]. Slipping enzymes are enzymes that catalyse two (or more) in-
completely coupled reactions. The authors noted that although the modular
approach was initially formulated for the determination of the control of mod-
ules consisting of groups of reactions at a larger scale, the approach could be
applied to slipping enzymes as the slipping enzyme could be considered a type
1 module with multiple independent bridging �uxes. Modular control analysis
was subsequently applied to a system of non-phosphorylating mitochondria at
steady state with the respiratory chain considered a type 1 module. The ap-
plication describes how control coe�cients can be de�ned for slipping enzymes
following modular control analysis, however, for this approach to be applicable
to the speci�c slipping enzymes to be studied, enzyme-intermediate complexes
may not directly a�ect reactions catalysed by other enzymes and conservation
relations may not link di�erent modules as this allows the two conditions of
modular control analysis to be ful�lled. The authors noted that measuring slip
rates may prove di�cult experimentally, however, the theoretical application
described may prove bene�cial for future studies aimed at determining the
control of slipping enzymes.

Modular control analysis has also been applied to experimentally determine
the control of membranes and cytosol on the growth of the yeast Kluyveromyces
marxianus [35]. This study was performed to test and quantify the extent of
control that membrane processes exert over the speci�c growth rate of K.
marxianus using modular control analysis. It was assumed that if the con-
trol on maximal growth rate resided primarily in membrane-located enzymes,
an increase in cell surface area relative to cell volume should result in an in-
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crease in growth rate. This could be caused by spacial limitations a�ecting
the membrane-located enzymes. A pH-auxostat was used to provide a selec-
tive pressure for yeast cells with a higher speci�c growth rate. The authors
observed an increase in the surface area relative to the volume of cells with a
higher growth rate. Despite this observation supporting the assumption that
the control on growth rate resides largely in membrane surface area and as-
sociated membrane processes, a quantitative determination was sought. The
authors therefore proceeded to perform the analysis such that all membrane-
located enzymes were considered components of module 1, while the intracellu-
lar enzymes were considered components of module 2. The cells were cultivated
such that two steady states were achieved with a di�erence of approximately
30%. The steady states used in this study refer to the situation where the pH-
auxostat is left unchanged for a minimum of 7 generations. Microscopy was
used to estimate surface to volume ratios with relevant measurements made to
determine approximate cell surface area and volume. The cell volumes were
approximately equal despite the observed cell morphology changes, with the
�rst steady state, with a lower growth rate, comprising of spherical cells and
the second steady state, with a higher growth rate, comprising of elongated
cells. The overall control coe�cient of the membrane surface was then deter-
mined to be approximately 0.9. As such, this study quantitatively determined
the control that the cell membrane surface has on the maximal growth rate of
K. marxianus.

2.6.2 Advantages and limitations

Modular control analysis is a tool for analysing large, complex biochemical
pathways where the application of traditional MCA would prove di�cult.
There are several advantages to this method of analysis, including the modu-
lar decomposition that can be applied to biochemical systems. This approach
to control analysis allows for modules of type 1 to be de�ned such that the
components of these modules need not be considered during the analysis [1].
This can prove advantageous as it allows the analysis to be performed on sys-
tems where components of the system are di�cult to measure, provided they
can be considered components of a type 1 module. Another advantage is that
the components of module 2 are able to a�ect reactions in modules of type
1, as opposed to top-down control analysis where metabolites within a mod-
ule could not a�ect reactions within a di�erent module [1]. Modular control
analysis allows for a system to be decomposed such that modules may have
multiple independent bridging �uxes, which eases the constraints imposed by
top-down control analysis. This allows for more components of biochemical
systems to be considered part of `black-box' modules, such as is demonstrated
by Schuster and colleagues [1] where oxidative phosphorylation was considered
a type 1 module during their analysis, with the module having multiple bridg-
ing �uxes and more than one independent bridging �ux being identi�ed.
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Modular control analysis, while a powerful tool for analysing complex bio-
chemical systems, makes use of several constraints and assumptions which may
act as limitations during its application. There are two constraints imposed
during the modular decomposition that may act as limitations. The �rst con-
straint imposed is that no conservation relations may link metabolites in a type
1 module to the metabolites in a type 2 module [28]. The second constraint is
that metabolites in type 1 modules may not act as e�ectors of reactions in a
type 2 module [28]. While these conditions may limit the application of mod-
ular control analysis to biochemical systems, it may be possible to structure
the modular decomposition such that these conditions are adhered to, similar
to what may be required to perform the top-down control analysis as has been
discussed previously. Another limitation concerns an aspect of modular control
analysis inherent to most approaches to control analysis, the reliance on linear
approximations [28]. As with most other forms of control analysis, modular
control analysis results in the determination of control coe�cients, including
overall control coe�cients, which quantify the e�ect in�nitesimal changes in
reaction rates (or enzyme activities) at steady state will have on the system.
As a result, the control coe�cients may not accurately describe the e�ect that
large changes will have on the system. Another limitation to this modular
approach is that although type 1 modules are considered `black-boxes', where
information regarding components within the module is not used during the
analysis, some level of detail is required. This becomes evident during the
modular decomposition of a system where the decomposition must ful�l the
two aforementioned conditions [28]. In this way, at least limited information
regarding the components of type 1 modules must be known despite such in-
formation not being explicitly used to perform the analysis. Another aspect
of the components of type 1 modules that is generally required is the stoi-
chiometry of the reactions within the module [1]. The stoichiometry of the
reactions enables the determination of the independent bridging �uxes, which
are required for the analysis. While this is a limitation, Heinrich and Schuster
[33] describe an alternative if the stoichiometry of the reactions within a type
1 module are unknown. The required information may be determined by ob-
servation such as by determining the balance of in�ux and e�ux of atoms for
the type 1 module. This approach to control analysis is an extension of the
previously discussed top-down control analysis addressing several limitations,
however, this results in increased complexity that may make experimental ap-
plication of the method di�cult [24]. Consequently, this approach to control
analysis has not been extensively used.

The frameworks that have been discussed can be used to analyse suitable
experimental data or mathematical models. In this thesis, mathematical mod-
els of glycolysis in the malaria parasite as well as glucose metabolism in infected
erythrocytes will be analysed, with future research focused on the analysis of a
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whole-body model of glucose metabolism in malaria patients, as well as other
large models such as whole-body models of other disease states.

2.7 Whole-body modelling

Mathematical models used in systems biology provide quantitative descrip-
tions of their respective systems. The detail included in such models varies
depending on the goals of the analysis to be performed. Whole-body mod-
els are often coarse grained with limited molecular information. A number
of whole-body models have been constructed with many focused on glucose
metabolism. Kang and colleagues [2] discuss a number of mathematical mod-
els of whole-body glucose regulation. The dynamics of blood glucose are the
focus of these models, with the inclusion of insulin and glucagon components
incorporated into more detailed models. One of the simpler models discussed
is that of a minimal model consisting of limited glucose and insulin kinetics
and a remote insulin compartment. This model was then extended to include
an insulin distribution space. While these models reproduced observed plasma
glucose and insulin dynamics, the e�ects of glucagon were not included and
the limited kinetic information prevented the detailed dynamics of glucose and
insulin from being simulated. Consequently, more comprehensive models have
been constructed, an example of which is illustrated by Figure 2.3, a schematic
of a combined model of whole-body glucose regulation.

Figure 2.3: Schematic of a whole-body glucose regulation and insulin secretion
model [2].

The incorporation of detailed enzyme kinetics into whole-body models
could improve the simulation and predictive capabilites of the models. Subse-
quently, Snoep and colleagues [3] describe the construction of a model consist-
ing of detailed reaction kinetics for certain compartments, while other com-
partments are modelled in less detail, termed coarse-grained compartments.
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The construction of such a model on a whole-body level, such as of a disease
state, could be described as a multi-level model owing to multiple biological
levels being included in the model [3]. Whole-body models constructed in this
manner enable quanti�cation of the e�ect of molecular e�ects on the physiolog-
ical level. This is of great importance for disease states, with type 2 diabetes
and malaria examples of disease states for which whole-body modelling would
be bene�cial. Modelling of the insulin signalling cascade at the whole-body
level would be ideal for investigating diabetes, with glucose metabolism at
the whole-body level ideal for investigating malaria. For the purposes of this
review as well as this research project, malaria has been selected as an illustra-
tive example. Snoep and colleagues [3] discussed the construction of a model
for glucose metabolism in malaria patients owing to the metabolic changes oc-
curring in patients as a result of the disease warranting quantitative analysis
of the disease state at a whole-body level aiming to further understanding of
the disease.

2.7.1 Malaria

Malaria is a severe disease of global signi�cance with an estimated 228 million
cases globally in 2018 [8]. Malaria has a particularly severe impact on Africa
with 93% of the cases in 2018 occurring in Africa and the majority of remaining
cases occurring in the South-East Asia and Eastern Mediterranean regions with
3.4% and 2.1% of global cases, respectively [8]. Malaria was responsible for 405
000 deaths globally in 2018, with Africa accounting for 380 000 (94%) of the
fatalities. This represents a considerable decrease from the 533 000 fatalities
observed in Africa in 2010, however, the rate of decrease of malaria mortality
has reduced since 2016 [8]. Malaria is caused by an intracellular parasite from
the genus Plasmodium of which there are �ve species capable of infecting hu-
mans, namely P.malariae, P.vivax, P.ovale, P.knowlesi and P.falciparum [36].
The species responsible for the majority of infections is P.falciparum, which
accounts for 99.7% of the estimated malaria cases in Africa, 50% of the cases
in the South-East Asia region, 71% of Eastern Mediterranean cases and 65%
of Western Paci�c region cases in 2018 [8].

The life cycle of P. falciparum includes three stages, speci�cally the mosquito
stage and the human stage, which is separated into liver and blood stages [9].
The cycle within the human host begins following blood feeding of a human
host by a female Anopheles mosquito infected with P. falciparum sporozoites.
The sporozoites within the mosquito must be located in the salivary glands to
be transferred into the human host. Upon successful infection of the human,
the sporozoites travel to the hepatocytes where they invade the cells and begin
multiplication. An individual sporozoite that has successfully invaded a hep-
atocyte can produce from 10 000 to more than 30 000 merozoites in 5.5 − 8
days [9]. This rapid reproduction eventually results in the rupturing of the
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infected hepatocytes, termed hepatic schizonts, releasing the merozoites into
the bloodstream where they invade host erythrocytes. The asexual life cycle
for the Plasmodium species in the blood di�ers, with P. knowlesi taking just
24 hours, P. falciparum, vivax and ovale taking 48 hours and P. malariae 72
hours [9]. Following infection of the host erythrocytes, consumption of the
erythrocyte cell contents begins, as does the altering of the cell membrane to
facilitate transport of nutrients into the cell. The merozoites result in the for-
mation of a haem waste product which is transported out of the erythrocyte as
haemozoin, often referred to as malaria pigment [9]. The merozoites replicate
and then cause the rupturing of the infected erythrocytes, termed erythrocytic
schizonts, releasing between 6 and 30 merozoites that can proceed to repeat
the asexual blood stage life cycle, eventually resulting in the development of
the malaria disease state [9]. Merozoites may develop into gametocytes capa-
ble of infecting Anopheles mosquitoes that feed on the blood of an infected
individual. Within the mosquito, the gametocytes develop and migrate to the
salivary glands where they are able to enter another human host during blood
feeding.

The clinical symptoms of malaria include headache, fatigue, anaemia and
fever, among others. Characteristics of severe cases include jaundice, acidosis,
coma, renal failure, severe anaemia, convulsions, and shock. The likelihood of
the development of jaundice and renal failure in severe cases increases with the
age of the patient, while convulsions and severe anaemia occur more frequently
in children [9]. Acidosis is caused by an accumulation of lactic acid, among
other organic acids, and is an important indicator of poor prognosis in severe
malaria cases. Lactic acidosis is considered largely the result of anaerobic gly-
colysis in body tissues, where parasite sequestration has limited blood �ow by
the blocking of capillaries and venules. Lactate production by the Plasmodium
cells contributes to lactate acidosis, although this contribution is considered
minor [10], as does the impairment of clearance mechanisms of lactate by the
kidneys and liver [9]. Hypoglycaemia is a condition commonly associated with
the presentation of lactic acidosis as a result of malaria. This association is
due to the conversion of glucose to lactate occurring during glycolysis. Sub-
sequently, if the concentration of lactate in the blood is elevated this often
coincides with a reduced concentration of glucose in the blood.

Penkler and colleagues [11] constructed a detailed kinetic model of the
Embden-Meyerhof-Parnas glycolytic pathway for P. falciparum trophozoites.
The model was constructed from experimental determination of the kinetics
of the individual enzymes and transporters involved in the pathway, with the
resulting model determining accurate steady state intermediate concentrations
and �uxes for the glycolytic pathway. A detailed kinetic model describing the
glycolytic pathway in uninfected human erythrocytes has been constructed
and validated by Mulquiney et al [37; 38; 39]. These two independent kinetic
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models were then compiled into a single, multi-compartmental model such
that glucose metabolism in a P. falciparum-infected erythrocyte is described
[12]. Validation using experimental data con�rmed the ability of the combined
model to predict steady state �uxes and intermediate concentrations.

While this enables a quantitative determination of the control of each en-
zyme and transporter on the steady state �ux through an infected erythrocyte,
the hierarchical whole-body model proposed by Snoep and colleagues [3] would
provide quantitative determination of the extent to which molecular mecha-
nisms a�ect the whole-body level. This is possible as detailed enzyme kinetics
of P. falciparum-infected erythrocytes, as available from the du Toit model
[12], are included along with less detailed information regarding the contribu-
tion of organs to glucose metabolism. Figure 2.4 illustrates the hierarchical,
whole-body model of glucose metabolism [3]. Several organs and tissues are in-
corporated into the model, including the liver and muscle tissue, while detailed
kinetic information is included for (un)infected erythrocytes.

Figure 2.4: Schematic of hierarchical whole-body model of glucose metabolism [3].

This multi-level model incorporates both �ne-grained models of molecular
components and coarse-grained models of the organ and tissue level. In this
way, the molecular/enzyme level may be linked to the whole-body level such
that the contribution of di�erent compartments, such as infected erythrocytes
and organs, to glucose metabolism can be quantitatively determined.
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2.8 Summary

The purpose of this literature review was to introduce several theoretical frame-
works that could be applied to whole-body models such that an appropriate
framework could be selected, subsequently achieving the �rst objective. To
address the research question, the advantages and limitations of each of these
methods were considered. While MCA provides the ability to quantify the
contribution of di�erent aspects of a biochemical system to the control on sys-
tem components, application to large models would prove di�cult. As such,
extensions of MCA focusing on quantifying the contribution of groups of reac-
tions, rather than solely individual reactions, were reviewed. Top-down control
analysis, while enabling the desired determination of the control of groups of
reactions, proved limiting regarding the requirements of the modules. Notably,
the limitations regarding the number of independent bridging �uxes permitted
through a module, as well as the limited linking metabolites generally allowed,
may prove restrictive regarding the application of the framework. Adapta-
tions of this approach may be used to circumvent these limitations, however,
such adaptations increase the complexity of the application of top-down con-
trol analysis. Hierarchical control analysis proved incompatible owing to the
constraint that no net mass �ow is permitted between the di�erent `levels' of
the model being analysed. This constraint would limit the general application
of the framework to whole-body models as such models may exhibit net mass
�ow between the levels of the model. Modular control analysis provides a more
general method for the analysis of whole-body models when compared to both
top-down and hierarchical control analysis frameworks, owing to the modules
allowing multiple independent bridging �uxes as well as allowing speci�c in-
teractions between modules as opposed to the top-down approach which does
not allow for any interactions between modules other than those mediated by
the connecting metabolites. These additional allowances expand what may be
considered a type 1 module when analysing biochemical systems and as such
improves the applicability of the framework. For this reason, modular control
analysis has been selected as the theoretical framework to be used to address
the research question. Whole-body modelling and its application to malaria
were brie�y introduced. Modular control analysis will be applied to models
of glycolysis in the malaria parasite as well as glucose metabolism in P. fal-
ciparum-infected erythrocytes, with the analysis of the whole-body model of
glucose metabolism in malaria patients to be performed in a future study.
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Modelling software package

3.1 Modular Control Analysis Formalisation

3.1.1 Introduction

Metabolic control analysis is a technique for quantifying the control distribu-
tion within a biological system or pathway. MCA is typically used to determine
the extent of control that individual enzymes exert over the metabolic path-
way, using control coe�cients, which can be estimated through experimental
methods, such as through the application of speci�c inhibitors [6]. While this
approach to MCA is useful for identifying speci�c enzymes that exhibit signif-
icant control over, for example, the steady state �ux of a metabolic pathway,
there are limitations that can reduce the possible applications of this technique.
Identifying the control coe�cients of each enzyme involved in a complex bio-
chemical network/pathway experimentally could be both di�cult as well as
expensive. It may be desirable to determine the control of a group of reactions
within a pathway on a �ux or metabolite of interest, as opposed to the control
of each of the individual reactions.

An alternative to traditional MCA is that of modular control analysis.
Modular control analysis, an early version of which was proposed by West-
erho� et al in 1983 [40], aims to identify the overall �ux control coe�cients
of a metabolic pathway, tissue, or other functional unit, termed a module [6].
This can be particularly useful when performing control analysis on large bio-
chemical networks. Modular control analysis is performed by simplifying the
network to be studied into two types of modules, namely type 1, referred to as
module 1, and type 2, referred to as module 2. Type 1 modules are portions of
the network where only reactions linking the modules to their surroundings are
considered. The internal reactions and metabolites are not considered during
the analysis. Type 2 modules are portions of the network where each reaction
and metabolite is considered during the analysis [28]. These modules can be
structurally or functionally de�ned. In this way, the control module 1 exerts

32
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on the pathway �ux can be determined without requiring detailed information
of the internal reactions and metabolites. As such, modular control analysis
can be applied to models of complex biochemical pathways/networks, such as
glucose metabolism in malaria patients [3], where portions of the network to
be studied are considered as type 1 modules and overall control coe�cients can
be determined [28]. Subsequently, information regarding the internal reactions
of what has been de�ned as module 1 is not required for the analysis. As such,
modular control analysis enables the quanti�cation of the degree of control
that module 1 exerts on the �ux through the pathway. It can then be deter-
mined whether the control exerted by the module is large enough to warrant
further investigation. The overall control coe�cients provide a quantitative
description of the control of the type 1 module, which may be desirable, par-
ticularly when analysing complex pathways. In the example of malaria that
will be treated in a subsequent chapter, the overall control of the whole para-
site within infected erythrocytes will be determined rather than the control of
speci�c enzymes within the parasite. In this way, the control of the percentage
parasitaemia on the pathway �ux may be quanti�ed.

This chapter contributes to the formalisation of modular control analysis
such that analyses may be performed in a simpli�ed manner, the second objec-
tive of this thesis. The formalisation of modular control analysis is discussed
alongside application to a simple linear core model, i.e. an application of the
framework to core models, the third objective.

3.1.2 Modular Decomposition

Modular control analysis is applied to biochemical networks following decom-
position into modules of two types as described by Schuster et al [1]. Type 1
modules are considered "black box" modules where the internal reactions,V1,
are not considered during the analysis, only the reactions bridging type 1 mod-
ules with modules of type 2 are considered. These reactions are termed bridg-
ing reactions, VB. Type 2 modules consist of reactions and metabolites that
will be explicitly observed [1], with V2 representing the internal reactions in
module 2 as well as the reactions connecting module 2 with the surroundings.
The decomposition of a biochemical pathway into these 2 types of modules is
illustrated in a generalised manner in Figure 3.1.
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Figure 3.1: Schematic representation of the modular decomposition of a metabolic
network. The arrows represent the bridging reactions (b) and reactions in module 2
(2) respectively. Metabolites in module 2 are denoted by symbols a, b, x, y, and z.

The vectors used during the analysis are V representing the reaction rates,
J, the vector of steady state �uxes and S representing the concentration of
all metabolites, excluding sink and source metabolites which are considered
constant and included in the parameter vector, p, as described by Schuster et
al [1].

A simple linear pathway, which has been decomposed into one module of
type 1 and one of type 2, as shown in Figure 3.2, will be used to demonstrate
aspects of the formalisation of modular control analysis. When applicable,
equations applied to this linear pathway will be displayed to three signi�cant
digits, however, calculations are performed with the unrounded numbers. In
this pathway, S and P are the �xed source and sink metabolites, respectively.
A detailed description of the model components; ODEs, rate equations, pa-
rameters, and initial values, are located in appendix A.1.

Figure 3.2: Schematic of the modular decomposition of a simple linear pathway
with module 1 shown. S and P are �xed source and sink metabolites, respectively.

The stoichiometry matrix, N, relates the change in metabolite concentra-
tions to the reaction rates:

dS

dt
= N ·V (3.1)

A submatrix of N can be chosen, N, such that it consists of the maximum
number of linearly independent rows. This is achieved as follows:

N = L ·N (3.2)

with L the link matrix. The link matrix describes the relationship between
the stoichiometry matrix and the reduced stoichiometry matrix, enabling the
analysis to be performed on as few rows (metabolites) as possible. The link
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matrix can be determined using the method described by Hofmeyr [19]. Sub-
sequently, S can be written in terms of the independent metabolites using the
link matrix, S = L · S. The modules are de�ned such that there are no con-
servation relations linking module 1 to module 2 then the link matrix can be
represented as:

L =

[
L1 0
0 L2

]
(3.3)

where L is the link matrix and L1 and L2 represent the link matrices of module
1 and module 2 respectively. In this way, link matrices of module 1 and
of module 2 can be determined separately. The link matrices for the linear
pathway shown in Figure 3.2 are

L1 =

(x2 x3
x2 1 0
x3 0 1

)
(3.3a) L2 =

(x1 x4
x1 1 0
x4 0 1

)
(3.3b)

where the link matrices are identity matrices due to the lack of dependent
metabolites in the pathway. The row and column headers of L1 are the com-
ponents of S1 with the row and column headers of L2 the components of S2.
Equations with alphabetical sub-numbering, as demonstrated by the link ma-
trices 3.3a and 3.3b, indicate application to the linear pathway depicted in
Figure 3.2.

The stoichiometry matrix, concentration and rate vectors are partitioned
relative to the modular decomposition of the network [1],

N =

[
N1,1 N1,B 0
0 N2,B N2,2

]
(3.4)

S =

[
S1

S2

]
(3.5)

V =

V1

VB

V2

 (3.6)

where the superscript indicates to which module (or portion of the pathway)
the subvector pertains. In this way, S1 denotes the metabolites within module
1 and V1 the reactions within module 1. The subscript of the stoichiometry
submatrices indicates the metabolites and reactions, respectively. In this way,
N2,B is the stoichiometry submatrix of module 2 metabolites and the bridging
reactions.

For the purpose of demonstration, the stoichiometry in module 1 is included
but this is not strictly a requirement for the analysis, the stoichiometry of
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module 1 will, however, be used to determine the Q matrix, discussed in section
3.1.3. The stoichiometry matrix for the linear pathway is then partitioned as

N =


v2 v1 v3 vs v4

x2 −1 1 0 0 0
x3 1 0 −1 0 0

x1 0 −1 0 1 0
x4 0 0 1 0 −1


where S1 = (x2, x3) and S2 = (x1, x4) as shown in the stoichiometry matrix
with S1 and S2 separated by a horizontal line. Similarly, the reactions of this
linear pathway are partitioned as V1 = (v2), VB = (v1, v3), and V2 = (vs, v4)
as can be seen in the partitioning of the stoichiometry matrix. Reaction sub-
vectors can be distinguished from individual reactions as the subvectors are
denoted by a superscript, such as V1, while individual reactions are denoted
by a subscript, such as the �rst reaction in the pathway shown in Figure 3.2
denoted as vs, as shown in the stoichiometry matrix for this pathway. A vector
of �uxes is partitioned similarly to the reactions, with J used in place of V
such that J2 denotes the module 2 �uxes at steady state.

In general, the partitioning of the stoichiometry matrix results in N1,2 N2,1

to 0, as shown in equation 3.4, due to the nature of the modular decomposition.
This is the result of metabolites in module one not being metabolised by
reactions in module two and vice versa.

3.1.3 Choosing the independent bridging �ux

When module 1 is at steady state the input and output �uxes must balance,
suggesting the bridging �uxes are linearly dependent. Linearly independent
bridging �uxes, JR, can then be determined [1]:

JB = Q · JR (3.7)

If knowledge regarding the stoichiometry within module 1 is known, the Q
matrix can be determined by performing a null-space analysis of module 1,
with (N1,1 N1,B) the components of module 1, collectively termed N1. This
is possible as the in�ux and e�ux through module 1 at steady state must be
of equivalent magnitudes and subsequently the vector of bridging �uxes can
be described by a subset of bridging �uxes termed the independent bridging
�uxes. This can be done in a manner similar to that which is performed during
standard MCA where the K matrix is determined, enabling the quanti�cation
of the relationship between independent and dependent �uxes. In the case of
the linear pathway shown in Figure 3.2, the linearly independent bridging �ux,
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JR, could be selected as either v1 or v3 with equation 3.7 reading

JB︷︸︸︷[
v1
v3

]
=

Q︷︸︸︷(
1
1

)
·

JR︷︸︸︷[
v1
]

(3.7a)

with v1 selected as the independent bridging �ux and this Q matrix the result
of the pathway being linear. An asterisk is included in the notation of �uxes
to indicate the situation when module 1 is in steady state with module 2
metabolite concentrations �xed, module 1 metabolite concentrations are not
�xed. In this way, ∗JR is used to denote the vector of reduced bridging �uxes
attained when module 1 is at steady state with only module 2 metabolite
concentrations, S2 �xed. Schuster and colleagues [1] note that the inclusion of
the asterisk is necessary only when derivatives are being considered. Both the
�uxes in module 2 as well as the reduced bridging �uxes of module 1 can be
expressed in terms of p, S1, and S2 [33]. The assumption that module 1 can
attain a steady state on its own implies module 1 metabolites are a function
of the module 2 metabolites. Subsequently, ∗JR and ∗J2 can be expressed as
functions of parameters and metabolites in module 2:

∗JR = VR(S1(S2),S2, p) (3.8)
∗J2 = V2(S1(S2),S2, p) (3.9)

While the parameter vector p should also be transformed such that the param-
eters from module 1 are replaced by overall parameters that are observable,
this is not necessary for this analysis [1].

The matrix of non-normalised elasticities, ϵ, can be partitioned as such [1]:

ϵ =
∂V

∂S
=

 ϵ1,1 ϵ1,2
∗ϵB,1

∗ϵB,2

ϵ2,1
∗ϵ2,2

 (3.10)

with the asterisk superscript indicating when module 1 is allowed to attain
steady state with only the concentrations of metabolites in module 2 clamped.
Module 1 metabolites are permitted to reach a new steady state, as opposed to
the determination of standard elasticities where all metabolite concentrations
are �xed except for the concentration of the metabolite for which the elasticity
is being determined. The submatrix ∗ϵB,2 consists of overall (block) elasticities
for module 1. The elasticity submatrix ϵ2,1 consists of allosteric in�uences due
to N1,2 = 0. It is, however, assumed that the network is decomposed such that
the concentrations of metabolites in module 1 do not in�uence the reactions
in module 2. It then follows that ϵ2,1 = 0. This method of analysis does not
require explicit knowledge of the components of module 1. As such, it is as-
sumed that this knowledge is not available during the analysis. In this way, the
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elasticity submatrices ϵ1,1, ϵ1,2, and ϵB,1 are not required. The stoichiometry
submatrices N1,1 and N1,B may also not be known, however, in this analysis
it is assumed this knowledge is available [1].

The ∗ϵB,2 submatrix can be determined as such

∗ϵB,2 =
∂∗JB

∂S2
(3.11)

The matrix ∗ϵB,2 for the linear pathway depicted in Figure 3.2 is partitioned
as

∗ϵB,2 =

( x1 x4
v1

∗ϵv1x1

∗ϵv1x4

v3
∗ϵv3x1

∗ϵv3x4

)
(3.11a)

with the overall elasticities determined by clamping metabolites x1 and x4 and
individually perturbing them, while measuring the change in reactions v1 and
v3.

Di�erentiation of equation 3.9 in terms of S2 yields, as a result of ϵ2,1 = 0,

∗ϵ2,2 =
∂∗J2

∂S2
= ϵ2,1

∂S1

∂S2
+ ϵ2,2 = ϵ2,2 (3.12)

with ∗ϵ2,2 describing the local e�ect of changes in module 2 metabolite con-
centrations on module 2 reaction rates. The elasticity submatrix, ϵ2,2, for the
linear pathway shown in Figure 3.2 can then be partitioned as such

ϵ2,2 =

( x1 x4
vs ϵvsx1

ϵvsx4

v4 ϵv4x1
ϵv4x4

)
(3.12a)

The matrix of overall elasticities, ∗ϵR,2, which pertains to ∗JR, can be linked
to ∗ϵB,2 using equation 3.7 as described by Schuster et al [1]:

∗ϵB,2 = Q · ∗ϵR,2 (3.13)

which can be applied to the linear pathway shown in Figure 3.2 such that the
equation reads

∗ϵB,2︷ ︸︸ ︷( x1 x4
v1 1.64 −0.0909
v3 1.64 −0.0909

)
=

Q matrix︷︸︸︷(
1
1

)
·

∗ϵR,2︷ ︸︸ ︷( x1 x4
v1 1.64 −0.0909

)
(3.13a)

The values populating the ∗ϵB,2 and ∗ϵR,2 submatrices for the linear path-
way were determined by �xing the concentrations of all module 2 metabolites,
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leaving the module 1 metabolites un�xed. The concentrations of the module
2 metabolites were then individually perturbed, while measuring the resulting
change in the bridging �uxes.

Further analysis is performed with the assumption that detailed knowledge
of the components of module 2 is available such that N2,2, N2,B, S

2 and V2

are known, as well as the elasticity submatrices ϵ2,2,
∗ϵB,2 and ∗ϵR,2 [1].

3.1.4 Overall control expressed in terms of overall

elasticity properties

The control of a system can be calculated in terms of the overall elasticity
properties of the system's modules [1]. This can be achieved through the use
of N2 = (N2,B N2,2), with N2 the stoichiometry matrix of module 2, and
equations 3.2 and 3.3, from which it follows that

N2 = L2 ·N2 (3.14)

The stoichiometry of module 2 can then be described in terms of the module
2 link matrix and the reduced stoichiometry submatrices:

(N2,B N2,2) = L2 · (N2,B N2,2) (3.15)

Using equations 3.1 and 3.15 the steady state condition of module 2 can
then be described by

dS2

dt
= (N2,B N2,2) ·

(∗JB

∗J2

)
(3.16)

Equation 3.7 allows this steady state condition to be expressed by [33]

dS2

dt
=

module 1 interacting with module 2︷ ︸︸ ︷
N2,B ·Q · ∗JR +

interactions within module 2︷ ︸︸ ︷
N2,2 · ∗J2 = 0 (3.17)

This can be demonstrated through application of the steady state condition
to the linear pathway as follows,

N2,B︷ ︸︸ ︷[
−1 0
0 1

]
·

Q︷︸︸︷[
1
1

]
·

∗JR︷ ︸︸ ︷[
1.21

]
+

N2,2︷ ︸︸ ︷[
1 0
0 −1

]
·

∗J2︷ ︸︸ ︷[
1.21
1.21

]
=

[
0
0

]
(3.17a)

The reaction rates at steady state were determined using the FindRoot func-
tion available in Wolfram Mathematica®, with these values used to populate
∗JR and ∗J2 in equation 3.17a.
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Equation 3.17 can be di�erentiated with respect to any parameter vector
p to yield

N2,B ·Q ·
[
∂∗JR

∂p
+ ∗ϵR,2 ·

∂S2

∂p

]
+N2,2 ·

[
∂∗J2

∂p
+ ϵ2,2 ·

∂S2

∂p

]
= 0 (3.18)

Due to equation 3.3, resulting from the assumption that no conservation rela-
tions link module 1 to module 2, as well as equation 3.5, which speci�es the
partitioning of the metabolites, the change in a metabolite due to a change in
a parameter can be described as

∂Sx

∂p
= Lx · ∂S

x

∂p
(3.19)

with x either 1 or 2. Equations 3.18 and 3.19 can then be combined [33]:

N2,B ·Q · ∂
∗JR

∂p
+N2,2 ·

∂∗J2

∂p
+M∗ · ∂S

2

∂p
= 0 (3.20)

with

M∗ =

(
N2,B ·Q ·∗ ϵR,2 +N2,2 · ϵ2,2

)
· L2 (3.21)

where M∗ is the Jacobian matrix of module 2 accounting for the e�ects of
module 1 on the regulation of module 2 metabolites [1]. Equation 3.20 is valid
for both parameters a�ecting only the bridging reactions and only the reactions
present in module 2, however, not for parameters a�ecting only module 1. This
allows the concentration control coe�cients to be calculated. Traditional MCA
de�nes concentration control coe�cients as [19]

Γj
k =

(
∂Sj

∂pk

)
·
(
∂Vk

∂pk

)−1

(3.22)

with Γ the unnormalised concentration control coe�cient, Sj metabolite j, Vk
reaction k, and pk parameter k which only a�ects reaction k. Hofmeyr [19]
describes the importance of the jacobian matrix as well as its use in determining
the matrix of concentration control coe�cients as such

Γ = −L · (M)−1 ·N (3.23)

with Γ the matrix of unnormalised concentration control coe�cients, M the
jacobian matrix, and N the row-reduced stoichiometry matrix. The unnor-
malised concentration control coe�cient matrices for module 1 and module 2
can be de�ned similarly to equation 3.22:

∗Γ2,R =

(
∂S2

∂pR

)
·
(
∂∗JR

∂pR

)−1

(3.24)
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Γ2,2 =

(
∂S2

∂p2

)
·
(
∂V2

∂p2

)−1

(3.25)

with ∗Γ2,R and Γ2,2 the unnormalised concentration control coe�cient matrices
of module 1 and module 2, respectively. p2 is a vector of parameters with
the matrix ∂V2 / ∂p2 being a non-singular square matrix, S2 the module 2
metabolites, V 2 the module 2 reactions, and ∗JR the reduced bridging �uxes.
The concentration control coe�cient matrices can then be determined in a
manner similar to that shown in equation 3.23 and as stated by Schuster and
colleagues [1]:

∗Γ2,R = −L2 · (M∗)−1 ·N2,B ·Q (3.26)

Γ2,2 = −L2 · (M∗)−1 ·N2,2 (3.27)

The matrices of symbolic concentration control ceo�cients for the linear path-
way would then be

∗Γ2,R =

(Module 1
x1 Cx1

Module 1

x4 Cx4
Module 1

)
(3.26a)

Γ2,2 =

( vs v4
x1 Cx1

vs Cx1
v4

x4 Cx4
vs Cx4

v4

)
(3.27a)

The concentration control coe�cients can then be normalised
∗CS

2,R = (dgS2)−1 · ∗Γ2,R · (dgJR) (3.28)

CS
2,2 = (dgS2)−1 · Γ2,2 · (dgJ2) (3.29)

with dg denoting the construction of a diagonal matrix. The ∗CS
2,R matrix for

the linear pathway is then determined by

∗CS
2,R =

dg (S2)−1︷ ︸︸ ︷[
1.27 0
0 1.17

]
·

∗Γ2,R︷ ︸︸ ︷(Module 1

x1 −0.373
x4 0.186

)
·

dg JR︷ ︸︸ ︷[
1.21

]
=

(Module 1

x1 −0.573
x4 0.264

)
(3.28a)

with ∗Γ2,R determined using equation 3.26. ∗CS
2,2 for the linear pathway is

then determined in a similar manner using Γ2,2 and a diagonal matrix of the
�uxes in module 2. The �ux control coe�cients in traditional MCA can be
de�ned as [19]

Φi
k =

(
∂Ji

∂pk

)
·
(
∂Vk

∂pk

)−1

(3.30)

with Φi
k the unnormalised �ux control coe�cient of reaction k on �ux i.

Hofmeyr [19] describes how the matrix of �ux control coe�cients can be de-
scribed in terms of elasticity and concentration control coe�cients:

Φ = I+ ϵs · Γ (3.31)
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with Φ the matrix of unnormalised �ux control coe�cients, I an identity ma-
trix of appropriate dimensions, ϵs the unnormalised elasticity coe�cient ma-
trix, and Γ the unnormalised concentration control coe�cient matrix.

The �ux control coe�cients for module 2 can be de�ned as

ΦR,2 =

(
∂JR

∂p2

)
·
(
∂V2

∂p2

)−1

(3.32)

Φ2,2 =

(
∂J2

∂p2

)
·
(
∂V2

∂p2

)−1

(3.33)

with ΦR,2 and Φ2,2 the unnormalised �ux control coe�cients for module 2
reactions on the independent bridging �uxes and module 2 �uxes, respectively.
Application to the linear pathway expresses these matrices as

ΦR,2 =
( vs v4

v1 Cv1
vs Cv1

v4

)
(3.32a)

Φ2,2 =

( vs v4
vs Cvs

vs Cvs
v4

v4 Cv4
vs Cv4

v4

)
(3.33a)

Similarly, the overall �ux control coe�cients for module 1 are de�ned as

∗ΦR,R =

(
∂JR

∂pR

)
·
(
∂∗JR

∂pR

)−1

(3.34)

∗Φ2,R =

(
∂J2

∂pR

)
·
(
∂∗JR

∂pR

)−1

(3.35)

with ∗ΦR,R and ∗Φ2,R the unnormalised overall �ux control coe�cients for mod-
ule 1 on the independent bridging �uxes and on module 2 �uxes, respectively.
The overall �ux control coe�cient matrices for the linear pathway can then be
expressed as

∗ΦR,R =
(Module 1

v1 Cv1
Module 1

)
(3.34a)

∗Φ2,R =

(Module 1
vs Cvs

Module 1

v4 Cv4
Module 1

)
(3.35a)

The �ux control coe�cients for module 1 and 2 can be obtained through
the di�erentiation of Jx(p) = ∗Jx(p,S2), with x = R or 2, with respect to p,
as described by Schuster et al [1]

∂Jx

∂p
=
∂∗Jx

∂p
+
∂∗Jx

∂S2
· ∂S

2

∂p
(3.36)
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Equation 3.36 allows the determination of the �ux control coe�cient ma-
trices in a manner similar to that shown in equation 3.31 and as stated by
Schuster and colleagues [1]:

∗ΦR,R =I+ ∗ϵR,2 · ∗Γ2,R (3.37)

Φ2,2 =I+ ϵ2,2 · Γ2,2 (3.38)

ΦR,2 =
∗ϵR,2 · Γ2,2 (3.39)

∗Φ2,R =ϵ2,2 · ∗Γ2,R (3.40)

with I denoting an identity matrix of appropriate dimensions. Equations 3.37
and 3.38 are analogous to equation 3.31 with application to modules 1 and 2
respectively. Equations 3.39 and 3.40, however, lack the addition of an identity
matrix due to these matrices expressing the �ux control of each module on the
other, speci�cally the control of module 2 reactions on module 1 independent
bridging �uxes and the overall control of module 1 on module 2 �uxes. The
�ux control coe�cients are normalised through the application of a general
formula as stated by Schuster et al [1]

∗CJ
x,y = (dgJx)−1 ∗Φx,y (dgJ

y) (3.41)

with x, y denoting R and/or 2. In this way, the control module 1 exerts on
the components of module 2 as well as on the independent bridging �uxes
is quanti�ed. The overall control coe�cient matrices will have a number of
columns equivalent to the number of independent bridging �uxes, representing
the degrees of freedom in the �ux of module 1 [33]. In the case of the linear
pathway, this is a single column as has been shown, however, if more than one
linearly independent bridging �uxes are present then the control of the whole
module 1 is equivalent to the summation of the columns [1; 33]. In this way,
if ∗CS

2,R is a 2 row X 2 column matrix, the controls shown in the matrix can
be summed such that the matrix representing the control of module 1 on the
metabolites in module 2 would have 2 rows and 1 column.

Application of equations 3.37 and 3.41 to the linear pathway results in the
normalised overall �ux control coe�cients for the reduced bridging �uxes to
be determined,

∗CJ
R,R =

[
1.21

]−1 ·
([

1
]
+

∗ϵR,2︷ ︸︸ ︷(
1.64 −0.0909

)
·

∗Γ2,R︷ ︸︸ ︷(
−0.373
0.186

))
·
[
1.21

]

=

∗CJ
R,R︷ ︸︸ ︷(Module 1

v1 0.373
)

(3.41a)
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with ∗CJ
R,R the normalised overall �ux control coe�cient matrix for module 1

on the reduced bridging �uxes. The �ux control coe�cients of the dependent
bridging �uxes can be calculated through the multiplication of the normalised
Q matrix. The Q matrix can be normalised by

Qnorm = (dgJB)−1 ·Q · (dgJR) (3.42)

with Qnorm the normalised Q matrix. The matrix of overall �ux control coef-
�cients for module 1 on the bridging �uxes can then be determined by

∗CJ
B,R = Qnorm · ∗CJ

R,R (3.43)

with ∗CJ
B,R the matrix of overall �ux control coe�cients of module 1 on all

bridging �uxes. Similarly the control of module 2 reactions on all bridging
�uxes can be determined

CJ
B,2 = Qnorm · CJ

R,2 (3.44)

with CJ
B,2 the matrix of �ux control coe�cients of module 2 reactions on the

bridging �uxes. Equation 3.43 can be applied to the linear pathway as follows

∗CJ
B,R =

(
1
1

)
·

∗CJ
R,R︷ ︸︸ ︷(Module 1

v1 0.373
)
=

(Module 1
v1 0.373
v3 0.373

)
(3.43a)

The application of modular control analysis has been described, however,
the presence of conserved moiety cycles, and subsequently linearly dependent
metabolites, can complicate the determination of the overall elasticities. Schus-
ter and colleagues [1] describe how such overall elasticities can be determined.
Overall elasticities are determined by �xing module 2 metabolites, with module
1 metabolites un�xed, and individually perturbing them while observing the
changes in the bridging �uxes. The �xation of dependent metabolites could
result in numerical errors when solving for the steady state �uxes and con-
centrations. Consequently, it was decided that analyses will be performed on
reduced models. Models are reduced by removing the dependent metabolites
from the stoichiometry matrix of the pathway. The dependent metabolites
are accounted for by the inclusion of parameters, describing the sum of the
concentrations of the metabolites in each conserved moiety cycle, and moiety
rules, describing the concentration of the dependent metabolites as a function
of the independent metabolites and the parameter of the sum of the concen-
trations of the metabolites in the moiety conserved cycle.

Following determination of the concentration control coe�cients of the re-
duced model, excluding dependent metabolites, a link matrix for module 2 of
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the unreduced model can be used to determine the concentration control co-
e�cients for all module 2 metabolites, inclusive of the dependent metabolites.
This link matrix can then be normalised by

L2
norm = (dgS2)−1 · L2 · (dgS2

indep) (3.45)

with L2
norm the normalised link matrix of module 2, (dgS2)−1 the diagonal ma-

trix of the inverse of module 2 metabolite concentrations at steady state, L2

the unnormalised module 2 link matrix, and (dgS2
indep) the diagonal matrix

of the steady state concentrations of the independent module 2 metabolites.
Multiplication of the normalised module 2 link matrix with the normalised
concentration control coe�cient matrices, CS

2,2 or
∗CS

2,R, results in the concen-
tration control coe�cients of module 2 reactions on all module 2 metabolites,
or of module 1 on all module 2 metabolites, respectively.

3.1.5 Control Theorems

Following the determination of elasticity and control coe�cients, the summa-
tion and connectivity theorems for the metabolite concentrations and reaction
�uxes can be determined. The unnormalised concentration control coe�cients
shown in equations 3.26 and 3.27, in conjunction with the steady-state condi-
tion described in equation 3.17, imply the summation theorem for the concen-
tration control coe�cients [1] can be described as

(∗Γ2,R Γ2,2) ·
[
JR

J2

]
= 0 (3.46)

This theorem applies to the normalised concentration control coe�cients as

(∗CS
2,R +CS

2,2) · 1 = ∗CS
2,R · 1 +CS

2,2 · 1 = 0 (3.47)

where 1 denotes a unit vector, (111...1)T , of appropriate length [1]. Equation
3.47 is analogous to the normalised concentration control coe�cient summation
theorem of traditional MCA [33],

CS · 1 = 0 (3.48)

with CS the matrix of normalised concentration control coe�cients. Equation
3.47 can be demonstrated by applying it to the linear pathway,

∗CS
2,R︷ ︸︸ ︷(Module 1

x1 −0.573
x4 0.264

)
·
(
1
)
+

CS
2,2︷ ︸︸ ︷( vs v4

x1 0.599 −0.0261
x4 0.432 −0.696

)
·
(
1
1

)
=

(
0
0

)
(3.47a)
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Heinrich and Schuster [33] describe how the concentration connectivity the-
orem can be determined during traditional MCA. The concentration connectiv-
ity theorem can be applied to unnormalised concentration control coe�cients
as

Γ · ϵ · L = −L (3.49)

with Γ the matrix of unnormalised concentration control coe�cients, ϵ the
matrix of unnormalised elasticity coe�cients, and L the unnormalised link
matrix. The concentration connectivity theorem can also be applied to the
normalised coe�cients [33]:

CS · ε · (dgS)−1 · L = −(dgS)−1 · L (3.50)

with CS the matrix of normalised concentration control coe�cients, ε the ma-
trix of normalised elasticity coe�cients, and (dgS)−1 a matrix with the inverse
of the steady state concentrations of the metabolites on the diagonal. The
concentration connectivity relationship for the coe�cients determined during
the modular analysis can be expressed in manners similar to those shown in
equations 3.49 and 3.50, with the unnormalised form

∗Γ2,R · ∗ϵR,2 · L2 + Γ2,2 · ϵ2,2 · L2 = −L2 (3.51)

and the concentration connectivity relationship of the normalised coe�cients
as

(∗CS
2,R · ∗εR,2 +CS

2,2 · ε2,2) · (dgS2)−1 · L2 = −(dgS2)−1 · L2 (3.52)

where ε denotes the normalised elasticities [1]. The elasticities can be nor-
malised as follows,

∗εR,2 = (dgJR)−1 · ∗ϵR,2 · (dgS2) (3.53)

ε2,2 = (dgJ2)−1 · ϵ2,2 · (dgS2) (3.54)

The summation theorem and connectivity relationships for metabolite con-
centrations have been determined, however, a summation theorem and con-
nectivity relationships exist for the �uxes in a pathway as well. The �ux
summation theorem for unnormalised control coe�cients determined during
MCA can be expressed as [33]

Φ · J = J (3.55)

with Φ the matrix of unnormalised �ux control coe�cients and J a vector of
steady state �uxes. Reder [41] describes the �ux summation of normalised
coe�cients as

CJ · 1 = 1 (3.56)

with CJ the matrix of normalised �ux control coe�cients and 1 a unit vector of
appropriate length. The summation of �ux control coe�cients can be applied
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to the control coe�cients determined in the modular analysis in a similar
manner, with the �ux summation of unnormalised coe�cients described as(∗ΦR,R ΦR,2

∗Φ2,R Φ2,2

)
·
(
JR

J2

)
=

(
JR

J2

)
(3.57)

with the unnormalised �ux control coe�cients and �uxes collected in a manner
analogous to equation 3.55. The normalised form can then be determined in
a manner similar to equation 3.56,

∗CJ
R,R · 1+CJ

R,2 · 1 = 1 (3.58)

∗CJ
2,R · 1+CJ

2,2 · 1 = 1 (3.59)

with equation 3.58 the �ux summation of normalised �ux control coe�cients
pertaining to module 1, via the reduced bridging �uxes, and equation 3.59 the
�ux summation of normalised �ux control coe�cients pertaining to module 2
�uxes. Application of equations 3.58 and 3.59 to the linear pathway results in
the following

∗CJ
R,R︷ ︸︸ ︷(Module 1

v1 0.373
)
·
(
1
)
+

CJ
R,2︷ ︸︸ ︷( vs v4

v1 0.610 0.0169
)
·
(
1
1

)
=

(
1
)

(3.58a)

∗CJ
2,R︷ ︸︸ ︷(Module 1

vs 0.373
v4 0.373

)
·
(
1
)
+

CJ
2,2︷ ︸︸ ︷( vs v4

vs 0.610 0.0169
v4 0.610 0.0169

)
·
(
1
1

)
=

(
1
1

)
(3.59a)

The �ux connectivity relationships for traditional MCA are described by
Heinrich and Schuster [33] as

Φ · ϵ · L = 0 (3.60)

for the unnormalised control coe�cients, with Φ the unnormalsied �ux control
coe�cients, ϵ the matrix of unnormalised elasticity coe�cients, and 0 a vector
of 0 of appropriate dimensions. The normalised �ux connectivity relationship
is determined by [33]

CJ · ε · (dgS)−1 · L = 0 (3.61)

with CJ the matrix of normalised �ux control coe�cients, ε the matrix of
normalised elasticities and (dgS)−1 a diagonal matrix of the inverse of the
steady state metabolite concentrations. The unnormalised �ux connectivity
relationships for the modular control coe�cients can be expressed in a manner
analogous to equation 3.60 [1]

∗Φx,R · ∗ϵR,2 · L2 +Φx,2 · ϵ2,2 · L2 = 0 (3.62)
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where x represents R or 2 [1]. Equation 3.62 illustrates the similarity be-
tween the traditional �ux connectivity relationships and those of the modular
�ux connectivity relationships. The �ux connectivity relationships of the nor-
malised coe�cients can then be read as [1]

(∗CJ
R,R · ∗εR,2 +CJ

R,2 · ε2,2) · (dgS2)−1 · L2 = 0 (3.63)

(∗CJ
2,R · ∗εR,2 +CJ

2,2 · ε2,2) · (dgS2)−1 · L2 = 0 (3.64)

with equations 3.63 and 3.64 analogous to equation 3.61 for module 1 and
module 2, respectively.

The modular summation and connectivity theorems can be applied to both
the normalised and unnormalised control coe�cient and elasticity matrices, al-
lowing the validity of the control coe�cients determined during the analysis
to be ascertained. While these theorems provide support for the validity of
the control coe�cients, the accuracy of the controls can be con�rmed through
comparison to appropriate traditional control coe�cients. Such an example is
that of the con�rmation of the ∗CS

2,R matrix determined for the simple linear
pathway. This can be achieved through the summation of the control coe�-
cients of the reactions within module 1 with those of the bridging reactions as
follows,

∗CS
2,R︷ ︸︸ ︷(Module 1

x1 −0.573
x4 0.264

)
=

Traditional CS2

Vmodule1︷ ︸︸ ︷( v1 + v2 + v3
x1 −0.313 + −0.208 + −0.0521
x4 0.144 + 0.0960 + 0.0240

)
The control module 1 exerts on the components of module 2, as well as on the
independent bridging �uxes, is quanti�ed and is equivalent to the summation
of the control coe�cients of the reactions within module 1 as well as the bridg-
ing reactions linking the two modules. Modular control analysis is a powerful
tool with which the control of large complex biochemical networks can be de-
scribed in terms of modules within the network. This technique can be applied
to complex biochemical networks of a hierarchical design with portions of the
pathway lacking explicit detail of each reaction. This quanti�es the control
that the portion of the network lacking explicit detail exerts on the property
of interest. On this basis one can decide whether further investigation of this
module is warranted.

The application of modular control analysis to a simple linear model has
been demonstrated, however, application to a system including branches would
be bene�cial as this is a common aspect of biochemical systems. As such, the
following section demonstrates the application of the framework to a simple
branched model.
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3.2 Modular analysis of a branched pathway

The previous section discussed the formalisation of modular control analysis
as well as its application to a simple linear system. The analysis was per-
formed manually in Wolfram Mathematica®, however, without the use of a
package automating the analysis. While the analysis of the linear system was
bene�cial as a �rst step towards understanding, applying, and automating, the
application of the modular control analysis framework, the next logical step
was to apply the framework to a branched system. Therefore, this section will
describe the `manual' analysis of a simple branched system. In this way, this
section contributes to the completion of the third objective, speci�cally the
application of the framework to core models. The analysis was performed on
a simple branched pathway consisting of eight reversible reactions as shown
in Figure 3.3. The �xed metabolites in the pathway are s, p1 and p2, the
initial substrate and the �nal products, respectively. Detail regarding the
model components, including ODEs, rate equations, parameters, and initial
values are located in appendix A.2. Three signi�cant digits will be displayed
in relevant equations.

Figure 3.3: A schematic of the simple 8 reaction branched pathway as generated
by JWS Online (jjj.bio.vu.nl)

The model was arbitrarily decomposed as shown in Figure 3.4, with the
reaction and concentration vectors partitioned as follows:

V1 =

[
V3

V4

]
VB =

V2

V5

V6

 V2 =

V1

V7

V8

 (3.65)

S1 =

X2

X3

X4

 S2 =

X1

X5

X6

 (3.66)

The vectors of �uxes were partitioned similarly to the reaction rates, with JB

the bridging �uxes (VB) at steady state, JR the linearly independent bridging
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�uxes (VR) at steady state, and J2 the steady state �uxes of the reactions in
module 2 (V2).

Figure 3.4: A schematic of the modular decomposition of the pathway with module
1 shown.

The stoichiometry matrix was then constructed as such,

N =

[
N1,1 N1,B 0
0 N2,B N2,2

]

=



V3 V4 V2 V5 V6 V1 V7 V8

X2 −1 −1 1 0 0 0 0 0

X3 1 0 0 −1 0 0 0 0

X4 0 1 0 0 −1 0 0 0

X1 0 0 −1 0 0 1 0 0

X5 0 0 0 1 0 0 −1 0

X6 0 0 0 0 1 0 0 −1



(3.67)

The linearly independent bridging �uxes, JR, were determined such that
JB = Q · JR as follows,

JB︷ ︸︸ ︷V2V5
V6

 =

Q︷ ︸︸ ︷1 0
0 1
1 −1

 ·

JR︷ ︸︸ ︷(
V2
V5

)
(3.68)

The Q matrix spans 2 columns corresponding to the two independent �uxes
of module 1, the �uxes of reactions V2 and V5 at steady state. While these
�uxes were selected as independent, any pair of the bridging �uxes could have
been selected as the independent bridging �uxes due to the linear interde-
pendence enabling the determination of the third bridging �ux. The steady
state concentrations for the metabolites in module 2 (S2) were determined, as
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were the �uxes at steady state, using the FindRoot function available in Wol-
fram Mathematica®. The non-normalised elasticity submatrix ∗ϵR,2 was then
calculated by �xing metabolites in module 2 (S2), with module 1 metabolite
concentrations un�xed, and perturbing them individually while observing the
change in the linearly independent bridging �uxes (∗JR),

∗ϵR,2 =

( X1 X5 X6

V2 0.530 −0.224 −0.235
V5 0.295 −0.336 0.148

)
(3.69)

where the asterisk superscript denotes overall (or block) elasticities. The non-
normalised elasticity submatrix ϵ2,2 was determined by calculating the partial
derivatives of module 2 reaction rates with respect to module 2 metabolites,

ϵ2,2 =


X1 X5 X6

V1 −1 0 0
V7 0 1 0
V8 0 0 1

 (3.70)

The link matrix for module 2 (L2) was determined in a manner similar to that
described by Hofmeyr [19] with the matrix being a 3 X 3 identity matrix due
to the absence of dependent metabolites. The M∗ matrix was then determined
according to the following equation,

M∗ =

(
N2,B ·Q · ∗ϵR,2 +N2,2 · ϵ2,2

)
· L2 (3.71)

with the asterisk superscript indicating the matrix includes the e�ect of mod-
ule 1 on module 2. N2,B and N2,2, the reduced stoichiometry submatrices, are
equivalent to N2,B and N2,2 respectively, due to the lack of dependent metabo-
lites. The inverse of this matrix, (M∗)−1, was then determined as it is used to
calculate the control coe�cients,

(M∗)−1 =


X1 X5 X6

X1 −0.699 −0.128 −0.132
X5 −0.169 −0.787 −0.113
X6 −0.132 −0.0854 −0.755

 (3.72)

The matrices of unnormalised control coe�cients were then determined ac-
cording to equations 3.26, 3.27 and 3.37 to 3.40 shown in the section 3.1.4.
The control coe�cients were then normalised, with the concentration control
coe�cients normalised as shown in 3.28 and 3.29. The �ux control coe�cients
were normalised as described by equation 3.41,

∗CJ
R,R = (dgJR)

−1 · ∗ΦR,R · (dgJR) (3.73)

CJ
R,2 = (dgJR)

−1 · ΦR,2 · (dgJ2) (3.74)
∗CJ

2,R = (dgJ2)
−1 · ∗Φ2,R · (dgJR) (3.75)

CJ
2,2 = (dgJ2)

−1 · Φ2,2 · (dgJ2) (3.76)
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The elasticity submatrices ∗ϵR,2 and ϵ2,2 were normalised according to equa-
tions 3.53 and 3.54. The concentration and �ux summation and connectiv-
ity theorems described by equations 3.46, 3.47, 3.51, 3.52, and 3.57 to 3.59
were calculated and determined to be upheld, supporting the validity of the
normalised modular control coe�cients determined during the analysis. The
normalised modular control coe�cients for module 2 can, however, be com-
pared to normalised control coe�cients determined using standard MCA, as
these control coe�cients should be identical. In this way, the accuracy of the
module 2 control coe�cients can be tested. The normalised standard control
coe�cients were determined following a similar procedure to that which is de-
scribed by Hofmeyr [19]. The comparison of the control of �uxes in module 2
on metabolites in module 2 is as follows,

Control coe�cients determined through modular analysis︷ ︸︸ ︷
CS

2,2 =


V1 V7 V8

X1 0.232 −0.0254 −0.0177

X5 0.121 −0.336 −0.0324

X6 0.110 −0.0423 −0.252



=

Control coe�cients determined through standard MCA︷ ︸︸ ︷
V1 V7 V8

X1 0.232 −0.0254 −0.0177

X5 0.121 −0.336 −0.0324

X6 0.110 −0.0423 −0.252



(3.77)

The comparison of the control of reactions in module 2 on module 2 �uxes is
as follows,

Control coe�cients determined through modular analysis︷ ︸︸ ︷
CJ

2,2 =


V1 V7 V8

V1 0.301 0.0765 0.0533

V7 0.283 0.213 −0.0760

V8 0.329 −0.127 0.245



=

Control coe�cients determined through standard MCA︷ ︸︸ ︷
V1 V7 V8

V1 0.301 0.0765 0.0533

V7 0.283 0.213 −0.0760

V8 0.329 −0.127 0.245



(3.78)

The control of reactions in module 2 on the independent bridging �uxes
can be validated by comparing the control coe�cients determined during mod-
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ular control analysis with the appropriate traditional control coe�cients. The
matrix of normalised modular �ux control coe�cients for this comparison is
as follows,

CJ
R,2 =

Control of module 2 reactions on JR︷ ︸︸ ︷( V1 V7 V8
V2 0.301 0.0765 0.0533
V5 0.283 0.213 −0.0760

)
(3.79)

with the matrix of appropriate traditional �ux control coe�cients as follows,

CJ
V =

( V1 V7 V8
V2 0.301 0.0765 0.0533
V5 0.283 0.213 −0.0760

)
(3.80)

The control coe�cients describing the control of the reactions in module 2,
V2, on the independent bridging �uxes, JR, are identical as is expected.

The accuracy of the control of module 1 on the independent bridging �uxes
as well as on components of module 2 can be tested through the comparison
of the overall control coe�cients determined during the modular analysis and
appropriate traditional control coe�cients.

The control module 1 has on the independent bridging �uxes, JR, is de-
scribed by the normalised overall control coe�cient matrix ∗CJ

R,R. The accu-
racy of these control coe�cients can be determined by comparing them to the
summation of the traditional �ux control coe�cients for each reaction in mod-
ule 1 as well as the bridging reactions. These traditional control coe�cients
quantify the control each reaction has on the independent bridging �uxes. The
control of module 1 determined through modular analysis is,

∗CJ
R,R =

Control of module 1 on JR︷ ︸︸ ︷(Module 1
V2 0.569
V5 0.579

)
(3.81)

The summation of appropriate traditional MCA �ux control coe�cients is
performed as such,

( V2 + V3 + V4 + V5 + V6
V2 0.301 + 0.0842 + 0.0533 + 0.0765 + 0.0533
V5 0.283 + 0.235 + −0.0760 + 0.213 + −0.0760

)
(3.82)

with the summation of the control coe�cients equivalent to the modular con-
trol coe�cients shown in equation 3.81. Equations 3.81 and 3.82 demonstrate
the accuracy of the overall control coe�cients determined by modular control
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analysis, as the control module 1 exerts on the independent bridging �uxes is
equal to the summation of the controls of the individual module 1 and bridging
reactions on the independent bridging �uxes connecting module 1 and module
2.

The control of module 1 on the components of module 2 can be validated
similarly. The matrix of normalised modular concentration control coe�cients,
∗CS

2,R, is compared to corresponding traditional concentration control coe�-
cients. The comparison is performed by comparing the determined overall
concentration control coe�cients of module 1 on each metabolite in module
2 to the summation of the control of the individual reactions in module 1,
V1, and the bridging reactions, VB, on each metabolite in module 2. The
normalised modular concentration control coe�cients are,

∗CS
2,R =

Control of module 1 on S2︷ ︸︸ ︷
Module 1

X1 −0.189
X5 0.247
X6 0.185

 (3.83)

The appropriate traditional concentration control coe�cients can be summed
to determine the control of module 1 as follows,


V2 + V3 + V4 + V5 + V6

X1 −0.100 + −0.0280 + −0.0177 + −0.0254 + −0.0177
X5 0.121 + 0.100 + −0.0324 + 0.0911 + −0.0324
X6 0.110 + −0.0466 + 0.0819 + −0.0423 + 0.0819


(3.84)

The control of module 1 determined both through modular control analysis,
shown in equation 3.83, as well as through the summation of the traditional
control coe�cients, shown in equation 3.84, are identical.

The control of module 1 on the �uxes in module 2 can be similarly com-
pared,

∗CJ
2,R =

Control of module 1 on J2︷ ︸︸ ︷
Module 1

V1 0.569
V7 0.579
V8 0.553

 (3.85)

The appropriate traditional �ux control coe�cients can be summed to deter-
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mine the control of module 1,


V2 + V3 + V4 + V5 + V6

V1 0.301 + 0.0842 + 0.0533 + 0.0765 + 0.0533
V7 0.283 + 0.235 + −0.0760 + 0.213 + −0.0760
V8 0.329 + −0.139 + 0.245 + −0.127 + 0.245

 (3.86)

The control of module 1 on the �uxes in module 2 determined through mod-
ular analysis as well as through the summation of the appropriate traditional
control coe�cients is identical, as seen in equations 3.85 and 3.86. This, to-
gether with the previous comparisons, is a simple test for the validity of the
control coe�cients determined by the modular control analysis.

Modular control analysis has been successfully formulated in the Wolfram
Mathematica® coding context. The framework has also been successfully ap-
plied to simple linear and branched models. As such, the �rst and second
objectives have been achieved with the third partially addressed. For this
reason, the following section focuses on the development and application of a
Mathematica package on a variety of models.
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Results and Discussion

4.1 Core model analyses with Mathematica

package

The development of a package automating the application of modular control
analysis on models of biochemical systems is the fourth objective of this thesis.
With this we aim to simplify the use of modular control analysis, which may
otherwise prove di�cult and time consuming for large models. The package
also enables users less familiar with modular control analysis to perform anal-
yses, provided limited knowledge of the decomposition is known. Throughout
its development, the package was applied to a range of core models to ensure
it was capable of correctly and accurately performing modular control analysis
on models with a multitude of components that could be present in models of
biologically relevant biochemical systems. The models analysed include linear
and branched systems as well as models containing conserved moiety cycles.
Other aspects were also incorporated into core models and analysed, such as
the presence of �uxes with a magnitude of 0 at steady state (as would be
present in systems with equilibrium reactions), reactions with near-zero �uxes
at steady state, and models with metabolites with zero or near-zero concen-
trations at steady state. A selection of these analyses will be discussed and,
where necessary, the adaptions made to the package which enable the analyses
to be performed, or which improve the output provided by the package, will
be described. In this way, section 4.1 contributes to the completion of the
third and fourth objectives, speci�cally the analysis of core models and the
development of a package for automating the analyses.

The package has been developed such that the function performing the
analysis requires two arguments, the �rst being that of the model speci�cation
as obtained from JWS Online, described in Appendix B, and the second argu-
ment is a list of lists containing the information of module 1 metabolites and
reactions as well as the bridging reactions. The list is structured such that it

56
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contains a number of lists equivalent to the number of type 1 modules. If a
single type 1 module is present, the list will contain a single list containing
three sublists; the �rst sublist containing the metabolites in the type 1 module,
the second, the reactions within the type 1 module, and the third, the bridging
reactions connecting the type 1 module to the type 2 module. Prior to per-
forming modular control analysis using any functions present in the package,
the package must be loaded using the Needs or Get functions in the Wolfram
Mathematica® notebook.

4.1.1 Linear pathway

Firstly, the package was applied to a model of a linear system as depicted
in Figure 4.1 with both S and P �xed metabolites. Once the components of
module 1 and the bridging reactions have been identi�ed, the ordering list,
the second argument required for the function performing the analysis, can
be constructed. In this case, the ordering list is short and as such was saved
in a single variable: orderinglist = {{{x2[t], x3[t]}, {v2}, {v1, v3}}} with the
model information saved in the variable pathway. This enables the function
to be called: ModularControlAnalysis[pathway, orderinglist]. The control
coe�cient matrices determined by the function can be accessed through a num-
ber of variables. An example of such a variable name is fullnormCj22 which is
the matrix containing the �ux control coe�cients for the module 2 reactions
on module 2 �uxes. The matrices containing overall control coe�cients are
stored in variables with names ending in _star, similar to the convention used
by Schuster and colleagues [1] where an asterisk was used to denote matrices
containing overall control coe�cients of the type 1 module.

Figure 4.1: Schematic of the simple linear pathway being analysed with the mod-
ular decomposition indicated.

The initial outputs are the results of the steady state condition and control
theorem checks described in section 3.1.5, with the ideal output being "True".
The threshold applied to these checks is 10−6, such that if the output deviates
from the expected output by a magnitude of greater than 1× 10−6 the output
"False" will be returned as the result of the check. The output will typically be
seen as shown in Table 4.1. These control theorem checks were included as the
�rst outputs of the function as they provide an indication as to whether there is
an error regarding the modular decomposition and determination of the control
coe�cients. The normalised �ux summation and the �ux connenctivity checks
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display 2 results, one for each module. The �rst result corresponds to module
1 and the second to module 2.

Table 4.1: The results of the steady state and control theorem checks for the
modular control analysis of the simple linear pathway.

The control coe�cients of the components of module 2 on themselves as
well as on the bridging �uxes can be seen in Table 4.2. The function applied to
the matrices of control coe�cients, DispMat, changes the manner in which the
matrices are displayed, similar to that achieved by the Mathematica function
MatrixForm. The changes are aesthetic, intended to improve legibility. The
variable names are shown as well as the resulting control coe�cients which
match those shown in section 3.1, as this pathway was used to demonstrate
the application of the framework with an identical modular decomposition be-
ing implemented. The control of module 2 reactions on all bridging �uxes are
shown, the determination of which is discussed in section 3.1.4. The variable
name fullnormCjBa2 indicates the �ux control coe�cients of module 2 reac-
tions on the bridging �uxes of module 1. The "Ba" indicates the bridging
�uxes of module 1a. This notation is used in preparation for analyses with
multiple type 1 modules, where additional type 1 modules are indicated al-
phabetically proceeding from "b". For control theorem calculations, only the
independent control coe�cients are included as discussed in section 3.1.5.
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Table 4.2: Matrices of concentration and �ux control coe�cients of module 2 reac-
tions on module 2 metabolite concentrations, module 2 �uxes, and on the bridging
�uxes.

Similarly, the matrices of normalised overall control coe�cients can be
displayed, as shown in Table 4.3, where the control of module 1 on the steady
state concentrations of metabolites in module 2 is shown. Module 1 is referred
to as "module 1a" in Table 4.3. The control of module 1 on module 2 �uxes and
the bridging �uxes are also displayed, with these control coe�cients identical to
those determined in section 3.1. The overall �ux control coe�cients of module
1 on the bridging �uxes are contained in the variable fullnormCjBara_star,
with "ra" indicating the overall control of module 1a on "Ba", the bridging
�uxes of module 1a. As such, the output of the package can be considered
accurate relative to both the manual modular control analysis as well as the
appropriate traditional control coe�cients and summations thereof.
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Table 4.3: Matrices of overall concentration and �ux control coe�cients for module
1 (module 1a) on module 2 metabolites, module 2 �uxes, and the bridging �uxes.

While the control coe�cients can be accessed, so too can the Q matrix
of module 1, using the variable name Qmatrices. Following the analysis of
this simple linear pathway, it is evident that the package is able to accurately
analyse linear models and as such can be tested on a branched model such
as the simple 8 reaction branched pathway which has been manually analysed
previously. The model was decomposed in an identical manner to enable direct
comparison of the control coe�cients from the package analysis to those of the
manual analysis.

4.1.2 Branched pathway

The package was used to analyse the branched pathway, shown in Figure 4.2,
with the components of the module chosen as shown in the �gure and as was
selected in the manual analysis previously. The steady state condition and
modular control theorems were the same as before, with the resulting control
coe�cients shown in Table 4.4.
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Figure 4.2: Schematic of the 8 reaction branched pathway with the modular de-
composition as annotated. The bridging reactions are reactions v2, v5 and v6.

Table 4.4: Control coe�cients determined by the package following analysis of the
8 reaction branched pathway decomposed as annotated.

(a) Module 2 control coe�cients

(b) Module 1 overall control co-
e�cients

The control coe�cients determined using the package are identical to those
determined manually and therefore correspond to the appropriate traditional
control coe�cients, or summations thereof, as was shown during the discussion
of the manual analysis. The next core model analysis to be discussed is that of
a pathway with branches and a conserved moiety cycle present, with the model
referred to as the complex core model. The presence of dependent metabolites
must be addressed as it is a common component of biochemical systems.
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4.1.3 Complex core model

The package was used to analyse a core model with both branches and a
moiety conserved cycle present. The model analysed is shown in Figure 4.3,
with P1, P2, X0, X6, and X7 �xed metabolites. The model description, includ-
ing ODEs, parameters, initial values, and rate equations, are located in Ap-
pendix A.3 and three signi�cant digits are shown for the determined control
coe�cients. The components of module 1 are shown in the �gure as those
components of the model encompassed by the shaded/semi-transparent area.
As such, the bridging reactions, VB, are reactions v1, v4, and v5, with the
module 1 reaction, V1, as v3. The module 2 reactions, V2, include reactions
v2, v6, v7, v8, and v9. The modular decomposition results in the partitioning of
the metabolites as such, S1 = X1 and X4, and S2 = X10, X3, X5, X8, X9 and X2,
with X2 the dependent metabolite in module 2 due to the sum of the concen-
trations of metabolites X2 and X3 equal to a constant.

Figure 4.3: Schematic of the complex core model with module 1 components en-
compassed by the shaded area labelled `Module 1'.

Following the analysis of the model with the package, it was determined
that the steady state and control theorems were upheld. The control coe�-
cients for module 2 and module 1 are shown in Table 4.5.
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Table 4.5: Control coe�cients determined by the package following analysis of the
complex core pathway.

(a) Module 2 control coe�cients

(b) Module 1 overall control coe�cients
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The traditional control coe�cients for the model were then determined and
compared to the control coe�cients determined by the package. The compar-
isons were performed through the determination of the maximum absolute
di�erence between the control coe�cient matrices as was done during previ-
ous analyses. The resulting maximum absolute di�erence, and subsequently
the degree to which the control coe�cients determined by the package are ac-
curate, was of magnitude 10−9. Such a degree of accuracy suggests the package
is capable of accurately analysing models with both branches and moiety con-
served cycles present. This con�rms the package is capable of analysing models
with components often present in biologically relevant models. The presence
of equilibrium reactions has also been addressed, discussed in Appendix B.4,
similarly with presence of metabolites and �uxes with near zero concentrations
and �uxes are discussed in Appendix section B.5. The issues observed were
general metabolic control analysis issues and not speci�c to modular control
analysis. Subsequently, the package has been shown to correctly and accu-
rately analyse core models with a number of components that may be present
in biologically relevant models. Therefore, the next step is the analysis of
models of biological systems such as glycolysis in the P. falciparum parasite
as constructed by Penkler and colleagues [11]. A model of glucose metabolism
in P. falciparum-infected erythrocytes [12] will also be analysed with these
analyses addressing the �nal objective of this thesis.

4.2 Detailed model analyses with Mathematica

package

4.2.1 Analysis of glycolysis in the P. falciparum parasite

Modular control analysis was performed on a model of glycolysis in a P. fal-
ciparum parasite, constructed and validated by Penkler and colleagues [11],
such that the aldolase branch point of the model was designated module 1, as
shown in Figure 4.4. The model description is available on JWS Online, with
the model name Penkler1. The module was chosen rather arbitrarily but the
aldolase branch point is expected to in�uence redox metabolism structurally
and this was tested in the analysis. The metabolites of module 1, S1, are
dhapPF, f16bpPF and gapPF. The inclusion of "PF" in the metabolite and
reaction names indicates they are components of the parasite, P. falciparum.
The bridging reactions, VB, are vPFvGAPDH, vPFvG3PDH and vPFvPFK,
with the internal reactions, V1, vPFvALD and vPFvTPI. Three signi�cant
digits will be displayed for the determined control coe�cients.
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Figure 4.4: Schematic of the modular decomposition of the Penkler model for
glycolysis in P. falciparum. Module 1 is annotated with the components of the
module encompassed in the shaded (semi-transparent) area. The bridging reactions
are reactions vPFvGAPDH, vPFvG3PDH, and vPFvPFK

Following the analysis with the modular decomposition as shown in Figure
4.4, the control theorems were determined to be upheld, as was the steady state
condition. This suggests the control coe�cients should be accurate, however,
as in the analyses performed on the core models, the control coe�cients de-
termined using the package were compared to appropriate traditional control
coe�cients. The maximum absolute di�erence between the package control
coe�cients and the traditional control coe�cients was determined to be of
magnitude 10−8, which is a su�cient degree of accuracy. While the control
coe�cients of module 2 on the metabolites and �uxes in module 2 as well as
on the bridging �uxes are of interest, the aim of performing modular control
analysis is to determine the control exerted by type 1 modules on the rest
of the system. For this reason the control coe�cients for module 2 are not
shown here but the overall control coe�cients of module 1 are shown in Table
4.6. Table 4.6a shows the control of module 1 on the metabolites in module 2.
The overall concentration control coe�cients for module 1 on the substrates
in module 2 were negative, indicating that an upregulation of module 1 would
decrease the concentrations of the substrates. The control of module 1 on the
concentrations of the products was greater than zero, indicating that upregu-
lation of module 1 will increase the concentrations of the products, with the
control on the concentration of b13pgPF complete, with a magnitude of 1. The
control of module 1 on the lactate concentration was minimal. The concen-
tration control coe�cients of module 2 reactions on the lactate concentration,
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not shown here, were also minimal, indicating the control on the concentration
of lactate is distributed across a number of �uxes throughout the pathway.

Table 4.6: Overall control coe�cients of module 1 as determined by the package
following analysis of the Penkler model.

(a) Overall concentration control coe�-
cients for module 1.

(b) Overall �ux control coe�cients for
module 1.

While the concentration control coe�cients are of interest, the focus of
many MCA studies is on �ux control coe�cients. With this in mind, there
are a number of overall �ux control coe�cients determined for module 1 which
are of interest. The overall �ux control coe�cients of module 1 on vPFvG-
LYtr and vPFvPYRtr, the �uxes transporting glycerol and pyruvate out of the
parasite, were 0.725. This indicates module 1 exerts considerable control on
the e�ux of these two metabolites, with the control coe�cients identical due
to the redox constraints of the pathway. Regarding the control of module 1
on the �uxes in module 2 as a whole, module 1 was determined to exert con-
siderable control on all reactions, with the smallest control coe�cient having
a magnitude of 0.388. This control coe�cient was determined for the �uxes
of reactions vPFvATPASE, vPFvLACtr, and vPFvLDH. In this way, despite
the module exerting minimal control on the concentration of lactate at steady
state, considerable control on both the �ux producing lactate, vPFvLDH, as
well as on the �ux transporting lactate out of the parasite, vPFvLACtr, was
determined for module 1. The control of module 1 on the cycling of ATP and
ADP, via reaction vPFvATPASE, while among the lowest of the determined
overall control coe�cients, is still considerable. The control observed for mod-
ule 1 is likely owing to the bridging reaction vPFvPFK being directly involved
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in the production of ADP (adpPF) through the consumption of ATP (atpPF).

The package has been used to analyse the Penkler model of glycolysis in P.
falciparum with the aldolase branch point of the model selected as the type 1
module. This analysis demonstrated the application of modular control anal-
ysis, as well as the possible bene�ts of applying the framework to models of
biochemical systems. The analysis con�rmed the high degree of control that
the branch point of the system has on the pathway �ux. This showcases the
possible bene�ts of applying modular control analysis as it enables the quan-
ti�cation of the control of groups of reactions within a biochemical system.
This is bene�cial as the overall control may be of interest, such as the degree
of control the branch point of glycolysis in the parasite exerts on the other com-
ponents of the pathway, as opposed to the control of the individual reactions.
While overall control coe�cients may be determined through the summation
of the individual control coe�cients, this method enables the overall control
to be determined directly, without the determination of the individual control
coe�cients being required. This analysis demonstrated the application of the
package and modular control analysis, however, prior to the application of the
package to large, complex whole-body models, such as a whole-body model of
glucose metabolism in malaria patients, the package was applied to a model of
glucose metabolism in human erythrocytes infected with P. falciparum [12].

4.2.2 Analysis of glucose metabolism in P.

falciparum-infected erythrocytes

The model being analysed was constructed by du Toit [12] through the combi-
nation of two models. The �rst model is that of glycolysis in the P. falciparum
parasite constructed by Penkler and colleagues [11]. The second model is that
of glucose metabolism of human erythrocytes including, glycolysis, the 2,3-
BPG shunt, and the pentose phosphate pathway [37; 38; 39]. The model by
du Toit [12] provides an opportunity to showcase the potential bene�ts of ap-
plying modular control analysis to large, complex biochemical systems as well
as to test the application of the package to models with considerably greater
complexity than have previously been analysed using the package. The system
was decomposed with the parasite, P. falciparum, de�ned as the type 1 mod-
ule such that the bridging reactions, VB, connecting module 1 to the type 2
module are reactions vPFvGLCtr, vPFvLACtr, vPFvPYRtr, and vPFvGLYtr.
Reaction vPFvGLYtr is not explicitly shown in the schematic of the du Toit
model, Figure 4.5, however, the reaction facilitates the transport of glycerol
out of the parasite into the external environment, not into the erythrocyte.
This is shown in the schematic as the conversion of g3pPF to glyEXT. In
this way, the metabolites of the parasite, indicated by the su�x `PF' in the
name of the relevant metabolites, are considered components of module 1, S1.
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The remaining reactions within the parasite, indicated by `PF' in the reaction
name, are considered components of module 1, V1. The metabolites in module
2, S2, are indicated by the su�x `RBCi' in the metabolite name, with RBCi
a contraction of Red Blood Cell-infected. The reactions of module 2, V2, are
similarly denoted by the pre�x `vRBCiv'.

This decomposition of the system was chosen as it enables the determi-
nation of the control of the parasite on the components of the infected ery-
throcyte. This is of interest as traditional MCA enables the determination of
the control of individual enzymes, however, the control of the parasite as a
whole on the metabolism of the infected erythrocyte may be of interest, not
necessarily the control of speci�c enzymes. While the control of speci�c en-
zymes is important to identify possible drug targets, the control of the parasite
quanti�es the contribution of the parasite to erythrocyte metabolism.

Figure 4.5: Schematic of the du Toit model of glucose metabolism in P. falciparum-
infected erythrocytes.

Following the analysis of the model with the package and modular de-
composition as described, it was determined that the steady state condition
was upheld, as expected. Violations of the control theorems were, however,
detected as shown in Table 4.7. These violations were determined to be the re-
sult of metabolites with low concentrations at steady state as well as reactions
with �uxes at or near zero.
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Table 4.7: Steady state condition and control theorem output following analysis of
the du Toit model with the package.

The concentration connectivity and �ux summation control theorem vio-
lations shown in Table 4.7 are similar to those observed during the analysis of
the model with 0 �uxes at steady state, Appendix B.4, with the violations of
the unnormalised forms of these control theorems the result of a large number
of �uxes with magnitudes of less than 10−7 with several �uxes having a mag-
nitude of 10−13 or smaller. These �uxes with small magnitudes, in conjunction
with a number of module 2 metabolites with concentrations below 10−6, with
the concentrations of some metabolites as low as 10−10, contribute to the re-
maining violations observed in the package output for the control theorem
tests following the analysis of the du Toit model. The normalised �ux sum-
mation for module 1 was determined to be valid, this is due to the reactions
within module 1 not having zero or near-zero �uxes, whereas the normalised
�ux summation for module 2 was determined to be invalid, with the violation
the result of a number of reactions with �uxes near, or at, zero at steady state.
The �ux connectivity violations are the result of inaccuracies caused by the
�uxes with very small magnitudes. The violations are not the result of an
inability to calculate the results, instead the results do not correspond to the
expected output.

The understanding that the violations of the theorems are the result of
both concentrations and �uxes with very small magnitudes, including zero for
the �uxes, was con�rmed following the determination of traditional control co-
e�cients for the du Toit model as well as calculation of the traditional control
theorems. The determined traditional control theorems had similar violations
owing to inaccuracies arising from the small magnitude �uxes and metabolite
concentrations as well as the 0 �uxes present. The overall control coe�cients
for module 1 were manually determined using a perturbation method where all
internal and bridging reactions for module 1 were perturbed and the control
coe�cients determined. These control coe�cients were subsequently compared
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to the controls determined by the package. The control coe�cients were ac-
cuarate to a magnitude of 10−7 with the exception of metabolites and �uxes
with near zero magnitudes at steady state, which, as discussed in Appendix
B.5, are forced to 0. In this way, the accuracy of the control coe�cients de-
termined by the package were validated, despite the violations observed in the
control theorems.

The number of metabolites and �uxes in module 2 makes the inclusion
of the control coe�cient matrices impractical, however, speci�c control coef-
�cients will be discussed. Selected overall concentration control coe�cients
for the parasite on module 2 metabolites are shown in Table 4.8. The con-
trol of the parasite on the metabolites of module 2 is low for the majority of
metabolites, yet speci�c metabolites appear to experience considerable control
such as the lactate concentration in the infected erythrocyte, lacRBCi, with
an overall concentration control coe�cient by module 1 of 0.989. The control
of the parasite on the concentration of pyruvate in the erythrocyte, pyrRBCi,
was also considerable. This suggests the parasite exerts a high degree of con-
trol on the concentrations of glycolysis end products in the erythrocyte, likely
due to the high rate of glycolysis occurring in the parasite, which contributes
to these metabolites. Despite the considerable control of the parasite on the
concentrations of pyruvate and lactate in the erythrocyte, the control on the
concentration of glucose, glcRBCi, was minimal. This suggests that despite
the consumption of erythrocyte glucose, following transport into the parasite,
the transport of glucose into the erythrocyte is enough to almost completely
compensate.

Table 4.8: Overall concentration control coe�cients for the parasite on speci�c
module 2 metabolites.

The �ux control coe�cients of the parasite on the bridging �uxes were
considerable and are shown in Table 4.9. The control of the parasite on the
transport of glucose into the parasite, vPFvGLCtr, was determined to be 1.
The control on the transport of lactate and pyruvate out of the parasite into the
erythrocyte, reactions vPFvLACtr and vPFvPYRtr, were determined to be 1
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and 0.991, respectively. The control of the parasite on the transport of glycerol
out of the parasite and into the external environment, reaction vPFvGLYtr,
was determined to be 0.991. These overall �ux control coe�cients demon-
strate the high degree of control exerted by the parasite on the �ux into and
out of the parasite, with the control of the erythrocyte being minimal. This
is due to the glucose concentration in the erythrocyte being constant and the
e�ect of lactate and pyruvate on the parasite being small, which leads to the
parasite having a control of 1 on its own �ux. This is con�rmed by the �ux
control coe�cient matrix fullnormCjBa2, the matrix of �ux control coe�cients
describing the control of module 2 reactions on the bridging �uxes.

Table 4.9: Overall �ux control coe�cients for the parasite on the bridging �uxes.

The matrix of overall �ux control coe�cients, fullnormCj2ra_star, contains
the overall �ux control coe�cients of the parasite on the module 2 �uxes. Due
to the number of reactions included in module 2, speci�c overall �ux control co-
e�cients were selected, with those of large magnitude shown in Table 4.10. The
control on the transport of glucose into the erythrocyte, vRBCivGLCTRANS-
PORT, was considerable, with a control coe�cient of 0.989. This quanti-
tatively shows the parasite has a high degree of control on the glucose �ux
into the erythrocyte. The overall �ux control coe�cients of the parasite on
the �uxes of reactions vRBCivLACTRANSPORT and vRBCivPYRTRANS-
PORT, were determined to be 0.989 and 0.998 respectively. This demonstrates
the high degree of control the parasite has on the transport of both lactate and
pyruvate out of the erythrocyte. In this way, it has been shown the parasite
exerts a high degree of control on glucose �ux through infected erythrocytes,
as shown by the large �ux control coe�cients on the transport of glucose into
the erythrocyte as well as the transport of both lactate and pyruvate out of
the erythrocyte.
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Table 4.10: Overall �ux control coe�cients for the parasite on speci�c module 2
�uxes.

This analysis demonstrated the application of both the package and the
modular control analysis framework on a complex, biologically relevant model.
In this case a single type 1 module was present and this might be limiting real
life applications. For this reason, the package was extended to include multiple
type 1 modules. First 2 type 1 modules were de�ned in the du Toit [12] model.

4.2.3 Analysis of glucose metabolism in P.

falciparum-infected erythrocytes with two type 1

modules

The du Toit model of glucose metabolism in P. falciparum-infected erythro-
cytes [12] was decomposed such that 2 type 1 modules were de�ned and labeled
as modules a and b as shown in Figure 4.6. Module 1a is identical to the mod-
ule used during the modular analysis of the Penkler model in section 4.2.1, with
the module encompassing the aldolase branch point of glycolysis in the para-
site. Module 1b is de�ned such that the metabolites, S1b, are pepPF, p2gPF,
and p3gPF. The module b internal reactions, V1b, are reactions vPFvENO
and vPFvPGM, with the bridging reactions vPFvPGK and vPFvPK.
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Figure 4.6: Schematic of the modular decomposition of the du Toit model of glucose
metabolism in P. falciparum-infected erythrocytes with 2 type 1 modules de�ned and
annotated as Module 1a and Module 1b.

The inclusion of a second type 1 module necessitates changes to the analysis
framework to account for the additional type 1 module. This is achieved in
a manner similar to that shown by Schuster and colleagues [1], where the
analysis of a system with two type 1 modules was demonstrated, however,
the modules were separated by metabolites alone, such that no reactions were
present in module 2. This simpli�ed the analysis as a number of components,
which otherwise would need to be accounted for, could be reduced out of
the equations. The decomposition chosen for the current analysis enables the
stoichiometry matrix to be constructed,

N =

N1a,1a 0 N1a,Ba 0 0
0 N1b,1b 0 N1b,Bb 0
0 0 N2,Ba N2,Bb N2,2

 (4.1)

with the superscript a and b denoting modules 1a and 1b respectively and B
the bridging reactions. The submatrices N1a,1b , N1b,1a , N1a,Bb and N1b,Ba

have been replaced with 0 as metabolites in the type 1 modules may not
be directly involved in the internal or bridging reactions of the other type 1
modules. While the metabolites of the di�erent type 1 modules may not be
directly involved in the reactions of other type 1 modules, they may act as
allosteric e�ectors or otherwise indirectly in�uence the reactions of the other
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type 1 module, such as is the case in this analysis where pepPF, a metabolite
in module 1b, allosterically in�uences reaction vPFvTPI, a reaction of module
1a. The interaction is the result of pep acting as a competitive inhibitor of
TPI. This interaction is allowed as the overall elasticities are determined such
that both type 1 modules are allowed to attain a steady state, as described by
Schuster and colleagues [1]. This is achieved by �xing the metabolites in mod-
ule 2, while the metabolites in the type 1 modules remain un�xed, and then
individually perturbing the module 2 metabolites enabling the determination
of the overall elasticities of both type 1 modules. In this way, a matrix of over-
all elasticities is constructed for each type 1 module, such as ∗ϵBa,2 and

∗ϵ
Bb,2

for the unnormalised overall elasticities of modules 1a and 1b respectively.
As with the overall elasticity submatrices, a Q matrix is determined for each
type 1 module, such that Qa and Qb are constructed and used in downstream
equations. Due to the addition of a type 1 module, the number of control
matrices determined during the analysis increases, from 6 control matrices,
2 for concentration control coe�cients, and 4 for �ux control coe�cients as
demonstrated in previous analyses, to 12 matrices. Three concentration con-
trol matrices, one for each module, as well as 9 �ux control matrices. The
concentration control matrices contain the concentration control coe�cients
for module 1a, module 1b, and module 2 reactions on module 2 metabolites.
The 9 �ux control matrices are such that 3 matrices encompass the control of
modules 1a, 1b and module 2 reactions, on the bridging �uxes of modules 1a
and 1b, as well as on the module 2 �uxes, accounting for the 9 �ux control
matrices. The steady state condition was also extended to account for the
second type 1 module, with the adjusted steady state condition determined as
such

dS2

dt
=

module a interacting with module 2︷ ︸︸ ︷
N2,Ba ·Qa · ∗JRa +

module b interacting with module 2︷ ︸︸ ︷
N2,Bb ·Qb · ∗JRb

+

interactions within module 2︷ ︸︸ ︷
N2,2 · ∗J2 = 0

(4.2)

with ∗JRa and ∗JRb the independent bridging �uxes for modules 1a and 1b, re-
spectively. The control matrices are determined in a manner similar to that of
the previous analyses. The control theorems must also be extended to account
for the additional type 1 module. The theorems remain largely identical, with
the component of the equations corresponding to the type 1 module now split
into 2 components, that of modules 1a and 1b. An example of this extension
is shown for the normalised concentration connectivity theorem, as shown in
equation 3.52, when applied to a system decomposed such that two type 1
modules are present,

(∗CS
2,Ra · ∗εRa,2 +

∗CS
2,Rb · ∗εRb,2 +CS

2,2 · ε2,2) · (dgS2)−1 · L2

= −(dgS2)−1 · L2
(4.3)
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with ∗CS
2,Ra and

∗CS
2,Rb the normalised concentration control coe�cient matri-

ces for modules 1a and 1b, respectively. As with previous analyses, the link
matrix L2 used in these calculations is an identity matrix due to the analysis
being performed on the stoichiometrically reduced form of the model/system
and as such can be removed from the equation for the purposes of the anal-
yses performed using the package. The control coe�cients for the dependent
metabolites are only determined for the �nal matrices accessible by the user.

The addition of a component related to the additional module is not always
applicable when determining the control theorems. In this case, the additional
type 1 module is accounted for by a separate calculation in the normalised �ux
summation and �ux connectivity theorems. The normalised �ux connectivity
theorem for 3 modules is determined as follows,

(∗CJ
Ra,a · ∗εRa,2 +

∗CJ
Ra,b · ∗εRb,2 +CJ

Ra,2 · ε2,2) · (dgS2)−1 · L2 = 0 (4.4)

(∗CJ
Rb,a · ∗εRa,2 +

∗CJ
Rb,b · ∗εRb,2 +CJ

Rb,2 · ε2,2) · (dgS2)−1 · L2 = 0 (4.5)

(∗CJ
2,Ra · ∗εRa,2 +

∗CJ
2,Rb · ∗εRb,2 +CJ

2,2 · ε2,2) · (dgS2)−1 · L2 = 0 (4.6)

where the �ux connectivity theorem is applied to each module separately with
3 modules being present in the analysis, 2 type 1 modules and a single type 2
module. ∗CJ

Ra,a is the matrix of �ux control coe�cients of module 1a on the
independent bridging �uxes of module 1a, ∗CJ

Ra,b the matrix of �ux control co-
e�cients of module 1b on the independent bridging �uxes of module 1a, and
CJ

Ra,2 the matrix of �ux control coe�cients for module 2 reactions on the inde-
pendent bridging �uxes of module 1a. This naming pattern is consistent and
applied to equations 4.5 and 4.6 in a similar manner. As a result of the changes
made to the control theorems, an additional output can be seen in Table 4.11
for the normalised �ux summation as well as the �ux connectivity theorems.
This table shows the steady state condition and control theorem outputs for
the analysis of the du Toit model with the two type 1 modules indicated previ-
ously. The additional outputs for the normalised �ux summation and the �ux
connectivity theorems correspond to the aditional type 1 module such that the
output for module 1a, module 1b, and module 2 respectively, are shown. The
second function argument, orderinglist, contains 2 lists corresponding to the
2 type 1 modules, each with three sublists. The composition of the sublists
is identical to those used for analyses with a single type 1 module present,
however, each type 1 module has its own metabolites, internal reactions, and
bridging reactions populating the sublists.
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Table 4.11: Steady state condition and control theorem outputs as determined by
the package for the du Toit analysis with 2 type 1 modules.

A number of control theorem violations were determined for this analy-
sis. While these violations may initially appear problematic, the violations
correspond to those observed during the analysis of the du Toit model with
a single type 1 module, the results of which were con�rmed to be accurate.
Similarly, the control coe�cients determined during this analysis were con-
�rmed by perturbation of the appropriate reactions. In this way, the control
coe�cients were determined manually and compared to the output provided
by the package, with the control coe�cients determined to be accurate despite
the violations observed for the control theorems, as with the previous analysis
of the du Toit model.

The overall �ux control coe�cients for both type 1 modules on the bridging
�uxes of each type 1 module are shown in Table 4.12. The control exerted by
module 1a on vPFvG3PDH was determined to be 0.589. This is of interest as
the control of this module in the Penkler model was determined to be 0.725,
as shown in Table 4.6b. There is an evident decrease in the control of module
1a on its bridging �uxes when comparing the controls determined during the
analysis of the Penkler model to that of the du Toit model. This suggests
that the control of the aldolase branch point reactions of the parasite on the
glycolytic pathway of P. falciparum is greater in isolation, with an evident
decrease in control following infection of a human erythrocyte. Table 4.12
shows the low degree of control exerted by module 1b on the bridging �uxes of
both type 1 modules, with near zero �ux control coe�cients determined. This
suggests that module 1b exerts minimal control over the �ux through both
type 1 modules.
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Table 4.12: Overall �ux control coe�cients of modules 1a and 1b on the bridging
�uxes of modules 1a and 1b.

(a) Overall �ux control coe�cients for
modules 1a and 1b on the bridging
�uxes of module 1a.

(b) Overall �ux control coe�cients for
modules 1a and 1b on the bridging
�uxes of module 1b.

The overall control coe�cients for module 1a on the �uxes and metabo-
lites in module 2 are contained in matrices accessible with the variables full-
normCj2ra_star and fullnormCs2ra_star respectively. Due to the number of
reactions and metabolites included in module 2, speci�c overall control coe�-
cients have been selected and are shown in Table 4.13. The overall �ux control
coe�cients shown for module 1a identify the module as exerting considerable
control over several �uxes in module 2, with speci�c reference to the �uxes of
transporter reactions enabling the transport of glucose, lactate, pyruvate, and
glycerol between the parasite, the infected erythrocyte, and the external en-
vironment. This suggests the aldolase branch point of the glycolytic pathway
in the parasite, contributes a considerable degree of the control exerted by the
parasite as a whole, determined in section 4.2.2.

The control of module 1a on a number of module 2 metabolites is shown
in Table 4.13, with the control on metabolites f6pPF and b13pgPF being
considerable. The control coe�cient for f6pPF is negative due to its consump-
tion by module 1a, with b13pgPF produced by module 1a. Module 1a exerts
considerable control over the concentration of glucose in the parasite, with
a concentration control coe�cient of -0.423, however, minimal control is ob-
served for the concentration of glucose in the erythrocyte. This corresponds
well with the minimal control of the parasite on the glucose concentration in
the infected erythrocyte determined in section 4.2.2. Table 4.13 illustrates that
module 1a is responsible for a considerable degree of the control determined
for the parasite on metabolites in the erythrocyte.
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Table 4.13: Overall control coe�cients for module 1a on speci�c �uxes and metabo-
lites in module 2.

Identical overall �ux and concentration control coe�cients were selected
for module 1b (relative to those shown for module 1a) and are shown in Table
4.14. Module 1b exerts minimal control over the �uxes and metabolite concen-
trations in module 2. An exception to the minimal control exerted by module
1b is the control of the module on the concentration of b13pg in the parasite,
with a concentration control coe�cient of -1.25. This large negative concen-
tration control coe�cient for module 1b is expected as module 1b includes
reactions directly downstream of b13pg in the glycolytic pathway within the
parasite, which result in the consumption of b13pg.

Table 4.14: Overall control coe�cients for module 1b on speci�c �uxes and metabo-
lites in module 2.

In this way, module 1a exerts considerable control, while module 1b ex-
erts minimal control over the components of module 2. The control exerted by
module 1a and 1b does not account for the control coe�cients with magnitudes
of approximately 1 determined for the parasite as a whole. This indicates the
�ux control is distributed among the reactions in the parasite. In this way,
the �nal objective of this thesis, the application of modular control analysis to
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complex, biologically relevant models (more speci�cally glucose metabolism in
P. falciparum-infected erythrocytes) has been achieved.

The application of the framework to the model of glucose metabolism in P.
falciparum-infected erythrocytes has revealed that the parasite exerts complete
control on the �ux through itself and the infected erythrocyte. The control of
the parasite on the concentration of the glycolytic end products lactate and
pyruvate was also considerable. Further application of the framework revealed
that while the aldolase branch point accounts for a considerable degree of the
control exerted by the parasite, the control is not localised to a single portion
of the pathway.

While the analysis of a system with 2 type 1 modules is bene�cial, the
analysis of systems with multiple type 1 modules may be desired. For this
reason, the package has been constructed such that analyses with multiple
type 1 modules may be performed.
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General Discussion and Conclusion

The overall aim presented in this thesis was to determine the control of the P.
falciparum parasite on glucose metabolism in an infected erythrocyte. This
analysis would then act as a case study demonstrating the bene�ts of apply-
ing modular control analysis on larger models including whole-body models of
disease states. This aim was achieved through the completion of a number of
objectives: i) the selection of an appropriate theoretical framework, ii) formula-
tion of modular control analysis in the WolframMathematica® coding context,
iii) performing analyses on core models that demonstrate components that may
be present in biological systems, iv) development of a Wolfram Mathematica®

package automating analyses, and v) analysing complex models of glycolysis
in the malaria parasite in isolation as well as glucose metabolism within P.
falciparum-infected human erythrocytes.

Modular control analysis was selected as the theoretical framework for the
analyses as the framework is more generally applicable than the top-down and
hierarchical control analysis frameworks. The two main constraints of this
framework concern the de�nition of the modules, with modules of two types
being de�ned. Type 1 modules, for which the overall control coe�cients are
determined, include the components of a system which are not under direct ob-
servation, while a type 2 module includes the components of the system which
can be directly observed/measured. The two types of modules are linked by
bridging reactions which can also be directly observed. The �rst constraint
for de�ning a type 1 module is that conserved moiety cycles may not link
components of type 1 modules with components of type 2 modules. Secondly,
components of type 1 modules may not act as allosteric e�ectors for com-
ponents of module 2. While these constraints limit what may be de�ned as
modules when analysing biochemical systems, the impact of such constraints
can be reduced through the analysis of systems with multiple type 1 modules
as components of type 1 modules may act as allosteric e�ectors of compo-
nents of other type 1 modules; thereby reducing the limitation imposed by
the second constraint for de�ning type 1 modules. Alternatively, the modular
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decomposition may be restructured such that the desired portions of the path-
ways may be de�ned as type 1 modules. In this way, while modular control
analysis imposes constraints on modules, and subsequently analyses, these con-
straints can usually be accommodated, making this framework a powerful tool.

Despite the bene�ts of applying modular control analysis, this analysis
framework has not been extensively used to analyse biochemical systems or
the models thereof. This limited usage may be the result of the complexity of
the mathematics inherent in the framework limiting widespread implementa-
tion and application, as well as the di�culty of experimental determination of
the overall elasticities required [24]. Section 2.6.1 discusses two examples of
the application of modular control analysis to biochemical systems. The �rst
described the application of modular control analysis to slipping enzymes,
whereby slipping enzymes are considered type 1 modules [34]. The second
application of modular control analysis that was discussed concerned the de-
termination of the control of membrane processes, such as membrane located
enzymes, on the growth rate of the yeast K. marxianus [35]. The analysis pro-
vided insight into the high degree of control membrane processes exert on the
growth rate, however, the analysis was performed such that two modules were
de�ned, both of which were treated as type 1 modules for which the overall
control coe�cients of the modules on the maximum speci�c growth rate were
determined. As such, no speci�c linking intermediate or bridging reactions
were identi�ed. In this way, modular control analysis was adapted such that
it could be applied to achieve the aim of the study. These studies demon-
strate bene�ts of applying modular control analysis, and adaptations thereof,
however, they do not really apply modular control analysis to its full and/or
intended capability/usage. Since the application of the framework may have
been limited due to its complexity, we started the development of a package
automating the application of modular control analysis to models of biochem-
ical systems, enabling more widespread use as the user needs only limited
knowledge of the framework to be able to utilise the package. In this way,
this is one of the �rst studies enabling modular control analysis to be used to
analyse models of large, complex biochemical systems.

Following the selection of modular control analysis as the framework to
be utilised, analyses were performed on a number of core models including
simple linear and branched systems, as described in the formalisation of the
framework [1]. The framework was then applied to systems with moiety con-
served cycles present. This inclusion resulted in added complexity due to
the dependence of the dependent metabolites on the independent metabolites
during the determination of the steady state concentrations. This is not spe-
ci�c to modular control analysis and must also be addressed when performing
traditional metabolic control analysis using a perturbation approach to deter-
mine elasticities. This was addressed through the reduction of the model such
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that dependent metabolites are expressed in terms of independent metabolites.
These reduced models were then analysed enabling the determination of the
independent concentration control coe�cients. The independent concentration
control coe�cients enabled the determination of the control coe�cients for the
dependent metabolites present in the original model, in doing so enabling the
analyses to quantify the control distribution within the original model despite
the presence of dependent metabolites. Following the successful analysis of
branched systems as well as systems with moiety conserved cycles present, less
common components/states were considered and subsequently incorporated
into core models and analysed, including the presence of �uxes at or near 0 at
steady state, as well as metabolites with 0 or near 0 concentrations at steady
state. These were addressed and subsequently analyses can be performed on a
wide range of models of biochemical systems, assuming the modular decompo-
sition has been performed correctly. In this way, application of the framework
was simpli�ed, enabling the analysis of complex, biologically relevant models,
speci�cally the Penkler model of glycolysis in a P. falciparum parasite [11]
and the du Toit model of glucose metabolism in P. falciparum-infected ery-
throcytes [12].

The Penkler and du Toit models [11; 12] were analysed, with these analyses
demonstrating the application of the package on more complex, biologically rel-
evant models of biochemical systems. The analyses of these biological models
demonstrated the bene�ts of modular control analysis, as well as the package
automating the analyses. The overall �ux control coe�cients determined for
the parasite con�rm the understanding that the P. falciparum parasite exerts
considerable control on the �ux through the infected erythrocyte, with the
control quanti�ed and determined to be near complete. The control of the
parasite on the metabolites in the infected erythrocyte was also determined.
The control of the parasite on glucose concentration in the erythrocyte was de-
termined to be near zero, despite the high degree of control of the parasite on
the transport of glucose. The control of the parasite on lactate and pyruvate
concentrations in the erythrocyte was considerable. The high degree of control
of the parasite on the concentration of lactate, in conjunction with the high
degree of control on the transport of lactate out of the erythrocyte, suggests
the parasite may be responsible for a considerable contribution to the increase
in lactic acid observed in patients with severe malaria infections.

Analysing large models with a single type 1 module may provide the desired
insight into the control distribution within a system, however, analyses with
multiple type 1 modules may be required. Performing analyses on large models
such as that of whole-body models of disease states may bene�t from decom-
position into multiple type 1 modules. The hierarchical whole-body model of
glucose metabolism in malaria patients [3] is an example of a model where
decomposition with multiple type 1 modules would be desirable such that the
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overall control of organs as well as other compartments may be determined in
a single analysis. For this reason the package was developed such that these
multi-module analyses are supported. A function was developed supporting
analyses with `n' number of type 1 modules, ModularControlAnalysis. This
extension of the package further streamlines the application of modular control
analysis to models of biochemical systems as only limited knowledge of modu-
lar decomposition is required. The package has been constructed such that a
degree of error checking is included, designed to assist the user to identify the
cause of erroneous modular decomposition if present. In this way, the applica-
tion of modular control analysis to models has been simpli�ed, enabling such
analyses to be performed without intimate knowledge of the framework.

As such, the aim of this thesis has been achieved and this thesis has con-
tributed to answering the research question: Can the contribution of organs
and molecular compartments of interest to certain disease states be quanti�ed
using established theoretical frameworks? While the contribution of compart-
ments of interest to disease states has not been explicitly determined, the
contribution of the malaria parasite to glucose metabolism in infected erythro-
cytes has been determined. Such an analysis can be considered a �rst step to
the application of an established theoretical framework to determine the con-
tribution of compartments (such as organs) to disease states. The developed
package supports the use of modular control analysis to perform analyses on
whole-body models of disease states by making it easier to perform the anal-
ysis. A logical next step for future research is to focus on the control of the
malaria parasite to glucose metabolism in malaria patients. Analyses on a
whole-body model of glucose metabolism in malaria patients may provide in-
sight into the extent to which the malaria parasite, in terms of percentage
parasitaemia, controls the glucose �ux in the host. The control of the parasite
on concentrations of glucose and lactate in the blood could be quanti�ed, pos-
sibly providing insight into the development or maintenance of lactic acidosis
and hypoglycaemia in malaria patients. Applying modular control analysis
to a model of glucose metabolism in a patient with type 2 diabetes may also
be an interesting progression. Such an analysis could provide insight into the
control of muscle on glucose metabolism as well as various other organs and
compartments of interest. The use of modular control analysis on models of
disease states may aid the identi�cation of compartments with high control,
possibly aiding in the treatment of a number of diseases including malaria and
type 2 diabetes.
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Core models

A.1 Linear Pathway

A.1.1 ODEs

The variable metabolites present in this model are x1, x2, x3 and x4 with the
following ODEs:

x1′(t) = 1.vs− 1.v1 (A.1)
x2′(t) = 1.v1− 1.v2 (A.2)
x3′(t) = 1.v2− 1.v3 (A.3)
x4′(t) = 1.v3− 1.v4 (A.4)

A.1.2 Rate Equations

vs = ksf · S − ksr · x1(t) (A.5)
v1 = k1f · x1(t)− k1r · x2(t) (A.6)
v2 = k2f · x2(t)− k2r · x3(t) (A.7)
v3 = k3f · x3(t)− k3r · x4(t) (A.8)
v4 = k4f · x4(t)− k4r · P (A.9)
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A.1.3 Parameters

k1f = 3.0 s−1 (A.10)
k1r = 1.0 s−1 (A.11)
k2f = 1.5 s−1 (A.12)
k2r = 0.5 s−1 (A.13)
k3f = 2.0 s−1 (A.14)
k3r = 1.0 s−1 (A.15)
k4f = 2.0 s−1 (A.16)
k4r = 0.5 s−1 (A.17)
ksf = 2.0 s−1 (A.18)
ksr = 1.0 s−1 (A.19)
P = 1.0 mmol (A.20)
S = 1.0 mmol (A.21)

Volume = 1.0 L (A.22)

A.1.4 Initial Values

x1(0) = 1.0 mmol (A.23)
x2(0) = 1.0 mmol (A.24)
x3(0) = 1.0 mmol (A.25)
x4(0) = 1.0 mmol (A.26)

A.2 Branched pathway

A.2.1 ODEs

The variable metabolites present in this model are x1, x2, x3, x4, x5 and x6
with the following ODEs:

x1′(t) = 1.v1− 1.v2 (A.27)
x2′(t) = 1.v2− 1.v3− 1.v4 (A.28)
x3′(t) = 1.v3− 1.v5 (A.29)
x4′(t) = 1.v4− 1.v6 (A.30)
x5′(t) = 1.v5− 1.v7 (A.31)
x6′(t) = 1.v6− 1.v8 (A.32)
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A.2.2 Rate Equations

v1 = k1f · s− k1r · x1(t) (A.33)
v2 = k2f · x1(t)− k2r · x2(t) (A.34)
v3 = k3f · x2(t)− k3r · x3(t) (A.35)
v4 = k4f · x2(t)− k4r · x4(t) (A.36)
v5 = k5f · x3(t)− k5r · x5(t) (A.37)
v6 = k6f · x4(t)− k6r · x6(t) (A.38)
v7 = k7f · x5(t)− k7r · p1 (A.39)
v8 = k8f · x6(t)− k8r · p2 (A.40)

A.2.3 Parameters

k1f = 1.0 s−1 (A.41)
k1r = 1.0 s−1 (A.42)
k2f = 1.0 s−1 (A.43)
k2r = 1.0 s−1 (A.44)
k3f = 1.2 s−1 (A.45)
k3r = 1.0 s−1 (A.46)
k4f = 1.0 s−1 (A.47)
k4r = 1.0 s−1 (A.48)
k5f = 1.1 s−1 (A.49)
k5r = 1.0 s−1 (A.50)
k6f = 1.0 s−1 (A.51)
k6r = 1.0 s−1 (A.52)
k7f = 1.0 s−1 (A.53)
k7r = 1.0 s−1 (A.54)
k8f = 1.0 s−1 (A.55)
k8r = 1.0 s−1 (A.56)
p1 = 1.0 mmol (A.57)
p2 = 1.0 mmol (A.58)
s = 5.0 mmol (A.59)

Volume = 1.0 L (A.60)
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A.2.4 Initial Values

x1(0) = 1.0 mmol (A.61)
x2(0) = 1.0 mmol (A.62)
x3(0) = 1.0 mmol (A.63)
x4(0) = 1.0 mmol (A.64)
x5(0) = 1.0 mmol (A.65)
x6(0) = 1.0 mmol (A.66)

A.3 Complex pathway

A.3.1 ODEs

The variable metabolites present in this model are x1, x2, x3, x4, x5, x8, x9 and
x10 with the following ODEs:

X1′(t) = 1.v1 − 1.v4 − 1.v3 (A.67)
X10′(t) = 1.v7 − 1.v9 (A.68)
X2′(t) = 1.v2 − 1.v1 (A.69)
X3′(t) = 1.v1 − 1.v2 (A.70)
X4′(t) = 1.v3 − 1.v5 (A.71)
X5′(t) = 1.v4 − 1.v6 (A.72)
X8′(t) = 1.v5 − 1.v7 (A.73)
X9′(t) = 1.v6 − 1.v8 (A.74)

A.3.2 Rate Equations

v1 = k1f ·X0 ·X2(t)− k1r ·X1(t) ·X3(t) (A.75)
v2 = k2f ·X6 ·X3(t)− k2r ·X7 ·X2(t) (A.76)
v3 = k3f ·X1(t)− k3r ·X4(t) (A.77)
v4 = k4f ·X1(t)− k4r ·X5(t) (A.78)
v5 = k5f ·X4(t)− k5r ·X8(t) (A.79)
v6 = k6f ·X5(t)− k6r ·X9(t) (A.80)
v7 = k7f ·X8(t)− k7r ·X10(t) (A.81)
v8 = k8f ·X9(t)− k8r · P2 (A.82)
v9 = k9f ·X10(t)− k9r · P1 (A.83)
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A.3.3 Parameters

k1f = 1.0 s−1 (A.84)
k1r = 1.0 s−1 (A.85)
k2f = 1.0 s−1 (A.86)
k2r = 1.0 s−1 (A.87)
k3f = 1.1 s−1 (A.88)
k3r = 1.0 s−1 (A.89)
k4f = 1.0 s−1 (A.90)
k4r = 1.0 s−1 (A.91)
k5f = 1.0 s−1 (A.92)
k5r = 1.0 s−1 (A.93)
k6f = 1.0 s−1 (A.94)
k6r = 1.0 s−1 (A.95)
k7f = 1.0 s−1 (A.96)
k7r = 1.0 s−1 (A.97)
k8f = 1.0 s−1 (A.98)
k8r = 1.0 s−1 (A.99)
k9f = 1.0 s−1 (A.100)
k9r = 1.0 s−1 (A.101)
P1 = 1.0 mmol (A.102)
P2 = 1.0 mmol (A.103)
X0 = 10.0 mmol (A.104)
X6 = 5.0 mmol (A.105)
X7 = 1.0 mmol (A.106)

Volume = 1.0 L (A.107)

A.3.4 Initial Values

X1(0) = 1.0 mmol (A.108)
X10(0) = 1.0 mmol (A.109)
X2(0) = 1.0 mmol (A.110)
X3(0) = 1.0 mmol (A.111)
X4(0) = 2.0 mmol (A.112)
X5(0) = 1.0 mmol (A.113)
X8(0) = 1.0 mmol (A.114)
X9(0) = 1.0 mmol (A.115)
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A.4 Pathway with equilibrium reactions

The variable metabolites present in this model are x1, x2, x3, x4, x5, x6 and p2
with the following ODEs:

A.4.1 ODEs

p2′(t) = 1.v8 (A.116)
x1′(t) = 1.v1− 1.v2 (A.117)
x2′(t) = 1.v2− 1.v4− 1.v3 (A.118)
x3′(t) = 1.v3− 1.v5 (A.119)
x4′(t) = 1.v4− 1.v6 (A.120)
x5′(t) = 1.v5− 1.v7 (A.121)
x6′(t) = 1.v6− 1.v8 (A.122)

A.4.2 Rate Equations

v1 = k1f · s− k1r · x1(t) (A.123)
v2 = k2f · x1(t)− k2r · x2(t) (A.124)
v3 = k3f · x2(t)− k3r · x3(t) (A.125)
v4 = k4f · x2(t)− k4r · x4(t) (A.126)
v5 = k5f · x3(t)− k5r · x5(t) (A.127)
v6 = k6f · x4(t)− k6r · x6(t) (A.128)
v7 = k7f · x5(t)− k7r · p1 (A.129)
v8 = k8f · x6(t)− k8r · p2(t) (A.130)
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A.4.3 Parameters

k1f = 1.0 s−1 (A.131)
k1r = 1.0 s−1 (A.132)
k2f = 1.0 s−1 (A.133)
k2r = 1.0 s−1 (A.134)
k3f = 1.2 s−1 (A.135)
k3r = 1.0 s−1 (A.136)
k4f = 1× 10−8 s−1 (A.137)
k4r = 1× 10−8 s−1 (A.138)
k5f = 1.1 s−1 (A.139)
k5r = 1.0 s−1 (A.140)
k6f = 6.5× 10−7 s−1 (A.141)
k6r = 2× 10−7 s−1 (A.142)
k7f = 1.0 s−1 (A.143)
k7r = 1.0 s−1 (A.144)
k8f = 1.0 s−1 (A.145)
k8r = 1.0 s−1 (A.146)
p1 = 1.0 mmol (A.147)
s = 5.0 mmol (A.148)

Volume = 1.0 L (A.149)

A.4.4 Initial Values

p2(0) = 1.0 mmol (A.150)
x1(0) = 1.0 mmol (A.151)
x2(0) = 1.0 mmol (A.152)
x3(0) = 1.0 mmol (A.153)
x4(0) = 1.0 mmol (A.154)
x5(0) = 1.0 mmol (A.155)
x6(0) = 1.0 mmol (A.156)
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Appendix B

Package Guide

B.1 Application of the Package

This section is intended to guide a user through using the package to perform
modular control analyses on models of biochemical systems. Initially, the pack-
age needs to be loaded by the Wolfram Mathematica® notebook. This can
be done using the Needs function with �ModularControlAnalysis�� as the re-
quired context. Additionally, the �le location of the package must be entered
as the second argument for the Needs function if the package is not located
in the same folder as the notebook. Unprotect[Print] is used so that Print =
Null can be run. This suppresses print statements present in several package
functions:

Needs["ModularControlAnalysis̀ ", "File location of Package"];
Unprotect[Print];
Print = Null

Secondly, the model information must be included/saved in the notebook,
preferably as a variable such as `pathway'. The model description can be
obtained by selecting a model from JWS Online (models can be added by the
user if the desired model is not available). The website can be accessed by
going to https://jjj.bio.vu.nl/.

Select the Model Database tab to see a list of the models available under the
Curated Models tab. Filters may be applied to search for a speci�c curated
Model. Alternatively, a model can be uploaded or created in the Session
Models tab. Models that are uploaded will only be saved if the user is signed
into the website. This can be done by creating an account on the home page.

92
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The user can then select the desired model to analyse.

Once the model has been selected, the user can go to the address bar at
the top of the screen and add `mfu' to the url. The addition of `mfu' will result
in the model description being displayed in the form required by the package
analysis functions.

Once the model description is available, it can be copied using ctrl + a (to
select the model description) and ctrl + c (to copy the model description). The
model description can then be pasted into the notebook and saved as a vari-
able, such as `pathway', for ease of use. It is recommended the user removes
all instances of `model�' present in the model description as this improves the
readability of the model components. The removal can be quickly achieved
using ctrl + F and then entering `model�' in the `Find' bar, the `Replace with'
bar must be left empty/blank. Selecting `Replace All' will promptly remove
all instances of `model�' from the model description.
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In this way, pathway = { Full model description as obtained from JWS Online
using /mfu in the url }.

The list of metabolites can be obtained with pathway[[1]][[1]], where the
�rst [[1]] indicates the stoichiometry matrix of the model and the second in-
dicates the row headers, with the rows headers being the metabolites for the
stoichiometry matrix.

The components of the type 1 module(s) can then be determined and
saved as a variable, such as `orderinglist'. The list should be constructed such
that there are 3 sublists for each list and 1 list for each type 1 module. The
sublists are ordered such that the metabolites are �rst, the internal module
1 reactions second, and thirdly the bridging reactions. An example analy-
sis will be performed on the Penkler model [11] with module 1 metabolites,
dhapPF, f16bpPF and gapPF. The module 1 internal reactions are vPFvALD
and vPFvTPI, with the bridging reactions vPFvGAPDH, vPFvG3PDH and
vPFvPFK. The metabolites must be added to the list as present in the model
description, this means the `[t]' must be included. The orderinglist would then
be:

orderinglist ={{{dhapPF[t], f16bpPF[t], gapPF[t]},
{vPFvALD, vPFvTPI},
{vPFvGAPDH, vPFvG3PDH, vPFvPFK}}};

The modular control analysis function can then be called using the model
description and module 1 component list as function arguments. A general
function, ModularControlAnalysis, can be used for analysis with 1 or multiple
type 1 modules.

ModularControlAnalysis[pathway, orderinglist]
{{Steady State Condition}, {True}}
{{Concentration Summation-Unnormalised}, {True}}
{{Concentration Summation-Normalised}, {True}}
{{Concentration Connectivity-Unnormalised}, {True}}
{{Concentration Connectivity-Normalised}, {True}}
{{Flux Summation-Unnormalised}, {True}}
{{Flux Summation-Normalised}, {True,True}}
{{Flux Connectivity-Unnormalised}, {True,True}}
{{Flux Connectivity-Normalised}, {True,True}}

The output of the function is the result of the steady state and control
theorem tests for the modular analysis. The desired output for each is True,
however a False output for the control theorem checks does not immediately
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invalidate the analysis. This is due to the possible inclusion of metabolites
with very small concentrations at steady state as well as reactions with �uxes
of zero or near-zero at steady state, which can result in the control theorems
being violated despite the determined control coe�cients being accurate.

The overall control coe�cients for the type 1 module can be accessed
using speci�c variables determined by the package. For an analysis with a
single type 1 module using ModularControlAnalysis, the variables are full-
normCs2ra_star, fullnormCjBara_star, and fullnormCj2ra_star for the con-
centration control matrix, �ux control on the bridging �uxes, and the �ux
control on the module 2 �uxes respectively. The DispMat function can be ap-
plied to the control coe�cient matrices, with the resulting display shown and
with the columns exerting the determined control on the rows in the matrix.

fullnormCs2ra_star//DispMat
fullnormCj2ra_star//DispMat
fullnormCjBara_star//DispMat



_ Control of Module 1a _
atpPF[t] 0.0817 atpPF[t]

b13pgPF[t] 1.03 b13pgPF[t]
f6pPF[t] −0.969 f6pPF[t]
g3pPF[t] 0.521 g3pPF[t]
g6pPF[t] −0.927 g6pPF[t]
glcPF[t] −0.451 glcPF[t]
lacPF[t] 0.0625 lacPF[t]
nadPF[t] 0.00285 nadPF[t]
p2gPF[t] 0.514 p2gPF[t]
p3gPF[t] 0.539 p3gPF[t]
pepPF[t] 0.654 pepPF[t]
pyrPF[t] 0.582 pyrPF[t]
adpPF[t] −0.411 adpPF[t]
nadhPF[t] −0.146 nadhPF[t]

_ Control of Module 1a _
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_ Control of Module 1a _
vPFvATPASE 0.388 vPFvATPASE
vPFvENO 0.402 vPFvENO
vPFvGLCtr 0.415 vPFvGLCtr
vPFvGLYtr 0.725 vPFvGLYtr
vPFvHK 0.415 vPFvHK

vPFvLACtr 0.388 vPFvLACtr
vPFvLDH 0.388 vPFvLDH
vPFvPGI 0.415 vPFvPGI
vPFvPGK 0.402 vPFvPGK
vPFvPGM 0.402 vPFvPGM
vPFvPK 0.402 vPFvPK

vPFvPYRtr 0.725 vPFvPYRtr
_ Control of Module 1a _




_ Control of Module 1a _
vPFvGAPDH 0.402 vPFvGAPDH
vPFvG3PDH 0.725 vPFvG3PDH
vPFvPFK 0.415 vPFvPFK

_ Control of Module 1a _


The module 2 control coe�cients can be accessed using the variables full-

normCs22, fullnormCjBa2, and fullnormCj22 for the module 2 concentration
control coe�cients, the �ux control coe�cients on the bridging �uxes and on
the module 2 �uxes, respectively, in a manner similar to that which has been
shown for the overall control coe�cients. Analyses with multiple type 1 mod-
ules results in the determination of numerous control coe�cient matrices, each
saved as and accessible via a speci�c variable. The variable names provide an
indication of the meaning of the control coe�cients therein, for example, the
variable fullnormCj2rb_star is the matrix of overall �ux control coe�cients
of module 1B on the module 2 �uxes. Cj denotes a �ux control coe�cient
matrix, with 2 identifying what is being controlled and rb identifying what is
exerting the control, with rb used to represent the overall control of module
1B. Overall control coe�cients of a type 1 module are indicated by _star.

B.2 Error Checking mechanisms within the

Package

The package discussed herein reduces the complexity of applying modular con-
trol analysis to models of biochemical systems however, a requirement is the
decomposition of the system in a manner that conforms to the constraints and
assumptions inherent in the framework of modular control analysis. As such,
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decomposition in a manner that violates these assumptions and constraints
results in the determination of erroneous control coe�cients. Consequently,
a number of error checking mechanisms have been implemented within the
package that aim to identify erroneous decomposition as well as the speci�c
metabolites and reactions causing the violations. Once identi�ed, the user is
then informed as to which metabolites and reactions are violating the con-
straints of the framework. This allows the user to revise the decomposition
that was selected, knowing the reason for which the decomposition was iden-
ti�ed as problematic/erroneous. The error checking mechanisms have been
constructed such that computation of the control coe�cients is aborted if the
decomposition is identi�ed to be erroneous. This was implemented as it limits
the risk of the user interpreting the results as correct when this is not the case,
as well as reducing the computation time before the user is informed of the
problematic decomposition.

Examples of the output returned by analyses with erroneous modular de-
composition will be provided, using the model of glycolysis in the P. falciparum
parasite constructed by Penkler and colleagues [11], the model analysed in
section B.1. Two analyses will be presented, each demonstrating the output
returned by the function performing the analysis if the decomposition is de-
termined to be incorrect. The following is the output provided by the package
function using the modular decomposition as described by the variable, order-
inglist.

This decomposition is erroneous as the module 1 metabolite pepPF inter-
acts with the module 2 reaction vPFvTPI through a means other than the
bridging reactions. In this case, the interaction is the result of pep competi-
tively inhibiting TPI. This is a violation of the constraints of modular control
analysis as the decomposition should be constructed such that the matrices ε2,1
and N1,2 are equal to 0. The interaction of module 1 metabolites with module
2 reactions is the �rst error type identi�ed by the package functions. The sec-
ond error type identi�ed concerns the stoichiometric interaction of module 2
metabolites with module 1 reactions, as the matrix N2,1 is expected to equal
0. The following is an example of such a situation:
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The analysis depicted above was aborted with the message displayed due
to the presence of stoichiometric interactions between the module 2 metabo-
lites adpPF and atpPF with module 1 reaction vPFvHK. Such interactions
are not permitted by the modular control analysis framework and as such the
control coe�cients determined would be erroneous. In this way, the functions
available in the package facilitate the application of modular control analysis
to models of biochemical systems as well as the troubleshooting of erroneous
decomposition.

Performing analyses using the functions available in this package requires
knowledge of the functions as well as the variables made accessible to the user,
subsequently a number of functions and variables accessible to the user will be
discussed.

B.3 Overview of accessible functions and

variables

The use of the functions available in this package for performing modular
control analysis on biochemical system requires a number of variables to be
de�ned and made accessible to the user, with some of these variables having
been mentioned previously however, for the purpose of providing clarity a list
of variables and functions of interest has been compiled.

ModularControlAnalysis[pathway_, orderinglist_]

The function argument orderinglist must be provided such that the infor-
mation of the type 1 modules is in the form of a list containing a separate list
for each type 1 module, as has been demonstrated in this package guide. Anal-
yses with 2 or more type 1 modules results in additional lists being present
in the main list, each with 3 sublists corresponding to the components of the
individual type 1 modules.

Calling this function results in a number of variables being de�ned. The
naming pattern used for the control coe�cient matrices is such that each type
1 module is labelled using a letter of the alphabet from "a" to "z". The Q
matrices are an exception to this naming scheme, with the Q matrices ac-
cessible using the variable Qmatrices, which is a list of all the Q matrices
determined for the type 1 modules. In this way, if there are �ve type 1 mod-
ules there will be �ve Q matrices contained in the list. While the control
coe�cient matrices are accessible as described, the current naming scheme
supports up to 26 type 1 modules. As such, the control coe�cient matri-
ces determined are also made accessible using the following variables: full-
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normCs2r_starMatrices, fullnormCjbr2Matrices, fullnormCjbr_starMatrices,
and fullnormCj2r_starMatrices such that the current naming scheme need not
be a limitation as these variables contain all the determined control coe�cients
pertaining to the type 1 modules. A selection of the variables accessible to the
user are:

Qmatrices : This contains the Q matrices determined for the type 1 mod-
ules.

fullnormCs22 : Concentration control coe�cient matrix for module 2 re-
actions on module 2 metabolites.

fullnormCj22 : Flux control coe�cient matrix for module 2 reactions on
their �uxes.

fullnormCjBa2 : Flux control coe�cient matrix for module 2 reactions on
the bridging �uxes of module 1a.

fullnormCs2ra_star : Concentration control coe�cient matrix for module
1a on module 2 metabolites.

fullnormCj2ra_star : Flux control coe�cient matrix for module 1a on
module 2 �uxes.

fullnormCjBara_star : Flux control coe�cient matrix for module 1a on
the bridging �uxes of module 1a.

fullnormCjBb2 : Flux control coe�cient matrix for module 2 reactions on
module 1b's bridging �uxes.

fullnormCs2rb_star : Concentration control coe�cient matrix for module
1b on module 2 metabolites.

fullnormCjBarb_star : Flux control coe�cient matrix for module 1b on
module 1a's bridging �uxes.

fullnormCjBbra_star : Flux control coe�cient matrix for module 1a on
module 1b's bridging �uxes.

fullnormCjBbrb_star : Flux control coe�cient matrix for module 1b on
module 1b's bridging �uxes.

fullnormCj2rb_star : Flux control coe�cient matrix for module 1b on
module 2 �uxes.
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with variables following the alphabetic progression de�ned and accessible
to the user if analyses with more than 2 type 1 modules are de�ned. Additional
functions are included in the package which are accessible to the user including
ststSolMatFormR, enabling the determination of steady state concentrations
and �uxes of a pathway using the FindRoot Mathematica function, and Disp-
Mat, which enables matrices with row and column headers to be visualised in
a more legible format.

B.4 Model with 0 �uxes at steady state

The analysis was performed on a simple branched model shown in Figure
B.1. The model was constructed such that the lower branch consisting of
reactions v4, v6 and v8 is allowed to reach equilibrium. This was achieved
by not �xing metabolite p2, essentially making the lower branch a "dead-end"
branch where metabolites will accumulate until the �ux through the branch
declines to 0 where it remains at steady state. The modular decomposition
was chosen such that metabolites x2 and x3 are considered components of
module 1, reaction v3 is the only reaction within module 1, and the bridging
reactions consist of reactions v2, v4 and v5, as shown in Figure B.1. The
model components including ODEs, rate equations, parameters, and initial
values are located in section A.4. Three signi�cant digits will be displayed for
the determined control coe�cients.

Figure B.1: Simple branched model with one branch allowed to reach equilibrium.
Subsequently, the branch at equilibrium exhibits a 0 �ux at steady state. The mod-
ular decomposition is as shown, with the type 1 module annotated as Module 1.

The presence of 0 �uxes results in numerical errors if left unaddressed prior
to normalising the determined matrices, both manually and with the package.
The numerical errors arise as a result of the need to invert steady state �uxes
during the normalisation of several matrices, such as the �ux control coe�-
cient matrices. The inversion results in an error if the �ux has a magnitude of
0 at steady state. Therefore, it was decided that the 0 �uxes were to be ad-
dressed during the construction of the inverse of the diagonal matrices where
appropriate. This was achieved by checking the values of the �uxes at steady
state to be added to the diagonal matrices and if the value is equivalent to 0,
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including a value of 0 into the diagonal matrix of inverted values. If, however,
the �ux was not equivalent to 0 then the value was inverted and incorporated
into the diagonal matrix. Inclusion of 0 was chosen as equilibrium reactions
exert no control on �uxes and metabolite concentrations at steady state.

Following analysis of the model using the package, it was determined that
not all modular control theorems were upheld, speci�cally the normalised con-
centration connectivity and normalised �ux summation control theorems as
can be seen in Table B.1.

Table B.1: The result for the steady state condition and modular control theorems
as determined by the package following analysis of the model with 0 �uxes present.

Despite the control theorem violations being of concern, the control coe�-
cients determined using the package were compared to those of the appropriate
traditional control coe�cients. This comparison proved bene�cial despite the
violations as it was determined that the control coe�cients determined by the
package achieved a maximum absolute di�erence in the order of magnitude of
10−10 from those determined using traditional MCA. This degree of accuracy is
more than su�cient and subsequently the control theorems for the traditional
control coe�cients were also determined, with the aim of identifying if the
control theorem violations observed during the modular control analysis were
the result of the modular analysis alone, or if similar violations occur during
MCA. The traditional control theorems exhibited identical violations to those
identi�ed in the modular control analysis. The normalised concentration con-
nectivity theorem was determined to be violated as a result of the metabolites
in the branch with a �ux of 0 at steady state, namely metabolites p2, x4, x6
for the modular analysis. The normalised concentration connectivity theorem
for the traditional MCA was determined to be similarly violated. The eval-
uation of the normalised �ux summation theorem can be trivially upheld for
the traditional control coe�cients if performed using the normalised K matrix:
CJ

I · K = K where CJ
I is the matrix of normalised independent �ux control
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coe�cients and K is the normalised K matrix. However, if the alternative
method using multiplication by a vector of 1's is used, CJ

I · 1 = 1, with 1
denoting a unit vector of 1 of appropriate length, then the �ux summation
theorem is determined to be violated. The method used in the package makes
use of the unit vector of 1's and subsequently the normalised �ux summation
theorem is determined to be violated.

The control coe�cients determined by the package are shown in Table
B.2. Table B.2a shows the control coe�cients determined for components of
module 2, while Table B.2b shows the overall control coe�cients determined
for module 1.

Table B.2: Control coe�cients determined by the package following analysis of the
branched pathway with 0 �uxes present.

(a) Module 2 control coe�cients
(b) Module 1 overall control coe�-
cients

The reactions with �uxes of 0 at steady state were determined to have
no control over any module 2 metabolites nor on the bridging and module
2 reactions. Similarly, neither the other module 2 reactions nor module 1
exert control on the reactions with 0 �uxes, which is to be expected. In this
way, the package is capable of accurately analysing models with 0 �uxes at
steady state. A similar problem which has been addressed is that of near-
zero �uxes at steady state, as well as near-zero metabolite concentrations.
While the inversion of numbers approaching zero (with magnitudes of 10−6
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or lower) can be performed, the accuracy may not be maintained throughout
the necessary calculations, particularly as reactions can be determined to be
of magnitudes up to or smaller than 10−20 in some models. The concentration
of metabolites may also be determined to be of magnitudes approaching zero
further contributing to the accuracy concern. The cause for this accuracy
concern is due to the numerical precision, however, this situation has been
addressed and is described in the following section.

B.5 Addressing near zero �uxes and

metabolites

Near zero �uxes and metabolites pose an accuracy concern due to the numer-
ical precision of the package, which is limited to machine precision equivalent
to 10−16. For this reason it is possible control coe�cients for reactions and
metabolites with small magnitudes at steady state may not be accurate as
they may require a greater degree of precision than is available.

Due to the accuracy of the control coe�cients corresponding to �uxes
and/or metabolites with near zero reaction rates or concentrations, respec-
tively, being of concern, it was decided that a threshold of 10−6 would be used
for the �nal control coe�cients accessible by the user. Throughout the deter-
mination of the control coe�cient matrices there are two instances where the
construction of a diagonal matrix of the inverse of �uxes or metabolite con-
centrations is required and applied to the determined control coe�cients. The
�rst instance is during the normalisation of the control coe�cient matrices.
The diagonal matrices of the inverses of the �uxes or metabolite concentra-
tions (as appropriate) are constructed while checking for equivalence to 0. If
the �ux or metabolite concentration is equivalent to zero, then 0 is included
in the diagonal matrix, otherwise the inverse of the value is incorporated. The
equivalence to zero is used at this point due to the downstream extension of the
control coe�cient matrices such that the controls on the independent bridging
�uxes are extended to encompass all bridging �uxes. A similar extension is
performed for the concentration control coe�cients such that the control co-
e�cients for all metabolites in module 2 are determined, as opposed to solely
those corresponding to independent metabolites. As such, if the threshold
is implemented at this point, rather than checking for equivalence to zero,
the accuracy of control coe�cients for dependent �uxes and metabolites may
be negatively impacted if they are a�ected by reactions or metabolites with
�uxes or concentrations below the threshold, despite themselves being above
the threshold.

The second instance where the construction of a diagonal matrix of the
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inverse of reaction rates and metabolite concentrations is required for the con-
trol coe�cient matrices is during the extension of the independent control
coe�cients such that the control coe�cients of all module 2 and bridging com-
ponents are expressed. This is achieved during the normalisation of the Q
matrix as well as the module 2 link matrix. In this way, the application of
the threshold enables the �ux and concentration control coe�cients for reac-
tions and metabolites with �uxes and concentrations below the threshold to be
forced to zero, addressing the accuracy concern, while leaving the control co-
e�cients of components with magnitudes above the threshold unaltered. This
incorporation of the threshold results in the �ux control coe�cient matrices
describing the control of module 2 reactions on their �uxes, as well as the type
1 module on module 2 �uxes, without the threshold having been implemented.
This is due to a K matrix not being applied during the analysis. Therefore,
a diagonal matrix is constructed and populated with either 1, or 0 along the
diagonal, with 1 corresponding to module 2 reactions with �uxes with magni-
tudes above the threshold at steady state and 0 corresponding to �uxes with
magnitudes below the threshold. The diagonal matrix is then multiplied by the
matrices of �ux control coe�cients of module 2 reactions on their own �uxes,
as well as the overall �ux control coe�cients of module 1 on module 2 �uxes.
In this way, the �ux control coe�cients for reactions with near zero �uxes,
as determined by the threshold, are treated in a manner comparable to the
other �ux and concentration control coe�cients. As a result, the normalised
control coe�cients, as well as the normalised elasticity matrices, used during
the control theorem calculations have been subjected to an equivalence check
to 0, as required for the construction of the diagonal matrices of the inverse of
�uxes and metabolites as appropriate. The full, normalised control coe�cient
matrices accessible to the user have been treated utilising the threshold as
described. In this way, the treatment has been applied in a consistent manner
for the control theorem tests as well as in a separate, consistent manner for
the �nal, normalised control coe�cient matrices describing the control of all
components in module 2 as well as those bridging type 1 modules to module 2.
A message is also presented to the user stating the �uxes and/or metabolites
that have been a�ected by the incorporation of the threshold. In this way, the
a�ected control coe�cients are expressed as 0, with an accompanying message
stating for which metabolites and �uxes the control coe�cients were forced to
0. As such, the presence of metabolites and �uxes with near zero magnitudes
at steady state has been addressed, enabling the package to perform analyses
on models with such components present.
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