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Abstract 

Oscillations or rhythms arise in many biological systems such as biochemical pathways. Numerous 

mathematical models and experimental data sets of such systems display sustained oscillations in 

both the metabolite and reaction rate concentrations. The oscillating chemical species and reaction 

rates throughout a biochemical pathway oscillate with an identical frequency in the limit-cycle. 

In this thesis biological oscillators were analysed using phasor representations (or phasor diagrams) 

which are commonly used in electrical circuit analysis, but not for biological oscillators. These 

phasor diagrams provide a visual representation of the peak amplitude and phase angle of multiple 

periodic signals. Phasor diagrams have previously been used (du Preez, 2009) and this previous 

work (which is a proof of concept that a periodic oscillating biochemical network can be 

represented using phasors) is used as a foundation for this thesis. A Wolfram Mathematica software 

package was developed to render the phasor diagrams and compute quantitative information that 

defines component interactions. The underlying mathematics of the analysis is based on well-

established principles used extensively in the field of electrical engineering. 

The phasor analysis was objectively compared to two classic visual dynamical analyses (polar 

phase plane plots and phase plane diagrams) to identify its strengths and weaknesses. The phasor 

analysis has the advantage of incorporating the reaction rate oscillations which results in a visual 

representation of the pathway’s network structure. Quantitative descriptions of the interactions 

between rate and metabolite phasors are determined using the underlying mathematics of the 

analysis, the pathway stoichiometry, and the kinetic rate equations. The transduction and absorption 

of oscillations throughout the pathway are determined using the relative phases and amplitudes of 

the connected species and reaction rate phasors. 

The analysis was applied to numerous core and detailed kinetic models and experimental data sets 

of the oscillatory yeast glycolytic pathway. The network structure (relative phases and amplitudes) 

of the components were compared between the data sets. The difference in transduction and 

absorption of oscillations throughout the pathway was analysed by identifying large amplitude 

phasors and large phase changes between consecutive reaction phasors. The relative phases and 

amplitudes of the upper glycolytic intermediates were comparable in the majority of the data sets. 

The data sets display a phase change between the reactions separating upper and lower glycolysis.  

The quantitative analysis revealed the importance of phosphofructokinase (PFK) in all of the data 

sets. PFK was found to be important in the maintenance of oscillations in the upper glycolytic 

intermediates (fructose 6-phosphate and fructose 1,6-bisphosphate (F6P and F16P)) and the 

adenosine triphosphate (ATP) metabolite. These results indicate a greater contribution of the 

allosteric regulation of PFK compared with the autocatalytic stoichiometry of glycolysis. 

Furthermore, application of the analysis to the kinetic rate equations revealed the importance of the 

adenylates in the oscillation of PFK and multiple other reactions. An important finding was that 

the phasor analysis indicates quantitative similarities (magnitude of component interactions) 

between seemingly different data sets such as data sets of cell extracts and data sets of intact cells 

or models of different dimensionality. 
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Uittreksel  

Ossillasies of ritmes ontstaan in baie biologiese sisteme soos biochemiese padweë. Talle 

wiskundige modelle en eksperimentele datastelle van sulke stelsels vertoon volgehoue ossillasies 

in beide die metaboliet- en reaksietempo-konsentrasies. Die ossillerende chemiese spesies en 

reaksies regdeur 'n biochemiese pad ossilleer met 'n identiese frekwensie in die limietsiklus.  

In hierdie tesis is biologiese ossillators ontleed met behulp van fasorvoorstellings (of 

fasordiagramme) wat algemeen in elektriese stroombaananalise gebruik word, maar nie vir 

biologiese ossillators nie. Hierdie fasordiagramme verskaf 'n visuele voorstelling van die 

piekamplitude en fasehoek van veelvuldige periodieke seine. Fasordiagramme is voorheen gebruik 

(du Preez, 2009) en hierdie vorige werk (wat 'n konsepbewys is dat 'n periodieke ossillerende 

biochemiese netwerk met behulp van fasors voorgestel kan word) word as grondslag vir hierdie 

tesis gebruik. 'n Wolfram Mathematica-sagtewarepakket is ontwikkel om die fasordiagramme te 

genereer en kwantitatiewe inligting te bereken wat komponentinteraksies definieer. Die 

onderliggende wiskunde van die analise is gebaseer op goed-gevestigde beginsels wat op groot 

skaal in die veld van elektriese ingenieurswese gebruik word. 

Die fasoranalise is objektief vergelyk met twee klassieke visuele dinamiese ontledings (polêre 

fasevlak-grafieke en fasevlakdiagramme) om die sterk- en swakpunte daarvan te identifiseer. Die 

fasoranalise het die voordeel om die reaksietempo-ossillasies in te sluit wat lei tot 'n visuele 

voorstelling van die pad se netwerkstruktuur. Kwantitatiewe beskrywings van die interaksies tussen 

tempo en metaboliet fasors word bepaal deur gebruik te maak van die onderliggende wiskunde van 

die analise, die pad stoïgiometrie en die kinetiese snelheidsvergelykings. Die transduksie en 

absorpsie van ossillasies deur die pad word bepaal deur die relatiewe fases en amplitudes van die 

gekoppelde spesies en reaksietempo fasors te gebruik. 

 Die analise is toegepas op talle kern- en gedetailleerde kinetiese modelle en eksperimentele 

datastelle van die ossillatoriese glikolitiese pad in gis. Die netwerkstruktuur (relatiewe fases en 

amplitudes) van die komponente is tussen die datastelle vergelyk. Die verskil in transduksie en 

absorpsie van ossillasies regdeur die pad is ontleed deur groot amplitude fasors en groot fase 

veranderinge tussen opeenvolgende reaksie-fasors te identifiseer. Die relatiewe fases en amplitudes 

van die boonste glikolitiese tussenprodukte was vergelykbaar in die meerderheid van die datastelle. 

Die datastelle vertoon 'n faseverandering tussen die reaksies wat die boonste en onderste dele van 

glikolise skei. 

 Die kwantitatiewe analise het die belangrikheid van fosfofruktokinase (PFK) in al die datastelle 

aan die lig gebring. Daar is gevind dat PFK belangrik is in die handhawing van ossillasies in die 

boonste glikolitiese tussenprodukte (fruktose 6-fosfaat en fruktose 1,6-bisfosfaat (F6P en F16P)) 

en die adenosientrifosfaat (ATP) metaboliet. Hierdie resultate dui op 'n groter bydrae van die 

allosteriese regulering van PFK in vergelyking met die outokatalistiese stoïgiometrie van glikolise. 

Verder het toepassing van die analise op die kinetiese snelheidsvergelykings die belangrikheid van 

die adenilate in die ossillasie van PFK en veelvuldige ander reaksies geopenbaar. 'n Belangrike 

bevinding was dat die fasoranalise kwantitatiewe ooreenkomste (grootte van 

komponentinteraksies) tussen skynbaar verskillende datastelle soos datastelle van selekstrakte en 

datastelle van heelselle, of modelle van verskillende dimensionaliteit aandui. 
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Figure 2.13 - Experimental data for yeast glycolytic oscillations displaying: (A) sinusoidal 

oscillations (Richard et al., 1996) and (B) relaxation type oscillations (Das and Busse, 

1991). Markers indicate experimentally measured concentration values, and the solid 

lines indicate best-fit sinusoids (A) and interpolation functions (B). ......................... 23 

Figure 3.1 - Bifurcation diagram of NAD versus input Glucose flow rate for the kinetic model of 

(Wolf et al., 2000). The single solid line indicates the stable steady-state, and the 

dashed line indicates the unstable steady-state. Oscillations emerge at the bifurcation 

point (red marker) indicated by the two blue curved solid lines which represent the 

maximum and minimum concentrations of NAD oscillations. ................................... 27 

Figure 3.2 - Wolf model chained phasor diagram of the entire carbon backbone. Blue and red 

dashed arrows indicate metabolite and metabolite derivative phasors respectively and 

black arrows represent reaction phasors. The small amplitude phasors are displayed as 

lines without arrow heads or labels (components after the PYR metabolite). PYR 

represents pyruvate and PEP represents phosphoenolpyruvate. ................................. 29 

Figure 3.3 - Wolf model (A) ATP phasor diagram illustrating drive/dampen and (de)stabilise 

reaction projections for the stoichiometry framework and (B) drive-destabilise 

projection diagram depicting the relative projections of the reaction phasors on the 

metabolite (blue markers) and metabolite derivative (red markers) phasors of ATP. 

The dashed line indicates zero magnitude projections, positive projections 

(destabilise/drive) are above the dashed line and negative projections 

(stabilise/dampen) are below the dashed line. The (de)stabilise projections are 

normalised with the absolute maximum (de)stabilise projection, and the drive/damp 

projections are normalised with the absolute maximum drive/damp projection. ....... 31 

Figure 3.4 - (A) Kinetic phasor diagram for the GAPDH-PGK reaction in the Wolf model and (B) 

illustration of the kinetic drive-damp projection diagram. The red markers depict the 

relative projections of the partial derivative multiplied by the metabolite derivative on 

the reaction phasor. The dashed line indicates zero magnitude projections, above 

indicates positive projections (drive) and below indicates negative projections 

(dampen)...................................................................................................................... 33 

Figure 3.5 - Experimental phasor diagrams for the intact yeast cell data set of (Richard et al., 

1996) with four assumptions for the glycogen synthesis kinetics: (A) GS sensitive to 

G6P only, (B) GS sensitive to G6P and ATP, (C) GS of negligible oscillation 

amplitude, and (D) GS sensitive to ATP only. The left-hand side diagrams represent 

upper glycolysis and the right-hand side diagrams represent the ATP phasor 
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Figure 4.1 - Phase plane diagrams for the Hynne model: (A) [F16P] versus [ATP] and (B) [G6P] 

versus [ATP]. The model ODE system is integrated, and the concentration time 

courses are sampled at multiple time values to compute discrete concentration points. 

The concentration sample points for the metabolites are plotted against one another 

and trace ellipses in both Figures indicating sinusoidal oscillations and therefore the 

nearness to a supercritical Hopf-bifurcation. .............................................................. 39 

Figure 4.2 - Polar phase plane plots for the Hynne model with all phase angles measured relative 

to that of ATP: (A) Original phase angles and (B) 180° rotation of the F16P 

metabolite indicating scarcity thereof. There is a clear 90° structure observed for the 

ATP and F16P metabolites indicating an activating and inhibiting mode. ................. 40 

Figure 4.3 - Hynne model: (A) chained phasor diagram for entire glycolytic chain and (B) ATP 

metabolite phasor diagram. Small amplitude phasors are represented as lines without 
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1 Introduction 

1.1 Background 

Biochemical pathways consist of components that are connected via coupled reactions. 

Biochemical pathways are well understood in terms of individual reaction steps. However, complex 

pathway dynamics emerging from coupled reaction systems lack complete understanding. Systems 

biology assists in understanding the dynamics of various biochemical systems through 

mathematical modelling and specific targeted experimentation (such as the various ‘omics’ 

experiments). These mathematical models often use ordinary differential equations (ODEs) to 

describe the system under consideration. Many of these mathematical models are coded and made 

available in online repositories such as JWS Online (Olivier and Snoep, 2004) and BioModels 

(Chelliah et al., 2015). Kinetic models of enzyme catalysed reactions aid in understanding 

underlying mechanisms in specific biochemical pathways. 

Under certain conditions many biochemical pathways exhibit steady-state behaviour which is 

characterised by a constant flux (mass flow) value and constant intermediate concentrations. Some 

pathways are known to exhibit sustained oscillations in their intermediate concentrations and 

reaction rates (for example in yeast glycolysis (Duysens and Amesz, 1957)). When a suitable 

parameter is varied a steady-state system can start displaying oscillatory behaviour when it moves 

through a so-called Hopf-bifurcation. When all the intermediates oscillate with an identical 

frequency the system is said to display limit-cycle oscillations. These oscillations are displayed in 

many biological systems (Goldbeter et al., 2012 and Goldbeter, 2017). 

Oscillations that occur in biochemical pathways are of importance when considering function and 

dysfunction of a biological system. The underlying oscillation mechanisms and how the oscillations 

propagate through the pathway provide insight into the dynamics of such a system. Furthermore, 

the interactions between intermediate and reaction rate oscillations and how oscillatory properties 

(amplitude, phase, and frequency) in the pathway are affected assist the understanding of complex 

biological oscillators. 

The use of ordinary differential equations (ODEs) to describe biological systems has led to the 

development of theoretical frameworks for further analysis. Steady-state and dynamical analyses 

are applicable to such mathematical models and experimental data that the model represents. These 

analyses allow quantitative and qualitative descriptions and predictions of biochemical pathway 

behaviour. The following analyses discussed are applicable to steady-state and oscillatory systems 

and aim to improve understanding of the complex interactions taking place in biological systems. 

Heinrich and Rapoport (1974) and Kacser, Burns and Fell (1995) (in their original paper) developed 

metabolic control analysis (MCA). MCA is a theoretical framework for sensitivity analysis that 

can be applied to steady-state systems. MCA quantifies the extent to which changes in local 

behaviour (an individual step) affect the steady-state behaviour of a biochemical pathway. MCA 

has been used in the context of time dependent variables and limit-cycle oscillators with the aim of 

quantifying the control on oscillatory properties (such as oscillation waveform, amplitude and 

phase) (Acerenza, Sauro and Kacser 1989, Westerhoff et al. 1990 and Reijenga et al. 2002 ). MCA 

and the various modifications are important tools for obtaining quantitative descriptions of 

biochemical pathways. 

Visual representations are typically used to compare species within a pathway or multiple data sets 

of a pathway. These visual representations are useful in condensing large amounts of data and can 
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aid in the validation of kinetic models compared with experimental data. Phase planes are used to 

visually represent differential equations as vector fields in the phase space and therefore can be 

applied to kinetic models. These diagrams, known as phase plane portraits provide information 

regarding fixed points (steady-states or equilibria), periodic solutions (represented by closed orbits 

on the portrait) and the stability or instability of the fixed points (Strogatz, 1994). The use of phase 

plane portraits therefore allow determination of internal structures of oscillating systems (Das and 

Busse, 1991). This analysis depends on the two-dimensionality of the plane and hence limits the 

application to two variable systems (Strogatz, 1994). Additional dimensions can be added to the 

plot, but may lead to quasi-periodic and aperiodic fractal sets and hence chaos (Strogatz, 1994). 

Phase plane diagrams are similar to the phase plane portraits and are typically used to analyse the 

phase relationships between oscillating species in biochemical pathways. A phase plane diagram 

plots the concentration values of two oscillating species over time on a set of axes and can be 

applied to both experimental data and kinetic models. The diagrams will trace circles or ellipses if 

the species oscillate sinusoidally in a limit-cycle (Betz and Chance, 1965). These diagrams allow 

determining the relative phases between the plotted species and can therefore be used to determine 

the relative phases of all oscillating species in the system. Furthermore, these diagrams can be used 

to identify near-equilibrium reactions. 

The following visual representations use the relative phases and amplitudes of the oscillating 

species in a biochemical pathway. Sørensen, Danø and Madsen (2005) introduced polar phase plane 

plots which are applicable to systems that oscillate close to a supercritical Hopf-bifurcation point. 

A supercritical Hopf-bifurcation is the emergence of sustained (periodic) oscillations from a stable 

stationary state (Hynne, Danø and Sørensen, 2001). Supercritical Hopf-bifurcations have been 

observed in yeast glycolytic models (Hynne, Danø and Sørensen, 2001) and experimentally 

(Richard et al., 1996). All systems close to a supercritical Hopf-bifurcation are said to be similar 

when considering the dynamics (known as the property of universality) (Sørensen, Danø and 

Madsen, 2005). Consequently the dynamics of the system can be described by the two-dimensional 

Stuart-Landau equation using two variables. Sørensen, Danø and Madsen (2005) used the Stuart-

Landau equation to determine a biochemical interpretation of the dynamics of the system. 

The second visual representation that makes use of the relative phases and amplitudes is commonly 

used in engineering and physics but not for biological oscillators. In the field of electrical 

engineering, alternating current (AC) circuits can yield multiple oscillating signals of identical 

frequency. This is analogous to the biological limit-cycle oscillators. Voltage and current signals 

oscillate periodically when an alternating voltage source is applied to an electrical circuit. 

Engineers make use of an elegant tool to represent the relative phase and amplitude of each 

oscillating signal (voltage and current) in a circuit. This is done by transforming the time signals 

into the complex plane (or frequency domain). Rotating vectors, known as phasors, are used to 

represent the phase and amplitude of each signal (assuming an identical frequency for all signals) 

(Hambley, 2014). The relative length of the phasor represents the amplitude of the signal, and the 

direction of the phasor corresponds to the phase angle measured relative to a reference signal. The 

resulting diagrams are referred to as phasor representations or phasor diagrams. 

The use of phasors in the biological context is uncommon. However, a general framework has been 

laid out for the application to an oscillating biochemical pathway (du Preez, 2009). The above-

mentioned dynamical analyses provide visual representations and valuable information when 

applied to biological oscillators. This study makes use of the phasor analysis in the context of 

oscillating biochemical pathways. The original work provides a proof of concept and additions 

have been made to aid in the interpretation of the phasor analysis. The additions include slight 

changes to the visual representation, introduction of a diagram to analyse the quantitative 

information, and application of the analysis to additional data sets. Furthermore, a software package 
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has been coded in Wolfram Mathematica (Wolfram Research Inc., Champaign, IL, USA) which 

renders the phasor diagrams and computes the resulting quantitative information defining the 

interactions between the oscillating components in the pathway. 

1.2 Motivation 

Numerous efforts have been made to aid in the understanding of biochemical pathways. Much of 

the focus has been on understanding individual reactions (Hynne, Danø and Sørensen, 2001). The 

effect that reactions or parameters have on the entire system can be analysed using MCA (Ehlde 

and Zacchi, 1997) or supply-demand analysis (Hofmeyr and Cornish-Bowden, 2000). However, 

standard MCA needs to be adjusted when intermediate concentrations and reaction rates are 

functions of time (Acerenza, Sauro and Kacser, 1989 and Reijenga et al., 2002). Sørensen, Danø 

and Madsen (2005) developed a method to analyse dynamical systems using the assumption that 

system dynamics can be described by the two-dimensional Stuart-Landau equation when the 

system oscillates at a supercritical Hopf-bifurcation point. The authors are able to identify 

activating and inhibiting modes of chemical species in a chain of chemical reactions. However, this 

method only provides information on the activating and inhibiting modes of certain chemical 

species and is only applicable at supercritical Hopf-bifurcations. Phase plane portraits provide 

temporal behaviour of dynamical systems but are restricted to two or three-dimensional systems 

and multiple plots are required for larger systems. 

There is a lack of analyses that allow for direct comparisons between multiple data sets 

(experimental data and mathematical models) in the context of biological oscillators. Comparisons 

should address underlying mechanisms resulting in oscillations, oscillation propagation along a 

pathway and the effect species have on the limit-cycle properties of the pathway (relative phases 

and amplitudes). 

1.3 Research question 

What are the advantages of using a phasor analysis compared with conventional visualisation 

methods for oscillatory systems, such as phase plane and polar phase plane plots, in terms of 

mechanistic interpretation of qualitative and quantitative oscillatory properties?  

1.4 Aim 

The research aims to use phasor representations of oscillating biochemical pathways to allow 

comparisons between multiple kinetic models and experimental data sets. This includes identifying 

oscillation mechanisms, oscillation propagation through the pathway, and limit-cycle properties. 

Furthermore, we aim to develop a computational software package to render phasor diagrams for 

kinetic models and experimental data of biological oscillators to aid in achieving these 

comparisons. The software package should also allow for the comparison of kinetic models to 

experimental data, thereby aiding in the validation of the kinetic models. 

1.5 Objectives 

1) Code a software package to render phasor diagrams for oscillating biochemical pathways

2) Identify the strengths and weaknesses of the phasor analysis for oscillating biochemical

pathways when compared to existing analyses
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3) Apply the analysis to existing kinetic models and experimental data sets

a) to describe limit-cycle properties

b) to define interactions between species and reactions.

1.6 Layout 

Chapter 2 provides a review of the relevant literature. Systems biology in the context of 

biochemical pathways and kinetic modelling is discussed. The focus of this research is on 

comparing models and experimental data for oscillating biochemical pathways. Consequently, 

much of the context of the literature review is based on the extensively studied biochemical 

pathway of yeast glycolysis. Steady-state and dynamical analyses are discussed. This includes an 

introduction to the phasor representation and the underlying mathematics that allows computing 

phasors from a periodic time signal. The original framework (du Preez, 2009) for applying the 

phasor analysis to an oscillating biochemical pathway is given and is used as a basis for the 

development of the software package. Well-known biological oscillators, including yeast 

glycolysis, are discussed briefly. Lastly, the limitations of the phasor analysis are noted. 

Chapter 3 demonstrates the functioning of the coded phasor analysis package when applied to a 

kinetic model and an experimental data set of oscillating yeast Saccharomyces cerevisiae (S. 

cerevisiae) glycolysis. User inputs and software package outputs are discussed and methods for 

interpretation of the final phasor diagrams are presented. The analysis provides quantitative 

information that allows a description of the interactions between metabolite and reaction rate 

phasors. 

Chapter 4 compares the phasor analysis to two dynamical analyses which are applicable to 

oscillating biochemical pathways. The purpose of this chapter is to investigate the advantages and 

disadvantages of the phasor analysis compared to previous analyses. The qualitative (visual 

representation) and quantitative (component interactions) strength of the phasor analysis is evident 

in this chapter. 

In Chapter 5 the phasor analysis is applied to multiple oscillating yeast glycolytic models and 

experimental data sets found in the literature. A qualitative and quantitative comparison between 

the data sets is given and the strength of the analysis is demonstrated. The qualitative and 

quantitative data informs a discussion of limit-cycle properties, oscillating mechanisms, and 

interactions between the components in the pathway. Direct comparisons between kinetic models 

and experimental data sets are made using the phasor analysis. 

Chapter 6 concludes the work done, the results obtained and possible future implications for the 

phasor analysis and use of the coded software package. Strengths and weaknesses of the analysis 

are also discussed, and possible improvements are noted. Finally, the extent to which the stated 

research aims and objectives were achieved is evaluated. 
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2 Literature review 

This chapter reviews the relevant literature required to achieve the research objectives. Systems 

biology is discussed in the context of experimentation and computational modelling methods. 

Dynamical systems and dynamical analyses are considered with a focus on Hopf-bifurcations and 

limit-cycle oscillators. Conventional methods used to analyse steady-state and oscillatory 

biochemical systems are discussed. Phasor representations as applied in engineering are discussed 

and the previous use of phasors to represent oscillating biochemical networks is introduced. 

Various biological oscillators on which the phasor analysis can be applied are briefly mentioned. 

Lastly, limitations of the analysis in the context of biochemical pathways are considered. 

2.1 Systems biology 

2.1.1 Background 

Systems biology studies aim to understand system behaviour in terms of its individual components. 

These studies can be applied to small networks of coupled reactions, but also to large systems and 

high-throughput experimentation, for example proteomics, genomics, and metabolomics. Systems 

biology aims to integrate this information to gain better understanding of the system behaviour 

under consideration. Unpredictable behaviour arises due to the non-linear interactions between 

components that comprise living systems. Modelling at a system-level can provide insight to the 

observed behaviour (Breitling, 2010). The use of mechanistic and mathematical explanations 

provide tools for doing so (Brigandt, 2013). Systems biology builds on biological data and 

knowledge, usually based on the research on molecules and their interactions. This information is 

applied to biological systems to quantitatively determine function and/or dysfunction resulting 

from molecular interactions (Bruggeman and Westerhoff, 2007 and Snoep et al., 2006). 

Systems biology involves quantitative analyses which leads to the generation of hypotheses as 

opposed to the mainly qualitative approach of molecular biology based on hypotheses testing 

(Nielsen, 2017). Top-down and bottom-up approaches are commonly used to study biological 

systems. Top-down systems biology utilises high-throughput ‘omics’ data which provide 

information on the genome, proteome and metabolome scale. The data is analysed and integrated 

iteratively to develop hypotheses based on the molecular interactions and correlations determined 

(Bruggeman and Westerhoff, 2007). Bottom-up systems biology uses molecular methods to 

formulate the interactions between components, such as rate equations. This allows assembling 

detailed models for specific processes on a sub-system level (Nielsen, 2017). The bottom-up 

approach aims to predict system behaviour based on the interactions of individual components and 

ultimately to combine pathway models (Bruggeman and Westerhoff, 2007). Snoep et al. (2006) 

propose combining the two approaches to develop a detailed kinetic description of a complete 

cellular system. 

2.1.2 Experimental methods 

The study of molecular bioscience has led to the characterisation of many components of various 

organisms. The research is greatly aided through the use of genome-sequencing and high-

throughput ‘omics’ technologies. The biosciences aim to characterise at a molecular level whereas 

systems biology aims to use this information to study biological phenomena at a systems level. The 

study of molecules in isolation does not allow understanding of function and dysfunction at an 

organism level. Systems biology makes use of the extensive molecular data retrieved from ‘omics’ 

technologies to determine how the interactions of molecules result in behaviour observed at a 

cellular level. The molecular data needed to apply systems biology approaches include 
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characterisation of an organism in terms of its molecular constituents, molecular interactions and 

how these interactions result in cellular function (Bruggeman and Westerhoff, 2007). 

Primary ‘omics’ technologies include genomics, transcriptomics, proteomics and metabolomics. 

Genomics focuses on the identification of genes in the study of an organism’s genome (total 

deoxyribonucleic acid, DNA, of a specific cell or organism). The development of DNA microarrays 

and RNA sequencing allow the simultaneous analysis between thousands of genes to identify 

various chromosomal abnormalities (Richard and Louise, 2011). The transcriptome is the total 

ribonucleic acid or messenger ribonucleic acid (mRNA) in a cell which stores the information for 

protein synthesis. Gene expression microarrays are used to measure packaged mRNA to determine 

gene activity. Proteomics is the study of the proteome (all expressed proteins in a cell or organism) 

with the aim of understanding protein pathways, networks and the flow of proteins therein (Richard 

and Louise, 2011). 

Metabolomics aims to identify the metabolome (all molecules present in an organism or sample). 

Metabolomics is advantageous to the other ‘omics’ techniques discussed. The number of 

metabolites (therefore data set) is lower than that in the proteome and genome (Richard and Louise, 

2011 and Dunn and Ellis, 2005). The metabolome is the downstream result of gene transcription 

and accurately represents the cell function or phenotype (Richard and Louise, 2011). In addition, 

changes (such as metabolite concentrations) in the metabolome are amplified compared to those in 

the proteome and transcriptome (Dunn and Ellis, 2005). The omics technologies provide the 

starting point for a top-down systems biology approach to understanding cell functionality. The 

top-down analysis makes use of the large data sets for single organisms. By perturbing systems 

genetically, environmentally or via induced RNA interference results in measurable system 

changes. Sufficient perturbations allow identifying the interactions at the molecular level. 

Hypotheses regarding biological mechanisms can then be made and tested further (Bruggeman and 

Westerhoff, 2007). 

The bottom-up systems biology approach requires experimental studies that determine kinetic and 

chemical properties of components (such as enzyme kinetics). This is done either by studying 

enzymes in isolation or by fitting parameter values using parameter estimation techniques 

(Bruggeman and Westerhoff, 2007). Kinetic experiments indicate the effect changes in enzyme or 

substrate concentrations and environmental conditions have on reaction rates, and also whether an 

enzyme is regulated (Moran et al., 2012). It is important that enzyme kinetics are determined under 

physiological conditions. For many systems performing in vivo measurements is challenging and 

thus a more feasible method is to make in vitro measurements. However, for the results to be 

physiologically relevant the in vitro system should closely resemble the in vivo system. Online 

databases (such as SABIO-RK and BRENDA) have made such kinetic data available which aids 

in the development of more accurate and complex models which can then be deposited in model 

data bases (such as JWS Online (Olivier and Snoep, 2004) and BioModels (Chelliah et al., 2015)). 

2.1.3 Modelling methods 

To determine function and dysfunction at a system level requires the integration of experimental 

data with mathematical models that represent the dynamics and kinetics of the system. 

Mathematical modelling aids in understanding underlying mechanisms at a molecular level 

resulting in complex behaviour. On the molecular level there are thousands of interactions that take 

place and mathematical models aid in describing these interactions quantitatively. Modelling 

methods are also categorised as top-down or bottom-up. Top-down modelling relies on sufficient 

data of large networks, for example from the ‘omics’ experiments. Bottom-up modelling makes 

use of biochemical techniques, for example enzyme kinetic experiments, to describe smaller 

systems such as biochemical pathways in terms of their components (du Preez et al., 2012). 
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Top-down models are formulated from the phenomenological data and often fail to describe the 

complex interactions at a molecular level (Bruggeman and Westerhoff, 2007). Bottom-up models 

are formulated by studying the molecular interactions and result in hypotheses regarding system 

behaviour as a result of molecular interactions. Bottom-up methods achieve this by 

compartmentalising the overall system and developing models based on these sub-systems. 

Bottom-up models tend to be more mechanistic-based models compared to the phenomenological 

top-down models. 

One can make a distinction between core kinetic models and detailed kinetic models. Detailed 

kinetic models aim to model individual steps in a pathway using experimentally determined kinetic 

data. Core kinetic models require less detail and are commonly used to test general mechanisms. 

Detailed models have the advantage of being able to describe system behaviour as a result of 

species interactions along a pathway. Core models can be derived from detailed models via 

reduction techniques and elimination of various steps that do not affect the properties under 

consideration (Danø et al., 2006). Reduction of detailed models leads to reduced core models that 

are capable of preserving important biochemical properties in the original model (Danø et al., 

2006). Various other modelling techniques exist, for an in-depth review of relevant mathematical 

formulations of kinetic models see Saa and Nielsen (2017). 

Enzymes and reactants are readily available for common biochemical pathways such as the yeast 

S. cerevisiae glycolytic pathway. This data allows determining kinetic properties and parameters 

via perturbation experiments on the given enzyme leading to construction of rate equations used to 

curate kinetic models (Snoep et al., 2006). Models are typically developed based on measurements 

either done in vivo (Wolf et al., 2000) or in vitro (Teusink et al., 2000). The steady-state assumption 

for an enzyme-catalysed reaction led to the derivation of the Michaelis-Menten equation. The 

equation relies on steady-state for the enzyme and reaction intermediate complexes (enzyme-

substrate, ES and enzyme-product, EP). Therefore the enzyme (E), ES and EP complex 

concentrations remain constant over time. The Michaelis-Menten equation successfully describes 

data from kinetic experiments and acts as the foundation for many kinetic models that describe 

metabolic pathways. Kinetic models are typically cast using ordinary or partial differential 

equations (ODEs or PDEs). The use of differential equation systems is beneficial for the analysis 

of the system both analytically and numerically. Models are validated according to their predictive 

ability and accuracy compared with experimental data. 

2.1.4 Steady-state pathways 

Pathways are controlled through regulatory processes that allow cells to respond to the constantly 

changing environmental conditions that surround them. Cells are considered open systems that take 

up nutrients and therefore reactions can operate under steady-state conditions in which the flux 

through the pathway is constant and all the reactions balanced such that the metabolite 

concentrations remain constant. The flux through a pathway depends on the metabolite 

concentrations and the regulatory effects that affect specific enzyme activities in the pathway 

(Moran et al., 2012). The regulation of enzyme activity could be due to feedback inhibition and 

feedforward activation. Feedback inhibition occurs when the product of a reaction controls the rate 

of its own synthesis. Feedforward activation occurs when a product activates an enzyme that 

catalyses a reaction downstream in the pathway (Moran et al., 2012). 

Kinetic models can display steady-state behaviour that is observed experimentally. The kinetic 

model developed by Teusink et al. (2000) for yeast glycolysis represents the pathway at steady-

state conditions. Figure 2.1A displays the metabolite concentration time courses of the integrated 

set of ODEs of the model. The system reaches a steady-state at a time near 0.4 minutes. The 
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metabolite concentrations remain constant over time once the system reaches the steady-state. The 

reaction rates also remain constant over time once the system reaches steady-state (Figure 2.1B). 

2.1.5 Oscillating pathways and biological oscillators 

In addition to steady-state behaviour cellular oscillations or rhythms arise due to complex 

interactions that take place at the cellular level. These interactions occur among genes, proteins and 

metabolites (Novák and Tyson, 2008). Biochemical oscillations play a crucial role in many 

physiological functions and hence their dysfunction results in many physiological disorders 

(Goldbeter, 2017). The existence of rhythmic behaviour, whether at the cellular or supra-cellular 

level, can be attributed to the existence of feedback mechanisms and the non-linearity of the 

reaction kinetics (Novák and Tyson, 2008). Non-linearity in the kinetics can be caused by the 

cooperativity of enzymes with allosteric interactions (Goldbeter and Dupont, 1990). 

When a biochemical or cellular system is unstable it displays sustained oscillations around the 

unstable steady-state, provided the absence of bi-stability (Goldbeter et al., 2012). The reason for 

the oscillatory nature that arises becomes clear when underlying feedback processes are identified. 

The feedback exists as either positive or negative or some combination of the two (Goldbeter et 

al., 2012). The use of kinetic models allows the simulation of such systems. Through optimisation 

of enzyme kinetic parameters the Teusink model was modified by du Preez et al. (2012) to display 

limit-cycle oscillations. Figure 2.2 displays the metabolite concentration time courses of the 

modified model oscillating at an identical frequency, a property of limit-cycle oscillations in a 

network of reactions. 

 

 

 

 

 

 

Figure 2.1 – Time integration of: (A) the glycolytic metabolites and (B) the reaction rates in 

the model of (Teusink et al., 2000). The reaction rates and metabolite concentrations are 

constant once the system reaches steady-state at a time of roughly 0.4 minutes. 

(A) (B) 
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2.2 Metabolic control analysis when including oscillations: 

stationary state analysis 

A biochemical pathway exhibits steady-state behaviour when the intermediates and flux through 

the pathway is constant. MCA, as developed by Heinrich and Rapoport (1974) is a framework that 

is used for studying sensitivity and regulation in metabolic pathways at steady-state conditions. 

MCA quantifies how the control of steady-state fluxes and concentrations is distributed between 

the various reactions that comprise the pathway (Ehlde and Zacchi, 1997). MCA aims to quantify 

the extent to which changes in local behaviour affect the global steady-state behaviour of a 

metabolic pathway. Local behaviour refers to individual reactions in isolation and global behaviour 

refers to the reaction in context of the overall pathway.  

MCA deals with three coefficients, namely flux control coefficients, concentration control 

coefficients and elasticity coefficients. Flux control coefficients represent the degree of control that 

a specific enzyme has on the steady-state flux in the pathway. The concentration control 

coefficients represent the degree of control that a specific enzyme has on the steady-state 

concentrations of species. The elasticity coefficients measure the response that a reaction rate has 

to variations in the concentration of a specific species with all other concentrations kept constant. 

The original MCA framework derived summation and connectivity theorems. The summation 

theorems state that the sum of the flux control coefficients always adds up to one and the sum of 

the concentration control coefficients always add up to zero. The flux summation theorem is used 

to identify the ‘rate-limiting’ steps in the pathway. These are defined as the coefficients of relatively 

large values. However, it has been noted in the case for yeast glycolysis that control does not reside 

at one single step but is rather distributed along the pathway (Richard et al., 1996 and Reijenga et 

al., 2005). The connectivity theorems relate the elasticity coefficients to the control coefficients. 

Thus MCA produces a system of linear equations that allows computing the global system 

properties from the local system properties. 

There have been additions and modifications made to MCA to describe the oscillatory behaviour 

observed in many biological processes. Acerenza, Sauro and Kacser (1989) extended general MCA 

to include time-dependent systems. The authors derived a time-dependent control coefficient via 

system perturbations. However, the authors note that the approach is not applicable to limit-cycle 

Figure 2.2 - Oscillations of glycolytic metabolites in the model of (du Preez et al., 2012).  
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oscillations due to discontinuities that arise at bifurcation points. Heinrich and Reder (1991) 

extended MCA to time-dependent states of a system that occur near a stable steady-state. The 

authors derived time-dependent control matrices in terms of the system stoichiometry and elasticity 

coefficients. 

Westerhoff et al. (1990) included control coefficients that relate enzyme control on the frequency 

of oscillation. Reijenga et al. (2002) applied MCA to dynamical systems using Fourier transforms 

to convert from the time domain to the frequency domain thus allowing analyses on the control of 

limit-cycle oscillations. The authors derived additional summation theorems and tested the analyses 

on oscillatory yeast glycolytic models. The fact that biochemical oscillations are common has led 

to MCA being applied to oscillatory systems (Teusink, Bakker and Westerhoff, 1996 and Bier et 

al., 1996). A modification of the previous MCA applications led to the use of MCA in the context 

of a supercritical Hopf-bifurcation (Sørensen, Danø and Madsen, 2005). The authors modify the 

control coefficients by considering the amplitude equation of the Hopf-bifurcation and conclude 

that control of amplitude and frequency of oscillations should be considered separately. 

2.3 Dynamical analyses 

This section introduces methods for analysing dynamical systems such as biological oscillators. 

The focus of the research is on limit-cycle oscillators and therefore Hopf-bifurcations are discussed. 

Furthermore, limit-cycle analyses that are commonly used for biochemical oscillators are 

introduced. The phasor analysis is not a common analysis in biology and background information 

is given before describing the application to biological oscillators. 

2.3.1 Visualisation of non-linear dynamical systems 

Biological oscillators are commonly represented mathematically using differential equations. The 

use of vector fields representing one and two-dimensional systems allows visually plotting the 

solutions to such systems. As a system evolves over time the phase point (represented by two 

variables of the system) moves around the phase space along a trajectory determined by the solution 

to the differential equation (Strogatz, 1994). Plotting the nullclines of the system (curves where the 

time-derivatives of the variables under consideration are zero) on the phase plane yields a phase 

plane portrait of the system. 

2.3.2 Phase plane portrait 

The phase portrait provides information regarding fixed points of the system. Fixed points represent 

steady-states or equilibria, periodic solutions (represented by closed orbits on the portrait) and the 

stability or instability of the fixed points (Strogatz, 1994). Stable points are such that small 

disturbances disappear over time whereas small disturbances will grow from unstable points over 

time (Strogatz, 1994). The use of phase plane portraits therefore allow determination of internal 

structures of oscillating systems (Das and Busse, 1991). The use of phase planes depends on the 

two-dimensionality of the plane and hence limits the application to two variable systems (Strogatz, 

1994). Additional dimensions can be added to the plot, but may lead to quasi-periodic and aperiodic 

fractal sets and hence chaos (behaviour that is not easily visualised in a phase plane portrait) 

(Strogatz, 1994). 

Phase plane portraits are used in dynamics to determine temporal information about the system 

under consideration. Two variables of a system are plotted against one another to determine fixed 

points and periodic (limit-cycle) solutions (Strogatz, 1994). An important result in nonlinear 

dynamics led to the Poincaré-Bendixon theorem. The theorem states that a phase plane plot 

confined to some bounded region with no fixed points approaches a closed orbit or limit-cycle. The 
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theorem is only applicable to two dimensions and chaos might arise when additional dimensions 

are considered (Strogatz, 1994). The two-dimensional core model of Sel’kov (1968) is used as an 

example for plotting such a phase plane portrait. The non-dimensional set of differential equations 

of the Sel’kov model are: 

�̇� = −𝑥 + 𝑎𝑦 + 𝑥2𝑦      �̇� = 𝑏 − 𝑎𝑦 − 𝑥2𝑦 (2.2) 

When applied to the glycolytic pathway x and y represent the adenosine diphosphate (ADP) and 

fructose 6-phosphate (F6P) concentrations respectively, and a and b are kinetic parameters. The 

phase plane portrait for a typical case, a = 0.08 and b = 0.6, is plotted in Figure 2.3. In Figure 2.3 

it is clear that the trajectories point away from the centre of the ‘spiral’ (at y = 1.4 and x = 0.6) 

indicating the existence of a stable limit-cycle (Strogatz, 1994). The limit-cycle is represented by 

a closed trajectory (red orbit in Figure 2.3) with neighbouring trajectories spiralling to the closed 

trajectory (Strogatz, 1994). 

Many biological oscillators display self-sustained oscillations. Such oscillations are often stable 

limit-cycles, characterised by all neighbouring trajectories approaching the limit-cycle (Strogatz, 

1994) as observed in Figure 2.4. The stable limit-cycle ensures periodic behaviour of the system in 

which all the system variables oscillate at an identical frequency. 

 

Figure 2.3 - Phase plane portrait for the two-dimensional yeast glycolysis model of (Sel’kov, 

1968). Red orbit indicates limit-cycle trajectory.  
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2.3.3 Hopf-bifurcation diagrams 

The stability of fixed points can be changed by varying system parameters. These qualitative 

changes are known as bifurcations and the specific parameter values causing such changes are the 

bifurcation points (Strogatz, 1994). Bifurcation diagrams are used to determine the bifurcation 

points of a system and therefore display points at which stable and unstable solutions meet. A Hopf-

bifurcation results in stable limit-cycle oscillations. Two bifurcation diagrams are plotted to 

illustrate supercritical and subcritical Hopf-bifurcations for the two differential equations: 

(𝑨) �̇� = 𝒓𝒙 − 𝒙𝟑     (𝑩) �̇� = 𝒓𝒙 + 𝒙𝟑 (𝟐. 𝟏)  

The single black solid lines in Figures 2.4A and 2.4B represent a stable steady-state, the dashed 

line an unstable steady-state and the two blue curved lines represent the maximum and minimum 

values at which the species oscillates (limit-cycle oscillations). A supercritical Hopf-bifurcation 

results in small-amplitude, sinusoidal limit-cycle oscillations that emerge from the steady-state. 

Figure 2.3A indicates how the oscillations grow in amplitude as r (a system parameter) is increased. 

The subcritical Hopf-bifurcation results in a fixed jump from the steady-state to relatively large 

amplitude oscillations when the equilibrium becomes unstable. 

2.3.4 Phase plane diagrams 

Phase plane diagrams are used to analyse oscillatory systems by plotting the system path using two 

or three variables (here typically metabolite concentrations) measured at specific times. The 

diagrams are ideal for two-dimensional systems and allow the analysis of limit-cycle properties. 

However, in the case of oscillating yeast glycolysis (more than two-dimensions or variables) the 

limit-cycle properties can still be determined by considering the phase plane diagram of two 

metabolites (Betz and Chance, 1965). The curve produced for limit-cycle oscillations will form a 

closed orbit (as noted in the previous section for phase plane portraits). The closed orbit is a circle 

or ellipse if the limit-cycle displays sinusoidal oscillations (Betz and Chance, 1965). Furthermore, 

Betz and Chance (1965) note that phase relationships between metabolites are observed depending 

on the angle the orbits form with the origin of the reference axes. 

(A) (B) 

Figure 2.4 - Bifurcation diagrams that indicate: (A) Supercritical Hopf-bifurcation and (B) 

Subcritical Hopf-bifurcation. Supercritical Hopf-bifurcations result in the emergence of 

small amplitude oscillations from a stable steady-state. The subcritical Hopf-bifurcation 

results in a jump from zero amplitude oscillations to large amplitude oscillations. 

Stellenbosch University  https://scholar.sun.ac.za



 

13 

 

The experimental data on yeast extracts, (Das and Busse, 1991), was used to reproduce the phase 

plane diagram of glucose-6-phosphate (G6P) and ATP (Figure 2.5B). A best-fit spline curve was 

inserted over the data to indicate the existence of a closed orbit and hence the existence of limit-

cycle oscillations. The phase plane diagrams also reveal reactions that operate close to or far from 

equilibrium by noting the direction that the main axis of the orbit creates with the reference axis 

system (Das and Busse, 1991). The data on intact cells, (Betz and Chance, 1965), of G6P versus 

F6P (Figure 2.5A) displays a straight line indicating that the reaction operates near equilibrium. 

The straight line forms an angle of roughly 45° with the origin and therefore the two metabolites 

oscillate in-phase with one another. 

2.3.5 Polar phase plane plots 

Sørensen, Danø and Madsen (2005) introduced polar phase plane plots to analyse mechanisms of 

oscillation for biochemical pathways. The plots make use of the relative phases and amplitudes of 

chemical species involved in a system of reactions. The Stuart-Landau equation is the amplitude 

equation used to describe the dynamics of a chemical system at a supercritical Hopf-bifurcation: 

�̇� = (𝑖𝜔0 + 𝜎𝜇)𝑧 + 𝑔𝑧|𝑧|2 (2.3) 

A supercritical Hopf-bifurcation results in sinusoidal oscillations in the limit-cycle close to the 

bifurcation point. The local co-ordinate 𝑧 = 𝑧′ + 𝑖𝑧′′describes the state of the system, 𝜎 = 𝜎′ +
𝑖𝜎′′ and 𝑔 = 𝑔′ + 𝑖𝑔′′ are complex parameters, μ and ω0 are real parameters. The equation has two 

orthogonal modes in the plane of oscillations (z-plane), namely an activating mode (A) and an 

inhibiting mode (I) (Sørensen, Danø and Madsen, 2005) (Figure 2.6). One of the modes therefore 

activates the other mode which then inhibits the first mode. Identifying two chemical modes which 

correspond to the two Stuart-Landau modes allow the use of dynamics to obtain an equivalent 

biochemical interpretation (Sørensen, Danø and Madsen, 2005). 

(A) (B) 

Figure 2.5 - Phase plane diagrams for experimental data sets: (A) [G6P] versus [F6P] 

illustrates a near equilibrium reaction for data set of (Betz and Chance, 1965) and (B) [G6P] 

versus [ATP] illustrates a closed orbit (limit-cycle oscillations) from data set of (Das and 

Busse, 1991). 
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The polar phase plane plot is a representation of the chemical plane of oscillations (Sørensen, Danø 

and Madsen, 2005). The plots are constructed using the relative phases and amplitudes of chosen 

chemical species (a reference species of 0° phase is selected). The distance from the centre of the 

plot represents the amplitude, and the angle (measured from 0°) represents the relative phase 

measured from the reference species. The projections of the chemical species on the 0° and 90° 

(Stuart-Landau modes, Figure 2.6) indicate the activating (A) and inhibiting (I) species and their 

importance in the oscillatory nature of the system. An additional interpretation is made by the 

authors when considering the scarcity of the inhibiting mode (-I) by rotating a species 180° (Figure 

2.6B). The 180° rotation plots the relative phase of the minimum oscillation (scarcity) of the 

chemical species instead of the maximum (abundance). 

The authors interpret Figure 2.6A as follows: the abundance of species A is the activating mode 

and the abundance of species I is the inhibiting mode. Abundance indicates the maximal 

concentration projection of the species and species A activates species I which in turn inhibits 

species A. Therefore when applied to a system of chemical reactions, the projections of the 

chemical species allow determination of the activating and inhibiting modes of the system. An 

advantage of this method is that it does not depend on the structure of the reaction network, but 

rather on the closeness of the system to a supercritical Hopf-bifurcation point (Sørensen, Danø and 

Madsen, 2005). Phase and amplitude data obtained experimentally or from a kinetic model is used 

to plot the chemical species on the polar phase plane plot. Conclusions regarding the species 

interactions are made provided a 90° phase relation exists. 

An example of a polar phase plane plot using amplitude and phase data from an intact yeast cell 

data set (Richard et al., 1996) is depicted in Figure 2.7A. It is evident from Figure 2.7A that there 

exists an activating and inhibiting mode in the system (90° structure). The authors note that 

additional activating and inhibiting modes can be identified by rotating ATP, F6P and G6P by 180° 

to represent scarcity (the minimum concentration of that species) (Figure 2.7B). In Figure 2.7B the 

abundance of ADP and adenosine monophosphate (AMP) with scarcity of ATP (open circle 

Figure 2.6 - Polar phase plane plots: (A) indicates the 90° phase difference between the 

activating and inhibiting modes and (B) indicates a second interpretation in which species 

are rotated 90°. Adapted from (Sørensen, Danø and Madsen, 2005). 

I A 

A -I 

(A) (B) 
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marker) represent the activating mode. The abundance of fructose-1,6 phosphate (F16P) with 

scarcity of F6P and G6P represent the inhibitory mode (Madsen, Danø and Sørensen, 2005). The 

reactions that affect these species are considered to draw biochemical conclusions. Scarcity of ATP 

is explained by the activation of PFK by AMP. The low energy charge (scarcity of ATP) is 

increased by the abundance of substrate for lower glycolysis (F16P) since an increase in the lower 

glycolytic flux results in an increase in the [ATP] concentration. The method was applied as a proof 

of concept to yeast glycolysis (Madsen, Danø and Sørensen, 2005 and Danø et al., 2006). 

 

2.3.6 Phasor analysis and representation 

In the fields of physics and engineering a phasor represents a rotating vector (typically a sinusoidal 

or periodic function). Phasors therefore have a magnitude (represented by the length of the phasor) 

and phase (represented by the direction of the phasor). Phasors are represented by complex numbers 

and can be plotted on the complex plane which has a real axis (x-axis in Cartesian terms) 

perpendicular to an imaginary axis (y-axis in Cartesian terms). The phase angle is measured in an 

anti-clockwise direction from the positive real-axis. Phasors can take on a rectangular form (this 

allows representing the phasor on a rectangular coordinate system): 

                                          

𝑭 = 𝐴(cos𝜔𝑡 + 𝑖 sin𝜔𝑡) (2.4)                                             

The magnitude of the phasor F (Equation 2.4) is represented by A, the frequency of oscillation of 

the phasor is represented in rad/s by ω (ω = 2πf where f is the frequency in Hertz), the imaginary 

unit, i, is equivalent to the square root of negative one and t represents time. A phasor diagram 

displays the peak amplitude and phase of a sinusoidal function at any point in time. From Equation 

Figure 2.7 - Experimental polar phase plane plots (Richard et al., 1996): (A) Original relative 

phases and amplitudes of oscillating species measured relative to the phase of NADH and (B) 

180° rotation of ATP, G6P and F6P metabolites to represent minimum oscillation (open circle 

markers). The relative phases of the large amplitude (large moduli) species are compared. A 

90° relation between these species indicates the existence of an activator and inhibitor mode. 

F16P F16P 

ATP AMP ADP 
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2.4 it is clear that the term 𝐴(cos (𝜔𝑡)) represents the real term and 𝐴(𝑖 sin𝜔𝑡) the imaginary term. 

The two terms can be thought of as a co-ordinate in the complex plane. The vectoral sum of the 

two terms yield a resultant representing the phasor which lies anywhere between the real and 

imaginary axes. 

A phasor can also be represented by a single sinusoidal function: 

                                                       

𝑭 = 𝐴𝑠𝑖𝑛(𝜔𝑡 ± 𝜙) (2.5) 

Where 𝜙 represents the phase measured in an anti-clockwise direction from the positive real-axis. 

Equation 2.5 is typically used when comparing two phasors where 𝜙 measures the difference in 

phase of the signals being compared. Figure 2.8 illustrates how a phasor diagram is derived from a 

sinusoidal function. The axes labels indicate at which angle (x-value in radians) of the function the 

phasors are retrieved. Figure 2.8 indicates how the phasor rotates according to the x-value of the 

sinusoid function. It is clear from Figure 2.8 that the length of the phasor F remains constant as it 

represents the amplitude of oscillation. The direction (phase) is dictated by the position along the 

x-axis from which the phasor is measured. In this case the phasor is taken at the angles x = π/6, 

2π/3, 7π/6, and 5π/3 radians. 

Phasor diagrams are commonly used to represent alternating current (AC) circuit signals in 

electronics. The current through and voltage across an inductor or capacitor oscillate sinusoidally 

out-of-phase with one another. Out-of-phase implies that the signals do not reach their peaks or 

troughs at the same phase angle (sinusoidal signals in Figure 2.9B). The current and voltage are 

represented by imaginary numbers that oscillate with the same angular frequency (𝜔) and hence 

are visualised using a phasor diagram. The length of the phasor represents the peak amplitude of 

the current (Im = 1 A) or voltage (Vm = 2 V) signals. The direction of the phasors represents the 

relative phase angle between the two phasors at a chosen reference point (𝜔𝑡 = 0 in Figure 2.9B). 

The phasors rotate at the same rate and therefore their relative orientations will remain fixed. 

When comparing two or more phasors the terms ‘lead’, ‘lag’, ‘in-phase’, and ‘out-of-phase’ are 

typically used. These terms refer to the relative phase angles of the phasors being compared. The 

terms used depend on which phasor is selected as the reference phasor. In Figure 2.9B the voltage 

F 

π 

π/2 

0 

3π/2 

Phasor 

rotation 

Figure 2.8 - Rotating phasor representation derived from a sinusoid function. The phasor F 

rotates in an anti-clockwise direction and will point in the direction determined by the 

selected x-value of the sinusoidal function. The amplitude (length) of the phasor remains 

constant as it represents the amplitude of the sinusoidal signal. 

0 

2π/3 

2π/3 
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phasor (V(t)) leads the current phasor (I(t)) by 𝜙 radians. The relationship is determined visually by 

noticing that V(t) reaches its peak value at an earlier 𝜔𝑡 value than I(t). It is also true to say that I(t) 

lags V(t) by 𝜙 radians. This is an example of out-of-phase phasors. In Figure 2.9A the two phasors 

oscillate without a phase difference (𝜙 = 0 radians) and therefore oscillate in-phase with one 

another. This is visually represented as phasors pointing in the same direction in the complex plane 

and noticing that the two sinusoids reach their peak amplitudes at an identical 𝜔𝑡 value. 

The phasor diagram in Figure 2.9B represents the instance at which 𝜔𝑡 = 0 (here the origin 

represents zero phase). The signal V(t) has no phase offset at this point and hence the phasor is 

aligned with the real axis. The phasor diagram in Figure 2.9A is rendered at the point 𝜔𝑡 = 0 

radians and therefore both phasors are aligned with the real axis. The rotation of the phasors (+𝜔𝑡) 

is measured anti-clockwise as a convention. 

2.3.7 Phasors applied to biological oscillators  

A phasor representation of multiple signals is possible only if all signals oscillate with the same 

angular frequency as is the case in AC circuits. In biology metabolite concentrations and reaction 

rate concentrations oscillate with an identical frequency in a limit-cycle. Glycolytic oscillations are 

one example of a biological oscillator and there exist many other examples (Goldbeter et al., 2012 

and Goldbeter, 2017). Phasors can therefore be used to represent these limit-cycle oscillators. 

Zheng, Sassaroli and Fantini (2010) used phasors to represent oscillations of haemoglobin 

Figure 2.9 - Current and voltage phasors from sinusoidal functions: (A) represents in-phase 

rotation at ωt = 0 and (B) represents out of phase rotation by offset angle φ at ωt = 0. The 

length of the phasors are two units and one unit for the voltage (V(t)) and current (I(t)) phasors 

respectively. 
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concentration in tissue to determine phase relationships between various forms of haemoglobin. 

Pierro et al. (2012) studied the amplitude and phase of low frequency oscillations in the cerebral 

haemoglobin concentrations in a human sleep study. The two studies note the potential that the use 

of phasor representations has in their respective studies, namely application to study the 

connectivity networks in the brain and the investigation of hemodynamics. 

The phasor representation can be taken a step further and used to represent oscillating biochemical 

pathways. Kinetic models are developed to study the oscillations observed experimentally for 

various biological oscillators. Kinetic models from online repositories, such as JWS Online (Olivier 

and Snoep, 2004), can be simulated online.  

The use of ODE systems in modelling is common for representing biochemical or metabolic 

pathways. In yeast glycolysis for example, the assumption that the cytoplasm of the cell under 

study is spatially homogeneous allows the system to be represented as a system of ODEs. The 

change in the time dependent metabolite concentrations (�̇� vector) is defined as the product of the 

network stoichiometry (N matrix) and the kinetic rate equation for each reaction rate (v vector): 

                                                             

�̇� = 𝑁. 𝑣 (2.6)                                                                 

Numerical integration of Equation 2.6 is used to obtain the time-course solutions of the metabolite 

and reaction rate concentrations. Close to a supercritical Hopf-bifurcation point each reaction rate 

can be expressed as the sum of its average flux (J) and its time dependent oscillation (vosc) (du 

Preez, 2009): 

                                                             

�̇� = 𝑁. (𝑣𝑜𝑠𝑐 + 𝐽) (2.7) 

However, since J represents an average flux term it is time independent and does not oscillate and 

therefore will not contribute to the amplitude of oscillation. These fluxes are therefore omitted in 

the phasor analysis and the metabolite derivative phasor equation is defined as: 

                                                             

�̇� = 𝑁. 𝑣𝑜𝑠𝑐 (2.8)                                                           

Sinusoidal oscillations in a limit-cycle allow Equation 2.8 to be represented as a set of phasors 

using the given definition of phasors (a rotating vector representing the peak amplitude and peak 

phase of a periodic signal) (du Preez, 2009). Thus the metabolite concentration derivative (�̇�) 

phasor is the vector addition (using network stoichiometry, N) of the reactions affecting it or the 

resultant phasor of the reactions. The three-dimensional yeast glycolytic model (Danø et al., 2006) 

displays sinusoidal limit-cycle oscillations and is used to depict Equation 2.8 visually (Figure 

2.10A and 2.10B). The metabolite derivative equation of ATP (�̇� = AṪP) is used to render Figure 

2.10. The phase angles of each phasor in Figure 2.10 are measured relative to the phase of the ATP 

metabolite phasor (blue dashed arrow pointing in the direction of the positive x-axis in Figures 

2.10C and 2.10D). Figure 2.10B illustrates that the vector addition of the reaction rate phasors 

(black arrows) results in the ATP derivative phasor (red dashed arrow) as defined in Equation 2.8. 

The reaction names are omitted for simplicity and are labelled according to the variable names 

given in the original model definition. 

 

Stellenbosch University  https://scholar.sun.ac.za



 

19 

 

The metabolite concentration derivative phasors (�̇�) can also be derived in terms of the metabolite 

concentrations (S vector). Assuming that each metabolite concentration is a sinusoid of the form 

𝐴𝑠𝑖𝑛(𝜔𝑡 − 𝜙), the derivative of the metabolite concentration yields 𝐴𝜔cos (𝜔𝑡 − 𝜙) which is 

identical to 𝐴𝜔sin (𝜔𝑡 − 𝜙 +
𝜋

2
). Therefore, the metabolite derivative phasors are 90° out-of-phase 

with their metabolite phasors but have the same amplitude scaled by the radial frequency ω (Figure 

2.10C and 2.10D). In phasor form this can be written as: 

                                                         

�̇� = 𝑖𝜔𝑆𝑜𝑠𝑐 (2.9) 

Sosc represents the oscillating metabolite concentration. Multiplication of a phasor by the imaginary 

unit (i) results in a positive 90° (anti-clockwise rotation) phase shift as seen in Figure 2.10C. 

Equation 2.8 and 2.9 allow rendering phasor diagrams for each metabolite in an oscillating 

biochemical pathway. This assumption holds at a supercritical Hopf-bifurcation point at which 

sinusoidal oscillations appear. As an example the Wolf model displays a sub-critical Hopf-

bifurcation, however near-sinusoidal oscillations appear at this bifurcation point (Figure 2.11).  

 

 

 

 

(D) (C) 

(B) (A) 

Figure 2.10 - Phasor diagrams depicting the relationship between: (A) Metabolite derivative 

phasor (red dashed arrow) and reaction rate phasors (black arrows), (B) vector addition of 

reaction rate phasors yielding the metabolite derivative phasor, (C) metabolite phasor (blue 

dashed arrow) and metabolite derivative phasor relationship, (D) complete phasor diagram 

of all the components for the ATP metabolite. 
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2.3.8 Oscillations far from a Hopf-bifurcation: Fourier transformation method 

Models and experimental data that oscillate far from a supercritical Hopf-bifurcation point can no 

longer be assumed to have sinusoidal oscillations. The Wolf model has a glucose influx rate of 50 

mM/min and displays non-sinusoidal periodic oscillations at this point which is further away from 

the Hopf-bifurcation than the simulation shown in Figure 2.11 (Figure 2.12). 

Figure 2.11 - Near-sinusoidal oscillations of NAD concentration for the Wolf model. The blue 

line indicates the NAD concentration, and the red dashed line indicates a best-fit sinusoid. 

Figure 2.12 - NAD oscillation far from the Hopf-bifurcation point indicating non-sinusoidal 

oscillations. The blue line indicates the NAD concentration, and the red dashed line indicates 

the best-fit sinusoid. 
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The Fourier transform resolves a periodic signal into one represented by a sum of sinusoidal 

functions. The Fourier transform converts a function between the time and frequency domains. The 

transform function achieves this by representing the original periodic function (square wave-form, 

triangular wave-form, sinusoidal wave-form) as the sum of sinusoidal functions: 

                                                                

𝐺(𝑓) =  ∫ 𝑔(𝑡)𝑒−𝑖2𝜋𝑓𝑡∞

−∞
𝑑𝑡 (2.10)                                           

Where G(f) represents the function g(t) (t, representing the time domain) once it is transformed to 

the frequency domain, f. Applying this transform to the model ODEs (Equation 2.6), and noting 

that the angular frequency, 𝜔, is equal to 2𝜋f, yields (du Preez, 2009): 

                                                          

∫ 𝑒−𝑖𝜔𝑡�̇�
∞

−∞
𝑑𝑡 = ∫ 𝑒−𝑖𝜔𝑡∞

−∞
𝑁𝑣 𝑑𝑡 (2.11)                                        

Limit-cycle oscillators allow adjustment of the integration bounds to include one period of 

oscillation as all signals oscillate with an identical frequency and one period is sufficient to capture 

the amplitude and phase information for the phasor representation. Numerical integration of 

Equation 2.11 will compute phasors for the metabolite derivatives and a set of reaction phasors 

multiplied by the system stoichiometry. To link the metabolite derivative phasor to the metabolite 

phasor the Fourier transform can be written as: 

                                                       

∫ 𝑒−𝑖𝜔𝑡∞

−∞

𝑑𝑓(𝑡)

𝑑𝑡
𝑑𝑡 = 𝑖𝜔 ∫ 𝑒−𝑖𝜔𝑡∞

−∞
𝑓(𝑡)𝑑𝑡 (2.12)                               

With f(t) representing the metabolite concentration as a function of time, t. Equation 2.12 represents 

the same relationship that arises close to the supercritical Hopf-bifurcation point (for sinusoidal 

oscillations), namely the scaling by the radial frequency and 90° phase shift (Equation 2.9). The 

Fourier transform can be applied to points near or far from a supercritical Hopf-bifurcation point. 

This provides a more general method for rendering phasor diagrams for biochemical pathways that 

display both sinusoidal and non-sinusoidal limit-cycle oscillations. 

2.3.9 Quantitative component interactions 

The phasor analysis represents the amplitude and phase of oscillation for all species in a limit-cycle 

oscillator. Metabolite and reaction rate concentrations affect one another in biochemical pathways. 

The set of ODEs representing the system indicates which reactions affect each metabolite 

derivative (stored in the stoichiometry, N). The phasor analysis provides a direct mathematical 

relationship between the oscillation of a metabolite, its derivative and the reaction rate affecting 

that metabolite derivative. This information can be used to elucidate how reactions cause 

oscillations in the metabolites that they produce or consume. du Preez (2009) noted that the reaction 

phasor projections onto the metabolite and metabolite derivative phasors indicate to what degree 

the reactions destabilise the metabolite and drive the metabolite oscillations, respectively. The 

projections are computed using trigonometry and a framework of how reactions drive or dampen 

(reaction phasor projection on the metabolite derivative phasor) metabolite oscillations and 

destabilise or stabilise (reaction phasor projection on metabolite phasor) the metabolite is 

developed. 

The reaction rate oscillations influence the metabolite oscillations via the system stoichiometry. It 

is also true that the metabolite oscillations influence the reaction rate oscillations. In metabolic 

pathways the Michaelis-Menten equation is at times applicable since many reactions involve a 
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single substrate. The rate equations therefore define the rate of a reaction as a function of the 

metabolite/s that affect it. Applying the phasor analysis to this rate equation allows rendering the 

reaction rate phasor in terms of its kinetics. du Preez (2009) refers to these diagrams as kinetic 

phasor diagrams as they are constructed using the kinetic rate equations and not the stoichiometry. 

The projections of the metabolite phasors on the reaction rate phasors using the kinetics relates the 

extent that the metabolites drive or dampen the reaction rate oscillations. 

2.4 Biological limit-cycle oscillators  

Yeast glycolysis is one of the most well-studied biochemical pathways and there exist numerous 

kinetic models describing its dynamics. Phasor representations of oscillating biochemical pathways 

provide a visual representation of large amounts of data. The phasor analysis has been previously 

applied to numerous yeast glycolytic models and two experimental data sets (du Preez, 2009). 

Other biological models that display limit-cycles include the circadian rhythm (Tyson et al., 1999), 

the regulation of the eukaryotic cell cycle (Tyson and Novak, 2001), glycolytic oscillations in the 

pancreatic β-cell (Westermark and Lansner, 2003) and muscle extracts (Tornheim and Lowenstein, 

1975), calcium oscillations in hepatocytes (Höfer, 1999), the regulation of gene expression in 

eukaryotes (Dilão, 2014), mitochondria oscillations (Cortassa et al., 2004), endothelial nitric oxide 

synthase activation (Ritter, Chrestensen and Salerno, 2016), and classic predator-prey models 

(Gragnani, 1997). Additional information regarding such biological oscillators are discussed in 

(Goldbeter et al., 2012 and Goldbeter, 2017). 

The phasor analysis can be applied to the systems displaying limit-cycle oscillations provided these 

models use sets of ODEs to describe their dynamics. It is more insightful to apply the analysis to 

oscillating systems that have rich experimental data sets and kinetic models as these can be 

compared. The following biological oscillators are well-known oscillators and thus provide viable 

systems to which the analysis can be applied. 

2.4.1 Glycolysis 

Glycolysis is a catabolic process that breaks down glucose to extract energy in the form of ATP, 

reducing equivalents (NADH), and precursors needed in various metabolic processes (Smallbone 

et al., 2013). Glycolysis takes place in all differentiated cell types found in multicellular organisms 

(Moran, et al., 2012). Glycolysis involves enzyme-catalysed reactions that convert glucose to 

pyruvate. The reactions of glycolysis can be divided into two stages, namely the hexose stage and 

triose stage (Moran, et al., 2012). Two molecules of ATP are converted to ADP in the hexose stage, 

and four molecules of ADP are converted to four molecules of ATP for each molecule of glucose 

in the triose stage. Thus a net production of two ATP molecules for every molecule of glucose 

transported into the cell is yielded. The reduction of NAD+ to NADH requires a NAD+ source to 

ensure the process continues. In yeast cells this is achieved via the ethanol synthesis which 

consumes NADH thereby regenerating NAD+. 

It has been demonstrated that under specific experimental conditions the metabolites of the 

glycolytic pathway in yeast display time-dependent oscillations (Duysens and Amesz, 1957). It is 

possible to achieve the switch from steady-state to oscillatory behaviour (bifurcation) by altering 

the glucose feed in such experiments. Experimental oscillations are typically monitored using 

NADH fluorescence. Sustained oscillations of the NADH concentration is observed in intact yeast 

cells at the diauxic shift (Richard et al., 1996) and in yeast cell extracts (Das and Busse, 1991). The 

concentration versus time signals for G6P, F6P, F16P and ATP are plotted for the two experiments 

to demonstrate two of the different types of limit-cycle oscillation waveforms (Figures 2.13A and 
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2.13B respectively). The two types of waveforms illustrate the importance of using the Fourier 

transform to render phasors since any type of per iodic signal can be integrated using this transform. 

Metabolite oscillations within the glycolytic pathway allow glycolysis to be treated as a dynamical 

system (Nielsen et al., 1998). The pathway kinetics were investigated using perturbation methods 

which the authors suggested would lead to the improvement of glycolytic models (Nielsen et al., 

1998). Furthermore, glycolytic oscillations in populations of yeast cells indicate the existence of 

coupling mechanisms between intermediates and/or reactions and communication between 

individual yeast cells in a population (Richard et al., 1996). Understanding these mechanisms 

improves the understanding of the in vivo and in vitro behaviour of glycolysis and communities of 

cells. 

It is observed that glycolytic oscillations arise from the regulation of various enzymes in the 

pathway, such as phosphofructokinase (PFK). Initially core models that were based on the 

regulation of PFK (Sel’kov, 1968) and the allosteric properties thereof (Goldbeter and Lefever, 

1972) were developed. In contrast to this Sel’kov (1975) studied a core model with autocatalytic 

reaction sequences and demonstrated that oscillations can arise in the absence of non-

stoichiometric regulations. Detailed models based on extensive enzyme kinetic and parameter 

experiments were developed later (Hynne, Danø and Sørensen, 2001 and du Preez et al., 2012). 

Reijenga et al. (2005) noted that the control on oscillatory tendency and stability is shared among 

many enzymes in the glycolytic pathway. Wolf et al. (2000) noted that PFK oscillations propagate 

through the pathway via the ATP/ADP ratio, the NADH/NAD ratio, and the intracellular 

acetaldehyde concentration to the intercellular acetaldehyde concentration. 

2.4.2 Calcium oscillators 

The regulation of many vital cell functions depends on the concentration of calcium ions, [Ca2+]. 

Some of these functions include cell growth, differentiation, intracellular transport, and metabolism 

(Dellen et al., 2005). It is also known that the transient release of calcium ions from intracellular 

reserves provides a means of intercellular communication (Höfer, 1999). Oscillations in the 

cytosolic [Ca2+] therefore represent an important biological rhythm. The oscillations of cytosolic 

[Ca2+] arise due to activatory and inhibitory regulation of its release from the endoplasmic 

reticulum (ER) and entry from extracellular medium (Goldbeter et al., 2012). 

(A) (B) 

G6P 

F6P 
ATP 

F16P 

G6P 

F6P 

ATP 

F16P 

Figure 2.13 - Experimental data for yeast glycolytic oscillations displaying: (A) sinusoidal 

oscillations (Richard et al., 1996) and (B) relaxation type oscillations (Das and Busse, 1991). 

Markers indicate experimentally measured concentration values, and the solid lines indicate 

best-fit sinusoids (A) and interpolation functions (B). 
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[Ca2+] is released from the intracellular reserves when the concentration of inositol 1,4,5-

triphosphate, [IP3], is increased in response to hormonal stimulation. IP3 receptors are located in 

the membrane of the ER. The receptor is also activated and inhibited by [Ca2+] itself which result 

in oscillations thereof (Goldbeter et al., 2012). The entry of [Ca2+] depends on the activation of 

store-operated channels within the cell plasma-membrane (Dupont et al., 2010). However there is 

still uncertainty in the underlying mechanisms that result in [Ca2+] oscillations (Dupont et al., 

2010). 

Computational models of the [Ca2+] oscillations that aim to identify the main mechanisms resulting 

in the observed oscillations have been developed. Simulations include the study of sub-cellular 

Ca2+ increases due to the opening of Ca2+ channels (Dupont et al., 2010). Regulation known as 

Ca2+ induced Ca2+ release (CICR) models study the mechanism resulting in [Ca2+] oscillations in 

the presence of a constant level of IP3 and the self-activation of [Ca2+] release from the ER (Dupont 

et al., 2010). 

2.4.3 Cell cycles 

The cell cycle is the process via which a growing cell replicates its genome and cellular components 

which are distributed to new daughter cells. The replication of the DNA is crucial to ensure 

repetition of the cycle. In eukaryotic cells the chromosome synthesis of two identical chromatids 

is called the S phase. After a certain time period the two chromatids (sister chromatids) are 

separated to opposite poles of the cell to ensure each daughter cell contains the necessary DNA 

during mitosis or M phase. The two processes, DNA synthesis and sister chromatid separation, are 

known as the chromosomal cell cycle. The growth cycle runs simultaneously during which the 

remaining cell components, for example RNA and proteins, are duplicated and separated for each 

daughter cell. The two cycles generally begin and end with the same rate. 

The chromosome cycle is further divided into two alternative states (which compromise 4 stages) 

G1 and S-G2-M (Tyson and Novak, 2001). The start of the cycle occurs at the transition from G1 

to S (the cell is not committed to replication initially) when intra and extra-cellular conditions are 

favourable for DNA synthesis and division. The start is an irreversible initiation and therefore DNA 

synthesis runs until completed. When complete, at the end of M phase, a second irreversible 

transition occurs (known as Finish). 

The events of the cell cycle are controlled by a complex network of proteins and genes. Cyclin-

dependent protein kinases (Cdk’s) play an important role in the initiation of the S and M phases. 

The Cdk’s become active when bound to a cyclin partner and form a Cdk/cyclin complex. In the 

G1 state cyclin protein is degenerated preventing Cdk/cyclin complexes from forming. At Start, 

cyclin degradation is inhibited and Cdk activity increases throughout S, G2 and M phases. The high 

Cdk activity allows DNA replication and organisation of sister chromatids to occur. At Finish 

activation of the protein Cdc20 is necessary for completion of anaphase (namely the degradation 

of cohesins holding the sister chromatids together) as well as activation of the protein Cdh1 (Tyson 

and Novak, 2001). The activation of Cdc20 and Cdh1 allow the cell to return to G1 so that the cycle 

may continue in the new daughter cells when conditions are favourable. 

Many models for various organisms have been developed to study the rhythmic nature of the cell 

cycle. Tyson and Novak (2001) present a model based on the antagonistic nature between Cdk’s 

and anaphase promoting complex (APC) to demonstrate the irreversible transitions (Start and 

Finish) of the process. Csikász-Nagy et al. (2006) provide a means for deriving generic models of 

the cell cycle based on kinetic equations to account for various features found in the process. A 

model based on negative auto-regulation in a phosphorylation-dephosphorylation cascade reveals 

how positive feedback is present (Goldbeter, 1991). 
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2.4.4 Circadian clocks 

Circadian oscillations occur in all eukaryotes with a period of approximately 24 hours. The control 

of the circadian rhythms involves a regulatory network consisting of multiple genes that differ in 

various organisms. The mechanism of the circadian oscillations is attributed to positive and 

negative feedback loops (Novák and Tyson, 2008). The circadian rhythmicity allows eukaryotes to 

adapt to the natural rhythm of the light-dark cycle. 

Models based on the transcriptional regulation demonstrate that sustained oscillations arise beyond 

specific critical parameter values. The sustained oscillations are indicative of a limit-cycle which 

is independent of the initial conditions of the system (Goldbeter et al., 2012). Circadian models are 

useful in predicting the effects on system dynamics due to mutations. In mammals the expression 

of period (Per) genes are enhanced during exposure to light which are crucial to the indirect 

negative feedback (Goldbeter et al., 2012). A model built for the circadian rhythm in wild-type 

fruit flies, Drosophila, revealed the importance of two proteins, Per and timeless (TIM). This 

confirmed the importance of time-delayed negative and positive feedback loops (Tyson et al., 

1999). The negative feedback occurs as a result of Per and TIM inhibiting transcription of their 

own genes, and the positive feedback is based on the stabilisation of Per when it is dimerised (Tyson 

et al., 1999). 

2.5 Limitations 

The use of phasor representations of biochemical pathways requires that all intermediate and 

reaction rate concentrations oscillate at an identical frequency. The analysis is therefore only 

applicable to limit-cycle oscillators and not transient or chaotic oscillations. 

The analysis must be tested extensively on kinetic models and experimental data to evaluate how 

the method can aid understanding of oscillating biological systems. A comparison between model 

and experimental data can aid in the validation of the models. However, model construction 

techniques and experimental data are not necessarily performed under the same conditions which 

may lead to difficulties in direct comparisons. Furthermore, experimental data sets may not 

measure all the metabolite and reaction rate concentrations in the system. The level of comparison 

that can be made between kinetic models and experimental data is therefore limited and complete 

data sets are required for an in-depth analysis. 

The original (physics and engineering applications) use of phasors is done on a single co-ordinate 

system and does not include signals that are linked by a common signal as in biological oscillators. 

Metabolites are typically linked by a common reaction in a biochemical pathway and the phasor 

diagrams need to include this link. Biochemical pathways consisting of many reaction steps, such 

as the glycolytic pathway, may pose a challenge in terms of presenting a simple visualisation of 

the pathway. 
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3 Method: Phasor diagram construction 

3.1 Introduction 

The phasor analysis is now applied to an existing kinetic model of yeast glycolysis (Wolf et al., 

2000) and an experimental data set obtained from intact yeast cells (Richard et al., 1996). The 

difference between applying the phasor analysis to a kinetic model and experimental data set is 

demonstrated in this chapter. The experimental data set is handled differently due to the absence of 

reaction rate concentration data and the need for interpolation of the measured metabolite 

concentration data. The Fourier transform computes a set of complex co-ordinates representing the 

set of phasors describing each species concentration time course over one period of oscillation. 

Including the reaction phasors in the analysis allows linking the metabolites along the pathway 

using the network stoichiometry. The biochemical pathway is thus represented as a chain of 

connected phasors and as a result a picture of the network structure emerges. The visual 

representation of the pathway is a key difference in the phasor analysis compared with traditional 

analyses. The resulting phasor representations provide information regarding the limit-cycle 

properties of the oscillating components. Furthermore, the underlying quantitative information is 

used to draw conclusions on the oscillating component interactions throughout the pathway. The 

stoichiometry and ODE system of the pathway and kinetic rate equations are used to compute this 

quantitative information. This information is then used to produce diagrams that allow for a direct 

visual comparison of the component interactions in the kinetic model. 

3.2 Kinetic model phasor construction 

An example case of the construction of a chained phasor diagram is useful to illustrate the analysis 

and aids in understanding the interpretation thereof. Two methods for the construction of 

biochemical phasor diagrams are outlined in the literature review. The first approach applies to 

sinusoidal oscillations and uses the peak amplitude and phase of each signal. However, the Fourier 

transform method is more general and can be applied to oscillations at, near and far from a 

supercritical or subcritical Hopf-bifurcation. Therefore the Fourier transform can be used to 

construct the phasor diagrammes for kinetic models and experimental data that display sinusoidal 

and non-sinusoidal limit-cycle oscillations. 

All computations are done using the Wolfram Mathematica (Wolfram Research Inc., Champaign, 

IL, USA) version 12.0 software package. The necessary functions were coded and form a package 

that renders the diagrams for a given system as specified by the user. Kinetic models are retrieved 

from online repositories such as JWS Online (Olivier and Snoep, 2004) and are used as inputs to 

the package. The user specifies a time range over which the set of ODEs are numerically integrated 

to produce the concentration time courses of all the components. The user also specifies a starting 

metabolite and terminating metabolites in the pathway (ends of side-chains and/or the last species 

in the pathway) so that specific sections or an entire pathway is rendered. Experimental data is 

handled differently as the data needs to be interpolated and then integrated. The user also needs to 

define the pathway stoichiometry and species names as inputs when using experimental data. In 

Appendix A an example notebook is given to illustrate the functionality of the package.  

3.2.1 Model background 

The model constructed by Wolf et al. (2000) is used as the example case for the chained phasor 

diagram construction. The authors constructed the model to describe the data displayed by the 

experiments for sustained oscillations in intact yeast cells (Richard et al., 1996). The following 
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reactions have been lumped: those catalysed by hexokinase (HK), phosphoglucoisomerase (PGI) 

and PFK (into HK-PFK); the glycerol production reactions (GLY); glyceraldehyde 3-phosphate 

dehydrogenase (GAPDH) and phosphoglycerate kinase (PGK) (into GAPDH-PGK); and 

phosphoglycerate mutase (PGM), enolase (ENO) and pyruvate kinase (into PK). The model 

includes reactions for the fermentation of alcohol, the exchange of acetaldehyde (ACA) between 

cells and the trapping of ACA with cyanide (CN). ATP is consumed via an ATPase reaction. See 

Figure B.2A in Appendix B for the Wolf model network structure. 

All reactions are modelled as irreversible except the GAPDH-PGK reaction which operates near 

equilibrium. The adenine nucleotides (ATP and ADP) and the nicotinamide adenine dinucleotides 

(NAD+ and NADH) are treated as conserved moieties. Simple rate laws are used for the enzymes 

and regulatory properties are included only for the HK-PFK reaction where the allosteric inhibition 

of PFK by ATP is included in the kinetics. The flux of glucose into the system is kept constant at 

50 mM/min ensuring the system has passed the Hopf-bifurcation and oscillates within the limit-

cycle. 

3.2.2 Phasor construction  

The ATP and NADH metabolites are affected by multiple reactions in the glycolytic pathway but 

are disconnected from the carbon flow that connects the glycolytic reactions. These metabolites are 

therefore given their own phasor diagrams and are not included in the main pathway representing 

the carbon flow. Furthermore, the phases of all rate and metabolite phasors are measured relative 

to the phase of ATP for all further analyses. The ATP phasor is always represented as coinciding 

with the horizontal (real) axis (zero phase). The ATP derivative phasor coincides with the negative 

vertical (imaginary) axis due to the 90° phase shift. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.1 - Bifurcation diagram of NAD versus input Glucose flow rate for the kinetic model 

of (Wolf et al., 2000). The single solid line indicates the stable steady-state, and the dashed 

line indicates the unstable steady-state. Oscillations emerge at the bifurcation point (red 

marker) indicated by the two blue curved solid lines which represent the maximum and 

minimum concentrations of NAD oscillations. 
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The kinetic model is imported into Mathematica and the ODE system describing the model is 

numerically integrated. The bifurcation diagram of NAD versus the glucose influx for the Wolf 

model (Figure 3.1) allows determining the Hopf-bifurcation point. The diagram is useful in 

ensuring that the model parameters are selected to represent limit-cycle oscillations. The original 

glucose influx of 50 mM/min implies that the Hopf-bifurcation point (glucose influx of roughly 

42.1 mM/min) has been passed and the model oscillates within the limit-cycle. 

Integration computes the concentration time courses of all the components over the user-input time 

range. The period of oscillation is computed as the average time between consecutive peaks and 

consecutive troughs of all the signals within the given time range. The period is used to compute 

the angular frequency (ω = 2π/period) needed in the Fourier integral (Equation 2.11). The period 

at an earlier time range (relative to the selected time range) is also computed. A sufficiently low 

relative error (less than 0.1%) between the two periods implies the system oscillates within the 

limit-cycle. 

The glucose metabolite derivative (𝐺𝑙𝑐̇ ) equation is considered to begin the analysis. Glucose enters 

the pathway with a constant flux and is consumed by the HK-PFK reaction. A constant flux implies 

zero oscillation and is therefore represented as a zero amplitude phasor (phasor of zero length). The 

glucose derivative (𝐺𝑙𝑐̇ ), for the phasor analysis, is only affected by HK-PFK (the over dot implies 

differentiation with respect to time): 

𝐺𝑙𝑐̇ = 𝑣𝑖𝑛 − 𝑣𝐻𝐾-𝑃𝐹𝐾 (3.1) 

or written in vector terms (denoted by the overhead arrow) as the resultant vector of the reaction 

affecting it: 

𝐺𝑙𝑐̇⃗⃗⃗⃗⃗⃗ = −𝑣 𝐻𝐾-𝑃𝐹𝐾 (3.2) 

The 𝐺𝑙𝑐̇  phasor is equal in amplitude and shifted 180° in phase (multiplication by -1) relative to 

the HK-PFK phasor. The 𝐺𝑙𝑐̇  phasor is therefore represented as overlapping the -HK-PFK phasor 

(Figure 3.2). The Fourier transform is applied to the time signals using a built-in Wolfram 

Mathematica integration function. The Fourier transform integral is given integration bounds that 

span one period (tn, tn+T) of oscillation as this is sufficient to compute the peak amplitude and 

phase information. The Fourier transform computes a complex number representing the time signal 

in the frequency domain. The Fourier transform for the Glucose signal (Glc(t)) with period T, is 

computed as follows: 

∫ 𝑒−𝑖𝜔𝑡𝐺𝑙𝑐(𝑡) 𝑑𝑡
𝑡𝑛+𝑇

𝑡𝑛

= 𝑎 + 𝑖𝑏 (3.3) 

In Equation 3.3 𝑎 represents the real term and 𝑏 the imaginary term of the complex number 

computed. The phase and amplitude are retrieved from the result using complex algebra. Each 

complex number represents a coordinate on the complex plane of the form {a, b}. The argument 

(Arg) of a complex number represents the angle measured in an anti-clockwise direction from the 

real axis to the coordinate (the phase relative to the real axis, ∅). The length of the phasor 

(amplitude, r) is determined as the norm (or absolute value, Abs) of the complex number: 

∅𝐺𝑙𝑐 = 𝐴𝑟𝑔(𝐺𝑙𝑐) =  arctan (
𝑏

𝑎
) , 𝑟𝐺𝑙𝑐 = 𝐴𝑏𝑠(𝐺𝑙𝑐) = √𝑎2 + 𝑏2 (3.4) 
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The phase of the reference species, ATP, is subtracted from the phases of all the other components 

so that the ATP phasor is aligned with the horizontal axis. Once the amplitude and phase for each 

signal is computed, a set of coordinates in the cartesian plane are plotted and the phasors are 

visualised as arrows that point to the given coordinates. The Glc phasor coordinate is computed as 

follows, (assuming that ∅𝐺 now includes the subtraction of the ATP phase and the scaling by the 

radial frequency (ω) is applied according to Equation 2.12): 

𝐺𝑙𝑐{𝑥,𝑦} = ω𝑟𝐺𝑙𝑐 × {𝐶𝑜𝑠(∅𝐺𝑙𝑐), 𝑆𝑖𝑛(∅𝐺𝑙𝑐)} (3.5) 

The same process allows computing the 𝐺𝑙𝑐̇  phasor by applying the Fourier transform to Equation 

3.1. The phasor diagram for Glc and F16P is displayed in Figure 3.2. The black lines represent the 

reaction phasors, the blue and red dashed lines represent the metabolite and metabolite derivative 

phasors respectively. The metabolite phasor labels include the ω symbol to indicate the scaling of 

the amplitude by the oscillation frequency (Equations 2.9 and 2.12). 

The analysis is repeated for the next metabolite in the pathway, F16P. Glc and F16P share the 

common reaction HK-PFK. The reaction produces F16P and therefore has a positive stoichiometry 

in the F16P derivative equation. The multiplication of a phasor by -1 results in a 180° rotation or 

phase shift. Thus the common reaction appears in the Glc phasor diagram and the F16P phasor 

diagram pointing in opposite directions to connect the two phasor diagrams (two HK-PFK arrows 

touching at the tip, Figure 3.2). The remaining reaction phasor affecting F16P is computed using 

the Fourier transform of Equation 3.6 and the vector sum yields the metabolite derivative: 

𝐹16𝑃̇⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ = 𝑣 𝐻𝐾-𝑃𝐹𝐾 − 𝑣 𝐴𝐿𝐷 (3.6) 

 

As a result the F16P derivative phasor is the resultant of the HK-PFK and -ALD phasors. If the 

remaining phasors are computed the glycolytic pathway representing the carbon backbone is 

Figure 3.2 - Wolf model chained phasor diagram of the entire carbon backbone. Blue 

and red dashed arrows indicate metabolite and metabolite derivative phasors 

respectively and black arrows represent reaction phasors. The small amplitude phasors 

are displayed as lines without arrow heads or labels (components after the PYR 

metabolite). PYR represents pyruvate and PEP represents phosphoenolpyruvate. 
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constructed (Figure 3.2). The linking reactions are producers of one metabolite (positive 

stoichiometry) and consumers of another metabolite (negative stoichiometry) and therefore appear 

twice in the chain pointing in opposite directions. The common reactions are connected at the arrow 

heads. The ALD reaction has stoichiometric constants of -1 (F16P consumption) and +2 (pool of 

triosephosphates (TRIO) production) which is visualised by the doubling (multiplication by 2) of 

the ALD phasor length (Figure 3.2). Note that the small amplitude phasors are plotted without 

labels or arrowheads to prevent cluttering up the diagram (phasors downstream of the PYR phasor 

in Figure 3.2).  

3.2.3 Transduction and absorption of oscillations 

The relative phases and amplitudes of the phasors can be used for a qualitative analysis of Figure 

3.2. The reaction HK-PFK oscillates out-of-phase with ALD. If ALD followed the HK-PFK 

oscillation time signal it would be equal in amplitude and opposite in direction (due to the change 

in sign of the stoichiometry coefficient). The amplitude of oscillation of F16P would diminish (as 

the resultant phasor would be zero). If this occurs the oscillations are said to be transduced along 

the pathway, and if the metabolite amplitude is negligible the term complete transduction is used 

(du Preez, 2009). However, there is a clear phase difference that occurs between the two reactions 

and F16P does not have negligible amplitude. This occurs since the ALD reaction oscillates out-

of-phase with the HK-PFK reaction resulting in a non-zero F16P amplitude. The oscillations are 

said to be absorbed by F16P (du Preez, 2009). This process can be repeated along the entire 

pathway by simply identifying large/negligible amplitude phasors and significant phase changes 

between consecutive reaction phasors. Absorption occurs in lower glycolysis at 

phosphoenolpyruvate (PEP) due to the phase change between the GAPDH-PGK and PK reactions, 

and transduction occurs at TRIO (Figure 3.2). 

3.2.4 Quantitative and qualitative analysis of species and rate phasor interactions 

The phasor analysis provides a visual representation of an oscillating biochemical pathway. The 

underlying mathematics allows computing quantitative information regarding the interactions 

between the different species and reactions in the pathway. Firstly, the extent to which reaction 

phasors influence metabolite derivative phasors is computed as the normalised reaction rate phasor 

projections onto the metabolite derivative phasors. The reaction phasors therefore affect 

metabolites according to the stoichiometric matrix. Secondly, kinetic rate equations define 

reactions as functions of the metabolites that affect the kinetics. The reaction kinetics allow 

computing normalised projections of the metabolite phasors on the reaction phasors. du Preez 

(2009) developed a framework to describe the extent that oscillating species ‘drive/dampen’ and 

‘(de)stabilise’ one another according to the magnitude of these normalised projections. 

3.2.4.1 Reaction rate phasor projection on metabolite phasors: stoichiometric analysis 

The ATP phasor diagram (Figure 3.3A) is rendered separately for the Wolf model since ATP takes 

part in multiple reactions but does not form part of the main carbon flow. Computing the reaction 

phasor projections onto the ATP and AṪP phasors provides quantitative information regarding the 

oscillations of the metabolite. du Preez (2009) defines stabilising and destabilising reactions based 

on the reaction projections onto the metabolite phasor (blue arrows). For example, the reaction 

ATPase uses ATP as a substrate and its phasor points in the opposite direction to the ATP phasor. 

An increase in the [ATP] will cause an increase in the ATPase reaction rate resulting in a stabilising 

effect. Furthermore, du Preez (2009) defines driving and damping reactions based on the reaction 

projections onto the metabolite derivative phasor (red arrows). A reaction will drive the oscillations 

if the projection is in the same direction as the derivative phasor (the reaction phasor aims to 

increase the amplitude of the derivative phasor). If the reaction projection is in the opposite 
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direction of the derivative phasor it is said to dampen the oscillations (the reaction phasor aims to 

decrease the amplitude of the derivative phasor). The reaction phasor projections onto the 

metabolite and metabolite derivative phasors are depicted as the blue and red shaded areas 

respectively (Figure 3.3A). 

This information provides a quantitative analysis of the reactions that affect the ATP metabolite 

oscillations. This analysis can be applied to all the metabolites in the specific pathway under 

consideration. The HK-PFK reaction destabilises and drives ATP with values 0.744 and 1.02 

respectively. The ATPase reaction stabilises ATP with a value of -0.50 but has no damping or 

driving projection as it is 90° relative to the AṪP phasor (cos(90°) = 0). The remaining reactions 

have relatively small projections. The conclusion is that the HK-PFK reaction is the main driver of 

ATP oscillations and destabiliser of ATP while ATPase is the main stabiliser of ATP in the Wolf 

model. Each reaction in the glycolytic pathway can be quantitatively described in terms of the 

extent that they affect their substrate and product oscillations. Note that the drive/damp values sum 

to one as the metabolite derivative phasor is the resultant of the reaction phasors affecting it. The 

(de)stabilise values sum to zero due to the 90° phase relation between the metabolite and its 

derivative phasor (Cos(90°) = 0). 

The drive-destabilise framework provides additional comparisons between kinetic models and 

experimental data sets. However, there will be multiple values for each metabolite since each 

metabolite is generally affected by at least one reaction. A visual aid is useful to condense this 

information thereby allowing a direct comparison between models. The rate phasor projections on 

the ATP phasor were computed, normalised, and plotted as red and blue markers in Figure 3.3B. 

The sets of projections are normalised according to the absolute maximum of the (de)stabilising 

ATPase 
A

Ṫ
P

 
ωATP 

destabilise stabilise 

drive 

dampen 

Figure 3.3 - Wolf model (A) ATP phasor diagram illustrating drive/dampen and (de)stabilise 

reaction projections for the stoichiometry framework and (B) drive-destabilise projection 

diagram depicting the relative projections of the reaction phasors on the metabolite (blue 

markers) and metabolite derivative (red markers) phasors of ATP. The dashed line indicates 

zero magnitude projections, positive projections (destabilise/drive) are above the dashed line 

and negative projections (stabilise/dampen) are below the dashed line. The (de)stabilise 

projections are normalised with the absolute maximum (de)stabilise projection, and the 

drive/damp projections are normalised with the absolute maximum drive/damp projection. 

HK-PFK 

ATPase 

PGM 
PGM PGK 

PGK 
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values (blue markers) and drive/damp values (red markers). This ensures that each set of 

projections (blue markers and red markers) has a range of -1 to 1 for rate on metabolite projections 

(blue) and rate on metabolite derivative projections (red) thus allowing direct comparisons between 

data sets. The dashed line represents the axis of zero magnitude projections (reaction phasors that 

are perpendicular to the metabolite or metabolite derivative phasors). Thus, any marker below the 

dashed line represents negative values (damping for red and stabilising for blue), and any marker 

above the dashed line represents positive values (driving for red and destabilising for blue). 

The drive-destabilise diagram (Figure 3.3B) indicates that HK-PFK is the main driver of ATP 

oscillations and main destabiliser of ATP (HK-PFK has the largest positive projections). ATPase 

is the main stabiliser of ATP with PGK and PGM having the smallest contributions. Extending the 

analysis to multiple data sets will allow direct comparisons of the relative extent to which reactions 

affect certain metabolites between multiple data sets (both model and experimental).  

3.2.4.2 Metabolite phasor projection on reaction rate phasor: kinetic analysis 

Rate equations relate the reaction rate to the metabolite concentrations affecting the kinetics of the 

reaction. Thus the metabolites and reactions influence one another through the stoichiometry 

(ODEs) and kinetics of the system (rate equations). The stoichiometric relationship is defined in 

the stoichiometric matrix (N) which provides a linear equation relating the reaction rates and 

metabolite derivatives. In contrast the extent to which each metabolite effects a reaction rate is not 

as clear from the kinetic equation. It would be useful to have a linear combination of metabolite 

derivative phasors that represent the reaction phasors. 

Typically a reaction rate equation (v(t)) is a function of one or more metabolites (S(t), the bold font 

indicates a vector of one or more metabolites) and each metabolite is a function of time (limit-cycle 

oscillations): 

𝑣(𝑡) = 𝑣(𝑺(𝑡)) (3.7) 

The chain rule of differentiation is used to compute the contribution of each metabolite that appears 

in the kinetic equation of the ith reaction vi: 

𝑑𝑣𝑖

𝑑𝑡
=

𝜕𝑣𝑖

𝜕𝑆1

𝑑𝑆1

𝑑𝑡
+

𝜕𝑣𝑖

𝜕𝑆2

𝑑𝑆2

𝑑𝑡
+ ⋯+

𝜕𝑣𝑖

𝜕𝑆𝑁

𝑑𝑆𝑁

𝑑𝑡
 

= ∑
𝜕𝑣𝑖

𝜕𝑆𝑁

𝑑𝑆𝑁

𝑑𝑡
 

𝑁

 (3.8) 

The reaction rate time derivative is a linear combination of the product of the sensitivity of that 

reaction rate to the Nth metabolite (partial derivative, 
𝜕𝑣

𝜕𝑆
) and the time derivative of the Nth 

metabolite. The Fourier transform is applied to Equation 3.8 and using Equation 2.12, (Fourier 

transform of a function and the function derivative), the rate phasor is defined as: 

       ∫ 𝑒−𝑖𝜔𝑡
𝑡𝑛+𝑇

𝑡𝑛

𝑣𝑖dt =    
1

𝑖𝜔
∫ 𝑒−𝑖𝜔𝑡

𝑡𝑛+𝑇

𝑡𝑛

 
𝑑𝑣𝑖

𝑑𝑡
dt 

=  
1

𝑖𝜔
∑∫ 𝑒−𝑖𝜔𝑡

𝑑𝑣𝑖

𝑑𝑆𝑁

𝑑𝑆𝑁

𝑑𝑡

𝑡𝑛+𝑇

𝑡𝑛

𝑑𝑡

𝑁

 (3.9) 

Thus each reaction phasor (left-hand side of Equation 3.9) can be constructed from its kinetic 

equation as a sum of the metabolite derivative phasors affecting it (right-hand side of Equation 
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3.9). The GAPDH-PGK equation in the Wolf model has a rate equation that is a function of ATP, 

NAD, TRIO, and 3-Phosphoglycerate (3PG). Computing the phasors using equation 3.9 allows 

rendering the kinetic phasor diagram for the reaction as the resultant of the metabolites that affect 

its kinetics (Figure 3.4A). Note that the labels make use of the shorthand notation for the partial 

derivatives (𝑣𝐴𝑇𝑃 =
𝜕𝑣

𝜕𝐴𝑇𝑃
 ) and all phases are measured relative to that of the ATP phasor in keeping 

with convention. 

The normalised projections (red-shading) of the metabolite derivative multiplied by the sensitivity 

of the reaction to that metabolite are computed. The projections provide a quantitative description 

of the extent that a metabolite drives (positive projection) or dampens (negative projection) the 

reaction oscillations (du Preez, 2009). ATP drives the reaction with a value 1.36, TRIO and 3PG 

drive with a value 0.73 and 0.3 respectively and NAD is the sole damper with a value of -1.33. To 

compare multiple systems requires the use of kinetic drive/damp diagrams which are analogous to 

the drive-destabilise diagrams introduced previously. The kinetic phasor diagrams allow 

computation of the metabolite derivative projections onto a reaction phasor and thus only red 

markers are used for these diagrams (Figure 3.4B). The projection values are normalised according 

to the absolute maximum of all the values being compared, in this case the NAD projection. The 

dashed line indicates the axis corresponding to zero amplitude projections. Above the dashed line 

represents driving metabolites and below the dashed line represents damping metabolites. 

This analysis can be repeated for all reactions in the pathway and allows identifying possible 

mechanisms of coupling between oscillating species throughout the pathway. The complete 

𝒗𝑨𝑻𝑷𝑨𝑻𝑷̇  

(A) (B) 

NAD 

ATP 

TRIO 

P3G 

Figure 3.4 - (A) Kinetic phasor diagram for the GAPDH-PGK reaction in the Wolf model 

and (B) illustration of the kinetic drive-damp projection diagram. The red markers depict 

the relative projections of the partial derivative multiplied by the metabolite derivative on 

the reaction phasor. The dashed line indicates zero magnitude projections, above indicates 

positive projections (drive) and below indicates negative projections (dampen). 
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quantitative analysis allows determination of how reactions affect metabolite oscillations via the 

stoichiometry and how metabolites affect the reaction oscillations via the kinetics. 

3.2.5 Discussion 

 

The phasor analysis can be used to confirm oscillation mechanisms in the Wolf model. The authors 

of the Wolf model were able to demonstrate that oscillations are not necessarily transduced via the 

carbon backbone of the system. The oscillations that arise around the HK-PFK reaction were able 

to propagate via the ATP/ADP ratio to the GAPDH-PGK reaction, which subsequently results in 

oscillations in the NADH/NAD ratio, hence bypassing multiple intermediates. The phasor analysis 

is used to confirm these results. HK-PFK drives oscillations in ATP which in turn drives the HK-

PFK oscillations (results given later). ATP also drives oscillations in GAPDH-PGK and GAPDH-

PGK subsequently drives oscillations in the NADH metabolite which dampens the oscillations of 

the GAPDH-PFK reaction. Thus the phasor analysis successfully demonstrates how the oscillations 

propagate through the Wolf model. 

3.3 Experimental phasor construction 

Experimental data sets can also be represented using the phasor analysis. The use of experimental 

data can aid in model validation (du Preez, 2009). The analysis is applied to an experimental data 

set of intact yeast cells, in vivo experiments, conducted by Richard et al. (1996). The authors 

investigated the mechanisms of metabolism for a population of intact yeast cells during sustained 

oscillations. The condition of sustained oscillations allows the use of phasors as all the species 

oscillate with an identical frequency. 

3.3.1 Intact yeast cells experiment 

The authors measured multiple metabolite concentrations and fitted sinusoids to all the metabolites 

in upper glycolysis, the dihydroxyacetone phosphate (DHAP) metabolite and all the adenylates. 

The data allowed rendering the upper glycolytic chained phasor diagram and the ATP phasor 

diagram in a similar manner to the Wolf model. The ODE format of a kinetic model allows 

computing the concentration time signals for all the components in the system. However, the 

experimental data set only provides the metabolite concentration signals for relatively large 

amplitude oscillating species (due to measurement detection limitations). There is insufficient data 

to compute the reaction phasors and therefore an initial reaction phasor was assumed. Hexokinase 

was found to oscillate negligibly in yeast extract experiments (Das and Busse, 1991 and Boiteux 

and Busse, 1989). The HK reaction was assumed to have a negligibly small amplitude and an 

identical phase to the ATP metabolite for simplicity (the phase is not important provided the 

amplitude is negligibly small since the contribution to the metabolite derivative equation will be 

insignificant): 

𝑣𝐻𝐾 = 0.01𝑆𝑖𝑛(𝜔𝑡) (3.10) 

An additional assumption regarding the glycogen synthesis branch was needed to continue the 

analysis. The glycogen synthesis branch uses G6P to produce glycogen, a storage polymer, which 

acts as a glucose reserve. G6P is converted to glucose 1-phosphate (G1P) which is further 

catabolised to produce uridine diphosphate (UDP) glucose. UDP-glucose is finally converted into 

glycogen via the reaction catalysed by glycogen synthase (GS) (Moran et al., 2012). The overall 

net reaction uses one ATP molecule per molecule of G6P. Pederson et al. (2000) observed that the 

glycogen synthase enzyme is allosterically activated by G6P. Furthermore, the kinetic models of 

du Preez et al. (2012) and Hynne, Danø and Sørensen (2001) model the reaction with sensitivities 
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to both G6P and ATP concentrations. Two core models of Danø et al. (2006) model the reaction 

as being sensitive to ATP only. 

The experimental data did not allow determining these sensitives and hence four assumptions are 

made resulting in four unique sets of phasor diagrams. The shape of the phasor diagram is 

dependent on the assumption regarding the GS kinetics. The first assumption is GS with a high 

sensitivity to G6P which is in closest agreement with the experimental work on the GS enzyme 

(Pederson, Wilson and Roach, 2004). The second assumption is GS with a sensitivity to G6P and 

ATP, the third assumption is GS with a sensitivity to ATP. For the last assumption GS is assumed 

to have negligible oscillation since the flux of GS is small relative to the remaining fluxes in 

glycolysis (Teusink et al., 2000). The four assumptions for the GS reaction are implemented as 

follows: 

𝑣𝐺𝑆 =  {

 𝐴[𝐺6𝑃]

𝐵[𝐺6𝑃][𝐴𝑇𝑃]

𝐶[𝐴𝑇𝑃]
0 

 (3.11) 

where [G6P] and [ATP] are the metabolite concentration signals and A, B and C are sensitivity 

constants. Note that the assumption of sensitivity to both G6P and ATP was not investigated by 

(du Preez, 2009) while the remaining assumptions were. Furthermore, du Preez (2009) did not 

explicitly define the equations (as defined in Equation 3.11) or the values used for the sensitivity 

constants. The resulting phase angle of the GS phasor is determined by the assumption made. GS 

has the same phase angle as G6P and ATP in the first and third assumptions respectively. GS has 

a phase angle that lies between that of ATP and G6P in the combined sensitivity (second) 

assumption. 

The constant B was given the value used in the DuPreez4 kinetic model which made use of the 

Richard experimental data to develop the model, B = 0.6579 [1/(mM·min)] (du Preez et al., 2012). 

The constant C was given the value used in the Dano1 core model, C = 9.72 [1/min] (Danø et al., 

2006). The resulting amplitude of the GS phasor using this C-value is comparable to that of the 

DuPreez4 assumption. The constant A was not determined from previous work but was given a 

value that resulted in the mean amplitude computed when using the B and C values, A = 2.8 

[1/min]. Note that the units of the constants are arbitrary and depend on the GS equation 

assumption. The remaining reaction phasors could be determined using the stoichiometry of the 

pathway (ODEs) once the HK and GS phasors were computed. The metabolite derivative phasors 

were first computed from the given metabolite sinusoids. The remaining rate phasors were then 

computed using the metabolite derivative equations as follows: 

𝐺6𝑃̇⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = 𝑣 𝐻𝐾 − 𝑣 𝐺𝑆 − 𝑣 𝑃𝐺𝐼 (3.12) 

𝑣 𝑃𝐺𝐼 = 𝑣 𝐻𝐾 − 𝑣 𝐺𝑆 − 𝐺6𝑃̇⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   (3.13) 

The adenylate kinase (AK) reaction was determined from the AMP derivative equation as AK is 

the sole reaction affecting AMP. The remaining reactions affecting ATP were lumped together due 

to the lack of measured data on the metabolites in lower glycolysis, these include ATPase, PK and 

PGM. 

The four GS assumptions result in four separate phasor diagrams. Figure 3.5A represents GS 

sensitive to G6P, 3.5B represents GS sensitivity for both ATP and G6P, 3.5C represents GS with 

zero amplitude and 3.5D represents GS sensitive to ATP. The only diagram that differs 

significantly is the GS sensitive to G6P (Figure 3.5A). The PFK phasor leads the ATP phasor and 

Stellenbosch University  https://scholar.sun.ac.za



 

36 

 

therefore no longer drives the ATP oscillations but dampens them (negative PFK projection onto 

the ATP derivative phasor). This property also contradicts what is observed in the Wolf model. The 

remaining diagrams are relatively similar with the main difference being the degree of phase change 

between the ALD and PFK phasors and the subsequent ALD phasor amplitude. 

This example analysis demonstrates how the visual representation is used to compare multiple data 

sets by identifying differences and similarities of limit-cycle properties between them. The 

experimental data set is incomplete for the accurate determination of the HK and GS phasors. 
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Ṫ

P
 

A
K

 

HK 

ωATP 

A
Ṫ
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Figure 3.5 - Experimental phasor diagrams for the intact yeast cell data set of (Richard et al., 

1996) with four assumptions for the glycogen synthesis kinetics: (A) GS sensitive to G6P only, 

(B) GS sensitive to G6P and ATP, (C) GS of negligible oscillation amplitude, and (D) GS 

sensitive to ATP only. The left-hand side diagrams represent upper glycolysis and the right-

hand side diagrams represent the ATP phasor diagrams.  

(A) 

(C) 

(B) 

(D) 
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However, the GS phasor with sensitivity to ATP and G6P is most likely the closest representation 

(this is seen for the data set of (Das and Busse, 1991) from which the GS phasor could be computed 

from the experimental data, see Chapter 5.2.1). However, with the lack of data measuring the 

glycogen concentration during yeast glycolytic oscillations and the uncertainty regarding the 

kinetics of GS, the assumption of a negligible GS phasor is used for the remaining experimental 

data sets. 

3.4 Summary 

The implementation of the phasor analysis has been demonstrated in this chapter. The Wolf model 

was used to render a chained phasor diagram of the carbon backbone and a separate ATP phasor 

diagram. The transduction and absorption of oscillations through the pathway were identified by 

noting significant reaction phasor phase changes and relatively small and/or large amplitude 

phasors. The ATP diagram was further used to demonstrate the effect that the reaction phasors have 

on the metabolite phasor by considering the stoichiometric projections. The reaction projections on 

the metabolite derivative phasor (red dashed arrow) either drive (positive projection) or dampen 

(negative projection) the metabolite oscillations. The reaction projections on the metabolite phasor 

(blue dashed arrow) either destabilise (positive projection) or stabilise (negative projection) the 

metabolite. Furthermore, the rate equations can be used to produce a separate set of phasors which 

allows investigating the effect of the metabolites on a reaction rate. The projections of the 

metabolite on the reaction phasor indicate that a metabolite either drives (positive projection) or 

dampens (negative projection) oscillations of a reaction. Computing the normalised projection 

magnitudes led to the rendering of the drive-destabilise (stoichiometric) and drive-damp (kinetic) 

diagrams which allows comparing all the reaction phasor projections on a specific metabolite and 

the metabolite projections in a reaction phasor respectively. Lastly, the analysis was applied to an 

experimental data set to demonstrate the differences in handling such data. Four separate sets of 

phasors were produced due to the four assumptions made concerning the GS reaction kinetics. The 

following chapter provides a comparison between the phasor analysis and two visual analysis 

methods to determine the strengths and weaknesses of the phasor analysis. 
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4 Results: multiple analyses of yeast glycolytic 

oscillations 

4.1 Comparison of methods 

The dynamics resulting in oscillations of biochemical reaction networks might involve many 

species, and the use of visual analyses and methods provide insight into underlying mechanisms. 

Three analyses, namely phase plane diagrams, polar phase plane plots and the phasor diagrams are 

compared in this chapter. The analyses are applied to a detailed kinetic model, a core kinetic model 

and an experimental data set of oscillating yeast glycolysis. The purpose is to objectively determine 

the similarities, differences, strengths, and weaknesses of the three analyses.  

Phase plane diagrams, polar phase plane plots and the phasor diagrams provide visual 

representations and subsequent analyses of oscillating systems. The polar phase plane plots and the 

phasor diagrams make use of the relative phase and amplitude data of oscillating species in a 

chemical system and provide a somewhat similar visual display of the data. However, the inclusion 

of the reaction rate phasors in the phasor analysis results in the chain-like structure of the diagrams. 

This provides a visualisation of the network structure. The polar phase plane plots are therefore 

more compact in their representation but do not visually display network structure.  

The polar phase plane plot and phasor analyses require systems that display limit-cycle oscillations. 

However, the polar phase plane plots are constrained to systems that oscillate near or at a 

supercritical Hopf-bifurcation, whereas the phasor analysis also applies to systems that are not 

necessarily close to a supercritical Hopf-bifurcation. The dynamics observed at a supercritical 

Hopf-bifurcation are confined to a ‘slow’ manifold in the high-dimensional chemical state space 

(Sørensen, Danø and Madsen, 2005). The manifold exists due to fast reactions that move any state 

towards the ‘slow’ manifold where the dynamics can be described by a low-dimensional set of 

‘slow’ differential equations. Systems operating close to a stationary state at a supercritical Hopf-

bifurcation allow the dynamics of the small amplitude oscillations on the manifold to be described 

by the Stuart-Landau equation. 

The use of the two-dimensional differential equation allows a chemical interpretation of an 

activating and inhibiting mode which are orthogonal in the z-coordinate system of the plane of 

oscillations. The authors note that the polar phase plane plots allow visualisation of the chemical 

plane of oscillations. This allows plotting the maximal projections of the chemical species onto the 

Stuart-Landau modes which correspond to 0° and 90°. The two modes correspond to an activating 

mode and an inhibiting mode (Madsen, Danø and Sørensen, 2005). The first mode activates the 

second which then inhibits the first mode (Sørensen, Danø and Madsen, 2005). If there exists two 

chemical modes that correspond to the two Stuart-Landau modes then the understanding in terms 

of the dynamics allows an interpretation of the chemical oscillations (Sørensen, Danø and Madsen, 

2005).  

The polar phase plane plots require the relative phases and the relative amplitudes of the oscillating 

chemical species. The relative phases and amplitudes are either measured experimentally or 

calculated from the complex eigenvector of the plane of oscillations (Sørensen, Danø and Madsen, 

2005). The angles represent the relative phases between species and the distance from the origin or 

moduli represent the species amplitude. The authors note that species with relatively large 

projections displaying a 90° phase difference play an important role in the system oscillations. No 

knowledge of the reaction kinetics or pathway structure are needed (Madsen, Danø and Sørensen, 

2005). However, if there is no 90° structure the authors conclude that the Stuart-Landau modes are 
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composed of many species (no clear dominating species exists) or there are species that have a 

combination of roles in the system dynamics. The authors note that various interpretations of 

activator and inhibitor modes are possible. However, the underlying chemical structure leading to 

the various interpretations remains the same (that is only large amplitude species that display a 90° 

phase difference are considered as activators and inhibitors in the reaction system).  

4.1.1 Detailed kinetic model  

Hynne, Danø and Sørensen (2001) developed a full scale kinetic model using data from a 

suspension of living yeast (S. cerevisiae) cells near a Hopf-bifurcation. The model is used to 

compare the different analyses that are discussed here and is referred to as the Hynne model. The 

Hynne model reaches a supercritical Hopf-bifurcation at a mixed flow glucose concentration of 

18.5 mM. The analyses were done at this point. Phase plane diagrams of [G6P] versus [ATP] and 

[F16P] versus [ATP] are plotted and indicate the nearness to the Hopf-bifurcation (Figure 4.1). The 

plots trace ellipses indicating that the model displays sinusoidal oscillations at this point (Betz and 

Chance, 1965). The angle that the axis of each ellipse forms with the horizontal axis is roughly 30° 

(4.1B) and 160° (4.1A). This indicates near in-phase oscillation and near out-of-phase oscillation 

respectively (Betz and Chance, 1965). Note, however, that the phase plane diagram is limited to 

two variables. Additional diagrams are needed to determine the relationships between all the 

metabolites. This is not a practical analysis when applied to a long pathway with multiple steps. 

The polar phase plane plots and phasor analyses have the advantage of plotting multiple variables 

in a single diagram and allow a more in-depth analysis of the system dynamics using fewer 

diagrams.  

 

Figure 4.1 - Phase plane diagrams for the Hynne model: (A) [F16P] versus [ATP] and (B) 

[G6P] versus [ATP]. The model ODE system is integrated, and the concentration time courses 

are sampled at multiple time values to compute discrete concentration points. The 

concentration sample points for the metabolites are plotted against one another and trace 

ellipses in both Figures indicating sinusoidal oscillations and therefore the nearness to a 

supercritical Hopf-bifurcation. 

(A) (B) 
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The relative phases and amplitudes of all the species in the model were computed using the Fourier 

transform method. The amplitudes were scaled with the largest amplitude species (F16P) and the 

phases were measured relative to that of ATP (keeping with the convention of the phasor analysis). 

The relative phases of the large amplitude species are considered. The activator and inhibitor modes 

correspond to these species provided a 90° phase relation exists between them. These modes 

indicate the abundance of the species and therefore 180° rotation of a species will indicate scarcity 

thereof (relative phase of the minimum of that species oscillation). In general the modes can consist 

of multiple species. The first mode activates the second mode, which in turn inhibits the first mode. 

The polar phase plane plot initially indicates that there is no clear 90° structure (Figure 4.2A). 

Rotation of the F16P species by 180° (open circle) indicates a strong mode of inhibition by F16P 

absence (relatively large F16P amplitude). The abundance of ATP represents an activating mode 

and the scarcity of F16P (180° rotation representing minimum of the oscillation (Sørensen, Danø 

and Madsen, 2005)) represents an inhibitory mode. The reactions that affect these species must be 

considered to relate this information to the system dynamics. In the Hynne model the PFK reaction 

affects both ATP and F16P by producing F16P and consuming ATP. ATP abundance represents a 

high energy charge and the F16P metabolite represents the substrate for lower glycolysis (Danø et 

al., 2006). The high energy charge allosterically inhibits the PFK enzyme which leads to scarcity 

of F16P or substrate to lower glycolysis. The scarcity of F16P inhibits high energy charge by 

promoting activation of ATP consuming reactions or inhibiting those that produce ATP in lower 

glycolysis, PGK, PGM, ENO (grouped into ENO for simplicity) and PK.  

The chained phasor diagram constructed as demonstrated for the Wolf model in Chapter 3 (Figure 

4.3A) indicates that the ALD reaction lags behind the PFK reaction leading to absorption of 

oscillations into the F16P metabolite. The result is a large amplitude for F16P and a small amplitude 

for the ALD reaction which indicates poor transduction of oscillations into lower glycolysis. The 

lower glycolytic intermediates oscillate with negligible amplitudes and there are negligible phase 

ATP 

F16P 

ATP 

F16P 

G6P G6P 

DHAP DHAP 

PYR PYR 

ADP 
ADP 

AMP AMP 

Figure 4.2 - Polar phase plane plots for the Hynne model with all phase angles measured 

relative to that of ATP: (A) Original phase angles and (B) 180° rotation of the F16P 

metabolite indicating scarcity thereof. There is a clear 90° structure observed for the ATP 

and F16P metabolites indicating an activating and inhibiting mode.  

(A) (B) 
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Figure 4.3 - Hynne model: (A) chained phasor diagram for entire glycolytic chain and (B) ATP 

metabolite phasor diagram. Small amplitude phasors are represented as lines without arrow 

heads, blue and red dashed arrows represent metabolite and metabolite derivative phasors 

respectively and the black arrows are reaction rate phasors. 
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changes between the reaction phasors. This indicates that the oscillations are efficiently transduced 

along the lower pathway and are not absorbed by the intermediates of lower glycolysis.  

The reaction phasor projections on the metabolite phasors are used to determine the component 

relationships throughout the pathway. Positive projections indicate that the rate either drives the 

metabolite oscillations (rate phasor projection on metabolite derivative phasor) or destabilises the 

metabolite (rate phasor projection on metabolite phasor). Figure 4.3A indicates that PFK drives 

and destabilises F6P and F16P and is the only enzyme having all positive projection (driving and 

destabilising) values in upper glycolysis. The ATP phasor diagram (Figure 4.3B) indicates that 

PFK drives and destabilises ATP. The other ATP consuming reactions all have a stabilising effect 

on ATP (AK being the exception). ATP consuming reactions were found to have a stabilising effect 

on the stationary state of the Hynne model (Madsen, Danø and Sørensen, 2005) and therefore the 

phasor analysis results in a similar conclusion.  

Thus far only the visual aspect of the phasor analysis has been used to deduce similar information 

to the polar phase plane plots. The quantitative analysis is used to determine the extent to which 

PFK drives/dampens and (de)stabilises the metabolites it affects and the extent to which the 

metabolites affecting PFK’s kinetics drive/dampen PFK oscillations. Computing the stoichometric 

reaction phasor projections indicate that PFK destabilies F6P, F16P and ATP with values 8.19, 

0.15 and 2.39 respectively and drives the same metabolite oscillations with values 10.34, 1.23 and 

0.52 respectively. The kinetic equation of PFK indicates that the adenylates AMP and ATP drive 

PFK with values 0.87 and 0.33 respectively, with F6P damping PFK with a value of -0.21. The 

importance of PFK and the adenylates in maintaining oscillations is clear in both analyses. 
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4.1.2 Core kinetic model  

The core model analysed here was developed by Danø et al. (2006). The authors apply a 

combination of reduction techniques to the Hynne model whilst maintaining the closeness to a 

supercritical Hopf-bifurcation point. Nonessential reactions were removed via reaction lumping 

followed by removal of nonessential variables. The reduction techniques yielded three core models 

of 8, 6 and 3-dimensions respectively. The 3D model (Dano3) was derived via variable elimination 

of the 8D model and is analysed in the following comparison. 

The 3D model consists of 6 reactions and 4 variables with the conserved moiety of ATP and ADP 

resulting in a reduction of dimensions from 4 to 3. The reactions HK and PFK are lumped and 

produce the triosephosphates (trioseP). A glycerol branch reaction is included that consumes 

trioseP, GAPDH consumes trioseP and produces BPG which is consumed in a reaction representing 

the lower glycolytic chain named ‘lowpart’. The HK-PFK reaction consumes two moles of ATP to 

produce two moles of ADP, and a glycogen storage side-branch reaction uses two moles of ATP 

to produce two moles of ADP. Furthermore, ATP is consumed by ATPase and the ‘lowpart’ 

reaction produces two moles of ATP from two moles of ADP. 

The polar phase plane plots of the core model (Figure 4.4) indicate that if the activator mode is 

high energy charge (ATP abundance) the inhibitory mode is scarcity of lower glycolysis substrate 

(trioseP). The high energy charge leads to an allosteric inhibition of HK-PFK which leads to a 

scarcity of substrate for lower glycolysis. The scarcity of substrate for lower glycolysis inhibits 

high energy charge by activation of ATP consuming reactions or via the inhibition of ATP 

producing reactions such as those in lower glycolysis. The interpretation for the detailed model of 

Hynne is similar and thus the conclusions are similar. This is expected since the core model was 

derived from the Hynne model.  

ATP 

ADP 

trioseP 

BPG ADP ATP BPG 

trioseP 

Figure 4.4 - Polar phase plane plot for the Dano3 core model with all phase angles measured 

relative to that of ATP: (A) Original phase angles and (B) 180° rotation of the trioseP and 

ADP metabolites indicating scarcity thereof. There is a clear 90° structure observed between 

ATP/ADP and trioseP indicating the activating and inhibiting modes respectively. 

(B) (A) 
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The core model phasor diagram for ATP (Figure 4.5B) indicates that HK-PFK is the only 

destabilising reaction and destabilises ATP with a value 1.61. The model reduction was done such 

that the HK-PFK reaction kinetics depend only on ATP and therefore ATP drives HK-PFK with a 

value of unity. The ATPase, storage and ‘lowpart’ reactions stabilise ATP with values -0.17, -1.05 

and -0.39 respectively with ‘lowpart’ also driving the oscillations with a value 1.01. Computing 

the reaction projections in the chained phasor diagram (Figure 4.5A) indicates that HK-PFK drives 

and destabilises the trioseP metabolite with values 1.0 and 0.39 respectively. The importance of 

the HK-PFK enzyme in producing oscillations in evident since HK-PFK has only positive 

projections on the metabolites it affects. The large phase change between GAPDH and HK-PFK 

indicates the phase difference between upper and lower glycolysis as seen for the ALD and PFK 

reactions in the detailed Hynne model. The phase change is also comparable to that of the Wolf 

model. However, it appears that the oscillations are transduced to GAPDH which then transduces 

them into the ‘lowpart’ reaction thus resulting in the small amplitude of BPG. This indicates that 

the oscillations in lower glycolysis are efficiently transduced between consecutive reactions in the 

Dano3 model.  

4.1.3 Experimental data set 

The data on intact yeast cells collected by Richard et al. (1996) display near-sinusoidal oscillations, 

indicative of proximity to a supercritical Hopf-bifurcation. The polar phase plane plots do not 

require knowledge of the pathway or kinetics whereas the phasor analysis requires knowledge of 

pathway stoichiometry to compute the rate phasors. The phasor diagrams for this data set were 

rendered in the previous Chapter (Section 3.3) and the zero amplitude GS phasor is used due to the 

uncertainty of modelling its kinetics.  

The polar phase plane plot (Figure 4.6A) indicates that ATP and G6P display a near 90° phase 

difference corresponding to the activating and inhibiting modes. The maximal projections of these 

ωATP 

A
Ṫ

P
 

HK-PFK Storage ATPase 
HK-PFK 

Figure 4.5 - Dano3 model: (A) chained phasor diagram and (B) ATP metabolite phasor 

diagram.  
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species correspond to the abundance of ATP and G6P respectively. However, rotating AMP, ADP 

and F16P by 180° result in additional modes representing the scarcity of these metabolites. The 

rotated plot (Figure 4.6B) indicates that the system contains a 90° structure and can be described 

in terms of activating and inhibiting modes. The abundance of ATP and scarcity of AMP and ADP 

represent the activating mode. The abundance of G6P and F6P and scarcity of F16P represent the 

inhibiting modes.  

The activating mode is high energy charge, and the inhibiting mode represents high levels of 

substrate for upper glycolysis and low levels of substrate to lower glycolysis. The activation by 

high energy charge can be explained as inhibition of PFK as ATP acts as an allosteric inhibitor of 

PFK (Moran et al., 2012). The inhibition mode due to abundance in upper glycolysis is explained 

as activation of HK resulting in high levels of upper glycolytic substrates. The activation of HK 

will increase the consumption ATP and therefore inhibits the abundance of ATP. F16P 

allosterically activates PFK and therefore scarcity of F16P represents an inhibitory mode since PFK 

will not be activated leading to scarcity of ADP. The two modes each have a limited number of 

components and therefore limit the analysis to only certain reactions affecting those species that 

display the 90° structure.  

The phasor diagrams (Figure 4.7) provide similar conclusions. PFK plays a major role in the driving 

(0.57) and destabilising (2.89) of ATP (Figure 4.7B) and drives (8.45, 0.90) and destabilises (1.31, 

0.14) both the intermediate substrate (F6P) and product (F16P) (Figure 4.7A). Furthermore, PFK 

is the only reaction destabilising ATP. The small phase difference between PFK and PGI indicates 

the strong transduction of oscillations. The effect is to dampen the F6P oscillations seen as the 

relatively small amplitude phasor. The large phase difference between the ALD and PFK reaction 

indicates that lower glycolysis oscillates out of phase to upper glycolysis and also explains the 

F16P absorption. The importance of the PFK reaction is evident in both analyses.  

 

AMP 

ADP 

F16P 

F6P 
ATP 

G6P 

AMP 

ATP 

ADP 

F6P 

F16P 

G6P 

Figure 4.6 - Polar phase plane plots of the Richard et al. (1996) data set with all phase angles 

measured relative to that of ATP: (A) Original phases and (B) 180° rotation of F16P, AMP 

and ADP representing scarcity. There is a clear 90° structure observed between the 

adenylates and G6P/F16P indicating the existence of activator and inhibitor modes.  
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Figure 4.7 - (A) Chained phasor diagram for upper glycolysis and (B) the ATP metabolite 

phasor diagram for data set of (Richard et al., 1996). The GS phasor is omitted due to the 

uncertainty of modelling its kinetics. 
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4.2 Discussion 

Phase plane diagrams are useful when applied to smaller systems or when used to determine phase 

relationships between species. However, multiple plots are needed to determine relationships 

between all the species when larger systems are considered. The polar phase plane plots and phasor 

analysis allow plotting of all the metabolites in a pathway on an individual diagram. Furthermore, 

the relative phases and amplitudes are plotted. Therefore the phase relations obtained from the 

phase plane diagrams are observed visually in the latter two analyses as well.  

The polar phase plane plot analysis relies on the 90° phase relation between the species under 

consideration and is only applicable at a supercritical Hopf-bifurcation due to the use of the Stuart-

Landua equation. The large amplitude species that display a 90° structure provide an analysis of 

how these two modes activate and inhibit one another. Details regarding the system dynamics are 

obtained by considering the reactions that affect the two modes. However, if no 90° structure exists 

among the species, the conclusion is that no simple biochemical interpretation of the two Stuart-

Landau modes is possible (Madsen, Danø and Sørensen, 2005). The polar phase plane plots identify 

the sets of species that play an important role in the system dynamics. The analysis does not depend 

on the pathway kinetics or stoichiometry and provides a compact visualisation of the oscillating 

species.  

The phasor analysis displays the amplitudes and relative phases of species and reaction rates as 

rotating vectors or phasors. Including the reactions in the analysis allows additional interpretations 

of the system both qualitatively (visualisation of the network structure, transduction, and absorption 

of oscillations) and quantitatively (drive-destabilising values). Large phase and amplitude changes 

are easily identifiable and provide information concerning the pathway dynamics. The analysis 

does not rely on any specific structure (such as the 90° phase relation of the polar phase plane plots) 

to draw conclusions. The phasor analysis provides information on important reactions that cause 

oscillations and how the oscillations are absorbed or transduced along the pathway. However, 

pathways with many reaction steps, such as yeast glycolysis, will lead to lengthy chained diagrams. 

Species displaying small oscillations can be omitted since these species will have a negligible 

contribution on the overall system dynamics.  
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The phasor analysis and polar phase plane plots provide visual representations that are useful for 

comparing multiple kinetic models and experimental data sets. The polar phase plane plots 

typically require 180° rotation of certain species resulting in two diagrams per data set. This 

requires multiple plots when comparing many models and experimental data sets. However, 

relatively large amplitude species are considered important and hence the visual comparison of 

only these species reduces complications. The phasor analysis provides a comparison of the species 

oscillation and pathway structure. Similarities and differences between data sets are therefore easily 

identifiable along a pathway. The large amplitude species are considered important and are easily 

identified visually in both analyses. The phasor analysis allows a qualitative and quantitative 

explanation as to how the large amplitude species might arise. The drive-destabilisation framework 

and identifying where oscillations are absorbed or transduced makes this additional information 

possible. Furthermore, phasor diagrams for the adenylate and nicotinamide species provide 

additional comparisons between data sets. 

Numerous kinetic models and experimental data oscillate far from a supercritical Hopf-bifurcation 

point, or do not display such a bifurcation at all. The phasor analysis has the advantage of being 

applied to a wider range of data sets including those that oscillate non-sinusoidally (due to the use 

of the Fourier transform). Both analyses require a relatively complete data set to draw hard 

conclusions. However, assumptions are needed to construct the rate phasors if data sets are 

incomplete. Including the rate phasors allows a visual comparison of the network structure between 

data sets, arguably the main difference between the analyses. 
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5 Results: phasor analysis of oscillating yeast 

glycolysis 

5.1 Introduction  

The phasor analysis has been applied to multiple core and detailed kinetic models and two 

experimental data sets (du Preez, 2009). However, the following additions have been made to the 

original work: the layout and labelling of the diagrams have been changed to allow easier 

identification of components and comparisons between data sets. Additional data sets (core and 

detailed models and experimental data) have been introduced and analysed. The stoichiometric 

drive-destabilise (rate phasor projections on metabolite derivative and metabolite phasors) and 

kinetic drive-damp (metabolite derivative phasor projections on rate phasors) diagrams have been 

developed to allow easier quantitative comparisons between multiple data sets. Last, a software 

package has been coded in Wolfram Mathematica (Wolfram Research Inc., Champaign, IL, USA) 

to render all the above-mentioned diagrams and to compute the quantitative information. 

5.1.1 Oscillatory mechanisms  

The phasor analysis is applied to core and detailed models separately due to the significant 

difference in the level of detail between these two types of models (see Appendix B for the model 

network structure diagrams). Core models usually represent simplified versions of a system to 

study specific mechanisms that lead to observed system behaviour. Two main types of core models 

have been suggested for modelling oscillating glycolysis. Goldbeter and Lefever (1972) used an 

allosteric model applied to the PFK reaction which was then believed to be the key enzyme 

resulting in glycolytic oscillations. Sel’kov (1975) studied a core model with autocatalytic reaction 

sequences and demonstrated that oscillations can arise in the absence of non-stoichiometric 

regulations. These two contrasting core models demonstrate that both allosteric regulation and the 

autocatalytic stoichiometry of glycolysis can independently yield oscillations. 

The allosteric regulation of PFK and the positive feedback of the autocatalytic stoichiometry are 

considered key mechanisms for glycolytic oscillations in yeast (Gustavsson et al., 2014). PFK is 

inhibited by the substrate ATP and activated by the products AMP and F16P. Madsen, Danø and 

Sørensen (2005) analysed kinetic models and experimental data to conclude that instability of the 

stationary state in intact yeast cells arises from the allosteric regulation of PFK and in cell extracts 

via the ATP-ADP-AMP system. Wolf et al. (2000) developed two core models to demonstrate that 

oscillations arising at the PFK reaction propagate through the pathway via the ATP/ADP and 

NADH/NAD ratios. The authors note that the GAPDH and PGK reactions are responsible for the 

coupling of these two ratios’ oscillations thereby bypassing the intermediates in the pathway. 

Furthermore, Ano, Amazaki and Keda (2001) investigated NAD/NADH perturbations in cell-free 

extracts of yeast using a pyruvate sensor. The authors conclude that the perturbation is transmitted 

to the ADP/ATP ratio via the GAPDH-PGK system and ADH.  

Schrøder et al. (2013) identified three control points important for the control of oscillations in 

glycolysis, namely the reactions HK, PFK and ATPase. In contrast, Teusink, Bakker and 

Westerhoff (1996) demonstrate in three separate models that the control on amplitude and 

frequency is shared among all the glycolytic enzymes. Distributed control on oscillatory properties 

was also later confirmed by investigating the control on signal waveform, amplitude and frequency 

numerically (Reijenga et al., 2002). The control on oscillatory tendency and system instability of a 

core and detailed model revealed the importance of glucose transport (GLT), ATP utilisation and 

the enzyme pyruvate decarboxylase (PDC) (Reijenga et al., 2005).  
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The glycolytic pathway consists of many reaction steps. The phasor analysis is used to analyse the 

relevant above-mentioned mechanisms and relationships and draw comparisons between data sets. 

Furthermore, any other mechanisms that the phasor analysis reveals will be discussed. 

Comparisons between the data sets will include similarities and differences in network structure 

(relative phases and amplitudes), transduction and absorption of oscillations along the pathway, 

oscillatory mechanisms, and component interactions in terms of the drive-destabilisation 

framework.  

5.2 Core model analysis 

The level of detail of the core models is less than that of the detailed models. The resulting phasor 

diagrams are therefore qualitatively different and are analysed separately. The oscillating yeast 

glycolysis core models were taken from JWS Online (Olivier and Snoep, 2004). The oscillating 

version of the steady-state core model of Galazzo and Bailey (1990) was used (see the appendix in 
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Figure 5.1 - Phasor diagrams for chained low dimensional core models. For each model the 

corresponding ATP phasor diagram is shown separately. 
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(du Preez, 2009) for the required parameter changes). The autocatalytic model of Sel’kov (1975) 

was coded so that it could be compared with the allosteric model of Goldbeter and Lefever (1972). 

The three core models of Danø et al. (2006), the Wolf model introduced in Chapter 3, and the 

model of Bier, Bakker and Westerhoff (2000) are also used. The level of detail differs between 

these core models with the dimensionality ranging from two (Goldbeter) to nine (Wolf). The core 

models are divided into one group of low-dimensionality and one group of higher-dimensionality. 

The final diagrams for the high-dimensionality models are aligned at the reaction that transitions 

from upper glycolysis to lower glycolysis which is typically at the ALD reaction (Figure 5.2). The 

ATP phasor diagrams are rendered separately for the high-dimensionality group as two of the 

Figure 5.2 - Higher-dimensional core models chained phasor diagrams. 

(A) Wolf 

(B) Dano2 

(C) Dano1 

(D) Galazzo 
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models also include the NADH metabolite. The ATP and NADH phasor diagrams are represented 

in Figure 5.3 for the high-dimensionality group. 

The lower-dimensional core models differ in level of detail, have different lumped reactions, and 

include different intermediates (Figure 5.1). The higher-dimensional core models share more 

similarities, typically modelling both upper and lower glycolysis to different levels of detail (Figure 

5.2). First, a qualitative comparison between the relative phases and amplitudes of the intermediates 

and reaction rates is made. Figure 5.2 indicates similarities in the relative phases for the 

intermediates G6P or Glc and F16P or trioseP in all the models (FBP and FDP represent F16P). 

The Sel’kov and Bier models depict comparable Glc phases in Figures 5.1D and 5.1B. The 

significant phase change from Glc (5.1D, 5.2A, 5.2B) or G6P (5.2D) to F16P (5.1D, 5.2A, 5.2D) 

or trioseP (5.2B) is evident in all the models that include these intermediates. This arguably points 

to the importance of the PFK reaction when considering the cross-over theorem applied to an 

oscillating pathway (Hess, Boiteux and Kruger, 1969). The cross-over theorem, in this context, 

identifies enzymes catalysing reactions that result in significant phase changes between the 

substrate and product as important in the oscillation of the system. The cross-over theorem must 

be used with care when applied to a pathway with multiple connectivities and branches. The 

intermediates of upper glycolysis oscillate with significantly larger amplitudes than those of lower 

glycolysis with the exception being Glc in the Galazzo and Sel’kov models. 

 

The higher-dimensional core models (Figure 5.2) and Dano3 (Figure 5.1A) display a reaction phase 

change that occurs from upper glycolysis to lower glycolysis (PFK to ALD/GAPDH). The Sel’kov 

model, although including the transition from upper to lower glycolysis, displays no significant 

reaction phase change (Figure 5.1D). There is an absence of significant reaction phasor phase 

changes from GAPDH downwards in the pathway in all the models. An exception is the Wolf 

model which displays significant phase changes at the GAPDH-PGK and PK reactions resulting in 

non-negligible amplitudes for the PEP and PYR intermediates. Boiteux and Busse (1989) observed 

oscillations for PEP and PYR in yeast extracts. The absence of significant phase changes in lower 

glycolysis results in the negligible lower intermediate amplitudes seen in the models except in 

Wolf. The oscillations are therefore efficiently transduced along lower glycolysis with significant 

oscillation absorption occurring in upper glycolysis for the larger amplitude intermediates (Glc, 

G6P and F16P). The PFK phasor (or any lumped version thereof) has positive projections on its 

substrate and/or product metabolites in all of the models. PFK is evidently an important reaction in 

maintaining the oscillations in F16P and Glc/G6P by driving and destabilising both intermediates.  

 

ATP is a common metabolite in all the data sets. It is important to identify the reactions that drive 

and destabilise ATP since ATP is involved in multiple reactions and is autocatalytic in glycolysis. 

The PFK reaction is the main destabiliser of ATP in all of the models with Sel’kov being the 

exception (Figures 5.1 and 5.3). Furthermore, the PFK reaction drives ATP oscillations in all of 

the models with Dano1 and Sel’kov being the exceptions. However, PFK is not the sole driving 

reaction since some of the reactions in lower glycolysis also drive ATP oscillations. The core 

models with higher detail agree well with one another and the models with less detail (Sel’kov, 

Goldbeter and Bier) are qualitatively different from the rest. The Sel’kov model indicates that 

GAPDH-ENO is responsible for the driving and destabilising of ATP which does not agree with 

the remaining models. The Goldbeter model only has PFK as a driver of ATP and ADP oscillations 

(since this model is based on the allosteric regulation of PFK). The Bier model agrees with the 

driving and destabilising effect of PFK (the Glycolysis reaction represents PFK) and the significant 

stabilising effect of ATPase. The ATPase reaction is a significant stabiliser of ATP in all the 

models. Other stabilising reactions include GS and the lower glycolytic ATP producing reactions, 

an exception is the Galazzo model in which PK and PGK destabilise ATP and drive ATP 

oscillations. 
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The Wolf and Dano2 models are the only core models that include the NAD and NADH metabolites 

in their variable definitions. Therefore, the NADH phasor diagrams are rendered for these two 

models in Figures 5.3A and 5.3B. The relative phase of NADH in the two models differs slightly 

whereas a significant difference in relative amplitudes is observed. The GAPDH reaction is the 

main destabiliser in both models with ADH significantly stabilising and sightly driving the 

oscillations. The glyceraldehyde-3-phosphate dehydrogenase (G3PDH) reaction significantly 

drives NADH oscillations in the Wolf model. This arguably leads to the significant NADH 

amplitude compared with the Dano2 amplitude for which no reaction significantly drives the 

NADH oscillations. 

 

The relative magnitudes of the rate phasor projections are not immediately clear from the phasor 

diagrams alone. The drive-destabilise (stoichiometric) and drive-damp (kinetic rate equations) 

diagrams introduced earlier aid in directly comparing the relative magnitudes of these projections 

between the models. The qualitative analysis indicates the importance of PFK and allows 

identification of significant phase changes between the metabolite phasors and consecutive reaction 

phasors. These identified species are analysed using the drive-destabilise framework to determine 

the quantitative similarities and differences between the models (Figure 5.4). ATP is analysed in 

Figure 5.4C as it is common to all the models and is involved in the allosteric control of PFK and 

the autocatalytic stoichiometry of glycolysis. The drive-destabilise diagrams are rendered by 

scaling the projections with the largest magnitude projection between the data sets. F16P and ATP 

in the Sel’kov model are thus omitted due to the extremely large model stoichiometry which results 

Figure 5.3 - Higher-dimensional core model ATP and NADH phasor diagrams. 

(A) Wolf 

(B) Dano2 

(C) Dano1 

(D) Galazzo 
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in negligibly small relative projection magnitudes in the remaining models. The intermediates 

F16P/trioseP and Glc/G6P are grouped together as some models do not explicitly model G6P/F16P 

(Wolf, Dano2 and Dano3 models in Figures 5.4A and 5.4B). Each column represents a model, the 

blue and red markers correspond to the relative rate phasor projections on the metabolite and 

metabolite derivative phasors respectively.  

It is evident from Figures 5.4A and 5.4B that PFK plays an important role in driving oscillations 

and destabilising the metabolites in all the models. PFK typically has the largest magnitude 

projection with few exceptions, namely for ATP in all three Dano models. PFK drives and 

destabilises Glc with the largest magnitude and the storage reaction stabilises and dampens Glc 

with the largest magnitude in Dano2 (Figure 5.4A). PFK drives Glc/G6P oscillations with an almost 

identical magnitude in the remaining three models with glucokinase (GLK) having negligible 

contribution. Furthermore, the PFK drive magnitude for F16P is nearly identical between the 

models (Figure 5.4B). Dano1 is the exception having the largest magnitude projection. The models 

all agree with the stabilising effect of the reactions downward from PFK with ALD in Dano1 having 

the largest magnitude (Figure 5.4B). The models indicate a negligible drive magnitude for the 

ALD/GAPDH reaction with Dano1 being the exception. The Galazzo model has the smallest PFK 

destabilise magnitude and is the only model in which ALD drives F16P oscillations. The Galazzo 

model displays the largest phase change from PFK to ALD which in turn results in ALD driving 

F16P oscillations.  

Wolf Dano2 Galazzo Sel’kov Wolf Dano2 Galazzo Dano1 Dano3 Wolf Dano2 Galazzo Dano1 Dano3 Bier Gold 

(A) Glc/G6P (B) F16P/trioseP (C) ATP 

Figure 5.4 - Core model drive-destabilise diagrams: (A) The Glc or G6P metabolite, (B) the 

F16P or trioseP metabolite and (C) the ATP metabolite. The dashed line represents zero 

magnitude and markers above and below are positive and negative projections respectively. 

The (de)stabilising and drive/damp projections are normalised with the absolute maximum 

(de)stabilise and drive/damp projection in all the data sets being compared respectively. 

Reaction on metabolite projection: destabilising (above) and stabilising (below) 

Reaction on metabolite derivative projection: driving (above) and damping (below) 
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The ATP drive-destabilise diagram (Figure 5.4C) indicates significant differences between the 

models. PFK is no longer the main driver and destabiliser in all the models. However, PFK has 

significant magnitude projections in most of the models. The PFK drive magnitudes are similar for 

the Wolf, Bier and Goldbeter models. Furthermore, the PFK destabilise magnitudes are similar for 

the Wolf, Dano2, Galazzo and Dano3 models. The ATPase and lower glycolytic reactions stabilise 

ATP with Bier having the largest ATPase magnitude. The magnitudes of these reactions are 

relatively similar between the remaining models. The most notable similarities are the magnitude 

of the storage reactions in the Dano models, and the LP/PGK-PYK reactions of Dano2, Dano3 and 

Wolf. The Galazzo model indicates that these lower reactions (PGK and PYK) have a destabilising 

effect which does not agree with the other models. The reason is due to Galazzo having the largest 

phase change between PFK and ALD which results in the phases of PGK and PYK being closer to 

that of ATP and therefore these reactions stabilise the metabolite.  

The relative extent that a metabolite drives or dampens a reaction phasor is unclear through 

observation of the rate equation. The kinetic phasor drive-damp diagrams provide a comparison 

between the models to determine the relative extent that a metabolite drives or dampens a reaction 

phasor. The models all include a PFK reaction. Many of the models display a phase change between 

PFK and the following reaction ALD/GAPDH. The PFK drive-damp diagram (Figure 5.5A) 

indicates the importance of ATP and ADP/AMP in driving the PFK oscillations. The magnitudes 

of the ATP projections are nearly identical for the Dano2, Dano3, Bier and Sel’kov models with 

Galazzo having the largest ATP projection and Goldbeter having the smallest. Furthermore, Glc 

and G6P dampen oscillations in the Dano2 and Galazzo models respectively, whereas the 

remaining models only have positive projections (Figure 5.5A). The PFK reaction is modelled as 

Wolf Dano2 Dano1 Galazzo Dano3 Bier Gold Sel’kov Wolf Dano2 Dano1 Galazzo Dano3 Sel’kov 

Figure 5.5 - Core model kinetic drive-damp diagrams: (A) PFK and (B) ALD. The 

dashed line represents zero magnitude and markers above and below are positive and 

negative projections respectively. All the projections for a single reaction are normalised 

according to the absolute maximum projection between the models. 

(A)  (B)  
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a function of ATP in all of the models. Furthermore, ATP is the main driver of PFK oscillations in 

all of the models except for the Dano1 and Goldbeter models where AMP and ADP drive the ATP 

oscillations respectively. 

The ALD/GAPDH reaction drive-damp diagram (Figure5.5B) reveals additional similarities 

between the kinetics of the core models. The magnitude of the substrate (F16P/trioseP) projection 

is similar in all the models except Dano1 for which F16P has a significantly larger relative 

projection magnitude. Dano2 and Dano1 are the only models that have negative projections, and 

Dano1 is the only model for which the two triosephosphates (DHAP and GAP) dampen the 

oscillation of the reaction. NAD dampens the GAPDH reaction with a relatively small magnitude 

in Dano2, and the two triosephosphates dampen ALD significantly in Dano1 with DHAP having 

the largest damping magnitude. 

The phasor diagrams indicate qualitative differences between the core models. However, 

application of the quantitative analysis reveals that the model dynamics and component interactions 

are more similar than the qualitative analysis suggests. Similarities in the relative projection 

magnitudes between the core models is evident. Therefore, the quantitative analysis reveals that 

the oscillation mechanisms underlying the models are very similar even though the models have 

significant qualitative differences (such as level of detail and modelling of lumped reactions). An 

exception is the Sel’kov autocatalytic model for which the HK-PFK reaction dampens ATP 

oscillations and stabilises ATP. 

5.3 Detailed model analysis 

Detailed kinetic models include most or all of the reaction steps in a pathway to relate the system 

behaviour to individual reaction steps. Detailed kinetic models typically make use of the bottom-

up modelling approach and require specific information regarding the enzyme kinetics. du Preez et 

al. (2012) created an oscillating version of the steady-state model (referred to as the Teusink model) 

developed by the Amsterdam Group (Teusink et al., 2000). The authors demonstrate that the 

detailed steady-state Teusink model is able to display limit-cycle oscillations by changing model 

parameters. Most of the Teusink model parameters were not changed by more than 20% of their 

original values. However, the authors note that for seven parameters that were significantly 

changed, five of the parameters belong in the PFK kinetic equation. The experimental data 

conducted on intact cells (Richard et al., 1996) was used to set up the optimisation functions that 

yielded an oscillating version of the Teusink model. The model, referred to as the DuPreez4 model, 

is therefore able to closely model the observed experimental oscillations of Richard et al. (1996).  

du Preez, Van Niekerk and Snoep (2012) used the same steady state model of Teusink to model 

yeast extract oscillations. The authors note that this is possible as yeast extracts and intact yeast 

cells are almost identical in terms of the enzymes catalysing glycolysis. The authors note three 

important aspects that allow changing the model from representing intact yeast cells to representing 

yeast cell extracts. The transport steps for glucose and acetaldehyde were removed from the intact 

cell model. The enzyme activity was diluted and the co-factor concentration was reduced according 

to the experimental concentration in the yeast extract experiment of Das and Busse (1991). The 

yeast extract model is referred to as the DuPreez6 model and is able to closely model the observed 

experimental oscillations of Das and Busse (1991).  

Gustavsson et al. (2012) modified the DuPreez4 model to simulate sustained oscillations observed 

in isolated yeast cells positioned in a microfluidic chamber. Small changes to the extracellular 

acetaldehyde and ethanol concentrations of the original model were made. Furthermore, a diffusion 

term to model the efflux of extracellular acetaldehyde was introduced. Nielsen et al. (1998) 
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developed a cell extract model to simulate the oscillations observed in a continuous-flow stirred 

tank reactor (CSTR). The authors used data from various sources to estimate the kinetic parameters. 

The Nielsen model has G6P and F6P pooled into F6P. F6P is consumed in the PFK reaction to 

produce F16P. Last, the detailed model of Hynne introduced in Chapter 3 is also used. 

Detailed models exist for both intact yeast cells and cell extracts. Two extract models exist, the 

Nielsen model and the DuPreez6 model. In cell extracts there is no need for a glucose transporter 

to carry glucose across the cell membrane and therefore the extract models omit this step. However, 

as the phasor analysis reveals, the network structure (component relative phases and amplitudes) 

of the cell extract models is comparable to that of the intact cell models. The most notable similarity 

is the relatively large amplitude component phasors observed in upper glycolysis, and the lack of 

significant amplitude intermediates in lower glycolysis (Figure 5.6).  

5.3.1 Qualitative analysis 

The detailed-model chained-phasor-diagrams are fairly similar and allow comparison at a 

resolution of individual reaction steps due to the high level of detail in the models (Figure 5.6). 

First the phase and amplitude of the intermediates are compared. The relative amplitudes for the 

upper glycolytic metabolites are comparable between all the models with F16P oscillating with the 

largest amplitude and glucose oscillating with the smallest amplitude (negligible amplitude phasor 

arrow-heads and labels are omitted). G6P and F6P oscillate nearly in-phase and nearly opposite in-

Figure 5.6 - Detailed kinetic models chained phasor diagram of full glycolytic chain. 

(A) Hynne  

(B) Gustavsson  

(C) DuPreez4  

(D) DuPreez6  

(E) Nielsen  
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phase with F16P in all the models. The lower glycolytic intermediates oscillate with negligible 

amplitude in all the models with the exceptions being TRIO (DuPreez4, DuPreez6 and 

Gustavsson), BPG (Nielsen), PYR (Hynne and DuPreez6), and EtOH (Nielsen). 

The reaction rate phasors are important in understanding significant phase and amplitude changes 

that occur in the intermediate oscillations. The GLK, glycogen branch (GLYCO) and trehalose 

branch (Treha) reaction phasors have negligible amplitudes in all data sets except for GLYCO in 

Hynne. PGI and PFK oscillate with a comparable amplitude and phase in all the models. There is 

a clear phase change between the PFK and ALD reaction phasors in all the models (as is evident 

in the core models that included these reactions). The upper glycolytic reactions oscillate with 

larger amplitudes than those in lower glycolysis. Furthermore, the lower glycolytic reactions 

oscillate with similar phases and amplitudes resulting in the small intermediate phasor amplitudes 

observed. This indicates the efficient transduction of oscillations along the lower glycolytic 

pathway. 

The chained phasor diagrams allow a comparison on the transduction of oscillations through the 

pathway. Transduction and absorption of oscillations are determined by identifying significant 

phase and amplitude changes along the pathway. The first significant phase change occurs from 

GLK to PGI resulting in a large G6P amplitude (oscillation absorption) in all of the models (F6P 

in the Nielsen model). There is a clear phase change between the PFK and ALD reactions in all the 

models resulting in the relatively large F16P amplitude. It appears that F16P is able to absorb the 

oscillations from PFK resulting in the visibly small amplitude of ALD. The oscillations are 

efficiently transduced from PGI to PFK which oscillates nearly in-phase with PGI. Consequently, 

F6P has a small amplitude in all the models except in Nielsen. Furthermore, PFK drives and 

destabilises (positive projections) its substrate (F6P) and product (F16P) in all the models. The 

qualitative analysis indicates the importance of PFK in driving the oscillations in upper glycolysis. 

However, it appears that the oscillations are not efficiently transduced into lower glycolysis due to 

the relatively small ALD amplitude. 

The lower glycolytic chain (from ALD onwards) indicates the reactions of lower glycolysis 

oscillate with similar amplitude and phase. This implies efficient transduction of oscillations along 

the lower glycolytic pathway. However, the efficient transduction results in the low amplitude 

intermediate oscillations observed in all the detailed models and observed experimentally. The 

visual analysis indicates that a significant phase change between consecutive reactions results in 

an intermediate phasor with a non-negligible amplitude. This occurs in lower glycolysis for TRIO 

(DuPreez4, DuPreez6 and Gustavsson), BPG (Nielsen), and PYR (Hynne and DuPreez6) where 

two consecutive reactions oscillate out-of-phase. 

The ATP and NADH phasor diagrams are rendered separately (Figure 5.7). The ATP phasor 

diagrams indicate that the PFK reaction is the main destabiliser of ATP and driver of ATP 

oscillations in all the models. The ATPase reaction is the main stabiliser of ATP, and the AK 

reaction is the main damper of ATP oscillations. The reactions in lower glycolysis that produce 

ATP stabilise ATP and drive ATP oscillations in all the models except Nielsen. The side chain 

reactions (GLYCO, Treha and succinate (SUC) branches) and GLK have relatively small 

projections and typically drive the ATP oscillations and stabilise ATP. 

The NADH phasor diagrams (Figure 5.7) display significant differences in the relative amplitudes 

of the NADH oscillations. Nielsen and Hynne (Figures 5.7A and 5.7E) display larger relative 

NADH amplitudes compared with the rest. The phase of NADH is roughly 180° relative to ATP 

in all the models except Nielsen. The reaction rate phasors have comparable phases in all the 

models but differ in their relative amplitudes. The G3PDH and SUC reaction phasors oscillate with 

negligible amplitude in all the models with the exception of Hynne and DuPreez6 for the G3PDH 
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phasor. The driving and destabilising reaction projections are not immediately clear from the 

NADH phasor diagrams of Gustavsson, DuPreez4 and DuPreez6 (Figures 5.7B, 5.7C and 5.7D) 

due to the small NADH amplitude. The drive-destabilise diagrams will aid in identifying these 

relative magnitudes and will allow a quantitative comparison between the models. 

 

Figure 5.7 - ATP and NADH phasor diagrams of detailed kinetic models. 

(A) Hynne  

(B) Gustavsson  

(C) DuPreez4  

(D) DuPreez6  

(E) Nielsen  

ATP  
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5.3.2 Quantitative analysis 

The qualitative similarities and differences between the models in terms of limit-cycle properties, 

oscillation transduction and absorption and component interactions have been determined. The 

quantitative analysis allows a more in-depth comparison of the previously identified mechanisms. 

However, there are many drive-destabilise values computed for each model due to the high level 

of detail. Therefore, only specific reactions and intermediates will be considered as was done for 

the core model analysis. PFK is an important reaction having positive projections on all the 

substrates and products in all models. Large amplitude components and large relative phase 

changes are considered important and are discussed. Furthermore, the ATP-ADP-AMP and NAD-

NADH systems and the reactions that link these systems, namely GAPDH and PGK, are analysed. 

The near-equilibrium reactions in lower glycolysis are omitted from the analysis as the system will 

only oscillate when sufficiently far from equilibrium (Goldbeter et al., 2012). However, the PGI 

reaction may be of interest due to its large amplitude and the fact that F6P has a significantly smaller 

amplitude relative to G6P and F16P.  

Considering the DuPreez4 model, PGI drives (1.3) and destabilises (0.7) G6P while G6P dampens 

PGI (-1.14) which is driven by F6P (2.1). An interpretation follows that the oscillations from PGI 

are absorbed into G6P due to the fact that F6P drives PGI which then drives and destabilises G6P. 

PGI efficiently transduces the oscillations to PFK resulting in the low amplitude F6P phasor and 

small phase change between PGI and PFK. PGI dampens (-3.18) and stabilises (-3.3) F6P which 

then dampens (-0.74) PFK. PFK is driven by the adenylates (AMP = 1.56, ATP = 0.23) and PFK 

drives and destabilises all its intermediates. PFK drives F16P (1.17) and ALD dampens F16P (-

0.17). F16P drives ALD (4.0) and ALD drives (1.86) and destabilises (1.36) the first lower 

glycolytic intermediate, TRIO, which dampens ALD (-3.0). This interpretation will be true for the 

remaining models provided the same trend is present. The drive-destabilise diagrams will aid in 

determining whether the models are similar in terms of the relative component interactions.  

DP4 Gustav DP6 Hynne Nielsen DP4 Gustav DP6 Hynne Nielsen DP4 Gustav DP6 Hynne Nielsen DP4 Gustav DP6 Hynne Nielsen 

GLK 

(A) G6P (B) F6P (C) F16P (D)TRIO/GAP 

Figure 5.8 - Drive-destabilise diagrams for detailed kinetic models of upper glycolytic 

intermediates and triosephosphates. Blue markers indicate (de)stabilising reaction projections 

(reaction on metabolite) and red markers indicate driving/damping reaction projections 

(reaction on metabolite derivative). 
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The drive-destabilise diagrams are rendered for the intermediates of upper glycolysis, TRIO/GAP, 

ATP and NADH for all the detailed models in Figures 5.8 and 5.9 respectively. Starting at G6P 

(Figure 5.8A) the trend is comparable between the models. PGI drives and destabilises G6P with 

similar drive values (red markers) in all the models with Hynne having the largest magnitude 

projections. GLYCO stabilises G6P and dampens G6P oscillations with Hynne having the largest 

magnitude. The projections on F6P (Figure 5.8B) are comparable between the models with PFK 

driving and destabilising and PGI damping and stabilising. Hynne has the largest projections with 

the remaining models having relatively similar values. It is interesting to note that the positive and 

negative projections in each model have nearly identical magnitudes which results in the small 

amplitude of F6P observed in all the models except Nielsen. The F16P diagram (Figure 5.8C) 

indicates very similar projection magnitudes between all the models, most notably the PFK and 

ALD drive values. Furthermore, all PFK projections are positive and all ALD projections are 

negative in all of the models.  

The TRIO/GAP diagram (Figure 5.8D) displays significant differences in the relative projection 

magnitudes between the models. These differences occur due to the first three models grouping 

DHAP and GAP leading to relatively smaller reaction projections. However, the trend is 

comparable between the models with ALD driving oscillations and destabilising the metabolite and 

GAPDH damping oscillations and stabilising the metabolite. The Nielsen model has the largest 

projections due to the relatively small amplitude of GAP compared with TRIO in the other models.  

The ATP diagram (Figure 5.9A) indicates that PFK drives ATP oscillations and destabilises ATP 

in all models with Nielsen having the largest projections. AK has a similar damping magnitude in 

all the models excluding Nielsen. The reactions PGK and PYK have negligible stabilise values but 

significant drive values in all the models except the Nielsen model for which the two reactions 

dampen the oscillations. The magnitudes of these reaction projections are relatively similar in all 

the models. The remaining reactions have negligible projection magnitudes and are therefore 

omitted. The NADH diagram (Figure 5.9B) indicates that ADH drives oscillations in all the models 

with the largest magnitude for the DuPreez6 model. GAPDH destabilises in all the models except 

DP4 Gustav DP6 Hynne Nielsen DP4 Gustav DP6 Hynne Nielsen 

(A) ATP (B) NADH 

Figure 5.9 - Drive-destabilise diagram of detailed models for (A) ATP and (B) NADH. 
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for Nielsen with the largest magnitude for the DuPreez6 model. GAPDH also dampens oscillations 

in all the models except in the Hynne model. The largest damping value is for the DuPreez6 model.  

The rate equations define the mathematical relationship between metabolites and a specific 

reaction, however not the extent to which the metabolites drive or dampen the oscillation of that 

reaction. Therefore, the kinetic drive-damp diagrams (introduced in Section 3.2.4.2) are used to 

determine the relative extent that each metabolite derivative drives or dampens the oscillation of a 

reaction rate. There is a significant phase change from GLK to PGI resulting in the large G6P 

amplitude. The GLK diagram (Figure 5.10A) indicates the importance of ATP and ADP in the 

GLK oscillations. ATP and ADP typically drive the oscillations except for the DuPreez6 model for 

which ATP dampens the oscillations. The intracellular glucose metabolite (GLCi) dampens the 

oscillations significantly only in the DuPreez4 and Gustavsson models. The Gustavsson model has 

the largest projections for ADP driving and GLCi damping. The PGI reaction (Figure 5.10B) 

indicates a comparable trend between the models with F6P driving and G6P damping oscillations 

in all the models. The magnitudes are relatively similar in all the models with the largest magnitude 

occurring in the Hynne model.  

DP4 Gustav DP6 Hynne Nielsen DP4 Gustav DP6 Hynne Nielsen DP4 Gustav DP6 Hynne Nielsen 

DP4 Gustav DP6 Hynne Nielsen DP4 Gustav DP6 Hynne Nielsen DP4 Gustav DP6 Hynne Nielsen 

(A) GLK (B) PGI (C) PFK 

(D) ALD (E) GAPDH (F) PGK 

Figure 5.10 - Kinetic drive-damp diagrams for detailed kinetic models. 
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The PFK diagram (Figure 5.10C) indicates the importance of the adenylates with AMP being the 

main driver (largest magnitude) with a relatively similar magnitude in all the models with DuPreez4 

having the largest. ATP drives oscillations in all the models while F6P and F16P dampen the 

oscillations (F6P more so than F16P) with Nielsen being the exception. The magnitude of the ATP 

and AMP projections are comparable in all the models which indicates similarities in the kinetics 

that model the allosteric regulation of PFK. The adenylates both have positive projections 

indicating the positive contribution to the oscillations observed via the allosteric regulation of PFK. 

Furthermore, it is clear that AMP is more important in driving PFK oscillations than ATP due to 

the larger drive magnitudes of AMP in all the models. 

F16P drives and TRIO/GAP/DHAP dampens the ALD reaction with similar magnitudes in all the 

models with Hynne having the largest F16P projection (Figure 5.10D). The GAPDH reaction is 

driven by TRIO and BPG while NAD and NADH dampen the reaction except in Nielsen (Figure 

5.10E). The fact that NAD drives GAPDH in Nielsen (not seen in the other models) may cause the 

GAPDH oscillation phase to follow that of ALD leading to the negligible GAP amplitude observed. 

The magnitudes are very similar in all the models except Hynne which has the largest relative 

projection. Last, the PGK reaction is largely driven by ADP and ATP with BPG being the main 

damper in all the models (Figure 5.10F). The magnitudes are similar between all the models except 

for Nielsen which has the smallest magnitude projections. The analysis reveals that ADP has a 

larger driving effect on PGK than ATP does. The projections of the intermediates BPG, P3G and 

PEP do not display a comparable trend between the models, however these projections are 

negligibly small in all the models.  

5.3.3 Discussion 

The use of detailed models allows the comparison of individual reaction steps and metabolites in 

the pathway between multiple systems. The phasor diagrams display similarities in the relative 

phases and amplitudes of the glycolytic intermediates and reaction rate oscillations. The core 

models are qualitatively different from one another but possess comparable limit-cycle properties 

in the common intermediates and reactions with few exceptions. 

The detailed models are qualitatively and quantitatively similar. The upper glycolytic intermediates 

and reactions have comparable relative amplitudes and phases with a few exceptions, most notably 

the GLYCO reaction in the Hynne model. Furthermore, the drive-destabilise framework and drive-

damp kinetic framework indicate comparable trends between the detailed models. The analysis 

indicates that the extract and intact models are similar both qualitatively and quantitatively. This 

result may imply that the oscillation mechanisms are similar for cell extracts and intact cells. The 

oscillation waveforms typically differ between intact cell populations and cell-free extracts. The 

relaxation-type oscillations imply that there are distinct time-scales at which processes occur in the 

system (Madsen, Danø and Sørensen, 2005). The authors note that the distinct time-scales 

correspond to the on/off switching of PFK and the allosteric control thereof. The authors note that 

the instability leading to oscillations in intact yeast cells originates from PFK and the ATP-ADP-

AMP system. The phasor analysis confirms the importance of PFK and the adenylate system in 

both the intact cell and cell extract models.  

Considering the stoichiometric and kinetic analyses together aid in the explanation of oscillation 

propagation along the glycolytic pathway. The reaction rate projections indicate which metabolites 

are driven/damped and (de)stabilised, and the kinetic projections indicate which metabolites 

drive/dampen a specific reaction. This allows determining how the oscillations travel from a 

reaction to a metabolite and subsequently to another reaction. The similarities depicted in the 

analysis indicate the propagation mechanisms are similar in all the models, however differences do 

exist due to the manner in which rate equations are derived. The importance of the ATP-ADP-AMP 
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system and allosteric regulation of PFK is clear in all the models. The adenylates ATP and AMP 

drive PFK oscillations which in turn drives the oscillations in ATP, F6P and F16P. ATP and ADP 

both drive the PGK reaction which subsequently drives oscillations in ATP (Nielsen the exception) 

and the products of PGK (results not shown). Thus the allosteric regulation and autocatalysis of 

ATP is evident in all the models. GAPDH drives oscillations in BPG in the models (results not 

shown) and GAPDH destabilises NADH and dampens NADH oscillations. Thus it is not 

immediately clear from the phasor analysis that the ATP/ADP oscillations are transmitted via the 

GAPDH-PGK reaction system in the detailed models.  

5.4 Experimental data 

Experimental data can be analysed to provide a set of phasors independent from the kinetic models. 

The experimental phasor diagrams can aid in model validation when comparing the two sets of 

phasors. The kinetic models that are developed to display experimentally observed oscillations 

allow a deeper comparison (based on the underlying dynamics) between these models and the type 

of data or the exact data set that they model. Experimental data obtained from yeast extracts and 

whole cells found in the literature have been used here. The data sets typically include measured 

data for the upper glycolytic intermediates and adenylates. However, lower glycolytic 

intermediates oscillate with small amplitudes and concentrations and are difficult to measure 

experimentally. Furthermore, the kinetic phasor drive-damp analysis cannot be performed on the 

experimental data sets as there are no experimentally defined rate equations. 

5.4.1 S. cerevisiae yeast extracts 

The cell extract data set of Das and Busse (1991) displays relaxation type oscillations. The authors 

compute the extents of reactions using the metabolite data, the law of conservation of mass and a 

least squares regression method as described in (Boiteux and Busse, 1989). The data set allowed 

construction of phasor diagrams for the upper glycolytic chain (until ALD) and the ATP metabolite. 

The data for the reaction extents of GS, AK, PK and HK were interpolated and numerically 

differentiated to obtain the corresponding reaction rates. The frequency of the oscillation was 

computed by measuring the period of oscillation of the NADH fluorescence (average time 

difference between consecutive peaks and troughs).  

The metabolite concentration data points were interpolated to retrieve time courses of the measured 

data. However, numerical differentiation of these concentration signals resulted in noisy signals 

(differentiation of a signal amplifies the noise of the original signal). The interpolated metabolite 

signals were therefore first transformed into phasors using the Fourier transform. The metabolite 

derivative phasors were then computed by rotating the metabolite phasors by 90° and multiplying 

the amplitude by the angular frequency (Equation 2.12). The reaction phasors were computed in 

the same manner as for the Richard data set once the metabolite derivative phasors were computed. 

Starting with the G6P derivative equation the PGI phasor was solved using the experimentally 

derived HK and GS phasors: 

𝑣 𝑃𝐺𝐼 = 𝑣 𝐻𝐾 − 𝑣 𝐺𝑆 − 𝐺6𝑃̇⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  (5.1) 

The available data allowed solving the reactions up to ALD. The AK reaction phasor was computed 

from the AMP derivative equation since it is the sole reaction affecting the AMP metabolite. The 

remaining reactions that affect the ATP metabolite were determined using the ATP derivative 

equation. These reactions include the PGK catalysed reaction, the uridylate kinase catalysed 

reaction (Das and Busse, 1991) and the ATPase reaction. The reactions are lumped into a single 

phasor named PGK: 
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𝐅𝟔𝐏̇  
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𝐀
𝐓
𝐏̇

 

(A) (B) 

Figure 5.11 - (A) Upper glycolytic chained phasor diagram and (B) ATP metabolite phasor 

diagram for the yeast extract data set (Das and Busse, 1991). 

𝐴𝑇𝑃̇⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = −𝑣 𝐻𝐾 − 𝑣 𝐺𝑆 − 𝑣 𝑃𝐹𝐾 + 𝑣 𝑃𝐺𝐾 + 𝑣 𝑃𝐾 − 𝑣 𝐴𝐾 (5.2) 

The resultant chained phasor diagram (Figure 5.11A) indicates the transduction of oscillations from 

PGI to PFK due to the small phase change between them. G6P oscillates nearly in-phase with F6P 

and F16P oscillates almost 180° relative to G6P. The Glc metabolite oscillates with a negligibly 

small amplitude due to the low HK reaction amplitude and hence does not contribute significantly 

to the oscillations. PFK drives and destabilises ATP and F16P but drives and stabilises F6P. There 

is a significant phase change between PFK and ALD. The GS phasor is more closely aligned with 

the ATP phasor (the positive GS phasor will point in a similar direction to the ATP phasor) than 

the G6P phasor (Figure 5.11B). However, the GS points in a direction that falls between that of the 

G6P and ATP phasors. The GS phasor therefore has a higher sensitivity to ATP but is sensitive to 

both ATP and G6P. This agrees with the assumption made for the DuPreez4, Hynne, and DuPreez6 

models where GS is modelled with a combined sensitivity to ATP and G6P. PFK is the only 

reaction that significantly destabilises ATP. PFK, PGK and PK are important drivers of the ATP 

oscillations, and the lower glycolytic reactions have a stabilising effect on ATP. The remaining 

kinase reaction phasors have a damping effect on the ATP oscillation with AK significantly 

damping the oscillations.  

 

 

 

 

 

 

 

 

5.4.2 S. carlsbergensis yeast extracts 

Jonnalagadda et al. (1982) fed yeast extracts with glycogen which is broken down via 

phosphorylation to enter glycolysis. The authors note three stages of glycogen degradation and 

intermediate production/consumption. Oscillations were evident in the stationary phase, and this 

provided the starting point for the phasor analysis. The expression of the gene that activates 

glycogen phosphorylase occurs as the cell approaches the stationary phase resulting in degradation 

of glycogen into glucose in the form G1P (Wilson et al., 2010). No ATP is required for 

phosphorylation of glycogen to G1P (Moran et al., 2012). The total yield of glycogen degradation 

consists mostly of G1P with small amounts of glucose produced by a debranching enzyme (Wilson 

et al., 2010). G1P is converted to G6P via the phosphoglucomutase (PGM) catalysed reaction. The 

PGM reaction normally converts G1P to G6P in glycogen synthesis (François and Parrou, 2001).  

No concentration measurements were made for G1P and F6P. However, considering previous 

experimental results the authors note that G1P oscillates in-phase with ADP and AMP and F6P 

oscillates in-phase with G6P. The phase relationships between G6P-F6P and AMP-ADP have been 

confirmed in previous experiments (Betz and Chance, 1965 and Hess, Boiteux and Kruger, 1969). 

The phases of G6P and AMP relative to ATP were computed from the measured data, but the 
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oscillation amplitudes for G1P and F6P had to be assumed to begin the phasor analysis. Data 

available for the G6P/F6P ratio during oscillations in yeast S. carlsbergensis extracts indicate an 

equilibrium constant of 4.28 (Hess, Boiteux and Kruger, 1969) and 4.1 (Boiteux and Busse, 1989) 

for the PGI catalysed reaction. The average of these two constants were used to compute the F6P 

phasor amplitude.  

There is a lack of available data in the literature on the oscillation amplitude of G1P during 

oscillating glycolysis. The amplitude of G1P relative to that of G6P was therefore taken as an 

average value from various experiments. Wittmann et al. (2005) measured the G1P concentration 

during oscillating glycolysis in yeast S. cerevisiae during the cell cycle. Van Dam et al. (2002) 

made measurements on steady-state yeast fermentation samples and Aiello et al. (2002) measured 

G1P and G6P concentrations in wild type cells to investigate the enzyme PGM. The three amplitude 

ratios (G1P/G6P) computed from these experiments were 0.203, 0.167 and 0.14, respectively. The 

G1P phasor amplitude was computed by scaling the amplitude of G6P using the average of these 

three ratios. 

The glycogen concentration over time was interpolated and differentiated to compute the rate of 

glycogen degradation (GS). The rate of glycogen degradation was used as the reaction producing 

G1P. PGM was computed from the G1P derivative equation. The remaining reactions for upper 

glycolysis were then computed. The metabolite P3G was the only lower glycolytic intermediate 

measured and therefore the chained phasor diagram ends at the ALD reaction (Figure 5.12A). The 

ATP phasor diagram (Figure 5.12B) includes the reactions PFK, AK and a lumped reaction 

representing the ATP producing reactions and ATPase. There is no GS phasor affecting ATP since 

glycogen enters via ATP-independent phosphorylation. 

The chained phasor diagram (Figure 5.12A) is comparable to the Das & Busse diagram. G6P 

oscillates with a large amplitude and nearly 180° relative to F16P. The oscillations are transduced 

from PGI to PFK resulting in a low F6P amplitude. PFK drives oscillations and destabilises ATP, 

F16P and F6P. There is a phase change between the ALD and PFK phasors although not as 

significant as seen in the Das & Busse phasor diagram (Figure 5.11A). The F16P phasor amplitude 

is significantly smaller in the Jonnalagadda data set which results in the large ALD amplitude. This 

𝐀
𝐓
𝐏̇

 

ωATP 

𝐆
𝟏
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(A) 

(B) 

Figure 5.12 - (A) Upper glycolytic chained phasor diagram and (B) ATP metabolite phasor 

diagram for the yeast extract data set (Jonnalagadda et al., 1982). 
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implies that the oscillations are transduced from PFK to ALD. PFK is the sole destabiliser of ATP 

and drives ATP oscillations. The Lump reaction phasor drives ATP oscillations and stabilises ATP 

in the same way the lumped reaction (PGK) and PK did in the Das & Busse data set. AK 

significantly dampens the ATP oscillations with a negligible stabilising projection.  

Mair et al. (2006) used Fourier transform infrared (FT-IR) spectroscopy to measure oscillating 

metabolite concentrations from cell extracts of yeast S. carlsbergensis. Mathematical procedures 

were used to fit the spectral data using model substances to compute numerous metabolite 

concentrations over time. The authors note that the phase of the computed AMP metabolite does 

not agree with previous experimental observations. AMP typically oscillates in-phase with ADP 

(Betz and Chance, 1965 and Hess, Boiteux and Kruger, 1969). The AMP phase was therefore 

changed to that of ADP in the phasor analysis to better agree with previous experimental 

observations. The computed F6P metabolite amplitude is similar to that of G6P which does not 

agree with experimental observations. F6P typically oscillates with a smaller amplitude compared 

to G6P. The reason for the difference in amplitude of G6P and F6P is due to the PGI catalysed 

reaction operating close to equilibrium keeping [F6P] approximately at a quarter of [G6P] (Das 

and Busse, 1991, Boiteux and Busse, 1989, and Hess, Boiteux and Kruger, 1969). However, no 

adjustment is made to the F6P amplitude as the authors do not explicitly mention this discrepancy.  

To solve for the reaction phasors it was assumed that the amplitude of HK was negligible as is 

evident in previous experimental findings (Das and Busse, 1991 and Boiteux and Busse, 1989). 

However, the GS reaction also needed to be assumed to compute the remaining reaction phasors. 

It is clear that GS has a sensitivity to both ATP and G6P when considering the Das & Busse chained 

and ATP phasor diagrams. However, the GS phasor is assumed to have a negligible amplitude due 

to the uncertainty of the GS kinetics. The GS phasor assumption allowed computation of the 

remaining upper glycolytic reactions until ALD (Figure 5.13A). PFK and AK were the only 

ωATP 
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(B) 

𝐀
𝐓
𝐏̇

 

Figure 5.13 - (A) Upper glycolytic chained phasor diagram and (B) ATP metabolite phasor 

diagram for the data set (Mair et al., 2006). 
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reaction phasors computed for the ATP phasor diagram with the remaining reactions being lumped 

(Figure 5.13B). The Lump reaction phasor is therefore the resultant phasor of the PGK, PYK and 

ATPase reaction phasors. Similarities for the PFK reaction in the data sets are evident. There is a 

phase difference between PFK and ALD. In addition, the amplitude of PFK is significantly larger 

than the amplitude of F16P which leads to the large amplitude of ALD. The relatively large F6P 

amplitude results in a significant phase change between PGI and PFK which is not observed in the 

previous two data sets. PFK drives and destabilises ATP, F6P and F16P. The Lump reaction 

stabilises ATP but dampens ATP oscillations which is not observed in the previous two data sets. 

AK is the main damper of ATP oscillations with a small stabilising projection. 

5.4.3 Intact yeast cells 

Betz and Chance (1965) used phase plane diagrams to determine the phase relationships between 

oscillating metabolites in S. carlsbergensis cells during the aerobic-anaerobic transition. The 

authors provide measured data for the upper glycolytic intermediates, ATP, ADP, and AMP. It is 

assumed that both the HK and GS phasors have negligible amplitude. The reaction phasors up to 

the ALD phasor were computed (Figure 5.14A). A lumped reaction representing the ATP 

producing reactions in lower glycolysis and ATPase was computed for the ATP phasor diagram 

(Figure 5.14B). The AK phasor was computed from the AMP derivative equation. 

The diagrams in Figure 5.14 have similarities with the previous experimental data sets. G6P and 

F6P oscillate in-phase and nearly 180° out-of-phase with F16P. PFK drives and destabilises F6P, 

F16P and ATP, however the destabilise projection is insignificant for F6P due to the HK and GS 

assumptions. The PGI and PFK phasors oscillate nearly in-phase and F6P has a relatively small 

amplitude. There is a significant phase change between the PFK and ALD reaction indicating the 

phase change between upper and lower glycolysis. PFK is the sole destabiliser of ATP and driver 

of the ATP oscillations. The lower glycolytic reactions and ATPase stabilise ATP but slightly 
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Figure 5.14 - (A) Upper glycolytic chained phasor diagram and (B) ATP metabolite phasor 

diagram for the data set (Betz and Chance, 1965). 
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dampen the ATP oscillations (Figure 5.13 displays this same relationship). AK slightly dampens 

the ATP oscillations and negligibly destabilises ATP. 

The data set of (Richard et al., 1996) was obtained from intact yeast cells. The rendering of the 

chained phasor diagram and ATP diagram is demonstrated in Section 3.2. The phasor diagram with 

the negligible GS phasor amplitude is used. The final diagrams (Figure 5.15) are comparable with 

the other experimental data sets. The similarities include the transduction of oscillations via the 

PFK reaction and absorption into F16P. There is a clear phase change from PFK to ALD. The PFK 

reaction drives the oscillations and destabilises ATP, F6P and F16P, but only slightly destabilises 

F6P. The relative phases and amplitudes for the intermediates and reaction rates are similar to both 

the intact cell data set and the cell extract data sets. AK dampens the ATP oscillations, and the 

Lump reaction stabilises ATP and drives ATP oscillations which is evident in the Jonnalagadda 

and Das & Busse data sets.  

5.4.4 Discussion  

The phasor analysis was applied to both intact cell and cell extract experimental data sets. The lack 

of data for lower glycolysis makes it difficult to draw hard conclusions on the limit-cycle properties, 

oscillatory mechanisms, and oscillation propagation along the entire pathway. However, the kinetic 

models display relatively small amplitude oscillations in lower glycolysis which agrees with 

experimental observations. Some assumptions regarding the reaction phasors need to be made 

when applying the phasor analysis as the reaction rates are not typically measured in experiments. 

The assumptions made were based off of previous findings and do not result in significant 

differences between the experimental data sets.  

PFK has positive projections on all the metabolites it affects in all of the data sets except for Das 

& Busse. These results indicate that PFK does indeed play a crucial role in both the transduction 

of and driving of oscillations in upper glycolysis and ATP. Furthermore, a negligible amplitude GS 

phasor did not change the dynamics of the PFK, PGI and ALD reactions significantly between data 

sets. PFK still destabilises and drives the oscillations of ATP, F6P and F16P in the experiments 

with negligible amplitude GS and HK phasors. Furthermore, the phase change between the PFK 

and ALD phasors exists in all the experimental data sets, however to different degrees and with 

different resulting ALD amplitudes. These results help justify the assumption of leaving out the GS 
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Figure 5.15 - (A) Upper glycolytic chained phasor diagram and (B) ATP metabolite 

phasor diagram for the data set (Richard et al., 1996). 
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phasor in the experimental data sets that do not measure the reaction extent data. The lower 

glycolytic reactions and ATPase have similar effects on ATP in all the data sets, most notably the 

significant stabilising of ATP. In the Mair data set the Lump reaction has a significant damping 

effect on ATP oscillations. However, this is most likely a result of the relatively large F6P phasor 

amplitude which is not evident in the other experimental data sets. Lastly, a clear difference in the 

relative magnitude of the AK phasor is observed between the intact cell data sets and cell extract 

data sets with the latter displaying a significantly larger AK amplitude. However, the effect of the 

reaction is similar in all the data sets (AK dampens ATP oscillations and negligibly (de)stabilises 

ATP). 

5.5 Experimental and model comparison 

The models and experimental data are compared according to the types of cells used, either 

intact/whole cells or cell extracts. The upper glycolytic chain, the ATP metabolite, and the NADH 

metabolite phasor diagrams are rendered and analysed for the core models of Wolf and Dano2, all 

the detailed models, and all the experimental data sets. 

Thus far the phasor analysis has demonstrated that qualitatively different data sets (intact cells or 

cell extracts, various model dimensionality and differences in rate equations and lumped reactions) 

can be directly compared. Furthermore, similar oscillatory mechanisms between qualitatively 

different data sets have been identified. However, the absolute size of each phasor and subsequent 

phasor diagram differs between the data sets. The difference occurs if the amplitude and/or the 

frequency of the oscillatory signals are different between data sets. This is a property of the Fourier 

transform where the computed signal amplitude is scaled by the original time signal frequency. A 

significant difference in frequencies leads to a difference in the amplitude of the phasors even if 

the signals have an identical oscillatory amplitude. Therefore, it does not make sense to consider 

the actual phasor amplitudes in all cases, but rather the relative amplitudes as was done in the 

previous analyses.  

Data sets with similar signal frequencies and amplitudes do however result in similar sized phasor 

diagrams. There are four model and experimental data sets that possess these similarities. The 

DuPreez4 and DuPreez6 models result in concentration signals that closely resemble the 

experimental data sets of (Richard et al., 1996 and Das and Busse, 1991) respectively, see (du Preez 

et al., 2012 and du Preez, Van Niekerk and Snoep, 2012) for the results. Comparison of these data 

sets in terms of their actual sizes is therefore possible and provides additional insight on how closely 

these models resemble the respective experimental data sets. The Jonnalagadda phasor diagram is 

rendered to scale since the phasor amplitudes are comparable with those of the Das & Busse data 

set. These five data sets are all rendered to scale in the following analysis (Figures 5.16 and 5.17). 

5.5.1 Upper glycolysis and ATP 

The chained experimental phasor diagrams are rendered for upper glycolysis up to the ALD 

reaction. The kinetic model phasor diagrams are rendered for upper glycolysis so that a direct 

comparison can be made. The phasor analysis package allows the user to define terminating 

metabolites so that the kinetic model phasor diagrams are rendered up to the ALD reaction. The 

adenylates have been measured in all the experimental data sets and allow comparison of the ATP 

phasor diagrams. Experimental NADH fluorescence measurements indicate a 180° phase 

difference relative to that of ATP. The NADH phasor diagrams for the kinetic models are therefore 

rendered to determine whether they are able to display this experimentally observed phase 

relationship. 
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The relative phases and amplitudes of the intermediates are comparable between all the phasor 

diagrams (Figures 5.16 and 5.17). F16P and G6P are the largest amplitude intermediate phasors in 

all the data sets that include these metabolites. There is a similarity in relative phase between G6P 

and F6P with F16P oscillating almost 180° relative to G6P in all the data sets. The Wolf and Dano2 

models display the same phase relations between Glc-F16P and Glc-TRIO respectively (Figures 

5.17A and 5.17B). The reactions affecting G6P display significant phase differences, most notably 

the GS and PGI phasors (PGM and PGI in Jonnalagadda). The result is the absorption of 

oscillations leading to the relatively large G6P amplitude in all the data sets. The PFK and PGI 

reactions oscillate nearly in-phase in all the data sets (Mair is the exception) which indicates 

efficient transduction of oscillations in upper glycolysis. The result is a small F6P amplitude 

evident in the models and experimental data sets, however a large amplitude was computed for F6P 

in the Mair data set leading to a significant phase change between PGI and PFK.  
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Figure 5.16 - Chained and ATP phasor diagrams for kinetic model versus experimental data 

on yeast cell extracts. * Green label outline indicates experimental data sets. The phasor 

diagrams of DuPreez6, Das & Busse and Jonnalagadda are rendered to scale. The phasor 

diagrams of Nielsen and Mair are not rendered to scale. 
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(C) *Das & Busse  

(D) *Jonnalagadda 
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Figure 5.17 - Chained and ATP phasor diagrams for model versus experimental data of 

intact yeast cells. * Green label outline indicates experimental data set.  

(A) Wolf 
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(D) *Richard 
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The phasor diagrams display a similar phase change between the PFK and ALD reactions with 

PFK typically having a larger amplitude than ALD (this exists between the HK-PFK and GAPDH 

reactions in the Dano2 model). Subsequently, the oscillations are absorbed in the F16P metabolite 

(TRIO in Dano2). However, for the experimental data sets of Das & Busse, Jonnalagadda, and 

Mair, the ALD has a relatively large amplitude compared with the remaining data sets. In the 

Jonnalagadda data set this can be attributed to the relatively small F16P amplitude. However, in 

the Das & Busse data set the phase change from G6P to F16P is the smallest of all the data sets. 

The PFK phase is similar to the other data sets and so computing the ALD phasor using the F16P 

derivative equation results in the large ALD amplitude observed. The Mair phasor diagram displays 

a significant phase change between PGI and PFK with PFK oscillating nearly in-phase with F16P. 

Thus, computing the ALD phasor results in only a slight phase change from PFK and a 

subsequently large ALD amplitude. The intact cell experimental phasors (Figures 5.17D and 5.17E) 

display a smaller ALD amplitude than the cell extract experimental data suggests. Therefore, all of 

the detailed models are in better agreement with the intact cell data sets concerning the ALD 

amplitude. 

The experimental and model ATP phasor diagrams appear to be similar. The main and arguably 

most important similarity is the role of PFK. PFK is the main destabiliser of ATP and driver of 

ATP oscillations in all the data sets. Furthermore, AK dampens the ATP oscillations significantly 

in almost all the data sets. PGK and PK typically also drive the ATP oscillations with Wolf and 

Nielsen being the exceptions. These lower glycolytic reactions also destabilise ATP in all the data 

sets. The experimental phasors group the lower glycolytic reactions with the ATPase reaction in 

the Lump phasor. The ATPase reaction has a significant stabilising effect on ATP in all the models 

which is evident as the significant stabilising effect of the Lump/PGK reaction in the experimental 

data sets (PGK represents the Lump reaction in Das & Busse since PK was explicitly computed). 

The Storage phasor in Dano2 and the GLYCO and Treha phasors in the detailed models agree with 

the GS phasor of Das & Busse in that they drive ATP oscillations and stabilise ATP. Note these 

phasors are omitted from the models as their relative amplitudes are negligibly small.  

5.5.2 Quantitative analysis 

The qualitative analysis reveals the similarities and differences in terms of the driving and 

destabilising reactions between models. The quantitative analysis is applied to quantify the 

underlying mechanisms resulting in the observed limit-cycle properties of the phasor diagrams. 

The drive-destabilise diagrams are used compare the relative magnitudes of reaction projections 

between the data sets.  

PFK and PGI are the largest amplitude reaction phasors in all of the data sets. However, PGI 

operates close to equilibrium and is therefore assumed to have negligible contribution towards the 

oscillations. Furthermore, PFK, and the allosteric regulation thereof, has been identified as an 

important enzyme in the maintenance and onset of glycolytic oscillations. The qualitative analysis 

has also indicated the importance of PFK in terms of driving and destabilising all of the metabolites 

it affects in all of the models and experimental data sets. One exception is the stabilising of F6P in 

the Das & Busse data set.  

The kinetic drive-damp diagram of PFK (Figure 5.10) indicates that the adenylates (AMP and ATP) 

significantly drive PFK oscillations, F16P has little to no effect and F6P slightly dampens PFK 

oscillations. Thus the adenylates drive PFK oscillations which subsequently drives multiple 

intermediate oscillations in the pathway. Comparing the data sets using the drive-destabilise 

framework allows determining whether the modelled reactions affect the metabolites in the same 

way as those computed from the experimental data sets. The previous results indicate that all the 

detailed models have comparable drive-destabilise values due to the similarity in relative phases 
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Figure 5.18 - Drive-destabilise diagrams of intact yeast cell models and experimental data. The 

green borders and asterisk (*) labels indicate experimental data sets. 

DuPreez4 Gustavsson Hynne *Richard *Betz DuPreez4 Gustavsson Hynne *Richard *Betz DuPreez4 Gustavsson Hynne *Richard *Betz 

(A) G6P (B) F16P (C) ATP 

GLK 

and amplitudes between the models. The framework allows determining whether these projection 

magnitudes are realistic when compared with experimental findings.  

The two core model data sets are omitted from this analysis as they do not model upper glycolysis 

to the same resolution as the detailed models. The intact cell data sets and cell extract data sets are 

compared separately in Figures 5.18 and 5.19 respectively. Each column represents a data set, and 

the asterisk (*) label and green outlines denote the experimental data sets. G6P (Figure 5.18A) is 

driven mainly by PGI in all the data sets with Hynne having the largest magnitude. The 

experimental data sets do not indicate significant destabilising values for PGI due to the assumption 

of the GS reaction. The PGI reaction therefore oscillates nearly in-phase with the F6P derivative 

phasor leading to negligible magnitude projections onto the F6P phasor. The relative magnitudes 

of PGI driving G6P oscillations are similar when comparing the experimental data to the models.  

PFK drives F16P oscillations and destabilises F16P with ALD damping the oscillations and 

stabilising F16P (Figure 5.18B). The only exception is the Richard data set for which the phase 

change from PFK to ALD is the largest in all the data sets resulting in ALD having a positive 

projection on the F16P derivative phasor and therefore driving the F16P oscillations. The relative 

magnitudes are similar between the data sets, most notably all the projections in the Betz data set 

compared with the Gustavsson model. The Betz data set has the largest magnitudes for the ALD 

stabilising and PFK driving and destabilising projections. The relative magnitudes for the PFK 

driving and ALD damping projections are comparable in all the data sets. 

The PFK reaction is the main driver and destabiliser of ATP in all the intact cell data sets (Figure 

5.18C). Richard and Betz have the largest destabilising and driving projections respectively. The 

relative magnitudes of the PFK projections are similar between all the data sets. The AK reaction 

dampens ATP in all the data sets with a similar magnitude, most notably for the DuPreez4, Hynne 

and Richard data sets. Furthermore, the Lump reactions stabilise and drive oscillations significantly 

which agrees with the stabilising reactions of PYK, PGK and ATPase and the significant driving 

of PYK and PGK in the models. However, Betz is the only data set in which the lumped reaction 

also dampens oscillations with a relatively small magnitude.  
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DuPreez6 Nielsen *Das *Mair *Jonna DuPreez6 Nielsen *Das *Mair *Jonna DuPreez6 Nielsen *Das *Mair *Jonna 

(A) G6P (B) F16P (C) ATP 

Figure 5.19 - Drive-destabilise diagrams of yeast cell extract models and experimental data. 

The green borders and asterisk (*) labels indicate experimental data sets. 

 

 

 

 

 

 

 

 

 

 

 

The cell extract drive-destabilise data (Figure 5.19) is analysed in the same manner. The same trend 

is displayed in which PGI is the main driver and destabiliser of G6P and has the largest magnitude 

in the Jonnalagadda data set (Figure 5.19A). The PGI has zero projection on G6P for Mair due to 

the GS assumption (as is the case for the Richard and Betz data sets). The GLYCO/GS reactions 

stabilise and dampen oscillations in the DuPreez6, Das & Busse, and Jonnalagadda (PGM) data 

sets with Jonnalagadda having the largest magnitudes. The magnitudes of the GS/GLYCO, Treha, 

and the GLK/HK projections are relatively small in the detailed models which agrees with the Das 

& Busse data set. The PGI drive magnitude is nearly identical in the DuPreez6, Nielsen (PFK), Das 

& Busse, and Mair data sets. 

PFK drives and destabilises F16P in all the data sets with Jonnalagadda having the largest 

magnitudes (Figure 5.19B). The Jonnalagadda PFK projections are significantly larger due to the 

relatively small F16P amplitude measured in this data set. The DuPreez6 and Nielsen PFK 

projection magnitudes are comparable to the Das & Busse and Mair data sets, most notably the 

PFK destabilising value of the two models and the Mair data set. The PFK drive magnitudes are 

also similar in the DuPreez6, Nielsen, and Das & Busse data sets. The ALD reaction dampens F16P 

oscillations and stabilises F16P except in the Das & Busse data set for which ALD also drives F16P 

oscillations. The relative magnitudes of the ALD stabilising projections are similar in all the data 

sets, Jonnalagadda is an exception for which the magnitudes are significantly larger than the rest. 

The difference is due to the relatively small F16P amplitude in the Jonnalagadda data set.  

PFK drives ATP oscillations and destabilises ATP in all the data sets (Figure 5.19C). The largest 

drive magnitude occurs in Jonnalagadda and the largest destabilising magnitude in Nielsen. The 

relative magnitudes of the PFK projections are similar between the data sets. Most notably the PFK 

drive values in Nielsen, Mair, and Jonnalagadda and the PFK drive values in DuPreez6 and Das & 

Busse. Furthermore, the destabilising values of PFK in Das & Busse and Jonnalagadda are nearly 

identical. The ATP producing reactions in lower glycolysis drive ATP oscillations and stabilise 

ATP with a similar magnitude in the DuPreez6 and Das & Busse data sets, with Jonnalagadda 

indicating the same trend for the Lump reaction (which represents these reactions and ATPase). 

The Nielsen and Mair data sets agree with these reactions damping oscillations, which is not evident 
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in the other data sets. The similarities between Mair and Nielsen could be due to the similarity in 

the large amplitude of F6P, for which Nielsen has grouped G6P and F6P together.  

5.5.3 NADH phasor diagram comparison 

It has been experimentally demonstrated that NADH typically oscillates 180° relative to ATP. 

However, the lower glycolytic intermediates are not measured experimentally and the reactions 

that affect NADH could not be computed from the experimental data. Therefore, the kinetic model 

NADH phasor diagrams are used to determine whether the phase difference measured 

experimentally is reproduced in the models (Figure 5.20). The drive-destabilise and kinetic drive-

damp analysis can be used to determine the required relationships that result in a model reproducing 

the experimental phase relation. The NADH phasor diagrams have been qualitatively and 

quantitatively analysed previously in Section 5.1. The phase relation in the models compared with 

the experimental observations is discussed. 
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None of the models are able to predict an exact 180° phase relation between ATP and NADH. 

However, many of the models are relatively accurate with the exceptions being Nielsen and Dano2. 

The computed phases of NADH relative to ATP for the models in Figure 5.20 are summarised in 

Table 5.1. 

 

Figure 5.20 - NADH kinetic model phasor diagrams compared to experimental NADH phase. 

(A) Hynne  

(B) Gustavsson 

(E) Dano2  

(C) DuPreez4 

(H) Nielsen 

(G) DuPreez6  

(F) Experimental  

(D) Wolf  
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Table 5.1 - Relative phase of NADH compared with experimentally measured phase 

Model NADH relative phase (°) 

Experimental ~180 

Hynne 218.76 

Gustavsson 204.95 

DuPreez4 197.68 

Wolf 218.36 

Dano2 246.56 

Dupreez6 185.14 

Nielsen 26.5 

The DuPreez models (including Gustavsson) are the most accurate in modelling the NADH relative 

phase with DuPreez6 being the most accurate with a relative phase of 185.14°. The Nielsen model 

predicts the most inaccurate phase of all the models with NADH oscillating only 26.5° out-of-phase 

with ATP. The drive-destabilise analysis provides insight on the possible component phase 

relations required to model the experimental phase difference. GAPDH is the main destabiliser and 

ADH is the main driver and stabiliser of NADH in all the models that predict a relatively accurate 

phase. Furthermore, the DuPreez6 model has the largest magnitude for the GAPDH destabilise and 

ADH drive projections. In the Nielsen model the ADH drives but destabilises and GAPDH is the 

main stabiliser. du Preez (2009) concluded that GAPDH needs to drive NADH oscillations in order 

to achieve the experimental phase difference. However, by including more models in this analysis 

it is clear that it is the destabilising of GAPDH and the driving of ADH that results in an accurate 

phase relation between NADH and ATP. Furthermore, larger relative projections of these two 

reactions leads to a more accurate phase relation, as is the case for the DuPreez6 model.  

5.5.4 Discussion 

The relative component phases and amplitudes are comparable between the model and 

experimental data sets. Therefore, discussions on the transduction and absorption of oscillations 

are comparable between the model and experimental data sets. G6P oscillates with a relatively 

large amplitude in all of the data sets. The reactions that affect G6P (GLK/HK, GS/GLYCO, Treha, 

SUC and PGI) oscillate out-of-phase which results in G6P absorbing the oscillations. Furthermore, 

the branch reactions and GLK oscillate with relatively small amplitudes compared to the large 

amplitude of PGI. Thus the PGI reaction is the main driver of G6P oscillations (with the remaining 

reactions damping G6P oscillations) resulting in the relatively large amplitude of the G6P phasor. 

The relatively small amplitude of F6P arises as a result of oscillation transduction from PGI to PFK 

which oscillate nearly in-phase and with similar amplitudes. F16P is able to strongly absorb the 

oscillations from PFK which significantly drives the F16P oscillations in all the data sets.  

The phasor diagrams all display a significant phase change from PFK to ALD. However, the degree 

of the phase change differs between models, and the subsequent amplitude of ALD is also 

significantly different between the data sets. The intact cell experimental data sets display a smaller 
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relative ALD amplitude compared with the cell extract experimental data sets. The kinetic models 

therefore agree better with the intact cell experimental data as the ALD amplitude is relatively 

small in all the detailed models. The various reaction assumptions do not appear to alter the phasor 

diagrams significantly. This is verified when considering the similarities between the relative 

phases and amplitudes of the data sets for which no reactions were assumed.  

The component interactions in intact yeast cells and yeast cell extracts are revealed to be similar. 

The experimentally observed oscillation waveforms differ depending on the cell type used. The 

type of oscillations is dependent on the influx rate in cell extracts (du Preez, Van Niekerk and 

Snoep, 2012). The intact cell data sets display near-sinusoidal oscillations while the cell extracts 

display relaxation-type oscillations. The frequency of oscillation differs significantly between 

intact cells and cell extracts due to the enzyme concentration difference. However, the drive-

destabilise (stoichiometric) and drive-damp (kinetic) analyses indicate the importance of the same 

species, namely the adenylates, and the PFK reaction in maintaining the oscillations. Additional 

mechanisms cannot be determined without data measured for the lower glycolytic intermediates. 

The drive-destabilise analysis reveals comparable trends in the driving and destabilising reactions 

between the models and experimental data. These same trends occur in both the intact cell data sets 

and cell extract data sets indicating that the underlying oscillation mechanisms are similar. du Preez 

(2009) observed this similarity by considering only one experimental data set for each cell system. 

The similarity observed for multiple experimental data sets indicates the likelihood that the 

oscillation mechanisms underlying the two cell systems are quantitatively similar. 

The experimental data and models indicate the importance of the PFK reaction in driving 

oscillations and destabilising the metabolites it affects. The phasor analysis indicates that the core 

models based on the allosteric control of PFK display positive projections on all the metabolites 

that PFK affects. However, the PFK reaction in the autocatalytic model of Sel’kov dampens ATP 

oscillations and stabilises ATP. Having applied the analysis to detailed models and experimental 

data confirms the relationship with PFK driving ATP oscillations and destabilising ATP. The 

detailed models include the allosteric properties of PFK and in addition the autocatalytic 

stoichiometry. However, none of these models indicate the PFK to ATP relationship that the 

Sel’kov model suggests. Another confirmation of this relationship is observed in the experimental 

phasors. All of the experimental phasors indicate that PFK both drives ATP oscillations and 

destabilises ATP.  

The phasor analysis is therefore useful in confirming mechanisms that a model is based on (such 

as the core models). However, the interpretation of these mechanisms must be made considering 

the model formulation. For example, it is expected that PFK drives ATP oscillations in the 

Goldbeter model since this model is constructed around the allosteric regulation of PFK. This result 

should not be interpreted as PFK being the so-called oscillophore (the sole reaction causing 

oscillations) since the model only tests the specific mechanism leading to oscillations. The phasor 

analysis indicates that the different mechanisms (allosteric regulation of PFK and the autocatalytic 

stoichiometry) leads to significant qualitative differences. However, the experimental phasors 

indicate that PFK is important in driving ATP oscillations since these data sets represent the natural 

biological system. Therefore we can conclude that the models displaying such a PFK to ATP 

relationship do represent the mechanism observed in the biological system. 
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6 Conclusion 

The phasor analysis has been introduced before in the context of biological oscillators to compare 

limit-cycle properties and oscillation mechanisms of several models and two experimental data sets 

(du Preez, 2009). The previous work provided a foundation for the current research. The aim of 

this research was to apply the phasor analysis to an oscillating biochemical pathway and determine 

the strengths and weaknesses of the analysis compared with other analysis methods. The first 

objective was to code a software package used to apply the phasor analysis to oscillating 

biochemical pathways. A phasor analysis software package was coded in Mathematica and used to 

render the phasor diagrams, compute the quantitative data, and therefore render the drive-

destabilise (stoichiometric) and drive-damp (kinetic) diagrams. The software package can be 

applied to both kinetic models and experimental data sets. The user imports a kinetic model, defines 

a time range, and provides the starting metabolite and terminating metabolite/s to render the phasor 

diagrams. Experimental data sets require interpolation of the measured concentration data, various 

reaction phasor assumptions if no reaction data is given, and definition of the stoichiometric matrix 

to relate the metabolite derivatives to the reaction rates. Thus, rendering the phasor diagrams for 

models is fully automated while experimental data sets require more user input. An example 

notebook is shown to illustrate these differences in Appendix A.  

In Chapter 3 the phasor analysis was applied to a kinetic model and an experimental data set to 

describe the method to render the phasor diagrams. The qualitative and quantitative analyses were 

described and the drive-destabilise and drive-damp diagrams were introduced. The kinetic model 

displays non-sinusoidal oscillations whereas the experimental data set displays near-sinusoidal 

oscillations. The phasor analysis was applicable to these different periodic signals and displays the 

data in a compact diagram. The component relative phases and amplitudes are displayed in the 

diagrams resulting in a clear picture of the network structure. Various assumptions regarding the 

reaction kinetics of GS had to be made when rendering the experimental data set. The assumptions 

resulted in four separate phasor diagrams that were qualitatively compared. This comparison 

demonstrated the ability of the phasor analysis to compare multiple data sets.  

The second objective was to identify the strengths and weaknesses of the phasor analysis. This was 

addressed in Chapter 4 by comparing the analysis with two dynamical analysis methods using three 

data sets of the oscillating yeast glycolytic pathway. The strengths of the phasor analysis include a 

visualisation of relative phases and amplitudes of all oscillating components (not just species) in 

the network and hence a representation of the network structure. Including the reaction phasors 

provides conclusions on the transduction and absorption of oscillations through the pathway. 

Furthermore, quantitative information stored in the phasors allows additional relationships between 

the oscillating components to be drawn. The phasor analysis is applicable to a wide range of data 

sets due to the use of the Fourier transform. Sinusoidal and non-sinusoidal limit-cycle oscillations 

can be included in the phasor analysis. Lastly, individual phasor diagrams provide additional sets 

of comparisons between data sets for the species that do not form part of the main pathway, such 

as the ATP and NADH metabolites.  

In Chapter 5 the phasor analysis was applied to multiple core and detailed kinetic models of 

oscillating yeast glycolysis. Furthermore, the analysis was applied to experimental data sets on both 

intact yeast cells and yeast cell extracts that were found in literature. The interactions between the 

metabolite and metabolite derivative phasors and the reaction phasors were qualitatively and 

quantitatively determined. Introducing the drive-destabilise and drive-damp diagrams allowed 

quantitatively comparing these component interactions between data sets. The kinetic drive-damp 

framework is only applicable to the kinetic models as the experimental data sets do not define rate 

equations. 
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The core models analysed in Chapter 5 have many qualitative differences, such as model 

dimensionality, which are visually observed in the phasor diagrams by noticing the different 

modelled species and length of the reaction network. The upper glycolytic intermediates were 

found to oscillate with similar phases and relatively large amplitudes. The core models that include 

the lower glycolytic chain display a phase change between upper and lower glycolysis with few 

exceptions. Furthermore, PFK was found to have positive projections on its substrate and product 

in upper glycolysis and ATP in all the models except for Dano1. The ATP phasor diagrams were 

relatively similar, most notably the destabilising effect of PFK and the stabilising effect of ATPase.  

The analysis was applied to detailed models of intact cells and cell extracts in Chapter 5. The 

network structure layout of the detailed models is very similar regardless of whether the models 

represent cell extracts or intact cells. The relative phases and amplitudes of the upper and lower 

glycolytic intermediates is comparable between all the data sets. The lower glycolytic intermediates 

have negligible oscillation amplitudes and significant reaction oscillation amplitudes. The models 

all display a significant phase change from PFK to ALD and subsequent oscillation absorption into 

F16P. The oscillations were found to be efficiently transduced along lower glycolysis evident in 

the lack of significant reaction phase changes and relatively large reaction amplitudes. PFK was 

identified as important in all the models having positive projections on all the metabolites it affects. 

Furthermore, the adenylates were important in driving the oscillations of multiple reactions, with 

AMP and ADP contributing significantly to the oscillations of PFK and PGK respectively. 

The analysis was applied to multiple yeast glycolytic experimental data sets for which the upper 

glycolytic intermediate and the adenylate concentrations were measured. Application of the 

analysis to experimental data was important to aid in the validation of the kinetic models. Various 

assumptions regarding the HK and GS phasors had to be made to apply the analysis to three of the 

data sets. However, the similarity in network structure layout and the drive-destabilise framework 

indicate that these assumptions did not result in any significant changes. The components relative 

phases and amplitudes are comparable between all the data sets. The phase change from PFK to 

ALD is displayed in all the data sets to varying degrees. The cell extract data sets display a 

relatively large ALD amplitude, and the intact cell data sets display a relatively small ALD 

amplitude. The PFK reaction had positive projections on all the substrates and products in all the 

data sets except for F6P in the Das & Busse data set. PFK was found to be a significant driver of 

ATP oscillations and destabiliser of ATP, AK was the main damper, and the remaining reactions 

had stabilising and driving/damping projections in all the data sets. Furthermore, the relative 

amplitude of AK was found to be significantly larger in the cell extract data sets compared to the 

intact cell data sets.  

The quantitative analysis revealed that the qualitative differences found between data sets did not 

necessarily imply differences in the underlying component interactions. The PFK reaction is 

evidently important in the oscillatory behaviour in all the data sets, irrespective of the qualitative 

differences. Furthermore, the extent to which PFK drives and destabilises the various metabolites 

was found to be similar between the core models (both high and low-dimensional), the detailed 

models and the experimental data sets. Comparison of the detailed models with the experimental 

data revealed that the PFK projections were similar when comparing the intact cell data sets and 

the cell extract data sets. The difference in oscillation wave-form in the two cell types may indicate 

that the oscillation mechanisms are different. However, the mechanisms appear to be similar when 

applying the phasor analysis. The most notable similarities in relative projection magnitudes were 

observed for the PFK drive and ALD damp projections on F16P in DuPreez4, Gustavsson, Hynne 

and Betz; and the PFK drive projection on F16P in DuPreez6, Nielsen, and Das & Busse.  

The drive-damp diagrams indicated the relative extent to which metabolite derivatives drive or 

dampen the reaction oscillations. The kinetic drive-damp analysis revealed the importance of the 
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adenylates in driving the oscillations in GLK, PFK, and PGK. The PFK kinetics is typically 

modelled as a function of both ATP and AMP/ADP. The drive-damp diagrams reveal the difference 

in the contribution of these metabolites to the reaction oscillation. AMP was found to drive the 

PFK oscillations more than ATP in all the detailed models, this property is not immediately evident 

when considering the rate equation. Furthermore, the kinetic analysis revealed similarities between 

the qualitatively different models, both core and detailed, in the relative extent to which ATP drives 

oscillations in PFK. The adenylates have driving projections on numerous other reactions and these 

reactions subsequently drive intermediate oscillations throughout the pathway.  

Limitations of the analysis were briefly addressed in Chapter 2. The phasor analysis is applicable 

strictly to limit-cycle oscillators. However, these types of oscillators exist in numerous biological 

systems and thus provide large amounts of data for the phasor analysis. Furthermore, the rhythmic 

behaviour of biological systems is an important property for understanding the underlying 

mechanisms of such systems. The lack of experimentally measured data for low amplitude 

oscillating species prevents conclusions on the lower glycolytic pathway to be drawn. However, a 

comparison of upper glycolysis revealed numerous similarities both qualitatively and 

quantitatively. Furthermore, many of the detailed models were able to model the NADH phase 

relatively accurately which may imply relatively accurate modelling of the lower glycolytic 

reactions and metabolites. However, without a direct comparison to experimental data there 

remains uncertainty in this conclusion. The large reaction network of glycolysis results in a lengthy 

chained phasor diagram. However, omission of the labels for the negligible amplitude phasors 

reduces the clutter of the diagrams. Furthermore, it is advantageous to have a comparison of data 

sets at such a high resolution (individual reactions). Inclusion of an entire pathway in a visual 

analysis is therefore beneficial and, provided sufficient experimental data, will aid in the validation 

of kinetic models of such pathways. 

The phasor analysis produces a compact diagram that allows comparing large sets of data for 

oscillating biochemical pathways. The visual aspect of the analysis allows comparing the limit-

cycle properties of multiple systems, the transduction and absorption of oscillations along the 

pathway, and component interactions. The quantitative analysis allows a deeper understanding of 

the component interactions taking place which is not as clear from the diagrams. The application 

to yeast glycolysis has been extended in this research by including additional kinetic models and 

experimental data sets. The phasor analysis software package is not limited to the data analysed in 

this research and will provide similar analyses for any oscillating biochemical pathway. Oscillation 

mechanisms and limit-cycle properties of various diverse biochemical pathways can be 

investigated using the phasor analysis. 
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Appendix A Phasor analysis package demonstration 

The coded phasor analysis package consists of multiple functions that allow a user to render 

diagrams similar to those displayed in this report. The package will be made available online once 

the necessary implementation documents for the functions have been compiled (this documentation 

aids to make the package user friendly). A brief demonstration will aid a user in understanding the 

functionality of the package and correct implementation of the main phasor diagram rendering 

functions. The Wolf model has previously been used to demonstrate the phasor analysis in Chapter 

3 and will subsequently be used here to demonstrate the use of the package. The experimental data 

set of (Richard et al., 1996) is also used to demonstrate the difference in handling experimental 

data. As noted previously the experimental data needs to be interpolated and the ODE system needs 

to be defined by the user and input into the main phasor rendering function.  

A.1 Wolf model phasor analysis code excerpt 

Defines pathway for the notebook directory

SetDirectory NotebookDirectory ;

Imports the phasor analysis package which contains all the necessary functions

Needs "PhasorAnalysisPackage`" ;

Importing the Wolf model directly from JWS online

modelWolf ToExpression URLExecute "https: jjj.mib.ac.uk models wolf mf " ;

Defines the time range over which the model ODEs are to be integrated

trW 100, 100.5 ;

Main phasor diagram plotting function: 'PlotPhasorDiagramFourierChained'

The inputs in order from left to right are described as:

The imported model

The user defined time range

The reference or zero phase metabolite ATP

The starting metabolite that is the inital metabolite to be rendered, Glucose

The starting reaction either the reaction producing or consuming the starting metabolite, HK PFK

The chain terminating metabolites: ATP, NAD, and ACAout.

Simple case for entire glycolytic chain

Ex1 PlotPhasorDiagramFourierChained modelWolf, trW, model`at t , model`s1 t , model`v 1, model`at t , model`na t , model`s6o t

Figure A.1 - Phasor diagram rendering function output for the Wolf model. Function inputs 

allowed rendering entire carbon backbone of glycolysis. 
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A.2 Experimental data set phasor analysis code excerpt 
 

 

 

 

 

 

 

 

Experimental code demonstration

G6P, F6P, F16P, DHAP, ATP, ADP, AMP sinusoid data from Richard et.al 1996 adjusted to measure relative to ATP

PhaseAmpData 4.1, 0.48, 100 180 , 0.5, 0.52, 110 180 , 5.1, 0.48, 70 180 , 0, 0, 0 , 2.1, 0.36, 0 , 1.5, 0.6, 180 , 0.33, 1.04, 180 ;

Angular frequency measured experimentally

om 0.152 60;

Function that fits the data to sinusoids

RelativeFit Data , om : Block result ,

result Data 1 Data 2 Data 1 Sin om t Data 3 Pi 180

Fits the data to sinusoids of the form a bsin om t b

FitRelATP Table RelativeFit PhaseAmpData i , om , i, 1, Length PhaseAmpData ;

MD Metabolite derivatives

MD D FitRelATP, t ;

Solving for the reaction phasors using the network stoichiometry

From the reaction scheme, AK d AMP dt

AK MD 7 ;

Negligible amplitude for Hexokinase

HK 0.01 Sin om t ;

Glycogen synthase assumption

GS 0.001 Sin om t ;

dG6P dt HK GS PGI

PGI HK MD 1 GS;

dF6P dt PGI PFK

PFK PGI MD 2 ;

dF16P dt PFK ALD

ALD PFK MD 3 ;

ATP derivative equation

PGK MD 5 HK GS PFK AK;

Defining the metabolite names for labelling purposes

namesUp "G6P", "F6P", "F16P", "DHAP", "ATP" ;

Defining the rate names for labelling purposes

ratesUp "HK", "GS", "PGI", "PFK", "ALD", "PGK PK ATPase", "AK" ;

Setting up the system of ODEs using the network stoichiometry for integration

nmat namesUp, 1, 1, 1, 0, 0, 0, 0 , 0, 0, 1, 1, 0, 0, 0 , 0, 0, 0, 1, 1, 0, 0 , 0, 0, 0, 0, 0, 0, 0 , 1, 1, 0, 1, 0, 1, 1 , ratesUp ;

Vectors storing the signals for the metabolies and rates

upperSpecies FitRelATP 1 , FitRelATP 2 , FitRelATP 3 , FitRelATP 4 , FitRelATP 5 ;

upperRates HK, GS, PGI, PFK, ALD, PGK, AK ;

Vec Join Thread namesUp upperSpecies , Thread ratesUp upperRates ;

Fourier transform of signals computes the amplitude and phase of each component

VecD Thread Vec All, 1 getFourierAverageVectorsData Vec All, 2 , 2 Pi om, 100, t ;

Subtracting the phase of ATP from all signals

angsD Thread VecD All, 1 If Pi, 2 Pi, & Arg Arg "ATP" . VecD . 1, I & VecD All, 2 . 1, I ;

lengD Thread VecD All, 1 Abs & VecD All, 2 . 1, I ;

result angsD, lengD ;

Analogous to the PlotPhasorDiagramFourierChained function:

The inputs in order from left to right are as follows:

nmat is the vector that stores the ODE system dS dt N.v

om is the angular frequency om 2 f

result stores the phase and amplitude data from the Fourier transform

Starting metabolite

Chain terminating metabolites

Starting reaction

PlotChainExperiment nmat, om, result, "G6P", "ATP" , "GS"
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Figure A.2 - Experimental phasor diagram rendering function output for the experimental 

data set (Richard et al., 1996). 
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Appendix B Kinetic models network structure   
 
The kinetic models analysed in this research are available on JWS Online (Olivier and Snoep, 

2004). The network structure or schema of the models used in this research are shown in the 

following figures. Figures B.1 A-C are the lower-dimensional core models, Figures B.2 A-D are 

the higher-dimensional core models, and Figures B.3, B.4 and B.5 are the detailed models. 
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Figure B.1 - Network structure for the three core models of: (A) Dano3, (B) Bier and (C) 

Goldbeter. Black arrows indicate the direction of a reaction, the numbered yellow boxes are 

reactions, white boxes with labels represent reaction names, blue circles represent 

metabolites,  numbered white boxes represent the stoichiometry constants and the circle with 

a diagonal line indicates sink or source variables. 
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reactions. The green circles in (D) represent clamped metabolites.  
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Figure B.4 - Network structure for the detailed models of: (A) DuPreez4 and (B) DuPreez6. 
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Appendix C Cell cycle oscillator: phasor analysis 

The phasor analysis has been extensively applied to yeast glycolytic oscillator experimental data 

sets and kinetic models in this research and the original research (du Preez, 2009). Various 

biological systems display periodic oscillations in their components and therefore allow application 

of the phasor analysis. An important strength of the phasor analysis is that it provides a visual 

representation of the network structure when applied to a biochemical pathway which allows direct 

visual comparisons between multiple models and experimental data sets. However, not all 

biological oscillators consist of such lengthy reaction network systems. The cell cycle model of 

(Goldbeter, 1991) consists of oscillating components that are not directly linked via common 

reactions. This model requires multiple phasor diagrams resulting in difficulty of direct 

comparisons with models that include higher detail such as the model of (Tyson and Novak, 2001). 

The two core models of (Goldbeter, 1991) and (Tyson, 1991) were imported from JWS Online and 

the phasor diagrams were rendered, Figures C.1 and C.2. 
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Figure C.1 - Phasor diagram for the core cell cycle model of (Tyson, 1991). The metabolite u 

represents the maturation promoting factor divided by the total cdc2 concentration and the 

z metabolite represents the total cyclin concentration divided by the total cdc2 concentration. 
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Figure C.2 - Phasor diagrams for the metabolites in the core cell cycle model of (Goldbeter, 

1991). The metabolite Cvar represents the cyclin concentration the metabolite X represents 

the fraction of active cyclin protease, and the metabolite Mvar represents the fraction of 

active cdc2 kinase. 
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