Mathematical Biosciences 275 (2016) 51-56

Contents lists available at ScienceDirect

Mathematical

Mathematical Biosciences

journal homepage: www.elsevier.com/locate/mbs

Formulating spread of species with habitat dependent growth and
dispersal in heterogeneous landscapes

@ CrossMark

Andriamihaja Ramanantoanina®* Cang Hui"

aCentre for Invasion Biology, Department of Mathematical Sciences, Stellenbosch University, Matieland 7602, South Africa
b Mathematical and Physical Biosciences, African Institute for Mathematical Sciences, Cape Town 7945, South Africa

ARTICLE INFO ABSTRACT

Article history:

Received 26 August 2015
Revised 31 December 2015
Accepted 28 February 2016
Available online 8 March 2016

Habitat heterogeneity can have profound effects on the spreading dynamics of invasive species. Using
integro-difference equations, we investigate the spreading dynamics in a one-dimensional heterogeneous
landscape comprising alternating favourable and unfavourable habitat patches or randomly generated
habitat patches with given spatial autocorrelation. We assume that population growth and dispersal (in-
cluding emigration probability and dispersal distance) are dependent on habitat quality. We derived an
approximation of the rate of spread in such heterogeneous landscapes, suggesting the sensitivity of spread
to the periodic length of the alternating favourable and unfavourable patches, as well as their spatial au-
tocorrelation. A dispersal-limited population tends to spread faster in landscapes with shorter periodic
length. The spreading dynamics in a heterogeneous landscape was found to be not only dependent on
the availability of favourable habitats, but also the dispersal strategy. Estimates of time lag before de-
tection and the condition for boom-and-bust spreading dynamics were explained. Furthermore, rates of
spread in heterogeneous landscapes and corresponding homogeneous landscapes were compared, using
weighted sums of vital rates.
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1. Introduction

Landscape heterogeneity can affect the behaviour of biological
invasions at different stages, especially when established species
start to become invasive and spread into heterogeneous landscapes
[1-3]. Empirical investigations have suggested that the spatial het-
erogeneity of landscapes can influence the rate of spread of
invasive species [4]| as demography and dispersal are both context
based (i.e. sensitive to spatial heterogeneity) [1,5]. While many
robust estimates of the asymptotic rate of spread on homoge-
neous landscapes have been formulated [6], the effects of spatial
heterogeneity on the spreading dynamics of species with habi-
tat sensitive demography and dispersal demand more attention
[7.8].

Invasion dynamics in heterogeneous landscapes has long been
theoretically explored using continuous time frameworks such
as partial differential equations. In particular, Shigesada et al.
[9] simulate spatial heterogeneity by alternating homogeneously
favourable and unfavourable habitat patches on an infinite one-
dimensional environment, with the growth rate and diffusion co-
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efficient assumed as periodic step functions of locations. It empha-
sises the effect of the lengths of periodically alternating favourable
and unfavourable patches on the rate of spread. In contrast,
Kinezaki et al. [10] consider the effect of spatial heterogeneity by
allowing vital rates to vary sinusoidally in space, representing a
continuous change in habitat quality. It emphasises the role of
both the amplitude and periodic length of habitat heterogeneity
on the rate of spread. In both models, when the periodic length of
alternating habitat quality is short, the initial population will prop-
agate from the introduction point into periodic travelling waves,
with the rate of spread being ¢ =2,/(r)4(D)y, where (r), and
(D)y denote the spatial arithmetic mean of the growth rate and
the spatial harmonic mean of the diffusion coefficient, respectively.

When the focal species does not follow a diffusion-type move-
ment, integrodifference equations (IDEs) are commonly used for
modelling the spatiotemporal dynamics of biological invasions
[11]. For instance, Kawasaki and Shigesada [7] have examined
the spreading dynamics with an exponentially damping (Laplace)
dispersal kernel in a patchy landscape with alternating favourable
and unfavourable patches, while assuming that dispersal is insen-
sitive to habitat heterogeneity. They found that the presence of
unfavourable patches can dramatically reduce the rate of spread,
although the population can always spread with wide enough
favourable habitats. Dewhirst and Lutscher [8] expanded this
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model by considering habitat dependent dispersal behaviours,
with individuals from unfavourable habitats dispersing farther
in an attempt to find favourable habitats. These works put the
emphasis on the existence of a minimum proportion of favourable
habitats for successful invasions and spread. Gilbert et al. [12]
further consider the effects of the landscape periods on the spread
of a structured population.

We here formulate the spread of a species with non-
overlapping generations in a heterogeneous patchy landscape
as defined by Shigesada et al. [9]. Besides assuming a habitat-
dependent population growth, dispersal behaviours are further
affected by habitat quality in the following two ways. First, the
dispersal distance of migrating individuals is dependent on the
habitat quality, with individuals from unfavourable locations dis-
persing farther for locating favourable habitats [13,14]. Second, only
a fraction of the local population emigrates (defined as emigration
probability) while others remain sedentary - the number being
dependent on habitat quality. We also perform numerical simula-
tions to investigate the instantaneous rate of spread, and derive an
estimate for the asymptotic rate of spread in randomly generated
patchy landscapes with different levels of spatial autocorrelation.

2. Model

We consider a population with non-overlapping generations un-
dergoing growth and dispersal at separate times, using integrodif-
ference equations (IDEs). With the vital rates affected by spatial
heterogeneity, we have the following IDE model,

U+ 1) = /[d(v)k(x—y,w L (1—dy)sx—y)]

xg(u(y. t),y)dy. (1)

where u(x,t) denotes the population size at location x and time ¢t.
The function g gives the population growth (more specifically, fe-
cundity in species with non-overlapping generations). It is a non-
negative function satisfying density dependent recruitment, g(u,
X) < R(x) with R(x) = dg/du|,—o being the intrinsic growth rate
at location x. In the Ricker (1954) model, we have g(u(x,t),x) =
ue'®-ux and R(x) = e'™,

We considered two factors in formulating the habitat depen-
dent dispersal strategy [14,15]. First, the dispersal kernel k in
Eq. (1) gives the probability distribution that an individual from lo-
cation y disperses to location x. The dispersal distance effectuated
by an individual during a dispersal event can be influenced by the
habitat quality [13,14]. That is, k(x -y,y) not only depends on the
distance between location x and y but also the habitat quality of
the originating location y. For instance, a Gaussian dispersal kernel
is thus

k(x—y.y) = (1/y/2m02(y)) exp(—(x — ¥)*/ (2 %(¥))).

and a Laplace dispersal kernel

k(x =y, ) = (1//202(y)) exp(—v2|x — y|/y/202(¥)).

Second, spatial heterogeneity can also influence the probability,
d(y), of an individual emigrating from its original location y to
other patches, often following a ‘good-stay, bad-disperse’ rule [5].
Therefore, 1 —d(y) gives the proportion of individuals remaining
sedentary, with 6 (x — y) in Eq. (1) being 1 if x=y and 0 otherwise.

Here we focused on periodically alternating habitats of
favourable and unfavourable patches, with lengths L; and Ly,
respectively [7,9]. The habitat was laid out with a periodic length
of L (=L; +Ly) and a proportion of p (=L;/L,) favourable habitats
in the landscape. The intrinsic growth rate R(x) is given by R; (>1
to ensure population growing) in favourable habitats and R, (>0)
in unfavourable habitats. Similarly, we also defined the emigration
probability, d(x), being d; and d,, and the variation of dispersal
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Fig. 1. (A) Travelling periodic waves in a heterogeneous landscape. Dashed black
line represents the periodic steady state of the model. Solid black and grey lines
indicate the population size at time t=15 and t =25 respectively. Hatched region
indicate unfavourable patches. (B) Population range front for the initial population
introduced in favourable (solid line) and unfavourable (dashed line) locations. While
the former started to spread immediately, the population introduced into an un-
favourable habitat experienced a lag between the introduction and detected spread.
Parameter values are p=0.5, Ry =e, Ry =e™ %5 ,d; =0.75,d, =1, 012 =1,0,2=1.

kernel, o'2(x), being o2 and o in favourable and unfavourable
habitats, respectively.

To study the dynamics of the above IDE model, we first inves-
tigate its non-trivial steady states by replacing u(x,t+1) and u(y,t)
in Eq. (1) with v(x) and v(y), and numerically solving the equa-
tion using the routine optimize.fsolve in the Python library SciPy
[16]. To investigate the spreading dynamics, we ran the model
for 100 generations and calculated the population range at time ¢t
as x*(t) = max{x; u(x,t) > u*} for a threshold of detection ux. The
corresponding instantaneous and average rate of spread can be
given asci(t) = x*(t +1) —x*(t) and ca(t) = x*(t)/t. The time lag
before range expansion is defined as the first time when the pop-
ulation was detected after its introduction, T (u*) = min{t; x*(t) >
0}. The spreading dynamics was also compared with the dynamics
in homogenous landscape with normalised vital rates (e.g. d=p -
dq +(1-p)dy).

3. Results
3.1. General behaviour

The model exhibited a periodic steady state, with obvious
gaps between the population sizes in favourable and unfavourable
habitats (Fig. 1A). The gap size is more sensitive to changes in
emigration probability (d) than to changes in dispersal distance
(02), with even higher sensitivity observed when increasing dis-
persal probability from favourable habitats than when increasing
the same factor in unfavourable ones. When the proportion of
favourable habitats (p) increased, population sizes remained largely
unchanged in favourable habitats whilst population sizes in un-
favourable habitats increased notably. Similarly, increasing only the
periodic length of spatial heterogeneity (L) notably reduced the
populations in unfavourable habitats.

Unless the population eventually became extinct, it was found
to expand its range in both directions from the introduction loca-
tion, in the form of a periodic travelling wave (i.eu(x +L;t +t') =
u(x; t) for some t' > 0) (Fig. 1A). (We note that Fig. 1 and the
remaining figures in this section were obtained using Gaussian
dispersal kernel) A time lag was often observed before the de-
tection of the population after its initial introduction in an un-
favourable patch (Fig. 1B). The time lag can be shortened by in-
creasing the initial population size or the vital rates (growth and
dispersal rates). Time lags on the other hand can be prolonged
for larger thresholds of detection or wider unfavourable patches.
Nonetheless, the spreading dynamics remained the same for pop-
ulations in landscapes with different periodic lengths but a com-
mon proportion of favourable habitats (p), regardless of whether
it was initially introduced into a favourable or unfavourable patch.
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Fig. 2. Instantaneous rate and average rate of spread associated to a periodic length
of habitat L=10. Other parameter values are Ry =e, Ry =e %% , d; =075, dy =1,
012 =1, 0,2 = 1. The instantaneous rates of spread are shown by the grey area.

As such, the following analysis was done for populations initially
introduced in a favourable patch.

3.2. Instantaneous and average rate of spread

With the increase of periodic length (L), the magnitude of fluc-
tuation of the instantaneous rate of spread increased, although the
average rate of spread was less sensitive to the changes of periodic
length in the landscape (Fig. 2).

Let M;(A) and My()A) denote the moment generating function of
the dispersal kernels k; and k, respectively and

MQ) = pdiM; (MR + (1 —d)Ry pdaM; (A)Ry
(1= p)diMq (AR (1= p)daMa (MR, + (1 —d2)Ry )

As derived in Appendix, the asymptotic rate can be approxi-
mated by

c* = mkin c(A) (2)

where
c(A) = 1Log(; (Tr(M()L)) + \/Tr(M()L))2 - 4Det(M(A))))

and Tr(M(X)) and Det(M(A)) indicate the trace and determinant
of the matrix M(A). In particular, when the emigration probabili-
ties d; =d, =1, we obtain the relation established by Dewhirst and
Lutscher (2009)

.1
¢ =min In (pM1 )Ry + (1= PMaG)Ry).

The accuracy of the estimation in Eq. (2) is further supported
by Fig. 3A, where the minimisation in Eq. (2) was performed using
the function Minimize in Mathematica 10.0.

Understanding the dependence of the invasion conditions and
the rate of spread on the vital rates can be challenging due to the
nonlinear and implicit nature of Eq. (2). To obtain a more explicit
dependence of the rate of spread on the vital rates, let

R = pdiR; + (1 = p)daRy + (1 —d1)R; + (1 —dy)R,

R= \/ﬁz —4(1 - (1 - p)dy — pd2)RiR;

— J(R+R)

=]

1
= j(plelalz + (1= p)daRy07)
(7 =2(p(1 = dy)diof + (1= p)(1 — d1)d207)RiR;
C? = 2RC? + 7
The rate of spread can be approximated (see Appendix) by
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Fig. 3. Estimated and computed rate of spread for 300 set of parameter values. In
the simulations, the period of environmental variation is L =1, the threshold of de-
tection is 0.01 and local populations that fall below 10~ were considered extinct.
Other parameter values were randomly generated with the restrictions 0 <p <1,
1<R;<2,0<Ry;<1,0<d;,dy <1and0<, 0,2, 0,2 <5.The points that lie on the
x-axis correspond to parameter values for which the population spreads but re-
mained a low density (less than the threshold of detection).
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Fig. 4. The range front for given proportion of suitable habitat, p=0.05, 0.1 (un-
successful invasions), 0.5 and 0.75 (successful invasions). Parameter values are
Ry =e%%5 Ry=e925  d,=075 dy,=1, 0,2=1, 0,2=0.5. The threshold of detec-
tion is 1076,

Fig. 3 suggests that Eq. (4) provides a good approximation of
the rate of spread derived in Eq. (2). Furthermore, the population
can spread whenever R > 1 (Fig. 4) and the invasion condition can
be reduced to

pdiRy + (1 —d)R1 + (1 = p)daRy + (1 — d3)R;
—(1— (1= p)d1 — pd2)RIR2 > 1. 5)

With the increase of growth rates (R; and R,) and the variance
of the dispersal kernels (012 and 022), the rate of spread will
increase. However, the dependence of the rate of spread on the
emigration probabilities (d; and d,) is less evident. We thus con-
ducted a sensitivity test for the rate of spread as a function of d;
and d, under different proportions of favourable habitats p (Fig. 5).
First, the rate of spread increased with the dispersal probability
from unfavourable habitats d,. Second, when d; < d; (emigration
probability in favourable habitats less than some thresholdd;),
increasing d; will speed up the spread. Increasing d; beyond this
threshold however could potentially slow down the spread or
even results in the extinction of the population especially when
the proportion of favourable habitat is low. High emigration from
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Fig. 5. The rate of spread as a function of the emigration probability d; from
favourable habitats and the emigration probability d, from unfavourable habitats for
(A) p=0.25 and (B) 0.75. Other parameter values are Ry =e%!, Ry =e 0% , 512 =1,
0,2 =1. The white area corresponds to parameter values for population extinction.
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Fig. 6. The maximal emigration probability from favourable habitats that will lead
to successful invasion as a function of the proportion of favourable habitats and
the growth rate in unfavourable habitats. Other parameter values are R;=e%!,
Ry=e%, 0,2=1, 0,2=1 and d, =1. The white area corresponds to parameter
values for which the invasion will be successful regardless of the emigration from
favourable habitats.

unfavourable habitats plus a moderate level of emigration from
favourable habitats are the key to fast spread (Fig. 5).

The maximal emigration probability from favourable habitats
that will lead to a successful spread can be obtained by solving
Eq. (5) for d;.Fig. 6 suggests that emigration from favourable habi-
tats can lead of extinction of the population when the proportion
of favourable habitat and the growth rates in unfavourable habitats
are low.

Using the algorithm of Fang and Tacher [17] for generating
landscapes with spatial autocorrelation (I) ranging from 0 and 1,
we examined how the spatial arrangement of these favourable
and unfavourable patches (L; =L, =0.1) for a given proportion of
favourable habitat p affected the rate of spread. The mean asymp-
totic rate of spread from 15 simulations for each pair of p and
I showed no sensitivity to the change of spatial autocorrelation.
However, the periodic length of the habitat (L) for regular spac-
ing did show a decline of spreading rate with increasing periodic
length (Fig. 7).

4. Discussion

There have been different models that address the spread of
species in spatially heterogeneous environments. In the case of
continuous models using partial differential equations, Shigesada
et al. [9] and Kinezaki et al. [10] have shown that the asymp-
totic rate of spread in a periodic patchy environment depends only
on the space average growth rate and dispersal rate. Most spread
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Fig. 7. The rate of spread as a function of the periodic length of alternating
favourable and unfavourable patches. In the simulation, the total length of the habi-
tat is 150, and the periodic length L varies from 1/50 to 1/4 of the total length at a
step of 0.02. Growth parameters are R; =e? and R, =e~%5. Black solid line: p=0.5,
dy =05,dy =1,0,2=0,%2=1. Dashed line: p=0.5,d; =05, dy =1,0,2=2,0,%2=1.
Dotted line: p=0.5, d; =0.5, d; =1, 012 =0,%=2. Grey line: p=0.75, d; =0.75,
dy=102=0,2=2.

models, in particular models in heterogeneous environments, have
focused on different responses of growth and dispersal distances to
habitat quality [7,8]. The influence of dispersal (emigration) proba-
bility in turn has received only little attention. Here, we have de-
rived an approximation of the asymptotic rate of spread using the
IDEs. Lower and upper bounds of the spreading rate (Eq. 2), as
well as its dependence on the growth and dispersal parameters,
are consistent with the results from [7] where only the growth
rate varies spatially. It also corroborates with the results from [8]
where both the growth rate and the dispersal kernel are location-
dependent but with the dispersal probability (d) being constant.

Habitat destruction normally includes two components, namely
the overall loss of favourable habitats (p| ) and the fragmentation
of habitat patches (L] ) [12,18,19]. Previous studies suggest that the
fate of many species is more sensitive to habitat loss. Although
the habitat dependent emigration probability implies that part of
the local populations may remain sedentary during the dispersal
phase, these sedentary individuals can help to boost up the spread
of the population. Especially when only a small proportion of the
landscape is favourable for population growth (Fig. 5A), the rate
of spread will be accelerated by having small emigration probabil-
ity from favourable patches but decelerated by having a high em-
igration rate. When the proportion of favourable habitats is low,
the majority of local populations are open to extinction. Emigrants
from the rare favourable habitats therefore act to rescue these pop-
ulations from extinction and thus facilitate the range expansion
[20,21].

Our results further confirmed Fahrig's speculation [14] that a
high emigration probability does not always have a positive influ-
ence on the population dynamics (see also [22-24]). The rescue
effect can sustain the range expansion only when the emigration
probabilities from the favourable as well as unfavourable habitats
are balanced [25,26].When only a small proportion of the habitat is
favourable for the growth, low emigration from favourable patches
may not suffice to rescue populations in unfavourable patches from
extinction. High emigration from favourable patches alone, on the
other hand, can lead to the decline of rescuing individuals and
yield a slower spread or even the extinction of the population fol-
lowing a boom-and-bust phenomenon. A minimal proportion of
favourable habitat or maximal emigration from favourable habitats
can be derived from the invasion condition (Eq. (6)) to ensure the
persistence of the population. This invasion condition depends, not
only on the growth parameters, but also the emigration probabil-
ity of the population. The resulted boom-and-bust phenomenon is
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particularly important in invasion ecology, analogous to the con-
cept of the rescue effect and extinction debt in the metapopula-
tion literature [21,25]. Although local populations in unfavourable
patches are doomed to extinction, the invasion can be successful
as immigrants from favourable patches are likely to rescue popula-
tions in unfavourable patches from extinction (rescue effect).

In addition to the dependence on the availability of favourable
habitats, the actual size of the favourable and unfavourable patches
also affects the spread of a population [27,28]. Different studies
have speculated a minimal patch size that constitutes an extinction
threshold for an isolated population [29,30]. Our results further
suggest that the spread of a population can decelerate with habi-
tat fragmentation, more notably in species with lower emigration
probability or dispersal distance (Fig. 7) [12,31]. This effect of habi-
tat fragmentation has potentially prevented the effective control of
pest species by their natural enemies [32,33]. In this context, the
current study, in particular the approximation of the rate of spread
can be used as a baseline to find the optimal management strategy
of the level of habitat fragmentation as to promote the spread of
the natural enemy for effectively controlling the pest population.

Finally, this work focused on the spread of a population in
two types of habitats (which we referred to as favourable and un-
favourable habitats). It is worth to note that the rate of spread in
an environment with more habitat qualities could be derived by
using the appropriate form of the matrix M(A). Namely, if the en-
vironment consists of alternating habitats characterised by (R;, d;,
o ;) with proportion p; with p; +py +---+pp =1, (i=1, 2, ..., n), the
matrix M(A) is given by

p1diMy (MR 4+ (1 —dy)Ry
p2di My ()R,

p1daMy (AR,
P2d2 My (A)R; + (1 —dy)R,
ML) =

pnd1M1 (}\.)R] pnd2M2 ()\.)Rz
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Appendix A. Derivation of the invasion condition and the
asymptotic rate of spread

The asymptotic rate of spread is derived hereafter. The main re-
sults are given in Eq. (A7) and Eq. (A9). First, we assume that the
population is small at the front of the invasion and consider the
linearisation of Eq. (1):

Ut +1) = f[d(y)k(x Cyy) + 8y (1 —d))]
xR(y)u(y; t)dy.

We recall that g(u; x) < R(x)u; i.e. the population size is
bounded by the linearisation. In what follows, we use heuristic

(A1)

methods to find an approximation of the rate of spread of the pop-
ulation governed by Eq. (A1).

Motivated by the periodicity of the growth and dispersal pa-
rameters on one hand, and numerical observations on the other,
we assume that when the population does not eventually become
extinct, it evolves into a travelling periodic wave (Kinezaki et al.
2006, See also Fig. 1B). In other words, there exists a number t' >
Osuch thatu(x + L; t +t') = u(x; t). The speed of the travelling peri-
odic wave is defined by

L

c=7. (A2)
Here, we seek solutions of the form
u(x; t) = e*XHMNY(x), (A3)

for some A > 0, where v is periodic in the space variable (x) with
the same period as the habitat (v(x +L) = v(x)) and v(x) > 0. In-
serting Eq. (A3) into Eq. (A1) and using the fact that d, rand vare
periodic, we have

A0y (x) = f: /L dy)k(x —y — nL, y)e**Y"DR(y)v(y)dy
0

n=-—o00

+(1 = dXx))RX)v(x).

For exponentially bounded dispersal kernel, we can invert the
order of the summation and integration and obtain the following,

p1dnMn(A)Ry

Pn@nMn(A)Rn + (1 — dn)Ry

L +00
e“(“v(x) — / [ k(x—y— nL’y)eA(x—y—nL)i|
0

xd(Y)VR(y) (y)dy + (1 = d(x))R(Xx)v(X).

For a sufficiently small L, we can use the approximation

+00
> k(x—y—nLy)er v = %M(A,y)

n=—o00

when xand y are fixed, where M is the moment generating func-
tion of the dispersal kernel at the location y and is given by

MG.y) = [ kzy)edz
We deduce that
L
e Mu(x) = % fo M y)dRGV@)y + (1 — d(x)RE)V(X)

(A4)

for0 <x <L
Integrating Eq. (A4) with respect to x from O to pL and from pL
to L respectively we have

S pL pL L
e [T veodx - pL%[dlml GORy [ v)dy + daMa GRs fp Lv(y)dy}
pL
1-d)R d
+(1—dRy [0 v(x)dx
L L L
et / v(x)dx = (1 p)L% |:d1M1 (DR /  v@)dy + daMy (MR, [ v(y)dy]
pL 0 pL

L
+(1—d)R, / v
p
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By setting
pL L
Vi= / v(x)dx and V, = / v(x)dx
0 pL
We have

eM*MVy = pldiMy (M)RiVi + daMa (MRVR] + (1 — di)Ri Vi
MMV, = (1 — p)[diMy(M)R1V1 + daMa (MR Vo] + (1 — do)RoVa. (A5)

From Eq. (A5), we deduce that e*<*) is an eigenvalue of the ma-
trix

M- (pd1M1 (MR + (1 —d)Ry

pdaMy (MR,
(1-p)diM; (MR, '

(1= p)daMy (MR + (1 —dy)R,
(A6)
associated with the positive eigenvector (V;, V,)'. By definition
of the moment generating functions, the matrix M is positive
whenever the vital parameters are positive. We deduce using the

Perron-Frobenius theorem and by noting that Tr(M)? — 4Det(M) > 0,
that e*<(*) is the largest eigenvalue of the matrix M, that is

MM = p(A), withp (L) = % (Tr(M) +4/Tr(M)? - 4Det(M)>

and
cG1) = 5 Loglp ()]

Each wave shape A is associated with a solution of the form in
Eq. (A3). The spread of the periodic travelling wave is given by

c* = rnAin c(h). (A7)

For different dispersal kernels, the rate of spread can be ob-
tained by solving the nonlinear system
1 p'O)
¢t = —Log[p(A*)] and ¢* = “——=
5 Loglp (A7)] SO
for the wave shape A* and the corresponding wave speed c*.
However, to have a more explicit dependence of the rate of
spread on the vital rates, we consider the second order expansion
of p(A) around 0, and use the approximation of c())

¢

1 - C+s
with
R = pdiR; + (1 = p)daRy + (1 — d)Ry + (1 — d2)R,
R= /R —4(1— (1= pd; - p)RIR,
1.
R= z(R+R)

1
Cz = j(])d]R]O’lz -+ (1 - p)dszO'ZZ)
2(p(1 = dy)dr0f + (1= p)(1 - d1)d203)RiR,
(2 = 2RC? + C?

ﬁ
N
Il

From Eq. (A8), the rate of spread can be approximated by

_ ~2 R
¢ ~mine () = 262 + & [ LER). (A9)
A R R
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