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Abstract

This thesis presents a technique for the design of compact N -way coaxial line power
combiners. By incorporating short-step-stub Chebyshev impedance transformers into the
design, a noteworthy reduction in the physical size, compared to existing axially symmet-
ric combiners, is achieved. This feature is especially advantageous at lower microwave
frequencies for which combining structures are typically large.

An 8-way coaxial combiner at L-band, with a 10th order short-step-stub Chebyshev
impedance transformer is designed and simulated. The simulation results show a −12 dB
return loss bandwidth of 112%. The total size of the structure is 0.22λ at the lowest pass-
band frequency. Due to the optimisation framework used, very few full wave calculations
are required which makes the design simple and relatively fast to execute.

Network analysis techniques are investigated and the different circuit parameter descrip-
tions for lossless circuits are presented. This forms the foundation for the realisability
conditions of short-step filters in terms of circuit parameters. A detailed examination on
the theory of network synthesis is done. Short-step impedance transformers are analysed
and synthesized and accompanied by complete design examples, demonstrating the proce-
dure for extracting element values from the synthesised transfer functions. The short-step
impedance transformers are designed and synthesised with specified operating bandwidths
and transmission line lengths well suited for the purposes of waveguide power combiners
at lower microwave frequencies.

A general configuration for coaxial combiner designs and geometrical parameter descrip-
tions are presented. Special considerations for combiners with short-step-stub impedance
transformers are discussed and the methods for implementing different parts of the design
is analysed. A back-short is included in the synthesis that allows a short-step transformer
to be incorporated into coaxial combiners. A method for realising shunt stub lines within
the combiner configuration is demonstrated. A space-mapping optimisation framework
is used to extract mathematical models describing the relationship between physical pa-
rameters and circuit element values for optimising the design.
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Opsomming

Hierdie verslag lewer ’n ontwerptegniek vir kompakte, N -rigting, koaksialelyn drywings
kombineerders. Met ingeboude kort-stap-stomplyn Chebyshev impedansie transformators
is die ontwerp se fisiese grootte noemenswaardig kleiner as bestaande soortgelyke kom-
bineerders. Hierdie eienskap is veral voordelig by laer mikrogolf frekwensies, wat tipies
groot kombineerings strukture vereis.

Die ontwerp en simulasie resultate van ’n 8-rigting koaksiale kombineerder by L-band,
met ’n 10de orde Chebyshev impedansie transformeerder word voorgelê. Die simulasie
resultaat vertoon ’n −12 dB weerkaatskoëffisiënt bandwydte van 112%. Die totale lengte
van die kombineerder is 0.22λ by die laagste frekwensie van die deurlaat band. Met die
optimerings raamwerk wat gebruik is, word baie min volgolf berekeninge benodig wat die
ontwerp eenvoudig en relatief vinnig maak om uit te voer.

Kort-stap impedansie transformeerders word gesintetiseer om spesifieke bandwydtes en
transmissielyn lengtes te vertoon. Die teorie van netwerk sintese word sorgvuldig on-
dersoek. Die tegnieke vir netwerk analiese met verskillende parametetriese stroombaan
beskrywings word voor gelê. Die realiseerbaarheidsvereistes word weergegee in terme
van die stroombaan beskrywings wat belangrik is in die ontwerp van kort-stap trans-
formeerders. Die ontwerpprosses vir kort-stap transformeerders word deeglik ondersoek
waarna ’n paar verskillende voorbeelde gesintetiseer word tydens ’n volledige ontwerpsvoor-
beeld wat ook die stroombaanelement waardes onttrek.

Die algemene konfigurasie vir ’n koaksiale kombineerder met die geometriese beskrywing
daarvan word gegee. Aanvangs vereistes vir die ontwerp word bespreek en die metodes
waar volgens verskillende dele van die ontwerp geimplementeer word, word geanaliseer.
Die sintese word aangepas om ’n kortgesluite transmissielyn in te sluit en stomplyne word
gerealiseer met geëtste stroombane op diëlektriese skywe wat versoenbaar is met die kom-
bineerder se konfigurasie. Modelle wat die wiskundige verhouding beskryf tussen fisiese
veranderlikes en stroombaanelemente word onttrek met ’n optimeeringsraamwerk wat ook
gebruik word vir die optimering van die volledige ontwerp.
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Chapter 1

Introduction

Axially symmetric power combiners generally allow for a large number of devices to be
combined with lower losses compared to other power combiner types with the same num-
ber of input ports. Non-resonant axially symmetric combiners typically have the added
advantage of being able to support transverse electromagnetic (TEM) modes, and can
therefore offer high performance return losses at the output port over wide bandwidths
when the input ports are excited symmetrically. For these types of combiners the output
port is generally referred to as the central port and the input ports as peripheral ports.
The design of such combiners is mostly focussed on obtaining a well-matched impedance
transition between the peripheral ports, the oversized coaxial structure and the output
port [1].

The short-step stub Chebyshev impedance transformer, discussed in this thesis, is ef-
fectively a bandpass filter and therefore will also be referred to as a short-step filter.
In [2] it is shown how such an impedance transformer is capable of reducing the physical
size of a circuit whilst maintaining comparable circuit performance. The main goal of this
thesis is to incorporate a short-step filter into the design of a coaxial power combiner in
order to reduce its size without compromising on performance.

1
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CHAPTER 1. INTRODUCTION 2

1.1 Background on Power Combiners

1.1.1 Solid State Power Amplifiers and the use of Power
Combiners

Microwave power combiners/dividers are frequently used in microwave systems such as
communication and RADAR applications which require high power levels. These high
power levels can be achieved in microwave and radio frequency (RF) systems by combin-
ing the outputs of a number of amplifiers with otherwise limited power capacity. Power
combiners are used to overcome limitations of individual amplifiers by combining a sys-
tem of multiple solid state power amplifiers (SSPA) in unison and they are vital in the
competition between solid state power amplifiers and their counterparts; travelling wave
tube amplifiers (TWTAs). Significant advances have been made in microwave power gen-
eration since the first SSPAs were combined to give a few watts of power. Single-package
amplifiers with Gallium Nitride (GaN) high mobility electron transistors (HEMT) have
been demonstrated to generate more than 80 W in the X-band [3] and more than 30 W in
the Ku-band [4] with continuous wave (CW) operation. Literature has also reported GaN
HEMT amplifiers with pulsed power outputs within the X-band with peak values exceed-
ing 100 W [5, 6]. With small scale SSPA packages that contain numerous GaN HEMTs
in combination, it is possible to realize very high power densities when appropriate com-
bining techniques are used as seen in [7] where 2 kW was achieved under CW operation
in the X-band. With the advancements in modern day technology SSPAs are becoming
more competitive in their ability to compete with TWTAs and various other sources of
microwave power.

Power combiners play an essential role in the performance of SSPA systems. The type
and implementation of a combiner affect the efficiency and physical size of the system
which includes the power generating capabilities because of the limitations imposed on
the number of amplifiers that can be combined. The ability of a SSPA to maintain some
functionality under adverse conditions, such as the failure of individual amplifiers, gives
it the desirable robustness known as graceful degradation. This means that the SSPA
will still generate usable output power even when individual amplifiers within the system
fail. This is a sought after feature, especially in systems combining large numbers of am-
plifiers, as it reduces the probability of cataclysmic system failures. Graceful degradation
is normally attributed to the power combiner and the isolation it offers between amplifiers.

Smaller area devices have significantly higher power-added-efficiency (PAE) than larger
area devices [8]. Numerous SSPAs can be combined in small packages sized at about
20 mm2, which allow for high power densities as seen in [3–7], but is only effective for
a limited number of devices [9]. On the other hand, power combiners are implemented
with larger structures which help to increase even higher power densities and improved
reliability. Power handling is not the only consideration when designing power combiners
and where physical dimensions are of importance as with satellites for example, size be-
comes an issue, especially at lower microwave frequencies as the dimensions of combining
structures is a function of wavelength. In general there are two forms of power combin-
ing methods. These are 2-way combiners, which utilise corporate or chained networks to
combine more than two devices in a tree or series configuration respectively, or N -way
combiners which allow N devices to be combined in a single step. Each method of im-
plementation has its advantages and disadvantages. Corporate and chain networks have
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CHAPTER 1. INTRODUCTION 3

the advantages of well established design procedures and are implemented using various
transmission line mediums which make it well suited for a variety of cases with the added
bonus of having well matched and isolated input ports.

The disadvantages of these types of combiners are however, that they become ineffi-
cient and physically large when combining a large number of devices [9,10]. With higher
numbers of combining ports (N > 8) the benefits of N-way axially symmetric combiners
compared to corporate- and chain networks are quite significant in terms of the physi-
cal size reductions and amplitude and phase balance due to the symmetrical structures,
which in turn leads to increased combining efficiency. The overall loss of corporate tree
combiners scales with N where the loss of N -way symmetrical combiners scale with the
value log(N).

1.1.2 Axially Symmetric Power Combiners

In general an axially symmetric power combiner is constructed with the input ports equally
spaced and symmetrically around the axis of an output port. Two of the more common
configurations that have been used is with the input ports facing either in a direction
parallel to the axis of the output port or in a direction perpendicular to the axis of the
output port. Different symmetrical transmission line types, such as radial, conical or
coaxial transmission lines allow for the above configurations to be implemented and serve
as the conductor between the input and output ports.

Radial line power combiners with designs based on electromagnetic field analysis and
full-wave simulations have been implemented successfully [11, 12], but a major drawback
in these designs is the fact that the fundamental TEM mode supported by the radial
transmission line has a characteristic impedance that varies with radial distance. This
means that the radial line has a complex input impedance when the line length is finite,
which complicates the design and decreases performance. Conical and coaxial transmis-
sion lines also support the fundamental TEM mode, but unlike radial transmission lines
they also have constant characteristic line impedance with radial distance. Typically coni-
cal lines outperforms coaxial transmission lines in terms of size, because coaxial lines have
longer electrical path lengths when impedance matching tapered sections are required to
accommodate input ports to coaxial line sections. With the λ

16
short-step design from

chapter 2, the goal is to significantly reduce the length requirements of the coaxial lines,
thereby decreasing the size advantage that conical lines have over coaxial lines.

Some advantages of coaxial combiners are that they support TEM mode propagation
which provide constant characteristic impedance with radial distance as already men-
tioned. Due to coaxial lines having real impedances as opposed to complex port impedance,
simple transmission line theory applies which simplifies design procedures compared with
conical and radial line designs.

Literature provides some notable coaxial power combiner designs which include a 4-way
combiner with a reflection coefficient of better than −15 dB and a bandwidth of 70% at a
centre frequency of 11.5 GHz [13], a 16-way combiner with a reflection coefficient of better
than −20 dB with a bandwidth 20% at a centre frequency of 1.3 GHz [14], and an 8-way
combiner with a reflection coefficient of better than −12 dB over a bandwidth of 115% at
a centre frequency of 1.2 GHz [15].
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CHAPTER 1. INTRODUCTION 4

This thesis will focus on the design of a coaxial waveguide power combiner that im-
plements a short-step Chebyshev impedance transformer in order to make the design as
small as possible whilst retaining a comparable reflection coefficient and bandwidth. An
eight-way combiner at a centre frequency of 1.2 GHz is designed with different orders of
short-step filters implemented within the coaxial structure.

1.2 About the Thesis

A short-step-stub Chebyshev impedance transformer is synthesized and incorporated
within the design of a coaxial microwave power combiner that allows a significant re-
duction in size with comparable performance to existing broadband waveguide power
combiners. Three combiners are designed, achieving reflection coefficients of less than
−21 dB, −20 dB and −17.5 dB across, 58%, 76% and 104% bandwidths respectively. A
coaxial combiner with an integrated 10th order short-step filter is demonstrated to be in
excellent comparison to designs from literature, and displays simulated results showing
112% bandwidth, from 527 MHz to 1872 MHz, when measured at a return loss of less than
−12 dB. The total length of the combiner is 0.22λ at the lowest frequency of operation
compared to the design from literature which has a total length equal to 0.75λ at the
same frequency.

1.3 Layout of the Thesis

Chapter 2 provide a necessary discussion on the topic of network synthesis. As a prereq-
uisite the fundamentals of network analysis are presented. Different sets of parameters for
describing circuits are used for determining realisability conditions for terminated, two-
port, passive reactive network. The theory is used to analyse the design and performance
of a short-step impedance transformer which is concluded with a design example.

Chapter 3 starts with a review on the general coaxial combiner geometry and a typical
configuration of the structure. Next some initial design factors that need consideration
are investigated. Some complications with incorporating the synthesised circuits of Chap-
ter 2 are highlighted and resolved with examples. The combiner layout is divided into
individual section that simplify the discussion to clearly illustrate how each part of the
combiner is designed, followed by a perusal of a space-mapping framework, used to op-
timise the design. The design considerations together with the section on the design of
the individual parts of the combiner are tied together in a comprehensive design example.
The chapter concludes with a summary of results for combiners with different short-step
Chebyshev impedance transformers. A combiner design is compared to a combiner with
similar performance from literature, from which the reduction in size is put into perspec-
tive.

The final chapter presents the conclusions to the results achieved in Chapter 2 and 3
of this thesis. Some recommendations are made on possible improvements and expan-
sions to the presented designs.
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Chapter 2

Synthesis

Synthesis of electronic circuits is a scientific and mathematically based design approach
[16]. The intrinsic nature of the method is to obtain the circuit elements and compo-
nent values of a circuit from a mathematical function designed to have a specified circuit
response. This is contrary to classical network analysis, which applies various electric
circuit theorems to calculate the response of a network.

The power combiners pertaining to the scope of this thesis will be limited to the cat-
egory of passive, reactive circuits. As the main purpose of these power combiners is to
match multiple input ports to the central combining output port and visa versa as to ac-
complish maximum energy transfer. Ideally the network should be lossless, with the total
energy entering the circuit equal to the total energy leaving the circuit. It follows that
an appropriate point of departure on this topic is the law of conservation of energy which
states that energy cannot be created or destroyed — it can only be converted from one
form to another [17]. In the study of electromagnetism this is referred to by Poynting’s
theorem [18]. In passive circuits this law states that energy leaving the circuit cannot
exceed the energy supplied to the circuit and therefore must satisfy (2.1), where subscript
i denotes the port number [16]. The nett energy, E(t) supplied to the circuit, i.e. the
difference in energy entering the circuit and the energy leaving the circuit defined as

E(t) =

∫ t

−∞

N∑
i=1

[vi(τ)ii(τ)]dτ ≥ 0, (2.1)

where N is the number of ports and vi(τ) and ii(τ) are the port voltage and current
functions of time τ and dτ is the time differential in the integral. Stated differently, the
combiner to be considered should ideally be a pure impedance transformer, with zero
resistive elements and only reactive LC immittances1 so that E(t) = 0 or as close to zero
as possible in order to accomplish maximum energy transfer. This chapter is dedicated to
the design, approximation and realization i.e. the synthesis of such circuits. In order to
achieve this goal it is necessary to provide the fundamental theory needed to understand
the synthesis process. Classic circuit analysis techniques form the foundation of the
theory and is discussed in section 2.1. The following section investigates the mathematical
conditions required for a circuit to be practically realisable. Section 2.3 builds on the
theory of the previous sections in a discussion on the importance of the short-step-stub
Chebyshev impedance transformer. Section 2.4 presents the chapter conclusion

1The generic name immittance will be used to refer to either impedances or admittances

5
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CHAPTER 2. SYNTHESIS 6

2.1 Analysis

A necessary prerequisite to circuit synthesis is an overview of analysis techniques and
different sets of circuit parameter descriptions. These parameters may be measured at
the ports of a circuit, and without knowledge of the circuitry between the ports, much
information can be deduced about its workings. The first set of circuit parameters to look
at are the impedance z and admittance y parameters. These allow for calculating port
voltages or currents. The second parameter set of interest is the transmission, also known
as chain or ABCD parameters. These are used in determining the performance of input
and output voltages and currents of a transmission network and are convenient to use
when cascading different networks. The last parameter set is the scattering parameters.
S-parameters are used as a base to describe general network behaviour. During circuit
synthesis a desired circuit response may be described in terms of S-parameters, which
can then be converted into y, z or transmission parameters. These parameters are then
used for element extraction and converted into component values to realize a circuit. The
discussion will be limited to linear, passive circuits.

Starting with the well-known Kirchoff laws which state that the sum of all voltages within
a closed loop is equal to zero, known as Kirchoff’s voltage law (KVL), and the sum of
all currents flowing into a node in a circuit is equal to zero, known as Kirchoff’s current
law (KCL) a circuit analysis on Fig. 2.1 serves to illustrate, by means of an example, an
organised approach to circuit analysis.

I0 G1 C1

L1

C2

C3

L2

C4

C5 G2

Figure 2.1: Circuit diagram of an arbitrary ladder network. The circuit inside the dashed
rectangle serves to illustrate a node voltage analysis.

Fig. 2.2 is a node and branch representation of the circuit enclosed in the dashed rectangle
in Fig. 2.1. The nodes are numbered 1 to 3, the circled numbers designate the branch
numbers. The arrows indicate the direction of current flow within the branches. By
popular convention a current branch leaving a node is positive and currents entering a
node have a negative designation.
The arrows indicate the direction of the current flow relative to the nodes, and the circled
numbers reference the voltage branches in the circuit. With this notation a nodal analysis
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CHAPTER 2. SYNTHESIS 7

2 4

51 3

1
3

2

Figure 2.2: Diagram of nodes and branches enclosed within the dashed rectangle in Fig 2.1.

using the KCL, for each node yields

i1 + i2 = 0

− i4 + i5 = 0

− i2 + i3 + i4 = 0.

(2.2)

This can be written in matrix form and will be called the incidence matrix A, where the
rows represent the sum of the node currents and the columns are representative of the
voltages on the branches branches

A =


1 1 0 0 0

0 0 0 −1 1

0 −1 1 1 0

 , (2.3)

where,

aij =


+1 if the branch j leaves node i

−1 if the branch j enters node i

0 if the branch j is not connected to node i

 . (2.4)

When A is multiplied with the branch currents it produces the sum of all currents flowing
out of each node

Aij = ii = isum = 0. (2.5)

Similarly when AT, where T indicates the transpose of the matrix, is multiplied by the
node voltages it results in the sum of the branch voltages

ATvi = vj. (2.6)

where vi, vj denotes the node- and branch voltage vectors respectively.

Equations (2.5) and (2.6) are the general matrix forms of the KCL and KVL respec-
tively. Note that these results were obtained without any consideration of the circuit
components. Also, as these results involved only additions and subtractions, they hold
true for all linear operations, including Laplace transformations and for phasors, on ij, vj
and vi.
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CHAPTER 2. SYNTHESIS 8

Let N be the number of branches within the circuit, and let j be the branch number. The
power in each branch can now be summed to give

N∑
j=1

[vjij] = vTj ij = AT(vi)
Tij = vTi (Aij) = 0, (2.7)

which has the same argument of the integral of (2.1) and stated in words this equation is
the conservation of power in the circuit.

2.1.1 The z and y parameters

Until now circuit components have not been taken into account. By returning focus to
the lossless, LC circuit enclosed within the dashed rectangle in Fig. 2.1 the branch ad-
mittance matrix can found.

The source and load conductances are ignored and a branch admittance matrix in Laplace
form is written as

Yj =



Y1 0 0 0 0

0 Y2 0 0 0

0 0 Y3 0 0

0 0 0 Y4 0

0 0 0 0 Y5


=



sC1 0 0 0 0

0 1
sL1

+ sC2 0 0 0

0 0 sC3 0 0

0 0 0 1
sL2

+ sC4 0

0 0 0 0 sC5


. (2.8)

The branch currents and voltages related to the circuit components are given by

ij = Yjvj = YjA
Tvi, (2.9)

ii = AYjij = AYjA
Tvi = Yivi, (2.10)

Yi = AYjA
T. (2.11)

For the circuit in Fig 2.1, taking the components into consideration, the nodal admittance
matrix is then given by

Yi =


(C1+C2)L1s2+1

L1s
0 −(1+C2L1s2)

L1s

0 (C4+C5)L2s2+1
L2s

−(1+C4L2s2)
L2s

−(1+C2L1s2)
L1s

−(1+C4L2s2)
L2s

(C2+C3+C4)(L1L2)s2+L1+L2

L1L2s

 . (2.12)

The admittance matrix is well suited here as it is conveniently used with the incidence
matrix A which stems from a nodal analysis. In principle a similar procedure may be
followed to calculate the impedance matrix Zn or the inverse of the admittance matrix
can be calculated to give Zn. Here the polynomial factors have been omitted, but (2.14)
conveys the form of the elements, which is of concern in this discussion.

Y −1
n = Zn (2.13)
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CHAPTER 2. SYNTHESIS 9

Zn =


s4(·)+s2(·)+1

∆
· · · s4(·)+s2(·)+1

∆
... s4(·)+s2(·)+1

∆

...

· · · · · · s4(·)+s2(·)+1
∆

 (2.14)

The symbol ∆ represents the determinant of Yn and is given by

∆ = s5L12[C12(C4+5) + C3(C1+2)(C4+5) + C45(C1+2)]

+s3[L1(C12 + (C1+2)(C3+5)) + L2(C45 + (C4+5)(C1+3))]

+s(C1+3+5).

(2.15)

Here C12 is a short hand notation for C1C2 and L1+2 is shorthand for L1 + L2.
Note that for simple circuits in general it is easier to calculate Yn than Zn if the first and
last branches are connected in parallel across the ports. For circuits with the first and
last branches in series with the ports it is easier to calculate Zn rather than Yn. The Zi
matrix contains the open circuit parameters which can be measured e.g.

z12 =
V1

I2

∣∣∣∣
I1=I3...IN=0

, (2.16)

and the Yi matrix contains the short circuit parameters,

y21 =
I2

V1

∣∣∣∣
V1=V3...VN=0

. (2.17)

Since node 3 is internal, there is no voltage or current signal applied to it. To find the z-
parameters for the two-port LC circuit of figure 2.1 column and row 3 of Zn is eliminated,
which leaves

Z2p =

[
s4L12(C45+(C4+5)(C2+3))+s2[L1(C2+3+5)+L2(C4+5)]+1

∆
s4L12C24+s2[L1C2+L2C4]+1

∆
s4L12C24+s2[L1C2+L2C4]+1

∆
s4L12(C12+(C1+2)(C3+4))+s2[L1(C1+2)+L2(C3+4+5)]+1

∆

]
. (2.18)

These results give a complete description of the port voltages and currents. At this point
it may be prudent to point out several characteristics of Yn and Zn that are important to
synthesis:

• The z and y parameters of LC circuits are rational functions with even numerators
and odd denominators, or odd numerators with even denominators.

• The y and z parameters of LC circuits are odd, yi,i(s) = −yi,i(−s) and zi,i(s) =
−zi,i(−s) [16].

• The Yn, Zn, Z2p and Y2p = Z−1
2p matrices are symmetrical, Zn = ZT

n and z13 = z31

etc, which is a characteristic of all passive, reciprocal circuits [16].

• The poles and zeros of immittance functions all lie on the imaginary axis of the
complex plane. This means that with s = jω the zii and yii port parameters are
purely imaginary values with zero real part, indicating that these immittances are
lossless, and pure reactive immittances jX.
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CHAPTER 2. SYNTHESIS 10

2.1.2 The ABCD Transmission Parameters

So far the Zn and Yn matrices are used to characterize the two-port of Fig 2.1 but another
set of important parameters are that of the cascade parameters, also known as the chain
parameters or transmission parameters and they are extremely useful in circuit synthesis.
Transmission parameters are usually denoted as

T =

[
A B

C D

]
. (2.19)

Fig 2.3 displays the four circuit configurations used to calculate the transmission parame-
ters. The sub-figure numbering corresponds with the individual transmission parameters.
Parameter A is found from the configuration shown in Fig. 2.3a, a voltage source is placed
at port one with port two open circuit. Fig. 2.3b shows the configuration used to find
parameter B, with a voltage applied to port one with port two shorted. From (2.20) it
can be seen that the parameters are inverse transfer functions,

+
−V1

+

−

V2 =
1
A

(a)

+
−V1

I2 = − 1
B

(b)

I1

+

−

V2 =
1
C

(c)

I1

I2 = − 1
D

(d)

Figure 2.3: The different configurations used to find the ABCD Parameters for a two-port
network. a) A voltage source at port one with port two open circuit. b) A voltage source
at port one with a short circuit at port two. c) A current source at port one with an open
circuit at port two. d) A current source at port one with port two short-circuited.

A =
1

V2
V1

∣∣
I2=0

, B =
1

−I2
V1

∣∣
V2=0

, C =
1

V2
I1

∣∣
I2=0

, D =
1

−I2
I1

∣∣
V2=0

, (2.20)

where the voltage ratio is given by parameter 1
A

from Fig. 2.3a

Av =
V2

V1

, (2.21)

the transfer admittance is given by 1
B

from Fig. 2.3b

YT =
I2

V1

, (2.22)
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the transfer impedance is given by 1
C

from Fig. 2.3c

ZT =
V2

I1

, (2.23)

and the current ratio is given by 1
D

from Fig. 2.3d. From the above equations it follows
that [

V1

I1

]
=

[
A B

C D

][
V2

−I2

]
= T

[
V2

−I2

]
. (2.24)

The transmission parameters have some interesting properties to note:

• The transmission matrix for cascaded circuits with conformal port dimensions can
easily be found by multiplying the transmission matrices of the individual circuits.

• The determinant ∆T = AD −BC = 1 for reciprocal circuits. This is a particularly
interesting characteristic of which the importance will become clear in section 2.3

• For a reciprocal circuit, when the ports are reversed, A and D simply interchange.

2.1.3 Scattering Parameters

Up to this point the discussion has been limited to a passive, lumped element two-port,
reciprocal circuit. However the Z and Y matrices do not exist for all elements and
circuits. Well-known examples include two-ports consisting of a single shunt or series ele-
ment, three-port junctions and the ideal transformer [16]. S-parameters on the other hand
holds true for any N -port passive circuits and like the Z and Y parameters give a complete
description of the network as seen at its N ports. It does not give any more information
on a circuit’s characteristics than the Z and Y matrices, it is the same information, only
presented in a different way. Impedance and admittance parameters relate total voltage
and currents at the network ports, where S-parameters relate the voltage waves incident
on the ports to those reflected from the ports [18]. The Z and Y matrices, and by impli-
cation the ABCD-parameters, can in fact be converted into S-parameters [18].

Due to S-parameters being directly related to power flows, it is well suited for synthesis of
terminated two-ports because the starting point for such synthesis is the power transfer
function.

E1

R1 I1

E2

R2

I2

+

−

+

−

V1 V2

a1

b1

a2

b2

Figure 2.4: Doubly terminated two-port network illustrating the parameter for defining
S-parameters.

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 2. SYNTHESIS 12

The resistively terminated two-port from Fig. 2.4 illustrates the definition of incident and
reflected variables and the circuit is characterised by a scattering matrix given as[

b1

b2

]
=

[
S11 S12

S21 S22

][
a1

a2

]
, (2.25)

where the scattering elements are:

S11 =
b1

a1

∣∣∣∣
a2=0

, S12 =
b1

a2

∣∣∣∣
a1=0

, S21 =
b2

a1

∣∣∣∣
a2=0

, S22 =
b2

a2

∣∣∣∣
a1=0

. (2.26)

Let V +
i (s) = Ei(s)

2
√
Ri

be the incidence voltage, and let I+
i (s) = Ei(s)

2Ri
=

V +
i (s)

Ri
be the incidence

current and i denotes the port number. Then the incidence wave amplitude is given by

ai ,
V +
i√
Ri

=
√
RiI

+
i =

Ei

2
√
Ri

. (2.27)

Similarly let V −i (s) = Vi−V +
i = EiZload

Zlaod+Ri
− Ei

2
be the reflected voltage and I−i = I+

i − Ii =
V −
i

Ri
be the reflected current, where Rload assumes the load impedance when the opposing

generator is replaced with some load. The reflected wave amplitude is then given by

bi ,
V −i√
Ri

=
√
RiI

−
i =

Ei
2Ri

Zload −Ri

Zload +Ri

. (2.28)

The S-parameters are then directly calculated and given by the following equations and
common measurement terms

S11 =
b1

a1

∣∣∣∣
a2=0

=
2
√
R1

2
√
R1

V1 −R1I1

V1 +R1I1

∣∣∣∣
E2=0

=
Z1 −R1

Z1 +R1

, (2.29)

S11 is known as the forward reflection coefficient (input match).

S21 =
b2

a1

∣∣∣∣
a2=0

=

√
R1

R2

V2 −R2I2

V1 −R1I1

∣∣∣∣
E2=0

=

√
R1

R2

2V2

E1

∣∣∣∣
E2=0

, (2.30)

S21 is the forward transmission coefficient gain or loss. With sinusoidal conditions with
the root mean squared (RMS) phasors, the quantity is given by∣∣∣∣S21

∣∣∣∣2 =
4R1

∣∣V2

∣∣2
R2

∣∣E1

∣∣2
∣∣∣∣
E2=0

=
Pload
Psource

. (2.31)

This is the well-known transducer power gain equation for two-port networks and is of
great importance in network synthesis. It is a measure of how much of the energy sup-
plied to a circuit’s input will be available to a load at a circuit’s output port for a given
frequency. For reciprocal circuits S21 = S12. It is the ratio of the power available to the
load to the power available from the source. The extension of these results to general
N-port network are easily done.

For the lossless two-port in Fig. 2.1 the scattering matrix takes on the form

S =

[
s5(·)+s3(·)+s(·)

s5(·)+s4(·)+s3(·)+s2(·)+s(·)+1
s4(·)+s2(·)+1

s5(·)+s4(·)+s3(·)+s2(·)+s(·)+1
s4(·)+s2(·)+1

s5(·)+s4(·)+s3(·)+s2(·)+s(·)+1
s5(·)+s3(·)+s(·)

s5(·)+s4(·)+s3(·)+s2(·)+s(·)+1

]
. (2.32)
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Unlike the z and y parameters, the numerator of the S-parameters contain all powers of s
without any missing terms. In the following sections it may be seen that where the poles
and zeros for the z and y parameters all lie on the imaginary axis of the s-plane, the poles
and zeros for the S-parameters all lie inside the left-half of the s-plane.

2.1.4 Summary

This section has given a brief overview of analysis techniques with different parameter
descriptions and how they are obtained. A doubly terminated, lossless, reciprocal two-
port network served as the example that illustrated how S-parameters provides the clearest
view of a circuit’s performance, where z , y andABCD parameters relate directly to circuit
elements. The properties of each set of parameter descriptions, provide usefulness in
different steps in circuit synthesis. The circuit response may be specified in S-parameters,
which may then be converted to other parameter description best suited to extract element
values.

2.2 Realizability Conditions

Before commencement of a circuit design it is necessary to answer the question: What
is physically realizable using only resistive R, inductive L, capacitive C and mutually
inductive M elements? It helps to know what is possible, and the implicit maximum
performance constraints set the benchmark against which the performance of a physical
circuit may be evaluated. This section starts by examining the mathematical condi-
tions required for an arbitrary impedance function to be realisable. Then the required
S-parameters conditions are presented and linked with the conditions of impedance func-
tion. As the focus is on purely reactive circuits, the remainder of the section presents the
canonical and non-canonical implementations of LC immitances often accompanied by
numerical examples. Numerical examples are used instead of variables, as the equations
become tedious when written with general variables.

Although a detailed discussion on realizability conditions and the derivation thereof is
beyond the scope of this discussion, it is important to present a brief overview of the
fundamentals on which these conditions are established, for it will be of reference during
the synthesis example.

An appropriate starting point for this section is the transfer function of one-port net-
works. The impedance function of a one-port network is given by the ratio of the input
voltage phasor to input current phasor

Z(s) =
V (s)

I(s)
, (2.1)

where s is the complex frequency variable s = jω.

In general, a passive, lossless one-port network’s transfer impedance can be expressed
as a ratio of an input voltage phasor to an input current phasor which is given as a ratio
of polynomials in s [16]

Z(s) =
N(s)

D(s)
=
kns

n + kn−1s
n−1 + ....+ k1s

1 + n0

lmsm + lm−1sm−1 + ....+ l1s1 + l0
. (2.33)
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In 1931 Otto Brune proved that Z(s) may be realized using only RLCM elements (where
all R, L, C and M are positive) if and only if Z(s) is a positive real rational function
in s [19, 20]. Z(s) is considered to be a positive, real function if the following conditions
hold:

• Z(s) is a real rational function of s, where all ci, di are real, and therefore Z(s) is
real if s is real.

• Z is positive, real for all real ω

<(Z(jω)) ≥ 0 ∀ ω ε R. (2.34)

• All poles of Z(s) are in the closed LHP of the s-plane. All poles must be simple,
with real residues. Since s = 0 and s → ∞ lie on the jω-axis, this holds also for
poles at the origin and at infinity.

2.2.1 Realizability Conditions for S-parameters

Now consider again the circuit of Fig. 2.4 along with its scattering parameters. If (2.1)
holds for the passive circuit, then the total power supplied, is equal to the sum of the
reflected power, the power delivered and the power dissipated within the circuit. Using
the RMS values under continuous excitation, with s = jω, the power absorbed by the
circuit is given by

Pdiss = <(V1I
∗
1 + V2I

∗
2 ) =

1

2
(V1I

∗
1 + V2I

∗
2 + V ∗1 I1 + V ∗2 I2). (2.35)

Substituting the port voltages Vi = V +
i +V −i , and port currents Ii = I+

i − I−i with the in-
cidence and reflected wave amplitudes from (2.27) and (2.28), the power dissipated within
the circuit can be written as

Pdiss =
1

2

(√
R1√
R1

(a1 + b1)(a∗1 + b∗1) + (a∗1 + b∗1)(a1 − b1)

+ (a2 + b2)(a∗2 − b∗2) + (a∗2 + b∗2)(a2 − b2)

)

=a1a
∗
1 + a2a

∗
2 − b1b

∗
1 − b2b

∗
2

=
[
a∗1 a∗2

] [a1

a2

]
−
[
b∗1 b∗2

] [b1

b2

]

=a∗Ta− a∗TS∗TS · a by substitution of (2.25)

=a∗T(I − S∗TS)a,

(2.36)

where I is the identity matrix and I−S∗TS is the dissipation matrix of the two-port, and
in terms of scattering parameters it is written as

I − S∗TS =

[
1−

∣∣S11

∣∣2 − ∣∣S21

∣∣2 S∗11S12 + S∗21S22

S11S
∗
12 + S21S

∗
22 1−

∣∣S22

∣∣2 − ∣∣S12

∣∣2
]
. (2.37)
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For passive circuits (2.1) requires Pdiss ≥ 0, and for a lossless circuit Pdiss = 0 because no
power is dissipated within the circuit. In this case, for a non-zero a, it must be that

I = S∗TS. (2.38)

Equation (2.38) is the general requirement for S to be a unitary matrix [18]. For Pdiss ≥ 0
to hold, S is required to be a positive semi-definite matrix so that for non-negative a, P
will be positive and real. Stated formally,

S positive semi-definite ⇐⇒ aTSa ≥ 0 ∀ a ε R. (2.39)

From (2.38) it is seen that for a lossless, passive network with non-zero incidence waves,
it is required that the elements on the diagonal and the determinant of S∗TS must be
zero. In summary, a passive, lossless circuit is realizable under the following conditions
related to the scattering matrix

1− S∗11S11 − S∗21S21 = 0 (2.40)

1− S∗22S22 − S∗12S12 = 0 (2.41)

S∗11S12 + S∗21S22 = 0 (2.42)

S11S
∗
12 − S21S

∗
22 = 0. (2.43)

If the circuit in Fig. 2.4 is open-circuited, essentially rendering it as a passive lossless
one-port, then (2.1) requires that

S∗11S11 = 1. (2.44)

S11 is the ratio of the reflected wave amplitude to the incident wave amplitude and
therefore may reasonably be expressed as a rational function, that is, as the ratio of
polynomials

S11 =
F (s)

E(s)
. (2.45)

Consider the polynomial

E(s) = a0s
n + a1s

n−1 + · · ·+ an, a1, · · · , anε R, a0 > 0, (2.46)

and let n be the degree of E(s) and define l = n
2
. The polynomial E(s) can always be

represented as
E(s) = Ee(s

2) + sEo(s
2), (2.47)

where, for n = 2l,

Ee(u) = a0u
l + a2u

l−1 + · · ·+ an,

Eo(u) = a1u
l−1 + a3u

l−2 + · · ·+ an−1,
(2.48)

and for n = 2l + 1,

Ee(u) = a1u
l + a3u

l−1 + · · ·+ an,

Eo(u) = a0u
l + a2u

l−1 + · · ·+ an−1.
(2.49)

The polynomials Ee(s
2) and Eo(s

2) satisfy the following equalities:

Ee(s
2) =

E(s) + E(−s)
2

,

Eo(s
2) =

E(s)− E(−s)
2s

.

(2.50)
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The convenience of the equalities above become apparent when (2.45) is substituted into
(2.44) so that

S∗11S11 =
F (s)F (−s)
E(s)E(−s)

= 1

⇒ F (s)F (−s) = ±E(s)± E(−s)

⇒ S∗11S11 =
±E(s)± E(−s)
E(s)E(−s)

= 1.

(2.51)

Returning to the discussion leading up to (2.33), Z(s) is found in terms of S11 from (2.29)

Z(s) = R1
1 + S11

1− S11

= R1
E(s) + E(−s)
E(s)− E(−s)

= R1
Ee(s) + Eo(s)± (Ee(s)− Eo(s))
Ee(s) + Eo(s)∓ (Ee(s)− Eo(s))

= R1
Ee(s)

Eo(s)
or R1

Eo(s)

Ee(s)
.

(2.52)

This concludes the connection between Brune’s realizability conditions and the S-parameters
of an arbitrary passive two-port network. It is easily shown for any passive N-port. An-
other important property of the polynomial E(s) stems from the ratio Eo(s)

Ee(s)
in (2.52) and

is called the associated function Φ of the polynomial E(s),

Φ =
Eo(s)

Ee(s)
. (2.53)

From (2.50) and (2.53) the following relations are derived:

sΦ(s2) =
E(s)− E(−s)
E(s) + E(−s)

=
1− E(−s)

E(s)

1 + E(−s)
E(s)

,

E(−s)
E(s)

=
1− sΦ(s2)

1 + sΦ(s2)

(2.54)

The associated function Φ is an R-function. An R-function is a function mapping the
upper half-plane of the complex plane to the lower half-plane. These functions have real,
simple, and interlacing zeros and poles [21]. For Brune’s realizability conditions to hold,
E(s) must be a stable polynomial, also known has Hurwitz polynomials. Some important
properties to note about of Hurwitz polynomials are that

• Hurwitz polynomials have all its zeros in the open LHP of the complex plane.

• The coefficients of a Hurwitz polynomial are all positive (Stodola theorem).

• E(s) is a Hurwitz polynomial, if and only if, its associated function Φ = Eo(s)
Ee(s)

is a R-

function with exactly l poles, all of which are negative, and the limit lims→±∞Φ(s)
is positive whenever n = 2l + 1. Where, n is the degree of E(s) and l = n

2
[21].
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• The polynomial E of degree n ≥ 1 defined in (2.46) is Hurwitz stable if and only
if its associated function Φ has the following Stieltjes continued fraction expansion
given in (2.55)

Φ(s) = c0 +
1

c1s+
1

c2 +
1

c3s+
1

. . . +
1

c2l−1s+
1

c2l

, with ci > 0, i = 1, · · · , 2l, (2.55)

where c0 = 0 if n is even, c0 > 0 if n is odd, and l = n
2

[21].

If E(s) is a Hurwitz polynomial then all the realizability conditions are satisfied.

2.2.2 Canonical Realizations of LC Immitances

Well known approaches to finding a circuit realization of a LC immittance include the
Cauer I, Cauer II, Foster I, and Foster II canonical forms. The Cauer and Foster forms
are called canonical implementations of ZLC , because they realize immittance functions
using the minimum possible number of components. The minimum number of elements
required to realize an immittance function is n, the degree of the polynomial ZLC . Cauer
forms use a continued fraction expansion of ZLC . Cauer I repeatedly extract poles from
infinity, where Cauer II extract poles from the origin. A finite pole pair extraction is
also possible by doing a partial fraction expansion of an impedance function to realize
the Foster I form. Doing the same but using an admittance function instead realizes the
Foster II form.

The canonical forms are best illustrated by way of example. Using a simple Hurwitz
polynomial, the canonical forms results in four different circuit realizations. Let E(s) be
the Hurwitz polynomial,

E(s) = 1 + 8s+ s2 + 2s3,

Ee(s) = 1 + s2,

Eo(s) = 8s+ 2s3.

(2.56)

Let Z(s) be the impedance function,

Z(s) =
Eo(s)

Ee(s)
=

8s+ 2s3

1 + s2
. (2.57)

Cauer I

Synthesis with Cauer I repeatedly extract poles at s → ∞ from immittance functions.
The Cauer I realization is shown in Fig. 2.5a and its form is found by doing a continued
fraction expansion of the function similar to that of (2.55). Cauer I realization consists of
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a ladder circuit of shunt capacitors and series inductors which is most useful in low-pass
filters.

Z(s) = 2s+
1

s

6
+

1

6s

(2.58)

Cauer II

Cauer II synthesis requires the repeated extraction of poles at s→ 0 from the immittance
function. The Cauer II realization is shown in Fig. 2.5b. It consists of a ladder network
of shunt inductors and series capacitors and has best suited for high-pass filters.

Z(s) =
1

1

8s
+

1

3

32
s

+
1

1

8

3
s

.

Foster I

Fig. 2.5c shows the Foster I realization. The Foster I form is the partial fraction expansion
of the impedance function Z(s). The first form realizations are synthesised from parallel
LC resonators connected in series, and is associated with band-pass filters.

Z(s) = 2s+
1

s

6
+

1

6s

. (2.59)

Foster II

The Foster II realization is displayed in Fig. 2.5d. The Foster II form is found by partial
fraction expansion of the admittance function Y (s). The circuit is formed with series LC
resonant circuits connected in parallel.

Y (s) =
1 + s2

8s+ 2s3

=
1

8s
+

1

8

3
s+

1

3

32
s

(2.60)
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2H 6H

1
6
F

(a) Cauer I realization

8H

3
32
F

8
3
H

(b) Cauer II realization

2H

6H

1
6
F

(c) Foster I realization

8H

8
3
H

3
32
F

(d) Foster II realization

Figure 2.5: Equivalent circuits for Z(s) = 8s+2s3

1+s2
using Cauer I, II and Foster I, II real-

izations

2.2.3 Non-Canonical Realizations of LC Immitances

The canonical realizations provide poles and zeros at s =∞ and s = 0. Network synthesis
sometimes require specific features such as a branch that contains a circuit resonant at
a given frequency. The implementation of such features usually requires more than the
minimum number of LC elements. By partially removing a pole, the zeros of the transfer
function is shifted in the direction of the pole being removed. The pair of zeros closest to
the pole move the most.

An example may serve to demonstrate partial pole removal and zero shifting of an arbi-
trary Hurwitz polynomial. Let

E(s) = (s+ 1)4

= s4 + 4s3 + 6s2 + 4s+ 1

Ee(s) = s4 + 6s2 + 1

Eo(s) = 4s3 + 4s = 4s(s2 + 1)

(2.61)

so a realizable impedance function is given by

ZLC =
Ee
Eo

=
s4 + 6s2 + 1

4s3 + 4s
(2.62)
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which has a pole at s → ∞ and a residue of 1
4
. The pole at infinity is partially removed

by extracting a series inductor from the function

Z2 =
s4 + 6s2 + 1

4s3 + 4s
− ks, k < k∞ =

1

4

=
(1− 4k)s4 + (6− 4k)s2 + 1

4s3 − 4s
.

(2.63)

Fig. 2.6 displays how the zeros, in this case only the zeros of the positive half of the
imaginary plane, are shifted as the pole at infinity is partially removed bit by bit.

0 0.05 0.1 0.15 0.2 0.25

k

0

1

2

3

4

5
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7

8

Im
ag

in
ar

y
ax

is

Figure 2.6: Zero shifting by partial removal of a pole at infinity for an LC immittance
function. Only the positive half of the imaginary axis is shown. As k increases, the zeros
of the pole being removed, shifts. When the the pole is removed completely, the zero
shifts to infinity.

A resonance branch may be realized at s = ±j3 by partially removing the pole at infinity.
Solve for k from (2.63):

(1− 4k)s4 + (6− 4k)s2 + 1|s2=−9 = 0

288k = 28

k =
7

72
.

(2.64)

Now extract an inductor L1 = 7
72
≈ 0.09722 from ZLC to leave

Z2 =
11s4 + 101s2 + 18

72s3 + 72s
. (2.65)

The reciprocal Y2 = 1
Z2

has a pair of poles at s = ±j3 and a residue given by

k = lim
s→−9

Y2
s2 + 9

s
=

576

97
. (2.66)
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Removing the pole to find Y3 by subtracting the admittance

Yb =
576
97
s

s2 + 9
(2.67)

from Y2

Y3 = Y2 −
576
97
s

s2 + 9
=

648s

1067s2 + 194

Z3 =
1067s2 + 194

648s
.

(2.68)

Z3 has a pole at infinity with residue 1067
648

that can be removed by extracting an inductor
L3 to find Z4

Z4 = Z3 −
1067

648
s =

97

324s

Y4 =
324s

97
≈ 3.34021s = sC4.

(2.69)

Y4 has pole as s→∞. The branch impedance Zb is

Zb =
1

Yb
=

97

576
s+

97

64s

≈ 0.1684s+
1

0.65979s

= sLb +
1

sCb

(2.70)

Fig. 2.7 shows the implementation of ZLC with a resonant branch at s = ±j3.

L1 L3

C4

Lb

Cb

0.09722 1.64660

3.34021

0.1684

0.65979

Figure 2.7: ZLC with a resonant branch at s± j3.

In general, the loss poles are obtained through a resonance in a shunt branch or through
antiresonance in a series branch [16]. Fig. 2.9 shows the realization of the resonant branch
implementations.
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L

C

(a) Series antiresonance branch

L

C

(b) Shunt resonance branch

Figure 2.8: Loss poles are obtained through (a) a series antiresonance branch or (b) a
shunt resonance branch.

Partial pole removal is summarised as follows:

• The partial removal of a pole shifts the zeros toward the pole being removed.

• A zero cannot be shifted beyond an adjacent pole.

• The complete removal of a pole at infinity shifts the adjacent zero to infinity, the
complete removal of a pole at the origin shifts the adjacent zero to the origin, and
the complete removal of a pair of complex conjugate poles shifts two adjacent zeros
toward the positions of the removed poles.

• The partial or complete removal of a pole at the origin does not affect a zero at
infinity, nor does the partial or complete removal of a pole at infinity affect a zero
at the origin.

• There are limits on the amount a given partial pole removal can shift a given zero.
However, by using several steps of zero shifting, some zero can be moved to a desired
location on the jω-axis.

Brune Section

The implementation of a resonant branch as above forms the foundation for Brune section
realizations. Brune sections are important in the design of practical doubly terminated
ladder networks and impedance transformers. By repetition of the previous example,
realizing ZLC with a branch resonant at a prescribed frequency by completely removing
the pole at s→∞ with the extraction of a series inductor leaves

ZLC =
s

4
+

5s2 + 1

4s3 + 4s

= sL1 + Z2

Z2 =
5s2 + 1

4s3 + 4s

(2.71)
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that has a zero at infinity. Restoring a part of the pole that was removed, by removing a
negative inductance −L1 to shift the zeros to s = ±j3

Z3 = Z2 − s(−L1) (2.72)

and solving for L1 by shifting zeros to s = ±j3 from

5s2 + 1

4s3 + 4s
+ sL1|s=±j3 = 0

L1 =
11

72
.

(2.73)

This leaves

Z2 =
11s4 + 101s2 + 18

72s3 + 72s
. (2.74)

which is exactly the same as Z2 in (2.65) from the previous example. The synthesis is
completed identically to find circuit shown in Fig 2.9a. An equivalent circuit is given in
Fig 2.9b showing how Brune sections may be synthesized to give various equivalent circuit
realizations by shifting zeros from infinity or away from zero with pole extractions with
series or parallel elements given identical circuit parameters.

L2 L1 L3

C4

Lb

Cb

0.25 −0.15278 1.64660

3.34021

0.1684

0.65979

Brune section

(a) ZLC realization of a resonant branch at s±j3
using a Brune section.

1:t

L

C

Ideal Transformer

Perfect Transformer

(b) ZLC equivalent circuit realization with
a Brune section.

Figure 2.9: Equivalent circuit realizations of a resonance branch at s2 = −9 (a) Realization
of a resonant branch at s±j3 using a Brune section. (b) ZLC equivalent circuit realization
with a Brune section identical to an ideal transformer.

2.2.4 Summary

This section presented the pure mathematical criteria required to realize doubly termi-
nated, passive LC networks. Practical realization in canonical Cauer I, II, Foster I, II
forms were given as a method to realize circuits with a minimum number of elements
and non-canonical Brune sections realization by means of partial pole extraction and zero
shifting were discussed as a method for realization series and shunt resonance branches
and ideal transformer circuits. The methods presented are well known network synthesis
techniques, that are of fundamental importance in the design of filter and transformer
networks. The concepts discussed in this section will be applied in following section,
which forms the foundation the compact design.
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2.3 The Short-Step-Stub Chebyshev Impedance

Transformer

This section forms the foundation of the compact power combiner design presented in
this thesis and is based on a paper by Van Der Walt [2]. Power combiners are essentially
impedance transformer networks that match the impedance from a central port (usually
50 Ω) to multiple peripheral ports. The number of peripheral ports are denoted by N and
the corresponding combiner is classified as an N -way combiner. The well-known quarter-
wave impedance transformer provides a convenient way of matching between resistive
ports. These transformers have the benefit of easy implementation as all impedances lie
within the range of the port resistances, but have the disadvantage of being relatively
long, especially at lower microwave frequencies. For more compact designs in microwave
integrated circuits, short-step transformers are sometimes used with lengths of 1

12
or 1

16

of a wavelength at the center frequency of the response. Short-step transformers are
generally more difficult to implement than quarter-wave transformers due to the large
step discontinuities resulting from the large ratio of impedances within the transformer.
These restrictions on realizability and implementation are reduced by Levy [22] and even
further by Van Der Walt [2] with techniques utilising shunt stub lines that greatly reduce
the ratio of the largest to smallest impedance in the transformer. In his paper Van
Der Walt outlines the procedure to synthesize a short-step-stub Chebyshev impedance
transformer of order n with commensurate2 transmission lines to match between ports
with a given resistance ratio and specified bandwidth. Fig. 2.10 displays a λ

16
line short-

step stub transformer and a quarter wave transformer in a stripline layout for comparison.
The short-step transformer resembles a ladder configuration. The theory and techniques
presented in the previous section provide the means to dissect the synthesis procedure
presented in [2] that will ultimately allow a condense design of a coaxial wave guide power
combiner with a similar technique as that of the stripline configuration in Fig. 2.10.

2Transmission lines with identical length.
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0 0.25 0.5

wavelength

Quarterwave Transformer

Short-Step Stub Transformer

0.125

Figure 2.10: Typical transformer layouts for a 4-th order short-step and a order 2 quarter-
wave transformer demonstrating the significant reduction in transmission line length for
the short-step transformer of order 2N compared to a classical quarter-wave transformer
of order N .

All examples of circuit synthesis up to this point has only dealt with the necessity of
the Hurwitz polynomial, but a method for designing a specified circuit response has been
omitted. This section will introduce some transfer function approximation theory that is
mostly concerned with that of lossless, doubly terminated two port filter circuits. The
Chebyshev filter response is of particular interest, for which the reason will be explained
later. The realisability conditions for a lossless, doubly terminated two port is given by
(2.40) through (2.43). For a reciprocal two-port

S12 = S21 (2.75)

and clearly S11, S12 = S21, and S22 all have the same poles and therefore the same
denominator. For continuity, from (2.45) the S-parameters may be written in rational
form

S11 =
F (s)

E(s)
, S21 =

P (s)

E(s)
. (2.76)

From (2.40) it follows that

F (s)F (−s)
E(s)E(−s)

+
P (s)P (−s)
E(s)E(−s)

= 1. (2.77)

This equality is known as the Feldtkeller equation [16] and has a central role in the design
of doubly terminated two-ports. For a form more convenient for numerical calculations
(2.77) may be rewritten as

F (s)F (−s) + P (s)P (−s) = E(s)E(−s) (2.78)
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From the definition of (2.30) and (2.78) S21S
∗
21 is written

S21S
∗
21 =

P (s)P (−s)
E(s)E(−s)

=
P (s)P (−s)

F (s)F (−s) + P (s)P (−s)

=
1

1 + F (s)F (−s)
P (s)P (−s)

=
1

1 +K(s)K(−s)

(2.79)

The function K is known as the characteristic function and is important in the construc-
tion of transfer functions for filters that realise a given magnitude response [16]. Since
K(jω)K(−jω) is always positive it follows that

|S21(jω)|2 ≤ 1 (2.80)

which is constructed with a rational function with a magnitude larger than zero. |K|2
gives the ratio of the reflected and transmitted powers and is defined as

|K|2 =
|S11|2

|S21|2
=
F (s)

E(s)

E(s)

P (s)
=
F (s)

P (s)
. (2.81)

Let ρ = S11 be the reflection coefficient and |H|2

|H|2 =
1

|S21|2
(2.82)

H(s) is therefore the transducer function and represents a ratio of input power to output
power. With the definition of H(s) above, the characteristic function can be written in
the form,

K(s) = S11H(s) =
F (s)

E(s)

E(s)

P (s)
=
F (s)

P (s)
, (2.83)

which is useful for extracting ABCD parameters. Realizability conditions for a doubly
terminated, lossless, passive network may now be obtained in terms of H and E, P and
F . The conditions are summarised as follows [16]

• H(s) may be written as H(s) = E(s)
P (s)

, where E(s) and P (s) are polynomials with
real coefficients.

• E(s) is a strictly Hurwitz polynomial.

• P (s) is a purely even or odd polynomial unless common factors of E(s) and P (s)
cancel in H(s).

• The modulus of H(s) satisfies |H(s)| ≥ 1 on the imaginary axis.

• The degree of E(s) is greater than or equal to that of P (s) .

Not only have all the realizability conditions been established for the S-parameters, but
all the parameters of the two port network have now been identified. In particular the
ABCD transmission parameters are now readily available which is especially convenient
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for cascade synthesis. From (2.24) and the Feldtkeller equality in (2.77) it can be shown
that [23]

H(s) =
(AR2 +DR1) + (B + CR1R2)

2
√
R1R2

. (2.84)

The even and odd parts of H(s) are evidently

He(s) =
AR2 +DR1

2
√
R1R2

(2.85)

Ho(s) =
B + CR1R2

2
√
R1R2

. (2.86)

The same procedure is followed to show that

K(s) =
(AR2 −DR1) + (B − CR1R2)

2
√
R1R2

(2.87)

with its even and odd parts given by

Ke(s) =
AR2 −DR1

2
√
R1R2

(2.88)

Ko(s) =
B − CR1R2

2
√
R1R2

. (2.89)

Equations (2.85), (2.86), (2.88) and (2.89) are solved to give[
A B

C D

]
=

1√
R1R2

[
(He +Ke)R2 (Ho +Ko)

(Ho −Ko)R1R2 (He −Ke)R1

]
. (2.90)

It can be shown that by expanding the squared terms of (2.84) and (2.87) that

H(s)H(−s)−K(s)K(−s) = AD −BC = 1 (2.91)

which was also shown in Section 2.1. This is the fundamental design equation.

2.3.1 The Chebyshev approximation for a short-step-stub
transformer

The previous sections discussed the theory involved with realizable transducer func-
tions. It is now possible to develop the transfer function for a short-step-stub Chebyshev
impedance transformer. A perfect filter would have a zero reflection coefficient in the
passband of the the design, with infinite attenuation in the stop band, and a linear phase
response that minimize signal distortion in the passband. In practice this is not possible
but a close approximation to the desired response may be obtained by the appropriate
transformation of the transfer function. Some well-known filter responses include the
binomial transformer, which has a maximally flat response in the passband. Contrary
to the binomial transformer, the Chebyshev matching transformer is ideal for optimizing
the bandwidth of a response at the cost of insertion loss performance in the passband.
The compromise on the performance of the reflection coefficient in the passband leads
to a substantially improved bandwidth in comparison to the binomial transformer. The
Chebyshev transformer is designed by equating the insertion loss function S11, to a Cheby-
shev polynomial, which has the optimum characteristics for this type of filter [18]. The
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passband response is one of the important aspects of the short step filter, and another
is the significant reduction in size relative to classical quarter wave transformers while
offering comparable bandwidth.

The Chebyshev transfer function is derived by transforming a suitable s-plane response
to the p-plane using Richard’s transformation. This transformation is used to convert
lumped elements to transmission line sections, such as open-circuited or short-circuited
transmission line stubs at microwave frequencies [18]. The p-plane bandpass response
is then transformed to the z-plane where a Chebyshev general parameter characteristic
function is found. This function is then transformed back to the p-plane where the trans-
fer function of the transformer is synthesized [2].

For a short-step impedance transformer the relative bandwidth for which S11 ≤ Smax,
where Smax is the maximum ripple of the reflection coefficient in the passband, is defined
by

B =
ω2 − ω1

ωm
. (2.92)

The frequencies ω1 and ω2 are the respective lower and upper boundaries of the passband
and ωm is the center frequency of the response and is defined by

ωm =
ω2 − ω1

2
. (2.93)

The transformer is designed with transmission lines with an electrical length equal to a
quarter wavelength of the frequency ω0. The length of the commensurate transmission
lines used in the transformer is determined by

t =
ω0

ωm
(2.94)

where t is the ratio between the quarter wavelength frequency ω0 and the response center
frequency ωm and must satisfy t > (1+B/2). The response is transformed to the Richard’s
domain by the transformation

p = u+ jv = tanh(sT ) = tanh

(
sπ

2ω0

)
. (2.95)

Here p is the Richard’s variable and s = φ + jω is the Laplace variable. T is the delay
time of the lines. In the p-plane the frequencies are given by

v1,2 = tan

[(
1± B

2

)
π

2t

]
(2.96)

vm = tan
( π

2t

)
. (2.97)

An even-order n impedance transformer with r open-circuit stubs and (n−r) unit elements
should have r transmission zeros at p → ∞, corresponding to the r open-circuit stubs
and (n − r) transmission zeros at p2 = 1, corresponding to the (n − r) unit elements.
The characteristic function, with Chebyshev equiripple insertion loss in the passband and
poles located at the frequencies of the transmission zeros, is found by transforming the
p-plane response to the z-plane with the transformation [23] [24]

z2 =
p2 + v2

2

p2 + V 2
1

. (2.98)

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 2. SYNTHESIS 29

The Chebyshev general parameter function in the z-plane is [16] [24]

F (z)F (−z) =
[P (z) + P (−z)]2

4P (z)P (−z)
(2.99)

and the polynomial P (z) is given by

P (z) = (1 + z)r

(√
1 + v2

2

1 + v2
1

+ z

)n−r

. (2.100)

From (2.100) the transmission zeros at p → ∞ and p2 = 1 are clearly encapsulated in
the two factors. The function F (z)F (−z) is transformed back to the p-plane to find the
required transmission coefficient in a form suitable for synthesis

|S21|2 =
1

1 + k2F (z)F (−z)
. (2.101)

The number of open-circuit stubs r = 0, r = n/2, and r = n have simple closed-form
solutions for poles and zeros of (2.101).

2.3.2 Matching performance of the short-step transformer

In his paper [2] Van Der Walt also provides the matching performance for a short-step
transformer which shows excellent results in comparison to classical quarter wave trans-
formers. Evaluating the characteristic function at s = 0, which corresponds to p = 0
and consequently z = z0 = ±v2

v1
, yields the maximum voltage standing-wave ratio. No

impedance transformation takes place at this frequency which means that the reflection
coefficient may be determined by the ratio of the terminating resistances of the trans-
former, which is a convenient property.

The importance of the Feldtkeller equation is again apparent when applying the iden-
tity of (2.77) for a lossless network:

|S11|2 + |S21|2 = 1

|S11|2 = 1− 1

1 + k2F (z)F (−z)

=
kK0√

1 + k2K2
0

=

∣∣∣∣R2 −R1

R2 +R1

∣∣∣∣
(2.102)

where
K2

0 = F (z0)F (−z0). (2.103)

Given a relative bandwidth B, order n and resistance ratio R = R2

R1
, (2.102) may be solved

for k which leads to

k2 =
(R− 1)2

4RK2
0

. (2.104)

The maximum passband ripple for the transformer response is

Lm = 10 log10(1 + k2) (2.105)
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which in decibels (dB) is a reflection coefficient of

S11 = 10 log10(k2) dB (2.106)

and the maximum passband voltage standing-wave ratio is given by

VSWR = (
√

1 + k2 + k)2. (2.107)

The performance of the passband is determined by the value K0, the constant term in
|S21|2z=z0 .

2.3.3 Synthesis and Element Extraction

Element values are extracted by using a procedure similar to those given in the previous
sections, but is extended to distributed networks by utilising the Richard’s transform
and Kuroda’s identities [18]. From the transducer function in (2.101) the transmission
parameters, (ABCD) for the transformer is found by the parameter identification from
(2.90) and (2.84) through (2.89). The inverse transmission parameter matrices for a
general open-circuit shunt stub and a unit element respectively, are also determined and
form the basic sections from which the transformer is assembled. Fig. 2.12 displays
these sections in cascade. The ABCD matrix of a length l of a transmission line with
characteristic impedance Z1 is given by[

A B

C D

]
=

[
cos βl jZ1 sin βl
j
Z1

sin βl cos βl

]
=

1√
1 + p2

[
1 pZ1

p
Z1

1

]
(2.108)

where p = j tan βl. The open-circuit stub of length l and characteristic impedance Z2 has
a transmission matrix given by [18][

A B

C D

]
=

[
1 0
p
Z2

1

]
. (2.109)

The inverse transmission matrices for a unit element and a shunt open-circuit stub is
given by

1√
1 + p2

[
1 pZ1

p
Z1

1

]−1

=
1√

1 + p2

[
1 −pZ1

−p
Z1

1

]
(2.110)

and [
1 0
p
Z2

1

]−1

=

[
1 0
−p
Z2

1

]
, (2.111)

where it will prove more useful to express (2.111) by its characteristic admittance[
1 0

pY2 1

]−1

=

[
1 0

−pY2 1

]
. (2.112)

The synthesis is done by examination of the poles of the transmission parameters of
the transformer to establish what types of circuit sections may be extracted. A section
is then extracted from left or right, by pre-multiplication or post-multiplication of the
transformer’s transmission matrix by the inverse matrix of the section to be extracted.
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The characteristic impedance of the section extracted is calculated such that the result-
ing matrix has a reduced order due to either pole cancellation of the parameters or by
cancellation of the coefficients of highest or lowest order term of the numerators. This
procedure is followed repeatedly until the order of the transmission matrix is reduced to
zero with only an ideal transformer remaining. The order of two parameters are reduced
at each step in the synthesis procedure and numerical accuracy is verified by ensuring
that the order of each parameter is reduced simultaneously [2]. Traditionally the topic of
numerical accuracy has always had to accompany the synthesis of filters, as a high degree
significant digits are required to accommodate for the sensitivity of frequency depen-
dent circuits. Lind [25] investigates methods that provide the highest degree of accuracy
with particular relevance to cascade synthesis. These methods are incorporated in the
numerical calculations of all transformer designs throughout this thesis.

2.3.4 Design Example

To serve as an example, the design of a fourth-order short-step stub Chebyshev impedance
transformer is presented using (2.92) through (2.107). It is constructed with commensu-
rate λ

12
lines (t = 3), with a relative bandwidth of 20%, and a transformer ratio R = 5.

From (2.96) the lower- and upper-bound frequencies, in radians, are

v1 = 0.5095

v2 = 0.6494.
(2.113)

The construction of the transducer function then begins by a z-plane transformation
with v1 and v2 and the z-plane transformation according to (2.98). The polynomial P is
constructed with (2.100) by substitution of (2.98) and v1 and v2

P (z) = (1 + z)2

(√
1 + v2

2

1 + v2
1

+ z

)2

=
z4 + 4.1248z3 + 6.3783z2 + 4.3822z + 1.1287

z4 − 4.1248z3 + 6.3783z2 − 4.3822z + 1.1287

(2.114)

from which F (z)F (−z) is found by substituting P (z) into (2.99)

F (z)F (−z) =
z8 + 12.7566z6 + 42.9403z4 + 14.3984z2 + 1.2739

z8 − 4.2574z6 + 6.78877z4 − 4.8053z2 + 1.2739
. (2.115)

The characteristic function is found by converting back to the p-plane and evaluating
F (p)F (−p) which is further simplified by dividing through with the denominator’s highest
order coefficient

F (p)F (−p) =
166244.95p8 + 225725.34p6 + 113840.88p4 + 25267.82p2 + 2083.16√

1− p2
.

(2.116)

The performance parameters K2
0 and k2 are found by evaluating F (p)F (−p) at p = 0.

Here no impedance transformation takes place and (2.103) through (2.107) holds true and
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gives

K2
0 = 2083.2

k2 = 0.00038403

Lm = 0.0016675 dB

VSWR = 1.040

(2.117)

and the maximum value of the reflection coefficient in the passband is −34.1563 dB. With
the value of k2 known, the function for |S21|2 from (2.102) may be constructed in a form
suitable for synthesis as the transmission parameter can be found from the transmission
zeros at p→∞ and p2 = 0. The transmission parameters of H(p) are found numerically
by calculating its roots. The roots are shown in Fig. 2.11.
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Figure 2.11: Transmission zeros of H(p)H(−p). The Transmission zeros for H(p) are
located in the LHP.

There are four transmission zeros in the LHP corresponding to H(p) and four in the RHP
from H(−p). Note the transmission zeros occur in conjugate pairs and lie symmetrically
around the imaginary axis as well as the real axis. Two of the conjugate pairs lie close
together around the zero vertical on real axis and are almost indistinguishable.

The transmission matrix is calculated from H(p) and K(p) with (2.90) and gives[
A B

C D

]
=

1

1− p2

[
2.2361 + 15.117p2 + 15.980p4 4.2783p+ 8.2586p3

4.2783p+ 8.2586p3 0.4472 + 4.2680p2

]
. (2.118)

The ABCD parameters have two common factors
√

1− p2 in their denominators that
imply that unit elements can be extracted from any port. The parameter A, which was
identified in Fig 2.3a and in(2.20) as the inverse open-circuit voltage ratio of the impedance
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transformer, has one more transmission zero than parameters B and C and two more than
parameter D implying a parallel open-circuit shunt stub at port 2 and a series short-circuit
stub at port 1 [2]. Fig. 2.12 displays one of the Kuroda identities [18] and this shows that
a series short-circuit stub cascaded with a unit element is equivalent to a unit element
cascaded with a shunt open-circuit stub. It is therefore possible to construct a network
with the same topology as the short-step stub transformer from Fig. 2.10.

Unit element

Z1

Z2O.C.
shunt
stub

l

l

(a) Open-circuit shunt stub cascaded with
a unit element.

Unit element

S.C.
series
stub

Z1

n2

Z1

n2

l

l

(b) Short-circuit series stub cascaded with
a unit element.

Figure 2.12: Kuroda identity displaying equivalent circuits of a unit element with a par-
allel, open-circuit stub and a unit element with a series, short-circuited stub.

A unit element is extracted from the left side of the impedance transformer by pre-
multiplying the transmission matrix by the inverse ABCD matrix of a unit element given
in (2.110). The result is of the form

(1− p2)−1

[
A′ B′

C ′ D′

]
= (1− p2)−1

[
A− pB

Z1
B − pZ1A

C − pD
Z1

D − pZ1C

]
. (2.119)

For a reduction in the order, the factor (1 − p2) has to cancel a similar factor in the
numerators of the parameters. In order to create transmission zeros at p2 = 1 in the
numerators, the unit element that is extracted requires a characteristic impedance Z1 =
B(p2=1)
A(p2=1)

= D(p2=1)
C(p2=1)

. The extraction will only be possible if both conditions for Z1 hold.

The extraction from A(1) yields an unit element with a characteristic impedance of Z1 =
2.5688 Ω. The resultant matrix is

1

1− p2

[
2.2361 + 5.9777p2 3.0893p

3.4373p+ 6.0103p3 0.4472 + 3.1061p2

]
. (2.120)

From (2.120) an open-circuit shunt stub may be extracted from C which is the inverse
open-circuit transfer impedance. It has two transmission zeros at infinity, while parameter
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B, which is the inverse short-circuit transfer admittance, has none. An extraction from the
left side is done by pre-multiplying the transmission matrix from (2.120) with the inverse
admittance matrix (2.112) of an open-circuit shunt stub with a characteristic admittance
Y2. The extraction leaves a matrix of the form[

A′ B′

C ′ D′

]
=

[
A B

C − pY2A D − pY2B

]
. (2.121)

A transmission zero at infinity is removed by cancellation of the highest order coefficients
in C ′ and D′, thereby reducing the order of the matrix. Therefore

Y2 = lim
p→∞

[
C

pA

]
= lim

p→∞

[
D

pB

]
. (2.122)

A shunt stub with characteristic admittance Y2 = 1.0055 S is extracted and leaves

1√
1− p2

[
2.2361 + 5.9777p2 3.0893p

1.18907p 0.4472

]
. (2.123)

Another unit element with characteristic impedance Z3 = 6.9077 Ω is extracted from
the left side following the same procedure as before and then another shunt stub with
characteristic admittance Y4 = 0.3870 S is extracted from the left side in the same way as
Y2 was extracted. The transmission matrix order is reduced until only an ideal transform
remains given by [

2.2361 0

0 0.4472

]
. (2.124)

The transformer turns ratio is 2.2361 : 1 which transforms a normalized port impedance
of 1 Ω to the specified 5 Ω port impedance. With the synthesis completed the normalized
extracted element values can be scaled to match practical port impedances. Fig. 2.13
shows the response of the fourth-order short-step stub Chebyshev impedance transformer,
scaled to match a 50 Ω port to a 10 Ω port with the lower edge of the passband frequency at
0.9 GHz and the upper edge at 1.1 GHz for a bandwidth of 20% around a center frequency
fc = 1 GHz. The maximum value of the reflection coefficient in the passband is −34.16 dB.
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Figure 2.13: |S11| Response of the short-step stub Chebyshev impedance transformer.

The circuit could easily be implemented using quasi-TEM striplines or microstriplines,
however as the goal is to implement the design as a axially symmetric waveguide power
combiner, Fig. 2.14 displays the implementation of the circuit in the design example using
coaxial lines in AWR Microwave Office. The 10 Ω port impedance is a representation of
the combined parallel impedances, typically realized by five standard 50 Ω ports, posi-
tioned symmetrically around the waveguide structure . These ports are referred to as the
peripheral ports and there number, i.e. 5 is indicative of the transformer ratio.

Port 1Port 2
Z = 26.59ΩZ = 69.07Ω

Z = 9.95ΩZ = 25.84Ω

Z = 50Ωll

l = λ/16

l l

Z = 10Ω

Figure 2.14: Microwave Office coaxial line implementation of the short step transformer
with λ

12
lines.

2.3.5 Passband Performance Comparison

Using the exact same design procedure as outlined above, a multitude of short-step trans-
former synthesis are possible within the constraints as given in the example above. Some
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higher order design examples are shown, exhibiting significant improvement in the pass-
band performance in terms of the bandwidth and reflection coefficients, at the cost of a
larger circuit.

Type order N Bandwidth |S11| dB Total length

Quarter-wave 2 0.35 −26 0.5λ

Short-step λ
16

4 0.35 −22 0.125λ

Quarter-wave 3 0.67 −26 0.75λ

Short-step λ
16

6 0.67 −20 0.25λ

Quarter-wave 4 0.35 −27 λ

Short-step λ
16

8 0.35 −19 0.375λ

Table 2.1: Passband performance comparison of quarter-wave vs. short-step Chebyshev
transformers.

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 2. SYNTHESIS 37

(a) 2nd order quarter-wave- vs. 4th order short-step
transformer.

(b) 3rd order quarter wave- vs. 6th order short-step trans-
former.

(c) 4th order quarter-wave- vs. 8th order short-step trans-
former.

Figure 2.15: Passband performance comparison between N-th order quarter-wave, Cheby-
shev impedance transformer vs 2N-th order short-step Chebyshev transformers.

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 2. SYNTHESIS 38

Table 2.1 and Fig. 2.15 show a comparison between the passband performance of a quarter-
wave Chebyshev impedance matching transformer of order N , and a Chebyshev short-step
impedance matching transformer of order 2N . The trade-off between the compromise
in passband ripple performance for comparable bandwidth and significant reduction in
the overall size is clear for the short-step transformer. It is also noted that the short-
step is required to be of an order double that of the quarter-wave implementation to
become comparable, and as a rule, higher order implementation become more sensitive to
deviations in element values [24], resulting in a higher complexity in realizing the circuit.

2.3.6 Summary

This section has provided a thorough discussion along with examples and performance
comparisons for the synthesis of short-step stub Chebyshev impedance transformers. In
comparison to a traditional quarter-wave Chebyshev matching transformer, the short-
step transformer makes up for what it lacks in passband ripple by providing a solution
that compares very well in terms of bandwidth, but offers significant reductions in over-
all physical dimensions. Short-step transformers of order 2n have bandwidths equal to
quarter-wave transformers of order n whilst being only a quarter of the length. The trans-
formers also offer flexible design constraints that allow for a wide range of suitable circuits
to be designed which may provide acceptable passband ripples at the cost of decreasing
the bandwidth.

2.4 Conclusion

The necessary theory of analysis and realizability requirements that form the foundation
for the synthesis procedures has been presented. The scope was limited to that of pas-
sive, lossless two-ports and its applicability to N-ports, such as coaxial power combining
structures, were pointed out. The synthesis methodology enables the compact design
of circuits, that if implemented within coaxial combiners can greatly reduce the overall
physical dimensions of such structures, especially those operating at lower frequencies,
where size considerations are extremely important. The chapter also provided examples
in each section by which the conveying of the design procedure is solidified. Table 2.1
summarises the benefit of short-step transformer circuits over quarter-wave matching sec-
tions in terms of physical dimensions whilst displaying excellent bandwidth comparison.
The design example adapted form [2] lays the foundation of the design of the coaxial
combining structure in the following chapter.

In summary, the discussion points of focus for this chapter are:

1. The presentation of circuit analysis techniques that are prerequisites to circuit syn-
thesis.

2. The realizability conditions and circuit types used for developing practical, realizable
circuits using a minimum number of elements, and the transfer design for a required
response.

3. The design procedures for a Chebyshev short-step stub impedance transformer re-
alization that form the foundation for designing compact coaxial impedance trans-
forming structures that offer the desired bandwidth, with acceptable passband re-
flection coefficients whilst significantly reducing overall circuit size.
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Chapter 3

Compact N-Way Coaxial Waveguide
Combiners

The short-step filter designs from Chapter 2 are highly susceptible to performance degra-
dations when implemented as distributed circuits, partly due the fact that the poles and
zeros of the transfer function rely on resonant structures of which the combination of L
and C values are unique and because distributed circuits are sensitive to numerous factors
that make wave mode propagation unsymmetrical. For this reason uniform TEM coax-
ial lines are ideally suited for the purpose of realizing the unit elements of a short-step
transformer as they offer constant line impedance with radial distance. The symmetry of
coaxial lines also have greater benefits than traditional T-junction and Wilkinson power
combiners, which are resistive in nature, thus incurring undesired power losses and are
bulky when extended to N-way combiners [18]. The advantages of aforementioned tradi-
tional power combiners are, that they are easier to match and isolate the input ports. The
focus of this chapter is the design of lossless combiners, which rely on external circuitry
and a large number of combining ports for adequate isolation.

This chapter discusses the methods for implementing a short-step stub Chebyshev im-
pedance transformer as a coaxial combining structure, and it also addresses a particular
practical difficulty that arises when trying to implement a short-step transformer as it
was synthesized in Chapter 2. An approach for implementing the shunt elements are dis-
cussed and analysed and a few compact power combiners are synthesized and presented
with design examples.

This chapter is mainly concerned with the design of a compact axially symmetric power
combiner. It starts with a discussion on the design and application of waveguide power
combiners, with a focus on axially symmetric structures. A general combining structure
configuration and geometrical parameters are presented which is referenced throughout
the chapter. A thorough discussion on design consideration with waveguide implementa-
tions covers most of the practical constraints in realising the synthesised short-step circuits
from Chapter 2. The individual parts and the implementation of these are broken up into
subsections and presented in a logical order that follows the design process. Towards the
end of the chapter a detailed design example is given, following the same order as the
sections before. The results of several designs are then presented and analysed before the
concluding discussions.

39

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 3. COMPACT N-WAY COAXIAL WAVEGUIDE COMBINERS 40

3.1 General Parameters of a Coaxial Combiner

This section introduces some of the general parameters and terminology used with coaxial
power combiners. When the circuit is reciprocal it is commonly referred to as a combiner
or divider as the circuit functions as both. Fig 3.1 displays a simplified transmission
line model of a N -way power combiner with transmission lines joined at a single point.
Note that an N -way combiner has a total of N + 1 ports. The central combining port is
designated as port 1 and transmits the combined power of ports 2 to N + 1 and therefore
needs a connector capable of handling the high power. Ports 2 to N + 1 are the N
peripheral ports which are driven with equivalent phase and amplitude signals that is
combined within the waveguide structure and transmitted at high power from the central
port.

Z0

NZ0

NZ0

NZ0

1

2

3

N+1

Figure 3.1: Simplified transmission line model of reactive N-way combiner. Adopted
from [26].

z

x

y

a

b

φ

ρ

V = 0

V = V0

Figure 3.2: Coaxial line geometry.

The coaxial combiners used in the design within this chapter are cylindrical in shape with
common spacial references depicted in Fig 3.2. It shows a cross-section of a coaxial line
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with an inner conductor of radius a, an outer conductor radius b and an arbitrary point
between the inner- and outer conductors at radius ρ at an angle φ to the x-axis in the
xy plane. The inner conductor is at a potential V0 where the outer conductor is usually
the voltage reference point V = 0. The cylindrical structure extrudes into the positive
z-direction from the central port and the entire structure is symmetrical around the z-axis.

A 2D view of a general 8-way coaxial combiner with its parameters is shown in Fig. 3.3.

r0z
r5 r4 r3 r2 r1

No

Ni

ltl0l2l4l6l8

d1d2d3d4

So

Peripheral Port

Central Port

Dielectric Disc
ABCD

Back-short

Figure 3.3: 2D cross-section of an 8-way coaxial combiner with its parameters.

360o/N
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3

4

5

6

7

8

9

Figure 3.4: xy-Plane cross-section of the 8 periheral ports, 2 - N+1, arranged symmetri-
cally around the axis of the central port of an 8-way combiner.
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To gain some insight into the operating theory of the combining structure it is divided
into four different sections A-D by the vertical dashed lines. The coaxial peripheral
ports on the oversized combining structure, section D-C, connects perpendicularly to
the central coaxial waveguide which is short-circuited at a distance l8, the back-short
length, on one side of the input ports, while the other side is followed at a distance l6
from the peripheral ports by a stepped impedance coaxial line matching section C-B.
A characteristic line impedance for the section of length l8 is initially approximated by
including a transmission zero at p = 0 in the previous synthesis, which provides an open
circuit at the centre frequency when looking from the input port side to the short wall at
D. The propagating mode in the central coaxial waveguide is required to be the dominant
TEM mode as its axially symmetric electric field is essential for phase and amplitude
balance between the individual peripheral ports. In order for the combiner to be at
maximum efficiency, the ports have to be fed symmetrically to prevent the excitation of
higher order modes that bring about undesired effects. The radii of the different sections
are denoted by rj, where j = 1, 2.... The outer conductor radius r0 is chosen to provide
sufficient circumference for accommodating the input port connectors, while also taking
into account the power handling requirements and the cut-off frequency of higher order
modes of propagation. The matching section comprises of two sections C-B and B-A. The
C-B sections is an air-filled coaxial line with a fixed outer conductor radius with stepped
impedances and etched-line dielectric discs used to implement the short-step Chebyshev
impedance transformer. The transformer is responsible for matching the 50 Ω central
combing port at A to the 50/N Ω peripheral ports. Section B-A is a constant 50 Ω
coaxial waveguide with tapered inner- and outer conductor profile that transitions the
oversized coaxial line to a standard 50 Ω connector such as an N-type. The length lt is the
length of the tapered section along the z-axis. The dimensions di, where i = 1, 2, ... are
the thickness of dielectric discs used in the implementation of stub lines which is detailed
in Section 3.3.1. Each design stage will reference a section denoted in Fig. 3.3.
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3.2 Design Considerations with Waveguide

Implementations

The compact short-step stub circuit designs from Chapter 2 are not as readily imple-
mented in waveguide structures as with microstrip distributed circuit realizations. Axi-
ally symmetric waveguide combining structures typically require a back-short behind the
peripheral ports of approximately a quarter wavelength shown as l8 in Fig 3.3. This is
to transform the short circuit at the end of the line to an open circuit at the peripheral
feeding ports. A transmission zero is introduced at the frequency where the back-short
length becomes a half wavelength in pure TEM structures. Unfortunately the inclusion
of a back-short complicates the synthesis procedure. This section introduces a numerical
approach that forms part of the synthesis that allows for an accurate design of a short-step
circuit that includes a back-short within coaxial waveguide structures.

Other difficulties in the design arise due to the reliance on symmetrical structure with
TEM wave propagation. Higher order modes of propagation may occur within the waveg-
uide structure that introduce unsymmetrical fields that bring about undesired behaviour
in the system. Measures have to be taken in the initial consideration of the design param-
eters to allow for the physical dimensions needed to accommodate N ports, whilst taking
into account the type of ports required for the peripheral ports and combining central
port respectively and avoiding higher order modes of propagation. How well the ports are
isolated from each other is another consideration and it partially depends on the number
of ports and the spacing between them and will have an influence on the performance of
the design. This is an important factor in the overall system design as graceful degrada-
tion allows the system to function even in the presence of individual failures.

Another important deliberation is the power capacity of the circuit. There is a trade-
off to be made between the bandwidth and insertion loss of the structure versus its power
handling capabilities. The power capacity is limited by voltage breakdown among other
factors and larger structures have more power capacity, but as the size of the structure
increases, so does the likelihood of higher order modes of propagation. This section dis-
cusses the above considerations and the relationships between them, in an attempt to
mitigate any undesired results and compromises that they may incur.

3.2.1 Synthesis with a Back-Short Approximation

The back-short creates a direct current (DC) short circuit between the coaxial conductors,
but at the operating frequency of the device it is an open circuit as the impedance looking
from the peripheral ports into the back-short appears as an open-circuit to all waves within
the passband. The waves entering and exiting the circuit then only travels between the
central port and the peripheral ports. The back-short requires the synthesis of the circuit
to include a transmission zero at p = 0. This introduces difficulties of its own as the
equation from Section 2.3.2, with no impedance transformation takes place at p = 0
when z = z0 = ±v2

v1
, is no longer valid. Subsequently the primary design equation

(2.102) no longer holds true and equations (2.103) through (2.107) are also forfeit. An
exact synthesis is analytically still possible, by evaluating (2.102) at the center frequency
of operation consequently with all subsequent design equations holding true, but the
analytical process would be tedious and a numerical approximation may prove to be
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cheaper in terms of computation time, without significant loss in accuracy. The synthesis
from Section 2.3.1 is followed in the same way as before. The back-short is included in
the synthesis by introducing a transmission zero at zero within the polynomial P (z) from
(2.100).

P (z) = (1 + z)r
(√

1 + v2
2

1 + v2
1

+ z

)n−r−1(
±v2

v1

+ z

)1

(3.1)

The rest of the synthesis my be carried out exactly as in Section 2.3.1, but the desired
impedance transformation will be lost. The transformer ratio is no longer equal to the
impedance ratio R as before. Instead the transformer ratio is now a frequency dependent
function and all element impedances have to be taken into account. Equation (2.104)
may be used as an initial approximation and k2 is found by numerically adjusting the
impedance ratio R such that the transformer ratio as given in (2.124) converge to the
desired transformer ratio. The numerical approximation delivers satisfactory results which
has excellent comparison to the analytical synthesis procedure. Fig. 3.5 displays the circuit
configuration of a coaxial line implementation of a short-step transformer with a back-
short. The element extractions are performed using the dual circuit. The difference is
prominent when the circuit configuration from Fig. 2.14 is compared with that of Fig. 3.5.
With the normal synthesis procedure as done in Section 2.3, the first element extracted
from the left is a unit element, where as with the dual circuit the first viable element
extraction is a shunt open circuit. Element extraction from the dual circuit is a necessity
that arises from the inclusion of a back-short.

Port 1
Z = 50

Port 2 to N + 1
Z = 50/N

Z1

Z2

Z3Z5

Z4Z6

Backshort

l l l

l l l

Figure 3.5: A basic congiuration of the short-step transformer circuit with a back-short.
The circuit is simulated in AWR MWO with coaxial transmission line elements. The
element extractions are performed using the dual circuit parameters.
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(a) Comparison: 6th order short-step transformer.

(b) Comparison: 8th order short-step transformer.

(c) Comparison: 10th order short-step transformer.

Figure 3.6: N-th order Chebyshev short-step impedance transformer comparison between
analytical synthesis without a back-short and numerically approximated synthesis that
include a back-short.
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A performance comparison between the analytically synthesised short-step transformers
without a back-short and numerically approximated short-step synthesis that includes a
back-short is summarised in Table 3.1. The circuit responses for a 6th, 8th, and 10th
order short-step transformer for each of the above mentioned circuit synthesis are shown
for comparison in Fig. 3.6. Improvement in the S11 parameters of the circuits including a

Synthesis order N Relative Bandwidth |S11| dB Total length

Short-step 6 0.5 −25.75 0.1875λ

Back-short 6 0.5 −27.58 0.1875λ

Short-step 8 0.67 −29.5 0.25λ

Back-short 8 0.67 −31.4 0.25λ

Short-step 10 1.0 −21.5 0.3125λ

Back-short 10 1.0 −24.3 0.3125λ

Table 3.1: Passband performance comparison of short-step synthesised filters, and filter
synthesis with a numerical approximation for the inclusion of a back-short with a given
transformer ratio.

back-short while retaining the specified bandwidth is demonstrated in Fig 3.6 and Table
3.1. Compared to the synthesized filters without the back-short the improvement in the
reflection coefficient in the passband is an added bonus and serves to demonstrate that
no compromises are made in the numerical synthesis with the back-short approximation.

3.2.2 Higher Order Modes

In coaxial waveguides, the fundamental mode of propagation is the TEM mode. TEM
mode propagation is desireable in axially symmetrical waveguide structures, since it has
a constant characteristic impedance with radial distance. This property is desirable and
makes coaxial transmission lines ideally suited for incorporating the short step filters from
Chapter 2. Coaxial lines can also support transverse electric (TE) and transverse magnetic
(TM) waveguide modes. These modes are usually evanescent and excited at discontinuities
or unsymmetrical features [27]. To gain a higher degree of insight into such behaviour, full
wave simulations are necessary as the effects are mainly reactive and in close proximity
to the discontinuity [28]. In practise these effects are generally undesirable but may be
useful in certain aspects of the designs of this chapter. Whether or not reactive effects
are required, it remains important to be aware of the cut off frequency of the lowest order
modes in order to avoid propagation thereof. Some unwanted effects can occur when two
or more modes propagate with different propagation constants. In designing a structure
that avoids the propagation of higher order modes, an upper limit is set on the physical
size of the coaxial waveguide, or seen differently, a limit on the operating frequency of the
waveguide. The upper-limit on the size of the structure also imposes limits on the power
handling capabilities of the coaxial combiner. Power handling is discussed in Section
3.2.3.
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Cut-Off Frequencies

The presence of higher-order wave propagation modes makes it difficult to find accurate
circuit model representations for waveguide structures when the circuit is not driven sym-
metrically, and especially with the difference in the physical separation of the peripheral
ports. It is important to know the cut-off frequency of the dominant higher order mode
in the initial design consideration as it will place limitations on the maximum amount
of peripheral ports that can be placed on the combining structure. In coaxial lines the
dominant waveguide mode is the TE11 mode and is of primary importance in a coax-
ial combiner design that avoids higher order modes. From [18] Maxwell’s equations are
applied together with the boundary conditions of a coaxial waveguide that results in a
transcendental equation which must be solved numerically for the cut-off wave number to
find an approximated solution of

kc =
2

a+ b
(3.2)

where kc is the cut-off wave number, and a and b is, as shown in Fig. 3.2, the respective
inner and outer radii of the coaxial line. Fig 3.7 displays the numerically approximated
cut-off wave number for various ratios of b/a and may be used to estimate the cut-off
frequency of the dominating TE11 mode for a given coaxial line by using the formula

fc =
kc

2π
√
µε

(3.3)

where µ is the magnetic permeability and ε is the electric permittivity of the insulating
medium.

Figure 3.7: Normalized cut-off frequency of the dominant TE11 waveguide mode for a
coaxial line. Image reproduced from [18].
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In practise it is recommended to use a 5% safety margin with this approximation —
0.95fc [18].

3.2.3 Power Handling Capabilities

The power handling capabilities for waveguides is determined by the voltage breakdown
of the dielectric medium inside the guide. Throughout this chapter the power combiner
designs will be based on air-filled coaxial lines. Voltage breakdown occurs at electric
field strength of Ed = 3 MV m−1 for standard room temperature at sea level pressure.
Thermal effects and reflections on the line may further decrease the power capacity of the
structure. Given a coaxial structure with parameter dimensions as shown in Fig 3.2 the
field strength of coaxial lines vary according to

Eρ =
V0

ρ ln b/a
(3.4)

which has a maximum at the inner conductor ρ = a. The maximum peak-to-peak voltage
before breakdown occurs is then given by

Vppmax = Eda ln (b/a), (3.5)

which gives a maximum power of

Pppmax =
V 2
ppmax

2Z0

=
a2πE2

d

η0

(3.6)

where η0 =
√
µ0/ε is the intrinsic impedance of the dielectric medium. Voltage break-

down and arcing are transient effects that occur at high-speed and therefore the given
power and voltage limits are peak values and the average power capacities will be lower.
The power capacity can be increased by using dielectric materials other than air, that
typically have higher electric breakdown strengths, but these may be more susceptible to
ohmic losses and thermal effects [29].

A minimum power handling capability places restrictions on the minimum size of the
coaxial combiner, but it is not necessarily the primary factor imposing the lower-limit on
the radial size of the combiner. Depending on the number of peripheral ports needed and
the type selected from the standard connectors available, as well as the isolation require-
ments and spacing between connectors, the combiner may require a larger diameter than
needed for the prescribed power handling. Most of the standard connectors for coaxial
lines use a 50 Ω characteristic impedance, with some exceptions such as 75 Ω in television
cables. Historically these choices of standard line impedances are due to the fact that air-
filled coaxial lines have a minimum attenuation at a characteristic line impedance of 77 Ω
but a maximum power capacity is achieved at a line impedance of about 30 Ω. The 50 Ω
standard for coaxial line connectors, thus stems from a compromise between minimum
attenuation and maximum power handling capability [18].

Connector Types

As mentioned before the choice of connector type is an important consideration which
entail compromises that have to be taken into account when specifying the design goals.
The power combiner designs within this chapter utilizes two different types of connectors
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for the central combing port and for the peripheral ports which deliver the signals that
are combined. The central combining port requires the highest power handling capacity
as the combined signal power is transmitted from this connector. The peripheral port
connectors does not need as much power capacity as the power from the central port
is equally divided between the N peripheral ports. For the reasons given, the central
combiner will need a larger connector type with more power handling capacity whereas
the peripheral connectors may be smaller in order to fit more ports on a device with a
given radial size, or to minimize the radial size of a devices with a specified number of
peripheral ports.

The central port is designed with a N-type, high performance RF coaxial connector. It is
particularly suited where high power and performance is needed. Although it is physically
larger than other types of connectors such as the BNC or TNC type connectors, the N-
type connector is more suited to use with larger, low-loss cables and is able to withstand
relatively high power. The connectors is specified to function to up to 18 GHz. The peak
power capability of an N connector is determined by voltage breakdown in the region near
the centre pin. The average power rating is affected by the level of heating that occurs
due to resistance on the centre contact, at the points of the contact in particular because
of the skin effect that is frequency dependent. Some N-type connector data sheet report
that with a perfect load V SWR = 1 : 1.0 a power rating up to 5 kW at 18 GHz.

The peripheral ports are designed to use Sub-Miniature A (SMA) connectors which are
small compared to N-type connectors and have less spacial requirements. The SMA con-
nectors can also function at 18 GHz but figures for power handling of SMA connectors vary
widely between manufacturers with some data sheets indicating power handling capacity
of 500 W at 1 GHz to power ratings just below 200 W at 10 GHz.

3.2.4 Bode-Fano Criterion

An important trade-off to keep in mind when designing impedance transformers is the
Bode-Fano criterion. It presents the theoretical limits that constrain the performance
of an impedance matching network. The criterion provides the compromise between the
maximum allowable reflection in the passband for a given bandwidth. The full scope
of this criterion will not be discussed here, but a summary thereof may prove useful in
benchmarking designs with certain load impedances [30]. In summary the conclusions
from Fano’s theoretical limitations on arbitrary impedance matching is given:

• For a particular load, the bandwidth of the matching circuit can only be improved
at the cost of a higher reflection coefficient.

• A perfect match is only possible with a zero bandwidth, i.e. the reflection coefficient
can only be zero at a finite number of discrete frequencies.

• As the impedance ratio R increases, the performance of the matching circuit, in
either bandwidth, passband reflection coefficient or both, must decrease.

This means that a matching network has to be optimized so that the return loss curve
in the passband is as small as possible for the given bandwidth requirement. An ideal
response would look like a square wave, but would require a matching circuit with infinite
elements. Instead the ideal response may best approximated with a Chebyshev response
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when the maximum of the passband ripple is made equal to the desired reflection coeffi-
cient.

3.2.5 Summary

This section has highlighted important considerations to take into account at the initial
design stage. Not only have general compromises in designing coaxial power combiner
been pointed out, but also some specific constraints when integrating a Chebyshev short-
step impedance transformer within a coaxial combiner. The trade-off between choices in
design parameters are summarised as:

• Waveguide implementation of short-step filters requires a back-short. A purely
analytical synthesis is substituted for a synthesis procedure that incorporates a
numerical approach that includes a back-short for a specified transformer ratio and
bandwidth.

• Higher order modes of propagation bring about undesired effects and the cut-off
frequecies of these modes have to be taken into account at the cost of power handling
capability.

• Power handling capacity has to be optimized within the constraints imposed by the
dominant higher order mode cut-off frequency and the number of peripheral ports
required.

• Coaxial connector types is important to consider given the number of ports, isolation
and maximum combiner size requirements.

• For the impedance transformer ratio dictated by the number of peripheral ports,
there is an theoretical upper-limit on the bandwidth and passband return loss per-
formance of the matching network as presented by the Bode-Fano criterion.
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3.3 Coaxial Combiner with an Integrated

Short-Step Impedance Transformer

The discussions leading up to this point has provided some of the minimum theoreti-
cal and practical requirements that enable the design of a coaxial power combiner with
an integrated short-step Chebyshev impedance transformer. The goal is to reduce the
physical size of the power combiner by exploiting the benefits of the short-step filter as
presented in Chapter 2.3, whilst retaining acceptable performance. This section presents
the methodology used in the design of a wideband, axially symmetric power combiner.
The different facets of the design is broken down into subsections that describe each de-
sign stage individually. A simple design example demonstrates how every stage in the
design process is tied together into the final result. Finally the simulated results of a few
higher order designs are analysed and compared to literature.

3.3.1 Coaxial Line Impedance and Step-Discontinuities

Literature provides useful formulas in the design and analysis of pure TEM transmission
lines. Among others [18] shows how to calculate the characteristic impedance of a coaxial
line section. This is a simple method for implementing the unit element sections from a
synthesised short-step filter. The characteristic impedance of a coaxial line is calculated
using standard transmission line theory by

Zc =
η

2π
ln
b

a
(3.7)

where b is the outer conductor radius and a is the inner conductor radius as shown in
Fig. 3.2, and η is again the intrinsic impedance η =

√
µ0/ε as in (3.6). When a step-

discontinuity occurs within a coaxial line, such as where line sections of different radii are
joined, as seen in Fig. 3.3 between B and C, a shunt capacitor may be used to represent the
effect. Solmo [31] provides the approximate formula for computing the step capacitance
at the discontinuity. Many other useful approximations and circuit representations of
complex electromagnetic discontinuities within waveguides are presented in [32] that may
be incorporated in waveguide designs to achieve specific goals.

3.3.2 Stub Line Implementation within Coaxial Waveguide

There are numerous ways with which to implement an approximate shunt stub line as
that of a synthesised short-step filter within an over-sized coaxial waveguide. Cylindrical
dielectric resonators is one of the topics from literature that has found application in
microwave circuits for some time [33, 34]. Since cylindrical dielectric resonators can be
designed to operate with performance similar to waveguide cavity but with a much smaller
size, they offer a very attractive alternative for applications where the size of microwave
circuits are of concern. The successful implementations dielectric sections, such as in [35]
show how the purely dielectric resonators still make a significant contribution to the
length of the structure. An alternative design approach is proposed and implemented in
this section. The open-circuited shunt stub lines in Section 2.3.4 are presented as sections
of coaxial line with a given characteristic impedance and electrical length and shown in
Fig. 2.12. The same line sections may be represented with an equivalent circuit model
consisting of a shunt resonance branch with a capacitor and inductor as shown previously
in Fig. 2.7 and illustrated again in Fig. 3.11b.
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An alternative implementation to pure dielectric resonators or coaxial shunt lines for real-
ising the shunt stub lines is presented in Fig. 3.8 showing the design parameters. Fig. 3.9
displays the 3D bisection views of the implemented discs. The dielectric discs of thickness
di, where the subscript i distinguish between the individual discs, consists of a substrate
suitable for high frequency circuits with a dielectric constant ε. The line characteristic
impedance and electrical length, or equivalent capacitance and inductance is approxi-
mated by etched microstrip like lines which is known to have quasi-TEM characteristics.
The lines are etched on the face of the disc and configured like the spokes of a wheel,
symmetrically around the center conductor. The spoke-like etched conductive lines have
two parts: Each spoke-line has a positive section on one face of the disc that connects
to the inner conductor and stretches radially outwards towards the outer conductor but
does not physically connect to the outer conductor. The other section of the conducting
spoke-line is positioned on the opposite face of the disc and connects to the outer conduc-
tor and stretches inward towards the inner conductor. In the most simplistic case the line
ends overlap each other at a radius c = rm + r0−rm

2
, the center radius between the inner-

and outer conductors of the coaxial waveguide with radii rm and r0 respectively. This
overlap, with a dielectric material of thickness d between the etched lines, resembles the
configuration of a parallel-plate capacitor and capacitively couples the inner conductor of
the coaxial waveguide to the outer conductor.

yi/2

yi/2

xip

xin

di

rn r0

rm

ci

ε

Figure 3.8: Configuration of shunt stub-line implementation within a coaxial waveguide
using microstrip lines etched on a PCB substrate.
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y

x z

(a) Negative etched line section on dielec-
tric disc, directed from the outer conducter,
radially inwards towards the inner conduc-
tor.

y

x

z

(b) Positive ethced line section on dielectric
disc, directed from the inner conducter, ra-
dially outwards towards the outer conduc-
tor.

Figure 3.9: X-plane bisection views of the a dielectric disc at a step discontinuity in
the oversized coaxial inner conductor. a) Displays the face of the disc with the negative
etched line sections (spokes), where b) shows the opposite face of the disc with the positive
spokes. The spokes overlap in the radial direction to form a quasi-TEM transmission line.

Alternatively the configuration may be thought of as a flattened coaxial line as demon-
strated in Fig. 3.10 of which the distance between the outer- and inner radius is d = r0−rm,
and the ratio r0/rm of the is determined by the desired line impedance, which from (3.7)
can be written as

r0

rm
= exp

(
2πZ

η

)
. (3.8)

When the conductors of a coaxial line is flattened into a micro strip format, the width of
each conductor is given by the circumference of the initial coaxial conductors xn = 2πr0

and xp = 2πrm.

r0

rmd

d

2πrm

2πr0

Figure 3.10: Coaxial line parameters when flattened out into a micro strip line configu-
ration.
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The line widths xn and xp for the negative line and positive respectively, together with the
length of the line partly determines how much inductance the spoke-line has. The larger
the overlapping area of the lines the higher the capacitance and the thinner and longer the
lines become the higher the inductance become. The disc is effectively a resonant structure
used to realise the shunt stub lines from the filter synthesis. The simple configuration
can be tuned to approximate the synthesised L and C equivalent values for a given shunt
element, by tuning the thickness of each line together with how much the lines overlap.
Other parameters of importance is the central radius of the overlap — in the simple case
above the overlap line was fixed at the centre between the coaxial conductors but c may be
chosen at any radius c where rm < c < r0. Another parameter is added when choosing the
number of spoke-lines, bearing in mind that the structure has to maintain its symmetry
to avoid undesired effects from higher-order modes. With the number of spoke-line equal
to Ns, they are arranged symmetrically at 360o/Ns from each other. Electrically the
spoke-lines are in parallel and their combined capacitance, with all spoke-lines identical,
is approximated with simple circuit theory given by

C|| = Ns × C (3.9)

and the parallel inductance is
1

L||
=
Ns

L
(3.10)

Adjusting the L and C values independently from each other is not entirely possible with
the given configuration. The adjustable parameters for the disc is summarised in the table
below.

Disc parameter L− adjusted C − adjusted Z − adjusted electrical length

xp Y Y Y Y

xn Y Y Y Y

y Y Y Y Y

Ns Y Y Y N

c Y Y Y Y

d Y Y Y Y

ε Y Y Y Y

Table 3.2: A summary of the disc parameters and the elements values affected with
changes in the given parameters.

The discs are placed at the step-discontinuities within the combiner as shown in Fig. 3.3
and Fig. 3.11a. The dielectric by itself may be modelled as a shunt capacitor between
the coaxial conductors. As the step discontinuity is also modelled as a shunt capacitor,
which is effectively in parallel with the disc, the circuit model for the disc at the step
discontinuity is a shunt capacitor that combines the capacitance of each. The etched line
sections contribute further to the total capacitance and also adds inductance in series
with the shunt capacitance. The etched disc placed at a step-discontinuity within the
combiner and the circuit model approximation thereof is illustrated in Fig. 3.11.
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The positive etched line section on the disc is on the face orientated towards the cen-
tre conductor with the larger radius rm so that when the disc is pressed against the
conductor the etched conductor can make good electrical contact with the centre conduc-
tor of radius rm. The negative etched section is placed on the opposite face of the disc,
orientated in the direction of the smaller centre conductor with radius rn, and can be elec-
trically connected to the outer coaxial conductor by practical means, which is discussed
later.

Each shunt stub from a synthesised filter of order N is realised with a disc as described
above. Every disc will have its own parameters which is identified by the subscript i,
where i = 1, ..., N/2.

Exact circuit models for the given physical parameters are often not sufficiently accu-
rate and the relationship between the disc parameters and the circuit element values have
to be extracted with optimization and full wave simulations discussed in Section 3.3.5.

d

Z
rn rm

ln lm

(a) Side view of the dielectric disc place-
ment at the step-discontinuity within the
combiner.

Z n Z m

C

L

(b) Circuit model of disc at a step-
discontinuity within the combiner.

Figure 3.11: Disc placement at the step-discontinuity within a combiner and the circuit
model representation thereof.

3.3.3 Peripheral Coaxial Line Transition

The filter synthesis from Section 3.2.1 for the short-step impedance transformer with a
back-short requires a shunt stub line at the same node as the peripheral ports. This
implementation proves to be a difficult task as a shunt stub line has to be realised in
parallel to the shorted coaxial feeding network. In Fig. 3.3 the dielectric disc with the
peripheral ports is shown between sections C and D with the back-short to one side
and a transmission line section to the other. Fig. 3.12 illustrates how a disc is used to
accommodate the centre feeding pins of the SMA connectors that have to connect to
the centre coaxial conductor, whilst also approximating the shunt stub element between
the outer- and inner conductors of the combiner. The two central coaxial conductors
on either side of the peripheral ports, the back-short and the transmission line element,
are shown with the darker inner radii rn and rm. The centre c of the gap between the
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outer conductor and the larger of the two inner conductors of the combiner is again used
as an central overlapping line. From (3.8) it can be seen that the more ports that are
combined, the smaller the equivalent impedance becomes at the combining section. With
smaller line impedances the gap between the outer- and inner conductors of the coaxial
combiner become smaller and increase the difficulty with which sufficient capacitance
can be realised, especially as the shunt capacitance requirement is typically the largest
at the peripheral ports section. Here the inductance requirement is usually small. In
this case the etched spoke-line configuration used in the previous section is no longer
capable of realizing enough capacitance. One way to work around this problem is to
adjust the dielectric disc so that the spokes-lines from Fig. 3.4 is widened to the point
where the etched lines joins and become circular. This configuration has considerable
higher realisable capacitance which is tuned by changing the amount of overlap i.e. by
adjusting r+ and r− as shown in Fig. 3.12. This method also reduces the shunt inductance
which is advantageous as an extended inner-conductive ring is usually required to reduce
the inductance of the longer SMA inner connector feeding pins that is required to make
contact with centre conductor of the combiner [15,36–38].

rm
rn

r−

r+

SMA inner cond.

c

Figure 3.12: Dielectric disc configuration with overlapping ring conductors used to ac-
commodate the peripheral port connections as well as providing the shunt line from the
synthesised filter.
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y

x z

(a) Peripheral port disc, as seen from the
negative etched line face.

y

x

z

(b) Peripheral port disc, as seen from the
positive etched line face.

Figure 3.13: A three-dimensional view of the a dielectric disc at the peripheral input
ports. a) Displays the face of the disc with the negative etched annular ring, where b)
shows the opposite face of the disc with the positive etched ring, making contact with
the oversized coaxial inner conductor and also the centre conductors of the peripheral
input ports. The positive and negative rings overlap in the radial direction. This serves
to approximate the synthesised shunt element, whilst also reducing the inductance of the
input port central conductors.

A typical problem when dealing with the peripheral port matching is that the inner
conductor of the peripheral connector is directly connected to the central oversized coaxial
waveguide. In this case the ports are matched over only small bandwidths as small as
10% [15].

Z BS Z i

C

L

Z 50

input ports 2 to N + 1

L p

Cp

Figure 3.14: Circuit model representation of section D-C of Fig. 3.3.

With reference to Fig. 3.14 showing an equivalent circuit model representation of section
D-C from Fig. 3.3 the reason for the typical narrow band match is revealed. The inductor
Lp represents the inductive effect that occurs with the extended length of inner conductor
of the peripheral port connected directly to the central coaxial conductor passing through
the air-filled gap in the radial direction between the inner- and outer conductors of the
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combiner. In this case the effect of Cp is negligible with Lp having considerable value,
thus a wideband match cannot be achieved. A proven solution to this problem [36–38] is
to have a conducting ring placed transversally around the central conductor to decrease
the air-filled gap between the outer- and inner conductors of the combiners. Another ap-
proach is to use the dielectric disc configuration proposed in Fig. 3.12 with a etched ring
connecting the feeding pin from the peripheral connector to the centre conductor of the
combiner. This significantly reduces the inductive effect of Lp, by effectively shortening
the electrical length of the peripheral centre conductor, but have to also approximate the
synthesised values for L and C. Full wave circuit simulations using Computer Simulation
Technology’s Microwave Studio (CST-MWS) and Application Wave Research (AWR) Mi-
crowave Office is used to model the peripheral coaxial ports transitions into the oversized
coaxial waveguide. Further optimization and circuit model extractions are done using
space-mapping techniques.

3.3.4 Central Impedance Tapered Line Transition

It is often the case with axially symmetric power combiners that the dimensions of the
oversized waveguide structure at the combining central port is not compatible with the
dimensions of standard connector types used with power combiners. A tapered line sec-
tion, as shown in section B-A in Fig. 3.3 usually solves this problem by matching the
oversized waveguide to the central port connector in both impedance and size. Usually
these sections are referred to as tapered coaxial line, but it more closely resembles a
conical line [32], and can more precisely be modelled as such. In the simplest case, the
tapered transition is designed for geometric simplicity as shown by Fig. 3.15 and Fig. 3.16
and has a constant impedance. A smooth conical to coaxial transision with a constant
characteristic impedance is presented in [39] that has higher peak power handling com-
pared to simple geometric transitions that typically has sharp corners at the junctions
between the coaxial and tapered sections illustrated by A and B in Fig 3.15. Due to the
constant characteristic impedance of the transition it is mainly used to match sections of
identical impedance. A design and analysis of conical to coaxial impedance taper is pre-
sented in [40] which allows for matching between a conical and coaxial line with different
impedance levels. Both [39,40] transitions are formed with a single pair of constant radius
arcs that transition the conical inner- and outer conductors to that of a coaxial line. More
recent designs [41, 42] allow for more degrees of freedom within the design of an conical
to coaxial line transition with an arbitrary smooth impedance profile. These have shown
significant improvement in bandwidth performances compared to [15] and have circuit
models which are in good agreement with full-wave simulations and measurements.
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Figure 3.15: Tapered line section B-A of Fig. 3.3.

Although more advanced design methods are available from [40–42], it should suffice to
use a geometrical design for demonstration purposes. In [15], where a geometric design
is used for the taper, the length lt is optimised in a full-wave simulation parameter sweep
in order to obtain the optimal reflection coefficient. This results in a considerable length
as the taper length is dependent on the ratio 2r1/Ni. The smaller lt becomes, the larger
the angles θo and θi become and the sharper the corners at junctions A and B become
resulting in high field strength near the sharp edges which limits the peak power handling
capability. Simply rounding the corners will increase the reflections from the junctions
as the radius of the fillet is increased. Instead a step-by-step design [39] may be used to
create a smoothly curved, well-matched transition. The matching and the taper length
may be optimally designed using the more recently published techniques from [1,40–42].

y

x

z

Figure 3.16: 3D view of a central port taper implementation.
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3.3.5 Space Mapping Optimization

The design of the individual sections above, as well as the axially symmetric combiner as
a whole is usually optimized with full-wave simulations which is often computationally
expensive. The computational cost can be reduced by using circuit models, but it does not
eliminate the need for full-wave parameter sweeps. Space mapping [43, 44] is a surrogate
based optimization that employs circuit models to effectively reduce the computational
cost by alignment of the circuit models to full-wave models. This optimization technique
requires fewer full-wave simulations. Presented here is such a surrogate based optimiza-
tion technique for the design and optimization of axially symmetric power combiners.

Computer-aided design (CAD) electromagnetic (EM) software has been crucial in full-
wave simulation designs such as in [13,15,26,40–42]. However, the relatively high compu-
tational cost of full-wave simulations is a limiting factor on the time and amount in which
the parameter space can be searched. These place constraints on the attainable perfor-
mance, and can be mitigated with circuit modelling which can accelerate the optimization
process. As an example, circuit models may be used for sections within the combiner that
have well established equivalent circuit models, such TEM coaxial line impedance [18,32]
or the capacitance of a stepped coaxial line [31] and the rest of the structure can be
modelled with full-wave simulation, thereby reducing the size of the full-wave simulation
problem. Dividing the problem into the appropriate parts may not be as simple, therefore
to find optimal values full-wave optimization may still be a requirement.

An alternative is to construct circuit models for the entire combiner. This will also re-
quire full-wave parameter sweeps and optimization to find connections between the circuit
element values and physical dimensions. With this approach, empirical data is used to
extract regression models for relating circuit element values to dimensions of the combiner
parts. Space Mapping takes advantage of the equivalent circuit models (coarse model),
which have the underlying physical characteristics, shared by the full-wave (fine model)
by shifting the load from the full-wave simulation to the circuit model, which is not as
accurate, but evaluates faster. Stated formally, fine models, also known as high-fidelity
models, are typically precise with excellent results when compared with practical mea-
surements. On the contrary, low-fidelity models, commonly referred to as coarse models,
does not provide the same degree of accuracy, but is used to alleviate computational cost
of optimization.

If the design parameters of a given fine model is contained in a Nn dimensional vector,
denoted xf , where

xf ε RNn×1, (3.11)

then the response of the model is stored in an Nm dimensional vector Rf , with

Rf ε RNm×1 (3.12)

The subscript f indicates that the link to the fine model. The response of a model is
typically S-parameters or a power quantity. When optimizing the fine model, the optimal
response criteria is set in a objective or error function U , where a single value, such as
the S11 parameter is given. An optimisation routine minimises the error function to get
x∗f , the optimal point, and is written

x∗f = arg min
xf

U(Rf (xf )). (3.13)
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With circuit models that are accurate, similar results can be expected as there is normally
a one-to-one mapping between the parameters of the fine model and the coarse model.
This means that the input parameter vector for the coarse model may similarly be written
as

xc ε RNn×1, (3.14)

with Nn the same as in (3.11). The response vector for the coarse model is then expected
to be of the same size Nm, as that of the fine model and is expressed as

Rc ε RNm×1. (3.15)

Usually there are discrepancies between the coarse and fine models, which are compen-
sated for by a parameter extraction phase. During this phase the differences between the
models are reduced by changing xc, the input parameters of the coarse model so that
its response Rc closely resembles that of the fine model Rf . The way in which the xc
parameters are changed is extracted and used to build a mathematical representation to
reduce the error of the coarse model response relative to the fine model. The updated
coarse model is known as the surrogate model with its response denoted by Rs. The
process of finding the surrogate model is known as alignment. It minimises the error
between responses of the coarse and the fine model written as

ε = ||Rs(xc)−Rf (xf )||, (3.16)

where in this case ε represents the norm such as L1, L2 or Huber [45]. The design param-
eter xc and xf represents the respective coarse model and fine model design spaces and
usually have the same values as they share the same underlying physical representation.
When this is the case the subscripts are left out and the input parameter vector is simply
written as x. After the alignment is completed, the surrogate model is optimised to find
the optimal point x∗c in the coarse model space. This point is then used to evaluate the
next fine model. The new fine model response is compared against its goal as in (3.13)
and the optimization process will terminate when the model meets the goal criteria. A
classic space-mapping algorithm can be summarised step-wise as follows:

• Evaluate the fine model at an initial point, Rf (x
(i)
f ).

• Extract a regression model for the surrogate model, Rs.

• Update the surrogate model or mapping functions to align with the fine model.

• Optimise the surrogate model.

The space-mapping optimisation routine procedure is shown in a flow diagram in Fig. 3.17.
It displays the different stages and how it is linked together. The probability that the
optimisation routine will succeed depends on the agreement between surrogate and fine
models. Having a strong agreement between the models can significantly improve the
convergence and performance of the space-mapping routine, but even with a decent cor-
relation between the models convergence is not guaranteed and therefore a reduction in
the error between models at each iteration is not guaranteed. Throughout this thesis, an
automated space-mapping framework [46] is used, which incorporates a trust-region (TR)
to the algorithm to address convergence and robustness issues. The framework consists
of links between numerical software solution utilising MATLAB which is linked via an
application program interface (API) to some low-fidelity solvers, in this case AWR-MWS
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is used to evaluate the coarse models, and for the high-fidelity solver CST EM simulation
software is used. An in depth discussion on the optimisation techniques is beyond the
scope of this thesis, but examples of how space-mapping is applied during the design
process is given in the next section to demonstrate how essential the optimisation is to
the design process.

Initial
Design

Final
Design

EM Solver
Evaluate Fine

Model

Termination
Condition

Update Surrogate
Model

Coarse Solver

Optimise Surro-
gate Model

i = 0 x
(0)
f

Rf (x
(i)
f )

Rs(x
(i)
c )

Yes

No i = i+ 1

x∗f = x
(i)
f

x
(i)
f = x∗c

SM Optimiser

Figure 3.17: Flow diagram of a space-mapping optimisation routine. Adopted from [46]

3.3.6 Summary

This section has delivered the precluding design methodology that is used in the design
example in the following section. The different sections of the combiner were discussed in-
dividually with a focus on the function and implementation thereof. Fundamental design
equations are given and design configurations are presented and justified. The subsec-
tions presented physical configurations of the combiner parts and, where necessary, were
accompanied by equivalent circuit models. A general discussion on the space-mapping
optimisation routine is given, and how it is used to extract mathematical models that
describe the relationship between the physical dimensions of the combiner parts and the
circuit element values. The section in unison describe the inclusion of a short-step Cheby-
shev impedance transformer within a coaxial combiner that enables the compact size and
small dimensions of the structure.
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In summary the focus points of this section are:

• A discussion on coaxial line impedance and stepped discontinuity, how to calculate
the values and how these are may be used in the design.

• The design configuration and implementation of the resonant open-circuit shunt
elements from the filter synthesis.

• A method for realising the synthesised shunt element at the N peripheral input
ports, where it is generally also required to reduce the inductance from the extended
centre pins of the connectors.

• A general matching section design for accommodating the central, high-power com-
bining output connector to the oversized coaxial structure.

• A general discussion on Space-Mapping optimisation algorithm and its importance
in extracting mathematical relationships with which to optimise a high-fidelity struc-
ture at reduced computational costs, without which the design performance would
be severely limited.
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3.4 Design Example

This sections presents a design example for an 8-way compact power combiner, integrating
a 6-th order short-step Chebyshev impedance transformer for significant reduction in the
overall size, particularly the length, of the structure. The theory, formulas and general dis-
cussions from the previous sections are used in unison to accomplish a simple design that
serves to demonstrate the methodology used to realise arbitrary N -way combiners with
higher order filters which may improve performance in bandwidth, reflection coefficient, or
both. The design starts with initial requirements and design consideration. The general
combiner configuration as shown in Fig. 3.3 is applicable. A short-step impedance trans-
former is synthesised using an appropriate order filter circuit to meet the bandwidth and
reflection coefficient performance requirements. The element values for the synthesised
circuit is numerically extracted with a MATLAB script and the coarse circuit model is
constructed with AWR MWO. The 3D combining circuit is simulated within the CST 3D
design space. Mathematical models, relating the physical waveguide parameters to circuit
element values are extracted using a space-mapping framework to optimise the alignment
between the coarse, AWR circuit elements, and the CST fine model 3D parameters. The
alignment and model extraction of each dielectric disc is done individually then cascaded
to form the full-wave 3D circuit model in CST. Finally the model is optimised using a
space-mapping optimisation and the results are compared to the synthesised circuit.

3.4.1 Initial Design Specifications

For demonstration purposes, simple circuit specifications are chosen in order to highlight
the essential steps in the design procedure. As mentioned before, the advantages of ax-
ially symmetric power combiners over corporate or chain-combiners are significant with
large number of combining ports (N ≥ 8). Therefore the number of combining ports are
chosen as N = 8. For this example the synthesis and design of a 6-th order Chebyshev
impedance transformer synthesis, shown previously in Section 3.2.1 in Fig. 3.6a is pre-
sented step-by-step. The circuit has a bandwidth of 50% at an operating centre frequency
fo = 1.2 GHz with a reflection coefficient of S11 ≤ −27.5 dB.

Table 3.1 list the total length of the circuit as 0.1875λ = 46.875 mm, not taking into
account a tapered line section necessary for accommodating a practical central port con-
nector. The specification for power handling capacity of the circuit is not given for now,
instead it may rather be given as a result of the completed circuit. The design specifica-
tions are summarised as:

• The number of combining ports required N = 8.

• A passband bandwidth of ≤ 50%, symmetrically around the centre operating fre-
quency fo = 1.2 GHz, from 0.9 GHz to 1.5 GHz.

• A passband ripple of S11 ≤ −27.5 dB.

• A total circuit length of ≥ 0.1875λ (46.875 mm).

The goal is to keep the overall length of the circuit as small as possible, however, as
discussed in 3.2.3, for maximum power handling capability the radius of the circuit has to
large as possible without allowing the higher order modes of 3.2.2 to propagate within the
structure. The cut-off frequency fc as given in (3.3) is dependent on the outer- to inner
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conductor radii b/a. From Fig. 3.7 it is seen that the larger the ratio b/a the smaller the
number kca becomes and from (3.3) it follows that the cut-off frequency becomes smaller.
The ratio b/a is also present in (3.7), the formula for impedance of a coaxial transmis-
sion line. As the b/a increase so does the characteristic line impedance. The combiner
configuration has different transmission line sections with different impedances which is a
result of the filter synthesis. Therefore the cut-off frequency can only be determined once
the largest impedance for the transmission line sections are known.

A design choice is made by fixing the outer conductor radius for the oversized coaxial
line. The radius r0 is chosen to accommodate eight SMA panel-mount type connectors
for the peripheral input ports. The connectors are arranged symmetrically around the
axis of the centre conductor of the combiner. Enough spacing is provided between the
ports for the connector flanges and mounting screws to not interfere with each other. The
dimensions used for the panel mount SMA connectors where obtained from [47]. The
outer conductor radius chosen is r0 = 21 mm.

The final design parameter, which must be chosen initially, is the substrate and dielectric
constant εr of the discs. With a thinner substrate thickness d and higher value for εr it
is possible to realise higher shunt capacitance values. For the design example that fol-
lows an industry standard substrate thickness d = 0.508 mm is used for all discs. A high
frequency substrate, Rogers RO3003 is chosen which has a uniform dielectric constant of
ε = 3.0 which is crucial for the symmetrical requirements of the design.

3.4.2 Synthesis

The necessary initial input parameters for a circuit synthesis have been established. An
8-way combiner has a normalised impedance transformer ratio of eight to one. N = 8 and
from (2.92) to (2.97) the commensurate stub line have a λ/16 length at the operating fre-
quency fo. The bandwidth requirement is 0.5 from 0.75fo to 1.25fo. The polynomial P (z)
is constructed using (3.1), where n = 6, the order of the short-step filter, and r = n

2
= 3.

From (2.102) to (2.107) the following design parameters are calculated, K2
0 = 114.3143,

k2 = 0.0134, Lm = 0.0115, and V SWR = 1.1083. Six elements are extracted which
correspond to the order of the filter.

Element extraction is done numerically as described in Section 2.3.3 and the normalised
element values as well as the element values scaled to a 50 Ω central output port is listed
in Table 3.3.

Z1 Z2 Z3 Z4 Z5 Z6

Normalised Elements 0.3562 1.6625 0.0967 0.5878 0.0445 0.3215

Scaled Elements 17.8086 83.1250 4.8359 29.3890 2.2261 16.0733

Table 3.3: The normalised and 50 Ω scaled element values extracted during the synthesis
procedure of a 6-th order short-step stub Chebyshev Filter with an impedance transformer
ratio of 8.

As already mentioned the cut-off frequency fc is dependant on the largest line impedance.
From the above table that is Z2 = 83.125 Ω. Using (3.7) and r0 = 21 mm the inner
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conductor radius may be calculated as

a = b/eZc
η
2π

= 5.25 mm.
(3.1)

With the ratio b/a = 21/5.25 = 4.0 and from Fig. 3.7 the estimated value for kca = 0.4.
This means kc ≈ 76.19 m−1 and can be substituted into (3.3) to find the cut-off frequency

fc =
kc

2π
√
µε

= 3.637 GHz.

(3.2)

Applying a 5% safety margin still has the cut-off frequency fc = 3.45 GHz far above the
upper frequency of the passband f2 = 1.5 GHz which means that the maximum power
handling will most likely not be achieved.

For the sake of conformity, Fig. 3.18 show the element values are numbered starting
at the combining central port, designated port 1.

The numbering of the element values conveniently have all shunt stub-lines, which will be
implemented with the etched discs, as odd elements Z2i+1, where i = 0, 1, ...n. All unit
elements, which will form the sections of coaxial transmission line have even subscripts Z2i.

This is a consequence of the fact that a bandpass filter has to be of even order. The
synthesised circuit is shown in Fig. 3.18 The circuit differs from the one in Fig. 3.5 in
that it includes an extra 50 Ω element at port 1. This is for practical reasons as it would
be difficult to construct the circuit from Fig. 3.5 as it will require the implementation of
a etched disc right at the central port. Instead a short Z0 = 50 Ω line is inserted which
provides spacing between the disc and the central port connector. As the inserted line
section impedance matches the port impedance exactly, the only implication from this
addition is a phase shift, which may be compensated for during the model alignment
phase of the design process.
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Port 1
Z = 50

Port 2 to N + 1
Z = 50/N

Z1

Z2

Z3Z5

Z4Z6

Backshort

Z0

(a) Circuit with shunt stub-line elements as synthesised.

Port 1
Z = 50

Z0Z2Z4Z6

Z = 50/N
Port 2 to N + 1

C1C3C5

L5 L3 L1

Backshort

(b) Circuit with shunt stub-lines replaced with equivalent LC branches as also shown in Fig. 2.8b.

Figure 3.18: The synthesised circuit of the 6-th order short-step stub filter. The circuit
element numbering is demonstrated and show the addition of element Z0 for practical
construction. a) Displays the circuit with open circuit shunt stub lines as synthesised and
b) shows the same circuit with the shunt elements replaced with equivalent LC branches.
This is useful for approximating an etched disc implementation of the shunt stub lines.

The phase length of each element is as before equal to λ/16 which is equivalent to a phase
of 22.5o. The values are numerically approximated with a Richard’s transformation. The
complex valued response is used to then fine tune the LC values in AWR MWO to match
to each stub-line response. A complex valued response gives the best result because the
phase of each response is also considered. Fig. 3.19 illustrate how the equivalent LC
branch for the stub of Z1 is approximated and then fined tuned to match the stub-line
response over the simulation frequency range.
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Port 1
Z = 50

Port 2
Z = 50/N

Z0Z2

Z1

(a) The stub-line circuit of Z1 with the ad-
jacent coaxial line sections.

Port 1
Z = 50

Port 2
Z = 50/N

Z0Z2

C1 = 2.92 pF

L1 = 0.33 nH

(b) The approximate equivalent LC branch
circuit of Z1 with the adjacent coaxial line
sections.

(c) A smith chart of the S11 parameters of
circuits in a) and b) with the approximated,
LC values equivalent to match the stub-line
element.

(d) A smith chart of the S11 parameters
of circuits in a) and b) with the tuned LC
values equivalent to the stub-line element.

Figure 3.19: The process for approximating equivalent LC branches for the different stub-
lines is shown. The circuit from Fig. 3.18a is separated into individual circuit for each
stub-line with its adjacent transmission line sections, demonstrated in a). Each stub-line
is approximated as an LC branch as in b). The complexed valued response of the stub-line
and approximate LC branch is shown in c) before fine tuning and in d) after fine tuning
the LC values.

The values of the equivalent LC branches are given in Table 3.4. The alternative repre-
sentation of the circuit offer additional equivalent parameters that may be used during
the optimisation phase of the circuit that proves to be advantageous.
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C1 L1 C3 L3 C5 L5

2.92 0.33 10.64 0.11 23.80 0.032

Table 3.4: The LC values approximation of each stub-line as numbered in Fig. 3.18b.
The units of measure for capacitance is pF and nH for inductance.

The synthesised circuit response of Fig. 3.18a, shown in Fig. 3.20, may be considered as
the ideal response with the given design constraints.

Figure 3.20: S11 response of the synthesised filter circuit from Fig. 3.18a.

The synthesised circuit gives the ideal performance that may be expected from the com-
bining circuit. The maximum of the passband ripple can be seen to be ≤ −27.6 dB
over a bandwidth of 50% at operating frequency fo = 1.2 GHz. The circuit performance
and dimensions are summarised below and may be used as a baseline for evaluating the
performance of the compact combiner to be constructed.

• A 6-th order filter response implemented with λ/16 commensurate transmission
lines.

• The circuit response has a the specified bandwidth of 50%, from 0.9 GHz to 1.5 GHz
at an operating frequency of 1.2 GHz.

• The simulated passband ripple is measured to be |S11| ≤ −27.5 dB.

• The total length of the synthesised circuit is 4
16
λ which is equal to 62.5 mm. This is

excluding a central tapered line section.
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3.4.3 Model Construction

The desired circuit response has been synthesised and a circuit has been simulated in the
previous section. The task of integrating the circuit into an oversized coaxial combiner
may begin. Some physical parameters and considerations are available from the discus-
sions of Sections 3.4.1 and 3.4.2. These may immediately be utilised to start building the
model for the combiner. The coaxial transmission line dimensions can be calculated from
the initial design choice of r0. The outer radius of the coaxial line is to be kept constant so
only the inner radii of the individual coaxial line sections have to be calculated to realise
the line impedances from the synthesis.

In the previous section the circuit was divided into separate sections. With each sec-
tion including a stub-line with a corresponding adjacent transmission line. The sections
are used to fine-tune an LC branch which serves as an equivalent circuit model for the
open circuit stub-line. In a similar fashion the combiner can be divided into different
parts, where each part represents a stub-line section with its adjacent coaxial transmis-
sion line sections. A dielectric disc with etched conductive lines, as described in Sections
3.3.2 and 3.3.3, is then used to approximate the open circuit stub-lines.

To accommodate the central port connector, a tapered line is included which provides
a smooth transition between the physical dimensions of the N-type connector at the cen-
tral port and the first section of coaxial transmission line. The complete structure is
then finally pieced together from the individual circuits and then optimised with a space-
mapping framework as discussed in Section 3.3.5.

The even numbered elements, with characteristic line impedances Z0, Z2, Z4 and Z6 are
implemented as coaxial transmission lines. Each line section’s characteristic impedance
is calculated using r0 = 21 mm and (3.7). The inner radii for the even numbered sections
are listed in Table 3.5.

Section Z0 Z2 Z4 Z6

Impedance 50 Ω 83.125 Ω 29.389 Ω 16.073 Ω

Inner Radius r1 r2 r3 r4

Dimension 9.1218 mm 5.2501 mm 12.8636 mm 16.0622 mm

Table 3.5: The inner radii dimensions for coaxial line sections with the corresponding
characteristic impedances.

The odd numbered elements Z1, Z3 and Z5 are implemented with etched dielectric discs.
Each disc is constructed in CSTs 3D design environment as shown in Fig. 3.21. The length
l1 is as synthesised, but l2 is halved as the Z2 section is also present in the construction
of the next disc. With this method of construction the idea is to ultimately construct the
full structure by piecing together the individual parts. This works as the parts are chained
together by effectively multiplying the ABCD matrices of each section. For an accurate
chain matrix the transmission lines, which are present in two different simulations, have
its length halved in each of the fine model simulations. This means the transmission line
section between consecutive discs, is halved in each simulation. The halving takes place
as far as possible from the shunt disc, so as to accurately simulate the near-field effects.
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Dielectric Disc 1
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l1 = λ
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32

Figure 3.21: Dielectric disc 1, with its adjacent coaxial line sections Z0 = 50 Ω and
Z2 = 83 Ω. The disc is used to approximate Z1 as seen in Fig. 3.19a and 3.19b.

A mathematical model, relating the disc parameters to circuit element values, such as
impedance and electrical line length or approximately capacitance and inductance, have
to be extracted. In order to simplify the process it is important to limit the amount of
variables. For this reason the the coaxial transmission line parameters are kept fixed,
as these were calculated using well established formulas such as (3.7). Other parameters
that may be fixed during the procedure is the thickness d of the dielectric disc and the
dielectric constant ε of the material used. Initially the number of symmetrical spoke lines
is also kept fixed, as this accounts for larger steps in realisable capacitance and induc-
tance. Also the centre of the overlap between the positive and negative spoke lines should
be fixed.

By choosing the widths of the positive and negative etched spoke lines, from Fig. 3.8,
as equal xp = xn = x the number of variables is reduced to two. The width x and the
overlap y are the only two remaining variables for the dielectric disc parameters.

A mathematical model is extracted by aligning a coarse model circuit response to the
response of the fine model from Fig. 3.21 over the practical realisable range of x and y
value combinations. The alignment stage from the space mapping framework discussed in
Section 3.3.5 is of particular use here. The fine model simulations are done with CST and
evaluate very fast due to the symmetry of the structure and because an individual disc
model has low computational cost in comparison to more complex structures. The coarse
models can be implemented by either circuit (a) or (b) from Fig. 3.19. Fig. 3.22 illustrates
the alignment process. When the stub-line circuit from Fig. 3.19a is used, the alignment
is carried out by tuning the impedance and electrical line length of the stub-line until the
error between the fine model response and the coarse model response is minimised. The
vector difference before and after alignment is shown in Fig. 3.22b and 3.22d. For the LC
circuit of Fig. 3.19b the L and C parameters are tuned until alignment is achieved. This
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process is automated and repeated over a specified range of x and y values. The fine model
variable parameters are constraint by what is physically realisable. The widths xi, where
i denotes the disc number, is constrained by the thickness of the coaxial conductor. If x is
increased too much it will become larger than the outer conductor diameter 2r0. Except
for the physical constraint, x needs to be limited so that adjacent positive spoke lines do
not get too close to each other in order to avoid large coupling between these etched lines.
The overlap y must also be limited to less than the gap size between the outer conductor
and the larger adjacent coaxial inner conductor. If the overlap exceeds the gap size, the
outer and inner conductor will be short-circuited. The coarse model parameters are not
necessarily physical parameters, but they do need bounds. An impedance for example
cannot be negative as this is not practically realisable as was discussed in 2.2. The coarse
model parameters are varied within specified limits and extracted when they align the
circuit responses at each x and y value combination.
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(a) The complex valued response of the
coarse (red) and fine (black) models before
alignment.

(b) The vector difference between the
coarse and fine model responses before
alignment.

(c) The complex valued response of the
coarse (red) and fine (black) models after
alignment.

(d) The vector difference between the
coarse and fine model responses after align-
ment.

Figure 3.22: The alignment step for a single x and y parameter value combination. a)
Display the imaginary and real parts of the S11 responses for the coarse and fine model
before alignment. b) The vector difference between the response in a). The L1 norm
= 42.1664 and the L2 norm = 4.4526, which is the combined normalised error. In c) the
responses are barely distinguishable from each other after alignment. In d) it should be
noted that the scale of the vector difference between the model response has been reduced
significantly. After alignment the improved error values are L1 norm = 0.012893, and
the final error using norm L2 = 0.0014903 demonstrates the accuracy of the alignment
process.

A mathematical regression model for each coarse model parameter is constructed by fitting
a polynomial function through the extracted values. This is visualised in Fig. 3.23
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x

y

Z

Figure 3.23: A surface fit used to demonstrate how a mathematical function may be
used to extract a model for relating peripheral disc parameters to circuit element values.
Impedance of a stub-line in this case.

Each disc requires at least two model extractions for either Z and electrical length or L
and C values. The models serve as a mere approximation and it may not always be pos-
sible to realise the desired values as the current dielectric disc model parameters cannot
be varied in a way that allows for tuning each circuit parameter independently.

Typically it is best to use the circuit of Fig. 3.19a as the coarse model, as this is how
the circuit is synthesised. The error is generally smaller than when using the alternative
approximation of Fig. 3.19b. That being said, the different models lead to different sets of
extracted values. In some cases a particular set of extracted values will be more desirable
than the other because it would be better suited to the mathematical function fitted to
the data. This is the case when aligning the response from the disc at the peripheral port
junction. The extracted values from the alignment when using LC equivalent circuit from
Fig. 3.19b yields a data set which is changing unidirectionally, whereas the data from the
stub-line circuit tend to be sporadic when used to approximate the disc at the peripheral
ports. Fig. 3.24 shows the disc section which accommodates the peripheral port interface.
It differs from the other disc implementations in that it does not use spoke-like etched
lines. From Table 3.4 it is noted that the required capacitance at this section is much
larger than the other section. Also the required inductance is considerably lower than
with the other sections. Adding to the demand in low inductance is the extended centre
pin of the peripheral SMA connectors. For all of these reasons etched rings are used
instead of spoke lines, in order to maximise the realisable capacitance and minimise the
inductance at the node.
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Back-short

Dielectric Disc 3

Inner Etched Ring

SMA connector
Peripheral port

Figure 3.24: Dielectric disc 3 with Z6, the back-short joining to its left and Z4 to its
right and SMA connectors on its periphery. The disc at the peripheral has a different
configuration to the other discs implemented. Because of this it is often advantages to
use an alternative coarse model that is better suited to mathematical curve fitting.

For extracting the models that relate the disc parameters to circuit elements, simple first
order polynomials are used to fit a surface through the extracted values. The equations
for impedance Z and electrical line length EL are then the linear surface equations given
by

Z(x, y) = p00 + p10x+ p01y, (3.3)

and
EL(x, y) = q00 + q10x+ q01y. (3.4)

The coefficients p and q is found by a least squares estimation [48] of the model parame-
ters which is suitable for matrix calculations and therefore easily solved with a MATLAB
script. The extracted mathematical models and coefficients approximating the relation-
ship between LC equivalent branches for each section and the physical parameter is given
in Table 3.6. Note the subscripts in the table correspond to the section numbering as
before. The extracted polynomials are used in the space mapping optimization of the
complete structure. The coarse model input parameters, become the same x and y phys-
ical parameters used in the fine model. The element values are then evaluated according
to the extracted polynomials and used during the alignment and optimisation stages of
the space mapping optimisation.
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constant x-coefficient y-coefficient

C1(x1, y1) −22.3166 24.3893 6.2875

L1(x1, y1) 0.3492 0.0217 −0.1261

C3(x3, y3) −2.9099 2.9792 1.4592

L3(x3, y3) 0.2475 −0.0627 −0.0012

C5(x5, y5) 0.8909 0.5672 1.7054

L5(x5, y5) 0.3885 0.00096 −0.1733

Table 3.6: The extracted polynomials approximating the relationship between the physical
parameters of the fine model etched dielectric discs and the equivalent LC element values
of the circuit from Fig. 3.18b.

Each section has two equations in x and y. This makes it possible to solve the polynomials
simultaneously in terms of x and y given the desired Z and EL from the synthesis, or
equivalently L and C. In this way the physical width x and the dimension for the etched
line overlap y that realise the synthesised element values is approximated. At the very
least it provides a relatively good starting point for the space mapping optimisation.

Now that all sections have been modelled they are chained to form the combiner structure
shown in Fig. 3.25. A taper can be added and the structure can be optimised to complete
the design.

Z0Z2Z4Z6

SMA connector

Disc1Disc 2Disc 3Back-Short

outer conductor

Figure 3.25: The combiner structure form by cascading the individual sections.
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3.4.4 Central Impedance Tapered Line Transition

The tapered conical line section is done using a simple geometric design that provides
a 50 Ω constant impedance taper between a 50 Ω N-type connector and 50 Ω section of
the oversized coaxial line. As mentioned in Section 3.3.4, more sophisticated methods
of design exist, but for the purpose of the design example the simple geometric design
approach will suffice. Fig. 3.26 is used as reference for the calculation of the approximate
taper dimensions. The taper length lt in the z-direction from Fig. 3.15 is valid only
when section A-B and section A-C in Fig. 3.26 is the same distance, i.e. the start and
of the outer conductor taper coincides in the z-plane with the start and end of the inner
conductor taper. However this is not the case and this scenario. There is an offset between
the end of the outer conductor taper at B, and the end of the inner conductor taper at
C. The taper length of the inner conductor is denoted lti and that the outer conductor
as lto. The 50 Ω coaxial line section that is to transition to the N-type connector has an
inner conductor radius r1 and an outer conductor with radius r0. The N-type connector
dimensions are shown in the figure with No the outer conductor diameter, Ni the inner
conductor diameter andNz the length of the conductor. The inner taper angle is numbered
θi, with the outer taper angle given as θo.

No

Ni

0

θo

θi

r0

r1

Z

lti

Y

B AC

Nz/2
Nz

N-type connector

lto

Figure 3.26: A demonstration of a tapered line transition between a coaxial line section
and a N-type connector. The figure is not drawn to scale, for the purpose of demonstra-
tion.

The taper is symmetrical around the z-axis. A constant impedance conical line has a point
on the z-axis where the outer conductor and inner conductor would meet if the lines were
extended. Placing the face of the N-type connector at the origin choosing this point of
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intersection at a distance Nz/2 from the origin, in the centre of the N-type connector the
taper outer and inner lines are drawn through the edge of the respective inner and outer
conductors of the connector as shown in Fig. 3.26. The inner angle between the z-axis
of symmetry and the inner taper is θi and θo is the angle between the axis and the outer
taper line. The angles are calculated using simple geometry, with

θi = tan−1 Ni

Nz

(3.5)

and

θo = tan−1 No

Nz

. (3.6)

Once the angles are known the taper line lengths, lti for the inner conductor taper and
lto for the outer conductor taper can be calculated using

lti =
r1

tan θi
− Nz

2
(3.7)

and

lto =
r0

tan θo
− Nz

2
. (3.8)

The calculated parameters are listed in Table 3.7 and Fig. 3.27 shows an image of the full
combining structure. It is the same structure of Fig. 3.25 with the tapered line transition
added to accommodate an N-type connector. With all the combiner parameters calculated
the structure is finally optimised using the space mapping framework discussed in Section
3.3.5.

N-type connector
Taperred line

transition

l6 l4 l2 l0 lti Nz

Figure 3.27: The same combiner structure of Fig. 3.25 with a tapered line section to fit an
N-type connector. The structure is simulated in CST and optimised using space-mapping.
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Parameter r0 r1 No Ni Nz θo θi lto lti

Value 21 9.12 8.03 3.15 9.19 18.92 41.15 19.438 22.017

Table 3.7: Calculated parameter values for the tapered line of Fig. 3.26. The dimensions
are in millimetres and degrees where appropriate.

3.4.5 Space-Mapping Optimisation

With the full structure assembled, the combiner is ready for optimisation. The individual
circuit sections from the model construction are connected together in cascade to form the
complete combining structure. As is, with the parameters from the individual sections,
typically the combiner response does not compare well with the coarse model response.
However the parameters values from each section provide a good initial starting point
for the space-mapping framework. The coarse model in this example is the circuit in
Fig. 3.18b. The fine model is evaluated and the complex valued response is plotted,
together with the coarse model in Fig. 3.28a before the alignment phase occurs.

(a) The complex valued response of the
coarse (red) and fine (black) models before
alignment.

(b) The vector difference between the
coarse and fine model responses before
alignment.

(c) The complex valued response of the
coarse (red) and fine (black) models after
alignment.

(d) The vector difference between the
coarse and fine model responses after align-
ment.

Figure 3.28: The S11 complex valued responses and vector differences for the complete
combiner structure fine model (black) and the coarse model (red). Plots a) and b) are
plotted before alignment. Plots c) and d) are plotted after alignment.
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The vector differences between the fine model and coarse model responses are shown in
Fig. 3.28b. The L1 norm is 95.1269 and the L2 norm is 10.5588. Fig. 3.28c and Fig. 3.28d
show the response and vector difference plots after alignment has taken place. Again
the complex-valued responses are used as phase is considered it gives the best alignment
results. The L1 norm is reduced to 1.3037 and L2 = 0.14483. The reduction in misalign-
ment between the two models demonstrate how essential the space mapping optimisation
routine is to the accuracy of the design process.

Once the aligned surrogate model is obtained, it is optimised. The optimisation algo-
rithm is restricted to change the model’s circuit element values according to the extracted
mathematical relationships within a specified range of the physical parameters. The pa-
rameters to be optimised may include any of the dielectric disc parameters or physical
dimensions of the coaxial combiners. The boundaries for the optimisation parameters
need to be carefully considered. When values are inserted into the mathematical models
it is possible that negative valued results are obtained for impedances. The coarse model
solver will immediately terminate in an error and the optimisation will not complete.
Limiting the allowable range for the input parameters to the range of values over which
each disc model was extracted will help to avoid such errors from occurring.

Table 3.8 list the simplest optimisation parameters for a 6th order filter. The table
displays the lower bound, the starting value, the upper bound and the optimised values
for the combiner design. All eleven parameters need to be optimised at the same time
during full wave simulation, demonstrating the complexity of the optimisation problem.
This demonstrates how essential the space-mapping framework is to the optimisation of
the design.

Parameter x1 y1 x2 y2 x3 y3 l0 l2 l4 l6 lti

Lower 0.0 0.0 0.0 0.0 0.0 0.0 12.5 12.5 12.5 10 15.63

Start 1.0 3.25 2.6 4.0 0.8 2.5 15.63 15.63 15.63 15.63 23.44

Upper 4.0 4.5 4.0 7.5 4.0 11.0 18.75 18.75 18.75 25 0

Optimised 0.8 2.6 2.6 4.1 0 3.35 11.29 15.63 15.63 15.63 18.64

Table 3.8: Parameters to be optimised simultaneously. The lower bound, starting value,
upper bound and optimised value for each parameter is given. The range of values demon-
strate the complexity of the optimisation problem at hand.

After the surrogate has been optimised, the fine model is evaluated at the same point. If
the termination condition is not met, the surrogate model is updated and again aligned.
The process flow follows that shown in Fig. 3.17 until the termination condition is met.
The optimiser goal specified in this example is a minimum S11 response over the specified
bandwidth from 0.9 GHz to 1.5 GHz. Fig. 3.29 show the S11 responses for the different
models.
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Figure 3.29: The S11 responses from the different models in the space mapping optimisa-
tion routine. The optimised response in this example was found with two iterations.

Figure 3.30: The S11 responses from the different models in the space mapping optimisa-
tion routine.

In this example the fine model response meet the specified optimisation goal after one
iteration and the optimisation is finished. This is not always the case. Often a few iter-
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ations and fine model evaluations are required before the termination criteria is reached.
Fig. 3.30 show for comparison the synthesised circuit response and the optimised fine
model response. The fine model response has a 58% bandwidth from 0.9 GHz to 1.6 GHz
with a S11 ≤ 21.2 dB across the passband.
The total length lT of the combiner, after optimisation, is 85.94 mm. That is approxi-
mately 0.344λ at the operating frequency of 1.2 GHz or 0.258λ at the lowest passband
frequency of 900 MHz. If all line section were to be constructed using classic quarter-wave
line sections, the structure length would be at least 0.75λ at the lowest passband. This
design has demonstrated how the integration of a short-step filter is capable of signifi-
cantly reducing the length of power combiners.

The design steps are summarised as follows:

1. Start by specifying bandwidth, operating frequency and the number of peripheral
ports.

2. Choose the connector types for the central port and the peripheral ports.

3. Synthesise a short-step filter with the given specifications and find the equivalent
LC branches.

4. From (1) choose r0 to accommodate N ports taking into account cut-off frequency
of higher-order modes for operating frequency.

5. From r0 calculate all ri

6. Choose a substrate for the discs:

• Higher ε can realise more capacitance.

• Choose fixed thickness d for all discs to limit the optimisation parameters.

• Choose the thickness d to be an industry standard. Choose small d to realize
more capacitance.

7. Construct the individual 3D models and extract the mathematical models for each.
Individual parts can be cascaded to form the completed structure by essentially
multiplying ABCD matrices.

8. Construct the full combiner structure by connecting the individual section in cas-
cade.

9. Add a tapered line section to transition from the coaxial line to a standard type
connector.

10. Optimise the structure using a space-mapping framework.
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3.4.6 Physical Construction

Before the simulated results are discussed, it may be a suitable point for a brief discussion
on the possible physical construction of the device and the process tolerances involved.
Recent power combiners from literature mostly make use of computer numerical control
(CNC)-lathes to machine the transmission lines of the combining structure with high pre-
cision. Typical materials used are Aluminium or Brass for which a typical modern lathes
have tolerances as small as 0.13 mm [49]. Higher precision is possible with sophisticated
machinery, but will cost more.

Printed circuit board (PCB) manufacturing processes are reporting etching tolerance
standards of 100 µm and experimental tolerances of 75 µm, with the same dimensions
listed for inter line spacings [50]. Using the maximum tolerance values, the each of the
optimised design parameters are offset and simulated again. Fig 3.31 shows the effect of
manufacturing tolerances, with worst case scenario offsets on all parameters, on the fine
model circuit S11 response. From the spread in the S11 response plots, it is evident that,
even with the given manufacturing tolerances it should be possible to build a circuit with
a response reasonably close to the simulated results.

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 3. COMPACT N-WAY COAXIAL WAVEGUIDE COMBINERS 84

(a) S11 circuit response for optimised transmission line dimensions offset by
CNC tolerances.

(b) S11 circuit response for disc parameter dimensions offset by PCB etching
tolerances.

Figure 3.31: The optimised S11 response of the circuit from the design example, with the
disc and transmission line parameters offset with manufacturing tolerances. a) The effect
of CNC machining tolerances. b) The effect of PCB etching process tolerances.
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3.5 Higher Order Example Designs

The example of the previous section demonstrated a compact power combiner design with
50% bandwidth, with an integrated 6th order short-step filter. Using the same design ap-
proach the bandwidth could possibly be increased by synthesising higher order filters
that may be integrated into the combining structure. This will increase the bandwidth,
as was shown in Fig. 3.18, at the cost of the reflection coefficient performance as well as
added length to the combining structure. By using higher order filters there is also added
complexity to the design. An extra transmission line section and dielectric disc is added
with every step in the even-ordered filter. This section provides the summarised results
of the 8-way combiner with an 6th order Chebyshev short-step impedance transformer
from the previous example, and also three additional 8-way combiners. One with an 8th
order short-step filter and another with a 10th order short-step impedance transformer
integrated into the combining structure. A 12th order filter synthesis is also shown but
not included in a power combiner design.

The initial design parameters are very similar or exactly the same in each case as all
designs are for 8-way combiners. The central port connector is a 50 Ω N-type female.
The peripheral port connectors are 50 Ω SMA connectors. The equivalent impedance of
the peripheral ports are 6.25 Ω. All dielectric discs are simulated with Rogers R03003
substrate with thickness d = 0.508 mm and dielectric constant ε = 3.0. The synthesised
bandwidths, reflection coefficients and circuit elements are summarised for the additional
designs. Note all line lengths are again synthesised with λ/16 sections. Some of the results
for the 6th order filter are reproduced for the sake of convenience.

Synthesised Parameters

Filter Synthesised Parameters [Ω]

Order Z1 Z2 Z3 Z4 Z5 Z6 Z7 Z8 Z9 Z10 Z11 Z12

6 17.81 83.13 4.84 29.39 2.23 16.07

8 26.55 102.4 9.34 62.24 4.22 24.35 3.32 27.00

10 28.79 101.4 11.86 75.73 6.78 42.51 3.74 20.13 3.60 34.25

12 29.88 99.47 13.47 81.98 8.56 54.84 5.55 32.90 3.46 17.83 3.74 40.99

Table 3.9: Synthesised results for different orders of short-step filters. The element values
shown are scaled to a 50 Ω central port impedance.
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(a) 6th Order short-step transformer with
a bandwidth of 50%

(b) 8th Order short-step transformer with
a bandwidth of 67%.

(c) 10th Order short-step transformer with
a bandwidth of 112%.

(d) 12th Order short-step transformer with
a bandwidth of 120%.

Figure 3.32: The S11 response of a) a 6th order filter, b) a 8th order filter, c) a 10th order
filter and d) a 12th order filter.

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 3. COMPACT N-WAY COAXIAL WAVEGUIDE COMBINERS 87

Physical Parameters

The calculated and optimised physical parameters for the different combiners are listed
in the tables below. The coaxial line segments radii and physical lengths are summarised
in Table 3.10 and Table 3.11 respectively. Table 3.12 contains the physical dimensions of
the etched lines on the dielectric discs.

Combiner Radii of coaxial line segments [mm]

Order r0 r1 r2 r3 r4 r5 r6

6 21.0 9.12 5.25 12.86 16.06

8 21.0 9.12 3.80 7.44 13.99 13.39

10 21.0 9.12 4.49 6.99 11.25 15.40 12.60

Table 3.10: Calculated radii of the coaxial line segments for the different combiners with
impedances from Table 3.9.

Combiner Optimised lengths of coaxial line segments [mm]

Order l0 l2 l4 l6 l8 l10 lti lto lT

6 11.29 15.625 15.625 15.625 18.636 15.625 85.94

8 15.72 15.74 15.71 15.78 15.62 27.77 23.44 106.34

10 12.14 16.04 15.07 15.49 14.99 19.06 23.14 19.53 125.07

Table 3.11: Lengths of the coaxial line segments and tapered line and also the total
combiner length of the different combiners, after optimisation.

Combiner Optimised disc parameters [mm]

Order x1 y1 x3 y3 x5 y5 x7 y7 x9 y9

6 0.8 2.60 2.60 4.10 3.35

8 0.71 5.53 1.88 2.71 2.27 5.48 2.42

10 0.19 3.99 1.95 2.05 2.56 3.17 3.95 4.85 1.00

Table 3.12: The optimised physical parameters of the dielectric discs with etched lines.
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Response Parameters

The optimised response parameters are summarised for the 8th and 10th order combiners.
The mathematical models for the discs of the 8th order combiner are listed in Table 3.13
and for the 10th order in Table 3.14. Fig. 3.33 displays the responses of the different
models within the space-mapping routine at each iteration of the optimisation for the 8th
order combiner. Similarly Fig. 3.35 shows the responses of the 10th order combiner at
each iteration during the optimisation.

8th Order constant x-coefficient y-coefficient

Z1(x1, y1) 35.3791 −26.7090 −1.2775

EL1(x1, y1) 11.6832 105677 1.7733

Z3(x3, y3) 16.2511 −0.1190 −2.5167

EL3(x3, y3) 4.7763 8.9490 0.3270

Z5(x5, y5) 12.1450 −1.8699 −0.6196

EL5(x5, y5) 15.2844 −0.0439 1.3039

C7(x7, y7) 3.506 0 5.133

L7(x7, y7) 0.0953 0 −0.02

Table 3.13: The extracted polynomials approximating the relationship between the phys-
ical parameters of the fine model etched dielectric discs and the element values of the 8th
order filter.

10th Order constant x-coefficient y-coefficient

Z1(x1, y1) 39.5781 −29.6349 −1.7885

EL1(x1, y1) 11.3449 9.4209 1.8879

Z3(x3, y3) 26.0009 −5.5288 −2.2269

EL3(x3, y3) 19.7286 −1.3775 2.2239

Z5(x3, y3) 12.7355 −2.3210 −0.3728

EL5(x5, y5) 11.1936 0.1242 2.9306

Z7(x7, y7) 10.4316 −0.7836 −0.6345

EL7(x7, y7) 20.2826 −0.8026 1.1313

C9(x9, y9) 5.229 0 5.736

L9(x9, y9) 0.02607 0 0.001224

Table 3.14: The extracted polynomials approximating the relationship between the phys-
ical parameters of the fine model etched dielectric discs and the element values of the
10th order filter.
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8th Order, 8-way Combiner

(a) 1st iteration of the space-mapping optimisation.

(b) 2nd and final iteration of the optimisation.

Figure 3.33: The different model responses at the a) 1st iteration and b) final iteration of
the space-mapping optimisation. The optimised responses are for the 8th order combiner.
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Figure 3.34: The S11 response of the synthesised 8th order filter compared with the
optimised response of the compact 8-way combiner incorporating the filter. The optimised
fine model response displays S11 ≤ −20 dB over a bandwidth of 76%.

From Fig. 3.34 above it is observed that the 8th order, 8-way combiner has a reflection
coefficient better than −20 dB over a 76% bandwidth. The bandwidth is slightly larger
than designed for and the maximum passband ripple is much larger than that of the syn-
thesised circuit response. The discrepancies in the synthesised circuit response and that
of the optimised fine model is expected. As mentioned earlier, the synthesised response
may be considered as an ideal, as it is simulated using ideal circuit elements and have less
complexity compared the CST 3D combiner model. Even though the reflection coefficient
of the combiner circuit has a worse performance than the synthesised circuit, it would still
be sufficient to use as −20 dB equates to a very small reflected signal. The main advantage
of combiner is its compact size. With a total length of 106.34 mm the circuit measures
in wavelength approximately 0.425λ at the operating frequency. The overall reduction in
size is significant compared to combiner utilising classic quarter-wave transformers, and
is especially useful at microwave frequencies as low as 1.2 GHz.
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10th Order, 8-way Combiner

(a) 1st iteration of the space-mapping optimisation.

(b) 2nd and final iteration of the optimisation.

Figure 3.35: The different model responses at the a) 1st iteration and b) final iteration of
the space-mapping optimisation. The optimised responses are for the 10th order combiner.
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Figure 3.36: The S11 response of the synthesised 10th order filter compared with the
optimised response of the compact 8-way combiner incorporating the filter. The optimised
fine model response displays a S11 ≤ −17.5 dB over an approximate bandwidth of 104%.
The figure also shows the circuit response has a bandwidth of 112% for S11 ≤ −12 dB for
comparison with [15].

The optimised response of a combiner incorporating a 10th order short-step impedance
transformer is shown in Fig. 3.36 above. For comparison the synthesised circuit response
is also shown. The combiner response has a maximum passband ripple of −17.5 dB over
a bandwidth of 104%. This is in good comparison with the synthesised circuit although
the bandwidth is about 8% less.

The 8-way combiner from [15], operates at a centre frequency of 1.2 GHz and reports
a return loss of greater than 12 dB over a total bandwidth of 112% from 0.52 GHz to
1.86 GHz. It has a total size of 0.75λ × 0.25λ × 0.25λ at the lower edge of the pass-
band. The combiners total length, not taking into account the central 7/16 connector is
436 mm. The comparison between the 10th order compact combiner from this report and
the combiner from [15] is a suitable one as both are coaxial combiners designed to operate
at a centre frequency of 1.2 GHz. The optimised 10th order combiner shows excellent
comparison in terms of bandwidth and reflection coefficient performance. Fig. 3.36 shows
that the compact combiner also has a 112% bandwidth when measured at a return loss
of greater than or equal to 12 dB but the size of the combiner is significantly smaller than
that of [15]. With a total length of 125.07 mm the combiner is only 0.5λ of the centre fre-
quency of operation and approximately 0.22λ at the lower passband frequency, compared
to 0.75λ from literature.
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Combiner S11[dB] Bandwidth fc[GHz] Rel. Length Abs. Length []

10th Order Simulated −12 112% 1.2 0.5λ 126 mm

Combiner from [15] −12 112% 1.2 1.7λ 436 mm

Table 3.15: Comparison between the 10th Order simulated compact combiner and the
combiner from [15].

This section has provided the simulated design results of three different 8-way coaxial
combiners, each incorporating a synthesised short-step Chebyshev impedance transformer,
with increasing even order. These results have demonstrated how the combiners are
reduced in size while maintaining performance characteristics which compare well with
similar combiner designs from literature.
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Chapter 4

Conclusion

The length of coaxial combiners is significantly reduced by integrating a short-step-stub
Chebyshev impedance transformer into the design. The advantages for combiners op-
erating at lower microwave frequencies are demonstrated. Complete designs for three
different reactive 8-way compact coaxial power combiners are presented. A compact
combiner, incorporating a short-step Chebyshev impedance transformer is compared to a
similar design from literature and displays excellent passband performance characteristics.
The main goal of reducing the size of the combiner is achieved and demonstrated sev-
eral times within the report, through design examples and with a comparison to literature.

A comprehensive discussion on the theory required for network synthesis, and short-
step stub Chebyshev impedance transformers is presented in Chapter 2. Starting with
the theory of network analysis, the different sets of parameters used to describe passive,
reactive circuits are given. The realisability conditions in terms of the circuit parame-
ters is discussed and the canonical as well as non-canonical circuit implementations are
given. The short-step-stub Chebyshev impedance transformer and its design methodology
is thoroughly discussed. A MATLAB script for synthesising even-order bandpass filter
circuits for a specified bandwidth and for extracting elements values is developed and
used to demonstrate the design of such circuits.

In Chapter 3 the initial design considerations for power combiners utilising short-step
filters are presented. The geometry of coaxial combiners and a method for implementing
a shunt-stub line within a coaxial transmission line is introduced. A method for ex-
tracting and mathematically relating equivalent circuit models to the physical combiner
parameters is given and demonstrated after a discussion on surrogate modelling using a
space-mapping optimisation framework. The comprehensive design example at the end of
the chapter serves as a demonstration for designing any N -way compact coaxial combiner.

The results for a 6th order, an 8th order and a 10th order coaxial 8-way combiner op-
erating at a centre frequency of 1.2 GHz are presented. The combiner incorporating a
10th order short-step impedance transformer displays a 112% bandwidth simulated at a
return loss of greater than 12 dB. The main advantage of the combiner is the overall small
size, with a total length, including the central port N-type connector, of 125.07 mm at a
centre operating frequency of 1.2 GHz. These results are compared with a combiner from
literature with a similar configuration and operating specifications. The design displays
a return loss of greater than 12 dB over a bandwidth of 112%. The total length of the
combiner, without the 7/16 central port connector, is 436 mm. The significant advantage
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in size for the combiner of this report, incorporating a short-step impedance transformer,
is demonstrated via the comparison above. The comparison however, does not include
power handling capabilities and is only valid for the simulated results in this report as no
circuit was constructed there are no measured values to compare.

The apparent discrepancies between the response of synthesised circuits and optimised
high-fidelity CST models leads to several recommendations for possible future considera-
tions:

• The optimisation results may be improved by improving the the mathematical re-
lationship between circuit element values and physical parameters. This could be
achieved in several ways:

– By finding a configuration for the dielectric disc that better approximates the
synthesised shunt elements.

– By finding a disc configuration that, to a larger extent, is capable of tuning
the circuit parameters, such as L and C values, independently.

– By extracting mathematical models that more accurately describe the be-
haviour the the high-fidelity model. This could be done by increasing the
order of polynomials used to fit the data, once the configuration is updated to
more closely resemble the element models.

• Prototypes of the dielectric disc with etched lines could be constructed, measured
and compared with the simulation results in order to ascertain whether there is
anything that disqualifies the disc as a feasible realisation of the shunt elements.

• The power handling capability should be investigated to see whether the dielectric
disc implementation impose any restrictions on the peak power handling before
breakdown occurs.

• By designing more sophisticated central port to coaxial combiner transitions, like
those from [40–42], the tapered line section could possibly be shortened, or designed
to increase the operating bandwidth and maximum power handling.

• The peripheral port transition could be improved by redesigning the disc configu-
ration to a better approximation of the circuit model. This could lead to improved
model alignment, optimisation and circuit performance in terms of bandwidth and
return loss. Isolation between the peripheral ports could also be taken into account,
and using a multi-layer PCB, an isolation circuit could possibly be incorporated,
given electric breakdown does not become a problem.
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