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The phenomenon of fine structure of the Isoscalar Giant Quadrupole Resonance (ISGQR) has been studied 
with high energy-resolution proton inelastic scattering at iThemba LABS in the chain of stable even-
mass Nd isotopes covering the transition from spherical to deformed ground states. A wavelet analysis of 
the background-subtracted spectra in the deformed 146, 148, 150Nd isotopes reveals characteristic scales in 
correspondence with scales obtained from a Skyrme RPA calculation using the SVmas10 parameterization. 
A semblance analysis shows that these scales arise from the energy shift between the main fragments of 
the K = 0, 1 and K = 2 components.

© 2018 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Nuclear giant resonances are a prime example of elementary 
excitation modes and important sources of information about nu-
clear collectivity. The decay of these resonances provides infor-
mation on how a well-ordered collective excitation dissolves into 
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a disordered motion of internal degrees of freedom in fermionic 
quantum many-body systems [1,2]. A systematic experimental in-
vestigation of the fine structure of the Isoscalar Giant Quadrupole 
Resonance (ISGQR) at different shell closures over a wide mass 
range with high-resolution proton inelastic scattering experiments 
was conducted at the K600 magnetic spectrometer of iThemba 
LABS [3–5]. These studies showed that in medium-mass to heavy 
nuclei, experimentally observed energy scales quantitatively char-
acterizing the fine structure could be related to those extracted 
from microscopic calculations involving coupling of the initial col-
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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lective one particle–one hole (1p–1h) excitations to the back-
ground of two particle–two hole (2p–2h) states and, in particu-
lar, to low-lying surface vibrations. The characteristic energy scales 
were extracted applying wavelet analysis techniques [6].

Fine structure has been established in recent work to appear 
as a general phenomenon in low-multipolarity nuclear giant reso-
nances. This holds not only for electric modes like the ISGQR or the 
Isovector Giant Dipole Resonance (IVGDR) [7–9] but also for the 
magnetic quadrupole (M2) [10], spin-flip M1 [11,12] and Gamow–
Teller (GT) [13] resonances. It has also been demonstrated for the 
example of the ISGQR that fine structure occurs in all but the light-
est nuclei. In this work we explore the role of the deformation 
degree of freedom by a study of the stable even-mass neodymium 
isotope chain (142, 144, 146, 148, 150Nd) representing a transition from 
spherical to quadrupole-deformed nuclei.

The properties of the fine structure provide important insight 
into the dominant damping mechanisms of nuclear giant reso-
nances as explained in detail in Refs. [14,15]. The resonance width 
� is commonly assumed to contain three contributions, viz. a frag-
mentation of the initial 1p–1h excitations acting as doorway states 
(called Landau damping), direct particle emission from the 1p–1h 
excitations expressed by an escape width � ↑, and coupling to the 
more complex two particle–two hole (2p–2h) and finally many 
particle–many hole (np–nh) states leading to a spreading width 
� ↓ due to internal mixing. In this context, fine structure may be 
understood to result from the characteristic time scales (or en-
ergies) of the coupling steps. In a broader sense, such structure 
intermediate between the typical widths of compound states and 
that of the total resonance might also be viewed to arise from a 
“super-radiant” mechanism [16] in analogy to the Dicke coherent 
state [17] of a set of two-level atoms coupled through the common 
radiation field.

The present Letter focuses on the impact of deformation on 
the fragmentation of the ISGQR and thereby on the scales of the 
fine structure. In axially deformed nuclei, one expected effect is 
a splitting of ISGDR to the components corresponding to differ-
ent K quantum numbers, where K stands for the projection of 
the total angular momentum on the respective axis [18]. Such a 
K -splitting has been clearly observed for the case of the IVGDR 
[19]. The total photo-absorption cross sections for the neodymium 
isotopes nuclei with 142 ≤ A ≤ 150 from Ref. [20] exhibit, not only 
a broadening of the Lorentzian shape with increasing ground-state 
deformation, but also a transition from a single Lorentzian shape 
in the semimagic 142Nd two a double-Lorentzian structure in the 
most deformed nucleus 150Nd (although the latter is called into 
question by recent results [21]).

No such effect has been seen in inelastic alpha scattering stud-
ies of the ISGQR in the Nd [22] or the analog Sm [23] isotope 
chains. A two-component fit for the E2 strength distribution of 
the Sm isotopes has been proposed by Itoh et al. [24]. However, 
the extra component at higher excitation energies is not related to 
deformation, but represents a phenomenological description of the 
continuum strength beyond the main ISGQR peak. A comparison 
of the ISGQR in 142Nd and 150Nd in inelastic electron scattering 
indicates a broadening and shift of the centroid towards higher 
excitation energy for the latter, which might be seen as indirect 
evidence for a K -splitting [25]. However, the investigation of broad 
structures in inclusive electron scattering is hampered by the large 
background due to the radiative tail of elastic scattering.

Theoretical calculations predict splittings between the K com-
ponents which are typically smaller than the Full Width at Half 
Maximum (FWHM) of the ISGQR observed experimentally. It is 
thus not surprising that gross structure, i.e. the E2 strength dis-
tributions, deduced from different experiments do not show clear 
signatures of K -splitting. Here, we demonstrate using wavelet 
Fig. 1. Excitation energy spectra for proton inelastic scattering on stable even-mass 
neodymium isotopes at Ep = 200 MeV and θlab = 8◦ . The ISGQR is represented by 
the bump between about 9 and 15 MeV. The solid (blue) curves represent the levels 
of background from a DWT analysis and the dotted vertical (green) lines the energy 
range of application. The sharp peak around 13 MeV is a 16O contaminant.

analysis techniques that in contrast, the fine structure contains fin-
gerprints of the main fragments of the different K components and 
their relative shift (the K -splitting). Although data were taken for 
all stable even–even Nd isotopes, we restrict ourselves in the fol-
lowing to 146, 148, 150Nd. Indeed, a wavelet analysis of 142, 144Nd is 
interesting and will be part of a subsequent paper. However, our 
previous survey of fine structure of the ISGQR established cou-
pling to low-lying phonons as a major source of wavelet scales in 
spherical/vibrational nuclei [3,4], while the present manuscript has 
a focus on the role of ground state deformation.

2. Experiment

The experiment used ELab = 200 MeV proton beams from the 
Separated Sector Cyclotron facility of iThemba LABS. Measurements 
were made using the K600 magnetic spectrometer, where a high 
energy-resolution �E ≈ 45 keV FWHM could be achieved with 
dispersion matching techniques [26]. Data were taken for highly 
enriched (> 96%) 142, 144, 146, 148, 150Nd targets with 2–3 mg/cm2

areal densities at a scattering angle θLab = 8◦ , where the cross sec-
tion of the ISGQR is at maximum. Details of the experiment and 
data analysis can be found in Ref. [27]. The resulting spectra cov-
ering an excitation energy range of about 8 to 28 MeV are shown 
in Fig. 1. The spectra contain some contamination from oxidation, 
e.g. the strong transition around 13 MeV visible in some of the 
targets. They were identified by a measurement using a mylar foil 
in the same kinematics. Since the peaks would modify all further 
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Fig. 2. Spectra from Fig. 1 after DWT background and 16O contaminant subtrac-
tion. The solid (red) lines are fitted Lorentzian function while the vertical (purple) 
and horizontal (black) arrows indicate the positions of the ISGQR centroids and the 
widths, respectively. The resonance width � systematically increases from spheri-
cal to deformed nuclei. (For interpretation of the references to color in this figure 
legend, the reader is referred to the web version of this article.)

analysis, they have been removed from the spectra and the corre-
sponding energy region was replaced by a white spectrum with a 
variance determined by the statistics in neighboring channels.

Fig. 1 also shows that there is a sizable background under 
the ISGQR found between about 9 and 15 MeV. This background 
stems from quasifree reactions and contributions from higher-L
and spinflip-type multipoles which are expected to have broad 
strength distributions. Its shape and magnitude can be estimated 
from a decomposition of the spectra with a Discrete Wavelet 
Transform (DWT). The method has been presented in detail in 
Refs. [6,9,13,28] and further information on the wavelet analysis is 
given below. Final spectra obtained after both DWT and 16O con-
taminant subtraction (for details see [27]) are displayed in Fig. 2. 
The energy centroids of the ISGQR vary from 12.2 MeV in 142Nd 
to 11.9 MeV in 150Nd consistent with expectations from systemat-
ics [14]. The data are well described by single Lorentzians for all 
isotopes (red lines in Fig. 2) with a width increasing from 3.2 to 
5.1 MeV when going from 142Nd to 150Nd.

3. Theoretical model calculations

The evolution of giant resonance properties from spherical to 
deformed ground states in the stable Nd and Sm isotope chains 
has recently been studied in Ref. [29] and more generally across 
the nuclear chart in Ref. [30]. The present calculations are per-
formed within the Skyrme separable Random Phase Approximation 
approach [31]. The method is fully self-consistent since both the 
mean field and residual interaction are derived from the same 
Skyrme functional. The residual interaction includes all the func-
tional contributions as well as the Coulomb-direct and -exchange 
terms. The self-consistent factorization of the residual interaction 
crucially reduces the computational effort for deformed nuclei 
while maintaining the high accuracy of the calculations (see e.g. 
[31–33]).
Fig. 3. Results for Skyrme SVmas10 RPA calculations for the isoscalar E2 strength 
functions of the deformed 146Nd, 148Nd and 150Nd nuclei. Splitting can be clearly 
observed between K = 0 (green) or K = 1 (red) and K = 2 (blue) components of the 
ISGQR, increasing with nuclear deformation. (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of this article.)

The Skyrme parameterization SVmas10 [34] is used for the IS-
GQR description. It was chosen because studies of different Skyrme 
forces [31,32] indicate a strong sensitivity of ISGQR properties on 
the effective mass m∗ and large values of m∗/m provide the best 
results. The code exploits the 2D grid in cylindrical coordinates 
with the equilibrium axial quadrupole deformation determined 
by minimization of the total energy. In this work, the extracted 
deformation parameters β2 = 0.135, 0.192 and 0.285 for 146Nd, 
148Nd and 150Nd, respectively, were found to be in good agree-
ment with those deduced from experimental B(E2) strengths ex-
citing the first 2+ state [35]. Pairing is treated with delta forces 
at the BCS level. In the residual interaction, the pairing particle–
particle channel is taken into account. Deformation-induced cou-
pling between quadrupole, hexadecapole and monopole modes is 
also embraced [31]. A large two-quasiparticle configuration space 
(∼190000 states with energies up to 70 MeV) is taken into ac-
count, and the ISGQR energy-weighted sum rule is approximately 
exhausted for all isotopes.

Input for the wavelet analysis is provided by the SRPA strength 
function of the isoscalar E2 strength weighted by a Lorentzian 
with averaging parameter d = 45 keV equal to the experimental 
resolution. The small value of the averaging allows to resolve the 
fine structure of the calculated ISGDR for the aims of the wavelet 
and semblance analysis described below. The corresponding results 
for 146, 148, 150Nd are displayed in Fig. 3. The strength functions 
are decomposed into the K = 0 (red), 1 (green), 2 (blue) compo-
nents with centroid energies 11.94 MeV, 12.21 MeV, 12.82 MeV 
(146Nd), 11.75 MeV, 12.12 MeV, 12.92 MeV (148Nd) and 11.59 MeV, 
12.02 MeV, 13.13 MeV (150Nd). One observes not only a fragmen-
tation of the 1p–1h strength for a given K -value (Landau damping) 
but also a shift between the centroids (K -splitting) which increases 



272 C.O. Kureba et al. / Physics Letters B 779 (2018) 269–274
with ground-state deformation. While the effect is small for the 
splitting between K = 0 and 1 rising from 0.3 to 0.4 MeV, the dif-
ference between K = 1 and 2 is about 0.6 MeV in 146Nd increasing 
to about 1.1 MeV in 150Nd.

4. Wavelet analysis

Wavelet analysis has been established as a tool to quantitatively 
analyze the fine structure of nuclear giant resonances. A detailed 
description of the methods and a critical comparison with other 
approaches can be found in Ref. [6]. Here, we briefly review ba-
sics of the application to nuclear spectra. Wavelet analysis can be 
regarded as an extension of Fourier analysis which allows to con-
serve the correlation between the observable and its transform. In 
the present case the coefficients of the wavelet transform are de-
fined as

C (δE, Ex) =
∞∫

−∞
σ (E)�(δE, Ex, E)dE. (1)

They depend on two parameters, a scale δE stretching and com-
pressing the wavelet �(E), and a position Ex shifting the wavelet 
in the spectrum σ (E). The variation of the variables can be car-
ried out with continuous or discrete steps. The analysis of the fine 
structure of giant resonances is performed using the continuous 
wavelet transform (CWT), where the fitting procedure can be ad-
justed to the required precision.

In order to achieve an optimal representation of the signal us-
ing wavelet transformation, one has to select a wavelet function 
� which resembles the properties of the studied signal σ . A max-
imum of the wavelet coefficients at certain value δE indicates a 
correlation in the signal at the given scale, also called characteris-
tic scale. The best resolution for nuclear spectra is obtained with 
the so-called Complex Morlet wavelet (cf. Fig. 9 in Ref. [6]) because 
the detector response closely resembles a Gaussian line shape and 
the Complex Morlet wavelet is a product of Gaussian and cosine 
functions

�(x) = 1√
π fb

exp(2π i fc)exp

(
− x2

fb

)
, (2)

where fc is the wavelength center frequency and fb is the band-
width parameter. The scale values obtained from the Complex Mor-
let function are also consistent with those of Fourier analysis, but 
the wavelet analysis allows one to relate them to the energy re-
gion of the ISGQR. It should be noted that the wavelet coefficients 
obtained are complex.

Alternatively, a spectrum decomposition based on the DWT can 
be used, where scales and positions in the wavelet analysis are 
varied by powers of two. It allows an iterative decomposition of 
the spectrum by filtering it into two signals, approximations (A) 
and details (D), representing the large-scale (low-frequency) and 
small-scale (high-frequency) part for a given scale region analog 
to the effect of high- and low-pass filters in an electric circuit. In 
each step i of the decomposition, the initial signal σ (E) can be 
reconstructed as

σ(E) = Ai +
∑

Di . (3)

This operation can be repeated until the individual detail consists 
of a single bin.

A DWT can only be performed with wavelets which possess a 
so-called scaling function [6]. This is not the case for the Com-
plex Morlet wavelet, thus the Bior6.8 wavelet function [36] is used 
Fig. 4. Wavelet analysis for 146Nd. Top: Background-subtracted spectrum of the IS-
GQR in the 146Nd(p, p′) reaction and distribution of wavelet transforms, Eq. (1), 
(r.h.s.) and wavelet power spectrum (l.h.s). Middle: Same for theoretical B(E2) 
strength distribution. Bottom: Semblance, Eq. (5), (r.h.s) and semblance power spec-
trum (l.h.s.) integrated over the energy range indicated by the vertical dashed lines. 
(For interpretation of the references to color in this figure, the reader is referred to 
the web version of this article.)

as an alternative. It provides another useful property for a deter-
mination of background in the data. Each wavelet function can be 
characterized by its number of vanishing moments,

∞∫
−∞

En�(E)dE = 0, n = 0,1...m. (4)

For Bior6.8 the number is equal to six, i.e. any background in the 
spectrum that can be approximated by a polynomial function up 
to order five does not contribute to the wavelet coefficients. Such 
an analysis was performed for the spectra of Fig. 1. One can iden-
tify the decomposition order i containing the largest scale, i.e. the 
resonance width [6,9,13,28]. The next-higher order provides the 
form of the background. For the subtraction (cf. Fig. 2) the result-
ing functions were normalized to achieve background-free spectra 
between the proton and neutron thresholds.

Fig. 4 illustrates the application of the CWT on both experimen-
tal and theoretical results for the case of 146Nd. The top panels on 
the r.h.s. present the experimental spectrum and a 2D distribution 
of the real part of the wavelet coefficients according to Eqs. (1), 
(2), where the color code indicates large positive (red) or nega-
tive (blue) coefficients and yellow corresponds to small values of 
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C(δE, Ex). Projection on the scale axis leads to the power spectrum 
shown on the l.h.s., summed between the vertical dashed lines de-
fined by the width of the experimental ISGQR strength function. 
One observes maxima in the power spectrum which are charac-
teristic scales of the fluctuations in the analyzed spectrum. The 
middle part of Fig. 4 presents an analogous analysis of the theo-
retically predicted E2 strength function from Sect. 3. Although no 
scales are observed on the theoretical power spectrum for smaller 
scale values, pronounced characteristic scales are visible around 1 
MeV resembling the experimental results. These are most likely 
caused by the splitting between the main fragments of K = 0, 1
and 2 strengths as demonstrated in the next Section.

5. Wavelet signature for K -splitting from a semblance analysis

A quantitative measure of the correspondence between the two 
sets of wavelet coefficients is provided by a wavelet-based sem-
blance analysis, where the local phase relationships of the complex 
wavelet coefficients can be studied as a function of scale [37]. The 
semblance S can be expressed as

S = cosn(θ) , (5)

where n is an odd integer greater than zero (n = 1 in the 
present case), yielding values ranging from −1 (inversely corre-
lated) through zero (uncorrelated) to +1 (correlated). Here, the 
local phase θ is given by θ = tan−1[�(C1,2)/�(C1,2)], where the 
cross-coefficient C1,2 = C1C∗

2 with C1 the wavelet transform of 
data set 1 and C∗

2 the complex conjugate of dataset 2. To the best 
of our knowledge, the following represents the first application of 
semblance analysis to a nuclear structure problem.

The bottom part of Fig. 4 shows the result from the application 
of Eq. (5) to the experimental spectrum and the RPA prediction. 
Since the accuracy of giant resonance energies predicted in mean-
field models is on the level of a few hundred keV only, a shift be-
tween the experimental and theoretical spectrum was allowed for. 
Optimum semblance values were achieved for a 200 keV down-
ward shift of the RPA result with respect to the data. Because of 
the phase, the semblance (r.h.s.) can have positive (red) or negative 
(blue) values. A large positive correlation is obtained over most of 
the resonance – in this case between Ex = 11 to 13 MeV where 
the RPA E2 strength lies – for scale values corresponding to two 
characteristic scales around 1 MeV. The l.h.s. is again the power 
spectrum summed over the energy region indicated by the verti-
cal dashed lines showing a near maximum correlation for the two 
characteristic scales produced by the splitting between the main 
K = 1 and 2 fragments as well as between the K = 0 peak (plus 
the K = 1 strength fragment below 12 MeV) and the main K = 2
fragment in the RPA calculations.

For smaller scale values the semblance shows large fluctuations 
from correlation to anti-correlation over the energy region of the 
resonance. The theoretical power spectrum indicates no character-
istic scale below 500 keV while the data show scales around 150 
and 300 keV. This points towards an origin of these scales from 
coupling to 2p–2h states [3,4] which is outside of the RPA model 
space.

Further evidence for the interpretation of characteristic scales 
to arise from K -splitting is provided by a semblance analysis of 
148Nd and 150Nd, respectively. For 148Nd the RPA strength distri-
bution shows very similar pattern to 146Nd and indeed two scales 
are also found which can be identified with the energy shift of 
the main parts of the K = 0 and 1 strength relative to the K = 2
strength. Because of the increasing deformation the theoretical IS-
GQR strength distribution in 150Nd becomes more fragmented and 
the energy shift between the K components is significantly larger 
Fig. 5. Wavelet analysis for 150Nd. Top: Background-subtracted spectrum of the IS-
GQR in the 150Nd(p, p′) reaction (r.h.s.) and wavelet power spectrum (l.h.s). Middle: 
Same for theoretical B(E2) strength distribution. Bottom: Semblance, Eq. (5), (r.h.s) 
and semblance power spectrum (l.h.s.) integrated over the energy range indicated 
by the vertical dashed lines.

than in 146, 148Nd. This behavior is again well reproduced in the 
semblance analysis (bottom l.h.s. of Fig. 5). Because of the broad-
ening of the peak in the RPA strength distributions at lower excita-
tion energies the corresponding semblance analysis also shows one 
broad correlation maximum shifted overall to a higher scale value 
compared with 146, 148Nd. The theoretically expected increase of 
K -splitting with ground-state deformation seems to be reflected in 
the properties of the experimental fine structure.

A remaining question is the influence of the chosen interac-
tion on the semblance results. As pointed out in Section 3, the 
bulk parameter most sensitive to the ISGQR is the effective mass 
and values m∗/m ≈ 1 provide the best systematic description of 
the ISGQR energy centroid. Therefore, we repeated the analysis us-
ing some widely used Skyrme functionals (SVbas, SkM* and Sly6) 
with varying m∗/m values (0.9, 0.79, 0.69). For 146Nd, the addi-
tional interactions produce similar E2 strength distributions, but 
shifted up in excitation energy by up to 2 MeV with decreasing ef-
fective mass, inconsistent with the experimental data. For 150Nd, 
due to the larger β2 deformation parameters they lead to a broad-
ening of the E2 strength distributions with respect to SVmas10 
and the experimental results.

The corresponding semblances together with those obtained 
with SVmas10 (cf. Figs. 4, 5) are displayed in Fig. 6 for 146Nd 
and 150Nd, respectively. The scale axis is limited to values > 400
keV, where a comparison of experimental and theoretical results 
is meaningful, see above. Fig. 6 clearly demonstrates the sensitiv-
ity of the semblance observable to the chosen interaction. None 
of the other interactions can reproduce the semblance peaks in 
146Nd obtained with SVmas10 consistent with the wavelet scales. 
Rather, one scale is missing (SLy6) or even strong anti-correlation 
(SVbas, SkM*) is found. For 150Nd, SVbas roughly reproduces the 
broad maximum, although with reduced correlation with respect 
to SVmas10, while SkM* and Sly6 again show anti-correlation in-
stead of correlation for larger scale values.
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Fig. 6. Comparison of semblance analysis for different Skyrme interactions (see text). 
Left: 146Nd. Right: 150Nd.

6. Conclusions

The present work provides evidence for the phenomenon of 
fine structure of the ISGQR in the quadrupole-deformed
146, 148, 150Nd isotopes. The observation of fine structure in heavy 
deformed nuclei is far from trivial considering the extremely high 
level densities of 2+ states in the corresponding excitation energy 
region (107–108 MeV−1 estimated from Refs. [38,39]). It requires 
that the effect of coupling of the doorway states (the main frag-
ments of the 1p–1h strength) to the surrounding more complex 
states is sufficiently weak.

It is shown by comparison with Skyrme RPA calculations 
based on the SVmas10 interaction that characteristic scales of a 
wavelet analysis describing the experimental fine structure can be 
traced back to the energy splitting between K components of the 
isoscalar E2 strength in deformed nuclei. Quantitative evidence is 
provided by a semblance analysis which considers phase corre-
lations of the wavelet transforms of experimental and theoretical 
spectra at a given scale. Remarkably, not only the experimental 
strength functions can provide information on the K -splitting from 
the observation of overall larger widths in deformed nuclei but 
also the fine structure carries a clear signature. The comparison 
of results from different interactions illustrates the sensitivity of 
wavelet observables, which may help to improve the development 
of energy density functionals capable of accounting for deforma-
tion degrees of freedom.
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