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Abstract

The Analysis of Multi-Clustering in Heavy Nuclei
T.G. Carolus

Department of Physics,
University of Stellenbosch,

Private Bag X1, Matieland 7602, South Africa.

Thesis: MSc

March 2020

The binary cluster model is the simplest mathematical model which is used 
to describe a system of strongly interacting, and highly correlated nuclear 
matter. This study will serve as a means to better understand the phenomenon 
of nuclear clustering beyond a 208P b-alpha cluster core system. Theoretically 
predicted observables, such as the cluster decay half-life, positive parity cluster 
states, and the reduced electric dipole transition (B(E2)) are compared to 
the available experimentally observed quantities. The results show that the 
tested systems for various cluster-core con�gurations, of both a �xed parent 
nuclei and �xed stable core favoured the phenomenological description of their 
interaction. A numerical optimization procedure is applied to the core- cluster 
potential of the binary cluster formalism and is then used as an analytical tool 
in order to predict the possibility of higher modes of cluster decay in 216Rn.
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Uittreksel

Die ontleding van multi-bondeling in swaar kerne
(�The Analysis of Multi-Clustering in Heavy Nuclei�)

T.G. Carolus
Fisika Departement,

Universiteit van Stellenbosch,
Privaatsak X1, Matieland 7602, Suid Afrika.

Tesis: MSc

Maart 2020

Die binêre bondelmodel is die eenvoudigste wiskundige model wat gebruik word 
om 'n stelsel van sterk interaksie te beskryf, en sterk gekorreleerde kernmate-
riaal. Hierdie studie sal dien as 'n weg tot 'n beter verstaan van die verskyn-
sel van kern groepering bo en behalwe 'n 208P b -alphagroepering kernstelsel. 
Teoreties voorspelbare waarneembares, soos die bondelvervalhal�eeftyd, po-
sitiewe bondelpariteitstoestande, en die verminderde elektriese dipooloorgang 
(B (E2)) word vergelyk met die beskikbare eksperimentele hoeveelhede. Die 
resultate toon dat toetsstelsels vir verskillende bondel-kernkon�gurasies, van 
beide die vaste ouer kern- en vaste stabiele kern skema, beter beskryf word deur 
die fenomenologiese beskrywing van hul wisselwerking.Numeriese optimering 
word toegepas op die kern-bondelpotensiaal van die binere bondel-formalisme, 
waarna dit as 'n analitiese instrument gebruik word vir die voorspelling van 
moontlike hoër modusse van bondelverval in 216Rn
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Chapter 1

Introduction

Nuclear matter is a strongly interacting many-body system, with nucleons in-
teracting in a complex manner, these interactions cannot be solved exactly.
Furthermore, the details behind nucleon-nucleon interactions, which deter-
mines the dynamical properties of the nucleus, are not fully understood and is
therefore a key area of scienti�c investigation. It is understood that the nuclei
is bound together due to an overall strong interaction between the nucleons.
This interactions are short range and mainly occurring between neighbouring
nucleons.These strong correlations amongst nucleons across such a large de-
gree of freedom suggests some collective behaviour among subsets of nucleons
within nuclei, which we de�ne as a nuclear cluster state. Such simpli�cations
in the nuclear model description is not without merit. The nuclear binding
was determined by a Semi-empirical mass-formulae,[1] under the Liquid Drop
Model. One of the �rst models used to describe the properties of nuclear mat-
ter is the Semi Empirical Mass Formula (SEMF). This model is obtained by
�tting the parametrized SEMF formula

B(A,Z) = avA− asA2/3 − ac
Z2

A1/3
+ aa

(N − Z)2

4A
+

δ

A1/2
, (1.0.1)

which depends on the volume(av), surface area(as), Coulomb repulsion(ac),
asymmetry between the protons and neutrons(aa), and intrinsic spin pairing
within a nucleus. The SEMF is essentially used to estimate the binding en-
ergy per nucleon for the nuclei found along the region of beta stability. The
Liquid Drop Model assumed a uniform nucleon density for heavy stable nuclei.
For the light nuclei the baryon density follows a Gaussian distribution. This
formulation allows for the glimpse into the stability of the nucleus. When
compared to the experimentally observed binding energies (see Figure 1), sig-
ni�cant discontinuities can be found at speci�c proton and neutron numbers.
These numbers are known as magic numbers as described by the Shell model
[2] ,where the actual binding energy per nucleon is higher than for the neigh-
bouring nuclei and in which the fermionic behaviour of the nucleons are taken
into account.

1
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CHAPTER 1. INTRODUCTION 2

Figure 1.1: The di�erence in the actual(experimentally measured) binding energy
(in Black) and the Liquid-Drop model estimate (in Red).

These nuclei are not always stable, whether it be in a natural or an induced
state of excitation and would undergo decay to transition to a more stable
con�guration of nuclear matter. A variety of decay modes are known to achieve
stability in nuclei, such as the emission of an electron or positron from the
nucleus, which are referred to as beta (β) decay, the emission of neutrons,
the emission of γ-rays or the emissions of a 4He nuclei (also known as an
α particle) namely α decay. The pioneering work of Rutherford, Geiger and
Marsden in the early 1900s relied on the emission of alpha particles from alpha
emitting nuclei, which resulted in the discovery of the atomic nucleus [3]. It
was initially believed that alpha particles were the fundamental building blocks
of the atomic nucleus, until the discovery of the proton in 1920 by Rutherford
[4]. Alpha clustering in light nuclei have been observed experimentally [5] and
have been studied in great detail, but di�erences in calculated binding energies
and positive Q-values in heavy nuclei implied the possibility for the emission
of a heavy cluster. Amongst the recent evidence of heavy clustering in nuclei
is that of the 34Si decay of 242Cm, which maximized the decay Q-value due to
strong shell e�ects[6].
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CHAPTER 1. INTRODUCTION 3

The emission of single heavy cluster, beyond alpha clusters, has been in-
vestigated by du Toit et al [7]. As an independent particle, the stability of the
cluster should be considered as well. This study will seek to look at beyond
the single exotic clustering ,but to lay the foundations for a Lorentz covari-
ant formalism to describe clustering phenomenon. In so doing, addressing the
shortcomings of the microscopic description, gaining an understanding or the
role of the nucleon-nucleon interaction in the clustering of heavy nuclei. With
the focus being on multi-clustering , creating a means to distinguish between
the expulsion of a single heavy cluster or the existence of multiple clusters and
their decay modes is also of interest. This study seek to understand the mech-
anism surrounding the decay of 216Rn, which could be considered as a 208Pb
core plus 8Be cluster or 208Pb core with two alpha clusters. It is well known
that the free 8Be is an unstable nucleus which decays via a double alpha decay
with a decay half life of 10−16s [8]. Questioning whether a weakly bound 8Be
may be emitted out of 216Rn and then decay into 2 alpha particles or will the
instability of the cluster dominate, favouring the release of 2 alpha particles
via sequential decay. The latter opens up the possibility of viewing 216Rn as
a stable 208Pb core with a multi-alpha like Bose-Einstein state. This approach
will serve as benchmark for the study of stable core plus excited (or unstable)
cluster or excited core plus stable cluster con�gurations.

1.1 Existing Theoretical Models

This section serves as a brief overview of some of the noteworthy theoretical
cluster models, such as Fragmentation Theory, Asymmetric Two-Centre Shell
Model(ATCSM), Analytical and Numerical Super-Asymmetric Fission Model.
With the focus model of this this being the Binary Cluster Model (BCM). This
section follows the structure as laid out in [9].

1.1.1 Fragmentation Theory

In order to describe the fragmentation process of a nucleus, the complete pro-
cess is made of separate fragments , with a separation R from the centre-
of-mass. Thus the collective Hamiltonian,H(R, α1, α2, µ), in the coordinate
system is parametrized in terms of the reduced mass of the cluster-core sys-
tem µ, the deformation tensors of the respective fragments, α1 and α2 and the
displacement vector R.

Unfortunately, this theory does not describe joined or overlapping frag-
ments and is treated with the Asymmetric Two-Centre Shell Model (ATCSM).
The fragmentation model is used to describe fragmentation during nucleus-
nucleus scattering, and has been successfully been applied to the study of
nuclear decay of the description of nuclear clustering. With H(R, α1, α2, µ)

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 1. INTRODUCTION 4

and adjustments made by the ATCSM, after renormalization of the model,
the calculations are performed [10].

1.1.2 Asymmetric Two-Centre Shell Model(ATCSM)

In this model, the formation of fragments within the nucleus is theoretically
constructed with an interaction potential which comprises of a superposition
of two-oscillators, thus the name of two-centre shell model. The total Hamil-
tonian can be split into the following way:

H(ρ, z) = H0 + V1(ρ, z) + VLS + VL2 . (1.1.1)

In the equation, H0 is the Hamiltonian with two harmonic oscillator poten-
tials, V1 is a piecewise smoothing function for the oscillators with respect to
separation distance z, between the core and cluster, and the VLS and VL2 are
the spin-orbit coupling and total angular momentum dependent potentials.
The Hamiltonian is de�ned in cylindrical coordinates z, ρ and φ. With the ρ
being the radial distance with respect to the z axis, φ is the azimuthal angle
and with the cluster and core placed along the z-axis, the z represents the
separation distance between the cluster and core.

This model also employs smoothing of the functions joining the potential,
as well as joining the potentials by variable heights of the potential barrier (as
shown by �gure 1.1.2), as to distinguish between the 2 fragments. Regardless of
some it's successes, this model does not generalise well to complete asymmetric
shaped nuclei as is present in exotic decay [11].

1.1.3 Analytical and Numerical Super-Asymmetric
Fission Model

This model seeks to build upon the existing �ssion models [12; 13]. Through
experimental observation and evidence of super-asymmetric �ssion or clus-
ter decay, it is seen that current �ssion models overestimate the height of
the �ssion barrier. Corrections to the �ssion barrier through the inclusion of
a phenomenological adjustments, were taken into account in the Numerical
(NuSAF) and Analytical (ASAF)Super-Asymmetric Fission models [14].

However, this is proven to a computationally intensive, means in order to
solve this it requires a considerable amount of resources such as time, process-
ing power or memory and as such an analytical relationship for the half-life
was used as a starting point for the ASAF [15].
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CHAPTER 1. INTRODUCTION 5

Figure 1.2: Visualisation of the Asymmetric Two-Centre Shell Model along the z-
axis, with the centre-of-mass of the fragments at the roots (z1 and z2) of the potential
V (z, ρ). In which the z-axis represents the separation distance in fm and the vertical
axis is in MeV. The image is visualized at a constant radial distance (ρ)[11].

1.1.4 Binary Cluster Model

The Binary Cluster Model (BCM) is the simplest of the cluster schemes dis-
cussed. This model begins with the assumption that the parent nucleus is
made up of a cluster orbiting a core (see �gure 1.3), separated by a distance
r within the cluster-core centre-of-mass (CoM) coordinate system, interacting
with one another by a central potential, which is composed of a Coulomb,
centrifugal and nuclear potential. The BCM formalism assumes that mass
asymmetry between the cluster and core is of such a nature that the CoM is

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 1. INTRODUCTION 6

at the center of the core. The BCM will serve as the focus model with this
work and will be explained further in chapter 2.

Whilst the fragmentation model assumes that the cluster and core already
fragmented, the BCM can be considered for both nuclei in which the cluster
and core are fragmented and con�gurations in which the nuclei matter at the
core-cluster intersection overlaps. Allowing for the consideration of spherical
and deformed nuclei. This models description of nuclear clustering has been
used to predict the scattering as well as the bound state properties of clustering
phenomenon.

Figure 1.3: Graphical representation of the BCM.
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CHAPTER 1. INTRODUCTION 7

1.2 Aim of the study

In this thesis, the focus model will be the Binary Cluster Model. Whilst investi-
gating the e�ects of the a phenomenological and microscopic M3Y cluster-core
potentials. Previously, theoretical cluster model studies focused solely on sin-
gle cluster models. Such as the theoretical prediction[16] and the experimental
veri�cation [17] of the 14C emission from 223Ra. An extensive list of experi-
mentally observed clustering presented in [6] ; for parent nuclei such as 221Fr,
221−224,226Ra, 223,225Ac, 228,230Th, 231Pa, 230,232−236U , 236,238Pu and 242Cm. In
which single exotic clusters of 14C, 20O, 23F , 22,24−26Ne, 28,30Mg, and 32,34Si
were detected. This study aims to apply these models to investigate the multi-
cluster decay from nuclei, such as 216Rn, which could be viewed as a 208Pb core
plus 8Be cluster or 208Pb core with two alpha clusters.

This thesis presents the ground for the theoretical formulation of the so
called stable core plus excited cluster system. The theoretical predictions
presented in this project will, however, be restricted to stable core and stable
cluster systems, in which the 8Be as a di-alpha system in 216Ra is restricted
to its ground state con�guration. The current work also will consider the core
in its ground state. This is done to bring the theory forth as an algorithmic
tool for experimental predictions.

1.3 Plan of the thesis

The focus model of this thesis is the Binary Cluster Model and as such we
will start by introducing the model. Thereafter, a look at various possibilities
in the nuclear cluster-core potentials will be explored as to best describe the
interaction between the Cluster-Core system. Starting with the phenomeno-
logical Saxon-Woods plus Saxon-Woods cubed potential, then a microscopic
non-relativistic (M3Y) potential, after a comparison of these systems, a hy-
bridization of these systems will be considered. Model shortcomings and ab-
sence of spin interactions will be considered.

Multi-con�guration tests shall be run on each model. Finally, applications
of these models as an investigative tool for multi-cluster decay study will be a
conclusion this study.

Past iteration of the single cluster studies focused on either solely a phe-
nomenological or microscopic interaction between the cluster and core. This
study will also seek to incorporate more sophisticated representations of the
microscopic potential. Laying the foundations for a model which describes
the global properties of the nucleus, brought about by the phenomenological
potential, whilst adding the nucleon-nucleon(NN) interactions and it's suc-
cesses. The context, applications and adjustments to these interactions shall
be expanded upon in chapter 3. Both the formalism and observables used for
testing, looked at within the context of a decay process. Regardless of this,
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CHAPTER 1. INTRODUCTION 8

as has done be the other models (section 1.1), this model and its extensions
may be applied to tests under scattering process too. The resulting model will
allow for the possible study of the structure of exotic nuclei through the use
of radioactive ion beam (RIB) facilities.
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Chapter 2

Binary Cluster Model

2.1 Introduction

In this chapter the theoretical foundation for binary cluster model is presented.
The relevant model assumption is presented as well as the formalism for the
relevant cluster observables, such as the positive parity excited energy states,
electric multi-pole transition and decay half-life are given.

2.2 Model assumptions

The binary cluster model was �rst introduced in 1958 [18] by Wildermuth and
Kanellopoulos. Within the model as presented by Buck et al. [19], a core with
Z1 protons and a mass of A1 that is orbited by a cluster of Z2 protons and a
mass of A2 to describe a parent nucleus where Z = Z1 + Z2 and A = A1 +A2

represents the total proton and mass numbers respectively.
It is assumed that the cluster-core system is a spherically symmetric system

interacting through an e�ective central potential V (r), in order to employ the
use of center-of-mass coordinates between the cluster and core. The time
independent Schrödinger equation (SE) for the cluster-core system under the
aforementioned conditions is then given by(

− ~2

2µ
∇2 + V (r)

)
ψ(r) = Eψ(r), (2.2.1)

where r is the position vector between the cluster and core, µ = A1A2

A1+A2
is the

reduced mass, ψ is the bound state wave-function and E is the energy eigen-
value for the SE. As shall be seen in section 2.3, the cluster-core interaction
is assumed to be spherically symmetric, thus the SE is calculated in spheri-
cal coordinates (r, θ, φ). With the Laplacian spherical coordinates taking the
following form

∇2 =
1

r2
∂

∂r

(
r2
∂

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

r2 sin2 θ

(
∂2

∂φ2

)
(2.2.2)

9

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 2. BINARY CLUSTER MODEL 10

It should be noted that the vectors are in a bold font.
In solving the SE under a central potential V (r), the bound state wave

function of the relative motion is solved through the separation of variables
into its radial and angular components as follows;

ψnLM(r) =
ϕnL(r)

r
YLM(θ, φ) (2.2.3)

where the radial component of the wave-function is represented by ϕnL(r) and
the angular component is represented by the spherical harmonic function, YLM .
The quantum numbers are represented by n indicating the principle quantum
number, L refers to the orbital angular momentum and the projection of orbital
angular momentum onto the z-axis is represented by M. The radial and angular
components of the SE is to be solved separately as it is assumed that the core-
cluster interaction is spherically symmetric. The normalized angular wave
functions are the spherical harmonics [20],

YLM(θ, φ) = (−1)M

√
(2L+ 1)

4π

(L− |M |)!
(L+ |M |)!

eiMφPLM(θ, φ) (2.2.4)

here PLM is the associated Legendre polynomial [21]. The spherical harmonics
are eigenfunctions of the L2 and Lz operators

L2YLM = L(L+ 1)YLM (2.2.5)

LzYLM = MYLM (2.2.6)

and are orthonormal functions1∫
YLMYL′M ′ dΩ = δLL′δMM ′ . (2.2.7)

Substituting this into the SE yields,(
− ~2

2µ
∇2 + V (r)

)
ϕnL(r)

r
YLM(θ, φ) = EnLM

ϕnL(r)

r
YLM(θ, φ) (2.2.8)

The SE can be reduced to the radial Schrödinger wave equation (RSE)(
− ~2

2µ

d2

dr2
+ V (r)

)
ϕnL(r) = EnLMϕnL(r). (2.2.9)

2.3 Cluster-Core Potential

The potential in the RSE can thus be thought as a composed of the nuclear
potential VN(r), the Coulomb potential Vc(r) and the centrifugal potential
VL(r).

1The integration over the solid angle dΩ = sin θ dθdφ.
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CHAPTER 2. BINARY CLUSTER MODEL 11

V (r) = VN(r) + Vc(r) + VL(r) (2.3.1)

The Coulomb interaction is taken as a point charge of Z2 to represent the
cluster, which interacts with a uniformally charged core Z1 with a radius of
Rc. This description is expressed as follows;

Vc(r) =

{
Z1Z2e2

r
if r ≥ Rc,

Z1Z2e2

2Rc

(
3− | r

Rc
|2
)

if r ≤ Rc.
(2.3.2)

As to reduce the number of free parameters, the Coulomb radius RC is
taken as a nuclear radius R0 = 1.2A1/3fm [22].

The centrifugal potential associated with the orbital angular momentum,
with quantum number L, is given by

VL(r) =
L(L+ 1)~2

2µr
, (2.3.3)

where µ = A1A2

A1+A2
is the reduced mass.

In the section to follow, an semi-classical approximation to the time-independent
radial SE utilizing the Wentzel-Kramers-Brillouin (WKB) approximation [20;
23] shall be introduced. Langer [24] considered the solution under the in�uence
of a Coulomb potential. He observed that the solution under this approxima-
tion was out of phase, and were corrected by replacing L(L+ 1) with (L+ 1

2
)2,

as to ensure that the wave function is to vanish to the proper degree at r = 0.
It is further stated that the discrepancy arises not in the method of solving
the system but, in the application of the solution in the region approaching
r = 0. This modi�cation also takes into account the contribution from the
L = 0 state within Bohr-Sommerfeld Quantization Rule [24].

The Langer modi�cation of the centrifugal potential:

VL(r) =
(L+ 1

2
)2~2

2µr
. (2.3.4)

2.4 Energy Spectra

2.4.1 Bohr-Sommerfeld Quantization

The Bohr-Sommerfeld Quantization serves as a semi-classical approximation to
solving the one-dimensional Schrödinger Equation through the use of the semi-
classical Wentzel-Kramers-Brillouin (WKB) approximation. The procedure
that follows is taken from Gri�ths [20], Zettili [23] and du Toit [7].

Now consider the one dimensional time independent Schrödinger equation[
− ~2

2µ

d2

dr2
+ V (r)

]
ϕ = Eϕ (2.4.1)
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where µ = A1A2

A1+A2
is the reduced mass of the core-cluster system. Through the

introduction of the classical momentum p(r) =
√

2µ(E − V (r)), the SWE can
be rewritten as follows:

d2

dr2
ϕ(r) +

p2(r)

~2
ϕ = 0 (2.4.2)

This method assumes that the potential is slow-varying with respect to r,
and attempts to �t a solution of the form

ϕ(r) = A(r)eiφ(r)/~ (2.4.3)

where A(r) is the amplitude and φ(r) is the phase, which a both real valued
functions. Or approximated by

ϕ(r)± ≈
C±√
p(r)

exp

[
± i
~

∫ r

p(r′)dr′
]

(2.4.4)

This solution will be explored within both the classically forbidden (V (r) > E)
and the classically allowed regions (V (r) < E), as this leads to two separate
solutions.

Firstly, within the classically allowed region in which E > V (r), r1 < r < r2
in which p(r) is a real function. The general solution is given by

ϕ(r) =
C+√
p(r)

exp

[
i

~

∫ r2

r1

p(r′)dr′
]

+
C−√
p(r)

exp

[
− i
~

∫ r2

r1

p(r′)dr′
]

(2.4.5)

The classically forbidden, V (r) > E, yields a general solution of

ϕ(r) =
B+√
|p(r)|

exp

[
1

~

∫
r

|p(r′)|dr′
]

+
B−√
|p(r)|

exp

[
−1

~

∫
r

|p(r′)|dr′
]
(2.4.6)

this is evaluated on either of the classically forbidden regions, namely from
rmin < r < r1 and for r2 < r < rmax.

As mentioned above, the WKB approximation is valid if the potential or
the wavelength λ of the particle is slow varying over distance, i.e.

|dλ
dr
| � 1 (2.4.7)

in which λ is de�ned as

λ(r) =
~
p(r)

=
~√

2µ(E − V (r))
(2.4.8)

this is the de Broglie wavelength of the cluster at distance r from the core. This
condition is satis�ed for classical systems, which breaks down at the turning
points (or in�ection points) r = r1 and r = r2, where E = V (r) and the
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momentum vanishes. The solutions previously introduced are not valid at the
turning points. As such, the exact wave functions at the turning points need
to be determined, and the matching conditions for the wave functions in the
classically allowed and forbidden region.

Solutions within the classically forbidden are expected to decay exponen-
tially, and solutions in the classically allowed region is to be oscillatory. This
leads to three separate solutions;

ϕ1(r) =
C1√
|p(r)|

exp

[
−1

~

∫ r1

r

|p(r′)|dr′
]

ϕ2(r) =
C2√
p(r)

sin

(
1

~

∫ r2

r1

p(r′)dr′ + α

)
(2.4.9)

ϕ3(r) =
C3√
|p(r)|

exp

[
1

~

∫ r

r2

|p(r′)|dr′
]

where C1, C2 and C3 are constants to be determined by connecting the solu-
tions ϕ1, ϕ2 and ϕ3 when moving from one region to the next as it passes the
turning points r = r1 and r = r1, and α is a phase to be determined.

The Schrödinger equation can be solved approximately near r = r2, by
assuming the that potential can be expanded as a Taylor series about the
point r2. Expanding V (r) to the �rst order

V (r) ≈ V (r2) + (r − r2)
(
dV (r)

dr

)
|r=r2

where V (r2) = E.
In this way, V (r) is approximated by a straight line (r − r2)F0 with

F0 =
(
dV (r)
dr

)
r=r2

the slope of V (r) at r = r2. Applying a change of variables

of the form y =
(
2mF0

~2
)1/3

(r − r2), the Schrödinger equation becomes

d2ϕ(y)

dy2
− yϕ(y) = 0

for which the solution is Airy functions Ai(y) [21; 7]of the �rst kind

ϕ(y) = A′Ai(y) =
A′

π

∫ ∞
0

cos

(
z3

3
yz

)
dz (2.4.10)

with A′ as the normalization constant.
The asymptotic behaviour of Airy functions at both large positive and

negative values of y, yields a wave function of the following form;

ϕ(y) =

{
A′

√
π|y|1/4 sin

[
2
3
(−y)3/2 + π

4

]
, y � 0

A′

2
√
πy1/4

exp
[
−2

3
(y)3/2

]
, y � 0
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By using the following relation

1

~

∫ r2

r

p(r′)dr′ =
2

3
(−y)3/2 (2.4.11)

the wave function becomes

ϕ(y) =


A√
p(r)

sin
[
1
~

∫ r2
r
p(r′)dr′ + π

4

]
, r � r2

A

2
√
|p(r)|

exp
[
−1

~

∫ r2
r
p(r′)dr′

]
, r � r2

Following a similar procedure on either side of the turning point (in�ection
points) r = r1 yields

ϕ(y) =


A′

2
√
|p(r)|

exp
[
−1

~

∫ r
r1
p(r′)dr′

]
, r � r1

A′√
p(r)

sin
[
1
~

∫ r
r1
p(r′)dr′ + π

4

]
, r � r1

The oscillatory solutions for the region between r1 and r2, describes the
same region and thus, must be equal.

ϕ2(r) =
A′√
p(r)

sin

(
1

~

∫ r

r1

p(r′)dr′ +
π

4

)
=

A√
p(r)

sin

(
1

~

∫ r2

r

p(r′)dr′ +
π

4

)
(2.4.12)

which my be likened to a simpli�ed form of A′ sin θ1 = A sin θ2 This equation
is satis�ed when the following two relations are met:

θ1 + θ2 = (n+ 1)π (2.4.13)

A′ = (−1)nA (2.4.14)

This leads to the well-known Bohr-Sommerfeld Quantization Rule∫ r2

r1

√
2µ

~2
(En − V (r))dr = (2n+ 1)

π

2
. (2.4.15)

This rule can be used to determine the quantized (WKB) energy levels En
of the bound states of a semi-classical system, where n represents the number
of nodes.

2.4.2 Global Quantum Number

The global quantum number is de�ned as:

G = 2n+ L (2.4.16)

where n and L are numbers of the node and orbital angular momentum char-
acterizing the orbit.
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This relation gives rise to a band of states which shares a common value of
G. For even number G, the states form a band with positive parity states and
an odd G yields a band of negative parity states.

For exotic decay, the global quantum number is to be proportional to the
emitted cluster mass (A2). The parametrization found to be optimal for nuclei
within the actinide region is [25]

G = 5A2. (2.4.17)

Substituting equation 2.4.16 into the Born-Sommerfeld Rule given by equation
2.4.15 ∫ r2

r1

√
2µ

~2
(EL − VL(r))dr = (G− L+ 1)

π

2
. (2.4.18)

With this in hand, the energy levels may be calculated if the potential VL(r) is
known and the Global Quantum Number (G) is speci�ed. This equation shall
be implemented as part of a parameter optimization process.

2.4.3 Coupling to the electromagnetic �eld

In the nuclear decay process, the emission of a γ- ray occurs when the nucleus
decays from an excited state to a lower state and is caused by the interaction
of the nucleus with an external electromagnetic �eld. In this section, a brief
derivation by means of a perturbation theory is presented and will be used to
calculate the transition probabilities as accordance with Wong [26].

Firstly, consider a point particle with a charge of q. The free Hamiltonian
for a particle in the absence of an external electromagnetic �eld and consisting
of only a kinetic energy term with a momentum of p and mass m;

H0 =
1

2m
p2. (2.4.19)

In the presence of an electromagnetic �eld, the momentum gets modi�ed as
follows

p→ p +
q

c
A

where A is the vector potential for the electromagnetic �eld. The general form
of the Hamiltonian can be expressed in the form of a current J . Written in a
more convenient four- component tensor notation looks as follows,

H ′ = −1

c

4∑
µ=1

AµJµ (2.4.20)

where Aµ = (A, iV ) and Jµ = (J, iρc) with a charge density of J = q p
m
.

The form of the electromagnetic �eld is given by the solution of Maxwell's
equations, (

∇2 − 1

c2
∂2

∂t2

)
Ar(r, t) = 0 (2.4.21)
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As our interest is the vector potential Aµ, this can be written with the time
dependence removed in terms of a de�nite wave number k,

A(r, t) =
∑
i

∑
ki

Aki(r)e
−iωit (2.4.22)

where ω = kc, with k being the magnitude of k. The spatial dependence of A
is then given by

(∇2 + k2)Ak(r) = 0 (2.4.23)

Substituting the expansion into the above solution yields,

A(r, t) =
1

N

∑
k

∑
η

(
bkηεηe

i(k·r−ωt) + b†kηεηe
−i(k·r−ωt)

)
(2.4.24)

From the condition ∇ · A = 0, only two of the three components for the
vector �eld are independent. These components are indicated by two unit
vectors εη with η = 1, 2, indicating the polarization of the photon. The factors

bkη and b†kη are constants related to the boundary conditions. A quantum-

mechanical interpretation of bkη and b†kη is that they represent the creation
and annihilation operators, respectively, of photons with wave-number k and
polarization direction η.

The expansion solution for A is implicitly done in Cartesian coordinates,
but since our model assumes spherical symmetry, it is more convenient to
express A(r, t) in terms of de�nite spherical tensor. This coordinate change
allows for A(r, t) to be written in terms of eigenfunctions of the angular mo-
mentum operator such that

J2Aλµ(r, t) = λ(λ+ 1)Aλµ(r, t)

J0Aλµ(r, t) = µAλµ(r, t).

The functions Aλµ may be expressed in terms of vector spherical harmon-

ics, which are vector functions constructed from (scalar) spherical harmonics
Ylm(θ, φ).

Aλµ(r, t) = fλ(kr)Yλµe
−iωt (2.4.25)

Standing wave solutions to the radial function fλ(kr) is that of the spherical
Bessel function, jλ(kr). For outgoing and incoming propagating solutions are

h
(1)
λ (kr) and h

(2)
λ (kr), which are the spherical Hankel functions of the 1st and

2nd kind respectively [27].
The introduction of the orbital angular momentum operator de�ned within

the angular coordinates,θ and φ

L = −ir×∇. (2.4.26)

Applying this operator to Aλµ(r, t) results in two vector �eld solutions

LAλµ(r, t) = −i(r×∇)fλ(kr)Yλµ(θ, φ)eiωt

(∇× L)Aλµ(r, t) = −i∇× (r×∇)fλ(kr)Yλµ(θ, φ)eiωt.
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These two solutions correspond to two di�erent multipoles, namely that of the
electric (Eλ) and magnetic (Mλ) multipole transitions. As written them in
terms of spherical harmonics

Aλµ(Mλ, r, t) =
−i

[λ(λ+ 1)]1/2
(r×∇)(jλ(kr)Yλµ)e−iωt

Aλµ(Eλ, r, t) = − −i
[kλ(λ+ 1)]1/2

∇× (r×∇)(jλ(kr)Yλµ)e−iωt.

Writing the perturbing Hamiltonian H ′ in terms of multipole operators, which
is achieved through the introduction of electric and magnetic multipole oper-
ators written in terms of the above de�nition for Aλµ(Eλ, r) and Aλµ(Mλ, r)
[26]

Oλµ(Eλ) = −i (2λ+ 1)!!

ckλ+1(λ+ 1)
J (r) · ∇ × (r×∇)(jλ(kr)Yλµ))

Oλµ(Mλ) = − (2λ+ 1)!!

ckλ+1(λ+ 1)
J (r) · (r×∇)(jλ(kr)Yλµ)), (2.4.27)

which are both spherical tensors of rank λ.
The nuclei of interest to this study, are typically smaller than 10 fm. Fur-

thermore, the energies attributed to gamma rays, Eγ, are generally less than 10
MeV, which results in a wave number of k = Eγ/~c ≈ 1/20fm−1 or less. Since
the product of kr is less than 1, the (scalar) radial function, Bessel function,
may be approximated to �rst order

jλ(kr) ≈
(kr)λ

(2λ+ 1)!!

(
1− 1

2

(kr)2

2λ+ 3
+ · · ·

)
, (2.4.28)

which is also known as a long-wavelength limit.
Through the use of this long wavelength limit, and the assumption of the

electric contribution originating from a point charge of the protons

Oλµ(Eλ) =
A∑
i=1

e(i)rλi Yλµ(θi, φi)

Oλµ(Mλ) =
A∑
i=1

(
gs(i)si + gl(i)

2li
λ+ 1

)
· ∇i(r

λ
i Yλµ(θi, φi)) (2.4.29)

where e(i) = 1e or e(i) = 0 for protons and neutrons respectively.
The transition probabilities (per unit time) are calculated through the use

of Fermi's Golden Rule

W =
2π

~
| 〈φf (r)|H ′ |φi(r)〉 |2ρ(Ef ). (2.4.30)
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By inserting the multipole operators into equation 2.4.30 and considering
the density of �nal states (ρ(Ef )) to be proportional to the nuclear matrix
elements, allows us to write the transition probability for multipole λ from
initial state |JiMi〉 to �nal state 〈JfMf | as follows,

W(λ; Ji → Jf ) =
8π(λ+ 1)

λ[(2λ+ 1)!!]2
k2λ+1

~
B(λ; Ji → Jf ), (2.4.31)

in which B(λ; Ji → Jf ) is the reduced transition probability give in terms of
reduced matrix elements as

B(λ; Ji → Jf ) =
∑
µMf

| 〈JfMf |Oλµ |JiMi〉 |2

=
1

2Ji + 1
| 〈Jf |Oλ |Ji〉 |2. (2.4.32)

2.5 Reduced Electromagnetic Transitions

It is often more useful and computationally e�cient to look at the reduced
transition probability. As there are an abundance of experimental data per-
taining to the electric transition, especially that of low lying transitions, we
will only focus on electric transitions.

It should be noted that in the derivation in section 2.4.3, λ referred to
the angular momentum and thus, an appropriate relabelling to l is needed for
this context and similarly, for µ , which refers to the projection of the angular
momentum and shall be labelled m.

The electric operator, Olm(El), is to be summed over the two total charges
Z of the cluster and core [28]; ,

Olm(El) =
Z∑
i=1

e(i)rliYlm(θi, φi)

≈ Z1r
l
1Ylm(θ1, φ1) + Z2r

l
2Ylm(θ2, φ2)

= Z1r
l
1Ylm(π − θ, π + φ) + Z2r

l
2Ylm(θ, φ)

= [(−1)lZ1r
l
1 + Z2r

l
2]Ylm(θ, φ)

=

[
Z1

(
−A2r

A

)l
+ Z2

(
A1r

A

)l]
Ylm(θφ)

=

[
Z1

(
−A2

A

)l
+ Z2

(
A1

A

)l]
rlYlm(θφ)

= βlr
lYlm(θ, φ) (2.5.1)

in the above, the behaviour of spherical harmonics under change of parity, then
changed it to centre of mass coordinate and �nally, presented the operator with
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short hand notation

βl =

[
Z1

(
−A2

A

)l
+ Z2

(
A1

A

)l]
. (2.5.2)

Reduced transition probability for an arbitrary transition

Electric multipole transitions of order from an initial state |LiMi〉 to a �nal
state of |LfMf〉 is generalised as follows

B(l;Li → Lf ) =
∑
mMf

| 〈LfMf |Olm(El) |LiMi〉 |2

=
∑
mMf

| 〈LfMf | βlrlY ∗lm(θ, φ) |LiMi〉 |2

=
∑
mMf

|(−1)m 〈LfMf | βlrlY ∗l−m(θ, φ) |LiMi〉 |2

=
∑
mMf

|〈LiMil −m|LfMf〉|2| 〈Lf | |βlrlYl| |Li〉 |2

=
∑
mMf

2Lf + 1

2Li + 1
|〈LiMilm|LfMf〉|2| 〈Lf | |βlrlYl| |Li〉 |2

=
2Lf + 1

2Li + 1
| 〈Lf | |βlrlYl| |Li〉 |2

=

(
L̂f

L̂i

)2

| 〈Lf | |βlrlYl| |Li〉 |2 (2.5.3)

Above the properties of the spherical harmonics under parity change, the
Wigner-Eckart Theorem, symmetry and completeness relations of Clebsch-
Gordan coe�cients have been used [23; 29]. As well as the introduction short-
hand operator L̂ =

√
2L+ 1 .

The evaluation of the reduced matrix element is illustrated in [30] as follows

| 〈Lf | |βlrlYl| |Li〉 |2 = (−1)2l
∑
M ′q

〈LiM ′lq|LfM〉 〈LfM | βlrlYlq |LiM ′〉

= (−1)2l
∑
M ′q

〈LiM ′lq|LfM〉 〈ψLf
YLfM | βlrlYlq |ψLi

YLiM ′〉

= (−1)2l
∑
M ′q

〈LiM ′lq|LfM〉 〈ψf | βlrl |ψi〉 〈YLfM |Ylq |YLiM ′〉

= (−1)2l
∑
M ′q

〈LiM ′lq|LfM〉 〈ψf | βlrl |ψi〉 〈LiM ′lq|LfM〉 〈Lf | |Yl| |Li〉

= 〈ψf | βlrl |ψi〉 〈Lf | |Yl| |Li〉

=

[
(2Li + 1)(2l + 1)

4π(2Lf + 1)

]1/2
〈Li0l0|Lf0〉 〈ψf | βlrl |ψi〉 (2.5.4)
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After the above procedure has been done, the reduced transition probability
between arbitrary states can be written as

B(El;Li → Lf ) =
1

4π
β2
l l

2|〈Li0l0|Lf0〉|2| 〈ψf | rl |ψi〉 |2 (2.5.5)
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2.6 Decay half-life

The decay half life is de�ned as the time taken to halve the number of radioac-
tive nuclei in a sample. Mathematically represented in the form of

T1/2 =
~ ln 2

Γ
(2.6.1)

where the Γ is the decay width. The decay width for the break up of the cluster
and core is de�ned as the product of the assault frequency F, the cluster-core
preformation probability P and the penetrability of the cluster through the
potential barrier T [31; 32; 33; 34]

Γ = ~PFT (2.6.2)

The assault frequency F is given by [5]

F =
~

2µ
∫ r2
r1
dr 1

k(r)

(2.6.3)

and k(r) is the wave number

k(r) =

√
2µ

~2
|E − V (r)|. (2.6.4)

The penetrability is determined by the ratio of the transmitted �ux to the inci-
dent �ux densities of the tunnelling process through the potential barrier[23].
When a WKB approximation is applied to the penetrability at the turning
(in�ection) points of the potential [33] and generalised to three dimensions, it
yields

T = exp

(
−2

∫ r3

r2

k(r)dr

)
. (2.6.5)

The physical process associated with the above equation is the so called tun-
nelling e�ect. Putting all these components together gives rise to the following
form

Γ = P
~2

2µ

exp
(
−2
∫ r3
r2
k(r)dr

)
∫ r2
r1
dr 1

k(r)

(2.6.6)

where µ = A1A2

A1+A2
is the reduced mass, in terms of the core mass A1 and cluster

mass A2.
The only quantity not de�ned is the pre-formation probability P, which is

the probability of a preformed cluster-core system in the initial state. This
quantity can be explicitly determined from a microscopic shell model [35; 36].
In the initial calculation of the half-lives, the model is calculated under the
assumption that the cluster and core is in it's ground state. This is done with
the energy E taken to be the Q-value, P = 1 and the governing potential
V (r) taken at the L = 0 state. The calculated half-life is then �tted to the
experimental value, as to adjust pre-formation probability.
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Final remarks

In this chapter, the basic model assumptions of the BCM and the formalism
of the relevant BCM observables, has been presented. A key quantity which
appears on all the predicted cluster observables is the core cluster potential. In
Chapter 4, various core-cluster potentials are presented. For this thesis work,
there will be a speci�c focus on the phenomenological cubic Saxon-Woods
potential, the double folded M3Y potential as well as the newly formulated
Hybrid potential.
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Chapter 3

Nuclear Cluster Potentials

3.1 Introduction

Chapter 2 has introduced the model assumptions in terms of the Hamiltonian
describing the geometry of the cluster-interactions and the observables that will
be used in the analysis process. The total potential presented did not include
the nuclear potential VN and its contribution to describing the structure of
nuclear matter.

The following potentials have been used in the past to varying degrees of
success. Each of which have a di�erent levels of geometric/parametric com-
plexities to consider. Starting with the introduction of the phenomenological
model to incorporate global properties of the nucleus. A double-folding micro-
scopic model is introduced to add the contributions from the nucleon-nucleon
interactions. A comparison of these descriptions and there shortcomings shall
be provided, along with a model that may build upon the strengths of these
two models.

Square Well Potential

This is a simple potential with a form familiar to introductory quantum me-
chanics

VN(r) =

{
−V0 if r ≤ R0

0 if r > R0

(3.1.1)

where V0 is the depth of the square well and R0 it the radius. When used
alongside a surface-charge Coulomb potential, this combination yields the α-
decay half of even-even heavy nuclei to a factor of 2 [37].

Unfortunately, regardless of the simplicity of the �tting a square well po-
tential, it will not be used due to it's inability to describe exotic decay process
(i.e. beyond alpha decay).

23
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3.2 Phenomenological potential

The phenomenological Saxon-Woods (SW) potential is de�ned as follows

VN(r) = −V0

[
1

1 + exp( r−R
a

)

]
(3.2.1)

with the depth of the potential being represented by V0, along with a being
the di�useness and R is the nuclear radius. Here the functional form re�ects a
two-parameter Fermi distributions for the nuclear density. The SW potential is
often used in independent single particle shell model predictions. A physically
reasonable geometry of the distribution is one in which the parameters are
R ∼ A1/3 fm 1, where A is the mass number and a ∼ 0.65 fm.

In light nuclei, the SW potential results in a degenerate or inverted energy
spectra for alpha cluster states. Furthermore, the SW potential also fails
at describing [38] the observation of anomalous large back angle scattering
(ALAS) of alpha particles by closed shell nuclei. Correction to the di�erential
cross-section, at backwards angles, was described by a SW2 Michel potential
[39]. Another successful potential is that of the "cosh" potential; de�ned as

VN(r) = −V0
1 + cosh(R0/a)

cosh(r/a) + cosh(R0/a)
(3.2.2)

Which saw many success in reproducing the half lives of α decay [22],[40] and
[41]. The shortcoming of this potential being the inability to reproduce exotic
decay data from odd-A nuclei [42]

This Saxon-Woods plus Saxon-Woods Cubed potential (SW + SW3) po-
tential is of the form:

VN = −V0

 x

1 + exp
[
(r−R0)

a

] +
1− x

(1 + exp
[
(r−R0)

a

]
)3

 (3.2.3)

Consisting of the same parameters as the SW potential but, also introducing a
mixing parameter x which indicates the relative contributions from the Wood-
Saxon and cubic Wood-Saxon terms. When the mixing parameter is equal to
1, it returns the SW potential, this is visualised in �gure 3.1. This is the form
of the phenomenological potential to be used in this study.

Reproducing consistent results with regards to the level structure decay and
scattering properties compared to available data [25; 5]. Microscopic nature
of clustering is not revealed.

1The nuclear radius is the same as used in equation 2.3.2.
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Figure 3.1: Illustration of the e�ects of the mixing parameter on the SW + SW 3

potential is shown for x equal to 0, 0.5 and 1.

3.3 Microscopic Non-relativistic Nuclear

Potential

3.3.1 Double-Folded Model for Nuclear Cluster-Core
Potential with the e�ective M3Y interaction

Note for this section Hat notation is used to represent the operators throughout
the derivation of this potential model. Consider the bound cluster-core system
as a projectile- target system in their ground states with the stationary SWE
given by :

ĤΨ = EΨ, (3.3.1)

where H is the total Hamiltonian of the system, here the spin and isospin coor-
dinates have been suppressed. Furthermore, the total Hamiltonian is de�ned
as

Ĥ = ĤA + ĤB + T̂0 +
∑
ij

v(rij) (3.3.2)

where ĤA and ĤB are the intrinsic Hamiltonians of the target and the projec-
tile, T̂0 is the relative kinetic energy of the projectile with respect to the target
and the interaction potential between projectile and target nucleons i and j is
given by v(rij).

Suppose the anti-symmetrized orthonormal and complete solutions exist
for the respective intrinsic Hamiltonians, ĤA and ĤB, namely ψAα and ψBβ,
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solving for their respective eigen-energy states εα and εβ as follows

ĤaψAα = εαψAα (3.3.3)

and similarly for the ψBβ. Thus we may expand the total wave function in
terms of the internal eigenstates of the composite nuclei, given we ignore the
anti-symmetrization e�ect of the A + B system [43].

Ψ(r) =
∑
αβ

ψAα(rA)ψBβ(rB)χαβ (3.3.4)

where χαβ is the relative motion wave function of the systems, each with
internal state α and β and r is the relative coordinates in the centre-of-mass
reference frame. The spinless core and cluster state corresponds to the elastic
channel α = β = 0. Through the use of the Feschbach formalism [44; 45] , we
construct a ground state projection operator P̂ ;

P̂ = |ψA0ψB0〉 〈ψA0ψB0| (3.3.5)

and it's compliment Q̂ = 1− P̂ . The eigenvalue problem reduces to [26][
E − P̂ ĤP̂ − P̂ ĤQ̂ 1

E − Q̂ĤQ̂
Q̂ĤP̂

]
P̂Ψ = 0. (3.3.6)

The above equation is then to be multiplied from the left 〈ψA0ψB0| and inte-
grated over coordinates of the nucleons A and B results in the following;[
E − 〈ψA0ψB0| Ĥ |ψA0ψB0〉 − 〈ψA0ψB0| ĤQ̂

1

E − Q̂ĤQ̂
Q̂Ĥ |ψA0ψB0〉

]
χ00 = 0,

(3.3.7)
where χ00 is the relative motion wave function with both nuclei in their re-
spective ground state. Using the ground state energy of the combined system
to be ε0 = 0, then the above reduces to;[
E − T̂0 − 〈ψA0ψB0| V̂ |ψA0ψB0〉 − 〈ψA0ψB0| V̂ Q̂

1

E − Q̂ĤQ̂
QV |ψA0ψB0〉

]
χ00 = 0.

(3.3.8)
The above eigenvalue problem can be represented as a SWE describing the

relative [
E − T̂0 − U(r)

]
χ00 = 0 (3.3.9)

where U(r) is the optical potential is de�ned as

U(r) = 〈ψA0ψB0| V̂ |ψA0ψB0〉−〈ψA0ψB0| V̂ Q̂
1

E − Q̂ĤQ̂
Q̂V̂ |ψA0ψB0〉 (3.3.10)

where the �rst term describes the ground state of the interacting nuclei and the
second term is a non-local, complex, energy and spin dependent component
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Figure 3.2: Illustration of the composite coordinate system of the folding potential
[7].

[43] The folding potential of interest arises from the simpli�cation of the �rst
term

VF (r) =

∫ ∫
ρA(r1)ρB(r′2)v(r12 = r + r′2 − r1)dr1dr

′
2 (3.3.11)

where r1 and r′2 is the respective coordinates of nucleons 1 in the target (or
core) and nucleon 2 in the projectile (or cluster) system, with the separation
distance given by r12 as depicted in Figure 3.2 and the NN interaction between
nucleon 1 and 2 is given by v(r12).

The anti-symmetrization of the folding potential is executed by replacing V̂
with (1−P̂12)V̂ in the �rst term of the optical potential. Here P̂12 interchanges
the coordinates between particles 1 and 2. This is equivalent to replacing v(r12)
with (1− P̂12)v(r12). Thus the folding potential simpli�es as follows

VF (r) =

∫ ∫
ρA(r1)ρB(r′2)(1− P̂12)v(r12)dr1dr

′
2 (3.3.12)

=

∫ ∫
ρA(r1)ρB(r′2)(v(r12)− P̂12v(r12))dr1dr

′
2 (3.3.13)

=

∫ ∫
ρA(r1)ρB(r′2)(v(r12) + Ĵ(E)δ(r12)dr1dr

′
2 (3.3.14)

in the �nal step −P̂12v(r12) is approximated by a zero range pseudo-potential2

2Sometimes also refereed to as an e�ective potential. These terms have been used

interchangeably in various mathematics and physics literature.
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Ĵ(E)δ(r12). By doing so, the VF has been written into a form that re�ects
both the direct interaction experienced by the nucleons and the exchange of
nucleons.

Nuclear densities

The ground-state density distributions of the cluster and the core are either a
Gaussian parametrization for an Alpha like particle;

ρ(r′) = 0.4299 exp(−0.7024r′) (3.3.15)

or a 2-Fermi spherically symmetric form

ρ(r′) =
ρ0

1 + exp((r′ − c)/A)
, c = 1.07A2/3fm. (3.3.16)

For either the core or cluster heavier than the an α particle. With ρ0 �xed by
normalizing the density to the mass number A.

3.4 Comparison between the phenomenological

and M3Y potential

Within low density regions of the nucleus both the SW + SW 3 potential and
the M3Y potential, similar characteristics are mimicked by the respective po-
tentials. As illustrated in �gure 3.3 3. It is in this region, commonly beyond a
seperation distance of r > 6 fm, where the Coulomb barrier dominates. The
Coulomb potential is de�ned in the same way for both potential models and
it carries the highest contribution in determining the decay half lives.

Di�erences in depth and roundness of the potentials are prominent within
the higher density regions, below a separation distance of 6 fm. The interior of
the M3Y potential is more shallow in depth and mostly constant in the region
below 4 fm, in comparison with the deeper and rounded phenomenological
potential. The deeper the potential in the interior regions, the more bound
states appear. Furthermore, like that of the SW and Cosh, the M3Y potential
is �at in the interior giving rise to an inverted spectrum.

3, This �gure represents the 208Pb+4He con�guration with parameters given in equation

4.3.1
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Figure 3.3: Radial plot of the Nuclear potential plus the Coulomb potential for the
208Pb+4 He con�guration. The dashed line represents the M3Y form and the solid
line represents the SW + SW 3 form of the nuclear potential.

3.5 Hybrid Potential

The M3Y interaction used within the double folding potential is derived within
the nuclear scattering context, taking the following form.

VM3Y = λ

∫ ∫
ρA(r1)ρB(r′2)(v(r12) + Ĵ(E)δ(r12)dr1dr

′
2 (3.5.1)

The form of the e�ective interaction is �tted in such a way as to obtain a sum
of 3 Yukawa terms (M3Y) [46] , ensuring single pion exchange characteristics.
The form of the e�ective interaction v(r12) that will be used is the Reid NN
potential given by [47]

v(r12) '
[
7999

exp(−4r12)

4r12
− 2134

exp(−2.5r12)

2.5r12

]
(3.5.2)

and the exchange component (Ĵ(E)δ(r12)) given by

Ĵ(E)δ(r12) ' −276

(
1− 0.005

E

A

)
δ(r12) (3.5.3)

with the approximations indicating the �t to the spin and isospin components
of this interaction and E

A
being the bombarding energy per nucleon. This com-

ponent represents the single nucleon knock-on exchange between the cluster
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and core. For the simpli�cation of numerical calculations,computation of the
M3Y are carried out in the momentum space representation[28].

The emphasis of such scattering processes is at the surface interaction. As
can be seen from �gures 3.3 and 3.4, these double folding potentials does not
account for the matter (and charge) distribution of the interior of the nucleus.

This discrepancy presents with an �at/constant potential within the inte-
rior regions. The shallow and �at potential yields an inverted spectrum, most
prominently in the lower angular momentum states (see section 3.4). As a
means to improve upon the current model, a Hybrid potential is to be consid-
ered. This potential is determined by a non- linear parameter �tting of the
M3Y-type potential to the SW + SW 3 potential near the surface region, see
�gure 3.4. So doing, attaining the surface characteristics of the M3Y inter-
action as well as the structure described by the phenomenological potential
model.

Figure 3.4: The radial plot of the M3Y potential for the 208Pb+4He con�guration.
Along with the phenomenological-Hybrid potential �tted to the exterior of the M3Y.
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3.6 Spin considerations

In the preceding sections, the shortcoming of the SW+SW 3 potential is shown
in that of the underbinding of the Jπ = 0+ states. This is indicative of the
geometry SW +SW+ potential [28]. Further corrections to the depth as given
by equation 4.3.2, shown improvements to the energy of low lying states.

This section will introduce a formalism investigated by Ibrahim[28] to ac-
count for these adjustments and study the positive and negative parity states
of heavy nuclei.

Excited Core Formalism

This alternative approach to the BCM, assumes the core could be in it's ground
state (Iπ = 0+) or in an excited state (Iπ = 3−) with an excitation energy
of E(3−). Then coupling these two states to an even or odd global quantum
number (G) when studying positive or negative parity states respectively.

The formalism to follow allows for the calculation of the negative parity
spectrum as well through the diagonalization of an e�ective Hamiltonian de-
�ned as follows:

Ĥ(r, ξ̂) = Ĥ0(r) + Ĥint(ξ) + VT (r, ξ) (3.6.1)

in which Ĥ0(r) is the relative motion de�ned in chapter 1.3, Ĥint(ξ) is the core
Hamiltonian with internal coordinates ξ and VT (r, ξ) is the non-central interac-
tion potential coupling the cluster and core. Thus the stationary Schrödinger
Wave Equation (SWE) becomes[

Ĥ0(r) + Ĥint(ξ) + VT (r, ξ)− E
]

ΨJM(r, ξ) = 0 (3.6.2)

The wave function represented above is that of the total wave function and
may be expanded in terms of the coupled basis i.e. the basis of Ĥ0(r)+Ĥint(ξ)
;

ΨJM(r, ξ) =
∑
L′

αJL′
ψL′(r)

r
ΦJM
L′I (r̂, ξ) (3.6.3)

In the above equation, αJL′ is the expansion coe�cients, ψL′ (r)
r

is the radial
component of the wave function in the relative coordinates of the cluster-core
system, and ΦJM

L′I (r̂, ξ) is the wave function obtained from the coupling of the
angular part of the relative wave function to the core eigenfunction φIλ(ξ) such
that

ΦJM
L′I (r̂, ξ) =

∑
λ,µ

〈L′µIλ| |JM〉YL′µ(r̂)φIλ(ξ) (3.6.4)

L′ is the relative angular momentum, I = 3 is the angular momentum of
the excited core angular momentum and with µ and λ are the projections of
L′ and I respectively onto the z-axis.
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Using the expansion of the total wave function and inserting this form into
the SWE yields; �rstly applied to the relative motion

Ĥ0

(∑
L′

αJL′
ψL′(r)

r
ΦJM
L′I (r̂, ξ)

)
=
∑
L′

ELα
J
L′
ψL′(r)

r
ΦJM
L′I (r̂, ξ) (3.6.5)

secondly,

Ĥint

(∑
L′

αJL′
ψL′(r)

r
ΦJM
L′I (r̂, ξ)

)
=
∑
L′

E(3−)αJL′
ψL′(r)

r
ΦJM
L′I (r̂, ξ) (3.6.6)

Hereafter, the total e�ective Hamiltonian simpli�es to∑
L′

[
EL′ + E(3−) + VT (r, ξ)− E

]
αJL′

ψL′(r)

r
ΦJM
L′I (r̂, ξ) = 0 (3.6.7)

By pre-multiplying with ψL′ (r)
r

ΦJM
L′I (r̂, ξ) and integrating over all the coor-

dinates gives [
EL + E(3−)− E

]
αJL +

∑
L′

V J
LL′αJL′ = 0 (3.6.8)

This could be recast into∑
L′

[
[EL′ + E(3−)]δLL′ + V J

LL′

]
αJL′ = EαJL (3.6.9)

which illustrates the total Hamiltonian matrix (HJ) form that can be diag-
onalized, with matrix elements de�ned by HJ

LL′ = [EL′ + E(3−)]δLL′ + V J
LL′ .

The interaction term is given by

V J
LL′ = 〈LI; JM |VT (r, ξ) |L′I; JM〉 (3.6.10)

By assuming a quadrupole-quadrupole form of the non-central interaction
[48; 49]

VT (r, ξ) = εg(r)Y2(r̂) · Y2(ξ) (3.6.11)

where ε is the tuning parameter for the strength of the spin interaction and
the function g(r) is related to the �rst derivative of the nuclear potential [49]

g(r) = −r∂VN(r)

∂r
(3.6.12)

The coupling matrix evaluated with the quadrupole-quadrupole assump-
tion gives

V J
LL′ = 〈LI; JM |VT (r, ξ) |L′I; JM〉

= 〈LI; JM | εg(r)Y2(r̂) · Y2(ξ) |L′I; JM〉
= εgLL′ 〈YLI; JM |Y2(r̂) · Y2(ξ) |YL′I; JM〉 (3.6.13)

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 3. NUCLEAR CLUSTER POTENTIALS 33

where

gLL′ =

∫
ψL(r)

r
g(r)

ψL′(r)

r
r2dr (3.6.14)

The matrix element with respect to the angular components is a special
case of the general form 〈YLI; JM |Yk(r̂) · Yk(ξ) |YL′I ′; J ′M ′〉, with solution as
found in [30].

〈YLI; JM |Yk(r̂) · Yk(ξ) |YL′I ′; J ′M ′〉 = 〈YLI; J | |Y2(r̂) · Y2(ξ)| |YL′I ′; J ′〉 δJJ ′δMM ′

= (−1)J−L−I
′
L̂ÎW (LL′II ′; kJ) (3.6.15)

〈YL| |Yk(r̂)| |YL′〉 〈I| |Yk(ξ)| |I ′〉 δJJ ′δMM ′

here W (abcd; ef) is the Racah W-coe�cient, which are simply a scaling of
the Wigner 6-j symbol and it is this representation that will be used in the
calculation of the interaction.

The special case of interest to this formalism is that for which k = 2, I =
I ′ = 3 , yielding

V J
LL′ = εgLL′ 〈YL3; JM |Y2(r̂) · Y2(ξ) |YL′3; JM〉

= (−1)J−L+L
′
εgLL′

7

4π
L̂L̂′W (LL′33; 2J)

〈L0L′0|20〉〈3030|20〉 (3.6.16)
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Chapter 4

Calculations, Results and

Observations

4.1 Introduction

In the preceding chapter1 a variety of important nuclear potential models have
been introduced, namely the phenomenological (SW + SW 3) potential, the
M3Y double folding potential, a Hybrid-M3Y model and addressing spin cor-
rection by the Excited Core Formalism. Each of the aforementioned models
has di�erent emphasises in its description of cluster-core interaction. The
SW + SW 3 model speaks to the global description of the structure of the
nucleus, whilst the M3Y emphasis the nucleon-nucleon (NN) interaction. The
comparison and suggest �x to the shortcomings of the microscopic description
2 lead to the development of a Hybrid-M3Y potential (section 3.5), utilizing
the surface contribution from the M3Y and the geometry of the internal struc-
ture from SW +SW 3. Thus the Hybrid model shall be used ahead of the M3Y
double folding interaction.

In the rest of this chapter, after brief commentary on the calculation pro-
cedure,the strengths of the SW + SW 3 and the Hybrid-M3Y model shall be
tested on 212Po under various cluster-core con�gurations. These various con-
�guration shall test the formalism presented in chapter 2, all of which are to
be considered as single decay processes. Clusters that will be focused on is α,
8Be, 10Be, 14C and 16O. The question this research project seeks investigate
is whether these multi-alpha cluster molecules would exhibit the properties of
a single collective of cluster nucleons or whether the structural properties of
the subsystem of multi-alpha particles would be prominent in the structure
observables of these nucleus. The choice of a �x parent nucleus gives one a
systematic understanding of how the structure observables are dependent on
a diminishing core size as the cluster size increases. This thesis will, however,

1See Chapter 3
2See sections 3.4

34
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speci�cally focus on the 216Rn to understand whether the two alpha particle
con�guration in this nucleus would show a strong correlation between each
other and exhibit the collective property of 8Be, or whether these alpha par-
ticles exhibits individual character within the parent nucleus, while sharing
a common state, to form a Bose-Einstein condensate. The interaction with
the more favourable �t, shall be then used in the study of the possibility or
multi-clustering in 216Rn. Adjustments to the nuclear interaction as a special
case of the Excited core formalism shall conclude testing.

4.2 Model prediction of Observables

The �rst result attained from the calculation presented in chapter 2 is in fact an
adjustment and not an observable. During the initialisation of the parameters
of the cluster-core system, the nuclear radius is de�ned as R = 1.2A1/3fm.
The nuclear radius is modi�ed iteratively as to satisfy the Born-Sommerfeld
Rule as represented in equation 2.4.18, with the ground state energy being
taken to be the binding energy. Hereafter, the total potential is de�ned with
this new radius and is used in the calculations of the decay half-life, energy
spectra and B(E2).

Calculation are carried out on Wolfram Mathematica [50], using a combi-
nation of built numerical methods and self coded functions. The roots and
turning points of the potentials are calculated using incremental search meth-
ods, with the standard of Machine Precision being used as both accuracy and
precision goals. If memory allocation does not permit this level of precision or
accuracy, it is recommended to lower either to 10−5.

De�nite integrals, such Fourier integrals or the application of equation
2.4.18, are calculated using the Trapezoidal rule. This rule if applied to a
function F (r) between the bounds of a and b is as follows [51];∫ b

a

F (r)dr =
h

2
[F (a)+2F (a+h)+2F (r+2h)+2F (r+3h)+· · ·+F (b)] (4.2.1)

where h is the step size which is chosen to be 10−3fm. The SE is solved
using the built in NDSolve function, which is at its core an adaptive step-size
Runge-Kutta 4th order di�erential equation solving algorithm [51].

With these calculations being �t to the experimental results and the mea-
sure of error being used is the Root Mean Squared Error (RMSE) de�ned
as

RMSE =

√√√√ 1

N

N∑
n=1

(
OExp
n −OCalc

n

)2
(4.2.2)

The RMSE is calculated as follows, the di�erence between the experimental
OExp
n and calculated OCalc

n observables is taken, then summed over the number
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of observables from 1 to N. The mean of this sum is taken and the �nal metric
is the squared root of the mean.

4.3 Theoretical Predictions

4.3.1 Multi-cluster analysis of Polonium 212

As a starting point for test calculations, model comparison will be done on
216Po→208 Pb+4He. This con�guration is chosen as each of the components
(parent nucleus, core and cluster) are doubley magic. 3

The typical parameters used in the initiation of the calculations for the
SW + SW 3 are [25]:

V0 = 56.6A2, x = 0.36, a = 0.76fm, (4.3.1)

These parameters were proposed as to incorporate the existence of larger clus-
ters within the exotic decay process. All these parameters has various e�ects
on the nuclear structure and shall be explained in the following section 4.3.1.1.
Utilising this set of parameters, allows for parameters like the potential depth,
only need to be rescaled from their best �t values obtained for α decay [25; 28].

4.3.1.1 Parameter dependence in SW + SW 3

Although the values for the parameters stipulated, and are normally kept
constant [25]the depth of the potentials may vary from V0 = 55.7A2 MeV to
V0 = 56.6A2 MeV [25]. Each structural observable has di�erent dependencies
on the di�useness, mixing parameter and the depth of the potential. The
parameter dependence has been investigated by du Toit et al [7] and is sum-
marised as follows:

1. Radius The nuclear radius R0 is �tted to the Q-value of the ground
state energy for every parameter con�guration. Its value increases with
increasing di�useness and decreases with increasing mixing parameter
and potential depth.

2. Reduced Electromagnetic Transition Probability The transition
probability increases with increasing di�useness parameter and decreases
with increasing mixing parameter and potential depth. The sensitivity
of the B(E2) to parameter change is characterised by a 40% and a 4%
change arising from a 10% change in the di�useness and mixing pa-
rameters respectively. This is also seen to be the observable with least
sensitivity to the change in parameters.

3The calculation procedure may be found in chapter A of the appendices.
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3. Exotic Decay Half Life The half-life decreases with increasing dif-
fuseness parameter, and increases with increasing mixing parameter and
potential depth. It is most sensitive to changing parameters, speci�cally
that of the mixing parameter and the potential depth. Where a 10% in-
crease in either mixing parameter or potential depth can cause a change
by a factor of 400 and 100.

The dependence of the half-life on the pre-formation probability is also
important. As P becomes smaller, the half-life becomes longer.

4. Energy Spectra The energy level increases with increasing di�useness
parameter and potential depth, while decreasing with increasing mixing
parameter.

For the SW +SW 3 model, the chosen initiation parameters indicated by equa-
tion 4.3.1, are chosen under the above results.

As discussed in the of chapter 3, speci�cally 3.4, the interior regions of the
M3Y below a separation distance of 4 fm is near constant/�at. These features
yields an inverted spectrum for that of 212Po. As such, Nucleon-Nucleon in-
teraction as prescribed by the current microscopic model needs improvement.
This is done by following the procedure stated in [47] and is achieved by per-
forming a non-linear parameter �tting of the double folding potential to that
of the SW +SW 3 near the surface region. Furthermore, light clusters such as
4He and 10Be require a more attractive potential near the origin as to over-
come the strongly under-bound 0+ and/or 2+ states. Thus for con�gurations
involving these light clusters, an additional (constant) term is added to the
potential;

Vcorr =

{
−Vδ if r ≤ r0

0 if r > r0
(4.3.2)

with the minimum distance r0 ≈ 1.132
A2

fm according to [47].
Upon following this procedure, reveals a deepening of the potential and

more tightly bound parent nucleus with a shorter nuclear radius, see table
4.3.1.1.

Table 4.1: SW3 and Hybrid potential parameter comparison for 212Po.

SW3 Hybrid
V0 170.5 MeV 200 MeV
a0 0.84 fm 0.83 fm
x 0.33 0.33
R 7.622 fm 7.056 fm
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In the next sections, con�gurations based on a �xed parent and �xed (sta-
ble) core will be explored and how the proposed nuclear interactions alludes
to clustering predictions.

4.3.2 Fixed Parents Nucleus Analysis

Experimental results a�rm that 212Po achieves stability by the emission of the
light cluster of 4He. Commonly known as the α of 212Po to the more 208Pb.
At this point, two other alternative con�gurations will be considered, in which
the mass of the cluster is increased while maintaining the mass of the parent
nuclei. This increase in cluster mass is done to determine the possibility of a
heavier cluster existing in the parent nuclei of interest.

Table 4.2: Energy spectra(in MeV) comparison for 212Po for the phenomenological
(SW + SW 3) model.

Core 208Pb 204Hg 198Pt
Cluster 4He 8Be 14C

Lπ EExp
L ECalc

L

0+ 0. 0.294 (-0.274) (-0.237)
2+ 0.727 0.719 0.005 -0.060
4+ 1.133 1.008 0.211 0.107
6+ 1.356 1.368 0.503 0.341
8+ 1.476 1.793 0.840 0.636
10+ 1.834 2.216 1.233 0.985
12+ 2.702 2.618 1.657 1.384
14+ 2.886 2.921 2.114 1.828
16+ 3.060 2.579 2.314
18+ 2.922 2.924 3.058 2.838
RMSE 0.5971 0,8583 0,9638

From table 4.2 it should be noted for 212Po, experimental data for 16+ is
not known.

Both alternative con�gurations presents with under-binding in its ground
state. All of which increases gradually up to the 8+ , with a sudden rise
thereafter. This decrease in mass asymmetry, even if just a slight decrease,
changes the di�useness of the parent nuclei. Which leads to a compression in
the spectra within the lower angular momentum regions. For the 208Pb + α
predicts that the energy for the 16+ is higher than 18+. Suggesting that the
gap in the experimental data could be attributed to these two states being
close to one another and thus hard to distinguish between the two states.

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 4. CALCULATIONS, RESULTS AND OBSERVATIONS 39

M3Y �xed parent observations

It should be noted that the system involving M3Y microscopic model has a
direct and exchange component of within its potential, VM3Y (r) = λ(VD+VEx).
This potential is calculated through an iterative process, using the Q-value as
the ground state energy. The known classical turning points are determined
and the normalisation parameter λ is optimised iteratively until equation 2.4.18
is satis�ed. Once the Bohr-Sommerfeld Quantization Rule is satis�ed, VM3Y

is �tted to a SW + SW 3 potential.
The resultant energy spectra obtained from the hybrid potential (See table

4.3), shows a similar trend as the pure phenomenological potential. Namely,
either a higher or lower ground state energy and slow increasing energies below
the Jπ = 8+ state. With the alternate con�gurations having a signi�cantly
low energy than the observed α-decay.

Table 4.3: Energy spectra (in MeV) comparision for 212Po for the M3Y model

Core 208Pb 204Hg 198Pt
Cluster 4He 8Be 14C

Lπ EExp
L ECalc

L

0+ 0. (5.562) (6.502) (-0.237)
2+ 0.727 0.898 1.128 -0.060
4+ 1.133 0.479 0.249 0.107
6+ 1.356 0.740 0.306 0.341
8+ 1.476 1.182 0.511 0.636
10+ 1.834 1.725 0.783 0.985
12+ 2.702 2.303 1.111 1.384
14+ 2.886 2.865 1.478 1.828
16+ 3.337 1.863 2.314
18+ 2.922 3.618 2.269 2.838
RMSE 0.3915 0.9487 0.9339
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4.3.3 Multi-clustering of Radon 216

In chapter 4, many properties and meaningful observations were made with
208Pb as a stable core and, 212Po as parent nuclei. With all these analysed
across multiple nuclear cluster-core models. However, these same principles
and models are transferable to the investigation of higher order �ssion modes,
e.g. ternary �ssion.

This is the aim of this chapter, to compare the properties of 216Rn as a
con�guration of 212Po + α or 208Pb +8 Be. In so doing, we can gain insight
into which con�guration is more favourable both structurally and in terms of
its break up.

4.3.4 Phenomenological SW + SW 3 model

Following the same initialization parameters and procedure as used in chapter
4; the global quantum number G = 5A2 [52] Both the con�gurations' depth
and radii are dependant on the cluster mass A2. Along with an optimal depth
parametrisation determined to be V0 = 54.7A2. This yields a depth of 218.8
MeV and 437.6 MeV respectively.

Table 4.4 is a level scheme comparison of the experimental observation
and the calculated values. Regardless of the increased depth in the potential
associated with the 8Be cluster, the lower angular momentum states is strongly
compressed up to the 8+ state. The resulting model comparison yields a root
mean squared error of 0.30992 and 0.78541 respectively.
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Table 4.4: Energy spectra (in MeV) comparision for 216Rn for the phenomenological
model.

Core 208Pb 204Hg
Cluster 4He 8Be

Lπ EExp
L ECalc

L

0+ 0. 0.232 0.255
2+ 0.461 0.254 0.258
4+ 0.841 0.270 0.241
6+ 1.226 0.826 0.305
8+ 1.645 1.419 0.800
10+ 1.940 1.999 1.287
12+ 2.406 2.578 1.721
14+ 2.826 3.115 2.209
16+ 3.238 3.530 2.708
18+ 3.572 3.743 3.230

One should recall that the calculations is done in the center of mass co-
ordinate system. As shown in the proceeding chapter, the slight change in
the mass asymmetry increases the sensitivity to the di�useness parameter of
within the SW + SW 3 potential.

Table 4.5: Dipole transition (in MeV) comparision for 216Rn for the phenomeno-
logical model

Core 212Po 208Pb
Cluster 4He 8Be
2+ → 0+ 5.75 20.22
4+ → 2+ 8.95 30.06
6+ → 4+ 9.50 33.96
8+ → 6+ 9.01 34.86
10+ → 8+ 8.19 34.30
12+ → 10+ 7.11 33.67
14+ → 12+ 5.83 32.69
16+ → 14+ 4.42 31.40
18+ → 16+ 2.95 29.83

Table 4.5 is a list of calculated B(E2;Li → Lf ) , quadrupole transition
strengths for the positive parity ground state band for the 216Rn candidates.
With the larger cluster candidate values than that of the 4He, being 4 times in
the lower angular momentum transitions and 9 times larger when nearing the
Jπ = 18+ state. This can be attributed to the doubling of the cluster charge.
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The theoretical half-life is calculated using the adjusted radius, after the
Bohr-Sommer�eld quantization is taken in to account and assuming the ground
state decay energy to be that of the Q-value.

4.3.5 Microscopic M3Y hybrid model

The Michigan 3-Yukawa or M3Y potential form used is given by

VM3Y = λ

∫ ∫
ρA(r1)ρB(r′2)(v(r12) + Ĵ(E)δ(r12)dr1dr

′
2 (4.3.3)

This equation is a density dependent nuclear potential. Calculated with the
Reid potential model given by equation 3.5.2 and 3.5.3. Although the densities
of the core in either con�guration share the same analytical form, their clusters
does not. For α clusters are given a Gaussian parametrization

ρ4He(r) = 0.4299 exp(−0.7024r)

whilst heavier cluster like that of the 8Be in question is calculated using a 2
parameter Fermi distribution such as

ρBe(r) =
ρ0

1 + exp
(
r−RBe

a

) (4.3.4)

with the radius being initialised as RBe = 1.07A1/3.
The calculations are done within the momentum space through the appli-

cation of a Fourier transform of the M3Y potential3.5.1

V M3Y (q) =

∫
exp(iq · r)VM3Y (r)dr. (4.3.5)

Using the above Fourier transform representation and applying it to the e�ec-
tive interaction gives the following

V M3Y (q) =

∫ ∫ ∫
exp(iq · r)ρA(r1)ρB(r′2)v(r12)drdr1dr

′
2

=

∫ ∫ ∫
exp(iq · (r12 + r1 − r′2))ρA(r1)ρB(r′2)v(r12)dr12dr1dr

′
2

=

∫
exp(iq · r1)ρA(r1)dr1

∫
exp(−iq · r′2)ρB(r′2dr

′
2)

∫
exp(iq · r12)v(r12)dr12

= ρA(q)ρB(−q)v(q) (4.3.6)

where ρA(q), ρB(−q) and v(q) are the respective momentum space represen-
tation of the nuclear densities ρA(r1), ρB(r′2) and the e�ective NN interaction
v(r12). Taking the inverse Fourier transform

VM3Y =
1

(2π)3

∫
exp(−iq · r)V M3Y (q)dq

=
1

(2π)3

∫
exp(−iq · r)ρA(q)ρB(−q)v(q)dq (4.3.7)
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Which are numerically easier to compute than equation 3.5.1. The �nal po-
tential used in the calculations of the observables is a hybrid potential or more
aptly, a non- linear parameter �tting of the M3Y potential onto a SW +SW 3

equation.
In general, the calculated is energy levels presented in table 4.6 from the

resulting interaction and calculation procedure are too strongly compressed
within the lower angular momentum region. The depth of the 18+ state is
deeper than models or even the lower angular states of this models.

Table 4.6: Energy spectra (in MeV) comparison for 216Rn for the Hybrid/M3Y
model.

Core 208Pb 204Hg
Cluster 4He 8Be

Lπ EExp
L ECalc

L

0+ 0. (5.231) (5.172)
2+ 0.461 0.262 0.260
4+ 0.841 0.263 0.209
6+ 1.226 0.243 0.214
8+ 1.645 0.409 0.242
10+ 1.940 1.096 0.263
12+ 2.406 1.653 0.243
14+ 2.826 2.217 0.578
16+ 3.238 2.727 1.214
18+ 3.572 31.673 1.693
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4.3.6 Excited Core formalism

In section 3.6 an adjustment to the cluster model is suggested in the form of
a modi�cation that incorporates spin interactions. Here we will calculate the
spectrum with this interaction of 216Rn with the assumption that the radial
integral gLL′ are similar for all L,L′ [48] and is then approximated by a constant
value of g. This simpli�es this changes the strength parameter as follows

β =
εg

4π
(4.3.8)

The assumption is true if the ground state radial wave functions are very
similar.

Positive Parity

For the positive parity calculations, a stable core and cluster is considered.
Even though this formalism was intended to attempt the calculation of the
negative parity states through the an energy excitation and the angular mo-
mentum coupling, in these results, the cluster and core are assumed to be in
it's ground state. This is in accordance with the assumptions stated in sec-
tion 3.6, in the same procedure is followed but, instead coupling 2 Jπ = 0+

states (of cluster and core) to a even G value. Thus this application used is a
special case within the formalism, the study negative parity states is not cov-
ered within the scope of this study and shall be presented within future work.
This then results in a signi�cantly closer, but higher energy �t throughout the
spectra. With a root mean squared error of 0.0349311, which is a tenth of that
the phenomenological description.

EExp ECalc
0+ 0. 0.056
2+ 0.461 0.510
4+ 0.841 0.881
6+ 1.226 1.260
8+ 1.645 1.674
10+ 1.940 1.969
12+ 2.406 2.431
14+ 2.826 2.850
16+ 3.238 3.260
18+ 3.572 3.595

Table 4.7: The positive energy spectra (in MeV) comparison for 216Rn calculated
with the Excited Core Formalism.
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4.4 Final Remarks

The M3Y model is a microscopic potential with nucleon- nucleon interaction.
Given the form of interaction chosen, the e�ects are most prominent along the
surface of the nuclei in question. It does not take into account any medium
e�ects(interactions between internal nucleons) occurring inside the cluster or
core.

The structure of the M3Y model can be simpli�ed to being made up of a
direct and an exchange potential, simpli�ed to the following form;

VM3Y = λ(VD + VEx) (4.4.1)

where λ is a normalization parameter. In calculation, a momentum space cal-
culation of the unscaled potential is made then, it is transformed to coordinate
space where it is the scaled as to adhere to the 2.4.18. This result is what is
�tted to the SW + SW 3 potential, more speci�cally �tted along the exterior
region beyond the �rst turning point of the potential.

As a result, the potential and results thereof is a mere approximation of
the interaction along the surface of the nuclei and not a complete picture of
the interactions.
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Conclusion

The SW + SW 3 and M3Y-hybrid potentials have been used to study heavy
doubly nuclei, with a variety of test parent nuclei explored. A doubly closed
208Pb as a stable core with 4He as starting point for study. The mass asymme-
try of the parent nuclei is then decreased as a means to study the parameter
optimization of the various cluster-core interactions. Test results in chapter
4 were compared with a �xed parent of 212Po and an study of varying par-
ents through the use of a �xed core with 208Pb. So doing show it's versatility
whilst being applied to 212Po, 218Rn and 228Th. Preliminary results from the
two models were compared and shown that the SW +SW 3 model produced a
better reproduction of the available experimental data. Thus the multi-cluster
analysis focused on the SW + SW 3 model.

Radon 216 application

In chapter 4.3.3, these models are used as a technique to investigate the pos-
sibility of a higher order or multi-stage �ssion process. With 212Po + α being
the binary �ssion or decay process, the second process is that of 208Pb +8 Be
is to represent the equivalent 3 body process for 208Pb + 2α. In the compari-
son of the phenomenological and hybrid potentials, both models overestimate
of the ground state with the hybrid potential being signi�cantly higher. The
SW +SW 3 potential underestimates the spectra for Jπ from 2+ to 8+. Whilst
the M3Y yields inconsistencies throughout the spectra, suggesting a lifting in
the potential that is not coherent with a realistic nuclear structure. Calculated
quadrupole transition strengths B(E2 : Ji → Jf ), see table 4.5, suggests that
the 8Be or 2 α is energetically favoured. The experimental half-life of 216Rn is
45 µs, calculated half-lives various vastly. With the alpha cluster having a half
life of 20 µs, which is of the correct order of magnitude but, that attributed
to 8Be is of the of years more aptly 1026 years.

Even though the 8Be cluster decay is possible and more energetically
favoured by calculated B(E2 : Ji → Jf ), the energy spectra and half-life

46
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corresponding to the alpha decay has a smaller error. With 2 of the 3 observ-
ables a�rms that, even though the 8Be decay process is possible, observing
the alpha decay process is more probable.

It should be noted that the total potential is assumed to be separable
into the nuclear cluster-core potential, Coulomb potential and the angular
momentum contribution. The Schrödinger equation (SE) is solved in the cou-
pled basis and regardless, the potential only mentions the total angular mo-
mentum and not the tensor coupling of the individual angular momentum
which is mentioned in chapter 3.6. In order to simplify calculations the radial
wave-functions of the cluster-core relative motion are considered to be simi-
lar. Incorporating these changes addresses the angular momentum dependent
�uctuation in the observables. When applied to the calculation of the energy
spectra of the favoured alpha decay, the individual changes brought to each
energy level reduced the total RMSE to within a tenth of the previous value
when no momentum coupling is considered.

5.1 Summary of observations made

5.1.1 Procedural Observations

1. The e�ective NN M3Y-hybrid interaction potential lack of well de�ned
medium e�ects and scaling procedure of the exchange and direct inter-
actions shows a signi�cant underestimates in energies for Jπ ≤ 8+.

2. Based on both proceeding chapters, the more successful model is the
phenomenological SW + SW 3 model

3. As a choice of parametrization for the potential should take the following
in consideration for varying cluster mass (A2);

� If the A2 = 4, the starting initialisation of the di�useness a is to
start at 0.86 fm

� If A2 > 4, the advised value of the di�useness is 0.56fm ≤ a ≤
0.76fm

This is a result of the di�used interaction between the cluster and core.

4. The increase in cluster mass (A2) presents with the following changes in
the interested observables;

� The ground state 0+ is underbound and requires further corrections
by the deepening of the potential

� Quadrupole transitions B(E2) values increase immensely, alluding
to an energetic expulsion of these clusters.
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� Calculated half lives T1/2 for these con�gurations goes from nanosec-
onds or seconds range to the order of years. Often and more simply
put, to an improbable observational time.

5. Finally, the use of the procedure described in appendix A and then,
calculate the observable as set out by the Excited Core Formalism

5.1.2 Nuclei Speci�c Observations

1. Experimental and calculated values for 212Po agrees that the likely decay
mechanism would be as follows 212Po→208 Pb+4 He

2. Furthermore, the experiment data for the Jπ = 16+ is not known and
by my calculation the predicted energies should be about 3.060 MeV.

3. The multi-cluster investigation of 216Rn could be interpreted in two ways.
Firstly, a single alpha particle expulsion or alpha decay of 216Rn is the
more likely mode of decay. Secondly, the high B(E2) values and the
di�erence to the single alpha decay could mean that the 216Rn is likely
to undergo a 2-stage alpha decay in short succession.

5.2 Suggestions for Future work

With a forthcoming �ts of the proposed con�gurations for 212Po and 216Rn,
the predictions and observations requires experimental veri�cation. For 212Po,
the energy of the 16+ is not known. With challenges in attaining this angular
momentum state and it's short half life, requires a di�erent approach to study
this state. A study of other reaction mechanisms to approach this desired state
is needed.

Con�gurations within the �xed core calculations, created parents nuclei of
polonium, radon and thorium, all of which can be considered as possible multi-
alpha cluster systems. For nα +208 Pb, in which the above represents n equal
1, 2 and 3 respectively. A more in depth study within this family of nα+208Pb
systems needs to be undertaken, both experimentally and theoretically.
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Appendix A

Numerical Procedure

Analytical solutions to the radial Schrödinger equation (RWE) with an arbi-
trary potentials are not always possible. The RWE is a 2nd order di�erential
equation given as follows;(

− ~2

2µ

d2

dr2
+ V (r)

)
ϕnL(r) = EnLϕnL(r). (A.0.1)

Which is then separated into two coupled �rst order di�erential equations;

dϕ

dr
= ψ(r)

d2ϕ

dr2
=
dψ

dr
= −k2(r)ψ(r) (A.0.2)

where k is the wave number and is given by k2(r) = 2µ
~2 (E − V (r)) An

appropriate (adaptive and/or sti�) Runge-Kutta method will be used to solve
for ϕ(r).

The total potentials involved in this thesis are separated into the nuclear
potential, Coulomb potential and the angular momentum contribution. The
Coulomb and angular momentum potentials are central potentials i.e. inversely
proportional to the separation distance r , and as such blows up at the origin.
With initial conditions for this system of equations is then chosen to be as
follows: ϕ(10−5 = 0) and ϕ′(10−5) = 0.148.

50
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Figure A.1: The nuclear potential V(r) (left) vanishes for larger radial distances.
The modi�ed potential U(r) (right) has a constant potential beyond the point rmax
[7].

A.1 Coding Procedure

1. De�ne Constants and hyper-parameters
Such as atomic masses, reduced mass, Q-value, Global Quantum number,
etc.

2. De�ne the potential

3. Import experimental energy data

4. Adjust the depth of the nuclear potential to satisfy the Born-Sommerfeld
equation 2.4.18 for the ground state energy.

5. Determine the separation distance that maximises the total potential,
label as rmax

6. Store the list of maximum potentials per angular momentum value

7. To avoid producing an unbound wave-function, the total potential is
modi�ed as is shown in �gure A.1.

U(r) =

{
VN + VC + VL if r < rmax

Vmax if r > rmax
(A.1.1)

8. Determine the roots (matching points) of the modi�ed potential

9. Solve the Schrödinger equation for the solutions greater and lower than
rmax

10. Continuity of the wave-function

11. Find the energy Eigen-values of each solution
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Fixed Core Con�guration

Here the choice of a stable core is 208Pb. With clusters of 4He, 10Be and, 16O,
these con�gurations are representative of 212Po, 218Rn and 228Th respectively.

Phenomenological calculations

1. Polonium-212
This is a con�guration of Pb-208 and an alpha nuclei
Q = 8.985 MeV, G = 18 V0= 170.50 MeV, a0 = 0.84 fm, x=0.33, R =
7.65692 fm
calculated T1/2 = 4.5ns

Table B.1: Experimental and calculated energy spectra comparison in MeV.

EExp ECalc
0+ 0. 0.294
2+ 0.727 0.719
4+ 1.133 1.008
6+ 1.356 1.368
8+ 1.476 1.793
10+ 1.834 2.216
12+ 2.702 2.618
14+ 2.886 2.921
16+ 3.060
18+ 2.922 2.924
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Table B.2: Calculated B(E2) values in MeV.

2+ → 0+ 6.52
4+ → 2+ 10.54
6+ → 4+ 11.11
8+ → 6+ 10.84
10+ → 8+ 10.
12+ → 10+ 8.76
14+ → 12+ 7.24
16+ → 14+ 5.54
18+ → 16+ 3.73

2. Radon-218 This is a con�guration of Pb-208 and an Be-10 nuclei
Q = 14.36 , G = 50 V0= 547, a0 = 0.76 fm, x=0.33, R = 6.81923 fm
calculated T1/2 = 1.65× 1015 years

Table B.3: Experimental and calculated energy spectra comparison in MeV.

EExp ECalc
0+ 0 -0.076
2+ 0.324 0.155
4+ 0.653 0.360
6+ 1.014 0.645
8+ 1.393 1.002
10+ 2.169 1.422
12+ 2.577 1.898
14+ 3.002 2.424
16+ 3.438 2.993
18+ 3.859 3.597

Table B.4: Calculated B(E2) values in MeV.

2+ → 0+ 20.37
4+ → 2+ 28.97
6+ → 4+ 31.57
8+ → 6+ 32.55
10+ → 8+ 32.77
12+ → 10+ 32.52
14+ → 12+ 31.93
16+ → 14+ 31.08
18+ → 16+ 30.02
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3. Thorium-228 This is a con�guration of Pb-208 and Oxygen-16
Q = 44.723 , G = 100, P = 0.38 V0= 1094.0, a0 = 0.75 fm, x=0.36, R
= 6.64487 fm
calculated T1/2 = 2.66× 1014 years

Table B.5: Experimental and calculated energy spectra comparison in MeV.

EExp ECalc
0+ -0.123
2+ 0.058
4+ 0.187 0.126
6+ 0.378 0.307
8+ 0.623 0.539
10+ 0.912 0.817
12+ 1.239 1.139
14+ 1.600 1.501
16+ 1.988 1.903
18+ 2.408 2.341

Table B.6: Calculated B(E2) values in MeV.

2+ → 0+ 86.63
4+ → 2+ 123.32
6+ → 4+ 134.51
8+ → 6+ 139.34
10+ → 8+ 141.45
12+ → 10+ 142.11
14+ → 12+ 141.86
16+ → 14+ 140.98
18+ → 16+ 139.63

In these calculations, the increase in cluster mass causes under-binding in
the ground states of the resulting nuclei. All of which presents with a root
mean squared error of less than 1.2.
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