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Summary

Wavelet decomposition techniques have grown over the last two decades into a powerful tool
in signal analysis. Similarly, spline functions have enjoyed a sustained high popularity in the

approximation of data.

In this thesis, we study the cardinal B-spline wavelet construction procedure based on quasi-
interpolation and local linear projection, before specialising to the cubic B-spline on a bounded

interval.

First, we present some fundamental results on cardinal B-splines, which are piecewise polynomials
with uniformly spaced breakpoints at the dyadic points Z/2", for r € Z. We start our wavelet
decomposition method with a quasi-interpolation operator Q,,, mapping, for every integer r,
real-valued functions on R into S;, where S is the space of cardinal splines of order m, such
that the polynomial reproduction property Q,,,p = p, p € my,—1, r € Z is satisfied. We then

give the explicit construction of Q,, ,.

We next introduce, in Chapter 3, a local linear projection operator sequence {P,,, : r € Z}, with
Py St — S, r € Z, in terms of a Laurent polynomial A, solution of minimally length
which satisfies a certain Bezout identity based on the refinement mask symbol A,,, which we

give explicitly.

With such a linear projection operator sequence, we define, in Chapter 4, the error space sequence
Wr ={f—Pu.f:f €S} We then show by solving a certain Bezout identity that there
exists a finitely supported function v, € S! such that, for every r € Z, the integer shift
sequence {¢,,(2 - —j)} spans the linear space W, . According to our definition, we then call
Y, the m!" order cardinal B-spline wavelet. The wavelet decomposition algorithm based on the
quasi-interpolation operator Q,, ,, the local linear projection operator P, ., and the wavelet v,,,,
is then based on finite sequences, and is shown to possess, for a given signal f, the essential
property of yielding relatively small wavelet coefficients in regions where the support interval of

m (2" - —j) overlaps with a C™-smooth region of f.

Finally, in Chapter 5, we explicitly construct minimally supported cubic B-spline wavelets on a
bounded interval [0,72]. We also develop a corresponding explicit decomposition algorithm for a

signal f on a bounded interval.



Throughout Chapters 2 to 5, numerical examples are provided to graphically illustrate the theo-

retical results.



Opsomming

Dekomposisietegnieke gebaseer op golfies (“wavelets”) het oor die afgelope twee dekades on-
twikkel in 'n kragtige stuk gereedskap in seinanalise. Soortgelyk geniet latfunksies 'n voortgesette

hoé gewildheid in die benadering van data.

In hierdie tesis bestudeer ons kardinale B-latfunksies, wat stuksgewyse polinome is met uniform
gespasieerde knooppunte by die diadiese punte Z/2", vir r € Z. Ons begin ons golfie dekom-
posisiemetode met 'n kwasi-interpolasie operator Q,,, wat, vir elke heelgetal 7, re€lwaardige
funksies op R in &), afbeeld, waar S;, die ruimte van kardinale latfunksies van orde m aandui,
sodat die polinoom reproduksie eienskap Q,,,p =p, p € mp_1,7 € Z, bevredig word. Ons gee

dan die eksplisiete konstruksie van Q,,, ..

Vervolgens, in Hoofstuk 3, stel ons bekend 'n lokale lineére projeksie operator ry {P,,, : r € Z},
met P, : SItt — ST r € Z, in terme van 'n Laurent polinoom A,, oplossing van minimum
lengte wat 'n sekere Bezout identiteit gebaseer op die verfyningsmaskersimbool A,,,, wat eksplisiet

gegee word.

Met so 'n lineére projeksie operator ry definieer ons, in Hoofstuk 4, die foutruimte ry W, =
{f = Pmsf: [ €S} Ons toon dan aan, deur 'n sekere Bezout identiteit op te los, dat
daar 'n eindig-ondersteunde funksie ¢, € S! bestaan sodat, vir elke r € Z, die heelgetal skuif
ry {¢m(2-—j)} die lineére ruimte W, onderspan. Volgens ons definisie, noem ons 1, dan die
m'® orde kardinale B-golfie. Die golfie dekomposisie algoritme gebaseer op die kwasi-interpolasie
operator Q,,,, sowel as die lokale lineére projeksie operator P,,,, asook die golfie 1,,, is dan
gebaseer op eindige rye, en word getoon om, vir 'n gegewe sein f, die essensi€le eienskape te
besit van om relatiewe klein golfie koéffisiente te lewer in gebiede waar die steuninterval van

m (2" - —j) oorvleuel met 'n C"™-gladde gebied van f.

Ten slotte, in Hoofstuk 5, konstrueer ons minimum-ondersteunde kubiese B-latfunksie golfies
op 'n begrensde interval [0, n]. Ons ontwikkel ook 'n ooreenstemmende eksplisiete dekomposisie

algoritme vir 'n sein f op 'n begrensde interval.

Deurgaans in Hoofstukke 2 tot 5 word numeriese voorbeelde verskaf om die teoretiese resultate

grafies te illustreer.
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1. Introduction

The term wavelet was itself coined in 1982, [see [10]]. Wavelets are functions that satisfy certain
mathematical requirements and are used in representing data or functions. Approximation using
superposition of functions has existed since the early 1800's, when Joseph Fourier discovered that

he could superpose sines and cosines to represent other functions.

For many decades, scientists have wanted more appropriate functions than the sines and cosines

which comprise the basis of Fourier analysis, to approximate choppy signals.

Wavelet analysis, in contrast to Fourier analysis, uses approximating functions that are localized
in both time and frequency space. It is this unique characteristic that makes wavelets particularly
useful, in approximating data with sharp discontinuities. The wavelet transform is a tool for

carving up functions, or data into components of different frequency, as required in signal analysis.

Over the last two decades, wavelet decomposition and reconstruction algorithms have been play-
ing an increasingly important role in signal analysis application areas such as image process-
ing, statistics and theoretical physics [see [3] and [7]]. Wavelet construction method based on
multi-resolutional analysis, in which Fourier transform methods are employed, [see [19], [2], [22],
[21]], usually require conditions like orthogonality and Riesz-stability. In particular, the so-called
Chui-Wang bi-orthogonal cardinal spline wavelets [see [4]] provide a Riesz-stable basis for the
square-(Lebesgue)-inetegrable functions on the real line. The decomposition algorithms based
on these wavelets are infinite, albeit with exponential decay, so that truncation is necessary in

practical applications.

In recent work [see [11] [17]], a new class of cardinal spline wavelets was developed, where finite

decomposition algorithms were obtained at the cost of giving up bi-orthogonality.

Our approach to wavelet decomposition in this thesis is based on the concept of quasi-interpolation
and local linear projection. We shall concentrate on the construction of cardinal B-spline wavelets,
which are special in the sense that they can be formulated explicitly, are smooth, and computa-

tionally easy to work with.

Motivated by the following statement made by Gilbert Strang in his forward to Charles Chui's

book [2], ... when students come to ask advice about their thesis, the problem is always at the
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boundary” , and the fact that real life data always has to do with a finite amount of data, we
study also in this thesis the construction of cubic spline wavelets on a bounded interval. These
results seem likely to extend to hold for general m" order cardinal B-splines, and we intend to

pursue this generalization in our future study.

1.1 Overview

In Chapter 2, we introduce some fundamental results on m!" order cardinal B-splines which are
piecewise polynomials with uniformly spaced breakpoints at the dyadic points Z/2", for r € Z, and
from which other cardinal spline functions of the same degree are obtained by linear combination
of integer-shifts, that is, their integer-shifts form a basis for the cardinal spline space denoted
by S;,. We next explicitly construct a quasi-interpolant Q,, , which maps real valued functions
on R into the space S, for every r € Z such that polynomials in 7,1 are reproduced. The
fundamental property of polynomial reproduction of quasi-interpolants allows a large range of

constructions in a space containing polynomials [see [5], [15] and [9]].

In Chapter 3, we characterise a local linear projection in terms of a Laurent polynomial A,,

solution to a certain Bezout identity. It is then shown how A,, can in fact be explicitly found.

Next, in Chapter 4, we define the error space sequence W = {f — Py,.f : f € S}, and we
show that there exists a finitely supported function 1, € S} such that the integer shift sequence
{m(2" - —j)} spans the linear space W), for every r € Z. Such a function is called a cardinal
B-spline wavelet of order m. We proceed to develop a general theory of cardinal spline wavelet
decomposition based on the quasi-interpolation operator, the projection operator and the wavelet,

to decompose any signal f defined on R.

Finally, in Chapter 5, we give an explicit formulation of the cubic spline wavelet construction and
decomposition algorithm on a bounded interval based on the methods of Chapters 2 to 4. We
show that a finite wavelet decomposition algorithm can in fact be obtained on a bounded interval
without demanding any type of stability, e.g. Riesz-stability, or orthogonality, on our generating
linear spaces. Our wavelet decomposition algorithm then uses only a finite data set. We therefore
obtain a cardinal B-spline wavelet decomposition algorithm that is local, as opposed to previous

boundary wavelet construction methods in work by Chui and De Villiers (see [6]) and Chui and
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Quak (see [8]), obtained from bi-orthogonal wavelets, and in which the decomposition algorithm

depends on all the full data set.

1.2 Notation

In this thesis, the symbol R represents the real line, the symbol N denotes the set of natural
numbers, whereas the symbol Z denotes the set of integers, and Z, = {x € Z : x > 0}. We
write [z] for the smallest integer greater than or equal to x, |x| for the largest integer less than
or equal to = and C'a, b] for the set of continuous functions on a closed interval [a,b]. We write
M (R) for the set of real-valued functions on R. For k € Z,, we denote by C*(RR) the subspace
of M(R) consisting of functions f such that the k** derivative f*) is continuous on R, and
where £ = f. We write C'(R) for C®(R) and C~'(R) for the space of piecewise continuous
functions in M (R).

For k € Z ., we write m;, for the space of polynomials of degree less than or equal to k. A function
f € M(R) is called a finitely supported function if there exists a bounded interval [a,b] C R
such that f(z) = 0, = ¢ [a,b]. We write My(R) = {f € M(R) : fis finitely supported},
Co(R) = C(R) N My(R), and, for k € N, CF(R) = C*(R) N My(R).

We write

1, z€]0,1)
Xo,n () = (1.1)
0, elsewhere.

The binomial coefficient is defined as
! .
+7 j:O,l,...,TL,
(77) = (o) jE€Z, nel, (1.2)
] 07 j#()?]‘?""n?
and with the convention 0! = 1.

For k € Z., the truncated power function ()% € C*¥!(R) is defined by

N 2k, x>0
Tl = (1.3)
0, x<0.

with 0° = 1.



2. Cardinal Spline Quasi-Interpolation

2.1 Cardinal B-Splines

For m € N, r € Z, we consider the linear space S] of cardinal splines of order m defined by

S =8, (2)2") = {f €C"AR) : fliy 1) € Tmr, J € z}. (2.1)

g
2?" b 2’7'

We observe that the relation S”, C S"', r € Z holds, i.e. {S", :r € Z} is a nested sequence of
a linear spaces. We write S,,,(Z) = S°, (Z/2°).

Definition 2.1 For m € N, we define the sequence {N,, : m € N} of real-valued functions on

R recursively by
1
Np(z) = / Np—1(x —t)dt, m=23,---, xR, (2.2)
0

where

Nl(.f) = X[071)7 T € R, (23)

The function N,, is called the cardinal B-spline of order m.

The following properties are proved in [I, Chapter 4]; see also [11], Theorem 1.1].

Theorem 2.2 Form € N, and x € R, the cardinal B-splines as defined by (22) and (2.3), have

the following properties:

1 " i(m et
¥ole) = (o (") (2.4
Nl —5) € Sy j € Z; (2.5)
[0,1), m =1,
Np(x)=0, =z (2.6)
(0,m), m > 2;
Ny() = (ml_ 5 N (0) + (m = )N = 1) m>2 (2.7)
Np(x) >0, =€ (0,m); (2.8)
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N/ (z) = Np_1(2) = Nyp1(z — 1), m=2,3,---, if m>3; (2.9)
Np(z) = Npp(m —x), m > 2. (2.10)

Graphs of the cardinal B-spline N,, for m = 2,3,4 are shown in Figures 2.1 and 2.3 by
means of (2.7)) together with (2.3]).

IEEERVAR
L/ \

-0.5 0 0.5 1 15 2 25

Figure 2.1: Graph of the function N,
0.8
/ \
0.2 / \

-0.5 0 0.5 1 15 2 25 3 3.5

Figure 2.2: Graph of the function V3
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Zﬁﬁ [\
: [
[
L/ N

-1 0 1 2 3 4 5

Figure 2.3: Graph of the function Ny

The following result is proved in [16, Theorem 2.1]; see also [11, Theorem 1.2].

Theorem 2.3 For m € N, the integer shift sequence {N,,(- — j) : j € Z} of spline functions is
a basis of S, in the sense that, for each f € S,,, there exists a unique sequence {c;} C R such

that

(] (211)
J
The following refinement equation was proved in [1, Chapter 4]; see also [11, Theorem 1.4].

Theorem 2.4 For m € N,

N, = 2751 3 (m) Non(2 - —5). (2.12)

=0 7
If a sequence a € My(Z) and a function ¢ € My(R) with ¢ # 0 is such that
0= a6(2-—j), (2.13)
J

then (a, ¢) is called a refinement pair, the function ¢ is called the refinable function,the sequence

a is called the refinement mask and equation (2.13)) is called the refinement equation.

From Theorem [2.4], we have that, for a given integer m € N, (a,,, V,,,) is a refinement pair with

the sequence a,,, = a,,; € My(Z) given by

1 m )
amvj - 2m_]_ (])7 j € Z (214)
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The polynomial A,, defined by

E A 2 =

is called the cardinal B-spline refinement mask symbol of order m.

=(1+2)", zeC, (2.15)

2.2 Marsden’s ldentity

Since (2.1]) gives the inclusion 7, 1 C S,,, we know from Theorem 2.3 that, if f € 7, 1, there
exists a unique sequence {c¢;} such that (ZI1]) holds. We proceed to establish a result by means

of which this sequence {c;} can be explicitly calculated.
We shall rely on the following so called Marsden's identity, (see [16, p 65]), the proof of which

we take from [1I, Theorem 6.6].

Theorem 2.5 Form € N, m > 2, we have

(x+t)™ ZQmj—l—t m(x—173), z,teR, (2.16)

where (), is the polynomial of degree m — 1 defined by

m—1

=[[@+k), zeRr (2.17)
k=1

Proof. Our proof is by induction on the cardinal spline order m. Using (2.4]), we obtain

T, xz €[0,1),
No(z)=q2 -2, z€[1,2), (2.18)
0, elsewhere,
according to which
No(j+1)=6;, jeZ (2.19)

For a fixed t € R, we define the polynomial p € m; by

p(z) =z +1t. (2.20)
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Since m; € Sy, it follows from Theorem [2.3] that there exists a unique sequence ¢ € M(Z) such

that
p) =) ¢Nao(z —j), z€R, (2.21)

J
and thus

p(/{:—i—l) :ZCjNQ(k+1_j> :ch5k7j =c, ke,

J J

from equation (Z19). Hence

p@)z}jﬂj+anx—ﬁ, r €R,
and thus
(+t)=> (+1+t)Nao(w —j), x,t€R.

J

Therefore, the theorem holds for m = 2.

Suppose now that the theorem holds for a fixed integer m > 2. Since ([2.17]) gives Qi1(z) =

(x +m)Qm(x), and Qpii(z — 1) = 2Q,,(z), we can use (2.7) and (217) to deduce that, for
z € R,

ZQm+l(j +t) N1 (r — j) = %ZQm-ﬁ-l(j +1) [(x — ) Nz — j)
+(m+14j—2)Nyp(x—j—1)]

}:QWHU+¢Xx—ﬂNa@—j>

1
m

+ZQm+l(j F)(m+1+j—2)Np(z —j— 1)]

J

1
m

}:Qmﬂu+wa—ﬁNa@—j>

+ZQm+1(j +t—1)(m+j—2)Nu(z — J)]

J

= Y Qnali+ O )

+Qma(J + 1 = 1)(m +j — )] No(z = j)
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_ %ZQm(j+t)[(j+t+m)(9:—j)

G+ O(m = )] Nl — )
= 3 e+ Qi+ )N — )

= (@48 Qn(j+)Nn(z = j)

= (r+t)(z+t)" !
= (z+0)™,

from the inductive hypothesis, and thereby completing our proof. |

Corollary 2.6 For m € N and n > 2, we have

[! . .
V= T QT N(a =), v R 1=01m=1 (222)
J

Proof. Taking the [!" derivative with respect to t of both sides of the identity (2.16)) yields

—1)!
( (7711_)1)1(37+t)m_1_l:ZQg(j‘i‘t)Nm(w—j), reR, [=0,1,...,m—1,
m ! -
in which we set ¢t = 0 to obtain (2.22). |

The identity (2.22]) can be use to explicitly calculate the coefficients {c; : j € Z} in the cardinal
B-spline series (2.11]) for any polynomial f € m,,_;.

2.3 Explicit Recursive Formulation of an Optimally Local

Quasi-Interpolant

In our eventual wavelet decomposition algorithm, we shall require an approximation to map a
given signal f € M(R) into the space S, for an appropriate value of r. For this purpose, we

define, for m > 2, an approximation operator Q,,, : M(R) — S;,

m?

such that the polynomial
reproduction property

Qm,rp =p, PETMTm-1, TE Z7 (223)
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is satisfied. Such an operator is referred to as a quasi-interpolation operator. The construction

method given below is from [17, Chapter 3].

Our first step towards the construction of Q,,, is to seek, for a parameter 7 € R, a function

u=u"" €8, with finite support such that
Zp(j—i-T)u(-—j) =p, PEMm_1, TER, (2.24)
J

where

u= Zuij(~ —7), (2.25)
and {u; : j € Z} € My(Z).

To explicitly construct the quasi-interpolation operator Q,,, ., we first observe that the condition

(224)) holds for a fixed 7 € R if and only if

Z(j+7)lu($_j)le> reR, 1=01,....m—1 (2'26)

J

Substituting (2.28]) into the left-hand-side of (2.26]), we obtain, for  =0,1,...,m — 1,
D G+ ulr—4) = Y (G+7) Y uNu(r—j—F)
j J k
= D G+7) Ytk Nulz — k)
j k

J
J
- Z [Z(y + T)luk_j] Ny (x — k). (2.27)
k J
It follows from (2.27]) and (2.22)) that the condition (2.26]) holds if and only if the sequence
{uj:j € Z} € My(Z) in [2228) is such that

ST G+ D ey - (l—!!Q(m‘l‘”(k)] Np(.—k)=0, 1=0,1,....,m—1. (2.28)

i m—1)

It follows from Theorem [23] that a sequence {u; : j € Z} € My(Z) satisfies (2.28)) if and only if

il
. l o (m—1-1) _ .
E (7 +7) up—; _—(m—l)!Q (k), 1=0,1,...,m—1. (2.29)

J
A necessary condition for (2.29]) to hold is obtained by setting £ = 0 in (2.29)) to yield

: /! S
Z(]+T)lu_j = WQ( L l)(O), l:O,l,...,m—l, (230)

J
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or, equivalently,
. . (_]‘)ll' (m—1-1) _
To get a minimally supported solution {u; : j € Z} € My(Z) of (2.31), we set
uj =0, 7¢{0,1,....m—1}, (2.32)
so that (2.31]) becomes the m x m linear system
m—1
—1)i!
(G —7)u; = @QW*—”(O), 1=0,1,...,m—1. (2.33)
: (m —1)!
7=0
By defining
1 1 1
x x Ty
A= T e (2.34)
| Lo —boapt Tt i
where
=z, =j5—71, j=0,1,....m—1, (2.35)
T
u = [ug, U, ..., Un-1] ; (2.36)
and
b = [bo, b1, ..., bm]": (2.37)
with l
(=) 1
b= ————QmD0), 1=01,...,m— 1 2.38
l (m_l)'Qm ( )7 ) Ly , ) ( )
we obtain the matrix-vector formulation
Au=b (2.39)

of the m x m linear system (2.33)).

To solve the linear system (2.33)), we shall rely on the following result from [11, Proposition 7.1].
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Proposition 2.7 For i € N, suppose {x; : j =0,1,...,u} are p+ 1 distinct points in R, and
suppose {d; : 1 =0,1,...,u} CR. Then the (u+ 1) X (u+ 1) linear system

o
Za:é-uj:dl, [1=0,1,...,pu, (2.40)
j=0
has the unique solution
o
Lk .
ui=y HLg N0)dy, §=0,1,...,p1, (2.41)
k=0
with
L= T Lo R, j=0,1 2.42
](‘T)_ Hl"—I'? S ) j_oa 7"'7:“7 ( )
d#k=0"9 Tk

denoting the fundamental Lagrange polynomials of degree . with respect to the point set

{zo,21,..., 2}

Proof. Since it holds that
L (:BE) =0, 4,7=0,1,..., 1,

we can appeal to a standard uniqueness result in polynomial interpolation to deduce that

m
ZxéLj(a:):xl, reR, 1=01,..., 4 (2.43)
=0

It follows from (241) and (2:43) that

w o roq i
D = Do ahy L O
j=0 j=0 k=0
H 1 B ®
= D o[ (0)] di
k=0 | j=0
7 i k
1 d
- Zy (%) (xl)] di;
k=0 L =0
m
1 {!
= Z— 01,1,
prt k(1 —E)!
> ()
= O kdy, = di,
k=0 k

which shows that the formula (2.41]) satisfies (2.40]).
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We see from (2.34)) that A is the transpose of the (invertible) Vandermonde matrix with respect
to the m distinct point set {zg,z1,...,%,_1}, so that A is an invertible matrix. Hence (2.41])
does indeed give the unique solution of the linear system (2.40]). |

It follows from Proposition [2.7] that the unique solution {u; = u,,; : j =0,1,...,m — 1} of the
linear system (2.33)) is given by

—_

m

(DL 0)QETP0), j=0.1,...m -1, (2.44)

1
um =
T (m—1)! —

where {L; : j =0,...,m—1} is the Lagrange fundamental polynomial sequence given by (2.42),
(2.35).

We now show that the sequence {w,, ; : j = 0,1,...,m — 1} defined by (2.44]) and (2.32)) satisfies
the condition (2.29). To this end, we use (2.31]) to obtain, for [ € {0,1,...,m — 1} and k € Z,

DG+ gy = D k=G =)ty

J J

- ZZ ()G = )"
-y ()= 3 = )

n=0 i

= X (1) ey S )

n (m

n=0
l

k" (=) n—1-t4n
) Z:on!(l—n)!(m—l)!qn .

l!
= m@gﬁ_l_”(l{),

since deg (Q,,) = m — 1 implies that Q'Y ¢ 7, and thereby showing that (229)) is indeed

satisfied.
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Suppose now that the Lagrange fundamental polynomials given by (2.42]) are given by

m—1
Li(x) =) hjpa®, zeR, j=01,...,m—1, (2.45)
k=0
according to which
LY0) = khj, 5 k=0,...,m—1, (2.46)
and, similarly, let
m—1
Qm() = guiz*, z€R, j=01,... . m—-1, (2.47)
k=0
so that
QW(0) = klgpmr, k=0,1,...,m—1. (2.48)
Substituting (2.46) and (2.48)) into (2.44)) yields
m—1
—1)*
umyj = Z <m—3 hj,ka,mflfk- (249)
k=0 ( k )
Moreover, since {u,, ; : j =0,1,...,m—1} is the unique solution of the linear system (2.40), we

deduce that the sequence {u,, ;} defined by (249]) and (2.32)) is a sequence of shortest possible
length for which the condition (229]) holds.

We have therefore established the first part of the following result.

Theorem 2.8 The function
u"(2) =) Ui Non( = ), (2.50)

where the sequence {u,, ; : j € Z} € My(Z) is given, for a fixed T € R, by (2.32) and (2.43), is
the function of shortest possible support in S,, such that the polynomial reproduction property
(2.24) holds. Moreover,

u™(z) =0, x¢&(0,2m—1). (2.51)

Proof. It remains to prove the finite support property (2.5I). Combining (2.25), (2.32)) and
(2.6]), we conclude that (2.51) is indeed satisfied. |

We next construct an optimally local quasi-interpolation operator sequence {Q,,, : r € Z} from

the function u of Theorem 2.8 such that the polynomial reproduction property (2.23)) is satisfied.
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For f € M(R) and r € Z, using (Z25) we deduce that, for z € R,

Zf(]”) (2 —j) = Zf(]”)ZumkN 20— j— k)
- Zf(]+7)zumkj 2z — k)
- Z[Ee ()

), i.e. f=g(2"), according to which g € m,,,_;. But then

m(2'r — k). (2.52)

Suppose f € m,,_1, and let g = f (27

(2.52) and Theorem 2.8 yield, for z € R,

[ (7))

= g +Tum(2x —j)=g(2") = f. (253)
J
The following result is an immediate consequence of (2Z52]) and (2.53)).

Theorem 2.9 For 7 € R, the operator sequence {Q,,, : r € Z}, where Q,,, : M(R) — S},
r € 7, as defined by

S [zuj g (120 v

with the sequence {u,;:j € Z} € My(Z) defined as in Theorem [2.8, is an optimally local

m(27—g), rez, feMR), (2.54)

quasi-interpolation operator sequence such that the polynomial reproduction property (2.23) is

satisfied.

We have from (2.52) that the quasi-interpolation operator Q,, ,, as defined by (2.54]), has the

equivalent formulation

Qurf = Zf(j”) w2 —j), reZ, feMR), (2.55)

with the function u™ € S, as given in Theorem 2.8l

From (2.51)) and (255]), it seems natural to choose the real number 7 in the definition (2.54]) of
the operator Q,, , as

T=T10=m—1, (2.56)
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i.e. Ty is the integer closest from the left to the midpoint of the interval (0,2m — 1) in (252).

By using the equations (ZI7), (248), (256), (235), ([2.42), (246), (247) and (ZEI]), we

obtain the following table of values for the sequence {u;” :7=0,1,...,2m — 1} for the choice

T=m—1, form=2,3,4.

{um,;}
{uz0,u21} = {1,0}

{U:s,o, us,1, U3,2} = {i» 1, —%1}

A lw| N |3

{U4,0, Ug,1, Uq,2, U4,3} = {—%7 §, _%7 O}

Table 2.1: The sequence {u,,; : j =0,1,...,2m — 1} form = 2,3,4

We obtain the graphs of the function u™(z), for m = 2, 3,4 in Figures 2.4] and by using
the values of Table 2.1l in the definition (2.50).

: [\
IRV

T
urm=2 ——

Figure 2.4: The function u?
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Figure 2.6: The function u*
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Next, we show that if a given signal f € M(R) is a polynomial in 7,,_1 on an interval, then this

polynomial is locally preserved by Q,, ,.

Theorem 2.10 Suppose that, in Theorem [2.9, we choose T = 19 = m — 1 as in (2.58), and
suppose that f € M(R) is such that there exists a bounded interval |« 3] and a polynomial

P € Tp,_1 such that

f(z) =p(z), z€lapfl (2.57)
Then
(Quef) () =pla), we [a+ 2570, (258)
for every integer r such that
r > log, 257-0—+a1' (2.59)

Proof. Let  denote an integer such that the inequality (Z59) is satisfied. From (Z55]) and the
fact that u(z) =0, ¢ (0,279 + 1), we have that

|27z .
J T , .
Q@)= > f ( 5 0) w2’ —j), z€eR, (2.60)
j=l2rz—2r—1]
and thus
[27B—T0] .
- J+ 70 o 0o+ 1 T
(Qmyrf)(x) = | Z f ( o )u(? x—7), x€ [oz+ o , 0 o | - (2.61)
j=[2ra—70]
Observe that .
a<?I g for o [Ya—m],... 1287 (2.62)

= o

The desired result (2.58)) is then a consequence of (2.61]), (2.62), (2.57]) and (2.23)). |
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2.4 Example
We illustrate Theorem [210 by choosing, for m = 2, 3,4, the function f,, € M(R) as
(
%—l—%sin [7‘(‘(1‘—%)] , x€]0,1),
1+ (z—1)™ 1 z € [1,2),
fm(z) =1 2, z € [2,3), (2.63)
1 + cos[n(z — 3)], x € [3,4),
kO, x ¢10,4),
which is shown for m = 2,3, 4 in Figures 2.7l and 2.8
The inequality (2.59) is here given by
r > logy,(2m —1). (2.64)
Observe from (2.63)) that
fm(x) = p(x), 2 [1’2]7
fm(@) = p(z), =el2,3],
where p € 7,1 and p € my C 7,,,_1 are given by
pla) =1+ (z - 1)
and
pz) = 2.
It follows from (2358]) in Theorem [Z10 that
I1+(@z-1)m1t zre(l+m2—md)
2, re[2+2,3- 1],
Hence, if we choose
3, m=2,
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then the inequality (2.64)) is satisfied, and (2.65) gives,

5 16
(Qesfo)(x) =14 relisl (2.67)
2 relt,
1+ (z—1)% 19 157
(Qsf3)(x) = ol ee [;g 283] (2.68)
2, ve [ %]
1+ (z —1)%, 2 297
(Quafd)(x) = =% =els 16] (2.69)
2 v e [ 3]

The results (2.67)), (2.68]) and ([2.69]) are illustrated in Figures [2.9] to [Z.11], where we have used

the values of Table 2.1} (2.55), (2.50), (2.7)), (2.56)), (2.63). We also give the graphs of the error
functions £, , = f — Q. f.

25 T

\

05 \
0

0 0.5 1 15 2 25 3 35 4 4.5

Figure 2.7: Graph of the function f5
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25 T 25 T
fim=3 — frmz=d ——
2 2
15 15
1 1
0.5 0.5
0 0
05 15 25 35 4 45 0 05 15 25 35 4 45
Figure 2.8: The functions f3; and f;
25 T 0.02 T
q:m=2 — Eim=2 —
0.015
2
0.01
0.005
15
0
1
-0.005 v
001 v
0.5
-0.015 |
0 -0.02
0.5 15 25 35 4 45 05 15 25 35 4 45

Figure 2.9: The function Q,3f and the error function Fy 3 f
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Figure 2.10: The function Q34 f and the error function Ej 4 f
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Figure 2.11: The function Q44 f and the error function Ey 4 f
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3. Local Linear Projection

For a given B-spline refinement pair (a(m),Nm) and corresponding refinement space sequence
{8}, :r € Z,m € N} as defined by (Z1]), our wavelet construction method will depend on the
existence of an operator sequence {P, : r € Z} with P, : S"' — S’ r € Z, for which the

reproduction property
Pf=1f [feS, reL, (3.1)

holds, according to which P, is then, for each r € Z, a local linear projection on S, .

The following result shows that such a projection operator sequence can be obtained by solving

a Bezout identity.

3.1 The Fundamental Bezout ldentity

For a Laurent polynomial P defined by

P(z) =Y p#, zeC\{o}, (3.2)
J
we define the even part P(®) and the odd part P®) respectively by
PO (z) = Zpgszj and P)(z) = Zp2j+1z2j+l, z € C\{0}, (3.3)
J J
so that
P(z) = P©(z2)4+ POz
(=) (2) (2) , z € C\{0}, (3.4)
P(—2) = PO(z)— PLO)(2)
and thus
P(e)(z) _ P(z)+2P(—Z)
PO — P(z)_QP(_Z) , z € C\{o0}. (3.5)

Theorem 3.1 For an integer m > 2 and a sequence {\; : j € My(Z)}, the local linear operator

sequence {P, : r € Z}, where P, : Si:" — 8!, as defined by

P.f = Z [Z A2j_kCh
5 L w

Nm(QT . _]) for f = ZCij(2T+1 ) _j)7 (36)

23
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satisfies the reproduction property (3.1) if and only if the Laurent polynomial A given by
Az) =D N2, zeC\{0}, (3.7)
J
satisfies the Bezout identity
(14 2)"A(z) + (1 — 2)"A(—2) =2™, =z e C\{0}. (3.8)
Proof. Let r € Z be fixed, and suppose f € S/, i.e. there exists a sequence ¢ € M (Z) such
that f =) . ¢;Nm(2" - —j). From (212) and (2.14), we deduce that
@) = D > aniNu(2 e —2j — k)
j k
= i ¢ Z Amg—2jNm (2" 2 — k)
j k

- Z [Z am,k2jcj] Ny (2 e — k). (3.9)

k
For a sequence {\; : j € Z} € My(Z), it follows from (3.6) and (3.9) that
(Prf)(z) = Z ZA%_’“ (Z am,k_2z01>] Ny, (2"x — 7)

i Lk !

= Z Z (Z am,k—2l/\2j—k> Ck] N (2" — j). (3.10)

j L1 k

It follows from (3.9) and (B10) that, for z € R,

f@) = (Pf)(x) = > cj—Z(Zam,k_mj_k) ] Non(2'z — )
l k

Jj L

= Z Z (6]',[ - Zam’k_zl)\gj_k> Ck] Nm<2rl' - j) (311)

J L

Since also Theorem 2.3]implies > . ¢;N(- —j) = 0 if and only if ¢; = 0, j € Z, we deduce from
(B11)) that the reproduction property (3.1]) holds if and only if the sequence {)\; : j € Z} € My(Z)

satisfies the condition

Zam,k—zl)\zj—k =01, J,leZ. (3.12)
%
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It remains to show that the two conditions (3.12]) and (3.8]) are equivalent. To this end, we use
(2.15) and (B.7) to deduce that, for j € Z and z € C\{0},

a 202k _2k 2N—2k—1_2k+1
E E U fo—2AN2j— k2 = E E U, 2k—21 N2 — 282 z +E E U 22041 A2j—2k—1 2 z
3 A Ik

l l

2-2k | 2k
= E )\23'—21@[5 A 2k—21% ]Z
k

l

2A-2k—1| _2k+1
+E A2j_2k—1 [E Am 2k—20+17 ]Z
k !
—21| 2k
= E )\2j—2k[5 Am 212 ]Z
k

l

—(2041) | 2k+1
+ E A2j_2k—1 [E Am 21417 ( )] z
k !

= Agffb)(z_l) Z)\gj_gszk_Qj
k

z2j—|—A£g)(z_1) [Z /\2j_2k_lz2k—2j+1] 2i
k

= AL Z)\ka_%
L &

2 + Agfi)(z—l) [Z )\2k+12_(2k+1)] 2%
k

2 2
+Am(Z‘1) — A=z AETY) —A(=2T)
2 2
_ %z%‘ [An(z YA + An(—z A (2], (3.13)
whereas
» 62 =2Y jez, zeC. (3.14)
l

It follows from (3.13) and (3.14) that, for j € Z and z € C\{0}, we have

-1 -1 o= INA (a1
5 S s aharn @] o {Am(z JA(z >+;4m< A ) )
l k

According to (B18), {\;:j € Z} € My(Z) is a sequence satisfying (B.12) if and only if the
corresponding Laurent polynomial A defined by (B.7)) satisfies the Bezout identity

Ap (DA + A (=2 HA(=27) =2, 2 e C\{0},
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or, equivalently,

An(2)A(z) + Ap(—2)A(—2) =2, =z € C\{0}. (3.16)
By substituting (2.15)) into (316]), we conclude that (3.16) is equivalent to (3.8]), which then
completes our proof. [

We proceed to find the Laurent polynomial A = A,, of shortest possible length satisfying the
Bezout identity (3.9]).

3.2 The Generating Polynomial H,,

Based on results in [11] and [17], we first prove the following result with respect to a polynomial

solution H of the Bezout identity
(1+2)"H(z) — (1 — 2)"H(—z) = 2mz2lam] = L e, (3.17)

with | x| denoting the largest integer less than or equal to .

Theorem 3.2 The recursion formulation

2Ho(2) — 212 Hop(—1)(1 — 2)%
Hopp1(2) = 24(2) 1+22k( ) ) ) , 2€C, (3.18)

222H2k+1 (Z) — 2_2kH2k+1(—1>(1 — Z)2k+1

H2k+2(2’) = 112

yields a sequence {H,,, : m = 2,3,...,} of polynomials such that

deg (Hy,)=m—2, m=23,... (3.19)
and where H = H,, is the only polynomial in ,, ;| satisfying the Bezout identity (317).
Proof. Since the numerator in the second and third lines of (3.18) both vanish at z = —1, it

follows inductively from (3.18) that {H,, : m = 2,3,...} is indeed a sequence of polynomials
such that (3.19) is satisfied.
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Next, we prove by induction on m that the polynomial H,, satisfies the Bezout identity (3.17]).
For m = 2, we see from first line of (3.18)) that, for z € C, we have
(14 2)*Hy(2) — (1 — 2)*Hy(—2) = (1 + 2)* — (1 — 2)? = 4z,

i.e. the polynomial H, satisfies (3.17]) for m = 2. Suppose next that, for a fixed integer k € N,
it holds that
(14 2)*Hyp(2) — (1 — 2)* Hyp(—2) = 22271 2 € C. (3.20)

Using the second line of (3.18]), together with the inductive hypothesis (3.20), we obtain, for
z2eC,

(14 2" Hypyr(2) — (1 — 2)* " Hapya (—2)
= (1+2)% [2Ha(2) — 2" Hop(—1)(1 — 2)**]
—(1 = 2)*" [2Ho(—2) — 2" Hop (1) (1 + 2)**]
=2 [(14 2)* Ho(2) — (1 — 2)* Hyp(—2)]
= 22kl 2kl (3.21)

i.e. the polynomial H = Hyy; satisfies the Bezout identity (3.17)) for m = 2k + 1. Now we use
the third line of (3.18), together with (3:21), to deduce, for z € C, that

(1+2)"" 2 Hopya(2) — (1 — 2)"*? Hapyo(—2)
= (14 2)*" [222 Hyjy1(2) — 27 Hoppr (—1) (1 — 2)*F1]
—(1 = 2)* " [22° Hop 1 (—2) = 27 Hopypr (= 1) (1 4 )]
=227 [(1+ 2)* " Hopy1(2) — (1 — 2)* " Hypyr (—2)]

— 22,2 (22k+122k_1)

_ 92k+2 _2k+1
=2 z ,

i.e. the polynomial H = Hyy,, o satisfies the Bezout identity (3.17]) for m = 2k + 2, and thereby
concluding our inductive proof of the fact that the polynomial H = H,, satisfies the Bezout

identity (B.17]) for every integer m > 2.
Finally, we prove that H,, is the only solution in 7,,_; of the Bezout identity (3.17)).
Suppose H,, € 7,1 satisfies

(1+ 2)"Hp(2) — (1 — 2)"Hp(—2) = 2m22lem] =1 L e c (3.22)
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Since also
(14 2)"Hyp(2) — (1 — 2)"Hp(—2) = 2m22lem] =1 2 e, (3.23)
it follows by subtracting (322)) from (3.23) that
(142" [Ho(2) = An(2)] =1 = 2)m [Hm(—z) ~A.(-2)|, zec. (3.24)

Since the two polynomials (1 + 2)™ and (1 — z)™ have no common factors, we deduce from
(3:24)) that there exists a polynomial J(z) such that
Hy(2) — Hp(2) = J(2)(1 = 2)™, z€C. (3.25)
Suppose J # 0. Then (3.25)) gives
m —1>deg (H,, — H,) =deg (J) +m > m,

a contradiction. Hence J = 0, so that (3.28) yields H,, = 1 .. i.e. H,, is the only solution in
Tm—1 of the Bezout identity (317). |

Using (3.18), we calculate in Table 3.1] the sequence {h,,; : j € Z}, where we denote by
{hm;:j=0,1,...,m — 2} the coefficients of the polynomial H,,, i.e.

H,.(z) = mZth,jzj, z € C. (3.26)
=0
m P
2 {h2,0} = {1}
3 {hso,hsa} ={3,—5
4 | {hao, hay, hao} = {—35,2, -3}

Table 3.1: The sequence h,, ; for m = 2, 3,4

Now let the polynomial A,, be defined by
An(z) = 22lamI g ) 2 e C\{o}, (3.27)
which, together with ([3.23)), then yields, for z € C\{0},
(14 2)" A (2) — (1 = 2)"Ap(—2) = 2 2L (14 2)" Hop(2) = (1= 2)" Hon(—2)]
— p2lam]n [sz%%mJ_l} —om

so that the following consequence of Theorem can now be stated.
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Corollary 3.3 For an integer m > 2, the Laurent polynomial A = A,,, as defined by (3.27),
with the polynomial H,, obtained recursively from (3.18), is a Laurent polynomial of shortest
possible length satisfying the Bezout identity (3.8).

Combining the results of Theorem B.I1and Corollary B3], we immediately get the following result.

Theorem 3.4 For an integer m > 2, the sequence {\; : j € Z} € My(Z) defined by
Aj=Amj, JEL, (3.28)

where

S Ay =22 L (), 2 e c\{o), (3.29)

with H,, denoting the polynomial of degree m — 2 obtained recursively from (3.18), is a sequence

of shortest possible length such that the operator sequence {P, : S\*' — 8" | r € Z}, as defined

by (3.8), satisfies the reproduction property (3.1)).

Accordingly, we define, for any r € Z, the projection operator P, : Sitt — S by

Porf = [Z Am,zjkck] Non(27 - =j) for f = ¢;Nu (274 =), (3.30)
J k J
with the sequence {\,, ; : j € Z} defined by (3.29), and for which it then holds that

Pmnof =Ff, [eS, (3.31)

We shall also rely on the following properties of the polynomial H,, of Theorem 3.2

A polynomial P of degree n, as given by
P(z) = ijzj, with  p, # 0, (3.32)
§=0

is said to be symmetric polynomial if it holds that

Pn—j=Dj, Jj=0,1,...,n (3.33)

Since it holds for z € C that, from (3.32) and (3.33),

n n n
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we see that the symmetry condition (3.33]) has the equivalent formulation,

o (%) —p(2), =€ C\{0}. (3.34)

The following result holds.

Proposition 3.5 For m > 2, the polynomial H,, of Theorem 3.2 satistfies the following proper-

ties;

(@) Ifm is even, then H,, is a symmetric polynomial;

(b) H,,(0) #0.
Proof.

(a) Suppose m = 2n for an integer n € N, according to which it follows from (3.23]) that
(14 2)*"Hop(2) — (1 — 2)*" Hy,(—2) = 2221, z€C. (3.35)

By replacing z by L in (3:38]), we obtain

<1 + —) Hy, (—) - (1 - —) Hyy, (——) =¥yl e C
z z z z

and thus
(14 2)"Hyn(2) — (1 — 2)™ Hop(—2) = 22271, 2 €C, (3.36)

where
1

Hyp(2) = 22" 2 H,, (-) , z€eC. (3.37)

z
Since (319) gives deg (Ha,) = 2n — 2, it follows from (337) that Ho, is a polynomial,
with deg (an) = 2n — 2. But, as shown in the proof of Theorem 3.2, H = H,, is the
only polynomial in 7y, satisfying the Bezout identity (B.I7]), and thus, using also (3.37),

we get
~ 1
Hgn(z) = H2n<2) = Z2n_2H2n <;) s S (C\{O},

and it follows that Hy, is a symmetric polynomial.
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(b) According to (3.19), the polynomial H,, can be formulated as
m—2
Hy(2) =Y hpmjz’, 2€C, with hypp_o # 0. (3.38)
=0

If m = 2n for n € N, then the symmetry result in (a) gives

hQn,O = h2n,2n—2 7é 07

from (3.38), and thus property (b) holds for even integers m.

If m = 3, we see from Table Bl that H3(0) = g # 0. Next, for m = 2n + 1, with n > 2,
suppose Hs,1(0) = 0. But then there exists a polynomial Hy,iq, with deg (ﬁ2n+1) =
2n — 2, such that

Hopi1(2) = 2Hppyi(2), z€C. (3.39)

Since also (3.23)) yields

(14 2)*"  Hyp 1 (2) — (1 — 2)" M Hyp g (—2) = 227112271 2 € C, (3.40)
we now substitute (3.39) into (3.40]) to deduce that

(14 2)"  Hypyy (2) + (1 — 2)"  Hypyy (—2) = 227712272 2 e C. (3.41)

By setting z = 0 in (B.41]), and recalling that n > 2, we obtain 2ﬁ2n+1(0) =0, and thus
g2n+1(0> =0, i.e. there exists a polynomial Hy,. 1, with deg (]:.]2714'_1) = 2n — 3, such that

ﬁ2n+1(2) = Zﬁ2n+1(2), zeC. (342)

By substituting (3.42)) into (3.41), we obtain

(14+2)27 1 [(1 4 2)2 Hopr (2)| = (1—2)2 1 [(1 = z)2ﬁ[2n+1(—z)] =9I+l 2n=8 e C,
(3.43)
Since also (B.23)) gives

(14 2)* ' Hyy 1 (2) — (1 = 2)*" 1 Hy,1(2) = 227122773 2 € C, (3.44)
we can now subtract (3.43) from (3.44) to obtain

(1 22 [4H 1 (2) = (1+ 2)* Haga (2)]

— (1 - 2)21 [4H2n_1(—z) (- z)2ﬁ12,,+1(—z)} , zeC. (3.45)
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Since the two polynomials (1+ 2)?"~! and (1 — 2)**~! have no common factors, and since
deg (Hop—1) = deg (PZIQHH) = 2n — 3, it follows from (3.48]) that there exists a constant
c such that

AHopn 1(2) — (1 4 2)2Hopp1 (2) = ¢(1 — 2)>"1, 2 € C. (3.46)

By setting z = —1 in (B.48)), it follows that ¢ = 2372"H,, ;(—1), which we can now
substitute into (3.48]) to obtain

Ao 1(2) = (1 + 2)2Honir (2) + 2272 Hyy 1 (—1)(1 — 2)71, 2€C.  (3.47)

Now substitute (3.47)) into the third line of (3.18) with £ =n — 1 to deduce that

2‘2”(8,22 — 1)Hop1(—1)(1 — z)Q"‘l
1+ 2

Ay (2) = %%(1 b ) g (2) + . zeC\{o)

(3.48)
Since both Hs, and ]:IQHH are polynomials, we deduce from (3.48]) that we must have

Hgn_l(—l) = 0. (349)

Substituting (3:49) into (3:48)) yield
Hon(2) = 222(1 + 2)Hans1(2), 2 €C,

and thus
2n — 2 = deg (Hz,) = 3 + deg (H2n+1) =3+ (2n —3) = 2n,

a contradiction. Hence Hy,11(0) # 0, and thereby completing our proof of (b). |

3.3 Example

Using Theorem 3.2 Corollary B3] and equations (3.28)) and (3.29]), we explicitly calculate the
sequence A = \,,, € My(Z) for m = 2,3,4,5 in Table 3.2

By choosing, respectively, ¢; = 0; and ¢; = 0;_1, j € Z in (330), together with Table
B2l we compute the functions P, oN,,(2:) = Zj Am,2iNm (- — 7) and P, 0N, (2 - —1) =
Zj Am,2j—1Nm (- — ) for m = 2,3,4. The resulting graphs are shown in Figures B.1] to B.3
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m Am,j

2 {Ao 1} = {1}

3 {Xs0, 31} = {—3,3}

4 | {1, 2, a3} = {—%,2, —%}

Table 3.2: The sequences {\,,; : j € Z,m = 2,3,4}.
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4. Cardinal Spline Wavelets

With the local linear projection sequence operator {P,,, : v € Z} as in Theorem [3.4, we now

define the linear space sequence {W/ :r € Z} by
Wy ={f=Pun,f:feS}, rek (4.1)
Since P, : Sitt — 87, and S, € ST, we observe from (41]) that
wr cSit reZ. (4.2)

Hence, if for a given r € Z we have f € S't!, then f = g+ h, where g = P,,,.f € S, and
h=f—"Pun,feW..

A function 1,,, € S} which is such that
W,;:{chwm(Q’"-—j):ceM(Z)}, r ez, (4.3)
J

is called the m' order cardinal B-spline wavelet generated by the local linear projection sequence

{Punr:r €L}

4.1 The Wavelet Bezout Identity

To find a wavelet 1,,,, we first prove the following result.

Proposition 4.1 The linear space sequence {W :r € 7} defined by (4.1) satisfies
W:@ = {f S 8:;?1 . Pm,rf = 0} s r € 7. (44)
Proof. Let r € Z be fixed and suppose that f € W . Then, according to (4.Il), there exists a

function g € 8" such that f = g —P,,.g. From the reproduction property (3.31)), the linearity
of Py,r, and the fact that P, g € S;,, we have

Pm,rf = Pmﬂ‘g - Pq?n,rg = Pm,rg - Pm,?“g = 07 (45)
ie. fe{geSt:P,,g=0}

35
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Suppose f € Sittis such that P,,,.f = 0. Then

f:f_ozf_Pm,rfa (46)

so that, from (&.4)), we have the inclusion W/ C {f € S"*' : P,,,, = 0}, and thereby completing

our proof. [ |

Using Proposition 4.1}, we can now obtain the following characterization of all finitely supported
functions ¢ € W?. Note first from (£2) that, if » € W2 N My(R), there exists a sequence
{’7/‘7 j € Z} € M()(Z) such that

) = Z% (2- =), (4.7)
and for which we define its corresponding Laurent polynomial symbol by
= Z’yjzj, z € C\{0}. (4.8)
J

Our result is as follows.

Theorem 4.2 For a sequence {~; : j € Z} € My(Z), let the cardinal spline ¢ € S}, be defined
by (42). Then 1) belongs to the space

W =A{f = Pmof : f € 8,} (4.9)
if and only if the symbol T defined by (4.8) is given by
I'(z) = K(2)H,,(—=2), ze€ C\{0}, (4.10)

where H,, is the polynomial of degree m — 2 defined in Theorem[3.2, and with K denoting an

arbitrary even Laurent polynomial, i.e.

K(—2)=K(z), zeC\{0}. (4.11)
Proof. From (3.30) and (4.7]), we have
mO’lvb Z [Z >‘m 27— k’Yk] m( - j)v (412)
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from which, together with Proposition [£.1] and Theorem 23], we see that the cardinal spline v in
(@.7) belongs to W7, if and only if the sequence {v; : j € Z} € My(Z) is chosen such that

> Amzjkv = 0. (4.13)
k

Using the fact that A, (2) = 35, A2/, 2 € C\{0}, together with (48], we obtain, for z €
C\{0},

5 [Dmm_m] DS S |+ S
J k j Lk J

92j—2k 2%k
= g E Am,2j—2k%"7 ]%kz
i L&

'z

J

.
g /\m,2j—2k—1'72k+1] 2
A

2j—2k—1 2k+1
E )\m,2j—2k—lz J ] V2k+1%
k

’72/@2% + Z
J

2j+1 2k+1
E )\m,2j+12 J ] V2k+12
k

= A9()T9(2) + A ()T (2)

m

A (2) + A (—=2)T(2) + T(=2)  Ap(z) — Ap(—=2)T(2) = T'(—2)

2 2 - 2 2
[An(2)T(2) + A(=2)D(=2)]

N | —

from which it follows that a sequence {v; : j € Z} satisfies the condition (4.13)) if and only if
the corresponding Laurent polynomial T', as given by (4.8]), satisfies the Bezout identity

A (2)T(2) = =AM (—2)T(=2), 2z € C\{0} (4.14)

Since also A,, is given by the formula (B.27]), it follows that (4.14]) is equivalent to the Bezout
identity

H,.(2)T'(z2) = Hu(—2)T'(—2), =z e C\{0}. (4.15)
Now observe from (3.23]), together with Proposition (3.5]), that the polynomials H,,(z) and

H,,(—%) have no common factors, so that we can deduce from (4.15]) that there exists a Laurent
polynomial K(z) such that (£10) holds. Also, by substituting (4.10]) into (&.I5]), we obtain

Hy(2) K(2)Hin(=2) = Hpn(=2) K(=2)Hm(2), 2 € C\{0},
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from which it follows that (4.11]) holds, and thereby completing our proof. [

The following result can now be deduced from Theorem [4.21

Theorem 4.3 The function 1), € S}, defined by

m—2
Vm(®) =Y (=1) hpjNo(22 — 7), (4.16)
=0
where
m—2
Z hm ;% = Hn(2), z€C, (4.17)
=0

with H,, denoting the polynomial of Theorem|[3.2, is a minimally-supported non-trivial function

in the space W, defined by (4.9), with
Um(z) =0, x & (0,m—1). (4.18)
Proof. Since a polynomial K(z) of minimally degree satisfying (4.11]) is given by K(z) = 1,
z € C, we deduce from (4.10]) that
['(2) =T(2) = Hyn(—2), z€C, (4.19)

is a polynomial of least possible degree as described by (4.10]) and (4.11]) in Theorem 4.2l Writing
m—2

n(z) = Z Ymj?', 2 €C, (4.20)
=0

it follows from (4.19), (4.17)) and (4.20) that
Vg = (=1 hmg, JjEL. (4.21)

It follows from Theorem 4.2, together with (4.7]), (4.20) and (4.21) that the function v, defined
by (4.16]) is indeed a minimally supported non-trivial function in W,,.

The finite support property of (4.18]) is a direct consequence of (4.16]) and (2.6)). [ |

Using (4.16) and Table 3.1], we obtain the spline-wavelets

() = Ny(2x),
Uale) = SNy(2r) + o Ny(2w — 1),

Uy(x) = —%N4(2:17) —2N4(2z —1) — %N4(2{E —2),
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of which the graphs are shown in Figures [4.1] and [£.2]

We proceed to show that the function 1), of Theorem [4.3] satisfies the property (4.3]), according

to which we will then have shown that 1), is indeed a wavelet.

4.2 The Fundamental Decomposition Result

Our fundamental decomposition result is as follows.

Theorem 4.4 For an integer m > 2, let the function 1,, € W?° be defined as in Theorem [4.3.
Then, for r € Z, it holds for any function f = 7. ¢;N,, (2" - —j) € S;F! that

;o= Z [Z hm,2j—k+2L§mJ—1Ck] N (27 =)

|

J

2.1 (27‘ . ;ntlmj - 1) C’“] Yal2 i) (422)

k

where )
Z B2’ = Z hm;z = Hy(2), z€C, (4.23)
J Jj=0

with H,, denoting the polynomial of Theorem|[3.2

Remark. Observe from ([£22) that, for k € Z, by choosing f = N, (2"t - —k), ie. [ =

S alN, (27T - —1) with ¢; = &, , we obtain the decomposition result

N (27 —k) = Z hm,ijkHL%melNM(T -
J

(-1 - o
Cpr 2 (2j—k+2gmj _1>¢m<2 i)

ke Z. (4.24)

Proof of Theorem@.4 Let r € Z be fixed and suppose f = 3 ¢; N, (2" —j) for a sequence
¢ € M(Z). Using (B30) and the refinement equation (ZI2)) for cardinal B-splines, we obtain,
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with the sequence {a,, ; : j € Z} € My(Z) defined by (2.14),

(f = Py f)(x) = Z ¢V m(2 N Z Z Am,2j~kCk [Z am,le(QrJrlx —2j—1)
- ZCJ 2T+1 ZZ)\m 25— kaZaml 2] 2T+1 l)

= Z i Ny (27 — ) — Z [Z )\m,2lkck] Z A j-aNm (2" 2 — §)
l k J
= Z ¢j Ny (2 — Z Z [Z Am,Qlka;] A j-aNm (2" 2 — §)
i1 k
= Z [Z (5j,k — Z/\mygl_kamyj_gl> Ck] Nm<2r+1$ — j) (425)
!

J k

Let {w; : j € Z} denote a sequence in My(Z). Then, using (£.16)), we have

Z [Z ngkck] V(2" —j) = Z ngj,kck Z’ym,le(Q’"“x —2j — l)]

J
= Zzwzj_ka Zﬁ)/ml 2] 2T+1 l)]
7k
= Zzwzz—kckZ’Ym,j—ﬂNm (2" - )
Ik J

=D [Z (Z 7m,j—2lw2l—k> Ck] N(27 2 — j). (4.26)

J

It follows from (4.28]) and (4.26)) that {w, : j € Z} € My(Z) is such that

(f = Pusf)(2) Z [Z Waj— kck] Ym(2'x —j), z€R, (4.27)
J
if and only if
Z [Z (5j,k - Z A j—2AAm 21—k — Z ’Ym,jmwmk) Ck] Nm(zrﬂﬂf -7)=0, zeR,
] k l l (4.28)

which holds if and only if the sequence {w; : j € Z} € My(Z) satisfies the condition

Z A j—2AAm 21—k + Z%z,j—mwm—k =ik, J. k€L (4.29)
I I

We proceed to show that the condition (4.29) is equivalent to a pair of Bezout identities.
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With the Laurent polynomial €2 defined by
Q(z) =) wiz?, zeC\{0}, (4.30)
J
we use (B.7) and (430) to deduce that, for j € Z and z € C\{0}, we have
Z [Z A j—2AAm 21—k + Z ’Ym,j—zlwzl—k] 2F
kLo I
=> ZAm,zl—k<2_l)2l_k] U jeu?” + ) ZWQI—k(Z_1)2l_k] V27
1Lk Lk
= Z Z )\m,k(z_l)k> am,j_glzzl + Z (Z wk(z_l)k> ’me'_QlZl
I k I k
=2 [ Zamﬁj_glzm_j> Ap(z7Y) + (Z 7m,j_21z21_j> Q(z™h
]

l

(4.31)

Since also

Z(szk =2, zeC,
k

we deduce from (4.31]) that the condition (4.29)]) is satisfied if and only if

20—j 20—j
[E U j-22" > Y2z
! !
or equivalently,
m 7j—2l
[E aj’ o2
!

But (4.33)) holds for every j € Z if and only if it holds for all even j and for all odd j. Hence,
using (2.15), we find that (4.33) is equivalent to the pair of Bezout identities

A (27 + Qz" =1, 2eC\{0}, je€Z (432

A (2) +

Zym”,zj—”] Q(z) =1, zeC\{0}, jeZ  (433)

A () Am(2) + T ()Q(2) = 1

AD A () 4T = 1 [ © CA0), (4.34)
(A (2) + A (—2) A (2) + [T (2) + T (—2)| 2) = .o\ (435)
[An(2) — An(=2)] A (2) + [T (2) =T (—2)] Q2) = ’
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which holds if and only if

An(2)An(2) + Th(2)Q(z) =

> e C\{o}. 4.36
An(=2)An(2) + T(=2)Q(2) = € C\{0} (4.36)

By using (2.15]), (8.27)) and (4.19), we find that € is a Laurent polynomial satisfying (4.36) if

and only if the pair of Bezout identities

2lam N L (2) 2 L (—2)Q(2) = 27

sz 2 = )| () = 2 € C\{0} (4.37)

are satisfied.

The second line in (4.37) is satisfied if and only if the Laurent polynomial €2 is chosen as

O2) = Qn(2) = ———2L8mH1 1 — 5y L e c\{o). (4.38)

2m—1

Substituting (4.38)) into the left hand side of the first equation in (437 yields the expression
2 (1 4 ) H(2) = (1 - 2)"Hu(—2)], 2 € C\{0}, (4.39)

which together with the Bezout identity (3.17]), shows that the choice (438]) of (2 also satisfies
the first equation in (437)). Therefore, the pair of Bezout identities (4.37]) are satisfied by a
Laurent polynomial € if and only if Q is given by (438]), according to which also, from (4.30),
we have for z € C\{0} that

St - e A ():

; J

_ _2731 S (-1 (m> -2 dm 41

7 J
1 . m .
= — (—1)J<, )z’,
2m—1 ZJ: j+2|3m| -1
and thus the sequence {w; : j € Z} € My(Z) satisfies the condition (4.29) if and only if

(—1) m :
- = Z. 4.4
w] me 2m71 j 9 L%mJ 1 3 J S ( 0)

By combining (3:39), (3:30), (4.27]) and (4.40), we see that (4.22)) does indeed hold. |
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4.3 Decomposition and Reconstruction Algorithms

Given a signal f € M(R), we proceed to describe the cardinal B-spline wavelet decomposition of

f into detail components.

Algorithm 4.5 1. For a sufficiently large positive integer N, we set

v =Qunf (4.41)

where Q,, n is the quasi-interpolation operator as in Theorem [29 and with the choice
T=m—1. Then
N .
fv =Y VN2 - ) (4.42)
J

with the sequence ¢ € M (Z) given by
N k + m — 1
=S (), (@.43)
k

2. For a sufficiently small positive integer M € N and using Theorem [4.4, if we define the
sequences {f,:r=N—-1,....N—M} and{g, :7=N—1,...,N — M} by
fro= 2, NL (2~ )
r=N-1,...,N— M, (4.44)
g = 54 (2. =)
where the sequences ¢ € M(Z) and d") € M(Z) are obtained recursively from (4.43)
and the equations
_ h (r+1)
¢ = Dok m.2j—k+2| im | —1%
jE€Z, r=N-1,....N—M (4.45)
(-1 (r+1)

k om—T (2j—k+2T%mJ —1) Ck

sothat f, €S, r=N—-1,.... N—Mandg, ¢ W), r=N—1,...,N — M, then the

decomposition result
frei=fr+g, r=N—-1,....N—M (4.46)

holds.
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It follows from (4.48) that

N-1

v =fn-m+ Z Gr- (4.47)

r=N-—M

The equations (443) and (4.45) are known as the wavelet decomposition algorithm associ-
ated with the cardinal spline projection operator sequence {P,,, : 7 € Z} and the corresponding

wavelet 1,,.

Once a signal has been decomposed using the wavelet decomposition algorithm (4.43)) and (4.45),
and the data has been processed, we describe next how to reconstruct the signal according to

the right hand side of (4.47)).

Algorithm 4.6 1. By using (4.44) and the refinement equation (2.12), we obtain, for r =
N-1,....N—M,
o= Y A" N (2 — 25 — k)

j k

= >N g N2 — k)
j k

=¥ [Z o ’] N, (271 — k) (4.48)
k J

whereas, from (4.18),
g = dez Bk N (2771, — 25 — k)

— Zd(”z B go—2; N (271 — &)
= > [D—l)’“hmk QJd“] Nou(27. — k) (4.49)

k J
2. Combining (448) and ([4.49) and the first line of (4.44), we deduce that the desired equation
(448) holds if and only if the condition

Z [C;T-l-l) _ (Z am’j_2kcl(<:r) —+ Z(_]‘)khm,j—del(;)>] Nm(2r+1 X —l{i> -0 (450)
k

J k

is satisfied. Hence, if we set

(T’+1) Zamﬂ %C _|_Z DFhy i %dk, jeZ, r=N-1,...,N—M, (4.51)
[

then (4.50), and therefore also (4.49) are satisfied.
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The equation (4.51]) is called the cardinal spline wavelet reconstruction algorithm.

4.4 Singularity Detection Property

We proceed to prove that our decomposition algorithm defined by Algorithm possesses the

essential property to locally detect singularities in a given signal f.

We shall rely on the following result.

Proposition 4.7 The sequence a,, € My(Z) defined by (2.14) satisfies the condition

Z<—1>kam,2j+zgm |o1ip(k) =0, pEmu,, jEL (4.52)
k

Proof. We shall prove that

Z(—l)kam’zjﬁtémjilikkl =0, j€Z 1=0,1,...,m—1 (4.53)
k

which is equivalent to the condition (££52)

Now note that, for j € Z, by using also the fact that 2 |1m| — 1 is an odd integer, as well as

(213), we have
Z(_l)kam,2j+2 L%mJ —l—kkl

ol s (35 -1-1)

- ;(_1)2”4"1’“”2 (2) (=1)7k* (2]’ +2 EmJ - 1)”
- ?—1)’“%1@2 (o) v (22| g - 1)
_ —2,51 Xk:(—l)’“(@ zl; (;) (—1)7k9 (2] i bmJ - 1)zq

:_Qn}_l i(—m Cl] (2j+2 EmJ —1)l_q2(—1)k<rg>k‘l. (4.54)
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Our proof will be complete if we can show that
Z(—l)’“(rg)quo, g=0,1,....m—1, (4.55)
k

which, together with (4.54)), then yield the desired result, (4.53)).
We prove (£55]) by induction on the integer m.

Note that (4.55)) holds for m = 1. Next suppose that (4.55]) holds for a fixed m € N. We define

Am,q — Z(_:[)k (CZ) kq, q < Z+.

k

First, note that

Ansra =30 (") = - <o

k
Next, for ¢ € {1,2,...,m}, we have

Amirg = Z(—l)k<m;1>kq

k

m+1)!
a zk:<_1)kk!(r(n +1 2 k)!kq

m)!

= ) e

k

m)!

= (m+1) Z(—N“m(k +1)7!

~ o+ () 5 (")

r=0

— _(m+1)qzl (qzl) Z(_l)k('f;z)kr

from the inductive hypothesis, and thereby completing our proof of (4.55]). |
The result of Proposition [4.7] enables us to prove the following fundamental property of the

decomposition algorithm given by Algorithm [4.5]

Theorem 4.8 For the wavelet 1, of Theorem[4.3, if we choose f € m,,_1 in the decomposition
algorithm given by Algorithm [4.5, then the wavelet coefficient sequences {dg.r) cr = N —
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l,...,N—M} € M(Z) satisfy
d" =0, je€Z r=N-1,...,N—M. (4.56)
Proof. Let o € {0,1,...,m — 1} be fixed. It will suffice to prove our theorem for the choice
flx)=2°, zeR (4.57)

First, for r = N — 1, we have from (2.30)), (£43), (445]), (457)) and Proposition 47| that, for

J €L,

N—1 [+ 7o
dj - g(_ ) m2]+2L2mJ —1-k [Zuk l( -

)

- QNU )! Z Gy 2j42 |3m] —1—1<;Q(m_1_0)(k) =0, (4.58)

since QM=) e w1, 0€{0,1,...,m—1}.

Similarly, with the polynomial Q) € 7,,_1 defined by

ol

O el i

we deduce that, for j € Z, we have

(N=2) k (N-1)
d; = Z(_l) Um,2j+2| m | -1-kCk
k

= Z(_1>kam2]+2 —1- kz)‘m% lcl

k

= Z(_l)kam2j+2 —1- kz)‘m% Q1)

k

k

+3 Amar—21 QU2+ 1)
.

k

+> A2 QU (2k — 21 — 1)]
l

- Z(_l)@mmwl%m}l_k [Z A a2 Q" 7 (21)
l

= Z(_l)amﬂj—&—QL%mJ 1k [Z )\m,QZQ(mflfa)(Qk —21)
!
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= D> Ama [Z(_l)kamaﬁzbmj—1_k@(m10)(2‘7 - 21)]
l

k

+>_ Ana [Z(_l)kamgﬂzLémJ1kQ(m_1_U)(2k -2l - 1)]
l k

Z )\m,QZ
l

from Proposition [4.7, after having used also the fact that, since Q(m_l_") € o1, O €

{0,1,...,m — 1}, we also have Q1= (2. —2I) € m,,,_y, and Q" 1=9)(2. =21 — 1) € mp_1.

(0) +

> Am,M] (0) =0, (4.59)

Repeated use of this procedure yields

d"=0, jezZ r=N-3,.. ,N—M (4.60)

J

Our result (4.56) then follows from (4.58), (4.59)) and (4.60). ]

The result of Theorem [4.8] has the following important implication with respect to the cardinal
B-spline wavelet decomposition algorithm given by Algorithm .5 If the signal f is locally C™-
smooth in a certain region, so that, according to Taylors theorem, f is locally well approximated
by a polynomial in 7,,_; in that region, it follows from Theorem 4.8 that, for a given r € 7Z,
the wavelet coefficients dg-r) can be expected to be relatively small whenever the support interval

[, &=1], as implied by (@I8), of the wavelet 1,,(2" - —j), overlaps with this C™-smooth

region of f, thereby providing localised information, at each resolution level r, on the smoothness

of f.

4.5 Example

We consider the signal f € C'(R) given by f = N3, so that, from (2.4]), we have

(
sa?, 0<z<1,
%(—2x2+6x—3), 1<x<2,

f(z) = (4.61)
%(3—1’)2, 2<x<3,
0, r¢[0,3),

as shown in Figure B3l Then f € C'(R)\C?*(R), with discontinuities in the second derivatives
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08
o /\

. [\

. A
/ \
/ \

Figure 4.3: The signal f

f"atxe{0,1,2,3,}.

We use the wavelet decomposition Algorithm based on the cardinal B-spline of order m = 4,
the local linear projection operator sequence {P,,, : r € Z}, as given by (3.30), and where the
corresponding wavelet v, according to (4.16]) and Table B} is given by

1 1
as shown in Figure 4.2l The quasi-interpolant approximation fi9 = Q4 10f is shown in Figure
4.4

Next, we graph, for r = N,...,N — M, where N = 10 and M = 5, the functions f, and g,
as shown in Figures [4.5] to 4.9 by using (4.44), (4.45), (4.43)), (4.16), (2.7) and ([2.3]). We see

that the singularities in the second derivatives f” at x € {0,1,2,3} are efficiently detected by

our decomposition, with sharply defined localisation.
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5. Cubic Spline Wavelet Decomposition

on a Bounded Interval

In Chapter 4, we constructed a minimally supported cardinal B-spline wavelet 1, as a finitely
supported continuous function in S} . In this chapter, we show how our wavelet construction

method of Chapter 4 can be adapted to yield a cubic B-spline wavelet on a bounded interval.

5.1 Finite-Dimensional Cubic Spline Refinement Spaces

For an integer n > 1 and r € Z_, define the cubic spline spaces

ST[O,n]:{seCz[O,n]:s][ ) €75, j:o,1,...,2’“n—1}, (5.1)

J
21"7 27‘

from which it immediately follows that the nesting property
S’[0,n] C S0, n], r€Zy, (5.2)

is satisfied.

According to a standard result in spline theory [18, Theorem 2.6], it holds for any r € Z, that

the sequence
NI ={N,2"'x—j), xz€[0,n]; j=-3,-2,...,2n—1} (5.3)

is a basis for S§”[0,n]. Hence
dim(S8"[0,n]) = 2"n + 3. (5.4)

The following refinement equation holds on [0, n].

Proposition 5.1 Forr € Z., it holds that

2rtln—1

: 4 :

Ny(2"'x —j) = B 5 <k B 2j> N2 e — k), x€[0,n], j=-3,-2,...,2'n—1.
k=—3

54
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Proof. Let r € Z. be fixed. It follows from (2.12) that, for z € R and j € Z,

Ny(z —j) = ézk: (i) Ny(2z —2j — k) = %z}; (k _42]) Ny(2z — k). (5.6)

Since N, € Cy(R), and (2.6) holds, we have
Ny(z) =0, x¢(0,4). (5.7)

Moreover, since 0 < 2z — k < 4 if and only if 22 — 4 < k < 2z, we deduce from (5.6]) and (5.7))
that (5.5]) does indeed hold. |

5.2 Local Linear Projection

We proceed to obtain a local linear projection operator between cubic spline refinement spaces

at successive resolution levels.

For 7 € Z,, we seek a sequence {)\}, : k = —3,-2,... 2 n — 1,5 = —=3,-2,...,2'n — 1}
such that the linear operator P’ : S"™1[0,n] — S"[0,n] defined for = € [0, n] by

2'p—1 [27+1in—1 2rtin—1
(Prf)(z)= Y [ > Nger| Na@w—j), for f(z)= Y ¢Ni2 'z —j), (5.8)
j==3 L k=-3 j==3
satisfies the reproduction property
(Prf)(@) = f(z), x€l0,n], feS&[0,n] (5.9)

so that P is then a linear projection on S"[0, n].

To this end, let r € Z_, suppose f € S"[0,n], and denote by {¢; : j = —3,—-2,...,2"n — 1}
the sequence such that

2rn—1
fz) = Z axNy(2"x — k), 0<z<n. (5.10)
k=—3

By substituting (5.5]) into (E.I0]) we obtain, for z € [0, n],

2"pn—1  27tlp—1

CIEED I U I IV

j=-3
2rtlin—1 rTnl

- Y Y (k_‘l2j)cj] NY(2 g — k). (5.11)

k=—3 L|j=-3
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It follows from (B.I1]) that, if the linear operator P’ : S"1[0,n] — S7[0,n] is defined by (5.8,
with {\} : k= —3,-2,...,2"In—1;j = =3, -2,...,2"n—1} denoting an arbitrary sequence,

then, for 2 € [0, n],

1 2"n—1 [2"t1n—1 2T n—1 4
j=-3 L k=-3 1=—3
1 2rn—1 [2"n—1 (2"*+in—1 4
S| { 2 (k—zz)Ag”“}q] N2 =) (512)
j=-3 Li=-3 k=—3

By combining (5.10) and (5.12)), we obtain the formula

2rtipn—1 1 2rtln—1 4
Z {5j,l 3 Z (kz B 2l) )\gk} cl] Ny(2"z —5), x€]0,n)].
k=-3

= (5.13)

2"n—1

(f=Pif)@) = >

j=-3

Since N is a basis of S"[0,n], we immediately deduce from (E13)) the following result.

Proposition 5.2 Forr € Z., the linear operator P!, : S77[0,n] — S7[0,n], as defined by (5.8),
satisfies the reproduction property (5.9), and is therefore a linear projection on S"[0,n|, if and
only if the sequence {\%, : k = —3,-2,... 2 n —1; = =3,-2,...,2"n — 1} satisfies the
condition

2rtin—1

4
2 (k 2l) G =805, 1==3,-2,... 2" n—1; j==3,-2,...,2n—1 (514)
k=—3

We proceed to explicitly solve for {)\%,} from the linear equation (5.14).

Based on the case m = 4 of Theorem [3.4] and Table B.2, we first prove the following result.

Proposition 5.3 Forr € Zy and j = —1,0,...,2"n — 3, the sequence {)\}, } defined by

A= Mgjon, k=-3,-2,....2"n—1, (5.15)
where \
M3 = —3
Mg = 2
b (5.16)
A1 = —%
My = 0, j¢{-3-2-1}, |

satisfies the condition (5.14).
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Proof. Let r € Z, and j € {—1,0,...,2"n — 3}. Then, if | = —3, it follows from (5.I5) that

or+l,_1 4 —9 4 9 4
Zg (k - 25) M= 2 (k + 6) M= 2 (k + 6) A2

= k=—3 k=—3
Since 2j — k > (=2) — (=2) = 0 for j > —1 and k € {-3,—2}, we see from (B.I6) that
Maj—r =0 for j > —1and k € {—3, —2}. Hence

2rtlp—1 4
Z (k_2l>)‘§,k:0:85g’,l, l=-3, j=-1,0,...,2"n—3,
k=-3

which shows that (5.14]) holds for [ = —3.

If | = —2, we argue as above from (5.15]) to deduce that

2rtlp—1 4 2rtlp—1 4
2. <k: - 21) No = 2 <k + 4) A2y
3

k=-3 k=—
2 (et
= 4,2j—k
S \k+4
2 (1)
= 4,2j—k
L \k+4
= 4)\472]'4_1 + /\472]'. (517)
If j = —1, we see from (B.16]) that
1
4)‘4,2j+1 + )‘4,2j = 4)\4’_1 + )\47_2 =4 <—§) +2 = 0, (518)

whereas if j € {0,1,...,2"n — 3}, the last line of (5.16]) gives
ANg 2541+ Aa2; = 4(0) + 0= 0. (5.19)

It follows from (E17)), (5:18) and (5.19) that
2rtln—1

4
Z (k_Ql))‘J»kZOZS‘Sj,la l=-2, 7=-1,...,2"n—3,

k=—3

which shows that (5.14)) also holds for | = —2.

We have therefore now shown that the condition (5.14)) is satisfied by the choice (5.15), (5.16)
for | € {—3,—2} and j = —1,0,...,2n — 3.
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The proof that the choice (B5.I5), (5.16]) satisfies (5.14) for I € {2"n — 2,2"'n — 1} and j €

{=1,0,...,2"n — 3} is similar to the above.

Next, suppose [ € {—1,0,...,2"n — 3}. But then (EI5]) and (5.16]) give

2rtln—1 4 21+4 4
2 (k - 2z> Yu = 2 <k - 21) A

k=-3 k=2l

4
- Z 4 \
k 7,2l+k

k=0

4
4
= Z (k:) Aa2j—21—k

k=0

- 2;‘§+3 4 L
= | ) 22k

k=2j—21+1

1 4 4 1 4
= = 2 — - 2
2(2;’—2l+1)Jr <2j—2l+2) 2(2j—2l+3)(5 0)

Forie {-1,0,...,2'n—3} and j € {—1,0,...,2"n — 3}, we have, if j =,

1 4 4 1 4 1 1
—- 2 — — ——(4) +2(6) — =(4) = 8 = 8;
2(2j—2l+1)+ (2j—2l+2> 2<2j—2l+3) () +2(6) = 5(4) =8 =83,

which shows from (5.20) that (514)) holds if j = . If | = j — 1, then

S T D S R N e v} B Y61 (1)
2\2j —20+1 2j —204+2) 2\2j-21+3) 2 2

whereas if [ = 7 + 1, then
1 4 4 1 4 1 1
_Z 2 - =—=(0)+2(1)—=4)=0
2(2]'—2l+1>Jr <2j—2l+2) 2(2j—2l+3> 30 +2(1) =54 =0,
which shows from (B.20) that (5.14)) also holds for [ = j — 1 and [ = j + 1.
Ifl<j—2o0rl>j+ 2, we have
1 4 4 1 4 1 1
_Z 2 - =—(0)+20)—=(0)=0
2(2j—21+1>+ <2j—21+2) 2(2j—21+3) 3(0)+2(0) = 5(0) =0,
which shows that (5.14]) also holds for these values of [, and thereby completing our proof. M
Our next step is to solve the linear system (5.14) for j € {—3,—2} and j € {2"n —2,2"n — 1}.

Suppose first j = —3. Then (5.14)) is given by

2rtlin—1

4 )
Z )\T;&k = 85_37“ [ = _3’ _2’ SR 727"n - 1a (521)
: (k _ 9

k=—
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or equivalently, in matrix-vector notation,

41000000 0000O0O0OO0O© 0 A3 3 8
4 6 410000 0000O0O0O0O© 0 A2 0
01464100 00 00O0O0TO0OQ 0 A3 1 0
000146 41 000O0O0O0OO0O® O A_30 0
000O0O0O0TO0O© 0 1 46 41000 A39r+1n_g 0
000O0O0O0OO0T© 0 00146410 A_39r+1p_3 0
000O0O0O0OO0O0 0000146¢6 4 A_39r+1p_9 0
|00 00O0O0O0O 0000001 4[| Aso+in | | 0
(5.22)
We now observe that the minimally supported sequence {)\;k} satisfying (5.22) is the one satis-
fying
410 A5,y 8
4 6 4 Nag o | =07, (5.23)
01 4| | Ay, 0
with also
Nigp=0, k=0,1,---,2""'n—1, (5.24)

The unique solution of the 3 x 3 linear system (5.23) is
T s T 1
{)‘—3,—3’ )‘—3,—27 )‘—3,—1} = 5{57 _47 1} (525)

Next, suppose j = —2. Then (5.14]) is given by

2rtln—1 4
2 </<; - 2l) Ao =80y, 1==3,-2,-,2'n—1, (5.26)
k=-3
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or equivalently, in matrix-vector notation,

41000000 000O0O0O0O0O® 0 A3 0
4 6 410000 000O0O0O0OO0T© 0 Aa 9 8
0146 4100 000O0O0O0O0O A2 0
000146 41 00 00O0O0O0®O A_20 0
00 0O0O0O0OO0O0 146 41000 A9 9r+1n_4 0
000O0O0O0OO0O0 001 46410 A_99r+1y_3 0
000O0O0O0OO0O® 0 000O014¢6 4 Agartin_9 0
|00 00O0O0O0O 0000001 4] [ Aootin | | 0
(5.27)
Analogously to the case j = —3, we see that the minimally supported sequence {A;k} satisfying
(B.27)) is the one that solves
4 1 0 Ay 3 0
4 6 4 No o | =8 (5.28)
01 4 Aoy 0
with also
Noyp=0, k=0,1,---,2"n—1. (5.29)
The unique solution of the 3 x 3 linear system (5.28)) is given by
T T T 1
{)‘72,737/\72,727)‘72,71} - 5{_1747_1} (530)

Similarly, if j = 2"n — 2, the minimally supported sequence {Asr,_2} satisfying the condition
(514) for j = 2"n — 2 is given by

r r r 1
{/\ Tn—2,27t1n—3» )\QTan,T"anZ? /\2’“n72,2r+1n71} = 5{_17 4’ _1}7 (531)

with
Morpop =0, k=-3,-2,---,2"n—4 (5.32)

whereas the minimally supported sequence {Aor,,—1 4} satisfying the condition (5.14)) for j =
2"n — 1 is given by

r T r 1
{>\2’"n71,2”+1nf37 )\2’°n71,2r+1n727 )‘2""7171,2“"17171} = 5{17 _47 5}7 (533)
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with
M1 =0, k=-3-2---,2"n—4 (5.34)

We have therefore proved the following result.

Proposition 5.4 Forr € Zy and j € {—3,-2, -1} U{2"n —2,2"n — 1}, the sequence {\}, }
defined by (5.24), (5.28), (5:29), (530), (&31), (232), (233), (%.34) satisfies the condition

Combining the results of Proposition [5.2], 5.3l and [5.4] we have the following result.

Theorem 5.5 For r € Z., let the linear operator P’ : S"7'[0,n] — 87[0,n] be defined for

x € [0,n] by
Pin@) = (o2t gon ) M@a+3)
2n-2 ;4 .
+ j:ZZ (_§C2j+1 + 2¢9542 — 502j+3> Ny(2"z — 7)

1 )
+ (§C2r+1n_3 — 2027‘—0—1”_2 + §Czr+1n_1) N4(2Tx — 27'n _|_ 1),

2rtlp—1

for f(z)= Y ¢Na(2 'z~ ). (5.35)

j=—3

Then the reproduction property (5.9) is satisfied, i.e. P is a projection on S" [0, n].

5.3 The Fundamental Space Decomposition Result

For r € Z., we now define the linear subspace W"[0,n| of S"™[0, n] by
Wro,n] = {f = Ppf: fe St} (5.36)

with the operator P’ : S"™t[0,n] — &7[0,n] defined by (5.358]). We proceed to show that

W70, n] is the kernel of the operator P!, as follows.

Proposition 5.6 Forr € Z., it holds that

Wr0,n] = {f € S"T0,n] : P f = 0}. (5.37)
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Proof. Let r € Z, and suppose f € W"[0,n]. Then, according to the definition (5.3€)), there

exists a function g € 8"7[0, n] such that
[ =9—"Pyy.
Hence, since P] is a linear operator, we have that
Prf =Prg —Pu(Prg) = Prg — Prg =0,

after having used also the fact that P} g € S"[0, n], together with the reproduction property (5.9])
of P;. It follows that
Wr[0,n] C {f € S7H0,n] : P f = 0}.

Next, suppose f € S"1[0,n| is such that P"f = 0. But then f = f — P'f, and thus
fe{g—Prg:ge S8tH0,n|} = W"0,n], so that {f € S"0,n] : P f =0} C W"[0,n],
and thereby concluding our proof of (5.37]). |

By using Proposition b.6], we can now prove the following fundamental property of the linear
space W70, n].
Proposition 5.7 Forr € 7., it holds that

S710,n] N W0, n] = {0}. (5.38)

Proof. Since §"[0,n] and W"[0, n] are both linear spaces, we have
{0} € §"[0,n] N[0, n].
Suppose next f € §"[0,n] N W7[0,n]. But then f € S"[0,n], so that (5.9]) gives
f="Puf (5.39)
Also, f € W7[0,n], and it follows from (5.37)) that
Pnf=0. (5.40)

Together, (5.39) and (5.4Q) yield f = 0. It follows that S"[0,n] N W"[0,n] C {0}, and thereby
completing our proof of (5.38)). |

Recalling from the definition (B.36)) that W7 [0, n] is a subspace of the linear space S"*1[0,n],

our fundamental space decomposition result is now as follows.
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Theorem 5.8 Forr € Z.,
S™H0,n] = S"[0, n]+W"[0,n], (5.41)

in the sense that, for any f € S""'[0,n], there exist functions g € S"[0,n] and h € W"[0,n]
such that f = g+ h, and with g and h uniquely determined by f. Moreover, g = P f and
h=f—-"Prf.

Proof. Let r € Z, and suppose f € §"1[0,n]. Since P : §""1[0,n] — S"[0, n], and recalling
also the definition (5.36) of W7"[0,n], it follows that, if we define g = P’ f and h = f — P} f,
then f = g+ h, with g € S”[0,n] and h € W"[0,n]. Suppose § € S"[0,n] and h € W"[0,n] are
such that f = §+h. Hence g+ h = §+h, and thus g — § = h — h. Since S8’[0,n] and W’[0, n]
are both linear spaces, we know that g —§ € S"[0,n] and h—h € W”[0,n]. But g—§ = h —h,
and thus g — § € S"[0,n])NW”[0,n] and h — h € S"[0,n] N[0, 7). It then follows from (5.38)
that g — g =0 and h—h=0,Iie. g = g and h = h, which completes our proof. [

The following dimension result can now immediately be deduced from Theorem (.8

Corollary 5.9 Forr € Z., it holds that
dim (W) = 2"n. (5.42)

Proof. According to a standard result from linear algrebra (see [20, Theorem 8.4.2]), it follows

from (5.41)) that
dim (87™) = dim (S7) + dim (W),

and thus, from (5.4)),

dim (W) = (27"'n+3) — (2'n+3) = 2"n.

5.4 Construction of a Wavelet Basis

In this section, we explicitly construct, for r € Z., a sequence

Wr = {41 j=—1,0,...,2'n — 2} (5.43)
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such that:
(a) Wy C W0, n]; (5.44)
(b) W' is a linearly independent set. (5.45)

n

Since the set (5.43)) contains precisely 2"n functions, it will then follow from (&.42]) that W is a
basis for W"[0,n]. Such a sequence W/ is called a wavelet basis for W"[0,n], and the functions

{¥j:j=-1,...,2"n — 2}, are called wavelets.

First, recall that a function ¢ belongs to S""'[0,n] if and only if there exists a sequence {v; :
j=-3,-2,...,2"n — 1} such that

2rtlp—1

)= Y N2 n—j), xeon). (5.46)

j=—3
Moreover, we see from (5.37)) that v € W"[0,n] if and only if Py = 0, or, equivalently, from
(535) and (5.46), and the fact that N is a basis for 70, n], if and only if the sequence {~;}

in (5.46) satisfies

57-3 —4y—2 + 71 = 0,
—Y2j41 + 42542 — Vo543 =0, j=-2,...,2n-2, (5.47)
Yor+in-3 — 4Yar+ip_g + 5Y2rt1p1 = 0,
or, in equivalent matrix-vector formulation,
[ 5 -4 1.0 0 0 0 000 00 0 0[] ~s ] TJol
-1 4 —-10 0 0 O 0O 0o 0 o0 0 0 Yo 0
o 06 -14 -10 0 - 0 0 0O O O 0 O V-1 0
0O 0 0 0 -1 4 -1 0O 00 0 0 0 O Yo 0
0O 0 0 0 0 0 0 -14 -1 0 0 0 O Vor+1p_4 0
0O 0 0 0 0 0 0 0 0 -1 4 -1 0 0 Yor+1p_3 0
0O 0 0 0 0 0 O 0 0 0 0 -1 4 -1 Vor+1p_o 0
00 0 0 0 0 0 0 0 0 0 1 —4 5 || vr+n1 | 0]
(5.48)
Now consider first the 3 x 4 homogeneous linear system
57-3 —dy—2 +y =0
—V-3 +dy2 —74 =0 ¢, (5.49)

—Y-1 +4y = 0
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for which the general solution is given by

{’7—377—277—%70} = {Oata4tvt}7 teR. (550)

By choosing t = —1 in (E:50), we deduce from (5.49) and (5.48) that, for r € Z,, the sequence
{7;} = {771} defined by

1 1
" = T3 C — :_27 i = 73
V1,2 5 T-1,-1 Y-1,0 2 (5.51)
711"7 :07 ] - {—3}U{172,,2T+1TL— ].}7
solves the linear system (5.47)).
Next, we note that the 4 X 6 homogeneous linear system
3
-3 —4Av-2 +7-1 =0
—v_3 +4y_o —r_ =0
Y-3 V-2 —7-1 (5.52)
-1+ =0
N Fdyp = 0
has the general solution
{v=3,7-2,7-1,7%,71, 72} = {0,t,4t,t + s,4s,s}, t,s €R. (5.53)

By choosing t = 0 and s = —1 in (553)), we deduce from (5.52) and (5.48) that, for r € Z,

2
the sequence {v;} = {7} defined by

roo__ 1 roo__ roo__ 1
Y00 = —3, o1 = -2, Yo,2 = T3

(5.54)
%, =0, je{=3,-2-1}U{3,4,...,27"n -1},

solves the linear system (5.47]).

Repeated application of the above procedure yields, for » € Z., the sequence {ﬂk ko=

—3,-2,...,2In —1;5 = —1,0,...,2"n — 2}, where

Vioi = —30 Ve ="2 Va2 = 13
,y;’k - 07k€{_37_2"2]_1}U{2J+37772T+1n—1}7 j:—l,o,...,an—Q
(5.55)
and with {;} = {7}, } satisfying the homogeneous linear system (5.47)) for j = —1,0,...,2"n—
2.
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Substituting (5.55) into (5.46)) yield, for r € Z., the function sequence {¢; : j = —1,0,...,2"n—
2} defined by

1 1
Vi(x) = —§N4(27“+1x —2j) — 2N, (2" —2j — 1) — §N4(2T+1.Z' —2j—2), xe€l0,n],
j=—1,0,...,2"n —2. (5.56)
Now observe from (4.16]) and Table 3.2] that
1 1
y(x) = —§N4(2x) — 2N, 2z — 1) — §N4(2x —-2), zeR, (5.57)

and thus

1 1
V(27— ) = —§N4(27“+1x—2j)—2N4(2T+1x—2j—1)—§N4(2"+1a;—2j—2), reR, jER.
(5.58)

It follows from (B5.56]) and (5.58)) that, for r € Z,

Yi(r) =va(2"z —j), xe€[0,n], j=-1,0,...,2"n—2 (5.59)
Observe from (4.18) that, for r € Z,

o joi+3\
77/14(2.1‘—]):0, CL’%(?,?), jER,

which, together with (&.59)), gives, for r € Z,,

¢Cl(x) =0, x ¢ [07 21%1)?
Vi (x) = v¢ (5,52), 7=01,....2n=3, p z€[0,n]. (5.60)

27‘

0,
2/)57“7172(37 = 07 z ¢ (n - 2T_17 n] )

We have therefore now proved the following result.

Proposition 5.10 For r € Z., the sequence W, defined by (5:43) and (556) satisfies the
inclusion (5.44).

We proceed to prove that W is a linearly independent set.

To this end, for a fixed r € Z, we let {d_1,dy,...,ds,_2} denote a sequence such that
2"n—2
> digi(x) =0, x€[0,n] (5.61)
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Substituting (5.56]) into (B.61) yields, for z € [0, n],

2"n—2
1 1
0 = dj | —=Ny(2 e —25) — 2N, (2" e — 25 — 1) — =Ny (2" — 25 — 2
1 2"n—2 2"n—2 1 2"n—1
_ —5E:JMMTHI—%)—QE:dﬂwfﬂx—%—iy—iE:dpﬂuyﬂx_%%
j=—1 j=-1 =0

according to which, since N/ ™! is a basis for S7*[0,n], it must hold that
d; =0, j=-10,...,2"n—2

We have therefore now proved the following result.

Proposition 5.11 Forr € Z,, the set W defined by (5.43) and (5:358) is linearly independent.

Combining the results of Propositions 510 and B.11], as well as Corollary (5.9, we have the

following.

Theorem 5.12 The sequence W, defined by (5.43) and (5.50) is a wavelet basis for the set
W70, n)].

According to (5.59)), we have therefore shown that the restriction to [0,n] of the cubic spline-
wavelet sequence {¢4(2"-—7):j = —1,0,...,2"n — 2}, as previously obtained in Theorem [4.3]

constitutes a wavelet basis for the space W"[0,n].

In Figures 5.1], 5.2 and 53] we show, for n = 6, the sequences N, N§ and W{.
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0
6

Figure 5.1: The sequence

1
6

Figure 5.2: The sequence
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Figure 5.3: The sequence W}

5.5 The Decomposition Algorithm

According to (5.36) and Theorem 5.12] there exists, for r € Z,, a unique sequence {wj, : k =
-1,0,...,2'n—1, j = =3,-2,...,2""n — 1} such that, for x € [0, n|, it holds that

2"n—2
(Na(2H - =) = PpNa (274 =) (2) = > wipti(e), = €[0,ml,
k=—1
j o= —=3,-2,...,2""n — 1. (5.62)

We proceed to explicitly calculate the sequence {wj, } in (5.62)).

Let r € Z, and j € {—3,—2,...,2""n — 1} be fixed. Then we have for z € [0, n| that

2rtlin—1
N4(2r+1$ — ]) = Z (Sj7kN4(2r+1$ — k)
k=-3
2"n—1 2"n—1
= Z 5j72kN4(2r+1Z)3 - 2]{3) + Z 5j,2]€+1N4(2r+15L‘ — 2k — 1), (563)
k=-—1 k=-2
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and thus, from (538) and (&.5), it holds for = € [0, n] that

(PaNa(27" - —j)) ()

) 1
= <§5j,3 — 25]'7,2 + 5(5]'71) N4(2T513 + 3)
2"n—1 1
+ Z (-2 j2k+1 1 20j 2042 — —5 2k+3) Ny(2"z — k)
k=—2
1 5 T T
+ (ééj,QTJrln—?) — 25j,2r+1n—2 + §5j,2r+1n—1> N4(2 r—2"n+ 1)
1/5 | TNy
= — | =6;_3—20;_o+ =0; _ Ny(2 2 — k
8 (2 58 T 282 ¥ 3% 1) k;g <k+6> d(Z k)
1 2"n—1 1 2rtlp—1 4
= Z (—5 j2k+1 20 2812 — _6] 2k+3> Z (l _ 2k> Ny(2 2 — 1)
il =3
1/1 5 rnt 4
r+1
+§ (5(5]'72»«-%1”3 - 25]‘,2”"'*11172 + §5j,27“+1n1) kz_g (k; . 27"+1n + 2> N4<2 T — k’)
L /5 1 r+1 r+1
= g 5(53"_3 — 2(53"_2 + 5(5]',_1 [4N4<2 T -+ 3) + N4(2 xr + 2)}
2"n—1 4
r+1
2 Z (—_ j2k+1 + 205 042 — —(53 2k+3) 1221 (2[ B 2k) Ny(2" w —21)
2 n—1 1 2"n—1 4
- —= 26 —5; Ny(2 2 — 21— 1
kZQ ( j2k+1 T 202k 42 — 5 ],2k+3) ZZ_Q (2[—1—1 —2k> a( x )
1/1 5!
+§ (§5j,27'+1n—3 — 20j9r+1p—9 + §5j,27'+1n—1)

[Na(27 e — 27 n 4 2) + AN, (27 e — 27 In 4+ 1)] (5.64)

Next, we use (5.56]) to deduce that, for j € {—3,—2,...,2""'n — 1} and z € [0,n], we have

2"n—2
Z W;,k%@)
k=—1
2"n—2 1 1
=Y W, {—§N4(2’”+1:c —2k) — 2N4(2" e — 2k — 1) — 5N4(2’“+1;z; — 2k —2)
k=-—1
2Tn 2 2"n—2
S Z Wh N2 e = 2k) =2 ) Wl Ny (2 e — 2k — 1)
k_—l k=-—1
2”"n 1

—= Z W Na(2w — 2k)
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2"n—1 2"n—2
1
=5 > (W e ) Na@ e —2k) =2 )0 Wi N2 e — 2k — 1), (5.65)
k=-1 k=—1

where we have defined

T

Wij—2 = w;,QTn—l = 07 ] = _37 _27 cee 72r+1n — 1. (566)

Using also the fact that N"*! is a basis for S""1[0, n], we can now derive from (5.62)), (5.64)),
(5.69) and (5.66)), asin (a), .. ., (g) below, the following for z € [0,n]and j € {—3,—-2,...,2" " n—
1}.

(@) j=-3

By equating coefficients of N, (2" "1z + 2), we obtain

0~ 353 K‘%) (2(—1) : 2(—2))} =50

) 1
w_3’_1 - _g. (5.67)

and thus

By equating coefficients of N,(2""'z), we obtain

and thus
Wi 1 +wisy=—g, (5.68)
which, together with (5.67)), yield
W o= 0. (5.69)

By equating coefficients of N (2" 'z — 2k) with & > 1, we obtain
1 1 4 1, )
- 8 K_i) (Qk + 4)} N _5(“’—3& +wlgh);

wr_37k_1 + wi37k =0, k>1

which, together with (5.69), yields

wip=0 k=0,1,...,2'n—2. (5.70)
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Hence we have, according to (5.67)), (5.68) and (570), shown that
_%7 k= _]-7
0, k=0,1,...,2'n—2
(b) j=-2
By equating coefficients of N, (2" "'z + 2), we obtain
1 1 4 1
1— 2(=2)(1) — =(2 s 0
and thus
1
" = —. 5.72
W_g 1 9 ( )
By equating coefficients of N,(2""'z), we obtain
1 4 1
0—-(2 = (W r
which, together with (5.72), give
w12’0 - O. (5.73)
Since, moreover,
4 4
= =0 for k=—-2and[>1
(2z - 2kr) (21 +1- zk;) o mer="
it follows from (5.73), (5.63), (5.64)) and (5.65) that
Wor=0, k=-1,...,2"n—2. (5.74)
Together, (572)) and (5.74) yield
%7 k= _]-7
W oy = (5.75)
0, k=0,1,...,2'n—2.
(c) j=2"n—-1:
We obtain, as in (a) above,
—%, k=2"n-—2,
Wortip_1 ) = (5.76)
0, —1,...,2'n—3,
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(d) j=2""n—2:

We obtain, as in (b) above,

Wyrtin_ gk = (5.77)

() j=—1:

By equating coefficients of N, (2" "'z + 2), we obtain

=5 () 05 [(52) G o)+ (53) o o)) =50

and thus
Wiy g =——. (5.78)

By equating coefficients of N,(2""1x), we obtain

=51(2) G o)+ (52) o) v

and thus
(5.79)

s T _
W TWw_g= Ty

which, together with (5.78), gives

wiig=—5. (5.80)

By equating coefficients of N,(2" "'z — 2), we obtain

-3 [(‘%) (2(1) —42<—1>) ’ (‘9 <2<1> —42<—2>)] et

and thus

T 'S 1
Wiip T Wiy =g (5.81)

which, together with (5.80), yield
wl'y;=0. (5.82)

Now observe that

4
- > 2
<2l 1 Qk) 0 for [ >1 and ke {-2,—-1},
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whereas

4
= > -2, -1
(21_%) 0 for [ >2 and ke {-2 -1},

so that we can deduce from (5.62)), (5.63)), (5.64), (5.65]) and (5.80) that

wihip=0 k=01,...,2'n—1 (5.83)

Together, (5.78), (5.80) and (5.83)) yield

(F) j=2"'n—3:

Similarly, we obtain, as in (e) above,

. k=0, (5.84)

—%, k=2"n-—2,
Wor+lp_3x = _é’ k=2n—3, (5.85)
0 =—1,...,2n—4.

(g) j=2m, forme{0,1,...,2'n — 2}:

By equating coefficients of N,(2" "'z — 2] — 1) for [ € {—1,...,2"n — 2}, we obtain

5 Loy 1 A
- = = —2w
2 g 20 41— 2(m — 1) 2m.b

and thus

4
Woyn = ( ), l=-1,...,2'n—2. (5.86)

20— 2m + 3

1
8
By equating coefficients of N, (2" "'z — 2] — 1) for [ € {—1,—2,...,2"n — 2}, we obtain

5 B 4 (L 4 oy
2m+1.2041 T 5 2 ) \21 41— 2(m) 2)\2t+1-2m-1))| "~ Wom+1,00

and thus

" Ls ! 4 + y l=—1,...,2n—2
—— _ =—1,...,2n—2.

w2m+1’l 9 2m—+1,2141 32 921 +1—2m 921 +3-92m ) ) )
(5.87)
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Now observe that

Iy R O S A _ 14
o 2m+1.20kl 32 [\21+1—2m 2A+3—2m)| 8\2—-2m+2)

l=—1,...,2n—2. (5.88)
It follows from (5.87]) and (5.88)) that
1 4
5 = —= [=-1,...,2"n — 2. .
w2m+1,l 8 (2[ —29m 4+ 2)7 9 4 N (5 89)

We can now combine (5.86) and (5.89) to obtain the formula
r jl 4 r . r—+1
wj7k:(—1)§ ok —j13) k=-1,...,2n—2; j=0,...,27"n—4. (5.90)

Furthermore, since it holds that

(_1)_% (2k: - (il) + 3) R

we deduce from (5.90)), (5.84)) and (5.85) that,

1 4
w;k: <_1)J§<2k —|—3)’ k: _1’727“711_2’ J: _17"'72T+1n_3' (591)
’ -]

Moreover, since also

I RS LR E
§\2k — (=2) +3 0, k=0,.. . 2%n—1,
we deduce from (5.91)), (5.75]) and (5.76) that

1 4
w;-k:(—l)Jg(% ,+3), k=—1,...,2n—2, j=-2_...,2"n—2 (5092)
’ —J

Finally, since also

1
Q) - _]-7
(_1)31( 4 > — 8
§\2k — (=3) +3 0, k=0, 2n%n—1
we deduce from (.92)), (5.71)) and (5.76)) that

1 4
”5”“:(_1)]5(21{_j+3)’ k=-1,...2n—2 j=-3,....2%"n—1. (5.93)
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It follows from (5.93) and (5.62), together with Theorems 5.8 and 512, as well as (5.59), that

the following decomposition result holds.

Theorem 5.13 Forr € Z,, it holds that, if f(z) = 23;*_1;}—1 ¢;Ni(2 1w — j), © € [0,n], then

) 12’“11—2 2"n—1 . 4
fl@) =P +35 ) [Z(—l) (2j_k+3)ck

j=—1 Lk=-3

(2" — 7)), x€0,n], (5.94)

with (P! f)(z) defined for x € [0,n] by (538), and with the cubic cardinal spline-wavelet 1),
defined by (5.57).

5.6 Cubic Spline Quasi-Interpolation on a Bounded Inter-

val

By choosing m = 4 in Theorem and Table 2.7] we deduce that the approximation operator
Qur : M(R) — S} defined by

QN =% |5/ (3)+3f (%) 5/ (1) | wze -, wer 99

J

satisfies the polynomial reproduction property

(Qasp)(z) =p(x), zER, peEms, (5.96)

i.e. Q4 is a quasi-interpolation operator.

For n € N, withn > 1, and r € Z., we seek to construct a bounded interval quasi-interpolation
operator Q" : C[0,n] — S"[0,n], where

"n—12"n-3

k+3 o
=3 S s () e e mo
j=—-3 k=-3

and where the sequence {u?k k=-3,...,2n—3 j=-3,....,22n— 1} is to be chosen in

such a way that
(Qwp)(z) =p(x), pem, x€l0,n] (5.98)
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To this end, following the polynomial extrapolation idea introduced in De Villiers and Rohwer, [13],
(see also [12] and [14]), we first define the Lagrange interpolation polynomials {L; : j = 0,1,2,3}
by

. —k
Liwy= [ * - oweR j=0,123 (5.99)

Since

3 .

. —1)7*6 .
H(j_k):%’ ]:07172a37
j#k=0 J

it follows from (5.99) that

Py CDT3Y P
Lj(z) = () [[ -k, zeR, j=0123 (5.100)
6 i) .
J#k=0
For f € C[0,n] and r € Z, let the polynomial p; = p’; ; € w3 be defined by
3 -~
=37 (%) Li(2z), z€eR. (5.101)
7=0
Since (5.99)) gives
I/](k) = 05k ja k= 07 17 2a 37 (5102)

we see from (5.I01]) that, for j € {0,1,2,3},
AN EAY ~ (K j
PL (;) => 7 <§> Le() =) f <§> O = f (§> : (5.103)
Next, we define, for r € Z., the polynomial p}, = Pir €™ by

2'n ,
o <21> Lyrn_j (2"(n —x)), z€R. (5.104)
7j=2"n—3

It follows from (5.104)) and (5.102) that, for j € {2"n — 3, 2'n — 2, 2'n — 1, 2"n}, we have

pR(-> k;Bf(QT)LT"k 'n— j) :23: (Tﬂ_k)ika’“n—j):f(%).

k=0

The following construction is analogous to the one introduced in [13].
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Theorem 5.14 For r € Z., the approximation operator Q) : C[0,n] — S"[0,n| defined for
x € [0,n] by

@nw = |-i(F)+ 31 (3) -5 (7) | e

f
((2) ()

4
- 3
+ —éf (T” - 1) + gf(n) _L (T” - 1)} Ny(2'z — 20 — 1)(5.106)

6 27
with the polynomials pj, = p), and py = p}p defined by (5101) and (5104), satisfies the
polynomial reproduction property (5.98).

Proof. Let p € m3. Then, for r € Z, and z € [0,n], it follows from (5.106), (5.103), (5.10%]),
E7), (5.95) and (5.96)) that

o = E () () (23] e
J J

5.7 Decomposition Algorithm on a Bounded Interval

Based on our work of this chapter, we now formulate the following cubic spline wavelet decom-

position algorithm.

Algorithm 5.15 Let f € C[0,n] be given.

1. For a sufficiently large value of N € N, define

2Np—1

fa)= 3 M Ny@Ve - j) = (QV (@), x € [0.m] (5.107)

j=—3
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by means of (5.1086).

2. Define the sequences {f" :r = N—1,... . M}and{g" :r=N—-1,..., M}, with M < N

and M a sufficiently small integer in Z..., by

2"n—1

@)=Y N2z —j) = (Pof ™) (x), x€l0,n], (5.108)

j=—3

with P! as in (5.35), and

2"n—2
g'(x) =Y d(2x—j), €0, (5.109)
j=-1
with
12Tnfl 4 ,
r= = —1)* T =—1,...,2"n — 2; 11
G=52 )(Zj—k+3)ck T T TS (5.110)

k=—3
according to which Theorem gives

@)= f(x)+g¢"(x), x€[0,n], r=N-1,....,N— M. (5.111)

Since, as implied by the definition (E1I), 73 C S"[0,n|, r € Z,, and (5.60]) holds, we deduce
from Theorem [5.13] that local smooth polynomial-like behaviour of f in an interval I will be
detected by means of relatively small wavelet coefficients for these wavelets 1 (2"z — j) with

support intervals overlapping the interval I, as illustrated by our following example.

5.8 Example

We consider the signal f € C[0, 3] defined by f(z) = N3(x), = € [0,3], i.e., as in Example 4.5,

1z, 0<z<1,
fl@)=< L2 +60-3), 1<a<2, (5.112)
38— 1) 2<z<3,

the graph of which is given in Figure b.4a. Note that we have here n = 3. Then f €
C10, 3]\C?[0, 3], with discontinuities in the second derivatives " at z € {1,2}.

We use the wavelet decomposition algorithm given by Algorithm B.15 with N = 10 and M = 5.
The quasi-interpolant approximation fio = QI°f, as defined in (5.108), is shown in Figure 5.4b.
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Figure 5.4: The signal f and approximation fio = Q:°f

We plot, for r = N —1,..., M, the functions " and ¢" in Figures 5.5l to 5.9 by means of (5.107)),
(108), (535), (5109), (5110), (556), (2.7) and (23).

Observe in particular from our graphs below of the wavelet component ¢" that, in contrast
to the analogous graphs of Example 4.5, which locally detected the discontinuities in f” at
x € {0,1,2,3}, Figures to below only detect the discontinuities in f” at the interior
points z = 1 and x = 2. Our decomposition algorithm therefore succeeds, as expected from our
theoretical results in this chapter, in eliminating any edge artefacts close to the endpoints x = 0

and z = 3.
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