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Abstract

Contributions to centralizers in matrix rings

M.S. Marais
Department of Mathematical Sciences (Division Mathematics)
Stellenbosch University
Private Bag X1, Matieland, 7602, South Africa
Dissertation: PhD (Mathematics)
December 2010

HE concept of a k-matrix in the full 2 x 2 matrix ring M3(R/(k)), where R is an arbitrary unique
factorization domain (UFD) and k is an arbitrary nonzero nonunit in R, is introduced. We obtain
a concrete description of the centralizer of a k-matrix Bin M2 (R/(k)) as the sum of two subrings 8;
and 82 of My (R/(k)), where 8; is the image (under the natural epimorphism from M (R) to My (R/(k)))
of the centralizer in My (R) of a pre-image of ﬁ, and where the entries in 8, are intersections of certain
annihilators of elements arising from the entries of B. Furthermore, necessary and sufficient conditions
are given for when 8; C 85, for when 85 C 8; and for when §; = 8. It turns out that if R is a principal
ideal domain (PID), then every matrix in My(R/(k)) is a k-matrix for every k. However, this is not the
case in general if R is a UFD. Moreover, for every factor ring R/(k) with zero divisors and every n > 3
there is a matrix for which the mentioned concrete description is not valid. Finally we provide a formula
for the number of elements of the centralizer of B in case R is a UFD and R/ (k) is finite.
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Uittreksel

Bydraes tot sentraliseerders in matriksringe

M.S. Marais
Departement van Wiskundige Wetenskappe (Afdeling Wiskunde)
Universiteit Stellenbosch
Privaatsak X1, Matieland, 7602, Suid-Afrika
Proefskif: PhD (Wiskunde)
Desember 2010

IE konsep van 'n k-matriks in die volledige 2 x 2 matriksring M2(R/(k)), waar R 'n willekeurige
D unieke faktoriseringsgebied (UFG) en k 'n willekeurige nie-nul nie-inverteerbare element in R
is, word bekendgestel. Ons verkry 'n konkrete beskrywing van die sentraliseerder van ’n k-matriks B
in M3(R/(k)) as die som van twee subringe 8; en Sy van My(R/(k)), waar 8; die beeld (onder die
natuurlike epimorfisme van M3(R) na M2 (R/(k))) van die sentraliseerder in M3(R) van ’n trubeeld
van B is, en die inskrywings van 8, die deursnede van sekere annihileerders van elemente afkomstig van
die inskrywings van B is. Verder word nodige en voldoende voorwaardes gegee vir wanneer 81 C So,
vir wanneer 8, C 87 en vir wanneer 81 = 8. Dit blyk dat as R 'n hoofideaalgebied (HIG) is, dan is elke
matriks in My (R/(k)) 'n k-matriks vir elke k. Dit is egter nie in die algemeen waar indien R 'n UFG is
nie. Meer nog, vir elke faktorring R/(k) met nuldelers en elke n > 3 is daar 'n matriks waarvoor die
bogenoemde konkrete beskrywing nie geldig is nie. Laastens word 'n formule vir die aantal elemente
van die sentraliseerder van B verskaf, indien R ’n UFG en R/ (k) eindig is.
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CHAPTER

Introduction

It is security, certainty, truth, beauty, insight, structure, architecture. I see mathematics, the
part of human knowledge that I call mathematics, as one thing - one great, glorious thing.

— PAUL HALMOS

LET S1 be a subgroup of a group S. The centralizer of an element s € S in S is the set
{ce S1|cs=sc} (1.1)

which we denote by Cens, (s). Note that Cens, (s) is a subgroup of S and that if S; and S are rings,
then Ceng, (s) is a subring of S; (with identity if S; has an identity). Regarding the work in this
dissertation, S; and S will always be rings and s will always be an element of S;. The concept of
a centralizer is well-known and is used throughout the literature in ring theory. The results in [11]
and [18] are, for instance, beautiful examples of where the structure of the centralizer of a certain
element in a ring can be used to determine some information about the ring’s structure. (The results
in [18] were extended in [22].) Let us, for example, consider the following result in [18].

Theorem 1.1. ([18], p.215, Theorem 3) Let R be a simple ring with unit such that for some ele-
ment a € R, a™ is in the center of R. If Ceng(a) satisfies a polynomial identity of degree m, then R
satisfies the standard polynomial identity of degree nm.

To illustrate the above result we consider M (Q), the full 2 x 2 matrix ring over the real quaternions Q.
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Chapter 1. Introduction

Now, since Q is a division ring, it follows that My (Q) is simple ([17], p.39, Corollary 2.28). Be-
i 0
cause, (i) B = (1) ~ | € My(Q) such that B? is in the center of M3(Q); (ii) Cenpy,(0)(B) = M2(C),
1
where C is the field of complex numbers; and (iii) according to the Amitsur-Levitzki Theorem My (C) sat-
isfies the standard polynomial identity of degree 4 ([2], p.455, Theorem 1); it follows from Theorem 1.1
that M, (Q) satisfies the standard polynomial identity of degree 8.

The following result in [11] is another example of how the structure of the centralizer of an element in
a ring can be used to determine whether the ring has some property which, in this case, is whether the
ring itself is simple Artinian.

Theorem 1.2. ([18], p.207-208) Let R be a ring with no nilpotent ideals and let a € R such that a™ is

in the center of R. If Ceng(a) is simple Artinian, then R is simple Artinian.

In this dissertation we will consider the centralizer of a matrix in M, (R), where R is a ring. Note that
if R is a commutative ring with identity, then M., (R) is a prime example of a noncommutative central
(i.e. the center of M,,(R) is isomorphic to R) ring. It is a very difficult question in general to find a
concrete description of the centralizer of an arbitrary matrix in M,, (R). Most progress in this regard
has been made with regard to the case when R is a field F. Let us discuss this case briefly.

First of all it is important to note that if F[x] is the polynomial ring in the variable x over a field F, and
if B € M, (F), then
{f(B) | f(x) € FIx]} C Cenp, (r)(B).

(This statement in fact remains true if we replace F by any commutative ring.) Using the fact
that B € M, (F) is similar to a matrix D, called the rational canonical form of B, such that D is
the direct sum of the companion matrices of the invariant factors of B ([13], p.360-361, Corol-
lary 4.7(i)); and that B only has one invariant factor if the minimum polynomial of B coincides with its
characteristic polynomial ([13], p. 356-357, Theorem 4.2(i); [13], p. 367, Theorem 5.2(i)); we have
the following concrete description of Ceny, (r)(B) in such a case.

Theorem 1.3. ([23], p. 23, Theorem 5) If B is an n x n matrix over a field F, then
Cenpm, (7)(B) = {f(B) | f(x) € Flx]}

if and only if the minimum polynomial of B coincides with the characteristic polynomial of B.

Note that, by the converse statement of Theorem 1.3, the above mentioned description is not valid for
any matrix of which the minimum polynomial does not coincide with its characteristic polynomial.




Chapter 1. Introduction

Since we will be working with 2 x 2 matrices in this dissertation and since the minimum polynomial
and characteristic polynomial of a nonscalar 2 x 2 matrix always coincide (Lemma 2.6), the above

theorem will play an important role in this dissertation.

Viewing M,, (F) as an algebra over F, the following well-known result (due to Frobenius) gives us some
information regarding the structure of Ceny,, (r)(B) for an arbitrary B € M, (F). However, a concrete
description of Cenp,, (r)(B) for the cases when the minimum polynomial of B is not equal to the
characteristic polynomial of B is not yet known. Note that we denote the degree of a polynomial f(x)

by deg(f(x)).

Theorem 1.4. ([14], p. 111, Theorem 19; [21], p. 331, Introduction and Preliminary Results) Let
B € M, (F), and suppose that f1,...,f; € F[x] are the invariant factors of B, where f; divides f; 1,
fori=2,...,1. Then the dimension of Ceny,, (r)(B) is given by

8

D (21— 1)(degfy).

i=1

Keeping in mind (i) that the dimension of Cenpy,, (r)(B) over F is equal to the dimension of Ceny, () (B)
over F, where F is the algebraic closure of F ([23], p.26, Lemma 5); (ii) that every ma-
trix B € Mn(F) € M, (F) is similar to its Jordan canonical form ] € M, (F), i.e. SBS™! = J for
some S € My (F) ([13], p. 360, Corollary 4.7(iii)); (iii) that the dimension of the centralizer of similar
matrices over the same ring is the same; and (iv) that matrices are similar if and only if they have the
same invariant factors ([13], p. 361, Corollary 4.8(ii)); the above result can be obtained by proving
it for an arbitrary Jordan canonical form ] € M,,(F). This can in fact be done by finding a concrete
description of Ceny, (F) () ([23], p.25-28, Proposition 6, Lemma 4 and Theorem 6). If F = F then, of
course, Cenp, (7)(B) = S_1CenMn(f)(])S. Unfortunately F # F for every finite field F ([13], p. 267,
Exercise 8). A result, analogous to Theorem 1.4, in which a formula for the dimension of Cenp, (o) (B),

for any B € M, (Q), is given, is proved in [21].

If F is the complex field C (in this case note that C = C) then a canonical basis for Cenp, ()(]) is
determined in [19] on p.85-87. (This basis can be converted to a basis for Cenp,, (¢ (B), using the fact
that B and its Jordan canonical form ] are similar.) Furthermore it is shown that this basis is closed
under nonzero products in the ring M, (C) ([19], p. 87, Lemma 4). It is also shown in [19] that the
Jordan canonical forms of two matrices A, B € M, (C) have the same canonical block structure ([19],
p. 90, Definition 9) if and only if Cenp,, (¢)(A) = Cenpm, (¢)(B) ([19], p. 91, Theorem 11). If F is the
field of real numbers R (in this case note that R = C) and the characteristic polynomial of B € M, (R)
is not separable over R, then ] € M;,(C) \ M (R). A canonical basis for Cenp,, () (B) is found ([19],
p. 102, Theorem 24 and p. 104). Although this basis is not closed under nonzero products, a nonzero
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Chapter 1. Introduction

product of elements of this basis is +1 times another basis element.

Let S1 and S, be subgroups of a group S and let s € S. The set of all the elements in S; that commute
with all the elements in Cens,(s) is called the centralizer in S; of the centralizer in S, of s and is
denoted by Cens, (Cens, (s)). Note that Ceng, (Cens,(s)) is a subgroup of S; and that if S, Sy and S
are rings, then Cens, (Cens, (s)) is a subring of S; (with identity if S; has an identity). Furthermore,
it follows from the fact that s € Ceng(s), that Ceng(Cens(s)) can also be described as the center of
Cens(s). For an arbitrary B € M, (F), a concrete description of Cenpy, (r)(Cenpy, () (B)) is known.

Theorem 1.5. ([23], p. 33, Theorem 7) Let B € M,,(F), then

Cenp, (F)(Cenp, (r)(B)) = {f(B) | f(x) € FIx]}. (1.2)

In order to prove Theorem 1.5 note that, by definition, B commutes with every element in its centralizer.
Therefore it follows that we have the inclusion D in (1.2). Since the dimension of {f(B) | f(x) € F[x]} is
equal to the degree of the minimum polynomial of B, it is only necessary to show that the dimension
of Cenp, (r)(Cenp, (r)(J)) is equal to the degree of the minimum polynomial of its Jordan canonical
form ] (which coincides with the minimum polynomial of B) to prove Theorem 1.5. This can again be
done by finding a concrete description of Ceny, (r)(Cenpm, (r)(])).

Viewing Theorem 1.5 from a different perspective, considering Ceny,, (r)(B), we can also state this
result as follows ([24], p. 106, Theorem 2):

Any matrix in My, (F) which commutes, not only with B, but also with every matrix which commutes
with B, is a polynomial in B.
In [12] a concrete description is also found of

Cenpy, (r)(Cengr(n,F)(B))  andof  Cengp(n,r)(Cengyn,r (B)),

where B € M,,(F) and GL(n, F) denotes the group of all n x n invertible matrices over the field F.

Although some other results regarding the centralizer of a matrix in a matrix ring over a ring are
proved, the main goal of this dissertation is to find a concrete description of the centralizer of a so-cal-
led k-matrix in M3(R/(k)), where R is a unique factorization domain (UFD) and (k) denotes the
principal ideal generated by an arbitrary nonzero nonunit k in R.




Chapter 1. Introduction

In Sections 2.2 and 2.3 of Chapter 2 we apply Theorem 1.3 to 2 x 2 matrices in order to obtain
an explicit description of the centralizer of a 2 x 2 matrix over a field or over an integral domain.
Section 2.5 contains other preliminary results concerning the centralizer of an n x n matrix that will be
used in the subsequent chapters, including Proposition 2.33 which may be considered as the inspiration
behind this dissertation. In this proposition we show that the centralizer of an n x n matrix B over a
homomorphic image S of a commutative ring R contains the sum of two subrings 8; and 8, of M, (S),
where §; is the image of the centralizer in M,,(R) of a pre-image of B, and where the entries in Sy
are intersections of certain annihilators of elements arising from the entries of B. In addition we find
a concrete description of the centralizer of a matrix unit in Section 2.1 and discuss some symmetric
properties of the centralizer of a matrix in a matrix ring over a ring in Section 2.4.

We introduce the concepts of k-invertibility in a factor ring R/(k) of a UFD R in Section 3.1 and of a k-
matrix in M2 (R/(k)) in Section 3.2 of Chapter 3. We show in Corollaries 3.7 and 3.18 that if R is a prin-
cipal ideal domain (PID), then every element in R/(k) is k-invertible and every matrix in Ma(R/(k)) is
a k-matrix. Examples 3.13 and 3.19(b) show that this is not true for UFD’s in general. A characterization
of the k-invertible elements in R/ (k) is given in Corollary 3.14 in case k is a power of a prime and R is
an arbitrary UFD. We conclude this chapter with Section 3.3 in which we consider the case when R is a
UFD and R/(k) is finite. Analogous to the case when R is a PID, we prove in Corollaries 3.22 and 3.23
that if R is a UFD and R/(k) is finite, then every element in R/(k) is k-invertible and every matrix
in Ma(R/(k)) is a k-matrix. In Remark 3.26 we also discuss the seemingly open problem, arising from
these results, whether R is a PID if R is a UFD and R/(k) is finite.

Chapter 4, Section 4.1, contains the main result of the dissertation, namely Theorem 4.5, which
provides a concrete description of the centralizer of a k-matrix in M3(R/(k)) as the sum of the above
mentioned two subrings, where R is a UFD and k is an arbitrary nonzero nonunit in R. In Section 4.2
we give necessary and sufficient conditions for when 8; C 85, for when 85 C 8; and for when §; = 8s.

Since every 2 x 2 matrix over a factor ring of a PID is a k-matrix, Theorem 4.5 applies to all 2 x 2
matrices over factor rings of PID’s. In Example 4.9 we exhibit a UFD R, which is not a PID, a nonzero
nonunit k € R and a matrix in M3 (R/(k)), which is not a k-matrix, for which Theorem 4.5 does not
hold. In Example 4.10 we show that if R is a UFD and k € R is such that R/(k) is not an integral
domain, then for every n > 3 there is a matrix B in M, (R) for which we have proper containment in
Proposition 2.33.

The problem of enumerating the number of matrices with given characteristics over a finite ring has
been treated extensively in the literature. Formulas have been found, for example, for the number of
matrices with a given characteristic polynomial [20]; the number of matrices over a finite field that
are cyclic [3] or symmetric [6]; and the number of matrices over the ring of integers Z modulo m,

7



Chapter 1. Introduction

Z, that are nilpotent [4]. By using the results in [5], some of the above mentioned results, where
the matrices over a finite field that satisfy some property are enumerated by rank, can be extended to
matrices over certain finite rings that satisfy the property under consideration.

A question arising from the title of this dissertation and the above mentioned results is whether it is
possible to enumerate the number of matrices in Cenp, (r)(B), denoted by |Cenp, (r)(B)|, when R
is a finite commutative ring and B € M, (R). Using the fact that if R is a finite field F, then the
dimension of Cenp, (r)(B) is known by Theorem 1.4, the answer is straightforward in such a case. For
example, if n = 2, then the number of elements in Cenpy, (r)(B) is |F|2, if B is a nonscalar matrix, and
it is [F|* if B is a scalar matrix. If n = 2 we can even easily determine the number of matrices with
the same centralizer. Taking into account that the minimum polynomial always coincides with the
characteristic polynomial of a nonscalar matrix B € My (F) (Lemma 2.6) and we therefore can apply
Theorem 1.3 arriving at Corollary 2.7, it follows that Cenpy,(r)(A) = Cenpy,(r)(B) for any nonscalar
matrix A € My (F) if and only if A € Cenpy,(r)(B). Hence the number of matrices with the same
centralizer as a matrix B € My(F) is |F| (the number of scalar matrices in M5 (F)), if B is a scalar matrix,
and |F|2 — [F| (the number of matrices in Cenpg, (r)(B) minus the number of scalar matrices in Mz(F)),
if B is a nonscalar matrix.

In Chapter 5 we define an equivalence relation on M3(R/(k)) and we use this relation to obtain a
formula for the number of matrices in Cenpy,(r/(k))( B) when R is a UFD and R/ (k) is finite, k is a
nonzero nonunit element in R and B € M2 (R/(k}).




CHAPTER

Preliminary Results

The more I practice the luckier I get.

— GARY PLAYER

HE goals of this chapter are manifold. Firstly we easily find for any commutative ring R a con-
T crete description of the centralizer of a scalar multiple of a matrix unit in M, (R) (Lemma 2.1,
Section 2.1). Secondly we find a concrete description for the centralizer of an arbitrary 2 x 2 matrix
in M3 (R) when R is a field (Corollaries 2.9 and 2.10, Section 2.2) or when R is an integral domain
(Corollary 2.12, Section 2.3). This chapter also contains a discussion of some symmetric properties of
the centralizer of an n x n matrix over a not necessarily commutative ring (Section 2.4), as well as
preliminary results that will be used repeatedly throughout this dissertation, in particular, in Chapter 4
(Section 2.5). We conclude with Proposition 2.33 (Section 2.5), which may be considered as the
inspiration behind Chapter 4, and a discussion thereof.

2.1 The centralizer of a matrix unit in M,,(R), R a ring

Throughout this dissertation we denote the matrix unit with 1 in position (1, j) and zeroes elsewhere

by Eij, and we use the notation
B C

D £

9



Chapter 2. Preliminary Results

{

where B, €, D and € are subsets of a ring R.

to denote the set

beB,ceG,deD,eeE},

The set of all elements in a non-commutative ring R that annihilate a specific element b in R from the
left (right) , i.e. the set {a € R| ab =0} ({a € R| ba = 0}), is called the left (right) annihilator of b in R.
If s € Ris in the left and right annihilator of b € R then s € Ceng(b). If R is a commutative ring then
the left and right annihilator of an element obviously coincide. In such a case the set of all elements
in R that annihilate a specific element b € R is called the annihilator of b in R and we denote it by
anng(b) ([13], p.417). If there is no ambiguity, we will sometimes simply write ann(b).

Lemma 2.1. Let R be a commutative ring and let b € R. Then Cenp, (g)(bErt) =

column r
i ann(b) i
. R . R
a(Eyr +E), a€R, ifr#t + :
akyr, a€R, ifr=t row t — ann(b) ann(b) --- ann(b) --- ann(b)
R R
L ann(b) _
Proof.
Y = [yy;] € Cenpm, (r)(bErt)
& [yi5/bEre = bEr [yl
columt t
[ bylr | O
bUZT =
< :
O by, O row r — by -+ by - byin
bynr O i

< byir =0, foralli#r, and by; =0, foralli #t, and b(yyr —yt) =0
< yir € ann(b), for alli # r, and y¢; € ann(b), for alli # t, and y,+ — Y+ € ann(b)

a(Ery +E¢t), a€eR, ifr#t
& lyyl e .
akyr, a€R, ifr=t

10



Chapter 2. Preliminary Results

column r

. anr?(b) .
row t — ann(b) ann(b) --- ann(b) --- ann(b)
R : R
i ann(b) |

Example 2.2. Since ann(3) = (4) in Z1, we have by Lemma 2.1 that

60 6 0 O Ziy Ziz (&) Zio
n 0 0 0 0. Zia Za2 (2‘> 712

Cen 3E = " A acz + A
My(z2) (3B34) 0 0 ao 2 Zay Ziz (4) Za2
600 a @ @ @ @

2.2 The centralizer of a matrix in M,(R), R a field

The next well-known result will be used in Corollary 2.4.

Theorem 2.3. (THE DIVISION ALGORITHM) ([13], p. 158, Theorem 6.2) If f and g are polynomials
over a field F and g # 0, then there exist unique polynomials q and r over F such that f = qg + r and
either r =0 or degr < degg.

By using Theorem 1.3 and The Division Algorithm (Theorem 2.3) we arrive at the following result
for the case when the minimum polynomial coincide characteristic polynomial of an n x n-matrix.

Corollary 2.4. If B is a n x n matrix over a field F of which the minimum polynomial coincide with
the characteristic polynomial, then

Cenp, (r)(B) = {an_1B™ '+ -+ a1B + aol | a; € F}.

Proof. Suppose B is an n x n-matrix of which the minimum and characteristic polynomial coincide.
Then it follows from Theorem 1.3 that

Cenpy, () (B) = {f(B) | f(t) is a polynomial over F}.

11



Chapter 2. Preliminary Results

Thus if we can prove that
{f(B) | f(t) is a polynomial over F} = {an_1B™ 1+ --- + a1B+ agl | a; € F}

then we are finished. Now, suppose that f(x) € F[x]. Since deg(m(x)) = n, where m(x) is the minimum
polynomial of B, it follows from The Division Algorithm (Theorem 2.3) that

and therefore we are finished. O

The following result is well-known.

Theorem 2.5. (THE CAYLEY-HAMILTON THEOREM) ([13], p. 367, Theorem 5.2(ii)) An n x n matrix
over a field satisfies its characteristic polynomial.

As a result of the next lemma, Corollary 2.4 is applicable to any 2 x 2 nonscalar matrix.

Lemma 2.6. The characteristic- and minimum polynomial of a nonscalar 2 x 2 matrix over a field
coincide.

Proof. Let B € My(F) and let q(x) be the characteristic polynomial of B. Since a characteristic
polynomial is monic and, according to the Cayley-Hamilton Theorem (Theorem 2.5), q(B) = 0, we
only have to prove that deg(q(x)) = deg(m(x)), where m(x) is the minimum polynomial of B. Given
that B is a 2 x 2 matrix, we have that deg(q(x)) = 2. Since B is a nonscalar matrix, B # tI for
all t € F which implies that sB 4+ tI # 0, for all s,t € F. Therefore deg(m(x)) > 2. Consequently
deg(q(x)) = deg(m(x)). O

Since Cenp, (r)(B) = Mn (F) for any n x n scalar matrix B and any field F, using Corollary 2.4 and
Lemma 2.6, we have the following result for the 2 x 2 case.

12



Chapter 2. Preliminary Results

Corollary 2.7. If B is a 2 x 2 matrix over a field F, then

{aB +bl|a,b ¢ F} if Bis anonscalar matrix

Cen B) =
M. () (B) { Ma(F) if B is a scalar matrix.

Using the above result we can determine the centralizer of any 2 x 2 matrix over a field F in My (F).

2 3
Example 2.8. Let F be the field of rational numbers Q and let B = [ 4 8 ] . By Corollary 2.7

Cenmz(@)(B)Z{alz 3 (1) (1)] a,be@}:{

4 8

+b

2a+Db 3a
b

a,b e .
4a 8a + Q}

Corollary 2.7 can easily be written in the forms in Corollaries 2.9 and 2.10. We need both these
forms in Chapter 4.

We will later in Corollary 2.17 prove that, for any B € M, (F), Cenp, (r)(B) = (Cenpg, (r) (B™)T.
Knowing this, considering Corollary 2.9, we can for example, if the centralizer of a matrix in case (iv)
is known, determine the centralizer of a matrix B in case (iii) by simply using (Cenpy,, (f)( B"))Tasa
formula.

.f
Corollary 2.9. Let B — [ ¢ N ] € My(F), F a field. Then
g

(i) Ma(F), ife=h, f =0and g = 0 (i.e. B is a scalar matrix)

il

Cenp,(r)(B) = 0
(iit) {! ¢

a,bEF}, ife£h, f=0andg=0

a,beF}, iff=0,g#0

a,beF}, if f #0.

13
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Proof. Since the proofs of (i)—(iv) are similar, we only prove (iv).

(iv) Assume f # 0. Then

a b e f a b e f e f a b
S Cean[F) = = . 2.1
c d g h c d g h g h c d
By simplifying (2.1) the equation in position (1, 1) is
ae+bg=ea+fcebg=fcec=Ff1gb (2.2)
and the equation in position (1, 2) is
af +bh=eb+fd< d=a—f!(e—h)b. (2.3)

Thus it follows from (2.2) and (2.3) that

b
Cenpy, (r)(B) C .
f~lgb a—fle—h)b

Since, direct verification shows that for arbitrary a,b € F,

a,bEF}.

a b e f | e f a b
f1gb a—fYe—hb || g h| |g h|]|flgb a—fle—h)b
we conclude that
a b
Cen B) = a,beF,.
Ma () (B) {[flgb a—fle—h)b }

We now give an alternative proof of Corollary 2.9. In this proof we explicitly show that Corollary 2.9
is equivalent to Corollary 2.7.

Alternative proof of Corollary 2.9. Again, since the proofs of (i)—(iv) are similar, we only prove (iv).

14
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(iv) Assume f # 0. Then B is a nonscalar matrix, and so by Corollary 2.7,

e f 10 e+t f
Cenm,(r)(B) = {5 +t steFb=1{]° ° s,teF 5. (2.4)
g h 01 sg sh+t
se+t sf ) ..
Let hot be an arbitrary matrix in (2.4). Now, put a := se + t and b := sf. Then
sg S

sh+t=sh+se—se+t=—s(e—h)+a=—f'ble—h)+a and sg =sff g =f"lgb.

t f b
Hence, se s = ¢ and we conclude that
sg sh+t f~lgb a—fle—h)b
t f b
seft s s,teFsC a,beFb. (2.5)
sg sh+t f~lgb a—fl(e—h)b
Using direct verification, it follows that
a b
a,beF, CCen B). 2.6

{[ f~lgb a—fl(e—h)b ] } < Ceny v) (B) (2.6)

Thus the result follows from (2.4), (2.5) and (2.6). O

f
Corollary 2.10. Let B = [ ¢ " ] € My (F), F a field. Then
g

Q) a (e—h)*lf(a—b)
V1 e—ngla—b) b

(ii) M2(F), ife=h, f =0 and g = 0 (i.e. B is a scalar matrix)

wffs]

CenMZ(F)(B) = 0 a

. a O

o{]5 2]
a b

(V){ [ f~1gb a ]

a,beF},ife;éh

a,bEF},ife:h,f;éOandg:O

a,beF},ife:h,f:Oandg;éO

a,beF},ife:h,f;éOandg;«éO.

15
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Proof. Since the proofs of (i)-(v) are again similar, we only prove (i).

(i) Assume e # h. Then

a e f a b e f e f a b
S Cean(F) -~ = . (2.7)
c g h c d g h g h c d
By simplifying (2.7) the equation in position (1,2) is
af+bh=eb+fd< b= (e—h) fla—d) (2.8)
and the equation in position (2,1) is
ce+dg=ga+hcec=(e—h) lgla—d). (2.9
Thus it follows from (2.8) and (2.9) that
—h)"Hf(a—d
Cenp, (v (B) C ! le=h)fla=dl ) aerl,
(e—h) ‘g(la—4d) d
Since direct verification shows for an arbitrary a, d € F that
a (e—h)"H(a—d) e f
(e—h)"'gla—d) d g h
B e f a (e—h) " f(a—4d)
B g h (e—h)"1g(a—d) d ’
the result follows. O

There is an alternative proof of the above corollary similar to the alternative proof of Corollary 2.9.

2.3 The centralizer of a matrix in M;,(R), R an integral domain

The following trivial result will be used repeatedly throughout this dissertation.

Lemma 2.11. Let S be a subring of a ring T and let s € S. Then

Cens(s) = SN Cent(s).

16
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Proof. t€Ceng(s) ©teSCTandts=st<teSnCeny(s). O

Let fy,fs,...,fm be arbitrary elements of a UFD. By writing gcd(fq, f2,...,fm), we mean an
arbitrary greatest common divisor of fq,..., .

Using Corollary 2.9 and Lemma 2.11, we have the following corollary from which we can determine
the centralizer of a matrix in My(R), where R is an integral domain.

f
Corollary 2.12. Let B = [ ¢ N ] € M2(R), R an integral domain. Then Cenp, (g)(B)
g

(1) M2(R), ife=h, f =0and g =0 (i.e. B is a scalar matrix)

- - a fba 1
gbd™! a—(e—h)bd!

where d~! is the inverse of d = ged(e — h, f, g) in the quotient field of R.

if at least one of e — h, f
a,beR;, .
and g is nongero,

Proof. Let F be the quotient field of R.
(i) The result follows from Corollary 2.9(i) and Lemma 2.11.

(i) We distinguish between the following cases:

(@) f=0,g=0and e #h;
(b) f=0and g # 0;

(© f#0.

(a) In this case d = gcd(e —h,0,0) = e — h. Therefore it follows from Corollary 2.9(ii) and Lemma 2.11

that
Cen (B) = a 0
M2 (R) = 0 ¢

a,c e F} N M2 (R)

17
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[ 0
¢ a,beFbnMy(R)
0 a—b>b

.

_ {_g afb] a,beR}
{
\

[ a Ob(e—h)!
Ob(fe—h)"! a—(e—h)(e—h)"1b

a,beR}.

a,be R}

a fbd—!
I gbd™! a—(e—h)bd!

(b) It follows from Corollary 2.9(iii) and Lemma 2.11 that

a 0

Cen B) =
Ma(R) (B) {[ c g '(e—h)c
C

a_ - J—
B a 0
B c a—g l(e—h)

Let A be an arbitrary element of Cenp, (g (B). It follows from (2.11) that

a,c e F} N M2 (R)

a 0

A—
c a—g l(e—h)c

€ M2(R)

for some a, ¢ € R. We now show that

A=

a 0
gbd™! a—(e—h)bd!
for some b € R. Since
ng(e - h’) g) = ng(e - ha 09 g) = ng(e - h) f: g) = d;

it follows that
g=dg’ and e—h=dl

a,ce R} N Ma2(R).

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

for some g’,1 € R such that ged(g’,1) = 1. Because c(e — h)g~! € R, by (2.12), it follows from (2.15)

that
cle—h)g ' =cdl(dg’) ' =cl(g’) "t e R

(2.16)

18
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Knowing that ged(g’, 1) = 1 it follows from (2.16) that g’|c, which implies that
c=bg’
for some b € R. Hence, by using (2.16) and (2.17),
cle—h)g ' =cl(g’) ' =bg’l(g') ! =bl=ble—h)d ! eR

Therefore, it follows from (2.15), (2.17) and (2.18) that

A —

Thus, by (2.10) and (2.19),

N

a 0
Cen B
Ma(R) (B) {[ bgd™! a—b(e—h)d! ]

B a 0
B bgd™! a—(e—h)g '(bgd!)

a 0
c a—(e—h)glc

= CCHMZ(R)(B).

a,b e R}
a,be R}

a,cc F} N M5 (R)

N

Therefore, we conclude that

a 0
Cen B) =
Ma () (B) {[gbd_l a—we—Jubd—ll

B a fbd !
- gbd™! a—(e—h)bd!

a,be R}
a,be R}.

(c) It follows from Corollary 2.9(iv) and Lemma 2.11 that

a b
Cemma®(B) = V1 ey ol

mbeF}mMﬂm

a 0 a 0
1 = 1 1 S MZ(R).
bg’ a—b(e—h)d bgd a—b(e—h)d

(2.17)

(2.18)

(2.19)

19



Chapter 2. Preliminary Results

a b
= {[f‘lgb a—f—l(e—h)b] a,beR}ﬂMZ(R).

Let A be an arbitrary element of Cenp,(g)(B). Then it follows from (2.20) that

a b
A= [ gbf™! a—(e—h)bf! ] € M2(R)

for some a,b € R. We now show that

A =

a fcd—!
gcd™! a—(e—h)cd™?

for some c € R. Now, let
d; := gcd(f, g).

Then
f=dif’ and g=dig’

for some f’, g’ € R such that ged(f’, g’) = 1. Since, by (2.21) and (2.23),

gbf ' =dig’b(dif) ' =g'b(f') PR
and ged(f’, g’) = 1, it follows that f’[b. Thus

b=1f'b’

for some b’ € R. Hence, it follows from (2.24) and (2.25) that

gbf 1 =g'b(f )"t =g'v'f'(f) "L =g'b".
Furthermore, it follows from (2.23) and (2.25) that

(e—h)bf ! =(e—h)f'b'(dif") ' =(e—h)b’d;?

and so, from (2.25), (2.26) and (2.27) that

b £y
A=| © ] - [ < € My(R).

gbf~! a—(e—h)bf! g’b’ a—(e—h)b'd;?

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
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Since ged(di, e — h) = ged(ged(f, g),e — h) = ged(f, g,e — h) := d, it follows that
d; = djd and (e—h)=1d
for some dj,1 € R such that ged(dj, 1) = 1. Since, by (2.28) and (2.29),
(e—h)b'd;! =1db’(djd) * =1b'(d]) ' €R
and ged(dj, 1) = 1, it follows that d;|b’. Therefore
b’ =cdj
for some c € R. Thus, by (2.30) and (2.31),
(e—h)b’d; T =1b/(d]) ' =1ledi(d]) ! = le.

Hence it follows from (2.28), (2.31) and (2.32) that

A a f'djc
| g’djc a—1lc
so that it follows from (2.23) and (2.29) that
A — a fd;'d;d e B a fcd1!
| gdi'd1d e a—(e—h)dle| | ged! a—(e—h)ed ! |’

Thus, it follows from (2.20) that

[« fed™1
Cen B) C a,c €R
Ma(R) (B) € { I gcd™! a—(e—h)cd! ] }

[ a fcd—1 ceR

= (1,
i gf ! (fed™!) a—(e—h)f ! (fed™ 1)
[ a b

C ¢ | laberR MR
L 9f b a-— (e—h)f~'b

= CenMZ(R) (B)

Hence we conclude that

Cen (B) = a fbd—!
MARIEZIT | gbd! a— (e —h)bd !

a,bER}.

(2.29)

(2.30)

(2.31)

(2.32)
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O]

2 3
Example 2.13. Let R be the integral domain Z and let B = [ 6 8 ] . It follows from Corollary 2.12

b
abeZb = ¢ abeZb.
2b a+2b

that
a b

3
3
b a+$b

Cean(Z)(B) = { [

22
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2.4 Symmetric properties of the centralizer of a matrix in M,,(R), R a
ring

For a set C and a function « with domain € we denote the set {«(c) | ¢ € €} by «(C).

Lemma 2.14. Let R and S be (not necessarily commutative) rings and let « : R — S be an isomorphism
or anti-isomorphism. Then

Cens (x(r)) = o(Ceng(1)).
Proof. Suppose « is an anti-isomorphism and t € Ceng(r). Then

a(r)ea(t) = a(tr) = x(rt) = o(t)x(r).

Hence «(t) € Ceng(x(r)). Therefore

a(Ceng(r)) C Ceng(a(r)).
Let ! : S — R be the inverse map of . Then, since

o Ham) +afs) =a Har+s)=r+s=oa (a(r)) + o Hals))

and

o alr)aels)) = o Hex(s7)) = s = o Haefs))oH (ex(1)),

we have that ! also is an anti-isomorphism. Hence it follows that

Cens («x(r)) = a(o*(Cens(x(r)))) € x(Ceng (o' (x(r)))) = x(Ceng(r)).

The result for the case when « is an isomorphism is similar. O

We first discuss some symmetric properties of the centralizer of a matrix around the main diagonal.

We will use the concept of an opposite ring.

Definition 2.15. ([13], p. 122, Exercise 17(a)) The opposite ring, denoted by R°P, of a ring R is defined
as follows. The underlying set of R°P is precisely the underlying set of R, and addition in R°P coincides
with addition in R. Multiplication in R°P, denoted by o, is given by a o b = ba, where ba is the product
in R.
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Let B : Mu(R) — Mu(R®P) be the map defined by taking the transpose of a matrix in My, (R).
The matrix (B) is customarily denoted by BT. If B is a set of matrices over R, then we denote the
set {BT | B € B} by BT and we call the set BT the transpose of B.

Using the fact that the map 3 is an anti-isomorphism ([13], p. 331, part of the proof of Theorem 1.4),
the following result follows directly from Lemma 2.14.

Corollary 2.16. Let B € M, (R), where R is a ring. Then
CenMn(Rop) (BT) = (CGHMH(R) (B))T
Taking into account that if R is a commutative ring, then R°P = R, we have the following result.

Corollary 2.17. Let B € M, (R), where R is a commutative ring. Then

Cenpm, (r)(BT) = (Cenpm, (r)(B))".

In the next example we will see that Corollary 2.17 is not necessarily applicable if we replace R
with a noncommutative ring.

Example 2.18. Let Q be the noncommutative ring of quaternions. Now, let

0 0 1
B=|3j 0 0| eMs(Q).
0O k O
Then direct verification shows that
0 -1 O
A= 0 0 1 € CEI’IMS(Q)(B),
k 0 O

but that
AT ¢ Cenp, (o) (BT).

Furthermore, direct verification also shows that
AT € Cenp,(qor)(BT),

as is expected from Corollary 2.16.
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In the next example we illustrate Corollary 2.17.

2 3
Example 2.19. LetR=7ZandletB = [ 6 8 ] . It follows from Corollary 2.12(ii), using Example 2.13,

that
Cenpg, 2 (BT) = L abezs=4l% 2 lavez
Ma(7) | 3b a+Sb || b a+2b ||
- b T
a T
= a,beZ, = (Cen B)) ,
{_2b a+2b } (Cenm, z) (B)

as is expected from Corollary 2.16.

According to the next corollary, the centralizer of a symmetric matrix over a commutative ring
has the symmetric property that the transpose of each matrix which is in its centralizer, is again in its

centralizer.
Corollary 2.20. Let B € M,, (R), where R is a commutative ring. If B = BT, then

Cenm, (r)(B) = (Cenpm, (r)(B))".

Proof. It follows from Corollary 2.17 that Cenp,, (r)(B) = Cenpm, (r) (BT) = (Cenm, (r) (B)T. O

We now discuss some symmetric properties of the centralizer of a matrix around the main skew-
diagonal. First we have to define the following new concepts.

Definition 2.21. Let b = [bi;] € M (R), where R is a ring.

We denote the matrix which is formed by rotating the entries of B around the horizontal axis, in other
words by mapping the entry in position (i,j) to position (n 4+ 1 —1,j), by B.

The matrix which is formed by rotating the entries of B around the vertical axis, hence by mapping the
entry in position (i,j) to position (i,n + 1 — j), is denoted by BV.

Lastly, we call the matrix which is formed by rotating the entries of B around the main skew-diagonal,
which is the matrix formed by mapping the entry in position (1,j) to position (n +1 —j,n+ 1 —1),
the s-transpose of B. We denote this matrix by BT'. If B = BT then we call B s-symmetric.
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Similarly to the transpose of a set of matrices B, we denote the set {B" | B € B} by B' and we
call BT’ the s-transpose of B.

Remark 2.22. Note that because the transpose of a matrix B is formed by mapping position (1,j) to
position (j, i) it follows from the above definitions that B*VT = BT,

Lemma 2.23. Let B € M, (R), where R is a commutative ring. Then the map y : M (R) — My (R)

given by y(B) = B"V is an isomorphism.
Proof. Let
b1 bz - bin a1 a2 - Qin
bo1 bay - ban a1 Qzy -+ Q2p
B = . ) ] and A=
bn1 bn2 -+ bnn anl1 Gn2 -+ Qnn
Then
bnn bn,n—l te bnl Onn an,n—1 te an1
BHV _ bnfl,n bnfl,nfl s bnfl,l and AHV _ On—1n Odn—-1n—-1 - an-1,1
bin bin-1 - bn ain aijn-1 -+ ai
Since,
ban +ann bn,nfl + ann-1 s bn1 +an1
BHV . AHV _ bn—l,n + an—-1n bn—l,TL—l + dn—1n—-1 - bn—l,l + an—-1,1 _ (B n A)HV
bin + ain bin-1+ain-1 “e b11 + an

it follows that y preserves addition.

We now show that multiplication is also preserved. Without the loss of generality let us consider
position (n 4+ 1 —1i,n + 1 —j) of BHYAHV The entry in this position is equal to the dot product of
rown + 1 —1of BHY and column n + 1 —j of A"V which is equal to

binanj +bin_1an_1; +---+biy1ay; =byra; +--- +byn_1an-1; + binan;. (2.33)

But (2.33) is the dot product of row i of B and column j of A which is the entry of position (i, j) of BA.
Because the entry of position (i,j) of BA is equal to the entry of position (n+1—1i,n+41—j) of (BA)"V,

we conclude that BHVAHY = (BA)HV, Therefore y preserves multiplication.
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BHY = AHV . Then the entries in position (n +1 —1i,n + 1 —j) of B"Y and A"V

are equal, which implies that the entries in position (i,j) of A and B are equal. Since position (i,j)

Now, suppose that

was chosen arbitrarily it follows that A and B are equal. Hence, v is 1-1. Because (B"V)HV = B for
all B € M,,(R), v is also onto and therefore an isomorphism. O

Since the map B : M (R) — My (R°) defined by 3(B) = BT is an anti-isomorphism, it follows
from the above result that the map By : M (R) — M;,(R°P), defined by taking the s-transpose of a
matrix in My, (R) is also an anti-isomorphism. Therefore Corollaries 2.24 and 2.25 follows directly from
Lemma 2.14.

Corollary 2.24. Let B € M,,(R), where R is a ring. Then

Cenpy, (rer) (BT) = (Cenpy,, (r)(B)) T
Corollary 2.25. Let B € M, (R), where R is a commutative ring. Then

Cenp, (r)(B") = (Cenpm, (r)(B)) .
Remark 2.26. Using A, B € M3(Q) in Example 2.18, it follows by direct verification that
AT ¢ CenM3(Q)(BT'), although A € Cenp, (o) (B).
It also follows in agreement with Corollary 2.24 that
AT e CenMS(Qop)(BT').

Therefore, similar to Corollary 2.16, Corollary 2.24 is not necessarily applicable if we replace R with a

noncommutative ring.

In the next example we illustrate Corollary 2.25.

Example 2.27. Let R = Z15. It follows from Lemma 2.1, using Example 2.2, that

CenM4(le)((éE34)T,) = CenM4(le)(éE12)
a 000 (4 Ziz Tiz Zaz
6 a6 0 hod @ A
CJfoaoo|, Ll @@ @ @
0000 (4) Zna Zaa Zi2
6000 (4) Ziz Ziz Zaa
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N . T
0 00O Zay Zna (4) Za2
0 600 Z1s 7 4 7
_ 000041, 2ty 12 Zi2 <‘A¥> 12
0 6 ao Zio Ziz (4) Zia
0 00 a @ & 4 @

N Tl
= (Cenpy,(z,,)(3E34)) ",
as expected from Corollary 2.25.
Similar to the transpose of a matrix over a commutative ring the centralizer of a s-symmetric matrix

over a commutative ring has the symmetric property that the s-transpose of each matrix which is in its
centralizer, is again in its centralizer.

Corollary 2.28. Let B € M, (R), where R is a commutative ring. If B = BT, then

Cenm,,(r)(B) = (Cenpm, (r)(B)"".

/

Proof. 1t follows from Corollary 2.25 that Cenp, (r)(B) = Cenp, (r)(BT') = (Cenp, (r)(B)) . O

2.5 Miscellaneous

The following results will be used repeatedly throughout this dissertation, and their proofs are straight-
forward.

Lemma 2.29. Let R be a commutative ring, b, t € R, where t is invertible in R, and B € M,,(R). Then
((1) CenMn(R)(B) :CEHMH(RJ(JCB), (b) CenMn[R)(B) :CenMn(R)(B—I—bI)
and
(c) anng(b) = anng(tb),
Proof. Let A € M, (R) and let a € R. Then
(a)

A €Ceny (r)(B) < BA=AB
& B(tA) =t(BA) = t(AB) = (tA)B
& Be CenMn(R)(tA),
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(b)
A € Cenp, (r)(B) <& AB=BA
< A(B+Dbl)=AB+ Abl =BA +blA = (B+Dbl)A
& Ac CenMn(R)(B + bl),
(©
a € anng(b) & ab =0 < t(ab) = a(tb) = 0 & a € anng(tb).
O
For the remaining results in this section, let 8 : R — S be a ring epimorphism and
© : M (R) — My (S) the induced epimorphism, i.e. ©([bi;]) = [0(by;)]. For the sake of notation,

we will sometimes denote 6(b) by b and ©(B) by B. Also, if there is no ambiguity, we simply write
Cen(B) instead of Cenp, (r)(B) and Cen(ﬁ) instead of Cenpy, (s) (ﬁ) forB e My (R). Ifre Rand A CR,
then rA denotes the set {ra| a € A}.

Remark 2.30. Note that, given that 0 is onto and preserves multiplication, it follows from the fact
that R is a commutative ring, that S is also a commutative ring.

Lemma 2.31. Let R be an integral domain. If 0 # b € R, then
RNb lkero = 0 '(ann(b)),

where b1 is the inverse of b in the quotient field of R.

Proof. Let a € R. Then

aceb lkerf < backerd < bda=0<« acann(b) < ac o6 (ann(bh)).

In order to illustrate Lemma 2.31, let R =7Z, S = Z12, and 0 : Z — Z;, the natural epimorphism.
Now, if b = 2 then
1
RNb lkerd =7nN 5(12) = (6)

and
0! (ann(b)) =0 !(ann(2)) = 0 1((6)) = (6).
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Lemma 2.32. Let R be a commutative ring and let B = [by;] € M (R), then

(O([by;]) T = O([by]T).

Proof. It follows from the definition of @ that

(O([by;1) " = [0(bi;)1T = [0(b;1)] = O([b5:]) = O([by;] ).

The following result is the inspiration behind Chapter 4.

Proposition 2.33. Let R be a commutative ring and let B = [byj;] € My (R). Then
©(Cen(B)) + [4y;] C Cen(B),

where

k, k#j , kAL

Aij = ( ﬂ ann(ﬁjk)) ﬂ ( ﬂ ann(fn@) ﬂ (ann(ﬁﬁ—ﬁjj)>.
K

Proof. We first prove that
©(Cen(B)) C Cen(ﬁ).

Let X € Cen(B). Then

which implies that ©(X) € Cen(ﬁ), ie.

o)

©(Cen(B)) C Cen(
This proves (2.34). Now we show that

[Ai;] C Cen(B).

~
A

Let [d5] € [Ay]. Then it follows that position (7, t) of Bldy;] — [dij]ﬁ is equal to

bridie+---+ br,rfl ar—1,t + brrart + br,r+1 Ar41,t + -+ brnlnt—

(Ar1b1¢ + Araboe + -+ Art—1bt—1t + Qrebee + Qrt410t41¢ + - - + Grnbnt).

(2.34)

(2.35)

(2.36)
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A

Since a1+ € ann(b,) for every 1 such that 1 # v, and d,q € ann(f)qt) for every q such that q # t, by
the definition of [A;;], it follows that (2.36) is equal to

A

BrrGrt — Grebir = Qo (brr — Do), (2.37)

Since a,¢ € ann(‘farr — Btt), again by the definition of [A;;], it follows that (2.37) is equal to 0. Thus
position (r,t) of [aij]ﬁ — E[aﬁ] is 0. This proves (2.35). O

We conclude this section with some results with regard to Proposition 2.33.

Lemma 2.34. The set [Aj;], as defined in Proposition 2.33, is a subring of M, (S) (not necessarily with
identity).

Proof. Since —A € [Ay;] if and only if A € [Aj;], we only need to show that [Aj;] is closed under
addition and multiplication.

Let [Xi], [01;] € [Ay;]. The entry in an arbitrary position (s, t) of [Xi;] 4 [{i;] is Xs+ +Us¢. Thus it follows
from the definition of [Aj;] that

ﬁst:gste ﬂ ann(Btk) ﬂ ﬂ ann(Bks) ﬂ ann(Bss_Btt)-
k, k#t k, k#s

Since the annihilator of an element in R is an ideal in R, the intersection of ideals in R is an ideal in R
and an ideal is closed under addition, it follows that

R +0sce | () ann(bu) | ()| [ ann(bws) | (1) ann(bss —buo).

k, k#t k, k#s

Therefore it follows again from the definition of [Ay;] that [Xi;] +[1;] € [Ai;] and we conclude that [Ay;]
is closed under addition.

The entry in an arbitrary position (s, t) of [Xi;][{i;] is

n
E Xs1Ylt-
1=1
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Now, for an arbitrary 1 it follows that

Xs1 € ﬂ ann(by) ﬂ ﬂ ann(bys) ﬂann(f)ss—fm) and
k, k#£L k, k#s

G € | () ann(bu) | ()| () ann(bw) | () ann(bu — bey).

Kk, k£t Kk, k£l

Similarly, because the annihilator of an element in R is an ideal in R, the intersection of ideals in R is an
ideal in R and an ideal in R is closed under multiplication by any element in R, we have that

XU € ﬂ ann(byy) ﬂ ﬂ ann(by) ﬂann(f)ss—ﬁu) and (2.38)

k, k#1l k, k#s
% € | ) ann(bu) | ()| () ann(bx) | () ann(by —byy). (2.39)
k, k#t k, k#1

It follows from (2.38) that X411t € ﬂ ann(‘BkS) and from (2.39) that X1t € ﬂ ann(ﬁtk).
k, k#s k, k£t

Furthermore, since %501t € ann(bss — byy), by (2.38), and X5 U1+ € ann(by — byy), by (2.39), it
follows that

A A

£s101t (Bss — ber) = %a101e (bss — bry + 611 — bet) = K101 (bss — bu1) + Re101e(byy — bee) =00 = 0.

A

Therefore Xs1U1t € ann(bss — byt) and so
%0 e | () amn(bu) | ()| () ann(bws) | (1) ann(bss —bys).
k, k£t k, ks

Since 1 was arbitrary chosen, we conclude that

n

Z;‘slglt € ﬂ ann(btk) ﬂ m ann(bks) m ann(bss *btt)-

1=1 k, k#t k, k#s
which implies that [Xi;1[U1;] € [Ay;]. O

Remark 2.35. Since Cenpy, (r)(B) is a subring of M;,(R) and © is a homomorphism, it follows
that ©(Cenp,, (r)(B)) is also a subring of M, (S) (with identity, if R is a ring with identity).

Lemma 2.36. We have equality in Proposition 2.33 if B = aE,¢, a € R.
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Proof. First of all, note that B = 4E, = [‘Bij], where Bij =0ifi #rorj#t, and bre = 4. Firstly
assume that r # t. Then

() (ann(bj)) = {ann(ﬁ) ifj=r

K Kt S otherwise,
. ann(a) ifi=t
(] (ann(byi)) = { S herwi
K koA otherwise,
ann(f)ﬁ —Bjj) = S.

Therefore it follows from the definition of [Aj;] that

anng(d) ifj=rori=t
Ay = )
S otherwise.
If r = t, then it follows similarly that

anng(a) ifi#j, andj=rori=t
Ayj = .
S otherwise.

Now, since @(anng(a)) C anng(4a), it follolws that

column r
[ anng(da) i
S ) S
[Ay] = X . ' X
anng(d) anng(d) --- w -+ anng(a) — row t
S : S
i anns(da) i
column r
i anng(a) i
R . R
) :
anng(a) anng(a) --- T -« anng(a) —rowt
R : R
i anng(a) i
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column r
[ anns (4) i
S ) S
+ >
anng(d) anng(d) --- w .-+ anng(a) — row t
S : S
i anns(a) i

where T=Rif r =t, T = anng(a) if r #t, W =S if r =t and W = anng(a) if r # t. Using Lemma 2.1
it follows that

Q) (CCDMH(R)(B)) + [Aij] = 0O (CenMn(R)(aErt))) + [.Aij]

B {é(ErT+Ett), tes, ifr£t

+ Ayl
¢E.r, €8, ifr=t Y

O]

Lemma 2.37. Using the notation of Proposition 2.33 it follows for B € M,,(R) that aE, € Cen(ﬁ) if
and only if aE,¢ € [Ayl.

Proof. LetB = [b1;]. Then

A A

GEyq € Cen(B) & [byldEr: = AEr[by;]

columt t
abi, O
abZr =
=
O dﬁﬂ. O row T — ﬁbﬂ dbtz cov by - Gbgn
by I O 1

A

bt,t—]; abt,‘t+15 R abtn; abl‘l" abZTJ e abT‘—l,T‘J abT‘—I—l,T‘J LR abTLT‘ =0

~ abtl, abtz, ceey a
and G(byy — b)) =0
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&S e ﬂ ann (b ) ﬂ ﬂ ann(by,) ﬂ ann(by, — byt) & 4E € [Ay;].

k, k#t k, k#£r
O
0 31 4 3 1
Example 2.38. letR=Z,letB=|0 0 1 |,B =3 7 1 and let 0 : Z — Zi5 be the
0 0O 0 0 10
natural epimorphism. Using the notation of Proposition 2.33, we have ,using B and B’, respectively,
that o o
0 0 Zia 0 0 (4)
[Aij] = 6 6 <2|-> and [Aij] = 6 6 <4>
0 0 0 00 0
Now, by Lemma 2.37
400 0 00 0 0 0
0 0 06|[,]400|,]0 0 0] ¢Cen(B),Cen(B').
0 00 0 0 0 0 0 4

(@)}
(@}

Note that the sum of the above three matrices, namely , is an element of Cen(ﬁ) and

(@) T ST
S O
D> O

of Cen(ﬁ\’).

f
Corollary 2.39. If R is a commutative ring and B = [ ¢ N ] € M3 (R), then
g

A A 0 A
O(Cen(B)) + o2 O(Cen(B)) + 12
A21 .A11 A21 All
A A ~
— ©(Cen(B) + |~ TI* | C cen(B),
A1 O

where

A1 = ann(fA) N ann(g), A2 = ann(§) N ann(é — ‘FL) and Ay = ann(f) N ann(é — h).

Proof. We will only prove that

A Az

©(Cen(B)) +
Az1 A1

= ©(Cen(B)) + (2.40)

0 A
Az A |

35



Chapter 2. Preliminary Results

A1 Arz

A1 An
follows from Proposition 2.33 that

A Az

The proof that ©(Cen(B)) + 4 A ] is similar. Furthermore, it
21

= Q(Cen(B)) +

A A ~
©(Cen(B)) + e C Cen(B).
A2 An
We only have to prove the inclusion C in (2.40). Because
0 4
©(Cen(B)) C O(Cen(B)) + 2
Az1 An
it suffices to prove that
A A 0 A
1 12 C O(Cen(B)) + 120
A1 An A1 An
Now, let
A (:1 ’t:) A A
¢ d Az1 An
Then X X X
A == El (3 —I_ N A b A ]
0 a ¢ —a
a O A .
Because [ 0 ] € Cen(B) and d — & € A1;, the result follows. O
a
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CHAPTER

<
k-invertibility in R/(k) and k-matrices
in Mz(R/<k>), R a UFD

Perhaps I could best describe my experience of doing mathematics in terms of entering a dark
mansion. One goes into the first room and it’s dark, completely dark. One stumbles around,
bumping into furniture, and gradually you learn where each piece of furniture is, and finally
after six months or so you find the light switch. You can see exactly where you were.

— ANDREW WILES

HE main purpose of this chapter is to introduce the concept of a k-matrix in My (R/(k)) (Section 3.2,
Definition 3.16), where R is a UFD and k is a nonzero nonunit in R. To define this concept we need
the concept of k-invertibility in R/(k) (Section 3.1, Definition 3.3). In Theorem 4.5, the main theorem
of this dissertation, we will obtain a concrete description of the centralizer of a k-matrix in My (R/(k)).
Since there is a seemingly open question regarding the case when R/(k) is finite (Remark 3.26), we
discuss this case separately in Section 3.3. We will use the results in Section 3.3 in Chapter 5 where we
will obtain a formula for the number of elements in the centralizer of a matrix in My (R/(k)), when R is
a UFD and R/(k) is finite.

From here onwards, unless stated otherwise, we assume that R is a UFD and that k € R, with k a
nonzero nonunit. Let 0y : R — R/(k) and ©y : M3(R) — M3(R/(k)) be the natural epimorphism and
induced epimorphism respectively. We denote the image 8y (b) of b (b € R) by by and the image Oy (B)
of B (B € M3(R)) by By. However, if there is no ambiguity, then we simply write 8, ©, b and B
respectively.
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3.1 k-invertibility in R/ (k)

The proofs of the following two results are straightforward. These results will be frequently used
throughout this dissertation.

Lemma 3.1. An element b = 0(b) € R/(k) is a zero divisor if and only if ged(b, k) # 1.

Proof. Assume gcd(b, k) = 1. Then none of the primes in the prime factorization of k is in the prime
factorization of b. Suppose there is an G, € R/(k) such that by d; = Oy. Since ba is a pre-image
of by dy = Oy, we have that k|ba. Now, suppose p is prime and p™ is in the prime factorization of k.
Then, since plk, it follows that p|ba and therefore that p|b or p|a. Because ged(b, k) = 1, it follows
that p 1 b, and thus, since p™|k and therefore since p™|ba, that p™|a. Consequently every power of a
prime in the prime factorization of k, also divides a. Hence k|a so that ay = Oy. Thus by, is not a zero
divisor.

Conversely, suppose ged(b, k) # 1. Since k = pi*...pm, with py,...,pm different primes and
ni,No,..., Ny, = 1, it follows that there is a p; € {p1,..., pm ) such that p;|b. But then it follows that
i i—1l My m i i—l M m
L e i e O L U Hirh iy SRR
= bk,

where b’ = bp;1 € Rand p;l is the inverse of p; in the quotient field of R. Therefore it follows that
f)kék = ék, where

_ ni1._mni—1_mip n
C=P; ---Pi 1P Piy1---Pm

Since k 1 c it follows that ¢ ¢ (k) = ker 6 and therefore that ¢y # Ox. Thus we conclude that by is a
zero divisor. d

A commutative ring R satisfies the Bézout identity if for any a,b € R there are u,v € R such
that ua + vb = ged(a, b). An integral domain that satisfies the Bézout identity is called a Bézout
domain. It is trivial to show that a PID satisfies the Bézout identity. We will use this identity in the next
lemma.

Lemma 3.2. Let R be a PID. An element b € R/ (k) is invertible if and only if ged(b, k) = 1.
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Proof. Since R is a PID, there are u,v € R such that ub + vk = 1. Thus

Therefore by is invertible with inverse 1iy.

Conversely, if by is invertible in R/ (k), then there exists a {tx € R/(k) such that bl = 1y or
equivalently, such that bu = 1 + vk, for some v € R. Let d := ged(b, k), then d/bu and d|vk, which
implies that d|1. Therefore d is a unit. Consequently ged(b, k) = 1. O

Definition 3.3. A k-pre-image of an element b € R/(k) is a pre-image of b in R of the form 15, where
ged(r, k) = 1 and 6/k. We call r and & the relative prime part and divisor part of rd respectively. We
call b k-invertible if # is invertible in R/ (k) for at least one k-pre-image 15 of b.

Remark 3.4. Since 1 -k is a k-pre-image of 0, with relative prime part 1, we have that 0 is k-invertible
for any UFD R and any nonzero nonunit k € R.

The following lemma is trivial to prove.

Lemma 3.5. Let u be a unit in R, and let b € R. Then by is k-invertible if and only if bk is uk-
invertible.

Proof Suppose by is k-invertible in R/ (k). Hence it follows from definition that by has a k-pre-
image of the form v in R, where 7y is invertible in R/(k), with inverse t, say, and §|k. Since,
therefore b = 16 + ak = rd + auluk, for some a € R, 7’ = 1 4+ ck = rr’ + culuk, for some ¢ € R,
and d|uk, the result follows. O

The proof of the next result is constructive.

Lemma 3.6. Every element in R/(k) has a k-pre-image.

Proof Letb e R/(k). Since R is a UFD there exist different primes p1, ..., pm such thatk = pJ"...plm,
where ny,...,n,y > 1. Since k # 0, there exists a nonzero pre-image b of b in R. Again, because R
is a UFD, b can be expressed as rop{...p&", where p; { vo, fori = 1,...,m, and q1,...,qm > 0.
Therefore ged(ro, k) = 1, and

N — —

b="top;'...pm".
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Suppose we can show that each p;'* has a pre-image r; - p;‘i, where gcd(ri, k) =1 and t; < ny. Then
we have that

—_— —

b =to(r1p}})... (rmprt) = fof1... Fm (P ... pH) = 0(rp}* ... pim),

where r = rgry -+ T Since ged(ri, k) = 1 fori = 0,1,...,m, it follows that ged(r, k) = 1. Also,
since t; <mnyfori=1,2..., m, we have that
=Py PIPL PR
—_—
=k

implying that r - § is a k-pre-image of b with relative prime part r and divisor part &.

—

Let us now prove that each p?i has a pre-image r; - p;‘i, where ged(ri, k) =1 and t; < ny.

If i <njthenp; =1 -pf“, where t; = q; < ny and ged(ry, k) = 1, with r; = 1. Thus we have the
desired result.

Next we consider the case when n; < ;. Since
P gi =p gi +k
and

ni-1. . Mit+1

pit ke =pdt et e =Pt e P P ),
it follows that p;'* - 1y = v - p.'* is a pre-image of p{*, where

o gi—My n M1 Mi+1 n
=Py +Pp Pl Pip1 o Pm

Since
i1, Mi41

pilp{" ™M(gi >ny)  and  pitpyteoplPI P

we have that p; { ri. Furthermore, for allj € {1,...,1—1,i+ 1,..., m} it follows that

s J(psl-ﬁm and Pj|p?l .. 'p?iilp?iﬁl . phm
implying that pj { ri. Thus r; and k are relatively prime and t; = n; < nj. 0

The next result follows directly from Lemma 3.2, Definition 3.3 and Lemma 3.6.
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Corollary 3.7. If R is a PID, then every element in R/(k) is k-invertible.

The next example illustrates the constructive proof of Lemma 3.6.

Example 3.8. Let R = Z. Then, since 12 = 22 - 3 and 10 = 2 - 5, using the procedure in the proof of
Lemma 3.6, it follows that

—

(1) 912 = 012(2°-3%) = 01(1(32 + 12)) = 012(3(7)) = (7 - 3)12, where ged(7,12) = 1 and 3[12;

(2) 610 =010(3-2-5%) = (3 2)10, where gcd(3,10) = 1 and 2|10.

Since 715 and 3¢ are invertible in Zi, and Z1, respectively, it follows that 915 is 12-invertible and 610
is 10-invertible, as expected from Corollary 3.7.

Now, let R = F[x,y], the polynomial ring in two variables x and y over the field F. Then, again
using the procedure in the proof of Lemma 3.6, it follows that

(3) Xy = 02y (PY0) = B,z (16 + X2y)) = B,z (x +y)x3),
where gcd(x—l—y, 2 )—1andx2|xy

We will show in Example 3.13 that Corollary 3.7 does not hold for UFD’s in general.

Proposition 3.10 and Corollaries 3.11 and 3.14 will help us to determine when an element in R/ (k) is
not k-invertible in case R is a UFD which is not a PID. In order to conclude that an element b in R/ (k)
is not k-invertible (using Definition 3.3), we have to show, for every k-pre-image v8 of b, that # is not
invertible in R/(k). However, if 0 is of a specific form, then we will show in Proposition 3.10 that it

suffices to show that # is not invertible in R/(k) for at least one k-pre-image v of b.

We first establish a relationship between the divisor parts of the k-pre-images of an element in R/ (k).

Lemma 3.9. Let R be a UFD, let k = p{"'---pitm € R, where p1,...,pm are different primes in R
and ni,...,nm > 1,and let b € R/(k). Then b is a divisor part of a k-pre-image of b if and only if
ged(b, k) = 6, i.e. the divisor parts of the k-pre-images of b are associates.

Proof Suppose 6 is a k-pre-image of b. Then b = r§ + sk for some s € R. Now, since ged(r, k) = 1, it
follows that ged(b, k) = ged(rd + sk, k) = ged(6, k) = 0.
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For the converse, note that since all the greatest common divisors of b and k are associates and every
element in R/(k) has at least one k-pre-image, by Lemma 3.6, the result will follow if we can show

that for an arbitrary unit t, t& is also a divisor part of some k-pre-image of b. Since rt—1t5 = 5 =b,
ged(rt~1, k) = 1 and t3|k, the result follows. O

Proposition 3.10. Let k = p]'py?---phm € R, with py,...,pm different primes and nq,no,...

Mm > 1,and let 0 # b € R/(k). Assume (using Lemma 3.9) that the divisor parts of the k-
pre-images of b are of the form us, where u is a unit in R. If § = ged(b,k) = pJ'ps*---pmr,
where 0 < q; < ny fori=1,2,...,m, then either 7 is invertible in R/ (k) for every k-pre-image rd of b

or no such t is invertible in R/ (k).

Proof. Since, by Lemma 3.6, there exists a pre-image 5 of b in R, with ged(r, k) = 1, all the pre-images,
and in particular all the k-pre-images, of rd are of the form

n

& +epltpyte Pt (3.1)

for some ¢ € R. Because, according to Lemma 3.9, the divisor parts of all the k-pre-images of b
are of the form ud, where u is a unit in R, it follows from (3.1) that the relative prime parts of all

the k-pre-images of b are of the form
uflr + Cuflp{llfql .. ,pglm*qm (3.2)
for some u, ¢ € R, u a unit.

Now, suppose T is invertible in R/(k) with inverse . In other words

yr=1+dpy'py?---pm
for some d € R. If we can show that the image under 0 of the relative prime part of an arbitrary k-pre-
image of b is invertible, then we are finished.
Let u—lr 4 Cu—lp{h*mp;z*qz .
Furthermore, let 1 € N such that

Mm—dm

“Pm be the relative prime part of an arbitrary k-pre-image of b.

2t > max{

ie{l,...,m}} > 0. (3.3)

ny —qi

For the sake of notation, let

s=dp---pdr+cyand t =pt Vpyr 2. phmTdm,

42



Chapter 3. k-invertibility in R/ (k) and k-matrices in M3 (R/(k)), R a UFD

Then

(u™ T—l—CLL 1p111 qlpglz qz . pnmiqm)yu(l—tS)(l—|—(ts)21)"‘(1+(ts)2171)

(14 dpiph2 -l 4 cypyt~ Ppp2 92 pim=dm) (1 — ts)(1 4 (ts)?) - (1 + (ts)2 )
- (1—|—ts)(1—ts)(1—l—(ts) N (14 (s)2 )

1— (ts)?

Let 1 < i< m. Since n; > qi, it follows from (3.3) that

n4
2l(ni_q1) > : (nl_qi) =Ny,
ny —qi
and so
t2 — ap?lpgz pglm

for some a € R. Therefore

0 ((u_lT+ cu 1];)1111 q1p£1-2*(h .. .p;"lm_Qm)yu(l _ tS) (1 T (tS)zl) L (1 + (ts)2[71)>
= 0 (1 -~ (ts)z‘)
= 1
Hence we conclude that

8 (yull —ts)(1+ (t)2) (1 + (1)) -+ (1 + (1))

is the inverse of the image under 0 of the relative prime part of the arbitrary chosen k-pre-image
of b. O

Corollary 3.11. Let 0 # b € R/(k). If ged(b, k) = 1, then b is k-invertible if and only if b is invertible
in R/(k).

Proof The pre-image b - 1 is a k-pre-image of b, with relative prime part b and divisor part 1. Now,
suppose k = p{lpy?---pmm, where pq,pa,...,pm are different primes and nq,ng,...,nm > 1L
Since 1 =p?---pY,, the result follows from Proposition 3.10. O

Remark 3.12. Note that it follows from Lemma 3.1 and Corollary 3.11 that if b is an invertible element
in R/(k), then b is k-invertible.

We are now in a position to give an example of a UFD R (which is not a PID), an element k in R and
an element b in R/(k) which is not k-invertible.
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Example 3.13. Let R be the polynomial ring in two variables F[x,y] and let k := x?. Consider the
natural epimorphism 0 : F[x,y] — Flx,yl/(x?), and let b:=1{ =0(y). Since ged(y,x?) = 1 and ) is not
invertible in F[x, y]/(x?), we conclude from Corollary 3.11 that {j is not x?-invertible.

Note that if k is a power of a prime, then every pre-image of a nonzero b € R/(k) can be written
in the form r&, where ged(r, k) = 1 and 8|k. Therefore every pre-image of a nonzero b € R/(k) is
a k-pre-image. In such a case we will sometimes refer to the divisor part and relative prime part of a
pre-image of an element b, instead of the relative prime part and divisor part of the k-pre-image of b.

The following result follows almost directly from Proposition 3.10.

Corollary 3.14. Let k = p™ € R, where p is prime, and let 0 # b € R/(k). Then either the image
under 6 of the relative prime part of every pre-image of b is invertible or none is invertible.

Proof Let b be an arbitrary pre-image of b. Since R is a UFD, it follows that b = cp™ for some m > 0
and some c € R such that p { ¢, i.e. ged(c,p™) = 1. Because b +£ 0, it follows that m < n. Hence the
result follows from Proposition 3.10. O

The following statement is an equivalent formulation of Corollary 3.14, and so we have a characte-
rization for the nonzero k-invertible elements in R/(k), if k is a power of a prime.

Let k = p™ € R, where p is prime, and let 0 £ b € R/ (k). Then b is k-invertible if and only if the image

under 0 of the relative prime part of an arbitrary pre-image of b is invertible in R/ (k).

Notice that we could also have concluded from Corollary 3.14 that {j in Example 3.13 is not x?-invertible.
Next we show that Proposition 3.10 does not hold in general if q; = n; for some 1.
Example 3.15. Let R = Z[x], and k = 2x (with 2 and x primes in Z[x]). Consider

0 # % € ZIx]/(2x).

Then 1 - x and 3 - x are 2x-pre-images of & with relative prime parts 1 and 3 respectively, and 1 is
invertible in Z[x]/(2x), but 3 is not.
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3.2 k-matrices in M5(R/(k))

e f
Definition 3.16. We call a matrix [ (fk ﬁk ] € M2(R/(k)) a k-matrix if it satisfies the following
gk Nk

conditions:

(i) At least one of the three elements &, — hy, i and gk is k-invertible with a k-pre-image v that
has divisor part §; pick such an element, and call the remaining two elements ay and by, say.

(ii) 6 is a unit in R, or at least one of the elements as and 65 is d-invertible.

o>

Lemma 3.17. If ¢ — h, f or § is invertible in R/(k) then € M2 (R/(k)) is a k-matrix.

(=}
>

Proof. Suppose Cx € {éx — fue, T, gx ) is invertible in R/(k). Then it follows from Corollary 3.11
that ¢y is k-invertible with a k-pre-image c - 1 that has divisor part 1, and so (ii) in Definition 3.16 is
satisfied. O

The following result follows directly from Corollary 3.7.

Corollary 3.18. If R is a PID, then every matrix in My(R/(k)) is a k-matrix.

We show that Corollary 3.18 does not hold for UFD’s in general.

Example 3.19. Let R = F[x,y] and let k = x2. We exhibit (a) a matrix which is an x*-matrix and (b) a
matrix which is not an x2-matrix.
(a) Let

A

B2 = [‘{XZ e ] € My (Flx, yl/(x3)).
X2 Oxz

Since 1 is the relative prime part and x is the divisor part of the pre-image 1-x of &, in Flx, y], and 1, is
invertible in Flx, y]/(x?), it follows that X, is x?-invertible. Furthermore, %, = 0y, which is x-invertible

by Remark 3.4. Therefore we conclude from Definition 3.16 that B, is an x2-matrix.
(b) Let -
B, = (XTU)XZ e ] € Ma(Flx, yl/(x*)).
Xx2 Xx2

—_—

Regarding Definition 3.16(i), we consider the elements {j,> = (x + y),2 — X,2, U,2 and X,.. We have
already seen in (a) and Example 3.13, respectively, that X, is x?-invertible and {},» is not x?-invertible.
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Therefore the only possible choice of an x2-invertible element in Definition 3.16(i) is X2, and the only
remaining element is {J,.. By Lemma 3.9 all the divisor parts of the x?-pre-images of %, are of the
form ux for some nonzero u € F. Regarding Definition 3.16(ii) we must show that {,« is ux-invertible
for some u € F for ﬁxz to be an x2-matrix. By Lemma 3.5 it suffices to show that {j, is not X-invertible.

Since {y is not invertible in Flx,y]/(x) and gcd(y,x) = 1, it follows from Corollary 3.11 that {y is

2

not x-invertible. Hence we conclude that §X2 is not an x“-matrix.

The following result will be used in the proof of Theorem 4.5 and Theorem 4.11.

Corollary 3.20. Let 16 be a k-pre-image of b € R/ (k), with relative prime part r and divisor part
b =gecd(b, k) (by Lemma 3.9). Then it follows that

(t) = 0! (ann(b)),

where t = 6 1k € R, with 5~ ! the inverse of 5 in the quotient field of R.

Proof Since, by Lemma 2.29(c), it follows that 0~ (ann(b)) = 6~ (ann(#8)) = 6! (ann($)), the result

is a special case of Lemma 2.31. O

3.3 The case when R/(k) is finite

The following results for the case when R is a UFD and R/(k) is finite are similar to the results in the
previous sections in this chapter for the case when R is a PID.

Lemma 3.21. (see Lemma 3.2) Let R/(k) be finite. An element b € R/(k) is invertible if and only
if ged(b, k) = 1.

Proof. Suppose ged(b, k) = 1. Since R/ (k) is finite, b™ = b™ for some m,n € N, m # n. Without loss
of generality, suppose m < n. Then, since b is not a zero divisor by Lemma 3.1 we have that b™~™ = 1.

Hence b is invertible in R/(k).

The proof of the converse is the same as the proof of the converse of Lemma 3.2. O

The following result follows directly from Definition 3.3, Lemma 3.6 and Lemma 3.21.
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Corollary 3.22. (see Corollary 3.7) If R/(k) is finite, then every element in R/ (k) is k-invertible.

The next result follows directly from Definition 3.16 and Corollary 3.22.

Corollary 3.23. (see Corollary 3.18) If R/(k) is finite, then every matrix in My(R/(k)) is a k-matrix.

The following result is well-known.

Theorem 3.24. ([13], p.132, Corollary 2.27) If A1,..., A, are ideals in a ring S (not necessarily
commutative or with a unit), then there is a monomorphism of rings

d):s/(Alm"'ﬂAm)HS/Al@"'EBS/Am

defined by
bs+(A1N---NAR)) =(s+A1,...,s+An).

IfS2+ A; =S foralliand A; + A; =S for all i # j, then ¢ is an isomorphism of rings.

The fact that ¢ and @ in Corollary 3.25 are isomorphisms if R is a PID or if R/(k) is finite is an
important property of these cases. This property will be used in Chapter 5.

Corollary 3.25. Let R be a PID or let R/(k) be finite, and let k = pJ"'p5?- - - plym, with p1,p2, ..., pm
different primes and ny, ..., Ny, > 1. Then

) ¢ :R/(k) = R/(p1") @ R/(py?*) & - & R/(pTm)
defined by
BIF) = (B,m (1), 8, (1), -+ ,8,n (1))

is an isomorphism.

(i) @ : M2(R/(k)) — Ma(R/(p1")) & M2(R/(p5?)) @ - - - & Ma(R/(pThm))
defined by

O([by;]) = (O,m ([by3]); ..., Opnm ([by;]))

is an isomorphism.

Proof. (i) Since R satisfies the Bézout identity if R is a PID it follows that (p;'*)+ (p?j> = Rforeveryi #j,
1 < 1,j < m. Therefore the result follows directly from Theorem 3.24 for this case.
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Suppose R/ (k) is finite. Now, let 1 #j, 1 <1,j < m and let
T R/(p1) @ &R/ (pm) — R/(p1H)
be the canonical projection. Since (b (by)) = f)p?i for every Bp?i € R/(pi") it follows that
¢ R/ (k) — R/(pi)

is an epimorphism (i.e. ¢(R/(k)) is a subdirect sum of the rings R/(p7"),...,R/(phm) (see [17], p. 52,
Definition 3.5)). Hence R/(p;") is also finite. Since gcd(p?i,p?j) = 1 it follows from Lemma 3.21
that fo?j is invertible in R/(p"). Therefore there is an & € R/(p"*) such that dﬁ?j =1, or in other
words, that ap?" =1+ cp;" for some ¢ € R. Hence (pi"*) + (p?j> = R. The result therefore follows

from Theorem 3.24.

(ii) The fact that ® is onto, 1-1 and well-defined follows directly from (i). We now show that @ is a
homomorphism. Let ,X, Be My (R/(k}). Then, since @pT‘i is a homomorphism for all i, it follows that

~

®A)- ®(B) = (Om(A),...,0,mm(A)) (€, (B),..., 0 (B))

P1 P1
= (®p?1(AB),...,®p2m(AB))
— ®(AB)
It can be similarly shown that addition is preserved. O

Remark 3.26. A natural example to include in this section, if such an example exists, would be one of
a UFD R, which is not a PID, and a nonzero nonunit k € R, as we assume throughout this dissertation,
such that R/(k) is finite. Unfortunately we could not find such an example. Neither have we been able
to prove that if R is UFD and k € R is a nonzero nonunit such that R/(k) is finite, then R is a PID.

We could, though, find proofs for the following weaker results.

Proposition 3.27. Let F be a field. If R is a UFD that is a finitely generated F-algebra and k € Ris a
nonzero nonunit such that R/(k) is finite, then R is a PID.

Proposition 3.28. If R is a UFD and R/(k) is finite for all nonzero nonunit k € R, then R is a PID.

To prove Proposition 3.27 and Proposition 3.28 we need the following preliminary definitions and
results.
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Definition 3.29. ([13], p. 372, Definition 1.2) A commutative ring R is Noetherian if R satisfies the
ascending chain condition on ideals, i.e. for every chain A; C Ay, C A3 C --- of ideals, there exists
ann € N such that A; = A, forall 1 > n.

Remark 3.30. Note that a commutative ring R is Noetherian if and only if every ideal in R is finitely
generated.

Definition 3.31. ([10], p. 6, Definition) In a ring R, the height of a prime ideal P, denoted by height P,
is the supremum of all the integers n such that there exists a chain Pg g P1 ; e g P, = P of distinct
prime ideals. We define the Krull dimension, denoted by dim R, of R to be the supremum of the heights
of all prime ideals.

Lemma 3.32 follows almost directly from Theorem 2 on page 4 in [7]. For the sake of completeness
we prove the result from first principles.

Lemma 3.32. The minimal nonzero prime ideals in a UFD R are the ideals generated by the prime
elements in R.

Proof. Suppose R is a UFD and P is a nonzero prime ideal in R. Since P # R, P does not contain any
units. Therefore, let a = p{” ---pnm, where py,...,pm are primesin R, n; > 1 foralliand m > 1,
be an arbitrary nonzero element in . Then by the definition of prime ideals it follows that p; € P for
some i, 1 <1< m. Thus (p;) C P.

Conversely, suppose P is a nonzero prime ideal contained in an ideal generated by a prime element p, (p).
Since P does not contain any units, let b = q3* - -- qf‘, where q1,...,q are primes in R, s; > 1 for
alliand | > 1, be an arbitrary element in P. Then, again by the definition of prime ideals, q; € P
for some j, 1 <j < 1. Since p is a divisor of every element in (p), it follows, given that q; € P C (p),
that p|qj. Since qj is a prime we therefore have that p = uqj, for some unit u. Hence (p) = (q;) C P
and therefore (p) = P. Thus the result follows. O

To prove Lemma 3.34 we need the following result which is straightforward to prove.

Lemma 3.33. ([7], p.4) A UFD satisfies the ascending chain condition on principal ideals, i.e. for every
chain A; C Ay € Az C --- of principal ideals, there exists an integer n such that A; = A, for alli > n.

Lemma 3.34. A UFD with Krull dimension 1 is a PID.

Proof. Suppose R is a UFD with Krull dimension 1. In other words, using Lemma 3.32, the ideals

generated by the prime elements in R are the maximal- and the minimal nonzero prime ideals. Since a
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maximal ideal in a ring with unity is a prime ideal, it follows that the maximal ideals in R are the ideals
generated by the prime elements in R. Now, suppose a and b are nonunits in R such that ged(a,b) =1,
then there does not exist a prime element p € R such that (a,b) C (p) (otherwise a = sp and b = tp,
for some s, t € R implying that p|a and p|b so that gcd(a, b) # 1). Hence (a,b) = R, which implies
that there exist c, d € R such that ca + db = 1. Therefore R is a Bézout domain (R satisfy the Bézout
identity). Hence every finitely generated ideal is a principal ideal.

Now, suppose R is not a PID. It follows from above that R is therefore not a Noetherian ring either
(Remark 3.30). Hence there exists an infinite ascending chain of finitely generated ideals in R. Since
every finitely generated ideal in R is principal, there exists an infinite chain of principal ideals in R.
But since R is a UFD it satisfies the ascending chain condition on principal ideals by Lemma 3.33 and
therefore we have a contradiction. Hence we conclude that R is a PID. O

The following known result is important for the proof of Proposition 3.27.

Theorem 3.35. ([10], p. 6, Theorem 1.8A; [16], p. 92, Chapter 5, Section 14, Corollary 3) Let F be
a field, and let R be an integral domain which is a finitely generated F-algebra. Then for any prime

ideal ? in R, we have
height ? + dimR/P = dimR

The following three results are known and can be easily proved.

Lemma 3.36. ([17], p. 66, Exercise 4.9, no. 11(iii)) Let R be a commutative ring and let k € R. Then
there is a 1-1 correspondence between the prime ideals in R that contains k and the prime ideals

in R/(k).

Lemma 3.37. ([17], p. 66, Exercise 4.9, no. 6) Let R be a commutative ring with unity and let P be a
prime ideal in R. Then R/ is an integral domain.

Lemma 3.38. ([1], p. 94, Theorem 3.3.4) A finite integral domain is a field.

We are finally able to prove Proposition 3.27 and Proposition 3.28.

Proof of Proposition 3.27. Suppose p is a prime in the prime factorization of k. Then (k) C (p). There-
fore R/(p) is also finite. Since (p) is a prime ideal it follows from Lemma 3.37 and Lemma 3.38
that R/(p) is a field. Since (0) is the only prime ideal in a field we have that dim R/(p) = 0. Furthermore,
it follows from Lemma 3.32 that height (p) = 1. Hence by Theorem 3.35 dimR = 1. We therefore
conclude from Lemma 3.34 that R is a PID. O
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Remark 3.39. It can similarly be shown that if R is a UFD with
height ? + dim R/P = dimR

for all prime ideals P in R of height 1, we have that R/(k) finite, for some nonzero nonunit k € R,
implies that R is a PID.

Proof of Proposition 3.28. 1If we can show that there is no prime ideal in R that strictly contains an
ideal generated by a prime element, then R has Krull dimension 1 by Lemma 3.32 and therefore, by

Lemma 3.34, we are finished.

Let p be an arbitrary prime in R. Since there is a 1-1 correspondence between the prime ideals that
contain (p), according to Lemma 3.36, and the prime ideals in R/(p), we only have to show that R/(p)
does not contain any nonzero prime ideal. Since R/(p) is finite, according to assumption, and (p) is
prime in R, it follows from Lemma 3.37 and Lemma 3.38 that R/(p) is a field. Therefore R/(p) does
not contain any nonzero prime ideal. O

Remark 3.40. Using Proposition 3.28, Lemma 3.37 and Lemma 3.38, it follows that finding a UFD R,
which is not a PID, that contains a nonzero nonunit k € R such that R/ (k) is finite (if such a UFD exists),
is the same as finding a UFD R, with primes p and q such that R/(p) is a finite field and R/(q) is an
integral domain that is not a field.

Example 3.41. Since F[x,y, z] is a UFD, which is a finitely generated F-algebra and not a PID, it fol-

lows from Proposition 3.27 that there is no nonzero nonunit k € F[x, y, z| such that F[x, y, z]/(k) is finite.

Since Z,, is finite for every n € Z, it follows from Proposition 3.28 that Z is a PID (as is already
known).

Given that the Gaussian integers Zl[i] is a UFD, we can prove that Z[i] is a PID as follows. Let a + bi be
an arbitrary nonzero nonunit element of Z[i]. Then a2 + b? = (a + bi)(a — bi) € (a + bi). Since a + bi
is a nonzero nonunit we have that a? + b? > 1. Hence it follows that Z[il/(a? 4+ b%) = Z 42 2[i] ([8],
p. 604, Theorem 1) is finite. Because (a2 + b2?) C (a + bi) we have that Z[i]/{a + bi) is also finite.
Since we have chosen a + bi arbitrary, it follows that Z[i]/(k) is finite for all nonzero nonunit k € Z[i].
Therefore we conclude from Proposition 3.28 that Z[i] is a PID (as is already known).
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CHAPTER

The centralizer of a k-matrix in
Mz(R/<k>), R a UFD

We are what we repeatedly do. Excellence, then, is not an act but a habit.

— ARISTOTLE

HE purpose of this section is to obtain a concrete description of the centralizer of a k-matrix
T in M3(R/(k)), R a UFD and k a nonzero nonunit in R, by showing that the converse containments 2
hold in Proposition 2.33 and Corollary 2.39. This will be done in Section 4.1. Recalling Lemma 2.34
and Remark 2.35 this means that the centralizer of a k-matrix is the sum of two subrings. In Section 4.2
necessary and sufficient conditions will be given for when each of these subrings is contained in the
other and for when these two subrings are equal.

In Section 4.1 we provide an example of a UFD, which is not a PID, and a non-k-matrix in My (R/(k))
(Example 4.9), as well as a universal example of a matrix in M, (R), where n > 3, for which the
mentioned converse containment does not hold (Example 4.10). Note that we still assume that
0x : R — R/(k) and Oy : M3(R) — M3(R/(k)) are the natural and induced epimorphism respectively.
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4.1 A concrete description of the centralizer of a k-matrix

.f
Lemma 4.1. Let R be a UFD, k € R and let B = [ ¢ h] € My (R).
g

(a) If f is k-invertible (in R/(k)), then

Cen(B) C

(b) Ifé —his k-invertible, then

Cen(ﬁ) C

(c) If g is k-invertible, then

Cen(B) C

Proof. Let

O(Cen(B)) + 0 ann(g) Nann(é — h) ]

A

ann(f) ann(f)

A

O(Cen(B)) + ann(f) o

A A

O(Cen(B)) + 0 ann(é —h) ]

A A

ann(é —h) ann(f)Nann(g)

©(Cen(B)) + ! ann(é — h) 0

O(Cen(B)) +

0 ann(g)
ann(f) Nann(é —h) ann(§)

(=}

O(Cen(B)) +

A

ann(f) Nann(é — h) 0

—
o> O
o> o

] € Cen(ﬁ).

ann(f) ann(g) Nann(é — h) ]

ann(f) Nann(§) ann(é—h) ]

ann(g) ann(g) ]

4.1)

(4.2)

(4.3)

4.4)

(a) Since f is k-invertible, there is a k-pre-image 16 of f, with # invertible in R/ (k) and d|k. Notice
that 5 # 0, since k # 0. Let t be the inverse of # in R/(k). Then

tf = i85 = o.

(4.5)
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te b 0 0
€© (Cen <[ tg th ])) i [ ann(f) ann(?) ] ' (4.6)

Now we will first show that

|

By Lemma 2.29(a) and (4.5),

o>
o>

o>
o

te b ] e f
Cen([M A )zCen<[A A]>, 4.7)
tg th | g h
and so by (4.4), )
te o a b a b te o
— € Ma((k)). 4.8
[m th [cd] _cd][m m] 2((k)) (4.8)

Considering the entries in position (1,1) and (1,2), we get éc — btg, bt(e — h) + d(d — a) € (k),
implying that c = 6 'btg+ 6 vand d = a — 6 'bt(e — h) + 6 'w for some v,w € (k), with 5~ ! the
inverse of & in the quotient field of R. Since 5|k, we have that 5|v and &jw. Therefore 6 'btg, 6~ lv,
a—5 1bt(e—h), 5w € R, and so

) .

b a b
~ | =0
d 5~ btg a—5"'bt(e—h)

Since 5 1v, 51w € RN & 1 ker0, it follows from Lemma 2.31, (4.5) and Lemma 2.29(c) that

o>

0 0 (4.9)
0(6~1v) 06 tw) |’ '

o>

5§ v, 5w e 0 Y(ann(8)) = 6~ (ann(if)) = 06 (ann(f)). (4.10)

We conclude from Corollary 2.9(iv), Lemma 2.11, (4.9) and (4.10) that

te O 0 0
[ d ] €0 (Cen ([ tg th ])) * [ ann(f) ann(f) ] 4.11)

which establishes (4.6).

o>
o>

(@}

We now distinguish between the following cases:

(D g#0;
(ii)) g=0,e—h #£0;

(i) g=0,e —h =0.

54



Chapter 4. The centralizer of a k-matrix in Mz(R/(k)), R a UFD

te &

(i) Let A € Cen
tg th

] ) . Since g # 0, we have tg # 0, and so considering

te tg | | te b
§ th| | tg th

it follows from Corollary 2.9(iv), Lemma 2.11 and Corollary 2.17 that

x (tg) 1oy

A=
y oa—(tg) 'yvte—h)

] € M3(R) (4.12)

for some «,y € R, with (tg)~! the inverse of tg in the quotient field of R. By (4.5), tf = & 4+ mk for
some m € R and so (tg) 16y = (tg) 1 (6 + mk)y — (tg) " 'mky = g~ 'fy — (tg) " 'mky, from which we
conclude that

A = . (4.13)

o g fy N 0 —(tg) ‘mky
vy a—g e—h)y 0 0

By (4.12) we have that (tg) 15y € R, and so (tg)~'mky € R, since 5/k. Hence

o g fy

S MZ(R))
Yy «—g le—h)y

which, again by Corollary 2.9(iv), Lemma 2.11 and Corollary 2.17, implies that

* g:llﬁ/ € Cen e f = Cen(B).
Y «—g ‘(e—h)y g h

Next we deduce from Lemma 2.29(c) and Lemma 2.31 that
—(tg) *mky € RN (tg) 'ker® = 0 '(ann(t§)) = 6 ' (ann(§)).

and so, by (4.13),
O(A) € ©(Cen(B)) +

(9) ] . (4.14)

Thus combining (4.11) and (4.14), we have

o 2)ee(en((5

o>

b

0 ann(g)
>> + [ ann(?) ann(fA) ] ' 4.15)

(@H
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(ii) Using Corollary 2.10(i) instead of Corollary 2.9(iv), similar arguments show that in this case,

[ €®<Cen<[e f]>>+[ 0 ~amn(e-h) | (4.16)
g h ann(f) ann(f)

o>
Q> o9

(@H

te 6
(iii) If e—h,g=0and A € Cen < [ te h ), then by Corollary 2.10(iii) and Lemma 2.11,
g
A=l B ] , (4.17)
0 «o

)

f
for some «, p € R. Hence, again by Corollary 2.10(iii), Lemma 2.11 and (4.17), A € Cen ([ ¢
and so it follows from (4.11) that

g h
+ R A |-
g h ann(f) ann(f)

Consequently (4.15) holds again (as well as (4.16)).

o>
o> o9

o>

We are finally in a position to prove that

[a b e@(Cen([e f >>+[ o ann(@manfl(é_h)]. (4.18)
¢ d g h ann(f) ann(f)

To this end, first note by (4.15) and (4.16)

N 6 . 6 N
[‘f A]:x+ - q] (4.19)
¢ d U z

for some X € ©(Cen(B)), U, 2 € ann(f) and § € ann(§) (respectively q € ann(é — h)). By (2.34) in the
proof of Proposition 2.33 X e Cen(ﬁ) and so it follows from (4.4) and (4.19) that

[@

o>
Hab

N>

] € Cen(ﬁ).
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sl

Since |}, 2 € ann(f), consideration of positions (1, 1) and (1, 2) in (4.20) shows that qg, q(é — h) =0,

(
and so § € ann(§) Nann(é — h). Thus, we conclude that

Thus

e f ] [0 q ] — Ma((K)). (4.20)
g h y z

[a E’] c oCen®)+| °, ann(@man?(é_h)],
¢ d ann(f) ann(f)

which establishes (4.18), and so we have proved (4.1).

(b) If one uses Corollary 2.10 instead of Corollary 2.9 and distinguishes between the following cases,
then arguments analogous to those in the proof of (a) lead to (4.2):

@) g#0;
(i) f#0;

(iii) g=0and f =0.

(c) Suppose ¢ is k-invertible. By Corollary 2.17, Lemma 2.32 and (4.1),

N
/N
©)
VR
@)
I0)
)
VR
@ o 1 T 5
- ©
- @«

i.e. (4.3) holds. O

e

Corollary 4.2. Let Rbe a UFD, k € R and let B = [
9

:L ] € M3(R). If at least one of the three
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elements é —h, f and g is equal to 0 and at least one of the remaining two elements is k-invertible, then

S 0 ann(ﬁ)ﬂann(é—ﬁ) |
Cen(B) = ©(Cen(B))+ ann(f) Nann(é — h) ann(f) Nann(§) (4.21)

)
_ o(Cen(s)) + | )ﬂam}(@)A ann(§) Nann(é — h)
| ann(f) Nann(é —h) 0 ]
_ ©(Cen(B)) 4+ | 2nn(f)nann(g) ann(g)nann(é—Hh)
ann(f) Nann(é —h) ann(f) Nann(g)

Proof. By Corollary 2.39 we only have to prove the containment C in (4.21). We consider the following
possibilities:

¢ — h is k-invertible;

I
(@}

@ f
Gi) f

a

nd
0 and § is k-invertible;
(iii) é —h =0 and f is k-invertible;
(iv) é—h=0and g is k-invertible;
V) §g= 0 and f is k-invertible;

(vi) § = 0 and é — h is k-invertible.

a b ~ . \
(i) Let [ CAL 4 ] € Cen(B). Since f = 0 we have ann(f) = R/(k). Hence Lemma 4.1(b) implies that
¢
a b s |0 %
oA =X+, (4.22)
¢ d Uy z

for some X € O(Cen(B)), % € ann(é — h), { € ann(f) Nann(é — h) and z € ann(f) Nann(§). If we can
show that X € ann(§), then we will have the containment DO in (4.21). By (2.34) in the proof of

A

~ ~ 0 % ~
Proposition 2.33, X € Cen(B), and so we conclude from (4.22) that [ . )f € Cen(B). Hence,
U z
0 x||e 0 e 0|0 %
A oAl =1 A R (4.23)
y z g h g h ||V Z

Equating the entries in position (1, 1) we have x§ = 0, whence % € ann(§) follows.
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((ii)—(vi)) These five possibilities are treated similarly by using Lemma 4.1(a), Lemma 4.1(c), Corol-
lary 2.17 and Lemma 2.32. O

We will also use the following result in the proof of Theorem 4.5.

Lemma 4.3. Let R be a UFD and let b, k, §,v € R. If k =6, then

A

v(8; " (anng (5 (bs)) C 6, " (anng (i (bi))-

Proof. Since k # 0, we have that v # 0. If b = 0 it follows that by = 0y and b5 = 05. Thus

A

v05 ! (anng (5 (bs)) = VR C R = 0, (anng /(i (bx)).

If b #0ands € egl(annR/<k>(65)), then by Lemma 2.31, s = b1t for some t € R, and so
vs € b~1(k). Again, by Lemma 2.31, vs € Ggl(annRMk)(f)k)). O

The next example illustrates Lemma 4.3.
Example 4.4. Let b =6 — 4x + 2x%, k = 2x, = x and v = 2 in R = Z[x]. Then
26;1 (annZ[x]/<X> (GX (6 —4x + 2X2))) = 2<X> = <2X>

S (x) =057 ((Rax))

= 0] (annZ/QX) (B2x (6 —4x + 2x2))) .

We are now able to prove our main result.

Theorem 4.5. Let R be a UFD, k € R and let B — [ ¢
g

the natural epimorphism and ©(B) = B is a k-matrix, then

:1 ] € Ma(R). If @ : Ma(R) — Ma(R/(K)) is

Cen(B) = ©(Cen(B))+ ¢~ am{g)nann(é—Hh) (4.24)
I ann(f) Nann(é —h) ann(f) Nann(§) |

_ ©(Cen(B)) + anri(f) N anrAl(Q)A ann(g) N eAlnn(é —h) (4.25)
I ann(f) Nann(é —h) 0 |

_ ©(Cen(B)) + [ anI}(f) N am}(@)A ann(Q)Aﬂ ann(eé T ﬁ) | (4.26)
I ann(f) Nann(ée —h) ann(f) Nann(g) |
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o> O
~ w
o> o
& &
—_
m

Proof. By Corollary 2.39 we only have to prove the containment C in (4.24). Let [

~

Cenp,(r/ (k) (Bk). Since By is a k-matrix, we distinguish between the following cases:

(i) fy is k-invertible and (5 is a unit or &5 — hs is 5-invertible or Js is 6-invertible);
(i) & — hy is k-invertible and (§ is a unit or ng, is 6-invertible or §s is d-invertible);

(iii) gy is k-invertible and (6 is a unit or 195 is 6-invertible or &5 — ]:\15 is d-invertible).

(i) Suppose f\ is k-invertible and (§ is a unit or &5 — hy is 5-invertible or Js is d-invertible). If § is a unit,
then fy is invertible which implies that Ox = ann(fy) = ann(fy) N ann(§y) and that Ox = ann(fy) =
ann(fx) Nann(é, — hy). Hence the result follows from Lemma 4.1(a). Thus suppose that & is not a

ék Qk n ék 6k

0x O Ok 2k |

where )A(k € Ox(Cen(B)), Xk € anng /1y (§r) Nanng /¢ (Ex — hy) and Ui, 21 € annR/<k)(1€k). We will
show that

unit. By Lemma 4.1(a)

d, by ~

O 0
[ kUK @y(Cen(B)) + (4.27)
Yk Zk
Ok anng (i (§i) N anng i (8 — )
anng /() (i) Nanng /i) (éx — hi) anng /() (fx) Nanng /(1) (§x)

Then the containment C in (4.24) will have been established.
By (2.34) and (2.35) in the proof of Proposition 2.33

. O %k .
Xio | o A € Cenp, (ry/(k)) (Bk)-
Oy Ok

Therefore

0 Oy o

[ . . ] Ecean(R/<k>)(Bk). (4.28)
Yk 2k

By Lemma 3.6, there is a k-pre-image 5 of f, with relative prime part r and divisor part 6. By

Corollary 3.20

n

(t) = 6, ' (anng 1y (fi)),
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where t =5 1k € R. Since y,z € Ggl(annR/M (f)), it follows that

y=mt and z=nt (4.29)
for some m,n € R. It follows from (4.28) that
Ok O & f | | & fx O O
U 2k g gy Uk 2k
and so
0 O e f e f 0 O
— € Ma((k)). (4.30)
mt nt g h g h mt nt
Considering positions (1,1), (1,2), (2,1) and (2, 2) in (4.30), we obtain
fmt, fnt, emt + gnt — hmt € (k),
which implies that
fm, fn,em + gn —hm € (5).
This in turn implies that
0 O e f e f 0 O
- € M2 ((5))
m n g h g h m n
or equivalently,
05 05 & fs | | & fs 05 Os
My s ds hs ds hs the fs |
i.e.
0o 0 | ep (Bs) (4.31)
ths g M3 (R/(8))\ P& :

Since fy, = (1‘/\5)]( it follows that f = rd + wk for some w € R. Since 3|k, it follows that & # 0, and
so f = 16+wd 1kd € (8). Thus fs = 05. Since é5—hg or Js is 6-invertible, it follows from Corollary 4.2
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and (4.31) that

05 0
[f’ | € @s(Cenpyy () (B)) +
mg Mg
05 anng (5 (§s) N anng /(s (&5 — hs)
anng 5y (fs) Nanng /sy (€5 — hs) anng /sy (fs) Nanng /(5 (Js)
Hence . .
0 0 B05(0) ©
05 05 | _gy(a) = 5(0) 05(x)
ms s 05(B) 65(v)

for some
o € 05 ! (anng /(5 (ds) Nanng (s (&5 — Ns)), (4.32)

A€ Cean(R)(B):
y € 05 ' (anng 5y (f5) Nanng (5 (85)). (4.33)

B e egl(annR/<5>(195)ﬁannR/<5>(é5—}Alé)) and
Thus
[ O 9l a- “] € M2((8)), (4.349)
m n Y

ie.

[ n(zt :t ] —tA— [ t% 2] € Mz((k)). (4.35)

Since k = &t, it follows from Lemma 4.3 that
toc € 05 (anng /(1) (8x)) N Oy (anng iy (6 — ) = 6, (anng /() (G) N anng /xy (& — fy)).

Using (4.33), one obtains similar results for tB and ty. By (4.32), tA € Cenp,(r)(B), and so we

conclude from (4.29) and (4.35) that

O 0 0 Oy (t
R = O tA) — ko Olted o (en(B)) +
Uk Zx Ok (tp) Ox(ty

Ok anng /() (§x) N anng (i (éx — i)
anng /() (i) Nanng /) (€x — hi) anng /() (fi.) Nanng /(1) (G

(ii) Invoking Lemma 4.1(b) instead of Lemma 4.1(a), the result follows as in case (i).

(iii) Suppose gy is k-invertible and (4 is a unit or fs is 8-invertible or é5 — hg is 5-invertible). Now,
the result follows, similar to the proof of Lemma 4.1(c), from Corollary 2.17, (i) and Lemma 2.32, or
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similar to (i), using Lemma 4.1(c) instead of Lemma 4.1(a). O

The following result can simplify calculations regarding Theorem 4.5 and will be used in the proof
of Theorem 4.11.

Lemma 4.6. Let R be a UFD and let k,x,y € R, then
ann(d) = ann(%) N ann({)

in R/(k), with ged(x,y) = d.

Proof. By definition there are u,v € R such that ud = x and vd = y from which it follows that
dr = % and dpdy = Jx. Now, assume I, € annR/<k>(ak) so that 1,dx = O which implies
that tk)A(k = tkﬁk(’\ik = fk&kﬁk = f)k&k = ék and that ikljk = fkfzk&k = tk ak\l\Jk = (A)k\/\)k = ék. Thus

"

anng /(i (di) C anng /. (Xk) Nanng /i) (G ).

Conversely, assume I € anng /iy (%) N anng /¢y (Ox). Then leke = Oy and ikgk — 0y and so
0, (liky) = ker 0y and 0, (1x{x) = ker0y. Because Ix € 0, !(ix&y) and ly € 0, (Ix{y) it follows
that Ix € ker 0y and that ly € ker0y. Since d = gcd(x,y), it follows from the Bézout identity that
there are u’,v’ € R such that u’x + v’y = d which implies that u’lx + v/ly = ld. Since 1x € ker 0, and
ly € ker 0y and ker 0y is an ideal in R, we have that ld = u/Ix+v'ly € ker 0y. Thus 8 (ld) = 1, dx = Ox.
Therefore {, € anng /(k) (dx) and we conclude that

"

anng /(x) (dix) = anng /) (%) Nanng /) (Gi).-

O]

y X

Example 4.7. Consider B = [ 0 ] € My(Flx,u]) and the x2-matrix B € My(Flx,uyl/(x?)) in
X

Example 3.19(a). We use Theorem 4.5, (4.25), to obtain Cen(@). According to Corollary 2.12(ii)

Cen(B) = u xha
B xhz hi; —yhe

hi,hy € F[X, y]} . (4.36)

Furthermore, ann(x) = (x) and ann(x) Nann(y) = 0, and so it follows from (4.36) and Theorem 4.5,
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h xh.
Cen( ! 2 ]

) = ©
xhy hp —yhe

B { ﬁ1 + ]fL37IZ )A(F\Lz ]

Remark 4.8. Note that in the above example

hi,hy € F[x,y]}) +

o O
1

{hy hy — Ohy

]:\Ll:]:\LZ) ]:\LB S F[XJ U]/<X2>} .

O(Cen(B)) ¢ [ anI}(fA) ﬂann(@)A ann(@)pann(é_ﬁ) ]

ann(f) Nann(é —h) ann(f) Nann(g)

and that

[ ann(f) Nann(g)  ann(g) Nann(é—h) Z ©(Cen(B)).

ann(f) Nann(é —h) ann(f) Nann(g)

According to Corollary 3.18, Theorem 4.5 applies to all 2 x 2 matrices over factor rings R/(k),
where R is a PID. In other words, we have equality in Proposition 2.33 for all 2 x 2 matrices over factor
rings of PID’s. This is not the case for all 2 x 2 matrices over factor rings R/(k), where R is a UFD, as
the following example shows.

X+y y

X X
in Example 3.19(b). By Corollary 2.12(ii)

Cen(B) = u yha
xhy h; —yhy

The second term in the righthand side of (4.25) is

Example 4.9. Consider B = € My (F[x,y]) and the non-x?-matrix Be My (Flx, yl/(x?))

hi,hy € F[x,y]} . (4.37)

ann(y) Nann(X) ann(X)Nann(y) | 0 0
ann({) Nann(g) 0 10 0’

because ann({j) = 0. Therefore the righthand side of (4.25) is equal to

{

o . ha, Ry € Flx,yl/(x3) b,
%hy Ry —Ohs 1, N2 y/( >

hy Uh ]
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which does not contain the matrix [ 56| However, direct verification shows that
X X ~
~ | €Cen(B).
00

In the following example we will see that for every n > 3 and for any UFD R and k € R such
that R/(k) is a ring with zero divisors, there is a matrix B € M, (R) for which we do not have equality
in Proposition 2.33.

Example 4.10. Let R be a UFD and let k € R such that R/(k) has zero divisors. Thus suppose

0 d 1
that d,d’ € R/(k), d,d’ # 0 and dd’ = 0. NowletB = | 0 0 1 | € M3(R). Note that d # 0
0 0 O

since d # 0. Because the characteristic polynomial of B is equal to the minimum polynomial of B it
follows from Theorem 1.3 and Lemma 2.11 that Cenpy,(g)(B) =

0 0 d 0 d 1 00 a, b, c are elements
alO0O O O|+b] 0 O +c|{ 0 1 O of the quotient N M3(R),
0 0O 0 O 0 0 1 field of R.

and so every matrix in ©(Cen(B)) has 0 in position (2, 1). Furthermore, using the notation in Proposi-
tion 2.33 we have

(@}
(@}

R/(k)
()
0

(@}
O

[Ay;] =

(@}
(@}

Hence every matrix in ©(Cen(B)) + [Aj;] has 0 in position (2, 1). However, direct multiplication shows
that

a 0 0
a0 0 GCen(ﬁ),
0 0 &

and so equality in Proposition 2.33 does not hold in this case. Now, again let R be a UFD and let k € R
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such that R/ (k) has zero divisors. Let us consider the matrix

0 d 1
p=| 20 119 emam)
0 0 O
O |0
Then
0 0 R/(k)
Cen(B') C !Cen(B) ‘ R/tk) ] and  [Ayl C 09 <q/> R/{k)
R/(K) | R/(K) 60 0
R/(k) | R/(K)
Since o
a o6 0
A= ({, (A) 9 O eCen(/B\’),
6 0 &
O |O

but clearly A ¢ ©(Cen(B’)) + [Ai;], equality in Proposition 2.33, for these cases, does not hold.

It is interesting to note that it follows from Lemma 2.37 that

a0 0 0 0 0 006 0
6 600 |0 &0 01|0 606 6 |0 _
AAAO, AAAO,AAA O§ZCen(B’).
0O 0 O 0O 0 O 0 0 d

O |0 O |0 O |0
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4.2 Containment considerations regarding Section 4.1

Considering Remark 4.8, the following questions arise regarding the concrete description in Theo-
rem 4.5:

(1) whenis
Cen(B) = ©(Cen(B))?

(2) whenis

A A

Cen(B) = ann(f) nann(§)  ann(§) Nann(é—h) )
B ann(f) Nann(é — h) ann(fA) Nann(§) '

(3) and when is
ann(f) Nann(§) ann(g) Nann(é — h)

O(Cen(B)) = . \ A ?
[ ann(f) Nann(é —h) ann(f) Nann(g) ]

Theorem 4.11. Let Rbe a UFD, k = p;''p,? - - - pim, where py, ..., pm are different primes and n; > 1
for all 1, and let

B:[Z ;IEMZ(R)

be such that B is a k-matrix. Then

(a)
CenMZ(R/<k))(§) = O (Cenpy,(r)(B)) (4.38)

if and only if B is a scalar matrix or satisfies the following conditions for every i,i =1,2,..., m:
(i) pi is not a divisor of at least one of the elements e — h, f and g; pick such an element a, and
call the remaining two elements b and c, say.
(i) ged(b,c, k) =1 0r Ggeq(v,c k) is invertible in R/(ged(b, ¢, k));
(b)

Cen(B) = ann(f)Nann(§)  ann(§) Nann(é—h) (4.39)
| ann(f) Nnann(é —h) ann(f) Nann(§) '

(@}

if and only if f = 0 and

>

J
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(@

©(Cen(B)) =

[ ann(f) Nann(§)  ann(§) Nann(é—h) ] (4.40)

ann(f) Nann(é — ‘FL) ann(f) Nann(g)

ifandonlyif?:f) — 0 and (& — h is invertible or é — h = 0).

Proof. (a) Since (4.38) follows trivially if B is a scalar matrix, we assume that B is a nonscalar matrix.
Suppose that conditions (i) and (ii) are satisfied for every i, 1 =1, ..., m. We now show that

Oy annpy, (r/(k)) (Ox(ged(g, e —h))) Oy O (4.41)
Ok Ox " | annp,(ry(ky) (Ox(ged(f,e —h))) O |’
Oy O
R C O (Cenpg, (r)(B)). (4.42)
Ok annyy, (g, (k) (Ox(ged(f, 9))) (%)

Since then, because Oy (Cenp, () (B)) is a ring (Remark 2.35), (4.38) follows from Theorem 4.5 and
Lemma 4.6.

If annpg, (r/(k)) (Ok(ged(g, e —h))) = 0y then it follows trivially that

C Ox(Cenpy,(r)(B)).

Ok anna,(r/(k)) (Ok(ged(g, e —h)))
Ok Ok

Thus suppose that annpy, (g /(k))(0x(ged(g, e — h))) # Ox. Then 1 # gced(g,e — h,k) := 6 and, by
Corollary 3.20,

ann, (r/ (k) (Ox(ged(e —h, g))) = ((kd~1)y). (4.43)
To accomplish our objective, we show that for each dy € annpg, (r/(k)) (Ox(ged(g, e — h))) there is

a dk € annp, (r/ (k) (Ok(ged(g, e — h))) such that fkdk = dy, since then

0 fd’ O di
@k = A A s
gd’ (e — h)d, Ok Ok

so that we therefore can conclude from Corollary 2.12(ii) that

0x ann Ox(ged(g,e—h
[ K annp,(ry(k)) (Ox(ged(g )) € Oy (Cenpy, (r)(B)).

Ok O

Thus, let di be an arbitrary element in annpg, (r/(k)) (Ox(ged(g, e — h))), i.e. suppose, using (4.43),
that dy := sk(ké 1)y for some §y € R/(k). Since by assumpsion 6 := gecd(e — h, g, k) # 1, it follows
from condition (i) that gcd(f,8) = 1 and from condition (ii) that fs is invertible in R/(8). Thus
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there is a t5 € R/(3) such that f5fs = 15 which implies that tf = 1 + v for some v € R. Hence
ftd = (1 4+ v3)(skd ™t +wk) = skd~ ! + (w + vs + vdw)k, for some w € R. In other words, if we set
(A1{< = (a)k then ?kaé = 'F\k(a)k = (Skéfl)k = &k.

The containment in @ (Cenpy,(g)(B)) of each of the other two sets in (4.41) and (4.42) can similarly
be shown.

Conversely, suppose B does not satisfy both of the conditions (i) and (ii) for some i, 1 <1 < m. We
distinguish between the following cases:

(a’) B does not satisfy (i) for somei,1=1,...,m,i.e. gcd(e —h,f, g, k) # 1;

(b’) B satisfies (i) for every i, 1 =1,...,m, but for some i, 1 < i < m, B satisfies (i) but not (ii).

(a’) Suppose there is a prime p; in the prime factorization of k such that pile — h, f, g. We distinguish
between the following two cases:

@) f=0o0rg=0;

(") f,g#0.

(i") Since pile — h, f, g, direct verification shows that

A i i—1 My
A O Ok Py Py Pt P )
k = n, N1 ni—1_Mipg Tim )
ek(p1 Pi—1Pi Pix1 " Pm ) Ok

€ Cenp,(ry (k) (Br)-

Because 0y (p7! - -p?j’llp?ﬁlp?ﬁl ...phm) £ Oy, it follows that the entries in position (1,2) and

position (2,1) of Ak only have nonzero pre-images in R. Since B is a nonscalar matrix, it follows
from Corollary 2.12(ii) that every matrix in Cenp,(g)(B) has 0 in position (1,2) if f = 0 and 0 in
position (2, 1) if g = 0. Therefore Rk Z O (Cenpy,(r)(B)) if f =0o0r g =0.

(ii’) Since f, g # 0 and p;lf, g it follows that

f=cpi and  g=dp} (4.44)
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for some s,r > 1 and ¢, d € R such that p; { ¢, d. Now, r < s or s < r. Let us first assume that r < s.
Because pile — h, f, g direct verification shows that

Ay = ) L . A € Cenpq (R/(k )(Bk).
Ok (P - i i pr ) Ok] 2R/

We now show that /Rk ¢ Oy (Cenpy,(r)(B)). Firstly note that the set of all the pre-images of //ik is

ker 6y ker 0
p - ,p?i?p?i—lp&? ophm fker@, ker@y |

Thus, if Kk € Oy (Cenpy,(r)(B)), then, by Corollary 2.9(iv) and Lemma 2.11, there is a pre-image

"1 “2 | € My(R)
. L . 2
pIt PP P P ks K

of Ay, where k1, ko, k3, K4 € ker 0y, such that

K1 Ko | a b
Pyt e ks ks | | gf b a—(e—h)f b

in M3(R) for some a,b € R. In other words, there are a,b € R such that k; = a, kg = b
and p7" - -p?j}lp?iflp?ﬁl -..phm 4+ k3 = gf~!b. But then, considering (4.44) and keeping in mind
that r < s, that gf ~'b € R, that p;'!|k, and that p; { ¢, d, we have that gf ~'b = dp$(cpl) 'kz € (pI'),

where (pi') is the ideal generated by p}'* in R. Because p}* { p* - 'p?fllp?"*lp?ﬁl coeplm kg, it

N mni—1_ TNt

follows that pi'* - - - p; "' piitt - P 4 k3 & (pi™*), which implies that
i i—1. 1y m —
prt Pl Pl P P 4 ks # of T
We therefore have a contradiction. Therefore Kk ¢ Oy (Cenpy,(r)(B)).

If s < r one can similarly show that

~ ék O (p™ - .pTl_iflpTli—lpTliJrl .pnm) R
M= b T T | € Cenwgryqi (Bi),
k k

and that Ay ¢ Oy (Cenpm,(r)(B)), by using Corollary 2.17 and Corollary 2.9(iv), instead of Corol-
lary 2.9(iv).
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(b’) Suppose B satisfies (i) for every i, i = 1,...,m, but for some i, 1 < i < m, B satisfies (i) but
not (ii). Then at least one of the following cases is true:

(i’) ged(e—h,f,g,k) =1,1 # ged(e —h,g,k) := 6 and fs is not invertible in R/(d);
(ii") ged(e —h,f,g,k) =1,1 # ged(e — h,f, k) := 6 and §; is not invertible in R/(5);

(iii") ged(e —h,f,g,k) =1, 1 # ged(f,g,k) := 6 and &5 — hs is not invertible in R/(d);
We now show that (4.38) does not follow in each of the above cases.

(i") In this case Corollary 3.20 implies that

anny, (v ) (O (ged(g, € —h))) = (K& 1)),

Note that since & is not a unit, (k6~!) # (k), it follows, by Theorem 4.5, that

- 0, (ko1 -
Ay = Ak ( N e Ecean(R/(k))(B)-
Ok Ok

If we can show that /A\k ¢ Oy (Cenpy,(r)(B)), then we are finished. Now,

ker 0y k15 + ker 8y
ker 0y ker 04

is the set of all the pre-images of /?\k in R. Furthermore, recall that gcd(e — h, f, g, k) = 1. Therefore,
if Kk € Oy (Cenpy,(r)(B)), it follows from Corollary 2.12(ii) that there is a pre-image

k&1
[ K1 + Ko € My(R)

K3 K4

of Ay, where k1, Ko, K3, kK4 € ker 0y, such that

K1 k61 + Ko
K3 K4

| a fb
B gb a—(e—h)b

for some a,b € R. Hence, gb = k3 and (e — h)b = k1 — k4, which implies, using the assumption that
ged(e —h, g, k) := 5, that b = skd6~! for some s € R. But then, since fb = k5! 4 k, we have that

fb=fskd ' =k& 14+ kye fs=1+15forsomet c R« f585 = 15.
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Since f5 is not invertible in R/ (5), by assumption, we have a contradiction. Therefore

Ay ¢ O (Cenpy,(g)(B))

and so we conclude that Cenp, (g /(k)) (ﬁk) Z Oy (Cenpy,(r)(B)).

((ii") and (iii")) In these cases it follows similarly to case (i) that Cenp,(r/(k)) (By) € ©(Cenp,(r)(B)).

(b) Suppose f,§ = 0. If B is a scalar matrix, then the result follows trivially. Thus suppose B is a
nonscalar matrix. Now, f, g € (k), and so by Corollary 2.12(ii)

®(Cen(B)) C @({ ¢ fo a,bER})
gb a—(e—h)b
a 0

e

B ann(f) Nann(§) ann(§) Nann(é—h)
B ann(f) Nann(é — h) ann(f) Nann(§)

-({
0 a—(e—h)b
R/(k)  ann(é—h)

A

ann(é —h) R/ (k)

N

Conversely, suppose

O(Cen(B)) C [ anI}(fA) ﬂann(@)A ann(§) Nann(é — h) ] .

ann(f) Nann(é —h) ann(f) N ann(§)

A (’j R
Since [ g . | € ©O(Cen(B)) for every a € R/(k) it follows that ann(f) Nann(g§) = R/(k) which implies
a
that ann(f) = R/(k) and that ann(g) = R/(k) and so f,§ =0.

(c) Using (b) and (a), it follows that

©(Cen(B)) = ann(f) Nann(§)  ann(g) Nann(é —h)
| ann(f)nann(é —h)  ann(f) Nann(§)
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ann(f) Nann(§) ann(§) Nann(é—h)

< O(Cen(B)) C [ and

ann(f) Nann(é — h) ann(f) Nann(§)

ann(f) Nann(§) ann(@)ﬂann(é—ﬂ) C ©(Cen(B))
ann(f) Nann(é — h) ann(f) N ann(§) N

(s
:—h
>
I
(@}

€ O(Cen(B))

and ann(f) N ann(§) ann(§) Nann(é — h)
ann(f) Nann(é — h) ann(f) N ann(§)

(f
= 0 and (& — h is invertible in R/(k) or & — h=0).

(3
(=}

Example 4.12. Let R = F[x, y, z], k = x®y?z and let

2,,2 0
,B’[Xy 0] and B" =

x2 0

2,2 1
B[xy X +
0

1+xyz O
0 0|

Note that B, B/ and B” are x®y2z-matrices. Since ged(x?y2,x2) = x2 and (x + 1), is invertible
in R/ <x2>, it follows from Corollary 2.12(ii) and Theorem 4.11(a) that

Cen(E):@(Cen(B)):{[ o  (e+1)b ]
+ x2y2

4,be Flx, vy, z]/<x3y2z>} .
Furthermore, it follows from Theorem 4.11(b) that

Cen(B/) — [ R/CYZ) (%) ]

(xz)  R/(x°y*z)
and, since 6,32, (1 + xyz) is invertible in R/(x*y?z), from Theorem 4.11(c) that

Cen(ﬁ”) _ 9(Cen(B")) = [ ann(f) Nann(§) ann(§) Nann(é — h)

ann(f) Nann(é — h) ann(f) N ann(§)

R/ (x3y%z) 0
0 R/(x*y%z) |

Remark 4.13. Note that in Example 4.7, using the notation of Theorem 4.11(a), we have that m = 1.
Now, for 1 = 1, B satisfies condition (i), since x 1 y, but not condition (ii), since {j is not invertible in
Flx,yl/(x) as Remark 4.8 conveys.
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Using Lemma 3.2, Corollary 3.7 and Corollary 3.18 we simplify Theorem 4.11(a) for the case
when R is a PID.

Corollary 4.14. Let R be a PID and let B = [ ¢ € M2 (R). Then

g

Cen(B) = ©(Cen(B))

if and only if B is a scalar matrix or gcd(e — h, f, g, k) = 1.

Note that although Corollary 4.15 is not a characterization of the k-matrices for which question 1 at
the beginning of this section is true, it is easier to verify if Corollary 4.15 applies to a specific matrix
in M3(R) than to verify if Theorem 4.11(a) applies to a specific matrix in M3(R).

e

Corollary 4.15. Let R be a UFD, k € R and B = [
g

}i ] € My(R). If at least one of the three

elements é — h, f and § is invertible in R/ (k), then

Cen(B) = @(Cen(B)).

Proof. Suppose k = p{! ---pim, where p1,. .., pm are different primes, m > 1 and n; > 1 for all i. By
Lemma 3.17 it follows that B is a k-matrix. Without loss of generality, let us suppose that f is invertible
in R/(k). Then, by Lemma 3.1, gcd(f, k) = 1. Hence condition (i) in Corollary 4.11(a) is satisfied for
everyi,1=1,..., m. Now, suppose that gcd(e — h, g, k) = 6. If § is a unit, then condition (i) as well as
condition (ii) is satisfied for every i, 1 = 1, ..., m. Thus suppose that ¢ is not a unit. Then, since fy is
invertible in R/ (k) and §|k, it follows that there isa t € R such that tf = 1+sk = 1+4svb for some s,v € R
which implies that ’E{,ng, = 15. Therefore condition (i) and condition (ii) in Corollary 4.11(a) is satisfied
foreveryi,i=1,...,m. O
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CHAPTER

The number of matrices in the
centralizer of a matrix in My (R/(k)),
R a UFD and R/ (k) finite

Earth’s crammed with heaven, and every common bush afire with God, but only he who sees
takes off his shoes; the rest sit round it and pluck blackberries.

— ELIZABETH BARRETT BROWNING

N this chapter R will always be a UFD, unless stated otherwise, k € R will always be a nonzero
I nonunit such that R/(k) is finite and we will always denote the number of elements in a ring S
by |S|. Note that we still assume that 8y : R — R/(k) and ©y : M3(R) — M2(R/(k)) are the natural and
induced epimorphism respectively. We, also, still denote the image 6y (b) of b (b € R) by by and the
image Oy (B) of B (B € M2(R)) by ﬁk. However, if there is no ambiguity, then we simply write 0, O, b
and B respectively.

The purpose of this chapter is to determine the number of matrices in Cenpy,(r/(x))(B), where R is a
UFD, R/(k) is finite and B € M3(R/(k)).

To reach our goal, we first need some preliminary results.

.f
Definition 5.1. Letk € R, let B = [ ¢ N ] € M3(R) and let d := gcd(e — h, f, g, k). We define the
g

relation ~ on Cenp,(r/ (k) (By) as follows: for Ay, Cy € Cenm,(r/ (k) (By),
Ap~Cr  iff  Ax—Cr e Ma({(kd—1)})).
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It follows immediately that ~ is an equivalence relation.

We denote the equivalence class of Ak by //ii and the set

~

{AL | Ak € (Cenpm,(r, ) (Bi))}

of all equivalence classes by

~

(Cenpn, (ry (k) (Bx))™

Since

Mo((Ra T ¢ | @n(hnannd) - ann(@y —hu) nann(gy)
k

ann(é, — hy) Nann(fy) ann(fy) Nann(§y)

it follows from Theorem 4.5 that M2(<(k/d_*\1)k>) C Cenpy(r/ (k) (ﬁk). Therefore each equivalence

class in (Cean(R/<k>)(§k))* has |<(§1—\1)k>l4 elements.

~

We define addition © and multiplication ® on (Cenp, (g /(k))(Bx))* by
K]t ® 6;’; = (Rk + ék)* (5.1)
and by

AL ®CE=(Ag-Cp)* (5.2)

It is easy to show that @ and © are well-defined and that the triple ((Cenp,(r,(k)) (ﬁk))*, @, ) is a
ring, which we sometimes, if the context is clear, denote by (Cenpm,(r/ (k) (ﬁk))*.

We need the following trivial result in the next lemma.
Lemma 5.2. Let S,S1,...,Sm berings, s € S and let
MNSs—5§1®---®Sn defined by IN's)=1(s1,...,58m)
be an isomorphism. Then
t € Ceng(s) if and only if ti € Cens, (si),

for all i.
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Proof.

teCeng(s) & ts=st
< (t1s1,ee o tmsSm) = (t, -, tm) (81, .-, sm) =T(H)T(s) =T(ts)
=T(st) =T(s)T'(t) =(s15.--,Sm)(t1,- -+, tm) = (s1t1,. -+, Smtm)
& tisi =sit; foralli

&ty € Ceng, (si) foralli.

O
f
Lemma 5.3. Let B = [ ¢ " ] € M3(R) and let k € R. If ged(e — h, f, g, k) = 1, then
¢
Cen(B)| = [R/(k)[2.
Proof. Suppose k = pi'py?---phm, where py,...,pm are different primes and n; > 1 for all i. It

follows from Lemma 3.25(ii) and Lemma 5.2 that

~

m
Cenp, (r/ (k) (Bx) = EP Cenpy, (ry(priy) (Byno).
i=1

Therefore,

~

m
ICenp,(ry ) (Bl =] | Cenyg, (g oy (B -
=1

If we can show that

~ 2
‘Cean(R/<p?i>)(Bp?i)| = \R/<D? >‘ 5

for all 1 it follows, again from Lemma 3.25(ii) and Lemma 5.2, that

m
|CenM2(R/<k>)(Bk)\ = H |R/<p?i>|2 = ‘R/<k>‘2-
i=1

Let p; be an arbitrary prime in the prime factorization of k. Since gcd(e — h, f, g, k) = 1, it follows that
pitforpifgorp;te—h. Thus, by Lemma 3.21, at least one of fpm, @pm or ép_ni — ﬁppi is invertible
in R/(pi").

If { is invertible in R/ (pi"*) with inverse i, say, then given that ged(e — h, f, g9,p;") = 1, it follows from
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Lemma 2.29(a), Corollary 4.15 and Corollary 2.12(ii) that

Cenp, () (B) = Ce“([

a,b e R/<p{‘i>} . (5.3)

It can be similarly shown that if § is invertible in R/(p;'*) with inverse {, say, then

5 A j\- 6 N 6 %ﬁ A N n;
Cean(R/<v?i>)(B) = {a [ o i +b 1 _f(é_ﬁ) ] a,b e R/(pi >} ; (5.4)
and if ¢ — h is invertible in R/ (p{'*) with inverse {, say, then
S O I R IO I D
CEHMZ(R/<p?i>)(B) = {a [ o 1 +Db 4 i ] a,b € R/(p; >} (5.5)

It is easy to see that the number of elements in the sets in (5.3), (5.4) and (5.5) are |R/ <p{”)|2.

O
dle—h) daf

.f
Lemma 5.4. Let k € R, let B = | © € My(R) and let B/ =
g h d~1g 0

] , Where

d :=gcd(e —h,f, g, k), then

o~

(CGHMZ(R/<k>)(§k))* = Cenpy(r/(ka 1)) (B'xa-1)-

Proof. It follows from Lemma 2.29(b) that

S A

e—h f e—h f
g 0 g 0
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& AB' —B'A e My((kd™ 1))

= Akd—l S Cean(R/<kd_1>) (B/kd—l)
and that

A =Ci

A — Cx € Ma((kd—1)

A —C € Mz[(k)) + Ma({kd™ 1))
A—CeMy((kd™1)

Akd—l — de,1 .

O

Hence T": (CenMZ(RMk))(ﬁk))* — Cean(RMkdfl))(/B\’kdq), defined by
MA*) = Apg 1,
is a well-defined function which is 1 — 1 and onto. Since
M(AL © Ci) = T((AC)R) = (AC)ka 1 = Ay 1Crea 1 = FADIN(CY)

and

o —

MAL®CL) =T((A+C)5) = (A+ Clyg1 = Arg 1 + Crg1 =T(AL) +T(CE),

I" is an isomorphism. O

We are finally able to determine the number of elements in the centralizer of a matrix in My (R/(k)),
if Ris a UFD and R/ (k) is finite.

Theorem 5.5. Suppose R is a UFD, k € R is a nonzero nonunit such that R/(k) is finite, and
e f
B = [ ] S MZ(R)>
g h

then
[Cenpm, (r/(ky) (Bi)l = IR/(kd™ )2 - [((kd~ 1) )%,

where d :=gcd(e — h, f, g, k).
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Proof. With B’ as in Lemma 5.4, it follows from Lemma 5.3 that
|Cenp, (R ka-1y) (B/ra-1)l = [R/(kd )%,

Since each equivalence class in (Cenpy, (r/ k) ( ﬁk))* has cardinality \((@)k)l“, it follows that

Cenmy (k) (Bk)l = [(Cennay(ry iy (Br))*I1{(kd=1)k)[%,

and so Lemma 5.4 implies that

|CeHM2(R/(k))(§k)\ = |Cenp, R/ (ka 1)) (B/req-1)lI{(kd=1)i)[* = [R/(kd ™ 1) 2((kd 1) )[*.

Example 5.6. Let R = Z[i], k = 12 so that R/(k) = Z12[i] (see [8], p. 604, Theorem 1) and let

~ |4 3+6i
i

~

91

Note that according to Corollary 2.12(ii), Corollary 3.18 and Theorem 4.5

a,be Z[i]}) +

a+4c (1+20)b+4m
3ib + 4n a— 3ib

a  (1+42i)b (4)

3ib a—3ib

—
O o>
S~

|

a,f),é,m,ﬁezlz[i]}.

Cean(zu[ﬂ)(ﬁlz) O12 ({

g

Now, since ged(3i,3 + 6i,9i,12) = 3,let d = 3 so that kd~! = 12 - 37! = 4. Since

—
o>
S~

|Z[il/(4)| = {a+1ib | a,b € Z4}| = 16 and [(412)| =9
it follows from Theorem 5.5 that

Cenp, (z,,11]) (B12)| = 162 - 9% = 1679616.

For 2 x 2 matrices over a factor ring of Z we have the following result.

] € Mz(Zk), then

. f
Corollary 5.7. Let B = [ “

o> o

ICen(B)| = (kd)?,
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where d = ged(e — h, f, g, k).

Proof. According to Theorem 5.5

ICenp, (z,) (Bi)l = 1Zyaq1Pl((kd—1)i)*

= (kd 1)%2a* = (kd)>.

A A

~ 2 2
Example 5.8. Let By = [ 2}12 ~12 ] . Since gcd(6, 2,4, 12) = 2, it follows that

12 812

Cenpy, (z,,) (B1a)l = (12 - 2)? = 242 = 576.
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List of Symbols

& if and only if, 10
{x e X|P(x)} set of all x € X such that P(x) is true , 3
seSs s is an element of the set S, 3
bégX the element b is not an element of X , 24
- is a subset of , 4
G is a subset of and not equal to , 49
C\D the set of all elements in the set € which are not in the set D , 5
ﬂ Xi intersection of the sets X; , 30
1%1
Z Xi the sum of all x;’s from 1 ton , 31
lTTl.l
H X the Cartesian product of all the sets X; from 1 to m., 77
i=1
X1 0 Xy the direct sum of the sets X; and X, , 47
m
@ Xi the direct sum of all the sets X; from 1 to m , 77
i=1
= is isomorphic to , 5

the set of natural numbers , 46

the ring of integers , 8

N

7

Q the field of rational numbers , 13
R the field of real numbers , 5

C

the field of complex numbers , 4
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Z[i]
UFD
PID

R°P

M (R)
GL(n,F)
R[x1,...
()

alb

atb
ged(fq,...fm)
IN

anng(b)
R/(K)

Ceng, (s)

, Xn]

Ceng, (Cens,(s))

£(X)

f1(X)

deg f(x)

fg

ker f
MR- &R — Ry
Ok : R — R/(k)

Ok : Ma(R) — M2 (R/(k))

the division ring of real quaternions , 3

the ring of integers modulo m , 8

the ring of Gaussian integers , 51

unique factorization domain , 6

principal ideal domain , 7

the algebraic closure of the field F, 5

the opposite ring of the ring R , 23

the full n x n matrix ring over the ring R, 3

the group of all n x n nonsingular matrices over the field F, 6
the polynomial ring over the ring R in the variables x1,...,xn , 4
the principal ideal generated by the element k , 6

a is a divisor of b , 40

a is not a divisor of b , 40

Am, 17

the number of elements in the ring R, 75

the greatest common divisor of f1, ..

the annihilator of the element b in the ring R, 10

the ring R modulo the principal ideal (k) , 6

centralizer of sin S1, 3

the centralizer in S; of the centralizer of sin S, , 6

the image of the set X under the map f , 23

the inverse image of the set X under the map f , 23

the degree of the polynomial f(x) , 5

composite function of f and g , 27

kernel of the homomorphism f , 29

canonical projection of the i'th component of the direct sum Ry @& --- & Ry, , 48
the natural epimomorphism from the ring R onto the ring R/(k) , 37

the natural induced epimomorphism from M;(R) onto M, (R/(k)) , 37
image under 0y of b, 37

image under @y of B , 37

the matrix with entry bs; in position (i,j) , 10

the matrix unit with a 1 in position (i,j) , 9

the transpose of the matrix B , 24

the transpose of the set of matrices B , 24

the matrix formed by rotating the entries of B around its horizontal axis , 25
the matrix formed by rotating the entries of B around its vertical axis , 25
the s-transpose of the matrix B , 25

the s-transpose of the set of matrices B , 26
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height P
dimR

the height of the prime ideal P , 49
the Krull dimension of the ring R , 49
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