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u}b�óHl%�HP�SPYXZWJmES[UVOHT
f(n) = O(g(n))

�àµ¦�s�6�[�.�Ñ�BÊ^�«�s�f¥
c ∈ R

+ ¥@�6��¥@� n0 ∈ N
�.�6£.���s��¥@�

0 ≤
f(n) ≤ cg(n)

µÃ¨{�f¥@¤ ¤
n ≥ n0

¶kËÌ�6��µP�J�6£[�s�«¨{�
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f(n) = Ω(g(n))
�àµ��s�6�[�.�(�BÊ^�«�s�0¥
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+ ¥@�6�Á¥@� n0 ∈ N

�s�6£b�X�s��¥@�
0 ≤ cg(n) ≤ f(n)

µÃ¨{�0¥@¤ ¤
n ≥ n0
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m�XZ�Ku}R�PYXcP�_.jR�u}��~ ÝÛñ)²�ð9ãBä\³IÝ�¸âãBäBã«¶)·�¸�Ýâ³ßÅ§8� �s�Ñ�³§*¨�±�¥@�s�s� �.��.�[�.�¶
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V1(G)
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V2(G)
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|V1(G)|, |V2(G)| ≥ (1/3)|V (G)|
¶
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G×H
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V (H)× V (G)

�^�³§*¨Jå�¶â¸fãBäè°�¶�Ú
(u1, u2)

¥@�6�
(v1, v2)

¡F�[� �J�.ÝGµ�à�ÝG°�¶âá[ãn� �
G ×H

�àµ
¥@�6�Ñ¨{�J¤ ¢ª�àµ4�[� �s�6�[�

u1 = v1 and {u2, v2} ∈ E(H)
¨{�
u2 = v2 and {u1, v1} ∈ E(G)
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L ∈
k-^ ¥@�6�
�àµ

L1 � L
µÃ¨{�À¥@¤ ¤

L1 ∈
k-^ ¶
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L1 � L
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kJ^ ¶
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{u, v}
�àµy¥@�6�Ñ¨{�J¤ ¢°�àµ

{u, v} 6∈ E(G)
¶
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u ∈ V (G) r V (H)
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�^�«�À¥²�.�J¡6�.�[�

U ′ ¨@µ U �^�s��¥@�)°�±�å�¶â¸�Ú S ¶
bYUKmVjR�u}�V~ Ý��s�J¡J���b¥@±J�

H = (V ′, E′)
¨@µn¥ ·�¸�Ý�³[ß

G = (V,E)
�«�¿¥ ·�¸:Ý�³ßX§8� �s�m�s�6�(±J�.¨{±>�[�s�s�«�w�¿�s��¥@�

V ′ ⊆ V
¥@�6�

E′ ⊆ E
¶4ËÌ�6��s�J¡J���b¥@±J�Ñ�.�[¤q¥@�s�«¨{�X�«�u�J�[�6¨{�.�w�

H ⊆ G
¶

bYUKmVjR�S[UK� Ýá�s�J¡J���.¨{�J±
S
¨@µÓ¥�·�¸:±�²�³

B
£w¨{�g�b¥@� �6�u¥�s�J¡6�b�[�*¨@µÐ�s�6�C·�¸�±�²�³m�[¤«�[¬��[�g�.�8¨@µ

B
¥@�6���b¥@�s�«�ðÔ��w�

�s�6�i·�¸:±�²�³L¥GÊ^�«¨{¬��u¨Ä®¯�[�u�s�J�«�¦�s�J¡6�.�[�Ä¶
bYUKR'�«u}WG_ Ý�¤«¨N£Ä¥@¤ ¤ ¢Æ
Æg�^� ¬��[�6�.�«¨{��¥@¤Ó�s±�¥{£w���6�.�6£.�X¥{�8�s�6�7³[ð9Ý�áQ¶[�^�s�6��s±J�6�[�.��¨{�8�s�6�<�.¨{�s�6�Ä¶



â¿¤«¨��b�b¥@�s¢ ÆfÊNÊ^�àÊ�Æ

bYUKR�Þf_�WGPYX�vQ_��ùUVOKW�PYXZS[O Ý$µP�J�6£[�s�«¨{�
f : D → R

§8� �s�z�s�6�²±J�.¨{±F�[�s�³¢Á�s��¥@�<µÃ¨{��[®¯�[�s¢t�[¤«�[¬��[�l�
y ∈ R

�
�s�6�[�.��BÊN�«�.�.�u¥@�

x ∈ D
�J�s�6£.�Ñ�s��¥@�

f(x) = y
¶ · �J�PÖs�w£[�s� ®¯�<µP�J�6£[�s�«¨{�6�À¥@�.��¥@¤«�.¨²�O¥@�«�Å�.¨�¡>�/�´¨{�g�.¨J¶ �

P�u}m�U ÝÛñ=±�å�¶(¨@µ�¥ÆãïÝ�êâ²-Ú�¶:Ý�¸:°âß"Ý�ð#·G±�¸âäZãZßtñä�«�u�b¥@�«�°�.¨²¡F�0�b¥@¡J�Ñ�àµy� �8��¥{�À¥��6¨{�NÆlÏÄ�[�.¨-ãïÝtêâ².å�Ý�ðü²�¶[¶
P�u}m�Uîb�_tu}R�W�~ Ýä�6�[�J�s�«�s�s�«£Å¨{±J�s� ¬²� Ï¥@�s�«¨{�
�.�w£.�J�J�e�g�6�Å�s��¥@��¬f¥w¢a¡>�°�.�w�[�È¥{��¥X�¯�[�6�[�b¥@¤ � Ï¥@�s�«¨{�É¨@µ¦�s�6�

áQ¶âä¬·�ßIê:±�²�¸�ß�±�±�µîÚ�¶:Ý�¸�°âßÉ�.�w£.�J�J�e�g�6���À§8�6�[�.�[¡g¢É¥k£.��¥@�J�¯�m� �õ�.¨{¤ �J�s�«¨{�õ¥@�s�s�s� ¡J�J�.�w�°�.�w�.�J¤ �s� �J�a� �á¥
ñ*±�å�¶¦µP�.¨{¬�¨{�6�¿£Ä¥@�6�^�«�6¥@�.�¦�.¨{¤ �J�s�«¨{���.¨(�s�6�À�6�BÊ^�Z�«�*£[¤q¥{�.�s�àÔ��w��¥{�/ãïÝ�êf²fµÃ¨{�*¥��l�J¬(¡>�[�8¨@µS�s�.�[±6�Ä�g�.¨
�s��¥@�8¥@�g¢.ñ=±�å�¶âÚ0�s��¥@�Ì§*¨{�J¤«�°� �l�s�.¨N�^�6£w�0�s�6�¿�O¥@¬��¿£b��¥@�J�¯�w�À¥@�.�¿� �Ñ¥@�s�s�s� ¡J�J�.�w�À¥@�.�<¥@¤«�.¨(£[¤q¥{�b�s�àÔ��w�
¥{�*ãïÝ�êâ²L¥@�6�z�s�6£b�Äñ=±�å�¶�Ú²§n¨{�J¤«�z¡>��¥Ä®¯¨{�«�J�w�t§8�J� ¤«�s�<�s�6�JãïÝ�êâ²z�.�b¥@�s�6�0µP¨{�0�s�6����� ®¯�[�L£b��¥@�J�¯�²� �
¥@�s�s�s� ¡J�J�.�w�¦�6¨{¤«�J�¶ÀËÌ�J�«�¿¡>�[��¥Ä®g�«¨{�J�0¬f¥Ä¢Å¡>�i¨Ä®¯�[�s�s�«�J�J�[�Á®N�q¥ª¥��l�J¬�¡F�[�<¨@µn¥{�s±J� �b¥@�s�«¨{�t£[�s� �.�[�s�q¥��àµ
¥ÆãïÝ�êâ²�£[¤q¥{�.�.�àÔ��w�×ñ=±�å�¶�§8� ¤ ¤2¤«�Ä¥{�Å�.¨f¥��J�w�s� �b¥@¡J¤«��£Ä¥@�6�^�«�6¥@�.���.¨{¤ �J�s�«¨{�Ð¶

P�u}m�UÄP�_�O(UHR�_ ËÌ�6�i�g�J¬�¡F�[�¨@µn� �.�[�b¥@�s�«¨{�6�¿µÃ¨{�¿§8�J�«£b�z¥.ñ=±�å�¶�§8� ¤ ¤y��¥w®¯��¥f�6¨{�NÆlÏÄ�[�.¨×ãïÝ�êâ²ôå�Ý�ðò²�¶²� �z¥
ãïÝ�êâ²JÚ�¶:Ý�¸:°âß?Ý�ð#·G±�¸âäZãZß�ñ²¶

P�u}m�UÄv}u��BUH_ ÝFñ*±�å�¶²§8� �s�L¥ª�6¨{�NÆlÏÄ�[�.¨�ãïÝtêâ²z®�¥@¤ �6�(�«�0�6¨{�£w¨{�6�.�«�J�[�.�w�t¡l¢t¥ôãïÝ�êâ²ôÚ�¶:Ý�¸:°âß%Ý�ð ·�±�¸�äBãZß�ñ²�
�J�J¤«�w�.�8� �u�b¥@�s�«�ðÔ��w�u�s�6��.�[�u¨@µ�Ý�Úï³[äZ¸:Ý�ãBäB±�áô°f¸âäBã«¶â¸�äèÝ�¨@µÂ�s�6�=Ý�ð ·G±�¸�äBãZß�ñ²¶

P�u}R�j_�P ËÌ�6�*å�¶â¸fã«¶:æ
v
äZá[°fäèµ�¶âá[ãZ�.¨f¥@�%Ý�¸�°

(u, v)
�.¨§*¥@�.�J�¦§8�J�«£.�X�s�6�=Ý�¸�°��«�u¨{�s�«�[�g�.�w�2¶

PY~VXZW�©aOK_�b�b ËÌ�6���s�J�«£.©N�6�w�.��¨@µÀ¥.·�¸:Ý�³ß
G
�y�J�[�6¨{�.�w�

θ(G)
�Ó�«���s�6�f¬²� �J� ¬��J¬Ò�l�J¬(¡>�[��¨@µÅ³[ð¬Ý�á[Ý�¸%¶:µY·�¶

�^�«�PÖð¨{� �g�;Ú�²�êè·�¸:Ý�³ß�Ú(� �l�.¨�§8�J�«£.�
G
¬f¥w¢°¡F�0±�¥@�s�s� �s�«¨{�6�w�2¶

P�S[R�SQXcTVu��sjR�XcT�jR�u}�V~ ËÌ�6�.û,Ý�¸fã«¶�Ú�äèÝ�á'³[¸:±�µ�²}°�ãu¨@µ�¥i±�¥@� �À¨@µ�°�ú�°�ð¬¶�Ú[¶
P�R�u}W�P�u}m��c_n�VR�S[mV�Z_tl Ý µ�¶:°fäcÚ�äè±�á�³[¸�±têâð¬¶fñ�µP¨{�Â§8�J�«£.�f¥�³I±�ðòú�á[±�ñéäBÝ�ðIãBäZñ'¶�Ý�ð#·G±�¸âäZãZßtñú�«�Â©N�6¨Ä§8���.¨0�.¨{¤ ®¯�

�s�6�<±J�.¨{¡J¤«�[¬Ñ¶
P�R�_�_ ÝÀ�t¥{£[¢^£[¤ �«£é·�¸�Ý�³[ßg¶<Ý��s�.�w��¨@µC±�¸:µ�¶â¸

n
��¥{��Ú�ä��Y¶

n − 1
¶0Ý��s�.�w�i��¥{�¿�s�6�i±J�.¨{±>�[�s�´¢��s��¥@�<�Ä¥{£.�t¨@µ

� �.�u�w�^�¯�w�8�«�À¥.êf¸�äèµ�·�¶[¶
PYUK�V�Z_ ÝÀ�Ñ¨{�.�J�[�.�w�X�.�[�u¨@µy�[¤«�[¬��[�g�.�Ä�

s1, s2, . . . , sn
�J�J�[�6¨{�.�w�

(s1, s2, . . . , sn)
¶

UVOHTV_�R��cóHXBOHjôjR�u}��~ ËÌ�6�À�J�6�J�[�s¤ ¢g� �J�é·�¸�Ýâ³ßf¨@µS¥=µ�äZ¸:¶:°�ã«¶:µi·�¸:Ý�³ß
D = (V,E)

�«�4�s�6��²�á[µ�äZ¸�¶:°�ã«¶:µ�·�¸�Ýâ³ß
G = (V,E′)

¨{¡J�b¥@� �6�w�ÁµP�.¨{¬
D
¡g¢X�.�[±J¤q¥{£[� �J�m¥@¤ ¤�Ý�¸�°fÚ�¡g¢Ä¶�µ�·�¶�Ú[¶²�Uµ

E
£w¨{�l�b¥@� �6�<¡F¨{�s�t�s�6�-Ý�¸:°âÚ

(vi, vj)
¥@�6�

(vj , vi)
�6¨{�J¤ ¢Å¥²�s� �J��¤«�'¶:µY·�¶

{vi, vj}
�«�À¥{�J�J�w�Ñ�.¨

E′ ¶
UVOHT�XZR�_tW�P�_�T�jR�u}�V~ Ý ·�¸�Ýâ³ßg�

G
@P�b¨{¬��[�s� ¬��w��� �6�^�«£Ä¥@�.�w�L¡l¢

G = (V,E)
D£w¨{�6�.�«�s�.�¨@µu¥°�6¨{�NÆg�[¬²±J�³¢

Ô6�J� �.�¦�.�[�
V = V (G)

£Ä¥@¤ ¤«�w�ª�s�6�iå�¶â¸âã«¶�æÅ�.�[�Ä�^¥{�Z§*�[¤ ¤F¥{�Ì¥ @]±F¨��.�s� ¡J¤ ¢²�[¬²±J�´¢}D�Ô6�J� �.�¿�.�[�
E = E(G)¨@µ,
Æg�[¤«�[¬��[�g�¦�s�J¡6�.�[�.�À¨@µ

V (G)
�e£Ä¥@¤ ¤«�w�Å�s�6� ¶:µ�·t¶��b�[�Ä¶

vQ_�W�P�S[R Ý¦���[¤«�[¬��[�l�¿¨@µy¥Æå�¶:°�ãï±�¸iÚï³IÝG°�¶[¶
vQ_�W�P�S[R b��Vu}WG_ +6¨{�ª¥ÆþÅ¶âð9µ

M
§8� �s�É¨{±>�[�b¥@�.¨{�.�

⊕
¥@�6�

⊗
�Ì¥@�6�È¥t�b�[�

W
¨@µ�[¤«�[¬��[�l�.��Ì�àµð�ZµP¨{�f¥@�g¢

u,v,w ∈ W
¥@�6�ÑµP¨{�¦¥@�g¢

k, ` ∈ M
�6�s�6�µP¨{¤ ¤«¨§8� �J�°¥GÊ^�«¨{¬��0¥@�.���b¥@�s�«�ðÔ��w�2���s�6�[�

W
£w¨{�6�s�s� �s�J�.�w�

¥=å�¶�°�ãï±�¸7Úï³}ÝG°�¶�¨Ä®¯�[�
M
�J¥@�6�ª�s�6�0�[¤«�[¬��[�l�.�*µP�.¨{¬

W
¥@�.�¿£Ä¥@¤ ¤«�w�nå�¶:°�ãï±�¸�Ú¯�J§8�J� ¤«�s�*�s�6�0�[¤«�[¬��[�l�.�8¨@µ

M
¥@�.�£Ä¥@¤ ¤«�w�×Úf°�Ý�ð¬Ý�¸�Ú¯¶
Û�¶C$n¤«¨��s�J�.�¨@µ

W
�J�6�J�[�

⊕
¸4�³µ

u
¥@�6�

v
¥@�.��[¤«�[¬��[�g�.�À� �

W
�J�s�6�[�

u⊕ v ∈ W
¶


^¶C$*¨{¬²¬��J�b¥@�s� ®N� �³¢�¨@µ
W
�J�6�J�[�

⊕
¸
u⊕ v = v ⊕ u

¶
Ü^¶ÀÝ¦�.�b¨g£[�q¥@�s� ®N� �³¢°¨@µ

W
�J�6�J�[�

⊕
¸
(u⊕ v)⊕w = u⊕ (v ⊕w)

¶
�6¶�oyÊN�«�.�.�[�6£w�¿¨@µy¥@���«�J�[�g�s� �³¢°�[¤«�[¬��[�l�u� �

W
�J�6�J�[�

⊕
¸yËÌ�6�[�.�0�«�8¥@�°�[¤«�[¬��[�g�

0
� �
W
�^£Ä¥@¤ ¤«�w�Ñ¥

�Y¶â¸:± å�¶:°�ãï±�¸�¨@µ
W
�J�s�6£b�Ñ�s��¥@�

0⊕ u = u⊕ 0 = u
µÃ¨{�À¥@¤ ¤

u ∈ W
¶



Æ�ÊNÊgÊfÆ â¿¤«¨��.�b¥@�s¢

	^¶�oyÊN�«�.�.�[�6£w�f¨@µ8� �l®¯�[�.�.�ª�[¤«�[¬��[�l�.�i� �
W
�J�6�J�[�

⊕
¸i+6¨{�(�Ä¥{£b�

u ∈ W
�Ó�s�6�[�.���«�(¥@�k�[¤«�[¬��[�l�

−u ∈ W
�J£Ä¥@¤ ¤«�w��¥ÆáQ¶è·�Ý�ãBäcå�¶i¨@µ

u
���s�6£.�Ñ�s��¥@�

u⊕ (−u) = (−u)⊕ u = 0
¶

Ú^¶C$n¤«¨��s�J�.��J�6�J�[�¿�.£Ä¥@¤q¥@�À¬(�J¤ �s� ±J¤ �«£Ä¥@�s�«¨{�Ð¸8�Uµ
k
�«�¦¥��.£Ä¥@¤q¥@�À� �

M
¥@�6�

u
�«�¦¥@�X�[¤«�[¬��[�g�¿¨@µ

W
�

�s�6�[�
k ⊗ u ∈ W

¶
�N¶À¹¦�«�.�s�s� ¡J�J�s� ®g� �´¢°¨@µy®¯�w£[�.¨{�.�À�.�J¬��Ä¸

k ⊗ (u⊕ v) = (k ⊗ u)⊕ (k ⊗ v
DB¶

�^¶À¹¦�«�.�s�s� ¡J�J�s� ®g� �´¢°¨@µ4�.£Ä¥@¤q¥@�.�u�.�J¬��Ä¸
(k ⊕ `)⊗ u = (k ⊗ u)⊕ (`⊗ u

DB¶
�^¶ÀÝ¦�.�b¨g£[�q¥@�s� ®N� �³¢°¨@µy�b£Ä¥@¤q¥@�8¬��J¤ �s� ±J¤ �«£Ä¥@�s�«¨{�Ð¸

k ⊗ (`⊗ u) = (k ⊗ `)⊗ u
¶

Û�&^¶ · £Ä¥@¤q¥@�u¬��J¤ �s� ±J¤ �«£Ä¥@�s�«¨{�m�«�J�[�l�s� �´¢>¸
1⊗ u = u

¶
vQ_�R�P�_G| Ý¦�Ñ�[¤«�[¬��[�l�¿¨@µÂ�s�6�0�6¨{�NÆg�[¬²±J�´¢×å�¶â¸fã«¶:æm�.�[�

V (G)
¨@µ�¥*·�¸:Ý�³ß

G
¶

vQ_�R�P�_G|îu}R�R�u�OKj_�l�_tOQP ËÌ�6�À¨{�.�J�[�n¨@µ,å�¶f¸âãBäè°�¶�Ú<¨{�f�s�6��Úï³[äZáQ¶¦¨@µÓ¥'ê:±�±�ë�� �ª¥ ê:±Y±�ëéµ�¸:Ý�ø,äZát·²¨@µS¥i·�¸�Ý�³[ßg¶
vQ_�R�P�_G|îWGSQOHj[_�b�PYXZS[O �´�Á¥Æ·�¸:Ý�³ßt´�ãï±�´Y·�¸:Ý�³ß%¶âñ'ê�¶:µGµ�äcát·

ψ
¨@µ*¥Æ·�¸:Ý�³ß

G
� �g�.¨Å¥ ·�¸:Ý�³ß

H
�e�s�6�Áå�¶â¸fã«¶:æ

°�±�át·�¶âÚâãBäè±�át¨@µ4¥Æå�¶â¸âã«¶�æ
v′ ∈ V (H)

�6�J�[�6¨{�.�w�?° ( � )(v′, ψ)
�6�«�u�J�BÔ6�6�w��¥{�À�s�6�<�l�J¬(¡>�[�¿¨@µ�¶�µ�·�¶�Úi� �

G
�s��¥@�u¬f¥@±��.¨)³IÝ�ãZßGÚ� �

H
£w¨{�l�b¥@� �J� �J�

v′
¶

vQ_�R�P�_G|íXBOHT�UKWG_�T�bYUHmVjR�u}��~ Ý3å�¶f¸âã«¶:æ%äZá[µ�²}°�¶:µnÚâ²}êè·�¸�Ý�³[ß
H = (V ′, E′)

¨@µ4¥é·�¸�Ýâ³ß
G = (V,E)

��¥{�
�s�6��±J�.¨{±F�[�s�³¢X�s��¥@�ÀµÃ¨{�0¥�±�¥@� �<¨@µ�å�¶â¸fãBäB°�¶âÚ

u, v ∈ V ′ ���s�6�(���b¥@±J� H £w¨{�g�b¥@� �6�0�s�6�-¶:µ�·�¶ {u, v} �àµ
G
£w¨{�g�b¥@� �6�À�s�6� ¶�µ�·�¶

{u, v}
¶

( r*)(N�TV_�b�XcjQO ô��[�s¢�ÞS¥@�s�¯� · £Ä¥@¤«��´�l�.�[���b¥@�s�«¨{�Á�J�w�s� ���Æ� �s�6��J�w�s� ���X¨@µ4�[¤«�w£[�s�.¨{�J�«£(£[� �.£[�J� �.�u�.���g�J� �s� �J�
¤q¥@�s�¯�<�l�J¬(¡>�[�.�¦¨@µÂ�s�b¥@�6�s�«�.�.¨{�.�Ä�6�s�6£b�X¥{�Ä�NµÃ¨{�u�BÊJ¥@¬²±J¤«���6£w¨{¬²±J�J�.�[�¦±J�.¨g£w�w�b�.¨{�u�J�w�s� ���Ð¶

w)u��c© ÝÛøpÝ�ðüëª� ��¥*·�¸:Ý�³ß
G
�«�À¥@�X¥@¤ �.�[�s��¥@�s� �J���.���g�6�[�6£w�¨@µ>å�¶â¸âãBäè°�¶�Ú�¥@�6�?¶:µ�·�¶âÚ

v0, e1, v1, e2, v2, . . . , vi−1, ei, vi, . . . , vn−1, en, vn,

¥@¤«�.¨²£Ä¥@¤ ¤«�w��¥
v0 − vn

§Ì¥@¤ ©>�6�.�6£.�Ñ�s��¥@�
ei = {vi−1, vi}

µP¨{�
i = 1, 2, . . . , n

¶
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mVu}bYXZb ¡�¥{�.�«�
m�XZ�Ku}R�PYXcP�_ �´§n�w�[¤«�w�^� �
mpS[UVOHTVu}RYó �b¥@�6�
mpS[UVOHTV_�T ¡F�[���.�[�6�
hiu}R�P�_�b�Xcu�O $Ì¥@�s�.�w�.�«�w�.�
n
Ø(WG_t�B�

n
Æg�.�[¤

Wt�ZXZ`aUK_ ©N¤ �«�[©
Wt�ZXZ`aUK_"O(UVlnmE_�R ©N¤ �«�[©N�¯�[�b¥@¤
W�S[OVOH_tW�P�_�T �O¥@¬��[��¥@�J�¯�[�6�
W�S[OQPYXBO(UHSQUHb ©¯¨{�g�s� �l�
W�S[OQPYXBO(UHSQUHb*WtUHR�v[_ ©¯¨{�g�s� �l�6��©g�.¨{¬²¬��
W�R�S[b�bYXBOHj?O(UKlnmE_tR ©N�s�J�«�s� �J�¯�s�¯�[�b¥@¤
WtUHR�v[_ ©N�.¨{¬²¬��
TV_�WtXcb�XcSQOÄPY~K_�S[RYó ¡F�w�s¤ �J� �s�6�[¬²� �J�¯�s�.�w¨{�s�«�
TV_�j[R�_t_ ���b¥�¥{�
T�XZR�_tW�P�_�T�jR�u}��~ �¯�[�s� ���.����b¥GÔ��[©
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£Ä¥@¤ ¤«�w�L�s�6�Á·�¸:±�²Y³�±�³}¶â¸:Ý�ãï±�¸[�Z¥@�6�a¥@�íäèµ�¶âáãBäBãBúô¶âðe¶âñ'¶âáã
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x� y
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x, y ∈ W
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x ∈ W
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x, y, z ∈ B
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(x� y)� z = x� (y � z)
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x−1 �J�s�6£.���s��¥@� x� x−1 = x−1 � x = 1
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2× 4 ≡ 1 (
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3× 5 ≡ 1 (

¬�¨N�
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6× 6 ≡ 1 (
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®¯�[�s�àÔ��w�Á�s��¥@�<� ��b¥@�s�«�sÔ��w�¥@¤ ¤4�s�6�����.¨{�J±L¥GÊN�«¨{¬��Ä¶iÝ¦�6¨{�s�6�[��s�J¡J���.¨{�J±L¨@µ
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�e�s� �6£w�
2× 2 ≡ 4 6∈ {1, 2, 3} (mod 7)
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x � S
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{x � d : d ∈ S}
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S � x
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5× S2 = {5, 3, 6}
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S2
¶

Ý%þ>¶âð¬µ
M = (W,�,⊕,1,0)

�«�Z¥<�.�[��¨@µ2�[¤«�[¬��[�l�.�
W
�¯£Ä¥@¤ ¤«�w�²�s�6�Eþ>¶âð¬µé¶fð¬¶âñ'¶âá[ãZÚ¦¨{�²§8�J�«£.�ª�³§n¨¡J� ��¥@�s¢
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¥@�6�
⊕
�>£Ä¥@¤ ¤«�w�X�s�6�/þ>¶âð¬µ-±�³�¶â¸�ÝGãï±�¸�Ú[�Ð¥@�.���J�BÔ6�6�w�2¶¿ËÌ�6��Ô6�.�s�¦Ô��[¤«�Á¨{±>�[�b¥@�.¨{�Ä�

�
�>��¥{�¿�s�6�

�[¤«�[¬��[�g�
1
¥{�<� �.��«�J�[�l�s� �³¢z�[¤«�[¬��[�g�Ä�Â§8�J� ¤«�s�<�s�6���.�w£w¨{�6�ÁÔ��[¤«�L¨{±>�[�b¥@�.¨{�Ä�

⊕
�Ð��¥{�<�s�6�f�[¤«�[¬��[�l�

0 ∈ W¥{�¿� �.�0�«�J�[�l�s� �´¢t�[¤«�[¬��[�l�Ä¶)+6¨{��¥@�t�[¤«�[¬��[�l�
x ∈ W

�2¨{�6��¬f¥Ä¢m¥@¤«�.¨�§8�s� �.�
x ∈ M

¶ËÌ�6�iµÃ¨{¤ ¤«¨Ä§8� �J�Ñ�.�[�
¥GÊ^�«¨{¬��y£.��¥@�b¥{£[�.�[�s� ÏÄ�À¥uÔ��[¤«�i� �i�.�[�s¬��4¨@µe�s�6�n±J�.¨{±F�[�s�s�«�w�4¨@µ�� �.�ÓÔ��[¤«��¨{±>�[�b¥@�.¨{�.��¥@�6�i�s�6�[� �4£w¨{�s�.�w�s±F¨{�6�^� �J�
�«�J�[�g�s� �³¢Ñ�[¤«�[¬��[�l�.�¶E+6¨{�¦¥@¤ ¤

x, y, z ∈M
�
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Û�¶C$n¤«¨��s�J�.�<�J�6�J�[�
�
¸
x� y ∈M

¶4ËÌ�6�0Ô��[¤«�Å�«�À�b¥@�«�°�.¨²¡F�=°fð9±�Ú�¶:µÑ�J�6�J�[�u�s�6�¨{±F�[�b¥@�s�«¨{�
�
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^¶ÀÝ¦�.�b¨g£[�q¥@�s� ®N� �³¢°¨@µ
�
¸
(x� y)� z = x� (y � z)

¶
Ü^¶C$*¨{¬²¬��J�b¥@�s� ®N� �³¢�¨@µ

�
¸
x� y = y � x

¶
�6¶À�´�J�[�g�s� �³¢Å�[¤«�[¬��[�l�ÀµP¨{�

�
¸y�s�6�[�.�<�«�¦¥@�Ñ�«�J�[�l�s� �´¢Ñ�[¤«�[¬��[�l�Ä�

1 ∈M
�s�6£.���s��¥@�

1� x = x� 1 = x
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	^¶�oyÊN�«�.�.�[�6£w�¨@µ4� �l®¯�[�.�.�w�À�J�6�J�[�
�
¸yµÃ¨{�u�Ä¥{£.�m�[¤«�[¬��[�l�

x ∈ Mr {0}
���s�6�[�.�<�«�À¥@�Ñ� �g®¯�[�.�.���[¤«�[¬��[�g�

� �
M
�6�J�[�6¨{�.�w�

x−1 �J�s�6£b�Ñ�s��¥@� x� x−1 = x−1 � x = 1
¶

Ú^¶C$n¤«¨��s�J�.�<�J�6�J�[�
⊕
¸
x⊕ y ∈M

¶4ËÌ�6�0Ô��[¤«�Å�«�À�b¥@�«�°�.¨²¡F�=°fð9±�Ú�¶:µÑ�J�6�J�[�u�s�6�¨{±F�[�b¥@�s�«¨{�
⊕
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⊕
¸
(x⊕ y)⊕ z = x⊕ (y ⊕ z)

¶
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⊕
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x⊕ y = y ⊕ x

¶
�^¶À�´�J�[�g�s� �³¢Å�[¤«�[¬��[�l�ÀµP¨{�
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0 ∈M
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0⊕ x = x⊕ 0 = x
¶
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x ∈M
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−x
�J�s�6£b�Ñ�s��¥@�

x⊕ (−x) = (−x)⊕ x = 0
¶

Û�Û�¶À¹¦�«�.�s�s� ¡J�J�s� ®g� �´¢>¸
x� (y ⊕ z) = (x� y)⊕ (x� z)

¥@�6�
(x⊕ y)� z = (x� z)⊕ (y � z)
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GF(7) = (Z7,×,+, 1, 0)
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0, 1, . . . , 6
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u⊕ v ∈ W
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u⊕ v = v ⊕ u
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Ü^¶ÀÝ¦�.�b¨g£[�q¥@�s� ®N� �³¢°¨@µ
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¸
(u⊕ v)⊕w = u⊕ (v ⊕w)
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0⊕ u = u⊕ 0 = u
µÃ¨{�À¥@¤ ¤

u ∈ W
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u ∈ W
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−u ∈ W
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u⊕ (−u) = (−u)⊕ u = 0
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k ⊗ u ∈ W
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�N¶À¹¦�«�.�s�s� ¡J�J�s� ®g� �´¢°¨@µy®¯�w£[�.¨{�.�À�.�J¬��Ä¸
k ⊗ (u⊕ v) = (k ⊗ u)⊕ (k ⊗ v
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�^¶À¹¦�«�.�s�s� ¡J�J�s� ®g� �´¢°¨@µ4�.£Ä¥@¤q¥@�.�u�.�J¬��Ä¸

(k ⊕ `)⊗ u = (k ⊗ u)⊕ (`⊗ u
DB¶
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�^¶ÀÝ¦�.�b¨g£[�q¥@�s� ®N� �³¢°¨@µy�b£Ä¥@¤q¥@�8¬��J¤ �s� ±J¤ �«£Ä¥@�s�«¨{�Ð¸
k ⊗ (`⊗ u) = (k ⊗ `)⊗ u

¶
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1⊗ u = u
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µÃ¨{�s¬
[x1, x2, . . . , xn ]

§8�6�[�.�
x1, x2, . . . , xn ∈M

¶Óô��w£[�.¨{�Ó¥{�J�^� �s�«¨{�(�«�S�J�BÔ6�6�w�(¥{�Ð�s�6�/°�±�ñ/³I±�áQ¶fáãè´�ø,äcÚ�¶
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[x1, x2, . . . , xn ]⊕[ y1, y2, . . . , yn ] =
[x1 ⊕ y1, x2 ⊕ y2, . . . , xn ⊕ yn ]
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k⊗ [x1, x2, . . . , xn ] = [ k⊗ x1, k⊗ x2, . . . , k⊗ xn ]
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⊕
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�s��¥@�¿� �0�«�0¥@±J±J¤ �«�w�m� �z¥ª£w¨{¬²±>¨{�6�[�g�×Æl§8�«�.��µU¥{�s�J�«¨{�[DB¶<ÝuÊ^�«¨{¬ Ú�µÃ¨{¤ ¤«¨Ä§u�0�^� �.�w£[�s¤ ¢¯�2¡F�w£Ä¥@�6�.��µP¨{�¥f®¯�w£[�.¨{�
[x1, x2, . . . , xn ]

¥@�6�Ñ¥²�.£Ä¥@¤q¥@�
k ∈M
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k ⊗ x1, k ⊗ x2, . . . , f ⊗ xn ∈M

¶�ÝÀÊN�«¨{¬F��µÃ¨{¤ ¤«¨Ä§u�À¡>�w£Ä¥@�6�b�

k ⊗ ([x1, x2, . . . , xn ]⊕ [ y1, y2, . . . , yn ]) = k ⊗ ([x1 ⊕ y1, x2 ⊕ y2, . . . , xn ⊕ yn ])

= [ k ⊗ (x1 ⊕ y1), k ⊗ (x2 ⊕ y2), . . . , k ⊗ (xn ⊕ yn) ]

= [ (k ⊗ x1)⊕ (k ⊗ y1), . . . , (k ⊗ xn)⊕ (k ⊗ yn) ]

= (k ⊗ [x1, x2, . . . , xn ])⊕ (k ⊗ [ y1, y2, . . . , yn ]).
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GF (q)
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R2 (ẽ) = ∅

�
ÿ ñ=Ý�æ�äZñ=Ý�ðcðòú'°�±�ááQ¶:°�ã«¶:µÆÚ�²�ê�Ú�¶fã�±�Ü

R
2

r φR2(G)
ä�Úi°�Ý�ðcðe¶:µJÝ°�.�[���«¨{�Ä±�Ü

φR2(G)
�

�

Ý¿�¿¥�¬f¥@�s�.�[�<¨@µn£w¨{�l®¯�[�J�«�[�6£w��¥@�6�Á¥@�¦�s�6�i£w¨��s�0¨@µ�¡>�[� �J�°�.¨{¬��[§8��¥@�0� ¬²±J�.�w£[�«�.���F®¯�[�s�s�«£w�w�<¥@�6�m�w�^�¯�w�¿¨@µ
¥ª���b¥@±J�

G
§8� ¤ ¤4¡>���«�J�[�g�s�àÔ��w�k¥@�6�Á�.�BµÃ�[�s�.�w�t�.¨°¡l¢m�s�6�[� �<� ¬f¥@�¯�w��J�6�J�[�

φR2(G)
�S§8�6�[�z�6¨Ñ¥@¬�¡J� ���J� �´¢

�.�w�s�J¤ �.�¶ +J�J�s�s�6�[�s¬�¨{�.���y§8�6�[�L� ���«��6�w£w�w�b�b¥@�s¢Á�.¨-�l��¥@¤ �àµP¢z¥Å�^�b¥w§8� �J�Á¨@µÀ¥°®¯�[�s�.�BÊL¨{��¨@µÀ¥@�L�w�^�¯���Â�s�6�
�s�J±F�[�.�.£[�s� ±J�.�*@]®�DÀ¥@�6�Ä@P�YDÀ�^�àÇF�[�.�[�g�s�q¥@�s� �J�Ñ�s�6���^�b¥w§8� �J�°µP�J�6£[�s�«¨{�6�0§8� ¤ ¤Ó¡F�(�^�«�b£Ä¥@�.�J�w�Á§8�6�[�m� �¿�«�0£[¤«�Ä¥@�
§8��¥@�u�s�6�0�´¢g±F�¨@µy�s�6�<¨{±>�[�b¥@�6�Ñ�«�Ä¶
ËÌ�6���s�J¡6�.£[�s� ±J�

R
2 �6�.�w�L� ���s�6���6¨{�b¥@�s�«¨{��� �l�s�.¨N�^�6£w�w��¥@¡>¨®¯��¬f¥@©¯�w��� �i�BÊ^±J¤ �«£[� ���s��¥@���^�b¥Ä§8� �J�¯��¬f¥w¢¡F��J�BÔ6�6�w��µP¨{�¦�.¨{±>¨{¤«¨{���«£Ä¥@¤y�s±�¥{£w�w�¦�s��¥@�0¥@�.��¤«¨g£Ä¥@¤ ¤ ¢.
Æg�^� ¬��[�6�s�«¨{��¥@¤U�2¨{�s�6�[�¦�s��¥@�

R
2 ¶8¾¿¨Ä§*�[®¯�[�Ä�2�s� �6£w�

��ñc¥������m�������;��¥O�r�������©§��������²�����r��� �r "�w��£��M� �X�w§¤���j���M���
�w¢²� ���'�%���'�r��¥'�M��°dc"�w¢���¡��
����¥��������'��¢��� {��¥'���/��¥'�w�
������� ���R��¡������£��;�������²���
�w¢M���������w«�����³/�����O�R�;¡'�'���M���ª���j������¥'�r�"�1¢M�����
�
����£��R�²��³c�M�w�m�1�O�r�©���r P�w��£��M��³/������«����% ���¢²��«��R�/�1¢M�����
�
���'£t�R�M��³c�w�M���¥'�m���j���M������������ ;��¥��m����£��w�w°����a��¥'�m�����m�m¦��w���]��¥'�X�'�r���r�������a³/�����c�R�}�r�'¡'�
�w�3«{�r�O�a��¥��*�������6�-�r�R�e¦@�*��¥'�m���6£��m³/�����c�R����m�©�
�����}�r µ���M����¥����>¢�¥O�r�����M��°



Ü^¶ Û�¶J¹¿�b¥w§8� �J�¯�0¥@�6�Ñ�[¬(¡>�w�J�^� �J�¯� ÆÁ
G��Æ

�s�J�«�8�s�6�w�.�«�ÌµP¨N£[�6�.�w�u¨{�Ñ�^�b¥Ä§8� �J�¯�À� �
R

2 �^�s�6��s�J¡6�.£[�s� ±J�
R

2 §8� ¤ ¤S¡>�<¨{¬²� �s�.�w�Ñµ]�.¨{¬��s�6�<�6¨{�b¥@�s�«¨{�X� �Ñ�s�6��.�[¬f¥@� �6�J�[�¨@µÌ�s�6�i�s�6�w�s�«�Ä�2�J�J¤«�w�.�0�s�6���.�w�b¨{¤ �J�s�«¨{�z¨@µÌ¥@¬�¡J� ���J� �´¢z�J�[¬f¥@�6�J�<� �.�0±J�.�w�.�[�6£w��¶iÝ¦�¥fµP�J�s�s�6�[�
¥@¡J�6�.�²¨@µ*�6¨{�b¥@�s�«¨{�Ð�Ó¥°�^�b¥Ä§8� �J�

φ(G)
§8� ¤ ¤��s� ¬²±J¤ ¢m¡F�i�J�[�6¨{�.�w�

φ
�2§8�6�[�t� �<�«��£[¤«�Ä¥@�0µ]�.¨{¬ �s�6�²£w¨{�g�.�BÊN�

�s��¥@�8�s�6��^�b¥Ä§8� �J�f�«�u¨@µ�¥i���b¥@±J�
G
¶

ËÌ�6���J�BÔ6�J� �s�«¨{��¨@µ¿¥X�^�b¥w§8� �J�t¨@µ¿¥����b¥@±J���.�s� ¤ ¤n¤«�Ä¥Ä®¯�w��¬��6£.���.¨X¡F�ª�J�w�s� �.�w�2¶t�´�i¥@¤ ¤«¨§u�iµP¨{���w�^�¯�w���.¨
��¥Ä®¯�À±�¥@� �s§8�«�.�¿¥@�s¡J� �s�b¥@�s� ¤ ¢�¬f¥@�l¢f¬��J�s��¥@¤F� �l�.�[�.�.�w£[�s�«¨{�6��^¥@�6�f�s�6�w�.�u� �g�.�[�.�.�w£[�s�«¨{�6�Ì�6�w�w���6¨{�*�6�w£w�w�.�b¥@�s� ¤ ¢
¤«�Ä¥{���.¨m§8��¥@�²¬²� ���l�f¡>�°£w¨{�6�s�«�J�[�.�w���s�s�6� �´£[�.¨��b�s� �J�¯�Ä¶ �F+6¨{�²�s�J�«���.�Ä¥{�b¨{�Ð�*¥�µU¥@�²��¥@�s�.¨Ä§n�[�ª�J�BÔ6�J� �s�«¨{�
�s��¥@�Å¹0�BÔ6�J� �s�«¨{�XÜ^¶ Û�¶\
i�«�Ì�.���g�J� �.�w�2�^� �°¨{�.�J�[�ÌµÃ¨{�u�^�b¥w§8� �J�¯�u�.¨�¡>�¿�6�.�BµP�J¤U¶ · ÏÄå[©¯�[¤ ¢mÿ · ÏÄå�&����Ð��� ®¯�w�8�.�6£.��¥
�J�BÔ6�J� �s�«¨{�ÅµÃ¨{�8§8��¥@�u�«�u£Ä¥@¤ ¤«�w�m¥��^�b¥w§8� �J�ª� �Á�³�6¨{�s¬f¥@¤ÐµÃ¨{�s¬Ñ¸ �
J _ � OVXcPYXcSQOîg;þBM"þ¬g ÿ µ�¸:Ý�ø,äcá�·

φ(G)
±�Ü'ÝÆ·�¸�Ýâ³ß

G
äcÚ*ÚfÝ�äèµ.ãï±×ê�¶ äZá��6¨{�s¬f¥@¤nµP¨{�s¬½ä Ü�
HÜ�±�¸ Ý�áú.ãZß�¸�¶�¶

°f²�¸âå�¶�Ú
c1


c2
Ý�á[µ

c3
äZá

R
2 °�±�¸â¸�¶�Úï³I±�á[µ�äZát·Æãï±Á¶�µ�·�¶�ÚiäZá E(G)



LJ��Ý�á�ú7³IÝ�äc¸�±:Ü)¶:µ�·�¶âÚé°f¸:±�Ú�Ú*¶:ÝG°âß"±�ãZß}¶â¸)Ý/þEá�äBã«¶�á�²tñ'ê�¶f¸)±�ÜiãBäZñ'¶�Ú�
,Ú�±ÁãZß�Ý�ã>ãZßI¶�á�²�ñ=ê�¶â¸)±�Üiµ�ä�ÚZàf±�äZáã
ñ*ÝYæ�äcñ=Ý�ðÙÚâ²}êâÚ�¶fãZÚ�äZá

c1 ∩ c2
KùÝ�á[µÁÝ�ðüÚf±W


c2 ∩ c3
Ý�á[µ

c1 ∩ c3
U*äcÚVþpá�äZã«¶e


�T��°f²t¸âå�¶�Ú Ý�¸:¶'á[±�ø�ß}¶â¸:¶'ãïÝ�át·t¶âáãBäèÝ�ðgf ä Ü*±�áQ¶*Ú�äèµ�¶ ±�Ü=Ý.°f²�¸�å�¶ ä�Ú)Ú�¶�¶fá1Ý�Ú8hcð¬¶ZÜfã�iiÝ�áQµ-ãZßI¶ ±�ãZßI¶â¸'Ý�Ú
h�¸âä9·�ß�ã�iK
sãZßI¶fá×ä Ü

c1
Ý�á[µ

c2
Ú�ßIÝ�¸:¶éÝ�³I±�äcáã�


c1
ä�ÚÅ³Q¸:¶�Ú�¶âáã�ê:±�ãZß"±�ánãZßI¶�ðe¶ZÜfã>Ý�á[µ ¸�ä¬·�ßtãÅ±�Ü

c2 j ñ=±�¸�¶Üf±�¸âñ=Ý�ðZðüúW
Hä Ü
c1
Ý�á[µ

c2
Ú�ß�Ý�¸�¶;Ý�³I±�äZáã�
VãZßI¶fá;Üf±�¸CÝ�á�ú

ε > 0

�ãZß}¶7µ�ä�Ú�°

U
ø,äZãZß'°�¶fáãB¸:¶

p
Ý�á[µ�¸�ÝGµ�äc²tÚ

ε
äcÚ7Ú�²}°âß-ãZß�Ý�ã

U r c2
ß�Ý�Ú�ãBøp±Æ°�±�á�áQ¶�°�ã«¶:µ-°�±�ñ�³}±�áQ¶âáãZÚ�
Åê:±�ãZßJäZáã«¶â¸�Ú�¶:°�ãBäcát·

c1



QP��á[±'ãZßt¸:¶�¶*¶�µ�·�¶�Ú�Ú�ß�Ý�¸�¶)ÝÁ°�¸�±�Ú�Ú�äZát·�³I±�äZáã�
s±�¸
c1 ∩ c2 ∩ c3 = ∅

�
�

ËÌ�J�«�u�J�BÔ6�J� �s�«¨{�X�«�8§n�[¤ ¤6Ö×�6�s�s�àÔ��w�2�e¥{�8� �¦¥{£w£w¨{¬²¬�¨N�6¥@�.�w�¦¥@¤ ¬�¨��s�¦¥@¤ ¤S�s�6��J�BÔ6�J� �s�«¨{�6�À¨@µy���b¥@±J�X�^�b¥Ä§8� �J�¯�
�6�.�w�°¡g¢°�.�w�.�Ä¥@�.£.�6�[�.�À� �Ñ�s�6�¿Ô��[¤«�2¶E+6¨{�À�BÊ6¥@¬²±J¤«���6�.¨{¬���.�w�.�Ä¥@�.£.�6�[�.�¿¥{�J�^� �s�«¨{��¥@¤ ¢�¥{�.�s�J¬��0�s��¥@�À�[� �s�6�[�
�U¶¦¥{�@Ös¥{£w�[�g�À�w�^�¯�w�À�J¨²�6¨{�u£[�.¨��b�u¨{�u�s��¥@�Ä�
� �U¶u�6¨�±�¥@� �À¨@µy�w�^�¯�w�¦£[�.¨��.�8¬�¨{�.�<�s��¥@�X¨{�6£w���
� � �U¶À¨{�8¡>¨{�s�Ð¶
â<¥@�.�[¢�¥@�6�Xã¯¨{�J�6�.¨{��ÿ â0ã���Ü��y�^�«�Ñ�6¨{�¿� ¬²±>¨��b� @]�cDB�F¥@¤ �s�6¨{�J���X�s�6�[¢�¥{�.�.�J¬��w�¥@]� �cDB¶¦ó¦�X�s�6��¨{�s�6�[�¿��¥@�6�2�
ËS�J�s�.��ÿÙËÐ�J����&��Ó¥{�.�s�J¬��w��@]�cDB�J¡J�J�8�6��¥{�b�s�J¬��w�°�s��¥@�À�w�^�¯�w�8¬f¥Ä¢°£[�.¨��b�8¬��J¤ �s� ±J¤«���s� ¬��w�i@]�s�J�«�u�«�Ä�N� �ÅµU¥{£[�Ä�
� �g�.�[���b¥@¤S�.¨��s�6�<�s�6�w¨{�s¢°�J�[®¯�[¤«¨{±>�w��� �zÿÙËÐ�J����&��«<^�J�«�8�s�6�w¨{�s¢°�«�u�^�«�.£[�6�.�.�w�°� ���s�6�<�6�BÊN�u£b��¥@±J�.�[��DB¶
ËÌ�6�Ì�s� ���J�àÔ�£Ä¥@�6£w�8¨@µ����b¥@±J�²�^�b¥Ä§8� �J�¯�4� ���6¨{�s¬f¥@¤^µP¨{�s¬ú�«�y�s��¥@��¥@¤ ¤N���b¥@±J�²�^�b¥Ä§8� �J�¯�4§8� �s��¥uÔ6�J� �.�*�g�J¬�¡F�[�
¨@µÐ�w�^�¯�u� �g�.�[�.�.�w£[�s�«¨{�6�;@ ä
�Z¶��q�l¥@¤ ¤e�^�b¥Ä§8� �J�¯��µÃ¨{�Z§8�J�«£b�f�s�6�uÔ6�.�s�Z±J�.¨{±F�[�s�³¢²� ��¹¿�BÔ6�J� �s�«¨{�°Ü^¶ Û�¶ Ü�6¨{¤«�J�âDÂ¬f¥w¢
¡F�(£w¨{�g®¯�[�s�.�w�Á�.¨ª�^�b¥Ä§8� �J�¯�<� �m�6¨{�s¬f¥@¤yµP¨{�s¬�§8� �s�6¨{�J�<� �6£[�.�Ä¥{�s� �J�°�s�6�i�.¨{�b¥@¤Ó�g�J¬�¡F�[�¨@µZ±�¥@� �s§8�«�.���w�^�¯�
£[�.¨��.�.� �J�¯�Ä¶
Û�¶À�Uµ

c1 ∩ c2
�«���6¨{��Ô6�J� �.���n�s�6�[�

c1
¥@�6�

c2
¬��6�.���s��¥@�.�Å�s�J¡6�.�w£[�s�«¨{�6��¨@µ0£[�J�s®¯�w�Ä¶¥+6¨{���Ä¥{£.���s�6£b�

�s��¥@�.�w�Ñ�s�J¡6�.�w£[�s�«¨{�Ð�6�s�J�«�8®g�«¨{¤q¥@�s�«¨{�X£Ä¥@�Ñ¡>�¥Ä®¯¨{�«�J�w�Å¡l¢°¤«�[�s�s� �J�
c1
�s�J��£[¤«¨��b�¥@¤«¨{�J�¯�s�«�J�

c2
§8�6�[�.�

�s�6�[¢Å§n¨{�J¤«�X��¥w®¯�� �g�.�[�.�.�w£[�.�w�t¥@�6�Ñ�s�6�[�X��¥w®N� �J��¨{�J¤ ¢Ñ¥��.� �J��¤«�±F¨{� �l�¦¨@µ�� �g�.�[�.�.�w£[�s�«¨{�Ð�2¥{�À�s�6¨§8�
� �Á+Â� ���J�.�0Ü^¶\
^¶4Ýá�s��¥@�.�w�ª£[�J�s®¯�¿�s�J¡6�.�w£[�s�«¨{�°�«�n±J�.�w�.�[�l�*� ��±�¥@�s�7@Ã¥GDZ¨@µÐ�s�6�uÔ6���J�.���N§8�J� ¤«�s�*�s�J�«�*��¥{�
¡>�w�[�Å�.�[¬�¨®¯�w�Ñ� �Ñ±�¥@�s��@]¡[DB¶


^¶ · � �6£w�f�s�6���l�J¬(¡>�[�²¨@µÀ� �g�.�[�.�.�w£[�s�«¨{�6�²¨@µÀ�´§n¨Á£[�J�s®¯�w�
c1
¥@�6�

c2
¬��6�.�i¡F�²Ô6�J� �.���

c1
¥@�6�

c2
£Ä¥@�

¨{�J¤ ¢Ñ¡>�(�b¥@�J�¯�[�l�s�q¥@¤4¡g¢X�s��¥@�s� �J�°�s� �J��¤«�i±F¨{� �l�.�Ä¶ · � �6£w�i�s�6�[¢Ñ�s�6�[�Á®g�«¨{¤q¥@�.�i�s�6�(�.���l�J� �.�[¬��[�g�<�s��¥@�
�s�6�[¢m�s�6¨{�J¤«�z¡>�i±J�.�w�.�[�g�(¨{�z�Ä¥{£.�k¨{�s�6�[�ÄØÙ�¤«�BµP�×Æm¥@�6�t�s� ���l�×Æl��¥@�6�k�s�«�J�w�<�.�w�s±F�w£[�s� ®¯�[¤ ¢¯�Ð�s�6�²� �g�.�[�ðß
�.�w£[�s�«¨{�6�8£Ä¥@�°¡>�¦�.�[¬�¨Ä®¯�w�Å¡g¢f�s� ¬²±J¤ ¢��s�J�àµ]�s� �J�

c1
¥w§*¥Ä¢�µ]�.¨{¬

c2
¥@�*�s�6�0±F¨{� �l�8¨@µS� �l�.�[�.�b�w£[�s�«¨{�Ð��¥{�

�s�6¨Ä§8�z� ��+Â� ���J�.��Ü^¶ Ü^¶�ËÌ�6�²�b¥@�J�¯�[�g�s�q¥@¤Z� �l�.�[�.�b�w£[�s�«¨{�6�� ��+Â� ���J�.�fÜ^¶ Ü}@Ã¥GD¦��¥w®¯��¡>�w�[�t�.�[¬�¨®¯�w�z� �
+Ó� ���J�.�(Ü^¶ Ü}@]¡[DB¶



ÆÁ
���Æ $n��¥@±J�.�[�¦Ü^¶Q$n�.¨��.�s� �J�'!¦�J¬�¡F�[�.�

c1

c2

ï ��ð

c1

c2

ï �Rð
+Â� ���J�.�¦Ü^¶\
^¸Vo��^�¯�¦� �l�.�[�.�.�w£[�s�«¨{�6�*�s��¥@��� �g®¯¨{¤ ®¯�¦�.�J¡6�.�w£[�s�«¨{�6�n¨@µÐ�w�^�¯�w�n¬f¥w¢²¡F�8�.�[¬�¨Ä®¯�w�ª¡l¢�¤«�[�s�s� �J���w�^�¯�w�
�s�J�a£[¤«¨��.���.¨X¨{�6��¥@�6¨{�s�6�[�Ä¶XËÌ�6�f�w�^�¯�w�

c1
¥@�6�

c2
� �g�.�[�.�.�w£[��¨{�6��¥@�6¨{�s�6�[�²¥@�i¥@�a� �^Ô6�J� �.�f�g�J¬�¡F�[�i¨@µ

±F¨{� �l�.�8� �¥@Ã¥GDB�J§8�J� ¤«�s�8�s�6�[¢Å¨{�J¤ ¢ª� �g�.�[�.�.�w£[�¦�Ä¥{£b��¨{�s�6�[�¦¥@�À¨{�6�0±F¨{� �l�À� �?@]¡[DB¶

c1
c2

ï ��ð

c1
c2

ï �Rð
+Â� ���J�.�fÜ^¶ Ü^¸ËÂ¥@�J�¯�[�l�s�q¥@¤Ì�w�^�¯�²� �l�.�[�.�b�w£[�s�«¨{�6��¬f¥Ä¢m¡F���.�[¬�¨Ä®¯�w�k�s� ¬²±J¤ ¢Á¡l¢m¬�¨Ä®N� �J�X£[�J�s®¯���b�w£[�s�«¨{�6�(¥@�
�s�6�f� �l�.�[�.�.�w£[�s�«¨{�6�iµU¥@�(�[�6¨{�J����¥@±�¥@�s�Ä¶�ËÌ�6���w�^�¯�w�

c1
¥@�6�

c2
��¥Ä®¯�°¥Ñ�b¥@�J�¯�[�l�s�q¥@¤Ì� �l�.�[�.�b�w£[�s�«¨{�a� �Ã@Ã¥GDB¶

ËÌ�J�«�8� �g�.�[�.�.�w£[�s�«¨{����¥{�u¡>�w�[�Ñ�.�[¬�¨®¯�w�Ñ� �%@]¡[D*¡g¢°¬�¨Ä®N� �J���s�6��w�^�¯�w�À¥Ä§*¥w¢°µP�.¨{¬æ¨{�6�¥@�6¨{�s�6�[�Ä¶

Ü^¶À�UµÂ�s�J�.�w��¨{�8¬�¨{�.�£[�J�s®¯�w�À��¥w®¯�(¥i¬(�J�s��¥@¤Ó£[�.¨��.�.� �J�6��¥{�8�«�8�s�6�£Ä¥{�b�¿µP¨{�u�s�6�<µP¨{�J�u£[�J�s®¯�w�
c1
�
c2
�
c3¥@�6�

c4
� �=+Â� ���J�.�uÜ^¶ �@Ã¥GDB���s�6�[�²�s�6�8£w¨{�6�s�s�s�6£[�s�«¨{��� �*+Â� ���J�.�uÜ^¶ �@]¡[DÂ£Ä¥@�²¡F�Ì¥@±J±J¤ �«�w���.¨0�.�[¬�¨®¯�8�s�6�

¬��J�s��¥@¤2£[�.¨��.�s� �J�6¶�+6¨{�J�Ì£[�.¨��.�s� �J�¯�*§n�[�.�¿£.�6¨��b�[�ª�.¨i�s�6¨Ä§É�s��¥@�*�s�J�«�Z¬��[�s�6¨N�f�«�*�Ä¥{�s¢��.¨(�¯�[�6�[�b¥@¤ �«�.�
�½Ö×�6�s�¥{�

c4
�«�C�³¤«¨N¨{±>�w���²¥@�.¨{�J�6�t�s�6��£[�.¨��.�.� �J�Ñ¨@µ

c1
¥@�6�

c2
�S¥@�6�

c3
¥@�.¨{�J�6�

c4
�S¨{�s�6�[���w�^�¯�w�

¬f¥w¢°¡>�/�³¤«¨N¨{±F�w���<¥@�.¨{�J�6�
c3
¶

c3
c2

c1

c4

ï ��ð

c3
c2

c1

c4

ï �Rð
+Â� ���J�.�<Ü^¶ �6¸��À�[¬�¨Ä®�¥@¤2¨@µS¬�¨{�.�¿�s��¥@�Ñ¥(�.� �J��¤«�¦£[�.¨��.�.� �J�i±F¨{� �l�u¥@�Ì�s�6�¿�b¥@¬��¿±>¨{� �g�Ì¨@µ

R
2 ¶4ËÌ�6�¿�w�^�¯�w� c1 �

c2
�
c3
¥@�6�

c4
� �l�.�[�.�b�w£[�0¥@�0¥�£w¨{¬²¬�¨{�m±>¨{� �g�À� �¥@Ã¥GDB�e§8�J� ¤«�s�¦�s�6���w�^�¯�w�

c3
¥@�6�

c4
��¥Ä®¯��¡F�w�[���.�w�^�b¥Ä§8�

� �%@]¡[DB�6�b¨�¥{�8�.¨��³¤«¨g¨{±m¥@�.¨{�J�6���0�s�6�� �l�.�[�.�.�w£[�s�«¨{�m¨@µ
c1
¥@�6�

c2
¶

Ý��J�BÔ�£[�«�[�6£[¢°¨@µÓ�s�6�0¬��[�s�6¨N�J�8�J�w�.£[�s� ¡F�w�Ñ¥@¡>¨®¯���^�«�Ì�s��¥@�Ì� �*��¥{�Ì�6¨{�8¡F�w�[�Å�s�6¨Ä§8�Å�6¨§á�s�6�<�^�b¥w§8� �J�¯�u¨@µ
�w�^�¯�w�n¬f¥w¢�¡F�¦¥{�@Öð�6�s�.�w�ª�.¨�s��¥@�*�6¨(£[�.¨��b�s� �J�¯�Z§8� �s�°¨{�s�6�[�Ì�w�^�¯�w�*¥@�.�¦� ��¥{�^®¯�[�s�.�[�l�s¤ ¢ª� �l�s�.¨N�^�6£w�w�2¶ · ¨{¬��
¡�¥{�s�«£<�J�BÔ6�J� �s�«¨{�6�¦�.�[¤q¥@�s� �J�f�.¨f�.�[�.�8� �

R
2 ¥@�.��.�[®g�«�[§*�w�Ñ�6�[�.���J¡F�BµP¨{�.�(¥(µP¨{�s¬f¥@¤Ð�.�w£b�J�J�e�l�6��µÃ¨{�u�[�6�s�J�s� �J��s��¥@�8�s�6��¥@¡F¨Ä®¯�¬��[�l�s�«¨{�6�w�X±J�.¨{¡J¤«�[¬æ�J¨g�w�u�6¨{�¦¥@�s�«�.���^�«�8��� ®¯�[�Ð¶



Ü^¶ Û�¶J¹¿�b¥w§8� �J�¯�0¥@�6�Ñ�[¬(¡>�w�J�^� �J�¯� ÆÁ
��(Æ

- �E_tOíb�_GP�b.k�Wt�cS[b�_�T�b�_�P�b=u�OHT�mES[R�TV_�R�b
ËÌ�6�£w¨{�6£w�[±J�¿¨@µZ¥-°fð¬±�Ú�¶:µÆÚ�¶fã*� �

R2 �«�À¥��¯�[�6�[�b¥@¤ � Ï¥@�s�«¨{�t¨@µÂ�s�6�(£w¨{�6£w�[±J�¦¨@µZ¥-°fð¬±�Ú�¶:µÁäcá[ã«¶â¸�å�Ý�ðy� � R
¶ZÝ

£[¤«¨��.�w��� �l�.�[�s®�¥@¤
[a, b]

� �
R
�«�À�s�6���.�[�

{x : a ≤ x ≤ b, a, x, b ∈ R}
¶ÌÝ¦�X�BÊ6¥@¬²±J¤«��¨@µZ¥@�X£[¤«¨��.�w�X�.�[�À� �

R
2 �«�¿¥ª£[¤«¨��.�w�X�.�w£[�b¥@�J��¤«�i¨@µn�s�6�µÃ¨{�s¬ [a, b] × [c, d]

�>§8�6�[�.�
a < c

¥@�6�
b < d

�F¥@�6�m§8�6�[�.�
×
�J�[�6¨{�.�w�

�s�6�i$Ì¥@�s�.�w�s�q¥@�X±J�.¨g�^�6£[�¦¨@µÂ�s�6�0�´§n¨f�b�[�.�Ä¶
Ý¦��¥@¤«¨{�¯¨{�6���.¨X�s�6��§Ì¥w¢k� �L§8�J�«£.�a�s�6��£w¨{�6£w�[±J�i¨@µ¦¥�£[¤«¨��.�w�k�b�[��� �

R
2 �¯�[�6�[�b¥@¤ � ÏÄ�w�i�s�6�ª£w¨{�6£w�[±J��¨@µ¦¥£[¤«¨��.�w�z� �l�.�[�s®�¥@¤Z� �

R
�S�s�6��£w¨{�6£w�[±J��¨@µu¥@��±�³}¶âá¥Ú�¶�ã0� �

R
2 �«�i¥°�¯�[�6�[�b¥@¤ � Ï¥@�s�«¨{��¨@µÌ�s�6�ª£w¨{�6£w�[±J�(¨@µÀ¥@�±�³�¶âáôäcáã«¶f¸�å�Ý�ðÓ� �

R
¶nÝÀ�Ñ¨{±F�[�Ñ� �g�.�[�s®{¥@¤

(a, b)
� �

R
�«�8�s�6���.�[�

{x : a < x < b, a, x, b ∈ R}
¶�Ý¦��¨{±>�[�

�.�w£[�b¥@�J��¤«�<� �
R

2 ��¥{�8�s�6�0µÃ¨{�s¬ (a, b) × (c, d)
�6§8�6�[�.�

a < c
¥@�6�

b < d
¶

!¿¨{�.��s��¥@�¿�s�6�(�J�BÔ6�J� �s�«¨{�6�¥@¡F¨Ä®¯�i� ¬²±J¤ ¢Ñ�s��¥@�¿� �¿�«�À±F¨��.�s� ¡J¤«���.¨ª£w¨{�6�s�s�s�6£[�¥f�.�[�¦�s��¥@�¿�«�¦�6�[� �s�6�[�0¨{±F�[�
�6¨{�u£[¤«¨��.�w�2¶p$*¨{�6�.�«�J�[�Ä�^µP¨{�u�BÊ6¥@¬²±J¤«���^�s�6�<�.�[�

(a, b]
�J§8�J�«£b�Ñ�«�8�J�BÔ6�6�w��¥{�

{x : a < x ≤ b, a, x, b ∈ R}
¶

+6¨{�²¥X£[¤«¨��.�w�k�b�[�
V ∈ R

2 �y¤«�[� U ¡F�ª�s�6�f¤q¥@�s�¯�w�s�²¨{±F�[�a�b�[�(£w¨{�l�b¥@� �6�w��� � V � ä
�Z¶��q�S¤«�[�
U
¡>�ª�s�6£.�

�s��¥@�0�s�6�[�.�²�J¨N�w�0�6¨{��BÊN�«�s�¥��.�[�
U ′ ∈ R

2 �b¥@�s�«�ðµP¢N� �J� U ⊂ U ′ ⊂ V
¶iËÌ�6�.ê:±�¸:µ�¶â¸Å¨@µÌ¥�£[¤«¨��.�w�t�.�[�

V
�

�J�[�6¨{�.�w�
δV
�Ð�«���s�6���.�[�

V r U
¶'�m¨{�.�²� �^µP¨{�s¬f¥@¤ ¤ ¢¯�Â�s�6�²¡F¨{�.�J�[�(¨@µÀ¥Å£[¤«¨��b�w�z�.�[��«�<�s�6�ª£[¤«¨��.�w�z£[�J�s®¯�

�s�J�s�.¨{�J�6�^� �J�Á� �.�i¤q¥@�s�¯�w�s��£w¨{�l�b¥@� �6�w��¨{±F�[�a�b�[�Ä¶mËÌ�6�ª¡F¨{�.�J�[��¨@µ¦�s�6�ª£[¤«¨��.�w�k�.�w£[�b¥@�J��¤«�Ñ¥@¡F¨Ä®¯��¬f¥w¢z¡F�
¨{¡J�b¥@� �6�w�Á¡g¢X�s�6���.�[¬�¨®{¥@¤�¨@µ*� �.�£w¨{�l�b¥@� �6�w�z¨{±F�[�t�.�w£[�b¥@�J��¤«�-@Ã¥@¤«�.¨Å�J�w�.£[�s� ¡F�w�z¥@¡F¨Ä®¯�YD0¥@�6�t£w¨{�6�s�«�s�.�<¨@µ
�s�6�*�J�J�«¨{�f¨@µ>�s�6�*µP¨{�J�y¤ � �6�w�4�s��¥@�Z¥@�.�8�J�w�.£[�s� ¡F�w��¡l¢(�s�6�8�.�[�.�

{(x, b) : a ≤ x ≤ c}
�
{(x, d) : a ≤ x ≤ c}

�
{(a, y) : b ≤ y ≤ d}

¥@�6�
{(c, y) : b ≤ y ≤ d}

¶

§ T�Þ�UKb�PYXBOHj�PY~H_"TKR�uGw'XBOKjb*S���_�TVj_�b
!¿¨Ä§�*� �
¥t�^�b¥Ä§8� �J�

φ
¨@µ�¥Á���b¥@±J�Ð�Ì�s�J±J±F¨��.�Å�s��¥@�f�s�6�Ñ� ¬f¥@�¯�w�f¨@µ

n
�w�^�¯�w�Ä�

φ(e1), φ(e2), . . . , φ(en)� �g�.�[�.�.�w£[�u¨{�6�¥@�6¨{�s�6�[�Ä¶�ËÌ�6�¿�³¢N±>�w�8¨@µÂ� �l�.�[�.�.�w£[�s�«¨{�6�À±>¨��b�s� ¡J¤ ¢�� �6£[¤ �6�J�¥@¤ ¤2�s�J�.�w�0�³¢N±F�w�8¨@µS� �l�.�[�.�.�w£[�s�«¨{�6�
�J�w�.£[�s� ¡F�w�z¥@¡F¨Ä®¯��� �s��¥@�.�w�z�.�J¡6�.�w£[�s�«¨{�6�¨@µ*�w�^�¯�w��2�b¥@�J�¯�[�l�s�q¥@¤n� �l�.�[�.�.�w£[�s�«¨{�6�i¥@�6�t¬��J¤ �s� ±J¤«��£[�.¨��b�s� �J�¯�
¥@�u¥��s� �J��¤«�0±F¨{� �l�Ä¶Eon¥{£.�X¨@µÂ�s�6�<�^�b¥w§8� �J�¯�

φ(ei)
�
i ∈ {2, . . . , n}

§8� ¤ ¤Ð¡F�¿�.�[±J¤q¥{£w�w�Å¡l¢°�^�b¥w§8� �J�¯�
φ′(ei)

�
i ∈ {2, . . . , n}

�l�b¨0�s��¥@���s�6�8Ô6��¥@¤6���b¥@±J���^�b¥w§8� �J�
φ′
§8� ¤ ¤e¡>�Ì� �f�6¨{�s¬f¥@¤6µÃ¨{�s¬Ñ¶ÂÞS�[�

xi,j = φ(ei)∩φ(ej)
�

�s�6�[�X�s�6��.�[�
C =

⋃
1≤i<j≤n xi,j

£w¨{�g�b¥@� �6�0¥²�l�J¬�¡F�[�0¨@µ4�^�«�ÃÖð¨{� �g�¦�s�J¡6�.�[�.�¶*ÞS�[�
c
¡>�(�s�6£.�Á¥�¬f¥GÊ^� ¬f¥@¤

@P£w¨{�J�6�w£[�.�w�D��s�J¡6�.�[�i¨@µ
C
¥@�6�k�.�J±J±>¨��.���Ó§8� �s�6¨{�J�i¤«¨��.��¨@µ8�¯�[�6�[�b¥@¤ � �³¢¯���s��¥@�(�Ä¥{£.��¨@µu�s�6�

n
� ¬f¥@�¯�w�(¨@µ

�w�^�¯�w�4� �g�.�[�.�.�w£[�.�
c
¶�!¦¨{�.�Ì�s��¥@�

c
¬f¥Ä¢�¡>�u¥¿¤q¥@�s�¯�[�Z�b�[�4�s��¥@���s�6�8� �l�.�[�.�b�w£[�s�«¨{�

φ(e1)∩φ(e2)∩· · ·∩φ(en)¨@µ�¥@¤ ¤
n
�w�^�¯�<� ¬f¥@�¯�w�Ä¶

$*¨{�6�s�«�J�[��¥�£w¨{¤ ¤«�w£[�s�«¨{�
U2, U3, . . . , Un

¨@µ
n − 1

£[¤«¨��.�w�á�.�[�.�Å§8� �s�á�s�6�Á±J�.¨{±F�[�s�³¢õ�s��¥@�
c ⊂ U2 ⊂

U3 ⊂ · · · ⊂ Un
¥@�6�L§8� �s�L�s�6�f±J�.¨{±>�[�s�´¢t�s��¥@�

Un
�J¨N�w��6¨{�(� �l�.�[�.�.�w£[�²¥@�l¢Á� ¬f¥@�¯�w�i¨@µÀ�w�^�¯�w�¡F�w�s�«�J�w�

φ(e1), φ(e2), . . . , φ(en)
¥@�6���s��¥@�²� �f¥@¤«�.¨t�J¨N�w���6¨{�²� �l�.�[�.�.�w£[�ª¥@�g¢a¨@µ0�s�6�Å¨{�s�6�[���^�«�PÖs¨{� �l���s�J¡6�b�[�.�²� �

C
¶(ËÌ�J�«�<�«��¥@¤ §Ì¥w¢^�<±>¨��b�s� ¡J¤«���2¡F�w£Ä¥@�6�.��� �<�«�¥@¤ §*¥Ä¢N��±>¨��.�.� ¡J¤«�(�.¨�Ô6�6�z¥�±F¨{� �l�

p
¡F�[�³§*�w�[�a¥@�g¢X±�¥@� �¨@µ

±F¨{� �l�.��� �
R

2 ¶LËÌ�g�6�Ä���s�6��¡F¨{�.�J�[��¨@µ Un ¬f¥w¢a¡>�°�^�b¥w§8��� ���s�6£b�È¥�µÃ¥{�s�J�«¨{��¥{���.¨XµU¥@¤ ¤*¡F�[�³§*�w�[�
¥@¤ ¤±F¨{� �l�.�*£w¨{¬²±J�s�«�s� �J�
c
¥@�6�ª¥@¤ ¤��s�6�uµP¨{�s¡J�«�J�J�[�°�s�J�s�.¨{�J�6�^� �J�i±>¨{� �g�.�;@P¨@µF� ¬f¥@�¯�w�Ì¨@µÐ¨{�s�6�[�Ì�w�^�¯�w�*¥@�6�ª¨{�s�6�[�

�s�J¡6�b�[�.��� �
C
DB¶ÂÞÐ� ©¯�[§8�«�.���l�s�6�¦¡F¨{�.�J�[�n¨@µ

Un−1
¬f¥Ä¢�¡>�À�^�b¥w§8�Å�.¨�¥{�n�.¨<µU¥@¤ ¤6¡F�[�³§n�w�[�

c
¥@�6�f�s�6�u¡F¨{�.�J�[�

¨@µ
Un
¥@�6�f�.¨�¨{�Ð¶ÂËÓ¨�.�[�6�J�[�n�s�J�«��¬��[�s�6¨N�²µP�J�6£[�s�«¨{��¥@¤U�l� �n�«�Z¥@¤«�.¨� ¬²±F¨{�s�b¥@�l�n�.¨��[�6�s�J�.�u�s��¥@�Z�s�6�8¡F¨{�.�J�[�

¨@µ
Ui
� �l�.�[�.�b�w£[�.�

φ(ei)
¥@�<¨{�J¤ ¢Ñ�´§n¨°±F¨{� �l�.�=@ ä��c¶6�«�e§8�6�[�.�

φ(ei)
�´�[�g�.�[�.���

Ui
¥@�6�m§8�6�[�.��� ���³¤«�Ä¥w®¯�w���

Ui
<

φ(ei)
�s�6¨{�J¤«�Å�6¨{�À�s�J��¥@¤«¨{�J���s�6�<¡F¨{�.�J�[�À¨@µ

Ui
DB¶

+6¨{�u�Ä¥{£b�X�w�^�¯�
ei
� ���s�6�<�.�[�u¨@µ

n
�w�^�¯�w�Ä�6¤«�[�

Li = φ(ei) r Ui
¥@�6�

Pi = φ(ei) ∩ δUi
¶4ËÌ�6��b�[�

Li ∪ Pi£w¨{�s�.�w�s±F¨{�6�J�¿�.¨f�s�6�i�^�b¥w§8� �J�
φ(ei)

�s�s�J�6£Ä¥@�.�w�Á¥@�¿�s�6�(�³§n¨�±F¨{� �l�.�0� �
Pi
¨{�X�s�6�(¡F¨{�.�J�[�¿¨@µ

Ui
¶¦ËÌ�6�[�.�

¥@�.���³§*¨t±�¥@�s�6�Ä�
p1
¥@�6�

p2
��� �

δUi
�s��¥@�²¬f¥w¢a¡>���6�.�w���.¨ªÖs¨{� ���s�6�°±>¨{� �g�.�²� �

Pi
� �s�6�w�.�Ñ¥@�.�°�s�6�

�´§n¨Ñ¬f¥GÊ^� ¬f¥@¤n�^�«�ÃÖð¨{� �g�(�s�J¡6�.�[�.�� �
δUi r Pi

¶°ó¦�6��±�¥@�s�k£w¨{�s�.�w�s±F¨{�6�J���.¨X¥°±�¥@�s�zµÃ¨{¤ ¤«¨Ä§*�w�L£[¤«¨N£.©N§8�«�.�
�×¥@�.¨{�J�6���

Ui
¥@�6�z�s�6�f¨{�s�6�[�i±�¥@�s�zµÃ¨{¤ ¤«¨Ä§*�w�a¥@�g�s�ÎÆg£[¤«¨g£b©g§8�«�b�=�×¥@�.¨{�J�6���

Ui
¶�ËÌ�6�f±�¥@�s�

pi
�
i ∈ {1, 2}

�



Æ�Ü�&�Æ $n��¥@±J�.�[�¦Ü^¶Q$n�.¨��.�s� �J�'!¦�J¬�¡F�[�.�

§8�6¨��.�ª�.�[¤«�w£[�s�«¨{�a§8� ¤ ¤*£Ä¥@�6�.�f�s�6��µÃ�[§n�w�.���l�J¬(¡>�[�²¨@µÀ£[�.¨��.�.� �J�¯��� �k�s�6�ª�w�^�¯���^�b¥w§8� �J�
Li ∪ Pi ∪ pi

�Â�«�
£b�6¨��.�[�Ð��¥@�6�

φ′(ei)
�«�8�J�BÔ6�6�w�Ñ�.¨�¡F�0�s�J�«�À�^�b¥Ä§8� �J�6¶

Ý¦�È�BÊ6¥@¬²±J¤«��¨@µ<�s�6�X¥@±J±J¤ �«£Ä¥@�s�«¨{�á¨@µ<�s�J�«�f¬��[�s�6¨N��¬f¥Ä¢�¡>���.�w�[�È� ��+Ó� ���J�.�mÜ^¶\	^¶õ�³��+Ó� ���J�.�mÜ^¶\	}@Ã¥GDB�
�s�6�Ñ�w�^�¯�w�

e1
�
e2
¥@�6�

e4
£[�.¨��.�ª¨{�6�X¥@�6¨{�s�6�[�°¥@�6���s�6�[¢�¥@¤«�.¨z�s��¥@�.�X�s�J¡6�.�w£[�s�«¨{�6�f¨@µ£[�J�s®¯�w�f� ���s�6�[� �

� �g�.�[�.�.�w£[�s�«¨{�6�Ä¶zËÌ�6�°�w�^�¯�
e3
� �l�.�[�.�.�w£[�.�

e1
�
e2
¥@�6�

e4
� ��¥Ñ�b¥@�J�¯�[�g�s�q¥@¤8µÃ¥{�.�J�«¨{�Ð¶tÝÀ¤ ¤Ì¨@µÀ�s�6��� �l®�¥@¤ �«�

� �g�.�[�.�.�w£[�s�«¨{�6�u��¥Ä®¯�¡F�w�[�Å�.�[¬�¨Ä®¯�w�Ñ¡g¢°�s�6�<�s�b¥@�6�ðµÃ¨{�s¬f¥@�s�«¨{�Ð��¥{�8¬f¥w¢°¡F�<�.�w�[�Ñ� �-+Â� ���J�.��Ü^¶\	}@]¡[DB¶

e3 e4

e1

e2

ï ��ð
e1
«
e2
���'�

e4
¢M�����
�����'�a��������¥'�²��r�O�

e3
��������¦@����¦����-����������£��w�j�������P�������²�
ø�
�M¢M�������'�w°

U2 U3

U4

e3 e4

e1

e2

ï �Oð�õ>���'����¦��r�����*���j���M���
�w¢M�������'��¥'��¦@�;�R�w�w����M�m�r¦����3°
+Â� ���J�.�<Ü^¶\	^¸4ÝÀ�°� ¤ ¤ �6�s�s�b¥@�s�«¨{�Ñ¨@µÓ�s�6�0�¯�[�6�[�b¥@¤>�.�w£b�J�J�e�l�6�<µP¨{�*�s�6�0�.�[¬�¨Ä®�¥@¤Ð¨@µS� �l®�¥@¤ �«�Å�w�^�¯�¿� �l�.�[�.�.�w£[�s�«¨{�6�¶
ËÌ�6��¥@±J±>�Ä¥@¤Ì¨@µ8���b¥@±J�a�^�b¥Ä§8� �J�¯��� �L�6¨{�s¬f¥@¤nµP¨{�s¬Õ§8� �s�k�s�6�°¥{�J�^� �s�«¨{��¥@¤n�.���g�J� �.�[¬��[�l�.�-@]�cD�¥@�6��@]� �cD<�«�
�s��¥@�Ä�ÓµÃ¨{�(¥@¤ ¤*�^�b¥Ä§8� �J�¯�²¥{£.�J�«�[®N� �J�X�s�6�f¬²� �J� ¬��J¬Ò�.¨{�b¥@¤n�g�J¬�¡F�[�i¨@µÀ£[�.¨��b�s� �J�¯�(¨@µ8�s�6�[� �i���b¥@±J�6�Ä�Â�s�6�w�.�
±J�.¨{±F�[�s�s�«�w�0�J¨J��� �XµÃ¥{£[�Ä�e�6¨{¤«�2¶�+6�J�s�s�6�[�s¬�¨{�.���>µ]�.¨{¬ ¥�£w¨{¬²±J�J�b¥@�s�«¨{��¥@¤4±F¨{� �l�0¨@µ�®g�«�[§�>�s�6�[¢Å�.�w�^�6£w�i�s�6�
�g�J¬�¡F�[�Ì¨@µS¨{±F�[�b¥@�s�«¨{�6�Ì�.���g�J� �.�w�f�.¨�Ô6�6�°¨{�Ì¥@±J±J�.¨ÄÊN� ¬f¥@�.�0�s�6�¿£[�.¨��.�s� �J�i�l�J¬(¡>�[�8¨@µÂ¥����b¥@±J�ô@P�.� �6£w�À� �*�«�
�6¨{�8�6�w£w�w�.�O¥@�s¢��.¨�©¯�w�[±��s�b¥{£.©Å¨@µÂ¬(�J¤ �s� ±J¤«��£[�.¨��.�.� �J�¯�8¡>�[�´§n�w�[�X±�¥@� �.�À¨@µ4�w�^�¯�w��DB¶
ËÌ�g�6�Ä��¥@�l¥@� �X¥��J�BÔ6�J� �s�«¨{��µ]�.¨{¬ · ÏÄå[©¯�[¤ ¢tÿ · ÏÄå�&����³¸

J _ � OVXcPYXcSQOîg;þBM"þ9qËÿ µ�¸:Ý�ø,äZát·
φ
±�Ü*Ý*·�¸�Ýâ³ß

G
äcÚ�ÚfÝ�äBµÆãï±.ê�¶éäZák�s� �J��¤«�OÆg£[�.¨��.�0�6¨{�s¬f¥@¤ÂµÃ¨{�s¬ KÄ�J�«£w�ÆäZá

L �5l�ë�¶âðòúdm ÚCã«¶â¸�ñéäZá[±�ð¬±�·�ú�Uiä Ü�
Käcá-ÝGµGµ�äZãBäè±�áJãï±*ê�¶âäZát·éäZáÁáQ±�¸�ñ=Ý�ðYÜf±�¸âñA
KäBãaÚ�Ý�ãBäcÚcþ>¶�Ú�ãZß}¶KÜf±�ðZð¬±�ø,äcá�·�³Q¸�±�³�¶â¸âãBäï¶�Ú
Ü�±�¸iÝ�á�ú ãBøp±Á¶:µY·�¶�Ú

e, f ∈ E(G) n
LJ�
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�.�w�.�Ä¥@�.£b�6�[�.�¿��¥w®¯�²¥{£[�s��¥@¤ ¤ ¢�£w¨{�J�l�.�w�m� �X�s�J�«�À§Ì¥w¢¯¶ · ÏÄå[©¯�[¤ ¢Lÿ · ÏÄå�&����Â�J�[¬�¨{�6�.�s�b¥@�.�w�X�6¨§��s�6£.�Á�^�àÇF�[�.�[�g�
� �g�.�[�s±J�.�[�b¥@�s�«¨{�6�À¬f¥Ä¢���¥Ä®¯�¡F�w�[�Å¬f¥{�J��¶
�´��ÿÙý�Ë������³�Ðýy¥{£.��¥@�6�zË�¼{�s�z�J�BÔ6�6�²�´§n¨Ñ�6�[§�£[�.¨��.�s� �J�Å�l�J¬(¡>�[�.�r·¯¶²ËÌ�6��³IÝ�äZ¸�ø,äcÚ�¶ °f¸:±�Ú�Úâäcá�·-á�²�ñ'ê�¶â¸Ts¯�
ν(p)(G)

�Â£w¨{�J�g�.���s�6�f�.¨{�b¥@¤Z�g�J¬�¡F�[�i¨@µ8±�¥@� �.�i¨@µ8�w�^�¯�w��§8�J�«£.��£[�.¨��.���Ä¥{£b�a¨{�s�6�[�(� �k¥Å���b¥@±J�a�^�b¥w§8� �J�6�
§8� �s�6¨{�J�0£w¨{�6�s�«�J�[�s� �J�°�s�6��¬(�J¤ �s� ±J¤ �«£[� �³¢Á¨@µZ�s�6�i£[�.¨��.�s� �J�¯�¦¡>�[�´§n�w�[�z¥�±�¥@� �0¨@µn�w�^�¯�w�Ä¶¦ËÌ�6�Á±YµGµ-°f¸:±�Ú�Úâäcá�·
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ν(o)(G)
�^�«�*�s�6�¦�.¨{�b¥@¤F�g�J¬�¡F�[�u¨@µS±�¥@� �.�8¨@µÓ�w�^�¯�w�Ì§8�J�«£.�Ñ£[�.¨��b�*�Ä¥{£b�Ñ¨{�s�6�[�u¥@�°¨N�J�ª�l�J¬�¡F�[�u¨@µ

�s� ¬��w�i@Ã¥@�l¥@� ��§8� �s�6¨{�J�¦£w¨{�6�s�«�J�[�b¥@�s�«¨{��µP¨{�8�s�6�<¬(�J¤ �s� ±J¤ �«£[� �³¢Ñ¨@µ4£[�.¨��.�s� �J�¯�8¡F�[�³§*�w�[�m¥@�g¢��´§n¨ª�w�^�¯�w��DB¶

J _ � OVXcPYXcSQOîg;þ�];þe] `a±�¸)Ý�·�¸:Ý�³ß
G



LJ��µ�¶ZþEáQ¶ÁÝ�á1äZá[µ�äè°�Ý�ãï±�¸�Ü�²�á[°�ãBäè±�áÁÜf±�¸ÁÝ*³}Ý�äc¸Á±�Ü ¶:µ�·�¶âÚ
e, f ∈ E(G)

Ý�á[µôÝôµ�¸:Ý�ø,äcá�·
φ(G)

±�Ü
G
äZá

á[±�¸âñ*Ý�ð�Üf±�¸âñFÝ�Ú

χ(p)(e, f, φ) =

{
1
ä Ü
|φ(ẽ) ∩ φ(f̃) | > 0

Ý�á[µ
e 6= f,

0
±GãZßI¶â¸âø,ä�Ú�¶

.

ÌHßI¶âát�s�6�<±�¥@� �s§8�«�.��£[�.¨��.�s� �J�²�l�J¬(¡>�[�¿¨@µ
G
�J�.�Ä¥@¤ � ÏÄ�w�Å¡g¢

φ
�Hä�Ú

ν
(p)
φ (G) =

1

2

∑

e,f∈E(G)

χ(p)(e, f, φ),

ø�ß�äcðüÚâãsãZßI¶(±�¥@� �s§8�«�.�£[�.¨��b�s� �J���l�J¬(¡>�[�=±�Ü
G
ä�Ú

ν(p)(G) = min
φ(G)
{ ν

(p)
φ (G) }.

�T��µ�¶ZþEáQ¶CÝ�áÆäZá[µ�äè°�Ý�ãï±�¸HÜ�²�á[°�ãBäè±�á7Üf±�¸/Ý�³IÝ�äZ¸C±�Ü/¶:µY·�¶�Ú
e, f ∈ E(G)

Ý�á[µéÝ)µ�¸�Ý�ø,äZát·
φ
±:Ü
G
äZá á[±�¸�ñ=Ý�ð

Üf±�¸âñFÝ�Ú
χ(o)(e, f, φ) =

{
1
ä Ü
|φ(ẽ) ∩ φ(f̃) |

äcÚ;±YµGµÆÝ�á[µ
e 6= f,

0
±�ãZßI¶â¸âø,äcÚ�¶

.

Ã ± �w¢w�w�j���©§j«vu���¢�¥��r�O�¤ñIwr��¥Ax u"ñy���ezP���M�'�'���X��¥����w� ��¡����w�;³/¥'��¢²¥-�X�w§-�R�1���'�������w�-���*�r��§}¢M�����
�
���'£m��¡'�%�R�M�;�6�M�O������������
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�
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¡��'�
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���������X�r�P ®�r����°�ñc¥'���
�w¢w���'�¤��¡'����«3�6�w�'�r�������j§��m�
¡'���
¢M�������� w�M���6«J�ª������¡'���r���M����¥O�e����¥��¢M�����
�
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¡'���
¢M�������"�m���6¡���
��£��P«O�ª������¡'���r���M����¥O�e�>¢M�����
�
���'£��1�R�M��³c�w�w�´����}ª��¢w�w�j� ����£��w� �e���%������¢w��¡��j�����3°;���>��� �*�ª�
������£�¥j�
 ���
³;�e���´���r�
¶-���X���'���6����¥��¢M�����
�
����£m�6¡����R�M�c���M�'�'�©���������>���}��¥'���/¢²¥'�������²�; ®���>��¥'�M�
�1��¡'���w�w°~�u��r¢²¥��×ñIwr��¥Ax u"ñy"�*ez3¡'�
�1��¥'� �'�����e�������
CR − PAIR(G)

���'�ª�������¤�� 
ν(p)(G)

°��u��r¢²¥��×ñIwr��¥Ax u"ñy"�*ez3¡'�
�1��¥'� �'�����e�������
CR −ODD(G)

�����ª�������-�� 
ν(o)(G)

°
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ÌHßI¶âát�s�6�¨N�J�Å£[�.¨��.�s� �J�²�g�J¬�¡F�[�¦¨@µ
G
�J�.�Ä¥@¤ � ÏÄ�w�Ñ¡l¢

φ
�HäcÚ

ν
(o)
φ (G) =

1

2

∑

e,f∈E(G)

χ(o)(e, f, φ),

ø�ß�äcðüÚâãsãZßI¶i¨N�J�Ñ£[�.¨��.�s� �J�²�g�J¬�¡F�[�*±:Ü
G
ä�Ú

ν(o)(G) = min
φ(G)
{ ν

(o)
φ (G) }.

�
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ν(i)(G)
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@]±Ð¶H�t�N�nÿÙËS�J����&��ZDB¶ · ÏÄå[©¯�[¤ ¢FØÙ�i®g�«�[§ �s��¥@�i�Oÿ �6�f� �g�.�[�s±J�.�[�.���s�6�â�Ì�.�[�g�.�[�6£w�Å¥{�i¥�±J�J� ¤«¨��.¨{±J�J�«£Ä¥@¤Ì®g�«�[§ ¥@�6�
�6¨{�(¥Ñ¬f¥@�s�6�[¬f¥@�s�«£Ä¥@¤8£[¤q¥@� ¬é�"@]±Ð¶ÓÜ��6Û��*ÿ · ÏÄå�&����ZD0�«�i¥@¤«�.¨Ñ�s�6�²±J�.�BµÃ�[�s�.�w�k®g�«�[§�� �z�s�J�«���s�6�w�.�«�Ä�Ó�.� �6£w���s�6�
±J�.¨{¡J¤«�[¬ ¨@µÌ�.�[¬�¨Ä®N� �J�X£[�.¨��b�s� �J�¯�¡F�[�³§*�w�[�a¥{�@Ö.¥{£w�[�l�(�w�^�¯�w��Ð�«�ÌÖð�6�s��¥Å�s±F�w£[�q¥@¤�£Ä¥{�.��¨@µÌ�s�6�²�.�[¬�¨®{¥@¤Z¨@µ
£[�.¨��.�.� �J�¯�8¡>�[�´§n�w�[�X�6¨{�NÆN¥{�@Ös¥{£w�[�g�¦�w�^�¯�w�Ä¶

J _ � OVXcPYXcSQOîg;þ�];þ¬g `a±�¸ÁÝÁ·�¸�Ý�³[ß
G

;µ�¶ZþEáÙ¶ÆÝ�á?äZá[µ�äè°�Ý�ãï±�¸�Ü�²�á[°�ãBäè±�áÆÜ�±�¸ Ý=³IÝ�äZ¸ ±�ÜÁ¶�µ�·�¶�Ú

e, f ∈ E(G)Ý�áQµ ÝÁµ�¸:Ý�ø,äcá�·
φ
±:Ü
G
äZá"á[±�¸�ñ=Ý�ð�Ü�±�¸âñFÝ�Ú

χ(i)(e, f, φ) =

{
1
ä Ü
|φ(ẽ) ∩ φ(f̃) |

ä�Úi±�µ�µÁÝ�á[µ=ä Ü
e
ä�Ú;á[±GãsÝGµ�à�ÝG°�¶fáãÅãï±

f
Ý�áQµ

e 6= f,
0
±GãZßI¶â¸âø,ä�Ú�¶

.

ÌHßI¶fát�s�6�0� �6�J�[±>�[�6�J�[�g�×Æg¨g�J�m£[�.¨��.�s� �J�²�g�J¬�¡F�[�¦¨@µ
G
�.�Ä¥@¤ � ÏÄ�w�Ñ¡l¢

φ
äcÚ

ν
(i)
φ (G) =

1

2

∑

e,f∈E(G)

χ(i)(e, f, φ),

ø�ß�äZðüÚâãÌ�s�6�<� �6�J�[±F�[�6�J�[�l�×Æg¨N�J��£[�.¨��.�.� �J���l�J¬(¡>�[�¿¨@µ
G
äcÚ

ν(i)(G) = min
φ(G)
{ ν

(i)
φ (G) }.

�

ËÌ�6�w�.�<�J�BÔ6�J� �s�«¨{�6�¦� ¬²±J¤ ¢��s�6�<� �6���l��¥@¤ � �´¢Å£.��¥@� �

ν(i)(G) ≤ ν(o)(G) ≤ ν(p)(G) ≤ ν(G).
@ÃÜ^¶\
GD
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¨@µÌ¤«¨Ä§*�[�(¡F¨{�J�6�J��.¨

ν(G)
¥@�.��¥@¤«�.¨Å¤«¨Ä§*�[��¡F¨{�J�6�J��.¨

ν(i)(G)
¶��´�<� ��±>¨��.�.� ¡J¤«�²�s��¥@�(�.¨{¬����.�w�.�Ä¥@�.£.�6�[�.�
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���  ��w¶@�w�©§�x �  �����)ezP�����
�����6¡'¢w�M�

ν(i)(G)
�r�
CR − IODD(G)

°
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ν(i)(G) = ν(o)(G) = ν(p)(G) = ν(G).
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s(G) ≤ ν(G)
�Â¥@�6�zµP¨{���J�[�6�b�²���b¥@±J�6�(�.�6£.�a¥{�

Kn
�
Km,n

¥@�6�
Cn
�

�s��¥@�
s(G) � ν(G)

�Â�s� �6£w�ª¥@�(¬�¨��s�
O(|E(G)|)

�w�^�¯�w�i£Ä¥@�L¡F�²�.�[¬�¨®¯�w�zµP�.¨{¬
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�g�J¬�¡F�[�.�8µÃ¨{�u�s�6£.�Ñ���b¥@±J�6�¿¥@�.�<�³¢N±J�«£Ä¥@¤ ¤ ¢
O(|V (Kn)|

4) = O(|E(Kn)|
2)
¶

ütÓ²Ô;Ó�ú ��Ú�Ö���Ö{ÞRêRÖ[�Áà'ã%è²Ø
êOêJØ�é�Ù é Ý%æ[ÛmÖ{Þ
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J _ � OVXcPYXcSQOÄq/þBM"þ¬g ÿ ®¯�[�s�.�BÊ
�s±J¤ � �s�s� �J�ÃäcÚ"Ý�á ±�³}¶f¸�Ý�ãBäè±�á ±�á Ýô·�¸:Ý�³ß

G = (V,E)

'ø�ß}¶â¸:¶ôÝ¥å�¶â¸âã«¶�æ

v ∈ V (G)
ä�Ú�¸�¶«³[ð¬ÝG°�¶�µÆêfú)ãBøp±éå�¶â¸âãBäè°�¶�Ú

v1, v2

VÚ�²}°âß ãZß�Ý�ã�
IÜ�±�¸CÝ�ðZðÙ¶�µ�·�¶�Ú

e = {v, u} ∈ E(G)

,ãZß}¶â¸:¶;ñé²�Úfã

Ý�ãKðe¶:Ý�Úâãpê�¶;±�áQ¶;¶:µY·�¶
{v1, u}

±�¸
{v2, u}


,Ý�ð9ãZß�±�²�·�ßÆê�±�ãZß'ñ=Ý�ú=¶:æ�äcÚâã��a`Ù²�¸âãZßI¶f¸�
,ãZßI¶�¶:µY·�¶
{v1, v2}

ñ*Ý�ú*ê�¶
³[¸�¶�Ú�¶âáã��éûVðe¶:Ý�¸âðüúÁãZßI¶;å�¶â¸âã«¶�æÁÚï³[ðòäBãèãBäcát· °f¸�¶:Ý�ã«¶�Ú*Ý=áQ¶fø1·�¸:Ý�³ß

G′ = (V ′, E′)

sÝ�á[µÁãZßI¶,Ü�±�ðZð9±�ø,äcát·=ß�±�ð¬µ�Ú n

V = (V ′
r {v1, v2}) ∪ {v}

E = (E′
r {{u, v1}, {u, v2} : u ∈ V ′ Ý�á[µ {u, v1} ∈ E

′ ±�¸ {u, v2} ∈ E
′)

∪ {{u, v} : u ∈ V r {v}
Ý�á[µ
{u, v1} ∈ E

′ ±�¸ {u, v2} ∈ E
′} �
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J _ � OVXcPYXcSQOÄq/þBM"þ9q ÌHßI¶L�s±J¤ � �s�s� �J���l�J¬�¡F�[�
σ(G)

±�ÜôÝ�·�¸:Ý�³ß
G
ä�ÚnãZßI¶nÚâñ*Ý�ðcðe¶�Úâã)á�²�ñ'ê�¶â¸�±�Ü"å�¶â¸fã«¶:æ

Ú«³[ðüäBãèãBäZát·�Ú�
�ÚfãïÝ�¸âãBäZát·'ø,äZãZß
G

pãZß�Ý�ãsø,äcðZðt³[¸�±Yµ�²I°�¶=Ý;³[ð9Ý�á[Ý�¸�·�¸:Ý�³ß

G′
�

�
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ÿÙãG�C��	^�JãG�/���G�S�s�6¨Ä§*�w�Ñ�s��¥@�

σ(Km,n) =

⌈
(m− 2)(n− 2)

2

⌉
,

¥@�6�Å¾0¥@�s�.�ðÔ��[¤«�2�6ãl¥{£b©N�b¨{�m¥@�6�J�u� �J�¯�[¤nÿÙ¾¦ãG�C��	��S�s�6¨Ä§*�w�Ñ�s��¥@�

σ(Kn) =





⌈
(n−3)(n−4)

6

⌉ µP¨{�
n ≥ 3

¥@�6�
n 6∈ {6, 7, 9}

⌈
(n−3)(n−4)

6

⌉
+ 1

µP¨{�
n ∈ {6, 7, 9}.
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J _ � OVXcPYXcSQOÄq/þBM"þed ÌHßI¶�¨{�s�«�[�g�b¥@¡J¤«�(�¯�[�g�6�@u=±�ÜiÝ�·�¸�Ý�³[ß
G
ñ*Ý�úÁê�¶éµ�¶ZþpáQ¶:µÆÝ�Ú

Υ(G) = min
h
{h : h

äcÚ7ãZß}¶/·t¶âá�²tÚ�±�Ü�Ý�á×±�¸âäè¶âá[ãïÝ�êâðe¶;Úâ²t¸ZÜ�ÝG°�¶�äZá.ø�ß�äè°âß
G
ß�Ý�ÚiÝ�á�¶âñ'ê�¶:µ�µ�äcá�·
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Ý�áQµ*ÚâäcñéäZð9Ý�¸âðòú5
EãZßI¶(�6¨{�NÆg¨{�s�«�[�g�b¥@¡J¤«�i�¯�[�l�6�*±�Ü
G
ñ=Ý�ú ê�¶éµt¶ZþEáQ¶:µÆÝ�Ú

Υ̂(G) = min
h
{h : h

ä�Ú�ãZßI¶C·�¶fá�²�Ú�±:ÜiÝ=á[±�á´�±�¸âäè¶fáãïÝ�êâðe¶�Ú�²�¸cÜ�ÝG°�¶�äZá"ø�ßtäB°âß
G
ß�Ý�Ú�Ý�á×¶fñ=ê�¶:µGµ�äZát·
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Υ(Kn) =
1

12
(n− 3)(n− 4),
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Υ(Km,n) =
1

4
(m− 2)(n− 2).
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J _ � OVXcPYXcSQOÄq/þBM"þ¬� ÌHßI¶"ãZß�äè°âëYáQ¶�Ú�Ú
θ(G)

K ±�²�ã«¶f¸ï³[ð¬Ý�á[Ý�¸.ãZß�äè°âëYáQ¶�Ú�Ú
θ∗(G)

U¥±�Ü"Ýô·�¸:Ý�³ß
G
ä�Ú-ãZßI¶.ðe¶:Ý�Úâã

á�²�ñ'ê�¶â¸Æ±�Ü=Ú�¶fãZÚ=äcá[ãï±.ø�ßtäB°âß
E(G) = E1 ∪ E2 ∪ . . . ∪ En

ñ=Ý�úôê�¶i³IÝ�¸fãBäZãBäè±�áQ¶�µ"Ú�²}°âß%ãZß�Ý�ã�¶:ÝG°fß
〈Ei〉

i ∈ 1, . . . , n
äcÚ>³[ð¬Ý�á[Ý�¸ K ±�²�ã«¶f¸ï³[ð¬Ý�á[Ý�¸�UJ�

�
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θ∗(G) ≥ θ(G) > 1
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� �È¬�¨��.�f£Ä¥{�.�w�Ä¶ÉÝÀ¤«�[©^�.�w�[®�¥@�6�Éâ0¨{�V Ä¥@©¯¨®�ÿÙÝÀâ��{Ú��¦£w¨{¬²±J¤«�[�.�w�È�s�6�[� �f�.�w�s�J¤ �.��¥@�6�

�s�6¨§n�w�Å�s��¥@�

θ(Kn) =

⌊
n+ 7

6

⌋
,
µÃ¨{�

n 6= 9, 10
¥@�6�

θ(K9) = θ(K10) = 3.
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θ(Km,n) =

⌈
mn

2(m+ n− 2)

⌉
,

�BÊJ£w�[±J�8�àµ
m
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n
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m ≤ n
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k
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n =

⌊
2k(m− 2)

m− 2k

⌋
.
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�s�J¡J�s�b¥{£[�.�w��¥@�6��¬(�J¤ �s� ±J¤ �«�w�²¡l¢i� �l�.�[�¯�[�.��� ���BÊJ¥{£[�s¤ ¢(�s�6�8�b¥@¬��*§*¥w¢�¥{�y±F¨{¤ ¢g�6¨{¬²�q¥@¤«��l¥@�6���s�6�[¢��s�6�[�.�BµÃ¨{�.�
£w¨{�6�s�s� �s�J�.��s�6�0���.¨{�J±

R(G)
¨@µ�¥@¤ ¤S£b��¥@� �6�Ä¶�Ý¿�Ì§8� �s�Ñ±>¨{¤ ¢N�6¨{¬²�q¥@¤«�Ä�J§8�6�[�

Nijk` = 1
�^�s�6�£w¨N�â8f£[�«�[�l�¦� �

@Z�6¶ ÜGD*�«�8¨{¬²� �s�.�w�m¥@¤ �.¨{�¯�[�s�6�[�Ä�e¥@�6�Ñ¨{�6�<¨{�J¤ ¢°§8�s� �.�w�
[ij, k`]

¶
Ý �^�b¥w§8� �J�

φ
¨@µu¥°���b¥@±J�

G
� �z�s�6�²±J¤q¥@�6�²¬f¥Ä¢t¡>���6�.�w�z�.¨Ñ£w¨{�6�s�s�s�6£[�i¥°£w¨{�s�.�w�.±>¨{�6�^� �J�m£.��¥@� �Ð¶�ËÌ�6�

� �g�.�[�¯�[�.�
λ(ij, k`)

�O¥@�s�«�ðµ]¢¿�s�6�y�.���g�J� �.�[¬��[�l�.�SµP¨{�2�s�6���.¢g¬(¡>¨{¤«�FµP�.¨{¬
Q(G)

@Ã¥{�Ð¤«¨{�J�À¥{�2�s�6��� �6�^�«£w�w�
i, j, k, `



�6¶\
^¶JÝ¦��¥@¤ ¢g�s�«£Ä¥@¤S�.�w�s�J¤ �.�8µÃ¨{�8�s�6�<£[�.¨��.�s� �J���g�J¬�¡F�[�À±J�.¨{¡J¤«�[¬ Æ'�t��Æ

¥@�.�8� �f�s�6�u£w¨{�s�.�w£[�n¨{�.�J�[�Ä�g¡J�J�*¥@±J±J¤ �«£Ä¥@�s�«¨{��¨@µF�s�6�u�«�J�[�l�s� �s�«�w�;@Z�6¶ ÛYD4¥@¤ §*¥Ä¢N�n�.�[�6�J�[�.�n�s�J�«��±F¨��.�s� ¡J¤«�YDB¶yËÌ�J�«�
±J�.¨{¬²±J�.�À�s�6�¿µP¨{¤ ¤«¨§8� �J�ª�J�BÔ6�J� �s�«¨{�Ð¶

J _ � OVXcPYXcSQOÄq/þ�];þZM ÌHßI¶�£[�.¨��.�.� �J��£.��¥@� �{·
x(φ)

°�±�¸â¸�¶�Úï³I±�á[µ�äZát·Jãï±ÁÝ µ�¸:Ý�ø,äZát·
φ
±�ÜiÝ)·�¸:Ý�³ß

G
äcÚ

x(φ) =
∑

Q(G)

λ(ij, k`)[ij, k`].
�

�´�Å�s�6�<�b¥@¬��<®¯�[� �X¥{�u�s�6�0�«�J�[�l�s� �s�«�w�ÀµP¨{�
λ(ij, k`)

�e� �8�«�8�6�.�BµP�J¤2�.¨²§8�s� �.�
[ij, k`]

¥@¤«�.¨�¥{�

[k`, ji], [`k, ij], [ji, `k], −[`k, ji], −[ij, `k], −[k`, ij], −[ji, k`]

�.¨u�s��¥@�S�s�6���.���g�J� �.�[¬��[�l�.�Â� �Æ@Z�6¶\
GD>µÃ¨{�S�s�6��� �6�^�«£w�w�
i, j, k, `

� ���s�6�n�s¢N¬�¡F¨{¤
[ij, k`]

¥@�.��¬��[�Ä¶V+6¨{�Â�BÊJ¥@¬²±J¤«�
λ(ij, k`)[ij, k`]

¬f¥w¢f¡>�¦�.�[§8�s� �s�.�[��¥{�
λ(k`, ij)[k`, ij]

�àµ
k < `

¥@�6�
k < i < j

¶yüÉ�6�[�
(vi, vj) 6∈ E(G)¨{�

(vk, v`) 6∈ E(G)
¨{�8§8�6�[�

i, j, k, `
¥@�.�0�6¨{�À�^�«�s�s� �6£[�Ä�J� �8�«�u£w¨{�g®¯�[�J�«�[�l�¿�.¨²§8�s� �.�

[ij, k`] = 0
¶

q>þe];þBM�þ�] pR�u�OKb��«S[R�l%uIPYXcSQOHb*SQOîTVR�u�w'XBOHj[b*mÙó1W�R�S[b�bâØÙW�SmESQUKOKTKu}R�XZ_�b
�¦�BµP�[�s�s� �J�²�.¨*+Â� ���J�.�;�6¶ ÛG@Ã¥GDB�J�àµy�s�6�<�w�^�¯�

e = (vi, vj)
�«�u�.¨�¡>�/�³±J�J¤ ¤«�w����¥{£[�.¨��.�8�s�6�®¯�[�s�.�BÊ

vk
�^�s�6�[�X¥@�

¥@�s¡J� �s�b¥@�s� ¤ ¢��s¬f¥@¤ ¤e�l¥@±°�«�*¬f¥{�J�<¥@�*�b¨{¬��¦±F¨{� �l�u¥@¤«¨{�J�
(vi, vj)

�N§8�J�«£b�Å� �ª�s�6�¦Ô6���J�.�¿�«�*�s�6�¦�l¥@±�¡F�[�³§n�w�[�
A
¥@�6�

B
<6¥�¤ � �6��«�À�^�b¥w§8�ÑµP�.¨{¬

A
�.¨²�s�6�®N�«£[� �J� �³¢Å¨@µ

vk
�.¨²�s��¥@�u� �¦�J¨g�w�À�6¨{�u� �l�.�[�.�.�w£[�¦�s�6���^�b¥Ä§8� �J�¯�

¨@µ¦¥@�g¢z®¯�[�s�s�«£w�w��<4�s�6�ª¤ � �6�f�«�i£[� �.£[¤«�w��¥@�.¨{�J�6�
vk
�4¥@�6�L�.�[�s�J�s�6�²¥@¤«¨{�J�m�s�6�ª�b¥@¬��f±�¥@�s�k�.¨

B
�Â£[�.¨��b�s� �J�

�BÊ6¥{£[�s¤ ¢ª�s�6���b¥@¬��<�w�^�¯�w�u� �u£[�.¨��.�b�w�Ñ¨{�Å� �.�8§*¥Ä¢�µ]�.¨{¬
A
�.¨
vk
�e¥@�l¥@� �Ñ�6¨{�8� �l�.�[�.�.�w£[�s� �J�Å¥@�l¢�®¯�[�s�s�«£w�w�Ä¶

�´�y�«�4±>¨��b�s� ¡J¤«�Ì�s��¥@�n¥@���w�^�¯���¯¤ � ©¯�
(ve, vf )

¬f¥w¢�¡>�8£[�.¨��b�.�w���³§8�«£w���g¡J�J�Z�s� �6£w�Ì� �4�«��£[�.¨��b�.�w�²¨{�6£w�ÌµP�.¨{¬$�s�6�
¤«�BµP�Ä�>¥@�6�m¨{�6£w�(µ]�.¨{¬��s�6�(�s� ���l�Ä�F�s�6�i£[�.¨��.�s� �J�¯�0£Ä¥@�6£w�[¤Ó� �m�s�6�i£[�.¨��.�s� �J�°£.��¥@� �Ð¶<ËÌ�6�i£[�.¨��.�s� �J�°�s� �s��¥@�s�«¨{�
¥@�.¨{�J�6���s�6��®¯�[�s�.�BÊ

vm
�«�À�^�«�b¥@¤ ¤«¨§n�w�2�Ð¥{£w£w¨{�.�^� �J���.¨��s�6��s�b¥@�6�sµP¨{�s¬f¥@�s�«¨{�Ð¶uËÌ�g�6�Ä�>¨{�J¤ ¢Ñ�w�^�¯�w�À� �6£[�«�J�[�g�

�.¨
vk
§8� ¤ ¤S£w¨{�l�s�s� ¡J�J�.���.¨�£.��¥@�J�¯�w�À� �Ñ�s�6�<£[�.¨��.�s� �J�f£b��¥@� �Ð¶

+6¨{�s¬f¥@¤ ¤ ¢¯�6�s�6�<£[�.¨��.�s� �J�¯�Ì� �l�s�.¨N�^�6£w�w�Ñ¡g¢ª�s�6�0�s�b¥@�6�sµP¨{�s¬f¥@�s�«¨{�X¥@�.�¥{£w£w¨{�J�g�.�w�°µÃ¨{�8� �Å�s�6�<£.��¥@� �
c(ij, k)

�
�J�BÔ6�6�w��¥{�

c(ij, k) =

|V (G)|∑

`=1

[ij, k`].

Ý8£w£w¨{�.�^� �J���.¨��s�6��J�BÔ6�J� �s�«¨{�6�u� �Ñ�s�6�0±J�.�[®N�«¨{�6�À�.�J¡6�.�w£[�s�«¨{�Ð�J� �ÌµÃ¨{¤ ¤«¨Ä§u�u�s��¥@�

c(ij, k) = −c(ji, k).

ËS�J�s�.�X£Ä¥@¤ ¤«�w�
�s�6��£b��¥@� �6�
c(ij, k)

äZá�äZãBäèÝ�ð�°f¸:±�Ú�Úâ´�°�±tê:±�²�á[µGÝ�¸âäè¶âÚ�sN�u¥@�6�È£b��¥@� �6���BÊ^±J�.�w�.�s� ¡J¤«�m¥{��¥tÔ6�J� �.�
�s�J¬�¨@µy� �J� �s�q¥@¤y£[�.¨��.�×Æg£w¨{¡F¨{�J�6�6¥@�s�«�w�Ä�Ù·�¶âáQ¶f¸�Ý�ð,°f¸:±�Ú�Úf´�°�±�ê�±�²táQµGÝ�¸âäè¶�Ú¯¶7$n¤«�Ä¥@�s¤ ¢Ñ£[�.¨��.�×Æg£w¨{¡F¨{�J�6�6¥@�s�«�w�ÀµÃ¨{�s¬
¥����.¨{�J±Ð�e§8�J�«£.�X�«�À�J�[�6¨{�.�w�

Rc(G)
�>¥@�6��� �À�«�¿¥@¤«�.¨f¥²�s�J¡J���.¨{�J±Á¨@µ

R(G)
¶Å!¿¨{�.�<�s��¥@�

Rc(G)
¨{¡l®N�«¨{�6�s¤ ¢

£w¨{�g�b¥@� �6�u�s�6�<ÏÄ�[�.¨�£b��¥@� �Ð�J§8�J�«£.�fÖ×�6�.�8¤«�Ä¥w®¯�w�u�s�6����b¥@±J�X¥{�8� �8�«�Ä¶
�³µ
x(G)

�«�¦�s�6��£[�.¨��.�s� �J�°£.��¥@� �t¨@µ*¥ª�^�b¥w§8� �J�°¡F�BµP¨{�.�(�s�6�i�s�b¥@�6�ðµP¨{�s¬f¥@�s�«¨{�Ð�F�s�6�[�m�s�6��£[�.¨��.�s� �J�°£.��¥@� �t¨@µ
�s�6�¿�^�b¥w§8� �J��¥GµP�.�[�n�s�6�¦�s�b¥@�6�ðµÃ¨{�s¬f¥@�s�«¨{���«�*�[� �s�6�[�

x(G)+ c(ij, k)
¨{�
x(G)− c(ij, j)

���J�[±F�[�6�^� �J�²¨{�ª�s�6�
¨{�s�«�[�g�b¥@�s�«¨{�X¨@µ

(vi, vj)
¶
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χ
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�
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��� �6�w�'�r�����}���}�����©���µ�r�J¢M�����
��{@¢w���R��¡'�O���r�
§
c(ij, k)

�r�
K(ij, k)
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�����²������£%��¥'�r�
K
«6���c�w¦@�w�

k
���"���j�����r�
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Æ'����Æ $n��¥@±J�.�[�/�6¶JÞ2� �.�[�b¥@�s�J�.��.�[®N�«�[§

q>þe];þBM�þeg § �ZS�w�_tR'mESQUKOKTîP�S%PY~H_"WGR�Sb�bYXBOKj�O(UKlnmE_tR
ËS�J�s�.�0�6¨{�.�w�Å�s��¥@�8�s�6�<�s�J¬�¨@µÂ�s�6�<¥@¡6�.¨{¤ �J�.�®{¥@¤ �6�w�8¨@µÂ�s�6�0±�¥@�b¥@¬��[�.�[�.�

λ(ij, k`)
�«�Ì¤«�w�b�Ì�s��¥@�Ñ¨{�u���l��¥@¤

�.¨ª�s�6���.¨{�b¥@¤y�l�J¬�¡F�[�¨@µ*£[�.¨��b�s� �J�¯�¿� �m�s�6�²£w¨{�s�.�w�.±>¨{�6�^� �J�Ñ�^�b¥Ä§8� �J�Ñ¨@µ*¥ª���b¥@±J�Ð¶��´�¦�«�0�6¨{�0�6�w£w�w�.�b¥@�s� ¤ ¢
¤«�w�.�y�s��¥@��¨{�����g��¥@¤J�.¨0�s�6�8£[�.¨��.�s� �J�<�g�J¬�¡F�[�Z¨@µF¥¿���b¥@±J�.@Ã¥{�Z�J�BÔ6�6�w�²� �íÍZÜ^¶\
GDB�l�s� �6£w�Ì�s�6�8�^�b¥Ä§8� �J��J�6�J�[�
£w¨{�6�s�«�J�[�b¥@�s�«¨{�X�6�w�w�Å�6¨{�u¡F�0� ���s� �J��¤«�OÆg£[�.¨��.�À�6¨{�s¬f¥@¤ÐµÃ¨{�s¬Ñ¶�ì*�J�u�àµ4¨{�6�£Ä¥@���s�6¨§��s��¥@�

|λ(ij, k`)| ≤ 1
�

¨{�6��¥@�s�s� ®¯�w��¥@� · ÏÄå[©¯�[¤ ¢FØÙ�(�J�BÔ6�J� �s�«¨{��¨@µu�s�6�ª� �6�J�[±>�[�6�J�[�g�×Æg¨g�J��£[�.¨��.�.� �J���l�J¬(¡>�[�-@²Í�Ü^¶\
^¶ ÛYDB�y§8�J�«£.�a�«�
£w�[�s�b¥@� �J¤ ¢Ñ¥@�8¬�¨��s�À���g��¥@¤2�.¨²�s�6�<£[�.¨��.�.� �J���l�J¬(¡>�[�¿¨@µ4¥i��� ®¯�[�Ñ���b¥@±J�Ð¶

J _ � OVXcPYXcSQOÄq/þ�];þe] `a±�¸)Ý�·�¸:Ý�³ß
G

pãZßI¶�ËS�J�s�.�£[�.¨��.�s� �J�f�l�J¬�¡F�[�éä�Úiµ�¶BþEáQ¶:µÆÝ�Ú

ν(t)(G) = min¾�¿ÁÀqÂTÃ Ä�Å�Æ.Ã ÄÄ�Ç�¿ÉÈ[À�ÊeËÌÇ�¿ÁÈ
∑

i<j,k<`
i<k

|λ(ij, k`)|.
@Z�6¶ �tD

�

�´�k�s�6�°£Ä¥{�.��§8�6�[�.�
|λ(ij, k`)| ≤ 1

�4�s�6���s� ���l�×Æl��¥@�6���.�«�J�ª¨@µ*@Z�6¶ �tD�«���s� ¬²±J¤ ¢k�s�6��� �6�J�[±>�[�6�J�[�g�×Æg¨g�J�
£[�.¨��.�.� �J�Ñ�l�J¬(¡>�[�Ä�4¥@�6�z�.¨°�s�6�f£.��¥@� ��¨@µ*� �6���g��¥@¤ � �s�«�w�

ν(i)(G) ≤ ν(t)(G) ≤ ν(G)
�«��[®g�«�J�[�g�Ä¶ · ÏÄå[©¯�[¤ ¢

¥{�.�b�[�s�.�Ì�s��¥@�Å�³� ��ËÐ�J�s�.��ØÙ�¦§n¨{�s©F��¥@�6¨{�s�6�[�¦©g� �6�Å¨@µ4£[�.¨��.�s� �J���g�J¬�¡F�[�À�«�8� ¬²±J¤ �«£[� �Ä¸Z�s�6�<� �6�J�[±F�[�6�J�[�l�×Æg¨N�J�
£[�.¨��.�.� �J�z�l�J¬(¡>�[�Ä¶w¶w¶ � @]±Ð¶nÜ�Ü�Ü^�¦ÿ · ÏÄå�&����ZDB¶õËÌ�J�«�f�«�f�s�s�6�Ñ�J�6�J�[�ª�s�6�Ñ±�¥@�s�s�«£[�J¤q¥@��� �l�.�[�s±J�.�[�b¥@�s�«¨{�õ�s��¥@�
· ÏÄå[©¯�[¤ ¢²¬f¥@©¯�w�7@ ä
�Z¶��q���s�6�u� �6�J�[±F�[�6�J�[�l�×Æg¨N�J�°£[�.¨��.�s� �J�(�l�J¬�¡F�[�Ä�"ÍÌÜ^¶\
^¶ ÛYDB�J¥@¤ �s�6¨{�J�����6�u�«�n¥Ä§*¥@�.�¿¨@µÐ�s�J�«�Ä�
¥{�¦�6���s�b¥@�.�w�¿� �×Íi�N¶ Û(¨@µ¿ÿ · ÏÄå�&����³�>§8�6�[�m�6�i£w¨{�6£[¤ �6�J�w�0�s��¥@�0�J�«�0¨Ä§8�z¥@¤ �¯¨{�s� �s�J¬ÍµP¨{�¦�s�6��£w¨{¬²±J�J�b¥@�s�«¨{�
¨@µ
ν(i) �6�.�w�<¥=�³¬�¨g�ô
ª®¯�[�.�s�«¨{�t¨@µnËÐ�J�s�.��ØÙ�<�s�6�w¨{�s¢t�Æ@]� ¡J�«�2¶�DB¶�ËÌ��¥@�¿�«��e�s�6� λ £w¨N�â8f£[�«�[�l�.�(¥@�.��¥{�b�s�J¬��w��.¨�¡F�<�[� �s�6�[�/&²¨{�Û¿µÃ¨{�u�s�6�0� �6�J�[±F�[�6�J�[�l�×Æg¨N�J�X£[�.¨��.�.� �J�²�l�J¬�¡F�[�Ä¶
· ÏÄå[©¯�[¤ ¢FØÙ�¿� �l�.�[±J�.�[�b¥@�s�«¨{�t�«�C�l�J� �.�(®{¥@¤ �«�2¸*µÃ¨{�¿¥@�g¢��.���g�6�[�6£w�(¨@µ*£[�.¨��.�×Æg£w¨{¡F¨{�J�6�6¥@�s�«�w�

c1, c2, . . . , ct
�e�s��¥@�

�s�b¥@�6�ðµÃ¨{�s¬û¥L£[�.¨��.�.� �J�a£b��¥@� �
x(φ)

� �ªµP¨{¤ ¤«¨§u�Ä�ÌµÃ¨{�°¥@�g¢��.�[�s¬
λ(ij, k`)

� �
c1 + c2 + · · · + ct

�8�s��¥@�
|λ(ij, k`)| ≤ 1

¶�ËÌ�J�«�0�«�0�s�s�6���S�s� �6£w�i�àµÌ¥@�z�w�^�¯���«���³±J�J¤ ¤«�w���²¥{£[�.¨��b�¥�®¯�[�s�.�BÊ
vm
�F� �0£[�.¨��b�.�w�¥@¤ ¤��w�^�¯�w�

� �6£[�«�J�[�g�*�.¨
vm
� �°�^� �.�w£[�s�«¨{�6�*�s��¥@�Ì¥@�.�¿¨{±J±F¨��s� �.�À�.¨��s�6�¦�^� �.�w£[�s�«¨{�6�Ì� �ª§8�J�«£.�°�s�6�w�.�¿�w�^�¯�w�Z§*�[�.�0£[�.¨��.�.�w�

¡F�BµP¨{�.�X�s�6�-�³±J�J¤ ¤U¶ �½�m¨{�.�w¨Ä®¯�[�Ä�¿�s� �6£w�m�s�6�X¨{�s� ��� ��¥@¤<£.��¥@� �
x(φ)
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(vi, vj), (vk, v`) ∈ E(G)
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Rc(G) + x(φ)

�«�Ì¥(£w¨��.�[�8¨@µ
Rc(G)

¶�ËS�J�s�.�0�s�6¨Ä§*�w�2�J�àµÓ�[®¯�[�s¢
λ
�.�[�s¬æ� �Ñ�s�6�£[�.¨��b�s� �J�f£.��¥@� �

x(φ)
¨@µ�¥²�^�b¥w§8� �J�ª�«�À�[®¯�[�Ð�6�s��¥@�
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∑

v∈V (H)
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c(v)(v, ψ)
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)
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ν(G) ≥ (1/4)ν(M).
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ËÌ�6��êfä�Ú�¶:°�ãBäè±�áJø,äBµGãZß�¡

(G)
¨@µS¥0���b¥@±J�

G
�«�4�s�6�u¬²� �J� ¬(�J¬��g�J¬�¡F�[�n¨@µÐ�w�^�¯�w��§8�6¨��.�À�.�[¬�¨Ä®�¥@¤�±�¥@�s�s� �s�«¨{�6�

�s�6�¦®¯�[�s�.�BÊ��.�[�
V (G)

� �l�.¨i�³§*¨²�.�[�.�
V1(G)

¥@�6�
V2(G)

�s�6£.�°�s��¥@�
|V1(G)|, |V2(G)| ≥ (1/3)|V (G)|

¶�ËÌ�6�
±J�.¨{¡J¤«�[¬ ¨@µÌ�J�[�.�[�s¬²� �J� �J�m�s�6�²¡J�«�.�w£[�s�«¨{�z§8�«�^�s�a¨@µ8¥Å���b¥@±J�L�«�<©N�6¨Ä§8�k�.¨Å¡>� k-^ Æg£w¨{¬²±J¤«�[�.�Xÿ â<ã · �{Ú��³¶
ÞÐ�[� ���g�.¨{�kÿÙÞÐ�[����Ü��Ó�s�6¨Ä§*�w�Å�s��¥@�

ν(G) + n = Ω(
¡
(G)2).

@Z�6¶ Û�ÛYD
ËÌ�J�«�n�.�w�s�J¤ �Z� ��� �.�.�[¤àµÐ�«�Z�6¨{�n� ¬²¬��w�^�q¥@�.�[¤ ¢ª�6�.�Bµ]�J¤U¶y¾¿¨Ä§*�[®¯�[�Ä�^� �Z¬f¥w¢f¡>�À�6�.�w���.�w£[�J�.�s� ®¯�[¤ ¢f�.¨��w�s�b¥@¡J¤ �«�s�Å¥
±J�.¨®{¥@¡J¤ ¢��¯¨g¨N�°�J±J±F�[�8¡>¨{�J�6�Å�.¨��s�6�<£[�.¨��b�s� �J�²�l�J¬(¡>�[�¿¨@µ4¥(���b¥@±J�Ð��¥{�8§8� ¤ ¤S¡>�0�^�«�.£[�6�.�b�w�°¤q¥@�.�[�u� �Å�s�J�«�
£b��¥@±J�.�[�Ä¶
Ý÷¬�¨{�.��¯�[�6�[�b¥@¤Â®¯�[�.�s�«¨{��¨@µ4�s�J�«�u�.�w�.�J¤ �Ä�6§8�J�«£.�m�«�u©N�6¨Ä§8�X¡l¢°�.�w�.�Ä¥@�.£b�6�[�.�¦� ���s�6�<Ô��[¤«�Ñ¨@µ4ô0Þ · �Ì�J�w�s� ���
@ðÿ ·J·J· ô;�G�{¥��³�^±Ð¶ Û�&GDB��¥@�6�Å§8�J�«£b���«�8� ¬²¬��w�^�q¥@�.�[¤ ¢Ñ¥@±J±J¤ �«£Ä¥@¡J¤«�����«�

ν(G) ≥
1

16

( ¡
(G)

1.58

)2

−
1

16

∑

v∈V (G)

[dG(v)]2,
@Z�6¶ Û�
GD

µÃ¨{�8§8�J�«£.�Ñ±J�.¨N¨@µÃ�8¬f¥w¢°¡F�¿µP¨{�J�6�Å� �zÿÙý ·J· ��Ú��Â¥@�6�°� �Lÿ · ô;�����³¶
ËÌ�J�«�0¬��[�s�6¨N�t�«�<¨{�J¤ ¢m�6�.�Bµ]�J¤yµÃ¨{�<£[¤q¥{�.�.�w�¨@µ*���b¥@±J�6�<§8�6�[�.�²�s�6��¡J�«�.�w£[�s�«¨{�L§8�«�^�s�t�«��¥ªµ]�J�6£[�s�«¨{�z¨@µÌ�s�6�
�g�J¬�¡F�[�Ì¨@µÓ®¯�[�s�s�«£w�w�Ä¶�ËÌ�J�«�*�«�Ä�gµP¨{�Ì�BÊ6¥@¬²±J¤«���g�6¨{�Ì�s�s�6�0¨@µS�s�6�¿±J�.¨N�^�6£[�Ì¨@µÂ£[¢N£[¤«�w�

Cm×Cn
¥@�6��� �n�«�Ì�Ä¥{�s¢

�.¨°�s�6¨§��s��¥@�<¡
(Cm × Cn) ≤ 2m

�Ð§8�6�[�
m ≤ n

¶�Ý��^�b¥w§8� �J��£w¨{�6�.�s�s�6£[�s�«¨{�ÁµP¨{�0�s�6�����b¥@±J�
Cm × Cn

�
m ≤ n

�2�«�<�s�6¨§8�z� ��+Â� ���J�.�é�6¶ Ú^¶iËÌ�6�
m n
Æg£[¢^£[¤«�w�¥@�.�²�s�6��¤q¥@�s�¯�²£[� �.£[¤«�w�Ä�S¤q¥@¡>�[¤ ¤«�w�

B1
�s�J�.¨{�J���

Bm
�

¥@�6�m�s�6�
n m
Æg£[¢^£[¤«�w�<¥@�.���s�6���s¬f¥@¤ ¤«�[��[¤ ¤ � ±6�.�w�Ä�F§8�J�«£b�L¥@�.�i�^�«�.�s�s� ¡J�J�.�w�z¥@�.¨{�J�6�Á�s�6�²£[� �.£[�J¬�µP�[�.�[�6£w�²¨@µ

�s�6�²¤q¥@�s�¯�[�
n
Æg£[¢N£[¤«�w�Ä¶�ËÌ�6�

m
Æg£[¢^£[¤«�w�(¥@�.�f¤q¥@¡>�[¤ ¤«�w�

R1
�s�J�.¨{�J���

Rn
¶°ËÌ�6�²�.�[¬�¨Ä®�¥@¤*¨@µ8�s�6�

m
�w�^�¯�w�Ä�

¡F�[¤«¨{�J��� �J��.¨0�s�6�
m n
Æg£[¢^£[¤«�w�Ä��¡F�[�³§n�w�[�°¥@�l¢�±�¥@� �Z¨@µÐ¥{�@Ös¥{£w�[�g�

m
Æg£[¢N£[¤«�w��l�b¥Ä¢

Ri
¥@�6�
Ri+1
��§8� ¤ ¤6¡J�.�Ä¥@©

�s�6�
n
Æg£[¢N£[¤«�w�¶L�³µ¦�s�6�

m
�w�^�¯�w�²¡>�[�´§n�w�[�
¥@�6¨{�s�6�[�f±�¥@� ��¨@µ<¥{�@Ös¥{£w�[�g�

m
Æg£[¢N£[¤«�w�-@P¨@µ¿§8�J�«£.���6�[� �s�6�[�²�«�

¥{�@Ö.¥{£w�[�l���[� �s�6�[�<�.¨
Ri
�6¨{�<�.¨

Ri+1
DB�Ð�b¥w¢

Rj
¥@�6�
Rj+1

�«�<�.�[¬�¨®¯�w�2�Ð�s�6�[�z�´§n¨Å���b¥@±J�k£w¨{¬²±>¨{�6�[�g�.�
§8� ¤ ¤Ð�.�w�.�J¤ �Ä¶nËÌ�g�6�Ä�JµÃ¨{�¦¥iÔJÊJ�w�

m ≤ n
�6�s�6�<¡J�«�.�w£[�s�«¨{��§8�«�^�s�X�«�8ÔJÊJ�w�2¶n�³µ

n
�«�u�s�6�[�.�BµÃ¨{�.�¤q¥@�s�¯���[�6¨{�J���Ð�

�s�6�0�s� ���g�×Æl��¥@�6�X�s�«�J�<¨@µ�@Z�6¶ Û�
GD*§8� ¤ ¤Ð¡F�0�6�[�l¥@�s� ®¯��¶
Ý¦�6¨{�s�6�[�� ¬²±F¨{�s�b¥@�l�(¥{�s±F�w£[��s��¥@�<±J�.�[®¯�[�g�.���s�J�«�<¬��[�s�6¨N�ÁµP�.¨{¬ ¡>�[� �J�m¥@±J±J¤ �«�w�z�Ä¥{�s� ¤ ¢¯�Ð�«��s��¥@��s�6�²¡J�àß
�.�w£[�s�«¨{��§8�«�^�s�
¨@µ¿�s�6�°���b¥@±J��� ���l�6�w�s�s�«¨{���6�w�w�J���.¨t¡>�°©N�6¨Ä§8�Ð�Ì¥@�6���J�J¤«�w�.���s�J�«�=�l��¥@�g�s� �³¢��«���Ä¥{�s� ¤ ¢
£w¨{¬²±J�J�.�w�2�6¨{�s�6�[�¦¡>¨{�J�6�^� �J�f�.�w£.�J�J�e�g�6�w�À�s�6¨{�J¤«�Å�b¥@�s�6�[�À¡>�<£w¨{�6�s�«�J�[�.�w�2¶



ÆÁ	�Ú�Æ $n��¥@±J�.�[�/�6¶JÞ2� �.�[�b¥@�s�J�.��.�[®N�«�[§

q>þe];þ�]cþ�d {/TVj_"b�_GP=�Vu}R�PYX�PYXZSQOKXBOKj
· �s�s�«£[�s¤ ¢Å�s±F�Ä¥@©g� �J�6�6�s�6� ¶:µ�·�¶iÚ�¶fãa³IÝ�¸fãBäZãBäè±�á�äZát·ª¬��[�s�6¨g�Ñ�«�u�6�.�w�°� �Ñ�s�6�¤ � �.�[�b¥@�s�J�.�(¥{�À¥�¡F¨{�J�6�^� �J�f�.�w£b�^ß
�J�e�g�6�°¨{�J¤ ¢L� �6�.¨@µU¥@��¥{�(� ��¬f¥Ä¢k¡F�f�6�b�w�k�.¨m±J�.¨®¯�Å�s��¥@�iµP¨{��¥@���J±J±>�[��¡F¨{�J�6�

U(G)
�.¨m�s�6�Å£[�.¨��.�.� �J�

�g�J¬�¡F�[�
ν(G)

¨@µ0¥����b¥@±J�
G
�
ν(G) ≥ U(G)

¶LËÌ�J�«�i�«���6¨{�s¬f¥@¤ ¤ ¢�¥{£.�J�«�[®¯�w��¡g¢L�s�6��¬��[�s�6¨g��¨@µ�³Q¸�±�±:Ü
êâú×°�±�á[ãB¸�ÝGµ�äB°�ãBäè±�á�¶tËÌ�6���J±J±F�[�(¡F¨{�J�6�a®{¥@¤ �6�

U(G)
¬f¥w¢a¥{�i§*�[¤ ¤*¡F�ª�.�[±J¤q¥{£w�w�k¡g¢k¥@�l¢k®{¥@¤ �6�

x
��¥@�6�

�s�6�[�.�BµÃ¨{�.���l�s�J�«�n¬��[�s�6¨N�f¬f¥Ä¢�¡>�À�6�.�w���.¨�±J�.¨Ä®¯�¿�s�6�u®�¥@¤ �«�^� �³¢ª¨@µÐ¤«¨Ä§n�[�Ì¡F¨{�J�6�J�Z�.¨��s�6�¦£[�.¨��b�s� �J���g�J¬�¡F�[�
¨@µ�¥i���b¥@±J�Ð¶��´�Ñ¨{�.�J�[�u�.¨²�J�6�J�[�.�s�b¥@�6�Å�6¨§��.¨�¥@±J±J¤ ¢°�s�J�«�8¬��[�s�6¨N�2�6�.¨{¬��0�6¨{�b¥@�s�«¨{�X�«�8�6�w£w�w�.�b¥@�s¢¯¶

J _ � OVXcPYXcSQOÄq/þ�];þed `a±�¸)Ý�·�¸:Ý�³ß
G

Eðe¶fã

A,B ⊆ E(G)

ÅãZßI¶âá)Üf±�¸iÝÁµ�¸�Ý�ø,äZát·

φ
±�Ü
G

Eðe¶fã

νφ(A,B) =
∑

a∈A
b∈B

|φ(ã) ∩ φ(b̃)|.

ÿ ðüÚf±W
,ðe¶fã
νφ(A,A) = νφ(A)

�
�

�´�^µP¨{�s¬f¥@¤ ¤ ¢¯�
νφ(A,B)

�J�[�6¨{�.�w���s�6�u�l�J¬�¡F�[�Ì¨@µF£[�.¨��.�.� �J�¯�4¡>�[�´§n�w�[�°�[®¯�[�s¢�±�¥@� �Z¨@µF�w�^�¯�w�Z§8�6�[�.�u¨{�6�u�w�^�¯�
�«�Ì� �

A
�6¥@�6�Å�s�6�¨{�s�6�[�u� �

B
¶

+6¨{�À�s�J�.�w�<¬��J�s��¥@¤ ¤ ¢Å�^�«�PÖs¨{� �l�À�.�J¡6�.�[�.�
A,B,C ⊂ E(G)

�6�s�6��«�J�[�l�s� �s�«�w�

νφ(A ∪B) = νφ(A) + νφ(B) + νφ(A,B)
¥@�6� @Z�6¶ ÛÄÜGD

νφ(A,B ∪ C) = νφ(A,B) + νφ(B,C)
@Z�6¶ Ûf�tD

¥@�.�0�6¨{�.�w�2¶

§ �K���cóHXBOHjôPY~K_._tTKj[_"�Vu}RYPYXcPYXZS[O�l�_�PY~HS(TíP�S � OHTíPY~H_"WGR�S[b�bYXBOKj%O(UKlnmE_tR=S���u�jR�u}�V~
ËÓ¨��s�6¨§#�s��¥@�i¥@�L�J±J±>�[�(¡>¨{�J�6�

U(G)
�«�����g��¥@¤��.¨Ñ�s�6�f£[�.¨��.�s� �J���g�J¬�¡F�[�Ä�

ν(G)
�Â¨@µ
G
�Ó�s�6�f�w�^�¯�ª�.�[�

E(G)
¬f¥w¢Å¡F�<±�¥@�s�s� �s�«¨{�6�w�Á�.¨²�s��¥@�

A ∪ B = E(G)
�eµP¨{¤ ¤«¨§n�w�X¡l¢�¥@�m¥{�b�s�J¬²±J�s�«¨{�X�s��¥@�

ν(G) < U(G)
¶

· � �6£w���^µÃ¨{�À¥��^�b¥w§8� �J�
φ
�

νφ(G) = νφ(A) + νφ(B) + νφ(A,B),
� �ÌµÃ¨{¤ ¤«¨Ä§u�À�s��¥@�u�àµ

φ
�«�À¥@�Ñ¨{±J�s� ¬f¥@¤Â�^�b¥w§8� �J�ª¨@µ

G
@ ä
�Z¶��q�^�.�Ä¥@¤ � ÏÄ�w�u�s�6�£[�.¨��b�s� �J���l�J¬(¡>�[�¦¨@µ

G
DB�J�s�6�[�

νφ(A,B) < U(G) − νφ(A)− νφ(B).
@Z�6¶ Û�	GD

ËÓ¨�£w¨{¬²±J¤«�[�.�¿�s�6�u±J�.¨N¨@µÐ¡l¢�£w¨{�g�s�b¥{�^�«£[�s�«¨{�Ð�J� �Z�.�[¬f¥@� �6�*�.¨¡F�À�.�6¨Ä§8���s��¥@�
νφ(A,B) ≥ U(G)− νφ(A)−

νφ(B)
µP¨{�u�[®¯�[�s¢Å¨{±J�s� ¬f¥@¤S�^�b¥Ä§8� �J�

φ
¨@µ
G
¶

�¦�^µP¨{�s�s�J��¥@�.�[¤ ¢¯�Ì�s�6���.�[�f¨@µ¨{±J�s� ¬f¥@¤¦�^�b¥Ä§8� �J�¯�ª�«���J�J©g�6¨§8�5@P�s� �6£w��¨{�s�6�[�s§8�«�.�Ñ�s�6�X£[�.¨��.�s� �J�z�g�J¬�¡F�[�
±J�.¨{¡J¤«�[¬�§*¨{�J¤«�°��¥w®¯�<¡F�w�[�Å�.¨{¤ ®¯�w�DB�^§8�J�«£.�Ñ¬f¥@©¯�w�Ì�s�6�0±J�.¨{¡J¤«�[¬ä¨@µÂ±J�.¨Ä®N� �J�²�s�6�<£w¨{�l®¯�[�.�.�<¨@µ�@Z�6¶ Û�	GDÌ¥{�
�^�98f£[�J¤ �¦¥{�u�s�6�¨{�s� ��� ��¥@¤S±J�.¨{¡J¤«�[¬Ñ¶n�Uµ

Φ(A)
�J�[�6¨{�.�w�À�s�6��.�[�u¨@µ�¥@¤ ¤S�^�b¥w§8� �J�¯�¿¨@µ

A
�6¥@�6�

Φ(B)
�s�6��.�[�

¨@µÂ¥@¤ ¤Ð�^�b¥Ä§8� �J�¯�À¨@µ
B
�N�s�6�[�Ñ¥{�Ì¬f¥@�l¢Å¥{�

|Φ(A)| × |Φ(B)|
�^�àÇF�[�.�[�g�u�s� ���l�×Æl��¥@�6���s�«�J�w�Ì� ��@Z�6¶ Û�	GD*¬²� ���l�

��¥Ä®¯�<�.¨�¡>��£w¨{�6�s�«�J�[�.�w�2�J§8�J�«£.�X�«�u£[¤«�Ä¥@�s¤ ¢�� ¬²±J�b¥{£[�s�«£Ä¥@¤U¶
ËÓ¨Ñ�.�w�^�6£w�ª�s�6���l�J¬(¡>�[��¨@µu£Ä¥{�.�w��.¨m¥Å��¥@�6�NµP�J¤U�Â� ���«��6¨{�s¬f¥@¤ ¤ ¢L¥{�b�s�J¬��w�z�s��¥@�(�s�6�f�s�J¡J���b¥@±J�

〈A〉
�«�

¤q¥@�s�¯��¥@�6�Ñ®{¥@�s�«�w�8� �X�s� ÏÄ�¥{�
G
®{¥@�s�«�w��6¥@�6�Å�s��¥@�u�s�6��s�J¡J���b¥@±J�

〈B〉
�«�À�s¬f¥@¤ ¤Ó¥@�6�Ñ£w¨{�6�s�b¥@�g�u� ���s� ÏÄ� @Ã¥@�

�J±J±F�[�¡F¨{�J�6�L�^�b¥w§8� �J�Á£w¨{�6�s�s�s�6£[�s�«¨{�a§8�J�«£.�k�.�Ä¥@¤ �«�.�w�
U(G)

�«��³¢N±J�«£Ä¥@¤ ¤ ¢L¥°�¯¨N¨g�z���J�«�J�ª¥{��.¨Ñ�6¨Ä§ �.¨
£b�6¨g¨��.�

A
¥@�6�

B
DB¶�+6¨{��BÊ6¥@¬²±J¤«���2� �tÝ¿�b¥@�6¨JØÙ��ÿÙÝ¦�b¥���Ú��y±J�.¨N¨@µ�µÃ¨{�0�s�6�i£[�.¨��b�s� �J�Å�l�J¬(¡>�[�¨@µ

K1,3,n
�F�6�

£b�6¨��.�
〈A〉 ∼= K4,n

¥@�6�
〈B〉 ∼= K1,3

¶y�³�f�s�6�u±J�.¨N¨@µ2µP¨{���s�6�¦£[�.¨��.�s� �J�(�l�J¬�¡F�[�Ì¨@µ
K1,1,1,1,n

§8�J�«£.��§8� ¤ ¤�¡F�
±J�.�w�.�[�g�.�w�f¤q¥@�.�[�n� �f�s�J�«�Z�s�6�w�s�«�Ä�¯�s�6�¦�s�J¡6�.�[�.�n§n�[�.�¦£.�6¨��.�[�°�.¨<�s��¥@�

〈A〉 ∼= K4,n
¥@�6�
〈B〉 ∼= K4

¶yËÌ�J�«�Ä�g� �



�6¶\
^¶JÝ¦��¥@¤ ¢g�s�«£Ä¥@¤S�.�w�s�J¤ �.�8µÃ¨{�8�s�6�<£[�.¨��.�s� �J���g�J¬�¡F�[�À±J�.¨{¡J¤«�[¬ ÆÁ	G��Æ

� �.�.�[¤àµs�¯�J¨N�w�4�6¨{�n£b��¥@�J�¯�u�s�6�8��¥@�s�J�.�¦¨@µ>�s�6�u±J�.¨{¡J¤«�[¬Ñ�l¡J�J���àµ
ν(A)

�«�4©N�6¨Ä§8�Ð�g�s�6�[�Ð�l�s� �6£w�
ν(A) ≤ νφ(A)µÃ¨{�À¥@�l¢°�^�b¥w§8� �J�

φ
¨@µ
〈A〉
�6� �ÌµP¨{¤ ¤«¨§u�u�s��¥@�

νφ(A,B) < U(G)− ν(A)− νφ(B),
@Z�6¶ ÛÄÚGD

§8�6�[�.�¿�s�6�<�^�b¥w§8� �J��¨@µ
〈A〉
�«�Ì�J�6�s±F�w£[�àÔ��w�2�6¥@�6�ª�«�8�J�[�.�[�s¬²� �6�°¡g¢f�s�6�0£.�6¨{�«£w�w�À¨@µÂ�^�b¥w§8� �J�¯�À¨@µ

〈B〉
¥@�6�

�s�6�0§Ì¥w¢^�u� �Ñ§8�J�«£b���w�^�¯�w�8µP�.¨{¬
A
¥@�6�

B
£[�.¨��.�u§8�6�[��£w¨{�6�s�«�J�[�s� �J�f�s�6�0�.�[�s¬

νφ(A,B)
¶

ËÌ�J�«�*�.�w�^�6£w�w�Ì�s�6�¿±J�.¨{¡J¤«�[¬��.¨(�[�g�J¬��[�b¥@�s�«¨{��¨@µÓ�^�b¥Ä§8� �J�¯�u¨@µ
〈B〉
¥@�6�°�s�6¨Ä§8� �J�²�s��¥@��@Z�6¶ ÛÄÚGDZ�«�*®g�«¨{¤q¥@�.�w�
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U(G)− ν(A)− νφ(B)
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∑

v∈V (G)rV (〈B〉)
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∑

v∈V (G)rV (〈B〉)

νφ(B,E〈B〉(v)) < U(G)− ν(A)− νφ(B).
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Æl¬��w�s���«�À�J�[�6¨{�.�w�
i∗(R,B)

�6¥@�6�Ñ£[�.¨��.�s� �J�¯�¦¥@�.�£w¨{�J�l�.�w�ÑµP¨{�
Û�¶u�s�6�Ì�l�J¬�¡F�[�n¨@µ2£[�.¨��.�s� �J�¯��¡>�[�´§n�w�[�

R
¥@�6�

B
��§8�6�[�.���¯µP¨{���[®¯�[�s¢i�³§*¨�£[�J�s®¯�w�

Ri ∈ R
¥@�6�
Bj ∈ B

�
|Ri ∩ Bj |

£[�.¨��.�s� �J�¯�¦¥@�.�£w¨{�J�l�.�w�2�



�6¶\
^¶JÝ¦��¥@¤ ¢g�s�«£Ä¥@¤S�.�w�s�J¤ �.�8µÃ¨{�8�s�6�<£[�.¨��.�s� �J���g�J¬�¡F�[�À±J�.¨{¡J¤«�[¬ ÆÁ	��(Æ


^¶u�s�6�u�l�J¬(¡>�[�Ì¨@µS£[�.¨��.�s� �J�¯�n¨@µS£[�J�s®¯�w�n¨®¯�[�n�s�6�[¬��b�[¤ ®¯�w�Ä�ä��Z¶��«�¯§8�6�[�.�¿¥��s� �J��¤«�À£[�J�s®¯�¦£[�.¨��.�.�w�n¥±>¨{� �g�
�³§8�«£w��¶

+J�.¨{¬æ�s�6�0±J�.�w£w�w�^� �J�ª�^�«�.£[�6�.�.�«¨{�Ð�
mn
¨@µy�s�6�£[�.¨��.�.� �J�¯�8� ��¥²�^�b¥w§8� �J�ª¨@µ4¥@�

(m,n)
Æl¬��w�s�Ð�6£w¨{�s�.�w�s±F¨{�6�

�.¨�®¯�[�s�s�«£w�w�À� �X¥��^�b¥w§8� �J��¨@µ
Cm × Cn

¶�ËÌ�g�6�Ä�J�àµ
i∗(R,B) ≥ mn+ α

�J�s�6�[�
ν(Cm × Cn) ≥ α

¶
ËÌ�6�m¥{�^®{¥@�g�b¥@�¯�X�l¥@� �6�w�ÈµP�.¨{¬,�s�6�m£[�J�s®¯�X�s¢^�s�.�[¬ ±>�[�.�s±F�w£[�s� ®¯�Ñ�«�ª�s��¥@��®¯�[�s�s�«£w�w�°¥@�6�
�w�^�¯�X£[�.¨��b�s� �J�¯�
¥@�.�f�s�.�Ä¥@�.�w�k�J�J�àµÃ¨{�s¬²¤ ¢¯¶mËÌ�J�«��¥@¤ ¤«¨§u�iµP¨{�(¬�¨{�.�ª�[¤«�[�l¥@�g���.¨{±J¤«¨{���«£Ä¥@¤8¥@�s���J¬��[�g�.�²� �L�s�6�ª±J�.¨N¨@µP�i¨@µÀ�s�6�
£[�.¨��.�.� �J���l�J¬(¡>�[�.�8¨@µ

Cm×Cn
¶yÝ¿�*¥@���BÊJ¥@¬²±J¤«�¿¨@µÐ§8�l¢��s�J�«�*§*¨{�s©N�Ä�^¥(£w¨{¬²¬�¨{�ª�.�w£b�J�J�e�l�6���^§8�J�«£b�ª§Ì¥{�

Ô6�.�s�Ì�[¬²±J¤«¨Ä¢¯�w��¡g¢'�u� �J�¯�[�«�.�[�Ñ¥@�6��ìÌ�[� �6�[©¯�iÿ#�¦ì������>� ���s�6�¦£w¨{�g�.�BÊN�8¨@µS�.¨{�.¨{�«�6¥@¤F���s�«�ª���b¥@±J�6�;@Ã¥@¤ �s�6¨{�J���
�s�6�[¢Ñ£w¨{�6�s�«�J�[�.�w�X���b¥@±J�6�Ä�F¥@�6���6¨{�¿£[�J�s®¯�(�.¢N�s�.�[¬��âDB�6§8� ¤ ¤Â¡>�£w¨{�6�.�«�J�[�.�w�2¶ÀÞÐ�[�

Hi
¡F��s�6�(�s�J¡J���b¥@±J�m¨@µ

Cm×Cn
� �6�^�6£w�w�°¡g¢��s�6�¿®¯�[�s�s�«£w�w�8¨@µS�³§*¨��.�w�ª±J�s� �6£[� ±�¥@¤2£[¢^£[¤«�w�

Ri
¥@�6�
Ri+1

@]� �6�^�«£w�w�u¥@�.�¦¬�¨g�^�J¤«¨
n
DB�

¥@�6�Å�J�BÔ6�6�<�s�6��Üf±�¸:°�¶
f(Hi)

¨@µ
Hi
¥{�8�s�6��s�J¬ä¨@µ4£[�.¨��.�s� �J�¯�u�s��¥@�¦¥@�.�£Ä¥@�6�.�w�°¡g¢

Û�¶À�.�[¤àµÂ� �g�.�[�.�.�w£[�s�«¨{�6�À¨@µ
Ri
�


^¶À£[�.¨��.�s� �J�¯�8¡F�[�³§*�w�[��¡J¤ �6��w�^�¯�w�8� �
Hi
§8� �s�Ñ�.�w�Ñ�w�^�¯�w�8� �

Hi
�

Ü^¶À£[�.¨��.�s� �J�¯�8¡F�[�³§*�w�[��¡J¤ �6��w�^�¯�w�8� �
Hi
�

�6¶À£[�.¨��.�s� �J�¯�u¨@µy¡J¤ �6��w�^�¯�w�8� �
Hi
¥@�6�Ñ¡J¤ �6��w�^�¯�w�8� �

Hi+1
¶

+J�.¨{¬ �s�J�«�0� �<¬f¥Ä¢X¡F���.�w�[�Á�s��¥@��¥�£[�.¨��.�s� �J�Å¡F�[�³§n�w�[�a¥f±�¥@� �¨@µÌ�w�^�¯�w�<�«�<£w¨{�J�l�.�w�L�BÊJ¥{£[�s¤ ¢m¨{�6£w���S¥@�6�
�s��¥@� ∑n

i=1 f(Hi) ≥ mn+ ν(Cm × Cn)
¶

· ��¥@�J�.¨{©N�J�U� ·ty ©¯¨{�b¥^� · ÏÄå[©¯�[¤ ¢²¥@�6�²ô4�:z.¨²ÿ ·J·J· ô��6��¥Ä®¯�À¥@±J±J¤ �«�w�²�s�J�«�4£w¨{�6£w�[±J���.¨<¨{¡J�b¥@� �ª�.¨{¬��Ì�¯¨g¨N�i¤«¨Ä§*�[�
¡F¨{�J�6�J�ÌµÃ¨{�

Cm × Cn
� �Å�s�6�<±J¤q¥@�6���J�s�6�<±J�.¨@Ös�w£[�s� ®¯�<±J¤q¥@�6����¥@�6�Ñ�s�6�ò0¤«�[� �Ñ¡F¨{�s�s¤«��¶

q>þe];þ�]cþZ� - mKP�u�XBOKXBOKj�mESQUKOKTKb9�ùSR'SPY~H_tR bY�Ku}R�b�_-j[R�u}��~Hb
+Â� �6�^� �J�k¥m�¯�[�6�[�b¥@¤u¬��[�s�6¨N��¨@µ0¡>¨{�J�6�^� �J�k�s±�¥@�.�.�°���b¥@±J�
£[�.¨��b�s� �J�t�l�J¬(¡>�[�.�ª�«�*�l�J� �.���^�98f£[�J¤ �Ä¶�ËÌ�6�
�s�b¥@�6�6¥@�.�i£w¨{�J�l�s� �J�0¬��[�s�6¨N� @²Í��6¶\
^¶\
^¶ ÛYD2¬�¨��.�s¤ ¢0µÃ¥@� ¤«�Ä�@¡F�w£Ä¥@�6�.��� �Ó�«�S��¥@�.�(�.¨8Ô6�6�i�s�J¡J���b¥@±J�6�Ó§8� �s��¥u�J� ���
£[�.¨��.�.� �J�f�l�J¬(¡>�[�Ä¶¦ËÌ�6����b¥@±J�NÆl�.¨GÆl���b¥@±J�z�[¬(¡>�w�J�^� �J�°¬��[�s�6¨N�?@²Í/�6¶\
^¶\
^¶\
GDÀ¬f¥Ä¢Å¡>�(£w¨{�6�s�«�J�[�.�w�2��¡J�J�<¥
¤q¥@�s�¯�Ì®¯�[�s�.�BÊ²£w¨{�J�¯�w�s�s�«¨{��§*¨{�J¤«�²� ¬²±�¥{£[���6�[�l¥@�s� ®¯�[¤ ¢²¨{�²�s�6���l��¥@¤ � �´¢²¨@µe�s�6�Ì¤«¨Ä§*�[�Z¡F¨{�J�6�2¶yËÌ�J�«�4±J�.¨{¡J¤«�[¬
§*¨{�J¤«�²¡>�Ì¬²� �s� �l¥@�.�w�f¡l¢��[¬�¡F�w�J�^� �J�i¥<�.±�¥@�.�.�Ì���b¥@±J��� �l�.¨�s�6�u�s±�¥@�.�.�Ì���b¥@±J���J�6�J�[�n£w¨{�6�s�«�J�[�b¥@�s�«¨{�Ð¶4ËÌ�6�
±J�.¨{¡J¤«�[¬ §8� �s�L¥@±J±J¤ �«£Ä¥@�s�«¨{�L¨@µ*�s�6�����b¥@±J�t¡J�«�.�w£[�s�«¨{�z¬��[�s�6¨N�2�2�«�0�s��¥@��¥ª��� ®¯�[�z£[¤q¥{�.�<¨@µ*�.±�¥@�.�.�i���b¥@±J�6�
�´¢g±J�«£Ä¥@¤ ¤ ¢X��¥{�¥f£w¨{�6�s�b¥@�g�<¡J�«�.�w£[�s�«¨{�t§8�«�^�s�t§8� �s�Á�.�w�s±F�w£[�¿�.¨�®�¥@�s�q¥@�s�«¨{�t¨@µn� �.�0�s� ÏÄ�i� �t£w�[�s�b¥@� �m§Ì¥w¢^�C�
�s�J�«�¿§*¥{�<¥@¤ �.�Ä¥{�^¢m�^�«�.£[�6�.�.�w�m� � ÍC�6¶\
^¶\
^¶ ��µÃ¨{�

Cm × Cn
¶0Ý�±J�s�«¨{�s�U�F�s�6�[�.�i�«�¿�6¨f�.�Ä¥{�b¨{�m§8�g¢Ñ�s�6�i���b¥@±J�

¬²� �6¨{��¬��[�s�6¨N�²£Ä¥@�J�6¨{�Z§*¨{�s©�µÃ¨{�Z�.¨{¬��8£Ä¥{�b�w�Ä��¡J�J�Z¨@µF£w¨{�J�.�.���¯�s�6�u£[�.¨��b�s� �J�<�l�J¬(¡>�[�.�*¨@µF�.�J¡J���b¥@±J�6�4¬f¥w¢
¨@µP�.�[�Å±J�.¨Ä®N�«�J�¡F�[�s�.�[�8¤«¨Ä§*�[�À¡F¨{�J�6�J�u�s��¥@�Ñ�s�6�0¬²� �6¨{�u¬��[�s�6¨N�2¶
Ý¦¤ �s�6¨{�J�����s�6�Ì�«�J�Ä¥<¨@µÐ¥¿¬��w�s�f�J¨N�w�y�6¨{���¯�[�6�[�b¥@¤ �«�.�8§*�[¤ ¤6�.¨¨{�s�6�[�Z£[¤q¥{�b�.�w�4¨@µF�.±�¥@�.�.�Ì���b¥@±J�6�Ä�l�b¨{¬��8�«�J�Ä¥{�
µP�.¨{¬#�s�6�À±J�.¨g¨@µÃ�n¨@µÐ�s�6�¿£[�.¨��.�s� �J�(�l�J¬(¡>�[�.�Ì¨@µÐ�.¨{�.¨{�«�6¥@¤F���s�«�����b¥@±J�6�*��¥w®¯�¿¡F�w�[��¥@±J±J¤ �«�w���s�6£w£w�w�.�ðµP�J¤ ¤ ¢²�.¨
Ô6�6�^� �J���s�6�¿£[�.¨��.�s� �J�i�l�J¬�¡F�[�.�u¨@µÓ¨{�s�6�[�*±J�.¨N�^�6£[�.�8¨@µÐ���b¥@±J�6�Ä¶ · �w���gµP¨{�Ì�BÊ6¥@¬²±J¤«���g�s�6�¦±J�.¨N¨@µÓ¨@µÓìÌ�[� �6�[©¯�
¥@�6�?�u� �J�¯�[�«�.�[�ÉÿÙì>�C��&��³�y�s�6¨Ä§8� �J�m�s��¥@�

ν(K4 × Cn) = 3n
�4¥@�6�z�s�6���.�w£b�J�J�e�l�6���s��¥@�i�«���J�w�.£[�s� ¡F�w�k� �

�s�6�0�6�BÊ^�8�.�w£[�s�«¨{�Ð¶E+6¨{�u±J�.¨N�^�6£[�.�u¨@µÂ���b¥@±J�6�Ä�J±J�s� �6£[� ±�¥@¤S£[¢^£[¤«�w�u¥@�.�0�¯�[�6�[�b¥@¤ �«�.�w�Å�.¨�±J�s� �6£[� ±�¥@¤S�.�J¡J���b¥@±J�6�
@
K4
¥@�6�
Cn
� �k�s�6�f£Ä¥{�.�f¬��[�l�s�«¨{�6�w�DB¶n+6¨{�(¬f¥@�g¢L¨{�s�6�[�i� �l�.�[�.�w�s�s� �J�Á�s±�¥@�.�.�f���b¥@±J�6�Ä�4¨{�6�²Ô6�6�J�(�s��¥@�

�s�6�f¬f¥GÊN� ¬(�J¬ ®¯�[�s�.�BÊL�J�[���.�w�w�²¥@�.�f¤q¥@�s�¯�[�(�s��¥@�¥�6¶Xó¦�6�f£w¨{�J¤«�2�y� �k±J�s� �6£[� ±J¤«���4�J�BÔ6�6��¥Ñ�6�[§��´¢g±F�f¨@µ
¬��w�s�Ð�N�b¥Ä¢²µP¨{�*���b¥@±J�6�Ì§8� �s��¬f¥GÊN� ¬(�J¬ä�J�[���.�w�¿�.�àÊF�g§8�6�[�.�¿�J±ª�.¨(�s�J�.�w�0£[�J�s®¯�w�n� ���s�6�¿¬��w�s��¬f¥w¢ª£w¨®¯�[�
¥ª±�¥@�s�s�«£[�J¤q¥@�±F¨{� �l�Ä�Ó�s� �6£w��¥�®¯�[�s�.�BÊm§8� �s�z�J�[���.�w�f�s�àÊX¬f¥Ä¢X¡F�i¬�¨g�J�[¤ ¤«�w�L¥{�0�s�6��� �g�.�[�.�.�w£[�s�«¨{�k¨@µ*�s�J�.�w�
¤ � �6�w�Ä¶4�´�Ì�.¨g¨{�°¡F�w£w¨{¬��w�u¥@±J±�¥@�.�[�l�u�s��¥@�8�s�J�«�u¥@±J±J�.¨¯¥{£b�Ñ��¥{�Ì�s�6�0�^�«�b¥{�^®�¥@�l�b¥@�¯�<�s��¥@�À¥(¤«¨Ä§*�[�u¡F¨{�J�6�fµÃ¨{�
�s�6���.¨{�b¥@¤Ó�g�J¬�¡F�[�0¨@µ�£[�.¨��.�.� �J�¯�À� �Á�s�6£.�Á¥²¬��w�s�m¬²� ���l�0£w¨{�J�l�<¨{�J¤ ¢Ñ¨{�6�(£[�.¨��.�s� �J��§8�6�[�.���s�J�.�w�(£[�J�s®¯�w�



Æ�Ú�&�Æ $n��¥@±J�.�[�/�6¶JÞ2� �.�[�b¥@�s�J�.��.�[®N�«�[§

� �g�.�[�.�.�w£[�Ä�g¥@¤ �s�6¨{�J���ª�s�6�Ì±�¥@�s�s�«£[�J¤q¥@�Z� �l�.�[�.�b�w£[�s�«¨{�f¬²� ���l�*£w¨{�s�.�w�s±F¨{�6�²�.¨0�s�6�8� �l�.�[�.�b�w£[�s�«¨{�ª¨@µF�s�J�.�w�u�w�^�¯�w�
@]�s�g�6�Ä�N�s�J�.�w�¦£[�.¨��.�.� �J�¯�n�s�6¨{�J¤«�°¥{£[�s��¥@¤ ¤ ¢�¡F�¦£w¨{�J�g�.�w�DB�J¨{�n� �n¬²� ���l�8£w¨{�s�.�w�s±F¨{�6�f�.¨�¥@�°�w�^�¯�¦�^�b¥Ä§8�°¨®¯�[�
¥Ñ®¯�[�s�.�BÊL§8� �s�a�J�[���.�w�fµÃ¨{�J�Á@]�s�l�6���¥@�(¤«�Ä¥{�s�²¥Ñ�.� �J��¤«�ª£[�.¨��.�.� �J�6�y¥@�6��¥@�i¬�¨��s�µÃ¨{�J�i£[�.¨��b�s� �J�¯�i¥@�.�ª�6¨{�
£w¨{�J�g�.�w�DB¶

q>þe];þ�]cþe¦ § P�óa��XZWGu��E�VR�S(S��sP�_�W�~KOVXZ`aUH_-TV_tl%S[OKb�P�R�uIP�_�T �ùSRéPY~K_JR�_tbYUK�cP
ν(Cm×Cn) = m(n− 2)

!¿¨{�s�J� �J�¬�¨{�.�u�s��¥@�°¥0®¯�[�s¢*�l�J�«£b©²�s©¯�[�.£.��¨@µF�s�6�u±J�.¨g¨@µ2�.�w£.�J�J�e�g�6�w�n�6�.�w��µÃ¨{���s�6�8±J�.¨N¨@µP�n¨@µ>�s�6�¦£[�.¨��.�s� �J�
�g�J¬�¡F�[�u�.�w�s�J¤ �.�8µÃ¨{�8�s�6�<±J�.¨N�^�6£[�.�u¨@µ4£[¢N£[¤«�w�8�«�u±J�.¨Ä®N�«�J�w�Ñ� �Å�s�J�«�À�b�w£[�s�«¨{�Ð¶
+6¨{�Ì¥¿ÔJÊJ�w��®�¥@¤ �6�À¨@µ

m
�¯�s�6�u¬f¥@� �ª�«�J�Ä¥<�«�Z�.¨�6�.�À� �6�^�6£[�s�«¨{��¨{�

n
�l§8�6�[�.�À�s�6�u¡�¥{�.�À£Ä¥{�.�¦¨@µ

ν(Cm×Cm)�«�Ì©N�6¨Ä§8�Ð¶E+6�.¨{¬ä�s�6�<�^�b¥w§8� �J��� �-+Â� ���J�.�7�6¶��N�^� �8¬f¥Ä¢ª¡F�<�.�w�[�°�s��¥@�À�[®¯�[�s¢ª£[�J�s®¯�
Ri
�«�8£[�.¨��.�.�w�Ñ¥(�.¨{�b¥@¤

¨@µ
m − 2

�s� ¬��w��Ó¥@�6�z¥@¤ �s�6¨{�J���z�s�J�«�0�«�¥@�t�J±J±F�[�<¡>¨{�J�6�t£w¨{�6�.�s�s�6£[�s�«¨{�Ð�S�s�6�*�g�6�w�s�s�«¨{�z¨@µn§8�6�[�s�6�[�i¥@�
¤«�Ä¥{�s�u¨{�6��.�w�Å�w�^�¯�<�«�u£[�.¨��.�.�w�X¥@�8¤«�Ä¥{�s�

m− 2
�s� ¬��w�u�«�u£w�[�g�s�b¥@¤Ð� �Ñ�s�6�<±J�.¨N¨@µy�.�w£.�J�J�e�g�6��¶

ì*¢Á�s�6�²� �6�^�6£[�s�«¨{�a�l¢N±>¨{�s�6�w�s�«��
ν(Cm × Cn−1) = (m − 2)(n − 1)

�4¥@�6�t�àµ8�s�6�[�.���BÊN�«�s�.�(¥@��¤«�Ä¥{�s��¨{�6�
�.�w�°£[¢^£[¤«�

Ri
§8�J�«£b�Ñ�«�8£[�.¨��.�.�w�Å¥@�Ì¤«�Ä¥{�s�

m− 2
�s� ¬��w�Ä�^�s�6�[�Ñ�J�[¤«�[�s�«¨{�Ñ¨@µÂ� �.�8�w�^�¯�w�Ìµ]�.¨{¬

Cm × Cn
��� ®¯�w�

¥��s�J¡>�^� ®N�«�s�«¨{�a¨@µ
Cm × Cn−1

¶XËÌ�l�6�Ä�Â� �(µP¨{¤ ¤«¨§u���s��¥@�i�s�6���^�b¥w§8� �J�t¨@µ
Cm × Cn

¬��6�.�(��¥Ä®¯��¥@�i¤«�Ä¥{�s�
(m− 2)(n− 1) +m− 2 = (m− 2)n

£[�.¨��.�s� �J�¯�Ä¶
�³µÐ�[®¯�[�s¢��.�w�ª£[¢^£[¤«�¦�«�n£[�.¨��.�b�w��µÃ�[§n�[�*�s��¥@�

m− 2
�s� ¬��w�Ä�g� �n¬(�6�s�n¡F�¿�s�6¨Ä§8�ªµP¨{�Ì�s�6£b�°¥(�^�b¥w§8� �J�

φ
�l�s��¥@�

νφ(Cm × Cn) ≥ (m − 2)n
¶=+Â� �.�s�<� ���«��s�6¨Ä§8�L�s��¥@��àµÌ�b¨{¬����.�w�z£[¢N£[¤«�w�(¥@�.���^�b¥w§8�k� �6�s�«�J�²¨{�s�6�[���.�w�

£[¢^£[¤«�w�Ä�J¨{�u�àµ��.¨{¬��<�.�w��£[¢N£[¤«�w�¦£[�.¨��.�u�Ä¥{£.�m¨{�s�6�[�Ä�6�s��¥@�À¨{�6��¨@µy�s�6��.�w�Ñ£[¢N£[¤«�w�À� �l®¯¨{¤ ®¯�w��§8� ¤ ¤Ð¡>��£[�.¨��.�.�w�
¥@��¤«�Ä¥{�.�

m−2
�s� ¬��w�Ä¶4ËÌ�J�«��� ¬²±J¤ �«�w�n�s��¥@�*¥@¤ ¤e�s�6�8�.�w�f£[¢^£[¤«�w�n¥@�.�¦�^�«�PÖs¨{� �l�Z� �

φ
¶V!¿¨Ä§�l�s�6�u�6¨{�s�«¨{�°¨@µ2�s�6�

Ü�±�¸:°�¶0¨@µÂ¥�s�6�¦�s�J¡J���b¥@±J�°� �6�^�6£w�w�ª¡l¢��s�6�¦®¯�[�s�s�«£w�w�Ì¨@µÐ�³§*¨i£w¨{�6�b�w£[�J�s� ®¯�é@]§8� �s�°�.�w�s±F�w£[�Z�.¨(�s�6�[� �*� �6�^�«£w�w��D
�.�w�Å£[¢^£[¤«�w�i@Ã¥{�À�J�BÔ6�6�w�Ñ� �BÍ��6¶\
^¶\
^¶ ÚGD*¬f¥w¢°¡F�0�6�.�w�Å�.¨�±F�[�ðµP¨{�s¬æ�s��¥@�

νφ(Cm × Cn) ≥ (m− 2)n
¶

Ý�®¯�[�s¢X�6�.�BµP�J¤Ó�.�w�s�J¤ �<�^�6���.¨°ã���¥@�.�[Ïf¥@�6� · ¥@¤q¥@Ï¥@��ÿ · ¥@¤������³�Ð¥@¤ ¤«¨§u�<¨{�6�(�.¨Å¥Ä®¯¨{�«�Á��¥w®N� �J�Å�.¨��.�6¨Ä§��s�6�
¤q¥{�s�(±�¥@�s�i¨@µu�s�6�ª±J�.¨N¨@µð¶XÝ ±J�.¨{±>�[��£[�.¨��.�s� �J�m� ��¥Ñ±J�s� �6£[� ±�¥@¤8£[¢N£[¤«�ª�«�i¥X£[�.¨��.�s� �J�m�6¨{��£Ä¥@�6�.�w�L¡g¢t�³§*¨
�w�^�¯�w�ÌµP�.¨{¬ä�s�6�<£[¢^£[¤«�<� �.�.�[¤àµs¶
�~H_tSR�_tl q>þe];þ�] @Pã���¥@�.�[Ï�¥@�6� · ¥@¤q¥@Ï¥@��ÿ · ¥@¤������ZD+=H¶fã

m,n
ê�¶)äZáã«¶è·�¶â¸�Ú)Ú�²}°âß"ãZß�Ý�ã

m ≥ n ≥ 3
�~ÌHßI¶âá

¶âå�¶â¸�ú-µ�¸:Ý�ø,äZát·-±�Ü
Cm × Cn

Ú�²}°âß"ãZß�Ý�ã�¶fäZãZßI¶f¸)ãZßI¶/³[¸�äZá[°fä�³IÝ�ð
n m

´�°fúG°fðe¶�ÚéÝ�¸�¶/³}Ý�äc¸âø,äcÚ�¶*µ�äcÚcà�±�äZáãÅ±�¸)ãZß}¶
³[¸âäZá[°fä�³IÝ�ð

m n
´�°�ú�°�ð¬¶�Ú�Ý�¸:¶�³IÝ�äc¸âø,ä�Ú�¶iµ�ä�ÚZàf±�äZáã�
�ß�Ý�ÚiÝ�ãsðe¶:Ý�Úâã

(m− 2)n
°f¸:±�Ú�Ú�äZát·�Új�

�

ütÓ�Ò1Ó�ú û�ÞJÜ>àOàOØ�é�Ùçé1Ý�æ ÛmÖ{ÞöÛmÜ�Ý�é�ß%à
ËÌ�J�«�8�s�J¡6�b�w£[�s�«¨{�°£w¨{�g�b¥@� �6�8¡F¨{�J�6�J�8¨{�Å�s�6�¿£[�.¨��b�s� �J���l�J¬�¡F�[�.�u¨@µÂ®{¥@�s�«¨{�6�8£[¤q¥{�.�b�w�*¨@µÂ���b¥@±J�6�Ä�J�BÊ^±J�.�w�.�.�w�
� �Å�.�[�s¬��¦¨@µ4¥@��¥@¤ ¢N�s�«£Ä¥@¤2µP�J�6£[�s�«¨{�6�Ä¶

q>þe];þeg;þBM � _�OH_tR�u��sWGR�Sb�bYXBOKj%O(UVl"mp_�R'mpS[UVOHTVb
�´�Ñ�s�6�0µP�J�6£[�s�«¨{�6�À±J�.¨®g�«�J�w�X�6�[�.���6�s�6�(£[�.¨��.�s� �J���g�J¬�¡F�[�¦¡F¨{�J�6�J�8µÃ¨{�À�¯�[�6�[�b¥@¤Ó���b¥@±J�6�¿¥@�.���BÊN±J�.�w�.�b�w�Ñ� �
�.�[�s¬��(¨@µ8�Ä¥{�.� ¤ ¢Á£w¨{¬²±J�J�b¥@¡J¤«�ª���b¥@±J�a±�¥@�b¥@¬��[�.�[�.�Ä¶°Ý¦�(�s�6£.�Ð�Ó�s�6��¡F¨{�J�6�J�(£Ä¥@�J�6¨{�(¡>�f�BÊN±F�w£[�.�w�z�.¨Å¡F�
®¯�[�s¢��¯¨g¨N�2¶

ν(G) ≥





c−3
c3
|E(G)|3/|V (G)|2

�àµ
|E(G)| ≥ c|V (G)|, c > 3 (a)
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33.75 |E(G)|3/|V (G)|2

�àµ
|E(G)| ≥ 4|V (G)| (b)

|E(G)| − [ g(G)/(g(G) − 2) ]( |V (G)| − 2 )
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⌋
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¥@�6�
m ≤ n; 7 ≤ m ≤ n ≤ 10

≤ U(m,n)
¨{�s�6�[�s§8�«�.���

§8�6�[�.�
s
¥@�6�

t
¨{�m�s�6��¤«�BµP�×Æl��¥@�6�X�.�«�J�(¥@�.�(®{¥@¤ �6�w�ÀµP¨{�¿§8�J�«£.�

ν(Ks,t)
�«�¦©g�6¨§8�Ð�F¥@�6�

s ≤ t
�
s ≤ m

x
t ≤ n

¶
�F¥@�b¥@�J©N�«�[§8�«£[Ï�ÿ��F¥@��	����6¨{�s� ��� ��¥@¤ ¤ ¢i±J�.¨Ä®¯�w�²�s�6�8£Ä¥{�.�*µÃ¨{�

m = 3
¥{�y�s�6�Ì¡�¥{�.�Ì£Ä¥{�.�*µP¨{�y�J�«�y� �6�^�6£[�s� ®¯�8±J�.¨N¨@µs�

�.¨(�s�6¨Ä§É���l��¥@¤ � �´¢��.¨<�s�6�¦�J±J±>�[�n¡>¨{�J�6�f� �n@Z�6¶\
�&GDB¶4Ý¦�f�J�6£w¨{�s�.�w£[�b¥@¡J¤«�¦íe¥w§
§*¥{�*¤q¥@�.�[�n�^�«�.£w¨®¯�[�.�w��� �f�s�6�
��àt�r�����w�´��¢²��¡O�����©§´�����e¦@�w�����;x àt���¨º�½�z�«R��¥O�r�

νΥ(G) ≥ |E(G)| − g(G)/(g(G) − 2)(|V (G)| − 2 + 2Υ)
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�� Ý¦�6�J�[�.�.¨{�Ð���À�«£.�l�.�[�¿¥@�6�-�À¨N�^�6�[¢mÿÙÝC���C��ÚY�
Ú

n
â

4n
�u�«£b�l�.�[�¦¥@�6� · ¥@¤q¥@Ï¥@�iÿ#� · &^Ûâ�

� � â Ü�	 Ý¦�6�J�[�.�.¨{�Ð���À�«£.�l�.�[�¿¥@�6�-�À¨N�^�6�[¢mÿÙÝC���C�G���
m n

= m(n− 2)
n ≥ m(m+ 1)

â¿¤«�[¡6�.©g¢°¥@�6� · ¥@¤q¥@Ï¥@�(ÿ · â;&����
m n ≥ (1/2)m(n − 2)

ã���¥@�.�[Ï(¥@�6� · ¥@¤q¥@Ï¥@�iÿÙã · &^Ûf�

m n
≥ (0.8 − ε)mn

ε > 0
m
�s�I8f£[�«�[�l�s¤ ¢°¤q¥@�s�¯�

· ¥@¤q¥@Ï¥@�¦¥@�6�.�À�l¥@¤«�J��ÿ · �7&����

m n
≥ (3/5)mn�àµ

n ≤ (5/4)(m − 1)

· ��¥@�J�.¨{©N�J�U� ·ty ©¯¨{�b¥^� · ÏÄå[©¯�[¤ ¢Ñ¥@�6�Åô4�:z.¨Ñÿ ·J·J· ô/�
m n ≤ m(n− 2)

¾0¥@�b¥@�s¢¯�6ò¥@� �6�[�X¥@�6� · £b�l§*�[�J©zÿÙ¾¦ò · �{Ü��
ËÓ¥@¡J¤«���6¶ Û�¸>$n�.¨��.�s� �J�²�l�J¬(¡>�[�¦�.�w�s�J¤ �.�8µÃ¨{�8�s�6�<±J�.¨N�^�6£[�À¨@µ4£[¢N£[¤«�w�

Cm × Cn
¶

ï ��ðPñc¥��"��³/���ª�����1���r�������'�r�j£������£r������¥
T3,n

° ï �RðRñc¥'��¢M�����
�
���1���������������j£������£����r�'¥
X3,n

°
+Â� ���J�.�;�6¶ Û�Û�¸�ËS§n¨�®�¥@�s�q¥@�s�«¨{�6�À¨{���s�6�0�.¨{�.¨{�«�6¥@¤S���s�«�Å���b¥@±J�

C3 × Cn
¶

ËS§n¨Á®�¥@�s�q¥@�s�«¨{�6���.¨X�s�6��±J�.¨N�^�6£[�²¨@µ¿£[¢^£[¤«�w�
Cm × Cn

¥@�.���s�6�°�.¨GÆg£Ä¥@¤ ¤«�w�AãBø,äcÚâã«¶:µ�ãï±�¸�±�äBµGÝ�ð,·�¸�äèµ-·�¸:Ý�³ß
Tm,n
�Ó¥@�6�L�s�6�.°f¸:±�Ú�Ú�¶:µôãï±�¸:±�äBµ�Ý�ðK·�¸âäBµÆ·�¸:Ý�³ß

Xm,n
¶fÝ¦��¥@¤ ¢N�s�«£Ä¥@¤n�J�w�.£[�s� ±J�s�«¨{�6�i¨@µ*�s�6�w�b�²���b¥@±J�6��§*¨{�J¤«�

¡F��b¥@�s�6�[�0£[�J¬�¡F�[�.�.¨{¬����2¥@�6�X�.� �6£w���s�6�i¨{�J¤ ¢Å©g�6¨§8�Á¥@��¥@¤ ¢N�s�«£Ä¥@¤y�.�w�s�J¤ �.�ÀµP¨{�¦�s�6�(£[�.¨��.�.� �J�ª�g�J¬�¡F�[�.�¿¨@µ
�s�6�w�.�(���b¥@±J�6�<¥@�.�µÃ¨{�

T3,n
¥@�6��µÃ¨{�

X3,n
�e¨{�J¤ ¢��^�b¥Ä§8� �J�¯�¨@µ��s�6�w�.�(���b¥@±J�6�¥@�.�(�.�6¨Ä§8�Á� �n+Â� ���J�.���6¶ Û�Û�¶

ý4�.¨N¨@µÃ�ÌµP¨{�8�s�6�0�.�w�.�J¤ �.�
ν(T3,n) = n

¥@�6�
ν(X3,n) = n

¥@�.�<�^�6�<�.¨*+�¨{¤«�[¢¯��ò0�s�«�[�¯�[�Ä���À�«�s©g� ��¥@�6� · �b¥@�l�.¨{�kÿ#+yò;� · &�
��³¶
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Gj ν(Gj ×Pn) ν(Gj × Cn) ν(Gj × Sn)

G1
&

n ≥ 0
&

n ≥ 0 2
⌊

(n−1)2

4

⌋ n ≥ 1ÿÙò0¤«�������
G2 n− 1

n ≥ 1ÿÙã�ãI��
�� n
n ≥ 1ÿÙã�ãI��
�� 2

⌊
(n−1)2

4

⌋
+
⌊
n
2

⌋ n ≥ 1ÿÙò0¤«�������
G3 n− 1

n ≥ 1ÿÙò0¤«������� n
n ≥ 3ÿÙìÅ�/��&�� 2

⌊
(n−1)2

4

⌋
+
⌊
n
2

⌋ n ≥ 1ÿÙò0¤«�������
G4

&
n ≥ 0 2n

n ≥ 4ÿÙìÅ�/��&�� 2
⌊

(n−1)2

4

⌋ n ≥ 1ÿÙò0¤«�������
G5 n− 1

n ≥ 1ÿÙò0¤«������� 2n
n ≥ 4ÿÙìÅ�/��&�� 2

⌊
(n−1)2

4

⌋
+
⌊
n
2

⌋ n ≥ 1ÿÙò0¤«�������
G6 2n

n ≥ 1ÿÙò0¤«������� 3n
n ≥ 3ÿÙìÅ�/��&�� 2

⌊
(n+1)2

4

⌋ n ≥ 1ÿÙò0¤«�������
G7

&
n ≥ 0

&
n ≥ 0

G8 2(n− 1)
n ≥ 0ÿÙò0¤«���^Ûf� 2n

n > 5ÿÙò0¤«���^Û��
G9 n− 1

n ≥ 0ÿÙò0¤«��&^ÛÄ¥�� n
n > 5ÿÙò0¤«��&^ÛÄ¥��

G10 n− 1
n ≥ 0ÿÙò0¤«��&^ÛÄ¥�� n

n ≥ 0ÿÙò0¤«��&^ÛÄ¥��
G11 n− 1

n ≥ 0ÿÙò0¤«��&^ÛÄ¥�� n
n ≥ 0ÿÙò0¤«��&^ÛÄ¥��

G12 2(n− 1)
n ≥ 0ÿÙò0¤«��&^ÛÄ¥�� 2n

n > 5ÿÙò0¤«��&^ÛÄ¥��
G13 n− 1

n ≥ 0ÿÙò0¤«��&^ÛÄ¥�� 2n
n > 3ÿÙò0¤«��&^ÛÄ¥��

G14
&

n ≥ 0 3n
n > 4ÿÙò;� · ��Ú��

ËÓ¥@¡J¤«�;�6¶\
^¸s$n�.¨��b�s� �J���l�J¬(¡>�[�¦�.�w�s�J¤ �.�ÌµÃ¨{�8±J�.¨g�^�6£[�.�À§8� �s���s¬f¥@¤ ¤2���b¥@±J�6�Ä¶

ËÌ�6�i�.�w�s�J¤ �.�¿� �Á�s�J�«�<�.�w£[�s�«¨{�z¥@�.�i�l�J¬��[�.¨{�6�Ä¶��m¨��s�<¨@µZ�s�6�i�.�w�s�J¤ �.�¿� �tËÓ¥@¡J¤«�é�6¶\
ª��¥w®¯���.�[¤q¥@�s� ®¯�[¤ ¢X¤«¨{�J�6�
ÝGµ'ß�±Y°�±J�.¨N¨@µÃ�Ä��¥@�6�X¥@�l¥@� �Ð�>¨{�6��«�À¤«�Bµ]�¦§8� �s�m¥@�X� ¬²±J�.�w�.�s�«¨{�X¨@µ4�s�6�(�^�98f£[�J¤ �³¢�¨@µ��s�6�£[�.¨��b�s� �J�f�g�J¬�¡F�[�
±J�.¨{¡J¤«�[¬Ñ¶

!¿¨{�.�Z�s��¥@�
G1×Pn

¥@�6�
G7×Pn

¥@�.�ÓÖ×�6�.�S���s�«�i���b¥@±J�6�Ä�¯¥@�6�(�s�6�[¢(¥@�.�Ì£w¨{�6�.���l�6�[�g�s¤ ¢�±J¤q¥@��¥@�Ä¶yËÌ�6�n���b¥@±J�6�
G1 × Cn

�
G7 × Cn

�
G4 × Pn

¥@�6�
G14 × Pn

¬f¥Ä¢X¡F���^�b¥w§8�t§8� �s�t�6¨°£[�.¨��.�s� �J�¯��2¡l¢X�s�6�i£w¨{�6�.�s�s�6£[�s�«¨{�
�s�6¨§8��� �¥+Â� ���J�.�Á�6¶ Û�
^¶ô+J�J�s�s�6�[�s¬�¨{�.���Z� ���s�6¨{�J¤«��¥@¤«�.¨X¡>�ª�6¨{�.�w�a�s��¥@�(�s�6�°£[�.¨��.�.� �J�X�g�J¬�¡F�[�²�.�w�s�J¤ �.�
µÃ¨{�¦�.¨{¬������b¥@±J�6�¿� �X�s�6�(�b¥@¡J¤«�µÃ¨{¤ ¤«¨Ä§��^� �.�w£[�s¤ ¢ÅµP�.¨{¬æ�s�6�i£[�.¨��.�s� �J���l�J¬(¡>�[�0�.�w�s�J¤ �.�¿¨@µZ�s�J¡J���b¥@±J�6�Ä�>�àµn¥
�^�b¥Ä§8� �J��¨@µÐ�s�6�¿���b¥@±J��� �Á�g�6�w�s�s�«¨{�°£Ä¥@�ª¡F�¦¬f¥{�J�uµP�.¨{¬��s�6�¿�s�J¡J���b¥@±J�Ð�^§8� �s�6¨{�J�Ì£Ä¥@�6�s� �J��¥@�l¢f£[�.¨��b�s� �J�¯�
� �.�w�¿µÃ¨{�u�BÊ6¥@¬²±J¤«�

G22
¥@�6�
G24
¶



�6¶\
^¶JÝ¦��¥@¤ ¢g�s�«£Ä¥@¤S�.�w�s�J¤ �.�8µÃ¨{�8�s�6�<£[�.¨��.�s� �J���g�J¬�¡F�[�À±J�.¨{¡J¤«�[¬ Æ�ÚG��Æ

Gj ν(Gj ×Pn) ν(Gj × Cn) ν(Gj × Sn)

G15 2(n− 1) n ≥ 0 2n
n > 5ÿÙò0¤«��&^ÛÄ¥��

G16 2n
n ≥ 0ÿÙò0¤«����Ú�� = 9, n = 3

≤ 4n n ≥ 4
n ≥ 4ÿÙò0¤«��&�
�� 4

⌊
n
2

⌋ ⌊
n−1

2

⌋
+ 2n

n ≥ 0ÿÙò0¤«����Ú��
G17 2(n− 1)

n ≥ 0ÿÙò0¤«��&^ÛÄ¥�� n(n− 1)
n ≥ 0ÿÙò0¤«��&^Û[¡}�

G18 2(n− 1)
n ≥ 0ÿÙò0¤«����	�� 2n

n ≥ 0ÿÙò0¤«��&^ÛÄ¥��
G19 n− 1

n ≥ 0ÿÙò0¤«��&^ÛÄ¥�� 3n
n > 4ÿÙò0¤«��&^ÛÄ¥��

G20 2(n− 1)
n ≥ 0ÿÙò0¤«��&^ÛÄ¥�� 3n

n > 4ÿÙò0¤«��&^ÛÄ¥�� n(n− 1)
n ≥ 0ÿÙò0¤«��&^Û[¡}�

G21 3n− 1
n ≥ 0ÿÙò0¤«����	��

G22 3n− 1
n ≥ 0ÿÙò0¤«�����@¡}� 2(n+

⌊
n+1

2

⌋
)

n ≥ 0ÿÙò0¤«�����@¡��
G23 2n

n ≥ 0ÿÙò0¤«��&^ÛÄ¥�� 4
⌊
n
2

⌋ ⌊
n−1

2

⌋
+ 2n

n ≥ 0ÿÙò0¤«��&^ÛÄ¥��
G24 3n− 1

n ≥ 0ÿÙò0¤«����	��
G25 3n− 1

n ≥ 0ÿÙò0¤«��&^ÛÄ¥��
G26 4n

n ≥ 0ÿÙò0¤«��&^ÛÄ¥��
G27 6n

n ≥ 0ÿÙò0¤«������¥��
ËÂ¥@¡J¤«�;�6¶\
-@P£w¨{�g�s� �l�6�w�DB¸�$n�.¨��.�s� �J���g�J¬�¡F�[�À�.�w�s�J¤ �.�ÌµÃ¨{�8±J�.¨N�^�6£[�.�u§8� �s���s¬f¥@¤ ¤2���b¥@±J�6�¶

q>þe];þeg;þ�d i~K_"~Qóa�E_tR�WtUHmE_Ju�OKTÃXZOQP�_tR�W�S[OVOH_tW�PYXZS[O�jR�u}�V~Kb
ýy¥@�b¥@¤ ¤«�[¤2£w¨{¬²±J�J�b¥@�s�«¨{�Å��¥{�n¡F�w£w¨{¬��0¥@�ª� ¬²±F¨{�s�b¥@�l�8�.¨{±J�«£¦� �ª�.�w£w�[�g�8�s� ¬��w�Ä¶yËÌ�6�¿�l¢N±>�[�.£[�J¡F���N§8�J�«£.�°��¥{�
¡F�w�[�Ñ�6�.�w��¥{�À�s�6�¡�¥{�s�«�¦¨@µÂ� �g�.�[�.£w¨{�J�6�w£[�s�«¨{�z�.£.�6�[¬��w��6��¥{�¦¥²§n�[¤ ¤Â�J�6�J�[�.�s�.¨g¨N�Ñ�s�s�s�6£[�s�J�.�;� �6�[�´§n¨{�s©^�
�J�w�s� ���6�w��¥{£w£w¨{�.�^� �J�L�.¨X�s�J�«�²�.�s�s�6£[�s�J�.�Å��¥w®¯�Ñ¥X�J� ����¤«�[®¯�[¤u¨@µÀµU¥@�J¤ �²�.¨{¤«�[�b¥@�6£w���*�s� �6£w�°�s�6���l¢N±>�[�.£[�J¡F�
�«��¥X�J� ���J¤ ¢L£w¨{�J�6�w£[�.�w�����b¥@±J�Ð�Z¥@�6�a¡>�w£Ä¥@�6�b�f� ����¥{�²¥Ñ�J� ���J¤ ¢a�s¢N¬²¬��[�s�s�«£Ä¥@¤Ì�.�s�s�6£[�s�J�.��¶t¾À¢N±>�[�.£[�J¡F�OÆ
¤ � ©¯�(�6�[�³§*¨{�s©N�Ä�Ó¥@�6�Á¥f�6¨��s�<¨@µn¨{�s�6�[�0���b¥@±J�6�0§8�J�«£.�z¥@¤«�.¨°¨@Ç2�[�¦�.�w£[�J�.�.� ®¯�²�s�s�s�6£[�s�J�.�w�¥@�.�(¨@µn±�¥@�s�s�«£[�J¤q¥@�
� �g�.�[�.�w�s��� �k±�¥@�b¥@¤ ¤«�[¤8£w¨{¬²±J�J�b¥@�s�«¨{�Ð¶tËÌ�6�ª� �l�.�[�.�w�s�.�w���.�Ä¥{�J�[���«�(�.�BµP�[�s�.�w�a�.¨mÞÐ�[� ���l�.¨{�ÐØÙ��¡F¨g¨{©
ÿÙÞÐ�[����
��³�
¥@�6�X�s�6��±J�.¨N£w�w�w�^� �J�¯�<¨{�m�l¢N±>�[�.£[�J¡F�i¬��J¤ �s�«£w¨{¬²±J�J�.�[�.��ÿÙ¾¿�Ä¥��G���³¶;$n� ¬²� ©¯¨Ä§u�s©N�uÿ�$n� ¬'&�
���¥@±J±J�.¨wÊ^� ¬f¥@�.�w�
�s�6�²£[�.¨��.�.� �J�Å�l�J¬�¡F�[�.��µP¨{�¥��6¨��s��¨@µ*�s�6�w�.��� �l�.�[�.£w¨{�J�6�w£[�s�«¨{�����b¥@±J�6�'@Ã¥@¬�¨{�J�¯�.��¨{�s�6�[�.��D¿¡g¢X¬��Ä¥@�6�¨@µ
�J�«�8�´§n¨GÆl±�¥@�¯��¤q¥w¢¯¨{�J�¿¥@¤ �¯¨{�s� �s�J¬���6§8�J�«£.�m¥@�.��J�w�.£[�s� ¡F�w�Å¤q¥@�.�[�u� �Å�s�J�«�À£b��¥@±J�.�[�Ä¶
ËÌ�6�À�l¢N±>�[�.£[�J¡F�À¨@µÐ�^� ¬��[�6�s�«¨{�

d
�«�n�J�[�6¨{�.�w�

Qd
�g¥@�6�ª� ���«�*¥

d
Æl�.�[���J¤q¥@�Ì���b¥@±J�ª�s�6£b�ª�s��¥@�

|V (Qd)| = 2d¥@�6�
|E(Qd)| = d2d−1 ¶ìo4®¯�[�s¢È®¯�[�s�.�BÊÈ�«��¤q¥@¡F�[¤ ¤«�w�É§8� �s�õ¥L�J�J�e�l�6� dÆl¡J� �°¡J� ��¥@�s¢È�.�s�s� �J�6�¦¥@�6�
�³§n¨®¯�[�s�s�«£w�w��¥@�.�Å¥{�@Ö.¥{£w�[�l�²�àµ¦�s�6�[� ���.�w�s±F�w£[�s� ®¯��¤q¥@¡>�[¤«�²�^�àÇ2�[��� ��¥X�.� �J��¤«�ª¡J� �Ä¶LÝ�¬�¨{�.�°� �l�s�J� �s� ®¯�°¬��[�s�6¨N�

¨@µ8£w¨{�6�s�s�s�6£[�s� �J���s�6�f�l¢N±>�[�.£[�J¡F�
Qd
�«���.¨Á�´�BÊN�s�s�6�J�â�²�s�6�²�g¢g±F�[�.£[�J¡F�

Qd−1
¶fËÌ�J�«�;�´�BÊN�s�s�6�.�«¨{�I�²�BÇ2�w£[�

¬f¥Ä¢t¡>���b�w�[�k£[¤«�Ä¥@�s¤ ¢ÁµÃ¨{�
Q4
� �?+Â� ���J�.�=�6¶ ÛÄÜ}@P�DB�Â§8�J�«£b�k�«�i¥@�k�BÊ^�s�s�6�J�w�L®¯�[�.�s�«¨{�a¨@µ8�s�6�f£[�J¡F�

Q3
� �

+Â� ���J�.�;�6¶ ÛÄÜ}@P£YDB�J§8�J�«£b�Ð�6� �Å�s�J�s�Ð�J�«�¦¥@���BÊN�s�s�6�J�w�Ñ®¯�[�.�s�«¨{��¨@µy�s�6�<���l��¥@�.�
Q2
¶
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+Ó� ���J�.���6¶ Û�
^¸
Pm × Cn

�«�8±J¤q¥@��¥@�Ä¶

ï �@ð
Q3

° ï �Rð
Q4

° ï ¢�ð
CCC3

° ï �'ð
CCC4

°
+Â� ���J�.�;�6¶ ÛÄÜ^¸�¹¿�b¥Ä§8� �J�¯�¦¨@µÂ�l¢N±>�[�.£[�J¡F��¥@�6�Ñ£[�J¡F�£w¨{�J�6�w£[�.�w�Ñ£[¢^£[¤«�<�6�[�³§*¨{�s©N�¶

·ty ©¯¨{�b¥�¥@�6�kô4�:z.¨��6�b�w�z�s�6���[¬�¡F�w�J�^� �J�m�.�w£b�J�J�e�l�6�ª� �õÿ · ô7��Ü��³�Â�.¨�Ô6�6�k¥�¤«¨Ä§n�[��¡F¨{�J�6�z�.¨
Qd
¶ÑËÌ�6�

±J�.�[®N�«¨{�6�s¤ ¢�©N�6¨Ä§8�õ¡>�w�.�f¤«¨Ä§*�[�°¡>¨{�J�6�2�u�^�6�X�.¨%�Á¥{�J�×ÖXÿ#�Á¥{���^Ûf�³�Ì§*¥{�
α2d+0.215 log2 d < ν(Qd)

µÃ¨{�
α > 0

¶XËÌ�J�«�i� ¬²±J�.¨®¯�[¬��[�l���«��¥Ñ�¯¨N¨N�k�BÊ6¥@¬²±J¤«�ª¨@µ¦�s�6�f±F¨Ä§*�[��¨@µ¦�s�6�f���b¥@±J�NÆl�.¨GÆl���b¥@±J���[¬(¡>�w�J�^� �J�
¬��[�s�6¨N�2¶4ËÌ�6�0�.�w�s�J¤ �.�Ì©N�6¨Ä§8�ÅµÃ¨{�Ì�s�6�<£[�.¨��.�s� �J���l�J¬(¡>�[�À¨@µÂ�s�6�0�l¢N±>�[�.£[�J¡F�0¬f¥w¢�¡F�¿�b�w�[��� �ÑËÂ¥@¡J¤«�7�6¶ Ü^¶

- PY~H_tR XBOQP�_�R�WGSQOKOK_�W�PYXZSQOíj[R�u}��~Hb
�´�0�«�<� �l�.�[�.�w�s�s� �J�X�.¨°�6¨{�.���s��¥@�®N� �s�s��¥@¤ ¤ ¢Á¥@¤ ¤Z¨@µ*�s�6�²���b¥@±J�6�<±J�.�w�.�[�g�.�w�z� �t�s�J�«��b�w£[�s�«¨{�t��¥w®¯�f¥°�J� ���J¤ ¢
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P(n, k) = (V,E)
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νφ(Kp)

p(p− 1)(p− 2)(p− 3)
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)
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*,+.-0/.+212354 ¢768-0/2+:9;/2+=<?>@354BA.CD<FEG9H35+2CDI;1=/.>J9@¡512-«£K9H+=<L+2CD<F-M1NIKA.E
OP3DIHQ+:9H+2-0I;ED/KRS/:<T<FUV-ME5WX4 ¢Y+2C5-ME5ZP-ME5W[+2CD<FU�9;/\A.-0/=<�9;/N+2CD<]A^I;1=65/N>@1=I;U/:9HW_<T/KR`A.C5-«£:Ca+2CD<[¢Gb51=IN£T<T<T6(+=Ic9H+2+:9{£:Ca+=I7+2CD<F-M1LIKA.EdAeI;12ZfRg9H+hQ+212- ¡535+2-ME5Wi+2CD<FU�+=Ikjl9HEDI;E8m�9H35+2CDI;1=/KRf9;/\-n>o+2CD<L1=<K9;65<F1\A^I;35406�¡f<>@IpI;4M-0/2Cq<FEDI;35WXCr+=Iz¡f<
/2A.-MED6840<T6�-MEs+=Ik¡f<F4M-0<FtP-ME5Wu/236£=CrI{¡stp-0I;3D/65<w£T<Fb5+2-0I;ED/Kv wyx\zS{;z�|l};~D��~i���
��CD<^U�9H-MEk>JIg£F3D/�IH>�+2C5-0/4£=C�9Hb5+=<F1�-0/�I;E�£TI;UVb535+:9H+2-0I;E�9H4SU�<F+2CDIP65/�>JI;1�65<F+=<F12UV-ME5-ME5W]+2CD<8£F1=IX/=/2-ME5W�EP35U�¡f<F1IH>B9�WX1:9Hb5C�<?�D9{£F+24 ¢_v��g-M1=/=+24 ¢_RX-M+�-0/�/2CDI�A.E�+2C�9H+

ν(K1,1,1,1,n) = ν(K4,n)+n
v��p<w£TI;ED684 ¢_R89HEV-MUVb540<FU�<FEs+:9�Q+2-0I;E�>@I;1o+2CD<���9H1=<[¢s�P�_I;C5ED/=I;E�9H4MW_I;12-M+2C5U!-0/�WX-Mt_<FEBRs9HED6�U�<F+2CDIP65/g>JI;1�<?�pb540I;-M+2-ME5W�/s¢pUVU�<F+21s¢L-ME8>JI;12U�9H+2-0I;E-MEiWX1:9Hb5CD/^9H1=<\68-0/.£F3D/=/=<T6i/=I�9;/�+=IL/2bf<T<T6�35bi+2CD<\9H4MW_I;12-M+2C5Ucv���-ME�9H4M4 ¢_Rp-M+�-0/�b51=IKt_<T6[+2C�9H+KR_>JI;1^9HEg¢VWX1:9Hb5CBR+2CD<V+�AeI��sb�9HW_<°£F1=IX/=/2-ME5W
Es35U�¡f<F1kIH>./:I;U�<�/23J¡f68-MtP-0/=-0I;EdIH>.+2CD<VWX1:9Hb5Cd-0/�<TOs3�9H4e+=IY+2CD<�b54�9HED<ª£F1=IX/=/2-ME5WEP35U�¡f<F1NIH>�+2CD<]WX1:9Hb5CBv

����� �¡ �¢¤£)¥f¦�§�§S¨=©�ª"©�«k¬¤[¢o¥®¦�¯
K1,1,1,1,n*�Eq+2C5-0/7/=<w£F+2-0I;E°+2CD<GU�<F+2CDIP6°IH>L<T68W_<±/=<F+[b�9H12+2-M+2-0I;E5-ME5WDR�9;/768-0/.£F3D/=/:<T6q-MEr+2CD<
b51=<Ftp-0I;3D/°£=C�9Hb5+=<F1KR\-0/<FUVb540I¢_<T6c+=Ikb51=IKt_<L+2CD<�>JI;4M40IKA.-ME5W�+2CD<TI;1=<FUcv

²�³)´Pµ�¶H´P·¹¸`º¼»Sº@»
ν(K1,1,1,1,n) = ν(K4,n) + n =

⌊
n2 + 1

2

⌋
.

½ ¶Hµ`µ�¾:¿ ��CD<�WX1:9Hb5C
K1,1,1,1,n

C�9;/.>JI;351�b�9H12+2-M+=<L/:<F+=/�IH>�/2-MÀK<]I;ED<L<K9{£:CBveÁ�<FEDI;+=<L+2CD<]t_<F12+2-«£T<T/�-MEG+2CD<T/=<b�9H12+2-M+=<�/:<F+=/<¡l¢
a1
R
b1
R
c1
9HED6

d1
v�Á�<FEDI;+=<�+2CD<kÂ5>@+2Cab�9H12+2-M+=<�/=<F+LIH>./2-MÀK<

n
¡g¢

Z
R)9HED6a-M+=/L<F40<FU�<FEs+=/

¡g¢
Z = {z1, z2, . . . , zn}

vk��CD<kb51=IPIH>^-0/�68-MtP-065<T6(-MEP+=I7+,A^IYb�9H12+=/KÃ�-ME(+2CD<�ÂD1=/2+�b�9H12+�-M+�-0/�/2CDI�A.E(+2C�9H+
ν(K1,1,1,1,n) ≤ ν(K4,n) + n

9HED6Y-MEc+2CD<�/:<w£TI;ED6Yb�9H12+�+2C�9H+
ν(K1,1,1,1,n) ≥ ν(K4,n) + n

v
ÄkÅfÆXÇdÈaÉ

ν(K1,1,1,1,n) ≤ ν(K4,n) + n Ê��-M1=/2+KR4£F1=<K9H+=<79
681:9KA.-ME5W
φ
IH>
K1,1,1,1,n

/=IG+2C�9H+k+2CD<�t_<F12+2-«£T<T/�>@1=I;U
Z = {zi : i ∈ {1, . . . , n}}

9H1=<bfIX/2-M+2-0I;ED<T6c9H+À£TIpI;1=68-ME�9H+=<T/
φ(zi) =

{
(0, i)

-n>
i
-0/�Ip656

(0,−i)
-n>
i
-0/�<Ft_<FE

Ë_Ì
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z5

z3

z1

z2

z4

z6

a1
b1

c1
d1

��-MWX351=<LÏ8vMÒXÃ�Ó&681:9TA.-ME5W
φ
IH>
K1,1,1,1,n

1=<K9H4M-0/2-ME5W
νφ(K1,1,1,1,n) = ν(K4,n) + n

v
-MEY+2CD<�b54�9HED<Xv�Ô\I�A]R5b54�9;ÑT<�+2CD<�1=<FU�9H-ME5-ME5Wit_<F12+2-0ÑT<T/

a1, b1, c1, d1
R5/:Ik+2C�9H+

φ(a1) = (−dn/2e − 1, 0),

φ(b1) = (−1,−ε),

φ(c1) = (1, ε),

φ(d1) = (dn/2e+ 1, 0),A.CD<F1=<
ε > 0

-0/N9�1=<K9H4BEP35ULÕf<F1KvÁ�1:9TAq9H4M4D<T68W_<T/e9;/�/2+21:9H-MWXCs+�4M-MED<T/KR_<?�5ÑT<Fb5+o>@I;1�+2CD<.<T68W_<�Õf<F+,A^<T<FE
a1
9HED6

d1
R;A.C5-0Ñ=C�/=CDI;35406VÕ�<�681:9KA.Ei9;/9�C�9H4n>BÑF-M1=ÑF40<XRPA.-M+2CiÑT<FEP+21=<

(0, 0)
R89HED6�1:9;68-M3D/

dn/2e+1
v���C5-0/�ÑTI;ED/2+2123DÑF+2-0I;E[-0/�65<Fb5-0ÑF+=<T6i-ME���-MWX351=<\Ï8vMÒXv��CD<^1=<FU�IKtX9H45IH>�+2CD<�<T68W_<T/oÕ�<F+�Ae<T<FEV+2CD<^-MED683DÑT<T6V/235Õ5WX1:9Hb5C
K4
I;E�+2CD<^t_<F12+2-0ÑT<T/

a1, b1, c1
9HED6

d1 Ö +2CD<T/=<<T68W_<T/�9H1=<�681:9TA.E¡9;/]+2C5-0Ñ:Z_<F1�4M-MED<T/�-ME���-MWX351=<[Ï8vMÒ�×?RgØp-0<F4065/�9
681:9TA.-ME5W±IH>
K4,n

R)1=<K9H4M-0/=-ME5W
-M+=/�ÑF1=IX/=/2-ME5WEP35ULÕf<F1Kvd��CD<7I;E54MØ�<T68W_<T/kÕf<F+,A^<T<FE
a1, b1, c1

9HED6
d1
A.C5-0Ñ:Cq9H1=<[-MEst_I;4Mt_<T6¡-MEÙ9HEsØuÑF1=IX/=/2-ME5W_/k-ME�+2CD<ÑTI;ED/2+2123DÑF+2-0I;EBRD9H1=<

{a1, c1}
9HED6
{b1, d1}

v�Ú^Ø�+2CD<�ÑTI;ED/2+2123DÑF+2-0I;EBR
{a1, c1}

-0/.ÑF1=IX/=/=<T6
dn/2e

+2-MU�<T/KR59HED6
{b1, d1}

-0/�ÑF1=IX/:/=<T6
bn/2c

+2-MU�<T/Kve�P35UVU�9H+2-0I;EÛIH>�+2CD<T/=<�+=<F12U�/NWX-Mt_<T/.+2CD<]65<T/2-M1=<T6c1=<T/2354M+Kv
ÄkÅfÆXÇGÜ¡É

ν(K1,1,1,1,n) ≥ ν(K4,n) + n Ê

Ý0ÞFß

I II

ÝMàXß
��-MWX351=<LÏ8vâá8Ã���CD<�+�AeI�bfIX/=/2-MÕ540<�681:9KA.-ME5W_/\IH>

K4
-MEY+2CD<�b54�9HED<Xv

Ó�/=/235U�<XRp>JI;1.+2CD<�b53512b�IX/:<T/NIH>�9�b51=IPIH>oÕsØ7ÑTI;Es+21:9;68-0ÑF+2-0I;EBR�+2C�9H+
ν(K1,1,1,1,n) < ν(K4,n) + n. Ö Ï8vMÒ�×



Ï8vMÒXv5��CD<]ÑF1=IX/:/2-ME5W�Es35U�Õ�<F1�IH>
K1,1,1,1,n

� ËXË �
�P-MEDÑT<�+2CD<�t_<F12+2-0ÑT<T/

a1, b1, c1, d1
-MED683DÑT<]+2CD<�WX1:9Hb5C

K4
R5I;ED<�U�9TØ7A.12-M+=<

νφ(K1,1,1,1,n) = νφ(K4) + νφ(K4,n) + νφ(K4,K4,n), Ö Ï8vâá_×3D/2-ME5W�+2CD<�<T68W_<�/=<F+gb�9H12+2-M+2-0I;E5-ME5W�U�<F+2CDIp6 Ö 65<T/=ÑF12-MÕf<T6�-MEiã�äDvâá8vâá8vâÏ_×?vo�)I;W_<F+2CD<F1KR Ö Ï8vMÒ�×?R Ö Ï8vâá_×?RP9HED6]>@3512+2CD<F19Hb5b54M-0ÑK9H+2-0I;EÛIH>�+2CD<�<T68W_<]/:<F+.b�9H12+2-M+2-0I;E5-ME5WiU�<F+2CDIp6cI;EY+2CD<�+=<F12U
νφ(K4,K4,n)

-MUVb54MØi+2C�9H+
n∑

i=1

νφ(K4, EK4(zi)) < n− νφ(K4). Ö Ï8vâå_×
A.CD<F1=<

EU (v) = {e : e æ I;-MED/ v A.-M+2C
/:I;U�< v ∈ V (U)}
vgÔ�IKA]RH+2CD<F1=<e9H1=<e<?�59;ÑF+24MØ�+�AeI\68-0/2+2-MEDÑF+�681:9KA.-ME5W_/IH>

K4
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40IKA^<F1kÕ�I;35ED6¡9H4MW_I;12-M+2C5UcR�Õ�9;/=<T6uI;E+2CD<�WX1:9Hb5Cp�s+=I��sWX1:9Hb5Ca<FULÕf<T6568-ME5W7+=<TÑ=C5E5-0OP3D< Ö /:<T<�ã�äDvâá8vâá8vâá_×?RfA.C5-M40/2+\+2CD<�/=<TÑTI;ED6GU�9H-MEÛ/:<TÑF+2-0I;EBR)ã·x8vâá8R-0/�65<T68-0ÑK9H+=<T6q+=I±35b5b�<F1�Õ�I;35ED6q9H4MW_I;12-M+2C5U�/�R�9HED6Ù-MEÙb�9H12+2-0ÑF354�9H1KR^+2CD<cÑTI;UVb535+=<F1�-MUVb540<FU�<FEP+:9H+2-0I;ED/[IH>+�AeI��sb�9HW_<�9H4MW_I;12-M+2C5U�/�RS9;/.A^<F4M4g9;/N9HEG9H4MW_I;12-M+2C5U >@I;1.W_<FED<F1:9H+2-ME5W[681:9TA.-ME5W_/.>@1=I;U +�AeI��sb�9HW_<�4�9TØ_I;35+=/Kv

n]��� ò õ=¦cüq¢o¥&i¦N«�© úýø�õ=ªN¦.¥�¨2÷S �¬ ¯T¦�¥ ÷S �¢ £g¥f¦�§�§S¨=©�ª ©�«k¬¤[¢o¥
*�EÛã�äDvâá8vâá8vâá8R5-M+.A^9;/�/=CDIKA.EcCDI�A&�PC�9HC51=I;ZPC5-èR��!þPZ_I;1:98RS�PÀ=ýFZ_<F4MØY9HED6¾ÿ�1 � IYÿ �5�5�!ÿ Ë xX95R��5�5�!ÿ Ë ä � 9Hb5b54M-0<T6+2CD<�WX1:9Hb5Cp�s+=I��sWX1:9Hb5C7<FULÕf<T6568-ME5W�U�<F+2CDIp6V+=I�+2CD<.b51=I;Õ540<FU IH>f65<F+=<F12UV-ME5-ME5WV9�40IKA^<F1�ÕfI;35ED6k>JI;1e9�WX1:9Hb5C
H
R`WX-Mt_<FE�97WX1:9Hb5C

G
A.-M+2Cu9[ZPEDI�A.Ed40IKA^<F1LÕfI;35ED6aI;E(-M+=/LÑF1=IX/:/2-ME5WYEs35U�Õ�<F1KR�9HED6d9[WX1:9Hb5Cp�s+=I��sWX1:9Hb5C<FU�Õ�<T6568-ME5W

ψ = (ψ( o ), ψ( p )) IH> G -MEP+=I H v�PC�9HC51=I;ZpC5-èR �0�y��6ÅÙ /2+:9H+=<VEDI
9H4MW_I;12-M+2C5UV-0ÑiU�<F+2CDIP6aÕsØ±A.C5-0Ñ=C�+=IYW_<FED<F1:9H+=<�+2CD<V-ME æ <TÑF+2-0I;E ψ( o ) I;1 ψ( p ) RU�<K9HE5-ME5WY+2C�9H+�+2CD<VOP3�9H4M-M+,Ø±IH>e+2CD<V/=I;4M35+2-0I;EaI;Õ5+:9H-MED<T6aÕsØ
U�<K9HED/LIH>e+2CD<F-M1�+=<TÑ=C5E5-0OP3D<�65<Fbf<FED65/]I;E(+2CD<OP3�9H4M-M+,Ø�IH>)9�WX3D<T/:/KRsA.C5-0Ñ:Ci4M-MUV-M+=/e+2CD<�W_<FED<F1:9H4`9Hb5b54M-0ÑK9HÕ5-M4M-M+,Ø[IH>`+2CD<NU�<F+2CDIp6`vo�53512+2CD<F12U�I;1=<XR8+2CD<FØVU�9;65</=I;U�<�I�t_<F124MØk/=+212-0ÑF+�9;/:/235UVb5+2-0I;ED/�A.-M+2CV1=<FWs9H1=65/�+=I�CDI�A¡+2CD<.ÑF1=IX/=/2-ME5W�Es35U�Õ�<F1�Õ�I;35ED6k-0/�ÑTI;UVb535+=<T6k>@1=I;U+2CD<�<T68W_<L9HED6ct_<F12+=<?�YÑTI;E5W_<T/=+2-0I;Ect;9H4M3D<T/�v
��C5-0/\/=<TÑF+2-0I;E
ÂD1=/=+24MØc65<K9H40/NA.-M+2CG+2CD<LOP3D<T/2+2-0I;EGIH>�CDI�A +2CD<�40IKAe<F1�ÕfI;35ED6
IH>^�PC�9HC51=I;ZpC5-èR ���±��6ÅÙ U�9TØYÕf<-MUVb51=I�t_<T6�9HE�9H4MØP+2-0ÑK9H4M4MØ_v�Ó�>@+=<F1o+2C5-0/KRs9�CD<F3512-0/2+2-0ÑN9H4MW_I;12-M+2C5U�>@I;1oÂDED68-ME5W�9HE�<T68W_<�<FULÕf<T6568-ME5W

ψ( p ) RXWX-Mt_<FE9[t_<F12+=<?�(<FULÕf<T6568-ME5W
ψ( o ) -0/]68-0/=ÑF3D/:/=<T6`vV*,+�-0/]+2CD<FEd/2CDIKA.EdCDIKA�+2CD<k-065<K9;/�IH>^+2CD<k+�AeI
/:<TÑF+2-0I;ED/�U�9TØÕf<�-MEs+=<FWX1:9H+=<T6Y>JI;1N9kÑTI;UVb540<F+=<L9HED6Yb51:9;ÑF+2-0ÑK9HÕ540<L40IKA^<F1�Õ�I;35ED6G9H4MW_I;12-M+2C5UcR�9HED67ÂDE�9H4M4MØ_R5+2CD<�b51=I;Õ540<FU IH>65<F+=<F12UV-ME5-ME5W79HE
9Hb5b51=I;b512-�9H+=<]WX1:9Hb5C
+=IV<FU�Õ�<T6c-MEs+=Ii9HEY-ME5b535+NWX1:9Hb5Cc-0/�ÑTI;ED/2-065<F1=<T6`v

ÒXÒ Ì



�GÒXÒ Í � ÎeC�9Hb5+=<F1øx8v��\<F3512-0/=+2-0Ñ�U�<F+2CDIP65/�9HED67EDIKt_<F4g1=<T/2354M+=/
q6S È S È r bvU�\BÆ�U5Ç�Y�X8ÅrqyYtuïZeÆ�\�s2U�uïU�]gÇ
W
½rC5-M40/2+L9H4MW_<FÕ51:9H-0ÑK9H4M4MØ(ÑTI;UVb�9;ÑF+KR)+2CD<�40IKAe<F1�Õ�I;35ED6(IH>N�PC�9HC51=I;ZpC5-èRo�PÀ=ýFZ_<F4MØ_Ro�!þPZ_I;1:9c9HED6 ÿ�1 � I } /�40IKA^<F1ÕfI;35ED67-MED<TOs3�9H4M-M+�Ø Ö äDvMÒKï_×?R51=<Fb51=Ip683DÑT<T6YCD<F1=<L9;/

ν(H) ≥
ν(G)− |V (H)|

(c(v)(ψ)
2

)

[c(e)(ψ)]2
, Ö x8vMÒ�×

65Ip<T/�EDI;+�+:9HZ_<�-MEP+=I�9;ÑTÑTI;35Es+\+2CD<�>J9;ÑF+=/�+2C�9H+KÃ
ÒXv�+2CD<�t_<F12+=<?�7ÑTI;E5W_<T/=+2-0I;E
tX9H4M3D<T/�IH>o/:I;U�<�t_<F12+2-0ÑT<T/�U�9TØ7Õf<�/=I;U�<FA.C�9H+\/=U�9H4M40<F1.+2C�9HE

c(v)(ψ)
R

á8v�+2CD<F1=<^9H1=<^ÑK9;/=<T/�A.CD<FEBRX<Ft_<FE�+2CDI;35WXCk+�AeI�b�9H+2CD/o/2C�9H1=<^9\/2-ME5WX40<et_<F12+=<?� Ö 9HED6�+2Cs3D/�ÕfI;+2C�ÑTI;EP+212-MÕ535+=<+=IKA^9H1=65/\+2CD<�t_<F12+=<?� } /�ÑTI;E5W_<T/2+2-0I;EctX9H4M3D<�×?R5+2CD<FØ7ED<T<T6YED<Ft_<F1NÑF1=IX/:/�I;ED<]9HEDI;+2CD<F1KRå8v�+2CD<�Es35U�Õ�<F1kIH>NÑF1=IX/=/2-ME5W_/LÕ�<F+�Ae<T<FEÙ97b�9H-M1kIH>�<T68W_<T/LED<T<T6dEDI;+�Õf<�9;/]4�9H12W_<79;/
[c(e)(ψ)]2

-MEu9H4M4ÑK9;/=<T/KRD9HED6Y+2CP3D/�+2CD<�40IKA^<F1NÕfI;35ED6cÑTI;35406YÕf<�-MUVb51=IKt_<T6
-ME
/=I;U�<�ÑK9;/=<T/Kv
��C5-0/�/=<TÑF+2-0I;Eu-0/�68-Mtp-065<T6d-MEP+=IÛ+,AeI±/235ÕD/:<TÑF+2-0I;ED/KRo+2CD<VÂD1=/2+kIH>�A.C5-0Ñ=C�-0/�65<T68-0ÑK9H+=<T6u+=I
+2CD<ib51=I;Õ540<FU IH>-MUVb51=I�tP-ME5W�+2CD<^40IKA^<F1�ÕfI;35ED6�9HE�9H4MØP+2-0ÑK9H4M4MØ Ö ÕsØk<?�59HUV-ME5-ME5W�CDI�A¡t_<F12+=<?��ÑTI;E5W_<T/2+2-0I;EVtX9H4M3D<T/o-MEt-D3D<FEDÑT<.+2CD<ÕfI;35ED6�×�9HED6Y+2CD<�/=<TÑTI;ED6cIH>oA.C5-0Ñ=C
-0/�ÑTI;EDÑT<F12ED<T6YA.-M+2Cc+2CD<�b51=I;Õ540<FUíIH>�1=<Fb54�9;ÑF-ME5W�+2CD<�>J9;ÑF+=I;1

[c(e)(ψ)]2-MEY+2CD<]65<FEDI;UV-ME�9H+=I;1�IH> Ö x8vMÒ�×�A.-M+2CG9k/2U�9H4M40<F1�tX9H4M3D<Xv
u º¼»Sº@»�º@» vYµxw : µ`´ ê ,�³)´ÓÕS´P¶',K´zy Ò_µ / ³�´ ê ,'+¼µ / ¶�´�) é ,K´ ,KµìÒs¶�µ êKê + / ³ êVé , é ÕS´P¶',K´zy|{
��-M1=/2+24MØ_Rs9�+212-MtP-�9H4DI;ÕD/=<F12tX9H+2-0I;E�1=<FWs9H1=68-ME5W Ö x8vMÒ�×?R_-0/�+2C�9H+�35E540<T/:/�+2CD<�t_<F12+=<?��ÑTI;E5W_<T/2+2-0I;E�tX9H4M3D<T/�IH>B9H4M45t_<F1hQ+2-0ÑT<T/`-ME

H
9H1=<�<TOP3�9H4X+=I�I;ED<�9HEDI;+2CD<F1KRH+2CD<�+=<F12U

|V (H)|
(
c(v)(ψ)

2

) U�9TØ�Õf<o1=<Fb54�9;ÑT<T6�ÕsØ ∑
v∈V (H)

(
c(v)(v,ψ)

2

)>JI;1e9HE�-MUVb51=I�t_<T6[40IKAe<F1�ÕfI;35ED6`v�*,EGÿ �5�5�!ÿ Ë xX9 � R�ÿ �5�5�!ÿ Ë ä � �PC�9HC51=I;ZpC5-èRD�PÀ=ýFZ_<F4MØ_R8�!þpZ_I;1:9�9HED6 ÿ�1 � ILA^<F1=<U�IX/2+24MØ�-MEs+=<F1=<T/2+=<T67-ME[+2CD<�9;/2ØPUVb5+=I;+2-0Ñ�Õf<FC�9Ttp-0I;351�IH>)+2CD<F-M1�40IKA^<F1.Õ�I;35ED6`RpA.C5-0Ñ=CY-0/^b51=I;Õ�9HÕ54MØiA.CsØ�+2CD<FØ/235ÕD/=+2-M+235+=<T6Y+2CD<�>J9;ÑF+=I;1 ∑
v∈V (H)

(
c(v)(v,ψ)

2

) ÕsØ[+2CD<�>J9;ÑF+=I;1
|V (H)|

(
c(v)(ψ)

2

) v��CD<FØÙ68-06`RNCDIKAe<Ft_<F1KR\EDI;+7ÑTI;ED/2-065<F1iA.CD<F+2CD<F1Y/2-M+23�9H+2-0I;ED/Y9H12-0/=<
>@1=I;U�9dWX1:9Hb5Cp�s+=I��sWX1:9Hb5C <FULÕf<T6568-ME5WA.CD<F1=<.I;ED<�ÑK9HEVÕf<�9;/=/2351=<T6k+2C�9H+�A.CD<FE�+,A^I�b�9H+2CD/�/2C�9H1=<�9�t_<F12+=<?�`R_+2CD<FØ�ED<T<T6VED<Ft_<F1�ÑF1=IX/=/�I;ED<N9HEDI;+2CD<F1Kv��C5-0/eU�<K9HED/^+2C�9H+�>JI;1^9]t_<F12+=<?�
v
A.-M+2Ci+2CD<�ÑTI;E5W_<T/2+2-0I;E[t;9H4M3D<

c(v)(v, ψ)
R8+2CD<\Es35U�Õ�<F1.IH>)ÑF1=IX/=/=-ME5W_/�+2C�9H+U�9KØibfIX/=/2-MÕ54MØ7IPÑTÑF351�9H+

v
UV-MWXCs+\Õ�<�U�3DÑ=CG/=U�9H4M40<F1�+2C�9HE (c(v)(v,ψ)

2

) v
Ô�IKA�ÑTI;ED/2-065<F1L+2CD<kA^9TØ±+2C�9H+�t_<F12+=<?�(ÑTI;E5W_<T/2+2-0I;Ea-MEt-D3D<FEDÑT<T/L+2CD<V40IKA^<F1]Õ�I;35ED6 Ö x8vMÒ�×?vV�D1=I;U�ã]äDvâá8vâá8vâá9HED6Û��-MWX351=<�äDv äDRf-M+�U�9KØ
Õf<�/=<T<FEÛ+2C�9H+�A.CD<FE(65<F+=<F12UV-ME5-ME5WY35b5b�<F1�ÕfI;35ED65/KRB9�C5-MWXC±t_<F12+=<?�±ÑTI;E5W_<T/2+2-0I;EtX9H4M3D<�>JI;1e9�t_<F12+=<?��65Ip<T/�EDI;+�ED<TÑT<T/:/:9H12-M4MØk-MUVb54MØV+2C�9H+^9H4M4�<T68W_<T/eb�9;/=/2-ME5W]+2C51=I;35WXC[+2C�9H+�t_<F12+=<?�VA.-M4M4�ÑF1=IX/=/I;ED<]9HEDI;+2CD<F1KR�+2CD<F1=<FÕsØ740<K9;68-ME5W�+=I�9kC5-MWXCcÑF1=IX/:/2-ME5W�ÑTI;35Es+�9H+.+2CD<�t_<F12+=<?�`v
��CD<G-065<K9;/[3D/=<T6¡>JI;1i+2CD<G35b5bf<F1iÕfI;35ED6qU�<F+2CDIp6rÑK9HE5EDI;+[Õf<G9Hb5b54M-0<T6°68-M1=<TÑF+24MØÙ+=I�+2CD<G40IKAe<F1YÕfI;35ED6U�<F+2CDIp6`RB/2-MEDÑT<XR`-ME(+2CD<�35b5b�<F1�ÕfI;35ED6±U�<F+2CDIP6`Rg/=I;U�<kÑF1=IX/=/2-ME5W_/L9H1=<�9Kt_I;-06D9HÕ540<�ÕPØGtp-M12+23D<VIH>^+2CD<kA�9TØ+2C�9H+L<T68W_<T/k9H1=<�I;1=65<F1=<T6u9H1=I;35ED6d+2CD<F-M1�-MEDÑF-065<FEs+�t_<F12+2-0ÑT<T/L-MEd+2CD<�WX-Mt_<FE�681:9KA.-ME5W

φ
IH>
H
RB-MEP+=I
A.C5-0Ñ:C

G
-0/�Õf<F-ME5Wi<FULÕf<T6565<T6 w /=3DÑ=C(9V>è9Tt_I;351:9HÕ540<kI;1=65<F12-ME5WYIH>�<T68W_<T/�U�9HZ_<T/\-M+�bfIX/=/2-MÕ540<]+=I79Tt_I;-06(9HEÛ<T68W_<ÑF1=IX/=/=-ME5WL-MEi��-MWX351=<\äDv ä Ö ÕS×?RpA.CD<F1=<K9;/e+2CD<\<T68W_<\ÑF1=IX/:/2-ME5WL-ME7��-MWX351=<NäDv ä Ö Ñ�×�>@I;1=ÑT<T/�9]ÑF1=IX/:/2-ME5WDv � >)ÑTI;351=/=<XREDIN9;/:/235UVb5+2-0I;E�9HÕfI;35+)+2CD<�I;1=65<F1�IH>D<T68W_<T/�9H1=I;35ED6Lt_<F12+2-0ÑT<T/)U�9KØ�Õ�<�U�9;65<�>@I;1)+2CD<�40IKA^<F1gÕfI;35ED6�U�<F+2CDIp6`R/2-MEDÑT<�I;ED<V-0/�AeI;12Zp-ME5WÛA.-M+2C�9HEa35ED/2bf<TÑF-nÂ�<T6d681:9KA.-ME5WGIH>

H
vi��Cs3D/KRgA.CD<FEa+2CD<F1=<�-0/�97b�IX/:/2-MÕ5-M4M-M+,Ø(IH>N9ÑF1=IX/=/=-ME5Wk>@I;1.+2CD<�40I�Ae<F1\Õ�I;35ED6YU�<F+2CDIp6`RDI;ED<�U�3D/2+\9;/=/235U�<]+2C�9H+�-M+.A.-M4M4BÕf<�U�9HE5-n>@<T/2+=<T6`vÎ^I;ED/2-065<F1[+2CD<±ÑK9;/=<GA.CD<F1=<
+�AeI�U�9Hb5bf<T6qb�9H+2CD/

p1 = ψ( p )(e1) 9HED6 p2 = ψ( p )(e2) /2C�9H1=<±9HE°<T68W_<
{v1, v2}

R59;/�/2CDI�A.E[-MEY��-MWX351=<T/±x8vMÒ Ö 9_×^9HED6 Ö ÕS×?v�Ó\4M+2CDI;35WXC7EDI�9;/:/235UVb5+2-0I;ED/�U�9TØ�Õf<\U�9;65<�ÑTI;EDÑT<F12E5-ME5W



x8vMÒXv5Ó®40IKA^<F1NÕfI;35ED6
9H4MW_I;12-M+2C5U >JI;1.+2CD<]ÑF1=IX/=/2-ME5WVEP35ULÕf<F1 �GÒXÒ Ë �

v1 v2
p1

p2

Ý0Þ?ß

v1 v2
p1

p2

ÝMàXß

p1

p2

Ý � ß
��-MWX351=<§x8vMÒXÃ��DI;1N<K9;Ñ:C
/235Õp�sb�9H+2C
/=C�9H1=<T6YÕsØc9�b�9H-M1NIH>ob�9H+2CD/KR�9H+.U�IX/2+�9k/2-ME5WX40<]ÑF1=IX/=/2-ME5WVED<T<T6
IPÑTÑF351Kv
+2CD<�I;1=65<F12-ME5W_/�IH>�<T68W_<T/�9H1=I;35ED6

v1
9HED6

v2
R
v1, v2 ∈ V (H)

R�I;E54MØc9H+\U�IX/=+�9V/2-ME5WX40<�ÑF1=IX/=/2-ME5WiED<T<T65/N+=IIpÑTÑF351Kvk��C5-0/�-0/�+2123D<XRBÕf<TÑK9H3D/=<
p1
9HED6

p2
U�9TØ(9H4MA^9KØp/LÕ�<k681:9KA.E�/=I[+2C�9H+]EDIYÑF1=IX/=/=-ME5WcIPÑTÑF351=/]9H+

v1
R9HED6
9H+.U�IX/=+\9k/2-ME5WX40<]ÑF1=IX/=/=-ME5W�U�9TØYIpÑTÑF351\9H+

v2
RD9;/N/2CDI�A.Ec-ME
��-MWX351=<§x8vMÒ Ö ÕS×?v�Ó&/2bf<TÑF-�9H4BÑK9;/=<]IH>o+2C5-0//=ÑT<FE�9H12-0Ik-0/�A.CD<F1=<

p1
9HED6

p2
/2C�9H1=<L9k/=-ME5WX40<�t_<F12+=<?�fRD9;/N/2CDIKA.Ec-MEG�g-MWX351=<Æx8vMÒ Ö Ñ�×

w +2C5-0/.U�9TØ7Õf<�/=<T<FE9;/o+2CD<�ÑK9;/:<�A.CD<F1=<�+2CD<.ÑTI;UVU�I;Ei<T68W_<�-MEV+2CD<.b�9H+2CD/
p1
9HED6

p2
-ME���-MWX351=<T/vx8vMÒ Ö 9_×�9HED6 Ö ÕS×�-0/�ÑTI;EP+21:9;ÑF+=<T6+=Ik9L/=-ME5WX40<\t_<F12+=<?�/}8/2-MEDÑT<\+2CD<�I;1=65<F1.IH>)+2CD<�<T68W_<T/�-0/e35E5ZPEDI�A.EBRD9�ÑF1=IX/:/2-ME5W�U�3D/2+�Õ�<�9;/=/235U�<T6ibfIX/=/2-MÕ540<Xv

p1

p2

Ý0Þ?ß

v1 v2
p1

p2

ÝMàXß

v1 v2
p1

p2

Ý � ß
��-MWX351=<§x8vâá8Ã�Ô\IVÑF1=IX/=/=-ME5W_/�ED<T<T6cIpÑTÑF351N9H+�-MEs+=<F12E�9H4gt_<F12+2-0ÑT<T/NIH>�/2C�9H1=<T6Y/235Õp�sb�9H+2CD/Kv
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+2C51=I;35WXCcA.C5-0Ñ=CGEDIVI;+2CD<F1Nb�9H+2CD/.b�9;/=/�v
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��CD<k65<FEDI;UV-ME�9H+=I;1

[c(e)(ψ)]2
-ME Ö x8vMÒ�×\65<F12-Mt_<T/�>@1=I;U"9;/:/235UVb5+2-0I;ED/ Ö A.C5-0Ñ=Ca9H1=<�1=<F-M+=<F1:9H+=<T6±-ME±+2CD<�ED<?�8+b�9H1:9HWX1:9Hb5CS×\U�9;65<�A.-M+2C(1=<FWs9H1=65/�+=I[+2CD<�ÂD1=/2+�+=<F12U�-ME±+2CD<�35b5bf<F1�ÕfI;35ED6 Ö äDv Í ×?RfA.C5-0Ñ=C(-0/�1=<Fb51=Ip683DÑT<T6CD<F1=<�>JI;1�+2CD<�/:9HZ_<]IH>�ÑTI;Est_<FE5-0<FEDÑT<�9;/

ν(G) ≤
∑

ei,ej∈E(H)

ei ���I�B�I�I��� ej � � φ

c(e)(ei, ψ)× c(e)(ej , ψ) +
∑

v∈V (H)

(
c(v)(v, ψ)

2

)
. Ö x8vâá_×

��C5-0/�-MED<TOP3�9H4M-M+,Ø(-0/]-MEa+=<F12U�/LIH>N9[WX1:9Hb5Cp�s+=I��sWX1:9Hb5C¡<FULÕf<T6568-ME5W
ψ
R�9HED6�9[b�9H12+2-0ÑF354�9H1k681:9TA.-ME5WÛIH>

H
v½rCD<FEd+2CD<i12-MWXCs+l�sC�9HED6�/2-065<�-0/LU�9;65<i-MED65<Fb�<FED65<FEP+VIH>\9Yb�9H12+2-0ÑF354�9H1V681:9TA.-ME5W(IH>

H
R�-M+LU�3D/2+V9H40/=IcÕf<tX9H4M-06c>JI;1�I;b5+2-MU�9H4�681:9TA.-ME5W_/�IH>

H
v���C5-0/�b51=I;bf<F12+,ØÛU�<K9HED/�+2C�9H+�I;ED<kÑK9HE5EDI;+]9;/=/235U�<�+2C�9H+�+2CD<F1=<�U�9TØÕf<�9HEPØcU�I;1=<L+2C�9HE

ν(H)
ÑF1=IX/=/2-ME5W_/�-MEÛ+=I;+:9H4g-ME(9�681:9KA.-ME5WcIH>

H
v\��CD<LEP35ULÕf<F1�IH>^ÑF1=IX/=/2-ME5W_/�ÑTI;35Es+=<T6I;E�+2CD<�12-MWXCs+l�sC�9HED67/2-065<�65<Fbf<FED65/KR_-ME�b�9H12+KRPI;E�+2CD<\ÑTI;E5W_<T/2+2-0I;E�tX9H4M3D<T/�IH>B<T68W_<T/�+2C�9H+�ÑF1=IX/=/�I;ED<�9HEDI;+2CD<F1-ME

H
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H
R8I;ED<�UL3D/=+N9;/=/235U�<�+2C�9H+�<K9;Ñ=CcÑF1=IX/=/=-ME5W�-0/�Õf<F+,A^<T<FEG9�b�9H-M1.IH>�<T68W_<T/.A.C5-0Ñ:CÕfI;+2C�C�9Tt_<\+2CD<.U�9��8-MUL35U¤ÑTI;E5W_<T/2+2-0I;E[t;9H4M3D<

c(e)(ψ)
ve�P-MEDÑT<\9H+�U�IX/=+

ν(H)
ÑF1=IX/=/2-ME5W_/eU�9TØkÕ�<�9;/=/235U�<T6+=IkÕf<�b51=<T/=<FEs+N-MEG9k681:9TA.-ME5W[IH>

H
R��PC�9HC51=I;ZPC5-èR ���Ê��6 vo>JI;12UL354�9H+=<T6
+2CD<�35b5b�<F1.ÕfI;35ED6

ν(G) ≤ [c(e)(ψ)]2ν(H) +
∑

v∈V (H)

(
c(v)(v, ψ)

2

)
. Ö x8vâå_×

P\E540<T/=/k+2CD<c<T68W_<T/�-ME¡+2CD<
ν(H)

b�9H-M1=/iIH>�<T68W_<T/�A.C5-0Ñ=CqÑF1=IX/=/�I;ED<
9HEDI;+2CD<F1[9H4M4.C�9Kt_<c+2CD<c/:9HU�<Y<T68W_<ÑTI;E5W_<T/2+2-0I;E�t;9H4M3D<T/�R�+2C5-0/�ÕfI;35ED6qI�t_<F1=<T/2+2-MU�9H+=<T/[+2CD<cEs35U�Õ�<F17IH>LÑF1=IX/=/2-ME5W_/�vrì)<F+
ci
65<FEDI;+=<G9HEr<T68W_<ÑTI;E5W_<T/2+2-0I;EYtX9H4M3D<\>@I;1�9HEc<T68W_<�35ED65<F1

ψ
RD9HED6740<F+

c1 ≥ c2 ≥ · · · ≥ c|E(H)| Ö +2Cs3D/ c1 = c(e)(ψ)
×?v�Ô�IKA°-n>+2CD<�+,A^IV<T68W_<T/

e1
9HED6

e2
A.-M+2C7+2CD<�C5-MWXCD<T/2+N9HED67/=<TÑTI;ED67C5-MWXCD<T/2+.<T68W_<�ÑTI;E5W_<T/2+2-0I;EYtX9H4M3D<T/�1=<T/2b�<TÑF+2-Mt_<F4MØ

Ö +2CD<[tX9H4M3D<T/�U�9KØdÕf<i<TOP3�9H4 ×�ÑF1=IX/=/kI;ED<Y9HEDI;+2CD<F1KR c1 × c2
ÑF1=IX/=/2-ME5W_/�1=<T/2354M+Kv��P-MEDÑT<[+2CD<T/=<7<T68W_<T/�U�9TØÑF1=IX/=/�I;ED<�9HEDI;+2CD<F1�9H+�U�IX/2+.I;EDÑT<XRP+2CD<�A^I;1=/2+�ÑK9;/=<�ÑF1=IX/=/2-ME5Wk+=I;+:9H4�>@I;1�9HEDI;+2CD<F1�b�9H-M1.IH>g<T68W_<T/�-0/

c1 × c3
v��CD<�ED<?�8+�A^I;1=/2+NÑK9;/=<]ÑF1=IX/:/2-ME5W�+=I;+:9H4g9�>@+=<F1�+2C�9H+�-0/

c1 × c4
}DA.CD<FE

e1
C�9;/NÕ�<T<FE
ÑF1=IX/:/=<T67ÕsØY<K9;Ñ=CÛ<T68W_<XR+2CD<�ED<?�p+�AeI;1=/2+kÑK9;/=<i-0/

c2 × c3
R�9HED6�/:I
I;EBv
��CP3D/�+2CD<�ÂD1=/2+

ν(G)
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H
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�GÒKáXá�� ÎeC�9Hb5+=<F1øx8v��\<F3512-0/=+2-0Ñ�U�<F+2CDIP65/�9HED67EDIKt_<F4g1=<T/2354M+=/
tX9H4M-06`R`-n>eEDI;+L-065<K9H4 Ö Õ�<F+2+=<F1]ÕfI;35ED65/�U�9TØ(IH>�ÑTI;351=/=<VÕf<�I;Õ5+:9H-MED<T6aÕsØ±+:9HZP-ME5WY-MEP+=I
9;ÑTÑTI;35Es+L+2C�9H+L/=I;U�<b�9H-M1=/�IH>�<T68W_<T/�A.-M4M4`ED<Ft_<F1\ÑF1=IX/=/�I;ED<L9HEDI;+2CD<F1�×?v
Á�<FEDI;+=<G9(b�9H-M1[IH>]<T68W_<T/iÕsØÙ9(+235b540<

t = (cj , ck)
ReA.CD<F1=<

t1 = cj
9HED6

t2 = ck
v°�DI;1i+�AeI�+235b540<T/

s, t
40<F+

s < t
-n>
s
ÑTI;U�<T/�Õf<?>@I;1=<

t
-MEd9[40<?�p-0ÑTI;WX1:9Hb5C5-0ÑK9H4^I;1=65<F12-ME5WDvV��CD<F1=<�9H1=<k-ME(+=I;+:9H4 (|E(H)|

2

) /23DÑ:C+235b540<T/KR`ÑTI;121=<T/=b�I;ED68-ME5Wc+=I[+2CD< (|E(H)|
2

) b�9H-M1=/�IH>^<T68W_<T/�-ME
H
v�Ó�+2+:9;Ñ=Ca-MED68-0ÑT<T/]+=Ii+2CD<k+235b540<T/�R`/=I[+2C�9H+

t1 ≤ t2 ≤ · · · ≤ t(|E(H)|
2 )

v���CD<FEBRS-ME
+2CD<LAeI;1=/2+�ÑK9;/=<XRD+2CD<LEs35ULÕf<F1�IH>�ÑF1=IX/=/2-ME5W_/�+2C�9H+�A.-M4M4)Õf<]ÑTI;35EP+=<T6`R
-0/ ∑ν(G)

i=1 ti1 × ti2
v���C5-0/.40<K9;65/�+=Ik+2CD<]35b5b�<F1.ÕfI;35ED6

ν(G) ≤ α∗
ψν(H) +

∑

v∈V (H)

(
c(v)(v, ψ)

2

)
, Ö x8v äP×

A.CD<F1=<
α∗
ψ =

(∑ν(G)
i=1 ti1 × ti2

)
/ν(H)

v[��CD<�tX9H4M3D<
α∗
ψ

-0/]ÑK9H4M40<T6a+2CD< �|�=ã���� �+�'�
ß
� ~ �F�E� à �û�

ß à � �
{;z
Þà �F�F���

{;za{��
H 8N����â¾�E�9�t���E�0� �
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ψ
v � >�9H4M4gIH>�+2CD<L681:9KA.-ME5W_/�IH>

H
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s
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S
v�Á�<?ÂDED<

αψ
-ME
9V/2-MUV-M4�9H1�>J9;/2C5-0I;EY+=I

α∗
ψ

R5E�9HU�<F4MØ
αψ =

(
∑

s∈S

s1 × s2

)
/ν(H).

�51=I;Uþ+2C5-0/�-M+kU�9TØaÕf<7/=<T<FEu+2C�9H+
α∗
ψ ≥ αψ

v±��CD<[tX9H4M3D<
αψ

-0/kÑK9H4M40<T6u+2CD< ���
z
��� �+�'�

ß
� ~ �F�E� à �Í�

ß à ��
{Xz à �9�����

{;z�{��
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ψ
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αψ
-0/�/235ÕD/2+2-M+235+=<T6G>JI;1

α∗
ψ

RS+2CD<ÂD1=/2+.+=<F12U -ME Ö x8v äP×.9H+2+:9H-MED/�-M+=/.UV-ME5-MU�35Ucv��CD<�Õ�9;6VED<FA�/�-0/�+2C�9H+
αψ
ÑK9HE5EDI;+�Õf<.ÑTI;UVb535+=<T6`Rs/2-MEDÑT<NI;ED<�ED<T<T65/�+=I�<FEs35U�<F1:9H+=<�9H4M4DI;b5+2-MU�9H4S681:9KA.-ME5W_/IH>

H
-ME[I;1=65<F1^+=IL65<F+=<F12UV-MED<

αψ
v��gILU�9HZ_<\U�9H+2+=<F1=/^AeI;1=/=<XRpEDI;+^<Ft_<FE

α∗
ψ

ÑK9HEiÕf<NÑTI;UVb535+=<T6`R8/2-MEDÑT<\I;ED<ED<T<T65/N+=I�ZpEDIKA
ν(H)

-MEGI;1=65<F1\+=I�65Ii/=I5ve*�+�-0/KR�CDIKA^<Ft_<F1KRSbfIX/=/2-MÕ540<]+=I�ÑTI;UVb535+=<�9HE±9Hb5b51=IT�8-MU�9H+2-0I;E±+=I
α∗
ψ

v
Ô�I;+=<�+2C�9H+KR8>JI;1N9HEsØ

j ≤ ν(H)
R8-M+.-0/.+2123D<�+2C�9H+

βψ,j =

(
j∑

i=1

ti1 × ti2

)
/j ≥



ν(G)∑

i=1

ti1 × ti2


 /ν(H) = α∗

ψ,

/2-MEDÑT<Û+2CD<(9Tt_<F1:9HW_<(IH>�+2CD<ÛÂD1=/2+
j
4�9H12W_<T/2+7+235b540<T/7UL3D/2+YÑT<F12+:9H-ME54MØrÕ�<Û4�9H12W_<F17+2C�9HE I;1Y<TOs3�9H4�+=Iu+2CD<9Kt_<F1:9HW_<]IH>g+2CD<�ÂD1=/2+

ν(H)
+235b540<T/KvN�o9H1:9;65IT�8-0ÑK9H4M4MØ_R�-M+.UV-MWXCP+N/=<T<FUcR5I;ED<�ED<T<T65/N9�40I�Ae<F1�ÕfI;35ED67+=I

ν(H)-MEÛI;1=65<F1\+=IiÑTI;UVb535+=<�9�t;9H4M3D<
βψ,j

v�Ô�I;+=<XR�CDI�Ae<Ft_<F1KR�+2C�9H+�9HEsØc40I�Ae<F1�Õ�I;35ED6
A.-M4M4�65I5Rf9HED6G9HEPØ
IH>�+2CD<9HE�9H4MØp+2-0ÑK9H4�+=<TÑ=C5E5-0OP3D<T/�>@1=I;Uþã�äDvâá8vâá7U�9TØÛÕ�<k<FUVb540I�Ø_<T6`v»½�CD<FE
j = 1

RBI;ED<kC�9;/
βψ,1 = t11 × t12 =

c1 × c2 ≤ [c(e)(ψ)]2
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j1
-0/�9HEd-ME5-M+2-�9H4 Ö Ae<K9HZD×40I�Ae<F1�Õ�I;35ED6`RgA.C5-0Ñ=Cu-0/]3D/=<T6d-MEa+2CD<�+=<F12U

βψ,j
Rg+2CD<FEd+2CD<�40I�Ae<F1�Õ�I;35ED6

j2
A.C5-0Ñ:C�-0/�I;Õ5+:9H-MED<T6a>@1=I;U9HEY-MED<TOP3�9H4M-M+,ØY/23DÑ:C
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H
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βψ,j = α∗
ψ = αψ

v��C5-0/�-0/�<?�D9;ÑF+24MØ�A.C�9H+�I;ED<�<?�8b�<TÑF+=/KR59HED6[-M+./2CDIKA�/\9HWs9H-ME[A.CPØi-M+�-0/�Õf<FED<?Â�ÑF-�9H4`+=I�ÂDED6iWX1:9Hb5Cp�s+=I��sWX1:9Hb5C
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<FU�Õ�<T6568-ME5W_/L>@I;1LA.C5-0Ñ=Cd+2CD<i<T68W_<�ÑTI;E5W_<T/2+2-0I;E�t;9H4M3D<T/�9H1=<�9;/L<TOP3�9H4e9;/Lb�IX/=/=-MÕ540<Xv ��IKA^<Ft_<F1KR�/=-MEDÑT<�+2CD<<T68W_<�ÑTI;E5W_<T/2+2-0I;E±t;9H4M3D<T/\A.-M4M4gEDI;+�9H4MA^9KØp/�Õf<L<?�D9;ÑF+24MØc<TOs3�9H4èR�I;ED<�ÑTI;35406G/2+2-M4M4gÕ�<FED<?ÂD+�U�9H12WX-ME�9H4M4MØc>@1=I;U3D/2-ME5WV+2CD<�9Hb5b51=IT�8-MU�9H+2-0I;E
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48 ≤ ν(K1,4,4,4) ≤ 108 à Ý�æ�á ß
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Ý"æ�â ß
54 ≤ ν(K1,5,7) ≤ 66 à Ý�æªã�ß

54 ≤ ν(K1,6,6) ≤ 72 à
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Ý�æ�ä ß
56 ≤ ν(K5×2,3) ≤ 141 à Ý"æ�å ß

54 ≤ ν(K4×2,5) ≤ 114 à
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Ý"æ æ�ß
56 ≤ ν(K2,2,2,3,4) ≤ 125 à Ý�æ�ç ß
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Ý"æ�è�ß
56 ≤ ν(K2,2,3,3,3) ≤ 133 à Ý#ç¢é ß

56 ≤ ν(K2,2,3,6) ≤ 95 à
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Ý8ç=Þ±ß
54 ≤ ν(K2,2,4,5) ≤ 102 à Ý#ç á ß

ν(K2,2,9) = 32 à
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Ý8ç â ß
56 ≤ ν(K2,3,3,5) ≤ 110 à Ý#ç�ã�ß
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Ý#ç ä ß
ν(K2,3,8) = 56 à Ý8ç å ß

54 ≤ ν(K2,4,7) ≤ 68 à
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Ý#ç�æ¢ß
54 ≤ ν(K2,5,6) ≤ 78 à Ý8ç¢ç�ß

54 ≤ ν(K3,3,3,4) ≤ 119 à
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Ý#ç¢è�ß
54 ≤ ν(K3,3,7) ≤ 75 à Ý8è é ß
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Ý#è�Þªß
48 ≤ ν(K3,5,5) ≤ 92 à Ý#è á¢ß

ν(K3,10) = 20 à
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Ý#è¢â�ß
48 ≤ ν(K4,4,5) ≤ 92 à Ý8è�ã�ß

ν(K4,9) = 32 à
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Ý8è ä ß
ν(K5,8) = 48 à Ý8è¢å�ß
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q"kr�B�[kreo\_e~^lt B1
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n4`³��\B^*no\�Bcfexcf� i �òe i �{°[\_}dk8pS\ h |�\"t³�0Ù;^v��`"�É°[\d��\_}*c½Í4\ h ^*n4`8^È^*no\Q}l\_�dk³��`8bMk8p-`mq_b�`rt*�ñ\ h |�\Qp¶}lkr� B3
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q"kr�B�Kkreo\_e
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p2
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P y \£¾xq"\_�x^Xp(kr}cf^ltU\_e h w~��\_}*^*c?q"\"t v2 `8e h v4 y `8}l\s�4`8}*^Uk8pO^*no\È��w
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`8e h a5 y ¯no\_}l\
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`8e h a3
°K\_b?krex|È^lkvkreo\U�4`8}*^*cf^l\Ut@\_^ y `8e h °~�b?\_^*^*cfex|s^*no\-°xb�`rql»Q��\_}*^*c?q"\"t y b1 y b2 `8e h b3 °K\_b?krex|v^lk�^*no\Ukr^*no\_}´�4`8}*^*cf^l\Ut@\_^³���Mno\-��\_}*^*c?q"\"t a1

`8e h
b3
`8}l\ª^*no\���\_}*^*c?q"\"t-`8^¯¯nxc?qln

p1
`8e h p2 Ô krcfe P y }l\"t*�[\"q_^*cf��\_bf���

æ]ç×è]ù é~êxë³ì�údî �Mno\Èq"krejÍo| i }@`8^*c?kreËcfe�¨�cf| i }l\s�v��åxµ�q%¼¯}l\"t i bf^lt-c½pM`�q_b�`rt*��\ h |�\vk8pX\_cf^*no\_} B1
kr}Uk8p

B2c?t{û.t*�xbfcf^Bk8ÜßüQ`8e h �dk³��\ h `³´`"�Óp�}lkr�ý`0q_b�`rt*�ñ��\_}*^l\£¾ñt*n4`8}l\ h ¯cf^*n B3
�ËÙ.e�^*nxc?tBq³`rt@\ y ¯cf^*nok i ^Èb?k�tltk8pX|�\_eo\_}@`8bfcf^.� y ^*no\Bq_b�`rt*����\_}*^l\£¾�b�`8°K\_bfb?\ h a3

k8p
B1

M`rt-û.t*�xbfcf^ªk8Üßüv`8e h �dk³��\ h `³´`³�mp�}lkr�Ð^*no\Bq_b�`rt*���\_}*^l\£¾Ób�`8°K\_bfb?\ h b1 ���Mno\®q_b�`rt*�þ\ h |�\®k8p B3
¯nxc?qlnþM`rt�`8^*^@`rqlno\ h ^lkm^*no\a��\_}*^l\£¾ a1

cfe�t i °¬w
q³`rtl\±øn4`rtSeokdcf�B�4`rq_^-krem^*no\�k³��\_}*b�`8�x�xcfex|®t*^*} i q_^ i }l\vk8pß^*no\ª^*nx}l\"\B��w
q"kr�B�Kkreo\_e
^lt y `8e h n4`rt²^*no\_}l\£p(kr}l\{°[\"\_eh \_b?\_^l\ h p�}lkr�Ð^*nxc?t�q"krejÍo| i }@`8^*c?kre]�È�ÿt i ° h cf�
c?tlc?kre�k8p K3,3
��`³�m°[\ h c?tlq"\_}*eo\ h °~�0b?\_^*^*cfex|®^*no\È�xb�`rq_cfex|^*no\U��\_}*^*c?q"\"t

a1 y a2
`8e h a3

cfe®^*no\-Ío}lt*^¯�4`8}*^*cf^l\ªtl\_^ y `8e h °
�Q�xb�`rq_cfex|B^*no\º��\_}*^*c?q"\"t b1 y b2 `8e h b3 cfe®^*no\tl\"q"kre h �4`8}*^*cf^l\stl\_^³�Ù.^sc?tÈeokr^l\ h ^*n4`8^Bcfeþt i °¬w
q³`rt@\®� y cf^Èc?tÈcf}*}l\_b?\_��`8e~^d¯no\_^*no\_}dkr}Èeokr^B^*no\±q_b�`rt*��\ h |�\±k8p B2 y ¯nxc?q@nþc?t`8^*^@`rq@no\ h ^lk�^*no\�q_b�`rt*����\_}*^l\£¾ b3 y û.t*�xbfcf^ltvk8Üßü�`8e h c?ts�dk³��\ h `"´`³�Ëp�}lkr� b3
µ�t*cfeoq"\�^*no\Qk%��\_}*b�`8�x�xcfex|q"krejÍo| i }@`8^*c?kreot-¯cfbfb×}l\_��`8cfe i eoqln4`8ex|�\ h ¼£�²Ù.e±p(`rq_^ y ^*no\�krexbf�®}l\³`rtlkre�^*n4`8^-^*no\_}l\�c?tU`Bq_b�`rt*��\ h |�\sk8p B3`8^*^@`rq@no\ h ^lk b3 y c?tO^lkv\_eot i }l\S^*n4`8^ B3

k%��\_}*b�`8�ot
B1
�X¿
nok i b h ^*no\ºq_b�`rt*�a��\_}*^l\£¾Qk8p B1

°[\¯û.t*�xbfcf^Mk8ÜßüS`8e h�dk%��\ h `"M`"�0p¶}lkr� b2
cfeÉ`8e�`8e~^*c6w
q_b?k¬ql»¬¯c?tl\ h cf}l\"q_^*c?kre y ^*no\Bq_b�`rt*�É\ h |�\Bk8p B3

`8^*^@`rqlno\ h ^lk b2 ´k i b hq³` i tl\ B3
^lkQk³��\_}*b�`8�

B1
cfem`Bt*»�\_ p(`rt*nxc?kre y cfe�¯nxc?qln0q³`rtl\ª^*no\sq_b�`rt*��\ h |�\s`8^*^@`rq@no\ h ^lk b3 Ok i b h °[\kr°
�
c�`8^l\ h �-ø i ^-c½p�^*nxc?tSn4`8�x�[\_eot y kreo\v`8}*}*cf��\"tª`8^Ut i °¬w
q³`rtl\{�v�4�Mno\_}l\£p(kr}l\ y `8bfb×�Bcfexcf��`8bßq³`rtl\"tSp�kr}ª�M`rtl\ÀBn4`³��\ª°K\"\_em\_e i �d\_}@`8^l\ h � �
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¨}¢8«C¤Q¥o\W®@\X¸X¢8�}¦Á¢8º�¤Q¬EW¬ED± w¤Q¬¶¢8�K°Ú�o\?¬E§/¥
°ñ¢8ª�«�®�¤Q¥Ã w¤� w«l\W�}¢8¤C¬E�
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Ìß¥o\T¬EWº�¡?\?d\?�=¤� w¤Q¬¶¢8�»¦x\X®�¸?«Q¬�ðK\X¦G¬E�G¤Q¥�¬¶®ß®l\X¸?¤Q¬¶¢8�Æ¦x\?¤l\?«QW¬E�o\X®�ïB¥o\?¤Q¥o\?«o �¸X¢8Wº�¡?\?¤l\T�ª�¡E¤Q¬EºÃ w«Q¤Q¬E¤l\t§/«� wº�¥
G
¢8�

n Â \?«Q¤Q¬¶¸"\X®r¬¶®T G®Qª,ð�§/«� wº�¥U¢w£m G¸X¢8Wº�¡?\?¤l\��ª�¡E¤Q¬EºÃ w«Q¤Q¬E¤l\,§/«� wº�¥ H ¢8� n Â \?«Q¤Q¬¶¸"\X®"Ä�û×£ G ¥Ã 8® n− 1Â \?«Q¤Q¬¶¸"\X®"°Ú¤Q¥o\?��\" 8¸�¥ ¢w£M¤Q¥o\ Â \?«Q¤Q¬¶¸"\X®�¢w£ H a "©Nð[\W®Qª�º�º�«l\X®�®@\X¦^°Ú¢8�o\a w¤� h¤Q¬Ed\/°� w�}¦U£Ý¢8«�\" 8¸�¥�§/«� wº�¥
H′ «l\X®Qª�¡E¤Q¬E��§h£2«�¢8�¤Q¥o\0®Qª�º�º�«l\X®�®Q¬¶¢8�U¢w£M  Â \?«Q¤l\�ô�°ñ¬E¤ra X©�ð[\�¤l\X®�¤l\X¦%ïB¥o\?¤Q¥o\?«

G
¬¶®C G®Qª,ð�§/«� wº�¥æ¢w£

H′ Ä�&£&¸X¢8ª�«�®l\/°�¬ £
G
¥Ã 8®�¡?\X®�®�¤Q¥Ã w�

n − 1 Â \?«Q¤Q¬¶¸"\X®"°�¤Q¥�¬¶®0º�«�¢À¸"\X¦*ª�«l\ha X©Ið[\¯§�\?�o\?«� w¡E¬ED³\X¦F wº�º�«�¢8º�«Q¬d w¤l\?¡E©;Ä
�r¢�ï´\ Â \?«"°k®Qª}¸�¥� h§�\?�o\?«� w¡E¬ED± w¤Q¬¶¢8�ïß 8®-�}¢8¤C�o\X¸"\X®�®� w«Q©4£Ý¢8«C¤Q¥o\,º�ª�«Qºñ¢/®l\X®�¢w£\¤Q¥�¬¶®C¤Q¥o\X®Q¬¶®±ÄvÌß¥�¬¶®C¬¶®t¤Q«Qªo\/°
ð[\X¸" wª}®l\») V2V ¸X¢8Wº�¡?\?¤l\¯�ª�¡E¤Q¬EºÃ w«Q¤Q¬E¤l\G§/«� wº�¥}®0¢w£ß¢8«�¦x\?«�®�¢ È �\�3ïO\?«l\a§�\?�o\?«� w¤l\X¦� w�}¦�£à¢8«{\" 8¸�¥�§/«� wº�¥�¢w£¢8«�¦x\?«

n > 6
°� w¡E¡\®�ª,ð�§/«� wº�¥}®�¢w£o¢8«�¦x\?«

n − 1
ï´\?«l\W£Ý¢8ª��}¦�¬E�  8¦�¦*¬E¤Q¬¶¢8��¤�¢4 w¡E¡x®�ª,ð�§/«� wº�¥}®�¢w£o¢8«�¦x\?«
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O � ò �¤���|P rrÄ��Mª}¸�¥�¥o\?¬E¨°*v�¥���§�\?« ò ÄE°À w�}¦5�ñÄQ�]\?¬Eº[\?«Q¤"Ä®ÛF£× 8®Q¤�¡d "©;¢8ª�¤ß w¡E§;¢8«Q¬E¤Q¥��£à¢8« k u×¡?\ Â \?¡}§/«� wº�¥}®±Äû���v}Ä ò  w«��*®"°×\X¦*¬E¤�¢8«"°tS�eQ)ÜÃ'4l{eQ)8� %21dc>¦:§�§�§ ° Â ¢8¡Eª�d\��\���\ü}°kºÃ w§�\X® Ç � È Ç ü'�*Äs�9º�«Q¬E��§�\?«g�\?«Q¡d w§}° Ç �����*Ä

Ç �E�



È Ç �E¢ È �M¬�ð�¡E¬¶¢8§/«� wº�¥=©

O ��o����|P �mÄ e�Ä£�´\?¬E�o\@��\¯ w�}¦¨o�Ä q0Ä�oo¬E��§�\?¬¶®@\?�KÄM�T�U¤Q¥o\0¸?«�¢/®�®Q¬E��§Æ�=ª�Hð[\?«�®-¢w£xº�«�¢À¦*ª}¸?¤�®C¢w£\¸?©*¸?¡?\X® w�}¦�§/«� wº�¥}®T¢w£�¢8«�¦x\?«B£Ý¢8ª�«"Ä��ÀbBS�e )Ü�'©�Ú'2K Þ e L/°,ü_
 Ç ��k���ü�� È ���E�*°È�\�����*Ä
O �M«�  Ç �(P �0Ä�o�Ä��M«� w¥Ã w�Ã *Än�9©À®�¤l\?¯®�¢w£o¸?¬E«�¸?ª�¬E¤�®�¢8��¤YïM¢wuf¦*¬Ed\?�}®Q¬¶¢8�Ã w¡ßa w��¬ £à¢8¡¶¦�®"Ä¨n 1}1 b Þ��F� )/N2'*b3 ¦ >w° Ç �.
 Ç ��k���üEü È ��¢��*°×�\� Ç �/Ä
O rªÛ����\ü8P r\¥KÄ�r\¥}¢�]6�Ã 8¸j�9¬�
�Û��/ *Ä��t w�Ã w��¬H�(Ä�ª�ðK\?«�ïO\X®l\?�9¤Q¡E¬¶¸�¥Uª���º�¡¬«w¤Q¤"ðÃ w«l\F�tª�« Â \?�4¬E�¦*«l\?¬¶¦*¬Ed\?�*u®Q¬¶¢8�Ã w¡?\?�ooªÃ wd\/Ä �£�À1f� b � )/N2'*bd° Ç �2k��\�E� È ��ü Ç °Î�\���\ü}Ä
O r�rMq Z � Ç P ó Ä�® ÄEr\¥�¬E���K°/vÃÄ\r\¥ Â.| ¤� w¡¶¢ Â.| °QÛ0Ä��WÄ±qº\�ïo¦*�o\?©;°; w�}¦¢z0Ä poÄ Z ¬�ð,ð}®"ÄQÌß¥o\�ðÃ w�}¦=ïB¬¶¦*¤Q¥,º�«�¢oð�¡?\?£Ý¢8«o§/«� wº�¥}®& w�}¦�a w¤Q«Q¬¶¸"\X®Å¨R a®Qª�« Â \?©;Ä��*bMS�e )Ü�'¯�Ú'.K Þ e(L8° ¢.
�����k Ç/Ç � È Ç �\ü}°È�\��� Ç Ä
O r\¬E�� Ç P o�Ä�r\¬EW¬��;¢�ïo®3�9¬×Ä Z «� wº�¥Uº�¡d w�Ã w«Q¬ED± w¤Q¬¶¢8�� w�}¦U®���\�ïB�o\X®�®±Ä�û��ÁJ�e Þ a�K3K �8%21dc�~$Þ�� N2'2Kn�p�	K 1 NàL �N2' % e �¯]zÞ8� N2'2KQ) ~ N<K�e 1»` 1 N<K�e 1 )/N %^Þ81 ) V H Þ81\� K�e3K 1 ajK Þ81 H Þ .�` %21 )/N Þ e % a ~j� S�e )�ÜÃ'©�Ú'.K Þ e(L � ) 1f�H Þ .�Ü � N %ò1:c 3 � Þ a�) # )/N Þ81��i� i � 587;7 ¦ >8° Â ¢8¡Eª�d\M���*°*ºÃ w§�\X® Ç � È � Ç °a�\��� Ç Ä
O r\¬E��E¢|P o�Ä�r\¬EW¬��;¢�ïo®3�9¬×Ä Ìk¢8ºñ¢8¡¶¢8§/¬¶¸" w¡Cº�«�¢8º[\?«Q¤Q¬?\X®Æ¢w£�®�¢8d\4¬E�=¤l\?«�¸X¢8���o\X¸?¤Q¬¶¢8� �o\?¤.ï\¢8«��I§/«� wº�¥}®"ÄH Þ81dc eXb�� � .�K�e"b¶°Î� Ç ��k��\� È � Ç °Î�\���E¢*Ä
O r\¬E����|P o�ÄÎr\¬EW¬��;¢�ïo®��À¬×Ä�r\«�¢/®�®Q¬E��§��=ª��ðK\?«Hðñ¢8ª��}¦�®t£Ý¢8«C¤Q¥o\,d\X®Q¥�¢w£M¤Q«l\"\X®"Ä�ûf��Jle Þ ajK3K �8%ò1:c�~�Þ��N2'2Kn�p�	K 1 NàL �f1}%21 N2' ]zÞ8� N2'2KQ) ~ N<K�e 1U` 1 N<K�e 1 )/N %^Þ81 ) V H Þ81\� K�e�K 1 ajK Þ81 H Þ .�` %21 )/N Þ e % a ~j� S�e )�ÜÃ'�Ú'2K Þ e LÆ) 1f� H Þ .�Ü � N %21dc 3L� Þ a�) # )/N Þ/1.�i� i � 587;7;<X>w° Â ¢8¡Eª�d\0�\�\ü}°�ºÃ w§�\X®H�\��� È �E��¢*°a�\�����*Ä
O r\¬E�� Ç P o�Äzr\¬EW¬��;¢/®"ï��9¬×Ä�ÛT¡E§;¢8«Q¬E¤Q¥�¯®&£à¢8«o¤Q¥o\V�,ôj\X¦»¡E¬E�o\" w«T¸?«�¢/®�®�¬E��§a�=ª��ðK\?«rº�«�¢oð�¡?\?¨Ä&l %¬~ a@e�KXN<Kn�Ü�Ü V % K �5� );N2' ~ °�� Ç/Ç k���� È �E���*° Ç ��� Ç Ä
O rª��o����±P ñßÄ�o�Ä��WÄ×r\¥9ª���§}°×ñßÄ ÌCÄa�×\?¬E§/¥=¤�¢8�K°� w�}¦IÛ0Ä �mÄ�o&¢/®@\?��ð[\?«Q§}Äap��ðK\X¦�¦*¬E��§4§/«� wº�¥}®-¬E�Ið�¢9¢8�*®\k Á¡d "©;¢8ª�¤Gº�«�¢oð�¡?\? ïB¬E¤Q¥R wº�º�¡E¬¶¸" w¤Q¬¶¢8�}®h¤�¢�gM�p�7û,¦x\X®Q¬E§/�KÄ ]*` n � �*bon V�c bol %¬~ a±b � K?N2'*bd°�.
>���k���� È ���*°ñv= w�=ªÃ w«Q©��\�����ÀÄ
O rª��o����±P ÌCÄ��0Ä rM¢8«Qd\?�K°ÒrrÄ poÄÈ�]\?¬¶®l\?«�®�¢8�K°m w�}¦°o�Ä �mÄ¤o&¬ Â \X®Q¤"Ä ` 1 N e Þ\�8� aXN %�Þ/1 N Þ n V�cQÞ e % N2'9. ~ Ä3Ìß¥o\

ò û.Ì ó «l\X®�®"°[rß wHð�«Q¬¶¦*§�\/° ò  8®�®� 8¸�¥9ª}®l\?¤Q¤�®"°Î�\�����ÀÄ
O r��g���|P Z Ä�r\¥Ã w«Q¤Q«� w�}¦a w�}¦Fo�Ä��U\?¡?\?«Qa w���KÄ�n�ÜQÜ V % K � n V c�Þ e % N2'=. % a�S�eQ)ÜÃ'±�Ú'2K Þ e(L/Ä ò ¸ Z «� 
ïßu<�T¬E¡E¡×°zU\�ï�²x¢8«��ñ°��\�����*Ä
O rM¢À¢'�7�(P �ñÄ Û0Ä×rM¢9¢8��Ä�Ìß¥o\W¸X¢8Wº�¡?\�ôÀ¬E¤�©�¢w£\¤Q¥o\X¢8«l\?,u×º�«�¢ Â ¬E��§æº�«�¢9¸"\X¦*ª�«l\X®±Ävûf��Jle Þ ajKjK �8%21dc�~�Þ�� N2'2K�Ú' % e � n 1}1�� ) V n,H �Å] L8.�Ü Þ�~(%H� . Þ81 N2'2KN�Ú'2K Þ e L Þ�� H Þ .�Ü � N %21dc °ÀºÃ w§�\X®|���=� È �����*°��\���7�/Ä
O r��2�E¢|P o�Ä r\¬EW¬��;¢/®"ï��À¬k w�}¦ ó Ä_�9¥}¢8ºK\/ÄÀÛ �o\?ª�«� w¡K�o\?¤YïM¢8«��¨ w¡E§;¢8«Q¬E¤Q¥��£à¢8«o 0§/«� wº�¥�¡d "©;¢8ª�¤oº�«�¢oð*u¡?\?¨Ä ` jmjxj³��eQ) 1.~ )'aXN %�Þ/1.~HÞ8141 K � eQ) VK1 K?N � Þ e�b ~ °f�2
 Ç ��k��\ü � È �\ü'�*° ò  w«�¸�¥�\���E¢*Ä
O r��.�9g{�\ü8P poÄ r\D± \ðÃ w«��8 *°B�0Äp�d´:�;¢8«� *° �mÄp�9D\}@��\?¡E©;°� w�}¦û(Ä^g�«�µ�¢�ÄN�\¬Eº�¡d w�Ã w«,¸?«�¢/®�®Q¬E��§»�=ª�Hð[\?«�®�û�k�Û

®Qª�« Â \?©�¢w£}«l\X®�ª�¡E¤�®  w�}¦�º�«�¢oð�¡?\?¯®"°8¤�¢t wº�ºK\" w«"Ä7ûf��ÌCÄ�ñ ¡?\?¬E�o\?«m w�}¦ Z Ä��0Ä���Ä��- w¤�¢8�Ã *°�\X¦*¬E¤�¢8«�®"°
�x%ò1Ã% N<K�) 1f�,` 1\¶m1}% N<KGH Þ .�` %ò1 )/N Þ e % a ~ 3�� Þ )ÜQÜ.KQ)�ef>8ÄeÛ��8 8¦x\?W¬d ·�t¬d 8¦�¢�°_�\ª}¦} wº[\X®Q¤"° Ç ���\ü}Ä

O r�²V�\ü8P ñßÄ�o�Ä��WÄÒr\¥9ª���§� w�}¦P�ñÄ ÌCÄs²\ wªKÄ¥Û �o\" w«¯¢8º�¤Q¬Ea w¡T w¡E§;¢8«Q¬E¤Q¥�Y£à¢8«d\X¦*§�\�®l\?ºÃ w«� w¤�¢8«�®±Äcû��Jle Þ ajK3K �8%ò1:c�~%Þ�� N2'2KhN �	K 1 NàL �<~ %�¸ N2'�) 1}1_� ) V n,H �¹~ Lw.�Ü Þ8~ %L� . Þ81 �Ú'2K Þ e(L Þ�� a Þ .�Ü � N %ò1:c °ºÃ w§�\X®H� È �*°_z-\�ï�²x¢8«���°�z�²,° s �7Û�°��\���\ü}ÄeÛRr ò ó «l\X®�®"Ä
O qC w«	���|P rrÄ�o�Ä=qt w«"ïB¬E�KÄ	º 1 N2'2KMº�e %�c8%21�Þ��o] Ü.K�a % K ~�»ËÞ e %�c8%21 ) V2V LUº 1 N2'2K Þ e %(c/%ò1�Þ���~ Ü.K�a % K ~ `(L�.�KQ) 1�~

Þ��h1 )/N � e ) V�~ K V K3aXN %�Þ/1 Ä,oT w�}¦�¢8¼�r¢8ª}®l\�½x¢8«Q¬E§/¬E�Ã w¡E¡E©�º�ª,ð�¡E¬¶®Q¥o\X¦cð=©�vÃÄ ò ª�«Q«� X©;°Ë�Ú¢8�}¦�¢8�K°�\�E���*Ä
O ¦.� òNó + �\ü8P�poÄñ¦x\¢�t¡?\?«���°�vÃÄ ò  w¥Ã w«Q«Q©;°ñq,Ä g,Ä ó  8®l\X¸�¥���¬���°£o�Ä��tÄ_o&¬¶¸�¥9¤l\?«"°� w�}¦ Z Ä��* w¡d wD± w«"ÄRûfWº�«�¢ Â \X¦ð�¢8ª��}¦�®B£Ý¢8«B¤Q¥o\-¸?«�¢/®�®Q¬E��§W�9ª�Hð[\?«�®T¢w£

Km,n
 w�}¦
Kn
Ä ]_� `(. % NÝN<K � ° Ç ���\ü}Ä



�M¬�ð�¡E¬¶¢8§/«� wº�¥=© È Ç ��� È

O qgo��E�|P Û0Ä ò Ä^qº\" w�� w�}¦¨o�Ä��tÄ�oo¬¶¸�¥=¤l\?«"Ä�Ìß¥o\W¸?«�¢/®�®Q¬E��§��9ª�Hð[\?«�¢w£ C4 × C4 Ä5�*b&S�eQ)ÜÃ'P�Ú'2K Þ e L/°�\�.
>���k�� Ç � È � Ç �*°È�\���E�*Ä
O p Z �8�|P o�Ä��tÄñp�§/§/¡?\?¤�¢8�� w�}¦¨o�Ä��WÄ Z ª�©;Ä|Ìß¥o\,¸?«�¢/®�®Q¬E��§h�=ª��ðK\?«-¢w£x¤Q¥o\ n uf¸?ª,ð[\/Ä{� Þ N % ajK ~ nT.UK@eXb

� )/N2'�b ]zÞ a±bd°a��:k��o���À°a�\���8�*Ä
O p Z �8�|P ó Ä}p�«�¦.¾/®T w�}¦�o�Ä��WÄ Z ª�©;ÄÒr\«�¢/®�®Q¬E��§a�=ª�Hð[\?«oº�«�¢oð�¡?\?¯®"ÄMnT.UK@eXb � );N2'*b �NÞ81 N2' V L/°����2k � Ç È���*°a�\���8�*Ä
O pB�g�=�(P q,Ä/p Â  w�}®m w�}¦��ñÄ��T¢�ïM w«�¦^Ä ` 1 N e Þ�8� a %ò1dc j Ý\Þ8V¿� N %^Þ81 Ä û6¸X¢8�U�ß¢9¢8�*®"° s �  w�}¦vÌk¢8¤l\?À�ß¢9¢8�*®"°

s �7Û�° Ç ���=�/Ä
O pB���V�=�(P Z Äßp ô�¢9¢�°RñMÄl�t w«� w«Q©;°T w�}¦ v}Ä��- \ðK\?¡E¡×Ä Ìß¥o\U¸?«�¢/®�®Q¬E��§ �=ª��ðK\?«�®»¢w£�®�¢8d\4§�\?�o\?«� w¡E¬ED³\X¦

ó \?¤l\?«�®l\?�4§/«� wº�¥}®"Ä � );N2'*b ] a�) 1�� b¶°=ü'�.
 Ç ��k��\�\ü È �\���*°È�\���=�/Ä
O ñÃ w«"ü'�|P û(Ä�ñÃ w«Q©;Ä��T�,®Q¤Q«� w¬E§/¥=¤�¡E¬E�o\M«l\?º�«l\X®l\?�9¤Q¬E��§-¢w£}º�¡d w�Ã w« §/«� wº�¥}®±Ä�n�aXN×)=b ] a % b � )/N2'*bd°=�E��k Ç/Ç � È Ç ���*°�\�\ü'�*Ä
O ñ}¦,ñ0���|P �mÄªñÃ w«Q¬d   w�}¦÷rrÄ ò Ä���Ä\¦x\%ñ ¬E§/ªo\?¬E«l\X¦�¢�ÄJ�T�Ipm§/§/¡?\?¤�¢8�  w�}¦ Z ª�©£Á ®a¸X¢8�8]*\X¸?¤Qª�«l\X¦Iª�º�º[\?«ð�¢8ª��}¦Æ£à¢8«B¤Q¥o\�¸?«�¢/®�®Q¬E��§¯�9ª�Hð[\?«&¢w£ ¤Q¥o\

n
uf¸?ª,ð[\/Ä � )/N2'�b ]ÃV ÞEÝ )�a�)/°z���.
�����k Ç �7� È Ç ���À° Ç �����*Ä

O ñ Z � Ç P �ñÄ�ñ ¬¶¢8«Q¬E��¬m w�}¦Áv}Ä��tÄ Z  wª}¸?¬×ÄVz-\�ï�«l\X®Qª�¡E¤�®- w�}¦Uº�«�¢oð�¡?\?¯®C¢8��¸?«�¢/®�®Q¬E��§Æ�=ª�Hð[\?«�®"Ä # K 1f� b] K(.ab � );Nfb � K ~j~(%ò1 ) ] K@eXb `Q` ° Ç ü_
�����k Ç � È üd�À° Ç ��� Ç Ä
O ñ ¬¶¢��E¢|P �ñÄ\ñk¬¶¢8«Q¬E��¬×Ä��T�0¤Q¥o\\¸?«�¢/®�®Q¬E��§T�9ª�Hð[\?«m¢w£}§�\?�o\?«� w¡E¬ED³\X¦ ó \?¤l\?«�®l\?�,§/«� wº�¥}®"Ä7ûf�ÁH Þ .�` %21 )/N Þ e % a ~Â <\ÃÎ3L�T)8e %H� 587;<Ã8>w°*ºÃ w§�\X® Ç/Ç � È Ç ü �/Ä�zT¢8«Q¤Q¥*u<�r¢8¡E¡d w�}¦^°eÛT¯®Q¤l\?«�¦} w¨°a�\���E¢*Ä
O ñs�{o��2� Ç P Û0ÄËñ}¢8¡?\?©;°�o�Ä0�t«Q¬?\?§�\?«"°�Û0Ä0oo¬¶®��À¬E�K°\ w�}¦¯û Ä��9¤� w�9¤�¢8�KÄ¯Ìß¥o\»¸?«�¢/®�®Q¬E��§��9ª�Hð[\?«�®a¢w£-®�¢8d\¤YïB¬¶®�¤l\X¦¨¤�¢8«�¢8¬¶¦} w¡K§/«Q¬¶¦�§/«� wº�¥}®±Ä	� �ÀV2V K?N %21IÞ�� N2'2K ` HKnC°.�E¢2k���� È ���*° Ç ��� Ç Ä
O[Z r�rxP ñ «l\"\Ä�À¢w£à¤Yïß w«l\çñÃ¢8ª��}¦} w¤Q¬¶¢8�K° Z r�r �T¢8d\ ó  w§�\ u Z z s ó «�¢�]�\X¸?¤�uîñ «l\"\u�À¢w£à¤ u

ïM w«l\ ñÃ¢8ª��}¦} w¤Q¬¶¢8�Å
�ñB�7ñ0�(Ä O �T��¡E¬E�o\(Pf° O ¸?¬E¤l\X¦ ño\�ð�«QªÃ w«Q© Ç �*° Ç ���E�|Pf°�Û Â  w¬E¡d \ð�¡?\¹£à«�¢8nk
m�tqt=¼ª¿6y=y;¾}²9²pÆf¾={�nlÆÅi8³À¾ÃÄ

O[Z �{�8�|P o�Ä��WÄ Z ª�©0 w�}¦vÛ0Ä��T¬E¡E¡×Ä Ìß¥o\B¸?«�¢/®�®�¬E��§r�9ª�Hð[\?«x¢w£�¤Q¥o\M¸X¢8Wº�¡?\?d\?�9¤\¢w£^ t¸?¬E«�¸?ª�¬E¤"Äñl %¬~ a@e�KXN<K
� )/N2'�b¶° �2k����E� È �\üEü}°×�\���8�*Ä

O[Z vd���|P ò Ä�o�Ä Z  w«l\?©� w�}¦0q0Ä��ñÄwv;¢8¥��}®�¢8�KÄ r\«�¢/®�®�¬E��§T�9ª�Hð[\?«�¬¶®pz ó uf¸X¢8Wº�¡?\?¤l\/Ä ]*` n � �ÀbÀn V c K\`�eQ) % al %¬~ a@e�KXN<K � K?N2' Þ\�8~ °,ü_
�����k��=� Ç È �=��¢*°È�\�����*Ä
O[Z v:�.�o¢|P ò Ä�o�Ä Z  w«l\?©;°;q,Ä��ñÄ|v=¢8¥��}®�¢8�K°= w�}¦��mÄ��9¤�¢9¸j�9d\?©�\?«"Ä_�À¢8d\B®�¬EWº�¡E¬(�4\X¦ Ð çtuf¸X¢8Wº�¡?\?¤l\ß§/«� wº�¥º�«�¢oð�¡?\?¯®"ÄF�Ú'2K Þ e3K?N % a�) V H Þ .RÜ � N<K�e ] a % K 1 ajK?°×��
�����k Ç ��� È Ç ¢��À°Î�\���o¢*Ä
O[Z ¡¶¢��E¢|P ñßÄ Z ¡¶¢ Â \?«"ÄÈñ�ª�¤Qª�«l\rºÃ w¤Q¥}®M£à¢8«M¬E�=¤l\?§�\?«Bº�«�¢8§/«� wWW¬E��§a w�}¦h¡E¬E�.�*®x¤�¢W w«Q¤Q¬(�Ã¸?¬d w¡�¬E�=¤l\?¡E¡E¬E§�\?�}¸"\/ÄH Þ .�Ü � N<K�e ~�Ç º×Ü ~ b # K ~ bd°e�2k ����� È �\ü'�*°Î�\���E¢*Ä
O[ZPòNó P Z z s ° ZPò�ó kaÌß¥o\ Z z s òNó �M¬E§/�9ª� �^¬�ð�«� w«Q©;Ä O �T��¡E¬E�o\(Pf° O ¸?¬E¤l\X¦Iño\�ð�«QªÃ w«Q© Ç �*° Ç ���E�|Pf°

Û Â  w¬E¡d \ð�¡?\t£à«�¢8nkÀmqt�t=¼ª¿6y9y\j�jqjlÆ�k�j,i�R	Æ�²oi�gÃy/¾EgÀ¼*y}Ä
O[ZPò �2�=�(P poÄ Z  w«�¸?¬d |u ò ¢8«l\?�}¢� w�}¦ Z Ä��* w¡d wD± w«"ÄX�ß¢8ª��}¦*¬E��§�¤Q¥o\�¸?«�¢/®�®Q¬E��§Á�=ª��ðK\?«a¢w£- 4§/«� wº�¥F¬E�¤l\?«Q¯®W¢w£&¤Q¥o\Æ¸?«�¢/®�®Q¬E��§æ�=ª��ðK\?«¯¢w£t ¨W¬E�}¢8«vïB¬E¤Q¥Î®Qa w¡E¡ßa �ôÀ¬E�ª�Y¦x\?§/«l\"\/Ä^�Àb�S�e )�ÜÃ'

�Ú'2K Þ e L/°_�E¢.
�����k���¢�� È ��8�*° Ç ���=�/Ä
O[Z ª�©,¢��|P o�Ä��WÄ Z ª�©;Ä¡Ìß¥o\�¦x\X¸?¡E¬E�o\, w�}¦�£× w¡E¡Ú¢w£l®� w«� w�.�À¬?\�ïB¬¶¸?D�Á ®T¤Q¥o\X¢8«l\?¨Ä�û��æJle Þ�Þ�� ��K�a(' 1}%�È@� K ~�%21S�eQ)ÜÃ'Z�Ú'2K Þ e LÎ32Jle Þ a±b ] K�a Þ/1f� n 1}1 n�eW` Þ e4S�eQ)ÜÃ'Z�Ú'2K Þ e LÎH Þ81\� b � n 1}1 n�eW` Þ e ���»% a('*b �587d�/<?>w°�ºÃ w§�\X®M¢�� È ¢��*Ä ÛB¸" 8¦x\?W¬¶¸ ó «l\X®�®"°.zU\�ï�²x¢8«��ñ°a�\�E¢��*Ä



È Ç ��� È �M¬�ð�¡E¬¶¢8§/«� wº�¥=©

O �t w«	¢��|P ñßÄ��t w«� w«Q©;Ä�S�eQ)ÜÃ'�N2'2K Þ e L/Ä�ÛB¦�¦*¬¶®�¢8�*u×eÉ\X®Q¡?\?© ó ª,ð�¡E¬¶®Q¥�¬E��§�rM¢�ÄE°po-\" 8¦*¬E��§}° ò  8®�®"Ä u ò \?��¡¶¢
ó  w«��ñ°®rß w¡E¬ £ Ä uY�K¢8�}¦�¢8�K°×�\�E¢��*Ä

O �U\" ����±P ò Ä ÌCÄ��-\" w¤Q¥K°4\X¦*¬E¤�¢8«"Ä\+tLÜ.K�e�a � `3K0. �ÀV N % Üfe Þ ajK ~�~�Þ e ~ 587=<��"° ó ¥�¬E¡d 8¦x\?¡Eº�¥�¬d *° ó Û0°a�\�����ÀÄf�À¢À¸?¬ u\?¤f©h£Ý¢8«5ûf�}¦*ª}®�¤Q«Q¬d w¡k w�}¦�ÛTº�º�¡E¬?\X¦ ò  w¤Q¥o\?a w¤Q¬¶¸X®�
#�7û.Û ò �(Ä
O �U\(£��=�(P �mÄ��U\�?�¤l\?«"ÄBªRð[\?«o¦} 8® ó «�¢oð�¡?\?�¦x\?«�zr 8¸�¥�ðÃ w«Q§�\�ð�¬?\?¤l\/Ä � )/N2'�b^n 1}1 bd°2���2k üd��� È �����*°×�\���=�/Ä
O �������|P ñßÄ rrÄ8�r w«Q«Q¬¶®"°/v;«"Ä8 w�}¦vrrÄ�o�Ä��t w«Q«Q¬¶®"Ä=Û·º�«�¢8ºñ¢/®@\X¦, w¡E§;¢8«Q¬E¤Q¥��£Ý¢8« ¸" w¡¶¸?ª�¡d w¤Q¬E��§C¤Q¥o\MW¬E��¬E�ª�¸?«�¢/®�®Q¬E��§��=ª�Hð[\?«\¢w£K t§/«� wº�¥KÄzûf��H Þ .U` %ò1 );N Þ e % a ~���c eQ)ÜÃ'aN2'2K Þ e L � ) 1f� ) V cQÞ e % N2'=. ~j�{É,Þ8V b `j�`Q` 3LÊ0) V )8.¯)Ë Þ�Þ��s�Æ`j� 5/7;7d� >8°=ºÃ w§�\X®ªü�¢�� È üd�8�*Ä2z-\�ï û6®�®Qªo\X® ó «l\X®�®"°2�- w¡d wa wD"¢9¢�° ò û °[�\�����*Ä
O ���&e����|P ñßÄp�t w«� w«Q©;°�v}Ä ó Äi�t X©�\X®±°� w�}¦X�0ÄKeÁªKÄ�Û�®Qª�« Â \?©�¢w£o¤Q¥o\a¤Q¥o\X¢8«Q©�¢w£o¥=©Àº[\?«�¸?ª,ðK\a§/«� wº�¥}®"ÄH Þ .�Ü � N<K�e�) 1��·� );N2'2K(.¯)/N % a ~ � % N2'an�Ü�Ü V % a�)/N %^Þ81.~ °����.
<üd��k Ç ��� È Ç ���*°×�\�����*Ä
O �rv�o��E�|P z0Äi�t w«Q¤�®��4\?¡¶¦^°B�tÄ�v= 8¸j�À®�¢8�K°M w�}¦ Z Äsoo¬E��§�\?¡×ÄIÌß¥o\Æ®Qº�¡E¬E¤Q¤Q¬E��§Á�9ª�Hð[\?«¯¢w£&¤Q¥o\�¸X¢8Wº�¡?\?¤l\§/«� wº�¥KÄ�S�eQ)ÜÃ' ~ H Þ .U` %ò1 bd°®��
<üd��k��=�E� È � Ç �*°×�\���E�*Ä
O ���¢�.�8�|P ñßÄ��r w«� w«Q©;° ó Ä rrÄ¤�- w¬E�o\?�K°k w�}¦IÛ0Ä v}Ä¤�À¸�¥qïO\?�.��Ä0ÌÚ¢8«�¢8¬¶¦} w¡\§/«� wº�¥}®|ïB¬E¤Q¥� w«"ð�¬E¤Q«� w«Q¬E¡E©U¥�¬E§/¥¸?«�¢/®�®Q¬E��§a�=ª�Hð[\?«�®"Ä��-) 1 N×) � )/N2'�b¶° ¢.
>���k ��� È ¢��À°×�\���8�*Ä
O �MÌ���ü8P v}Ä poÄ��r¢8º�¸?«�¢w£2¤- w�}¦¨o�Ä poÄ®Ì  w« ]Q w�KÄ-p0ha¸?¬?\?�=¤ ó ¡d w�Ã w«Q¬E¤�©NÌ¯\X®�¤Q¬E��§}ÄU�Àb n,H � ° Ç ��k �\ü'� È �E¢��*°�\����ü}Ä
O vQ� ò �g���±P ò Ä^v�¥���§�\?«"°ÚpoÄ��WÄÎ�]\"\/° ó Ä ò ª�¤QD³\?¡×°  w�}¦�ÌCÄ¤�r¦x\?�=¤Q¥Ã w¡×Ä0Û�ºñ¢8¡E©À¥o\X¦*«� w¡\ wº�º�«�¢; 8¸�¥�¤�¢Æ¤Q¥o\�ª�¡E¤Q¬ u×¡d "©�\?«C¸?«�¢/®�®Q¬E��§¯W¬E��¬EW¬ED± w¤Q¬¶¢8�æº�«�¢oð�¡?\?¨Ä�û��¹S�eQ)ÜÃ'GlVe )8� %21dc Â 7��Æ32Jle Þ a±b >wÄ[�]\X¸?¤Qª�«l\zr¢8¤l\X®o¬E��rM¢8Wº�ª�¤l\?«g�À¸?¬?\?�}¸"\/°��9º�«Q¬E��§�\?« u×g�\?«Q¡d w§}°×�\�����ÀÄ
O v ò �{�2���|P ò Ä}v�¥���§�\?«"° ó Ä ò ª�¤QD³\?¡×° ÌCÄf�r¦x\?�9¤Q¥Ã w¡×°� w�}¦ ò Ä_�À¸�¥Ã w«"ð�«�¢À¦*¤"Ä�Ìß¥o\-¤Q¥�¬¶¸3�À�o\X®�®o¢w£m ,W¬E�}¢8« u\�ô�¸?¡Eª}¦x\X¦·¸?¡d 8®�®,¢w£&§/«� wº�¥}®"Ä�l %¬~ a@e3K?N<K � );N2'*b¶°��\� Ç 
>�(uÌ����k���¢�� È ��o¢*°P�\�����*Ä Z «� wº�¥Î¤Q¥o\X¢8«Q©
��Ú ���\M�\¡?\X¦^°Î�\���E���(Ä
O v�o��\ü8P �tÄ/v= 8¸3�*®�¢8�G w�}¦ Z Ä�o&¬E��§�\?¡×Ä Ìß¥o\B®Qº�¡E¬E¤Q¤Q¬E��§-�9ª�Hð[\?«x¢w£ñ¸X¢8Wº�¡?\?¤l\5ð�¬EºÃ w«Q¤Q¬E¤l\B§/«� wº�¥}®"Äñn�e�a('*b

� )/N2'�bM3L�T) ~ K V >w° ü Ç 
 Ç ��k���8� È �\�\ü}°×�\���\ü}Ä
O v�o��E�|P �tÄßv= 8¸3�*®�¢8�  w�}¦ Z Ä�oo¬E��§�\?¡×ÄÍ�9º�¡E¬E¤Q¤Q¬E��§;®»¢w£�§/«� wº�¥}®�¢8� ®Qª�« £× 8¸"\X®"Ä ûf� ñ «� w�.�Î�t w«� w«Q©;°\X¦*¬E¤�¢8«"°ÆS�e )�ÜÃ' ~ ) 1f� )Ü�Ü V % a�)/N %^Þ81.~�� Jle Þ ajK3K �8%ò1:c�~cÞ�� N2'2K�5 ~ N¨H Þ8V�Þ e ) �QÞÎ] L8.�Ü Þ�~(%H� . Þ81S�eQ)ÜÃ'°�Ú'2K Þ e(L/°�ºÃ w§�\X® Ç ��� È Ç �\�*°zrM¢8¡¶¢8«� 8¦�¢�°Î�\���E�*Ä��ß¢8ª�¡¶¦x\?«"Ä
O vdÏ2� Ç P �ñÄ^v�\?�}¦*«�¢8¡#ÁÚ w�}¦ ò Ä�Ï:�"\?«"ðñ¢ Â2| Ä·�T�Á¤Q¥o\,¸?«�¢/®�®Q¬E��§��=ª��ðK\?«�®�¢w£ Sm × Pn  w�}¦ Sm × Cn ÄÐ ) ~
Þ Ü %H~ J�Ñ ~ Nfb � );Nfb¶°��\���2
�����k Ç/Ç � È Ç ���*°£�����À°a�\��� Ç Ä�eR¬E¤Q¥4 0¡¶¢À¢/®l\{ooª}®�®�¬d w�¨®Qª�Wa w«Q©;Ä
O vd�2�=�(P �0Ä Û�Ä�v/ªÃ w«l\?Da w�}¦ Z Ä��* w¡d wD± w«"Ä�qT«� �ïB¬E��§;®-¢w£ Cm × Cn ïB¬E¤Q¥�¢8�o\,¦*¬¶® ]Q¢8¬E�=¤t£× wW¬E¡E©;Ä�û.û(Ä·�ÀbH Þ .�` %21 b��Ú'2K Þ e L ] K�eXb¤�o°�� Ç 
>���k���¢=� È ��¢E�*° Ç ���=�/Ä
O �- w¬H� Ç P ó Ä rrÄp�- w¬E�o\?�KÄ�Û ¡¶¢�ï´\?«Hð�¢8ª��}¦Á£Ý¢8«�¸?«�¢/®�®Q¬E��§¨�9ª�Hð[\?«�®,¢w£ß§/«� wº�¥}®HïB¬E¤Q¥  wº�º�¡E¬¶¸" w¤Q¬¶¢8�}®0¤�¢

Kn
°
Kp, q
°} w�}¦

Q(d)
Ä��ÀbßH Þ .�` %21 )/N Þ e % ) V �Ú'2K Þ e(L ] K@eXb��&°a� Ç k Ç ��� È Ç ���*°Î�\��� Ç Ä

O �t¡?\�8�|P q,Ä v}Ä��t¡?\?¬E¤Qa w�KÄªÌß¥o\-¸?«�¢/®�®Q¬E��§W�9ª�Hð[\?«T¢w£
K5,n
Ä��*bBH Þ .�` %21 )/N Þ e % ) V �Ú'.K Þ e(L8°f�2k��=��� È � Ç �*°�\���8�*Ä

O �t¡?\\�=�(P ò Äi�t¡?\WÒj�/Ä��T�Î¤Q¥o\�¸?«�¢/®�®Q¬E��§U�9ª�Hð[\?«�®a¢w£|rß w«Q¤l\X®�¬d w�·º�«�¢9¦*ª}¸?¤�®¯¢w£t®Q¤� w«�®W w�}¦ÎºÃ w¤Q¥}®¯¢8«¸?©*¸?¡?\X®"Ä � )/N2'�b ]ÃV ÞEÝ )�a�)/° ü ��
 Ç ��k��E�\� È � Ç �*°×�\���=�/Ä
O �t¡?\\�\ü8P ò Ä��t¡?\WÒ3�/Ä=Ìß¥o\M¸?«�¢/®�®Q¬E��§t�=ª��ðK\?«�®�¢w£�º�«�¢9¦*ª}¸?¤�®�¢w£ÃºÃ w¤Q¥}®� w�}¦0®Q¤� w«�®ÈïB¬E¤Q¥�ü8u Â \?«Q¤l\�ô�§/«� wº�¥}®"Ä�ÀbBS�e )Ü�'¯�Ú'.K Þ e(L8°��\�.
^¢���k ¢��E� È ¢=��ü}°È�\���\ü}Ä



�M¬�ð�¡E¬¶¢8§/«� wº�¥=© È Ç ��� È

O �t¡?\\�E�|P ò Ä��t¡?\WÒ3�/Ä÷Ìß¥o\»¸?«�¢/®�®�¬E��§��=ª��ðK\?«�®h¢w£-¸"\?«Q¤� w¬E� rß w«Q¤l\X®�¬d w�¹º�«�¢À¦*ª}¸?¤�®"Ä l %H~ a �d~j~ b � )/N2'*bS�eQ)ÜÃ'°�Ú'2K Þ e(L/°a���.
>���k � È �\�*°Î�\���E�*Ä
O �t¡?\\�E¢|P ò Äd�t¡?\WÒ3�/ÄÈÌß¥o\r¸?«�¢/®�®Q¬E��§,�=ª��ðK\?«o¢w£ K2,3×Pn

 w�}¦
K2,3×Sn

Ä���)/N e ) � Nfb � )/N2'*bñJ � ` V bd°�2k �=� È �E¢*°Î�\���E¢*Äªr\©À¸?¡?\X®& w�}¦»¸X¢8¡¶¢8ª�«Q¬E��§;®¢Á��\ü>
#�9¤� w« | �×\X®Q� | °a�\���\üd�(Ä
O �t¡?\\���/ |P ò Äd�t¡?\WÒ3�/Ä×Ìß¥o\T¸?«�¢/®�®Q¬E��§,�=ª�Hð[\?«B¢w£ K5×Pn

Ä���)/N eQ) � Nfb � )/N2'*bñJ � ` V bd°®�\�2k ¢�� È ¢��*°��\�����*Är\©*¸?¡?\X®T w�}¦�¸X¢8¡¶¢8ª�«Q¬E��§;®�Á�����
#�9¤� w« | �]\X®Q� | �(Ä
O �t¡?\\���\ð*P ò Ä¤�t¡?\WÒ3�/Ä�Ìß¥o\h¸?«�¢/®�®Q¬E��§æ�=ª��ðK\?«�®,¢w£oº�«�¢À¦*ª}¸?¤�®�¢w£T ��|u Â \?«Q¤l\�ô�§/«� wº�¥cïB¬E¤Q¥�ºÃ w¤Q¥}®, w�}¦¸?©*¸?¡?\X®"Ä\l %¬~ a �'~�~ b � );N2'*bMS�e )�ÜÃ'°�Ú'2K Þ e(L/°��\�.
>���k ��� È ¢��*°×�\�����*Ä
O �t¡?\\�=�" |P ò Ä\�t¡?\WÒ3�/ÄQÌß¥o\\¸?«�¢/®�®Q¬E��§&�9ª�Hð[\?«�®k¢w£[rß w«Q¤l\X®Q¬d w��º�«�¢9¦*ª}¸?¤�® ¢w£�ºÃ w¤Q¥}®aïB¬E¤Q¥��|u Â \?«Q¤l\�ô-§/«� wº�¥}®"Äl %¬~ a@e�KXN<K � )/N2'*bd° Ç ���.
>�(uÌ����k��E��� È �E���*° Ç ���=�/Ä Z «� wº�¥¨¤Q¥o\X¢8«Q©©
 ó «� w§/ªo\/°Î�\�������(Ä
O �t¡?\\�=��ð*P ò Ä��t¡?\WÒ3�/Ä��T��¤Q¥o\W¸?«�¢/®�®Q¬E��§��9ª�Hð[\?«�®�¢w£ßº�«�¢À¦*ª}¸?¤�®-¢w£ß®�¤� w«�®� w�}¦U§/«� wº�¥}®�¢w£ß¢8«�¦x\?«{� Â \/ÄS�eQ)ÜÃ' ~ H Þ .�` %21 bd°®��2
 Ç ��k Ç ��� È Ç �\ü}° Ç ���=�/Ä
O �t¡?\\� Ç P ò Ä��t¡?\WÒj�/Ä�Ìß¥o\W¸?«�¢/®�®�¬E��§h�9ª�Hð[\?«�¢w£ K2,3 × C3

Ä0l %¬~ a@e3K?N<K � )/N2'2K(.¯)/N % a ~ ° Ç �=��k��\��� È �E��À°Ç ��� Ç Ä
O � ò �\ü8P ó Ä�&¢8¡Ea w�, w�}¦�v}Ä ò  w¤�¢8ª�Òl\@��ÄQr\«�¢/®�®Q¬E��§T�=ª�Hð[\?«"°wºÃ w¬E« uf¸?«�¢/®�®Q¬E��§T�=ª�Hð[\?«"°/ w�}¦�\�ô*ºÃ w�}®Q¬¶¢8�KÄ�ÀboH Þ .�` %ò1 bl�Ú'.K Þ e(L ] K�e"b��&°_� Ç 
>���k���� È �E�\�*° Ç ���\ü}Ä
O �{og�2�E¢|P ò Ä_�t¡?\WÒ3�/°fo�Ä��tÄ�oo¬¶¸�¥=¤l\?«"°� w�}¦%û(Äf�9¤�¢oð[\?«Q¤"ÄªÌß¥o\�¸?«�¢/®�®Q¬E��§G�=ª�Hð[\?«t¢w£

C5 × Cn
Ä��ÀboS�e )�ÜÃ'

�Ú'2K Þ e L/° Ç/Ç 
�����k Ç ��� È Ç ü'�*°È�\���E¢*Ä
O �tª�«j���|P �WÄ_�tª�«� w¤�¢�ïo®��À¬×Ä��9ª�«o¡?\-º�«�¢oð�¡*Ó?d\�¦x\X®PrM¢8ª�«"ð[\X® Z  wª}¸�¥o\X®-\?�NÌB¢8ºñ¢8¡¶¢8§/¬?\/Ä ���91f� b � )/N2'*bd°���2k Ç �7� È Ç ���*°È�\�����*Ä
O �Kpxq&P ÛT¡E§;¢8«Q¬E¤Q¥�W¬¶¸ �À¢8¡Eª�¤Q¬¶¢8�}® �À¢w£2¤.ïM w«l\/° ÛT¡E§;¢8«Q¬E¤Q¥�W¬¶¸ �À¢8¡Eª�¤Q¬¶¢8�}® �À¢w£à¤Yïß w«l\

Z �ð��Mk �Úpmq5Û0Ä O �T��¡E¬E�o\(Pf° O ¸?¬E¤l\X¦ ño\�ð�«QªÃ w«Q© Ç �*° Ç ���E�|Pf°éÛ Â  w¬E¡d \ð�¡?\ £à«�¢8nk
m�tqt=¼ª¿6y=yoj�jqjlÆ6½qp/¾=i8³Ãä�t�mQgñä=²7lEkQi�ponqtÃäEi8{ ksÆ�²Ei�g�Ä

O �]\"\\���|P v}Ä ò Äa�]\"\/Ä ` 1 N e Þ\�8� aXN %^Þ81 N Þ � Þ Ü Þ8V�Þ3c8% a�) V�� ) 1}% ��Þ/V(��~ ÄF�9º�«Q¬E��§�\?« u×g�\?«Q¡d w§¨zU\�ïJ²x¢8«���°Îû��}¸/ÄE°Ç �����*Ä
O �]\?¬¬���|P ñßÄ ÌCÄ �]\?¬E§/¥9¤�¢8�KÄ0H Þ .�Ü V K ¸8% NàL %H~j~�� K ~C%21�É i ]*` Ä ò û.Ì ó «l\X®�®"°erß wHð�«Q¬¶¦*§�\/°È�\�����*Ä
O �]\?¬¬�\ü8P ñßÄ ÌCÄ¡�]\?¬E§/¥=¤�¢8�KÄÔzU\�ï�¡¶¢�ïO\?«3ð�¢8ª��}¦¹¤l\X¸�¥���¬*4=ªo\X®h£Ý¢8«hgM�p�7û(Ä � )/N2'*b ] L ~ N<K(. ~ �Ú'2K Þ e L/°��:k üd� È �8�*°Î�\���\ü}Ä
O �]\?¬¬� Ç P ñßÄ ÌCÄ,�]\?¬E§/¥=¤�¢8�KÄ ` 1 N e Þ\��� aXN %^Þ81 N Þ Ü*)�e ) V2V K V ) V�cQÞ e % N2'=. ~ ) 1f� )8e�a?' % N<K3aXN � e3K ~ Ä ò ¢8«Q§= w�n�- wª*£2ua w���K°��* w� ò  w¤l\X¢�°[rªÛ0°a�\��� Ç ÄËÛT«Q«� X©*®"°*¤Q«l\"\X®"°�¥9©9º[\?«�¸?ª,ð[\X®"Ä
O �]\ Â �8�|P �mÄ,�]\ Â ¬E�KÄ s ��¬ Â \?«�®  w¡K®l\" w«�¸�¥�º�«�¢oð�¡?\?¯®¢
2¬E��o&ª}®�®Q¬d w�f�(Ä�Jle Þ ` V K?.0LWJ�K�e3K � )�a?' %�` 1\�
Þ e(.¯)/N ~ %2% °�2k��E��� È �E��¢*°Î�\���8�*Ä
O �^¬?\\�=�(P Û0ÄÈ�K¬?\�ðK\?«�®"Ä ó ¡d w�Ã w«Q¬EDX¬E��§Á§/«� wº�¥}®Å¨R U®Qª�« Â \?©� w�}¦· w���}¢8¤� w¤l\X¦¥ð�¬�ð�¡E¬¶¢8§/«� wº�¥=©;ÄÎ�Àb�S�e )�ÜÃ'

n V�cQÞ e % N2'=. ~ nªÜQÜ V b¶° �.
>���k���ü¯º�ºKÄp
�\?¡?\X¸?¤Q«�¢8��¬¶¸�(° Ç ���=�/Ä
O �p�2���±P ò Ä��K¢ Â «l\W�?¬*���* w«� �¡X¬E�KÄQÌß¥o\m¸?«�¢/®�®Q¬E��§T�=ª��ðK\?« ¢w£*¤Q¥o\m§�\?�o\?«� w¡E¬ED³\X¦ ó \?¤l\?«�®@\?��§/«� wº�¥ P(10, 4)¬¶®ß£Ý¢8ª�«"Ä � )/N2'�b ]ÃV ÞEÝ )�a�)/° üd�2
 Ç ��k��\��� È �\� Ç °×�\�����ÀÄ
O ò  8¦��=�(P ÌCÄ ò  8¦x\D]XÄ��ß¢8ª��}¦�®K£Ý¢8«K¤Q¥o\x¸?«�¢/®�®Q¬E��§o�=ª��ðK\?«�¢w£}¤Q¥o\ n uf¸?ª,ð[\/Ä��ÀbKS�e )Ü�'!�Ú'2K Þ e(L/°q���.
>���k��=� È���À°a�\���=�/Ä



È Ç ��� È �M¬�ð�¡E¬¶¢8§/«� wº�¥=©

O ò ¸W�V���|P �tÄ q,Ä ò ¸W�- X©;Äh�Ã wª�¤f©Áª}®l\?«\Á ®�§/ª�¬¶¦x\>
 Â \?«�®Q¬¶¢8�÷�/Ä ���(° ¥=¤Q¤Qº�k[~/~w¸X®"Ä  w�9ªKÄÏ\X¦*ªKÄ  wª�~�ðñ¦*G~|�Ã wª�¤�©;Ä
Ì×\X¸�¥���¬¶¸" w¡�«l\?º�¢8«Q¤"°QÛTª}®Q¤Q«� w¡E¬d w�Uzt w¤Q¬¶¢8�Ã w¡ s ��¬ Â \?«�®�¬E¤f©;°=qº\?ºÃ w«Q¤Qd\?�9¤\¢w£�rM¢8Wº�ª�¤l\?«��À¸?¬?\?�}¸"\/°�\�����*Ä

O òNò ���±P v�¥���§�\?« ò Ä} w�}¦ ó Ä ò ª�¤QD³\?¡×Ä Ç uY�Ú X©�\?«r®Q¤Q«� w¬E§/¥=¤Q¡E¬E�o\�¸?«�¢/®�®Q¬E��§¯W¬E��¬EW¬ED± w¤Q¬¶¢8��kxºK\?« £Ý¢8«Qa w�}¸"\¢w£ß\�ô� 8¸?¤T w�}¦¨¥o\?ª�«Q¬¶®Q¤Q¬¶¸� w¡E§;¢8«Q¬E¤Q¥�¯®"Ä��*bßS�eQ)ÜÃ'Gn V c�Þ e % N2'=. ~ n�ÜQÜ V bd°���
>���k�� È Ç �*°Î�\�����ÀÄ
O ò z��|ñ0���|P¹�ñÄ ò  8®Qª}¦} *°:�WÄ'zt ��/ �]6¬Ea *°qÌCÄd�- 8®Q¥�¬�ïß \ðÃ w«� *°� w�}¦$ÌCÄqñ�ª8]6¬¶®  
ïM *Ä r\«�¢/®�®Q¬E��§�W¬E��¬EW¬ED± w¤Q¬¶¢8�¬E�¨¡E¬E�o\" w«S\?�ðK\X¦�¦*¬E��§;®r¢w£�§/«� wº�¥}®"Ä ` jmjmj³��e ) 1�~ bßH Þ .�Ü � Nfb¶°����.
>���k�� Ç ü È � Ç �À°×�\�����*Ä
O ò �{�2���|P ó Ä ò ª�¤QD³\?¡×°ËÌCÄ0�r¦x\?�=¤Q¥Ã w¡×°ß w�}¦ ò Ä0�À¸�¥Ã w«"ð�«�¢À¦*¤"ÄIÌß¥o\h¤Q¥�¬¶¸3�À�o\X®�®W¢w£&§/«� wº�¥}®kG 4®Qª�« Â \?©;ÄS�eQ)ÜÃ' ~ H Þ .�` %21 bd°®��ü_
>���k ��� È �8�*°×�\�����*Ä
O ò o�� Ç P q,Ä ò ¸ÕTª�¬E¡E¡d w�¹ w�}¦�o�Ä��tÄioo¬¶¸�¥=¤l\?«"Ä°�T�Î¤Q¥o\Æ¸?«�¢/®�®Q¬E��§U�=ª��ðK\?«�®W¢w£t¸"\?«Q¤� w¬E�Î§�\?�o\?«� w¡E¬ED³\X¦

ó \?¤l\?«�®l\?�4§/«� wº�¥}®"Ä\l %¬~ a@e3K?N<K � )/N2'*bd°��\�\ü_
�����k��=�E� È � Ç �*°×�\��� Ç Ä
O ò ª�¤j�=�(P ó Ä ò ª�¤QD³\?¡×ÄÀÛT�» w¡E¤l\?«Q�Ã w¤Q¬ Â \-d\?¤Q¥}¢À¦Æ¤�¢W¸?«�¢/®�®Q¬E��§WW¬E��¬EW¬ED± w¤Q¬¶¢8�æ¢8��¥�¬?\?«� w«�¸�¥�¬¶¸" w¡k§/«� wº�¥}®"Ä]*` n � �*b	ºÎÜ�N % . % Ë")/N %^Þ81 °®�E��
<üd��k��\�E¢E� È �\�����*° Ç ���=�/Ä
O ò ©�\\���|P z0Ä rrÄ ò ©�\?«�®"Ä�Ìß¥o\�¸?«�¢/®�®�¬E��§a�=ª��ðK\?«C¢w£ Cm × Cn kM ¯«l\?¡Eª}¸?¤� w�=¤r¬E�}¦*ª}¸?¤Q¬¶¢8�KÄ � )/N2'�b � ) c bd°�7��
^����k��E��� È �E���*°È�\�����*Ä
O zt w¥_���|P z0Ä���Äfzr w¥Ã 8®"Äg�T�»¤Q¥o\0¸?«�¢/®�®Q¬E��§h�=ª��ðK\?«C¢w£

Km,n
ÄTj V K�a"N e Þ81 b��*boH Þ .�` %21 bd°Î�\�2k�zr¢8¤l\��*°®¢º�ºKÄ¤
�\?¡?\X¸?¤Q«�¢8��¬¶¸�(° Ç �����*Ä

O zT¬¶¸�¢��|P ÌCÄ Û0Ä v}Ä¤zT¬¶¸�¥}¢8¡¶®�¢8�KÄ ó \?«Q�ª�¤� w¤Q¬¶¢8�Îº�«�¢9¸"\X¦*ª�«l\,£Ý¢8«-W¬E��¬EW¬¶®Q¬E��§4¤Q¥o\W�=ª��ðK\?«0¢w£ß¸?«�¢/®�®Q¬E��§;®¬E�4 0�o\?¤.ï\¢8«���ÄMJle Þ a±b ` jmjmjß°��E���.
>���k Ç � È Ç ¢*°È�\�E¢��*Ä
O ó Ú�o¢|P �mÄ ó Ù/®� *Ä_�t wW¬E¡E¤�¢8��¬d w�a¸?¬E«�¸?ª�¬E¤�®�¬E�W«� w�}¦�¢8 §/«� wº�¥}®±Äñl %¬~ a@e�KXN<K � )/N2'2K(.¯)/N % a ~ °e��ü�k��E��� È �E¢\ü}°�\���o¢*Ä
O ó  8¸\���|P v}Ä ó  8¸�¥KÄ×r\«�¢/®�®Q¬E��§-�9ª�Hð[\?«�®"Äaû��hl %¬~ a@e�KXN<KC) 1f� a Þ .�Ü � N×)/N %^Þ81 ) V.c K Þ .UKXN e L�3�� Þ b±L Þ�� 587;7;<X>w°ºÃ w§�\X® Ç ¢�� È Ç �8�*Ä£�9º�«Q¬E��§�\?«"°��M\?«Q¡E¬E�K° Ç �����*Ä
O ó �.�2�E¢|P v}Ä ó  8¸�¥K°,ñßÄ2�9¥Ã w¥�«�¢8�À¥�¬×°� w�}¦ ò Ä2�9D³\?§�\X¦*©;Ä×ÛTº�º�¡E¬¶¸" w¤Q¬¶¢8�}®B¢w£K¤Q¥o\T¸?«�¢/®�®Q¬E��§��9ª�Hð[\?«"Ä�n V�cQÞ8�e % N2'=. % a�)/°a��¢.
>���k��E�E� È �E��À°È�\���E¢*Ä
O ó Ì����±P v}Ä ó  8¸�¥� w�}¦ Z ÄzÌ�Ù8¤Q¥KÄ Z «� wº�¥}®r¦*«� �ïB��ïB¬E¤Q¥»£(\�ï ¸?«�¢/®�®Q¬E��§;®rº[\?«U\X¦*§�\/Ä�H Þ .�` %21 )/N Þ e % a�)/°��2
�����k ü Ç � È ü'���*°È�\�����ÀÄ
O ó Ì����|P v}Ä ó  8¸�¥¹ w�}¦ Z ÄÈÌ�Ù8¤Q¥KÄUeI¥�¬¶¸�¥Î¸?«�¢/®�®Q¬E��§U�=ª�Hð[\?«W¬¶®0¬E¤, w�9©qïß X©�Ö ûf�FJle Þ a±b&c;7;N2'Un 1_�

1�� ) Vk] L8.RÜ Þ�~ %L� . Þ81>�aÞ��91f� )/N %�Þ/1Þ�� H Þ .�Ü � N<K�e ] a % K 1 ajK?°ñºÃ w§�\X®P¢=�� È ¢ Ç ¢*Ä®û�pmpxp ó «l\X®�®"°�B w¡E¤Q¬E¯¢8«l\/°Î�\�����*Ä
O ó Ì����|P v}Ä ó  8¸�¥¹ w�}¦ Z ÄÈÌ�Ù8¤Q¥KÄÌß¥�¬E«Q¤l\"\?�·º�«�¢oð�¡?\?¯®W¢8�·¸?«�¢/®�®�¬E��§æ�9ª�Hð[\?«�®"Ä S�K Þ .�` %ò1 )/N Þ e % a ~ °�.
<üd��k��\�\ü È Ç ���À° Ç �����*Ä
O ó ©À¤ P ó ©À¤Q¥}¢8�%ñ�¢8ª��}¦} w¤Q¬¶¢8�K° ó ©À¤Q¥}¢8� ó «�¢8§/«� wWW¬E��§$�k w��§/ªÃ w§�\/Ä O �T��¡E¬E�o\(Pf° O ¸?¬E¤l\X¦3ño\�ð�«QªÃ w«Q© Ç �*°

Ç ���E�|Pf°eÛ Â  w¬E¡d \ð�¡?\r£2«�¢8nkÀmqt�t9¼�¿6y9y\jqj�jlÆf¼=âqt�m=i/{	Æ>i8³9¾�Ä
O o����8�|P o�Ä q,Äpoo¬E��§�\?¬¶®l\?�· w�}¦�mÄ e�Äi�´\?¬E�o\@��\/Ä�Ìß¥o\a¸?«�¢/®�®�¬E��§4�9ª�Hð[\?«,¢w£

C3 × Cn
Ä©�Àb-H Þ .�` %ò1 b�Ú'2K Þ e L ] K�e"b��o° Ç ü_
 Ç ��k��\�\ü È �\�E¢*°È�\���8�*Ä

O o-\"\\���|P rrÄ�o�Ä�o-\"\ Â \X®"°-\X¦*¬E¤�¢8«"Ä �NÞ\� K@e 1 +¢K � e %H~ N % aP��K�a(' 1Ã% È@� K ~·�
Þ e H Þ .�` %21 )/N Þ e % ) V Jle Þ ` V K?. ~ Ä�M¡d 8¸3�7ïO\?¡E¡0�À¸?¬?\?�=¤Q¬(�Ã¸ ó ª,ð�¡E¬¶¸" w¤Q¬¶¢8�}®"°��r®��o\?© ò \" 8¦^°f�RôÀ£à¢8«�¦±��× Ç �8pÒ�m°a�\�����*Ä



�M¬�ð�¡E¬¶¢8§/«� wº�¥=© È Ç �=� È

O o&¬E�e¢E�|P Z Ä8oo¬E��§�\?¡×Ä*qC 8® Z \X®�¸�¥�¡?\X¸?¤m¦x\X® Â ¢8¡E¡¶®�¤j«w�}¦*¬E§�\?�WºÃ / w«l\?� Z «� wº�¥o\?�KÄÃn{` '*b � )/N2'*b ] K?.¯b�Ø 1}%-Ý b+-) 1 ` � e c °����2k��\��� È �����*°×�\�E¢E�*Ä
O oT¢8¤j�\ü8P v}Ä v}Ä.oT¢8¤Qa w�KÄ n 1¨%21 N e Þ\�8� aXN %^Þ81 N Þ N2'2KCN2'2K Þ e L Þ���c e Þ8� Ü ~ Ä×ÛT¡E¡E©9�� w�}¦!�B 8¸X¢8�K°7û��}¸/ÄE°®�\���\ü}Ä
O og�2�=�(P o�Ä��tÄ�oo¬¶¸�¥=¤l\?«x w�}¦ Z Ä��* w¡d wD± w«"Ä,Ìß¥o\\¸?«�¢/®�®�¬E��§r�9ª�Hð[\?«m¢w£ C6×Cn Ä�n �'~ N e ) V ) ~ b_�*b H Þ .�` %ò1 b¶°Ç �2k��\�E� È ��ü'�*° Ç ���=�/Ä
O og�2� Ç P o�Ä��tÄ�o&¬¶¸�¥9¤l\?«, w�}¦ Z Äp�* w¡d wD± w«"Ä�Ìß¥o\a¸?«�¢/®�®�¬E��§»�=ª��ðK\?«,¢w£

P(N, 3)
Ä·S�e )�ÜÃ' ~ H Þ .�` %21 bd°�\�.
 Ç ��k����=� È ���\ü}° Ç ��� Ç Ä

O o Ì��E�|P o�Ä��tÄ0o&¬¶¸�¥=¤l\?«h w�}¦WrrÄÈÌß¥}¢8a 8®�®l\?�KÄ¥ûf�9¤l\?«�®l\X¸?¤Q¬¶¢8�¹¢w£C¸?ª�« Â \�®Q©À®�¤l\?¯®¯ w�}¦Î¤Q¥o\�¸?«�¢/®�®Q¬E��§�=ª��ðK\?«r¢w£
C5 × C5

Äxl %H~ a@e3K?N<KÆH Þ .�Ü^b\S�K Þ .¯bd°a�\�2k���ü'� È �����*°×�\���E�*Ä
O o&ª_�E¢|P o�Ä��tÄ�o&¬¶¸�¥9¤l\?«, w�}¦�vÃÄ�Ù�9¬E« |�Ù�KÄ�Ìß¥o\¯¸?«�¢/®�®Q¬E��§4�=ª��ðK\?«0¢w£

K3,n
¬E�  �®�ª�« £Ý 8¸"\/Ä� Þ8� e 1 ) V�Þ��S�eQ)ÜÃ'°�Ú'2K Þ e(L/° Ç ��
>���k �=� È �\ü}°Î�\���E¢*Ä

O op²O¢��|P Z ÄBo&¬E��§�\?¡r w�}¦FvÃÄ e�Ä ÌCÄB²x¢8ª���§;®"ÄÚ�À¢8¡Eª�¤Q¬¶¢8�I¢w£C¤Q¥o\n�U\" 
ï\¢À¢À¦Fa wº*uf¸X¢8¡¶¢8«Q¬E��§Îº�«�¢oð�¡?\?¨ÄJle Þ a±bp�-)/Nfb^n�a�) � b ] a % b�Ø�b ] b n�b¶°,¢��2k ü'��� È üEü��*°Î�\�E¢��*Ä
O �* / E¢��|P ÌCÄ �mÄ��* / w¤f©;Äg�9©9Wd\?¤Q«Q©» w�}¦»¤Q¥o\�¸?«�¢/®�®�¬E��§a�=ª��ðK\?«T£Ý¢8«T¸X¢8Wº�¡?\?¤l\�§/«� wº�¥}®"ÄV�Àb # K ~ bp�-)/Nfb� � e"b ] N×) 1�� )8e ��~C] K�aXNfb¤�o°_�8�8�gk����� È �\�E¢*°È�\�E¢��*Ä
O �* w¡¬���|P Z Äf�* w¡d wD± w«"Ä\qr«� 
ïB¬E��§;®r¢w£ Cm × Cn ïB¬E¤Q¥»¢8�o\-¦*¬¶® ]Q¢8¬E�=¤B£× wW¬E¡E©;Ä��*bBH Þ .�` %21 b��Ú'2K Þ e(L ] K�eXb�&°f�o¢.
 Ç ��k�� Ç � È �\�E�*°×�\�����*Ä
O �* w¡¬�\ü8P Z Ä0�* w¡d wD± w«"Ä�T� ¤Q¥o\a¸?«�¢/®�®�¬E��§4�9ª�Hð[\?«�®0¢w£o¡¶¢À¢8º �o\?¤Yï\¢8«��*®W w�}¦ Z \?�o\?«� w¡E¬ED³\X¦ ó \?¤l\?«�®l\?�Z «� wº�¥}®"ÄMl %H~ a@e3K?N<K � );N2'2K(.¯)/N % a ~j� N Þ )ÜQÜ.K�)8e(° Ç ���\ü}Ä
O � Z �\ü8P Z Ä£�* w¡d wD± w«t w�}¦��mÄ Z ¡?\�ð}®��9©;Ä¡Ìß¥o\0¸?«�¢/®�®Q¬E��§G�=ª�Hð[\?«t¢w£ Cm × Cn ¬¶®r 8®T¸X¢8�8]*\X¸?¤Qª�«l\X¦¨£Ý¢8«

n ≥ m(m+ 1)
Ä��ÀbßS�eQ)ÜÃ'¯�Ú'2K Þ e L/°,üd�2
>���k ��� È � Ç ° Ç ���\ü}Ä

O �9¬Eº_���±P ò Ä_�9¬Eº}®l\?«"Ä ` 1 N e Þ�8� a"N %�Þ81 N Þ N2'2KN�Ú'2K Þ e(L Þ�� H Þ .�Ü � N×)/N %^Þ81 Ä ó eÚ� ó ª,ð�¡E¬¶®Q¥�¬E��§�rM¢8WºÃ w�9©;°
zU\�ï�²x¢8«��ñ°��\�����ÀÄ

O �.�.�9gTP ñßÄs�9¥Ã w¥�«�¢8�À¥�¬×°À�mÄ Û0Äs�9D\}@��\?¡E©;°��0Ä0�d´:�;¢8«� *°� w�}¦cû(ÄKg�«�µ�¢�ÄNr\«�¢/®�®Q¬E��§4�9ª�Hð[\?«W¢w£od\X®Q¥o\X®"Ä
ó «�¢À¸/ÄQû��=¤Q¡×Äd�9©ÀWºñ¢/®�¬Eª� ¢8� Z «� wº�¥¯qr«� 
ïB¬E��§;®�Á��E�*°Q�]\X¸?¤Qª�«l\�zT¢8¤l\X®�¬E�$rM¢8Wº�ª�¤l\?«��À¸?¬?\?�}¸"\/°
�9º�«Q¬E��§�\?«xg�\?«Q¡d w§}°d�M\?«Q¡E¬E�K°e�\���E¢*°;®l\"\o w¡¶®�¢.k×û��=¤l\?«�®l\X¸?¤Q¬¶¢8�}®\¢w£�¸?ª�« Â \X®\ w�}¦W¸?«�¢/®�®Q¬E��§-�9ª�Hð[\?«�®¢w£
Cm × Cn

¢8�»®Qª�« £× 8¸"\X®"°�®Qª,ð�W¬E¤Q¤l\X¦^Ä
O �.�.�9g{�\ü8P ñßÄ��9¥Ã w¥�«�¢8�À¥�¬×°\�xÄ Û�Ä��9D\}@��\?¡E©;°��0Ä��d´:�;¢8«� *°8 w�}¦Hû(Ä?g�Û�µ�¢�ÄEû�Wº�«�¢ Â \X¦Hðñ¢8ª��}¦�®K£à¢8«K¤Q¥o\x¸?«�¢/®�®Q¬E��§�=ª��ðK\?«�®W¢8� ®Qª�« £× 8¸"\X®�¢w£o§�\?�9ª}®

g
Ä%ûf� S�eQ)ÜÃ' � N2'2K Þ e�K?N % aa Þ81 ajK.ÜñN ~G%21 a Þ .�Ü � N<K�e ~ a % K 1 ajK3\Ø N e�K3a('9N � 5/7;7;c?>8°�ºÃ w§�\X®������ È ���E�*Ä��9º�«Q¬E��§�\?«"°f�M\?«Q¡E¬E�K°a�\���\ü}Ä

O �.�.�9g{�E¢/ |P ñßÄ:�9¥Ã w¥�«�¢8�À¥�¬×°2�0Ä2�d´d�;¢8«� *°q�mÄ Û0Ä:�9D\}@��\?¡E©;°* w�}¦�û(Ä/g�«�µ�¢�Ä®Ìß¥o\&¸?«�¢/®�®Q¬E��§��=ª��ðK\?«ß¢w£Ú t§/«� wº�¥¢8�4 ,¸X¢8WºÃ 8¸?¤ Ç u×a w��¬ £à¢8¡¶¦^Ä\n �oÝ b � )/N2'*bd°�� Ç �.
 Ç ��k��\�E� È �E�\�*°×�\���E¢*Ä
O �.�.�9g{�E¢\ð*P ñßÄ��9¥Ã w¥�«�¢8�9¥�¬×°,�mÄ Û0Ä��9D\}@��\?¡E©;°_�0Ä��d´d�;¢8«� *°} w�}¦�û(Ä=g�«�µ�¢�ÄÈÌß¥o\Pðñ¢À¢8�¯¸?«�¢/®�®Q¬E��§,�9ª�Hð[\?«&¢w£  

§/«� wº�¥KÄ�� Þ8� e 1 ) V×Þ�� S�eQ)ÜÃ'¯�Ú'2K Þ e(L/° Ç ��
<üd��k ü �\� È ü Ç ü}°×�\���E¢*Ä
O �.�.�9g{�E¢8¸(P ñßÄ��9¥Ã w¥�«�¢8�9¥�¬×°,�mÄ Û0Ä��9D\}@��\?¡E©;°_�0Ä��d´d�;¢8«� *°� w�}¦�û Ä9g�«�µ�¢�Ä qT«� �ïB¬E��§;®o¢w£Ú§/«� wº�¥}®B¢8��®Qª�« £× 8¸"\X®

ïB¬E¤Q¥�£(\�ï ¸?«�¢/®�®Q¬E��§;®±Äxn V cQÞ e % N2'=. % a�)/°a��¢.
>���k��E�\� È �\�=�/°Î�\���E¢*Ä
O �.�.�9g{���8 |P ñßÄ��9¥Ã w¥�«�¢8�9¥�¬×°_�0Ä.�d´d�;¢8«� *°,�xÄ Û�Ä��9D\}@��\?¡E©;°} w�}¦�û Ä9g�«�µ�¢�ÄÈr\«�¢/®�®Q¬E��§,�=ª�Hð[\?«�®\kÀð�¢8ª��}¦�®B w�}¦ wº�º�¡E¬¶¸" w¤Q¬¶¢8�}®"ÄMûf� ` 1 N �À% N %<Ý K c K Þ .UKXN e L�3 � �.� )Ü.K ~ N � 587;7=:?>w°�ºÃ w§�\X®���8� È Ç �E¢*Äñv | �}¢/®g�ß¢8¡E©= w¬

ò  w¤Q¥KÄf�À¢9¸/ÄE°_�\ª}¦} wº[\X®Q¤"°��\�����ÀÄ



È Ç � Ç È �M¬�ð�¡E¬¶¢8§/«� wº�¥=©

O �.�.�9g{����ð*P ñßÄ��9¥Ã w¥�«�¢8�À¥�¬×°£�0Ä£�d´d�;¢8«� *°[�mÄ Û0Ä��9D\}@��\?¡E©;°� w�}¦%û(Ä�g�«�µ�¢�Ä��T�%ð�¬EºÃ w«Q¤Q¬E¤l\0¸?«�¢/®�®Q¬E��§;®"°}¡d w«Q§�\X®Q¤
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