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¾ � ¼ � ��ø ¿ �yê¡Àë�k� ¼

Û�¶ Û Ý�¤q¥Ä¢¯¨{�J�uµÃ¨{�8�s�6�0¡J�s�«£.©°µU¥{£[�.¨{�s¢ª±J�.¨{¡J¤«�[¬ ¶<¶
¶
¶<¶
¶<¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
¶<¶
¶
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¶
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^¶\
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¶
¶<¶
¶<¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ Ú

^¶ Ü �³¤ ¤ �6�.�s�b¥@�s�«¨{��¨@µÂ�«�b¨{¬�¨{�s±J�J�«�s¬ä¡F�[�³§n�w�[�X���b¥@±J�6� ¶<¶
¶<¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ �
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¶<¶
¶
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¶
¶<¶�¶<¶
¶<¶
¶
¶<¶
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¶
¶<¶
¶<¶
¶�¶<¶
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¶
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C3
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¶
¶<¶
¶�¶<¶
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^¶�� �³¤ ¤ �6�.�s�b¥@�s�«¨{��¨@µÂ�s�6��£w¨{�6£w�[±J�À¨@µ4¥�£w¨{¬²±J¤«�[�.�<���b¥@±J� ¶<¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ �
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���b¥@±J�6� ¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ Û�&
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¶<¶
¶
¶<¶
¶<¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
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¶
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^¶ Û�&
Ý�±J¤q¥@�6���^�b¥w§8� �J��¥@�6�X¥i�6¨{�NÆl±J¤q¥@�6���^�b¥w§8� �J��¨@µ4¥i±J¤q¥@��¥@�¦���b¥@±J�
¶<¶
¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ Û�Û

^¶ Û�ÛaÝ÷�^�b¥Ä§8� �J�ª¨@µ�¥@�Ñ¨{�J�.�[�s±J¤q¥@��¥@�¦���b¥@±J� ¶<¶
¶<¶
¶
¶<¶
¶<¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ Û�Û

^¶ Û�

�³¤ ¤ �6�.�s�b¥@�s�«¨{��¨@µ4¥i¬f¥GÊ^� ¬f¥@¤ ¤ ¢°±J¤q¥@��¥@�À���b¥@±J�Ò¶
¶
¶<¶
¶<¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ Û�


^¶ ÛÄÜ
ËÐ§*¨��6¨{�NÆl±J¤q¥@��¥@�À���b¥@±J�6�­�

K5
¥@�6�
K3,3

¶
¶<¶
¶
¶<¶
¶<¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
¶<¶
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^¶ Ûf�õÝ÷�J�w£w¨{¬²±F¨��s� �s�«¨{�m¨@µ

K6
� �l�.¨f�³§n¨�±J¤q¥@��¥@�À���b¥@±J�6��¶
¶<¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
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^¶ Û�	
Ý����b¥@±J�J�«£Ä¥@¤Ó�.�[±J�.�w�.�[�l�b¥@�s�«¨{�m¨@µ4¥��^� �.�w£[�.�w�Å���b¥@±J�X¥@�6�Ñ¨@µ�¥i¡J�«�^� �.�w£[�.�w�Ñ���b¥@±J�û¶<¶
¶
¶<¶ Ûf�

^¶ ÛÄÚ
�³¤ ¤ �6�.�s�b¥@�s�«¨{�6�À¨@µy�s�.�w�w� ¶
¶<¶
¶<¶
¶
¶<¶�¶<¶
¶<¶
¶
¶<¶
¶<¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
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¶<¶
¶
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^¶ ÛY�È�³¤ ¤ �6�.�s�b¥@�s�«¨{��¨@µ4¥i±J¤q¥@�6���.¨²�s±J�6�[�.�
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¶<¶
¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ ÛÄÚ

^¶ Û����X�[�s�6¨N�J�u¨@µy�¯�[�6�[�b¥@�s� �J�Á
­Æl¬f¥@�J�àµÃ¨{¤«�J��¶<¶
¶<¶
¶
¶<¶
¶<¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ ÛÄÚ

^¶ Û��
Ý����b¥@±J���«�.¨{¬�¨{�s±J�J�«£
�.¨
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¶
¶
¶<¶
¶<¶
¶<¶�¶
¶<¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
¶
¶<¶
¶<¶�¶<¶
¶
¶<¶ 
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Ü^¶ Û $n�.¨��.�s� �J�¯�8� �X�.�[¤àµqÆg£[�.¨��b�s� �J���w�^�¯�w�À£Ä¥@��¥@¤ §Ì¥w¢^�À¡F�0�.�[¬�¨Ä®¯�w� ¶
¶<¶
¶<¶
¶�¶<¶
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 o��^�¯�<� �g�.�[�.�.�w£[�s�«¨{�6�À� �g®¯¨{¤ ®g� �J���s�J¡6�.�w£[�s�«¨{�6�u¨@µ4�w�^�¯�w�u¬f¥Ä¢°¡>�
¥@¤ §Ì¥w¢^�u¡F�0�.�[¬�¨Ä®¯�w� ¶
¶<¶ 
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Ü^¶ Ü ËÓ¥@�J�¯�[�g�s�q¥@¤Â�w�^�¯�<� �g�.�[�.�.�w£[�s�«¨{�6�¦¬f¥w¢°¡>�0�.�[¬�¨­®¯�w�#¶
¶<¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ 
��
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£[�.¨��.�s� �J�²±F¨{� �l�¦¥@�À�s�6�
�b¥@¬��0±F¨{� �l�À¨@µ

R
2 ¶<¶
¶<¶
¶
¶<¶ 
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Ü^¶\	 �³¤ ¤ �6�.�s�b¥@�s�«¨{��¨@µÂ�s�6�
�¯�[�6�[�b¥@¤Ð�.�w£.�J�J�e�g�6�<µÃ¨{�8�s�6�<�.�[¬�¨Ä®�¥@¤S¨@µy� �l®�¥@¤ �«���w�^�¯�<� �g�.�[�.�.�w£[�s�«¨{�6��¶ Ü�&
Ü^¶ Ú Ý�±J�.¨N£w�w�^�J�.�0µÃ¨{�8�.�w�^�6£[� �J�f�s�6�<�g�J¬�¡F�[�¦¨@µ4£[�.¨��.�s� �J�¯�8¡F�[�³§*�w�[���6¨{�NÆN¥{�@Ö.¥{£w�[�l�¿�w�^�¯�w��¶<¶ Ü^Û

ÊN� � �
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Ü^¶�� Ý��.¨{±F¨{¤«¨{���«£Ä¥@¤Ó¥@�6��¥�£w¨{¬�¡J� ��¥@�.¨{�s�q¥@¤Â¡>¨N¨{©ª�[¬(¡>�w�J�^� �J� ¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ Ü�

Ü^¶\� ËÌ�6�<±F¨��.�s� ¡J¤«�<£w¨{�^Ô6���J�b¥@�s�«¨{�6�¿¨@µÂ�´§n¨f�w�^�¯�w�u� �X¥i¡>¨N¨{© ¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ Ü�

Ü^¶\� Ý�¡F¨N¨{©f¤q¥w¢¯¨{�J�¿¨{�Ñ�³§*¨²±�¥@�¯�w�u�«�À���l�J� ®�¥@¤«�[�l�u�.¨ª¥�£[� �.£[�J¤q¥@�À¤q¥w¢¯¨{�J� ¶
¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ Ü��
Ü^¶ Û�&
ÝúÜ­Æl¤q¥Ä¢¯�[�.�w���^�b¥Ä§8� �J�ª¨@µ�¥����b¥@±J��¨{�zÛ�	�®¯�[�s�s�«£w�w��¶
¶<¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ Ü�	
�6¶ Û �³¤ ¤ �6�.�s�b¥@�s�«¨{�6�À¨@µy�«�J�Ä¥{�8� ��ËÐ�J�s�.��ØÙ�À�s�6�w¨{�s¢ ¶<¶
¶
¶<¶
¶<¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ �lÚ
�6¶\
 ËÌ�6�
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K5
�s�J¡J���b¥@±J�6�À� �

K6
¶�¶<¶
¶<¶
¶
¶<¶
¶<¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ ���

�6¶ Ü Ý����b¥@±J�NÆl�.¨GÆl���b¥@±J�Á�[¬�¡F�w�J�^� �J�ª¨@µ
K5
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¶
¶<¶�¶<¶
¶
¶<¶
¶<¶
¶�¶<¶
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¶<¶
¶
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¶<¶
¶
¶<¶ 	^Û
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¶�¶<¶
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¶�¶<¶
¶<¶
¶<¶
¶
¶<¶�¶<¶
¶<¶
¶
¶<¶
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¶
¶<¶
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¶�¶<¶
¶<¶
¶<¶
¶
¶<¶ 	�	

�6¶�� $*¨{�6�s�s�s�6£[�s�«¨{�ÑµÃ¨{�À¥@�Ñ�J±J±F�[�8¡>¨{�J�6�Ñ�.¨
ν(Cm × Cn)

¶<¶
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¶
¶<¶�¶<¶
¶<¶
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¶<¶
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¶<¶
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¶�¶<¶
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­Æg£w�[¤ ¤Ó¥@�6�Å�6¨{�NÆ�
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	^¶ Û Ý÷�^�b¥Ä§8� �J�
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¨@µ
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�.�Ä¥@¤ �«�s� �J�
νφ(K1,1,1,1,n) = ν(K4,n) + n
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Þ2�«�.�u¨@µ�+Â� ���J�.�w� Æ�ÊN®fÆ
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PYXZWJmES[UVOHT
f(n) = O(g(n))

�àµ¦�s�6�[�.�Ñ�BÊ^�«�s�f¥
c ∈ R

+ ¥@�6��¥@� n0 ∈ N
�.�6£.���s��¥@�

0 ≤
f(n) ≤ cg(n)

µÃ¨{�f¥@¤ ¤
n ≥ n0
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f(n) = Ω(g(n))
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m�XZb�_�W�PYXZSQO ËÌ�6�Á±J�.¨N£w�w�.�Å¨@µ(�s�6�m�.�[¬�¨­®{¥@¤�¨@µ²¥a�.�[�Å¨@µJ¶:µ�·t¶�ÚzµP�.¨{¬û¥1·�¸:Ý�³
ß

G
�s�6£.�á�s��¥@�Å�s�6�1å�¶f¸�õ

ã«¶:æ��.�[�
V (G)

¨@µ
G
�«�(±�¥@�s�s� �s�«¨{�6�w�k� �g�.¨��´§n¨m�.�[�.�

V1(G)
¥@�6�

V2(G)
§8� �s�k�s�6�f±J�.¨{±F�[�s�s�«�w���s��¥@�

|V1(G)|, |V2(G)| ≥ (1/3)|V (G)|
¶

m�XZb�_�W�PYXZSQOÄw'XZTHPY~ ËÌ�6�ª¬²� �J� ¬��J¬î�l�J¬(¡>�[�²¨@µ)¶:µY·�¶�ÚB�Z�J�[�6¨{�.�w�L¡
(G)
�y� �a¥n·�¸:Ý�³
ß

G
§8�6¨��.�f�.�[¬�¨­®{¥@¤

£Ä¥@�6�.�w�
G
�.¨�¡>�'êfä�Ú�¶:°�ã«¶:µ�¶

mES(S[© ÝÀ�
n
Æl±�¥@�¯�-ê:±�±�ë��«�¿�s�6�i�J�J�«¨{�z¨@µ

n
��¥@¤àµqÆl±J¤q¥@�6�w�­�Ð£Ä¥@¤ ¤«�w�.³IÝ�·�¶�Ú[�2�s��¥@�0� �l�.�[�.�.�w£[�
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Ý�á[µ
{u, v1} ∈ E

′ ±�¸ {u, v2} ∈ E
′} �

Ý¦±J±J¤ �«£Ä¥@�s�«¨{�z¨@µn�s�6��£w¨{�s�.�w£[�
�s±J¤ � �s�s� �J�Ñ¨{±F�[�b¥@�s�«¨{�6�<�.¨Å¥ª�6¨{�NÆl±J¤q¥@��¥@�
���b¥@±J�t¬f¥w¢m¡>�(�6�.�w�Á�.¨°¨{¡J�b¥@� �L¥
�6�[§á±J¤q¥@��¥@�¦���b¥@±J�Ð¶



�6¶ Û�¶Jýy¥@�b¥@¬��[�.�[�.�¿�.�[¤q¥@�.�w�Å�.¨²�s�6�<£[�.¨��.�s� �J�f�l�J¬�¡F�[� Æ'�lÜ(Æ

J _ � OVXcPYXcSQOÄq/þBM"þ9q ÌHßI¶L�s±J¤ � �s�s� �J���l�J¬�¡F�[�
σ(G)

±�ÜôÝ�·�¸:Ý�³
ß
G
ä�ÚnãZßI¶nÚâñ*Ý�ðcðe¶�Úâã)á�²�ñ'ê�¶â¸�±�Ü"å�¶â¸fã«¶:æ

Ú«³[ðüäBãèãBäZát·�Ú�
�ÚfãïÝ�¸âãBäZát·'ø,äZãZß
G

pãZß�Ý�ãsø,äcðZðt³[¸�±Yµ�²I°�¶=Ý;³[ð9Ý�á[Ý�¸�·�¸:Ý�³
ß

G′
�

�

ô��[�s�.�BÊ°�s±J¤ � �s�s� �J���«�Ì� �l�.�[�.�w�s�s� �J�²� �°� �.�Ì¨Ä§8�Å�s� ���g�Ä�J¡J�J�Ì� �*�«�Ì�^�98f£[�J¤ �8�.¨��.�w�¦§8�6�[�s�6�[�8� �Ì¬f¥w¢f¡F�¿�.�[¤q¥@�.�w�
�.¨<�s�6�¦£[�.¨��.�s� �J�(�l�J¬�¡F�[�Ì� �ª¥@�l¢²±J�b¥{£[�s�«£Ä¥@¤>§*¥Ä¢¯¶��´����¥{�Z�¯�[�6�[�b¥@�.�w�°¥
£w¨{�6�.�«�J�[�b¥@¡J¤«�¿¥@¬�¨{�J�g�*¨@µÐ�.�w�.�Ä¥@�.£b�Ð�
¥@�6�k�.¨{¬��f� ¬²±J�.�w�b�s� ®¯��¥@��¥@¤ ¢N�s�«£Ä¥@¤Ì�.�w�s�J¤ �.�(��¥w®¯��¡>�w�[�a¨{¡J�b¥@� �6�w�2¶"+�¨{�i�BÊ6¥@¬²±J¤«���4ãl¥{£.©^�.¨{��¥@�6�¥�u� �J�¯�[¤
ÿÙãG�C��	^�JãG�/���G�S�s�6¨Ä§*�w�Ñ�s��¥@�

σ(Km,n) =

⌈
(m− 2)(n− 2)

2

⌉
,

¥@�6�Å¾0¥@�s�.�ðÔ��[¤«�2�6ãl¥{£b©N�b¨{�m¥@�6�J�u� �J�¯�[¤nÿÙ¾¦ãG�C��	��S�s�6¨Ä§*�w�Ñ�s��¥@�

σ(Kn) =





⌈
(n−3)(n−4)

6

⌉ µP¨{�
n ≥ 3

¥@�6�
n 6∈ {6, 7, 9}

⌈
(n−3)(n−4)

6

⌉
+ 1

µP¨{�
n ∈ {6, 7, 9}.

ütÓ²Ô;Ó�ü ��Ú�Ö Ù>Ö�é1Ý�à�Üd\´â Ù/Þ3â�ã�Ú
Ý¿��¬��[�g�s�«¨{�6�w��� �î$n��¥@±J�.�[�fÜ^�y�s�6��£[�.¨��b�s� �J�Á�l�J¬�¡F�[�²±J�.¨{¡J¤«�[¬î��¥{�i¡>�w�[���s�s�6�^�«�w�a� ���s�6�°£w¨{�l�.�BÊ^��¨@µ
�¯�[�6�[�b¥@¤0£w¨{¬²±�¥{£[�Æ
­Æl¬f¥@�J�àµÃ¨{¤«�J�Ä¶�â¿� ®¯�[�É¥L���b¥@±J�

G
�u¥@�6¨{�s�6�[�J�g�6�w�s�s�«¨{�È�s��¥@��¬f¥w¢�¡F�X¥{�.©¯�w�É¥@¡F¨{�J�

£w¨{¬²±�¥{£[�p
­Æl¬f¥@�J�àµÃ¨{¤«�J�Ä�¯�«�Â§8��¥@�4�s�6�Ì¬²� �J� ¬(�J¬$�¯�[�l�6�yµÃ¨{��¥@��¨{�s�«�[�l�b¥@¡J¤«�u¨{�4�6¨{�NÆg¨{�s�«�[�g�b¥@¡J¤«�/
­Æl¬f¥@�J�àµÃ¨{¤«�
S
�s�6¨{�J¤«��¡F���l� ��¨{�.�J�[�Z�s��¥@�

G
¬f¥w¢²¡F�u�[¬(¡>�w�J�J�w�×@ ä��c¶��q�¯�^�b¥Ä§8���s�6£b�ª�s��¥@�n�6¨��w�^�¯�w�Ì¥@�.�À£[�.¨��.�b�w�
Dy� �

S
¶

J _ � OVXcPYXcSQOÄq/þBM"þed ÌHßI¶�¨{�s�«�[�g�b¥@¡J¤«�(�¯�[�g�6�@u=±�ÜiÝ�·�¸�Ý�³[ß
G
ñ*Ý�úÁê�¶éµ�¶ZþpáQ¶:µÆÝ�Ú

Υ(G) = min
h
{h : h

äcÚ7ãZß}¶/·t¶âá�²tÚ�±�Ü�Ý�á×±�¸âäè¶âá[ãïÝ�êâðe¶;Úâ²t¸ZÜ�ÝG°�¶�äZá.ø�ß�äè°âß
G
ß�Ý�ÚiÝ�á�¶âñ'ê�¶:µ�µ�äcá�·

},

Ý�áQµ*ÚâäcñéäZð9Ý�¸âðòú5
EãZßI¶(�6¨{�NÆg¨{�s�«�[�g�b¥@¡J¤«�i�¯�[�l�6�*±�Ü
G
ñ=Ý�ú ê�¶éµt¶ZþEáQ¶:µÆÝ�Ú

Υ̂(G) = min
h
{h : h

ä�Ú�ãZßI¶C·�¶fá�²�Ú�±:ÜiÝ=á[±�á
´�±�¸âäè¶fá
ãïÝ�êâðe¶�Ú�²�¸cÜ�ÝG°�¶�äZá"ø�ßtäB°âß
G
ß�Ý�Ú�Ý�á×¶fñ=ê�¶:µGµ�äZát·

}.
�

Ý¦¤ ¤2±J¤q¥@��¥@�u���b¥@±J�6�u��¥Ä®¯��¨{�s�«�[�g�b¥@¡J¤«�(¥@�6�Å�6¨{�NÆg¨{�s�«�[�g�b¥@¡J¤«���¯�[�6�[�b¥�ÏÄ�[�.¨J�6�s� �6£w�<�s�6�[¢�¬f¥w¢°¡F�<�[¬�¡F�w�J�J�w�
¨{�Å�s�6�
�.±J�6�[�.��¶E�u� �J�¯�[¤S¥@�6�í¸Z¨{�J�J�¯�(ÿ#��¸<Ú����Ð±J�.¨­®¯�w�Ñ�s��¥@�

Υ(Kn) =
1

12
(n− 3)(n− 4),

§8�J� ¤«�s���À� �J�¯�[¤Zÿ#�u� ��Ú�	��S�.�6¨Ä§n�w���s��¥@�

Υ(Km,n) =
1

4
(m− 2)(n− 2).

üÉ�J� �.�i¥@�6�ÁìÌ�[� �6�[©¯�°ÿ üÉì������y��� ®¯���.�[®¯�[�b¥@¤y�.�w�s�J¤ �.�¦µP¨{�¿�s�6��¨{�s�«�[�l�b¥@¡J¤«��¥@�6�m�6¨{�NÆg¨{�s�«�[�l�b¥@¡J¤«���¯�[�6�[�b¥ª¨@µ
���b¥@±J�6�Ä¶
ËÌ�6�[�.�8�«�n¥0�.�[�l�6¨{�6�*£w¨{�J�6�w£[�s�«¨{�f¡F�[�³§*�w�[�ª�s�6�8�¯�[�g�6�Z¨@µS¥¿���b¥@±J��¥@�6���s�6�u£[�.¨��.�s� �J�
�g�J¬�¡F�[�Ä�g�.� �6£w�8�s�6�[�.�
�BÊ^�«�s�Ì£[¤q¥{�.�.�w�8¨@µS���b¥@±J�6�8§8� �s�Ñ¥(¡F¨{�J�6�J�w�°�¯�[�l�6�Ä�^¡J�J�À¥@�°�J�l¡F¨{�J�6�J�w�Ñ£[�.¨��.�.� �J�i�g�J¬�¡F�[�Ä¶E+6¨{�u�BÊ6¥@¬²±J¤«���
�s�6�ª���s�«�J��¨{�k�s�6���.¨{�s�6�Ä�

Cm × Cn
��¥@¤ ¤*��¥w®¯�

Υ(Cm × Cn) = 1
¡J�J�

ν(Cm × Cn) ≥ (1/2)(m − 2)n
�

§8�6�[�.�
m ≤ n

ÿÙã · &^Ûf�³¶
�´�X�¯�[�6�[�b¥@¤U�2µP¨{�<¥ª���b¥@±J�
G
�F� �0�«�¿�s�s�6�i�s��¥@�

Υ(G) ≤ ν(G)
¥@�6�

Υ̂(G) ≤ ν(G)
�

�s� �6£w�²�[®¯�[�s¢t£[�.¨��.�.� �J�Ñ¬f¥w¢t¡F�²�[¤ � ¬²� ��¥@�.�w�z¡g¢m�s�6�ª¥{�J�^� �s�«¨{�k¨@µÀ¥���¥@�6�^¤«�"@]� �z�s�6�f¨{�s�«�[�l�b¥@¡J¤«��£Ä¥{�.�YD0¨{�
¥m£[�.¨��.�.£Ä¥@± @]� ���s�6�°�6¨{�NÆg¨{�s�«�[�g�b¥@¡J¤«��£Ä¥{�.�YD(�s��¥@�f¥{£[�.��¥{��¥m¡J�s�«�^�¯���*¥@¤ ¤«¨Ä§8� �J�k¨{�6�°�w�^�¯�°�.¨Á±�¥{�.�²¨­®¯�[�
¥@�6¨{�s�6�[�Ä�J�s�6�[�.�[¡g¢�¥w®¯¨{�«�^� �J�°¥@�Å� �l�.�[�.�.�w£[�s�«¨{�X¡>�[�´§n�w�[���s�6���w�^�¯�w�Ä¶
��ñc¥��¤£��M�6¡����r ��

G
���m�� µ���w�»�6�w�'�r�����

γ(G)
«��'¡6�*�
���'¢M�-��¥'���*�ª§6�%�R���c���� ®�r�X�m�����}¢w���m�m���'�©§]¡'�
���9���a���w�������X��¥'��
��{@¢���������� ï ����³c�M�²ð/�����m���'�r�������-��¡'���R�²�c�� ��%£�������¥ ï �
�w�(x ô �e���e"�z3 ®�r���*���M�'�'�©�������Oð²«

Υ
³/�����T�R� ¡'�
���¤�����ª�������J°



Æ'���iÆ $n��¥@±J�.�[�/�6¶JÞ2� �.�[�b¥@�s�J�.�
�.�[®N�«�[§

ütÓ²Ô;Ó�� ��Ú�Ö êJÚ%Ø�ä.��é�Ö�àOàíÜ>\�âÏÙ/ÞJâcã%Ú
Þ2� ©¯�n�s�6�Ì£[�.¨��.�s� �J�¿�l�J¬(¡>�[�y±J�.¨{¡J¤«�[¬�¨@µ��s�6�n���b¥@±J�Ð�{�s�6�n���b¥@±J�i�s�J�«£.©N�6�w�.�y±J�.¨{¡J¤«�[¬$¥@¤«�.¨¦��¥{�Â¥@±J±J¤ �«£Ä¥@�s�«¨{�6�
� ���s�6�À�J�w�s� ���ª¨@µÐ�[¤«�w£[�s�.¨{�J�«£À£[� �.£[�J� �.�­¶4�³���s�6�u���b¥@±J�f�s�J�«£.©N�6�w�.�n±J�.¨{¡J¤«�[¬Ñ�N¥<���b¥@±J�f��¥{���.¨�¡>�À�s�J¡>�^� ®N�«�J�w�
� �g�.¨L¥{��µÃ�[§æ¥{��±F¨��.�s� ¡J¤«�°±�¥@�s�s� �s�«¨{�6�Ä�Ì�Ä¥{£.�
¨@µ0§8�J�«£b���«�²±J¤q¥@��¥@�Ä¶
�³���s�J�«�f§*¥w¢¯�8¥@�È�[¤«�w£[�s�.¨{�J�«£X£[� �.£[�J� �
¬f¥Ä¢Å¡>�(�J�w�s� ���6�w���.¨f¡>��¤q¥@�«�X¨{�J�0¨{��¬(�J¤ �s� ±J¤«�i¤q¥w¢¯�[�.�Ä�>§8�J�«£.�t¥@�.�i�s�b¥{£.©¯�w�X�J±>¨{�m�Ä¥{£.�t¨{�s�6�[�Ä¶��X�J�sÏÄ�[¤U�
ó¿�J�[�g�s��¥@¤¿¥@�6� · £b��¥@�s¡J�.¨g�^�Áÿ#�Áó · �����¦��¥w®¯��£w¨{¬²±J� ¤«�w�É¥Á�s�6¨{�.¨{�J���
�.�J�s®¯�[¢a¨@µ<�.�w�s�J¤ �.��¨{�È�s�6�Å���b¥@±J�
�s�J�«£b©g�6�w�.�u±J�.¨{¡J¤«�[¬Ñ¶

J _ � OVXcPYXcSQOÄq/þBM"þ¬� ÌHßI¶"ãZß�äè°âëYáQ¶�Ú�Ú
θ(G)

K ±�²�ã«¶f¸ï³[ð¬Ý�á[Ý�¸.ãZß�äè°âëYáQ¶�Ú�Ú
θ∗(G)

U¥±�Ü"Ýô·�¸:Ý�³
ß
G
ä�Ú-ãZßI¶.ðe¶:Ý�Úâã

á�²�ñ'ê�¶â¸Æ±�Ü=Ú�¶fãZÚ=äcá[ãï±.ø�ßtäB°âß
E(G) = E1 ∪ E2 ∪ . . . ∪ En

ñ=Ý�úôê�¶i³IÝ�¸fãBäZãBäè±�áQ¶�µ"Ú�²}°âß%ãZß�Ý�ã�¶:ÝG°fß
〈Ei〉

i ∈ 1, . . . , n
äcÚ>³[ð¬Ý�á[Ý�¸ K ±�²�ã«¶f¸ï³[ð¬Ý�á[Ý�¸�UJ�

�

�´�Z�s�s� ®N�q¥@¤ ¤ ¢�µÃ¨{¤ ¤«¨Ä§u�Ì�s��¥@�nµP¨{�8¥@�l¢ª�6¨{�NÆl±J¤q¥@��¥@�8���b¥@±J�°�s��¥@�
θ∗(G) ≥ θ(G) > 1

¶4ËÌ�6�¿�s�J�«£.©N�6�w�.�Ì±J�.¨{¡J¤«�[¬
��¥{��¡F�w�[���.¨{¤ ®¯�w�aµÃ¨{���b¨{¬��°�.�w�s�s�s�«£[�.�w��£[¤q¥{�.�.�w�²¨@µ¿���b¥@±J�6�Ä¶�ìÌ�[� �6�[©¯��¥@�6��¾¿¥@�b¥@�s¢õÿÙìÌ¾¿Ú�	��8µÃ¨{�J�6���s�6�
�s�J�«£b©g�6�w�.��µP¨{�

Kn
� �È¬�¨��.�f£Ä¥{�.�w�Ä¶ÉÝÀ¤«�[©^�.�w�[®�¥@�6�Éâ0¨{�V Ä¥@©¯¨­®�ÿÙÝÀâ��{Ú��¦£w¨{¬²±J¤«�[�.�w�È�s�6�[� �f�.�w�s�J¤ �.��¥@�6�

�s�6¨­§n�w�Å�s��¥@�

θ(Kn) =

⌊
n+ 7

6

⌋
,
µÃ¨{�

n 6= 9, 10
¥@�6�

θ(K9) = θ(K10) = 3.

ìÌ�[� �6�[©¯���>¾¿¥@�b¥@�s¢�¥@�6�n�X¨N¨{�kÿÙìÌ¾C�mÚ����Â¤q¥@�s�¯�[¤ ¢Ñ�.¨{¤ ®¯�w�X�s�6�
±J�.¨{¡J¤«�[¬�µP¨{�¦�s�6�
¡J� ±�¥@�s�s� �.�(���b¥@±J�6�Ä¶ÀËÌ�6�[¢
±J�.¨­®¯�w�Å�s��¥@�

θ(Km,n) =

⌈
mn

2(m+ n− 2)

⌉
,

�BÊJ£w�[±J�8�àµ
m
¥@�6�

n
¥@�.�0¡F¨{�s��¨N�J�2�

m ≤ n
�6¥@�6�Å�àµÂ�s�6�[�.���BÊN�«�s�.�u¥@��� �l�.�[�¯�[�

k
�O¥@�s�«�ðµ]¢N� �J�

n =

⌊
2k(m− 2)

m− 2k

⌋
.

+Â� ��¥@¤ ¤ ¢¯�Fã�6J�J�¯�[�Ä�(�X�J�sÏÄ�[¤U�2ó¿�J�[�g�s��¥@¤Z¥@�6� · £b��¥@�s¡J�.¨g�^��ÿÙã��Áó · �����y±J�.¨Ä®¯�w�Á�s�6�(®¯�[�s¢Ñ� �g�.�[�.�w�s�s� �J�Å�.�w�s�J¤ �
�s��¥@�(�àµ8¥Ñ���b¥@±J�

G
�«�
§8� �s�6¨{�J�

K5
Æl¬²� �6¨{�.�Ä�Â�s�6�[�

θ(G) ≤ 2
¶°ËÌ�J�«�
�«��®{¥@���6�[¤ ¢t�.�[¬²� �J�«�.£w�[�g�i¨@µuò0�J�b¥Gß

�.¨­§u�s©g�UØÙ�u�s�6�w¨{�.�[¬ @²Í/
^¶ Û�¶\	GDB¶

ütÓ²Ô;Ó�� ��Ú�Ö ã%âcÙ/Ö[é Ý%æ[ÛmÖ{Þ Ü>\�âÏÙ/ÞJâcã%Ú
ËÌ�6�ª±�¥@�¯���l�J¬�¡F�[��±J�.¨{¡J¤«�[¬ @P¨{�i¡F¨N¨{©t�s�J�«£.©N�6�w�.�i±J�.¨{¡J¤«�[¬ DB��§8�J�«£.���«�i�s�6�ª±J�.¨{¡J¤«�[¬Ò¨@µ¿�J�[�.�[�s¬²� �J� �J�
�s�6�i¬²� �J� ¬��J¬ �l�J¬�¡F�[��¨@µ*¡>¨N¨{©�±�¥@�¯�w�0�.���g�J� �.�w�ÁµÃ¨{�<¥�£[�.¨��.�.� �J�@Æ¯µ]�.�w��¡F¨g¨{©X�^�b¥w§8� �J��¨@µ8¥����b¥@±J�Ð�2��¥{�
¥@±J±J¤ �«£Ä¥@�s�«¨{�6�<� �Á�s�6�(Ô��[¤«�Á¨@µ*�[¤«�w£[�s�.¨{�J�«£²£[� �.£[�J� �<�J�w�s� ���n� �.�w��ÿ�$*Þa�/�G���³¶
ËÌ�J�«�0±J�.¨{¡J¤«�[¬ �«�<¥@��¥@¤«¨{�¯¨{�6�
�.¨²�s�6�(±J�.¨{¡J¤«�[¬�¨@µZ�J�[�.�[�s¬²� �J� �J���s�6�(¬²� �J� ¬��J¬��¯�[�l�6�¿�.���l�J� �.�w��� �m¥ 
­Æl¬f¥@�J�àµP¨{¤«�

S
���b¨²�s��¥@�¿¥����b¥@±J�

�[¬(¡>�w�J�^� �J�ª¬f¥w¢�¡>�0�.�Ä¥@¤ � ÏÄ�w��� �
S
¶

J _ � OVXcPYXcSQOÄq/þBM"þc� ÌHßI¶¿±�¥@�¯�Ì�g�J¬�¡F�[�¡
,Ý�ðüÚf±)°�Ý�ðZðe¶:µéãZßI¶¿±�¥@�¯�[�6�w�.�;±�¸<¡F¨N¨{©��s�J�«£.©N�6�w�.�¡

p(G)

±�Ü�Ý7·�¸:Ý�³
ß
G
äcÚ)ãZßI¶�Ü�¶âøs¶âÚâã�á
²tñ'ê�¶â¸'±:Ü�³IÝY·�¶�Ú=ãZß�Ý�ã�Ýnê:±�±�ë.µ�¸:Ý�ø,äZát·.±:Ü

G
°�Ý�á%ß�Ý�å�¶éÚâ²I°fßnãZß�Ý�ã�á[±"¶:µY·�¶Á°f¸�±�Ú�Ú�äZát·�Ú

Ý�¸�¶�³[¸�¶�Ú�¶âá[ã>±�á×Ý�á�ú;³IÝ�·�¶��
�

ìÌ�[�s�J��¥@�s�¦¥@�6�Ñò
¥@� �6�[�kÿÙì*òi�����Ð±J�.¨Ä®¯�w�Ñ�s��¥@�

p(Kn) =
⌈m

2

⌉ ¥@�6�
p(Km,n) = m, m ≤ n, n ≥ m2 −m+ 1.



�6¶\
^¶JÝ¦��¥@¤ ¢g�s�«£Ä¥@¤S�.�w�s�J¤ �.�8µÃ¨{�8�s�6�<£[�.¨��.�s� �J���g�J¬�¡F�[�À±J�.¨{¡J¤«�[¬ Æ'��	(Æ

Ý�¡>¨N¨{©Á�[¬�¡F�w�J�^� �J�X¨@µu¥°���b¥@±J�
G
�.�Ä¥@¤ � Ïw� �J�

p(G)
� �6�^�6£w�w�i�[¬�¡F�w�J�^� �J�¯�(¨@µ8�^�«�PÖs¨{� �l���s�J¡J���b¥@±J�6�(¨@µ

G¨{���Ä¥{£.��¨@µ¿�s�6�
p(G)

±�¥@�¯�w�Ä¶zËÌ�J�«���«�����g�J� ®{¥@¤«�[�g�²�.¨m¨{�J�.�[�s±J¤q¥@��¥@���^�b¥Ä§8� �J�¯��¨@µ¦�s�6�w�b�ª�s�J¡J���b¥@±J�6�f¨{�
p(G)

�.�[±�¥@�b¥@�.�f±J¤q¥@�6�w�(�.�6£.�L�s��¥@�(�s�6�f¨{�.�J�[�i¨@µÌ�s�6�f®¯�[�s�s�«£w�w��� �a�Ä¥{£.�k±J¤q¥@�6�ª�^�b¥Ä§8� �J�m£w¨{�s�.�w�s±F¨{�6�J�(�.¨
�s�6�
¨{�.�J�[�0¨@µ4�s�6�<®¯�[�s�s�«£w�w�¿¨{���s�6���.±J� �6��¨@µ4�s�6�<¡F¨g¨{©F¶nËÌ�6�[�.�BµÃ¨{�.���e�s�J�«�À±�¥@�b¥@¬��[�.�[�¿�«�u¬�¨{�.���.�w�s�s�s�«£[�s� ®¯�
§8� �s�ª�.�[�l¥@�.�J�n�.¨�¥@¤ ¤«¨Ä§Ì¥@¡J¤«�0�[¬�¡F�w�J�^� �J�¯�Ì�s��¥@�ª�s�6�¦¨{�J�.�[�s±J¤q¥@��¥@�*�s�J�«£b©g�6�w�b�

θ∗
¶��¿�s� �J���s�J�«�*¨{¡6�.�[�s®�¥@�s�«¨{�Ð�

� �8�s�s� ®N�q¥@¤ ¤ ¢�µP¨{¤ ¤«¨­§u�8�s��¥@�
θ(G) ≤ θ∗(G) ≤ p(G)

µÃ¨{�À¥@�l¢°���b¥@±J�
G
¶

ütÓ²Ô;Ó�¢ ��Ú�Ö ä!Ü>â�ÞPà�Ö"étÖ�àOà�Üd\�â Ù>ÞJâcã%Ú
Þ2�«�[¡F�[�.�iÿÙÞ2�«��&^Û��Â±J�.¨Ä®N�«�J�w�¿¨{�J¤ ¢m¥²±�¥{�.�s� �J�ª¬��[�l�s�«¨{�z¨@µ��s�6�(£w¨{�J�.�.�[�6�w�.�0¨@µn¥²���b¥@±J�Á� ���6�[�0�s�J�s®¯�[¢¯�F¥@�6�
�6¨{�.�w���s��¥@��¥{£w£w¨{�.�^� �J�z�.¨Á¾0¥@�b¥@�s¢>ØÙ��¡F¨g¨{©
ÿÙ¾¿¥@�bÚ����i@]±Ð¶ÌÛ�
^ÛYDB�Zýy¥@�J¤�o4�.������� �g�s�.¨g�^�6£w�w���s�6�ª�6¨{�s�«¨{��¨@µ
���b¥@±J��£w¨{�J�.�b�[�6�w�.�8¡l¢Ñ¥{£w£[�«�J�[�g�Ä¶

J _ � OVXcPYXcSQOÄq/þBM"þ¬¦ ÌHßI¶�°�±�Ý�¸�Ú�¶âáQ¶âÚ�Ú
ξ(G)

±�Ü�Ý%·�¸:Ý�³
ß
G

Áä�Ú×ãZßI¶×ð9Ý�¸è·�¶�Úfã=á�²�ñ'ê�¶â¸%±�Ü ³IÝ�äc¸âø,ä�Ú�¶%¶:µY·�¶

µ�äcÚcà�±�äZá
ã,á[±�á
´â³[ð¬Ý�á[Ý�¸7Úâ²}êï·�¸�Ýâ³
ßGÚ)°�±�á
ãïÝ�äZáQ¶:µÁø,äBãZß�äcá
G
�

�

�´���«�²� �g�.�[�.�w�s�s� �J�k�.¨L�6¨{�.�Ñ�s��¥@�ª§8�6�[�.���*µP¨{���s�6���s�J�«£.©N�6�w�.��¨@µ
¥t���b¥@±J�Ð�8¨{�6���.�w�[©^�²�.¨z¬²� �J� ¬²� ÏÄ�X�s�6�
�g�J¬�¡F�[�0¨@µZ�w�^�¯�i�^�«�PÖs¨{� �l�¿±J¤q¥@��¥@�¿�.�J¡J���b¥@±J�6��<2¨{�6���J¨N�w�<¥@¤ ¬�¨��s�À�s�6�i¨{±J±>¨��.� �.�
µÃ¨{�À�s�6�i£w¨¯¥@�.�.�[�6�w�.�0¨@µn¥
���b¥@±J�Ð¶

Æ�Wwv xË�ai}q�n¤k"bed iXq�`c\�y��]qwk"yÁgjlm`Âk"Z]\_d>`clXy�y"be�]�����]s¼^»\1`zo]`�lX^]qe\ts

· ¨{¬��°� �J�¯�[�J�«¨{�6��¥@��¥@¤ ¢g�s�«£Ä¥@¤u�.�w£b�J�J�e�l�6�w��µP¨{�²�s�s�6�^¢N� �J�t�s�6�Ñ£[�.¨��.�.� �J�t�l�J¬�¡F�[�f¨@µ<¥m���b¥@±J����¥w®¯�Å¡F�w�[�
�J�[®¯�[¤«¨{±F�w�2¶y�³�f�.±J� �.�8¨@µF�s�J�«�­�{µP�[§
�BÊJ¥{£[���.�w�.�J¤ �.�yµP¨{�Z�s�6�u£[�.¨��.�s� �J�<�g�J¬�¡F�[�n��¥Ä®¯�8¡>�w�[��µP¨{�J�6�2�N¥@�6�²§8�6�[�.�
µÃ¨{�(�.¨{¬���¨@µÀ�s�6��¨{�s�6�[��±�¥@�b¥@¬��[�.�[�.��¬��[�l�s�«¨{�6�w��� �a�s�6�f±J�.�[®N�«¨{�6���.�w£[�s�«¨{�Ð�4�s�6��£Ä¥{�.�w���.�[¤q¥@�s� �J�Á�.¨m�s�6�
£w¨{¬²±J¤«�[�.�À���b¥@±J�Ð�N¥@�6�ª�.¨{¬��[�s� ¬��w���s�6�À¡J� ±�¥@�s�s� �.�u���b¥@±J�f��¥Ä®¯�À¡F�w�[���.�w�.¨{¤ ®¯�w�2�g�6¨
�s�6£b�ª�s�6£w£w�w�b����¥{��¡F�w�[�
¥{£b�J�«�[®¯�w�Ñ§8� �s�Ñ�s�6�<£[�.¨��.�.� �J���l�J¬(¡>�[�¦±J�.¨{¡J¤«�[¬Ñ¶

ütÓ�Ò1Ó�Ô �¤ÝtêOêOÖd£�à$â;è�Ù/Ö�Û�ÞJâ;Ø�ä¤\MÜ>Þ3æ Ý�è�â�êRØ�Ü>éÁÜ>\�ä!ÞJÜ>àOàOØ�é�Ù>à�Ø²éÁÙ>ÞJâcã%ÚåßtÞ3â[]öØ�é�Ù>à
Ý��b¥@�s�6�[���s�6¨{�.¨{�J���z¨Ä®¯�[�s®N�«�[§#¨@µ*ËS�J�s�.��ØÙ��¥@¤ �¯�[¡J�b¥@�«£²�s�6�w¨{�s¢X¨@µÌ£[�.¨��.�s� �J�¯�0� �t���b¥@±J�z�^�b¥Ä§8� �J�¯�<�«�0��� ®¯�[�
� �a�s�J�«���.�w£[�s�«¨{�Ð¶ÁËÌ�J�«�(�«�(�6�w£w�w�.�b¥@�s¢¯�n¥{���s�6�Å¥@¤ �¯¨{�s� �s�J¬��²¨@µÀýy¥{£.�È¥@�6�aË�¼{�s�õÿÙýZË������8¥@�6��¨@µ · ÏÄå[©¯�[¤ ¢
ÿ · ÏÄå�&����³�^±J�.�w�b�[�l�.�w�Ñ¤q¥@�.�[�À� �Å�s�J�«�À£.��¥@±J�.�[�Ä��¡>¨{�s�Å�6�b�0�«�J�Ä¥{�8µP�.¨{¬��s�6�<�s�6�w¨{�s¢¯¶
�´��ÿÙËÐ�J����&��³�gËS�J�s�.�À�J�[®¯�[¤«¨{±F�w��¥@�f�[¤«�[�l¥@�g�Ì¥@¤ �¯�[¡J�b¥@�«£¿�s�s�s�6£[�s�J�.�À§8�J�«£.��¬f¥w¢²¡F�8�6�.�w���.¨
�.�[±J�.�w�.�[�l�*���b¥@±J�
�^�b¥Ä§8� �J�¯�Ä¶�¾¦�°�J�BÔ6�6�w�È¥X�¯�[�6�[�b¥@¤u�s�b¥@�6�ðµÃ¨{�s¬f¥@�s�«¨{�È¨{�����b¥@±J�È�^�b¥Ä§8� �J�¯�Ä�n�BÊ^±J�.�w�.�s� ¡J¤«�Ñ¥{���s�6�Å�.�J¬Ò¨@µ
�[¤«�[¬��[�g�.��� ���s�6��¥@¤ �¯�[¡J�b¥@�«£Ñ�.�s�s�6£[�s�J�.���n§8�J�«£b��¬f¥w¢�¡F�w�s�²¡F���J�w�b£[�s� ¡>�w� @]� �^µÃ¨{�s¬f¥@¤ ¤ ¢�D²¥{�²�s�6�°±J�.¨N£w�w�.�
§8�6�[�.�[¡g¢��w�^�¯�w�8¥@�.�/�³±J�J¤ ¤«�w���¿¨­®¯�[�8®¯�[�s�s�«£w�w�s�½� �Æ+Â� ���J�.�C�6¶ ÛG@Ã¥GDn�s�6�0�w�^�¯�

{vi, vj}
�«�p�³±J�J¤ ¤«�w���0¨­®¯�[�8�s�6�

®¯�[�s�.�BÊ
vk
� �Ñ�s�J�«�8µÃ¥{�s�J�«¨{�Ð¶

+6¨{�y�s�6�*±J�J�s±F¨��.�w�4¨@µe�s�6�*�s�6�w¨{�s¢¯�¯�w�^�¯�w��¥@�.�Ì£w¨{�6�s�«�J�[�.�w��¥{��¥@�.£w��@ ä��c¶6�«�@�w�^�¯�w��¥@�.�u¥{�.�s� ���6�w��¨{�s�«�[�l�b¥@�s�«¨{�6�âDB¶
ËÌ�g�6�Ä�e¥@�s¡J� �s�b¥@�s¢Ñ¨{�s�«�[�g�b¥@�s�«¨{�6�¿µP¨{�u�s�6�(�w�^�¯�w�¦¨@µZ¥���� ®¯�[�X���b¥@±J�Á¥@�.��£.�6¨��.�[�Ð�F¥@�6�ÅÔJÊJ�w�2¶ÌÝÀ�g¢�±F¨{� �l�0¨{�
¥@�Å¥@�.£

ei
��¥{�8¥;�³¤«�Bµ]���¿¥@�6�°¥;�³�s� ���l���<�s�«�J��¶yÝÀ�6¨{�s�6�[�u¥@�.£

ej
�N§8�J�«£b��±�¥{�b�.�w�*�s�J�.¨{�J���Å¥�±F¨{� �l�Ì� �

ei
�g�J¨N�w�

�.¨(�[� �s�6�[�ZµP�.¨{¬#¤«�BµP�*�.¨
�s� ���l�Ä�J¨{�Zµ]�.¨{¬ �s� ���l�*�.¨(¤«�Bµ]�Ä¶4�³µ
ej
£[�.¨��.�.�w�

ei
µP�.¨{¬#¤«�BµP�*�.¨
�s� ���l�Ä�^�s�6�[�

ei
£[�.¨��b�.�w�

ej
µP�.¨{¬��s� ���l�u�.¨²¤«�BµP�Ä¶4Ý¦�Å� ¤ ¤ �6�s�s�b¥@�s�«¨{�X¨@µ�¥@�.£
£[�.¨��.�s� �J�¯�u�«�8��� ®¯�[�Ñ� �-+Â� ���J�.�;�6¶ ÛG@]¡[DB¶



Æ'�lÚ�Æ $n��¥@±J�.�[�/�6¶JÞ2� �.�[�b¥@�s�J�.�
�.�[®N�«�[§

vi vj

vk

ve
vf

vm vn

A B

ï �@ð%ñc¥'�¤�|¥J�w¢M�m�r  ��¥'�-�������©���������� >��¥'����'�©�������P¢M�����
��{@¢w���R��¡'�O���r�
§
c(ij, k)

°

ei

ej

¦¨§ ©Kª
«­¬ ®v¯ ª

° ±'² ³µ´
¶�· ¸ ´

ï �Oðcñc¥'��¢M�����
�
����£m�� ���³c�m�e��¢w�w°

+Â� ���J�.�;�6¶ Û�¸Z�³¤ ¤ �6�s�s�b¥@�s�«¨{�6�À¨@µÂ�«�J�Ä¥{�À� �ÑËÐ�J�s�.��ØÙ�¦�s�6�w¨{�s¢¯¶

ËÌ�6�mµÃ¨{¤ ¤«¨Ä§8� �J��� ¬²±F¨{�s�b¥@�l��±�¥@�b¥@¬��[�.�[�Ñ§*¥{�X�J�BÔ6�6�w�õ¡l¢õËÐ�J�s�.�í@]� �Ñ�s�6¨{�J¤«�÷¥@¤«�.¨a¡>�t£[¤«�Ä¥@�°µP�.¨{¬û�s�J�«�
�J�BÔ6�J� �s�«¨{�Ñ�s��¥@�À�J�«�ÌµP¨N£[�6�8§Ì¥{�À¨{�Ñ�^�b¥w§8� �J�¯�¿¨@µy���b¥@±J�6�u� �Å�6¨{�s¬f¥@¤2µÃ¨{�s¬ DB¸

λ(ij, k`) =





m−m′

�àµ
(vi, vj)

£[�.¨��b�.�w�
(vk, v`) m

�s� ¬��w�8µP�.¨{¬��s�6�<¤«�BµP�
¥@�6�

m′ �s� ¬��w�8µP�.¨{¬��s�6�<�s� ���g�Ä�
0

�àµ
(vi, vj)

¨{�
(vk, v`)

�J¨g�w�8�6¨{�u�BÊ^�«�s�Ä¶
ËÌ�6��®�¥@¤ �6�Å¨@µ

λ(ij, k`)
�«�²£[¤«�Ä¥@�s¤ ¢a�6¨{�²�6�w£w�w�.�b¥@�s� ¤ ¢k�s�6�Å�b¥@¬��Ñ¥{���s�6�°�l�J¬(¡>�[�ª¨@µ¿£[�.¨��.�s� �J�¯��¡F�[�³§*�w�[�

(vi, vj)
¥@�6�

(vk, v`)
��¡J�J��� ���«�4£w¨{�J���s�6�[�g�n�.¨0�s�6�u�l�J¬�¡F�[�n¨@µ2£[�.¨��.�s� �J�¯��¡>�[�´§n�w�[�f�s�6�w�b�8�w�^�¯�w��¬�¨N�^�J¤«¨i
^¶

�´�Å¨{�s�6�[�u§n¨{�.�J�Ä�
λ(ij, kl)

��� ®¯�w�¦¥@�Ñ� �6�^�«£Ä¥@�s�«¨{��¨@µy§8�6�[�s�6�[�
(vi, vj)

¥@�6�
(vk, v`)

£[�.¨��b�À¥@��¨N�J�Å¨{�u�[®¯�[�
�g�J¬�¡F�[�À¨@µÂ�s� ¬��w�­¶4�³�ÌµÃ¨{¤ ¤«¨Ä§u�uµ]�.¨{¬��s�6�<�J�BÔ6�J� �s�«¨{��¨@µ

λ(ij, k`)
�6�s��¥@�À� �.�8®{¥@¤ �6�0¬f¥Ä¢°¥@¤«�b¨�¡>�<�BÊ^±J�.�w�.�.�w�

¥{�
λ(k`, ji), λ(`k, ij), λ(ji, `k), −λ(`k, ji), −λ(ij, `k), −λ(k`, ij)

¨{�
− λ(ji, k`).

@Z�6¶ ÛYD

q>þe];þBM�þBM ­i~K_.u��Zj
_tmKR�u�XZW-b�P�R�UHWGPYUHR�_b¹ WGR�S
b�bYXBOKj×W�~Ku�XBOHb
+6¨{�¿¥i���b¥@±J�

G
���J�BÔ6�6��¥��.�[�

Q(G)
¨@µ4�s¢N¬�¡F¨{¤«�

[ij, kl]
¸

Q(G) = {[ij, k`] : 1 ≤ i < j ≤ |V (G)|, 1 ≤ i < k < ` ≤ |V (G)|}.
@Z�6¶\
GD

Ý��6�[§$�.�s�s�6£[�s�J�.���Ð£Ä¥@¤ ¤«�w�z¥ô°âß�Ý�äZáL�«�<�J�BÔ6�6�w�2¶i�³�<£w¨{�g�b¥@� �6�
�s¢N¬�¡F¨{¤«�¿µ]�.¨{¬
Q(G)

�S¥@�6�z¥�£.��¥@� �
C
��¥{�

�s�6�¿µÃ¨{�s¬
C =

∑

Q(G)

Nijk`[ij, k`],
@Z�6¶ ÜGD

§8�6�[�.�
Nijk` ∈ N

¶zËÌ�6�°�s¢N¬�¡F¨{¤«�
[ij, k`]

¥@�.���s�.�Ä¥@�.�w��¥{�i� �6�J�[�.�[�s¬²� ��¥@�.�w�Ä¶Ä$n��¥@� �6��¬f¥w¢L¡F�Å¥{�J�J�w�2�
�s�J¡J�s�b¥{£[�.�w��¥@�6��¬(�J¤ �s� ±J¤ �«�w�²¡l¢i� �l�.�[�¯�[�.��� ���BÊJ¥{£[�s¤ ¢(�s�6�8�b¥@¬��*§*¥w¢�¥{�y±F¨{¤ ¢g�6¨{¬²�q¥@¤«�­�l¥@�6���s�6�[¢��s�6�[�.�BµÃ¨{�.�
£w¨{�6�s�s� �s�J�.�
�s�6�0���.¨{�J±

R(G)
¨@µ�¥@¤ ¤S£b��¥@� �6�Ä¶�Ý¿�Ì§8� �s�Ñ±>¨{¤ ¢N�6¨{¬²�q¥@¤«�Ä�J§8�6�[�

Nijk` = 1
�^�s�6�
£w¨N�â8f£[�«�[�l�¦� �

@Z�6¶ ÜGD*�«�8¨{¬²� �s�.�w�m¥@¤ �.¨{�¯�[�s�6�[�Ä�e¥@�6�Ñ¨{�6�<¨{�J¤ ¢°§8�s� �.�w�
[ij, k`]

¶
Ý �^�b¥w§8� �J�

φ
¨@µu¥°���b¥@±J�

G
� �z�s�6�²±J¤q¥@�6�²¬f¥Ä¢t¡>���6�.�w�z�.¨Ñ£w¨{�6�s�s�s�6£[�i¥°£w¨{�s�.�w�.±>¨{�6�^� �J�m£.��¥@� �Ð¶�ËÌ�6�

� �g�.�[�¯�[�.�
λ(ij, k`)

�O¥@�s�«�ðµ]¢¿�s�6�y�.���g�J� �.�[¬��[�l�.�SµP¨{�2�s�6���.¢g¬(¡>¨{¤«�FµP�.¨{¬
Q(G)

@Ã¥{�Ð¤«¨{�J�À¥{�2�s�6��� �6�^�«£w�w�
i, j, k, `



�6¶\
^¶JÝ¦��¥@¤ ¢g�s�«£Ä¥@¤S�.�w�s�J¤ �.�8µÃ¨{�8�s�6�<£[�.¨��.�s� �J���g�J¬�¡F�[�À±J�.¨{¡J¤«�[¬ Æ'�t��Æ

¥@�.�8� �f�s�6�u£w¨{�s�.�w£[�n¨{�.�J�[�Ä�g¡J�J�*¥@±J±J¤ �«£Ä¥@�s�«¨{��¨@µF�s�6�u�«�J�[�l�s� �s�«�w�;@Z�6¶ ÛYD4¥@¤ §*¥Ä¢N�n�.�[�6�J�[�.�n�s�J�«��±F¨��.�s� ¡J¤«�YDB¶yËÌ�J�«�
±J�.¨{¬²±J�.�À�s�6�¿µP¨{¤ ¤«¨­§8� �J�ª�J�BÔ6�J� �s�«¨{�Ð¶

J _ � OVXcPYXcSQOÄq/þ�];þZM ÌHßI¶�£[�.¨��.�.� �J��£.��¥@� �{·
x(φ)

°�±�¸â¸�¶�Úï³I±�á[µ�äZát·Jãï±ÁÝ µ�¸:Ý�ø,äZát·
φ
±�ÜiÝ)·�¸:Ý�³
ß

G
äcÚ

x(φ) =
∑

Q(G)

λ(ij, k`)[ij, k`].
�

�´�Å�s�6�<�b¥@¬��<®¯�[� �X¥{�u�s�6�0�«�J�[�l�s� �s�«�w�ÀµP¨{�
λ(ij, k`)

�e� �8�«�8�6�.�BµP�J¤2�.¨²§8�s� �.�
[ij, k`]

¥@¤«�.¨�¥{�

[k`, ji], [`k, ij], [ji, `k], −[`k, ji], −[ij, `k], −[k`, ij], −[ji, k`]

�.¨u�s��¥@�S�s�6���.���g�J� �.�[¬��[�l�.�Â� �Æ@Z�6¶\
GD>µÃ¨{�S�s�6��� �6�^�«£w�w�
i, j, k, `

� ���s�6�n�s¢N¬�¡F¨{¤
[ij, k`]

¥@�.��¬��[�Ä¶V+6¨{�Â�BÊJ¥@¬²±J¤«�
λ(ij, k`)[ij, k`]

¬f¥w¢f¡>�¦�.�[§8�s� �s�.�[��¥{�
λ(k`, ij)[k`, ij]

�àµ
k < `

¥@�6�
k < i < j

¶yüÉ�6�[�
(vi, vj) 6∈ E(G)¨{�

(vk, v`) 6∈ E(G)
¨{�8§8�6�[�

i, j, k, `
¥@�.�0�6¨{�À�^�«�s�s� �6£[�Ä�J� �8�«�u£w¨{�g®¯�[�J�«�[�l�¿�.¨²§8�s� �.�

[ij, k`] = 0
¶

q>þe];þBM�þ�] ­pR�u�OKb��«S[R�l%uIPYXcSQOHb*SQOîTVR�u�w'XBOHj[b*mÙó1W�R�S[b�bâØÙW�S
mESQUKOKTKu}R�XZ_�b
�¦�BµP�[�s�s� �J�²�.¨*+Â� ���J�.�;�6¶ ÛG@Ã¥GDB�J�àµy�s�6�<�w�^�¯�

e = (vi, vj)
�«�u�.¨�¡>�/�³±J�J¤ ¤«�w����¥{£[�.¨��.�8�s�6�
®¯�[�s�.�BÊ

vk
�^�s�6�[�X¥@�

¥@�s¡J� �s�b¥@�s� ¤ ¢��s¬f¥@¤ ¤e�l¥@±°�«�*¬f¥{�J�<¥@�*�b¨{¬��¦±F¨{� �l�u¥@¤«¨{�J�
(vi, vj)

�N§8�J�«£b�Å� �ª�s�6�¦Ô6���J�.�¿�«�*�s�6�¦�l¥@±�¡F�[�³§n�w�[�
A
¥@�6�

B
<6¥�¤ � �6�
�«�À�^�b¥w§8�ÑµP�.¨{¬

A
�.¨²�s�6�
®N�«£[� �J� �³¢Å¨@µ

vk
�.¨²�s��¥@�u� �¦�J¨g�w�À�6¨{�u� �l�.�[�.�.�w£[�¦�s�6���^�b¥Ä§8� �J�¯�

¨@µ¦¥@�g¢z®¯�[�s�s�«£w�w��<4�s�6�ª¤ � �6�f�«�i£[� �.£[¤«�w��¥@�.¨{�J�6�
vk
�4¥@�6�L�.�[�s�J�s�6�²¥@¤«¨{�J�m�s�6�ª�b¥@¬��f±�¥@�s�k�.¨

B
�Â£[�.¨��b�s� �J�

�BÊ6¥{£[�s¤ ¢ª�s�6���b¥@¬��<�w�^�¯�w�u� �u£[�.¨��.�b�w�Ñ¨{�Å� �.�8§*¥Ä¢�µ]�.¨{¬
A
�.¨
vk
�e¥@�l¥@� �Ñ�6¨{�8� �l�.�[�.�.�w£[�s� �J�Å¥@�l¢�®¯�[�s�s�«£w�w�Ä¶

�´�y�«�4±>¨��b�s� ¡J¤«�Ì�s��¥@�n¥@���w�^�¯���¯¤ � ©¯�
(ve, vf )

¬f¥w¢�¡>�8£[�.¨��b�.�w���³§8�«£w���g¡J�J�Z�s� �6£w�Ì� �4�«��£[�.¨��b�.�w�²¨{�6£w�ÌµP�.¨{¬$�s�6�
¤«�BµP�Ä�>¥@�6�m¨{�6£w�(µ]�.¨{¬��s�6�(�s� ���l�Ä�F�s�6�i£[�.¨��.�s� �J�¯�0£Ä¥@�6£w�[¤Ó� �m�s�6�i£[�.¨��.�s� �J�°£.��¥@� �Ð¶<ËÌ�6�i£[�.¨��.�s� �J�°�s� �s��¥@�s�«¨{�
¥@�.¨{�J�6���s�6��®¯�[�s�.�BÊ

vm
�«�À�^�«�b¥@¤ ¤«¨­§n�w�2�Ð¥{£w£w¨{�.�^� �J���.¨��s�6�
�s�b¥@�6�sµP¨{�s¬f¥@�s�«¨{�Ð¶uËÌ�g�6�Ä�>¨{�J¤ ¢Ñ�w�^�¯�w�À� �6£[�«�J�[�g�

�.¨
vk
§8� ¤ ¤S£w¨{�l�s�s� ¡J�J�.���.¨�£.��¥@�J�¯�w�À� �Ñ�s�6�<£[�.¨��.�s� �J�f£b��¥@� �Ð¶

+6¨{�s¬f¥@¤ ¤ ¢¯�6�s�6�<£[�.¨��.�s� �J�¯�Ì� �l�s�.¨N�^�6£w�w�Ñ¡g¢ª�s�6�0�s�b¥@�6�sµP¨{�s¬f¥@�s�«¨{�X¥@�.�
¥{£w£w¨{�J�g�.�w�°µÃ¨{�8� �Å�s�6�<£.��¥@� �
c(ij, k)

�
�J�BÔ6�6�w��¥{�

c(ij, k) =

|V (G)|∑

`=1

[ij, k`].

Ý8£w£w¨{�.�^� �J���.¨��s�6�
�J�BÔ6�J� �s�«¨{�6�u� �Ñ�s�6�0±J�.�[®N�«¨{�6�À�.�J¡6�.�w£[�s�«¨{�Ð�J� �ÌµÃ¨{¤ ¤«¨Ä§u�u�s��¥@�

c(ij, k) = −c(ji, k).

ËS�J�s�.�X£Ä¥@¤ ¤«�w�
�s�6��£b��¥@� �6�
c(ij, k)

äZá�äZãBäèÝ�ð�°f¸:±�Ú�Úâ´�°�±tê:±�²�á[µGÝ�¸âäè¶âÚ�sN�u¥@�6�È£b��¥@� �6���BÊ^±J�.�w�.�s� ¡J¤«�m¥{��¥tÔ6�J� �.�
�s�J¬�¨@µy� �J� �s�q¥@¤y£[�.¨��.�×Æg£w¨{¡F¨{�J�6�6¥@�s�«�w�Ä�Ù·�¶âáQ¶f¸�Ý�ð,°f¸:±�Ú�Úf´�°�±�ê�±�²táQµGÝ�¸âäè¶�Ú¯¶7$n¤«�Ä¥@�s¤ ¢Ñ£[�.¨��.�×Æg£w¨{¡F¨{�J�6�6¥@�s�«�w�ÀµÃ¨{�s¬
¥����.¨{�J±Ð�e§8�J�«£.�X�«�À�J�[�6¨{�.�w�

Rc(G)
�>¥@�6��� �À�«�¿¥@¤«�.¨f¥²�s�J¡J���.¨{�J±Á¨@µ

R(G)
¶Å!¿¨{�.�<�s��¥@�

Rc(G)
¨{¡l®N�«¨{�6�s¤ ¢

£w¨{�g�b¥@� �6�u�s�6�<ÏÄ�[�.¨�£b��¥@� �Ð�J§8�J�«£.�fÖ×�6�.�8¤«�Ä¥w®¯�w�u�s�6�
���b¥@±J�X¥{�8� �8�«�Ä¶
�³µ
x(G)

�«�¦�s�6��£[�.¨��.�s� �J�°£.��¥@� �t¨@µ*¥ª�^�b¥w§8� �J�°¡F�BµP¨{�.�(�s�6�i�s�b¥@�6�ðµP¨{�s¬f¥@�s�«¨{�Ð�F�s�6�[�m�s�6��£[�.¨��.�s� �J�°£.��¥@� �t¨@µ
�s�6�¿�^�b¥w§8� �J��¥GµP�.�[�n�s�6�¦�s�b¥@�6�ðµÃ¨{�s¬f¥@�s�«¨{���«�*�[� �s�6�[�

x(G)+ c(ij, k)
¨{�
x(G)− c(ij, j)

���J�[±F�[�6�^� �J�²¨{�ª�s�6�
¨{�s�«�[�g�b¥@�s�«¨{�X¨@µ

(vi, vj)
¶

ÃwñT¡6�
���;¢²¥����
�/���t���w�������>��¢M�����
�
����£�¢�¥O�r���m��§
χ
����x ñT¡��|º���z�«j�'¡6����¥������ª§6���R���'�r�����w���6§*���w�������w�{��¥'�/���O�6��¢��r���r�� ®¡��'¢M�������¡'�
���X���*¢��r��¢M¡'���r������¥'� ¢M�����
�
���'£m��¡����R�M�c ­������£r�����'¥ ï�»�¼ ° ½�ð;���-��¥����;��¥��w�
���w°~�ñT¡6�
��� �6�w�'�r�����}���}�����©���µ�r�J¢M�����
��{@¢w���R��¡'�O���r�
§
c(ij, k)

�r�
K(ij, k)

«6�'¡6�c¢w���'�
�����²������£%��¥'�r�
K
«6���c�w¦@�w�

k
���"���j�����r�
���©§�������²�������M�����-���;��¥'� ¢w���m�����²���1£����r�'¥P«6��¥'���ª§6�%�R���

c
���/¡'�
���-���}��¥'���;��¥'�w�
���w°



Æ'����Æ $n��¥@±J�.�[�/�6¶JÞ2� �.�[�b¥@�s�J�.�
�.�[®N�«�[§

q>þe];þBM�þeg § �ZS�w�_tR'mESQUKOKTîP�S%PY~H_"WGR�S
b�bYXBOKj�O(UKlnmE_tR
ËS�J�s�.�0�6¨{�.�w�Å�s��¥@�8�s�6�<�s�J¬�¨@µÂ�s�6�<¥@¡6�.¨{¤ �J�.�
®{¥@¤ �6�w�8¨@µÂ�s�6�0±�¥@�b¥@¬��[�.�[�.�

λ(ij, k`)
�«�Ì¤«�w�b�Ì�s��¥@�Ñ¨{�u���l��¥@¤

�.¨ª�s�6���.¨{�b¥@¤y�l�J¬�¡F�[�
¨@µ*£[�.¨��b�s� �J�¯�¿� �m�s�6�²£w¨{�s�.�w�.±>¨{�6�^� �J�Ñ�^�b¥Ä§8� �J�Ñ¨@µ*¥ª���b¥@±J�Ð¶��´�¦�«�0�6¨{�0�6�w£w�w�.�b¥@�s� ¤ ¢
¤«�w�.�y�s��¥@��¨{�����g��¥@¤J�.¨0�s�6�8£[�.¨��.�s� �J�<�g�J¬�¡F�[�Z¨@µF¥¿���b¥@±J�.@Ã¥{�Z�J�BÔ6�6�w�²� �íÍZÜ^¶\
GDB�l�s� �6£w�Ì�s�6�8�^�b¥Ä§8� �J�
�J�6�J�[�
£w¨{�6�s�«�J�[�b¥@�s�«¨{�X�6�w�w�Å�6¨{�u¡F�0� ���s� �J��¤«�OÆg£[�.¨��.�À�6¨{�s¬f¥@¤ÐµÃ¨{�s¬Ñ¶�ì*�J�u�àµ4¨{�6�
£Ä¥@���s�6¨­§��s��¥@�

|λ(ij, k`)| ≤ 1
�

¨{�6��¥@�s�s� ®¯�w��¥@� · ÏÄå[©¯�[¤ ¢FØÙ�(�J�BÔ6�J� �s�«¨{��¨@µu�s�6�ª� �6�J�[±>�[�6�J�[�g�×Æg¨g�J��£[�.¨��.�.� �J���l�J¬(¡>�[�-@²Í�Ü^¶\
^¶ ÛYDB�y§8�J�«£.�a�«�
£w�[�s�b¥@� �J¤ ¢Ñ¥@�8¬�¨��s�À���g��¥@¤2�.¨²�s�6�<£[�.¨��.�.� �J���l�J¬(¡>�[�¿¨@µ4¥i��� ®¯�[�Ñ���b¥@±J�Ð¶

J _ � OVXcPYXcSQOÄq/þ�];þe] `a±�¸)Ý�·�¸:Ý�³
ß
G

pãZßI¶�ËS�J�s�.�
£[�.¨��.�s� �J�f�l�J¬�¡F�[�éä�Úiµ�¶BþEáQ¶:µÆÝ�Ú

ν(t)(G) = min¾�¿ÁÀqÂTÃ Ä�Å�Æ.Ã ÄÄ�Ç�¿ÉÈ[À�ÊeËÌÇ�¿ÁÈ
∑

i<j,k<`
i<k

|λ(ij, k`)|.
@Z�6¶ �tD

�

�´�k�s�6�°£Ä¥{�.��§8�6�[�.�
|λ(ij, k`)| ≤ 1

�4�s�6���s� ���l�×Æl��¥@�6���.�«�J�ª¨@µ*@Z�6¶ �tD
�«���s� ¬²±J¤ ¢k�s�6��� �6�J�[±>�[�6�J�[�g�×Æg¨g�J�
£[�.¨��.�.� �J�Ñ�l�J¬(¡>�[�Ä�4¥@�6�z�.¨°�s�6�f£.��¥@� ��¨@µ*� �6���g��¥@¤ � �s�«�w�

ν(i)(G) ≤ ν(t)(G) ≤ ν(G)
�«�
�[®g�«�J�[�g�Ä¶ · ÏÄå[©¯�[¤ ¢

¥{�.�b�[�s�.�Ì�s��¥@�Å�³� ��ËÐ�J�s�.��ØÙ�¦§n¨{�s©F��¥@�6¨{�s�6�[�¦©g� �6�Å¨@µ4£[�.¨��.�s� �J���g�J¬�¡F�[�À�«�8� ¬²±J¤ �«£[� �Ä¸Z�s�6�<� �6�J�[±F�[�6�J�[�l�×Æg¨N�J�
£[�.¨��.�.� �J�z�l�J¬(¡>�[�Ä¶w¶w¶ � @]±Ð¶nÜ�Ü�Ü^�¦ÿ · ÏÄå�&����ZDB¶õËÌ�J�«�f�«�f�s�s�6�Ñ�J�6�J�[�ª�s�6�Ñ±�¥@�s�s�«£[�J¤q¥@��� �l�.�[�s±J�.�[�b¥@�s�«¨{�õ�s��¥@�
· ÏÄå[©¯�[¤ ¢²¬f¥@©¯�w�7@ ä
�Z¶��q���s�6�u� �6�J�[±F�[�6�J�[�l�×Æg¨N�J�°£[�.¨��.�s� �J�(�l�J¬�¡F�[�Ä�"ÍÌÜ^¶\
^¶ ÛYDB�J¥@¤ �s�6¨{�J�����6�u�«�n¥Ä§*¥@�.�¿¨@µÐ�s�J�«�Ä�
¥{�¦�6���s�b¥@�.�w�¿� �×Íi�N¶ Û(¨@µ¿ÿ · ÏÄå�&����³�>§8�6�[�m�6�i£w¨{�6£[¤ �6�J�w�0�s��¥@�0�J�«�0¨Ä§8�z¥@¤ �¯¨{�s� �s�J¬ÍµP¨{�¦�s�6��£w¨{¬²±J�J�b¥@�s�«¨{�
¨@µ
ν(i) �6�.�w�<¥=�³¬�¨g�ô
ª®¯�[�.�s�«¨{�t¨@µnËÐ�J�s�.��ØÙ�<�s�6�w¨{�s¢t�Æ@]� ¡J�«�2¶�DB¶�ËÌ��¥@�¿�«�­�e�s�6� λ £w¨N�â8f£[�«�[�l�.�(¥@�.��¥{�b�s�J¬��w��.¨�¡F�<�[� �s�6�[�/&²¨{�
Û¿µÃ¨{�u�s�6�0� �6�J�[±F�[�6�J�[�l�×Æg¨N�J�X£[�.¨��.�.� �J�²�l�J¬�¡F�[�Ä¶
· ÏÄå[©¯�[¤ ¢FØÙ�¿� �l�.�[±J�.�[�b¥@�s�«¨{�t�«�C�l�J� �.�(®{¥@¤ �«�2¸*µÃ¨{�¿¥@�g¢��.���g�6�[�6£w�(¨@µ*£[�.¨��.�×Æg£w¨{¡F¨{�J�6�6¥@�s�«�w�

c1, c2, . . . , ct
�e�s��¥@�

�s�b¥@�6�ðµÃ¨{�s¬û¥L£[�.¨��.�.� �J�a£b��¥@� �
x(φ)

� �ªµP¨{¤ ¤«¨­§u�Ä�ÌµÃ¨{�°¥@�g¢��.�[�s¬
λ(ij, k`)

� �
c1 + c2 + · · · + ct

�8�s��¥@�
|λ(ij, k`)| ≤ 1

¶�ËÌ�J�«�0�«�0�s�s�6���S�s� �6£w�i�àµÌ¥@�z�w�^�¯���«���³±J�J¤ ¤«�w���²¥{£[�.¨��b�
¥�®¯�[�s�.�BÊ
vm
�F� �0£[�.¨��b�.�w�
¥@¤ ¤��w�^�¯�w�

� �6£[�«�J�[�g�*�.¨
vm
� �°�^� �.�w£[�s�«¨{�6�*�s��¥@�Ì¥@�.�¿¨{±J±F¨��s� �.�À�.¨��s�6�¦�^� �.�w£[�s�«¨{�6�Ì� �ª§8�J�«£.�°�s�6�w�.�¿�w�^�¯�w�Z§*�[�.�0£[�.¨��.�.�w�

¡F�BµP¨{�.�X�s�6�-�³±J�J¤ ¤U¶ �½�m¨{�.�w¨Ä®¯�[�Ä�¿�s� �6£w�m�s�6�X¨{�s� ��� ��¥@¤<£.��¥@� �
x(φ)

¬f¥w¢È¡>�m�.�w�[�á¥{�°¥k�^�b¥w§8� �J��§8�6�[�.�
£w�[�s�b¥@� ���w�^�¯�w�Ñ¥@�.�Á� �J� �s�q¥@¤ ¤ ¢í�³±J�J¤ ¤«�w���m¨­®¯�[�Ñ±�¥@�s�s�«£[�J¤q¥@�Å®¯�[�s�s�«£w�w�Ä�¿¡l¢
�s�6�t�b¥@¬��m�.�Ä¥{�.¨{�J� �J��� ��µP¨{¤ ¤«¨­§u�
�s��¥@�Ä�*�àµ¿µP¨{�f�[®¯�[�s¢��.�[�s¬

λ(ij, k`)
� �
x(φ)
�*� ���6¨{¤«�J���s��¥@�

|λ(ij, k`)| ≤ 1
�*�s�6�[�

|λ(ij, k`)| ≤ 1
� �

x(φ) + c1 + c2 + · · · + ct
¶

�´�Ó�«��¥@¤ §Ì¥w¢^�4±F¨��.�s� ¡J¤«�*�.¨<£w¨{�6�s�s�s�6£[�Z¥¿�^�b¥w§8� �J�
φ
¨@µF¥¦���b¥@±J�

G
�.¨¿�s��¥@�

|λ(ij, k`)| ≤ 1
µP¨{��¥@¤ ¤^�J�6¨{�.�J�[�.�w�

±�¥@� �.�0¨@µn�w�^�¯�w�
(vi, vj), (vk, v`) ∈ E(G)

§8�6�[�.�
(vi, vj) 6= (vk, v`)

� �s� ¬²±J¤ ¢�±J¤q¥{£w�(�s�6�i®¯�[�s�s�«£w�w�<¨@µ
G���g�J�ÎÆg�s±�¥{£w�w�m¨{�m¥@�m� ¬f¥@��� ��¥@�s¢�£[� �.£[¤«���2¥@�6�X£w¨{�J�6�w£[�¿�s�6��®¯�[�s�s�«£w�w�¿¡g¢��s�s�b¥@� ���l�¿¤ � �6�w�*@]�àµ��s�J�.�w�(¨{�¦¬�¨{�.�

¤ � �6�w�y¬��w�[�Z¥@��¥¿£w¨{¬²¬�¨{��±F¨{� �l�Ä���s�J�«�y¬f¥Ä¢(¡F�Ì£w¨{�s�.�w£[�.�w��¡l¢i�s�6�n¬��[�s�6¨N�²�J�w�.£[�s� ¡F�w��� �»Í�Ü^¶ Û�¶\
GDB¶E$n¤«�Ä¥@�s¤ ¢
�s�6�0�.¨{�b¥@¤Ð�g�J¬�¡F�[�¦¨@µ4£[�.¨��.�s� �J�¯�8¡F�[�³§*�w�[�m¥@�g¢�±�¥@� �¦¨@µy�w�^�¯�w�8�«�¦¥@�u¬�¨��s�u¨{�6�<� ���.�6£.��¥²�^�b¥Ä§8� �J�6¶

q>þe];þBM�þ¬q ­sUHP�P�_�ª¬bÁl�u�XBOîR�_�bYUV�cP
$n¤«�Ä¥@�s¤ ¢¯�NµÃ¨{�Ì¥����b¥@±J�

G
¥@�6�Å¥(�^�b¥w§8� �J�

φ
�
Rc(G) + x(φ)

�«�Ì¥(£w¨��.�[�8¨@µ
Rc(G)

¶�ËS�J�s�.�0�s�6¨Ä§*�w�2�J�àµÓ�[®¯�[�s¢
λ
�.�[�s¬æ� �Ñ�s�6�
£[�.¨��b�s� �J�f£.��¥@� �

x(φ)
¨@µ�¥²�^�b¥w§8� �J�ª�«�À�[®¯�[�Ð�6�s��¥@�

x(φ) ∈ Rc(G)
¶*ËÌ�l�6�Ä�e�s� �6£w�<�s�6�<ÏÄ�[�.¨

£b��¥@� ���«��� �
Rc(G)

�Z� ���«��±F¨��.�s� ¡J¤«���.¨mÔ6�6���[¤«�[¬��[�l�.�²� �
Rc(G)

�.¨t¥{���.¨Á�.�[¬�¨Ä®¯�Ñ¥@¤ ¤u£[�.¨��b�s� �J�¯��� �
φ
�

¬��Ä¥@�J� �J���s��¥@�
G
¬(�6�s�u¡F�0±J¤q¥@��¥@�Ä¶

ütÓ�Ò1Ó�Ò ÍíÜ>Ý�é%ß�Ø�é�Ù êRÖ�äPÚ�é%Ø�ì1ÝtÖ�à
ËÌ�6�*¬�¨��s�y¨{¡l®N�«¨{�6��¥@±J±J�.¨¯¥{£.���.¨­§*¥@�.�J�yÔ6�6�^� �J�0¡F¨{�J�6�J�4¨{���s�6�n£[�.¨��.�.� �J�¿�g�J¬�¡F�[��¨@µ>¥¦±�¥@�s�s�«£[�J¤q¥@�4���b¥@±J�Ð�
�«�y�.¨<�6�b�u¥@�f¥@��¥@¤ ¢g�s�«£Ä¥@¤6¤«¨­§n�[�n¡>¨{�J�6�-@]§8�J�«£b�f�«�4�´¢g±J�«£Ä¥@¤ ¤ ¢*�g�J� �.�Ì§n�Ä¥@©F�l�s� �6£w�Ì� �4�«�4¤ � ©¯�[¤ ¢��.¨0¡F�u¥¿�¯�[�6�[�b¥@¤



�6¶\
^¶JÝ¦��¥@¤ ¢g�s�«£Ä¥@¤S�.�w�s�J¤ �.�8µÃ¨{�8�s�6�<£[�.¨��.�s� �J���g�J¬�¡F�[�À±J�.¨{¡J¤«�[¬ Æ'���(Æ

¡F¨{�J�6�
DB�¯¥@�6���.¨¦Ô6�6��¥¿�^�b¥w§8� �J�<¨@µ��s�6�*���b¥@±J��§8� �s�²¥{�SµÃ�[§a£[�.¨��.�.� �J�¯��¥{�S±F¨��.�s� ¡J¤«�n�.¨¿¡>¨{�J�6�(�s�6�Ì£[�.¨��.�s� �J�
�g�J¬�¡F�[�ÀµP�.¨{¬�¥@¡F¨Ä®¯��¶uËÌ�J�«�¦�s�s�b¥@�.�[��¢Å�«�C�l�J� �.��¤ � ¬²� �.�w�2�>¥@�6�X£w¨{�6�.���l�6�[�g�s¤ ¢��.¨{¬��(¨{�s�6�[�¦¬��[�s�6¨N�J�À��¥Ä®¯�
¡F�w�[�(�6�b�w�(§8� �s�²�.¨{¬��*�s�6£w£w�w�.�H�îµÃ¨{�Â�BÊ6¥@¬²±J¤«�����s�6�*���b¥@±J�NÆl�.¨GÆl���b¥@±J�f�[¬�¡F�w�J�^� �J�<¬��[�s�6¨N�i�J�w�b£[�s� ¡>�w�i� �
�s�J�«�Ì�.�w£[�s�«¨{�Å��¥{�Ì¡F�w�[�°�6�.�w���.¨i�J�[�.�[�s¬²� �6�0¡F¨{�J�6�J�*µÃ¨{�*�s�6�<£[�.¨��b�s� �J���l�J¬�¡F�[�.�u¨@µS�g¢g±F�[�.£[�J¡F�w�i@P�J�BÔ6�6�w�
¤q¥@�.�[�u� �Å�s�6��£.��¥@±J�.�[��D8�b¨��s��¥@�u�s�6�0�J±J±>�[�¿¥@�6�Å¤«¨Ä§*�[�À¡F¨{�J�6�J�À¥@�.��¥{�s¢N¬²±J�.¨{�s�«£Ä¥@¤ ¤ ¢Å���l��¥@¤U¶

q>þe];þ�]cþBM )QP�u�OKTVu}R�T�WGS[UVOQPYXBOHj%l%_GPY~KS(T

â¿� ®¯�[��¥(���b¥@±J�
G
�^�s�6�<�s�b¥@�6�6¥@�.�Ñ£w¨{�J�g�s� �J�f¬��[�s�6¨N��µP¨{�Ì¡F¨{�J�6�^� �J�

ν(G)
¬f¥w¢�¡>�0�J�w�.£[�s� ¡F�w�Ñ¥{�ÌÔ6�6�^� �J�

¥0�g�J¬�¡F�[�*¨@µÐ�^�«�s�s� �6£[�*�s�J¡J���b¥@±J�6�
S = {G1,G2, . . . ,Gt}

�N�.¨<�s��¥@�
G = G1∪G2∪· · ·∪Gt

�N¥@�6�f�s�6£b���s��¥@�
µÃ¨{�0¥@�g¢

Gi,Gj ∈ S,Gi ∩ Gj 6∈ S
<S¥@�6�t¥{�J�^� �J�Å�J±t�s�6�(¡F�w�s�
¥w®�¥@� ¤q¥@¡J¤«��¤«¨Ä§*�[�
¡F¨{�J�6�J�<¨{�m�s�6�²£[�.¨��b�s� �J�

�g�J¬�¡F�[�.�¿¨@µ��Ä¥{£b�X���b¥@±J�m� �
S
¶ÌËÌ�6�i�s�J¡J���b¥@±J�6�À�6�w�w���6¨{�À¡F�
±�¥@� �s§8�«�.�i�^�«�PÖs¨{� �l�¦§8� �s���.�w�s±F�w£[�À�.¨f�s�6�[� �

®¯�[�s�.�BÊt�.�[�.�0�6¨{�<§8� �s�t�.�w�s±F�w£[�<�.¨��s�6�[� ���w�^�¯�²�.�[�.�/� � �ÁµU¥{£[�Ä�2¡>�[�s�.�[�<�.�w�.�J¤ �.�
¥@�.�²¨{¡J�b¥@� �6�w�t§8�6�[�z�s�6�
�s�J¡J���b¥@±J�6�*¥@�.�À£b�6¨��.�[��¥{�Z¤q¥@�s�¯�¦¥{��±F¨��.�s� ¡J¤«��¶y�³µ>�s�6�À�s�J¡J���b¥@±J�6�*¥@�.�À�6¨{��±�¥@� �s§8�«�.�¦�^�«�PÖð¨{� �g�Z� ���s�6�[� �*�w�^�¯�
�.�[�.�­���s�6�[���.¨{¬��u£[�.¨��.�.� �J�¯�4§8� ¤ ¤6¡F�8£w¨{�J�l�.�w��¬�¨{�.�u�s��¥@�f¨{�6£w�8§8�6�[�.�[®¯�[�Z�´§n¨(�s�J¡J���b¥@±J�6��� �g�.�[�.�.�w£[�Ä¶4ËÌ�J�«�
¬(�6�s�u¡F�
¥{£w£w¨{�J�l�.�w�ÅµÃ¨{�À¥@�6�Ñ�s�J¡J�s�b¥{£[�.�w�Åµ]�.¨{¬ä�s�6�¿Ô6��¥@¤S�.�w�s�J¤ �Ä¶
�´�X�s�6���s� ¬²±J¤«�w�.�0£Ä¥{�b���F§8�J�«£.�t�«�0�³¢N±J�«£Ä¥@¤ ¤ ¢��6¨­§��s�J�«�0¬��[�s�6¨g�m�«�
¥@±J±J¤ �«�w�Á� �m�s�6��¤ � �.�[�b¥@�s�J�.���2�s�6�i���b¥@±J�
G
�«�n�J� ���J¤ ¢��s¢N¬²¬��[�s�s�«£��6¥@�6�ª�s�6�0�s�J¡J���b¥@±J�6�¦¥@�.�0¥@¤ ¤2¨@µÂ�s�6�¿�O¥@¬��¿�.� ÏÄ��¶,+6¨{�8�BÊJ¥@¬²±J¤«���NµÃ¨{�

G ∼= Kn
�^�s�6�

�s�J¡J���b¥@±J�6�(¬f¥w¢t¡F�f£b�6¨��.�[�a�.¨Ñ¡F�²�«�.¨{¬�¨{�s±J�J�«£ª�.¨
Kn−1

¶ÅËÌ�6�f±J�.¨g£w�w�^�J�.���J�w�.£[�s� ¡F�w�z�6�[�.�ª�«�
���.�Ä¥@�s¤ ¢
�s� ¬²±J¤ �àÔ��w�2¸yËÌ�6�[�.�¿¥@�.�

n
£w¨{±J�«�w�*¨@µ

Kn−1
� �
Kn
¶Vo�®¯�[�s¢�£[�.¨��.�s� �J���«�Z¡>�[�´§n�w�[���³§*¨(�w�^�¯�w�Ä�N¥@�6���s�6�[�.�BµÃ¨{�.�

µÃ¨{�J�f�^�«�s�s� �6£[�ª®¯�[�s�s�«£w�w�n@]�s�6�X�s�b¥@�6�6¥@�.�
�J�BÔ6�J� �s�«¨{�õ¨@µ<�s�6�Ñ£[�.¨��.�s� �J�k�l�J¬(¡>�[���.���l�J� �.�w���s� �J��¤«�X£[�.¨��.�s� �J�
�^�b¥Ä§8� �J�¯�8� �Å�s� �J��¤«�OÆg£[�.¨��.�Ì�6¨{�s¬f¥@¤FµÃ¨{�s¬Ñ�^¥{�8�J�BÔ6�6�w�°� � ÍÀÜ^¶ Û�¶\
GD*¥@�.�¿� �l®¯¨{¤ ®¯�w�Å� �Å�[®¯�[�s¢ª£[�.¨��b�s� �J�6¶,+6¨{�À¥
��� ®¯�[�Á�.�[�¦¨@µ4µÃ¨{�J�À®¯�[�s�s�«£w�w�­�e� �¦�«�uµÃ¨{�J�6�X�s��¥@� (n−4

n−3

)
= n − 4

�s�J¡J���b¥@±J�6�0£w¨{�l�b¥@� �m�s�6��µP¨{�J�¿®¯�[�s�s�«£w�w���
�s�6�[�.�BµÃ¨{�.���6�[®¯�[�s¢°£[�.¨��.�s� �J���«�u£w¨{�J�g�.�w�

n− 4
�s� ¬��w�Ä��¥@�6�Ñ�s�6�0¤«¨Ä§n�[�¦¡>¨{�J�6�

ν(Kn) ≥
n

n− 4
ν(Kn−1)

@Z�6¶\	GD

�«�¿¨{¡J�b¥@� �6�w�2¶0ÝÀ±J±J¤ �«£Ä¥@�s�«¨{�t¨@µ��s�J�«�¿¡>¨{�J�6�X�.¨
K6
¢g�«�[¤«�J�

ν(K6) ≥ (6/2)ν(K5) = 3
¶¦Ý#�^�b¥w§8� �J�Å¨@µ

K6�«�(�s�6¨Ä§8�a� �¥+Â� ���J�.� �6¶\
}@Ã¥GD'@]�s�J�«��¥@¤«�.¨X�s�6¨Ä§u�i�s��¥@�
ν(K6) ≤ 3

�4¥@�6�k£w¨{�6�b���l�6�[�g�s¤ ¢¯�4�s�6���´§n¨m¡>¨{�J�6�J�
� ¬²±J¤ ¢��s��¥@�

ν(K6) = 3
DB�J¥@�6���s�6�0�s�àÊf�^�àÇF�[�.�[�g�u�s�J¡J���b¥@±J�6�Ì§8�J�«£.��¥@�.�¿�«�.¨{¬�¨{�s±J�J�«£¿�.¨

K5
¥@�.�¦�.�6¨Ä§8�Å� �

+Â� ���J�.�w�C�6¶\
}@]¡[DUÆQ@]�tDB¶<�³�¿¬f¥w¢�¡>�i�.�w�[�m�s��¥@�¿�s�6�i�b¥@¬��i£[�.¨��.�s� �J��§8� ¤ ¤y¡>�i£w¨{�J�l�.�w�m� �m�s�6�i£w¨{�6�.�s�s�6£[�s�«¨{�6�
� �n+Ó� ���J�.�w�C�6¶\
}@]¡[D¿¥@�6�1@P£YDB¶¦ËÌ�J�«�¿�«�0¥@¤«�.¨��s�s�6�(µÃ¨{�À�s�6�(�³§n¨°£w¨{�6�s�s�s�6£[�s�«¨{�6�0� �ô+Â� ���J�.�w�C�6¶\
}@P�
DÀ¥@�6�1@P�YDB�
¥@�6��Ô6��¥@¤ ¤ ¢Ñ¥@¤«�.¨iµÃ¨{�u�s�6�0±�¥@� �À¨@µ4£w¨{�6�s�s�s�6£[�s�«¨{�6�u� �"+Ó� ���J�.�w���6¶\
}@CµâDÌ¥@�6�%@]�tDB¶

ï �@ð ï �Rð ï ¢eð ï �Oð ï �eð ï  �ð ï £jð
+Â� ���J�.�)�6¶\
^¸

K6
��¥{�
Úª�^�«�s�s� �6£[�<�s�J¡J���b¥@±J�6�0�«�.¨{¬�¨{�s±J�J�«£��.¨

K5
�>§8�6�[�.�i�Ä¥{£b�t£[�.¨��.�s� �J�°� �

K6
�«�0�s��¥@�.�w�

¡g¢ª�´§n¨f�.�J¡J���b¥@±J�6�Ä¶



ÆÁ	�&�Æ $n��¥@±J�.�[�/�6¶JÞ2� �.�[�b¥@�s�J�.�
�.�[®N�«�[§

q>þe];þ�]cþ�] � R�u}�V~(ØQP�S}ØÙj[R�u}��~Ä_tlnmE_tTKT�XBOHj
ÞÐ�[� ���g�.¨{�úÿÙÞS�[����Ü��À� �g�s�.¨g�^�6£w�w�
�s�6�Ñ� �J�¯�[�J�«¨{�6��¬��[�s�6¨N�È¨@µi·�¸:Ý�³
ßt´Gãï±G´Y·�¸:Ý�³
ßA¶fñ=ê�¶:µGµ�äZát·�t�µÃ¨{�f�J�[�s� ®N� �J�
¡F¨{�s�z�J±J±F�[�(¥@�6�t¤«¨Ä§*�[�(¡F¨{�J�6�J��¨{�L�s�6��£[�.¨��.�s� �J�Ñ�g�J¬�¡F�[�i¨@µu¥°���b¥@±J�Ð¶ · ��¥@�J�.¨{©g�J�U� ·ty ©¯¨{�b¥^� · ÏÄå[©¯�[¤ ¢
¥@�6�°ô4�:z.¨�� �6£[¤ �6�J�<���b¥@±J�NÆl�.¨GÆl���b¥@±J�m�[¬�¡F�w�J�^� �J��� �Å�s�6�[� �u�s�J�s®¯�[¢Áÿ ·J·J· ô7�G�{¥��³�^§8�J�«£.�Ñ� �6£[¤ �6�J�w�8¬(�6£.��¨@µ
�s�6�[� �Ì¨Ä§8�°§n¨{�s©ª¨{�ª�s�6�0�s�J¡^Ös�w£[�Ä¶��m¥@�g¢f�«�J�Ä¥{�*±J�.�w�.�[�l�.�w��� ���s�J�«�Ì�.�w£[�s�«¨{�°¥@¤«�b¨(�J�[�s� ®¯�¦µP�.¨{¬��s�6�[� �*§n¨{�s©F¶
J _ � OVXcPYXcSQOÄq/þ�];þ¬g `a±�¸>ãBøp±Å·�¸�Ýâ³
ßGÚ

G
Ý�á[µ
H
ø�ßI¶f¸:¶

|V (G)| ≤ |V (H)|

aÝ<���b¥@±J�NÆl�.¨GÆl���b¥@±J���[¬�¡F�w�J�^� �J�

ψ(G) = (ψ( ^µÎ , ψ( _|Î ) ±�Ü G äZá
ãï± H ä�ÚiÝ;³IÝ�äZ¸�±�Ü;äZá�à�¶�°�ãBäB±�á}Ú
ψ( ^µÎ : V (G)→ V (H)

Ý�á[µ @Z�6¶ ÚGD
ψ( _|Î : E(G)→ {p : p

äcÚ�Ý;³IÝ�ãZßJäZá
H},

@Z�6¶���D
ø�ßI¶f¸:¶é¶:µ�·t¶�ñ*Ýâ³G³[äZát·�Ú

ψ( _|Î (e) 
 e ∈ E(G)

ÅÝ�¸:¶�Ú�²�êZà�¶:°�ãÅãï± ãZßI¶)°�±�á}ÚfãB¸�Ý�äZá
ã>ãZß�Ý�ã

ψ( _|Î (e) = ψ( _|Î ({vi, vj}) = p ∈ {
Ý�ðcð

ψ( ^µÎ (vi)− ψ( ^�Î (vj) ³IÝGãZßGÚ;äcá H}. �

u1

u2u5

u4 u3

ï ��ð

v1

v2

v3 v4 v5 v6

v7

ï �Rð

v1

u1

u5 u4

u3
�
v7

v3

v2

v4
u2v6v5

ï ¢eð
+Â� ���J�.�;�6¶ Ü^¸4Ý÷���b¥@±J�NÆl�.¨GÆl���b¥@±J�Á�[¬�¡F�w�J�^� �J�ª¨@µ

K5
� �g�.¨
K4,3
¶

Ý¿�<¥@�z�BÊJ¥@¬²±J¤«���Ó£w¨{�6�s�«�J�[��¥����b¥@±J�NÆl�.¨GÆl���b¥@±J�k�[¬(¡>�w�J�^� �J�m¨@µ
K5
� �l�.¨

K3,4
¶�ËÌ�6��®¯�[�s�s�«£w�w�
¨@µ

K5
¥@�.�

¤q¥@¡F�[¤ ¤«�w�Ñ¥{�
V (K5) = {u1, . . . , u5}

¥@�6�°�s�6�0�´§n¨�±�¥@�s�s� �.�
�.�[�.�
V1 ∪ V2 = V (K3,4)

¨@µ
K3,4
¥@�.�¿¤q¥@¡F�[¤ ¤«�w�

¥{�
V1 = {v1, v2, v7}

¥@�6�
V2 = {v3, v4, v5, v6}

¶
¹0�BÔ6�6���s�6�(���b¥@±J�NÆl�.¨GÆl���b¥@±J�a�[¬�¡F�w�J�^� �J�
ψ′(K5)

¡l¢
¬f¥@±J±J� �J���s�6�
®¯�[�s�s�«£w�w�¦¥{�
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ν(G) ≥ (1/4)ν(M).
�

!¿¨(�.� ���J�àÔ�£Ä¥@�l�u¡F¨{�J�6�J�*µP¨{�Ì�s�6�<£[�.¨��.�.� �J�i�g�J¬�¡F�[�À¨@µy¥@�g¢f���b¥@±J�Å� �°�s�6�0±J¤q¥@�6�0��¥w®¯�0¢¯�[�Ì¡F�w�[�Ñ¨{¡J�b¥@� �6�w�
¡g¢��6�s� �J�°�s�J�«�0¬��[�s�6¨N�î@Ã¥@¤ �s�6¨{�J���aâ<¥@�.£[�q¥­Æt�m¨{�.�[�6¨Ñ¥@�6� · ¥@¤ Ï­¥@�
�s�6£w£w�w�.�ðµP�J¤ ¤ ¢X¨{¡J�b¥@� �6�w�Á¤«¨­§n�[�
¡F¨{�J�6�J�
µÃ¨{�À¥@¤ ¤Ð���b¥@±J�6�u§8� �s���.�w�s±>�w£[�8�.¨��s�6�[� �À�.¨²£Ä¥@¤ ¤«�w�Æ�³�.�[±J�.�w�b�[�l�b¥@�s� ®N� �³¢t��¨{�Ñ�s�6�<ò0¤«�[� ��¡F¨{�s�s¤«�<� �zÿ â7� · &^Ûf�ZDB�
¥@�6�X� �Á�s�6�i£Ä¥{�b�w�¦§8�6�[�.�i���b¥@±J�6�
¥@�.�i�s¢N¬²¬��[�s�s�«£Ä¥@¤U�F�s�6�i�.�b¥@�6�6¥@�.�m£w¨{�J�g�s� �J�Å¬��[�s�6¨g�t¥@�6�m�s�6�i���b¥@±J�NÆ
�.¨GÆl���b¥@±J���[¬(¡>�w�J�^� �J�ª¬��[�s�6¨g���.�w�[¬ä�.¨iµU¥@�.�0¡>�[�s�.�[�Ä¶



�6¶\
^¶JÝ¦��¥@¤ ¢g�s�«£Ä¥@¤S�.�w�s�J¤ �.�8µÃ¨{�8�s�6�<£[�.¨��.�s� �J���g�J¬�¡F�[�À±J�.¨{¡J¤«�[¬ ÆÁ	�	(Æ

Rn
R1
R2

R3

Ri

Rj

B1
B2
B3
Bm+Â� ���J�.�;�6¶ Ú^¸

Cm × Cn
¶

q>þe];þ�]cþ¬q ­i~K_"l%_GPY~KS(TíS���j
R�u}�V~ímVXZb�_tW�PYXZS[O
ËÌ�6��êfä�Ú�¶:°�ãBäè±�áJø,äBµGãZß�¡

(G)
¨@µS¥0���b¥@±J�

G
�«�4�s�6�u¬²� �J� ¬(�J¬��g�J¬�¡F�[�n¨@µÐ�w�^�¯�w��§8�6¨��.�À�.�[¬�¨Ä®�¥@¤�±�¥@�s�s� �s�«¨{�6�

�s�6�¦®¯�[�s�.�BÊ��.�[�
V (G)

� �l�.¨i�³§*¨²�.�[�.�
V1(G)

¥@�6�
V2(G)

�s�6£.�°�s��¥@�
|V1(G)|, |V2(G)| ≥ (1/3)|V (G)|

¶�ËÌ�6�
±J�.¨{¡J¤«�[¬ ¨@µÌ�J�[�.�[�s¬²� �J� �J�m�s�6�²¡J�«�.�w£[�s�«¨{�z§8�«�^�s�a¨@µ8¥Å���b¥@±J�L�«�<©N�6¨Ä§8�k�.¨Å¡>� k-^ Æg£w¨{¬²±J¤«�[�.�Xÿ â<ã · �{Ú��³¶
ÞÐ�[� ���g�.¨{�kÿÙÞÐ�[����Ü��Ó�s�6¨Ä§*�w�Å�s��¥@�

ν(G) + n = Ω(
¡
(G)2).

@Z�6¶ Û�ÛYD
ËÌ�J�«�n�.�w�s�J¤ �Z� ��� �.�.�[¤àµÐ�«�Z�6¨{�n� ¬²¬��w�^�q¥@�.�[¤ ¢ª�6�.�Bµ]�J¤U¶y¾¿¨Ä§*�[®¯�[�Ä�^� �Z¬f¥w¢f¡>�À�6�.�w���.�w£[�J�.�s� ®¯�[¤ ¢f�.¨��w�s�b¥@¡J¤ �«�s�Å¥
±J�.¨­®{¥@¡J¤ ¢��¯¨g¨N�°�J±J±F�[�8¡>¨{�J�6�Å�.¨��s�6�<£[�.¨��b�s� �J�²�l�J¬(¡>�[�¿¨@µ4¥(���b¥@±J�Ð��¥{�8§8� ¤ ¤S¡>�0�^�«�.£[�6�.�b�w�°¤q¥@�.�[�u� �Å�s�J�«�
£b��¥@±J�.�[�Ä¶
Ý÷¬�¨{�.�
�¯�[�6�[�b¥@¤Â®¯�[�.�s�«¨{��¨@µ4�s�J�«�u�.�w�.�J¤ �Ä�6§8�J�«£.�m�«�u©N�6¨Ä§8�X¡l¢°�.�w�.�Ä¥@�.£b�6�[�.�¦� ���s�6�<Ô��[¤«�Ñ¨@µ4ô0Þ · �Ì�J�w�s� ���
@ðÿ ·J·J· ô;�G�{¥��³�^±Ð¶ Û�&GDB��¥@�6�Å§8�J�«£b���«�8� ¬²¬��w�^�q¥@�.�[¤ ¢Ñ¥@±J±J¤ �«£Ä¥@¡J¤«�����«�

ν(G) ≥
1

16

( ¡
(G)

1.58

)2

−
1

16

∑

v∈V (G)

[dG(v)]2,
@Z�6¶ Û�
GD

µÃ¨{�8§8�J�«£.�Ñ±J�.¨N¨@µÃ�8¬f¥w¢°¡F�¿µP¨{�J�6�Å� �zÿÙý ·J· ��Ú��Â¥@�6�°� �Lÿ · ô;�����³¶
ËÌ�J�«�0¬��[�s�6¨N�t�«�<¨{�J¤ ¢m�6�.�Bµ]�J¤yµÃ¨{�<£[¤q¥{�.�.�w�
¨@µ*���b¥@±J�6�<§8�6�[�.�²�s�6��¡J�«�.�w£[�s�«¨{�L§8�«�^�s�t�«��¥ªµ]�J�6£[�s�«¨{�z¨@µÌ�s�6�
�g�J¬�¡F�[�Ì¨@µÓ®¯�[�s�s�«£w�w�Ä¶�ËÌ�J�«�*�«�Ä�gµP¨{�Ì�BÊ6¥@¬²±J¤«���g�6¨{�Ì�s�s�6�0¨@µS�s�6�¿±J�.¨N�^�6£[�Ì¨@µÂ£[¢N£[¤«�w�

Cm×Cn
¥@�6��� �n�«�Ì�Ä¥{�s¢

�.¨°�s�6¨­§��s��¥@�<¡
(Cm × Cn) ≤ 2m

�Ð§8�6�[�
m ≤ n

¶�Ý��^�b¥w§8� �J��£w¨{�6�.�s�s�6£[�s�«¨{�ÁµP¨{�0�s�6�����b¥@±J�
Cm × Cn

�
m ≤ n

�2�«�<�s�6¨­§8�z� ��+Â� ���J�.�é�6¶ Ú^¶iËÌ�6�
m n
Æg£[¢^£[¤«�w�
¥@�.�²�s�6��¤q¥@�s�¯�²£[� �.£[¤«�w�Ä�S¤q¥@¡>�[¤ ¤«�w�

B1
�s�J�.¨{�J���

Bm
�

¥@�6�m�s�6�
n m
Æg£[¢^£[¤«�w�<¥@�.���s�6���s¬f¥@¤ ¤«�[�
�[¤ ¤ � ±6�.�w�Ä�F§8�J�«£b�L¥@�.�i�^�«�.�s�s� ¡J�J�.�w�z¥@�.¨{�J�6�Á�s�6�²£[� �.£[�J¬�µP�[�.�[�6£w�²¨@µ

�s�6�²¤q¥@�s�¯�[�
n
Æg£[¢N£[¤«�w�Ä¶�ËÌ�6�

m
Æg£[¢^£[¤«�w�(¥@�.�f¤q¥@¡>�[¤ ¤«�w�

R1
�s�J�.¨{�J���

Rn
¶°ËÌ�6�²�.�[¬�¨Ä®�¥@¤*¨@µ8�s�6�

m
�w�^�¯�w�Ä�

¡F�[¤«¨{�J��� �J�
�.¨0�s�6�
m n
Æg£[¢^£[¤«�w�Ä��¡F�[�³§n�w�[�°¥@�l¢�±�¥@� �Z¨@µÐ¥{�@Ös¥{£w�[�g�

m
Æg£[¢N£[¤«�w�­�l�b¥Ä¢

Ri
¥@�6�
Ri+1
��§8� ¤ ¤6¡J�.�Ä¥@©

�s�6�
n
Æg£[¢N£[¤«�w�­¶L�³µ¦�s�6�

m
�w�^�¯�w�²¡>�[�´§n�w�[�
¥@�6¨{�s�6�[�f±�¥@� ��¨@µ<¥{�@Ös¥{£w�[�g�

m
Æg£[¢N£[¤«�w�-@P¨@µ¿§8�J�«£.���6�[� �s�6�[�²�«�

¥{�@Ö.¥{£w�[�l���[� �s�6�[�<�.¨
Ri
�6¨{�<�.¨

Ri+1
DB�Ð�b¥w¢

Rj
¥@�6�
Rj+1

�«�<�.�[¬�¨­®¯�w�2�Ð�s�6�[�z�´§n¨Å���b¥@±J�k£w¨{¬²±>¨{�6�[�g�.�
§8� ¤ ¤Ð�.�w�.�J¤ �Ä¶nËÌ�g�6�Ä�JµÃ¨{�¦¥iÔJÊJ�w�

m ≤ n
�6�s�6�<¡J�«�.�w£[�s�«¨{��§8�«�^�s�X�«�8ÔJÊJ�w�2¶n�³µ

n
�«�u�s�6�[�.�BµÃ¨{�.�
¤q¥@�s�¯���[�6¨{�J���Ð�

�s�6�0�s� ���g�×Æl��¥@�6�X�s�«�J�<¨@µ�@Z�6¶ Û�
GD*§8� ¤ ¤Ð¡F�0�6�[�l¥@�s� ®¯��¶
Ý¦�6¨{�s�6�[�
� ¬²±F¨{�s�b¥@�l�(¥{�s±F�w£[�
�s��¥@�<±J�.�[®¯�[�g�.���s�J�«�<¬��[�s�6¨N�ÁµP�.¨{¬ ¡>�[� �J�m¥@±J±J¤ �«�w�z�Ä¥{�s� ¤ ¢¯�Ð�«�
�s��¥@�
�s�6�²¡J�àß
�.�w£[�s�«¨{��§8�«�^�s�
¨@µ¿�s�6�°���b¥@±J��� ���l�6�w�s�s�«¨{���6�w�w�J���.¨t¡>�°©N�6¨Ä§8�Ð�Ì¥@�6���J�J¤«�w�.���s�J�«�=�l��¥@�g�s� �³¢��«���Ä¥{�s� ¤ ¢
£w¨{¬²±J�J�.�w�2�6¨{�s�6�[�¦¡>¨{�J�6�^� �J�f�.�w£.�J�J�e�g�6�w�À�s�6¨{�J¤«�Å�b¥@�s�6�[�À¡>�<£w¨{�6�s�«�J�[�.�w�2¶



ÆÁ	�Ú�Æ $n��¥@±J�.�[�/�6¶JÞ2� �.�[�b¥@�s�J�.�
�.�[®N�«�[§

q>þe];þ�]cþ�d {/TVj
_"b�_GP=�Vu}R�PYX�PYXZSQOKXBOKj
· �s�s�«£[�s¤ ¢Å�s±F�Ä¥@©g� �J�6�6�s�6� ¶:µ�·�¶iÚ�¶fãa³IÝ�¸fãBäZãBäè±�á�äZát·ª¬��[�s�6¨g�Ñ�«�u�6�.�w�°� �Ñ�s�6�
¤ � �.�[�b¥@�s�J�.�(¥{�À¥�¡F¨{�J�6�^� �J�f�.�w£b�^ß
�J�e�g�6�°¨{�J¤ ¢L� �6�.¨@µU¥@��¥{�(� ��¬f¥Ä¢k¡F�f�6�b�w�k�.¨m±J�.¨­®¯�Å�s��¥@�iµP¨{��¥@���J±J±>�[��¡F¨{�J�6�

U(G)
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ν(G) ≥ U(G)
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x
��¥@�6�

�s�6�[�.�BµÃ¨{�.���l�s�J�«�n¬��[�s�6¨N�f¬f¥Ä¢�¡>�À�6�.�w���.¨�±J�.¨Ä®¯�¿�s�6�u®�¥@¤ �«�^� �³¢ª¨@µÐ¤«¨Ä§n�[�Ì¡F¨{�J�6�J�Z�.¨��s�6�¦£[�.¨��b�s� �J���g�J¬�¡F�[�
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Eðe¶fã

A,B ⊆ E(G)

ÅãZßI¶âá)Üf±�¸iÝÁµ�¸�Ý�ø,äZát·

φ
±�Ü
G

Eðe¶fã

νφ(A,B) =
∑

a∈A
b∈B

|φ(ã) ∩ φ(b̃)|.

ÿ ðüÚf±W
,ðe¶fã
νφ(A,A) = νφ(A)

�
�

�´�^µP¨{�s¬f¥@¤ ¤ ¢¯�
νφ(A,B)

�J�[�6¨{�.�w���s�6�u�l�J¬�¡F�[�Ì¨@µF£[�.¨��.�.� �J�¯�4¡>�[�´§n�w�[�°�[®¯�[�s¢�±�¥@� �Z¨@µF�w�^�¯�w�Z§8�6�[�.�u¨{�6�u�w�^�¯�
�«�Ì� �

A
�6¥@�6�Å�s�6�
¨{�s�6�[�u� �

B
¶

+6¨{�À�s�J�.�w�<¬��J�s��¥@¤ ¤ ¢Å�^�«�PÖs¨{� �l�À�.�J¡6�.�[�.�
A,B,C ⊂ E(G)

�6�s�6�
�«�J�[�l�s� �s�«�w�

νφ(A ∪B) = νφ(A) + νφ(B) + νφ(A,B)
¥@�6� @Z�6¶ ÛÄÜGD

νφ(A,B ∪ C) = νφ(A,B) + νφ(B,C)
@Z�6¶ Ûf�tD

¥@�.�0�6¨{�.�w�2¶
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U(G)
�«�����g��¥@¤��.¨Ñ�s�6�f£[�.¨��.�s� �J���g�J¬�¡F�[�Ä�

ν(G)
�Â¨@µ
G
�Ó�s�6�f�w�^�¯�ª�.�[�

E(G)
¬f¥w¢Å¡F�<±�¥@�s�s� �s�«¨{�6�w�Á�.¨²�s��¥@�

A ∪ B = E(G)
�eµP¨{¤ ¤«¨­§n�w�X¡l¢�¥@�m¥{�b�s�J¬²±J�s�«¨{�X�s��¥@�

ν(G) < U(G)
¶

· � �6£w���^µÃ¨{�À¥��^�b¥w§8� �J�
φ
�

νφ(G) = νφ(A) + νφ(B) + νφ(A,B),
� �ÌµÃ¨{¤ ¤«¨Ä§u�À�s��¥@�u�àµ

φ
�«�À¥@�Ñ¨{±J�s� ¬f¥@¤Â�^�b¥w§8� �J�ª¨@µ

G
@ ä
�Z¶��q�^�.�Ä¥@¤ � ÏÄ�w�u�s�6�
£[�.¨��b�s� �J���l�J¬(¡>�[�¦¨@µ

G
DB�J�s�6�[�

νφ(A,B) < U(G) − νφ(A)− νφ(B).
@Z�6¶ Û�	GD

ËÓ¨�£w¨{¬²±J¤«�[�.�¿�s�6�u±J�.¨N¨@µÐ¡l¢�£w¨{�g�s�b¥{�^�«£[�s�«¨{�Ð�J� �Z�.�[¬f¥@� �6�*�.¨
¡F�À�.�6¨Ä§8���s��¥@�
νφ(A,B) ≥ U(G)− νφ(A)−

νφ(B)
µP¨{�u�[®¯�[�s¢Å¨{±J�s� ¬f¥@¤S�^�b¥Ä§8� �J�

φ
¨@µ
G
¶

�¦�^µP¨{�s�s�J��¥@�.�[¤ ¢¯�Ì�s�6���.�[�f¨@µ
¨{±J�s� ¬f¥@¤¦�^�b¥Ä§8� �J�¯�ª�«���J�J©g�6¨­§8�5@P�s� �6£w��¨{�s�6�[�s§8�«�.�Ñ�s�6�X£[�.¨��.�s� �J�z�g�J¬�¡F�[�
±J�.¨{¡J¤«�[¬�§*¨{�J¤«�°��¥w®¯�<¡F�w�[�Å�.¨{¤ ®¯�w�
DB�^§8�J�«£.�Ñ¬f¥@©¯�w�Ì�s�6�0±J�.¨{¡J¤«�[¬ä¨@µÂ±J�.¨Ä®N� �J�²�s�6�<£w¨{�l®¯�[�.�.�<¨@µ�@Z�6¶ Û�	GDÌ¥{�
�^�98f£[�J¤ �¦¥{�u�s�6�
¨{�s� ��� ��¥@¤S±J�.¨{¡J¤«�[¬Ñ¶n�Uµ

Φ(A)
�J�[�6¨{�.�w�À�s�6�
�.�[�u¨@µ�¥@¤ ¤S�^�b¥w§8� �J�¯�¿¨@µ

A
�6¥@�6�

Φ(B)
�s�6�
�.�[�

¨@µÂ¥@¤ ¤Ð�^�b¥Ä§8� �J�¯�À¨@µ
B
�N�s�6�[�Ñ¥{�Ì¬f¥@�l¢Å¥{�

|Φ(A)| × |Φ(B)|
�^�àÇF�[�.�[�g�u�s� ���l�×Æl��¥@�6���s�«�J�w�Ì� ��@Z�6¶ Û�	GD*¬²� ���l�

��¥Ä®¯�<�.¨�¡>��£w¨{�6�s�«�J�[�.�w�2�J§8�J�«£.�X�«�u£[¤«�Ä¥@�s¤ ¢�� ¬²±J�b¥{£[�s�«£Ä¥@¤U¶
ËÓ¨Ñ�.�w�^�6£w�ª�s�6���l�J¬(¡>�[��¨@µu£Ä¥{�.�w�
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〈A〉
�«�

¤q¥@�s�¯��¥@�6�Ñ®{¥@�s�«�w�8� �X�s� ÏÄ�
¥{�
G
®{¥@�s�«�w�­�6¥@�6�Å�s��¥@�u�s�6�
�s�J¡J���b¥@±J�

〈B〉
�«�À�s¬f¥@¤ ¤Ó¥@�6�Ñ£w¨{�6�s�b¥@�g�u� ���s� ÏÄ� @Ã¥@�

�J±J±F�[�
¡F¨{�J�6�L�^�b¥w§8� �J�Á£w¨{�6�s�s�s�6£[�s�«¨{�a§8�J�«£.�k�.�Ä¥@¤ �«�.�w�
U(G)

�«�
�³¢N±J�«£Ä¥@¤ ¤ ¢L¥°�¯¨N¨g�z���J�«�J�ª¥{�
�.¨Ñ�6¨Ä§ �.¨
£b�6¨g¨��.�

A
¥@�6�

B
DB¶�+6¨{�
�BÊ6¥@¬²±J¤«���2� �tÝ¿�b¥@�6¨JØÙ��ÿÙÝ¦�b¥���Ú��y±J�.¨N¨@µ�µÃ¨{�0�s�6�i£[�.¨��b�s� �J�Å�l�J¬(¡>�[�
¨@µ

K1,3,n
�F�6�

£b�6¨��.�
〈A〉 ∼= K4,n

¥@�6�
〈B〉 ∼= K1,3

¶y�³�f�s�6�u±J�.¨N¨@µ2µP¨{���s�6�¦£[�.¨��.�s� �J�(�l�J¬�¡F�[�Ì¨@µ
K1,1,1,1,n

§8�J�«£.��§8� ¤ ¤�¡F�
±J�.�w�.�[�g�.�w�f¤q¥@�.�[�n� �f�s�J�«�Z�s�6�w�s�«�Ä�¯�s�6�¦�s�J¡6�.�[�.�n§n�[�.�¦£.�6¨��.�[�°�.¨<�s��¥@�

〈A〉 ∼= K4,n
¥@�6�
〈B〉 ∼= K4

¶yËÌ�J�«�Ä�g� �
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ν(A)

�«�4©N�6¨Ä§8�Ð�g�s�6�[�Ð�l�s� �6£w�
ν(A) ≤ νφ(A)µÃ¨{�À¥@�l¢°�^�b¥w§8� �J�

φ
¨@µ
〈A〉
�6� �ÌµP¨{¤ ¤«¨­§u�u�s��¥@�

νφ(A,B) < U(G)− ν(A)− νφ(B),
@Z�6¶ ÛÄÚGD

§8�6�[�.�¿�s�6�<�^�b¥w§8� �J��¨@µ
〈A〉
�«�Ì�J�6�s±F�w£[�àÔ��w�2�6¥@�6�ª�«�8�J�[�.�[�s¬²� �6�°¡g¢f�s�6�0£.�6¨{�«£w�w�À¨@µÂ�^�b¥w§8� �J�¯�À¨@µ

〈B〉
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A
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νφ(A,B) ≥
U(G)− ν(A)− νφ(B)
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A
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〈B〉
��¥{�¿�s�6��±J�.¨{±F�[�s�³¢X�s��¥@�

〈V (〈B〉)〉 ∼= 〈B〉
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〈B〉
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�s�J¡J���b¥@±J�

〈B〉
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νφ(A,B) ≥
∑

v∈V (G)rV (〈B〉)

νφ(B,E〈B〉(v)),
@Z�6¶ ÛY��D

§8�6�[�.�
EU (v) = {e : e

Öð¨{� �6�
v
§8� �s���.¨{¬��

u ∈ V (U)}
¶

�´���s�6�Ñ�s�J¬,¨{�È�s�6�Å�s� ���l�×Æl��¥@�6�É�s�«�J�Ñ¨@µ'@Z�6¶ ÛY��DB�Ì�w�^�¯�w�<Ös¨{� �J� �J�z±�¥@� �.�f¨@µ<®¯�[�s�s�«£w�w�f�s��¥@��¥@�.�Å¡F¨{�s��� �
V (G) r V (〈B〉)
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K1,1,1,1,n
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V (G)r〈B〉
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n
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A
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∑

v∈V (G)rV (〈B〉)

νφ(B,E〈B〉(v)) < U(G)− ν(A)− νφ(B).

+6¨{�
n = |V (〈A〉)|

�N�s�6�u�s� ���g�×Æl��¥@�6�°�s�«�J�u�´¢g±J�«£Ä¥@¤ ¤ ¢���¥{�Z�s�6�8µÃ¨{�s¬
αn+β

�¯§8�6�[�.�
β < n

�g¥@�6�
α, β ∈ N

¶
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φ
¨@µ
〈B〉
�N�s�6�¿¥{�J�^� �s�«¨{�Ñ¨@µy¥��s� �J��¤«�¿®¯�[�s�.�BÊ

v ∈ V (G) r V (〈B〉)
§8� ¤ ¤F�.�[�6�J�[�

�s�6�0� �6���g��¥@¤ � �³¢
νφ(B,E〈B〉(v)) > α

�J§8�J�«£.�X� ¬²¬��w�^�q¥@�.�[¤ ¢�¤«�Ä¥{�J�À�.¨��s�6�
�J�w�s� �.�w�Å�.�w�.�J¤ �Ä¶
�³µð��µP¨{�ª�.¨{¬��Ñ�^�b¥w§8� �J�

φ(〈B〉)
�Ì�s�J�«���«���6¨{�f�s�6�Ñ£Ä¥{�.���*�s�6�[���s�6�[�.���«�ª¥@��¤«�Ä¥{�.�f¨{�6�Å®¯�[�s�.�BÊ
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α
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µP�.¨{¬

φ(〈B〉)
¡g¢°�s�6�(¥{�J�^� �s�«¨{�

¨@µ
v
¬f¥w¢°¡F�<£w¨{�6�s�«�J�[�.�w�2¶�ÞÐ�[�

B2 = B ∪E〈B〉(v)
¥@�6�

A2 = E(G) rB2
¶4ËÌ�6�[�Ð�

∑

v∈V (G)rV (〈B2〉)

νφ(B2, E〈B2〉(v)) < U(G)− ν(A2)− νφ(B2).

!¿¨Ä§
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2
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2
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.
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
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ν(Kn)
¶

ËÌ�6�Ì¤«¨­§n�[��¡F¨{�J�6���«�4�^�6�Ì�.¨0ü
�J� �.�u¥@�6�²ìÌ�[� �6�[©¯�
ÿ üõì������³¶yËÌ�6�[¢(�6�.�w�i�s�6�8�s�b¥@�6�6¥@�.�f£w¨{�J�l�s� �J�
¬��[�s�6¨N�
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Kn
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Kr,n−r
�N¡J�J�u�s� �6£w�

r = 6
�«�*�s�6�0¡F�w�s�Ì©g�6¨­§8�Ñ�BÊJ¥{£[�Ì�.�w�s�J¤ �ÌµÃ¨{�Ì�s�6�<£[�.¨��.�s� �J���l�J¬(¡>�[�¦¨@µ

Kr,p
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n→∞
�
L(n)→ 1

80n
4 � U(n)→ 1

64n
4 �G¥@�6�
�s�6�[�.�BµP¨{�.� 1

80 ≤ limn→∞ ν(Kn)/n
4 ≤ 1

64

�
�àµ0�s�6�Ñ¤ � ¬²� ���BÊN�«�s�.�­¶
ò
¥@� �6�[�úÿ â¿�J¢^Ú����¿�s�6¨Ä§*�w�È�s��¥@�ª�àµ

ν(Km,n)
�«��©g�6¨­§8�ÈµÃ¨{�ª¥@¤ ¤

m,n ∈ N
�Z�s�6�[�

limn→∞ ν(Kn)/n
4 = 1

64

¶H�¦�w£w�[�l�s¤ ¢¯�@¹¿�Zò0¤«�[�s©>���m¥@��¥@�s�s¢¯�@ýÂ¥{�b�w£.�J�J� ©F���u�«£.�g�.�[�Ó¥@�6� · ¥@¤q¥@Ï­¥@�ZÿÙ�Jò;�mý + &�����s�6¨­§n�w�Å�s��¥@�
lim
n→∞

ν(Kn)
1
4

⌊
n
2

⌋ ⌊
n−1

2

⌋ ⌊
n−2

2

⌋ ⌊
n−3

2

⌋ ≥ 0.83,

§8�J�«£b�Ñ� ¬²±J¤ �«�w�u�s��¥@� 1
80 < 0.012968 ≤ limn→∞ ν(Kn)/n
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�«S
R
Cm × Cn

u�OHTív}u}R�XZuIPYXZS[OKb=S��
Cm × Cn
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&

n ≥ 0
&

n ≥ 0 2
⌊

(n−1)2

4
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G2 n− 1
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�� n
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⌊
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*,+.-0/.+212354 ¢768-0/2+:9;/2+=<?>@354BA.CD<FEG9H35+2CDI;1=/.>J9@¡512-«£K9H+=<L+2CD<F-M1NIKA.E
OP3DIHQ+:9H+2-0I;ED/KRS/:<T<FUV-ME5WX4 ¢Y+2C5-ME5ZP-ME5W[+2CD<FU�9;/\A.-0/=<�9;/N+2CD<]A^I;1=65/N>@1=I;U/:9HW_<T/KR`A.C5-«£:Ca+2CD<[¢Gb51=IN£T<T<T6(+=Ic9H+2+:9{£:Ca+=I7+2CD<F-M1LIKA.EdAeI;12ZfRg9H+hQ+212- ¡535+2-ME5Wi+2CD<FU�+=Ikjl9HEDI;E8m�9H35+2CDI;1=/KRf9;/\-n>o+2CD<L1=<K9;65<F1\A^I;35406�¡f<>@IpI;4M-0/2Cq<FEDI;35WXCr+=Iz¡f<
/2A.-MED6840<T6�-MEs+=Ik¡f<F4M-0<FtP-ME5Wu/236£=CrI{¡stp-0I;3D/65<w£T<Fb5+2-0I;ED/Kv wyx\zS{;z�|l};~D��~i���
��CD<^U�9H-MEk>JIg£F3D/�IH>�+2C5-0/4£=C�9Hb5+=<F1�-0/�I;E�£TI;UVb535+:9H+2-0I;E�9H4SU�<F+2CDIP65/�>JI;1�65<F+=<F12UV-ME5-ME5W]+2CD<8£F1=IX/=/2-ME5W�EP35U�¡f<F1IH>B9�WX1:9Hb5C�<?�D9{£F+24 ¢_v��g-M1=/=+24 ¢_RX-M+�-0/�/2CDI�A.E�+2C�9H+

ν(K1,1,1,1,n) = ν(K4,n)+n
v��p<w£TI;ED684 ¢_R89HEV-MUVb540<FU�<FEs+:9�Q+2-0I;E�>@I;1o+2CD<���9H1=<[¢s�P�_I;C5ED/=I;E�9H4MW_I;12-M+2C5U!-0/�WX-Mt_<FEBRs9HED6�U�<F+2CDIP65/g>JI;1�<?�pb540I;-M+2-ME5W�/s¢pUVU�<F+21s¢L-ME8>JI;12U�9H+2-0I;E-MEiWX1:9Hb5CD/^9H1=<\68-0/.£F3D/=/=<T6i/=I�9;/�+=IL/2bf<T<T6�35bi+2CD<\9H4MW_I;12-M+2C5Ucv���-ME�9H4M4 ¢_Rp-M+�-0/�b51=IKt_<T6[+2C�9H+KR_>JI;1^9HEg¢VWX1:9Hb5CBR+2CD<V+�AeI��sb�9HW_<°£F1=IX/=/2-ME5W
Es35U�¡f<F1kIH>./:I;U�<�/23J¡f68-MtP-0/=-0I;EdIH>.+2CD<VWX1:9Hb5Cd-0/�<TOs3�9H4e+=IY+2CD<�b54�9HED<ª£F1=IX/=/2-ME5WEP35U�¡f<F1NIH>�+2CD<]WX1:9Hb5CBv

����� �¡ �¢¤£)¥f¦�§�§S¨=©�ª"©�«k¬¤­[¢o¥®¦�¯
K1,1,1,1,n*�Eq+2C5-0/7/=<w£F+2-0I;E°+2CD<GU�<F+2CDIP6°IH>L<T68W_<±/=<F+[b�9H12+2-M+2-0I;E5-ME5WDR�9;/768-0/.£F3D/=/:<T6q-MEr+2CD<
b51=<Ftp-0I;3D/°£=C�9Hb5+=<F1KR\-0/<FUVb540I­¢_<T6c+=Ikb51=IKt_<L+2CD<�>JI;4M40IKA.-ME5W�+2CD<TI;1=<FUcv

²�³)´Pµ�¶H´P·¹¸`º¼»Sº@»
ν(K1,1,1,1,n) = ν(K4,n) + n =

⌊
n2 + 1

2

⌋
.

½ ¶Hµ`µ�¾:¿ ��CD<�WX1:9Hb5C
K1,1,1,1,n

C�9;/.>JI;351�b�9H12+2-M+=<L/:<F+=/�IH>�/2-MÀK<]I;ED<L<K9{£:CBveÁ�<FEDI;+=<L+2CD<]t_<F12+2-«£T<T/�-MEG+2CD<T/=<b�9H12+2-M+=<�/:<F+=/<¡l¢
a1
R
b1
R
c1
9HED6

d1
v�Á�<FEDI;+=<�+2CD<kÂ5>@+2Cab�9H12+2-M+=<�/=<F+LIH>./2-MÀK<

n
¡g¢

Z
R)9HED6a-M+=/L<F40<FU�<FEs+=/

¡g¢
Z = {z1, z2, . . . , zn}

vk��CD<kb51=IPIH>^-0/�68-MtP-065<T6(-MEP+=I7+,A^IYb�9H12+=/KÃ�-ME(+2CD<�ÂD1=/2+�b�9H12+�-M+�-0/�/2CDI�A.E(+2C�9H+
ν(K1,1,1,1,n) ≤ ν(K4,n) + n

9HED6Y-MEc+2CD<�/:<w£TI;ED6Yb�9H12+�+2C�9H+
ν(K1,1,1,1,n) ≥ ν(K4,n) + n

v
ÄkÅfÆXÇdÈaÉ

ν(K1,1,1,1,n) ≤ ν(K4,n) + n Ê��-M1=/2+KR4£F1=<K9H+=<79
681:9KA.-ME5W
φ
IH>
K1,1,1,1,n

/=IG+2C�9H+k+2CD<�t_<F12+2-«£T<T/�>@1=I;U
Z = {zi : i ∈ {1, . . . , n}}

9H1=<bfIX/2-M+2-0I;ED<T6c9H+À£TIpI;1=68-ME�9H+=<T/
φ(zi) =

{
(0, i)

-n>
i
-0/�Ip656

(0,−i)
-n>
i
-0/�<Ft_<FE

Ë_Ì



� ËXÍ � ÎeC�9Hb5+=<F1�Ï8v5Ðo�D9;ÑF+�U�<F+2CDIP65/�9HED67EDIKt_<F4g1=<T/2354M+=/

z5

z3

z1

z2

z4

z6

a1
b1

c1
d1

��-MWX351=<LÏ8vMÒXÃ�Ó&681:9TA.-ME5W
φ
IH>
K1,1,1,1,n

1=<K9H4M-0/2-ME5W
νφ(K1,1,1,1,n) = ν(K4,n) + n

v
-MEY+2CD<�b54�9HED<Xv�Ô\I�A]R5b54�9;ÑT<�+2CD<�1=<FU�9H-ME5-ME5Wit_<F12+2-0ÑT<T/

a1, b1, c1, d1
R5/:Ik+2C�9H+

φ(a1) = (−dn/2e − 1, 0),

φ(b1) = (−1,−ε),

φ(c1) = (1, ε),

φ(d1) = (dn/2e+ 1, 0),A.CD<F1=<
ε > 0

-0/N9�1=<K9H4BEP35ULÕf<F1KvÁ�1:9TAq9H4M4D<T68W_<T/e9;/�/2+21:9H-MWXCs+�4M-MED<T/KR_<?�5ÑT<Fb5+o>@I;1�+2CD<.<T68W_<�Õf<F+,A^<T<FE
a1
9HED6

d1
R;A.C5-0Ñ=C�/=CDI;35406VÕ�<�681:9KA.Ei9;/9�C�9H4n>BÑF-M1=ÑF40<XRPA.-M+2CiÑT<FEP+21=<

(0, 0)
R89HED6�1:9;68-M3D/

dn/2e+1
v���C5-0/�ÑTI;ED/2+2123DÑF+2-0I;E[-0/�65<Fb5-0ÑF+=<T6i-ME���-MWX351=<\Ï8vMÒXv��CD<^1=<FU�IKtX9H45IH>�+2CD<�<T68W_<T/oÕ�<F+�Ae<T<FEV+2CD<^-MED683DÑT<T6V/235Õ5WX1:9Hb5C
K4
I;E�+2CD<^t_<F12+2-0ÑT<T/

a1, b1, c1
9HED6

d1 Ö +2CD<T/=<<T68W_<T/�9H1=<�681:9TA.E¡9;/]+2C5-0Ñ:Z_<F1�4M-MED<T/�-ME���-MWX351=<[Ï8vMÒ�×?RgØp-0<F4065/�9
681:9TA.-ME5W±IH>
K4,n

R)1=<K9H4M-0/=-ME5W
-M+=/�ÑF1=IX/=/2-ME5WEP35ULÕf<F1Kvd��CD<7I;E54MØ�<T68W_<T/kÕf<F+,A^<T<FE
a1, b1, c1

9HED6
d1
A.C5-0Ñ:Cq9H1=<[-MEst_I;4Mt_<T6¡-MEÙ9HEsØuÑF1=IX/=/2-ME5W_/k-ME�+2CD<ÑTI;ED/2+2123DÑF+2-0I;EBRD9H1=<

{a1, c1}
9HED6
{b1, d1}

v�Ú^Ø�+2CD<�ÑTI;ED/2+2123DÑF+2-0I;EBR
{a1, c1}

-0/.ÑF1=IX/=/=<T6
dn/2e

+2-MU�<T/KR59HED6
{b1, d1}

-0/�ÑF1=IX/:/=<T6
bn/2c

+2-MU�<T/Kve�P35UVU�9H+2-0I;EÛIH>�+2CD<T/=<�+=<F12U�/NWX-Mt_<T/.+2CD<]65<T/2-M1=<T6c1=<T/2354M+Kv
ÄkÅfÆXÇGÜ¡É

ν(K1,1,1,1,n) ≥ ν(K4,n) + n Ê

Ý0ÞFß

I II

ÝMàXß
��-MWX351=<LÏ8vâá8Ã���CD<�+�AeI�bfIX/=/2-MÕ540<�681:9KA.-ME5W_/\IH>

K4
-MEY+2CD<�b54�9HED<Xv

Ó�/=/235U�<XRp>JI;1.+2CD<�b53512b�IX/:<T/NIH>�9�b51=IPIH>oÕsØ7ÑTI;Es+21:9;68-0ÑF+2-0I;EBR�+2C�9H+
ν(K1,1,1,1,n) < ν(K4,n) + n. Ö Ï8vMÒ�×



Ï8vMÒXv5��CD<]ÑF1=IX/:/2-ME5W�Es35U�Õ�<F1�IH>
K1,1,1,1,n

� ËXË �
�P-MEDÑT<�+2CD<�t_<F12+2-0ÑT<T/

a1, b1, c1, d1
-MED683DÑT<]+2CD<�WX1:9Hb5C

K4
R5I;ED<�U�9TØ7A.12-M+=<

νφ(K1,1,1,1,n) = νφ(K4) + νφ(K4,n) + νφ(K4,K4,n), Ö Ï8vâá_×3D/2-ME5W�+2CD<�<T68W_<�/=<F+gb�9H12+2-M+2-0I;E5-ME5W�U�<F+2CDIp6 Ö 65<T/=ÑF12-MÕf<T6�-MEiã�äDvâá8vâá8vâÏ_×?vo�)I;W_<F+2CD<F1KR Ö Ï8vMÒ�×?R Ö Ï8vâá_×?RP9HED6]>@3512+2CD<F19Hb5b54M-0ÑK9H+2-0I;EÛIH>�+2CD<�<T68W_<]/:<F+.b�9H12+2-M+2-0I;E5-ME5WiU�<F+2CDIp6cI;EY+2CD<�+=<F12U
νφ(K4,K4,n)

-MUVb54MØi+2C�9H+
n∑

i=1

νφ(K4, EK4(zi)) < n− νφ(K4). Ö Ï8vâå_×
A.CD<F1=<

EU (v) = {e : e æ I;-MED/ v A.-M+2C
/:I;U�< v ∈ V (U)}
vgÔ�IKA]RH+2CD<F1=<e9H1=<e<?�59;ÑF+24MØ�+�AeI\68-0/2+2-MEDÑF+�681:9KA.-ME5W_/IH>

K4
-MEa+2CD<Vb54�9HED< Ö 35b�+=I7-0/=I;U�I;12b5C5-0/2UcRgA.CD<F1=<�-0/=I;U�I;12b5C5-0/2Uç-0/]65<?ÂDED<T6dI;EdWX1:9Hb5CD/�9;/�3D/23�9H4èR)Õ535+A.CD<F1=<]ÑF1=IX/:/2-ME5W_/N9H1=<�1=<Fb51=<T/=<FEP+=<T6G9;/N9H12+2-nÂ�ÑF-�9H4Bt_<F12+2-0ÑT<T/\IH>o65<FWX1=<T<�>@I;351�×^-MEc/=-ME5WX40<��PÑF1=IX/=/.EDI;12U�9H4B>JI;12UcRA.C5-0Ñ:CG9H1=<]/2CDI�A.Ec-ME
��-MWX351=<T/NÏ8vâá Ö 9_×.9HED6 Ö ÕS×?v^Î^I;ED/2-065<F1�+2CD<�+�AeI�ÑK9;/:<T/�/=<Fb�9H1:9H+=<F4MØ_v

hLé5ê ´Ûëc¿
νφ(K4) = 1

�DI;1\+2C5-0/\ÑK9;/:<XR
φ
-0/�<TOs35-MtX9H40<FEs+�+=I�+2CD<�681:9TA.-ME5W[A.C5-0Ñ=C±-0/\65<Fb5-0ÑF+=<T6G-MEÛ��-MWX351=<�Ï8vâá Ö ÕS×?v���CD<�-MED<TOP3�9H4M-M+,ØÖ Ï8vâå_×^-MUVb54M-0<T/N+2C�9H+�+2CD<F1=<�-0/N9H+N40<K9;/2+NI;ED< zi ∈ Z R5/23DÑ:Cc+2C�9H+ νφ(K4, EK4(zi)) = 0

v�ìB<F+
i = 1

A.-M+2CDI;35+40IX/=/�IH>�W_<FED<F1:9H4M-M+,Ø_v��D1=I;Uí+2CD<�+,A^I7+,Øpb�<T/�IH>�1=<FWX-0I;ED/�-ME
φ Ö +2CD<�I;+2CD<F1�1=<FWX-0I;ED/�9H1=<�/2ØpUVU�<F+212-0ÑK9H4o+=I I ×?R/2CDI�A.EG-ME(��-MWX351=<kÏ8vâá Ö ÕS×?Rf-M+\U�9KØcÕ�<�/=<T<FEÛ+2C�9H+�+2CD<�I;E54MØc1=<FWX-0I;E±-MEÛA.C5-0Ñ=C z1 U�9TØGÕ�<�681:9TA.Ea/=I�+2C�9H+EDI;ED<�IH>o-M+=/N<T68W_<T/.A^I;35406
ÑF1=IX/=/

K4
-ME
φ
R5-0/�1=<FWX-0I;E

II
v

��-MWX351=<LÏ8vâå8Ã
F = K4 ∪ 〈EK4(z1)〉

v
��CP3D/KR)b54�9;ÑT<

z1
+2CD<F1=<XR�9HED6(40<F+

F = K4 ∪ 〈EK4(z1)〉
vi��C5-0/�681:9TA.-ME5W
-0/�/2CDIKA.Ed-MEd��-MWX351=<iÏ8vâå8v�î\<��9Hb5b54M-0ÑK9H+2-0I;EÛIH>�+2CD<�<T68W_<�b�9H12+2-M+2-0I;EGU�<F+2CDIP6`RDA.-M+2Cc+2CD<]<T68W_<T/�IH>o+2CD<�WX1:9Hb5C

F
9;/�I;ED<�b�9H12+2-M+2-0I;EBR�WX-Mt_<T/

νφ(K1,1,1,1,n) = νφ(F) + νφ(K4,n−1) +
n∑

i=2

νφ(F , EF (zi)),

9HED6c9VÑTI;U�Õ5-ME�9H+2-0I;E
A.-M+2C Ö Ï8vMÒ�×�ØP-0<F4065/
n∑

i=2

νφ(F , EF (zi)) < n− 1 + ν(K4,n)− ν(K4,n−1)

= n− 1 + 2

⌊
n− 1

2

⌋

≤ 2(n− 1).

��C5-0/N-MED<TOs3�9H4M-M+�Øc-MUVb54M-0<T/N+2C�9H+\+2CD<F1=<�<?�8-0/2+=/�9H+�40<K9;/2+\I;ED<
zi ∈ Z r {z1}

R�/23DÑ:C
+2C�9H+
νφ(F , EFzi) ≤ 1

v��C5-0/.-0/�-MUVb�IX/=/=-MÕ540<XR8WX-Mt_<FE
+2CD<�681:9TA.-ME5Wi-ME
��-MWX351=<LÏ8vâå8v



�GÒKïXï�� ÎeC�9Hb5+=<F1�Ï8v5Ðo�D9;ÑF+�U�<F+2CDIP65/�9HED67EDIKt_<F4g1=<T/2354M+=/
hLé5ê ´Gð[¿

νφ(K4) = 0

��CD<�681:9TA.-ME5W[-MEG��-MWX351=<�Ï8vâá Ö 9_×�1=<Fb51=<T/=<FEs+=/\+2C5-0/�ÑK9;/=<Xv���CD<L-MED<TOP3�9H4M-M+,Ø Ö Ï8vâå_×�-MUVb54M-0<T/N+2C�9H+\+2CD<F1=<]U�3D/2+Õf<N9H+�40<K9;/=+^I;ED<
zi ∈ Z

Rs/23DÑ:C�+2C�9H+
νφ(K4, EK4(zi)) = 0

vo��C5-0/�-0/eEDI;+�bfIX/=/2-MÕ540<�>@I;1e+2CD<�WX-Mt_<FE7681:9TA.-ME5WDv
��CP3D/�-M+.UL3D/=+�Õ�<]9;/:/235U�<T6Y+2C�9H+

ν(K1,1,1,1,n) ≥ ν(K4,n) + n
R8A.C5-0Ñ=CÛÑTI;UVb540<F+=<T/�+2CD<�b51=IpIH>2v

�

���hñ ò$©ó¨:¬�ôkõ=¢�¬ö¢�©\÷Sø�÷�¨=¦�©ó¦N¯
÷� �¢íù!ø.¥�¢oúNû�ü�¦� �©�§S¦�©ýø�õ:ª�¦.¥f¨h÷S k¬
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9Hb5b51=I;b512-�9H+=<]WX1:9Hb5C
+=IV<FU�Õ�<T6c-MEs+=Ii9HEY-ME5b535+NWX1:9Hb5Cc-0/�ÑTI;ED/2-065<F1=<T6`v

ÒXÒ Ì



�GÒXÒ Í � ÎeC�9Hb5+=<F1øx8v��\<F3512-0/=+2-0Ñ�U�<F+2CDIP65/�9HED67EDIKt_<F4g1=<T/2354M+=/
q6S È S È r bvU�\BÆ�U5Ç�Y�X8ÅrqyYtuïZeÆ�\�s2U�uïU�]gÇ
W
½rC5-M40/2+L9H4MW_<FÕ51:9H-0ÑK9H4M4MØ(ÑTI;UVb�9;ÑF+KR)+2CD<�40IKAe<F1�Õ�I;35ED6(IH>N�PC�9HC51=I;ZpC5-èRo�PÀ=ýFZ_<F4MØ_Ro�!þPZ_I;1:9c9HED6 ÿ�1 � I } /�40IKA^<F1ÕfI;35ED67-MED<TOs3�9H4M-M+�Ø Ö äDvMÒKï_×?R51=<Fb51=Ip683DÑT<T6YCD<F1=<L9;/

ν(H) ≥
ν(G)− |V (H)|

(c(v)(ψ)
2

)

[c(e)(ψ)]2
, Ö x8vMÒ�×

65Ip<T/�EDI;+�+:9HZ_<�-MEP+=I�9;ÑTÑTI;35Es+\+2CD<�>J9;ÑF+=/�+2C�9H+KÃ
ÒXv�+2CD<�t_<F12+=<?�7ÑTI;E5W_<T/=+2-0I;E
tX9H4M3D<T/�IH>o/:I;U�<�t_<F12+2-0ÑT<T/�U�9TØ7Õf<�/=I;U�<FA.C�9H+\/=U�9H4M40<F1.+2C�9HE

c(v)(ψ)
R

á8v�+2CD<F1=<^9H1=<^ÑK9;/=<T/�A.CD<FEBRX<Ft_<FE�+2CDI;35WXCk+�AeI�b�9H+2CD/o/2C�9H1=<^9\/2-ME5WX40<et_<F12+=<?� Ö 9HED6�+2Cs3D/�ÕfI;+2C�ÑTI;EP+212-MÕ535+=<+=IKA^9H1=65/\+2CD<�t_<F12+=<?� } /�ÑTI;E5W_<T/2+2-0I;EctX9H4M3D<�×?R5+2CD<FØ7ED<T<T6YED<Ft_<F1NÑF1=IX/:/�I;ED<]9HEDI;+2CD<F1KRå8v�+2CD<�Es35U�Õ�<F1kIH>NÑF1=IX/=/2-ME5W_/LÕ�<F+�Ae<T<FEÙ97b�9H-M1kIH>�<T68W_<T/LED<T<T6dEDI;+�Õf<�9;/]4�9H12W_<79;/
[c(e)(ψ)]2

-MEu9H4M4ÑK9;/=<T/KRD9HED6Y+2CP3D/�+2CD<�40IKA^<F1NÕfI;35ED6cÑTI;35406YÕf<�-MUVb51=IKt_<T6
-ME
/=I;U�<�ÑK9;/=<T/Kv
��C5-0/�/=<TÑF+2-0I;Eu-0/�68-Mtp-065<T6d-MEP+=IÛ+,AeI±/235ÕD/:<TÑF+2-0I;ED/KRo+2CD<VÂD1=/2+kIH>�A.C5-0Ñ=C�-0/�65<T68-0ÑK9H+=<T6u+=I
+2CD<ib51=I;Õ540<FU IH>-MUVb51=I�tP-ME5W�+2CD<^40IKA^<F1�ÕfI;35ED6�9HE�9H4MØP+2-0ÑK9H4M4MØ Ö ÕsØk<?�59HUV-ME5-ME5W�CDI�A¡t_<F12+=<?��ÑTI;E5W_<T/2+2-0I;EVtX9H4M3D<T/o-MEt-D3D<FEDÑT<.+2CD<ÕfI;35ED6�×�9HED6Y+2CD<�/=<TÑTI;ED6cIH>oA.C5-0Ñ=C
-0/�ÑTI;EDÑT<F12ED<T6YA.-M+2Cc+2CD<�b51=I;Õ540<FUíIH>�1=<Fb54�9;ÑF-ME5W�+2CD<�>J9;ÑF+=I;1

[c(e)(ψ)]2-MEY+2CD<]65<FEDI;UV-ME�9H+=I;1�IH> Ö x8vMÒ�×�A.-M+2CG9k/2U�9H4M40<F1�tX9H4M3D<Xv
u º¼»Sº@»�º@» vYµxw : µ`´ ê ,�³)´ÓÕS´P¶',K´zy Ò_µ / ³�´ ê ,'+¼µ / ¶�´�) é ,K´ ,KµìÒs¶�µ êKê + / ³ êVé , é ÕS´P¶',K´zy|{
��-M1=/2+24MØ_Rs9�+212-MtP-�9H4DI;ÕD/=<F12tX9H+2-0I;E�1=<FWs9H1=68-ME5W Ö x8vMÒ�×?R_-0/�+2C�9H+�35E540<T/:/�+2CD<�t_<F12+=<?��ÑTI;E5W_<T/2+2-0I;E�tX9H4M3D<T/�IH>B9H4M45t_<F1hQ+2-0ÑT<T/`-ME

H
9H1=<�<TOP3�9H4X+=I�I;ED<�9HEDI;+2CD<F1KRH+2CD<�+=<F12U

|V (H)|
(
c(v)(ψ)

2

) U�9TØ�Õf<o1=<Fb54�9;ÑT<T6�ÕsØ ∑
v∈V (H)

(
c(v)(v,ψ)

2

)>JI;1e9HE�-MUVb51=I�t_<T6[40IKAe<F1�ÕfI;35ED6`v�*,EGÿ �5�5�!ÿ Ë xX9 � R�ÿ �5�5�!ÿ Ë ä � �PC�9HC51=I;ZpC5-èRD�PÀ=ýFZ_<F4MØ_R8�!þpZ_I;1:9�9HED6 ÿ�1 � ILA^<F1=<U�IX/2+24MØ�-MEs+=<F1=<T/2+=<T67-ME[+2CD<�9;/2ØPUVb5+=I;+2-0Ñ�Õf<FC�9Ttp-0I;351�IH>)+2CD<F-M1�40IKA^<F1.Õ�I;35ED6`RpA.C5-0Ñ=CY-0/^b51=I;Õ�9HÕ54MØiA.CsØ�+2CD<FØ/235ÕD/=+2-M+235+=<T6Y+2CD<�>J9;ÑF+=I;1 ∑
v∈V (H)

(
c(v)(v,ψ)

2

) ÕsØ[+2CD<�>J9;ÑF+=I;1
|V (H)|

(
c(v)(ψ)

2

) v��CD<FØÙ68-06`RNCDIKAe<Ft_<F1KR\EDI;+7ÑTI;ED/2-065<F1iA.CD<F+2CD<F1Y/2-M+23�9H+2-0I;ED/Y9H12-0/=<
>@1=I;U�9dWX1:9Hb5Cp�s+=I��sWX1:9Hb5C <FULÕf<T6568-ME5WA.CD<F1=<.I;ED<�ÑK9HEVÕf<�9;/=/2351=<T6k+2C�9H+�A.CD<FE�+,A^I�b�9H+2CD/�/2C�9H1=<�9�t_<F12+=<?�`R_+2CD<FØ�ED<T<T6VED<Ft_<F1�ÑF1=IX/=/�I;ED<N9HEDI;+2CD<F1Kv��C5-0/eU�<K9HED/^+2C�9H+�>JI;1^9]t_<F12+=<?�
v
A.-M+2Ci+2CD<�ÑTI;E5W_<T/2+2-0I;E[t;9H4M3D<

c(v)(v, ψ)
R8+2CD<\Es35U�Õ�<F1.IH>)ÑF1=IX/=/=-ME5W_/�+2C�9H+U�9KØibfIX/=/2-MÕ54MØ7IPÑTÑF351�9H+

v
UV-MWXCs+\Õ�<�U�3DÑ=CG/=U�9H4M40<F1�+2C�9HE (c(v)(v,ψ)
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) v
Ô�IKA�ÑTI;ED/2-065<F1L+2CD<kA^9TØ±+2C�9H+�t_<F12+=<?�(ÑTI;E5W_<T/2+2-0I;Ea-MEt-D3D<FEDÑT<T/L+2CD<V40IKA^<F1]Õ�I;35ED6 Ö x8vMÒ�×?vV�D1=I;U�ã]äDvâá8vâá8vâá9HED6Û��-MWX351=<�äDv äDRf-M+�U�9KØ
Õf<�/=<T<FEÛ+2C�9H+�A.CD<FE(65<F+=<F12UV-ME5-ME5WY35b5b�<F1�ÕfI;35ED65/KRB9�C5-MWXC±t_<F12+=<?�±ÑTI;E5W_<T/2+2-0I;EtX9H4M3D<�>JI;1e9�t_<F12+=<?��65Ip<T/�EDI;+�ED<TÑT<T/:/:9H12-M4MØk-MUVb54MØV+2C�9H+^9H4M4�<T68W_<T/eb�9;/=/2-ME5W]+2C51=I;35WXC[+2C�9H+�t_<F12+=<?�VA.-M4M4�ÑF1=IX/=/I;ED<]9HEDI;+2CD<F1KR�+2CD<F1=<FÕsØ740<K9;68-ME5W�+=I�9kC5-MWXCcÑF1=IX/:/2-ME5W�ÑTI;35Es+�9H+.+2CD<�t_<F12+=<?�`v
��CD<G-065<K9;/[3D/=<T6¡>JI;1i+2CD<G35b5bf<F1iÕfI;35ED6qU�<F+2CDIp6rÑK9HE5EDI;+[Õf<G9Hb5b54M-0<T6°68-M1=<TÑF+24MØÙ+=I�+2CD<G40IKAe<F1YÕfI;35ED6U�<F+2CDIp6`RB/2-MEDÑT<XR`-ME(+2CD<�35b5b�<F1�ÕfI;35ED6±U�<F+2CDIP6`Rg/=I;U�<kÑF1=IX/=/2-ME5W_/L9H1=<�9Kt_I;-06D9HÕ540<�ÕPØGtp-M12+23D<VIH>^+2CD<kA�9TØ+2C�9H+L<T68W_<T/k9H1=<�I;1=65<F1=<T6u9H1=I;35ED6d+2CD<F-M1�-MEDÑF-065<FEs+�t_<F12+2-0ÑT<T/L-MEd+2CD<�WX-Mt_<FE�681:9KA.-ME5W

φ
IH>
H
RB-MEP+=I
A.C5-0Ñ:C

G
-0/�Õf<F-ME5Wi<FULÕf<T6565<T6 w /=3DÑ=C(9V>è9Tt_I;351:9HÕ540<kI;1=65<F12-ME5WYIH>�<T68W_<T/�U�9HZ_<T/\-M+�bfIX/=/2-MÕ540<]+=I79Tt_I;-06(9HEÛ<T68W_<ÑF1=IX/=/=-ME5WL-MEi��-MWX351=<\äDv ä Ö ÕS×?RpA.CD<F1=<K9;/e+2CD<\<T68W_<\ÑF1=IX/:/2-ME5WL-ME7��-MWX351=<NäDv ä Ö Ñ�×�>@I;1=ÑT<T/�9]ÑF1=IX/:/2-ME5WDv � >)ÑTI;351=/=<XREDIN9;/:/235UVb5+2-0I;E�9HÕfI;35+)+2CD<�I;1=65<F1�IH>D<T68W_<T/�9H1=I;35ED6Lt_<F12+2-0ÑT<T/)U�9KØ�Õ�<�U�9;65<�>@I;1)+2CD<�40IKA^<F1gÕfI;35ED6�U�<F+2CDIp6`R/2-MEDÑT<�I;ED<V-0/�AeI;12Zp-ME5WÛA.-M+2C�9HEa35ED/2bf<TÑF-nÂ�<T6d681:9KA.-ME5WGIH>

H
vi��Cs3D/KRgA.CD<FEa+2CD<F1=<�-0/�97b�IX/:/2-MÕ5-M4M-M+,Ø(IH>N9ÑF1=IX/=/=-ME5Wk>@I;1.+2CD<�40I�Ae<F1\Õ�I;35ED6YU�<F+2CDIp6`RDI;ED<�U�3D/2+\9;/=/235U�<]+2C�9H+�-M+.A.-M4M4BÕf<�U�9HE5-n>@<T/2+=<T6`vÎ^I;ED/2-065<F1[+2CD<±ÑK9;/=<GA.CD<F1=<
+�AeI�U�9Hb5bf<T6qb�9H+2CD/

p1 = ψ( p )(e1) 9HED6 p2 = ψ( p )(e2) /2C�9H1=<±9HE°<T68W_<
{v1, v2}

R59;/�/2CDI�A.E[-MEY��-MWX351=<T/±x8vMÒ Ö 9_×^9HED6 Ö ÕS×?v�Ó\4M+2CDI;35WXC7EDI�9;/:/235UVb5+2-0I;ED/�U�9TØ�Õf<\U�9;65<�ÑTI;EDÑT<F12E5-ME5W



x8vMÒXv5Ó®40IKA^<F1NÕfI;35ED6
9H4MW_I;12-M+2C5U >JI;1.+2CD<]ÑF1=IX/=/2-ME5WVEP35ULÕf<F1 �GÒXÒ Ë �

v1 v2
p1

p2

Ý0Þ?ß

v1 v2
p1

p2

ÝMàXß

p1

p2

Ý � ß
��-MWX351=<§x8vMÒXÃ��DI;1N<K9;Ñ:C
/235Õp�sb�9H+2C
/=C�9H1=<T6YÕsØc9�b�9H-M1NIH>ob�9H+2CD/KR�9H+.U�IX/2+�9k/2-ME5WX40<]ÑF1=IX/=/2-ME5WVED<T<T6
IPÑTÑF351Kv
+2CD<�I;1=65<F12-ME5W_/�IH>�<T68W_<T/�9H1=I;35ED6

v1
9HED6

v2
R
v1, v2 ∈ V (H)

R�I;E54MØc9H+\U�IX/=+�9V/2-ME5WX40<�ÑF1=IX/=/2-ME5WiED<T<T65/N+=IIpÑTÑF351Kvk��C5-0/�-0/�+2123D<XRBÕf<TÑK9H3D/=<
p1
9HED6

p2
U�9TØ(9H4MA^9KØp/LÕ�<k681:9KA.E�/=I[+2C�9H+]EDIYÑF1=IX/=/=-ME5WcIPÑTÑF351=/]9H+
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R9HED6
9H+.U�IX/=+\9k/2-ME5WX40<]ÑF1=IX/=/=-ME5W�U�9TØYIpÑTÑF351\9H+
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RD9;/N/2CDI�A.Ec-ME
��-MWX351=<§x8vMÒ Ö ÕS×?v�Ó&/2bf<TÑF-�9H4BÑK9;/=<]IH>o+2C5-0//=ÑT<FE�9H12-0Ik-0/�A.CD<F1=<

p1
9HED6

p2
/2C�9H1=<L9k/=-ME5WX40<�t_<F12+=<?�fRD9;/N/2CDIKA.Ec-MEG�g-MWX351=<Æx8vMÒ Ö Ñ�×

w +2C5-0/.U�9TØ7Õf<�/=<T<FE9;/o+2CD<�ÑK9;/:<�A.CD<F1=<�+2CD<.ÑTI;UVU�I;Ei<T68W_<�-MEV+2CD<.b�9H+2CD/
p1
9HED6

p2
-ME���-MWX351=<T/vx8vMÒ Ö 9_×�9HED6 Ö ÕS×�-0/�ÑTI;EP+21:9;ÑF+=<T6+=Ik9L/=-ME5WX40<\t_<F12+=<?�/}8/2-MEDÑT<\+2CD<�I;1=65<F1.IH>)+2CD<�<T68W_<T/�-0/e35E5ZPEDI�A.EBRD9�ÑF1=IX/:/2-ME5W�U�3D/2+�Õ�<�9;/=/235U�<T6ibfIX/=/2-MÕ540<Xv

p1

p2

Ý0Þ?ß

v1 v2
p1

p2

ÝMàXß

v1 v2
p1

p2

Ý � ß
��-MWX351=<§x8vâá8Ã�Ô\IVÑF1=IX/=/=-ME5W_/�ED<T<T6cIpÑTÑF351N9H+�-MEs+=<F12E�9H4gt_<F12+2-0ÑT<T/NIH>�/2C�9H1=<T6Y/235Õp�sb�9H+2CD/Kv

*�Ec9HEDI;+2CD<F1�ÑTI;E8ÂDWX351:9H+2-0I;EBR�I;ÕD/=<F12t_<�+2C�9H+.A.CD<FEY+2CD<�+�AeIVU�9Hb5bf<T67b�9H+2CD/
p1
9HED6

p2
/2C�9H1=<�9k/235Õp�sb�9H+2CBR+2CD<FEYEDI�ÑF1=IX/:/2-ME5W_/.ED<T<T6cIpÑTÑF351\9H+.-MEs+=<F12E�9H4gt_<F12+2-0ÑT<T/NIH>o+2CD<�b�9H+2CBR�9;/�65<FU�I;ED/=+21:9H+=<T6c-MEc��-MWX351=<§x8vâá Ö 9_×?vÚ^Ø¡ÑTI;ULÕ5-ME5-ME5W�+2CD<
ÑTI;E8ÂDWX351:9H+2-0I;ED/[>@1=I;Uó+2CD<
+,A^Idb51=<Ftp-0I;3D/�b�9H1:9HWX1:9Hb5CD/�R�I;ED<Û9H1212-Mt_<T/79H+�+2CD<
U�I;1=<W_<FED<F1:9H4�/=-M+23�9H+2-0I;EaA.CD<F1=<

p1
9HED6

p2
U�9KØ±/=C�9H1=<V<FEs+2-M1=<�/=35Õp�sb�9H+2CD/KR)65<FU�I;ED/2+21:9H+=<T6d-MEa��-MWX351=< x8vâá Ö ÕS×?vÐ�t_<FEd-MEa+2C5-0/]W_<FED<F1:9H4�ÑK9;/:<XRg9H+]U�IX/2+�9Y/2-ME5WX40<�ÑF1=IX/=/=-ME5WcED<T<T6aIpÑTÑF351Kv[�P35b5bfIX/=<V+2C�9H+

p1
9HED6

p2
ÑF1=IX/=/<K9;Ñ:C�I;+2CD<F1�U�354M+2-Mb540<�+2-MU�<T/KRp9;/�U�9TØkÕf<./=<T<FE�-ME���-MWX351=< x8vâá Ö Ñ�×

w 3D/2-ME5W]+2CD<\9HE�9H40I;WXØkIH>`+�AeIL/=+=<T<F4DA.-M1=<T/+2C�9H+]9H1=<�+,A.-0/2+=<T6(9H1=I;35ED6(I;ED<V9HEDI;+2CD<F1KR
p1
9HED6

p2
U�9KØ
Õf<�j,35EPAeI;35ED6pm�9;/�+2CD<�A.-M1=<T/�AeI;35406`R`+=IiWX-Mt_<+2CD<�/2-M+23�9H+2-0I;E
65<Fb5-0ÑF+=<T6c-ME7��-MWX351=<«x8vâá Ö ÕS×$}5+2CD<�I;E54MØ[b51=I;bf<F12+,Ø[+2C�9H+�ÑK9HE5EDI;+.Õ�<�WX3�9H1:9HEP+=<T<T6Y-0/�+2C�9H+�+2CD<4�9;/2+�ÑF1=IX/=/=-ME5W[U�9KØGÕf<Lj,35EsA^I;35ED6pm:R)Õf<TÑK9H3D/=<k+2C5-0/�65<Fbf<FED65/]I;E±+2CD<VI;1=65<F12-ME5W
IH>e+2CD<k<T68W_<T/L9H1=I;35ED6
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RA.C5-0Ñ:Cc-0/.35E5ZpEDIKA.EBv

*�+]1=<FU�9H-MED/�+=I
ÑTI;ED/2-065<F1�A.C�9H+�C�9Hb5bf<FED/k9H+L+2CD<�40<K9�>�t_<F12+2-0ÑT<T/�IH>\9YU�9Hb5bf<T6ab�9H+2CBv
*,Ed��-MWX351=< x8vâå Ö 9_×?R-M+�-0/L/2CDI�A.E�+2C�9H+�A.CD<FE�+�AeIÛb�9H+2CD/
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9HED6
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v2
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z
5 t_<F12+=<?��IH>N+2CD<[b�9H+2C

v1 − v2
v]��C5-0/�/2-M+23�9H+2-0I;E(-0/�t_<F12ØG/2-MUV-M4�9H1�+=I[+2CD<�b51=<FtP-0I;3D/=4MØG65<T/=ÑF12-MÕf<T6±/2-M+23�9H+2-0I;ED/�A.CD<F1=<V9[/235Õp�sb�9H+2C



�GÒKáXï�� ÎeC�9Hb5+=<F1øx8v��\<F3512-0/=+2-0Ñ�U�<F+2CDIP65/�9HED67EDIKt_<F4g1=<T/2354M+=/
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U�9KØ[Õf<]/2C�9H1=<T6cÕ�<F+�Ae<T<FEÛ+,AeI�b�9H+2CD/KvQP\/2-ME5WV+2CD<LU�<F+:9Hb5CDI;1�9HWs9H-MEÛIH>�35EP+,A.-0/2+2-ME5W[+,A^I�A.-M1=<T/KR�I;ED<�U�9TØ/2+:9H12+^A.-M+2Cc9HEsØ[I;1=65<F12-ME5W�IH>g<T68W_<T/�9H1=I;35ED6
v2
R59HED6[+2CD<FE7b51=IPÑT<T<T67+=I�/2+:9H12+.681:9TA.-ME5W

p1
Rpb�9H1:9H4M40<F4`+=I

p2
R>@1=I;U

v2
+=I�A^9H1=65/

v
}5+2CD<�I;1=65<F1NIH>

p1
9HED6

p2
9H1=I;35ED6

v1
-0/N9H35+=I;U�9H+2-0ÑK9H4M4MØc65<F+=<F12UV-MED<T6`R5Õ535+NIH>oÑTI;351=/=<XR-M+^65IP<T/^EDI;+^40<K9;6�+=Ik9LÑF1=IX/:/2-ME5WDv�Ó�/2bf<TÑF-�9H4�ÑK9;/=<�IH>B+2C5-0/�/2-M+23�9H+2-0I;E7-0/�A.CD<FE

p1
9HED6

p2
I;E54MØ�/2C�9H1=<�9]40<K9�>t_<F12+=<?�`v�*,EY+2C5-0/\ÑK9;/=<XR8+2CD<FØY/2C�9H1=<]9�b�9H+2C
IH>o40<FE5WX+2CÛï8RD9HED6
9kÑF1=IX/:/2-ME5W�/2+2-M4M4`ED<T<T6YEDI;+NÕ�<�ÑTI;35EP+=<T6`v��CD<�9HÕfIKt_<]ÑK9;/=<�-0/�t_<F12Ø[/2-MUVb540<XR�9HED6Y9�U�I;1=<�ÑTI;Estp-MEDÑF-ME5Wi9H12WX35U�<FEs+N-0/�1=<TOs35-M1=<T6[>JI;1.+2CD<�W_<FED<F1:9H4)ÑK9;/=<Xv*�ED/2bf<TÑF+2-0I;E7IH>�+2CD<�681:9TA.-ME5Wi-ME7��-MWX351=<§x8vâå Ö ÕS×^/=CDIKA�/.+2C�9H+.EDI;ED<�IH>o+2CD<�b�9H+2CD/�/2+:9H12+2-ME5Wi9H+ v1 ÑF1=IX/=/.I;ED<9HEDI;+2CD<F1KR�9HED67+2CD<�/:9HU�<�CDI;4065/�+2123D<�>@I;1�9H4M4`b�9H+2CD/�/2+:9H12+2-ME5W�9H+

v2 Ö 9H4M+2CDI;35WXCBR�9;/�-M+.U�9KØiÕf<�/=<T<FEBR8+2CD<F1=<-0/�EDIc1=<K9;/=I;E(>JI;1]+2CD<Vb�9H+2CD/L/=+:9H12+2-ME5WÛ9H+
v1
EDI;+]+=IcÑF1=IX/:/�+2CDIX/=<�/2+:9H12+2-ME5W±9H+

v2
R)<?�5ÑT<Fb5+]>JI;1�+2CD<Vb�9H+2C

v1 − v2
R�A.C5-0Ñ:CuIH>�ÑTI;351=/=<�U�9TØ(EDI;+�Õ�<�ÑF1=IX/:/=<T6aÕPØd9HEsØaIH>.+2CD<T/=<�<T68W_<T/?×?vY*,+�U�9TØ(Õf<�/=<T<FEd+2C�9H+�+2CD<b�9H+2CD/
p1
R
p2
9HED6

p3
40<K9Kt_<

v1
-MEÛ+2C�9H+�I;1=65<F1KRSA.CD<FEÛU�IKtp-ME5WYÑF40IPÑ:ZPA.-0/:<�9H1=I;35ED6

v1
vN*�+N-0/\EDI[9;ÑTÑF-065<FEP++2C�9H+

p1
t_<T<F1=/NI��Û40<?>@+�Õf<?>@I;1=<

p2
RD9HED6Y+2C�9H+

p2
t_<T<F1=/NI��±40<?>¼+.Õf<?>@I;1=<

p3
vÓ�t_<F12+=<?�

ψ( o )(u) = v ∈ V (H)
A.C5-0Ñ=CY-0/.9HE7-MU�9HW_<�IH>�9�t_<F12+=<?�

u ∈ V (G)
35ED65<F1.+2CD<\WX1:9Hb5Cp�s+=I��sWX1:9Hb5C<FU�Õ�<T6568-ME5W

ψ
R`UL3D/2+�Õf<�+2CD<V/2+:9H12+2-ME5WYbfI;-MEs+�>JI;1�+2CD<kb�9H+2CD/�A.C5-0Ñ=Cd9H1=<k+2CD<k-MU�9HW_<T/]IH>�<T68W_<T/�-MEDÑF-065<FEs++=I

u
v.*è>2R5>JI;1\<K9;Ñ:CÛ<T68W_<

e
+2C�9H+\-0/\-MEDÑF-065<FEs+�+=I

v
R�I;E54MØ
9�/=-ME5WX40<Lb�9H+2CG1235ED/N+2C51=I;35WXC

e
R�+2CD<FEÛIH>�ÑTI;351=/=<EDIkÑF1=IX/=/2-ME5W_/NÑK9HEcIPÑTÑF351N9H+

v
RD9;/�EDIV<T68W_<�40<K9KtP-ME5W

v
/2C�9H1=<T/N9HEY-ME5-M+2-�9H4B/235Õp�sb�9H+2C
A.-M+2C
9HEsØ7I;+2CD<F1�<T68W_<40<K9KtP-ME5W

v
v���CD<F1=<?>JI;1=<XR�/235b5bfIX/=<�+2C�9H+\9H+�40<K9;/=+NI;ED<]<T68W_<XR�/�9TØ

e1 ∈ V (H)
R5A.C5-0Ñ:C
-0/N-MEDÑF-065<FEs+N+=I

v
R5C�9;/+�AeI�I;1�U�I;1=<]b�9H+2CD/.1235E5E5-ME5W�+2C51=I;35WXCc-M+N-MEY+2CD<]<FULÕf<T6568-ME5WDvÔ�IKA]R�1=<?>J<F1212-ME5WG+=IG�g-MWX351=< x8vâå Ö ÕS×?R�/2+:9H12+V9c65<Fb5+2Cp�_ÂD1=/2+k/=<K9H1=Ñ:Cu65I�A.E e1 RgA.-M+2C v1 9H+�+2CD<�1=IpI;+Kvc��CD<ÑF40IpÑ=ZpA.-0/=<7I;1=65<F1=/VIH>\+2CD<Y<T68W_<T/VIH>

H
9H1=I;35ED6�-M+=/kt_<F12+2-0ÑT<T/ Ö A.C5-0Ñ=Cq9H1=<Y65<F+=<F12UV-MED<T6�ÕPØ�+2CD<7681:9TA.-ME5W

φ
×\65<F+=<F12UV-MED<�+2CD<VI;1=65<F1�-ME(A.C5-0Ñ=C�<T68W_<T/L9H1=<k+21:9Tt_<F1=/=<T6a-MEÛ+2CD<V65<Fb5+2Cp�_ÂD1=/=+L/=<K9H1=Ñ=C w +2CD<V<T68W_<T/L9H1=<tp-0/2-M+=<T67-ME
ÑF40IpÑ=ZpA.-0/=<�I;1=65<F1KRS9HED6c+2CD<�ÂD1=/2+N<T68W_<�tp-0/2-M+=<T67-0/.+2CD<�ÂD1=/=+�<T68W_<�-MEc+2CD<]ÑF40IpÑ=ZpA.-0/=<]I;1=65<F1\9�>@+=<F1+2CD<i<T68W_<i+2C�9H+�A^9;/�3D/=<T6d+=IG<FEP+=<F1k+2CD<iÑF35121=<FEP+�t_<F12+=<?� Ö -MEu��-MWX351=< x8vâå Ö ÕS×?Ro+2CD<�t_<F12+=<?� b1 -0/�<FEP+=<F1=<T6ÕPØ
e1
9HED6�+2CP3D/�+2CD<[ÂD1=/2+�<T68W_<T/�IH>

p1
-0/V+2CD<[ÂD1=/2+�<T68W_<7+=I±Õf<7tp-0/2-M+=<T6u-ME¡+2CD<c65<Fb5+2Cp�_ÂD1=/2+�/=<K9H1=Ñ:CS×?v�P35b5bfIX/=<V+2CD<�65<Fb5+2Cp�_ÂD1=/=+�/=<K9H1=Ñ:Ca1=<K9;Ñ=CD<T/�+2CD<Vt_<F12+=<?�

b1
-MEd��-MWX351=< x8vâå Ö ÕS×?RgA.C5-0Ñ=Cd-0/L+2CD<V4�9;/2+]t_<F12+=<?�+2C�9H+

p1
C�9;/]-MEdÑTI;UVU�I;EdA.-M+2Ca+2CD<�I;+2CD<F1]b�9H+2CD/L/2CDI�A.E w EDI�A

p1
/2b54M-M+=/]I���-MEs+=IÛ9HEa<T68W_<VA.C5-0Ñ=C�-0/40<?>@+KRs1=<F4�9H+2-Mt_<\+=I�+2CD<\<T68W_<\+2C51=I;35WXC7A.C5-0Ñ=C7+2CD<NI;+2CD<F1�b�9H+2CD/^b51=IPÑT<T<T6`v���CP3D/KR

p1
U�3D/2+eÕf<\+2CD<�40<?>@+l�sU�IX/2+b�9H+2C�+=ILÕ�<N681:9TA.E�A.CD<FE[/2+:9H12+2-ME5W�9H4M4Sb�9H+2Ci681:9KA.-ME5W_/^9H+

e1
vo*è>

p1
C�9;6`RPCDIKA^<Ft_<F1KRp/=b54M-M+eI��Y+=I�+2CD<�12-MWXCP+KR+2CD<FEc-M+NAeI;35406cC�9Kt_<]C�9;6Y+=I�Õ�<]681:9KA.EÛ9;/.+2CD<]12-MWXCs+l�sU�IX/2+�b�9H+2CBv�Ô�IKA&I;ED<]ÑTI;Es+2-MEP3D<T/\+2CD<L65<Fb5+2Cp�_ÂD1=/2+/=<K9H1=Ñ:Cu>@I;1k+2CD<[1=<FU�9H-ME5-ME5W(b�9H+2CD/KR�9HED6�+2CD<[b51=IpÑT<T/=/kÑTI;Es+2-MEs3D<T/�-ME�+2CD<[/�9HU�<�>è9;/2C5-0I;EBv(��C5-0/kU�<F+2CDIp6ÑTI;UVb540<F+=<F4MØ�/2bf<TÑF-nÂ�<T/�-ME�A.C5-0Ñ=C7I;1=65<F1�+2CD<.b�9H+2CD/eC�9Tt_<N+=I]681:9TA.Ei>¼1=I;U�40<?>¼+�+=I]12-MWXCs+KR59;/�+2CD<FØk40<K9Tt_<N+2CD<F-M140<K9�>�t_<F12+2-0ÑT<T/KvV��C5-0/]65<Fb5+2Cp�_ÂD1=/2+�/=<K9H1=Ñ=CaED<T<T6aED<Ft_<F1�Õ�<V<?�5<TÑF35+=<T6 w -M+�-0/]/2-MUVb54MØÛ3D/=<T6±+=I7b51=I�t_<�+2CD<9;/=/=35UVb5+2-0I;Ec+2C�9H+N/235Õp�sb�9H+2CD/.A.C5-0Ñ:CGI;12-MWX-ME�9H+=<�9H+.+2CD<]/:9HU�<�t_<F12+=<?�YED<T<T6YED<Ft_<F1NÑF1=IX/=/NI;ED<L9HEDI;+2CD<F1KvÓí4�9;/2+V-0/=/23D<c+=I(Õ�<c9;65681=<T/:/=<T6`R^-0/VA.CD<F+2CD<F1iI;ED<YU�9KØ�U�9HZ_<G9HEsØÙ9;/=/=35UVb5+2-0I;ED/�1=<FWs9H1=68-ME5Wd+2CD<
/2-065<T/



x8vMÒXv5Ó®40IKA^<F1NÕfI;35ED6
9H4MW_I;12-M+2C5U >JI;1.+2CD<]ÑF1=IX/=/2-ME5WVEP35ULÕf<F1 �GÒKá8Ò��
9H1=I;35ED6YA.C5-0Ñ:C
b�9H+2CD/�9H1=<]681:9TA.EGA.-M+2Cc1=<T/2bf<TÑF+�+=IVt_<F12+2-0ÑT<T/N-ME

H
ve�51=I;U ��-MWX351=<Æx8vâå Ö Ñ�×?R�-M+�-0/N9Hb5b�9H1=<FEs++2C�9H+KR_65<Fbf<FED68-ME5WLI;EVA.CD<F+2CD<F1

p1
b�9;/:/=<T/�IKt_<F1�+2CD<�+=I;b�I;1�+2CD<�ÕfI;+2+=I;U�IH>f+2CD<�t_<F12+=<?�fRX-M+�A.-M4M4S<F-M+2CD<F1�ÑF1=IX/=/9�Es35U�Õ�<F1�IH>gb�9H+2CD/.+2C�9H+�<FEP+=<F1�+2CD<�t_<F12+=<?�`R5I;1.EDI;ED<Xv�*è>2RpA.CD<FEG9�681:9TA.-ME5W[IH>

H
-0/.U�9;65<XR8b�9H+2CD/NÑTI;35406Õf<�681:9TA.EY9H1=I;35ED6it_<F12+2-0ÑT<T/e/23DÑ:C�+2C�9H+�9;/�>J<FAr9;/�bfIX/=/2-MÕ540<\ÑF1=IX/=/2-ME5W_/�1=<T/2354M+KRs+2CD<FEi+2CD<T/=<�b�9H+2CD/eA.-M4M4S<K9;Ñ:C-ME�+23512E[ÑF1=IX/=/e9H+�U�IX/2+�C�9H4n>BIH>)9H4M4�+2CD<.b�9H+2CD/e+2C�9H+e<FEP+=<F1�+2C�9H+et_<F12+=<?�fv���C5-0/eÑTI;35406�40<K9;6�+=I�9]/235ÕD/2+:9HEP+2-�9H41=<T683DÑF+2-0I;E[-ME�+2CD<�U�9��8-MUL35U Es35U�Õ�<F1�IH>BÑF1=IX/=/2-ME5W_/e-ME�/=I;U�<\ÑF-M1=ÑF35U�/2+:9HEDÑT<T/KR59HED6�+2CD<�OP3D<T/2+2-0I;Ei1=<FU�9H-MED/A.CD<F+2CD<F1�I;ED<]U�9KØG9Hb5b54MØY+2C5-0/N-ME±9;6568-M+2-0I;EG+=Ii+2CD<LI;+2CD<F1�-MUVb51=IKt_<FU�<FEP+�-065<K9;/NU�<FEP+2-0I;ED<T6(9HÕ�I�t_<Xv���CD<9HED/2A^<F1�/=<T<FU�/�+=IcÕf<�+2C�9H+KR�-ME�W_<FED<F1:9H4èRo+2C5-0/L-0/�EDI;+LbfIX/=/2-MÕ540<XR�/2-MEDÑT<�A.CD<FE¡9HEu9H4MW_I;12-M+2C5Uþ-0/�65<T/2-MWXED<T6+=I±U�9HbÙb�9H+2CD/i9H1=I;35ED6�9HEsØ�/2-065<cIH>]9Ût_<F12+=<?�¡+2CD<YÑTI;ED68-M+2-0I;ED/�U�<FEP+2-0I;ED<T6q<K9H124M-0<F1�U�9KØ�Õ�<7tp-0I;4�9H+=<T6`v��IKA^<Ft_<F1KRo+2C5-0/L1=<FU�9H-MED/�+=IcÕf<�b51=I�t_<FEBv
��C5-0/�ÑTI;EDÑT<Fb5+�IH>�j�/=-065<�Ñ=CDIpIX/2-ME5W;m�U�9KØaÕ�<i9Hb5b54M-0<T6�+=IG/=I;U�</2bf<TÑF-�9H4oÑK9;/=<T/KRfA.CD<FE(-M+�-0/�<FtP-065<FEP+�+2C�9H+�+2CD<V/=-065<T/�IH>^t_<F12+2-0ÑT<T/]9H1=I;35ED6±A.C5-0Ñ=C(b�9H+2CD/L9H1=<�+=I[Õf<�681:9KA.EU�9KØ�Õf<.Ñ=CDIX/:<FE�>@1=<T<F4MØ_Rs/23DÑ:Ci9;/�A.CD<FE�I;E54MØ�9�/=-ME5WX40<.b�9H+2C�b�9;/=/=<T/�+2C51=I;35WXC[9�t_<F12+=<?�`RsI;1�U�I;1=<�W_<FED<F1:9H4M4MØ_RA.CD<FE79�Es35U�Õ�<F1.IH>`b�9H+2CD/^/2C�9H1=<\9L/235Õp�sb�9H+2CBRsj�/2-065<NÑ:CDIPIX/2-ME5W;m�U�9KØ�Õf<N9Hb5b54M-0<T6�>JI;1e<K9;Ñ:Cit_<F12+=<?��I;E[+2CD</235Õp�sb�9H+2C
+2C51=I;35WXCcA.C5-0Ñ=CGEDIVI;+2CD<F1Nb�9H+2CD/.b�9;/=/�v

u º¼»Sº@»�ºµ´ ~i´!Ò_µ / ê + : ´s¶�+ / ³�,�³g´G· é y^+@· 3 · /l3 · Ø ´P¶�µ�¾ Ò_¶�µ êKê + / ³ ê : 3 ´¾,Kµ�´ : ³�´ÍÒ_µ / ³�´ ê ,'+¼µ /
��CD<k65<FEDI;UV-ME�9H+=I;1

[c(e)(ψ)]2
-ME Ö x8vMÒ�×\65<F12-Mt_<T/�>@1=I;U"9;/:/235UVb5+2-0I;ED/ Ö A.C5-0Ñ=Ca9H1=<�1=<F-M+=<F1:9H+=<T6±-ME±+2CD<�ED<?�8+b�9H1:9HWX1:9Hb5CS×\U�9;65<�A.-M+2C(1=<FWs9H1=65/�+=I[+2CD<�ÂD1=/2+�+=<F12U�-ME±+2CD<�35b5bf<F1�ÕfI;35ED6 Ö äDv Í ×?RfA.C5-0Ñ=C(-0/�1=<Fb51=Ip683DÑT<T6CD<F1=<�>JI;1�+2CD<�/:9HZ_<]IH>�ÑTI;Est_<FE5-0<FEDÑT<�9;/

ν(G) ≤
∑

ei,ej∈E(H)

ei ���I�B�I�I��� ej � � φ
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v∈V (H)

(
c(v)(v, ψ)

2

)
. Ö x8vâå_×

P\E540<T/=/k+2CD<c<T68W_<T/�-ME¡+2CD<
ν(H)

b�9H-M1=/iIH>�<T68W_<T/�A.C5-0Ñ=CqÑF1=IX/=/�I;ED<
9HEDI;+2CD<F1[9H4M4.C�9Kt_<c+2CD<c/:9HU�<Y<T68W_<ÑTI;E5W_<T/2+2-0I;E�t;9H4M3D<T/�R�+2C5-0/�ÕfI;35ED6qI�t_<F1=<T/2+2-MU�9H+=<T/[+2CD<cEs35U�Õ�<F17IH>LÑF1=IX/=/2-ME5W_/�vrì)<F+
ci
65<FEDI;+=<G9HEr<T68W_<ÑTI;E5W_<T/2+2-0I;EYtX9H4M3D<\>@I;1�9HEc<T68W_<�35ED65<F1

ψ
RD9HED6740<F+

c1 ≥ c2 ≥ · · · ≥ c|E(H)| Ö +2Cs3D/ c1 = c(e)(ψ)
×?v�Ô�IKA°-n>+2CD<�+,A^IV<T68W_<T/

e1
9HED6

e2
A.-M+2C7+2CD<�C5-MWXCD<T/2+N9HED67/=<TÑTI;ED67C5-MWXCD<T/2+.<T68W_<�ÑTI;E5W_<T/2+2-0I;EYtX9H4M3D<T/�1=<T/2b�<TÑF+2-Mt_<F4MØ

Ö +2CD<[tX9H4M3D<T/�U�9KØdÕf<i<TOP3�9H4 ×�ÑF1=IX/=/kI;ED<Y9HEDI;+2CD<F1KR c1 × c2
ÑF1=IX/=/2-ME5W_/�1=<T/2354M+Kv��P-MEDÑT<[+2CD<T/=<7<T68W_<T/�U�9TØÑF1=IX/=/�I;ED<�9HEDI;+2CD<F1�9H+�U�IX/2+.I;EDÑT<XRP+2CD<�A^I;1=/2+�ÑK9;/=<�ÑF1=IX/=/2-ME5Wk+=I;+:9H4�>@I;1�9HEDI;+2CD<F1�b�9H-M1.IH>g<T68W_<T/�-0/

c1 × c3
v��CD<�ED<?�8+�A^I;1=/2+NÑK9;/=<]ÑF1=IX/:/2-ME5W�+=I;+:9H4g9�>@+=<F1�+2C�9H+�-0/

c1 × c4
}DA.CD<FE

e1
C�9;/NÕ�<T<FE
ÑF1=IX/:/=<T67ÕsØY<K9;Ñ=CÛ<T68W_<XR+2CD<�ED<?�p+�AeI;1=/2+kÑK9;/=<i-0/

c2 × c3
R�9HED6�/:I
I;EBv
��CP3D/�+2CD<�ÂD1=/2+

ν(G)
b�9H-M1=/�IH>NÑTI;E5W_<T/2+2-0I;E�t;9H4M3D<T/�-ME¡940<?�8-0ÑTI;WX1:9Hb5C5-0ÑK9H4)I;1=65<F12-ME5W�IH>o+2CD<T/=<�b�9H-M1=/�IH>ot;9H4M3D<T/KR8WX-Mt_<�+2CD<�A^I;1=/2+�ÑK9;/=<�ÑF1=IX/=/=-ME5WVt;9H4M3D<T/�>JI;1�+2CD<

ν(G)ÑF1=IX/=/=-ME5W_/Kv � >gÑTI;351=/=<XR8/2-MEDÑT<
H
UL3D/2+�Õf<N-ME7/2-ME5WX40<��PÑF1=IX/=/^EDI;12U�9H4f>JI;12UcRp9;6 æ 9;ÑT<FEs+�<T68W_<T/^U�9TØiEDI;+^ÑF1=IX/:/I;ED<[9HEDI;+2CD<F1KR�Õ535+L>JI;1�/=-MUVb54M-0ÑF-M+,Ø_R�-M+�-0/�9;/=/=35U�<T6d+2C�9H+V9HEsØ(b�9H-M1kIH>N<T68W_<T/�U�9TØdÑF1=IX/=/ w +2C5-0/L-0/�/2+2-M4M4



�GÒKáXá�� ÎeC�9Hb5+=<F1øx8v��\<F3512-0/=+2-0Ñ�U�<F+2CDIP65/�9HED67EDIKt_<F4g1=<T/2354M+=/
tX9H4M-06`R`-n>eEDI;+L-065<K9H4 Ö Õ�<F+2+=<F1]ÕfI;35ED65/�U�9TØ(IH>�ÑTI;351=/=<VÕf<�I;Õ5+:9H-MED<T6aÕsØ±+:9HZP-ME5WY-MEP+=I
9;ÑTÑTI;35Es+L+2C�9H+L/=I;U�<b�9H-M1=/�IH>�<T68W_<T/�A.-M4M4`ED<Ft_<F1\ÑF1=IX/=/�I;ED<L9HEDI;+2CD<F1�×?v
Á�<FEDI;+=<G9(b�9H-M1[IH>]<T68W_<T/iÕsØÙ9(+235b540<

t = (cj , ck)
ReA.CD<F1=<

t1 = cj
9HED6

t2 = ck
v°�DI;1i+�AeI�+235b540<T/

s, t
40<F+

s < t
-n>
s
ÑTI;U�<T/�Õf<?>@I;1=<

t
-MEd9[40<?�p-0ÑTI;WX1:9Hb5C5-0ÑK9H4^I;1=65<F12-ME5WDvV��CD<F1=<�9H1=<k-ME(+=I;+:9H4 (|E(H)|

2

) /23DÑ:C+235b540<T/KR`ÑTI;121=<T/=b�I;ED68-ME5Wc+=I[+2CD< (|E(H)|
2

) b�9H-M1=/�IH>^<T68W_<T/�-ME
H
v�Ó�+2+:9;Ñ=Ca-MED68-0ÑT<T/]+=Ii+2CD<k+235b540<T/�R`/=I[+2C�9H+

t1 ≤ t2 ≤ · · · ≤ t(|E(H)|
2 )

v���CD<FEBRS-ME
+2CD<LAeI;1=/2+�ÑK9;/=<XRD+2CD<LEs35ULÕf<F1�IH>�ÑF1=IX/=/2-ME5W_/�+2C�9H+�A.-M4M4)Õf<]ÑTI;35EP+=<T6`R
-0/ ∑ν(G)

i=1 ti1 × ti2
v���C5-0/.40<K9;65/�+=Ik+2CD<]35b5b�<F1.ÕfI;35ED6

ν(G) ≤ α∗
ψν(H) +

∑

v∈V (H)

(
c(v)(v, ψ)

2

)
, Ö x8v äP×

A.CD<F1=<
α∗
ψ =

(∑ν(G)
i=1 ti1 × ti2

)
/ν(H)

v[��CD<�tX9H4M3D<
α∗
ψ

-0/]ÑK9H4M40<T6a+2CD< �|�=ã���� �+�'�
ß
� ~ �F�E� à �û�

ß à � �
{;z
Þà �F�F���

{;za{��
H 8N����â¾�E�9�t���E�0� �

{
ψ
v � >�9H4M4gIH>�+2CD<L681:9KA.-ME5W_/�IH>

H
+2C�9H+\1=<K9H4M-MÀK<L-M+=/\ÑF1=IX/=/2-ME5W�EP35ULÕf<F1KR�40<F+

φ′
Õ�<�/23DÑ:C
9k681:9TA.-ME5WiA.CD<F1=<�+2CD<�/235U IH>�b51=IP683DÑF+=/\IH>g+2CD<]<T68W_<�ÑTI;E5W_<T/2+2-0I;EGt;9H4M3D<�>JI;1�<T68W_<T/.-MEPt_I;4Mt_<T6-ME(ÑF1=IX/=/2-ME5W_/]9H+2+:9H-MED/�9�UV-ME5-MU�35UcvkÁ�<FEDI;+=<V<K9;Ñ:C(+235b540<VIH>^ÑF1=IX/=/=-ME5Wc<T68W_<T/�ÕsØ

s
RB9HED6±+2CD<k/=<F+�IH>^/23DÑ:C+235b540<T/.ÕPØ

S
v�Á�<?ÂDED<

αψ
-ME
9V/2-MUV-M4�9H1�>J9;/2C5-0I;EY+=I

α∗
ψ

R5E�9HU�<F4MØ
αψ =

(
∑

s∈S

s1 × s2

)
/ν(H).

�51=I;Uþ+2C5-0/�-M+kU�9TØaÕf<7/=<T<FEu+2C�9H+
α∗
ψ ≥ αψ

v±��CD<[tX9H4M3D<
αψ

-0/kÑK9H4M40<T6u+2CD< ���
z
��� �+�'�

ß
� ~ �F�E� à �Í�

ß à ��
{Xz à �9�����

{;z�{��
H 8N����âÓ�G�9�[���G�0�ø�

{
ψ
vL��C5-0/�t;9H4M3D<�-0/�-MUVbfI;12+:9HEs+KRB/=-MEDÑT<�-M+�WX-Mt_<T/�+2CD<�+2123D<k1=<$-�<TÑF+2-0I;EaIH>+2CD<�9Tt_<F1:9HW_<k<T68W_<�ÑTI;E5W_<T/=+2-0I;E±IH>�<T68W_<T/�-MEPt_I;4Mt_<T6G-MEÛÑF1=IX/=/2-ME5W_/Kv ½�CD<FE

αψ
-0/�/235ÕD/2+2-M+235+=<T6G>JI;1

α∗
ψ

RS+2CD<ÂD1=/2+.+=<F12U -ME Ö x8v äP×.9H+2+:9H-MED/�-M+=/.UV-ME5-MU�35Ucv��CD<�Õ�9;6VED<FA�/�-0/�+2C�9H+
αψ
ÑK9HE5EDI;+�Õf<.ÑTI;UVb535+=<T6`Rs/2-MEDÑT<NI;ED<�ED<T<T65/�+=I�<FEs35U�<F1:9H+=<�9H4M4DI;b5+2-MU�9H4S681:9KA.-ME5W_/IH>

H
-ME[I;1=65<F1^+=IL65<F+=<F12UV-MED<

αψ
v��gILU�9HZ_<\U�9H+2+=<F1=/^AeI;1=/=<XRpEDI;+^<Ft_<FE

α∗
ψ

ÑK9HEiÕf<NÑTI;UVb535+=<T6`R8/2-MEDÑT<\I;ED<ED<T<T65/N+=I�ZpEDIKA
ν(H)

-MEGI;1=65<F1\+=I�65Ii/=I5ve*�+�-0/KR�CDIKA^<Ft_<F1KRSbfIX/=/2-MÕ540<]+=I�ÑTI;UVb535+=<�9HE±9Hb5b51=IT�8-MU�9H+2-0I;E±+=I
α∗
ψ

v
Ô�I;+=<�+2C�9H+KR8>JI;1N9HEsØ

j ≤ ν(H)
R8-M+.-0/.+2123D<�+2C�9H+

βψ,j =

(
j∑

i=1

ti1 × ti2

)
/j ≥



ν(G)∑

i=1

ti1 × ti2


 /ν(H) = α∗

ψ,

/2-MEDÑT<Û+2CD<(9Tt_<F1:9HW_<(IH>�+2CD<ÛÂD1=/2+
j
4�9H12W_<T/2+7+235b540<T/7UL3D/2+YÑT<F12+:9H-ME54MØrÕ�<Û4�9H12W_<F17+2C�9HE I;1Y<TOs3�9H4�+=Iu+2CD<9Kt_<F1:9HW_<]IH>g+2CD<�ÂD1=/2+

ν(H)
+235b540<T/KvN�o9H1:9;65IT�8-0ÑK9H4M4MØ_R�-M+.UV-MWXCP+N/=<T<FUcR5I;ED<�ED<T<T65/N9�40I�Ae<F1�ÕfI;35ED67+=I

ν(H)-MEÛI;1=65<F1\+=IiÑTI;UVb535+=<�9�t;9H4M3D<
βψ,j

v�Ô�I;+=<XR�CDI�Ae<Ft_<F1KR�+2C�9H+�9HEsØc40I�Ae<F1�Õ�I;35ED6
A.-M4M4�65I5Rf9HED6G9HEPØ
IH>�+2CD<9HE�9H4MØp+2-0ÑK9H4�+=<TÑ=C5E5-0OP3D<T/�>@1=I;Uþã�äDvâá8vâá7U�9TØÛÕ�<k<FUVb540I�Ø_<T6`v»½�CD<FE
j = 1

RBI;ED<kC�9;/
βψ,1 = t11 × t12 =

c1 × c2 ≤ [c(e)(ψ)]2
RoA.C5-0Ñ:C¡-0/V9cU�9H12WX-ME�9H4.-MUVb51=I�t_<FU�<FEs+�I�t_<F1�+2CD<[ÕfI;35ED6 Ö x8vâå_×]ÕPØu�PC�9HC51=I;ZpC5-èR�<F+9H4èv�ÿ �5�5�!ÿ Ë xX95R��5�5�!ÿ Ë ä � vdÓ\Eu-MEs+=<F1=<T/2+2-ME5W�9;/=b�<TÑF+VIH>\+2C5-0/V/=35b�<F1hÂ�ÑF-�9H4M4MØ�ÑF-M1=ÑF354�9H1�9H12WX35U�<FEs+KR^-0/�+2C�9H++2CD<V40I�Ae<F1kÕfI;35ED6aU�9TØ(Õf<V-MUVb51=I�t_<T6dÕPØaÑTI;ED/=<TÑF35+2-Mt_<�>J<T<T68Õ�9;Ñ=ZfvY��C�9H+L-0/�RB-n>

j1
-0/�9HEd-ME5-M+2-�9H4 Ö Ae<K9HZD×40I�Ae<F1�Õ�I;35ED6`RgA.C5-0Ñ=Cu-0/]3D/=<T6d-MEa+2CD<�+=<F12U

βψ,j
Rg+2CD<FEd+2CD<�40I�Ae<F1�Õ�I;35ED6

j2
A.C5-0Ñ:C�-0/�I;Õ5+:9H-MED<T6a>@1=I;U9HEY-MED<TOP3�9H4M-M+,ØY/23DÑ:C
9;/ Ö x8v äP×?R5U�9TØ[-M+=/=<F4n>ob54�9TØ[+2CD<�1=I;40<�IH> j1 -ME
9k/235ÕD/=<TOP3D<FEs+NÑTI;UVb535+:9H+2-0I;EG+=IVI;Õ5+:9H-MEØ_<F+\9VÕ�<F+2+=<F1�40I�Ae<F1�Õ�I;35ED6`ve��C5-0/�b51=IpÑT<T/=/�-MED65<T<T6
b54�9TØ8/\9HEc-MUVbfI;12+:9HEs+�1=I;40<�-MEc+2CD<�9Hb5b54M-0ÑK9H+2-0I;EÛIH>�+2CD<40I�Ae<F1NÕfI;35ED6c9H4MW_I;12-M+2C5U b51=<T/:<FEs+=<T6c-MEY+2CD<]ED<?�p+�/=<TÑF+2-0I;EBv

*�+N-0/�EDI;+=<T6`Rf+2C�9H+�A.CD<FE±+2CD<�<T68W_<kÑTI;E5W_<T/2+2-0I;E±tX9H4M3D<T/�IH>�9H4M4�<T68W_<T/�-ME
H
9H1=<�<TOP3�9H4èR

βψ,j = α∗
ψ = αψ

v��C5-0/�-0/�<?�D9;ÑF+24MØ�A.C�9H+�I;ED<�<?�8b�<TÑF+=/KR59HED6[-M+./2CDIKA�/\9HWs9H-ME[A.CPØi-M+�-0/�Õf<FED<?Â�ÑF-�9H4`+=I�ÂDED6iWX1:9Hb5Cp�s+=I��sWX1:9Hb5C



x8vMÒXv5Ó®40IKA^<F1NÕfI;35ED6
9H4MW_I;12-M+2C5U >JI;1.+2CD<]ÑF1=IX/=/2-ME5WVEP35ULÕf<F1 �GÒKáXå��
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βψ,j
>JI;1�/=I;U�<

j
9;/�I;b5b�IX/:<T6Y+=Ik+2CD<�>è9;ÑF+=I;1

[c(e)(ψ)]2
>@I;1.+2CD<L65<FEDI;UV-ME�9H+=I;1IH> Ö x8vMÒ�×?v

q6S È S Ü � bcUÂÉ�Æ�Y�W�Ç�Y�X�`�\)ÆÍUÂÈcsaU�Ål]vÈ�s^U�ÆXÇ
U î X�\^]vsaU�W�Ç�Y[\^] X�\^uïZÊÉ�ÇXÅSÇ�Yt\^]
��CD<ib51=I;Õ540<FU�IH>.ÂDED68-ME5W(9cWX1:9Hb5Cp�s+=I��sWX1:9Hb5CÙ<FULÕf<T6568-ME5W

ψ
>¼1=I;Uþ9cWX1:9Hb5C

G
+=IÛ9cWX1:9Hb5C

H
A.-M+2C¡9U�9��8-MUL35U�<T68W_<YÑTI;E5W_<T/2+2-0I;E�tX9H4M3D<[IH>�9H+�U�IX/=+

k p 9HED6¡9GU�9��8-MUL35U�t_<F12+=<?��ÑTI;E5W_<T/2+2-0I;E¡tX9H4M3D<7IH>�9H+U�IX/2+
k o RD-0/\9�65<TÑF-0/=-0I;E
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k p 9HED6�A.CD<F+2CD<F1e+2CD<NU�9��p-MU�35U t_<F12+=<?�ÑTI;E5W_<T/2+2-0I;EutX9H4M3D<�-0/�/2U�9H4M40<F1�+2C�9HEuI;1�<TOP3�9H4�+=I
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k p9HED6
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ψ( p ) R59HED67/=<TOP3D<FEs+2-�9H4M4MØU�9HbD/i+2CD<G<T68W_<T/�>@1=I;U
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+=I�b�9H+2CD/�-ME

H
ReA.C5-M40/=+79H+[<K9;Ñ=C�/2+=<Fbq-M+Y9H+2+=<FUVb5+=/[+=I(ÂDED6°9(b�9H+2Cr-ME
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R9;/�+2CD<VÑTI;E5W_<T/2+2-0I;E(tX9H4M3D<VIH>e-M+=/�+:9H12W_<F+�t_<F12+=<?�ÛUL3D/2+L9H40/=I7Õf<V9;6565<T6±+=I[-M+�×?R`+2CD<F1=<FÕsØ±<FED/23512-ME5WY+2C�9H+�-M+A.-M4M4`Õf<]9Tt_I;-065<T6
-MEY>J9Kt_I;351NIH>�9H1=ÑT/.A.C5-0Ñ=CÛ65IVEDI;+N9H+2+:9H-MEc+2CD<�U�9��8-MUL35U�<T68W_<]ÑTI;E5W_<T/2+2-0I;EBv

��-ME�9H4M4MØ_R8EDIV9H1=Ñ�/2CDI;35406[Õ�<�9;/=/2-MWXED<T6Y9LAe<F-MWXCP+NIH>gÀK<F1=I5R8/2-MEDÑT<�+2C5-0/�AeI;3540671=<FED65<F1N9HEPØ�b�9H-M1�IH>)b�9H+2CD/^>JI;1A.C5-0Ñ:CÛ9H4M4g9H1=ÑT/.C�9Kt_<]ÀK<F1=IVA^<F-MWXCs+�<TOs3�9H4M4MØ[>è9Tt_I;351:9HÕ540<XR�1=<FWs9H1=6840<T/=/\IH>o+2CD<]68-¤�`<F1=<FEDÑT<]-MEc+2CD<]Es35ULÕf<F1\IH>9H1=ÑT/.-MEY+2CD<�+�AeIVb�9H+2CD/�v�*,+.-0/.65<T/=-M1:9HÕ540<�+2C�9H+.U�9Hb5b�<T6cb�9H+2CD/�/2CDI;35406YÕf<�9;/�/2CDI;12+N9;/.bfIX/=/2-MÕ540<XR8Õf<TÑK9H3D/=<+2C5-0/^1=<T683DÑT<T/.+2CD<�Es35U�Õ�<F1\IH>�9H1=ÑT/.IH>gA.C5-0Ñ:CY+2CD<�<T68W_<�ÑTI;E5W_<T/2+2-0I;EYC�9;/�+=I�Õf<�-MEDÑF1=<K9;/=<T6`R8-MUVb51=IKtp-ME5W�+2CD<Ñ:C�9HEDÑT<T/�IH>�ÂDED68-ME5W[Õf<F+2+=<F1\U�9Hb5b5-ME5W_/Kv\�DI;1�+2C5-0/N1=<K9;/=I;EBRSA.CD<FEBR�>@I;1�9HE±9H1=Ñ
e = (u, v)

RSÕfI;+2CÛ+2CD<L<T68W_<ÑTI;E5W_<T/2+2-0I;EÛ9HED6Y+2CD<�t_<F12+=<?�cÑTI;E5W_<T/2+2-0I;E
IH>
v
9H1=<�ÀK<F1=I5R

e
-0/.Ae<F-MWXCP+=<T6
ÕPØ79k/2U�9H4M4)b�IX/2-M+2-Mt_<�ÑTI;ED/=+:9HEs+

ε
RA.C5-0Ñ:C
/2CDI;35406Yb51=<?>J<F1:9HÕ54MØ7Õ�<�UL3DÑ:CG/2U�9H4M40<F1N+2C�9HEdÒXR5/=I�9;/.EDI;+�+=Ik1=<FED65<F1�9kb�9H+2CcI;EcA.C5-0Ñ=C

e
9Hb5bf<K9H1=/35ED65<T/2-M1:9HÕ540<Xv



x8vMÒXv5Ó®40IKA^<F1NÕfI;35ED6
9H4MW_I;12-M+2C5U >JI;1.+2CD<]ÑF1=IX/=/2-ME5WVEP35ULÕf<F1 �GÒKáXÏ��
u º¼»Sºµ´fº@» ²L³g´ +@· 1 )¼´P·d´ / , é ,'+¼µ / µ�¾÷,�³g´ é )�³Sµ�¶�+µ,�³�·
*�EG+2C5-0/�/=35ÕD/=<TÑF+2-0I;E±+2CD<k9H4MW_I;12-M+2C5U"-0/�/=b�<TÑF-nÂ�<T6Û-ME±-M+=/�<FEs+2-M1=<F+,Ø_v���CD<V9H4MW_I;12-M+2C5U /=<TOP3D<FEs+2-�9H4M4MØÛ<FULÕf<T65/+2CD<�<T68W_<T/�IH>

G
-MEs+=I[+2CD<�Õ5-068-M1=<TÑF+=<T6ÛWX1:9Hb5C

H
v��DI;1�<K9;Ñ=C(<FULÕf<T6568-ME5WYIH>^9HE±<T68W_<

e = {s, t} ∈ E(G)
R+=I79

ψ( o )(s) − ψ( o )(t) b�9H+2C P R P -0/N+21:9Kt_<F1=/=<T6`RBI;ED<�t_<F12+=<?�±9H+�9�+2-MU�<�>@1=I;U ψ( o )(t) +=I ψ( o )(s) v��DI;1<K9;Ñ:CYt_<F12+=<?�
v
-ME
H
Rp+2CD<]9H4MW_I;12-M+2C5U U�9H-MEs+:9H-MED/�9k/=<F+

Ξv
IH>�b�9H+2CD/ Ö >¼1=I;U b512-0I;1.U�9Hb5bf<T6c<T68W_<T/�×eA.C5-0Ñ:CU�9Hb�+2C51=I;35WXC

v
v
��C5-0/k9H4M40IKA�/�+2CD<[9H4MW_I;12-M+2C5Uþ+=IG65<F+=<F12UV-MED<i+2CD<ib�9H+2CD/�-ME

H
A.-M+2CuA.C5-0Ñ=C

P
/2C�9H1=<T//235Õp�sb�9H+2CD/�RP9HED6V3D/2-ME5WL+2C5-0/�-ME8>@I;12U�9H+2-0I;EBRP-M+�ÑK9HE�ÑTI;UVb535+=<N+2CD<�Es35U�Õ�<F1�IH>fÑF1=IX/:/2-ME5W_/�+2C�9H+

P
A.-M4M4SÑK9H3D/=<XvÓ&/=<F+

τ
ÑTI;EP+:9H-MED/N+2CD<Lb�9H+2CD/\ÑTI;ED/=-065<F1=<T6cÕsØY+2CD<�9H4MW_I;12-M+2C5U�9H+\+2CD<]b51=<Ftp-0I;3D/�t_<F12+=<?�c+2C�9H+N-M+NtP-0/2-M+=<T6
-ME+2CD<�b�9H+2C
P
v

½rCD<FEY+2CD<L9H4MW_I;12-M+2C5UíÑTI;ED/=-065<F1=/\9kt_<F12+=<?�
v
-ME
P
R5+2CD<�b�9H+2CD/NÑTI;EP+:9H-MED<T6c-ME

Ξv
R8Õ535+�EDI;+�-ME

τ
R�68-06YEDI;+U�9Hb±+2C51=I;35WXC(+2CD<�t_<F12+=<?�G+2C�9H+�-0/�b512-0I;1�+=I

v
-ME
P
RB9HED6G+2CD<F1=<?>JI;1=<XR

P
-0/�EDI;+�b�9H12+�IH>.9HE±-MEs+=<F1=/=<TÑF+2-ME5W/235Õp�sb�9H+2CdA.-M+2Cu9HEsØ(/23DÑ:Cdb�9H+2C�-ME

Ξv
v[Ó�+

v
RBCDI�Ae<Ft_<F1KR

P
ÑTI;UVU�<FEDÑT<T/�/2C�9H1=<T6d/235Õp�sb�9H+2CD/LA.-M+2C�+2CD<b�9H+2CD/�-ME

Ξv
vGÚ�<TÑK9H3D/=<79GÑF1=IX/=/2-ME5WÛUL3D/2+�Õ�<[ÑTI;35Es+=<T6�>JI;1�<K9;Ñ:C¡/2C�9H1=<T6�/=35Õp�sb�9H+2C Ö <?�5ÑT<Fb5+�>@I;1�+2CDIX/=</235Õp�sb�9H+2CD/LA.C5-0Ñ=Cu+=<F12UV-ME�9H+=<i9H+�I;ED<�IH>.+2CD<�<FED6at_<F12+2-0ÑT<T/�IH>

P
×?RoÑF1=IX/=/2-ME5W_/�9H1=<�ÑTI;35Es+=<T6�9H+]+2CD<�ÂD1=/2+t_<F12+=<?��IH>B/23DÑ:C[/2C�9H1=<T6i/235Õp�sb�9H+2CD/ Ö �$Ù��=Ù R v -ME�+2C5-0/^ÑK9;/=<�×?v�Ó�>@+=<F1e9H4M4Sb�9H+2CD/�-ME Ξv

C�9Tt_<\Õ�<T<FE[ÑTI;ED/2-065<F1=<T6`R+2CD<�4M-0/2+
τ
-0/NÑF40<K9H1=<T6`R�9HED67ÂD4M40<T6YA.-M+2Cc+2CD<�b�9H+2CD/N-ME

Ξv
R5/:Ik+2C�9H+�+2CD<L9H4MW_I;12-M+2C5U U�9KØY9HWs9H-MEG65<F+=<F12UV-MED<+2CD<�/235Õp�sb�9H+2CD/�-MEGA.C5-0Ñ:C

P
IpÑTÑF351=/�9H+�+2CD<LED<?�8+�t_<F12+=<?�Û9�>¼+=<F1

v
-ME
P
v��Pb�<TÑF-�9H4oÑK9;/=<T/\>JI;1N+2C5-0/�/=Ñ=CD<FU�<IpÑTÑF351N9H+�+2CD<�t_<F12+2-0ÑT<T/

ψ( o )(s) 9HED6 ψ( o )(t) A.C5-0Ñ:CG9H1=<�+2CD<]<FED67t_<F12+2-0ÑT<T/\IH> P Ã
•
Ó�+

ψ( o )(t) R�A.CD<F1=<�+2CD<�+21:9Kt_<F1=/:9H4�IH> P ÑTI;UVU�<FEDÑT<T/KR�ÑF1=IX/=/2-ME5W_/�9H1=<�I;E54MØ(ÑTI;35Es+=<T6�>JI;1]b�9H+2CD/�-ME
Ξψ( � )(t) A.C5-0Ñ:Cq65I±EDI;+�C�9Tt_< ψ( o )(t) 9;/�9HEq<FED6�t_<F12+=<?�`vÙÓ\/�9HE�<?�59HUVb540<YIH>�/23DÑ=Cr9Ûb�IX/=/=-MÕ540<ÑF1=IX/=/2-ME5WDRsÑTI;ED/=-065<F1�+2CD<.b�9H+2C

p2
A.C5-0Ñ=C[C�9;/

v2
9;/�9HE�<FED6�t_<F12+=<?�fRp9HED6�ÑF1=IX/=/=<T/�+2CD<.b�9H+2C

p1
A.C5-0Ñ:CÑTI;UVU�<FEDÑT<T/�9H+

v1
-ME7��-MWX351=<yx8vâå Ö ÕS×?v���CD<�b�9H+2CD/^-ME Ξψ( � )(t) A.C5-0Ñ=CY<FED6[9H+ ψ( o )(t) RPC�9Tt_<�9H4M1=<K9;68ØÕ�<T<FEc/2CDI�A.EcED<Ft_<F1N+=IkC�9Kt_<�+=I�ÑK9H3D/=<LÑF1=IX/=/2-ME5W_/.-MEY+2CD<]/=35Õp�sb�9H+2CD/�+2CD<FØ7/2C�9H1=<�A.-M+2C

P
v

•
Ó�+

ψ( o )(s) R�A.C5-0Ñ=C¡-0/k+2CD<74�9;/2+kt_<F12+=<?��+=IÛÕ�<[tp-0/2-M+=<T6u-ME P R�-M+kU�9TØuC�9Hb5b�<FE¡+2C�9H+�/:I;U�<[I;+2CD<F1b�9H+2CD/V-ME
H
A.-M+2C¡A.C5-0Ñ=C

P
/2C�9H1=<T/�/235Õp�sb�9H+2CD/KR�9H40/=I±C�9Kt_<

ψ( o )(s) 9;/�9HEÙ<FED6�t_<F12+=<?�fv¡��CD<T/:<9H1=<[/=35Õp�sb�9H+2CD/�>@I;1�A.C5-0Ñ=C¡EDIÛÑF1=IX/=/2-ME5W_/kED<T<T6�IpÑTÑF351KRoÕ535+�>JI;1k/2C�9H1=<T6�/235Õp�sb�9H+2CD/VIH>N40<FE5WX+2Cq9H+40<K9;/2+�Ò Ö �$Ù��=Ù RfEDI;+�+2CD<�/2bf<TÑF-�9H4�ÑK9;/=<k/235Õp�sb�9H+2CD/]A.C5-0Ñ:C�9H1=<XR`-ME±>è9;ÑF+KR)/2-ME5WX40<V/=C�9H1=<T6(<FED6±t_<F12+2-0ÑT<T/IH>�/:<Fb�9H1:9H+=<XRSI;+2CD<F12A.-0/=<�EDI;Ep�s-MEs+=<F1=/:<TÑF+2-ME5W[b�9H+2CD/?×?RSÑF1=IX/=/=-ME5W_/�AeI;35406GC�9Tt_<�Õf<T<FEGÑTI;35Es+=<T6
>JI;1N+2CD<t_<F12+2-0ÑT<T/eA.CD<F1=<\+2CD<T/=<�/235Õp�sb�9H+2CD/ æ I;-MED<T6 P v���C5-0/eU�3D/2+^Õ�<\ÑTI;121=<TÑF+=<T6iÕPØ�/235Õ5+21:9;ÑF+2-ME5WV9LÑF1=IX/:/2-ME5W>@I;1�<K9;Ñ:C
IH>�+2CD<T/:<�b�9H+2CD/Kv
Ó\4M+2CDI;35WXCaÑF1=IX/=/2-ME5W_/]9H1=<kÑTI;35Es+=<T6�9H+�+2CD<�t_<F12+2-0ÑT<T/]A.CD<F1=<k+,AeIcb�9H+2CD/ æ I;-ME±-MEP+=Ic9iÑTI;UVU�I;E�/235Õp�sb�9H+2CBR+2CD<F1=<L-0/NEDI;+2C5-ME5W7/2bf<TÑF-�9H4o9HÕfI;35+N+2CD<T/=<Lt_<F12+2-0ÑT<T/KvNÓ�/�C�9;/\Õf<T<FEGEDI;+=<T6GÕ�<?>JI;1=<XRD+2CD<�ÑF1=IX/=/2-ME5WiÕ�<F+�Ae<T<FEa9b�9H-M1NIH>ob�9H+2CD/�U�9KØYIPÑTÑF351\9H+�9HEsØ7t_<F12+=<?�Y+2C�9H+�-0/.b�9H12+\IH>�9V/2C�9H1=<T6
/235Õp�sb�9H+2CBv��DI;1\<K9;Ñ=C
t_<F12+=<?�

v
-MEG9WX1:9Hb5C

H
RH+2CD<F1=<^-0/oEDI\1235E5E5-ME5W�+=I;+:9H4p+2C�9H+o-0/�Z_<Fb5+�>@I;1o/23DÑ:C�ÑF1=IX/=/2-ME5W_/KRHA.C5-0Ñ=CV-0/�+2CD<FEk-MEDÑF1=<FU�<FEs+=<T6�A.CD<FE9�b�9H-M1�IH>�b�9H+2CD/ æ I;-ME±9H+ v v�*è>�+2C5-0/�A^<F1=<�+2CD<�ÑK9;/=<XR�-M+�AeI;35406±ÑF1=<K9H+=<V9�/2-M+23�9H+2-0I;EÛA.CD<F1=< v -M+=/=<F4n>�A^I;35406Õf<TÑTI;U�<�35ED65<T/2-M1:9HÕ540<XR�683D<�+=IG9HE�-MEDÑF1=<K9;/=<T6(j�ÑTI;E5W_<T/=+2-0I;E8m:R�9H4M+2CDI;35WXC�+2CD<iI;+2CD<F1�t_<F12+2-0ÑT<T/�-MEd+2CD<i/235Õp�b�9H+2C(IH>eA.C5-0Ñ:Ca-M+�-0/]9HE(<FED6P�st_<F12+=<?�fR)AeI;35406a/=<T<FUö1=<F4�9H+2-Mt_<F4MØÛU�I;1=<V65<T/2-M1:9HÕ540<Xv���C5-0/�-0/�EDI;+]65<T/2-M1:9HÕ540<XRÕf<TÑK9H3D/=<79HEu<FEP+2-M1=<[/=35Õp�sb�9H+2C�/=CDI;35406�40I;WX-0ÑK9H4M4MØ�Õ�<�+21=<K9H+=<T6¡9;/k9GÑF1=IX/=/2-ME5WDRoA.C5-0Ñ:CÙ/2CDI;35406�b51=<?>@<F1:9HÕ54MØÕf<�9Tt_I;-065<T6�-n>�bfIX/=/2-MÕ540<Xv7��CD<�t_<F12+=<?�dÑTI;E5W_<T/2+2-0I;EutX9H4M3D<T/�9H1=<�Õ�<F+2+=<F1�-MED68-0ÑK9H+=I;1=/�IH>.+2CD<i/235-M+:9HÕ5-M4M-M+,ØdIH>t_<F12+2-0ÑT<T/�>JI;1�/2CDI;12+=<T/2+kb�9H+2C¡1=I;35+2-ME5WDReÕ�<TÑK9H3D/=<Y9H4M4�t_<F12+2-0ÑT<T/V-MEq9ÛÑTI;UVU�I;Eq/235Õp�sb�9H+2CÙIH>�+,A^I(68-0/2+2-MEDÑF+b�9H+2CD/^A.-M4M4f1=<TÑT<F-Mt_<�-MEDÑF1=<K9;/=<T67ÑTI;E5W_<T/2+2-0I;E7t;9H4M3D<T/�9;/�I;b5bfIX/=<T6[+=I�I;E54MØ79L/=-ME5WX40<\t_<F12+=<?�[A.-M+2C7+2CD<�>JI;12U�<F1U�<TÑ:C�9HE5-0/2Ucv��CD<7tX9H12-�9HÕ540<T/

τ
9HED6

Ξ
Ae<F1=<c/�9H-06�+=I±U�9H-MEs+:9H-ME�/:<F+=/VIH>\b�9H+2CD/KR�9HED6�+2C5-0/�/2-MUVb54M-nÂ�<T/V+2CD<c9H4MW_I;12-M+2C5UÑTI;EDÑT<Fb5+23�9H4M4MØ_v\*,+\-0/KRDCDI�Ae<Ft_<F1KR`ÑF35ULÕf<F1=/=I;U�<�+=I�-MUVb540<FU�<FEP+]9HEÛ9H4MW_I;12-M+2C5UöA.C5-0Ñ=CÛU�9HE5-Mb5354�9H+=<T/�b�9H+2CD/KvÓ b�9H+2C

P
-0/ æ 3D/2+7+2CD<(-MU�9HW_<aIH>�9HE <T68W_< e -ME G R�9HED6�+2CD<(<T68W_<T/
IH> G U�9TØ°+2CD<F1=<?>JI;1=<(Õ�<±3D/:<T6



�GÒKá
x�� ÎeC�9Hb5+=<F1øx8v��\<F3512-0/=+2-0Ñ�U�<F+2CDIP65/�9HED67EDIKt_<F4g1=<T/2354M+=/
ë*)�³�µ�¶�+-,�³g· u º@» #!
�M�(!%�������� K ç��!���.0/2143 ,X¿ ��1:9Hb5CD/

G
9HED6

H
R\A.CD<F1=<

G
-0/YÕf<F-ME5W¡WX1:9Hb5Cp�s+=I��sWX1:9Hb5C®<FU�Õ�<T6565<T6 -MEs+=I

H
v ��CD<(<T68W_<ÑTI;E5W_<T/2+2-0I;EGt;9H4M3D<T/

c( p ) 9HED6Y+2CD<�t_<F12+=<?�YÑTI;E5W_<T/2+2-0I;EGt;9H4M3D<T/ c( o ) IH> H v5 3 , 163 ,X¿ Ó&/=<F+�IH>�9H1=Ñ�Ae<F-MWXCP+=/
w
>JI;1
H
v798 ¾,µS¶ é )�)

e = (u, v) ∈ E(H) : µ;08
we ← c

( o )
v<=8 +¼¾

c
( p )
e = maxe∈E(H) c

( p )
e

,�³)´ /> 8
we ← we + |E(G)|2 × |V (H)|?08 ´!) ê ´@=8
we ← we + c

( p )
e /(maxe∈E(H) c

( p )
e × |V (H)|)A08 ´ / : + ¾B=8 +¼¾

c
( p )
e = 0

9HED6
c
( o )
v = 0

,�³)´ /C=8
we ← ε7ED=8 ´ / : + ¾7F798 ´ / : ¾�µ�¶7G;08 ¶�´�, 3 ¶ /

w. · 1 )¼´P·d´ / , é ,'+¼µ / ¿ ÓNEY-MUVb540<FU�<FEP+:9H+2-0I;EÛIH>o+2C5-0/N9H4MW_I;12-M+2C5U U�9KØ7Õ�<�>JI;35ED6Y-ME±ãNÚ�vâå8v
+=I±1=<Fb51=<T/=<FEP+�+2CD<Yb�9H+2CD/�IH>

H
v���C5-0/�-0/V<?�59;ÑF+24MØu+2CD<YU�<F+2CDIp6¡3D/=<T6�ÕsØu+2CD<Y-MUVb540<FU�<FEP+:9H+2-0I;ErIH>�+2CD<9H4MW_I;12-M+2C5Ucve��CD<F1=<?>@I;1=<XR

τ
9HED6

Ξv
R�9H1=<�+:9HZ_<FEG9;/�/:<F+=/�IH>o<T68W_<T/\IH>

G
vÓ tX9H12-�9HÕ540<

C
U�9H-MEs+:9H-MED/�+2CD<�ÑTI;35EP+kIH>.ED<TÑT<T/=/�9H12ØaÑF1=IX/=/2-ME5W_/KR�9HED6a-M+�-0/]-ME5-M+2-�9H4M-MÀK<T6u+=IcÀK<F1=IÛ9H+�4M-MED<GÒIH>NÓ\4MW_I;12-M+2C5UÚx8vâá8vG��CD<iU�9H-ME�40IpI;buÕ�<F+�Ae<T<FE�4M-MED<T/VáG9HED6�åXå
<FEP35U�<F1:9H+=<T/V<Ft_<F12Ød<T68W_<i-ME�+2CD<i-ME5b535+WX1:9Hb5C

G
v ½�-M+2C5-MEÛ+2C5-0/�40IPI;b±<K9;Ñ=C±<T68W_<�-0/\<FU�Õ�<T6565<T6Û-MEs+=I

H
vN��CD<k9H1=ÑLA^<F-MWXCs+=/KR�A.C5-0Ñ:C(9H1=<�1=<TOP35-M1=<T6>JI;1�+2CD<�<?�8<TÑF35+2-0I;E
IH>oÁ�- æ Z8/2+21:9 } /./2CDI;12+=<T/2+�b�9H+2CG9H4MW_I;12-M+2C5UcRS9H1=<�ÑTI;UVb535+=<T6
9H+.4M-MED<]å�ÕsØi+2CD<]9H4MW_I;12-M+2C5U#�
HM�(!%�������� K ç������ }_+2C5-0/^9H4MW_I;12-M+2C5U -0/e65<T/=ÑF12-MÕ�<T6�4�9H+=<F1Kv�Ó�+�4M-MED<�äDRpÁ�- æ Z8/2+21:9 } /�/=CDI;12+=<T/2+�b�9H+2CD/^9H4MW_I;12-M+2C5U-0/]9Hb5b54M-0<T6d+=I

H
R`A.-M+2Ca+2CD<�/=I;351=ÑT<kt_<F12+=<?�

ψ( o )(s) Ö 9H4M+2CDI;35WXCd+2CD<Vt_<F12+=<?� ψ( o )(t) ÑTI;35406a<TOs3�9H4M4MØÛAe<F4M4C�9Kt_<kÕ�<T<FE±3D/=<T6(9;/�+2CD<V/=I;351=ÑT<�t_<F12+=<?�D×?RB9HED6±+2CD<�A^<F-MWXCs+]t_<TÑF+=I;1
w
vLÁ\- æ Z8/2+21:9 } /�9H4MW_I;12-M+2C5U"1=<F+23512ED/L9b�9H1=<FEP+�t_<TÑF+=I;1

π
R8A.CD<F1=<�+2CD<�t_<TÑF+=I;1NÑTI;UVbfI;ED<FEs+

πv
-0/�+2CD<�b�9H1=<FEs+NIH>�9�t_<F12+=<?�

v
-MEY+2CD<]/2CDI;12+=<T/=+.b�9H+2C+21=<T< Ö A.CD<F1=<L+2CD<�/=I;351=ÑT<�t_<F12+=<?� ψ( o )(s) -0/N9H+.+2CD<�1=IpI;+NIH>g+2CD<]+21=<T<�×?v��CD<�b�9H1=<FEP+�t_<TÑF+=I;1.-0/�3D/=<T67+=Ik+21:9Tt_<F1=/:<�+2CD<�b�9H+2C

P
R8A.C5-0Ñ=Cc-0/�+2CD<�-MU�9HW_<�IH>

e
-ME
H
v�Ú�<?>JI;1=<�+21:9Tt_<F1=/:9H4IH>

P
-0/�-ME5-M+2-�9H+=<T6`R5+2CD<�t_<F12+=<?�

ψ( o )(t) UL3D/=+.Õ�<�C�9HED6840<T6c9;/�9�/2bf<TÑF-�9H4BÑK9;/=< Ö 9;/.65<T/=ÑF12-MÕ�<T6Y<K9H124M-0<F1�×eA.-M+2C1=<FWs9H1=65/g+=I�+2CD<eU�9HE5ED<F1g-ME�A.C5-0Ñ=CkI;+2CD<F1gb�9H+2CD/�A.C5-0Ñ:C�U�9Hb�+2C51=I;35WXC
ψ( o )(t) UV-MWXCs+oÑK9H3D/=<�ÑF1=IX/:/2-ME5W_/)A.-M+2C

P
v�Ó\4M4�IH>)+2CD<�<T68W_<T/.IH>

G
A.C5-0Ñ=C7U�9Hb7+=ILb�9H+2CD/�+2C�9H+^-MEs+=<F1=/=<TÑF+.+2CD<\t_<F12+=<?�

ψ( o )(t) R89H1=<�<FEs35U�<F1:9H+=<T6c-ME+2CD<�40IpI;bYÕf<F+,Ae<T<FEÛ4M-MED<T/zx��SÒKï8ve��CD<T/=<]<T68W_<T/�9H1=<L9;6565<T6Y+=I
τ
>JI;1.3D/=<]IH>o+2CD<�ED<?�8+�t_<F12+=<?�
9�>¼+=<F1

ψ( o )(t)-ME
P
v\Ó\/\C�9;/\Õ�<T<FEÛ/2+:9H+=<T6
Õf<?>JI;1=<XRSÑF1=IX/=/=-ME5W_/�9H1=<�I;E54MØcÑTI;35Es+=<T6G>JI;1\+2CDIX/=<Lb�9H+2CD/�+2C�9H+�65I�EDI;+�<FED6±9H+

ψ( o )(t) }S+2C5-0/�-0/�t_<F12-nÂ�<T6±9H+N4M-MED< Ì RS9HED6Û9VÑF1=IX/=/2-ME5W�>@I;1 ψ( o )(t) -0/�9;6565<T6c+=I C >@I;1�<K9;Ñ=CÛ<T68W_<LIH>�A.C5-0Ñ=C+2CD<�-MU�9HW_<�-ME
H
65Ip<T/.EDI;+.C�9Tt_<

ψ( o )(t) 9;/N9HE
<FED67t_<F12+=<?�`v��CD<�9;ÑF+23�9H4`+21:9Tt_<F1=/�9H4)IH>
P
-0/�b�<F1h>JI;12U�<T67A.-M+2C5-MEY+2CD<�40IpI;b7/=b�9HE5E5-ME5WV4M-MED<T/�ÒKå��påXá8v��DI;1�<K9;Ñ=CY-M+=<F1:9H+2-0I;EBR+2CD<�t_<F12+=<?�

v
-0/�U�I�t_<T6G9H40I;E5W�ÕPØYI;ED<�t_<F12+=<?�[-ME

P
R�9HED6
9�+=<T/2+.-0/.bf<F1h>JI;12U�<T6
9H+�+2CD<]/2+:9H12+�IH>o+2CD<�40IpI;b

Ö 4M-MED<VÒKå_×^+=IV65<F+=<F12UV-MED<]A.CD<F+2CD<F1 v C�9;/�1=<K9;Ñ:CD<T6c+2CD<�/=I;351=ÑT<�t_<F12+=<?� ψ( o )(s) v�Ú�<?>JI;1=<�+2CD<�b�IX/=-M+2-0I;EcIH> v-0/�35bf6D9H+=<T6i9H+e4M-MED<LÒ=x8Rs+2CD<N<T68W_<�ÑTI;E5W_<T/2+2-0I;E[tX9H4M3D<T/�IH>`+2CD<�+�AeILI;b5bfIX/2-M+=<�>J9;ÑT<T/^9H1=ÑT/
(v, πv)

9HED6
(πv, v)A.C5-0Ñ:C æ I;-ME v 9HED6[-M+=/eb�9H1=<FEP+KRD9H1=<�35b�6D9H+=<T6 Ö 4M-MED<T/�ÒFä�9HED6±ÒKÏ_×?v�Ú^<TÑK9H3D/:<\+2CD<T/:<\+�AeI�9H1=ÑT/�1=<Fb51=<T/=<FEP+.+2CD</:9HU�<e35ED68-M1=<TÑF+=<T6k<T68W_<

{v, πv}
-ME�+2CD<�35ED65<F124MØp-ME5W�WX1:9Hb5CVIH>

H
RH+2CD<FØ�9H1=<�9;/=/2-MWXED<T6�+2CD<�/:9HU�<eÑTI;E5W_<T/=+2-0I;EtX9H4M3D<T/'}8CD<FEDÑT<�+2CD<L9;/:/2-MWXE5U�<FEs+NIH>o4M-MED<�ÒKÏ8v��CD<e40IPI;bk/2b�9HE5E5-ME5W�4M-MED<T/.Ò Í �páXá8R;-0/�1=<T/2bfI;ED/2-MÕ540<�>JI;1gÂDED68-ME5W�+2CD<�<T68W_<T/�-ME

G
A.CDIX/=<e-MU�9HW_<T/o-ME

H
-ME5-M+2-�9H+=<ÑTI;UVU�I;E[/235Õp�sb�9H+2CD/�A.-M+2C

P
9H+
v
voÐ�9;Ñ=C7<T68W_<

f ∈ Ξv
-0/�<FEP35U�<F1:9H+=<T6`R89HED6�-M+�-0/�65<F+=<F12UV-MED<T679H+�4M-MED<LÒ ËA.CD<F+2CD<F1

f ∈ τ
v�*,>g+2C5-0/N-0/�EDI;+�+2CD<]ÑK9;/=<XR8+2CD<FEc+2CD<F1=<�9H1=<�+,A^I�/2-M+23�9H+2-0I;ED/N+=IVÑTI;ED/2-065<F1KÃ



x8vMÒXv5Ó®40IKA^<F1NÕfI;35ED6
9H4MW_I;12-M+2C5U >JI;1.+2CD<]ÑF1=IX/=/2-ME5WVEP35ULÕf<F1 �GÒKá Ì �
ë*)�³�µ�¶�+-,�³g· u ºµ´ #!
�M�(!%�����L�M�é��
ë!ë K �!ç.0/2143 ,X¿ Ó®WX1:9Hb5C

G
R�9kÕ5-068-M1=<TÑF+=<T6YWX1:9Hb5C

H
R59HED6
9kt_<F12+=<?�7U�9Hb5b5-ME5W

ψ( o ) : V (G)→ V (H)
v5 3 , 163 ,X¿ Ó\E
<T68W_<�U�9Hb5b5-ME5W

ψ( p ) v798
C ← 0;08 ¾,µS¶ é )�)

e = {s, t} ∈ E(G) : µ<=8
w← #�
HM�(�%�������� K ç������lI G,H, c( p ), c( o ) O> 8
π ← � K���� �H�����^I H, ψ( o )(s),w O?08
v ← ψ( o )(t)@=8 ¾,µS¶ é )�)

f = (w, x) ∈ Ξv : µA08 +¼¾
ψ( o )(w) 6= ψ( o )(t) 9HED6 ψ( o )(x) 6= ψ( o )(t) ,�³g´ /B=8
C ← C + 1C=8 ´ / : + ¾7ED=8 ´ / : ¾,µ�¶7F798

τ ← Ξv7G;08
c
( o )
v ← c

( o )
v + 17E<=8 w�³4+�)¼´

v 6= ψ( o )(s) : µ7 > 8
c
( p )
(πv ,v)

← c
( p )
(πv ,v)

+ 17G?08
c
( p )
(v,πv) ← c

( p )
(πv ,v)7E@=8

v ← πv7GA08
c
( o )
v ← c

( o )
v + 17EB=8 ¾,µS¶ é )�)
f = (w, x) ∈ Ξv : µ7EC=8 +¼¾

f 6∈ τ
9HED6 Ö v 6= ψ( o )(s) I;1]ÿ ψ( o )(x) 6= ψ( o )(s) 9HED6 ψ( o )(w) 6= ψ( o )(s) � × ,�³)´ /;9D=8

C ← C + 1;=798 ´ / : + ¾;F;08 ´ / : ¾,µ�¶;9<=8 +¼¾
v = ψ( o )(s) ,�³)´ /; > 8 ¾,µS¶ é )�)

f = (w, x) ∈ τ : µ;F?08 +¼¾
ψ( o )(w) = ψ( o )(s) I;1 ψ( o )(x) = ψ( o )(s) ,�³g´ /;9@=8
C ← C − 1;FA08 ´ / : +¼¾;9B=8 ´ / : ¾,µ�¶;9C=8 ´ / : + ¾<FD=8

τ ← Ξv<'798
Ξv ← Ξv ∪ {e}<�;08 ´ / : w�³2+�)¼´<F<=8 ´ / : ¾�µ�¶. · 1 )¼´P·d´ / , é ,'+¼µ / ¿ ÓNEY-MUVb540<FU�<FEP+:9H+2-0I;EÛIH>o+2C5-0/N9H4MW_I;12-M+2C5U -0/�WX-Mt_<FEc-ME(ãNÚ�vâå8v

ÒXv�+2CD<]t_<F12+=<?�
v
-0/NEDI;+�9H+N+2CD<�<FED6
IH>

P
Rf9HED6c+2CD<F1=<?>JI;1=<L+2CD<�ÕfIPI;40<K9HEÛ<?�pb51=<T/=/=-0I;E

v 6= ψ( o )(s) A.-M4M4Õ�<�+2123D<XR�A.C5-0Ñ=C�1=<FED65<F1=/�+2CD<7<FEs+2-M1=<[Õ�IpI;40<K9HE�<?�pb51=<T/=/=-0I;E�-MEu4M-MED<GÒ Ë +2123D<XvÛÓ ÑF1=IX/=/2-ME5WÛA.-M4M4eÕf<9;6565<T67>@I;1
v
-ME
9;ÑTÑTI;1=6D9HEDÑT<]A.-M+2Cc+2CD<]b512-0I;1N<?�pb54�9HE�9H+2-0I;EBv

á8v�+2CD<\t_<F12+=<?�
v
-0/�9H+�+2CD<�<FED6YIH>

P
RD9HED6[ÑF1=IX/:/2-ME5W_/.I;E54MØ�ED<T<T6[+=I�Õ�<�ÑTI;35EP+=<T67>@I;1^+2CDIX/=<�<T68W_<T/.-ME

GA.C5-0Ñ=C7U�9Hbi+=ILb�9H+2CD/^-ME
H
+2C�9H+�65ILEDI;+^C�9Tt_<

ψ( o )(s) 9;/^9HE7<FED6�t_<F12+=<?�`v���C5-0/^-0/�t_<F12-nÂ�<T6[ÕsØ�+2CD<Õ�IpI;40<K9HE(<?�pb51=<T/=/=-0I;E�ÿ
ψ( o )(x) 6= ψ( o )(s) 9HED6 ψ( o )(w) 6= ψ( o )(s) � A.CD<F1=< ψ( o )(x) 9HED6 ψ( o )(w)9H1=<�+2CD<�<FED6Yt_<F12+2-0ÑT<T/NIH>o+2CD<�b�9H+2C
ÑTI;121=<T/=b�I;ED68-ME5W�+=I

f
v

��CD<\4�9;/2+�b�I;12+2-0I;EYIH>gÑTI;UVb540<?�7ÑTIP65<�U�9KØ�Õ�<\>JI;35ED6�Õf<F+,A^<T<FEY4M-MED<T/�áXå��pá Ë v���C5-0/�ÑTIP65<�-0/�I;E54MØ�<?�5<TÑF35+=<T6A.CD<FE
v
-0/L9H+]+2CD<kÂDE�9H4et_<F12+=<?�aIH>^+2CD<Vb�9H+2C

P Ö �[Ù-�=Ù Rf+2CD<�t_<F12+=<?� ψ( o )(s) ×?vi��CD<�ÑF1=IX/=/2-ME5W_/]+2C�9H+LAe<F1=<



�GÒKá Í � ÎeC�9Hb5+=<F1øx8v��\<F3512-0/=+2-0Ñ�U�<F+2CDIP65/�9HED67EDIKt_<F4g1=<T/2354M+=/
9;6565<T67>JI;1�/235Õp�sb�9H+2CD/\+2C�9H+N<FED6
9H+

ψ( o )(s) 9H1=<LÑTI;121=<TÑF+=<T6cCD<F1=<Xv���CD<L<T68W_<T/NIH> G >@I;1�A.C5-0Ñ:C
+2CD<�b�9H+2CD/<FED6Û-ME
ψ( o )(s) RfUL3D/=+�Õ�<�-ME τ R`/2-MEDÑT<�ÕsØ±65<?ÂDE5-M+2-0I;EBR τ ÑTI;Es+:9H-MED/�9i4M-0/2+�IH>^<T68W_<T/�A.CDIX/=<�b�9H+2CD/L9H1=<VI;E/235Õp�sb�9H+2CD/�A.-M+2C

P
v � ED<kIH>�+2CD<�+,A^I7-MEDÑF-065<FEs+�t_<F12+2-0ÑT<T/]IH>�+2CD<T/:<�<T68W_<T/�U�3D/2+�U�9HbÛ+=I

ψ( o )(s) }fCD<FEDÑT<+2CD<�+=<T/=+\9H+�4M-MED<LáXÏ8ve�DI;1\<K9;Ñ:CG/23DÑ:C
<T68W_<XRS9VÑF1=IX/:/2-ME5W�-0/�/235Õ5+21:9;ÑF+=<T6GI;Ec4M-MED<�á
x8ve��-ME�9H4M4MØ_RD+2CD<�tX9H12-�9HÕ540<
τ
-0/e35bf6D9H+=<T67+=I�1=<$-�<TÑF+�+2CD<�<T68W_<T/.IH>

G
A.CDIX/:<\b�9H+2CD/�/2C�9H1=<�/235Õp�sb�9H+2CD/�A.-M+2C

P Ö 4M-MED<�åXï_×?RD9HED6[+2CD<�/:<F+IH>�<T68W_<T/
Ξv
R8+2C�9H+Nb�9;/=/.+2C51=I;35WXC

v
-0/.35b�6D9H+=<T6 Ö 4M-MED<]å8Ò�×?v��CD<(9H1=ÑÛAe<F-MWXCP+=/G9H1=<±ÑTI;UVb535+=<T6°ÕsØr+2CD<(9H4MW_I;12-M+2C5U #!
HM�(�%!������� K ç������rÖ Ó\4MW_I;12-M+2C5U x8vMÒ�×?v���CD<(9;/hQ/2-MWXE5U�<FEP+=/kÑTI;121=<T/2b�I;ED6d+=I
+2CD<�U�<F+2CDIP6�WX-Mt_<FE¡9H+L+2CD<�<FED6uIH>�+2CD<�b51=<Ftp-0I;3D/k/=<TÑF+2-0I;EBvc��CD<[9H4MW_I;12-M+2C5U<FEP35U�<F1:9H+=<T/]<K9;Ñ=Cd9H1=Ñ

e = (u, v) ∈ E(H)
RB9HED6Û-M+�ÑTI;UVb535+=<T/�+2CD<�Ae<F-MWXCP+LIH>

e
9;/]9�Ae<F-MWXCP+=<T6a/235U"IH>+2CD<�ÑTI;E5W_<T/2+2-0I;EGIH>�+2CD<L+:9H12W_<F+\t_<F12+=<?�

v
IH>
e
RS9HED6GIH>�+2CD<L<T68W_<�ÑTI;E5W_<T/2+2-0I;EÛIH>

e
-M+=/=<F4n>2v.*,E5-M+2-�9H4M4MØ_R

we
-0/9;/=/=-MWXED<T6L+2CD<et_<F12+=<?��ÑTI;E5W_<T/2+2-0I;EktX9H4M3D<eIH>

v Ö 4M-MED<.á_×?v���CD<^9;6565<T6k<T68W_<�ÑTI;E5W_<T/2+2-0I;EVÑTI;UVbfI;ED<FEs+�65<Fbf<FED65/I;EÛA.CD<F+2CD<F1�+2CD<k<T68W_<VÑTI;E5W_<T/2+2-0I;E(IH>
e
9;Ñ=C5-0<Ft_<T/�+2CD<kU�9��8-MUL35U <T68W_<kÑTI;E5W_<T/2+2-0I;E(tX9H4M3D<kI;1\EDI;+KvL��CD<+�AeIcbfIX/=/2-MÕ5-M4M-M+2-0<T/L-MEa4M-MED<T/]ä
9HED6 xYÑTI;121=<T/2bfI;ED6(+=IYb51=<Ftp-0I;3D/24MØ(65<T/=ÑF12-MÕf<T6�9;/=/2-MWXE5U�<FEP+�/2+21:9H+=<FWXØ_vi��CD<I;E54MØ[+2-MU�<]A.CD<FE

we
-0/\9;/:/2-MWXED<T6
9kb51=<T65<F+=<F12UV-MED<T6Gt;9H4M3D<XRD-0/�A.CD<FEc+2CD<]<T68W_<�ÑTI;E5W_<T/2+2-0I;EGIH>

e
9HED6
+2CD<t_<F12+=<?�YÑTI;E5W_<T/2+2-0I;E
tX9H4M3D<�IH>

v
9H1=<�ÕfI;+2CcÀK<F1=I5RD/=I�9;/.+=I�>è9Tt_I;351\+2CD<�/=<F40<TÑF+2-0I;E
IH>�/2CDI;12+=<F1�b�9H+2CD/Kv

½rCD<FE79H4M4fIH>B+2CD<�<T68W_<T/�IH>
G
C�9Tt_<�Õf<T<FEiU�9Hb5bf<T6i+=I

H
Rp9L40IKA^<F1.Õ�I;35ED6�>JI;1e+2CD<�ÑF1=IX/=/2-ME5W�Es35U�Õ�<F1�IH>

H-0/
ν(H) ≥

ν(G)− C

βψ,j
, Ö x8vâÏ_×A.CD<F1=<

C
-0/o+2CD<^t;9H12-�9HÕ540<^>@1=I;U!ÓN4MW_I;12-M+2C5U x8vâáNA.C5-0Ñ:C�ÑTI;Es+:9H-MED/�+2CD<�+=I;+:9H4pEP35ULÕf<F1�IH>SbfIX/=/2-MÕ540<�ÑF1=IX/=/=-ME5W_/KR9HED6

j ≥ 1
v

½rCD<FEYI;ED<�Ñ=CDIpIX/=<T/�+2CD<�WX1:9Hb5C
G
+=IkÕf<�9�/=-MUVb540<�WX1:9Hb5C Ö �$Ù��=Ù R89�WX1:9Hb5CY-MEYA.C5-0Ñ:Cc<K9;Ñ=Ccb�9H-M1.IH>gt_<F12+2-0ÑT<T/-0/ æ I;-MED<T6
ÕsØG9H+\U�IX/2+�9�/2-ME5WX40<L<T68W_<�×?RS-M+NU�9KØYC�9Hb5b�<FEÛ+2C�9H+N+2CD<�+=<F12U C

Õ�<TÑTI;U�<T/�9H4MU�IX/2+�9;/N4�9H12W_<�9;/
ν(G)

v���C5-0/\b51=I;Õ540<FUöU�9KØ
Õf<�9HU�<F4M-0I;1:9H+=<T6±ÕsØ±9�1=<T/=354M+�683D<�+=I��]9H-MED<FE�ÿ��]9H- Ì á � v\ìB<F+
kG

65<FEDI;+=<�+2CD<WX1:9Hb5CÛ+2C�9H+\-0/�I;Õ5+:9H-MED<T6G>¼1=I;U"9�/=-MUVb540<LWX1:9Hb5C
G
ÕPØc1=<Fb54�9;ÑF-ME5WY<K9;Ñ=C±IH>�+2CD<�<T68W_<T/�IH>

G
ÕPØ

k
b�9H1:9H4M40<F4<T68W_<T/Kvk��CD<kWX1:9Hb5C

kG
-0/L9HEa<?�D9HUVb540<VIH>.9[U�354M+2- �sWX1:9Hb5C Ö �[Ù-�'Ù RB9[WX1:9Hb5C(-ME(A.C5-0Ñ:C�9[b�9H-M1LIH>et_<F12+2-0ÑT<T/U�9KØiÕf< æ I;-MED<T6cÕsØ[UL354M+2-Mb540<�<T68W_<T/'}8-M+N/2CDI;35406`R8CDI�Ae<Ft_<F1KRSÕ�<�EDI;+=<T6Y+2C�9H+N-ME
9kUL354M+2- �sWX1:9Hb5CG-MEcW_<FED<F1:9H4èR-M+.-0/NEDI;+�ED<TÑT<T/=/:9H12Ø[+2C�9H+\<K9;Ñ:Ccb�9H-M1\IH>�9;6 æ 9;ÑT<FEP+Nt_<F12+2-0ÑT<T/NÕ�< æ I;-MED<T6YÕPØ[+2CD<L/:9HU�<�Es35U�Õ�<F1�IH>o<T68W_<T/�9;/+2CD<VI;+2CD<F1]b�9H-M1=/�IH>et_<F12+2-0ÑT<T/�9;/�-MEa+2C5-0/]ÑK9;/=<�×?v��]9H-MED<FErÿ��]9H- Ì á � b51=IKt_<T6d+2C�9H+

ν(kG) = k2ν(G)
v���C5-0/1=<T/2354M+.C�9;/�+2CD<]<F�f<TÑF+\IH>�+21:9HED/h>JI;12UV-ME5W�+2CD<�-MED<TOP3�9H4M-M+,Ø Ö x8vâÏ_×^-MEP+=IV+2CD<�>JI;12U

ν(H) ≥
k2 ν(G)− f(C)

h(βψ,j)
, Ö x8v�x_×

A.CD<F1=<
f
9HED6

h
9H1=<Y>@35EDÑF+2-0I;ED/�+2C�9H+iWX-Mt_<c+2CD<
Es35ULÕf<F17IH>�ÑF1=IX/:/2-ME5W_/KR

C
R.9HED6Ù+2CD<G<T68W_<
ÑTI;E5W_<T/2+2-0I;EÑTI;UVbfI;ED<FEs+

βψ,j
35ED65<F1k+2CD<i+21:9HED/2>@I;12U�9H+2-0I;EBv(*�Ed+2CD<[AeI;1=/=+kÑK9;/:<XR�9H4M4^IH>N+2CD<[<T68W_<T/kÕf<F+,Ae<T<FEÙ9
b�9H-M1IH>.t_<F12+2-0ÑT<T/

u
9HED6

v
-ME
kG

9H1=<�U�9Hb5bf<T6d+=I
+2CD<�/:9HU�<�b�9H+2Cd-ME
H
+=I
A.C5-0Ñ=Cu+2CD<�<T68W_<

{u, v}
-ME�+2CD<35ED65<F124MØp-ME5W7WX1:9Hb5C

G
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�����k Ç ��� È Ç ¢��À°Î�\���o¢*Ä
O[Z ¡¶¢��E¢|P ñßÄ Z ¡¶¢ Â \?«"ÄÈñ�ª�¤Qª�«l\rºÃ w¤Q¥}®M£à¢8«M¬E�=¤l\?§�\?«Bº�«�¢8§/«� w­W­W¬E��§a w�}¦h¡E¬E�.�*®x¤�¢W w«Q¤Q¬(�Ã¸?¬d w¡�¬E�=¤l\?¡E¡E¬E§�\?�}¸"\/ÄH Þ .�Ü � N<K�e ~�Ç º×Ü ~ b # K ~ bd°e�2k ����� È �\ü'�*°Î�\���E¢*Ä
O[ZPòNó P Z z s ° ZPò�ó kaÌß¥o\ Z z s òNó �M¬E§/�9ª�­ �^¬�ð�«� w«Q©;Ä O �T��¡E¬E�o\(Pf° O ¸?¬E¤l\X¦Iño\�ð�«QªÃ w«Q© Ç �*° Ç ���E�|Pf°

Û Â  w¬E¡d \ð�¡?\t£à«�¢8­nkÀmqt�t=¼ª¿6y9y\j�jqjlÆ�k�j,i�R	Æ�²oi�gÃy/¾EgÀ¼*y}Ä
O[ZPò �2�=�(P poÄ Z  w«�¸?¬d |u ò ¢8«l\?�}¢� w�}¦ Z Ä��* w¡d wD± w«"ÄX�ß¢8ª��}¦*¬E��§�¤Q¥o\�¸?«�¢/®�®Q¬E��§Á�=ª�­�ðK\?«a¢w£- 4§/«� wº�¥F¬E�¤l\?«Q­¯®W¢w£&¤Q¥o\Æ¸?«�¢/®�®Q¬E��§æ�=ª�­�ðK\?«¯¢w£t ¨­W¬E�}¢8«vïB¬E¤Q¥Î®Q­a w¡E¡ß­a �ôÀ¬E­�ª�­Y¦x\?§/«l\"\/Ä^�Àb�S�e )�ÜÃ'

�Ú'2K Þ e L/°_�E¢.
�����k���¢�� È �
�8�*° Ç ���=�/Ä
O[Z ª�©,¢��|P o�Ä��WÄ Z ª�©;Ä¡Ìß¥o\�¦x\X¸?¡E¬E�o\, w�}¦�£× w¡E¡Ú¢w£l®� w«� w�.�À¬?\�ïB¬¶¸?D�Á ®T¤Q¥o\X¢8«l\?­¨Ä�û��æJle Þ�Þ�� ��K�a(' 1}%�È@� K ~�%21S�eQ)
ÜÃ'Z�Ú'2K Þ e LÎ32Jle Þ a±b ] K�a Þ/1f� n 1}1 n�eW` Þ e4S�eQ)
ÜÃ'Z�Ú'2K Þ e LÎH Þ81\� b � n 1}1 n�eW` Þ e ���»% a('*b �587d�/<?>w°�ºÃ w§�\X®M¢�� È ¢��*Ä ÛB¸" 8¦x\?­W¬¶¸ ó «l\X®�®"°.zU\�ï�²x¢8«��ñ°a�\�E¢��*Ä



È Ç ��� È �M¬�ð�¡E¬¶¢8§/«� wº�¥=©

O �t w«	¢��|P ñßÄ��t w«� w«Q©;Ä�S�eQ)
ÜÃ'�N2'2K Þ e L/Ä�ÛB¦�¦*¬¶®�¢8�*u×eÉ\X®Q¡?\?© ó ª,ð�¡E¬¶®Q¥�¬E��§�rM¢�ÄE°po-\" 8¦*¬E��§}° ò  8®�®"Ä u ò \?��¡¶¢
ó  w«��ñ°®rß w¡E¬ £ Ä uY�K¢8�}¦�¢8�K°×�\�E¢��*Ä

O �U\" ����±P ò Ä ÌCÄ��-\" w¤Q¥K°4\X¦*¬E¤�¢8«"Ä\+tL
Ü.K�e�a � `3K0. �ÀV N % Üfe Þ ajK ~�~�Þ e ~ 587=<��"° ó ¥�¬E¡d 8¦x\?¡Eº�¥�¬d *° ó Û0°a�\�����ÀÄf�À¢À¸?¬ u\?¤f©h£Ý¢8«5ûf�}¦*ª}®�¤Q«Q¬d w¡k w�}¦�ÛTº�º�¡E¬?\X¦ ò  w¤Q¥o\?­a w¤Q¬¶¸X®�
#�7û.Û ò �(Ä
O �U\(£��=�(P �mÄ��U\�?�¤l\?«"ÄBªRð[\?«o¦} 8® ó «�¢oð�¡?\?­�¦x\?«�zr 8¸�¥�ðÃ w«Q§�\�ð�¬?\?¤l\/Ä � )/N2'�b^n 1}1 bd°2���2k üd��� È �����*°×�\���=�/Ä
O �������|P ñßÄ rrÄ8�r w«Q«Q¬¶®"°/v;«"Ä8 w�}¦vrrÄ�o�Ä��t w«Q«Q¬¶®"Ä=Û·º�«�¢8ºñ¢/®@\X¦, w¡E§;¢8«Q¬E¤Q¥�­�£Ý¢8« ¸" w¡¶¸?ª�¡d w¤Q¬E��§C¤Q¥o\M­W¬E��¬E­�ª�­¸?«�¢/®�®Q¬E��§��=ª�­Hð[\?«\¢w£K t§/«� wº�¥KÄzûf��H Þ .U` %ò1 );N Þ e % a ~���c eQ)
ÜÃ'aN2'2K Þ e L � ) 1f� ) V cQÞ e % N2'=. ~j�{É,Þ8V b `j�`Q` 3LÊ0) V )8.¯)
Ë Þ�Þ��s�Æ`j� 5/7;7d� >8°=ºÃ w§�\X®ªü�¢�� È üd�8�*Ä2z-\�ï û6®�®Qªo\X® ó «l\X®�®"°2�- w¡d w­a wD"¢9¢�° ò û °[�\�����*Ä
O ���&e����|P ñßÄp�t w«� w«Q©;°�v}Ä ó Äi�t X©�\X®±°� w�}¦X�0ÄKeÁªKÄ�Û�®Qª�« Â \?©�¢w£o¤Q¥o\a¤Q¥o\X¢8«Q©�¢w£o¥=©Àº[\?«�¸?ª,ðK\a§/«� wº�¥}®"ÄH Þ .�Ü � N<K�e�) 1��·� );N2'2K(.¯)/N % a ~ � % N2'an�Ü�Ü V % a�)/N %^Þ81.~ °����.
<üd��k Ç ��� È Ç ���*°×�\�����*Ä
O �rv�o��E�|P z0Äi�t w«Q¤�®��4\?¡¶¦^°B�tÄ�v= 8¸j�À®�¢8�K°M w�}¦ Z Äsoo¬E��§�\?¡×ÄIÌß¥o\Æ®Qº�¡E¬E¤Q¤Q¬E��§Á�9ª�­Hð[\?«¯¢w£&¤Q¥o\�¸X¢8­Wº�¡?\?¤l\§/«� wº�¥KÄ�S�eQ)
ÜÃ' ~ H Þ .U` %ò1 bd°®��
<üd��k��=�E� È � Ç �*°×�\���E�*Ä
O ���¢�.�8�|P ñßÄ��r w«� w«Q©;° ó Ä rrÄ¤�- w¬E�o\?�K°k w�}¦IÛ0Ä v}Ä¤�À¸�¥qïO\?�.��Ä0ÌÚ¢8«�¢8¬¶¦} w¡\§/«� wº�¥}®|ïB¬E¤Q¥� w«"ð�¬E¤Q«� w«Q¬E¡E©U¥�¬E§/¥¸?«�¢/®�®Q¬E��§a�=ª�­Hð[\?«�®"Ä��-) 1 N×) � )/N2'�b¶° ¢.
>�
��k ��� È ¢��À°×�\���8�*Ä
O �MÌ���ü8P v}Ä poÄ��r¢8º�¸?«�¢w£2¤- w�}¦¨o�Ä poÄ®Ì  w« ]Q w�KÄ-p0ha¸?¬?\?�=¤ ó ¡d w�Ã w«Q¬E¤�©NÌ¯\X®�¤Q¬E��§}ÄU�Àb n,H � ° Ç ��k �\ü'� È �E¢��*°�\����ü}Ä
O vQ� ò �g���±P ò Ä^v�¥���§�\?«"°ÚpoÄ��WÄÎ�]\"\/° ó Ä ò ª�¤QD³\?¡×°  w�}¦�ÌCÄ¤�r¦x\?�=¤Q¥Ã w¡×Ä0Û�ºñ¢8¡E©À¥o\X¦*«� w¡\ wº�º�«�¢; 8¸�¥�¤�¢Æ¤Q¥o\­�ª�¡E¤Q¬ u×¡d "©�\?«C¸?«�¢/®�®Q¬E��§¯­W¬E��¬E­W¬ED± w¤Q¬¶¢8�æº�«�¢oð�¡?\?­¨Ä�û��¹S�eQ)
ÜÃ'GlVe )8� %21dc Â 7��Æ32Jle Þ a±b >wÄ[�]\X¸?¤Qª�«l\zr¢8¤l\X®o¬E��rM¢8­Wº�ª�¤l\?«g�À¸?¬?\?�}¸"\/°��9º�«Q¬E��§�\?« u×g�\?«Q¡d w§}°×�\�����ÀÄ
O v ò �{�2���|P ò Ä}v�¥���§�\?«"° ó Ä ò ª�¤QD³\?¡×° ÌCÄf�r¦x\?�9¤Q¥Ã w¡×°� w�}¦ ò Ä_�À¸�¥Ã w«"ð�«�¢À¦*¤"Ä�Ìß¥o\-¤Q¥�¬¶¸3�À�o\X®�®o¢w£m ,­W¬E�}¢8« u\�ô�¸?¡Eª}¦x\X¦·¸?¡d 8®�®,¢w£&§/«� wº�¥}®"Ä�l %¬~ a@e3K?N<K � );N2'*b¶°��\� Ç 
>�(uÌ����k���¢�� È �
�o¢*°P�\�����*Ä Z «� wº�¥Î¤Q¥o\X¢8«Q©
��Ú ���\M�\¡?\X¦^°Î�\���E���(Ä
O v�o��\ü8P �tÄ/v= 8¸3�*®�¢8�G w�}¦ Z Ä�o&¬E��§�\?¡×Ä Ìß¥o\B®Qº�¡E¬E¤Q¤Q¬E��§-�9ª�­Hð[\?«x¢w£ñ¸X¢8­Wº�¡?\?¤l\5ð�¬EºÃ w«Q¤Q¬E¤l\B§/«� wº�¥}®"Äñn�e�a('*b

� )/N2'�bM3L�T) ~ K V >w° ü Ç 
 Ç ��k��
�8� È �\�\ü}°×�\���\ü}Ä
O v�o��E�|P �tÄßv= 8¸3�*®�¢8�  w�}¦ Z Ä�oo¬E��§�\?¡×ÄÍ�9º�¡E¬E¤Q¤Q¬E��§;®»¢w£�§/«� wº�¥}®�¢8� ®Qª�« £× 8¸"\X®"Ä ûf� ñ «� w�.�Î�t w«� w«Q©;°\X¦*¬E¤�¢8«"°ÆS�e )�ÜÃ' ~ ) 1f� )
Ü�Ü V % a�)/N %^Þ81.~�� Jle Þ ajK3K �8%ò1:c�~cÞ�� N2'2K�5 ~ N¨H Þ8V�Þ e ) �QÞÎ] L8.�Ü Þ�~(%H� . Þ81S�eQ)
ÜÃ'°�Ú'2K Þ e(L/°�ºÃ w§�\X® Ç ��� È Ç �\�*°zrM¢8¡¶¢8«� 8¦�¢�°Î�\���E�*Ä��ß¢8ª�¡¶¦x\?«"Ä
O vdÏ2� Ç P �ñÄ^v�\?�}¦*«�¢8¡#ÁÚ w�}¦ ò Ä�Ï:�"\?«"ðñ¢ Â2| Ä·�T�Á¤Q¥o\,¸?«�¢/®�®Q¬E��§��=ª�­�ðK\?«�®�¢w£ Sm × Pn  w�}¦ Sm × Cn ÄÐ ) ~
Þ Ü %H~ J�Ñ ~ Nfb � );Nfb¶°��\���2
�����k Ç/Ç � È Ç ���*°£�����À°a�\��� Ç Ä�eR¬E¤Q¥4 0¡¶¢À¢/®l\{ooª}®�®�¬d w�¨®Qª�­W­a w«Q©;Ä
O vd�2�=�(P �0Ä Û�Ä�v/ªÃ w«l\?Da w�}¦ Z Ä��* w¡d wD± w«"Ä�qT«� �ïB¬E��§;®-¢w£ Cm × Cn ïB¬E¤Q¥�¢8�o\,¦*¬¶® ]Q¢8¬E�=¤t£× w­W¬E¡E©;Ä�û.û(Ä·�ÀbH Þ .�` %21 b��Ú'2K Þ e L ] K�eXb¤�o°�� Ç 
>�
��k���¢=� È ��¢E�*° Ç ���=�/Ä
O �- w¬H� Ç P ó Ä rrÄp�- w¬E�o\?�KÄ�Û ¡¶¢�ï´\?«Hð�¢8ª��}¦Á£Ý¢8«�¸?«�¢/®�®Q¬E��§¨�9ª�­Hð[\?«�®,¢w£ß§/«� wº�¥}®HïB¬E¤Q¥  wº�º�¡E¬¶¸" w¤Q¬¶¢8�}®0¤�¢

Kn
°
Kp, q
°} w�}¦

Q(d)
Ä��ÀbßH Þ .�` %21 )/N Þ e % ) V �Ú'2K Þ e(L ] K@eXb��&°a� Ç k Ç ��� È Ç ���*°Î�\��� Ç Ä

O �t¡?\
�8�|P q,Ä v}Ä��t¡?\?¬E¤Q­a w�KÄªÌß¥o\-¸?«�¢/®�®Q¬E��§W�9ª�­Hð[\?«T¢w£
K5,n
Ä��*bBH Þ .�` %21 )/N Þ e % ) V �Ú'.K Þ e(L8°f�2k��=��� È � Ç �*°�\���8�*Ä

O �t¡?\\�=�(P ò Äi�t¡?\WÒj�/Ä��T�Î¤Q¥o\�¸?«�¢/®�®Q¬E��§U�9ª�­Hð[\?«�®a¢w£|rß w«Q¤l\X®�¬d w�·º�«�¢9¦*ª}¸?¤�®¯¢w£t®Q¤� w«�®W w�}¦ÎºÃ w¤Q¥}®¯¢8«¸?©*¸?¡?\X®"Ä � )/N2'�b ]ÃV ÞEÝ )�a�)/° ü ��
 Ç ��k��E�\� È � Ç �*°×�\���=�/Ä
O �t¡?\\�\ü8P ò Ä��t¡?\WÒ3�/Ä=Ìß¥o\M¸?«�¢/®�®Q¬E��§t�=ª�­�ðK\?«�®�¢w£�º�«�¢9¦*ª}¸?¤�®�¢w£ÃºÃ w¤Q¥}®� w�}¦0®Q¤� w«�®ÈïB¬E¤Q¥�ü8u Â \?«Q¤l\�ô�§/«� wº�¥}®"Ä�ÀbBS�e )
Ü�'¯�Ú'.K Þ e(L8°��\�.
^¢���k ¢��E� È ¢=��ü}°È�\���\ü}Ä



�M¬�ð�¡E¬¶¢8§/«� wº�¥=© È Ç ��� È

O �t¡?\\�E�|P ò Ä��t¡?\WÒ3�/Ä÷Ìß¥o\»¸?«�¢/®�®�¬E��§��=ª�­�ðK\?«�®h¢w£-¸"\?«Q¤� w¬E� rß w«Q¤l\X®�¬d w�¹º�«�¢À¦*ª}¸?¤�®"Ä l %H~ a �d~j~ b � )/N2'*bS�eQ)
ÜÃ'°�Ú'2K Þ e(L/°a���.
>�
��k � È �\�*°Î�\���E�*Ä
O �t¡?\\�E¢|P ò Äd�t¡?\WÒ3�/ÄÈÌß¥o\r¸?«�¢/®�®Q¬E��§,�=ª�­�ðK\?«o¢w£ K2,3×Pn

 w�}¦
K2,3×Sn

Ä���)/N e ) � Nfb � )/N2'*bñJ � ` V bd°�2k �=� È �E¢*°Î�\���E¢*Äªr\©À¸?¡?\X®& w�}¦»¸X¢8¡¶¢8ª�«Q¬E��§;®¢Á��\ü>
#�9¤� w« | �×\X®Q� | °a�\���\üd�(Ä
O �t¡?\\���/ |P ò Äd�t¡?\WÒ3�/Ä×Ìß¥o\T¸?«�¢/®�®Q¬E��§,�=ª�­Hð[\?«B¢w£ K5×Pn

Ä���)/N eQ) � Nfb � )/N2'*bñJ � ` V bd°®�\�2k ¢�� È ¢��*°��\�����*Är\©*¸?¡?\X®T w�}¦�¸X¢8¡¶¢8ª�«Q¬E��§;®�Á�����
#�9¤� w« | �]\X®Q� | �(Ä
O �t¡?\\���\ð*P ò Ä¤�t¡?\WÒ3�/Ä�Ìß¥o\h¸?«�¢/®�®Q¬E��§æ�=ª�­�ðK\?«�®,¢w£oº�«�¢À¦*ª}¸?¤�®�¢w£T ��|u Â \?«Q¤l\�ô�§/«� wº�¥cïB¬E¤Q¥�ºÃ w¤Q¥}®, w�}¦¸?©*¸?¡?\X®"Ä\l %¬~ a �'~�~ b � );N2'*bMS�e )�ÜÃ'°�Ú'2K Þ e(L/°��\�.
>�
��k ��� È ¢��*°×�\�����*Ä
O �t¡?\\�=�" |P ò Ä\�t¡?\WÒ3�/ÄQÌß¥o\\¸?«�¢/®�®Q¬E��§&�9ª�­Hð[\?«�®k¢w£[rß w«Q¤l\X®Q¬d w��º�«�¢9¦*ª}¸?¤�® ¢w£�ºÃ w¤Q¥}®aïB¬E¤Q¥��|u Â \?«Q¤l\�ô-§/«� wº�¥}®"Äl %¬~ a@e�KXN<K � )/N2'*bd° Ç ���.
>�(uÌ����k��E��� È �E���*° Ç ���=�/Ä Z «� wº�¥¨¤Q¥o\X¢8«Q©©
 ó «� w§/ªo\/°Î�\�������(Ä
O �t¡?\\�=��ð*P ò Ä��t¡?\WÒ3�/Ä��T��¤Q¥o\W¸?«�¢/®�®Q¬E��§��9ª�­Hð[\?«�®�¢w£ßº�«�¢À¦*ª}¸?¤�®-¢w£ß®�¤� w«�®� w�}¦U§/«� wº�¥}®�¢w£ß¢8«�¦x\?«{� Â \/ÄS�eQ)
ÜÃ' ~ H Þ .�` %21 bd°®�
�2
 Ç ��k Ç ��� È Ç �\ü}° Ç ���=�/Ä
O �t¡?\\� Ç P ò Ä��t¡?\WÒj�/Ä�Ìß¥o\W¸?«�¢/®�®�¬E��§h�9ª�­Hð[\?«�¢w£ K2,3 × C3

Ä0l %¬~ a@e3K?N<K � )/N2'2K(.¯)/N % a ~ ° Ç �=��k��\��� È �E�
�À°Ç ��� Ç Ä
O � ò �\ü8P ó Ä
�&¢8¡E­a w�, w�}¦�v}Ä ò  w¤�¢8ª�Òl\@��ÄQr\«�¢/®�®Q¬E��§T�=ª�­Hð[\?«"°wºÃ w¬E« uf¸?«�¢/®�®Q¬E��§T�=ª�­Hð[\?«"°/ w�}¦�\�ô*ºÃ w�}®Q¬¶¢8�KÄ�ÀboH Þ .�` %ò1 bl�Ú'.K Þ e(L ] K�e"b��&°_� Ç 
>�
��k���� È �E�\�*° Ç ���\ü}Ä
O �{og�2�E¢|P ò Ä_�t¡?\WÒ3�/°fo�Ä��tÄ�oo¬¶¸�¥=¤l\?«"°� w�}¦%û(Äf�9¤�¢oð[\?«Q¤"ÄªÌß¥o\�¸?«�¢/®�®Q¬E��§G�=ª�­Hð[\?«t¢w£

C5 × Cn
Ä��ÀboS�e )�ÜÃ'

�Ú'2K Þ e L/° Ç/Ç 
�����k Ç ��� È Ç ü'�*°È�\���E¢*Ä
O �tª�«j���|P �WÄ_�tª�«� w¤�¢�ïo®��À¬×Ä��9ª�«o¡?\-º�«�¢oð�¡*Ó?­d\�¦x\X®PrM¢8ª�«"ð[\X® Z  wª}¸�¥o\X®-\?�NÌB¢8ºñ¢8¡¶¢8§/¬?\/Ä ���91f� b � )/N2'*bd°���2k Ç �7� È Ç ���*°È�\�����*Ä
O �Kpxq&P ÛT¡E§;¢8«Q¬E¤Q¥�­W¬¶¸ �À¢8¡Eª�¤Q¬¶¢8�}® �À¢w£2¤.ïM w«l\/° ÛT¡E§;¢8«Q¬E¤Q¥�­W¬¶¸ �À¢8¡Eª�¤Q¬¶¢8�}® �À¢w£à¤Yïß w«l\

Z ­�ð��Mk �Úpmq5Û0Ä O �T��¡E¬E�o\(Pf° O ¸?¬E¤l\X¦ ño\�ð�«QªÃ w«Q© Ç �*° Ç ���E�|Pf°éÛ Â  w¬E¡d \ð�¡?\ £à«�¢8­nk
m�tqt=¼ª¿6y=yoj�jqjlÆ6½qp/¾=i8³Ãä�t�mQgñä=²7lEkQi�ponqtÃäEi8{ ksÆ�²Ei�g�Ä

O �]\"\\���|P v}Ä ò Äa�]\"\/Ä ` 1 N e Þ\�8� aXN %^Þ81 N Þ � Þ Ü Þ8V�Þ3c8% a�) V�� ) 1}% ��Þ/V(��~ ÄF�9º�«Q¬E��§�\?« u×g�\?«Q¡d w§¨zU\�ïJ²x¢8«���°Îû��}¸/ÄE°Ç �����*Ä
O �]\?¬¬���|P ñßÄ ÌCÄ �]\?¬E§/¥9¤�¢8�KÄ0H Þ .�Ü V K ¸8% NàL %H~j~�� K ~C%21�É i ]*` Ä ò û.Ì ó «l\X®�®"°erß w­Hð�«Q¬¶¦*§�\/°È�\�����*Ä
O �]\?¬¬�\ü8P ñßÄ ÌCÄ¡�]\?¬E§/¥=¤�¢8�KÄÔzU\�ï�¡¶¢�ïO\?«3ð�¢8ª��}¦¹¤l\X¸�¥���¬*4=ªo\X®h£Ý¢8«hgM�p�7û(Ä � )/N2'*b ] L ~ N<K(. ~ �Ú'2K Þ e L/°�
�:k üd� È �8�*°Î�\���\ü}Ä
O �]\?¬¬� Ç P ñßÄ ÌCÄ,�]\?¬E§/¥=¤�¢8�KÄ ` 1 N e Þ\��� aXN %^Þ81 N Þ Ü*)�e ) V2V K V ) V�cQÞ e % N2'=. ~ ) 1f� )8e�a?' % N<K3aXN � e3K ~ Ä ò ¢8«Q§= w�n�- wª*£2u­a w���K°��* w� ò  w¤l\X¢�°[rªÛ0°a�\��� Ç ÄËÛT«Q«� X©*®"°*¤Q«l\"\X®"°�¥9©9º[\?«�¸?ª,ð[\X®"Ä
O �]\ Â �8�|P �mÄ,�]\ Â ¬E�KÄ s ��¬ Â \?«�®  w¡K®l\" w«�¸�¥�º�«�¢oð�¡?\?­¯®¢
2¬E��o&ª}®�®Q¬d w�f�(Ä�Jle Þ ` V K?.0LWJ�K�e3K � )�a?' %�` 1\�
Þ e(.¯)/N ~ %2% °�2k��E��� È �E��¢*°Î�\���8�*Ä
O �^¬?\\�=�(P Û0ÄÈ�K¬?\�ðK\?«�®"Ä ó ¡d w�Ã w«Q¬EDX¬E��§Á§/«� wº�¥}®Å¨R U®Qª�« Â \?©� w�}¦· w���}¢8¤� w¤l\X¦¥ð�¬�ð�¡E¬¶¢8§/«� wº�¥=©;ÄÎ�Àb�S�e )�ÜÃ'

n V�cQÞ e % N2'=. ~ nªÜQÜ V b¶° �.
>�
��k���ü¯º�ºKÄp
�\?¡?\X¸?¤Q«�¢8��¬¶¸
�(° Ç ���=�/Ä
O �p�2���±P ò Ä��K¢ Â «l\W�?¬*���* w«� �¡X¬E�KÄQÌß¥o\m¸?«�¢/®�®Q¬E��§T�=ª�­�ðK\?« ¢w£*¤Q¥o\m§�\?�o\?«� w¡E¬ED³\X¦ ó \?¤l\?«�®@\?��§/«� wº�¥ P(10, 4)¬¶®ß£Ý¢8ª�«"Ä � )/N2'�b ]ÃV ÞEÝ )�a�)/° üd�2
 Ç ��k��\��� È �\� Ç °×�\�����ÀÄ
O ò  8¦��=�(P ÌCÄ ò  8¦x\D]XÄ��ß¢8ª��}¦�®K£Ý¢8«K¤Q¥o\x¸?«�¢/®�®Q¬E��§o�=ª�­�ðK\?«�¢w£}¤Q¥o\ n uf¸?ª,ð[\/Ä��ÀbKS�e )
Ü�'!�Ú'2K Þ e(L/°q���.
>�
��k��=� È���À°a�\���=�/Ä



È Ç ��� È �M¬�ð�¡E¬¶¢8§/«� wº�¥=©

O ò ¸W�V���|P �tÄ q,Ä ò ¸W�- X©;Äh�Ã wª�¤f©Áª}®l\?«\Á ®�§/ª�¬¶¦x\>
 Â \?«�®Q¬¶¢8�÷�/Ä ���(° ¥=¤Q¤Qº�k[~/~w¸X®"Ä  w�9ªKÄÏ\X¦*ªKÄ  wª�~�ðñ¦*­G~|�Ã wª�¤�©;Ä
Ì×\X¸�¥���¬¶¸" w¡�«l\?º�¢8«Q¤"°QÛTª}®Q¤Q«� w¡E¬d w�Uzt w¤Q¬¶¢8�Ã w¡ s ��¬ Â \?«�®�¬E¤f©;°=qº\?ºÃ w«Q¤Q­d\?�9¤\¢w£�rM¢8­Wº�ª�¤l\?«��À¸?¬?\?�}¸"\/°�\�����*Ä

O òNò ���±P v�¥���§�\?« ò Ä} w�}¦ ó Ä ò ª�¤QD³\?¡×Ä Ç uY�Ú X©�\?«r®Q¤Q«� w¬E§/¥=¤Q¡E¬E�o\�¸?«�¢/®�®Q¬E��§¯­W¬E��¬E­W¬ED± w¤Q¬¶¢8��kxºK\?« £Ý¢8«Q­a w�}¸"\¢w£ß\�ô� 8¸?¤T w�}¦¨¥o\?ª�«Q¬¶®Q¤Q¬¶¸� w¡E§;¢8«Q¬E¤Q¥�­¯®"Ä��*bßS�eQ)
ÜÃ'Gn V c�Þ e % N2'=. ~ n�ÜQÜ V bd°���
>�
��k�� È Ç �*°Î�\�����ÀÄ
O ò z��|ñ0���|P¹�ñÄ ò  8®Qª}¦} *°:�WÄ'zt ��/ �]6¬E­a *°qÌCÄd�- 8®Q¥�¬�ïß \ðÃ w«� *°� w�}¦$ÌCÄqñ�ª8]6¬¶®  
ïM *Ä r\«�¢/®�®Q¬E��§�­W¬E��¬E­W¬ED± w¤Q¬¶¢8�¬E�¨¡E¬E�o\" w«S\?­�ðK\X¦�¦*¬E��§;®r¢w£�§/«� wº�¥}®"Ä ` jmjmj³��e ) 1�~ bßH Þ .�Ü � Nfb¶°����.
>�
��k�� Ç ü È � Ç �À°×�\�����*Ä
O ò �{�2���|P ó Ä ò ª�¤QD³\?¡×°ËÌCÄ0�r¦x\?�=¤Q¥Ã w¡×°ß w�}¦ ò Ä0�À¸�¥Ã w«"ð�«�¢À¦*¤"ÄIÌß¥o\h¤Q¥�¬¶¸3�À�o\X®�®W¢w£&§/«� wº�¥}®
kG 4®Qª�« Â \?©;ÄS�eQ)
ÜÃ' ~ H Þ .�` %21 bd°®��ü_
>�
��k ��� È �8�*°×�\�����*Ä
O ò o�� Ç P q,Ä ò ¸
ÕTª�¬E¡E¡d w�¹ w�}¦�o�Ä��tÄioo¬¶¸�¥=¤l\?«"Ä°�T�Î¤Q¥o\Æ¸?«�¢/®�®Q¬E��§U�=ª�­�ðK\?«�®W¢w£t¸"\?«Q¤� w¬E�Î§�\?�o\?«� w¡E¬ED³\X¦

ó \?¤l\?«�®l\?�4§/«� wº�¥}®"Ä\l %¬~ a@e3K?N<K � )/N2'*bd°��\�\ü_
�����k��=�E� È � Ç �*°×�\��� Ç Ä
O ò ª�¤j�=�(P ó Ä ò ª�¤QD³\?¡×ÄÀÛT�» w¡E¤l\?«Q�Ã w¤Q¬ Â \-­d\?¤Q¥}¢À¦Æ¤�¢W¸?«�¢/®�®Q¬E��§W­W¬E��¬E­W¬ED± w¤Q¬¶¢8�æ¢8��¥�¬?\?«� w«�¸�¥�¬¶¸" w¡k§/«� wº�¥}®"Ä]*` n � �*b	ºÎÜ�N % . % Ë")/N %^Þ81 °®�E��
<üd��k��\�E¢E� È �\�����*° Ç ���=�/Ä
O ò ©�\\���|P z0Ä rrÄ ò ©�\?«�®"Ä�Ìß¥o\�¸?«�¢/®�®�¬E��§a�=ª�­�ðK\?«C¢w£ Cm × Cn kM ¯«l\?¡Eª}¸?¤� w�=¤r¬E�}¦*ª}¸?¤Q¬¶¢8�KÄ � )/N2'�b � ) c bd°�7��
^����k��E��� È �E���*°È�\�����*Ä
O zt w¥_���|P z0Ä���Äfzr w¥Ã 8®"Äg�T�»¤Q¥o\0¸?«�¢/®�®Q¬E��§h�=ª�­�ðK\?«C¢w£

Km,n
ÄTj V K�a"N e Þ81 b��*boH Þ .�` %21 bd°Î�\�2k�zr¢8¤l\��*°®¢º�ºKÄ¤
�\?¡?\X¸?¤Q«�¢8��¬¶¸
�(° Ç �����*Ä

O zT¬¶¸�¢��|P ÌCÄ Û0Ä v}Ä¤zT¬¶¸�¥}¢8¡¶®�¢8�KÄ ó \?«Q­�ª�¤� w¤Q¬¶¢8�Îº�«�¢9¸"\X¦*ª�«l\,£Ý¢8«-­W¬E��¬E­W¬¶®Q¬E��§4¤Q¥o\W�=ª�­�ðK\?«0¢w£ß¸?«�¢/®�®Q¬E��§;®¬E�4 0�o\?¤.ï\¢8«���ÄMJle Þ a±b ` jmjmjß°��E���.
>�
��k Ç � È Ç ¢*°È�\�E¢��*Ä
O ó Ú�o¢|P �mÄ ó Ù/®� *Ä_�t w­W¬E¡E¤�¢8��¬d w�a¸?¬E«�¸?ª�¬E¤�®�¬E�W«� w�}¦�¢8­ §/«� wº�¥}®±Äñl %¬~ a@e�KXN<K � )/N2'2K(.¯)/N % a ~ °e��ü�k��E��� È �E¢\ü}°�\���o¢*Ä
O ó  8¸\���|P v}Ä ó  8¸�¥KÄ×r\«�¢/®�®Q¬E��§-�9ª�­Hð[\?«�®"Äaû��hl %¬~ a@e�KXN<KC) 1f� a Þ .�Ü � N×)/N %^Þ81 ) V.c K Þ .UKXN e L�3�� Þ b±L Þ�� 587;7;<X>w°ºÃ w§�\X® Ç ¢�� È Ç �8�*Ä£�9º�«Q¬E��§�\?«"°��M\?«Q¡E¬E�K° Ç �����*Ä
O ó �.�2�E¢|P v}Ä ó  8¸�¥K°,ñßÄ2�9¥Ã w¥�«�¢8�À¥�¬×°� w�}¦ ò Ä2�9D³\?§�\X¦*©;Ä×ÛTº�º�¡E¬¶¸" w¤Q¬¶¢8�}®B¢w£K¤Q¥o\T¸?«�¢/®�®Q¬E��§��9ª�­Hð[\?«"Ä�n V�cQÞ8�e % N2'=. % a�)/°a��¢.
>�
��k��E�E� È �E�
�À°È�\���E¢*Ä
O ó Ì����±P v}Ä ó  8¸�¥� w�}¦ Z ÄzÌ�Ù8¤Q¥KÄ Z «� wº�¥}®r¦*«� �ïB��ïB¬E¤Q¥»£(\�ï ¸?«�¢/®�®Q¬E��§;®rº[\?«U\X¦*§�\/Ä�H Þ .�` %21 )/N Þ e % a�)/°�
�2
�����k ü Ç � È ü'���*°È�\�����ÀÄ
O ó Ì����|P v}Ä ó  8¸�¥¹ w�}¦ Z ÄÈÌ�Ù8¤Q¥KÄUeI¥�¬¶¸�¥Î¸?«�¢/®�®Q¬E��§U�=ª�­Hð[\?«W¬¶®0¬E¤, w�9©qïß X©�Ö ûf�FJle Þ a±b&c;7;N2'Un 1_�

1�� ) Vk] L8.RÜ Þ�~ %L� . Þ81>�aÞ��91f� )/N %�Þ/1­Þ�� H Þ .�Ü � N<K�e ] a % K 1 ajK?°ñºÃ w§�\X®P¢=�
� È ¢ Ç ¢*Ä®û�pmpxp ó «l\X®�®"°�B w¡E¤Q¬E­¯¢8«l\/°Î�\�����*Ä
O ó Ì����|P v}Ä ó  8¸�¥¹ w�}¦ Z ÄÈÌ�Ù8¤Q¥KÄ­Ìß¥�¬E«Q¤l\"\?�·º�«�¢oð�¡?\?­¯®W¢8�·¸?«�¢/®�®�¬E��§æ�9ª�­Hð[\?«�®"Ä S�K Þ .�` %ò1 )/N Þ e % a ~ °�.
<üd��k��\�\ü È Ç ���À° Ç �����*Ä
O ó ©À¤ P ó ©À¤Q¥}¢8�%ñ�¢8ª��}¦} w¤Q¬¶¢8�K° ó ©À¤Q¥}¢8� ó «�¢8§/«� w­W­W¬E��§$�k w��§/ªÃ w§�\/Ä O �T��¡E¬E�o\(Pf° O ¸?¬E¤l\X¦3ño\�ð�«QªÃ w«Q© Ç �*°

Ç ���E�|Pf°eÛ Â  w¬E¡d \ð�¡?\r£2«�¢8­nkÀmqt�t9¼�¿6y9y\jqj�jlÆf¼=âqt�m=i/{	Æ>i8³9¾�Ä
O o����8�|P o�Ä q,Äpoo¬E��§�\?¬¶®l\?�· w�}¦­�mÄ e�Äi�´\?¬E�o\@��\/Ä�Ìß¥o\a¸?«�¢/®�®�¬E��§4�9ª�­Hð[\?«,¢w£

C3 × Cn
Ä©�Àb-H Þ .�` %ò1 b�Ú'2K Þ e L ] K�e"b��o° Ç ü_
 Ç ��k��\�\ü È �\�E¢*°È�\���8�*Ä

O o-\"\\���|P rrÄ�o�Ä�o-\"\ Â \X®"°-\X¦*¬E¤�¢8«"Ä �NÞ\� K@e 1 +¢K � e %H~ N % aP��K�a(' 1Ã% È@� K ~·�
Þ e H Þ .�` %21 )/N Þ e % ) V Jle Þ ` V K?. ~ Ä�M¡d 8¸3�7ïO\?¡E¡0�À¸?¬?\?�=¤Q¬(�Ã¸ ó ª,ð�¡E¬¶¸" w¤Q¬¶¢8�}®"°��r®��o\?© ò \" 8¦^°f�RôÀ£à¢8«�¦±��× Ç �8pÒ�m°a�\�����*Ä



�M¬�ð�¡E¬¶¢8§/«� wº�¥=© È Ç �=� È

O o&¬E�e¢E�|P Z Ä8oo¬E��§�\?¡×Ä*qC 8® Z \X®�¸�¥�¡?\X¸?¤m¦x\X® Â ¢8¡E¡¶®�¤j«w�}¦*¬E§�\?�WºÃ / w«l\?� Z «� wº�¥o\?�KÄÃn{` '*b � )/N2'*b ] K?.¯b�Ø 1}%-Ý b+-) 1 ` � e c °����2k��\��� È �����*°×�\�E¢E�*Ä
O oT¢8¤j�\ü8P v}Ä v}Ä.oT¢8¤Q­a w�KÄ n 1¨%21 N e Þ\�8� aXN %^Þ81 N Þ N2'2KCN2'2K Þ e L Þ���c e Þ8� Ü ~ Ä×ÛT¡E¡E©9�� w�}¦!�B 8¸X¢8�K°7û��}¸/ÄE°®�\���\ü}Ä
O og�2�=�(P o�Ä��tÄ�oo¬¶¸�¥=¤l\?«x w�}¦ Z Ä��* w¡d wD± w«"Ä,Ìß¥o\\¸?«�¢/®�®�¬E��§r�9ª�­Hð[\?«m¢w£ C6×Cn Ä�n �'~ N e ) V ) ~ b_�*b H Þ .�` %ò1 b¶°Ç �2k��\�E� È ��ü'�*° Ç ���=�/Ä
O og�2� Ç P o�Ä��tÄ�o&¬¶¸�¥9¤l\?«, w�}¦ Z Äp�* w¡d wD± w«"Ä�Ìß¥o\a¸?«�¢/®�®�¬E��§»�=ª�­�ðK\?«,¢w£

P(N, 3)
Ä·S�e )�ÜÃ' ~ H Þ .�` %21 bd°�\�.
 Ç ��k����=� È ���\ü}° Ç ��� Ç Ä

O o Ì��E�|P o�Ä��tÄ0o&¬¶¸�¥=¤l\?«h w�}¦WrrÄÈÌß¥}¢8­a 8®�®l\?�KÄ¥ûf�9¤l\?«�®l\X¸?¤Q¬¶¢8�¹¢w£C¸?ª�« Â \�®Q©À®�¤l\?­¯®¯ w�}¦Î¤Q¥o\�¸?«�¢/®�®Q¬E��§�=ª�­�ðK\?«r¢w£
C5 × C5

Äxl %H~ a@e3K?N<KÆH Þ .�Ü^b\S�K Þ .¯bd°a�\�2k���ü'� È �����*°×�\���E�*Ä
O o&ª_�E¢|P o�Ä��tÄ�o&¬¶¸�¥9¤l\?«, w�}¦�vÃÄ�Ù�9¬E« |�Ù�KÄ�Ìß¥o\¯¸?«�¢/®�®Q¬E��§4�=ª�­�ðK\?«0¢w£

K3,n
¬E�  �®�ª�« £Ý 8¸"\/Ä­� Þ8� e 1 ) V�Þ��S�eQ)
ÜÃ'°�Ú'2K Þ e(L/° Ç ��
>�
��k �=� È �\ü}°Î�\���E¢*Ä

O op²O¢��|P Z ÄBo&¬E��§�\?¡r w�}¦FvÃÄ e�Ä ÌCÄB²x¢8ª���§;®"ÄÚ�À¢8¡Eª�¤Q¬¶¢8�I¢w£C¤Q¥o\n�U\" 
ï\¢À¢À¦F­a wº*uf¸X¢8¡¶¢8«Q¬E��§Îº�«�¢oð�¡?\?­¨ÄJle Þ a±bp�-)/Nfb^n�a�) � b ] a % b�Ø�b ] b n�b¶°,¢��2k ü'��� È üEü��*°Î�\�E¢��*Ä
O �* / E¢��|P ÌCÄ �mÄ��* / w¤f©;Äg�9©9­W­d\?¤Q«Q©» w�}¦»¤Q¥o\�¸?«�¢/®�®�¬E��§a�=ª�­�ðK\?«T£Ý¢8«T¸X¢8­Wº�¡?\?¤l\�§/«� wº�¥}®"ÄV�Àb # K ~ bp�-)/Nfb� � e"b ] N×) 1�� )8e ��~C] K�aXNfb¤�o°_�8�8�gk��
��� È �\�E¢*°È�\�E¢��*Ä
O �* w¡¬���|P Z Äf�* w¡d wD± w«"Ä\qr«� 
ïB¬E��§;®r¢w£ Cm × Cn ïB¬E¤Q¥»¢8�o\-¦*¬¶® ]Q¢8¬E�=¤B£× w­W¬E¡E©;Ä��*bBH Þ .�` %21 b��Ú'2K Þ e(L ] K�eXb�&°f�o¢.
 Ç ��k�� Ç � È �\�E�*°×�\�����*Ä
O �* w¡¬�\ü8P Z Ä0�* w¡d wD± w«"Ä­�T� ¤Q¥o\a¸?«�¢/®�®�¬E��§4�9ª�­Hð[\?«�®0¢w£o¡¶¢À¢8º �o\?¤Yï\¢8«��*®W w�}¦ Z \?�o\?«� w¡E¬ED³\X¦ ó \?¤l\?«�®l\?�Z «� wº�¥}®"ÄMl %H~ a@e3K?N<K � );N2'2K(.¯)/N % a ~j� N Þ )
ÜQÜ.K�)8e(° Ç ���\ü}Ä
O � Z �\ü8P Z Ä£�* w¡d wD± w«t w�}¦��mÄ Z ¡?\�ð}®��9©;Ä¡Ìß¥o\0¸?«�¢/®�®Q¬E��§G�=ª�­Hð[\?«t¢w£ Cm × Cn ¬¶®r 8®T¸X¢8�8]*\X¸?¤Qª�«l\X¦¨£Ý¢8«

n ≥ m(m+ 1)
Ä��ÀbßS�eQ)
ÜÃ'¯�Ú'2K Þ e L/°,üd�2
>�
��k ��� È � Ç ° Ç ���\ü}Ä

O �9¬Eº_���±P ò Ä_�9¬Eº}®l\?«"Ä ` 1 N e Þ
�8� a"N %�Þ81 N Þ N2'2KN�Ú'2K Þ e(L Þ�� H Þ .�Ü � N×)/N %^Þ81 Ä ó eÚ� ó ª,ð�¡E¬¶®Q¥�¬E��§�rM¢8­WºÃ w�9©;°
zU\�ï�²x¢8«��ñ°��\�����ÀÄ

O �.�.�9gTP ñßÄs�9¥Ã w¥�«�¢8�À¥�¬×°À�mÄ Û0Äs�9D\}@��\?¡E©;°��0Ä0�d´:�;¢8«� *°� w�}¦cû(ÄKg�«�µ�¢�ÄNr\«�¢/®�®Q¬E��§4�9ª�­Hð[\?«W¢w£o­d\X®Q¥o\X®"Ä
ó «�¢À¸/ÄQû��=¤Q¡×Äd�9©À­Wºñ¢/®�¬Eª�­ ¢8� Z «� wº�¥¯qr«� 
ïB¬E��§;®�Á��E�*°Q�]\X¸?¤Qª�«l\�zT¢8¤l\X®�¬E�$rM¢8­Wº�ª�¤l\?«��À¸?¬?\?�}¸"\/°
�9º�«Q¬E��§�\?«xg�\?«Q¡d w§}°d�M\?«Q¡E¬E�K°e�\���E¢*°;®l\"\o w¡¶®�¢.k×û��=¤l\?«�®l\X¸?¤Q¬¶¢8�}®\¢w£�¸?ª�« Â \X®\ w�}¦W¸?«�¢/®�®Q¬E��§-�9ª�­Hð[\?«�®¢w£
Cm × Cn

¢8�»®Qª�« £× 8¸"\X®"°�®Qª,ð�­W¬E¤Q¤l\X¦^Ä
O �.�.�9g{�\ü8P ñßÄ��9¥Ã w¥�«�¢8�À¥�¬×°\�xÄ Û�Ä��9D\}@��\?¡E©;°��0Ä��d´:�;¢8«� *°8 w�}¦Hû(Ä?g�Û�µ�¢�ÄEû�­Wº�«�¢ Â \X¦Hðñ¢8ª��}¦�®K£à¢8«K¤Q¥o\x¸?«�¢/®�®Q¬E��§�=ª�­�ðK\?«�®W¢8� ®Qª�« £× 8¸"\X®�¢w£o§�\?�9ª}®

g
Ä%ûf� S�eQ)
ÜÃ' � N2'2K Þ e�K?N % a­a Þ81 ajK.ÜñN ~G%21 a Þ .�Ü � N<K�e ~ a % K 1 ajK3\Ø N e�K3a('9N � 5/7;7;c?>8°�ºÃ w§�\X®������ È ���E�*Ä��9º�«Q¬E��§�\?«"°f�M\?«Q¡E¬E�K°a�\���\ü}Ä

O �.�.�9g{�E¢/ |P ñßÄ:�9¥Ã w¥�«�¢8�À¥�¬×°2�0Ä2�d´d�;¢8«� *°q�mÄ Û0Ä:�9D\}@��\?¡E©;°* w�}¦�û(Ä/g�«�µ�¢�Ä®Ìß¥o\&¸?«�¢/®�®Q¬E��§��=ª�­�ðK\?«ß¢w£Ú t§/«� wº�¥¢8�4 ,¸X¢8­WºÃ 8¸?¤ Ç u×­a w��¬ £à¢8¡¶¦^Ä\n �oÝ b � )/N2'*bd°�� Ç �.
 Ç ��k��\�E� È �E�\�*°×�\���E¢*Ä
O �.�.�9g{�E¢\ð*P ñßÄ��9¥Ã w¥�«�¢8�9¥�¬×°,�mÄ Û0Ä��9D\}@��\?¡E©;°_�0Ä��d´d�;¢8«� *°} w�}¦�û(Ä=g�«�µ�¢�ÄÈÌß¥o\Pðñ¢À¢8�¯¸?«�¢/®�®Q¬E��§,�9ª�­Hð[\?«&¢w£  
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ÜÃ'¯�Ú'2K Þ e L/°a��k�� È �*°a�\�����ÀÄ
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