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Abstract

Positive Weighted Koopman Semigroups on Banach lattice
modules
Tobi David OLABIYI

Department of Mathematical Sciences,
University of Stellenbosch,
Private Bag X1, Matieland 7602, South Africa.
Thesis: MSc
March 2023

In this thesis, we introduce the notion of a positive weighted semigroup
representation on a Banach lattice module over a group representation on
a commutative Banach lattice algebra. One main theme of this work is
the following: for topological dynamics, we obtain the abstract represen-
tation of the lattice of continuous sections vanishing at infinity of a topolog-
ical Banach lattice bundle (over a locally compact space (1) as a structure
which we call an AM m-lattice module over Cy(Q2) on which every positive
weighted semigroup representation over the Koopman group representa-
tion on Cy(Q)) is isomorphic to a positive weighted Koopman semigroup
representation induced by a unique positive semiflow on the underlying
topological Banach lattice bundle (over the continuous flow on the base space
). And as a result, every positive dynamical Banach lattice bundle can
be assigned uniquely to a certain positive dynamical m-lattice module and
vice versa, which is the Gelfand-type theorem that we proved. In order
to do this, we, in particular, establish the following two categories of (i) Ba-
nach lattice modules and their dynamics; and (ii) Banach lattice bundles and
their dynamics. We pay special attention to the case of a topological positive
R4-dynamical Banach lattice bundle by which we obtain the correspond-
ing Cp-semigroup of positive weighted Koopman operators, and using the
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theory of strongly continuous semigroup of positive operators, we obtain
results pertaining to properties of the generator, and spectral theory of this
positive semigroup.
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Uittreksel

Positive Weighted Koopman Semigroups on Banach lattice

modules

(“ Positive Weighted Koopman Semigroups on Banach lattice modules ”)

Tobi David OLABIYI
Departement Wiskundige Wetenskappe,
Universiteit van Stellenbosch,
Privaatsak X1, Matieland 7602, Suid Afrika.

Tesis: MSc
March 2023

In hierdie tesis stel ons die idee van 'n positiewe geweegde halfgroepvoor-
stelling op 'n Banach-roostermodule oor die groepvoorstelling op 'n kom-
mutatiewe Banach-roosteralgebra bekend. Een hooftema van hierdie tesis
is die volgende: vir topologiese dinamika verkry ons die abstrakte voor-
stelling van die rooster van kontinue snitte wat verdwyn by oneindig van
'n topologiese Banach-roosterbundel (oor 'n lokaal-kompakte ruimte () ) as
‘n struktuur wat ons 'n AM-m-roostermodule oor Cy(Q2) noem, waarop
elke positiewe geweegde halfgroepvoorstelling oor die Koopman-groep-
voorstelling op Cy(Q)) isomorfies is aan 'n p ositiewe geweegde Koopman-
halfgroepvoorstelling geinduseer deur 'n unieke positiewe halfvloei op die
onderliggende topologiese Banach-roosterbundel (oor die kontinue vloei op
die basisruimte (2). Gevolglik kan elke positiewe dinamiese Banach-rooster-
bundel uniek aan 'n sekere positiewe dinamiese m-roostermodule toegeken
word en omgekeerd, wat die Gelfand-tipe stelling is wat ons bewys het.
Om dit te doen, stel ons veral die volgende twee kategorieé van (i) Banach-
roostermodules en hul dinamika; en (ii) Banach-roosterbundels en hul di-
namika bekend. Ons gee besondere aandag aan die geval van 'n topolo-
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giese positiewe IR -dinamiese Banach-roosterbundel waardeur ons die oor-
eenstemmende Cp-halfgroep van positiewe geweegde Koopman-operatore
verkry en deur die teorie van sterk-kontinue halfgroepe van positiewe ope-
ratore te gebruik, verkry ons resultate wat betrekking het op eienskappe
van die generator, en spektraalteorie van hierdie positiewe halfgroep.
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Notation

“ R R oD

Co(Q2)
L=(X)
Z(2)
o(T)
op(T)
oap(T)
r(T)

Idg
Io(Q,E)

I'Y(X,E)

lin {W}
WLOG

IntB+
Z(2)

A locally compact (Hausdorff) topological space.

A locally compact (Hausdorff) topological group with neutral element e.
A compact (Hausdorff) topological space.

The field of real R or complex C scalars.

A complete o-finite positive measure space X = (Qx, Zx, ix)-

The lattice algebra of continuous K-valued functions vanishing at infinity.
The (quotient) lattice algebra of essentially-bounded measurable K-valued functions.
The algebra of bounded (linear) operators on a Banach space Z.

The spectrum of a bounded (linear) operator T on a Banach space.

The point spectrum of a bounded (linear) operator T on a Banach space.
The approximate point spectrum of a bounded (linear) operator T on a Banach space.
The spectral radius of a bounded (linear) operator T on a Banach space.
The identity map on any space Q.

The lattice of continuous sections vanishing at infinity of a topological
Banach lattice bundle E over ().

The (quotient) lattice of integrable measurable sections of a measurable
Banach lattice bundle E over X.

The linear span of a set of vectors W.

Without Loss Of Generality.

The positive cone of an ordered Banach space B.

The interior of the positive cone B of an ordered Banach space B.

The lattice algebra of central operators of a Banach lattice Z.

xi
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Introduction

This thesis is about positive weighted Koopman semigroups on a Banach
lattice module. This work was inspired by Sita Siewert’s PhD dissertation
([29]), where the notion of weighted Koopman semigroups for topological
or measurable dynamics were studied. Therefore, this thesis forms part
of the broader field named "Operator Theoretic Aspects of Ergodic theory"
([10]).

The idea comes from assigning to a nonlinear cocycle on a (topological
or measurable) state space the corresponding linear operators, now called
weighted Koopman operators, on an observable space, i.e., a linear space
of vector-valued functions on the state space. A semigroup consisting of
weighted Koopman operators is called a weighted Koopman semigroup. A
typical discrete-time instance of this concept, for topological dynamics, is
the following:

Consider a continuous cocycle {¢(x) € £(Z) : x € K} associated with a home-
omorphism ¢ : K — K on a compact space K with Banach space Z, i.e.,

¢°(x) = Idz for x € K;
P (x) = ¢" (9™ (x))¢p™(x) for x € Kand n,m € N;and

Kx Z — Z;(x,v) — ¢(x)v is continuous,
and the Koopman operator T, : C(K) — C(K); f+ fogp L
Then, the continuous cocycle induces a weighted Koopman operator
Tp: C(K,Z) — C(K,Z); s — ¢(9 '(-)) 050!
ie, Ty € L(C(K,Z))and Tyfs = T,fTys for f € C(K) and s € C(K, Z)

with (fs)(x) := f(x)s(x) for all x € K.

xii
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The generalisation of these concepts, as treated in the paper [21] by H.
Kreidler and S. Siewert, is the introduction of non-linear dynamics on the
so-called (topological or measurable) Banach bundle E over a dynamical
base space (i.e., topological dynamics for a locally compact space (2 or mea-
surable dynamics for a complete o-finite measure space X) and consider
the corresponding weighted Koopman operators (now, linear dynamics) on
the observable space, i.e., the Banach space I'y((}, E) of continuous sections
of E vanishing at infinity for topological dynamics or the (quotient) Ba-
nach space I'' (X, E) of integrable measurable sections of E for measurable
dynamics. The following is of importance: (i) the observable spaces, i.e.,
the Banach spaces I'g(Q), E) and I' (X, E), are, in addition, Banach modules
over commutative Banach algebras Cy(Q)) and L*(X) respectively, and (ii)
a weighted Koopman semigroup is an instance of the (general) notions of
weighted semigroup representations on these Banach modules, i.e., dynam-
ical Banach modules.

These weighted Koopman semigroups arise naturally in many applications,
for example when modelling a dynamical system using an evolution semi-
group or in smooth ergodic theory. On the one hand, we note that the no-
tion of a cocycle over a (continuous) flow, giving rise to a certain evolu-
tion semigroup, has become a useful tool: (i) in modelling non-autonomous
problems, e.g., dissipative partial differential equations, in particular, the
Navier-Stokes equation; (ii) as an abstract framework for the study of ran-
dom dynamical systems; (iii) in the general theory of ideal fluid dynamics;
(iv) in detecting the existence of the so-called exponential dichotomy (or hy-
perbolicity), which is of practical importance; and (v) in the generalisation
of the classical notion of a two-parameter evolution family ([1,26]). On the
other hand, see [29, Chapter 6] - an example from differential geometry - for
a systematic treatment of smooth ergodic theory associated with the space
of continuous sections of the tangent bundle of a compact smooth mani-
fold. Moreover, these kinds of evolution operators, which we call weighted
Koopman operators, are also known in the literature as weighted composi-
tion or weighted shift operators in general operator theory, as transfer op-
erators in dynamical systems theory, and as push-forward operators in the
theory of differentiable manifolds. We refer to the monographs [5] and [11]
and the references therein for the general theory of evolution equations.
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Now as it has been said, In many concrete problems solvable by semigroups, there
is a natural notion of "positivity” and only "positive” solutions make sense [12,
Chapter VI, first paragraph, p.205]. So, in our work, we study the scenario
where each weighted Koopman operator is, in addition, a positive operator,
which of course requires additional lattice structure on the space of sections
in our consideration. This led us, in an attempt to adapt these concepts and
standardise terminologies, to introduce the notion of a positive weighted
semigroup representation on a Banach lattice module over a group repre-
sentation on a commutative Banach lattice algebra. For the general theory
of positive operators and positive operator semigroups on Banach lattices,
we refer to the monographs [28] and [2].

We now briefly discuss the structure of the present thesis and refer to each
of the chapters for a detailed introduction.

In Chapter 1, we motivate the notion of a positive weighted Koopman op-
erator on a certain Banach lattice as a functional-analytic approach to the
study of a certain continuous linear skew-product, associated with a posi-
tive continuous cocycle, on the trivial topological Banach lattice bundle.

Chapter 2| consists of our introduction and contributions to the notion of a
Banach lattice module over a commutative Banach lattice algebra. We find
that, in particular, our definition of a Banach lattice module (see Definition
can be seen to be a generalisation of a certain Banach lattice L*(G)-
module as defined by K-T. Eisele and S. Taieb (see [9, Definition 5.3(iii),
p.531-532]). In Section 2.3} we introduce the concept of a (positive) weighted
semigroup representation on a Banach lattice module (BLM) over a commu-
tative Banach lattice algebra (BLA). In doing so, we, in particular, establish
the category of Banach lattice modules and their dynamics. In Section
inspired by the work of H. Kreidler and S. Siewert (see [21, Section 4, p.15
and Section 5, p.20]) about AM-modules and AL-modules over the Banach
algebra Cy(Q2), we introduce in a natural way the analogous concepts of an
AM m-lattice module (see Definition and an AL m-lattice module (see
Definition over an m-Banach lattice algebra Cy(Q2), respectively. In
the last Section we further our consideration on Banach lattice modules
wherein we introduce, with examples, several concepts, many of which are
proven useful in this thesis. Such concepts include: a Banach sub-lattice alge-
bra (see Definition[2.5.1.1), a closed lattice algebra ideal (see Definition 2.5.1.2),
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a Banach lattice submodule (see Definition [2.5.2.1)), a closed ideal submodule (see
Definition [2.5.2.3)); and a dual Banach lattice module (see Section [2.5.4).

In Chapter |3, we consider positive semiflows on topological Banach lattice
bundles. We introduce the concepts of a (positive) topological dynamical
Banach lattice bundle and the so-called (positive) weighted Koopman semi-
group on the Banach lattice of continuous sections vanishing at infinity (see

Definition 3.4.0.5/and Remark 3.5.0.1(v)). More importantly, we present our
tirst Gelfand-type theorem for dynamical AM m-lattice modules (see The-

orem and Corollary [3.5.0.12). In addition, we further our consider-
ation, by introducing several notions in the last Section [3.6/ on the Banach
lattice of continuous sections (vanishing at infinity) associated with a topo-
logical Banach lattice bundle over a (locally) compact space which yields
interesting results of which many are subsequently needed. Such notions
include: a Banach lattice subbundle (see Definition [3.6.1.T), a closed ideal sub-
bundle (see Definition3.6.3.1)), the direct sum of Banach lattice bundles (see Sub-
section ; and the direct sum of positive weighted Koopman semigroups (see
Subsection [3.6.4). Other considerations are the characterisations of certain
order structures (see Subsection and the so-called centre (see Subsec-
tion 3.6.6) of this Banach lattice, which are also of independent interest.

Chapter[d]is about one-parameter Cp-semigroups of positive weighted Koop-
man operators. In particular, we consider some order structures of an AM
m-lattice module (see Section [.2), the lattice Cp-semigroup of weighted
Koopman operators (see Section[4.3)) and the positive Co-semigroup of weighted
Koopman operators (see Section associated to a topological Banach lat-
tice bundle over a compact space. Based on certain assumptions on the Ba-
nach lattice of continuous sections concerning its order structures, we obtain
some results related to the generation problem of (positive) weighted Koop-
man semigroups (see Proposition Corollary Remark
and Proposition 4.4.0.3). Moreover, in Section we present certain spec-
tral properties of a positive Cp-semigroup of weighted Koopman operators

(see Proposition 4.5.0.4).

In Appendix |A| we recall the definition and concept of a Banach lattice al-
gebra as presented by Wickstead ([31]). In Appendix |B, we recall certain
definitions and concepts about an ordered Banach space as presented by O.
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Bratteli, et. al ([4]) and the conditions under which it becomes a Banach
lattice.

We also include more of our work which is added for the sake of compre-
hensiveness, but put in the appendices [C, D} [E and [F because the scope of
this thesis has become very large.

In Appendix|C} we consider positive semiflows on measurable Banach lattice
bundles. We introduce the concepts of (positive) measurable dynamical Ba-
nach lattice bundles and the so-called (positive) weighted Koopman semi-
group on the (quotient) Banach lattice of integrable measurable sections (see

Definition [C.4.0.5/and Remark [C.5.0.1(v)). More important, we present our
second Gelfand-type theorem for dynamical separable L!(X)-normed m-

lattice modules (see Theorem |C.5.0.9|and Corollary|C.5.0.10).

In Appendix D} we present one central theme of our study: "When is a
positive weighted semigroup representation on a Banach lattice module a
(or isomorphic to) positive weighted Koopman semigroup representation?"

In Appendix |[E| we consider asymptotics of positive weighted Koopman
semigroups associated with a topological Banach lattice bundle over a com-
pact space. We, in particular, investigate irreducibility in Section and
exponential dichotomy in Section [E.3| of positive weighted Koopman semi-
groups. Moreover, based on some results already obtained in Chapter
(Section , we obtain several correspondences and characterisations of
the asymptotic behaviour under consideration (see Propositions and
E.3.0.4).

In Appendix [, we introduce the Markovian weighted Koopman group as-
sociated with a Banach lattice of continuous sections whose positive cone
has a non-empty interior. In Section we introduce the concept of a
Markovian weighted Koopman operator (see Definition and we show
that every bijective Markovian weighted Koopman operator (resp. Marko-
vian weighted Koopman group) is isomorphic to a bijective Koopman oper-
ator (resp. Koopman group) which extends the original bijective Koopman
operator (resp. Koopman group) (see Proposition resp. Proposition
[F.3.0.7). This result, in particular, generalises the situation in [29, Example
3.11, p.65](iv) which is also included. That is, a Cp-group of weighted Koop-
man operators is isomorphic to an extended Koopman group if and only if it
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is Markovian in our sense. Furthermore, under this identification, we study
the spectral property of an invertible Markovian weighted Koopman oper-
ator and extend the result to the Markovian weighted Koopman group in

Section [E4l
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Chapter 1

On the trivial topological Banach
lattice bundle

In this chapter, we set the scene for our study of positive weighted Koopman
operators using the example of the trivial topological Banach lattice bundle.
Moreover, to keep the reading flow without distraction, we try to avoid a lot
of definitions and several concepts at this stage; and we also consider only

discrete-time dynamics.

Throughout, we take K to be a compact space, which we assume to be Haus-
dorff by definition. Z will be a Banach lattice, which we can assume to be
real WLOG.

1.1 The trivial topological Banach lattice bundle

and its lattice of continuous sections

By a trivial topological Banach lattice bundle over K, we mean the product
space E := K x Z together with the natural projection p : E — K onto
the first factor, identifying each fiber p~!(x) with the Banach lattice Z for all
x € K.

As such, there is a one-to-one correspondence between the Banach lattice
C(K, Z) of continuous Z-valued functions, equipped with the sup-norm,
and the corresponding lattice of continuous sections of the trivial topological
Banach lattice bundle E = K x Z. One thing that is important here is that
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the (bilinear) pairing
C(K) xC(K,Z) — C(K,Z); (f,s) — fs:=[x+— f(x)s(x)]

turns the Banach lattice C(K, Z) into a Banach module over the commuta-
tive Banach lattice algebra C(K), i.e., it is a C(K)-module such that || fs|| <
|| f]]]]s|| for all f € C(K),s € C(K, Z), since

[Ifs]] = sup [|f(x)s(x)]|z
xeK

< sup |f(x)|sup [[s(x)]|z

xeK xeK
= [IfI[lIs]]-
Observing, in addition, that | fs| = |f|Is| for all f € C(K),s € C(K,Z),
since | fsl(x) = 1 f(x)s(x)l = [f|(x)Isl(x) for all x € K, we see that we

have obtained an example of such Banach lattices which we later refer to as
a Banach lattice module, and in particular an m-Banach lattice module over
C(K) in this case.

1.2 Positive cocycles, skew-products on the
trivial Banach lattice bundle and positive

weighted Koopman operators

From now on, by a trivial Banach lattice bundle, we mean a trivial topological
Banach lattice bundle as introduced in Section[1.1labove.

Consider a positive continuous cocycle {¢(x) : Z — Z positive operator | x € K}
associated with a homeomorphism ¢ : K — K, i.e.,

(
¢(x) is a positive linear operator for x € K;

¢°(x) = Idz for x € K;
P (x) = ¢" (9™ (x))¢p™(x) for x € Kand n,m € N;and

KxZ — Z; (x,v) — ¢(x)v is continuous,
\

and the Koopman operator T, : C(K) — C(K); f+ fog™ L.
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CHAPTER 1. ON THE TRIVIAL TOPOLOGICAL BANACH LATTICE BUNDLE3

Then, the positive continuous cocycle induces a positive weighted operator

’7} :

C(K,Z) — C(K,Z); s+ ¢p(¢ () oso gt

ie., (Tgps)(x) := (¢ (x))s(p (x)) fors € C(K,Z),x €K

over the Koopman operator T, : C(K) — C(K), which we call a positive

weighted Koopman operator. By this, we mean that

(i) Ty is a positive operator, since

I Tps | (x )= lp(e~" (x))s(9™" (1))
¢~ (x))Is1 (97 (x))
—Blsl(x)

for all x € Kand each s € C(K, Z); and

(i) Topfs =

Ty fTps, since

Tofs(x) = ¢p(o~ (x
= flo7 (x
= Ty f (x)Tps(x)

for f € C(K),s € C(K,Z) and all x € K.

As we said in Section above, there is a one-to-one correspondence be-

tween the Banach lattice C(K, Z) and the lattice of continuous sections of
the trivial Banach lattice bundle E = K x Z, denoted as I'(K, E). Though,
this will be introduced later in general, but in this case I'(K, E) is comprised

of functions 3 :

K — E; x — (x,s(x)) where s € C(K,Z), and thus § is

uniquely determined by s. Therefore, the corresponding positive weighted

Koopman operator is defined by

i.e., (Tq;.

where

To :T(K,E) — T'(K,E); §+— ®o50¢ !

§)(x) := ®(p 1 (x),5(¢ (x))) fors € C(K,Z),x € K

d:E—E; (x,0) = (p(x),¢(x)v)
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is the continuous skew-product on the trivial Banach lattice bundle E = K X
Z associated with the positive cocycle. We note that (f3)(x) := (x, (fs)(x))
forallx € K, f € C(K) and s € C(K, Z) defines the lattice module structure
such that I'(K, E) = C(K, Z) in this case.

We note that if we define |[®|| := sup, . ||¢(x)|| #(z), then [|®]| < co. More
so, Ty being positive implies that it is also bounded, i.e., 7y € .Z(C(K, Z)).

And in fact, it follows that ||®|| = || Ts||, where || T || := || Tpl], ie.,
1]} = sup [[¢(x) ] £(z)
xek
ZﬁﬁwPWMﬂNﬂWiSEQKzlwwmzﬁﬂ
xe

= sup sup {||<P(§0_1(X))S(¢_1(x))llz : s € C(K Z),[Is(p7 (0)]lz < 1}

xeK

= supsup { || Tgs(x)llz : s € C(K,2), [|s(p7"(x))]|z < 1}

xeK

=sup{sup\|7:ps<x>uz: s € C(K,Z), ||s]| < 1}

xeK
= sup {||Tys| - s € C(K,Z), [|s]| <1}
= [|Tyll.

By the cocycle property, we see that ®"(x,v) = (¢"(x), $"(x)v) forall (x,v) €
K xZ = E,and n € INp. As such, the positive cocycle induces certain
INo-dynamics {®" : E — E| n € INp} on the trivial Banach lattice bundle
E = K x Z over the Z-dynamics {¢" : K — K| n € Z}. And such positive
dynamics is what we later call positive INp-dynamical Banach lattice bun-
dle on E = K x Z over that of Z-dynamical on K. And in particular, we call
(®"),eN, a positive semiflow on E = K x Z over the flow (¢"),cz on K. By
this, we mean that

(i) ¢"op = pod"foreachn € Nyi.e, the following diagram commutes,

E=KxZ -2, KxZ=E

| J»

K > K
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(i) ®"|z := ¢"(x) : Z —> Z are positive operators for x € K and each
n € Ny, and

(iii) |[D"[] := sup,ex ||¢"(x)]| #(z) < oo for each n € Np.

On the side of the trivial Banach lattice bundle, we have seen certain positive
dynamics from above. On the other side, i.e., on the Banach lattice module
I'(K,E) = C(K,Z) over C(K), one also obtain the corresponding positive
weighted dynamics as follows.

We note that 7f = Tgn, since Tfs§ = ®" o050 ¢™" = Tgn§ fors € C(K,Z)
and each n € No. More so, T4 fs = TgfTgs for f € C(K),s € C(K,Z)
where Tgf = fo @™ = Ty f for f € C(K) and each n € Ny. As such, an
No-dynamics {73 : T(K,E) — T'(K,E)| n € Ny} is induced by the posi-
tive weighted Koopman operator 7¢ on the Banach lattice module I'(K, E)
over the Z-dynamics {Tg :C(K) — C(K)| n € Z}. And such positive dy-
namics give rise to what we later call positive INp-dynamical Banach lattice
module on T'(K, E) over that of Z-dynamical on C(K). And in particular, we
call (74 )nen, a positive weighted Koopman semigroup on I'(K, E) over the
Koopman group (T§)nez on C(K). And by this, we mean that

(i) 7§ :T(K,E) — I'(K, E) is a positive operator for each n € Ny, and

(i) Tgfs=TgfTgs for f € C(K),s € C(K,Z) and each n € No.

1.3 Is every positive weighted operator induced
by a positive cocycle on the trivial Banach

lattice bundle?

What we have seen so far is that positive cocycle and the corresponding
linear skew-product on the trivial Banach lattice bundle E = K x Z induces
a certain positive weighted Koopman operator on the Banach lattice module
I'(K,E) = C(K, Z) over C(K). And what is important is that this assignment
provides a functional-analytic toolbox for the study of this positive cocycle.
And as such, it may be interesting to ask the following question.
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Question 1.3.0.1. Is every positive weighted operator on T'(K, E) over the Koop-
man operator induced by a unique positive cocycle?

In other word, given a homeomorphism ¢ : K — K, and the Koopman operator
T, : C(K) — C(K); f+— foe L IfT :T(K,E) — (K, E) is a linear map
such that

(i) T :T(K,E) — T'(K, E) is a positive operator, and
(it) Tfs§=TyfT5for f € C(K),s € C(K,Z),

then, can we find a unique positive cocycle {¢(x) : Z — Z positive operator | x € K}
such that T = T, where ® : E — E denoted the corresponding continuous lin-
ear skew-product on the trivial Banach lattice bundle E = K x Z7?

We give a positive answer to this question as we close this chapter. The idea
is that, there is a correspondence between the skew-product and the cocycle,
which one could take note of.

To start with, for each x € K, we letey : T'(K,E) — Z; § — s(x) for
s € C(K, Z) be the evaluation map, which immediately can be seen to be a
quotient lattice homomorphism.

Now, let 7 : T'(K, E) — I'(K, E) be a positive weighted operator over the
Koopman operator T, : C(K) — C(K), i.e., satisfying the two conditions
stated in the above question. Then, we claim that the collection of mappings
{¢(x) : Z — Z | x € K} for which the following diagram

T'(K,E) =75 T(K,E)

exl leqo(X)

/A z
o

commutes, for each x € K, are precisely the operators that define the re-
quired positive cocycle.

That is, the linear operators

P(x): Z — Z; ex(5) > () (T5) x €K, foralls € C(K, Z)
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is the continuous positive cocycle over the homeomorphism ¢ : K — K
such that e, (73) = ¢(¢ 1 (x))s(¢~(x)); and s0 T§ = Poso ¢! = Tps

where
®:E—E; (x,5(x)) — (¢(x),¢(x)s(x)) foralls e C(K,Z)

denote the continuous linear skew-product on E = K x Z associated with
the positive cocycle. We sketch the following outline from which the claim

immediately follows:

First we note that, by definition, ¢(x)s(x) = e,,)(75) implies that
d(e71(x))s(@ 1 (x)) = ex(T§) foreach s € C(K,Z) and all x € K.

(i) ¢(x) is linear for each x € K.
(i) ¢(x) is positive for each x € K.
(i) Kx Z — Z;(x,s(x)) — ¢(x)s(x) is continuous for all s € C(K, Z).

(iv) {¢(x):Z — Z | x € K} satisfy the cocycle rule, i.e., ¢*(x) = Idz and
P (x) = ¢" (9™ (x))¢9™ (x) for x € Kand n,m € N.
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Chapter 2

On Banach lattice modules over a
Banach lattice algebra

2.1 Introduction

In this chapter, we introduce a mathematical object, namely a Banach lattice
module over a commutative Banach lattice algebra. In particular, our def-
inition of a Banach lattice module can be seen to be a generalisation of a
certain Banach lattice L*(G)-module as defined by K-T. Eisele and S. Taieb
(see [9] Definition 5.3(iii), p.531-532]). They consider this in their context of
representation theorems for conditional and multi-period risk measures in
stochastic analysis. Moreover, this chapter consists of our contributions to
the notion of an m-Banach lattice module over a commutative m-Banach lattice
algebra.

In Section 2.2}, we propose a definition for a Banach lattice module (see Def-
inition and identify some examples of these mathematical objects
(see Example 2.2.1.4). Moreover, we introduce a special class of Banach lat-
tice algebras, namely m-Banach lattice algebras (see Definition and
some examples (see Remark [2.2.2.2(i)). Consequently, we also introduce a
special class of Banach lattice modules over a commutative m-Banach lattice
algebra, namely m-Banach lattice modules (see Definition[2.2.2.4) and identify

some examples (see Example[2.2.2.6).

In Section 2.3} we introduce the concept of a (positive) weighted semigroup
representation on a Banach lattice module (BLM) over a commutative Ba-
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nach lattice algebra (BLA). In doing so and by answering question [2.3.0.1

we, in particular, establish the category of Banach lattice modules and their
dynamics.

In Section inspired by the work of H. Kreidler and S. Siewert (see [21,
Section 4, p.15 and Section 5, p.20]) about AM-modules and AL-modules
over the Banach algebra Cy((2), we introduce, in a natural way, the analo-
gous concepts of an AM m-lattice module (see Definition and of an
AL m-lattice module (see Definition [2.4.2.2), respectively, over the m-Banach
lattice algebra Cy(Q2).

It is known that, for a topological Banach bundle E over a locally compact
space (), the Banach space I'o(Q), E) of its continuous sections vanishing at
infinity is an AM-module (equivalently Up(€))-normed module) over the
Banach algebra Cy(Q2) (see [21, Example 4.4, p.16, and Example 5.2, p.21]).
We obtain, in our situation, that for a topological Banach lattice bundle E
over a locally compact space (), the Banach lattice To(Q, E) of its continu-
ous sections vanishing at infinity is an AM m-lattice module (equivalently
Up(Q))-normed m-lattice module) over the Banach lattice algebra Cy(Q2) (see
Examples2.4.1.4|and [2.4.1.11).

Analogously, it is known that, for a measurable Banach bundle E over a
complete o-finite positive measure space X, the (quotient) Banach space
I'Y(X,E) of its integrable measurable sections is an AL-module (equiva-
lently L®(X)’-normed module) over the Banach algebra L*(X) (see [21, Ex-
ample 4.14, p.20, and second paragraph on p.24]) and in particular rt (X,E)
is an L!(X)-normed module (see [21 Definition 5.11, p.24]). We obtain, in
our situation, that for a measurable Banach lattice bundle E over a complete
o-finite positive measure space X, the (quotient) Banach lattice '’ (X, E) of
its integrable measurable sections is an AL m-lattice module (equivalently
L*®(X)'-normed m-lattice module) over the Banach lattice algebra L*(X)
(see Examples [2.4.2.5/and [2.4.2.12) and in particular T'(X, E) is an L(X)-
normed m-lattice module (see Definition [2.4.2.15).

In the last Section we further our consideration on Banach lattice mod-
ules. We start with a commutative Banach lattice algebra L, and introduce
the notions of a sub-lattice algebra (see Definition and a lattice algebra
ideal (see Definition in a natural way. Moreover, for a Banach lattice
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module I' over the commutative Banach lattice algebra L, we introduce the
notions of N-lattice submodule (see Definition and N-ideal submod-
ule (see Definition over a subspace N C L. In Propositions
and we note special instances of these concepts, which are also very
important for our study. In Subsection we identify certain quotient
spaces of a Banach lattice module I' over a commutative Banach lattice al-
gebra L, which give rise to special (quotient) Banach lattice modules over
(quotient) lattice algebras (see Corollary 2.5.3.2). We study, in Subsection
the Banach dual I” of a Banach lattice module T over L = Cy(Q),
and obtain that the Banach dual I is, in particular, an order complete Banach
lattice module over Cy(Q)) which we call the dual Banach lattice module (see
Proposition 2.5.4.1). By this, we state certain duality results (see Proposi-
tion between AM- and AL- lattice modules over Cy(Q)) similar to
those of (general) Banach modules ([21, Proposition 4.17, p.21]). Other con-
cepts considered include: Banach lattice modules and lattice isomorphisms (see
Subsection and Banach lattice modules and lattice ideals (see Subsection
2.5.6).

2.2 Banach lattice modules

Definition 2.2.0.1. (Banach module) [29, Definition 2.1, p.23] Let A be a com-
mutative Banach algebra. Then a Banach module over A is a Banach space T
which is also an A-module such that the outer norm is sub-multiplicative, i.e.,

£ -sll < II£Illlsl| forall f € Aands €.

On the other hand, we refer to Appendix[A| (see e.g., Definition for
the definition of a Banach lattice algebra) for the concept of a Banach lattice
algebra (BLA), including examples. Moreover, we consider commutative
Banach lattice algebras.

Next, we need to clarify what a Banach lattice module is.

2.2.1 Whatis a Banach lattice module?

Since there does not seem to be a concise concept of a Banach lattice be-
ing a Banach module over a commutative Banach lattice algebra (BLA), we
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propose the following definition. Moreover, our definition can be seen to
be a generalisation of a certain Banach lattice L*(G)-modules as defined by
K-T. Eisele and S. Taieb ([9]) viz: Let G be a sub-c-algebra of some proba-
bility space. An ordered L*(G)-module is a (Banach) L*(G)-module I with
a partial order (<) such that for s,sy,s, € I'and f € L®(G) (i) 51 < sp im-
plies s1 +5 < sp +5; and (ii)) 0 < 5, 0 < f implies 0 < f-s. A normed
lattice L*(G)-module is an ordered L®(G)-module I whose partial order is,
in particular, a lattice ordering and equipped with a lattice norm. Finally, a
normed lattice L°(G)-module I which is (topologically) complete is called
a Banach lattice L*(G)-module (see [9) Definition 5.3(iii), p.531-532]).

Definition 2.2.1.1. Let L be a commutative BLA. We call a Banach lattice I" which
is also an L-module a Banach lattice module (BLM) if the outer norm is sub-
multiplicative and the "module” product of positive elements is positive. Moreover,
in the complex case, we require that the “module” product of real elements is real.

In other words, a BLM is a Banach lattice T which is also a Banach module over
L,suchthat Ly - T CTiand Lg -IT'r C I'g, ice., f € Ly, and s € T always
implies f -s € I';.. Moreover, in the complex case, f € Lgr, and s € I'r always
implies f -s € I'r.

Note 2.2.1.2. We can also deduce that if I is a Banach lattice module over the BLA
L, then we have that | f -sI< | fl|-Isl forall f € Land s € T. This can also be
taken as a characterisation of a Banach lattice module by the following proposition,
since the other implication would be trivial. That is, if L is a commutative BLA,
then a Banach lattice T which is also a Banach module over L is a “"Banach lattice
module” ifand only if | f -s1 < | fl-1sl forall f € Lands €T.

Proposition 2.2.1.3. Let I" be a Banach lattice module over a commutative Banach
lattice algebra L. Then | f -s|< | fl-Is| forall f € Lands € T.

Proof. WLOG, we will assume both I' and L are real Banach lattices. It is,
therefore, sufficient to show that =(f-s) < Ifl-1sl forall f € L and
s € I'. Now, for every f € L and s € I', we note first that

fes=ftsT—ft s +f s —f .57, and

Lfl-dsl =fT st +fr s 4 f s+ f st
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Therefore,
Lfl-Isl+f-s=2(f"-st+f -s7)>0, and
lfl-lsl —f-s=2(f"-s"+f -sT)>0.

We identify the following examples of Banach lattice modules.

Example 2.2.1.4. (i) Let L be a commutative Banach lattice algebra. Then, the
(bilinear) algebra paring L Xx L — L; (f,g) — f - g := f x g turns L into
a Banach lattice module over itself. Indeed, for all f,g1,$2 € L;
@) f-(g1+g)=fx(g1+g)=frxa1+tfxg=Ff8+f &
b (g1+g) f=@+g)xf=a* froxf=ga-f+8 f
() (81%82) - f= (g1%x82) xf =81 x(82xf) = g1- (82 f)
(@) |81~ &2ll = 1181 * &2lI < [181[1182]]
imply that L is a Banach module over itself. In addition,
e lgr -l =1g*xgp!l <Iglxlgpl =1g1- 14l
implies the "module” product of positive elements is again positive. Hence L

is a Banach lattice module over itself.

We note that, in this case, the (closed) ideal submodules of L (see Definition
2.5.2.3) correspond to (closed) lattice algebra ideals of L, as introduced in

Definition |2.5.1.2

(i) As in Appendix[A|[Example iii)], let I be a Banach lattice, and L :=
Z(T) its center. Then, the (bilinear) paring L x T — T;(T,s) — T -s:=
Ts turns I' into a Banach lattice module over L.
We note that, in this case, the (closed) ideal submodules of I' (see Definition
2.5.2.3) correspond to (closed) lattice ideals of T'.

(iii) As in Appendix[A|[Example[A.1.0.4(vi)], let T be an (order complete) Banach
lattice, and L a uniformly bounded closed lattice algebra of (commuting) reg-
ular operators on T. Then, the (bilinear) paring L x T — T;(T,s) —
T-s:=Ts turnsI intoa Banach lattice module over L.

We note that, in this case, the (closed) ideal submodules of T' (see Definition
2.5.2.3) correspond to (closed) lattice ideals of I which are L-invariant.
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2.2.2 m-Banach lattice modules over m-Banach lattice

algebras

Here, we first introduce a special class of Banach lattice algebras in which
the lattice structure is multiplicative, namely m-Banach lattice algebras (see
Definition[2.2.2.T). Consequently, we also introduce a special class of Banach
lattice modules over commutative m-Banach lattice algebra in which the
module structure is "lattice multiplicative", namely m-Banach lattice modules

(see Definition 2.2.2.4).

2.2.21 m-Banach lattice algebras

Here we introduce a special class of Banach lattice algebras in which the
lattice structure is multiplicative.

Definition 2.2.2.1. We call a Banach lattice L with an associative algebraic struc-
ture, multiplication % and lattice modulus | -1, an m-Banach lattice algebra (m-
BLA) if the following hold for all f,g € L;

(i) | fxgl=I1flxlgland fxg= fxg and
@) |If gl < lIf1I1g]l-

It is clear from our definition that an m-Banach lattice algebra (m-BLA) is
also a Banach lattice algebra (BLA) (see Appendix[A] Note and Def-
inition[A.1.0.3) . The second property in (i) above is essentially required if L
is a complex Banach lattice which, in particular, implies that the multiplica-

tion of real elements is again a real element.

Remark 2.2.2.2.

(i) Typical examples of commutative m-BLAs are Examples (i), (ii) and (iii)
in Appendix[A]

(ii) Moreover, by the classical theorems of Gelfand or Kakutani; it follows that if a
BLA is either a x-algebra with unit or an AM-space with unit, then it must be of
the form C(Q) for some compact space Q.

(iii) There are interesting properties of our m-BLA which follow by definition. For
instance, if L is m-BLA, then forall f € Ly and g, 1,82 € Lr we have that
(@) f*(81V 82) = (fxg1) V (f *&2),
(0) fx (811 g2) = (fxg1) A (f*82),
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() fxg*™ = (fxg)*, and

(d) frg = (f*g)
Moreover, we have that ||f = 1g1|| = ||f xg|| = ||f *xZ]|| forall f,g € L.

For this class of Banach lattice algebras we can answer the following ques-
tion raised by Wickstead ([31]]).

Question 2.2.2.3. [31, Question 2.3 , p.807] If a Banach lattice algebra has an
approximate identity (e;) with all ||e;|| < 1, must it have an approximate identity
composed of positive elements?

If L is a (commutative) m-BLA, by setting setting b; := le; |, then (b;) is an
approximate identity for L composed of positive elements, since for each
felL,
li;rnei*f =f= li¥nf*el-
implies
lilrnbi*lfl =1fl :lilimlfl*bi.

2.2.2.2 m-Banach lattice module

Next, we introduce a special class of Banach lattice modules over a commu-
tative m-BLA in which the module structure is "lattice multiplicative".

Definition 2.2.2.4. Let L be a commutative m-BLA. A Banach lattice I which
is also an L-module is called an m-Banach lattice module (m-BLM) over L if the
following hold for all f € Lands € I

(i) 1f-sl=1fl-1sland f-s = f-5;and
@) |1f - sl < [If1l1Is]]-

Remark 2.2.2.5.

(i) It is clear from our definition that an m-Banach lattice module is also a Banach
lattice module (see Definition [2.2.1.1|and Note[2.2.1.2). The second property in (i)
in the above definition is essentially required if either L or I is a complex Banach
lattice which, in particular, implies that the “module” product of real elements is
again a real element.
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(ii) There are interesting properties of our m-Banach lattice module I' over the m-
BLA L which are immediate from the definition. For instance, for any f € L and
s,51,5p € I':
(@) 1 f-sl=1fl-sifsely,
) 1 f-sl=f-Isl if felL,.
So, in the real case, we even have:
(€ f-(s1Vs2) = (f-s1)V(f-s2) if f€Ly,
(d) f-(s1As2) = (f-s1)A(f-s2) if f €Ly,
) (f-s)* = f-s* if f €Ly,
(0 (fs)" = fs ifsel
(iii) Another immediate, and very important, observation about our m-Banach lat-
tice module is that, for any f € L,and s € I', we have

f - AstHI=11f sl = [If -5l]-

The following examples of m-Banach lattice modules serve as motivation
for our definition.

Example 2.2.2.6. (i) Let L be a commutative m-Banach lattice algebra (see Def-
inition . Then, L is an m-Banach lattice module over itself. Indeed, as
in Example 2.2.1.4(i), the (bilinear) algebra paring L x L — L;(f,g) —
f - g = f g turns L into Banach lattice module over itself. Moreover, by
definition, forany f,g € L,

(@ 1 f-gl=1fxgl=1flx1gl=1fIl-1gl;and
b f-g=frg=Ff*3=F3
imply that L is an m-Banach lattice module over itself.

(ii) Let T be any Banach lattice, and L := Z(T') its center (see Example|2.2.1.4(ii)).
Then, I is an m-Banach lattice module over L. That is, in fact, every Banach
lattice is an m-Banach lattice module over its center.

(iii) Let E be a topological Banach lattice bundle over a locally compact space (),
then the lattice of its continuous sections T'o(Q), E) vanishing at infinity is
an m-Banach lattice module over Cy(Q)) (see Chapter [3| Remark[3.5.0.1(1)).

(iv) Let E be a measurable Banach lattice bundle over a measure space X, then
the (quotient) lattice of its integrable measurable sections T'(X, E) is an m-

Banach lattice module over L* (X)) (see Appendix|C|, Remark|C.5.0.1(i)) .
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2.2.3 Banach lattice modules with property ()

As a result of the above observation in Remark [2.2.2.5(iii), and to give room
for a wide range of the so-called Banach lattice modules, we introduce the
following class which generalises our m-Banach lattice modules.

Definition 2.2.3.1. Let L be a commutative m-Banach lattice algebra (m-BLA).
Then we say a Banach lattice module T over L "satisfies property (m4.)” if the
following holds forall f € Ly, ands €T,

[f - At =1{1f sl = [1f -5l]-

2.24 Non-degenerate Banach lattice modules

Definition 2.2.4.1. (Non-degenerate Banach lattice module) Let L be a commu-
tative Banach lattice algebra. A Banach lattice module T' over L is called non-
degenerate if T =1lin{fs: f € L,s € F in other words, the submodule

lin{fs: feL,s €T} isnorm-denseinT.

In our study, we assume that any Banach lattice module I' over a commuta-
tive Banach lattice algebra L is non-degenerate. Furthermore, in the context
of the work of W. Paravicini ([25]), this type of Banach lattice module would
be called a Cy(Q2)-Banach lattice in the particular case when L = Cy(Q}) for
a locally compact space Q).

We also note that if either L is, in addition, a C*- algebra (over C) or con-
sidering its self-adjoint part (over R), then I' is non-degenerate if and only
if lim; e;s = s for every s € I', where (e;) represents an approximate unit (or
identity) of L. (cf. [29) note after Definition 2.1, p.23-24] ).

In the case where L is an m-Banach lattice algebra with approximate unit
(ej), since we obtain a positive approximate unit (b;) of L by setting b; :=
|e;| for each i (see Question non-degeneracy of an m-Banach lattice
module I over L also implies I'; is non-degenerate over L. Thatis, I'y =
lin{fs: f € Ly,s € T} which is the case if and only if lim; b;s = s for every
s € I'y. Indeed, for any s € I;

lime;-s =s
1

!in {W} denotes the norm-closure of the linear span lin { W} of the set of vectors W.
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implies

Hmb; - Isl = Isl.
1

Remark 2.2.4.2. In the case where L is a 1-Banach lattice algebra (i.e., there exists

an identity e € L with ||e|| = 1) and e - s = s for all s € T, we call Banach lattice

module I over L "unitary”.

Immediate examples of unitary Banach lattice modules are:

(i) all 1-Banach lattice algebras (see Example i),
(ii) Examples ii) and (iii); and
(iii) Example|2.2.2.6(i1) if () = K is compact.

Moreover, a unitary Banach lattice module is necesarilly non-degenerate. So, one
can assume WLOG that every Banach lattice module is non-degenerate, as we have
done.

Throughout our study, by an m-BLM over L, we always mean an m-Banach
lattice module over a commutative m-BLA L.

Furthermore, as in above, we will use juxtaposition for the algebra multipli-
cation x in L and the "module" product - in I if no confusion arises.

2.3 Positive weighted semigroup representations

on Banach lattice modules

In this Section, we introduce the concept of a (positive) weighted semigroup
representation on a Banach lattice module (BLM) over a commutative Ba-
nach lattice algebra (BLA). Classical examples are the motivation for this
abstract construction. See [29, Definition 2.12, p.28] for the case of Banach
modules over commutative Banach algebras which inspired this work.

We note that, in this Section, we establish the category of Banach lattice
modules and their dynamics.
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More important, we seek to answer, in this Section, the following questions

in a systematic manner.

We will see that each notion describes a certain dynamical system on the
underlying space.

Question 2.3.0.1. (i) What are morphisms and isomorphisms of BLAs?

(ii) What are (positive) morphisms, isomorphisms and (positive) weighted mor-
phisms of BLMs over a fixed commutative BLA?

(iii) What is a group representation on a commutative BLA?
(iv) What is a positive weighted semigroup representation on a BLM?

(v) What are homomorphisms and isomorphisms between positive weighted semi-
group representations on BLMs?

2.3.1 Morphisms and isomorphisms of BLAs

First, we introduce morphisms and isomorphisms of BLAs (Banach lattice
algebras), most naturally, by combining the notions of algebra homomor-
phisms and lattice homomorphisms.

Definition 2.3.1.1. Let L and M be BLAs. A linear map T : L — M is called a
morphism if the following hold for all f, g € L:

(i) Tfg=TfTg, and
(i) ITFI=TIfl.

Since by (ii), T is a lattice homomorphism, it is necessarily bounded; and hence
T € Z(L, M) is also an algebra homomorphism.

A morphism T : L — M of BLAs is an isomorphism if T is bijective; hence
T~1: M — L is also a morphism; i.e., T"'pg = T 1p-T g, and 1T 1pl
=T Ypl forall p,qg € M. The group of self-isomorphisms (automorphisms)
T :L — Lofa BLA L will be denoted by Aut(L).
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Remark 2.3.1.2. It should be noted that a BLA is simultaneously a Banach
algebra and a Banach lattice; and so in the category of BLAs, morphisms are
linear maps which are simultaneously algebra homomorphisms and lattice
homomorphisms.

A motivation for this definition arises from the following examples.

Example 2.3.1.3. (i) Let ¢ : O — Q) be a homeomorphism of a locally com-
pact space Q). Then the Koopman operator Ty, : Co(Q)) — Co(Q); f
fo @1 is a self-isomorphism of the BLA Co(Q), and hence an automor-
phism.

(ii) Let ¢ : X — X be an automorphism of the measure space X. Then
the Koopman operator T, : L¥(X) — L*(X); f + fo @ lisa self-
isomorphism of the BLA L*(X), and hence an automorphism.

2.3.2 (Positive) Morphisms, isomorphisms and (positive)
weighted morphisms of BLMs

Next, we introduce the concept of a (positive) morphism between Banach
lattice modules (BLMs) over a fixed BLA L. This we do naturally by com-
bining the notions of Banach module homomorphisms (see [29, paragraph
after Definition 2.1, p.23]) over a commutative Banach algebra with that of
positivity and lattice homomorphisms in the Banach lattice setting.

Moreover, for important examples of a Banach lattice module I" over a com-

mutative Banach lattice algebra L (see Examples2.2.1.4/and [2.2.2.6).

Definition 2.3.2.1. Let T and A be BLMs over a commutative BLA L. A linear
map T : T — A is called

(i) a positive module homomorphism (i.e., positive morphism) if:
(a) T is positive, i.e., | Tsl < T lsl;and
b)Tfs=f-Ts

forall f € Lands € T.



Stellenbosch University https://scholar.sun.ac.za

CHAPTER 2. ON BANACH LATTICE MODULES OVER A BANACH LATTICE
ALGEBRA 20

(ii) a lattice module homomorphism (i.e., morphism) if:
(a) T is a lattice homomorphism, i.e., | Tsl =T |Isl; and
b)Tfs=f-Ts
forall f € Lands € T.

A (positive) morphism T : T — A is called a (positive) isometry if T € £ (T, \)
is isometric.

Remark 2.3.2.2. (i) First, we note that T being positive implies that T €
Z(T,A); and hence each positive module homomorphism is also a Banach
module homomorphism (see [29, paragraph after Definition 2.1, p.23]). More-
over, we note that every lattice module homomorphism is also a positive one.

(ii) In the category of BLMs over a (fixed) commutative BLA L, morphisms are
linear operators which are simultaneously module homomorphisms and lat-
tice homomorphisms.

(iii) Furthermore, two Banach lattice modules T and A over L are said to be iso-
metrically isomorphic, denoted by I' = A, if there exists a surjective isometric
morphism (i.e., a surjective and isometric lattice module homomorphism) be-
tween them.

We are interested in (positive) weighted morphisms, and so we introduce
the following definitions. See [29] Definition 2.5, p.25] for the case of Banach
modules over a commutative Banach algebra. Moreover, we note that every
positive T-homomorphism over a commutative Banach lattice algebra L is,
in particular, a T-homomorphism over a commutative Banach algebra L, in
this situation.

Definition 2.3.2.3. Let L be a commutative BLA, and T : L — L a morphism
on L. Moreover, let T and A be BLMs over L. A linear map T : T — A is called

(i) a positive T-homomorphism (i.e., a positive weighted morphism) if:
(a) T is positive, i.e., | Tsl < T lsl;and
(b) Tfs=Tf-Ts
forall f € Lands € T.
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(i) a lattice T-homomorphism (i.e., a weighted morphism) if:
(a) T is a lattice homomorphism, i.e 1 Ts| =T |sl; and
b)Tfs=Tf-Ts
forall f € Lands € T.

A positive T-homomorphism T : I — A is called a positive isometry if T &
ZL(T,A) is an isometry. Similarly, a lattice T-homomorphism T : T — A'is
called an isometry if T € £(T, A) is an isometry.

The following two examples are the motivation for the above definitions

(see Chapter 3] Remark 3.5.0.1[iv) and Appendix|C, Remark [C.5.0.1](iii)).

Example 2.3.2.4. (i) Let ¢ : (O — Q) be a homeomorphism of a locally com-
pact space ), and

Ty : Co(Q) — Co(Q); f = fog™!

the Koopman operator on Co(Q)). Moreover, let E be a topological Banach
lattice bundle over ) (see Chapter 3| Definition[3.2.0.1), and ® : E — Ea
(positive) Banach lattice bundle morphism over ¢ (see Chapter [3 Definition
B.4.0.1). The Banach lattice To (€, E) of continuous sections of E vanishing
at infinity is an m-Banach lattice module over Co(Q)) (see Chapter[3| Remark

B.5.0.1()); and the induced operator given by
To : To(Q, E) — To(Q,E); s — Posog !
is a (positive) lattice Ty-homomorphism on T'o(Q), E) over Co(Q)). We will
call To a (positive) weighted Koopman operator on I'g(Q), E) over T.
(ii) Let ¢ : X — X be an automorphism of a measure space X, and
Tp: LY(X) — L®(X);f — fog !

the Koopman operator on L®°(X). Moreover, let E be a measurable Banach
lattice bundle over X (see Appendix|C| Definition|C.2.0.1), and ® : E — E
a (positive) Banach lattice bundle morphism over ¢ (see Appendix |C| Defini-
tion . The (quotient) Banach lattice T'(X, E) of integrable measur-
able sections of E is an m-Banach lattice module over L*(X) (see Appendix

Remark |C.5.0.1{ii)); and the induced operator given by
To : THX,E) — TY(X,E); s — ®oso g
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is a (positive) lattice Ty-homomorphism on I'(X, E) over L®(X). We will
call To a (positive) weighted Koopman operator on T (X, E) over T,.

2.3.3 Group Representations on Banach lattice algebras

We introduce the concept of a group representation on a commutative Ba-
nach lattice algebra L; and give a special type of this notion, the so-called
Koopman group representation on L (where L € {Cy(Q)), L®(X)}). See, for
instance, [29, second paragraph on p.28] for the case of a dynamical Banach
algebra. We note that every group representation on a Banach lattice alge-
bra L is, in particular, a group representation on the Banach algebra L, in
this situation.

Note 2.3.3.1. In the sequel, we will use the following notation.

(i) We let G be a locally compact group, and S a closed subsemigroup of G con-
taining the neutral element e, i.e., a closed "submonoid” of G. For instance,
we can take G =R, S=R>por G=2Z, S = N.

(i) We let L be a commutative Banach lattice algebra, for instance Co(Q)) and
L®(X) where Q) is a locally compact space and X = (Qx, Xx, px) is a
complete positive o-finite measure space, respectively. For other examples of

Banach lattice algebras (see Appendix[A} Example :

(iii) We let Aut(L) be the group of automorphisms on L, i.e., T € Aut(L) if and
only if T € £(L) is a bijective morphism of BLAs, and so T~1 is also a
morphism of BLAs (see Definition|2.3.1.1).

Definition 2.3.3.2. (G-dynamical Banach lattice algebra )
A G-dynamical BLA is a pair (L, T) where

T:G— Aut(L), g— T

defines a strongly continuouﬂ group action on the Banach lattice algebra L. Such
a pair (L, T) will be called a group representation on L, and T = (Ty)qec a flow
on L.

2ie, G — L; g — T,f is continuous for each f € L.
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The following two examples motivate this definition, which naturally ex-
tends situations in Example to group actions. These are well-known
and always our starting points for topological and measurable dynamics,
respectively.

Example 2.3.3.3. (i) Let (Q), (¢g)qec) beatopological G-dynamical system over
a locally compact space Q) (i.e., (@g)qec is a continuous flow on Q) ﬂ), then
the group representation given by

Ty: G — Aut(Co(Q)), g Ty(g) == [f = fo @]

is a strongly continuous group action on Co(Q2). Hence (Co(Q2), Typ) is
a G-dynamical system of an m-Banach lattice algebra, and we call T, =
(Ty(8))gec the Koopman group representation on Co(Q2).

(ii) Let (X, (pg)qcc) be a G-dynamical measure-preserving system over a mea-
sure space X (i.e., (@g)gec is a measurable flow on X El) and G is discrete;
then the group representation given by

Ty : G — Aut(L®(X)), g = To(g) == [f = fo @g1]

is a strongly continuous group action on L*(X). Hence (L*(X),T,) is
a G-dynamical system of an m-Banach lattice algebra, and we call T, =
(Typ(8))gec the Koopman group representation on L= (X).

2.3.4 Positive Weighted Semigroup Representations on

Banach lattice modules

We now introduce the concept of a positive weighted semigroup repre-
sentation on a Banach lattice module I' over a fixed group representation
T = (Tg)gec on L. See [29, Definition 2.12, p.28] for the case of a weighted
semigroup representation on a Banach module. We note that every posi-
tive S-dynamical BLM over (L, T) is, in particular, an S-dynamical Banach
module over (L, T) in this situation.

Sie, ¢: G — Aut(Q); § — @q is a continuous group homomorphism, where Aut(Q)
denotes the group of automorphisms (homeomorphisms) on ).
tie, ¢ : G — Aut(X); g — @gisagroup homomorphism, where Aut(X) denotes the

group of automorphisms on X (see also Appendix [C} Definition[C.4.0.T|and Note[C.4.0.4))
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In what follows, for a commutative BLA L, we fix a group representation
(L, T)onL,ie, T = (Ty)4ec is a flow on L (see Definition 2.3.3.2).

Definition 2.3.4.1. (Positive S-dynamical Banach lattice module)
A positive S-dynamical BLM over (L, T) is a pair (T, T") consisting of a Banach
lattice module T over L and a monoid representationﬂ

T:S—T5 ¢ T(g)
such that
(i) T(g) : T — T is a positive Tg-homomorphism for each § € S; and
(ii) T is strongly continuous, i.e.,
S—T,¢g—T(Q)s

is continuous for every s € T.

We call T = (T (g))ges a positive weighted semigroup representation on T over
(L, T) (or simply over T = (Tg)gec on L).

If S = G, then we have a positive G-dynamical BLM over (L, T); and we call
T = (T (8))gec a positive weighted group representation on I over T = (Tg)¢ec
on L.

In the following remark, we mention additional properties of a positive S-
dynamical BLM (T, T") over (L, T) from Definition [2.3.4.1|above.

Remark 2.3.4.2. (i) If T (g) is a positive isometry for all g € S, then we call
T = (T (g))ges a positive isometry.

(i) If T(g) is a lattice Tg-homomorphism for all ¢ € S, then we have an S-
dynamical BLM over (L, T); and we call T = (T (g))qes @ weighted semi-
group representation on I over (L, T).

(iii) If T (g) is an isometric lattice To-homomorphism for all g € S, then we call
T = (T(8))ges an isometry.

Sie., T(gh) =T ()T (h) forall g,h € Sand T (e) = Idr for the neutral element e € S.
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It is clear that every S-dynamical BLM (T, T") is also a positive S-dynamical
BLM over (L, T), since every lattice T-homomorphism is also a positive T-
homomorphism. Moreover, by the above remark, if S = G, we can also
speak of a G-dynamical BLM and a weighted group representation on I
over (L, T); and being an isometry.

The following two special examples are the motivation for the above formu-
lations, which naturally extend the situations in Example[2.3.2.4{to group ac-

tions over to those of Example[2.3.3.3|(see also Chapter 3, Remark|3.5.0.1(v)
and Appendix [C, Remark|C.5.0.1(iv)).

Example 2.3.4.3. (i) Let (Q), (¢g)qec) beatopological G-dynamical system over
a locally compact space Q), and let (E, ®) be a (positive) S-dynamical topo-
logical Banach lattice bundle over (Q), (@g)qec) (see Chapter 3| Definition

3.4.0.5). The monoid representation given by
To:S — L(To(QVLE)), g — To(g) :=[s — Pgoso q)g,l]

defines a (positive) S-dynamical BLM (T'o(Q), E), Te) over the Koopman
group representation (Co(Q2), T,); and we call To () ges the (positive) weighted
Koopman semigroup representation on To(Q), E) over (Ty(g))qec induced

by (E, ®).

(ii) Let (X, (pg)qecc) bea (discrete) G-dynamical measure-preserving system over
a measure space X, and a let (E, ®) be a (positive) S-dynamical measurable
separable Banach lattice bundle over (X, (¢g)qcc) (see Appendix C, Defini-
tion|C.4.0.5). The monoid representation given by

To:S — ZL(TYX,E)), g+ To(g) :=[s+— Pgoso (ngl]

defines a (positive) S-dynamical BLM (T'(X, E), Te ) over the Koopman group
representation (L% (X),T,); and we call To(g)qes the (positive) weighted
Koopman semigroup representation on T' (X, E) over (Ty(8))qec induced
by (E, ®).
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2.3.5 Homomorphisms and isomorphisms between
positive weighted semigroup representations on
BLMs

In what follows we introduce the concept of homomorphism between pos-
itive S-dynamical BLMs over a fixed (L, T).

Definition 2.3.5.1. A homomorphism from a positive S-dynamical BLM (T, T")
over (L, T) to a positive S-dynamical BLM (A, S) over (L, T) is a lattice module

homomorphism (see Definition 2.3.2.1(ii))

O: T —A

such that the diagram

commutes forall g € S, i.e., @0 T (g) =S(g) 0O forall g € S.
It is called a positive isometry if ©® € £ (T, A) is isometric.

Remark 2.3.5.2. (i) Wenote that a homomorphism between S-dynamical BLMs
over (L, T) can be defined similarly. It will be called an isometry if ® is an
isometry.

(ii) In the category of positive S-dynamical BLMs over (L, T); an isometric ho-
momorphism here is just a positive isometry. So, we can speak of, for instance,
unique up to positive isometry for an isometry in the category. We choose this
terminology and reserve the word "isometry” for S-dynamical BLMs over
(L, T).

(iii) Furthermore, two positive S-dynamical BLMs (T, T) and (A, S) over (L, T)
are said to be isomorphic if there exists a surjective positive isometry (i.e.,

a surjective isometric homomorphism) between them. In this situation, we
write T = (T(g))ges = (S(g))ges = S onT = A.
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24 AM- and AL- lattice modules

Inspired by the work of S. Siewert ([29, Section 2.1, p.31], see also [21}, Sec-
tion 4, p.15 and Section 5, p.20]), we now introduce the concepts of AM
lattice modules and AL lattice modules over the commutative Banach lat-
tice algebra Cy(€2). We do so in a natural way by combining the notions of
AM-modules and AL-modules in the Banach module setting with the lattice
structure.

2.4.1 AM lattice modules

This type of Banach lattice module is based on the concept of an AM-space
in the Banach module setting as introduced in [29, Definition 2.18, p.33].
Before introducing this, we recall certain results.

In [29, Proposition 2.17, p.31], it was shown that if I" is a Banach module
over Cp(Q)), then for each s € T, the closed submodule I's := Cy(Q}) -sis a
Banach lattice. More important, we take note of the following lemma.

Lemma 2.4.1.1. [29, Definition 2.18, and Remark 2.19, p. 33] Let T be a Banach
module over Cy(QY). Then the following are equivalent.

(i) T is an AM-module, i.e., the submodule T's = Cy(Q) - s is an AM-space for
eachs € T.

(i) [/(f v g)sl| = max({|fs|], ||gsl) for all f,g € Co(QQ) and's € T.

We note that AM-modules over Cy((2) are also called locally convex Banach
Co(Q)-modules (see [29, Remark 2.21 (i), p.33]); and for further characteri-
sations of these locally convex Banach Cy(Q2)-modules, we refer to works of
E. Cunningham ([6, Theorem 2, p.618]) and W. Paravicini ([25, Proposition
2.1, p.272]). Using these concepts, we introduce the following natural def-
inition, namely an AM lattice module over Cy(Q2) which can, therefore, also
be called a locally convex Banach Cy(Q))-lattice module.

Definition 2.4.1.2. Let T be a Banach lattice module over Cy(Q). We call T an
AM lattice module if T is an AM-module, i.e., the submodule T's = W isan
AM-space for each s € T.

If, in addition, T is an m-Banach lattice module, we call it an AM m-lattice module

over Co(Q2).
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The following is an immediate corollary using Lemma[2.4.1.1 from above.
Corollary 2.4.1.3. Let T be a Banach lattice module over Co(Q). If T has property

(m.), then T\ is an AM-space if and only if T's is an AM-space if and only if T's is
an AM-space for every s € T

Proof. Since T is a Banach lattice module over Cy(Q)) with property (m.)
(see Definition [2.2.3.1), the following holds for all f € Cy(Q))+ and s € I':

[f -t ={1f - sl = [1f -5l].
This implies that for all f,g € Co(Q))+ ands € T
@ [[(F Vsl =I(fvglst]| =[[(fVg)sl;and
(if) max(||fsl], [Igs||) = max([[f Is1[],[Ig1sT[]) = max([|f5]], ||g5]])-

Hence, the assertion follows from Lemma|2.4.1.1
L]

The following is an example of such AM m-lattice modules serving as mo-

tivation for our formation.

Example 2.4.1.4. If E is a topological Banach lattice bundle over (), then the Ba-
nach lattice To(Q), E) of its continuous sections vanishing at infinity is an AM
m-lattice module over Co(QY) (see also Example(2.4.1.11).

24.1.1 Uy(Q)-normed lattice module

It is known that an AM-module over Cy(Q)) admits an additional lattice
norm structure; namely, an AM- module over Cy(Q) is also a Up(Q2)-normed
module (see [29, Section 2.2.1., p.39-40]). We recall these results and intro-
duce an analogous definition for the case of Banach lattice modules.

For a locally compact space (), we write;

u(Q) :=4{g:Q — R | gis upper semicontinuous},
Up(Q)) := {g € U(Q) | Ve > 0 IK C O compact with |g(x)| < eVx ¢ K},and
Up(Q)+ = {g € Uo(Q) [ g > 0} .
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Definition 2.4.1.5. (Uy(Q)-normed module) [29, Definition 2.34, p. 39] Let () be
a locally compact space and T a Banach module over Co(Q)). A mapping

| [T — Uo(Q)+
is a Up(Q)-valued norm if:
@) [lls|| = lsll;
(i) |fs] = If] - Is) and
(iii) |s1+s2| < [s1]+ |s2| foralls,sy,s; € Tand f € Co(Q).

A Banach module over Cy(Q)) together with a Uy(QY)-valued norm is called a
Uy (Q))-normed module.

It readily follows that a Uy(Q))-normed module is an AM-module over Cy(Q2).
A more important result about a Uy (Q2)-normed module is that the converse
also holds, as the following lemma shows.

Lemma 2.4.1.6. [29, Proposition 2.36, p.40] Let Q) be a locally compact space. For
a Banach module T over Cy(QY), the following are equivalent.

(i) T is an AM-module over Cy(QQ).

(ii) T is a Uy(QY)-normed module.

Moreover, if these assertions hold, then the Uy(Q))-valued norm is unique and given
by
Is|(x) :==1inf {||fs|| : f € Co(Q)+ with f(x) =1} (x€Q,seT).

Remark 2.4.1.7. (i) For a topological Banach bundle E over a locally compact
space Q), setting |s|(x) = ||s(x)|| for x € Qand s € To(QO,E) turns
I'o(Q), E) into a Uy(Q)-normed module (see also [29, Example 2.35, p.40]).

(ii) However, for a topological Banach lattice bundle E over Q), since || 1s(x) ||| =
1s(x)|] = ||s(x)]| for x € Qand s € To(Q, E), we see that the Uy(Q))-
valued norm "agrees” with the "lattice” structure on T'g(Q), E). Inspired by
this, we introduce the concept of a Uy(QY)-normed m-lattice module in the

next definition.
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Definition 2.4.1.8. Let Q) be a locally compact space and T" a Banach lattice module
over Co(QY). A mapping
||FHUO(Q)+

is a lattice Uy(QY)-valued norm if:
i [1s1] = [s| =[5l
@) [l[s]|| = [lsl;
(i) |fs| = |f] - [s]; and
(iv) |s1+s2| < |s1| + |s2| forall s,s1,s0 € Tand f € Co(Q).

A Banach lattice module over Co(Q)) together with a lattice Uy(Q))-valued norm
is called a Uy(Q))-normed lattice module. If T is, in addition, an m-Banach lattice
module, we call it a Uy(Q))-normed m-lattice module.

By the definition above, it is clear that a Uy(Q))-normed lattice module neces-
sarily satisfies property (m. ). Furthermore, using Lemma|2.4.1.6, we obtain
the following equivalence.

Proposition 2.4.1.9. Let ) be a locally compact space. For a Banach lattice module
I" over Co(Q)), the following are equivalent.

(i) T is an AM lattice module over Cy(Q) with property (m-).

(ii) T is a Uy(Q)-normed lattice module.

Moreover, if this assertion holds, then the lattice Uy (Q))-valued norm is unique and
given by

|s|(x) :=inf{||fs]| : f € Co(Q)4+ with f(x) =1} (xe€Q,seT).
Proof. (ii) = (i): That a Up(Q)-normed lattice module I is an AM

lattice module readily follows from definition. Indeed, for all f,g &
Co(Q))+ and s € T we have that

[(fVg)sl=IfVgl-lsl
= fls| v glsl.
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Furthermore, since Co(Q) C Up(Q) is an AM-space, it follows that for
all f,g € Co(QA)y ands €T

I[(fV&)sll = IIfls| Vv glsll|
= max(||fsl],[[gs]),
and the first assertion follows from Lemma [2.4.1.1

Moreover, I' satisfies property (m.) (see Definition 2.2.3.1). Indeed,
by the definition of the lattice Uy (Q2)-valued norm, we see that if f €
Co(QY)4 and s € T, then

[flst] = fls|=Ifs| and |fs] = fls| = |fs].

And so, for all f € Cyp(Q))+ and s € T we have that
[1f- Vst = 1f -s[l = [If -5]l.

(i) = (ii): Since an AM-module admits a Uy(Q2)-valued norm (by

Lemma[2.4.1.6) given by
Is|(x) =1inf{||fs|| : f € Co(Q)+ with f(x) =1} (xe€ Q,s€T),

it suffices to show this Uy(Q))-valued norm "agrees" with the "lattice"

structureon I

Now, since I is a Banach lattice module over Cy(Q)) with property

(m4) (see Definition [2.2.3.1), we have that, for all f € Cy(Q))+ and
seT,

[f - st = [1f -sll = [1f -5l]-
In particular, this implies that, for every s € I'and x € (),
Ws = {||fS|| :f S CQ(Q)+ withf(x) = 1} = W5 = Ws
and so, we have that inf W5, = infW; = inf Wy for all s € T and

x € Q). This proves the assertion.
O

The following is an immediate corollary from the above Proposition[2.4.1.9



Stellenbosch University https://scholar.sun.ac.za

CHAPTER 2. ON BANACH LATTICE MODULES OVER A BANACH LATTICE
ALGEBRA 32

Corollary 2.4.1.10. Let Q) be a locally compact space. For a Banach lattice module
T over Cy(Q)), the following are equivalent.

(i) T is an AM m-lattice module over Cop(Q2).

(ii) T is a Uy(Q)-normed m-lattice module.

Moreover, if these assertions hold, then the lattice Uy (Q))-valued norm is unique
and given by

Is|(x) :==1inf {||fs|| : f € Co(QY)+ with f(x) =1} (x€Q,seT).

Now, we can state an example of such a Uy(Q))-normed m-lattice module
serving as motivation.

Example 2.4.1.11. For a topological Banach lattice bundle E over Q, setting |s|(x) :=
lIs(x)]| for x € Qand s € Ty(Q, E) turns To(Q, E) into a Uy(Q)-normed m-

lattice module (see also Example .

2.4.2 AL lattice modules

This type of Banach lattice module is based on the concept of an AL-space
in the Banach module setting as introduced in [29) Definition 2.28, p.38].
Before introducing this, we also recall certain results.

The following lemma, which states an equivalent definition of an AL-module
over Cy(Q)), will be useful.

Lemma 2.4.2.1. [29, Definition 2.28, and Remark 2.29, p. 38] Let I" be a Banach
module over Co(Q2), then the following are equivalent.

(i) T is an AL-module i.e., the submodule Ts = Cy(Q) - s is an AL-space for
eachs € T.

(i) ||(f +9)s|| = |Ifs|| + ||gs]| forall f,g € Co(Q))+ and s € T.

Using these concepts, we introduce the following natural definition.
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Definition 2.4.2.2. Let T be a Banach lattice module over Co(Q)). We call T an
AL lattice module if I is an AL-module, i.e., the submodule I's = W is an
AL-space for each s € T

If T is, in addition, an m-Banach lattice module, we call it an AL m-lattice module.

Analogous to Corollary [2.4.1.3} the following corollary is immediate using
Lemma[2.4.2.1/from above.

Corollary 2.4.2.3. Let T be a Banach lattice module over Co(Q2). If T has property
(m), then Ty is an AL-space if and only if T's is an AL-space if and only if I's is
an AL-space for every s € T.

Remark 2.4.2.4. (i) As in the work of H. Kreidler and S. Siewert, see [21), sec-
ond paragraph on p.20], the space L*(X) can be identified (as a Banach lat-
tice algebra) with Cy(QY) for some locally compact space Q). Indeed, L= (X)
can be seen as a commutative C*-algebra and WLOG as a Banach lattice with
IntL®(X) 4 # @; hence by classical theorems of Gelfand([7, Theorem 1.4.1,
p.11]) and Kakutani (see Appendix [B, Theorem [B.0.0.6), we can obtain this

representation.

(i) So, as in their work, we can also speak of an AM lattice module or an AL
lattice module over L*(X). In this direction, the following is an example of
such an AL m-lattice module serving as motivation for obtaining our repre-
sentation.

Example 2.4.2.5. If E is a measurable Banach lattice bundle over X, then the (quo-
tient) Banach lattice TY(X, E) of its integrable measurable sections is an AL m-
lattice module over L (X) (see also Example|2.4.2.12).

2421 Cy(Q)'-normed lattice module

It is known that an AL-module over Cy(€)) admits an additional lattice
norm structure; namely, an AL-module over Cy(Q)) is also a Cy(Q2)"-normed
module (see [29, Section 2.2.2., p.42]). We recall these results and introduce
an analogous definition for the case of Banach lattice modules.
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Definition 2.4.2.6. (Co(Q)’-normed module) [29, Definition 2.41, p. 43] Let Q)
be a locally compact space and T a Banach module over Co(Q)). A mapping

| [T — Go(Q))

is a Co(Q)’-valued norm if:
@ [llsll| = [ls[l;
(i) |fs| = |f1 - |sl; and

(iii) |s1+ sa| < |s1] + |s2| forall s,s1,s2 € Tand f € Co(Q)).

A Banach module over Cy(Q)) together with a Cy(Q)'-valued norm is called a
Co(QY)'-normed module.

Since Cp(Q2)" is an AL-space, it readily follows that a Cy(())’-normed mod-
ule is an AL- module over Cy(Q2). A more important result about a Co(Q)’-
normed module is that the converse also holds, as the following lemma
shows.

Lemma 2.4.2.7. [29, Proposition 2.42, p.43] Let Q) be a locally compact space. For
a Banach module T over Cy(QY), the following are equivalent.

(i) T is an AL-module over Cy(Q2).
(ii) T isa Co(Q)'-normed module.

Moreover, if these assertions hold, then the Co(Q)) -valued norm is unique and
given by
sI(f) = [Ifsll (f € Go(Q)+, s €T).

Remark 2.4.2.8. (i) For a measurable Banach bundle E over Q), setting | - | :
I'Y(X,E) — LY(X); s = ||s()]| turns TY(X, E) into a L®(X)'-normed
module. Here we note that this is so since L' (X) is canonically embedded in
L*®(X)' (see also [29, paragraph two, p.44]).

(ii) However, for a measurable Banach lattice bundle E over Q, since || Is(-) ||| =
Is()|| = ||s(-)|| for all s € T (X, E); we see that the L*(X)'-valued norm
"agrees” with the "lattice” structure on T (X, E). Inspired by this, we intro-

duce the concept that gives rise to what we call an L= (X)'-normed m-lattice
module in the next definition.
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Definition 2.4.2.9. Let Q) be a locally compact space and T" a Banach lattice module
over Co(QY). A mapping
[ [T — Co(Q)}

is a lattice Co(QY) -valued norm if:
(i [1s1] = [s| =[5l
@) [l[s]|| = [lsl;
(i) |fs| = |f] - [s]; and
(iv) |s1+s2| < |s1| + |s2| forall s,s1,s0 € Tand f € Co(Q).

A Banach lattice module over Cy(Q)) together with a lattice Co(Q)’-valued norm
is called a Co(Q)'-normed lattice module. And if T is, in addition, an m-Banach
lattice module, we call it Cy(Q))'-normed m-lattice module.

By definition, it follows that a Cy(Q))'-normed lattice module necessarily satis-
fies property (m ), and using Lemma we also obtain the following
equivalence.

Proposition 2.4.2.10. Let ) be a locally compact space. For a Banach lattice mod-
ule T over Cy(Q2), the following are equivalent.

(i) T is an AL lattice module over Co( Q) with property (m.).
(i) T is a Co(Q)'-normed lattice module.

Moreover, if these assertions hold, then the lattice Co(Q)’-valued norm is unique
and given by
s|(f) = lIfsll (f € Co(Q)+, s €T).

Proof. (ii) = (i): That a Co(Q))’-normed lattice module T is an
AL module over Cy(Q) readily follows from the definition of a lattice
Co(Q)’-valued norm. Indeed, for all f,g € Co(Q)+ and s € T we have
that
[(f +8)s| = f +gl-s]
— fls| +gls|
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And since Cy(Q))’ is an AL-space, it follows that for all f,g € Co(Q)+
ands €T

1(f +8)sll = [Ifls] + glsl]
= |Ifsll +[lgsl|-

So, the first assertion follows from Lemma[2.4.2.1

Moreover, T satisfies property (m ). Indeed, by the definition of the
lattice Co(Q))’-valued norm, we see that if f € Co(Q)+ and s € T, then

[flsl] = fls|=I[fs| and |fs] = fls| = |fs].

So, forall f € Cp(Q))+ and s € T we have that
[f - st = [If - sl = [1f -5l]-

(i) = (ii): Since an AL-module admits a Cy(Q))’-valued norm (by
Lemma2.4.2.7) given by

sI(f) = [Ifsll (f € ()4, s €T),
it suffices to show this Cy(Q))’-valued norm "agrees" with the "lattice"
structure on I

Now, since I' is a Banach lattice module over Cy(Q)) with property
(m4) (see Definition [2.2.3.1), we have that, for all f € Cy(Q)+ and
seT,

f-Astl=1[1f-sl[ = [If 5]l
which proves the assertion.
O

The following is an immediate corollary from Proposition [2.4.2.10|above.

Corollary 2.4.2.11. Let Q) be a locally compact space. For a Banach lattice module
I over Co(Q)), the following are equivalent.

(i) T is an AL m-lattice module over Cy(Q}).
(i) T is a Co(Q)'-normed m-lattice module.

Moreover, if these assertions hold, then the lattice Co(Q))'-valued norm is unique
and given by
s|(f) = lIfsll (f € Co(Q)+, s €T).
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Now, we can state an important example serving as motivation.

Example 2.4.2.12. For a measurable Banach lattice bundle E over X, setting | - | :
I''(X,E) — LY(X); s + ||s(-)|| turns the Banach lattice T*(X,E) into an
L®(X)'-normed m-lattice module. Here, we note again that, this is so since L' (X)

is embedded in L*®°(X)' (see also Example|2.4.2.5).

2.4.2.2 L'(X)-normed lattice modules

Remark 2.4.2.13. As noted in [29, paragraph after Proposition 2.42, p.43]
(see also [21, Example 5.10 p.24]), an AL-module over L*(X) can only be
isometrically isomorphic to T'(X, E) for some measurable Banach bundle E
over a measure space X if the L®(X) -valued norm takes values in (the
canonical image of) L' (X). This observation leads to the following definition.

Definition 2.4.2.14. (L' (X)-normed module) [29, Definition 2.44, p.45] Let X be
a measure space. An L*(X)’-normed module T is called an L'(X)-normed module
if |s| € LY(X) for every s € T.

Since, for a measurable Banach bundle E over the measure space X, the
Banach space I'' (X, E) is actually an L!(X)-normed module with respect to
the above definition, we introduce the following natural definition for the
case of a measurable Banach lattice bundle.

Definition 2.4.2.15. Let X be a measure space. An L®(X)'-normed lattice module
T is called an L'(X)-normed lattice module if |s| € L'(X) for every s € T.

If T is, in addition, an m-Banach lattice module, then we call it an Ll(X )-normed
m-lattice module.

An immediate example is the following serving as motivation.

Example 2.4.2.16. For a measurable Banach lattice bundle E over X, setting | - | :
I (X,E) — LY(X); s + ||s(-)|| turns the Banach lattice T*(X,E) into an
LY (X)-normed m-lattice module.



Stellenbosch University https://scholar.sun.ac.za

CHAPTER 2. ON BANACH LATTICE MODULES OVER A BANACH LATTICE
ALGEBRA 38
Similar to [21} Definition 5.8, p.23] in the case of Banach modules; we make

the following definition in order to capture the general notion of Cy(Q)’-
normed lattice module which we introduce in Definition[2.4.2.9

Definition 2.4.2.17. Let I' be a Banach lattice module over a commutative Banach
lattice algebra L. Moreover, let L', be the positive cone of the Banach dual L’ of L.
A mapping
n:T— L,
is a lattice L'-valued norm if:
(i) n(1sl) =n(s) =n(s);

@) [|n(s)[| = |lsl];

(iii) n(f-s) = |f|-n(s); and

(iv) n(s1+s2) < n(s1) +n(sy) foralls,sy,sp € Tand f € L.

A Banach lattice module over L together with a lattice L’-valued norm will
be called an L’-normed lattice module. And if T is, in addition, m-Banach
lattice module, we call it an L'-normed m-lattice module.

2.5 More on Banach lattice modules over a

Banach lattice algebra

In this Section, we introduce and consider several notions about a Banach
lattice module over a Banach lattice algebra. Many of these notions which
are also important for our study include: Sub-lattice algebras and lattice al-
gebra ideals (see Subsection 2.5.1), Lattice submodules and Ideal submodules
(see Subsection[2.5.2), Quotient spaces of Banach lattice module (see Subsection
2.5.3), Dual Banach lattice modules (see Subsection [2.5.4)), Banach lattice mod-
ules and lattice isomorphisms (see Subsection [2.5.5), and Banach lattice modules
and lattice ideals (see Subsection [2.5.6)).

Throughout this Section, by a Banach lattice algebra L, we mean a commu-
tative Banach lattice algebra, () a locally compact space, K will be a com-
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pact space and X := (Qyx, Xx, ux) will be a complete positive o-finite mea-
sure space. As always, by m-Banach lattice module over L, we mean an
m-Banach lattice module over the m-BLA L (see Definition [2.2.2.4)).

2.5.1 Sub-lattice algebras and lattice algebra ideals

In this Subsection, we introduce the notions of a sub-lattice algebra and a
lattice algebra ideal of L, a Banach lattice algebra (BLA).

Definition 2.5.1.1. Let L be a Banach lattice algebra. A subspace M C L will be
called a sub-lattice algebra if the following hold; for all f,g € M

(i) fg € M, and
(i) |fl,fe M.

It is clear that a sub-lattice algebra is both a subalgebra and a sublattice. Moreover
M is again a BLA if and only if M C L is a closed subspace; and in that case, we
call M a Banach sub-lattice algebra of L.

Definition 2.5.1.2. Let L be a Banach lattice algebra. A subspace N C L will be
called a lattice algebra ideal if the following hold; for all f € N,and m € L

(i) mf € N, and
(ii) Iml < |fl = m € N.

Also, we see here that a lattice algebra ideal is both an algebra ideal and a
lattice ideal. Furthermore, in the case where N C L is closed, we call N a
closed lattice algebra ideal of L.

Example 2.5.1.3. (i) If L = C(K); we know that every closed lattice ideal is
precisely a closed algebra ideal, i.e., of the form I 4 := {f €C(K): fla= O}
for some closed subspace A C K (see [10, Remark 7.11 (iii), p.124]).

(ii) If L = L*®(X); a set of the form

IAI:{fELOO(X)IﬂA/\lf| =0 <~ |f|/\ﬂ§ﬂAc <~ Ag[f:()]}

for some A € Xx is a closed lattice algebra ideal. However, it should be noted
that even a lattice ideal in L*(X) is not always of this form, unless L*(X)
is finite-dimensional (see [10, Remark 7.11 (i), p.124]).
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In the following proposition, we note an instance of a closed lattice algebra
ideal when L = Cy(Q)).

Proposition 2.5.1.4. Let L = Cy(Q). For each x € Q), the set of the form

Axi=A{f € Co(Q): f(x) = 0}

is a Banach sub-lattice algebra. In particular, Ay is a closed lattice algebra ideal of
Co(Q).

Proof. Let x € Q) be fixed. Since {x} is closed in ), by Example 2.5.1.3(i),
it follows that Ay is a closed lattice ideal and closed algebra ideal of Cy(Q2),
hence the assertion holds. Indeed, clearly Ay is a closed sublattice and sub-
algebra and for all ¢ € Cyp(Q)) and f € Ay; we have that

(i) gf € Ay since (gf)(x) = g(x)f(x) =0, and
() gl <Ifl = g€ Aysince Igl(x) < Ifl(x)=0.

2.5.2 Lattice submodules and Ideal submodules

In this Subsection, we introduce the concept of lattice submodules and ideal
submodules of a Banach lattice module I" over a subspace of a Banach lattice
algebra L.

Definition 2.5.2.1. Let N C L be a subspace. A lattice submodule over N is a
subspace A C T such that the following hold: forall f € Nands € A

(i) fs € A\, and
(i) 1sl,s € A.

A lattice submodule over N will also be called an N-lattice submodule of I'. More-
ovet, in the case where N = L and A C T is a closed subspace, A is called a Banach
lattice submodule of T'.

Remark 2.5.2.2. (i) Itisclear that, if A is a Banach lattice submodule of T, then
it is a Banach lattice module over L.

(ii) Furthermore, if N is a Banach sub-lattice algebra, then a closed N-lattice
submodule of I is also a Banach lattice module over N.
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Definition 2.5.2.3. Let N C L be a subspace. An ideal submodule over N is a
subspace Ir C T such that the following holds. Forall f € N,s € Irandr €T,

(i) fs € Ir,and
(i) Irl < Isl = relr.

An ideal submodule over N will also be called an N-ideal submodule of I'. More-
over, in the case where N = L, and It C T is a closed subspace, Ir is called a closed
ideal submodule of T

Remark 2.5.2.4. (i) We note here that, since every lattice ideal is also a sublat-
tice, if It is an N-ideal submodule of T', then it is, in particular, an N-lattice
submodule of T

(ii) So, every closed ideal submodule of T is also a Banach lattice submodule of T

We note an instance of a Banach lattice submodule of I' in the following
proposition in the case where L = Cy(Q).

Proposition 2.5.2.5. Let I' be an m-BLM over Cy(Q)) and let x € Q) be fixed.
Then, the following hold.

(A) The set of the form
Jo :=1lin{fs: f € Co(Q) with f(x) =0ands € T'}

is a Banach lattice submodule of I'. In particular, Jy is Ay-lattice submodule

of Tand ]y =lin{fs: f € Ayands € T} where Ay := {f € Co(Q) : f(x) = 0}.

(B) If, in addition, T is a Uy (Q))-normed lattice module, then the set of the form
Iy:={sel:|s|(x) =0}

is a closed ideal submodule of T. In this case, |, C I'y and Iy is, in particular,
an Ax-ideal submodule of T'.

Proof. (A) For fixed x € Q, if we take A, := {f € Co(Q) : f(x) =0} asin
Proposition we first show that J, is a lattice submodule over
the Banach lattice algebra Ay, i.e., for any ¢ € Ay and r € ], we have
that gr € Jyand 7, I7] € J,. Indeed, if, WLOG, r = fs for some
f € Ax,and s € I', we have that
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(B)

(i) gr = (gf)s € Jx since ¢f € Ay, and
(i) 171 = 1fsl = 1fllsl € Jyand7 = fs € ], since | fI,f € A,.

This shows that |, is a closed lattice submodule over Ay, since [, is
closed by definition. Moreover, [y = lin{fs: f € Ayand s € T} also
by definition.

Now, since Ay is, in particular, a closed lattice algebra ideal of Cy(Q2),
we can conclude that [, is a Banach lattice submodule of T'.

If, in addition, T is a Up(Q))-normed lattice module (see Definition
2.41.38),ie., I'isa Uy(Q)-normed m-lattice module, we first show that
I, is lattice submodule over Cy(Q). Indeed, Ty is a subspace of T, and
for any f € Co(Q)) and s € I'y, we have that

(i) fs e I'ysince |fs|(x) = |f]|(x)]s|(x) =0, and
(i) Isl,s €Ty, since |lsl|(x) = [s](x) = |s|(x) = 0.

Moreover, T'y is a closed subspace of I'. Indeed, if (sy)nen C Ty
is a sequence converging to s € I', which is the case if and only if
the sequence (|su|)nen € Up(Q)+ converges to |s| € Up(QY)4, then
|su|(x) = 0 for all n € N implies that |s|(x) = 0, i.e., s € Ty.

Next, we show that I'y is a lattice ideal of I'. Indeed, if s, € T and
s € Ty, then Is,| < Isl| implies that [so|(x) = |Isol|(x) < [Is]]|(x) =
s|(x) =0,1ie.,s, € I'y.

Thus, I'y is a closed ideal submodule of T'.

Finally, if, WLOG, r = fs € ], for some f € Ay, and s € T, then
I7[(x) = |f|(x)|s|(x) = 0 implies that r € T'x. Hence, Jx C I'y and the
assertion is proved.

O

2.5.3 Quotient Spaces of a Banach lattice module

In this Subsection, we identify certain quotient spaces of a Banach lattice

module I" over a commutative BLA L.

Proposition 2.5.3.1. Let N C L be a closed algebra ideal, and A C T a closed
N-submodule of . Then the following hold.
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(i) The Banach space I/ A is a Banach module over the quotient algebra L/ N;
where the action of L/ N on I'/ A is characterised by the identity

(f+N)-(s+A):=fs+A

forall f € Lands € T.

(ii) The Banach module I/ A over L/ N is a Banach lattice module over the quo-
tient lattice algebra L/ N if, in addition, N and A are lattice ideals of L and
I" respectively, i.e., N C L is a closed lattice algebra ideal, and A is a closed
N-ideal submodule of T'.

In this case, the quotient maps p : L — L/Nandq : T — T'/A are
lattice homomorphisms. In addition, pf = pf and gs = gs for all f € L and
sel.

Moreover, if I is an m-Banach lattice module over L, then I'/ A is also an
m-Banach lattice module over L/ N,

Proof. (i) Since I' is non-degenerate (see Subsection we have that
A =lin {fs: f € Nands € A}. By [20, Proposition 2.2, p.144] we ob-
tain that the Banach space I'/ A is a Banach module over the quotient
algebra L/ N as claimed. This, in particular, implies that

[Ifs + Al < [If + N[lls + All

forall f € Lands eT.

(ii) Since N and A are lattice ideals of L and I, respectively; the quo-
tient lattices L/N and I'/A are, in addition, Banach lattices, where
the lattice structures are defined canonically such that quotient maps
p:L — L/Nandg: I — I'/A are lattice homomorphisms and
pf =pf,and gs = gsforall f € Land s € T (cf. [28| Proposition 5.4,
p-85]). That is, we have that

|f+NIl:=Ifl+Nand f+ N:=f+N,and
Is+ Al :==1Isl +Aand s+ A:=5+A

forall f € Lands €T.
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It follows immediately that L/ N is a Banach lattice algebra, since
[(f+N)(g+N)I =1fgl + N<IfllIgl+N=1f+NIllg+ NI

for all f,g € L (see Appendix|A} Note and Definition |A.1.0.3).
Moreover, I'/ A is a Banach lattice module over the Banach lattice al-
gebra L/ N, since

L(F+N)-(s+A)l =1fsl +A<Ifllsl+A=1f+NI-ls+Al

forall f € L and s € I (see Definition 2.2.1.1}and Note 2.2.1.2).

Finally, from the above consideration, it follows that I'/A is an m-
Banach lattice module over L/N if I' is an m-Banach lattice module
over L.

[

Combining Propositions 2.5.2.5,2.5.3.1/and [2.4.1.10| we have the following.

Corollary 2.5.3.2. Let I be an m-BLM over Cy(Q)) and let x € Q) be fixed. Then
the following hold.

(A) Let Jy:=lin{fs: f € Ayands € T} where Ay := {f € Co(Q) : f(x) =0}.
Then, the Banach space I'/ | is a Banach module over the quotient algebra
Co(Q) / Ax; where the action of Co(Q))/ Ax on T/ ]y is given by the identity

(f+Ax) - (s+Tx) := fs+

forall f € Co(Q)) ands € T.
Moreover, || fs + Ju|| < ||f + Axlllls + Jx|[ and || f + Ax[| = |f|(x) for all
feCy(Q))ands €T.

(B) If, in addition, T is a Uy (Q))-normed lattice module, and

I[y:={seTl:|s|(x) =0},

then the quotient lattice I' /Ty is an m-Banach lattice module over the quo-
tient lattice algebra Co(Q))/ Ax.

Moreover, the quotient maps py : Co(Q) — Co(Q)/Axand g, : T —>

[ /T, are lattice homomorphisms, and pxf = pxf and g,5 = Gys for all
feCy(Q))ands €T.
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In this case, ||s + Tx|| = |s|(x) = ||s + Jx|| for all s € T, and the mapping
e T/ Jx — T/Ty; s+ Jx = s+ T
is a surjective isometry of Banach modules over Co(Q))/ Ax.

Proof. (A) By Proposition [2.5.2.5(A), ], is, in particular, an A,-lattice sub-
module of T'. Since Ay is a closed algebra ideal of Cy(Q2), by Proposi-
tion [2.5.3.1{(i), we obtain that the Banach space I'/ ], is a Banach mod-
ule over the quotient algebra Cy(Q)) / Ay; where the action of Cy(Q)) / Ax
onI'/]y is given by the identity

(f+Ax) - (s+]x) := fs +

which implies that ||fs + Jx|| < ||f + Ax||||s + Jx|| for all f € Co(Q2)
and s € I'. Finally, since Ay is the kernel of dirac functional &, :
Co(Q)) — K;f — f(x), by [20, Lemma 1.3, p.139], we have that
£ + Asl| = [f](x) forall f € Co(€Q).

(B) By Proposition 2.5.2.5(B), I, is, in particular, a closed Ay-ideal sub-
module of I'. Since Ay is a closed lattice algebra ideal of Cy(Q2), by
Proposition [2.5.3.1{ii), we obtain that the Banach module I'/T, over
the quotient lattice algebra Cy(Q2)/ Ay is an m-Banach lattice module
over Co(Q)/Ax. It follows that the quotient maps py : Co(QQ) —
Co(Q)/Ax and gy : T — T'/Ty are lattice homomorphisms. More-
over, pxf = pxf and g5 = s forall f € Co(Q) and s € T.

To prove the last assertion, we proceed in the following manner. We
first note that ], C I'y (see Proposition[2.5.2.5(B)).

(@) The mapping 7ty : I'/Jx — I'/T'y; s+ Jx — s + I'y is a surjec-
tive Co(Q)) / Ax-module homomorphism. Indeed, we first show that it
is well-defined. Forsy,sp € I, 51+ [y =so+ Jx <= sy —5s1 € Jx C Ty
implies that s; + 1y = sp 4+ I'y as required. Moreover, it is clearly
a surjective and linear mapping, and we have that 77, (fs + Jy) =
(f + Ay) - tx(s + Jx) forall f € Cp(Q)),and s € T.

(b) We claim that for each s € T, [s|(x) = ||s 4+ Tx||. Indeed, for
each s € T', we have that

|s|(x) §inf{sup|s—|—r|(y) T Gl"x} =inf{||s+7r||:7 €Ty} = |[s+Tyl|
yeQ
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which implies that |s|(x) = 0 if and only if ||s 4+ I'y|| = 0. Hence, the
assertion holds.

(c) Finally, we claim that ||s + I'x|| = ||s + Jx|| for each s € T.
Indeed, since

(@) lin{fs,: f € Ayands, €T} C Jy C Ty, and

(i) {Ilgs]|: g € Co(Q)4, g(x) =1} € {Ils + fsoll: f € Ay, 5, €T}
for each s € T', we have that

[s](x) = [Is + Tx||

inf{||s+r||:reTy}
inf{||s+7r||:r€ ]}
s + Jxl|
inf{||s+ fso|| : f € Axand s, € T'}
<inf{||gs|| : g € Co(Q)4, with g(x) =1}

IN

IN

for each s € T, which, by the uniqueness of lattice Up(Q))-normed
value (see Proposition 2.4.1.10) implies that

[5/(x) = [ls + L[ = [Is + Jxl|

Thus, the mapping 7ty : I'/ Jx — I'/T'y; s+ Jx — s 4 I'y is a surjective
isometry of Banach modules over Cy(Q)/ Ay.
[

2.5.4 Dual Banach lattice modules

We seek here to obtain a certain duality between a Banach lattice module
I over Co(Q)) and the corresponding dual Banach lattice module I’ over
Co(€)) analogous to the situation in [21], Proposition 4.17, p.21] for Banach
modules over Cy(Q2). In this direction, we first show that the continuous Ba-
nach dual space I" of a Banach lattice module over Cy((}) is again a Banach
lattice module over Cy(Q)) (see Proposition which we call the dual
Banach lattice module.

Furthermore, using their result (see Lemma [2.5.4.2), we obtain certain du-
ality results between a Banach lattice module I' over Cy(Q)) and its dual
Banach lattice module I over Cy(Q) (see Proposition 2.5.4.3).
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2.5.4.1 Dual Banach lattice module over Cy(QQ)

Here, we consider the continuous Banach dual space I” of a Banach lattice
module I" over Cy(Q2). We use the notation Br to represent the unit ball of a
Banach space I'. (c.f. [2, C.I. 3, p.238-239] ; [29] Definition 2.32, p.39] ; [28, 1L
Section 11, p.133-137]).

We now list a few observations.

(A) Since T is a Banach lattice, I coincides with its order dual which is
an (order complete) Banach lattice with positive cone (consisting of
positive continuous functionals)

d
r;:z{s’er’:s’zo FEN s’(s)20Vs€F+}.

In the real case, for any s’ € I", its absolute value |s’'l € T, is defined

1s"1(s) :=sup {s'(h) : I1hl <s, heT} (seTly).

Moreover, if I' = I'r @ iR is complex, then we can identify T" =
'k @ il'g with the real ordered closed subspace (consisting of real con-
tinuous functionals )

d
IR = {s’ €T’ ¢ isreal <L s'(s) e RVs e FJR}.
Now, for any s’ € I”, its modulus |s’| € T’_ can be defined as
Is"1(s) :=sup {|s'(h)| : Ikl <s, heT} (seTly).
More important, we can observe the following 'duality’;
)Ty ={sel:s'(s) >0Vs €I’ },and
(i) Tr ={seTl:s(s) e RVs €Ty}

(B) Since T is a Banach module over Cy(Q)), the Banach lattice I’ can
canonically be turned into a module over Cy(QQ), via

Co(Q) xI" — T (f,s') — f-s":==[s = s (f-s)].
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It is clear that T” is a Cy(Q)- module. Moreover, ||f -s|| < ||f||||s]| for
all f € Cp(Q)) and s € T implies that if s € Br, then f -s € ||f||Br; so
that

1F -l =sup [IS(F-s)ll < sup IS < 1A'
s€Br s€||fI[Br

Hence, I" is also a Banach module over Cy(Q)).

(C) Now, since T is a Banach lattice module over Cy(Q2), we claim that
I is also a Banach lattice module over Cy(Q)). This can be seen by
observing the following.

Q) If f € Co(Q)rand s’ € T’ then (f-s')(s) =s'(f-s) > 0forall
s € T4 since f-s € T'y. This implies f - s’ € T’ , i.e,, module ‘product’
of positive elements is again positive.

(i) If f € Co(Q,R) and s' € T, then (f-s')(s) = s'(f-s) € R
forall s € T'gr since f -s € I'r. And this also implies f - s’ € T}, i.e.,

module "product’ of real elements is again real.

Hence, I" is a Banach lattice module over C, (Q) (see Definition|2.2.1.1).

We put all the preceding information together in the following proposition.

Proposition 2.5.4.1. Let ' be a Banach lattice module over Co(Q)). Then the
following hold.

(i) The Banach dual T' is an (order complete) Banach lattice with positive cone

(consisting of positive continuous functionals)
d
I = {s’ef’:s’zo FEN s'(s) 20V56F+}.

(ii) The Banach lattice " becomes a Banach module over Cy(Q)) under the canon-
ical mapping (f -s')(s) :=s'(f-s) forall f € Co(Q),s € Tands' € T".

(iii) f € Co(Q)4 and s’ € T’ implies f -s' € T’ ; and also, f € Co(Q), R) and
s’ € T implies f -s' € T.

In particular, the Banach dual T’ is an order complete Banach lattice module over
Co(Q)), called the dual Banach lattice module.
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Proof. Assertions (i), (ii) and (iii) follow from preceding considerations (A),
(B) and (C), respectively, of Subsection which conclusively implies
that the Banach dual I is an order complete Banach lattice and also a Banach
lattice module over Cy(Q)), which we call the dual Banach lattice module. [

2.5.4.2 Duality between AM- and AL- lattice modules over Cy(Q2)

The following lemma will be important for this consideration (see also [6}
Theorem 5, p.622]).

Lemma 2.5.4.2. [21}, Proposition 4.17, p.21] Let Q) be a locally compact space and
[ a Banach module over Co(Q)). Furthermore, let T be the dual Banach module
over Co(Q)). Then the following hold.

(i) T is an AM-module if and only if T is an AL-module.

(ii) T is an AL-module if and only if T' is an AM-module.

Combining Proposition 2.5.4.1, Lemma [2.5.4.2| with Definitions and
we present our duality results.

Proposition 2.5.4.3. Let ) be a locally compact space and I' a Banach lattice mod-
ule over Co(QY). Furthermore, let T be the dual Banach lattice module over Co(Q2).
Then the following hold.
(A) The following are equivalent:
(i) I is an AM lattice module.

(ii) T is an order complete AL lattice module.

(B) The following are equivalent:
(i) I'is an AL lattice module.

(ii) T' is an order complete AM lattice module.

Proof. (A) Since, by Proposition 2.5.4.1} the dual Banach lattice module I”
is always an order complete Banach lattice, the equivalence (i) < (ii)
follows from Lemma [2.5.4.2(31).

(B) Similar to (A) above, by Lemma [2.5.4.2(ii), the equivalence (i) < (ii)
follows .
]
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2.5.5 Banach lattice modules and lattice isomorphisms

In this Subsection, we consider lattice isomorphisms of a Banach lattice
module I' over Cy(Q) with Q) a locally compact space. In particular, we
claim that every lattice isomorphism determines a unique lattice module
isomorphism in the following way.

Proposition 2.5.5.1. Let T be a Banach lattice module over Cy(Q). Furthermore,
let A be an arbitrary Banach lattice. Then, the following are equivalent:

(i) i: T — A is an isomorphism of Banach lattices.

(ii) i: T — A is an isomorphism of Banach lattice modules over Cy(Q2).

Moreover, if this assertion holds, T' is an m-Banach lattice module over Cy(Q)) if
and only if A is an m-Banach lattice module over Cy(Q).

Proof.
Clearly (ii) = (i) (see Remark 2.3.2.2(iii)).

Now assume (i) holds. We claim that A can canonically be turned into a
Banach module over Cy(Q2) for which i : T — A becomes module isomor-
phism. To do this, we consider the following.

(a) Since i : I' — A is a bijection; for each s € T, the pairing

Co(Q) x A — A; (f,is) — f-is:=i(f-s)

turn A into Cyp(Q))-module, and i : T — A into module homomor-
phism.

(b) Since i : I' — A is a surjective isometry, for every f € Co(Q2) and
seT,

[1f - isll = 1[i(f =)l = [1f-sll < [ f[Is]] = I lis]]

implies that A is a Banach module over Cy(Q).

(c) Since the restriction i : 'y — A is also a bijection, it follows that if
feCy()yands €Ty, then f-is =i(f-s) € A4, ie. the module
‘product” of positive elements is again positive. In the complex case,
since the restriction i : ' — AR is again a bijection, it follows that
if f € Co(O,R) and s € TR, then f-is = i(f-s) € A, i.e., the
module "product’ of real elements is again real.
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Hence, A is a Banach lattice module over Cy(Q}) (see Definition[2.2.1.1). This
implies (ii).

Moreover, since i : I' — A is a lattice module isomorphism, and observing
that, for each f € Cp(Q)) and s €T,

|feisl = 1f1-lisl < If-sl =1fl-1Isl

implies that the last assertion holds. O

From the last assertion of the above proposition, the following is an immedi-
ate corollary. That is, our concept of an m-Banach lattice module is invariant
under lattice module isomorphism.

Corollary 2.5.5.2. Let I and A be Banach lattice modules over Co(Q). Ifi : T —
A is lattice module isomorphism, then T is an m-Banach lattice module over Co(Q))
if and only if A is an m-Banach lattice module over Cy(().

Using the above result in Proposition [2.5.5.1|and the duality between AM-
spaces with unit and AL-spaces (see [28| Proposition 9.1 p.121]), we obtain
the following result.

Proposition 2.5.5.3. Let T be a unitary Banach lattice module over C(K) with K
compact, and T' the dual Banach lattice module over C(K). Then, the following are
equivalent.

(i) The interior IntI' | is non-empty.

(ii) T is isometrically lattice module isomorphic to C(Q) for some compact space

Q.

(iii) T is isometrically lattice module isomorphic to L'(Y) for some o-finite mea-
sure space Y.

Proof. (i) == (ii): Assume the interior IntI'; # @. By Appendix
(Theorem [B.0.0.6), WLOG we can find a compact space Q such that
i : T — C(Q) is an isomorphism of Banach lattices. Furthermore,
by Proposition[2.5.5.1} we obtain that C(Q) is a Banach lattice module
over C(K), and i : ' — C(Q) is an isomorphism of Banach lattice
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modules over C(K). In particular, i : T — C(Q) is an isometric lattice

module isomorphism.

(ii) = (iii): ThatT = C(Q) as Banach lattices, in particular, implies
that I' is an AM-space with unit. As such the dual Banach lattice I" is
an AL-space, ie., ||s'+7'|| = ||s|| + ||/|| forevery s’,#" € T’ . Now, by
the representation theorem of AL-space (see [28, , Theorem 8.5, p.114])
we can find a o-finite measure space Y, such that j : I’ — L}(Y) is an
isomorphism of Banach lattices. By Proposition we obtain that
L(Y) is a Banach lattice module over C(K),and j : I’ — L(Y) is an
isomorphism of Banach lattice modules over C(K). Thus, j : I' —
L(Y) is an isometric lattice module isomorphism.
(iii) = (i): ThatT” = L}(Y) as Banach lattices, in particular, implies
that I is an AL-space. As such, the double dual Banach lattice I'” is
an AM-space with unit. Since I' < T” is an isometry embedding, it
necessarily follows that I' is also an AM-space with unit. Hence, the
interior IntI'} is non-empty.

[l

2.5.6 Banach lattice modules and lattice ideals

In this Subsection, we consider lattice ideals of a unitary m-Banach lattice
module I over C(K) with K compact (see Remark[2.2.4.2). In particular, we
claim that, every (closed) lattice ideal of I' is a (closed) ideal submodule of
I' in the next proposition. To this end, the following lemma will be useful.

Lemma 2.5.6.1. Let I be an m-BLM over L. Then, the following hold, for any
f,.e€Lyands,rel,.

(i) f < gimplies fs < gs.
(ii) s < rimplies fs < fr.
(iii) f < gands < rimplies fs < gr.

Proof. (i) Considering |gs — fs| = 1(g— f)sl= 1g— fls, it follows that
gs—fs>0ifg—f >0.
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(ii) Similarly, considering | fr — fsl = 1f(r—s)l=flr —sl,italso follows
that fr — fs > 0ifr —s > 0.

(iii) Combining (i) and (ii), it follows that fs < gs < gr.
O

Proposition 2.5.6.2. Let T be a unitary m-Banach lattice module over C(K) with
K compact. Then, the following are equivalent.

(i) Ir C T isa (closed) lattice ideal of T
(ii) Ir C T isa (closed) ideal submodule of T".
Proof. Clearly (ii) == (i) by definition (see Definition [2.5.2.3).

Now assume (i) holds. We claim that fs € I for all f € C(K) and
s € Ir. Indeed, forany f € C(K) and s € Ir,

| £1 <||f]|1g implies that | fs| = | f11sl <||f||1k|s| by Lemma
2.5.6.1 Now, since I' is unitary (see Remark [2.2.4.2) and It is a lattice
ideal,

| fsI <||f]|Is] € Ir implies that fs € Ir as required.
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Chapter 3

Positive semiflows on topological
Banach lattice bundles

3.1 Introduction

In this chapter, we introduce the notions of topological Banach lattice bundles
(see Section [3.2)), the spaces of their continuous sections (see Section [3.3),
morphisms of these Banach lattice bundles (see Section [3.4), and their rep-
resentation theories (see Section [3.5). Moreover, in Section we further
our consideration on the Banach lattice of continuous sections vanishing
at infinity associated with a topological Banach lattice bundle over a locally
compact space.

We start in Section 3.2 with our definition of a topological Banach lattice bun-
dle E over a locally compact space ) (see Definition [3.2.0.1)). In Section
we study the Banach space I'o(Q), E) of its continuous sections vanishing at
infinity, which becomes a Banach lattice (see Proposition [3.3.0.2).

In Section 3.4} we introduce two notions of morphisms between two Banach
lattice bundles E and F over (): namely, a positive Banach lattice bundle
morphism over a continuous map ¢ : O — Q) (see Definition and
a Banach lattice bundle morphism over a continuous map ¢ : (3 — () (see
Remark [3.4.0.3[iii)). In (Definition Remark [3.4.0.6[(iii), we introduce
the notion of a (positive) S-dynamical Banach lattice bundle (E, ®) over a
topological G-dynamical system (€, ¢), and we call ® = (Dg)qcs a (positive)
semiflow on E over the flow ¢ = (¢g)gcc on Q.

54
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In Section we obtain that every (positive) S-dynamical topological Ba-
nach lattice bundle (E, ®) ove a G-dynamical system (2, ¢) induces a (pos-
itive) S-dynamical Banach lattice module (I'o(€), E), Te) over the Koopman
group representation (Co(Q2), T,,) (see Remark[3.5.0.1(v) and also Chapter|[2}
Example 2.3.4.3(i)). We call To = To(g)ges the (positive) weighted Koop-
man semigroup representation on I'g(Q, E) over the Koopman group T, =
(Ty(g))gec induced by (E, @). Moreover, we obtain the abstract represen-
tation of the Banach lattice I'g(Q), E) of continuous sections vanishing at in-
tinity of a topological Banach lattice bundle E over a locally compact space
() as what we call an AM m-lattice module over the Banach lattice algebra
Co(Q)) (see Appendix D} Question Remark [3.5.0.1{ii) and Proposi-
tion [3.5.0.9). Moreover, as one major result of our study, every (positive)
S-dynamical AM m-lattice module over the Koopman group (Co(Q), T.,)
can be assigned uniquely to a (positive) S-dynamical topological Banach lat-
tice bundle (E, ®) over a G-dynamical system (Q), ¢) and vice versa (see
also Appendix [D] Proposition [D.1.0.3). This is our Gelfand-type theorem
for dynamical AM m-lattice modules (see Theorem and Corollary

3.5.0.12).

In the last Section we further our consideration on the Banach lattice
['o(Q), E) of continuous sections (vanishing at infinity) of a topological Ba-
nach lattice bundle E over a (locally) compact space (). We introduce the
notions of a (Banach) lattice subbundle and a (closed) ideal subbundle of E

(see Definitions 3.6.1.1|and 3.6.3.1|respectively). As major results, we obtain

a certain correspondence between the notions of Banach lattice subbundles
of E and Banach lattice submodules of I'(K, E) (see Proposition and
as well as a correspondence between the notions of closed ideal subbundles
of E and closed ideal submodules of I'(K, E) (see Corollary 3.6.3.4). In Sub-
section[3.6.4, we introduce and obtain a certain correspondence between the
notions of direct sums (see Subsection [3.6.2) and decompositions of positive
semiflows on two topological Banach lattice bundles E and F over a compact
space K, and the direct sum of two positive weighted Koopman semigroups
on the direct sum of the two AM m-lattice modules I'(K, E) and TI'(K, F).
These concepts, in particular, are proven very useful in our consideration
of asymptotics of positive weighted Koopman semigroups treated in Ap-
pendix |[E,. We conclude the Section with two other considerations. One is
about certain order structures: namely, non-emptiness of the positive cone,



Stellenbosch University https://scholar.sun.ac.za

CHAPTER 3. POSITIVE SEMIFLOWS ON TOPOLOGICAL BANACH LATTICE
BUNDLES 56

(0-) order completeness, and order continuity of the norm of the Banach
lattice I'o(Q), E) in Subsection which also appeared in Chapter [4} and
the other, which is also of independent interest, is the characterisation of the
so-called centre of this Banach lattice (see Subsection [3.6.6)).

3.2 Topological Banach lattice bundles

In this Section, we introduce our definition of a topological Banach lattice
bundle. Every locally compact space is assumed to be Hausdorff. See [29,
Chapter 1; Section 1.1, p.11-12] for the notion of a topological Banach bundle.
See also [[16, note on p.299E| and [23] Section 1 and 2, p.41-42].

Definition 3.2.0.1. Let E be a topological space (the total space), () a locally com-
pact space (the base space), and pg : E — Q) a continuous, open, and surjective
mapping (bundle projection). Then the triple (E, (), pg), denoted by pg : E — Q),
is called a topological Banach lattice bundle over Q) if the following conditions are
satisfied.

(i) Foreach x € Q, the fiber Ex := p'(x) is a Banach lattice.
(ii) The mappings
+:ExXqE—E, (uv)~— M+EpE(v) v,

-t KXE—E, (Av)— AE, (7

are continuous where E X E := UycqEx X Ex C E X E is equipped with
the subspace topology.

(iii) The mapping (bundle norm)

I-11:E— Ry, o olle,,

is upper semicontinuous.

!We note that there is a slight difference in their definition (of a topological bundle of
Banach lattices, which we call a topological Banach lattice bundle for brevity) to ours, but
each of our Banach lattice bundles canonically defines a fopological bundle of Banach lattices
according to their definition having the same space of continuous sections.
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(iv) The mapping (bundle modulus)

l-1:E—E, v~ lvlg
PE(©)

1S continuous.

(v) For each x € Q) and each open set W C E containing zero Oy € Ey, there
exist € > 0 and an open set U C Q) such that

{oepeW) | Ilolle, ., <ef CW.

If, in addition, the bundle norm || - || in (iii) above is continuous, then pg : E —
Q) is called a continuous topological Banach lattice bundle over ().

Note 3.2.0.2. (i) If no confusion arises, we say E is a topological Banach lattice
bundle over (), while we mean pg : E — Q) or simply p : E — ).

(ii) Moreover, the only additional properties we added to the definition of a topo-
logical Banach bundle as defined in [29, Chapter 1, Definition 1.1, p.11] in
our setting of topological Banach lattice bundle is that:

(a) each fiber is a Banach lattice instead of a Banach space; and
(b) the continuity of the "bundle modulus”.

Thus every topological Banach lattice bundle is, in particular, a topological
Banach bundle in our situation.

3.3 The space of continuous sections

A topological Banach lattice bundle induces a natural ordered vector space.

Definition 3.3.0.1. Let pg : E — Q) be a topological Banach lattice bundle over
Q). The vector space of its continuous sections is given by

[(OE):={s:Q — E|pgos=Idq, siscontinuous}

endowed with pointwise addition and pointwise scalar multiplication. Now, con-
sider its linear subspace of continuous sections vanishing at infinity, defined by

[o(OE):={seT(QE)|Ve>0, 3 compact subset K, C Q)
such that ||s(x)||g, <eVx € Q\ K, }

which becomes a Banach space when equipped with the sup-norm
1112 To(Q E) — Re; s = sup,cq |[s(¥)] |,
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Defining for each s € T'o(Q), E) the mapping
Isl : Q) — E; x = Is(x) I g

it follows from the continuity of the "bundle modulus" that this mapping is
continuous, and hence it is a continuous section. Moreover, it easily follows
that || Is1|| = ||s|| for any s € T'o(), E).

If K = R, by defining the set

To(Q,E)s i= {sero(Q,E):szo L.y :s}

we obtain a partial order on I'g((), E) by saying s; < s, &, sp —s1 > 0.
If K = C, defining the set

To(QE)R :={s € To(QLE): Res = s}

we obtain a natural ordering on I'o(Q), E)R as above.

More importantly, we claim the following.

Proposition 3.3.0.2. For a topological Banach lattice bundle E over a locally com-
pact space Q); we have the following properties on the Banach space I'g(Q), E) of its
continuous sections vanishing at infinity.

(i) If K = R, then T'o(Q), E) is an ordered Banach space with normal positive
cone To(Q, E) 4.
(ii) If KK = C, then To(Q), E)R is an ordered closed subspace of T'o(Q, E).
In particular, To(Q), E) is a Banach lattice such that:
(a)if K =R, thenTo(Q, E) = To(Q, E)+ —To(Q, E) - is a real Banach
lattice, and

(b) if K = C, then To(Q, E) = To(Q, E)r @ ilo(Q), E)R is a complex
Banach lattice.

For the proof of Proposition 3.3.0.2, we will require some more results. We
include its proof in the proof of Proposition 3.3.0.5

In the following lemma, we state certain important properties associated
with a (general) topological Banach bundle over ().
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Lemma 3.3.0.3. Let E be a Banach bundle over Q). Then, the following hold.

(A) Let fi : ExqE — E;(4,0) = fi(u,0)g,

PE(®
E; (u,v) — f2(”'v)EpE<y) be mappings. Then,

yand f - EXqE —

(i) the mappings f, : E — E;u — fl(u’v)EpE(v) and f, : E —
E;v — fl(u,v)EpE(v), for each fixed v € E and u € E respectively, are both

continuous if f1 is continuous.

(ii) the mapping f1 + fo : Exq E — E;(u,v) — f1(w,v)g . +

f2(u,v) E, () 15 continuous if fy and fo are both continuous.

PE(©)

(B) Leth: K x E— E; (A, 0) — h()L,v)EpE(v) be mapping. Then,

the mappings h, : E — E;v +— h()\,v)EpE(v> and hy : K — E; A +—
h(A, U)EPE o for each fixed A € K and v € E respectively, are both continu-
ous if h is continuous.

(C) Let g1 : E— Eiv = &1(0),  and g2 : E — Ejo = &(v), , be

mappings. Then,
(i) the mapping Ag, : K X E — E; (A, 0) — /\gl(v)EpE(v) is continu-
ous if g1 is continuous.

(ii) the mapping g1+ ¢ : E — E;v — gl(v)EpE(v) + g(v)g, s

PE(©)
continuous if g1 and go are both continuous.

Proof. (A) (i) Let m; : EXxqE — E;(u,0)g — uand 7, : E X

E— E; (u,v)EpE(v)
respectively, and consider the following commutative diagrams.

PE(V)
— v be projections onto the first and second factor

Ust

ExoE . E

(u,v)H(fl(u,v),v)]\ /

E X E < E

(M,ZJ)EPE(.U) <«u

fa

-

I

ExqE 2

(u,v)H(“rfl(”ﬂ’))T /

E X E <

=

(u0)E, (o)<

PE
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Since E X E = Uyeq Ex X Ex C E X E is equipped with the (subspace)
product topology, it follows that if f; is continuous, then f; and f;, are
both continuous.

This is because the projections 711 and 71, are both continuous (surjec-
tive open) mappings.

(ii) Consider the following commutative diagram.

f
ExnE - (u0) = (A (10),f2(u,0)) s ExoE

forfs e J&uﬂgk}u+EnEw)”

\} E
It follows that f; + f» is continuous if f is continuous if f; and f, are
both continuous.

(B) Let mg : KX E — E; (A, v)EPE(v)
second factor, and consider the following commutative diagrams.

— © be a projection onto the

K x E i s E

(A,v)H(A,h(A,v))]\ f o

K X E < E
(A,U)EPE(U>HU

K x E il s E

(A,vw(mh(mv))] ; iy

K x E K
(A0)Ey () A

Since K x E is equipped with the product topology, 7tr is a continuous
(surjective open) mapping, and so it follows that if  is continuous,
then h, and h;, are both continuous.

© (i) Consider the following commutative diagram.
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(Au)—Ag 7
K x E PE(v) 2{ E
()‘fv)’—}(}\/gl(v))]\ Ag 81
K x E « E
(/\,Z))EPE(U)HU

We see that if g is continuous, then Ag, is continuous.

(ii) Consider the following commutative diagram.

(u,v)n—m—i—gp v

ExnE E(©) 3 E
(u,vw(gl(v),gz(v))T o
E X0 E

It follows that if g1 and g are both continuous, then g is continuous.
From (A)(i) above we see that if g is continuous, then, in particular,
the mapping E — E;v — q(v,v) is continuous. And since q(v,v) =
21(v) + g2(v) the assertion follows.

U

In what follows, by a Banach lattice bundle over (), we always mean a topo-
logical Banach lattice bundle over a locally compact space ().

Using the above Lemma [3.3.0.3, we can now state and prove the following
properties of a topological Banach lattice bundle.

Proposition 3.3.0.4. Let E be a Banach lattice bundle over (). Then the following
hold.

(A) If K =R, i.e., Ey is a real Banach lattice for all x € Q), then
(i) the mappings (bundle join, bundle meet)

ExXqaE— E;(u4,v) — u \/EPE(U) v,

ExqgE —E;(u4,v) — u A
are continuous; and

(ii) the mappings
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E— Ev—of
PE(v)

E— Ev—vg
pE(0)
are continuous.

In addition, the set Ey = {v €E: |U|EpE(v) = v} is a closed subspace of E.

(B) If K = C, i.e., Ex = ER ©iER is complex Banach lattice for all x € Q), then
(i) the mappings

E— E,v— Revg .,
PE(©)

E— Ev— Imvg

pE(v)
E— E,v+— UEPE@)
are continuous; and

(ii) the mappings

EXqE — E;(u,0) — qupE(v) v,

ExqnE— E;(u,0) — UNE, ()0

are continuous.

Moreover, the set ER := {v € E:Re VE, () = v} is a closed subspace of E.

Proof. (A) (i) By defining the mappings f1, f» : EXqE — E; f1(u,v) =
%(u + U)EPE(U) and f(u,v) = % lu — ol E,p () WE See that u \/EpEw) v =
f1(u,v)+ fo(u,v) and u NE, ¥ = f1(u,v) — fo(u,v). Hence, by Lemma
3.3.0.3| A(ii), it suffices to show that both f; and f, are continuous.

That f; is continuous is immediate, and for f, consider the following
commutative diagram.

(u,v)Ep (o) U
ExqE & > E
T 1
~<_ UE —5lol
~~ pe(@) "2
fo Tl l g
~y v

And we see that f, is a composition of two continuous mappings, and
hence continuous.
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(ii) By setting 0 := OF,,
pings E xqE — E; (o,v)EpE(v> —ovVoand ExqE — E; (o,v)EpE(v) —
v Ao are both continuous. By Lemma[3.3.0.3/A(i) and C(i), this, in par-
ticular, implies that the mappings (with A = —1)

)7 it follows from (i) above that the map-

E — E;UEPE(U> o —(v A o) are both
continuous. Since v} =0 Voand vg o = —(v A o), the assertion
PE(© PE(©

— vVoand E — E;vEpE

follows.

Moreover, by setting E¢ := {v €E:lovl # VE, ) }, the complement
of Ey, it suffices to show that ES is an open subspace. Indeed, for
(n) We can tind an open set U C () containing
pe(v) and € > 0 (small enough) such that the open set

S(s,U,e) = {w € pg!(U) | = s(pe(w))lle, ., <€} € EX,

for all/some s € T'y(Q), E) with s(pe(v)) = v.

v € ES, since v # OF,.

This is the case since the set of the form S(s, U, €) forms a base for the
topology on E. (cf. [29, Lemma 1.4, p.13]).

From here, it is clear that for each v € E_, the set of the form S(s, U, €) 4 :=
{w e S(s,U,¢) : w € E; } for some open set U C Q) containing pg(v)
and ¢ > 0, is a base for a topology on E; which coincides with its
subspace topology from E.

(B) (i) Since for v € E, (), Re v = (Re v)" — (Re v)~, we can infer
from (A) (ii) above that the mappings E — E;Re v — (Re v)* and
E — E;Rev — (Rev)~ are both continuous.

Now, setting ¢ : E — E?UEPE@) — (Rev)Tand g, : E — E; VE, (o 7
(Re v)~; by Lemma [3.3.0.3 C(ii), it suffices to show that g; and g, are

both continuous, since g1(v) + g2(v) = Re v.

As a result, we will only show that g; is continuous, since the proof
would be essentially the same for g».

Forv € E,let W C E be an open set containing (Re v) *. We can choose
an open set Wy C E containing ol = sup, g {Re ¢™v} which also
contains the set

{(Re e™"v) T : for some/all t € [0,5] N Q and small 6 > 0} :
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In this way Wy N W # @, and by the continuity of the mappings E —

E;UEPE — lvl and E — E;Re v — (Re v)™, we can find an open

(v)
set W; C E containing v, such that the set

{(Re e™w)T : Vw € Wy for some/allt € [0,6] NQ and small § > 0} C
WoN'W.

In particular, lwl € Wy and (Rew)t € W for all w € Wy.

By a similar argument, we can show that the mapping E — E;v —

Im vg,  is continuous. So, by Lemma [3.3.0.3B and C(i), it follows

(v)
that the mapping (with A = i)

E— E;, vg — iIm o
Pg(©)

is continuous. Hence, by Lemma 3.3.0.3| C(ii), the mapping

E— E; vg 7 =Rev—ilmv
PE(v)

is continuous.

(ii) The continuity of the two mappings follows immediately from
A(i) above, since "join" and "meet" are always meant for the real parts
in a complex vector lattice.

Moreover, similar to the case of E; in (A) above, by setting E, :=
{v € E:Rev # VE, @ }, the complement of ER, it suffices to show
that E; is an open subspace. Indeed, for v € Eg, we can find an open
set U C Q) containing pg(v) and ¢ > 0 (small enough) such that the
open set
S(s, U, e) = {w € pet(U) : [Jw —s(pe(w))]IE, ., < e} C ES,
for all/some s € To(Q), E) with s(pg(v)) = v.
Similarly, we can infer that, for v € ER the set of the form S(s, U, ¢)Rr :=
{w e S(s,U,¢) : w € ER} for some open set U C Q) containing pg(v)
and ¢ > 0 is a base for a topology on Er, which coincides with its
subspace topology of E.

[]

Using the above result in Proposition 3.3.0.4|we claim the following, which,
in particular, proves Proposition|3.3.0.2

Proposition 3.3.0.5. Let E be a Banach lattice bundle over Q), and To(Q), E) the
Banach space of its continuous sections vanishing at infinity.
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(A) If K = R, then we have the following.
(i) For sq,sp € To(Q), E), the mappings

s1Vsy: Q) — E;x — s1(x) VE, s2(x),

s1ASy: Q) — E; x — s1(x) Ag, s2(x)
are continuous.

(ii) The set
def
[o(QLE)y = {s €ETH(OVE):s>0 < |s| = s}

satisfies the following:
(a) To(Q), E) 4+ is norm-closed in To(Q), E),
() To(QLE)+ +To(QE)+ CTo(Q,E)4,
(e) To(Q, E)4 N (—To(Q, E)+) = {0},
(d) ATo(Q, E)x CTo(Q,E)4 forall0 < A € R, and
(e) for s1,82 € To(Q, E) 4, 0 < s1 < sy implies that ||s1|| < ||s2]].
In particular, To(Q, E) is a normal convex cone of To(Q, E), and To(Q, E) =
To(Q), E)y —To(Q, E) 4 is a real Banach lattice.
(B) If K = C, then we have the following.
(i) For each s € To(Q), E), the mappings

Res: Q) — E;x — Res(x)g,,

Ims:Q — E;x — Ims(x)g,,
§:Q — E;x—s(x)g,
are continuous.

(ii) The set
ro(Q, E)]R = {S S FO(Q, E) :Res = S}

is a closed subspace of To(Q), E), such that
(a) To(Q, E)r = To(Q, E)fx — To(Q, E)y is a real vector lattice, and
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(b) the set
ro(Q,E)ﬁ = {S S Fo(Q, E)IR : |S| = S}

is the positive cone for T'o(Q), E).

In particular, To(Q), E)R is a real Banach lattice, and To(Q), E) = To(Q, E)R &
il'o(Q), E)R is a complex Banach lattice.

Proof. (A) (i) For s1,s, € To(Q), E), by considering the following com-

mutative diagram,

(u,0)—uVe v UAE v «i(u,0)
PE(©) pE(©)
ExqE s Es— ExqE
xH(sl<x>,sz<x>>T e vy }H(sax),sz(x))
Q- O

it follows from Proposition 3.3.0.4| A(i) that both s; A s; and s1 A s; are
continuous sections. Hence s1 A sp, 81V sy € Th(Q), E).

(ii) It is clear, by definition, that the set I'¢(€), E)+ consists of posi-
tive continuous sections, i.e., s € ['o(Q, E); <= s € To(Q, E)and 0, <
s(x) € Ef forall x € Q.

In this case it follows, from (i) above, or even by Proposition
A(ii), that for any s € T'o(Q), E), setting st := sAOand s~ := —(s A
0) we have that s*,s7 € Ty(Q,E);+ and s = st — s~ is the unique
representation as a difference of two positive continuous sections with
modulus Isl =st +s.

(a) Since E; C E is a closed subspace by Proposition A,
we can immediately conclude that T'o(Q), E)+ is norm-closed in I'o(Q), E).
Equivalently, if (s,) heN & [o(Q), E)+ is a sequence of positive contin-
uous sections converging to a continuous section s € T'o(Q), E); this,

in particular, implies that the sequence (s,(x)), ., C Ei converges to

nelN
s(x) € E4 for each x € Q). Now, since E; C E, is norm-closed for each
x € O, we have that s(x) € E foreach x € O, hence s € To(Q), E)+ as

required.

Assertions (b), (c), and (d) immediately follow, since Ej” + Ei C Ef,
Ef N(—Ef) ={0s} and AEf C E; foreachx € Q,0 < A € R.
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From here, using even only (ii)(a - d), we can conclude that T'y(Q), E)

is an ordered Banach space with positive cone I'g(Q), E) + as defined in
[4] (see Appendix|[B} Definition B.0.0.T).

(e) Forsy,sp € To(Q, E)4, 0 <51 < spimplies 0x < s1(x) < sp(x)

for each x € Q. Thus |[s1(x)||g, < ||s2(x)]||g, for each x € O, which
also implies that ||s1]| < |[s2]]-
From here, using (i) and (ii)(a - e) and the fact that ||s|| = ||Is]]|] for
any s € Tg(Q, E), we can conlude that I'x(Q), E)+ is a normal posi-
tive cone (see Appendix |B| Proposition [B.0.0.2)(by taking f = 1) for
[o(Q), E), and in addition T'o(Q), E) = T'o(Q, E)+ — Tp(Q, E)+ is a real
Banach lattice (see also Appendix B} Proposition [B.0.0.5).

(B) (i) For s € To(Q, E), by considering the following commutative

diagram,
v—Re vg Im vg v
E(©) PE(©)
E /% E é\\ E
x—s(x T T x—>s(x
( )T -7 Res Ims ~~o_ T ()
Q- O

it follows from Proposition 3.3.0.4|B(i) that both Re s and Im s are con-
tinuous sections. Hence Re s, iIm s € T'o(Q), E), which also implies that
the conjugate 5 = Re s — iIm s is also a continuous section.

(ii) We note that, by definition, the set I'o(€), E)Rr consists of real
continuous sections, i.e., s € To(Q, E)r <= s € I'x(QQ, E) and s(x) €
ER forall x € Q.

Since Egr C E is a closed subspace by Proposition 3.3.0.4{ B, we can
immediately conclude that T'y(Q), E)R is a closed subspace of Ty (), E).

Equivalently, if (s,) C To(Q), E)R is a sequence of real continu-

ous sections convergienﬂg to a continuous section s € T'o(Q), E), this,
in particular, implies that the sequence (s;(x)), 5 C Ex converges
to s(x) € E, for each x € Q. And since ER C E, is a closed sub-
space for each x € ), we have that s(x) € ER for each x € Q, hence,

s € To(Q, E)R as required.

For assertions (a) and (b), by the argument in (A) above, we can con-
clude that I'g(Q), E)R is a real Banach lattice with positive cone
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To(QE)f :={s €To(QE)r : |s| =s}.

In this situation, for any s € TI'o(Q), E), it follows that Re s,Im s €
Io(Q), E)r, and s = Re s+ ilm s is the unique representation of each
complex continuous section. Hence, I'g(Q), E) = To(Q, E)r ®iTo(Q, E)R
is a complex Banach lattice.

[]

The following are two important examples of Banach lattice bundles serving

as motivation. See [29, Examples 1.5, p.13] for the case of a Banach bundle.

Example 3.3.0.6. (i) Let Z be a Banach lattice and Q) a locally compact space.

(ii)

Then E := Q) x Z is a continuous Banach lattice bundle over Q), which we
call the trivial topological Banach lattice bundle with fiber Z if p : E — Q)
is the projection onto the first component and E is equipped with the product
topology. Here, the space T'o(Q), E) is lattice isomorphic to Co(Q), Z) the
Banach lattice of continuous functions s : () — Z vanishing at infinity

(see also Chapter [T, Section [I.1).

Let t : L — K be a continuous surjection between the compact spaces L
and K. For each k € K, let Ly := 7t~ (k) be the associated fiber. We define

E:=J, C(L)
p:E— KoveC(L) —k

and endow E with the topology generated by the sets

W(s,U,e):= {v cep L) |||lv _S|Lp<v>‘|C(Lp(v)) < 8}

where U C K is open, s € C(L), and € > 0. Then, E is a Banach lattice
bundle over K and the corresponding lattice of continuous sections I'(K, E)
is lattice isomorphic to C(L). We refer to Appendix [F| and in particular to
Proposition for a certain generalisation of this situation.

Moreover, E is a continuous Banach lattice bundle if and only if 7 is an open
map.
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3.4 Morphisms of topological Banach lattice
bundles

Here, we investigate the notion of a (positive) Banach lattice bundle mor-
phism between Banach lattice bundles over (), and their dynamics. We also
establish the category of topological Banach lattice bundles and their dynam-
ics.

Once again, if no confusion arises, by a Banach lattice bundle over (), we
always mean a topological Banach lattice bundle over a locally compact space

Q) (see Definition [3.3.0.2)).

Definition 3.4.0.1. Let pg : E — Qand pr : F — Q) be Banach lattice bundles
over Q), and ¢ : QO — Q) continuous. A continuous mapping & : E — F is
called a positive Banach lattice bundle morphism over ¢ if:

(i) popg = proP, ie., the following diagram commutes,

F
lPF

Q

E-%,
PEl
o,

(ii) P(x) := P|g, : Ex — F,(y) is a positive operator for each x € Q), and

(iii) || @] := sup,eq |[R()]|2(, F,pyy) <

Remark 3.4.0.2. (i) It should be noted that a positive operator between two
Banach lattices N and M is a linear operator T : N — M such that
TNy € My, ie, n > 0in N always implies that Tn > 0 in M for all
n € N; or, equivalently, | Tnl < Tlnl foralln € N. Moreover, positive
operators are always bounded and C-linear (see [10, Lemma 7.5, p.121]).

(ii) Furthermore, a linear operator T : N — M between two Banach lattices
N and M is a called lattice homomorphism if |Tnl = TlInl foralln €
N. It follows that a lattice homomorphism is positive, and hence bounded.
Furthermore, TnV m) = TnV Tm and T(n Am) = Tn A Tm for all
n,m € NR (see [10, Lemma 7.5, p.121 and paragraph afterwards]).



Stellenbosch University https://scholar.sun.ac.za

CHAPTER 3. POSITIVE SEMIFLOWS ON TOPOLOGICAL BANACH LATTICE
BUNDLES 70
Remark 3.4.0.3. From Definition [3.4.0.1, we identify the following additional
properties of a positive Banach lattice bundle morphism ® over ¢ .

(i) If ©(x) is an isometry for each x € Q), we call ® a positive isometry.

(ii) If ®(x) is an isometric lattice homomorphism for each x € Q, we call ® an
isometry.

(iii) If ©(x) is a lattice homomorphism for each x € Q), we call ® a Banach lattice
bundle morphism over ¢.

(iv) If ¢ = Idq, we call ® a positive Banach lattice bundle morphism.

(v) If ¢ = Idq, and ®(x) is a lattice homomorphism for each x € Q), we call O
a Banach lattice bundle morphism.

We are interested in positive dynamical Banach lattice bundles over a topo-
logical system induced by groups. And so, we introduce the notion of a
positive S-dynamical Banach lattice bundle in the next definition. See [29,
Definition 1.8, p.15] for the case of a dynamical Banach bundle. Moreover,
we note that every positive S-dynamical Banach lattice bundle is, in partic-
ular, an S-dynamical Banach bundle.

Note 3.4.0.4. In the sequel, we will use the following notation.

1. We let G be a locally compact group, and S a closed subsemigroup of G con-
taining the neutral element e, i.e., a closed "submonoid” of G. For instance,
wecan take G=R,S=RorG=7Z,S = Njy.

2. We let (), @) be a topological G-dynamical system over a locally compact
space Q), i.e., ¢ = (@g)gecc defines a continuous group actiorﬂ called a
continuous flow on Q).

2ie, ¢ : G — Aut(Q); g — @q is a continuous group homomorphism, where Aut(Q))
denotes the group of automorphisms (homeomorphisms) on ().
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Definition 3.4.0.5. A positive S-dynamical Banach lattice bundle over (Q), @) is a

pair (E, ®) of a Banach lattice bundle E over €}, and a monoid representatiorﬁ
®:S— EF, g D

such that

(i) ®¢: E — E is a positive Banach lattice bundle morphism over ¢q for each
g€S,

(ii) @ is jointly continuous, i.e., the mapping
SXE-—E, (gv)— @0

is continuous, and

(iii) @ is locally bounded, i.e., sup,.y ||Pg|| < co whenever K C S is compact.

We call @ = (Dg)qcs a positive semiflow on E over the flow (@g)ecc- If S = G,
then we call ® = (Pg)qec a positive flow on E over the flow (¢q)¢ec, and (E, @)
a positive G-dynamical Banach lattice bundle over (), @).

Remark 3.4.0.6. From Definition [3.4.0.5 above we identify the following addi-
tional properties of a positive S-dynamical Banach lattice bundle (E, ®) over ((), ¢)

using Remark|3.4.0.3

(i) If g is a positive isometry for each g € S, we call @ a positive isometry.
(ii) If ®g is an isometry for each g € S, we call ® an isometry.

(iii) If g is a Banach lattice bundle morphism over ¢q for each g € S, we call
(E, ®) an S-dynamical Banach lattice bundle over (Q), ¢); and ® = (Pg)qcc
a semiflow on E over the flow (¢g)qcc-

3ie, Dy = Op 0 By, Vg, h € S and ®, = IdE, the identity on EE
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Remark 3.4.0.7. As in [29, Remark 1.9, p.16], and as is evident in Example
3.4.0.8(i) below, we note here that our concept of a positive dynamical Banach lattice
bundle is closely related to the notions of positive cocycles and linear skew-product
flows, as motivated in Chapter([1} In fact, if (E, ®) is a positive S-dynamical Banach
lattice bundle over (Q), @), then the family of positive operators (Pg(x))req for
g € S, satisfies the so-called cocycle rule, i.e.,

q)glgz(x) = q)g1(§0g2<x)) © q)gz(x>

forall g1,8> € Sand x € O, where Pg(x) := Py, € ZL(Ex, Ey (y)). Indeed,
since @g,q, = g, 0 D, forall g1,8> € S, it follows that, for x € (),

(I)glgz(x) = (I)g182|Ex
= q)gl o (q)g2|Ex)
= (Dgl |E<sz(x) © CI)g2 |Ex

=: @g, (95, (%)) 0 g, (x)-

Now, we introduce instances of (positive) S-dynamical Banach lattice bun-
dles in Examples (i) and (ii). See [29, Examples 1.12, p.16] for ex-
amples of S-dynamical Banach bundles. Moreover, we note that every (pos-
itive) S-dynamical Banach lattice bundle is, in particular, an S-dynamical
Banach bundle.

Example 3.4.0.8. (i) Assume that G = R, S = R, Z a Banach lattice, and
E = Q) x Z the corresponding trivial Banach lattice bundle. Moreover, let
¢ = (¢t)ter be a continuous flow on Q).
Now, suppose that {®'(x) : Z — Z a positive operator | x € Q,t > 0} is
a positive strongly continuous exponentially bounded cocycle over (¢¢)icRr,
meaning that:

(a) D' (x)Z4 C Zy forallt >0,x € Q,

(b) @17 (x) = O (@,(x)) 0 @' (x) and ®°(x) = Idyz for all t,r > 0,
x € Q)

(c) the mapping Ry x QO — Z; (t,x) — ®!(x)v is continuous for all
v € Z,and

(d) for each w € R, there exist M > 1 such that ||®'(x)|| < Me™* for
allt > 0and x € Q.
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Then the continuous skew-product (linear) flow ®; : A x Z — QO x Z
given by
®i(x, ) = (gs(x), &' (x)0)
forx € O,v € Z,and t > 0 defines a positive R -dynamical Banach lattice
bundle (E, ®) over (O, ¢), i.e., ® = (Pt)>0 is a positive semiflow on E
over (¢¢)ter on Q.

Conversely, every positive R -dynamical Banach lattice bundle (Q) X Z, ®)
over (Q), @) defines a positive strongly continuous cocycle over (¢;)ier by
setting

& (x)v := Pry(®4(x,v))

foreachx € Q,v € Zandt > 0, where Pry : () x Z — Z is the projection
onto the second factor. We note that Chapter|I(Section[1.2)) is a discrete-time
instance of the above situation.

(ii) Assume Q) = K and L are compact, and 7w : (L,¢) — (K, @) is an ex-
tension of topological G-dynamical systems, i.e., (Pg)eecc and (@g)ecc are
continuous flows on L and K, respectively; and 7w : L — K is a continuous
surjection such that the diagram

¥g
—

—
8

L
g
K=

=

commutes for each § € G, i.e., To Py = Qg o 7 forall g € G. Also assume
that E is the Banach lattice bundle over K as defined in Example|3.3.0.6| (ii).
For each g € G, consider the mapping

®g:E— E; v e C(Ly) > votpgr € C(Ly ).

This defines a (positive) G-dynamical Banach lattice bundle (E, @) over (K, ¢).
So, @ = (Pg)cc is a (positive) flow on E over the flow ¢ = (@g)gec on K.

We refer to Appendix[F| and in particular to Proposition for a certain
generalisation of this situation for the case where G = R.

Next, we introduce morphisms between positive S-dynamical Banach lat-
tice bundles over (Q), ¢).
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Definition 3.4.0.9. A morphism from a positive S-dynamical Banach lattice bun-
dle (E, ®) over (Q), ) to a positive S-dynamical Banach lattice bundle (F,¥) over
(Q), @) is a Banach lattice bundle morphism (see Remark|3.4.0.3|(v))

®:E—F

such that the diagram

E-9,F

cpgl l‘Pg

E-9,F

commutes for each g € S, i.e., @ o O = ¥, 0O foreach g € S.
1t is called a positive isometry if © is an isometry.

Remark 3.4.0.10. (i) We note that, similarly, a morphism between S-dynamical
Banach lattice bundles over (Q, ¢) can be defined. It will be called isometry
if © is an isometry.

(ii) It is clear that in the category of positive S-dynamical Banach lattice bundles
over (Q), @), an isometric morphism is just a positive isometry. We choose
this terminology and reserve the word "isometry” for S-dynamical Banach
lattice bundles over (C, @).

(iii) Furthermore, two positive S-dynamical Banach lattice bundles (E, ®) and
(F,¥) over (Q), @) are said to be isomorphic if there exists a homeomorphic
positive isometry (i.e., a homeomorphic isometric morphism) between them.
In this situation, we write ® = (Pg)ees = (Yg)ges =Y on E=F.

3.5 On arepresentation of the space of

continuous sections

Throughout this Section, by Banach lattice bundle E over (), we always
mean a fopological Banach lattice bundle pg : E — Q) over a locally compact

space () (see Definition 3.2.0.1)).
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Remark 3.5.0.1. (i) Let E be a Banach lattice bundle over (). Then, the Ba-

(ii)

(iii)

(iv)

nach space To(Q), E) of its continuous sections vanishing at infinity is an
m-Banach lattice module over Co(Q). Indeed, T'o(Q), E) is a Banach lattice
(see Proposition|3.3.0.2); and also a Co(Q))-module given by

Co(QY) x To(Q, E) — To(Q, E); (f,8) — f-s:= [x— f(x)s(x)]
and, for all f € Co(Q)) and s € To(Q), E), we have that

(@) | f-sl=1f1-1sl, since 1f-sl(x) = If(x)s(x)l = (IfI-
I's1)(x) for each x € O);

(b) f-s=f-5, since f-s(x) = f(x)s(x) = (f-5)(x) foreach x € O,

and

e [If-sll < [IflllIsll, since [|f -s]| = sup,cq[lf(x)s(x)]] <
sup,eq | f(x) 1 sup eq [Is()[| = [ f1[I]sl]

In particular, if E is a Banach lattice bundle over (), then the m-Banach lat-
tice module To(Q), E) is a Uy(Q)-normed m-lattice module, or, equivalently,
an AM m-lattice module over Co(Q2) (see Chapter[2} Example Propo-

sition|2.4.1.9|and Example|2.4.1.11).

Let E be a Banach lattice bundle over (). For each x € ), the evaluation
(quotient) map ey : To(Q, E) — Ex;s — s(x) is a lattice homomorphism,
ie, lexsl =exlsl foralls € To(Q), E) and x € Q). Moreover, ex5 = ex5
foralls € To(Q), E) and x € Q. In addition, e, : T(K,E) — Ey is order
continuous, i.e., s, | 0 in T'(K, E) implies s, (x) | Oy in Ey for all x € Q.

Let E be a Banach lattice bundle over (). For each (positive) Banach lattice
bundle morphism ® : E — E over a homeomorphism ¢ : (O — Q), we
define an operator

To : To(Q,E) — To(Q,E);s — Posog?

called the (positive) weighted Koopman operator over the Koopman operator
Ty : Co(Q) — Co(Q); f + f o ¢~ Linduced by . It follows immediately
that the (positive) weighted Koopman operator To is a (positive) lattice Ty~
homomorphism (see also Chapter [2| (Example 2.3.2.4)). We show this in (a)
and (b) below.

(a) If ® : E — E is a positive Banach lattice bundle morphism over a
homeomorphism ¢ : QO — Q) (see Definition |3.4.0.1), then it must be that
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|dosl < Do lsl foreachs € To(Q,E). So, | Tos| = |Posog !l <
dolslogp™ = Tolsl foreach s € To(Q,E), ice., Top : To(Q,E) —
T'o(Q, E) is a positive operator.

Moreover, Topfs = (I>ofsogo—1 =do [fogo_l -soqo_l] :foq)_l .o
sog ! = Tof - Tos for every f € Co(Q) and s € To(Q), E) implies that
To : To(Q, E) — To(Q), E) is, in addition, a module homomorphism.

(b) If ® : E — E is a Banach lattice bundle morphism over a home-
omorphism @ : Q0 — Q (see Remark [3.4.0.3(iii)), then it must be that
|®osl =do sl foreachs € To(Q, E). So, | Tos| = |Posogp !l =
Do lslogp™ = Telsl foreach s € To(Q,E), ie., Top : To(Q, E) —
[o(Q), E) is a lattice homomorphism.

Moreover, by the above arqument, Te : To(Q, E) — To(Q), E) is, in addi-
tion, a module homomorphism.

Hence, the assertion holds (see Chapter 2| (Definition [2.3.2.3)).

(v) Now, a (positive) S-dynamical Banach lattice bundle (E, ®) over a G-dynamical
system (Q), ), induces a (positive) S-dynamical m-Banach lattice module
(To(Q), E), To) over the Koopman group representation (Co(Q2),Ty,) (see
also Chapter |2, Example[2.3.4.3|(i)). We show this in (a) and (b) below.

(a) Suppose that (E, ®) is a positive S-dynamical Banach lattice bundle
over a G-dynamical system (Q), ) (see Definition[3.4.0.5), i.e., ® = (Pg)ges
is a positive semiflow on E over the flow (¢g)ecc on Q. By [29, Proposi-
tion 2.14 (i), p.291, we obtain that Te = (To(g))ges is a weighted semi-
group representation on I'o(Q), E) over the Koopman group representation
(Co(QY), Ty,) in the sense of S-dynamical Banach module (see [29, Definition
2.5,p.25]).

Since by (iv) above, Te(g) : To(Q, E) — To(O, E) is, in addition, a pos-

itive operator for each ¢ € S, the assertion holds (see Chapter {2 Definition
2.3.4.7).

(b) Suppose that (E, ®) is an S-dynamical Banach lattice bundle over a
G-dynamical system (Q), @) (see Remark [3.4.0.6(iii)), ie.,, ® = (Dg)ges is
a semiflow on E over the flow (@g)gecc on Q. It follows from (a) above and
since To(g) : To(QY, E) — To(Q), E) is, in addition, a lattice homomor-
phism for each ¢ € S, that Te = (To(g))ges is a weighted semigroup rep-
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resentation on the Banach lattice module T'o(Q, E) over the Koopman group

representation (Co(Q), T,,) (see Chapter 2}, Remark|2.3.4.2)(ii)).

The following simple observation about a Banach lattice bundle over (2 will
be useful. See [29, Lemma 2.23, p.34] for the case of a Banach bundle.

Lemma 3.5.0.2. Let Q) be a locally compact space, ¢ : (O — () a homeomorphism,
and pg : E — Q) a Banach lattice bundle. Then p, : E, — Q with E, := E
and py = @' o P is a Banach lattice bundle over Q) which has the following
properties.

(i) The identity mapping Idg : E — E, is a Banach lattice bundle morphism
-1
over ¢~ .

(ii) If pr : F — Q) is a Banach lattice bundle over (), then a mapping ® :
F — E is a (positive) Banach lattice bundle morphism over ¢ if and only if
® : F — E, is a (positive) Banach lattice bundle morphism over Idq,.

Proof. Itis clear that p, : E, — () is a Banach lattice bundle over (),
with fiber p(;l(x) = pl(p(x)) = E,(x) for each x € Q).

(i) Now, Idg : E — E, satisfies the following commutative dia-
gram

Id

E
pEl Py
QO — 0

90_1

since py o Idg = pyp = ¢ 1 o Pg.

In addition, Ex = E,-1(4(y)) and Idg(x) := Idg, : Ex — Exisa
lattice homomorphism, from which it follows that Idg : E — E, is
indeed a Banach lattice bundle morphism over ¢!

(ii) For a mapping ® : F — E; we see that ¢ o pr = pg o ® if and
only if Idn o Pr = py o @, i.e., the diagram

F-2,F

ppl lpg
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commutes if and only if the diagram

F—2-E,

T

O —0O
Idq

commutes.

Moreover, in either case observing that ®(x) = ®|, : Fx — E(y) isa
mapping proves the assertion.
[]

In the following lemma and its corollary, we prove that every (positive) lat-
tice Typ-homomorphism on the lattice of continuous sections is equal to a
unique (positive) weighted Koopman operator over T,. See [29, Lemma
2.24, p.34-35] for the case of Banach bundles.

Lemma 3.5.0.3. Let E and F be Banach lattice bundles over (). Moreover, let
¢ : QO — Q be a homeomorphism and an operator T : To(Q, E) — To(Q), F) a
lattice Tp-homomorphism. Then,

there exists a unique Banach lattice bundle morphism ® : E — F over ¢

with T = To.
Moreover, ||®|| = ||T || and T is an isometry if and only if ® is an isometry.

Proof. We follow the proof of [29, Lemma 2.24, p.34-35] which is for the case
of Banach bundles. So, WLOG, we can assume () = K is compact. Consider
the Banach lattice bundle F, induced by ¢ as in Lemma 3.5.0.2/above.

(i) The operator V : I'(K,F) — T(K,F,) defined by Vs = so ¢ is
an isometric and surjective lattice T,-1-homomorphism. Indeed, for
s1,52 € I'(K,F) and A € K we have

V(si+s2) = (s1+s2)0¢9
=510@Q+50¢@
= Vs +Vsy

and
V(Asy) = (As1) o @

= A(s10¢)
= /\VSl
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(i)

i.e., V is K-linear.

Moreover, for s € T'(K, F),

Vsl = lsogl
=lslog
=Vlisl,

i.e., Visalattice homomorphism, and hence V € Z(I'(K, F),T'(K, F,)).

Now, for r € I'(K, Fp), r(x) € Fyy) forall x € K; and since ¢ is surjec-
tive, we can find s € I'(K, F) such that s(¢(x)) = r(x) for all x € K.
This implies that Vs =so ¢ =, i.e., V is surjective.

Since ¢ is bijective, we have that

[[Vs[| = sup [|s(¢(x))]

xeK

= sup [[s(y)]|
yeK

= [[sll,
i.e., V is an isometry.

Moreover, for f € C(K), and s € T(K, F), we have

Vfs=fsog
=fog-sog
= Tq,q . VS,

ie., Vis T,1- module homomorphism.

The operator VT : I'(K,E) — T'(K, F,) is a homomorphism of Ba-
nach lattice modules (i.e., lattice module homomorphism) over C(K).
Indeed, for s1,s, € T(K,E) and A € K,

VT(S1 + Sz) = T(Sl + Sz) cgQ
=Tsiop+Tsyo@
=VTs14+VTsy

and

VT (As1) = (TAsy)og
=ATsjo¢@
= /\VTSl,
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(iii)

i.e., VT is K-linear.
Moreover, fors € I'(K, E) and f € C(K),

[VTsl = 1Tsogl
=1Tslog
=Tlslog
=VTlsl

and
VT (fs) = Tfsop
:T(Pf-TSoq)
—f Tsog
=f-VTs,

which implies that VT is a lattice module homomorphism.

As in [29, Lemma 2.24, p.34-35], we obtain a unique Banach bundle
morphism ® : E — F, over Idg with

Vis=®os

for each s € I'(K,E). That is, the mapping ® : E — F, given by
D(x) := P, : Ex — Fy(r);s(x) = VTs(x) := Ts(¢(x)) for every
s € I'(K,E), x € K defines a (bounded) Banach bundle morphism. See
[29, Definition 1.6, p.14].

We claim that ® is the unique Banach lattice bundle morphism over
Idk. Indeed, for s € T(K, E) the equality
|[Posl = 1VTsl
=VTlsl
=®o lsl

implies that ®(x) : Ex — F,(y) is a lattice homomorphism for each
x € K. Hence, by Lemma 3.5.0.2) above, ® : E — F is the unique
Banach lattice bundle morphism over ¢, with

Ts=V 1 (®os)=dosogp !
foreverys € I'(K,E),ie., T = To.
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(iv) Moreover, we have that ||®|| = ||[VT|| = ||T||- Indeed, V being an
isometry implies that ||VTs|| = ||Ts|| for all s € T(K, E). Moreover,

VTs = ®osimplies that ||V Ts|| = ||® os||, so that

|T|] = sup {||Ts|| : s € [(K,E),[|s|]| <1}
=sup{||VTsl||:s € T(K,E),||s|| <1}
=sup {||®os||:s € T(K,E),||s|| <1}
= ||P]].

From this, it follows that ® is an isometry if and only if VT is an isom-
etry if and only if 7 is an isometry. The case where () is locally com-
pact readily follows, but which we omit the details (see [29, Remark
1.2, p.12] and [21} Lemma 3.11, p.12]).

]

The following is an immediate corollary of the above Lemma [3.5.0.3l We
note that this also answers Question [1.3.0.1)in Chapter [1)in a more general
sense.

Corollary 3.5.0.4. Let E and F be Banach lattice bundles over (). Moreover, let
¢ : Q — Q be a homeomorphism and an operator T : To(Q, E) — To(Q), F) a
positive Ty-homomorphism. Then,

(i) there exists a unique positive Banach lattice bundle morphism ® : E — F
over ¢ with T = To.

(ii) Moreover, ||®|| = ||T || and T is a positive isometry if and only if O is a
positive isometry.

In the following proposition, we represent every (positive) S-dynamical m-
Banach lattice module on I'g(Q), E) over the Koopman group (Co(Q),T,)
as a (positive) weighted Koopman semigroup representation induced by a
unique (positive) S-dynamical Banach lattice bundle over the G-dynamical
system (Q), ). This is due to [29, Lemma 2.25, p.35] for the case of Banach
bundles.
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Proposition 3.5.0.5. Let G be a locally compact group, S C G a closed submonoid,
and (Q), @) a topological G-dynamical system. Moreover, let E be a Banach lattice
bundle over () and let

TS — To(Q, E)0E); o s T(g)

be a strongly continuous representation such that (T'o(Q, E), T ) is a (positive)
S-dynamical m-Banach lattice module over (Co(Q2),T,). Then there is a unique
(positive) S-dynamical Banach lattice bundle (E, ®) over (Q), ¢) such that Te =
T.

Moreover, ||T(g)|| = ||Pgl|| for each g € S, and T is a (positive) isometry if and
only if ® is a (positive) isometry.

Proof. We follow the proof of [29, Lemma 2.25, p.35] which is for the case

of Banach bundles. Since every S-dynamical m-Banach lattice module on

T'o(Q, E) over (Co(Q2), Ty) defines an S-dynamical Banach module over (Co(€2), Tj)
for the Banach bundle E; we obtain a unique S-dynamical Banach bundle

(E, ®) over (Q), ¢) such that 7 = T in the sense of a dynamical Banach
module (see [29, Definition 2.12, p. 28]).

We claim that (E, ®@) is the unique (positive) S-dynamical Banach lattice
bundle over (Q, ¢).
In particular :

(i) g is a (positive) Banach lattice bundle morphism over ¢, for each
¢ € S. Indeed, foreachg € S, T(g) : To(Q), E) — Tp(Q, E) is a (pos-
itive) lattice T, (g)-homomorphism; and by (Corollary3.5.0.4) Lemma
3.5.0.3} it follows that for each ¢ € S, ®, : E — E is the unique
(positive) Banach lattice bundle morphism over ¢; and

(ii) T is a (positive) isometry if and only if ® is a (positive) isometry. In-

deed, also by (Corollary [3.5.0.4) Lemma 3.5.0.3|we have that
T (I = 1[Pg]]

and so for each ¢ € S, T(g) is a (positive) isometry if and only if ®g
is an (positive) isometry.
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As noted in Remark|3.5.0.1(v) and from above Proposition|3.5.0.5, each (pos-

itive) S-dynamical Banach lattice bundle (E, ®) over a G-dynamical system
(Q), @) induces a (positive) S-dynamical m-Banach lattice module (I'g(Q2, E), 7o)
via

To: S — L(To(QLE));g = To(g) i= [s > Pgos0@y1]

over (Co(Q)),Ty,), the Koopman group representation on Cy((2). We call
(To(8))ges a (positive) weighted Koopman semigroup representation on
[o(Q, E) over the Koopman group representation (Ty(g))gec on Co(Q).

By the following lemma and its corollaries, we show that, for a fixed G-
dynamical system ({2, ¢), a morphism of (positive) S-dynamical Banach
lattice bundles (see Definition [3.4.0.9) is uniquely determined by the homo-
morphism of the corresponding induced (positive) S-dynamical m-Banach
lattice modules (see Chapter 2 Definition[2.3.5.1).

Lemma 3.5.0.6. Let (), ¢) be a G-dynamical system. Moreover, let (E, ®) and

(F,¥) be S-dynamical Banach lattice bundles over (Q), ). Furthermore, let (To(Q), E), To)
and (To(Q), F), Ty) be S-dynamical m-Banach lattice modules over the Koopman

group (Co(Q)), T,,) induced by (E, ®) and(F,¥Y), respectively.

Then, for a mapping ® : E — F, the following are equivalent.

(i) © : E — F is a morphism between (E, ®) and(F, ¥).

(ii) Vo : To(Q, E) — To(Q,F);s — O os is a homomorphism between
(To(QL E), Te) and (To(Q, E),¥).
Moreover, if these assertions hold, then ||®|| = ||Vp||, and © is an isometry

if and only if Vi is an isometry.

Proof. (a) First, we observe that the diagram

&) F
If/g
o

F

Pg

< ™

commutes for each ¢ € S if and only if the diagram
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FO(Q E) —> ro(Q F)

To(9)| |7t

To(Q, E) —25 To(Q), F)

commutes for each ¢ € S. Indeed, for each g € S,

¥(g)o®=00d(g)

¥(g)o@os=0Qod(g)osVs eTy(Q,E)
¥(g)o®osog, 1 =00d(g)osop,1Vs € LH(QE)
— Ty(g)Vos = VoTo(g)s Vs € To(Q, E)

> Ty(g) o Ve = Voo To(g)

(b) In addition, ® : E — F is a Banach lattice bundle morphism if and
only if Vg : T'o(Q), E) — To(Q, F) is a lattice module homomorphism.
Indeed, for each s € Ty(Q), E)

1@osl =@o Isl <= |Vgsl = Vglsl.

Hence, the assertion (i) < (ii) is proved.

Moreover, by Lemma[3.5.0.3 Vg : I'o(Q), E) — T'g(€), F) being a Banach lat-
tice module homomorphism implies that ® : E — F is the unique Banach
bundle morphism over Idq, such that ||®|| = ||Ve||, and O is an isometry
if and only if Vg is an isometry. O

By Lemma [3.5.0.3], we immediately obtain the following corollary, which
states that the converse result of Lemma|3.5.0.6labove holds.

Corollary 3.5.0.7. Let (Q), ¢) be a G-dynamical system. Moreover, let (E, ®)
and (F,¥) be S-dynamical Banach lattice bundles over (Q), ¢). Furthermore, let
(To(QL E), Te) and (T'o(QY, F), Ty ) be S-dynamical m-Banach lattice modules over
the Koopman group (Co(QY), T,) induced by (E, ®) and (F,¥), respectively.
Then for a mapping V : To(Q, E) — To(Q, F) the following are equivalent.

(i) V : To(Q),E) — To(Q, F) is a homomorphism between (To(Q), E), Te)
and (To(Q, F), Te).
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(ii) There exists a unique morphism ® : E — F between (E, ®) and (F,Y)
such that V. = Vg.

Moreover, if these assertions hold, then ||®|| = ||V||, and © is an isometry
if and only if V is an isometry.

The following is also an immediate corollary which is obtained by combin-

ing Lemma [3.5.0.6|and Corollary|3.5.0.4|above.

Corollary 3.5.0.8. Let (), ¢) be a G-dynamical system. Moreover, let (E, ®) and
(F,¥) be positive S-dynamical Banach lattice bundles over (Q), @), respectively.
Furthermore, let (To(Q, E), Te) and (To(Q), F), Ty) be positive S-dynamical m-
Banach lattice modules over the Koopman group (Co(Q2), T,) induced by (E, ®)
and (F,¥), respectively.

Then, for a mapping V : To(Q), E) — To(Q, F), the following are equivalent.

(i) V : To(Q),E) — To(Q, F) is a homomorphism between (To(Q), E), Te)
and (To(Q, E), Te).

(ii) There exists a unique morphism ® : E — F between (E, ®) and (F,¥)
such that V. = Vg.

Moreover, if this assertion holds, ||®|| = ||V||, and © is a positive isometry
if and only if V is a positive isometry.

In the following proposition, we represent the lattice of continuous sections
vanishing at infinity of a Banach lattice bundle as an AM m-lattice module
or, equivalently, a Uy(Q))-normed m-lattice module (see Chapter [2| Corol-
lary . This is essentially due to [21, Proposition 4.10, p.19], in the
case of Banach bundles. See also [15, Corollary 7.28, p.78-79]. By this, we

also answer Question|D.1.0.2|raised in Appendix @
Proposition 3.5.0.9. Let () be a locally compact space and I' an AM m-lattice
module over Cy(Q)). Then,

there is a Banach lattice bundle E over Q) such that To(Q, E) is isometrically
isomorphic to T as m-Banach lattice modules over Cy(Q).

Moreover, this Banach lattice bundle is unique up to isometric isomorphism.
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Proof. We follow the proof of [21, Proposition 4.10, p.19-21] which is for
the case of Banach bundles. Since I’ is, in particular, an AM-module over
Co(Q)), we obtain a unique Banach bundle F over Q) such that the Banach
space I'o(Q), F) of its continuous sections vanishing at infinity is isometri-
cally isomorphic to I' as Banach modules over Co(Q). That is, there exists
an operator P € Z(T,To(Q), F)) such that P is an isometric and surjective
module homomorphism.

Hence, it suffices to show that F is a Banach lattice bundle over (); the op-
erator P is a lattice isomorphism; and that F is unique up to isometric iso-
morphism.

We thus, claim the following;:

(i) F is isometrically embedded in a bundle of Banach lattices. Indeed,
by their proof, we see that F := UXGQFX , where, for each x € (), we
define the Banach space F, :=I'/ ], with

Jo :=1lin{fs: f € Co(Q) with f(x) =0ands € T'}.
Now, we define a new bundle E := |J renEx over (), by setting
Ey:=T/Ty
with

[y = {s eI inf{||fs]| : f € Co(Q)+ with f(x) =1} :O}.

By the uniqueness of the lattice Up(())-normed value (see Chapter
Corollary 2.4.1.10), we have that I'y = {s € I': |s|(x) = 0} which im-
plies, by Chapter[2](Corollary[2.5.3.2), that E, is, in particular, a Banach
lattice and Fy = E, (isomorphic Banach spaces) for each x € Q).

Thus, the assertion holds as we obtain that F = E is an isomorphism
of Banach bundles over (), and I'o(Q), F) = T'o(€), E) is an isometric
isomorphism of Banach modules over Cy(Q2).

(ii) The bundle modulus

E — E; UEPE(U) — ol
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(iii)

(iv)

is continuous. Indeed, this is derived from the continuity of the mod-
ulus I' — TI; s — Isl| which "descendsﬂ to the quotient lattice
E.=T/T, foreach x € Q.

This shows that E is a Banach lattice bundle over ), and hence the
Banach space I'p(€), E) is, in particular, a Banach lattice (see Definition

3.2.0.1/and Proposition 3.3.0.2).

There exists a lattice isomorphism 7 : I' — Tz(Q), E). Indeed, by
defining the (linear) bijection 7 : I — TI'o(Q), E) such that Ts(x) =
s+ Iy foreach x € Q, letey : To(Q), E) — E, be the evaluation map
and I, : I'/Ty — E, be the identity map; and consider the following
commutative diagram.

Iy

This implies that, for eachs € I', and x € (),

(@) Ts(x) =ex(Ts) = qx(s); and

®) 1 Ts(x)l =ex1Tsl =gxlsl =exTlsl =T lsl(x)
since ey and gy are both lattice homomorphisms for each x € Q).

So, for each s € T', the canonical mapping
|Tsl:QQ — E; x— 1 Ts(x)l

is a continuous section vanishing at infinity, which coincides with 7 I s |
for eachs € T. This shows that 7 is a lattice homomorphism, and since
T is a bijection, it follows that 71 : To(Q,E) — T is also a lattice
homomorphism; and hence the assertion holds.

This shows that ' = T'y(Q), E) as m-Banach lattice modules over Cy(Q).

E is unique up to isometric isomorphism of Banach lattice bundles

over (). This follows from Lemma [3.5.0.3| Indeed, suppose H is an-
other Banach lattice bundle over (), such that the Banach lattice T’y (Q), H)

4

ie.,impliesI' — Ey; s — |s| +I'y is continuous for each x € Q).
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of its continuous sections vanishing at infinity is isometrically isomor-
phic to ' as m-Banach lattice modules over Cy(Q)), i.e., there exists an
operator S : I' — Tp(Q), H) such that S is an isometric and surjective
lattice module homomorphism.
Then, the operator So 7 ! : To(Q,E) — To(Q), H) is an isometric
and surjective lattice module homomorphism. So, by Lemma
we obtain a unique isometric and surjective Banach lattice bundle mor-
phism ®; : E — H over Idq such that

SoT ls=d 05
forall s € To(Q), E). This, in particular, implies that the Banach lattices

Ey and Hy are isometrically lattice isomorphic for each x € Q.

Moreover, the inverse operator 7 o S™1 : To(Q, H) — To(Q,E) is
also an isometric lattice module homomorphism. Similarly, by Lemma
we also obtain a unique isometric and surjective Banach lattice
bundle morphism &, : H — E over Idq such that

ToS lr=®,0r
forall r € Tp(Q), H). It then follows that
(I)z OCI)l = IdE and (Dl OCI)Z = IdH

and
O, =®jand ;! = Dy,

i.e., E and H are isomorphic (=homeomorphic).

Remark 3.5.0.10. We note, in particular, that, if I is a complex AM m-lattice mod-
ule over the complex Banach algebra Cy(Q)), then each fiber E of the constructed
Banach lattice bundle E over () is a complex Banach lattice for each x € (), and the
isomorphism I = To(Q), E) can be seen to be C-linear.
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We are now able to state our first representation result for dynamical m-
Banach lattice modules. See [29, Theorem 2.22, p.34] for the case of dy-
namical Banach modules. This is our Gelfand-type theorem for dynamical
AM m-lattice modules over Cy(Q2). We note that its corollary and remark,
in particular, proves Proposition stated in Appendix D}

Theorem 3.5.0.11. Let G be a locally compact group, S C G a closed submonoid,
and (Q, @) a topological G-dynamical system. Then the assignments

(E, @) — (T'o(D, E), To)

0 — Vo

define an essentially surjective, fully faithful functor from the category of S-dynamical
topological Banach lattice bundles over (Q), ¢) to the category of S-dynamical AM
m-lattice modules over (Co(Q)), T.,).

Proof. Combining Proposition 3.5.0.9/and Corollary proves the theo-

rem. ]

The following is an immediate corollary of the above theorem.

Corollary 3.5.0.12. Let G be a locally compact group, S C G a closed submonoid,
and (Q), @) a topological G-dynamical system. Then the assignments

(E,®) — (To(QLE), To)

@'—)V@

define an essentially surjective, fully faithful functor from the category of positive S-
dynamical topological Banach lattice bundles over (Q), @) to the category of positive
S-dynamical AM m-lattice modules over (Co(Q2), T, ).

Proof. Combining Proposition3.5.0.9|and Corollary [3.5.0.8 proves the asser-
tion. [
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In the following remark, we note how the unique positive semiflow ® =
(®g)ges can be obtained canonically on the Banach lattice bundle E associ-
ated with a positive S-dynamical AM m-lattice module (T', T"). By this, we
construct the inverse functors for the above theorems (see also [29, Remark
3.9, p.64]).

Remark 3.5.0.13. For an AM m-lattice module T over Co(QY), let E := Uyeq Ex,

with Ex := I' /Ty for each x € (), be the unique (up to isometric isomorphism)
topological Banach lattice bundle such that T = T'o(Q), E) as in the proof of Propo-
sition 3.5.0.9

Now, let (Q), (¢g)qecc) be a topological G-dynamical system and T = (T (g))ges

a positive weighted semigroup representation on I over the Koopman group (Co(Q2), Ty,).
Moreover, for each x € Q, let g : I — Ey be the corresponding (quotient) lattice
homomorphism. Then, for each g € S, the positive operators ®g(x) 1= Pg|E, :

Ex — E,,(x) are precisely the operators for which the diagram

s—T(g)s

commutes for all x € Q). That is, for each § € S, the mappings Pg(x) : Ex —
Epo(x)is+Tx — T(9)s + Lyoxy forallx € Qand s € T (uniquely) defines a
positive morphism ®g : E — E over @o. From these observations, we have that

(T(8))ges = (Ta(8))ges on T =To(Q,E).

3.6 More on the Banach lattice of continuous

sections

In this Section, given a topological Banach lattice bundle E over a locally com-
pact space (), we introduce and consider several notions about the Banach
lattice I'o((2, E) of its continuous sections vanishing at infinity. While many
of these concepts are proven very useful in this thesis, we note that, others
will become handy for further studies.
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3.6.1 On lattice subbundles and lattice submodules

Inspired by the work of S. Siewert [29, A.1, p.109-112], we now introduce
the notions of Banach lattice subbundles, and we seek to obtain similar dual-
ity with Banach lattice submodules as introduced in Chapter 2| (Subsection
2.5.2).

Throughout, we take (2 = K to be a compact space, and p : E — K a
Banach lattice bundle over K.

Definition 3.6.1.1. A subspace F C E is called a lattice subbundle if the following
properties are satisfied.

(i) For each x € K, the set F, := pfl(x) N F is a sublattice of the fiber E,, i.e.,
Fy C Ey is a subspace such that v € Fy implies |v|,v € Fy; and

(ii) the restriction of the bundle projection p|p : F — K is open.

If, in addition, Fx C Ey is a closed subspace for each x € K, then we call F C E a
Banach lattice subbundle.

More importantly, we claim the following.

Proposition 3.6.1.2. A Banach lattice subbundle F C E is a Banach lattice bundle
over K with the bundle projection, bundle norm, and bundle modulus restricted to
F.

Moreover, F induces an AM m-lattice module T'(K, F) over C(K) which is also a
Banach lattice submodule of T'(K, E).

Proof. By [29, Proposition A.2, p.110], we obtain that p|r : F — K is a Ba-
nach bundle over K with the bundle projection and bundle norm restricted
to F. Since, by definition, Fy is a Banach lattice for each x € K, it is sufficient
to show that the restriction of the bundle modulus

|-|F:P—>F,'Ui—> |Z)|1:
PIF(0)

is continuous. Indeed, for v € F, if W C F is an an open set containing | vl,
then we find an open set Wy C E containing v such that lwg| € U for all
wo € Wp. It follows that Wy := F N W) is also an open set in F containing v
such that lwl € W for all w € W;.

Hence, the first assertion is proved.
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Since, F is a Banach lattice bundle over K, the lattice of its continuous sec-
tions I'(K, F) is also an AM m-lattice module over C(K) (see Remark[3.5.0.1](ii)).
The fact that I'(K, F) C I'(K, E) is a Banach lattice submodule follows read-
ily.

[]

Now, if I' C T'(K, E) is a Banach lattice submodule, it readily follows that I'
is also an AM m-lattice module over C(K). So, by Proposition there
exists, up to isometric isomorphism, a unique Banach lattice bundle F over
K such that I' is isometrically isomorphic to I'(K, F).

We claim this Banach lattice bundle F can be identified with a Banach lattice
subbundle of E. More so, we also obtain a correspondence between Banach
lattice subbundles and Banach lattice submodules. See [29, Proposition A 4,
p-110] for the case of Banach subbundles and Banach submodules.

Proposition 3.6.1.3. The following statements hold true.

(i) For each Banach lattice subbundle F C E, the induced AM m-lattice module
I'(K, F) is a Banach lattice submodule of T' (K, F).

(ii) For each Banach lattice submodule T C T'(K, E), the induced Banach lattice
bundle F := U,ck ex(I') over K is a Banach lattice subbundle of E, where
ex: I — Ey; s — s(x), x € K is the evaluation map.

Moreover, the assignment F — T'(K, F) is a bijection of Banach lattice sub-
bundles and Banach lattice submodules. The inverse is given by T — Uyeg ex(T).

Proof. (i) This follows from Proposition |3.6.1.2| from above.
(ii) By [29, Proposition A.4 (ii), p.110], we obtain that F := [J,cgex(T') is
a Banach bundle over E, such that F C E is also a Banach subbundle.
We claim that F is the unique Banach lattice bundle over E.
In particular:

(a) ex(I') C E, is a Banach sublattice for every x € K. Indeed, by
Remark 3.5.0.1iii), we note that the evaluationmap ey : I' — Ey; s —
s(x), x € Kis a lattice homomorphism, and moreover &5 = e,5 for all
s € T'and x € K. This implies that the closed subspace ex(I') C Ey is a
sublattice for every x € K.
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(b) The restriction of the bundle modulus to F is continuous. In-
deed, this immediately follows from the proof of Proposition 3.6.1.2

Hence, F C E is a Banach lattice subbundle, and again by Proposition
3.6.1.2} it is a Banach lattice bundle over K.

Moreover, it is clear that, the assignment F — T'(K, F) is an injective
map of Banach lattice subbundles of E and Banach lattice submod-
ules of T'(K, E). Now, to show surjectivity, suppose I' C I'(K,E) is a
Banach lattice submodule such that I' = T'(K, F;) defines an isomet-
ric Banach lattice module isomorphism for a (unique up to isometric
isomorphism) Banach lattice bundle F; over K. Since, by the proof of
Proposition each fiber Fj,, x € K can be identified with a quo-
tient space of I, it follows that F;, C E, is Banach sublattice for every
x € K. Hence, from (ii) above, we can conclude that F;, = e,(T') for ev-
ery x € K, and F; = U,k ex(T) is the unique Banach lattice subbundle
of E.

U

As in [29, Remark A.5. p.110], for the case of Banach modules, we also note
the following properties concerning the kernel and the image of a lattice
module homomorphism of Banach lattice modules.

Proposition 3.6.1.4. Let 7 : I'(K,E;) — T'(K, Ey) be a lattice module homo-
morphism. Then Ker T C T'(K, E1) and the closure of rg T C T'(K, Ep) are Banach
lattice submodules.

Moreover, KerT is a closed ideal submodule of T'(K, Ey).

Proof. (i) Lets € Ker7. Then Tf-s = f-Ts = 0 for any f € C(K)
implies that Ker7 is a Banach submodule. Now, s € Ker7T also implies
that T Isl = 17sl =0,ie., Isl€ KerT.

In the complex case, since T is C-linear; s € Ker7 implies that Res, Im s €
KerT . So, we can conclude thats € KerT .

Moreover, if s € KerT,r € T(K,Ey), with 17l < Isl, then | Trl <
| Ts| = 0implies that r € KerT .

Hence, KerT is a closed ideal submodule of T'(K, E1), and, in particu-
lar, a Banach lattice submodule.
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(i) Lets € r¢7T. Then f-s = T (f - r) for some r € T'(K, E1) with Tr = s,
for any f € C(K), implies that the closure of r¢7 is a Banach submod-
ule. Now, s € r¢7 also implies Is| =7 |7 for some r € T'(K, E1) with
Tr=s,ie, IslergT.

Furthermore, in the complex case, since 7 is C-linear, s € rg7 implies
that Res = T (Rer) and Im s = T (Rer) for for some r € T'(K, E1) with
Tr=s,ie., Res,Ims € rgT.So, we can also conclude thats € r¢g7.

Hence, the closure of rg 7 C T'(K, E,) is a Banach lattice submodule.
O

3.6.2 Direct sum of Banach lattice bundles and Banach

lattice modules

Following the discussion as in [29, A.2, p.111-112], we now consider the
direct sum of two Banach lattice bundles E and F over the compact space K,
as well as the direct sum of their lattices of continuous sections.

For each x € K, let Ex @ F, be the direct sum of Banach spaces Ey and F;
equipped canonically with the lattice structure | (1,v)| := (lul, lvl) and
(u,v) := (,7); and norm ||(u,v)|| := max(||u||,||v||) for (u,v) € Ex ® F,
which induces the product topology of E, and Fy on E, & Fy as a Banach
lattice with natural ordering.

We then endow the direct sum

E®F:=|JEx®F CExF
keK

with the subspace topology induced by the product topology on E x F.

Equipped with the canonical projection, addition, scalar multiplication and
modulus, the direct sum E & F of two Banach lattice bundles E and F is,
again, a Banach lattice bundle over K.

Indeed, by [29, Construction A.6, p.111], we obtain that E @ F is a Banach
bundle over K, but each fiber E, & F, is a Banach lattice for x € K. Hence, it
suffices to show that the bundle modulus

(-, )1 :tE®F — E®F;(u,v) — (lul, lvl)E. gk,
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is continuous. This follows immediately, since E @ F is equipped with the
product topology.

Now, for two AM m-lattice modules I'(K, E) and I'(K,F) over C(K) we
equip the Banach space direct sum I'(K, E) & I'(K, F) canonically with the
lattice structure |(s1,55)1 = (Is11, Isp1) and (s1,s2) := (51,%2); C(K)-
module structure f(s1,52) := (fs1, fs2) and norm ||(s1,s2)|| := max(||s1]|, ||s2]])
fors; € T(K,E),s, € T'(K,F), f € C(K); which induces the product topol-
ogy of I'(K,E) and I'(K, F) on T'(K, E) & I'(K, F) as a Banach lattice module
with natural ordering.

From this construction, we also claim that the direct sum I'(K, E) ® T'(K, F)
of two AM m-lattice modules I'(K, E) and T'(K, F) over C(K) is, again, an
AM m-lattice module over C(K).

Proposition 3.6.2.1. In the situation above, the mapping
I['(K,E)®T(K,F) — T(K,E®F); (s1,52) > 51 D sp

with (s1 ® sp)(x) := (s1(x),s2(x)), s1 € T(K,E), s € T'(K,F), and x € K de-
fines an isometric isomorphism of AM m-lattice modules (see Chapter |2} Definition

and Remark .

Proof. (i) First we note that, since E & F is a Banach lattice bundle over K,
its lattice of continuous sections I'(K, E & F) is an AM m-lattice module
over C(K).

(ii) The Banach lattice moduleI'(K, E) @& T (K, F) over C(K) is an m-Banach
lattice module. Indeed, for any f € C(K),s; € I'(K,E),s, € T'(K,F),
we have that

| f(s1,82) 1 = (I fsyl, 1 fspl) = (1f1syl, 1fllspl)=1f11(sq,s2)]I.

(iii) Now, the fact that the mapping I'(K, E) @ T'(K,F) — I'(K, E® F); (s1,52) —
s1 @ sy is a lattice module isomorphism is clear. Indeed,
(@) p € T(K,E® F) if and only if p(x) € Ey @ Fy for every x € K if
and only p(x) = (s1(x),s2(x)) for every x € Kand s; € I'(K,E),s; €
I'(K, F) if and only if p = s; & s,. That is, the mapping is surjective.
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(iv)

(b) For s, € T(K,E),sp, 2 € T(K,F), we have that s1 ©& s, =
r1 @ rp if and only if (s1(x),s2(x)) = (r1(x), r2(x)) for all x € K if and
only if (sq,s2) = (r1,72). That is, the mapping is injective.

(c) For every f € C(K),s; € I'(K,E),s; € I'(K, F), we have that

(fs1© fsa)(x) = (f(x)s1(x), f(x)s2(x)) = f(x)(s1 D s2)(x)

for all x € K. That is, the mapping is a module homomorphism.

(d) For every sy € I'(K,E), s, € T'(K, F), we have that
I (s1®s2)l(x) = (Isy(x)], Isp(x)1) = (Is11 @ Ispl)(x)

for all x € K. That is, the mapping is a lattice homomorphism.

Furthermore, since the mapping is a bijection, it is also a module iso-
morphism and a lattice isomorphism. Hence, the assertion follows.

The mapping I'(K,E) ®T'(K,F) — I'(K,E® F); (s1,52) +> s1 ® sp is
an isometry. Indeed, for s; € I'(K, E), s, € I'(K, F) we have that
|[(s1 @ s2)[| = Sug(max(||51(x)!|, |[s2(x)[]))
xe

= max(sup |[s1(x)|], sup |[s2(x)|[)
x€K xeK

= max({[s]], [|s2])

= [l(s1,52)ll

Finally, by the isometry, we obtain that the Banach m-lattice module I'(K, E) &
I'(K, F) over C(K) is an AM m-lattice module, i.e.,

1(f v 8)(s1,82)[| = max(}[f(s1,52)l], |18 (s1,52)I[)

forall f,g € C(K)4, s;1 € I'(K,E), s, € T'(K, F).

]

The result above yields a correspondence between decompositions of Ba-

nach lattice bundles and decompositions of AM m-lattice modules. See [29,

Proposition A.8, p.112] for the case of Banach bundles and AM-modules.

Proposition 3.6.2.2. Let E be a Banach lattice bundle over K and T'(K,E) the
corresponding AM m-lattice module over C(K). Then, the following hold.
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(i)

(ii)

Proof.

(i)

If there are two non-trivial Banach lattice subbundles Eq, E; C E such that
E = E1 @ E,, then we have that T'(K, E1) and T (K, E;) are non-trivial Ba-
nach lattice submodules of T' (K, E) and T (K, E) = T'(K, E;) ® T'(K, Ep).

If there are two non-trivial Banach lattice submodules T'1,T; C T'(K,E)
such that T(K,E) = Ty @ Ty, then there are two non-trivial Banach lat-
tice subbundles E1, Ep C E such that E = E1 ® Ey and Ty =2 T'(K, Eq) and
T, = T(K, E,).

(i) Since Eq, E; C E are non-trivial Banach lattice subbundles and
E = E; @ Ey, we can assume that there is a nontrivial decomposition
of the Banach lattice Ex = E(; ) @ E(y ) for every x € K. It follows
immediately from Proposition that the induced AM m-lattice
modules I'(K, E1) and T'(K, E;) over C(K) are non-trivial Banach lattice
submodules of T'(K, E). Hence, by Proposition 3.6.2.1} the mappings

I'(K,E1) ®T(K, E;) —T(K,E; @ E;) — I'(K,E)
(s1,82) +——s51®sp +—— s1Ds
define isometric isomorphisms of AM m-lattice modules.

Since I'1, I, € T'(K, E) are non-trivial Banach lattice submodules, by
Proposition (3.6.1.3| we can find two non-trivial Banach lattice subbun-
dles E;, E, C E such that Ty 2 T'(K, E;) and T, = T'(K, E).

So, by Proposition 3.6.2.1, we obtain that
I'NK,E)=ZT1eI,=T(K E)®T(K E) =T (K, E1 ® Ep)

are isometric isomorphic AM m-lattice modules. Hence, we can con-
clude that E = E; & E».
O

3.6.3 On ideal subbundles and ideal submodules

Inspired by Proposition 3.6.1.3, obtained in Section which gives us
a correspondence between Banach lattice subbundles and Banach lattice

modules, one is prompted naturally to expect a similar result for ideal sub-
modules (see Chapter 2, Definition 2.5.2.3) and what we now call "ideal
subbundles".
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We give the definition of an ideal subbundle below, which is analogous to
the definition of a lattice subbundle (see Definition |3.6.1.1) and we seek to

obtain similar correspondence.

As before, K is compact and p : E — K a Banach lattice bundle over K.

Definition 3.6.3.1. A subspace I C E is called an ideal subbundle if the following
properties are satisfied.

(i) For each x € K, the set Ig, := p~'(x) N Ig is a lattice ideal of the fiber Ey,
i.e., Igxy C Ey is a subspace such that if v € Igy,w € Ey then lwl < vl
implies w € IEy.

(ii) The restriction of the bundle projection p|. : I — K is open.

If, in addition, Ig, C Ey is a closed subspace for each x € K, then we call [ C E a
closed ideal subbundle.

Remark 3.6.3.2. (i) Since every lattice ideal is a sublattice, it follows that if
Ir C E is an ideal subbundle, then it is also a lattice subbundle.

(ii) So, if Ir C E is a closed ideal subbundle, then it is also a Banach lattice

subbundle.

The following is an immediate corollary of Proposition 3.6.1.2/and the defi-
nition above.

Corollary 3.6.3.3. A closed ideal subbundle Ir C E is a Banach lattice bundle over
K with the bundle projection, bundle norm, and bundle modulus restricted to F.

Moreover, Ig induces an AM m-lattice module T' (K, Ir) over C(K) which is also a
closed ideal submodule of T'(K, E).

Proof. Since Ir C is a closed ideal subbundle, it is, in particular, a Banach lat-
tice subbundle; and it follows from Proposition that p|j, : [r — Kis
a Banach lattice bundle over K. Moreover, the lattice of its continuous sec-
tions I'(K, Ir) is an AM m-lattice module over C(K), which is also a Banach
lattice submodule of I'(K, E).

So, it suffices to show that T'(K, Ir) is a lattice ideal of T'(K,E). Now, let
s € I'(K,Ig) and r € T(K,E) be such that |71 < Isl. This implies that, for
every x € K,

lr(x) g, < Is(x) 1, .
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Now, since Ig, C E, is a lattice ideal for every x € K, it follows that (x) €
Ig, for every x € K. Hence, r € T'(K, I).
This shows that I'(K, If) is also a closed ideal submodule of I'(K, E).

]

Now, if Ir € T'(K, E) is a closed ideal submodule, it readily follows that It
is also an AM m-lattice module over C(K). So, by Proposition there
exists, up to isometric isomorphism, a unique Banach lattice bundle F over
K such that Ir is isometrically isomorphic to I'(K, F).

We claim this Banach lattice bundle F can be identified with a closed ideal
subbundle of E. Moreover, we also obtain a correspondence between closed
ideal subbundles and closed ideal submodules.

This can be seen as a corollary of Proposition (3.6.1.3| for the case of Banach
lattice subbundle and Banach lattice submodule.

Corollary 3.6.3.4. The following statements hold true.

(i) For each closed ideal subbundle Iz C E the induced AM m-lattice module
['(K, Ig) is a closed ideal submodule of T (K, E).

(ii) For each closed ideal submodule Ir C T'(K, E), the induced Banach lattice
bundle Ir := Uyex ex(Ir) over K is a closed ideal subbundle of E, where
ex : Ir — Ey; s — s(x), x € K is the evaluation map.

Moreover, the assignment Ir — T (K, Ig) is a bijection of closed ideal subbun-
dles and closed ideal submodules. The inverse is given by It — J,ck ex(Ir).

Proof. (i) This follows from Corollary|3.6.3.3|above.

(i) Since Ir C I'(K, E) is a closed ideal submodule it is, in particular, a Ba-
nach lattice submodule, and so by Proposition 3.6.1.3| (ii) the induced
Banach lattice bundle Ir := [J,cx ex(Ir) over K is a Banach subbundle
of E.

So, it suffices to show that for each (fixed) x € K, Ir, = ex(Ir) C Ex is
a lattice ideal. Now, let v € I, and w € E, be such that lw| < [vl.
Since It C I'(K, E) is lattice ideal, and e, : I'(K, E) — E, is a quotient
map, wecan find s € I, r € I'(K, E) with I7] < Is| such thate,(r) =
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w and ey(s) = v, which implies that v € Ir and w = ex(r) € Ig,. See
also [28, Proposition 3.1, p.65].

This implies that Ir = Uyex ex(Ir) is a closed ideal subbundle of E.

Moreover, the fact that the assignment Ir — T'(K,Ig) is a bijective
map from closed ideal subbundles of E to closed ideal submodules
of I'(K, E) immediately follows from Proposition by a similar
argument as in the proof of the conclusion.

O

3.6.4 Direct sum of positive semiflows and positive

weighted Koopman semigroups

In Subsection we introduced the concepts of the direct sum E @ F
of two Banach lattice bundles E and F over K, as well as the direct sum
I'(K,E) ®T(K, F) of the two AM m-lattice modules I'(K, E) and I'(K, F) over
the Banach lattice algebra C(K). In particular, E & F is again a Banach lat-
tice bundle over K, and I'(K,E) & T'(K,F) = I'(K,E & F) is again an AM
m-lattice module over C(K), see Proposition

Moreover, earlier in Subsection we introduced the concepts of Ba-
nach lattice subbundles and we obtained a correspondence between Banach
lattice subbundles and Banach lattice submodules (see Proposition [3.6.1.3).
Again, in Section 3.6.2 we also obtained a correspondence between decom-
positions of Banach lattice bundles and decompositions of spaces of contin-

uous sections (see Proposition 3.6.2.2).

In this direction, following [29] Section 5.2, p.87-90], we will also introduce
the concepts of direct sums of (positive) semiflows on Banach lattice bun-
dles and as well as direct sums of (positive) weighted Koopman semigroups
on the spaces of continuous sections.

As before, K is compact and (¢¢)cR is a flow on K.
We take two (positive) semiflows (®;);>0 over (¢¢)icr on a Banach lattice

bundle E over K, and (¥;)¢>0 over (¢;);er on Banach lattice bundle F over
K. We claim that, setting

(DY) (u,v) := (Pru, ¥v) forallt >0, (u,v) € EDF,
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defines a (positive) semiflow (® & ¥);>¢ over (¢:);er on the Banach lattice
bundle E @ F over K. Indeed, since E @ F is equipped with the product
topology, we obtain that the mapping

PPY: R, — EQFE t— (P YY),

is a monoid representation which is jointly continuous, locally bounded,

Ear ™ par

PE@Fl lPEan

K—%"

and the diagram above commutes for each t > 0, where pgpr : E® F —
K is the natural associated projection map (see also Definitions and
B.4.0.5). Hence, it suffices to show that the mapping (P @ ¥); : E®F —
E®F; (u,0)ppr — (P, ¥1v) is a (positive) morphism of Banach lattice
bundles over ¢; for each t > 0. This follows from (i) and (ii) below.

(i) If (P¢)s>0 and (¥4)¢>0 are semiflows over (¢;)icr on E and F, respec-
tively, then
(@ DY) i(x)(u,v)] = 1(De(x)u, Ye(x)o) | = (Pp(x) lul,¥i(x)lvl) =
(@B Y)e(x) ! (u,v)l forall x € K, (u,v) € Ex® Fy, t > 0 and where
(CI) EB‘Y)t(x) = ((D ®T)t\Ex$Fx cExDF, — E(Pt(x) D F@t(x) are the

restriction maps on the fibers E, @ Fy.

Hence, (® @ ¥);>0 is a semiflow on E @ F over (¢;)icr on K.

(ii) If (®4)t>0 and (¥4)¢>0 are positive semiflows over (¢;);er on E and F,
respectively, then it follows from the argument in (i) above that (® @
¥);>0 is a positive semiflow on E @ F over (¢;)er on K.

Now, if (®¢);>0 and (¥¢)>0 are two (positive) semiflows over (¢;)icr on
E and F, respectively, then we consider the two (positive) weighted Koop-
man semigroups (7s(t))i>0 on I'(K, E) over the Koopman group T (t):cr
on C(K) and (7¥(t))¢>0 on I'(K, F) over the Koopman group Ty(t)ier on
C(K). We claim that setting

(To @ Ty)(t) := To(t) ® T¢(t) forall t >0
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defines a (positive) weighted Koopman semigroup (7o () )i>0 @ (Tw) (1) )t>0
on I'(K,E) ® T(K, F) over the Koopman group Ty(f);cr on C(K). Indeed,
since I'(K, E) @ T'(K, F) is equipped with product topology, we obtain that
the mapping

To® Ty : R — T(K,E) @ T(K,F)T FTED; ¢ o 7o (1) @ Ty (1)

is a strongly continuous semigroup representation on I'(K, E) @ T'(K, F) (see
also Chapter 2| (Definition[2.3.4.1)) such that (7o @ Ty ) (t) f(s1,52) = Ty (t)f -
(To @ Ty)(s1,82) forallt > 0, f € C(K),s; € T(K,E),sp € T'(K,F). Hence,
it suffices to show that the mapping (7 ® T¥)(t) : I(K,E) @ I'(K,F) —
I'(K,E) @ T(K, F); (s1,82)r(x pyer(,F) = To(t) @ Te(t)(s1,52) is a (positive)
lattice Ty (t)-homomorphism for every t > 0. This follows from (i) and (ii)
below.

(1) If (To(t))i>0 and (Tw(t))¢>0 are weighted Koopman semigroups over
Ty(t)ter on T(K, E) and T'(K, F), respectively, which is the case if and
only if (®;);>9 and (¥¢)i>0 are semiflows over (¢¢)ier on E and F,
respectively, then

1(Te ® Te)(t)(s1,52) | = [(Ta(t)s1, Ty (t)sa) | = (To(t) Is11, Te(t)Is21)

(To © Ty)(t) |

(
Hence, (To(t))i>0 ® (Ty)(t))>0 is a weighted Koopman semigroup
onI'(K,E) © I'(K, F) over the Koopman group Ty (t)er on C(K).

51,52)| forallt > 0,51 € F(K, E),52 € F(K,F).

() If (To(t))i>0 and (T¢(t))s>0 are positive weighted Koopman semi-
groups over Ty(t)icr on I'(K, E) and T'(K, F), respectively, which is
the case if and only if (®;);> and (¥+)¢>0 are positive semiflows over
(¢t)ter on E and F, respectively, then it follows from the argument
in (i) above that (7o (t))t>0 @ (Tw) (t))1>0 is a positive weighted Koop-
man semigroup onI'(K, E) ®I'(K, F) over the Koopman group Ty (t)er
on C(K).

With the construction above, and using Proposition [3.6.2.1, we also claim
that the direct sum (7 (t)) >0 ® (T (t))i=oon (K, E) T (K, F) of two (pos-

itive) weighted Koopman semigroups (7o (t))r>0 and (T¥(t))¢>0 over Ty (t);cr

on I'(K, E) and T'(K, F), respectively, can uniquely be identified with the
(positive) weighted Koopman semigroup (7oev(f))i>0 on I'(K, E & F) over
Ty(t)ter on C(K).
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Proposition 3.6.4.1. In the situation above, if (®y)s>0 and (¥1)i>o are (positive)
semiflows over (¢¢)icr on E and F, respectively, then

(To(t))e=0 @ (Tw) (1)) 10 = (Toww (t))eo0-
In particular, the mapping
O: F(K, E) D F(K,F) — F(K,E D F); (51,52) = S1 D Sy

with (s1 & 52)(x) := (s1(x),s2(x)) s1, € (K, E),s, € (K, F),and x € K

is an isometric isomorphism of (positive) R -dynamical AM m-lattice modules
(I(K,E) ®T(K,F), To ® Ty) and (I'(K,E ® F), Toay) over Ty(t)ter on C(K)
(see Chapter 2| Definition [2.3.5.1|and Remark[2.3.5.2).

Moreover, ||(To & Ty ) (t)|| = [|Toey (t)]| = [|(® & F)(t)]| forall t > 0.

Proof. (i) First, we note that, by Proposition3.6.2.1,© : T'(K,E) ®T'(K,F) —
I'(K, E & F) is an isometric lattice module isomorphism, i.e., T'(K, E) &
I'(K,F) =T(K,E & F) as AM m-lattice modules over C(K).

(ii) If (®¢)r>0 and (F)r>0 are (positive) semiflows over (¢;);er on E and
F, respectively, then the direct sum (® @ ¥);>¢ is a (positive) semi-
flow on E @ F over (¢;):er on K. So, the induced weighted semigroup
(Toaw(t))i>0 onT'(K,E & F) is a (positive) weighted Koopman semi-
group over Ty (t)ier on C(K).

(iii) Also, if (®¢);>0 and (¥¢)s>0 are (positive) semiflows over (¢¢)icr on
E and F, respectively, then the direct sum (7o (t))i>0 @€ (Tw)(t))i>0 on
I'(K,E) @ T (K, F) of the induced (positive) weighted Koopman semi-
groups (7o (t))r>0 and (Ty (t))¢>0 over Ty(t);er onT (K, E) and I'(K, F),
respectively, is a (positive) weighted Koopman semigroup onT'(K, E) &
I'(K,F) over Ty(t)icr.

(iv) Hence, in either case (i.e., positive or lattice homomorphism) it suffices
to show that the diagram
['(K,E)®T(K,F) ~2~ I'(K,E®F)

(TosTa)(1)| |Toow(®
T'(K,E)®T(K,F) —2~ I'(K,E& F)
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commutes for all t > 0. This follows immediately, since

O(To @ Tw)(t)(s1,52) = O(Ta(t)s1, Ty (t)s2)
= To(t)s1 ® Ty(t)s2
=Toaw(t)(s1 © 52)
=Toay (H)O((s1,52))

forallt > 0,51 € I'(K,E),sy € I'(K, F).
This shows that (7o (t))>0 B (Tw)(t))i>0 = (Toay (1)) >0

(v) Moreover, by Proposition we have that || Toaw(t)|| = ||(® ®

Y)(t)|| forallt > 0,and since ® : T(K,E) ®T(K,F) — I'(K,E® F) is

a surjective-isometry, by (iv) above it follows that ||(Te & T¥)(t)|| =
Toow (£)]] = I1(® &%) ()] forall ¢ > 0.

[

The result above in Proposition combined with Proposition
yields a correspondence between the decomposition of (positive) semiflows
on a Banach lattice bundle and the decomposition of the corresponding
(positive) weighted Koopman semigroups on the lattice of continuous sec-
tions.

Proposition 3.6.4.2. Let E be Banach lattice bundle over K and T'(K, E) the cor-
responding AM m-lattice module over C(K). Moreover, let (®;);>¢ be a positive
semiflow on E over (¢¢)icr on K, and (T (t))s>0 the associated positive weighted
Koopman semigroup on T'(K, E) over Ty(t)ier on C(K). Then, the following hold
true.

(i) If there are two non-trivial Banach lattice subbundles E1,E; C E and two
positive semiflows (P} ) ;>0 on Ey and (®?);>0 on Ep over (@t)ser on K such
that

(Pr)i>0 = (Df)i0 B (PF)iz0 on EZE @ E,

then T'(K,Eq) and T(K, Ep) are non-trivial Banach lattice submodules of
I'(K,E), and

(To ()0 = (Ter (8))10 @ (Tg2(t)) on T(K,E) = T(K, E1) @I(K, Ep).

Moreover, ||<I>}H = ||Tp1(t)|| and |]<I>%|| = ||Tg2(t)|| for all t > 0.
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(ii) If there are two non-trivial Banach lattice submodules T'1,Tp C T'(K, E), and
two positive weighted semigroups (T1(t))i>0 on I'y and (T(t))>0 on I'y
over Ty(t)er on C(K) such that

(To(H))iz0 = (Ti(1)i20 © (T2(t))iz0  on (K, E) =T1 © 1Ty,

then there are two non-trivial Banach lattice subbundles Eq, E;, C E and two
positive semiflows (P} ) ;>0 on Ey and (®?);>0 on Ep over (¢t )er on K such
that

(®1)r0 = (D)0 ® (PF)i=0 on E=E @ Ey.

Moreover, || T1(t)|| = ||®}|| and || T2(t)|]| = ||D?|| for all t > 0.

Proof. (i) By Proposition (i), if E1,E, C E are two non-trivial Ba-
nach lattice subbundles such that E = E; @ E,, it follows that T'(K, E7)
and I'(K, E,) are two non-trivial Banach lattice submodules of T'(K, E)
such that (K, E) = T(K, E;) & T(K, E»).

Since, Eq and E, are also Banach lattice bundles over K, if (q)})tzo and
(®?);>0 are positive semiflows over (¢;);cr on E1 and Ej, respectively,
such that (®¢);>0 = (D)0 ® (?)s>0, it follows from Proposition
that

(To ()0 = (T (8))20 @ (Tg2(t)) on T(K,E) = T(K, E1) OI(K, Ey).

Moreover, by Proposition 3.5.0.5, we have that ||®}|| = || 741 (t)|| and
193] = |[Tga ()] for all £ > 0.

(ii) By Proposition (ii), if T'1,T, C I'(K,E) are two non-trivial Ba-
nach lattice submodules such that I'(K, E) = I'; & I';, then we can find
two non-trivial lattice subbundles Eq, E; C E such that E = E; ¢ E,
1 2 T(K, E;) and T, 2 T(K, Ey).

Since 1 2 T'(K, Ey) and I', 2 I'(K, Ey) are also AM m-lattice modules
over C(K), if (T1(t))i>0 and (72(t))t>0 are positive weighted semi-
groups over Ty(t)icr on I't and on I'y, respectively, by Proposition
we obtain unique (up to isometric isomorphism) positive semi-
flows (®} )0 on E1 and (®?);>¢ on E; over (¢;)ier on K

such that

(T1(1))i>0 = (T (t))i=0 on TI'1 =T(K,Eq), and
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(T2(t))i=0 = (Tg2(t))i=0 on I T (K, Ep).

Therefore, since (To(t))i>0 = (T1(1))t>0 @ (T2(t) )0 on T(K,E) =
I'1 ® T'; by assumption, it follows that

(To(t))1z0 = (T1(t))i20 @ (T2(t))r=0  onT(K,E) =T1&T;
= (Tor1(1)120 @ (Te2(t))r=0 onT(K,E) =T(K, E1) & T(K, Ez)
> (Torwez (H))i=0 onT(K,E) 2T (K, E; & E,)

where we have used Proposition 3.6.4.1/in the last step above.

Therefore, we can uniquely (up to isometric isomorphism) identify the
positive semiflows (®;);>0 = (D} )10 @ (P?);>0 on the Banach lattice
bundles E = E; ¢ Es.

Moreover, by Proposition [3.5.0.5, we have that ||T1(t)|| = ||®}|| and
| 72(t)|| = ||®?|| for all t > 0.
[]

3.6.5 Banach lattices of continuous sections and order

structures

In this Subsection, we consider certain order structures of the Banach lattice
['o(Q), E) of continuous sections vanishing at infinity of a fopological Banach
lattice bundle E over a locally compact space (). The order structures under
consideration are; non-emptiness of the positive cone, (0-) order complete-
ness, and order continuity of the norm. We note that, by Proposition
we are actually considering these order structures for an AM m-lattice mod-
ule over C(Q)) (see Chapter 4} Section[4.2).

We start with the special situation of Example 3.3.0.6(i). That is, given a lo-
cally compact space () and a Banach lattice Z, under what conditions does
the Banach lattice Cy((), Z) satisfy any of the order structures under consid-

eration? In this direction, we collect the following results due to Ercan and
Wickstead ([13]).

Proposition 3.6.5.1. Let Z be a Banach lattice, () a locally compact space, and
E := Q) x Z the so-called trivial Banach lattice bundle in Example[3.3.0.6(i). More-
over, let To(Q), E) == Co(Q), Z) be the associated AM m-lattice module over Cy(Y).
Then we have the following.
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(A) Consider the following statements.
(i) The interior IntCo(Q), Z)+ # @.
(ii) 3 = K is compact and the interior IntZ # @.

Then (i) < (ii).

(B) Consider the following statements.
(i) Co(Q), Z) is o-order complete.
(ii) Q) is discrete and Z is o-order complete.
(iii) Co(Q) is o-order complete and Z has compact order intervals.
(iv) Q) = K is infinite, compact, and C(K, Z) is o-order complete.
(v) Z has compact order intervals.

(vi) If U C K is an open F, subset and s : U — Z is a continuous
order bounded function then s has a continuous extension, s : K — Z.

Then (i) < (ii) <= (iii). Moreover, if K is totally disconnected (i.e.,
quasi-Stonian), then (iv) <= (v) <= (vi).
(C) Consider the following statements.
(i) Co(Q, Z) is order complete.
(i) Q) is discrete and Z is order complete.
(iii) Co(Q2) is order complete and Z has compact order intervals.
(iv) QO = K is infinite, compact, and C(K, Z) is order complete.
(v) Z has compact order intervals.

(vi) If U C K is an open subset and s : U — Z is a continuous order
bounded function then s has a continuous extension, s : K — Z.

Then (i) <= (ii) <= (iii). Moreover, if K is extremally disconnected
(i.e., Stonian), then (iv) <= (v) < (vi).
(D) The following are equivalent.
(i) Co(Q), Z) has order continuous norm.

(i1) Q) is discrete and Z has order continuous norm.

Proof. We note again that, throughout our study, a locally compact space is
assumed to be Hausdorff by definition.
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(A)

(B)

By [13, Proposition 2.1, p.123], we obtain that: the mapping Co(Q)) —
Co(Q, 2); f — f @z, for each (fixed) positive element z € Z, and the
mapping Z — Co(Q, Z);z — f ® z, for each (fixed) positive function
f € Co(Q)), respectively, are order continuous lattice homomorphisms,
with f ® z(x) := f(x)z.

So, if zg € Z is a (fixed) positive element such that ||zg|| = 1, then the
mapping Co(Q) — Co(Q), Z); f — f @z is, in addition, an isometry
since |[f @ zol| = supyeq | [f(x)z0l] = supyeq [F(x)] = |[f]] for all
f € Co(Q)). Similarly, if fo € Co(Q) is a (fixed) positive function such
that || fo|| = 1, the mapping Z — Co(Q, Z);z — fp ® z is also an
isometry.

From these identifications, it follows that if the interior IntCy(Q), Z) 1 #
@, then it follows necessarily that the interior IntCy(Q)+ # @ which is
the case only if () = K is compact (see Appendix [B, Theorem [B.0.0.6);
and also the interior IntZ # @. Thus, (i) = (ii).

Now, assume (ii) holds. WLOG, we identify Z = C(M) for some com-
pact space M (see also Appendix [B| Theorem [B.0.0.6), and define the
mapping T : C(K,C(M)) — C(K x M);s — Ts(x,q) := s(x)q for
(x,q9) € K x M. Itis clearly linear, and since | Ts1(x,q) = Is(x)gl =
Isl(x)qg =Tlsl(x,q) forall (x,q) € Kx Mands € C(K,C(M)), itis

a lattice homomorphism. Moreover, it is an isometry, since

|Is|| = sup [[s(x)[| = supsup |s(x)q] = sup [s(x)q] = [|T5]|
xeK xeK geM (x,q)eKxM
for each s € C(K,C(M)). To show surjectivity, suppose w € C(K x
M), i.e., the mapping K x M — K;(x,q) — w(x,q) is continuous.
For each x € K, we can define the continuous mapping wy : M —
K;q — w(x,q), and choose a mapping s € C(K,C(M)) such that
s(x) = wy for each x € K. It follows that Ts(x,q) = wx(q) = w(x,q)
for (x,q) € K x M. Thus, T : C(K,C(M)) — C(K x M) is an isomet-
ric lattice isomorphism which implies the interior IntC(K, Z)+ # Q.

The equivalence of (i), (ii) and (iii) follows from [13| Theorem 3.2,
p-126]. Moreover, the equivalence of (iv), (v) and (vi) follows also from
[13, Theorem 5.13, p.133].



Stellenbosch University https://scholar.sun.ac.za

CHAPTER 3. POSITIVE SEMIFLOWS ON TOPOLOGICAL BANACH LATTICE
BUNDLES 109
(C) The equivalence of (i), (ii) and (iii) follows from [13, Theorem 3.3,
p-126]. Moreover, the equivalence of (iv), (v) and (vi) follows also from
[13, Theorem 5.12, p.133].

(D) Similarly, by [13, Theorem 4.1, p.126] this equivalence holds.
O

Proposition[3.6.5.1has provided the necessary conditions for the order struc-
tures under consideration. Using these results and some of their arguments,
we extend the result to the general case of Banach lattices of continuous
sections in the next proposition. To this end, the following lemma will be
useful.

Lemma 3.6.5.2. Let E be a topological Banach lattice bundle over a locally compact
space Q), and T'o(Q), E) the associated AM m-lattice module over Cy(Q2).

(i) For each (fixed) positive continuous section s € T'o(Q), E), the linear map-
ping
Co(Q) — To(QLE); f— f-s:=[x— f(x)s(x)]

is an order continuous lattice homomorphism.

(ii) Moreover, if () = K is compact, and we choose a (fixed) positive continuous
section s € I'(K, E) 4 with ||s(x)||g, = 1 forall x € K, then the mapping
in (i) above is, in addition, an isometry, i.e., ||f - s|| = ||f]|| forall f € C(K).

Proof. (i) It is clear that the linear mapping is a lattice homomorphism,
since | f-sl = 1f1-s forall f € Co(Q2). Now, we show that it is order
continuous. By [13, Proposition 2.1, p.123], as in the proof of Proposi-
tion 3.6.5.1 A(i), for x € ), the mapping, Co(Q)) — Co(Q), Ex); f —
f ® vy for each (fixed) positive element v, € E; is an order continuous
lattice homomorphism, with f ® v, (x) := f(x)vy.

Now, suppose f- | 0in Cy(Q2). By setting vy := s(x), it follows from
the above that f, ® s(x) | 0in Cy(Q), Ey), for each x € O, which then
implies f- -s | 0in Tp((, E) as claimed.
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(ii) Observing that, for any f € C(K),

[If - 5[l = sup || f(x)s(x)|e, = sup |f(x)[ = [If]|
xeK K

paS
proves the assertion.

]

Proposition 3.6.5.3. Let E be a topological Banach lattice bundle over a locally
compact space Q), and T'o(Q), E) the associated AM m-lattice module over Cy(Q).
Then we have the following.

(A) Consider the following statements.
(i) The interior IntTo(Q), E)+ # @.
(it) Q = K is compact and the interior IntE; # @ for each x € K.
Then (i) = (ii).

(B) Consider the following statements.
(i) To(Q), E) is o-order complete.
(ii) Q) is discrete and E, is o-order complete for each x € ().

(iii) Co(Q)) is o-order complete and Ey has compact order intervals for
each x € Q).

(iv) Q = K is infinite, compact, and T (K, E) is o-order complete.
(v) Ex has compact order intervals for each x € K.

(vi) If U C K is an open Fy-subset and s : U — E is a continuous
order bounded local section, i.e., s : U — E is a continuous local section
with s < So|y, forsomes, € T(K,E)y, then s has a continuous extension,
s: K— E.

Then (i) < (ii) <= (iii). Moreover, if K is totally disconnected (i.e.,
quasi-Stonian), then (iv) <= (v) = (vi).
(C) Consider the following statements.
(i) To(Q), E) is order complete.
(ii) Q) is discrete and Ey is order complete for each x € ().

(iii) Co(QY) is order complete and E has compact order intervals for each
x € Q.
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(iv) Q) = K is infinite, compact, and T (K, E) is order complete.
(v) Eyx has compact order intervals for each x € K.

(vi) If U C K is an open subset and s : U — E is a continuous order
bounded local section then s has a continuous extension, s : K — E.

Then (i) <= (ii) <= (iii). Moreover, if K is extremally disconnected
(i.e., Stonian), then (iv) <— (v) = (vi).

(D) The following are equivalent.
(i) To(Q), E) has order continuous norm.

(i) Q) is discrete and Ey has order continuous norm for each x € Q).

Proof. (A) (i) = (ii): This implication follows from Proposition 3.6.5.1(A)
and Lemma [3.6.5.2| Indeed, assume r €Intl'o(Q), E), and, on the con-
trary, suppose there exists xy € Q) such that the interior IntE; is empty.

Since r(xg) € Ejo, it follows that, for all open sets U C () containing
xo, and for all & > 0, the set difference S(s, U, €) 4 \ 7(x0) € E3, for all
s € T(K, E) 4+ with s(xg) = r(xo). This is the case, since, by Proposition
the sets of the form S(s, U, ¢); form a base for the subspace
topology on the set of positive elements E of E. This is, however, a

contradiction to the assumption.

(B) By Proposition 3.6.5.1(B), the argument here is essentially similar to
(C) below.

(C) Combining Lemma [3.6.5.2| and Proposition 3.6.5.1(C), the equivalent

conditions (ii) and (iii) necessarily hold whenever (i) holds. Thus, it
suffices to show that (ii) implies (i) for the first part of the assertion.

Now assume (ii) holds. Let A C T'o(Q), E) be an order bounded sub-
set, i.e.,, A C [s1,82] := {s € To(O,E) : 51 <s < sy} for some 51,5, €
I'o(Q), E). Since, for each x € (), the (quotient) evaluation map e, :
I'o(Q), E) — Ey is an order continuous lattice homomorphism (see

Remark [3.5.0.1(iii)), we have that
ex(A) :={s(x):s € A} C [s1(x),s2(x)] := {v € Ex : 51(x) < v <sp(x)}.

Given that Ey is order complete for each x € (), we can find v, € Ey
such that supey(A) = vy € [s1(x),s2(x)], and define a section
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(D)

which is continuous since ) is discrete. It thus follows that s, €
[o(Q, E) and sup A = s, € [s1, 2], as required.

We now assume that () = K is an infinite compact Stonian space. Since
this, in particular, implies that Cy(Q)) = C(K) is order complete, the
equivalence of conditions (iv) and (v) holds by equivalent condition
(iii). Thus, it suffices to show that (iv) implies (vi) for the second part
of the assertion.

WLOG, let s : U — E be a continuous local section with 0 < s < So|y
for some s, € I'(K,E)4+ and U C K an open subset. If we take a
maximal family (U, ), of disjoint open and closed subsets of U, and
define sections s, : K — E by

s(x) if x e Uy

Sy (x) :=
! 0, if x¢ U,

then {s, : v € I} is a subset of I'(K, E) which is bounded above by,
say so € I'(K,E)4. Since I'(K,E) is order complete, we can find a
continuous section s : K — E such that Sup, ¢y Sy = s < s,. Then
we must have that Sy =5 and s : K — E can thus be seen to be the

desired extension.

As in (C) above; combining Lemma [3.6.5.2| and Proposition [3.6.5.1(C)

ascertains the necessity of equivalent conditions (ii) and (iii) whenever
(i) holds. Thus, it suffices also to show that (ii) implies (i).

Now assume (ii) holds. Since order continuity of the norm of E, also
implies it is order complete, for each x € (), (C) above implies that
I'o(Q), E) is order complete. Hence, as in the proof of Proposition
B.6.5.1(D) in [13, Theorem 4.1, p.126], it suffices to show that every or-
der bounded disjoint sequence E| of positive continuous sections must

converge in norm to zero.

Therefore, let (sy),en C To(Q), E) be a disjoint sequence of positive
continuous sections with 0 < s, < s for some s € Ty(Q), E). Given
e > 0, for each n € IN, we have that the set

{rcQ:e<|lsu(x)|[g,} S {x € Qre<|ls(x)l[g,} = {x1,---, 2}

5

a sequence (s, ),eN of pairwise lattice disjoint elements, i.e., s, L sy ¥V # m.
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is compact in (), and hence finite, for some k € IN, since () is discrete.

For each 1 < j < k, it follows that ((su)(x))nen € Ex; is a disjoint
sequence of positive elements which is bounded above by s(x;) € Ey;.
Since E, has order continuous norm for each x € (), we have that,
foreach 1 < j < k, ||(su)(x)||E,, — 0 asn — oo. We can choose
n; € N such that ||(sn)(x]-)||Exj < ¢ whenever n > nj, and set ng :=
max {ny,---,ng}.

Now, for each x € (), either x ¢ {x1,---,x;} in which case we have
that |[s,(x)||g, < eforallm € IN, or x € {xq,---,x} which also
implies ||s,(x)||r, < € whenever n > nj. As a result, we have that
||su|| < eforall n > ng, and thus I'y(€), E) has order continuous norm.

[]

3.6.6 Banach lattices of continuous sections and their

centres

In this Subsection, we characterise the space Z(I'o(Q), E)) of central opera-
tors (see Appendix[A} Example[A.1.0.4{iii)) of the Banach lattice I'y(Q), E) of
continuous sections vanishing at infinity of a topological Banach lattice bun-
dle E over a locally compact space (2. We also note that, by Proposition
we are actually characterising the centre of an AM m-lattice module
over Cp(Q2). Although this is of independent interest, it will be a useful tool
in the study of the so-called multiplication operators on these Banach lat-
tices.

We also start with the special situation of Example[3.3.0.6(i). That is, given a
locally compact space () and a Banach lattice Z, how can we characterise the
centre Z(Cy(Q), Z)) of the Banach lattice Cy(Q2, Z)? In this direction, we also
collect certain results due to Ercan and Wickstead ([13]). We, in particular,
claim that its centre Z(Cy(Q), Z)) is again an AM m-lattice module over the
centre Z(Cp(Q)) = Cp(QY).

Proposition 3.6.6.1. Let Z be a Banach lattice, () a locally compact space, E :=
Q) x Z the trivial Banach lattice bundle in Example[3.3.0.6(i), and let To(Q), E) =
Co(Q), Z) be the associated AM m-lattice module over Co(Q)). Furthermore, if we
endow the centre Z(Z) C £ (Z) of Z by the strong operator topology and denote



Stellenbosch University https://scholar.sun.ac.za

CHAPTER 3. POSITIVE SEMIFLOWS ON TOPOLOGICAL BANACH LATTICE
BUNDLES 114

it by Z(Z)s, we let E; := Q X Z(Z)s be the trivial Banach lattice bundle with
fiber Z(Z).

Then, we have the following.
(A) The mapping Cy,(Q), Z(Z)s) — Z(Co(Q), 2)); ¢ — Ty defined by
Tps :=¢os,
ie., Tps(x) = ¢p(x)s(x) forall x € Q), ¢ € Cp(Q, Z(Z)s) and s € Co(Q), Z),
is an isomorphism of commutative 1-Banach lattice algebras.
(B) Moreover, the mapping Cp(Q, Z(Z)s) — Tp(Q, Ez); ¢ — ¢ defined by
P(x) :== (x,¢(x)) forallx € Q, and ¢ € Cp(Q, Z(Z)s)
is:
(i) an isomorphism of AM m-lattice modules over C,(Q)) ; and

(ii) an isomorphism of commutative 1-Banach lattice algebras

from Cy(Q), Z(Z)s) onto the Banach lattice of bounded continuous sections
[',(Q), E;) associated with E..

Proof. (A) This follows immediately from [13| Theorem 6.2, p.135].

(B) We proceed in the following manner (a) - (b) by which we prove (i)
and then (ii) afterwards.

(a) First, we note that, the (bilinear) pairing
Co(Q) X Cp(Q Z(Z)s) — Co(Q, Z(2)s); (f,9) = f-¢ =[x = f(x)¢(x)]

turns C,(Q), Z(Z)s) into a Banach module over C,(Q), since

If-¢ll = sup f ()P (0)l|2(z) < sup |f(x)[sup [|¢(x)|| 2 z) = [IfI]]|¢]]

xeQ) xeQ)

for all f € C,(Q)) and ¢ € Cp(Q), Z(Z)s). Moreover, for any f €
Cb(Q) and ¢ € Cb(Q,Z(Z)S),

Lf-¢1(x) = [f()[1p(x) 1 = ([f]- 1¢1)(x)
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forallx € O, whichimpliesthat | f- ¢ | = (|f|- I¢1),sothat C,(Q), Z(2)s)
isindeed an m-Banach lattice module over the commutative m-Banach
lattice algebra C,(Q}) (see also Chapter |2} Definition [2.2.2.4).

Similarly, since p, : E, — () is a trivial topological Banach lattice
bundle, with fiber p, ! (x) := Z(Z) for all x € Q, the Banach lattice of
its bounded continuous sections

I'y(Q,E;) :={s: Q — E, continuous, pos = Idg

xeq)

and [s[| := sup [[s(x)[| £(z) < o }

is, in particular, a Banach lattice. Moreover, by our consideration as
above, I',(Q), E,) is also an m-Banach lattice module over C,(Q).

(b) Itis clear from (a) above that the mapping ¢ — ¢ from C,(Q, Z(Z)s)
into I',(Q), E) is linear and bijective, i.e., s € I',(Q, E;) if and only if
there exists a unique ¢ € Cy(Q), Z(Z)s) such that s(x) = (x,¢(x)) =
$(x) forall x € Q.

Since 1¢1(x) = (x, 1p(x)1) = (x, 1p1(x)) = 1¢l(x) forall x € O
and ¢ € Cy(Q), Z(Z)s), the mapping ¢ — ¢ is also a lattice homomor-

phism. Moreover, it is a C,(Q))-module homomorphism, since, for any
f S Cb(Q) and ¢ € Cb(Q, Z(Z)s),

fo(x) = (x, f(x)p(x)) = (f - §)(x)

forall x € Q).

Finally, the lattice module homomorphism ¢ — ¢ is an isometry, since
1911 = sup [[9p(x)|| 2(z) = l9l|
xeQ)

forall ¢ € C,(Q), Z(Z)s).

Hence, we obtain that C,(Q), Z(Z)s) = T'y(Q), E;) is an isomorphism of
AM m-lattice modules over C,(Q)) (see Chapter 2, Remark [2.3.2.2iii)
and also Proposition[3.5.0.9). This proves (B)(i).

To prove (B)(ii), we note that p, : E, — () is, in addition, a topolog-
ical bundle of commutative unital Banach algebras with (fixed) fiber
p;(x) = Z(Z) forall x € Q), which we can call trivial (see [20, Propo-
sition 1.1, p.136]). As such, its space of bounded continuous sections
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['y(Q), E;) is, in addition, a commutative unital Banach algebra. In-
deed, we have that the mapping (bundle product)

E,VaE, — Ez (1,92)2(2) = 1092

is continuous, where E, Vo E, := {(q1,92) € Z(Z) x Z(Z)} C E, x
E, is equipped with the subspace topology.

Moreover, g1 0¢r = ppody € Cp(Q, Z(Z) forany ¢1, ¢ € Cp(Q, Z(Z)
if and only if ¢ 0 o = ¢ 0 Py € T,(Q, E;) implies that [',(Q, E;) is
indeed a commutative unital Banach algebra, and the mapping ¢ — ¢
is, in particular, a bijective morphism of Banach lattice algebras pre-

serving the units.
O

Proposition has provided necessary indications for the characterisa-
tion of the centre of a (general) AM m-lattice module, by obtaining proper-
ties of the centre for the case where the AM m-lattice module is obtained by
starting with the trivial Banach lattice bundle. Using these results and some
of their arguments, we extend to the general AM m-lattice modules in the

next proposition.

Proposition 3.6.6.2. Let E be a topological Banach lattice bundle over a locally
compact space O, To(Q), E) the associated AM m-lattice module over Co(Q2), and
Z(To(O,E)) the centre of the Banach lattice To(Q), E). Furthermore, for each
x € Q),let Z(Ey)s € Z(Ey) be the centre of the Banach lattice E, equipped with
the strong operator topology. Then we have the following.

(A) For each x € Q), the mapping qx : Z(To(Q, E)) — Z(Ex); T — gx(T)
defined by
gx(T)s(x) := Ts(x) foralls € To(Q), E)
is a morphism of Banach lattice algebras (see Chapter [2| Definition [2.3.1.1).

In particular,

(i) g(Z) = I, , where T € Z(Ty(O,E)) and I, € Z(Ey) denote the
respective identity operators; and

(i) sup.cq 19:(T) || e,y = ||| for every T € Z(To(O)E)).
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(B) Keeping the notation introduced in (A) above, let

E: =] o 2(Ex)s

pz:E; — O, ve Z(Ex)s — x,

and endow E, with the topology generated by the sets

S(T,U,e) == {v € p (W) | [l0 = 4pie)(Dll2(e, ) < €}

where U C Qis open, T € Z(I'o(Q,E)), and e > 0.

Then p, : E; — Q) is the (unique up to isometric isomorphism) topological
bundle of commutative 1-Banach lattice algebras over (), such that

the mapping I'y(Q), E;) — Z(Lo(Q, E)); ¢ +— T defined by
Tps :==¢os
ie., Tps(x) = ¢(x)s(x) forall x € OO, ¢ € [,(QO), E;) and s € To(Q, E)
is:
(i) an isomorphism of commutative 1-Banach lattice algebras; and
(i1) an isomorphism of AM m-lattice modules over Cp,(})
from T, (Q), E;), the Banach lattice of bounded continuous sections associated

with E, onto the centre Z(T'o(Q), E)).

Proof. (A) First, we note that, if 7 : To(Q), E) — Tx(Q), E) is a bounded
operator, then 7 € Z(Ty(Q),E)) if and only if £7 < ||T|Z which
is the case if and only if I 7sl < ||T||Isl forall s € T'y(Q), E). Now
let x € Q) be fixed, and identify E, with a quotient lattice of T'o(€), E).
Then, for each 7 € Z(To(Q,E)), 1 Ts(x)l < ||T]||Is(x)] foralls €
I'0(Q), E), which implies that the mapping

gx(T) : Ex — Ey; s(x) — Ts(x) foralls € To(Q, E)

is well-defined and linear. Moreover, |g,(7)s(x)l = [Ts(x)l <
T || 1s(x)| for all s € To(Q, E) which implies that g,(7) € Z(Ex)
and

ax(T)l| 2(e,) = sup {[Ts(X)|[E, : s € To(Q, E), [ls(x)|[e, = 1} < [|T].
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Now we show that the linear mapping 7 — gx(7) is a morphism of

Banach lattice algebra (see Chapter[2} DefinitionP.3.1.1), i.e., (71 72) =
9x(T1)gx(T2) and 1 g (T) 1 = qx (1T 1) forevery T,T1, T2 € Z(To(Q, E)).
Indeed,

9 (TiT2)s(x) = (TiT2)s(x) = Ti(T2s(x)) = qx(T1)qx(T2)s(x)

forevery s € To(Q), E), which implies that g,(7172) = 9x(T1)9x(T2) €
Z(Ey) forevery T1, T, € Z(To(Q), E)). Similarly, forevery s € T'o(Q), E) 4,

1 (T) 1s(x) =sup {g(T)1r(x)1 : r €To(Q,E), Ir(x)] <s(x)}
=sup{Tlr(x)l: reTo(QE), Ir(x)l <s(x)}
=sup{TIlrl: reTo(QE),Irl <s}(x)
= qx(17T1)s(x),

which implies that 1 4,(7) 1 = gx(1T|) forevery T € Z(To(Q), E)).

(i) It is clear that, if 7 € Z(I'((€), E)) is the identity operator on
[o(Q), E), then the central operator gx(Z) : Ex — Ey; s(x) + s(x),
for all s € T'g(Q), E), coincides with the identity operator I, : Ey —
Ey;w +— w on Ey, for each x € Q).

(ii) Since, from the preceding argument, if 7 € Z(I((Q, E)), then
19:x(T)I] 2(g,) < |IT1| for each x € Q, it follows that

sup ||qx(T)[| z(e,) < [IT]]

xeQ)
forevery T € Z(I'o(Q,E)).
On the other hand, for every T € Z(T((Q, E)),

IT]] = sup {[|Ts[| : s € To(Q E), |[s]| <1}

xeQ)

< supsup {|[Ts(x)|[E, : s € To(Q, E), [|s(x)[[g, <1}
xeQ)

= sup ||qx(T) |l #(,)-

xeQ)

= sup {Sup [ Ts(x)E, : s € To(Q E), |[s(x)l[e, < 1}

Hence, sup,q, |10x(T) || e,y = ||T]| for every T € Z(Io(Q) E)).
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(B) To prove the uniqueness of E,, it suffices to show that the commutative
1-Banach lattice algebra Z(I'o(€), E)) can be represented uniquely as
the space of bounded continuous sections of some topological bundle
pr : F — () of commutative 1-Banach lattice algebras which is iso-
metrically embedded in E,. We first show this in (a)-(e) below. Then
we will show that (i) and (ii) hold.

(@) Forx € O, 1let Qy := {7 € Z(I'\(OVE)) : q«(T) =0y € Ex} =
Ker gy. That is, for each 7 € Z(To(Q, E)), |19x(T)|| #(e,) = 0 if and
only if 7 € Q. Now, since, gy : Z(To(QLE)) — Z(Ex); T — qx(T)
is a morphism of 1-Banach lattice algebras, it follows that { Qy : x € Q}
is a family of closed lattice algebra ideals of Z(Tz(Q), E) (see Chapter

Definition [2.5.1.2)).

(b) From (a) above, it follows that the quotient space Z(T'o(Q), E))/Qx,
equipped with the quotient norm is a commutative 1-Banach lattice al-
gebra for each x € ). Moreover, for x € Q, ||T + Q|| = 0if and only
if T € Qy forevery T € Z(T'g(Q), E)) implies that

1T+ Qull = 114x(T)l 2 (k,) for every T € Z(To(Q, E)).

From this we obtain that Z(I'o(Q, E))/Qx — Z(Ey) is an isometric
morphism of commutative 1-Banach lattice algebras, for each x € Q).

(c) We claim that the mapping QO — Rsp;x — ||7T + Qx| =
192 (T)|].#(g,) is upper semicontinuous for every 7 € Z(Io(Q, E)).
Indeed, since the mapping ) — R>q; x +— ||s(x)||Eg, is upper semi-
continuous for every s € I'y(Q), E), and Z(I'o(€), E) is equipped with
the strong operator topology;, it follows that the mapping ) — R>g; x —
||Ts(x)||£,, and hence the mapping O — Rxo; x = [|qx(T) || 2(£,) =
sup {||Ts(x)||g, : s € To(LE),||s(x)||g, <1} is upper semicontinu-
ous for every T € Z(I'o(), E)).

(d) Consider the bundle F := (J,cqFy, with Fy := Z(To(Q, E))/Qx
and x € Q. Note that each 7 € T[},(Q, F), its bounded continuous
sections, is given by a unique 7 € Z(To(Q,E)) such that T(x) =
T + Qy for every x € ), so that

I, (Q,F):={7T:Q — F continuous, ppo | = Idq
and ||| :=sup [|T + Qx| < oo }.

xeQ)
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By combining [[19) Proposition 1, p.817] and [20} Proposition 1.2, p.137],
we obtain that the bundle F is the unique topological bundle pr : F —
) of commutative 1-Banach lattice algebras such that the space of its
bounded continuous sections, I' (€}, F), is isometrically isomorphic to
the centre Z(To(Q), E)) as commutative 1-Banach lattice algebras.

(e) Since Fy = Z(T'o(Q,E))/Qx — Z(Ey) for each x € Q, we
may thus conclude that F < E;, and consequently Z(To(Q), E)) =
Iy(Q F) = Tp(Q, Ez).

Now, we can show that the mapping I';((), E;) — Z(To(LE));¢ — Ty
defined by
Tps:=¢os,
ie., Tps(x) = ¢(x)s(x) forall x € O, ¢ € T,(, E,) and s € To(Q), E),
satisfies assertions (i) and (ii). The fact that E, is unique with these proper-
ties then follows immediately.

(i) Since for ¢ € T',(Q), E,) and every s € I'o(Q), E),

| Typs(x) | = 1p(x)s(x) |
< [lp()[l 2, 1s(x)
< [lgl[ts(x)1,
for all x € ), which implies that 1Typsl < ||¢||Is] for every s €

To(Q), E), it follows that Ty, € Z(To(€), E)). Moreover, it is linear and
an isometry, since clearly ||Ty|| < ||¢||, and

¢l = sup [[¢(x)]] 2 (k)

xeQ)

= SUESUP{HCP(X)S(X)HEX : s €To(QE), [Is(x)|[g, <1}
xe

< sup {||Tys|| : s € To(QLE),||s|| <1}

= [|Tyl|

for every ¢ € T(Q), E;). Furthermore, it easy to see that Ty oy, =
Tg, o Ty, and T\p1 = | Ty | for every ¢, 1, ¢z € I'y(Q, Ez). In partic-
ular, the identity bounded continuous sectione : 3 — E;x — Iy
corresponds to the identity operator Z : T'o(Q), E) — I'o(Q), E);s — s,
ie, T, =1.
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Thus, it suffices to show that the mapping ¢ +— T, is surjective. In-
deed, if T € Z(To(Q, E)), then as in part (A) above, we can define a
section ¢ : () — E, by setting

¢(x) := qx(T) forevery x € Q,

which can immediately be seen to be continuous and bounded. This
implies that ¢(x)s(x) = qx(T)s(x) = Ts(x) for all x € Q and every
s € To(Q), E), so that T = T as claimed.

(ii) It is clear that the (bilinear) pairing
Cp(Q) x Tp(Q Ez) — Tp(Q Ez); (f,9) = f- =[x = f(x)p(x)]

turns I'y(Q), E;) into an m-Banach lattice module, and, in particular,
an AM m-lattice module over C,(Q). This implies that |f|- [¢| =
| f-¢pland (f-¢p)os =¢ofs forall f € C,(Q)), ¢ € I',(Q) E;) and
every s € I'g(Q), E).

As a result, the (bilinear) pairing
Cp(Q) x Z(To(L E)) — Z(To(QE)); (f, Tp) — f-Tp = [s = Tp(fs)]

also turns Z(T'o(Q, E) into an m-Banach lattice module over Cy(Q}).
Indeed, for any f € C,(Q) and ¢ € T',(Q), E;),

[(F - Tp)s(x) 1 = 1(go fs)(x)1
— 1(f-9)(x)s(x)|
< [If - ¢ll1s(x) 1

for all x € ) and every s € I'o(Q), E), which implies that f - T, <

Z(To(, E)) and [|f - Tyl < |[f - @l < |IfIl[@l] = |IfI[|[Tpl|- More-
over, for any f € C,(Q) and ¢ € T',(Q), Ez),

Trgs = (f-p)os=gofs = (f Ty)s

for every s € I'o(Q), E), which implies that f - Ty = Ty.4. It folllows that

£ - Tyll = ITpgll = |If - 9ll for any f € C(Q2) and ¢ € T4(OY, Ey),
and
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which implies that Z(T'o(Q), E)) is indeed an m-Banach lattice module
over Cp(Q)).

Finally, the consideration above implies that the isometric lattice iso-
morphism ¢ — Ty is, in addition, a C;(Q))-module homomorphism.
Thus, we obtain that

Ip(Q, Ez) = Z(To(Q, E)),

given by an isomorphism of AM m-lattice modules over C,(Q}), as

claimed (see Chapter[2, Remark[2.3.2.2[iii) and also Proposition[3.5.0.9).

]
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Chapter 4

One-parameter Cy-semigroups of
positive weighted Koopman
operators

4.1 Introduction

In this chapter, we consider the order structure of an AM m-lattice mod-
ule (see Section[4.2), lattice Cop-semigroups of weighted Koopman operators
(see Section and positive Cyp-semigroups of weighted Koopman opera-
tors (see Section . Moreover, in Section we consider certain spectral
properties of a positive Cp-semigroup of weighted Koopman operators.

In Section 4.2}, we first state our general characterisation of an AM m-lattice
module (see Proposition [£.2.0.1). We further identify and characterise im-
plications of some of its order structures: namely, non-emptiness of the pos-
itive cone, (0-) order completeness, and order continuity of the norm (see

Proposition 4.2.0.2).

We consider, in Section the lattice Cp-semigroup induced by a semi-
flow (®¢)s>0 on a topological Banach lattice bundle E over a flow (¢;)icr on
a compact space K. We give certain properties of this lattice Cyp-semigroup
(T (t))t>0 of weighted Koopman operators on I'(K, E), with generator (A, D(.A))
a local é-derivation, over the Koopman group Ty (t)er on C(K) with its gen-

erator (6, D(6)) (see Proposition and Remark 4.3.0.2). Furthermore,

under the assumption that the Banach lattice of continuous sections I'(K, E)

123



Stellenbosch University https://scholar.sun.ac.za

CHAPTER 4. ONE-PARAMETER Cy-SEMIGROUPS OF POSITIVE WEIGHTED
KOOPMAN OPERATORS 124
has order continuous norm, we obtain a complete characterisation of a lat-

tice Cp-semigroup of weighted Koopman operators through its generator
(A, D(A)) as what we call a Kato §-derivation (see Proposition 4.3.0.3, Corol-

lary and Remark 4.3.0.5).

In Section 4.4} we turn our attention to the notion of a positive Cp-semigroup
induced by a positive semiflow (®¢);>o on E over the flow (¢;)¢cr ona com-
pact space K. In Proposition we give certain properties of this pos-
itive Cy-semigroup (7o (t)):>0 of weighted Koopman operators on I'(K, E).
Moreover, under the assumption that I'(K, E) is a real o-order complete
Banach lattice, we obtain a characterisation of a positive Cp-semigroup of
weighted Koopman operators through its generator in certain sense (see

Proposition 4.4.0.3).

Finally, in Section we consider certain spectral properties of a posi-
tive weighted Koopman semigroup (7o (f))i>0 on I'(K, E) with generator
(A,D(A)). Based on certain assumptions, we obtain that the boundary
spectrum ¥ (A) of the generator (A, D(.A)) is an imaginary additively cyclic

set (see Proposition 4.5.0.4).

4.2 The order structure of an AM m-lattice

module over Cy(Q))

In this Section, we consider some order structures of an AM m-lattice mod-
ule over Cy(Q)) where Q) is a locally compact space. To this end, we first
restate our general characterisation of an AM m-lattice module over Cy(Q)

(see Chapter 2, Corollary[2.4.1.10jand Chapter 3| Proposition (3.5.0.9).

Proposition 4.2.0.1. Let I' be a Banach lattice module over the Banach lattice al-
gebra Co(Q)). Then the following are equivalent.

(i) T is an AM m-lattice module.
(ii) T is a Uy(QY)-normed m-lattice module.

(iii) T is isometrically isomorphic to the Banach lattice To(Q), E) of continuous
sections vanishing at infinity of a (unique up to isometric isomorphism) topo-
logical Banach lattice bundle E over ().
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Moreover, if these assertions hold, then the lattice Uy(Q))-valued norm is unique

and given by

s|(x) :=inf{||fs]| : f € Co(Q)4+ with f(x) =1} (xe€Q,seT).

We identify, in the next proposition, implications of some order structures
of an AM m-lattice module over Cy(Q)): namely, non-emptiness of the pos-
itive cone, (0-) order completeness, and order continuity of the norm (see
also Chapter 3} Subsection3.6.5). Throughout, Q) is a locally compact space,
which we assume to be Hausdorff by definition.

Proposition 4.2.0.2. Let I' be an AM m-lattice module over the Banach lattice
algebra Co(QY). Furthermore, let E be the unique (up to isometric isomorphism)
Banach lattice bundle over Q) such that T = T'o(Q), E) as an isomorphism of m-
Banach lattice modules over Cy(CY). Then we have the following.

(A) Consider the following statements.
(i) The interior Intl' | is non-empty.

(i) Q = K is compact and the interior IntEy is non-empty for each
x € K.

Then (i) = (ii).

(B) Consider the following statements.
(i) I is o-order complete.
(ii) Q) is discrete and Ey is o-order complete for each x € ().

(iii) Co(Q)) is o-order complete and Ey has compact order intervals for
each x € Q).

(iv) Q) = K is infinite, compact, and T is o-order complete.
(v) Eyx has compact order intervals for each x € K.
Then (i) <= (ii) <= (iii). Moreover, if K is totally disconnected (i.e.,
quasi-Stonian), then (iv) <= (v).
(C) Consider the following statements.
(i) I' is order complete.

(i) Q) is discrete and Ey is order complete for each x € ().
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(iii) Co(QY) is order complete and E, has compact order intervals for each
x € Q.

(iv) Q) = K is infinite, compact, and T is order complete.
(v) Eyx has compact order intervals for each x € K.

Then (i) <= (ii) <= (iii). Moreover, if K is extremally disconnected
(i.e., Stonian), then (iv) <= (v).

(D) The following are equivalent.
(i) T has order continuous norm.

(i) Q) is discrete and Ey has order continuous norm for each x € Q).

Proof. First, we note that for each x € (), the Banach lattice E, can be iden-
tified uniquely with a quotient lattice of I'g((, E) via the evaluation map
ex : [o(Q,E) — Ey; s — s(x), which is a surjective and order continu-
ous lattice homomorphism (see also Chapter 3] Remark [3.5.0.1fiii)). From
this observation, the assertions readily follow from Chapter 3| (Proposition

3.6.5.3).

(A) Suppose the interior IntT  # @ (see Appendix[B(Proposition[B.0.0.3)).
Since this is the case if and only if the interior IntI'o(Q), E) 1+ # @, then

the assertion follows from Chapter B]Proposition[3.6.5.3(A)].

In this situation, if u € IntT'(K,E),, i.e.,, u is an order unit, then
ex(u) = u(x) € IntE] is an order unit for each x € K.

(B) Similarly, since I is o-order complete (see [28, Definition 1.8, p.54]) if
and only if I'y((), E) is o-order complete, by Chapter 3| [Proposition
3.6.5.3(B)] the assertion follows.

(C) Moreover, if I is order complete (see [28| Definition 1.8, p.54]) which
is the case if and only if I'o(Q), E) is order complete, then the assertion

follows from Chapter 3| [Proposition 3.6.5.3(C)].

(D) Finally, since I' has order continuous norm (see [28, Definition 5.12,
p-92]) if and only if Ty (Q), E) has order continuous norm, by Chapter
[Proposition D)] the assertion follows (see also [28, Section 11.1
Corollary, p.209]).
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Remark 4.2.0.3. (i) We note that a locally compact space C) is discrete if and
only if the Banach lattice Co(QY) has order continuous norm. So, by Propo-
sition [4.2.0.2( B) above, whenever AM m-lattice module To(Q), E) is o-order
complete, the Banach lattice algebra Co(Q)) will always have order continu-
ous norm unless () = K is infinite, compact and quasi-Stonian.

(ii) If E is a topological Banach lattice bundle over a discrete space (), then ev-
ery mapping () — E is continuous. So, every section s : () — E is
continuous, and s € T'o(Q), E) if and only if for every € > 0, the set

{xrcQ:re<|ls(x)[[g}

is compact, and hence finite, since () is discrete. In addition, for each s €
['o(Q), E), the mapping

Q — Rog: x Ly ||s(x)|[

X

is always continuous as Q) is discrete. This is so, since Uy(Q)) C Co(Q)).

Hence, E is a continuous Banach lattice bundle over a locally compact space
Q, see Chapter 3 Definition[3.2.0.1), whenever AM m-lattice module To(<), E)
is (0-) order complete unless maybe Q) = K is infinite, compact and Stonian
(see also [29, Proposition 3.2(iii), p.59]).

(iii) Moreover, we note that () = K is a compact discrete space if and only if K is
finite.

4.3 Lattice Cyp-semigroups of weighted Koopman

operators

In what follows, we set G = R, S = R>¢ and () = K where K is a compact
space. Furthermore, we let (®;);>( be a semiflow on Banach lattice bundle

E over the flow (¢¢):cr on K (see Chapter 3, Remark 3.4.0.6(iii)).

First, we note that the Koopman group representation (C(K), T,) induces
a Markovian lattice Co-group T ()icr on C(K) (see [2, Part B-II Definition
3.3, p.144]), and its generator (6, D(6)) which is a derivation on C(K) (see
[29, Theorem 3.1, p.58]). For a generalisation of this Markovian group, we
refer to the work of W. M. Priestley ([27]).
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Moreover, the induced weighted Koopman semigroup (7 (t))i>oonT (K, E)
over the Koopman group (C(K), T) is a lattice Cp-semigroup. We collect
this information in the following proposition, which immediately follows
from combining [29) Proposition 3.6, p.61] with Remark [3.5.0.1(v) in Chap-
ter

Proposition 4.3.0.1. Let (®;);>¢ be a a semiflow on Banach lattice bundle E
over the flow (¢¢)er on K, and (Te(t))>o the induced weighted Koopman semi-
group on T'(K, E). Moreover, let (6, D(6)) be the generator of the Koopman group
Ty (t)ter on C(K). Then the following hold.

(i) The family (To(t))>0 is a lattice Co-semigroup on I'(K, E).
(ii) Each T (t) is a lattice Ty (t)-homomorphism for each t > 0.
(iii) The generator (A, D(A)) of (To(t))>o is a é-derivation on T(K,E), i.e.,
D(A) is a D(6)-submodule of T' (K, E) and
A(fs) =6f s+ f- As
forall f € D(d)ands € D(A).

(iv) (A,D(A)) is a local operator i.e., s L r implies As L r forall s € D(A)
andr € I'(K,E).

Proof. Since (®¢)s>0 is a semiflow on E over the flow (¢;);er, we have
that, for each t > 0, the induced weighted Koopman operator T () is,
in particular, a lattice homomorphism, i.e., | To(t)s| = To(t)1s! for
alls € I'(K,E) and t > 0 (see also Chapter 3} Remark [3.5.0.1(v)).

(i) By [29, Proposition 3.6, p.61](i), we obtain that (7¢(t))i>0 is a Co-
semigroup on I'(K, E). That is,

li t)s —s=Ilim® 4 —5=0
tligTq)( )S S tlfgl toso@_t—S

forall s € T'(K, E). Hence, it is a Cy-semigroup on I'(K, E) comprised
of lattice homomorphisms, i.e., a lattice Cyp-semigroup.

(ii) Since, for each t > 0, To(t)fs = Ty(t)f - To(t)s for all f € C(K) and
s € I'(K, E), the assertion follows.
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(iii) This immediately follows from [29| Proposition 3.6, p.61](iii), since the
operator (A, D(A)) is, in particular, a generator of a weighted Koop-
man semigroup on the Banach module I'(K, E) in this situation. That
is,
To(t)s —s

= lim
£10

lim
£10

To(t)(fs) = fs To(t)f — f
t t

To(t)s + I}igf

=6f s+ f-As
forall f € D(é) ands € D(A).

(iv) Since, forallt > 0, the lattice homomorphisms 7 (t) are also disjointness-

preserving, ie., s; L sp implies To(t)s; L To(t)sy for all s1,5, €
['(K,E)and t > 0, then [2] Proposition 5.4, p.282] implies that (A, D(.A))
is a local operator, i.e,, s L r implies As L r foralls € D(A) and
r € I(K,E).

[

Remark 4.3.0.2. (i) We will call a generator (A, D(.A)) of an arbitrary Co-
semigroup on the AM m-lattice module T'(K, E) a "local é-derivation” if it
satisfies conditions (iii) and (iv) of Proposition |4.3.0.1

(ii) In general, as evident in the previous Proposition nothing more can
be said concerning the generator (A, D(.A)) of a lattice Co-semigroup of
weighted Koopman operators on T' (K, E) other than being a local 6-derivation.
However, under the assumption that the Banach lattice of continuous sections
I'(K, E) has order continuous norm, we can give a complete characterisation.

Proposition 4.3.0.3. Let T (t);>0 be a Co-semigroup on T (K, E) with generator
(A, D(A)). Now, consider the following statements.

(i) T (t) is a lattice Ty(t)-homomorphism for every t > 0.

(ii) There exists a unique semiflow (®);>o on the Banach lattice bundle E over
the flow (@¢)icr on K such that T (t) = To(t) for every t > 0.
(iii) D(A) isa D(9)-lattice submodule of T (K, E) such that
(a) A(fs) =0f-s+ f-As, and
(b) Re((signs)As) = Alsl
forall f € D(5)ands € D(A).
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Then (i) <= (ii). If the complex Banach lattice T (K, E) has order continuous
norm (see Chapter 3| Proposition[3.6.5.3(D)), then (i) <= (ii) <= (iii).

Moreover, if these assertions hold, then the semiflow (®¢);>0 in (ii) is unique, sat-
isfies || To(t)|| = ||P¢|| forall t > 0, and (To(t))>0 is an isometry if and only if
(®4)s>0 is an isometry.

Proof. The equivalence (i) <= (ii) readily follows from Chapter
(Proposition 3.5.0.5).

Now, assume that the complex Banach lattice I'(K, E) has order con-
tinuous norm.

(i) == (iii): First, since the Cyp-semigroup 7T ();>0 is, in particular,
a lattice Cyp-semigroup on I'(K, E), and the Banach lattice I'(K, E) has
order continuous norm, then [2, Corollary 5.8, p.285] implies that its
generator (A, D(A)) must satisfy the so-called Kato’s equality. That

is,
s € D(A) implies Isl,5 € D(A) and Re((signs).As) = Alsl

where, for each s € T'(K,E), the mapping (sign s) : I'(K,E) —
I'(K,E) is the (unique) associated signum linear operator such that
that (sign 5)s = Is| (see also [2} Proposition 2.1, p.256-257]).

Furthermore, for f € D(6) and s € D(A),

TMB(fs)—fs . TeO)f —f . T (H)s —s
ltlf(r)l ; _I}fg%'T(t)erlﬂ)‘f'f
=06f-s+f-As

implies that the generator (A4, D(.A)) is, in addition, a é-derivation on
I'(K,E). Thatis, D(.A) is a D(6)-submodule of I'(K, E) and

A(fs) =6f s+ f- As

forall f € D(6)ands € D(A).

Combining these two results we obtain that D(.A) is a D(6)-lattice sub-
module (see Chapter 2, Definition [2.5.2.1)) satisfying the stated proper-
ties (a) and (b).
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(iii) = (i): Since the generator (.4, D(.A)), in particular, satisfies
the Kato’s equality, then [2, Corollary 5.8, p.285] implies it is a genera-
tor of a lattice Cp-semigroup on I'(K, E). Furthermore, since (A, D(.A))
is also a d-derivation on I'(K, E), it follows from [29, Theorem 3.8,
p.63] that 7 (t) is a lattice T (t)-homomorphism for every ¢t > 0.

Moreover, the last claim follows from Chapter [3(Proposition 3.5.0.5).
O

In the real case, that is I'(K, E) and hence Ey is a real Banach lattice for each
x € K, we can reformulate the above characterisation in Proposition 4.3.0.3

Corollary 4.3.0.4. Let T (t);>0 be a Co-semigroup on T'(K, E) with generator
(A, D(A)). Now, consider the following statements.

(i) T (t) is a lattice T, (t)-homomorphism for every t > 0.

(ii) There exists a unique semiflow (Pt);>g on Banach lattice bundle E over the
flow (@t)ter on K such that T (t) = Te(t) for every t > 0.

(iii) D(A) isa D(9)-lattice submodule of T' (K, E) such that
(a) A(fs) =0f-s+ f-Asforall f € D(6)ands € D(A), and
(b) (A,D(A)) is a local operator.

Then (i) <= (ii). If the real Banach lattice T' (K, E) has order continuous norm
(see Chapter 3} Proposition[3.6.5.3(D)), then (i) <= (ii) < (iii).

Moreover, if these assertions hold, then the semiflow (®¢);>0 in (ii) is unique, sat-
isfies || To(t)|| = ||D¢|| forall t > 0, and (To(t))>0 is an isometry if and only if
(®4)s>0 is an isometry.

Proof. The result follows from combining [2, Corollary 5.9, p.285] with the
previous Proposition O

Remark 4.3.0.5. (i) We will call a generator (A, D(A)) of an arbitrary Co-
semigroup on the AM m-lattice module I' (K, E) satisfying condition (iii) in

either Proposition |4.3.0.3|(in complex case) or Corollary (in real case)
a "Kato d-derivation” on T (K, E).
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(ii) Now, our result implies that, if an AM m-lattice module T over C(K) has
order continuous norm (see Proposition (£.2.0.2(D)), then there is a one-to-
one correspondence between:

(a) Co-semigroups of weighted morphisms over the Koopman group Ty (t)icr;
and

(b) Kato é-derivationson T.

4.4 Positive Cy-semigroups of weighted

Koopman operators

In this Section, we let (®¢);>0 be a positive semiflow on a topological Ba-
nach lattice bundle E over the flow (¢¢):;cr on K (see Chapter (3, Definition
B.4.0.5). Now, consider the induced family (7o (t))i>0 of positive weighted
Koopman operators on the AM m-lattice module I'(K, E) which gives rise
to a positive Cyp-semigroup. We collect this information in the following
proposition which follows from [29, Proposition 3.6, p.61] as well as from

Proposition[4.3.0.1]

Proposition 4.4.0.1. Let (®;);>0 be a positive semiflow on Banach lattice bun-
dle E over the flow (¢¢)ter on K, and (Te(t) )0 the induced positive weighted
Koopman semigroup on I'(K, E). Moreover, let (6, D(5)) be the generator of the
Koopman group Ty (t)ier on C(K). Then the following hold.

(i) The family (To(t))i>0 is a positive Co-semigroup on I' (K, E).
(ii) Each T (t) is a positive Ty(t)-homomorphism for each t > 0.

(iii) The generator (A, D(A)) of (To(t))t>0 is a d-derivation on T'(K,E), i.e.,
D(.A) is a D(6)-submodule of T (K, E) and

A(fs) =6f s+ f- As
forall f € D(6)ands € D(A).

Proof. Since (®¢)s>0 is a positive semiflow on E over the flow (¢;)cR,
we have that, for each t > 0, the induced weighted Koopman operator
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To(t) is, in particular, a positive operator, i.e., | To(t)s| < To(t) s
foralls € T'(K,E) and t > 0 (see also Chapter 3| Remark[3.5.0.1(v)).

From this observation, assertions (i), (ii) and (iii) follow from Proposi-

tion 4.3.0.7
OJ

Remark 4.4.0.2. (i) Unlike the case of a lattice Co-semigroup of weighted Koop-
man operators (see Proposition [4.3.0.1), we could not provide direct proper-
ties of a generator (A, D(.A)) of a positive Co-semigroup of weighted Koop-
man operators other than being a é-derivation on T'(K, E). However, we can
collect the following (additional) information associated with a generator of a
positive Co-semigroup on certain Banach lattices.

(a) If T (K, E) is o-order complete (see Chapter 3| Proposition[3.6.5.3(B)),
then, by [2, Theorem 2.4, p.258], (A, D(.A)) satisfies the so-called Kato’s
inequality. That is,

< Re(signs)As,s’' > << Isl, A's' > (seD(A),0<s e D(A))

where (A, D(A")) is the adjoint operator (of generator A) on the dual Ba-
nach lattice module I' (K, E)’ (see Chapter[2}, Subsection2.5.4), and < s,s' >:=
s'(s) is a paring of (s,s') € T(K,E) x T'(K,E)".

(b) If T(K, E) is real Banach lattice, then by [2, Proposition 3.5, p.261]
there exists a strictly positive non-empty subset M' C T'(K, E)' of subeigen-
vectors of (A’, D(A”)). See [2, Definition 3.2, and Definition 3.4, p.261] for
concepts of strictly positive set and subeigenvectors.

(i1) With the setup in (i) above, we can, to some extent, give a characterisation
of a positive Co-semigroup of weighted Koopman operators, through its gen-
erator, under the assumption that the real Banach lattice T (K, E) is o-order
complete.

Proposition 4.4.0.3. Let T (t)¢>0 be a Co-semigroup on T'(K, E) with generator
(A, D(A)). Now, consider the following statements.
(i) T (t) is a positive Ty (t)-homomorphism for every t > 0.

(ii) There exists a unique positive semiflow (¢ )s>o on the Banach lattice bundle
E over the flow (@¢)ter on K such that T (t) = To(t) for every t > 0.
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(iii) There exists a core (A, D,) of the generator (A, D(.A)) which is a D(9)-
submodule of T' (K, E) and a strictly positive non-empty subset M’ C T'(K, E)’
of subeigenvectors of (A’, D(.A")) such that

(a) A(fs) =6f-s+ f-As, and
(b) < Re(sign s)As,s' > << Isl, A's" >
forall f € D(5),s € Dyand s’ € M.

Then (i) <= (ii). If the real Banach lattice T (K, E) is o-order complete (see
Chapter 3| Proposition[3.6.5.3(B)), then (i) <= (ii) <= (iii).

Moreover, if these assertions hold, then the positive semiflow (®¢)>o in (ii) is
unique, satisfies ||To(t)|| = ||P¢|| for all t > 0, and (T (t))i>0 is a positive
isometry if and only if (®y)s>0 is a positive isometry.

Proof. The equivalence (i) <= (ii) readily follows from Chapter
(Proposition |3.5.0.5).

Now, assume that the real Banach lattice I'(K, E) is o-order complete.

(i) == (iii): First, since T (t);>0 is, in particular, a positive Co-
semigroup on real Banach lattice I'(K, E) which is o-order complete,
our consideration in Remark[4.4.0.2(i) implies that its generator (A, D(A))
satisfies the Kato’s inequality for which there exists a strictly positive
non-empty subset M’ C T'(K, E)’ of subeigenvectors of the adjoint op-
erator (A’, D(A")). This, in particular, implies that

< Re(signs)As,s' > << Isl, A's’ > foralls € D,, ands’ € M’

for any core (A, D,) of the generator (A, D(A)) and any positive sub-
set M' of D(A").

Futhermore, 7 (t) being a Ty (t)-homomorphism for every t > 0 im-
plies that, (A, D(A)) is, in addition, a é-derivation I'(K, E), i.e., it is a
D(d)-submodule of T'(K, E) and A(fs) = 6f -s+ f - Asforall f € D(J)
and s € D(A); a property which must trivially hold for any core
(A, D,) of generator (LA, D(A)).

Hence, assertion (iii) holds by combining these two results.

(iii) == (i): Since the generator (A, D(.A)) satisfies the following
condition:
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there exists a core (A, D, ) of the generator (A, D(.A)) and a strictly

positive non-empty subset M’ C T'(K, E)’ of subeigenvectors of
(A’, D(A")) such that

< Re(sign s)As,s' > < < Isl, A's’ > foralls € D,, and s’ € M/,

we see that [2, Theorem 3.8, p.262] implies that it is a generator of a
positive Cp-semigroup on I'(K, E). Moreover, since (A, D(.A)) is also
a é-derivation on its core (A, D,), we can conclude that (A, D(A)) is,
in addition, a d-derivation on I'(K, E) by which [29, Theorem 3.8, p.63]
implies that 7 () is a positive Ty (t)-homomorphism for every ¢t > 0.

Furthermore, the last assertion follows from Chapter [3| (Proposition

3.5.0.5).
U

4.5 Spectral theory for Positive Cy-semigroups of

weighted Koopman operators

The spectral theory for non-weighted Koopman operators Ty (t);cr on C(K)
induced by a unique flow (¢:);er on K has been described, for instance, in
[29] Section 4.1, p.72-75], and also its generator (6, D(¢)). Furthermore, in
[29, Section 4.2, p.72-75] the spectral theory of weighted Koopman operators
on an AM-module with its generator was investigated, and sufficient con-
ditions for their spectral mapping theorems were obtained (see [29, Propo-
sition 4.6, p.75] and [29] Theorem 4.13, p.79]).

In our situation of a positive weighted Koopman semigroup (7 (t)):>0 on
an AM m-lattice module I'(K, E) over the Koopman group Ty (f)¢cr on C(K),
we build on these existing results and provide further implications for the
positivity.

To start, we recall certain definitions and concepts of periodicity and (strictly)
aperiodicity of a flow on a compact space (see Remark [4.5.0.1). Moreover,
we collect certain results in Lemma which are important for our con-
sideration.
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Remark 4.5.0.1. ([29, Definition 4.2, p.73] and [29, Definition 4.5, p.741)

(i)

(ii)

Let ¢ : K — K be a homeomorphism on a compact space K. We call a point
x € K a periodic point if there exists n € IN such that ¢"(x) = x. It is
called aperiodic if 9" (x) # x for all n € IN. We consider the prime function
v: K — N U {00} of ¢ defined by

inf{n € N | ¢"(x) = x}, x periodic
v(x) =
o, x aperiodic

and the set B(K) := {x € K| v is bounded in some neighbourhood of x}.

The homeomorphism ¢ is called aperiodic if B(K) = @. It is called strictly
aperiodic if each point x € K is aperiodic. If v(x) < oo forall x € K, then ¢
is called periodic.

Let (¢t)ter be a continuous flow on a compact space K. We call a point
x € K periodic point if there exists t > 0 such that ¢(x) = x. It is called an
aperiodic point if p¢(x) # x forall t > 0. We consider the prime function
v: K — [0,00] of (¢¢)ter defined by

inf {t >0 ¢:(x) =x}, xperiodic
v(x) =
0, x aperiodic
and the set B(K) := {x € K | v is bounded in some neighbourhood of x}.

The flow (¢t)ter is called aperiodic if B(K) = @. It is called strictly ape-
riodic if each point x € K is aperiodic. If v(x) < oo for all x € K, then
(@t)teR is called periodic.

Lemma 4.5.0.2. ([29, Proposition 4.3, p.731, [29, Proposition 4.4, p.74] and [29,
Proposition 4.7, p.75] )

(A)

Let ¢ : K — K be a homeomorphism of the compact space K, and T, :
C(K) — C(K) the associated invertible Koopman operator.

(i) I @ is aperiodic, we have that 0(Ty) = 04p(Ty) = T.
(ii) If ¢ is periodic, i.e., v(x) < oo for all x € K, then

U(T¢) = U Pv(x)/
xekK
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where Py, := {z € C | 2" = 1} is the group of n-roots of unity for n € IN.
Ifv(x) =n forall x € Kand a fixedn € IN, then 0(T,) = Py.

(B) Let (¢1)ter be a flow on the compact space K, and Ty (t)icr the associated
Koopman group on C(K) with generator (6, D(6)). For each t > 0,

0(Tp(t)) = 0ap(Tp(t)) € T
is the union of subgroups of T. Furthermore,
0(0) = 04p(6) C iR
is the union of additive subgroups of ilR.

(C) Let (¢t)ter be a flow on compact space K, and Ty ()R the associated Koop-
man group on C(K) with generator (5, D(9)).

(i) If the flow is aperiodic, then
0(Ty(t)) =T forall t € R; and
c(6) =iR.
Moreover, the spectral mapping theorem holds, i.e.,
o(Ty(t)) = e©) forall t e R.

(ii) If the flow is periodic with 0 < v(x) < oo for all x € K, then the
weak spectral mapping theorem holds, i.e.,

0(Ty(t)) = et?®) forall t € R.

In the following, we consider a (general) Banach bundle E over a compact
space K, and the Banach space of its continuous sections I'(K, E), the associ-
ated AM-module over C(K) (see [29, Proposition 3.2, p.59]).

Lemma 4.5.0.3. ([29, Proposition 4.10, p.78] and [29, Theorem 4.13, p.79] )
(A) Let ¢ : K —> K be a homeomorphism, and T : I'(K,E) — T'(K,E) a
Ty-homomorphism. Assume that one of the following conditions holds.
(i) ¢ is aperiodic and E is a continuous Banach bundle.
(ii) @ strictly aperiodic.

Then, T - 04p(T) C 0ap(T)and T -o(T) C o(T). Thus o(T) is invariant
under rotation by a complex number of modulus one.
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(B) Let (¢t)tcr be a flow on K, and (T (t))>0 a weighted Koopman semigroup
on AM module T (K, E) with generator (A, D(.A)). Assume that one of the
following conditions holds.

(i) (¢t)ter is aperiodic and E is a continuous Banach bundle.
(ii) (@t)teRr strictly aperiodic.
Then, the spectral mapping theorem holds, i.e.,

o(T (1) \ {0} = 7 foreach t >0

Moreover, 0(A) = 0(A) + iR, and o (T (t)) = T -o(T (t)), t > 0.

Using the above result in Lemma we claim the following additional
properties hold in our setting. We now consider a Banach lattice bundle E
over a compact space K, and the Banach lattice of its continuous sections
I'(K,E), the associated AM m-lattice module over Banach lattice algebra

C(K) (see also Chapter 3, Remark [3.5.0.1(ii)).

Proposition 4.5.0.4. (A) Let ¢ : K — K be a homeomorphism, and T :
I'(K,E) — I'(K,E) a positive Ty-homomorphism. Assume that one of
the following conditions holds.

(i) ¢ is aperiodic and E is a continuous Banach lattice bundle.
(ii) @ strictly aperiodic.
Then, T - 04p(T) C 04p(T) and T -o(T) C o(T).

Moreover, T - Pero(T) C Pero(T). That is, the peripheral spectrum
Pera(T) := {A€o(T):|A| =r(T)} is invariant under rotation by a
complex number of modulus one.

(B) Let (@t)ter be a flow on K, and (T (t))s>0 a positive weighted Koopman
semigroup on AM m-lattice module T' (K, E) with generator (A, D(A)). As-
sume that one of the following conditions holds.

(i) (@t)teRr is aperiodic and E is a continuous Banach lattice bundle..
(ii) (@1)er strictly aperiodic.

Then, the spectral mapping theorem holds, i.e.,

o (T () \ {0} = 7™ for each t > 0.
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Moreover, 0(A) = 0(A) +iRand o(T(t)) =T -0o(T(t)), t > 0.
In addition:

(a) The growth bound wy of (T (t))i>o coincides with the spectral
bound s(A) :=sup {Re p : u € o(A)} of the generator (A, D(A)).

(b) 0P (A) +iR C 0¥(A). That is, the boundary spectrum c?(A) :=
{p € o(A): Reu=s(A)} is an imaginary additively cyclic subset of C.

Proof. (A) By Lemmaf4.5.0.3(A), it suffices to show that the peripheral spec-
trum Pero (7)) is rotation invariant by T. This, however, follows since
the peripheral spectrum of a positive operator is contained in its ap-
proximate point spectrum ,,(7). Indeed, since o(7) is a compact
subset of C, we have that there exists A € o(7T) such that |A| = 7(T).
Now, since ¢ (7) is rotation invariant by T, we see that #(7) € (7).

(B) Similarly, by Lemma B), it suffices to show the additional prop-
erties (a) and (b).

(a) We note that, in general, we have thats(A) < wpand r(7 (t)) =
¢! for all t+ > 0 for any generator of a Cp-semigroup (see [12, V.
Proposition 1.22, p.168]). Since, in our case, r(7(t)) € o(T(t)) for
each t > 0, the spectral mapping theorem implies that ¢! ¢ et?(4)
for each t > 0 and wy € o(A) whenever r(7(1)) # 0. Moreover,
since (A, D(.A)) is a generator of positive Cp-semigroup, we have that

s(A) € 0(A) (see [2, Corollary 1.4, p.294]).

Combining these results, it follows that 0 < ¢5(4) ¢ ¢7(A) and conse-
quently, s(A) = wy since s(A) < wy is not possible in o(A).

(b) We note that, (A) = 0(A) + iR, in particular, implies ¢, (A) +
iR C 0,p(A) for the approximate point spectrum of the generator
(A, D(A)). Now, since the boundary spectrum ¢?(A) of a genera-
tor of positive Cy-semigroup is always contained in o, (.A), the asser-
tion follows. Indeed, if 4 € ¢?(A), then u +il € u+iR C o(A)
for any A € R, which implies that u +iA € u+ iR C ¢?(A) since
Re(p+iL) = Re yu = s(A).

Thus, ¢”(A) is an imaginary additively cyclic subset of C as claimed.
[
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4.6 Note

We refer to the Bonus Chapters:

(i) [Clfor Positive semiflows on measurable Banach lattice bundles,
(ii) [D|for Positive weighted Koopman semigroup everywhere,
(iii) [E|for Asymptotics of positive weighted Koopman semigroup, and

(iv) [F for Markovian weighted Koopman group,

which are added for the sake of comprehensiveness, but put in the appen-
dices because the scope of this thesis has become very large.
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Appendix A

Banach lattice algebras

A.1 What is a Banach lattice algebra?

We observe, as reported by Wickstead ([31]), that there does not appear to
be a consensus on a definition of this mathematical object.

However, from [31}, p. 805-806], we note the following about a Banach lattice
algebra.

Remark A.1.0.1. (i) What is agreed is that a Banach lattice algebra should be a
Banach lattice, an associative algebra with a sub-multiplicative norm and the
product of positive elements should be positive.

(ii) To cover as wide a range of examples as possible and in an effort to standardise
terminology we propose that a Banach lattice algebra simply be at the same
time a Banach lattice, an associative algebra with sub-multiplicative norm
and with the product of positive elements being positive. If there is an identity
which has norm one we call it a 1-Banach lattice algebra.

(iii) [31, Proposition 2.1] In any Banach lattice algebra L (whether real or com-
plex), with multiplication x, |f xg| < |f|x|g| forall f,g € L.

Note A.1.0.2. We note that condition (iii) of Remark above can precisely
be taken to be a characterisation of the so-called Banach lattice algebra. That is, a
Banach lattice (L, | - |) which is also a Banach algebra (L, *) is a "Banach lattice

algebra” (L, |- |,x) ifand only if |f*g| < |f| *|g| forall f,g € L.

142
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Definition A.1.0.3. A Banach lattice algebra (L, | - |, %) is a Banach lattice (L, | -
|) which is also a Banach algebra (L,*) such that |f xg| < |f| x|g| for all

f,g €L

We list here some examples of Banach lattice algebras, and refer to [31, Ex-
ample 1.1 p.804] for some details.

Example A.1.0.4. (i) Let Q) be a locally compact space, then the Banach space
Co(Q)) is a commutative Banach lattice algebra. Moreover, Co(Q)) is a 1-
Banach lattice algebra if and only if () = K is compact.

(ii) Let X := (Qx, Xx, ux) be a complete o-finite (positive) measure space, then
the Banach space L® (X)) is a commutative Banach lattice algebra.

(iii) Let E be a Banach lattice, then the space
Z(E):={Te X(E):3A>0suchthat |ITfl <AIfIVfeE}

of central operators, the so-called centre of E equipped with the operator
norm, is a commutative 1-Banach lattice algebra.

(iv) Let G be a locally compact topological group, and y the left Haar measure on
G, then the Banach space L' (G) of integrable K-valued functions is a Banach
lattice algebra. L'(G) is a 1-Banach lattice algebra if and only if G is discrete.
Moreover, L' (G) is commutative if and only if G is abelian.

(v) Let G be a locally compact topological group, then the Banach space M(G) of
bounded reqular Borel measures on G is a Banach lattice algebra.

(vi) Let E be an order complete Banach lattice (i.e., a Dedekind complete Banach
lattice), then the space L' (E) of reqular operators, equipped with regular-
norm, is a 1-Banach lattice algebra.

Throughout we will use "BLA" to mean a Banach lattice algebra, if no con-
fusion arises.
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Ordered Banach spaces

Here, we recall certain definitions and concepts about an ordered Banach
space as presented by O. Bratteli et al ([4]) and the conditions under which
it becomes a Banach lattice (see [4, Section 1, p.372-376]).

Definition B.0.0.1. Let B be a real Banach space. A subset ”B_."” of B is defined to
be a proper closed convex cone in B if:

(i) By is norm closed;

(i) By + By C By,
(iii) AB4 C B4 forall A > 0; and
(iv) B+ N(—By) = {0}.

Each B determines a partial order > on B by defining b > ¢ whenever b —c € B.
Thus b > 0 is equivalent to b € B... Elements of B4 are referred to as positive
elements of B.

Then B is said to be an ordered Banach space, with positive cone B.

The following lemma states the equivalence of the 'normality” of a positive
cone of an ordered Banach space.

Proposition B.0.0.2. For a positive cone B of B, the following are equivalent.

(i) By is normal, i.e., there exists an o > 0 such that « < ||b + c|| for all
b,c € By with ||[b|| =1 = |]c]|.

(ii) There exists B > 0 such that 0 < b < c¢ always implies B||b|| < ||c|| for all
b,C € B_|_.
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(iii) There exists a v > 0 such that b < ¢ < d always implies v||b|| < ||c|| V
||d|| forall b, c,d € B.

The following states the equivalence for a positive cone of an ordered Ba-

nach space having a non-empty “interior’.
Proposition B.0.0.3. For a positive cone B of B, the following are equivalent.

(i) u € By is an interior point of By, i.e., there exists an ¢ > 0 such that
{b:[lu—b|[<et C By

(i) u € By is an order unit, i.e., for each b € B, there isa A > 0 such that
b < Au.

(iii) B = By, where By, := {b € B: —éu < b < du for some 5 > 0}.

There are some connections between normality, interior of a positive cone
IntB, and "topologies’ on an ordered Banach space.

Proposition B.0.0.4. For a positive cone B of B, let b(B) and o(B) represent the
norm-bounded and order-bounded sets in B respectively. Then the following hold.

(i) B is normal implies 0o(B) C b(B).
(ii) IntBy # @ if and only if b(B) C o(B).
(iti) If IntB # @, then B is normal if and only if o(B) = b(B).
Therefore, By is normal and IntB, # @ if and only if o(B) = b(B).
The following is a comment on when an ordered Banach space B with posi-
tive cone B, becomes a Banach lattice.
Proposition B.0.0.5. For a positive cone B of B, if:

(i) the partial order > associated with B is a lattice ordering, i.e., each pair
b, c € B, has a least upper bound bV ¢ and a greatest lower bound b A c; and

and 0 <
b < c always implies ||b|| < ||c||, where 1b| := by + b_ is the ‘'modulus’

(ii) the norm on B is a lattice norm, i.e., for b,c € B, ||1bl|| = |||

of band by := (£b) V O represent the positive/negative part of b,

then (B, || - ||) is a Banach lattice.
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The following theorem is essentially due to the theorem of Kakutani which
represents an AM-space with unit as a space of scalar-valued continuous

functions on some compact space.

Theorem B.0.0.6. For a Banach lattice (B, || - ||), the following are equivalent.
(i) IntBy # @
(ii) B is isometrically lattice isomorphic to C(Q) for some compact space Q.

Proof. That (ii) = (i) is evident.
(i) = (ii): Take u € IntB,. Since B = B, (see Proposition [B.0.0.2), the
norm || - ||, associated with u € B, defined as ||b||, := max {Ny,(b), N,(—b)}
for any b € B, = B, where N, (b) := inf{A > 0: b < Au}, is a lattice norm
on B.
Observing that ||b V c||, = max(||b]|u, ||c||.) for any b,c € B, implies that
(B, || - ||u) is an AM-space with order unit # € B,. And since the two norms
|| - ||« and || - || are equivalent, we see that (B, || - ||) is also an AM-space
with order unit. By Kakutani’s theorem (see [28, Theorem 7.4, p.104]), it
follows that the Banach lattice (B, || - ||) is isometrically lattice isomorphic
to (C(Q), || - ||«) for some compact space Q.

O]
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Bonus Chapter: Positive semiflows

on measurable Banach lattice
bundles

C.1 Introduction

In this chapter, we introduce the notions of measurable Banach lattice bun-
dles (see Section [C.2), the vector lattices of measurable sections (see Section
[C.3), morphisms of these measurable Banach lattice bundles (see Section|C.4)
and their representation theories (see Section [C.5).

We start in Section with our definition of a measurable Banach lattice
bundle E over a complete o-finite measure space X (see Definition |C.2.0.1).
In Section we consider the vector lattice Mg of measurable sections
of E and obtain that, the (quotient) vector lattices I°(X, E) and T'!(X, E)
of essentially-bounded and integrable measurable sections are, respectively,
m-Banach lattice modules over the commutative Banach lattice algebra L*°(X)
(see Corollary[C.3.0.7). Moreover, if E is separable over a separable measure
space X, then r! (X, E) is, in addition, a separable Banach lattice (see Propo-

sition |C.3.0.8(iv)).

In Section we introduce two notions of morphisms between two mea-
surable Banach lattice bundles E and F over a measure space X: namely, a
positive morphism of measurable Banach lattice bundles over ¢ : X — X, a
morphism of measure space X (see Definition and a morphism of
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measurable Banach lattice bundles over a morphism ¢ : X — X (see
Remark [C.4.0.3(iii)). In (Definition Remark [C.4.0.6(iii), we intro-
duce the notion of a (positive) S-dynamical measurable Banach lattice bun-
dle (E, ®) over a measure-preserving G-dynamical system (X, ¢), and we call
® = (Og)qcs a (positive) semiflow on E over the flow ¢ = (¢g)4ec on X.

In the last Section we obtain that, for a discrete group G, every (pos-
itive) S-dynamical measurable Banach lattice bundle (E, ®) over a measure-
preserving G-dynamical system (X, ¢) induces a (positive) S-dynamical Ba-
nach lattice module (T!(X, E), Te) over the Koopman group representation
(L*(X), T;,) (see Remark|C.5.0.1(v), and also Chapter 2| Example2.3.4.3{(ii)).
Furthermore, we call T = To(g)ges the (positive) weighted Koopman
semigroup representation on I'! (X, E) over the Koopman group T, = (Ty(8))gcc
induced by (E, ®). Moreover, we obtain the abstract representation of the
(quotient) vector lattice I'' (X, E) of integrable measurable sections of a sep-
arable measurable Banach lattice bundle E over a separable measure space
X as what we call a separable L!(X)-normed m-lattice module over L*(X)

(see Appendix[D]Question[D.2.0.2), Remark|C.5.0.1{ii) and Proposition[C.5.0.8ii).

As one major result of our study, for a discrete group G, every (positive) S-
dynamical separable L!(X)-normed m-lattice module over the Koopman
group (L*(X),T,) can be assigned uniquely to a separable (positive) S-
dynamical measurable Banach lattice bundle (E, ®) over a measure-preserving
G-dynamical system (X, ¢) with X separable and vice versa (see also Ap-
pendix [D} Proposition [D.2.0.3). This is our Gelfand-type theorem for dy-
namical separable L!(X)-normed m-lattice modules (see Theorem

and Corollary C.5.0.10).

C.2 Measurable Banach lattice bundles

In this Section, we introduce the notion of a measurable Banach lattice bun-
dle.

Here, any measure space X := (Qx, Xx, ;ix) is assumed to be completeﬂ and

1j.e., subsets of null sets are measurable.
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with a positive o-finite measure. See [29, Chapter 1, Section 1.2, p.18-21] for

the case of measurable Banach bundle.

Definition C.2.0.1. Let E be a set (total space), X a measure space (base space),
and pg : E — Qx a surjective mapping (bundle projection). Then the triple
(E, pg, ME) is called a measurable Banach lattice bundle over X, where Mp is
a vector sublattice of Sg = {s:Qx — E|pgos=1Idn,}, if the following
conditions are satisfied.

(i) Foreach x € Qx, the fiber Ey := pgl(x) is a Banach lattice.
(ii) If f : Qx — Kis measurable and s € Mg, then fs € Mg, where fs is
defined pointwisely.
(iii) For each s € Mg the mapping
Is]: Ox — Ry, x = [[s(x) ][,
is measurable.
(iv) If (su), cn € ME is a sequence converging almost everywhere to s € Sk,

then s € Mg.

Elements of Sg are called sections while that of Mg are measurable sections
of the measurable Banach lattice bundle (E, pg, ME).

And if, in addition,

(v) there exists a sequence (sy), _n, € ME such that the linear span lin{s,(x) | n € N}
is dense in Ey for almost every x € Q. then (E, pp, Mg) is said to be sep-
arable.

Note C.2.0.2. (i) If no confusion arises, we will say E is a measurable Banach
lattice bundle over X, while we mean (E, pg, Mg).

(ii) We note that, in our setting of a measurable Banach lattice bundle (which may
as well be called a measurable bundle of Banach lattices), the only additional
property we added to the definition of measurable Banach bundle as defined
in [29, Definition 1.12 p.18] is that

(a) each fiber is a Banach lattice instead of a Banach space; and

(b) we choose a vector sublattice as the space of its measurable sections in-
stead of a vector subspace.
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And so every (separable) measurable Banach lattice bundle is, in particular,
a (separable) measurable Banach bundle in this situation.

We mention here a situation whereby a measurable Banach lattice bundle
can be generated. See [29, Remark 1.14, p.18] for the case measurable Ba-
nach bundle.

Remark C.2.0.3. Let X be a measure space and (E, p) is a pair of a set E and a
surjective map p : E — Qy satisfying condition (i) of Definition [C.2.0.1| above.
For any vector sublattice Mg of Sg := {s: Qx — E | pos = Idq, } satisfying
condition (iv) of Definition we have that

(i) Mg generates a measurable Banach lattice bundle i.e., there exists a small-
est vector sublattice Mg of Sg containing Mg such that (E, p, M) isa
measurable Banach lattice bundle over X, and, moreover,

(i) Mg consists precisely of all almost everywhere limits of sequences in

lin{las |A € Lx,s € Mg}.

Similar to the case of a measurable Banach bundle (see [29, Example 1.16,
p.19]) we identify the following two important examples of measurable Ba-
nach lattice bundles.

Example C.2.0.4.

(i) Let Z be a Banach lattice and X a measure space. Consider E := Qx X Z and the
projection p : E — Qx onto the first factor. The space of sections Sk is identified
with the space of all functions s : Qx — Z. The set of all strongly measurable
functions then defines a subset Mg of Sg which turns E into a measurable Ba-
nach lattice bundle called the trivial Banach lattice bundle with fiber Z. Moreover,
this coincides with the measurable Banach lattice bundle generated by constant sec-
tions, i.e., Mg consists precisely of all almost everywhere limits of sequences in
lin{lys |A € Zx, s(x) =z € Zforall x € Qx}.

(ii) Let E be a topological Banach lattice bundle over a locally compact space (), y a
o-finite reqular Borel measure on Q), and B(Q)) the Borel o-algebra of Q). Then the
vector lattice I'g(Q), E) generates a measurable Banach lattice bundle E, over the
completion of the measure space (03, B(QY), u). We say E,, is the induced measur-
able Banach lattice bundle over a measure space induced by Q).



Stellenbosch University https://scholar.sun.ac.za

APPENDIX C. BONUS CHAPTER: POSITIVE SEMIFLOWS ON MEASURABLE
BANACH LATTICE BUNDLES 151

C.3 The space of measurable sections

A measurable Banach lattice bundle (E, pg, Mg) over a measure space X
induces a natural ordered vector space.
Indeed, on the space of sections Sg := {s: Qx — E | ppos = Idqg,}, we
have for each s € Sg, a "modulus" map

Sg — Sg; s Isl =[x Is(x)1].

If K = R, defining the set
Sf = {SESE:SZO LI =s},

d
we obtain a partial order on Sg by saying s < s, <éf> sp —s1 > 0.

And if K = C, defining the set
SR:={s€Sg:Res=s},

we obtain a partial order on SX as above.

The following lemma will be useful, which states important order structures
associated with a measurable Banach lattice bundle.

Lemma C.3.0.1. Let E be a measurable Banach lattice bundle over X. Then the
following hold on the space of its sections Sk.

(A) If K = R, then Sk is a real vector lattice where Si denotes the sets of its
positive elements such that

(i) if (sn),eny € Sg s a sequence converging (almost everywhere) to
s € Sg, thens € Sg (almost everywhere),

(i) St N (~87) = {0},
(iii) S§ +Sf € SF,
(iv) AS§ C S forany A > 0, and

(v) Forsy,sp € Sf, 0 <s1 <sp = ||s1(%)||e, < ||s2(x)]|E, forall
x € Ox.
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(B)

If K = C, then SX is a real vector lattice where
d
St = {res}g‘:rzo &, |r|=r}

denotes the set of its positive elements such that

(i) if (S”)n eN € SR is a sequence converging (almost everywhere) to
s € Sg, thens € S%{ (almost everywhere), and

(ii) Sg = SR @ iSK is a complex vector lattice.

Proof. (A) If K = R, i.e., E is a real Banach lattice for each x € Qx. In

(B)

this situation, the lattice operations in S are defined pointwise via
(s1 Asp)(x) = s1(x) Asp(x) and (s1V sp)(x) = s1(x) V sp(x) for any
s1,52 € Sg and every x € Qx. Moreover, for any s € Sg setting s* :=
sVO0ands™ := —(s A0), it follows that s*,s~ € S} and s = sT — s~
is the unique representation as a difference of positive sections with
modulus Isl =st +5s.

It is clear that, Sg is a real vector lattice, with positive sections Sg .
Thatiss € S§ <= s € Spand 0y < s(x) € E{ for each x € Q.

(i) Let (sn)nen C S be a sequence of positive sections converg-
ing (almost everywhere) to a section s € Sg. This, in particular, im-
plies that (s, (x)),en C Ef is a sequence converging to s(x) € Ey for
(almost) every x € Qx. And since E;j C Ey is norm-closed for each
x € Qy; then we have that s(x) € E{ for (almost) every x € Q.

Assertions (ii), (iii) and (iv) follow, respectively, since E;” + Ef C Ef,
Ef N(—Ef) ={0s} and AE] C Ei foreachx € Qx, 0 < A €R.

(v) For sy, s, € S;, 0 <51 < sp implies that 0, < s1(x) < sp(x) for
each x € Qx. And this also implies that ||s1(x)||g, < ||s2(x)||E, for all
x € Qx.

fK = C, ie., E, = E],If ® iE;CR is a complex Banach lattice for each
x € Oy, then we see that SE is the set of real sections, i.e., s € 8}5 <=
s € Sp and s(x) € ER for each x € Qx. And as in (A) above we obtain
that S}? is a real vector lattice.

(i) Let (sn)nen C SK be a sequence of real sections converging
almost everywhere) to a section s € Sg. This, in particular, implies
y p p
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that (s,(x))sen € ER is a sequence converging to s(x) € E, for (al-
most) every x € ()x. And since E;CR C Ey is a closed subspace for each
x € Qx, we have that s(x) € ER for (almost) every x € Qy.

(ii) Moreover, for any s € Sg, we see that the mappings Re s :
Qx — E;x — Res(x) and Ims : Qx — E;x — Im s(x) are real
sections, i.e., Res, Ims € SR, and sos = Res +ilm s is the unique rep-
resentation of complex section with modulus Is| =sup, ¢ {Re e™'s}.
It thus follows that Sp = SX & iSK is a complex vector lattice.

[

The following is an immediate corollary of Lemma |C.3.0.1|above combined
with condition (iv) of Definition

Corollary C.3.0.2. Let E be a measurable Banach lattice bundle over X. Then the
following hold, on the space of its measurable sections M.

(A) IfK = R, then M is a real vector lattice where /\/I‘EF = S; N Mg denotes
the sets of its positive elements such that

(i) MY is (sequentially) closed in Sg in the sense that, if (su), . €
M is a sequence converging almost everywhere to s € Sg, then's € MY,

(ii) M{ N (= MF) = {0},
(iii) Mf + M} C MY,
(iv) AME C M forany A > 0, and
(v) For s1,50 € ME, 0 <s1 <sp = |ls1(%)||e, < ||s2(x)]|E, for
all x € Q.
(B) If K = C, then MR := SR N Mg is a real vector lattice where M :=
S N MR denotes the set of its positive elements, such that

(i) ME is (sequentially) closed in S in the sense that, if (sn), _n €
MR is a sequence converging almost everywhere to s € Sg, then s € MX,
and

(ii) Mg = MB @ iMR is a complex vector lattice.

To be able to state further results, we first recall some important properties
of (quotient) spaces of measurable sections in the (general) case of measur-
able Banach bundle (see also [29, Example 2.4., p.24]).
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Remark C.3.0.3. Let (E, pg, ME) be a measurable Banach bundle over X. Then,
the following hold.

(i) Let T°(X,E) := Mg/~ be the space of equivalence classes of measurable
sections which coincide almost everywhere, i.e., s ~ v if s(x) = r(x) for
a.e. x € Qx. Under the natural operation, T°(X, E) is a vector space, and
with the (lattice)-norm ||s|| := |s| € L%(X) for some (hence for all) s € s;
I'Y(X, E) is a LNS (lattice normed space) over LY(X). In particular T°(X, E)
is a module over the commutative ring L°(X).

(i) Let T®(X,E) := {s € T%(X,E) | |s| € L®(X)}, the (quotient) space of es-
sentially bounded measurable sections. It follows that under the natural op-
erations, I°(X, E) is a Banach module over the commutative Banach algebra
L=(X).

(iii) Let TY(X,E) := {s € [®(X,E) : |s| € LY(X)} the (quotient) space of inte-
grable measurable sections. Then, T'' (X, E) is also a Banach module over the
commutative Banach algebra L (X).

In what follows, as in Remark (C.3.0.3| above, we identify an equivalence
class of measurable section in I'°(X, E) or I''(X, E) with its representative
in Mg, and we speak of just measurable sections if no confusion arises.

Using this Corollary |C.3.0.2 and Remark [C.3.0.3, we claim the following

results.

Proposition C.3.0.4. For a measurable Banach lattice bundle E over a measure
space X; we have the following properties on the Banach space T(X, E) of its
essentially-bounded measurable sections.

(i) If K = R, then T°(X, E) is an ordered Banach space with normal positive
coneT®(X,E)4 := {s e I°(X,E) :s € M[}.

(i) If K = C, then I*(X,E)r := {s € T°(X,E):s € SK} is an ordered
closed subspace of T*°(X, E).
In particular, T*°(X, E) is a Banach lattice such that

(1) if K = R, then T®(X,E) = T®(X,E)y —I'°(X,E)+ is a real
Banach lattice, and
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() if K =C, then T®(X,E) =T*(X,E)Rr ® il'*(X, E)R is a complex
Banach lattice.

Proof.

(i) In the case where K = IR, i.e., E, is a real Banach lattice for each x € Qy,
it follows from Corollary (A) that the set [°(X, E) of essentially-
bounded positive measurable sections satisfies the following properties:

(@) T*°(X, E)4 is norm-closed in I'*(X, E),

(0) T=(X,E)+ N (~T™(X, E)) = {0},

(@ I®(X,E)+ +T*(X,E)y CT®(X,E), and

(d) forsy,sp € T®(X,E)4,0 <s1 <sp = ||s1]| < |]s2]]-

Hence, I'°(X, E)+ is normal positive cone (see Appendix [B, Proposition
(by taking B = 1) of ordered Banach space I'*(X, E). And
since, M and hence I'*(X, E) is a real vector lattice and the fact
that ||s|| = ||Isl]|| for any s € T*(X,E), we can conclude that
I'°(X,E) =T%®(X,E)+ —I'°(X,E) is a real Banach lattice (see also
Appendix[B] Proposition [B.0.0.5).

(ii) Similarly, in the case where K = C, i.e., Ey is a complex Banach lattice
for each x € Qy, it follows from Corollary (B) and the ar-
gument in (i) above that the set I'°(X, E)r of essentially-bounded
real measurable sections is a real Banach lattice. And since, Mg
and hence I'*°(X, E) is a complex vector lattice, we can conclude
that I'°(X,E) = I'*(X,E)r @ iI'*°(X, E)R is a complex Banach lat-
tice. [

The following is an immediate corollary of Proposition|C.3.0.4|above.

Corollary C.3.0.5. For a measurable Banach lattice bundle E over a measure space
X, we have the following properties on the Banach space T'(X, E) of its integrable
measurable sections.

(i) If K = R, then T'(X, E) is an ordered Banach space with normal positive
coneTY(X,E); :=T°(X,E); NTY (X, E).

(i) f K = C, then TY(X,E)R := T®(X,E)r NTY(X, E) is an ordered closed
subspace of T' (X, E).

In particular, T'(X, E) is a Banach lattice such that
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(@) if K = R, then TY(X,E) = TY(X,E)4+ —T''(X, E) is a real Banach
lattice, and
(b) if K = C, then TY(X,E) = T'Y(X,E)r @ il (X, E)R is a complex
Banach lattice.

The following is an important observation about the vector lattice Sg of
sections of a measurable Banach lattice bundle.

Proposition C.3.0.6. Let E be a measurable Banach lattice bundle over X. Then
the following holds for the vector lattice of its sections Sk.
For any function f : Qx — K, and section s € Sg, we have that

(i) 1fsl = 1fllsl,and

(ii) fs = fs.
Proof. In the case where K = R, which implies E, is a real Banach lat-
tice for each x € Q, the assertion follows since | fsl(x)= | f(x)s(x)|=
l f1(x)1sl(x) forall x € Q.
Now suppose K = C, which implies E, is a complex Banach lattice for each

x € Qx. Here sl =sup,. {Re e™'s}, which is defined pointwise. And so
for a function f : Ox — C, and s € Sg we have that

| fs1(x) =sup {Re e”itfs(x)}

teQ

= sup {Re e”itf(x)s(x)}

teQ

= 1 fI(x)sup {Re e””s(x)}

teQ

=1fl(x)lsl(x)

for all x € Q. And this proves assertion (i).
Moreover, fs(x) = f(x)s(x) = f(x)s(x) for all x € Qx proves assertion (ii).
[

The following is an immediate corollary combining Propositions|C.3.0.6|and
with Remark|[C.3.0.3
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Corollary C.3.0.7. For a measurable Banach lattice bundle E over a measure space
X; we have the following properties on the Banach lattices T*(X, E) and T (X, E)
of its essentially-bounded and integrable measurable sections respectively.

(i) If K = R, then T*(X, E) and hence T' (X, E) is a real Banach lattice module
over L*(X).

(i) If K = C, then T*(X, E) and hence T'(X, E) is a complex Banach lattice
module over L= (X).

In particular, T® (X, E) and hence T' (X, E) is an m-Banach lattice module
over L= (X).

In the following proposition, we state several results about a separable mea-
surable Banach lattice bundle. Moreover, if the measure space X = (Qx, Xx, jix)
is separable, then the (quotient) lattice of its integrable measurable sections

is, in particular, a separable Banach lattice. This is essentially due to [29,
Lemma 2.48, p.46 and Lemma 4.46, p.45] in the case of separable measurable
Banach bundle.

Proposition C.3.0.8. For a separable measurable Banach lattice bundle E over a
measure space X, let (sn), € ME be sequence such that lin{s,(x) | n € N} is
dense in Ey for almost every x € Q)x. Then the following hold.

(i) There exists a sequence (s;}) _ € My such that lin{s; | n € N} gen-
erates E; := {v €eE:vely| = UEPE(”)}, ie., every st € ME is almost
everywhere limit of a sequence in lin{1 s} | A € x,n € N}.

(ii) There exists a sequence (s;}'), _n, € M such that

(a) lin{s;} (x) | n € IN} is dense in the positive cone E} for almost every
x € Oy,

(b) ux({|s,;f| # 0}) < oo for every n € N, and
() |sy| = 1{\5,1#0} almost everywhere for every n € IN.
(iii) If (s;}) .oy € MG is a sequence satisfying conditions (ii) (a) and (b) above

then
lin{las} | A€y, ne N} CTYX,E)4

is dense in T1(X, E) ...
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(iv) If X is a separable measure space, i.e., there is a sequence (Apn)neN of mea-
surable subsets of Qx such that for every B € Lx and € > 0 there is an
n € N with ux(A,AB) < ¢ then TY(X,E); is separable. In particular,
T'Y(X, E) is a separable Banach lattice.

Proof. As the vector space lin{s,(x) | n € IN} is dense in E, for almost every
x € Qx, we may assume that it is a vector sublattice for almost every x €
Qyx, ie, v € lin{s,(x) | n € N} implies that lvl, 7 € lin{s,(x) | n € N}
for almost every x € Q.

(i) Since E is, in particular, a separable Banach bundle over X, by [29]
Lemma 2.47, p.45], it follows that lin{s, | n € IN} generates E, i.e., ev-
ery s € Mg is almost everywhere limit of a sequence inlin{14s, | A € £x,n € N}.
Now, we may also assume WLOG thatlin{s, | n € N} C Mpgisavec-
tor sublattice, i.e., ¥ € lin {s, | n € N} implies that I7|,7 € lin {s, | n € IN}.
And as such, we can set sf{ := Is, | for each n € IN. And observing
that, for each s € Mg, if

<r”)ne]N € lin{ls, | A € Lx,n € N}
is a sequence converging almost everywhere to s € MF, then
(Iral) o €lin{1as) | A€ Zx,n e N} C Mf

is a sequence converging almost everywhere to Is| € M} proves the
assertion.

(ii) Similarly, since E is also a separable Banach bundle over X, we can
choose a sequence (S”)n eN € M asin [29, Lemma 2.48, p.46]. And
as in (i) above, setting s} := s, | for each n € IN, we may also assume
that lin{s;} (x) |n € N} C M is a vector sublattice, and thus the
assertions [(a) to (c)] follows again by [29] Lemma 2.48, p.46][(i) to
(iii)] .

(iii) With the same consideration as in (ii) above, if (s,;F )n eN € ./\/lgr is a
sequence satisfying conditions (ii) (a) and (b) it satisfies conditions (i)
and (ii) of [29, Lemma 2.48, p. 46] and again realising lin{s;/ (x) | n € N} C
M as a vector sublattice implies that

lin {145 |A€Xx, ne N} CTYX,E),

is also a vector sublattice which is dense in (X, E) ;.
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;)nEIN <

/\/lzr satisfying conditions (ii) (a) and (b) from above, and by realising
{14,s} | n,m e N} CTYX,E) asa vector sublattice, it follows from
the proof of [29, Lemma 2.46, p. 47 ] that

(iv) Let X be a separable measure space. By choosing a sequence (s

{1a,8} |n,meN} CTHX,E)

is total in T'' (X, E) ...

Now, if K = R, it immediately follows that T''(X, E) is a separable
Banach lattice.

In the case K = C, it follows from the above consideration that if the
vector lattice lin{s, | n € N} generates E, then by setting s/, := Re s,
for each n € IN we obtain that lin{s}, | n € N} generates

Er := {v € E:Rev = VE, () }, ie., every s’ € ./\/ll}g2 is almost every-
where limit of a sequence in lin{l4s}, | A € £x,n € N}. Moreover,
weN € Mg as in [29, Lemma 2.48, p.46], setting
sy, := Re sy for each n € N implies that (s},) . € MF is a sequence

if we choose (sy)
satisfying again conditions (i) and (ii) of [29, Lemma 2.48, p.46] and so
we obtain that

lin {148, | A€ Zx, n € N} C TY(X,E)R

is also a vector sublattice which is dense in T''(X, E)g. And if X is
a separable measure space, we also obtain, again by the proof of [29,
Lemma 2.46, p.47], that

{14,s, | n,me N} CT(X, E)R

is total in T1(X, E)R.
Thus, T1(X, E) = TY(X, E)gr @ iT'}(X, E)R is a separable Banach lattice.

O

C.4 Morphisms of measurable Banach lattice
bundles

Here, we introduce the concept of (positive) semiflows on measurable Ba-
nach lattice bundles and their dynamics. We essentially follow the work of
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S. Siewert ([29]) for the case of measurable Banach bundles (see [29, Section
1.2., p.17-21]). We note that, in this Section, we establish the category of
measurable Banach lattice bundles and their dynamics.

Before introducing dynamics on measurable Banach lattice bundles, we re-
call the definitions of a morphism and an automorphism of measure spaces.

Definition C.4.0.1. (Morphism of Measure spaces)

Let X and Y be two measure spaces; a premorphism ¢ : X — Y is a measurable
and measure-preserving mapping ¢ : Qx — Qy. And for any two premorphisms
@ and P, setting ¢ ~ ¢ if ¢(x) = P(x) for almost every x € Qx defines an
equivalence relation on the set of premorphisms from X to Y. An equivalence class
(] is called a morphism from X to Y, which will be denoted by ¢ again.

If ¢ : X —> Y is a morphism such that ¢~' : Y — X is also a morphism with
ot =Ida, and 9~ o ¢ = Idq,, then ¢ is called an isomorphism. The set of
automorphisms (i.e., self-isomorphisms) from X to X will be denoted as Aut(X).

Definition C.4.0.2. (Positive morphism of Measurable Banach lattice bundle)

Let ¢ : X — X be a morphism on a measure space X; while (E, pg, Mg) and
(F, pr, M) are measurable Banach lattice bundles over X. A positive premor-
phism ® from E to F over ¢ is a mapping ® : E — F such that

(1) (I)OME g MFO(P/
(ii) pr o ® = ¢ o pg almost everywhere, i.e., the diagram

E—® .F

ol

QXL)QX

commutes almost everywhere,

(iii) @y := ®|g, : Ex — Fy(x) is a positive operator for almost every x € Q,
and

(iv) @ is essentially bounded, i.e., || ®|| := ess superXHCI)ng(Ex,Fq) ) < 0.

(x)
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As in the case of morphism of measurable Banach bundle, we also identify positive
premorphisms that agree up to a null set.

So, let pPremory(E, F) := {® : E — F is a positive premorphism over ¢}, and
Ny(E,F) := {tb € pPremor ,(E, F)| ® = 0 almost everywhere},

An equivalence class [®] € Mory(E, F) := pPremory(E, F)/N(E, F) is called a
positive morphism from E to F over ¢, which we denote as ® again.

Remark C.4.0.3. From above, as in the case of topological Banach lattice bundles
(see Chapter 3| Remark[3.4.0.3), we also identify the following additional properties
of a positive morphism ® of measurable Banach lattice bundles over morphism ¢
on X.

(i) If Oy is an isometry for almost every x € Qx, then we call ® a positive
isometry.

(ii) If Oy is an isometric lattice homomorphism for almost every x € Qx, then
we call ® an isometry.

(iii) If @y is a lattice homomorphism for almost every x € Qx, we call ® a
morphism of measurable Banach lattice bundle over ¢.

(iv) If ¢ = ldq,, we call ® a positive morphism of measurable Banach lattice
bundle.

(v) If ¢ = Idq,, and @y is a lattice homomorphism for almost every x € Qx,
we call ® a morphism of measurable Banach lattice bundle.

Next, we introduce positive dynamical measurable Banach lattice bundles
over a measure-preserving dynamical system induced by groups.

From now on, by a Banach lattice bundle over X, we always mean a mea-
surable Banach lattice bundle over a measure space X. And by a (positive)
morphism over a morphism ¢ on X, we always mean a (positive) morphism
of measurable Banach lattice bundle over ¢, if no confusion arises.

Note C.4.0.4. In the remainder of this appendix, we will use the following notation.

(i) We let G be a locally compact group, and S a closed subsemigroup of G con-
taining the neutral element e, i.e., a closed "submonoid” of G. For instance,
we can take G=IR,S=R; or G=7Z,S = N.
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(ii) We let (X, @) be a measure-preserving G-dynamical system over a measure
space X, i.e., ¢ = (@g)gec defines a group actionﬂ on X, called a (measur-
able) flow on X.

Definition C.4.0.5. A positive S- dynamical Banach lattice bundle over the measure-
preserving G-dynamical system (X, ) is a pair (E, ®) of a measurable Banach
lattice bundle E over X and a monoid representatiorﬁ

: E
®:5—E ¢g— Dy

such that
®, : E — E is a positive morphism over ¢q for each g € S.

We call ® = (Og)qcs a positive semiflow on E over the flow (@g)gec on X. If
S = G, then we call ® = (Py)qes a positive flow on E over the flow (¢g)gec on
X, and (E, ®) a positive G-dynamical Banach lattice bundle over (X, ¢).

And if E is, in addition, separable, then (E, ®) is called separable.

Remark C.4.0.6. From Definition |C.4.0.5| above, using Remark |C.4.0.3| we also
identify the following additional properties of a positive S-dynamical Banach lattice

bundle (E, ®) over (X, ¢).
(i) If g is a positive isometry for each g € S, we call @ a positive isometry.
(ii) If ®g is an isometry for each g € S, we call ® an isometry.

(iii) If ®q is a morphism over ¢q for each g € S, we call (E, @) an S-dynamical
Banach lattice bundle over (X, ¢); and ® = (Pg)qes a semiflow on E over
the flow (@g)4ec on X.

Now, we introduce instances of (positive) S-dynamical measurable Banach
lattice bundles on Examples|C.2.0.4{ (i) and (ii). See [29, Example 1.19, p.21]
for the case of dynamical measurable Banach bundles.

2ie., ¢: G — Aut(X); g — ¢g is a group homomorphism, where Aut(X) denote the
group of automorphisms on X.
3 Dy = Pp0 D¢, Vg, h € S and @, = Idg, the identity on EE.
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Example C.4.0.7. (i) Let X be a measure space, Z a Banach lattice and E =

(ii)

Qx X Z the trivial Banach lattice bundle with fiber Z. Moreover, let ¢ =
(@g)gec be a (measurable) flow on X. Then a positive S-dynamical mea-
surable Banach lattice bundle (E, ® ) corresponds to a positive measurable
cocycle, i.e., a mapping

¢:SxQOx — 7%, (8,x) = ¢(8,x) := Pg(x)

such that

(a) pg(x) : Z — Z is a positive operator for almost every x € Qx and
forallg € S,

(D) pon(x) = Pg(@n(x)) o P(x) for almost every x € Qx and for all
g, hes,

(c) pe(x) = Idz for almost every x € Qx,

(d) for every g € S, the mapping Qx — Z;x — Pg(x)v is strongly
measurable for all v € Z, and

(e) for every g € S, [|g|| := esssup,cq,, [|Pg(x)[|z < oo.

In this situation, we may identify ®¢(x,v) = (@g(x), pg(x)v) forallg € S
and (x,v) € Qx x Z = E.

Let G be a (discrete) group, (E, ®) a topological S-dynamical Banach lattice
bundle over a topological G-dynamical system (Q), ¢) and u be a o-finite
regular Borel measure on (). Moreover, let E, be the induced measurable
Banach lattice bundle. Then (E,, ®) is an S-dynamical measurable Banach
lattice bundle over the measure-preserving G-dynamical system induced by

(Q, ).

Next, we introduce morphism between positive S-dynamical measurable Ba-

nach lattice bundles over a G-dynamical measure-preserving system (X, ¢).

Definition C.4.0.8. A morphism from a positive S-dynamical measurable Banach

lattice bundle (E, ®) over (X, ¢) to a positive S-dynamical measurable Banach lat-
tice bundle (F,¥) over (X, ¢) is a morphism (see Remark|C.4.0.3|(v))

®:E—F

such that the following diagram
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_9.
@ e
_9.

1 <— ™
o T

commutes for each g € S, i.e., @ o Dy = Yo 00 for each g € S. It is called a
positive isometry if ® is a positive isometry.

Just as the case in the topological setting (see Chapter (3, Remark [3.4.0.10),
we also note the following.

Remark C.4.0.9. (i) In a similar manner, a morphism between S-dynamical
measurable Banach lattice bundles over (X, ¢) can be defined. It will be
called an isometry if © is an isometry.

(ii) In the category of positive S-dynamical measurable Banach lattice bundles
over (X, ¢); an isometric morphism is just a positive isometry. We choose this
terminology and reserve the word "isometry” for S-dynamical measurable
Banach lattice bundles over (X, ¢).

(iii) Furthermore, two positive S-dynamical measurable Banach lattice bundles
(E, ®) and (F,¥) over (X, @) are said to be isomorphic if there exists a sur-
jective positive isometry (i.e., a surjective isometric morphism) between them.
In this situation, we write ® = (Pg)ees = (Yg)ges = Yon E=F.

C.5 On arepresentation of the space of

integrable measurable sections

Throughout this Section, by a Banach lattice bundle E over X, we mean a
measurable Banach lattice bundle pr : E — Q) over a measure space X (see
Definition[C.2.0.1). And by a (positive) morphism over a morphism ¢ on X,
we mean a (positive) morphism of measurable Banach lattice bundle over

@, if no confusion arises (see Definition |C.4.0.2land Remark C.4.0.3).

Remark C.5.0.1. (i) Let E be a Banach lattice bundle over a measure space X.
Then the (quotient) lattices T (X, E) and T'' (X, E) of its essentially bounded
and integrable measurable sections are, respectively, m-Banach lattice mod-
ules over commutative Banach lattice algebra L (X) (see Corollary|C.3.0.7).
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(ii)

(iii)

(iv)

In particular, if E is a Banach lattice bundle over a measure space X, then
the m-Banach lattice module T' (X, E) is an L' (X)-normed m-lattice mod-

ule over L®(X) (see Chapter 2| Definition [2.4.2.15|and Example [2.4.2.16).

And if E is separable over a separable measure space X, then by Proposition

C.3.0.8(iv), TY(X, E) is, in addition, a separable Banach lattice.

Let E be a Banach lattice bundle over a measure space X. With a (positive)
morphism ® : E — E of Banach lattice bundle over an automorphism
¢ : X — X; we associate a map

To :THX,E) — TY(X,E); s — ®oso g !

called the (positive) weighted Koopman operator over the Koopman opera-
tor Tp : L¥(X) — L¥(X);f — fo ¢ ! induced by ®. It immedi-
ately follows that the (positive) weighted Koopman operator T is a (positive)
lattice Ty-homomorphism (see Chapter |2 Definition [2.3.2.3| and Example
2.3.2.4(ii)).

And so, if G is a discrete group, a pair (E, ®) of (positive) S-dynamical Ba-
nach lattice bundle over a measure-preserving G-dynamical system (X, ¢)
(see Definition induces a (positive) S-dynamical m-Banach lattice
module (T'(X, E), Te) over the Koopman group representation (L*(X), T,,)
(see also Chapter [2| Example (ii). And we call To = To(g)ges
the (positive) weighted Koopman semigroup representation on T'1(X, E) over
T, = (Ty(g))gec induced by (E, ®).

The following lemma will be useful, which gives a certain characterisation

of the weighted Koopman operator on the space of integrable sections over

the Koopman operator T, on L®(X) in the (general) case of measurable

Banach bundle over a measure space X (see [29, Proposition 2.49, p.47]).

Lemma C.5.0.2. Let X be a measure space and ¢ : X — X an automor-

phism. Moreover, let E and F be measurable Banach bundles over X, and T :
I'Y(X,E) — TY(X, F) be a bounded operator. If E is separable, the following are
equivalent.

(a)

T is a Ty-homomorphism, i.e., T fs = Tyof - Ts for all f € L*(X) and
s € TYX,E).
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(b) |Ts| <||T||- Tyls| for every s € TY(X, E).
(c) There exists a unique measurable bundle morphism ® : E — F over ¢ such
that T = Top.
Moreover, if this assertion holds we have the following.
(i) |®] : Qx —> [0,00); x — ||Dy|| defines an element of L*(X).
(ii) sup {| Tos| : s € T®(X, E) with |s| < 1} = Ty|®| € L®(X).
(@) [|D[| = |[Tollr~(x.p) = [ Tollr (x,£)-

(iv) D is an isometry if and only if T is an isometry.

Using Lemma [C.5.0.2|above, we, in particular, claim the following result in
our setting.

Proposition C.5.0.3. Let X be a measure space and ¢ : X — X an automor-
phism. Moreover, let E and F be measurable Banach lattice bundles over X, and
T :TYX,E) — TY(X, F) a lattice homomorphism. If E is separable, the follow-
ing are equivalent.

(i) T is a lattice Ty-homomorphism, i.e., T fs = Tof - Ts for all f € L®(X)
and s € TY(X, E).

(ii) There exists a unique morphism ® : E — F of Banach lattice bundles over
¢ such that T = To.
Moreover, ||®|| = || T|| and ® is an isometry if and only if T is an isometry.

Proof. That (ii) = (i) immediately follows from definition. Indeed,
forall f € L*(X) and s € T''(X, E), we have that

7;1;](5:(1)0]"504)_1
=®olfop 5097
=fogp ! ®osop™!
= Tof - Tas.

(i) = (ii): Since T : TY(X,E) — TY(X,F) is, in particular, a
bounded operator, by Lemma |C.5.0.2l we obtain a unique morphism
® : E — F of measurable Banach bundles over ¢ such that 7 = 7.
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We claim that @ : E — F is the unique morphism of Banach lattice
bundles over ¢.

To this end, we follow the proof of Lemma|C.5.0.2[(b) = (c)] asin
[29, Proposition 2.49, p.47] by which & is obtained.

(a) Since E is a separable Banach lattice bundle over X, if (sn) neN €

ME is a sequence satisfying [29, Lemma 2.48, p.46], by our considera-
tion as in the proof of Proposition [C.3.0.8, we obtain that the Q-vector
space
Hy :=ling {sx(x) | k € N} C Ey

is a Q-vector lattice for each x € Qx, where Q = Q if K = R or
Q=0Q0+iQif K = C, ie, for each x € Qx, v € Hy implies |vl,
0 € Hy.

(b) And since 7 is a lattice homomorphism, if (r,), € M is
a representative of (Tsn)neN € T'(X,F), then (1,1 )neN € My can
be taken as a representative of (7 Is, | )nelN € TY(X,F). And so the
Q-linear map @, : Hy — F,(,) given by

Dy (sn(x)) := (rn) (p(x))

for every n € IN is a Q-vector lattice homomorphism for every x &
Qx. Indeed, for each x € )k, we have that

1Dy (sn(x)) 1 = 1(rn) ((x))
= (I (g(x))
= Oy | (su(x)) |
for every n € IN. And this implies that for each x € Qy, |Pvl =
®, vl for every v € Hy.

(c) And so, the unique extension of ®, : Hy — Fq,(x) to o, :
Ex — F,(y) is a lattice homomorphism for almost every x € Qx.

And since ®, :(= 0: E, — Pq,(x), which is trivially a lattice homo-
morphism, was set for the remaining points x € ()x, we can conclude
that, the obtained mapping

®:E—F v (I)EPE(U)U

is the unique morphism of measurable Banach lattice bundles over ¢.
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Moreover, by Lemma [C.5.0.2) we have that ||®|| = ||Te|| = ||T|| and
so @ is an isometry if and only if 7 is an isometry.

O]
The following is an immediate corollary of Proposition|C.5.0.3|above.

Corollary C.5.0.4. Let X be a measure space, ¢ : X — X an automorphism.
Moreover, let E and F be measurable Banach lattice bundles over X, and T :
I'Y(X,E) — TY(X,F) be a linear operator. If E is separable, the following are
equivalent.

(i) T is apositive Typ-homomorphism, i.e., | Ts| < Tlsland T fs = Tyf - Ts
forall f € L®(X)ands € T'(X,E).

(ii) There exists a unique positive morphism ® : E — F of Banach lattice
bundles over ¢ such that T = Tp.

Moreover, ||®|| = ||T|| and ® is a positive isometry if and only if T is a
positive isometry.

The following proposition is a consequence of Proposition[C.5.0.3, by which
we represent every (positive) S-dynamical m-Banach lattice module on ' (X, E)
over the Koopman group (L®(X), T,,) as (positive) weighted Koopman semi-
group representation induced by a unique (positive) S-dynamical measur-
able Banach lattice bundle over a measure-preserving G-dynamical system
(X, ¢). See [29, Corollary 2.50, p.51] for the case of measurable Banach bun-
dle.

Proposition C.5.0.5. Let G be a (discrete) group, S C G a submonoid, and (X, ¢)
a measure-preserving G-dynamical system. Moreover, let E be a separable measur-
able Banach lattice bundle over X, and let

T:5 —THUX,E)XE) s T(g)

be a strongly continuous representation such that (T*(X,E),T') is an (positive)
S-dynamical m-Banach lattice module over (L*(X), Ty ). Then, there is a unique
(positive) S-dynamical Banach lattice bundle (E, ®) over (X, ¢) such that Te =
T.

Moreover, ||T(g)|| = ||®g|| for each g € S and so, T = T (g)ges is an (positive)
isometry if and only if ® = (Og)qcs is an (positive) isometry.
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Proof. We follow the proof of [29, Corollary 2.50, p.51] in the case of mea-
surable Banach bundle. And since every (positive) S-dynamical m-Banach
lattice module on T!(X, E) over (L*(X),T,) defines S-dynamical Banach
module over (L*(X),T,), we obtain a unique S-dynamical Banach bun-
dle (E, ®) over (X, ¢) such that T = T in the sense of dynamical Banach
module (see [29, Definition 2.12, p. 28]).

We claim that (E, ®@) is the unique (positive) S-dynamical Banach lattice
bundle over (X, ¢).
In particular :

(i) @, isa (positive) Banach lattice bundle morphism over ¢, for each ¢ €
S. Indeed, foreach g € S, T(g) : TY(X,E) — I''(X,E) is a (positive)

lattice Ty (g)-homomorphism; and by Proposition|C.5.0.3(CorollaryC.5.0.4),

it follows that, &, : E — E is the unique (positive) Banach lattice
bundle morphism over ¢, for each g € S.

(ii) 7 is an (positive) isometry if and only if @ is an (positive) isometry.

Indeed, also by Proposition [C.5.0.3(Corollary/C.5.0.4) we have that
T (@) = [|Pgll

and so for each g € S, T (g) is an (positive) isometry if and only if @,
is an (positive) isometry.

O

As noted in Remark [C.5.0.1[iv) and also from Proposition above, if
G is a discrete group, each separable (positive) S-dynamical Banach lattice
bundle (E, ®) over a measure-preserving G-dynamical system (X, ¢) induces
a (positive) S-dynamical m-Banach lattice module (' (X, E), Tg) via

To:S —+ ZL(TN(X,E)),g = To(g) =[5 = Pgoso g, 1]

over (L*(X),T,), the Koopman group representation on L*(X). And we
call (To(g))g4es a (positive) weighted Koopman semigroup representation
on I''(X, E) over the Koopman group representation (Ty(g))gec on L®(X).
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The following lemma shows that, for a fixed measure-preserving G-dynamical
system (X, ¢), a morphism of separable (positive) S-dynamical Banach lat-
tice bundles (see Definition is uniquely determined by a homomor-
phism of the corresponding induced (positive) S-dynamical m-Banach lat-
tice modules (see Chapter 2} Definition 2.3.5.).

Lemma C.5.0.6. Let G be a (discrete) group, S C G a submonoid, and (X, ¢) a
measure-preserving G-dynamical system. Moreover, let (E, ®) and (F,Y) be sepa-
rable S-dynamical Banach lattice bundles over (X, @). Furthermore, let (T'(X, E), To)
and (TY(X, F), T¥) be S-dynamical m-Banach lattice modules over the Koopman
group (L®(X), Ty ) induced by (E, ®) and (F,¥), respectively.

Then, we have the following.

(A) For a mapping © : E — F the following are equivalent.

(i) © : E — F is a morphism between (E, ®) and (F,¥).

(ii) Vo : TYX,E) — TY(X,F);s + @ os is an homomorphism be-
tween (T''(X, E), Te) and (TY(X, F), Ty).

Moreover, if this assertion holds, ||®|| = ||Ve||, and © is an isometry if and
only if Vg is an isometry.
(B) For a mapping V : TY(X,E) — TY(X, F) the following are equivalent.

(i) V : TY(X, E) — TY(X, F) is an homomorphism between (T'(X,E), To)
and (TY(X, F), Ty).

(ii) There exists a unique morphism © : E — F between (E, ®) and
(F,¥Y) such that V = Vg.

Moreover, if this assertion holds, ||®|| = ||V||, and © is an isometry if and
only if V is an isometry.

Proof. (A) (i) < (ii):

(a) First, we observe that the diagram

Pg

L F
IFg
(C)]
—_—

M <— ™

F

commutes for each ¢ € S if and only if the diagram
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Vi
r'(X,E) — TY(X,F)
To(9)| |7
Vi
I''(X,E) — TY(X,F)

commutes for each ¢ € S. Indeed, for each g € S

¥(g) o0 =002(g)
“— ¥(g)o@os =0@od(g)osVs € T'(X,E)
= ¥(g)o@osop, 1 =OoP(g)osog,1Vs e TY(X,E)
— Ty(9)Ves = VoTo(g)s Vs € TH(X,E)
(8) ° Vo = Vo o To(g)-

— Ty

(b) Moreover, ® : E — F is a morphism of measurable Banach lattice
bundles if and only if Vg : To(Q, E) — Tp(Q, F) is a lattice module
homomorphism. Indeed, for each s € I' (X, E)

|@osl =Oo lsl < |Vgsl = Vglsl

Hence, the assertion is proved.

Moreover, since Vg : I' (X, E) — T'}(X, F) is a lattice module homo-
morphism, Proposition implies that ® : E — F is the unique
morphism over Idg, such that ||®|| = ||Vg]|, and © is an isometry if
and only if Vg is an isometry.

(B) That (ii) = (i) follows immediately from (A) above.
(i) = (ii): Since V : TY(X,E) — TY(X,F) is a lattice module
homomorphism by Proposition |C.5.0.3) we obtain a unique morphism

© : E — F of Banach lattice bundle over Idq, such that Vs = @ os
foralls € TY(X,E),ie., V = V.

Moreover, ||®|| = ||Ve|| = ||V||, implies © is an isometry if and only
if V is an isometry.
[

The following is an immediate corollary of the above Lemma C.5.0.6| com-
bined with Corollary|C.5.0.4
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Corollary C.5.0.7. Let G be a (discrete) group, S C G a submonoid, and (Q), ¢) a
measure-preserving G-dynamical system. Moreover, let (E, ®) and (F,¥) be sep-
arable positive S-dynamical Banach lattice bundles over (X, ¢). Furthermore, let
(TY(X,E), Te) and (TY(X, F), Ty) be positive S-dynamical m-Banach lattice mod-
ules over the Koopman group (L*(X), T.,) induced by (E, ®) and (F,¥), respec-
tively. Then the following are equivalent.

(i) V : TYX,E) — TY(X,F) is a homomorphism between (T''(X,E), To)
and (TY(X, F), Ty).

(ii) There exists a unique morphism © : E — F between (E, ®) and (F,¥)
such that V = V.

Moreover, if this assertion holds, ||®|| = ||V||, and © is a positive isometry
if and only if V is a positive isometry.

In the following proposition, we obtain a representation of the (quotient) lat-
tice of integrable measurable sections of a measurable Banach lattice bundle
as what we call an L'(X)-normed m-lattice module (see Chapter 2, Defini-
tion 2.4.2.15). This is analogous to [29, Proposition 2.51, p.51] for the case
of L1 (X)-normed modules. And by this, we, in particular, answer Question

D.2.0.2raised in Appendix D]

Proposition C.5.0.8. Let X be a measure space and T an L} (X)-normed m-lattice
module. The following assertions hold.

(i) There is a measurable Banach lattice bundle E over X such that T'(X, E) is
isometrically isomorphic to T as L' (X)-normed m-lattice modules.

(ii) If T is a separable Banach lattice, then there is a separable Banach lattice bun-
dle E over X such that T*(X, E) is isometrically isomorphic to T as L' (X)-
normed m-lattice modules. Moreover, this separable Banach lattice bundle is
unique up to isometric isomorphism.

Proof. (i) As in the proof of [29, Proposition 2.51, p.51], in the real case
and considering T just as L!(X)-normed module, we obtain that I is a
Banach-Kantorivich space over L' (X). Now since I is, in particular, a
Banach lattice, I is a Banach-Kantorovich lattice (see [22, Remark 2.25,
p-788]). And as a result due to Ganiev ([14]), as stated in [22, Theorem
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(ii)

2.9., p.789], we find a measurable Banach lattice bundleﬁ E such that
the (quotient) lattice of its integrable measurable sections I''(X, E) is
isometrically lattice isomorphic to I' as lattice normed space.

If we start with a complex L!(X)-normed m-lattice module, we can
also conclude that the constructed Banach lattice bundle E is canon-
ically a measurable bundle of complex Banach lattices for which the
isomorphism of T and T'!(X, E) can be seen to be C-linear.

Now, let 7 : T — T}(X, E) be the K-linear isometric isomorphism
of Banach-Kantorovich lattices over L'(X) (see [22, Definition 4.5,
p793]). Since both T and T''(X,E) are L'(X)-normed modules and
|Ts| = |s| for every s € T, by [29, Proposition 2.49, p.47] equiva-
lences [(a) < (b) < (c)], we obtain that 7 : I — TY(X,E) is a
module homomorphism. Hence, 7 : I' — I’l(X,E) is an isometric
lattice module isomorphism.

Now assume I and hence I'' (X, E) is a separable Banach lattice. Let
(sn) ey € TM(X, E) be a sequence such that lin{s, | n € N} is dense
in T!(X, E). By our consideration as in the proof of Proposition
we may assume WLOG that lin{s, | n € N} is a vector sublattice, and
choose a representative in Mp for each s, which we also denote as
sy. By realising lin {s,(x) | n € N} C Ey as a vector sublattice for
every x € ()x, we define a new measurable Banach lattice bundle
F := Uyeny Fx over X, by setting

Fy:=lin{s,(x) | n € N}
for every x € Qx and
Mg = {s € Mg|s(x) € Fy forevery x € Qx}.
It then follows that, the mapping
V:TYX,F) —TYX,E); s —s

is an isometric lattice module isomorphism. Moreover, F is a separable
Banach lattice bundle over X by its definition.

“We note that the definition of a measurable bundle of Banach lattices by Ganiev, as in
[22, Definition 2.2, p.787], slightly differs from ours. However, every measurable bundle of
Banach lattices in sense of Ganiev canonically defines a measurable Banach lattice bundle
in our sense having the same (quotient) lattice of integrable measurable sections I'' (X, E).
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From this construction, F is unique up to isometric isomorphism.

Indeed, suppose F; is another separable Banach lattice bundle over
X, such that V; : TY(X,F;) — TY(X,E) is also an isometric lattice
module isomorphism. Then, the operator V-1oV; : THX,F) —
I''(X, F) is an isometric lattice module isomorphism. And by Propo-
sition we obtain a unique isometry and surjective morphism
© : F; — F of Banach lattice bundles over Idq, such that ViloVis =
Oosforalls € Fl(X, F1). This, in particular, implies that the Banach
lattices F, and F, are isometrically lattice isomorphic for almost every
x € Q. Furthermore © : F; — F is surjective implies that F; and F
are essentially isomorphic (=bijective).

O

We are now able to state our second representation result for separable dy-
namical m-Banach lattice modules. See [29, Theorem 2.45, p.45] for the case
of separable dynamical Banach modules. This is our Gelfand-type theorem
for dynamical separable L!(X)-normed m-lattice modules over L*(X). We
note that its corollary and remark, in particular, prove Proposition
stated in Appendix D}

Theorem C.5.0.9. Let G be a (discrete) group, S C G a submonoid, and (X, ) a
measure-preserving G-dynamical system with X separable. Then the assignments

(E, @) — (T'(X,E), Te)

0 — Vo

define an essentially surjective, fully faithful functor from the category of S-dynamical
separable measurable Banach lattice bundles over (X, @) to the category of S-dynamical
separable L' (X)-normed m-lattice modules over (L®(X), T, ).

Proof. Combining Proposition|C.3.0.8(iv), Proposition|C.5.0.8(ii) and Lemma
C.5.0.6/proves the theorem. O

The following is an immediate corollary of the above theorem.

Corollary C.5.0.10. Let G be a (discrete) group, S C G a submonoid, and (X, ¢) a
measure-preserving G-dynamical system with X separable. Then the assignments

(E,®) — (I'(X,E), To)
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@I—>V@

define an essentially surjective, fully faithful functor from the category of posi-
tive S-dynamical separable measurable Banach lattice bundles over (X, ¢) to the
category of positive S-dynamical separable L'(X)-normed m-lattice modules over
(L2(X), T,).

Proof. Combining Proposition C.3.0.8(iv), Proposition |C.5.0.8(ii) and Corol-
lary proves the assertion. O

In the following remark, we note how the unique positive semiflow ® =
(®g)ges can be H (canomically) obtained on the separable measurable Ba-
nach lattice bundle E associated to a positive S-dynamical separable L!(X)-
normed m-lattice module (I', 7). By this, we construct the inverse functor
for the above theorems.

Remark C.5.0.11. For T a separable L'(X)-normed m-lattice module over L*(X)
withlin{s, € T |n € N} =T, let E := Uyeq, Ex be the unique (up to isometric

1
isomorphism) separable measurable Banach lattice bundle such that T = T'(X, E)

as in proof of Proposition |C.5.0.8(ii).

Now, with G a discrete group, let (X, (¢g)gcc) be measure-preserving G-dynamical
system and T = (T (g))ges a positive weighted semigroup representation on T
over the Koopman group (L*(X),T,). Moreover, for almost every x € Qx, let
gy : T — Ex;s > is(x) be the corresponding (quotient) lattice homomorphism.
Then, for each g € S, the positive operators @g(x) := Pglg, : Ex — E, () are
precisely the unique extensions of operators for which the following diagram

I sn—T(g)sn T
EIX\L qu’g(x)
B B

°In contrast to the topological setting, the representing separable measurable Banach
lattice bundle constructed is not canonical and involves choices. See also [21, Remark 5.19,
p.31].
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commutes for all n € IN and almost every x € Q.

That is, for each g € S, Pg(x) : Ex — E, (x)iisu(x) = iT(g)sn(@g(x))
forall n € IN and almost every x € Qx extends uniquely to positive morphism
D, : E — E over ¢q. From these, we have that

(T(9)ges = (To(g))ges on T =TY(X, E).
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Appendix D

Bonus Chapter: Positive weighted
Koopman semigroups everywhere

Here, we present one central theme of our study. That is, the following
question.

Question D.0.0.1. When is a positive weighted semigroup representation on a
Banach lattice module a (or isomorphic to) positive weighted Koopman semigroup
representation?

D.1 In topological dynamics

In this Section, we motivate and present an answer to question|D.0.0.1jabove
in topological dynamics.

Resulting from Chapter 3| [see Remark [3.5.0.1(v) and Proposition [3.5.0.5],

each pair (E, ®) comprising a positive S-dynamical Banach lattice bundle
over a G-dynamical system (0}, (¢g)sec) induces a positive S-dynamical
m-Banach lattice module (T'o(Q), E), Te); the positive weighted Koopman
semigroup representation on AM m-lattice module I'g(Q), E) over the Koop-
man group (Co(Q), Ty).

By an AM m-lattice module I over Cy(Q2) (see also Chapter [2| Defini-

tion2.4.1.2) we mean the following:
(a) T is an m-BLM over Cy(Q2); and

(b) For each s € T, the closed submodule T's := Cy(Q) - s of I' is an
AM-space (represented) as a Banach lattice.

177
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We present the following situation, which in particular implies that, every
positive S-dynamical topological Banach lattice bundle can be uniquely as-
signed to a certain positive S-dynamical AM m-lattice module and vice-
versa.

Fix (Q, (¢g)¢ecc) a topological G-dynamical system over a locally compact
space ), and (Co(Q2), Ty) the associated Koopman group representation

(see also Chapter 2, Example [2.3.3.3(i)).

We start with the classical situation of an AM m-lattice module over Cy(Q2),
i.e., the Banach lattice I'y((), E) of continuous sections vanishing at infinity
of a topological Banach lattice bundle E over a locally compact space () (see
Chapter [3) Remark [3.5.0.1(iii)). In this situation, every positive weighted
semigroup representation on I'g((), E) over the Koopman group represen-
tation Ty, = Ty(g)4ec on Co(QQ) is a positive weighted Koopman semigroup
over Ty, = Ty(g)4ec on Co(Q2). We restate this result (see Chapter 3, Propo-
sition in the present situation.

Proposition D.1.0.1. Let E be a topological Banach lattice bundle over a locally
compact space Q), and T'o(Q), E) the associated AM m-lattice module over Cy(Q).
Then, the following are equivalent.

(i) T = (T (8))ges is a positive weighted semigroup representation on I'o(Q), E)
over (Co(Q2), Ty).

(ii) There exists a unique pair (E, ®) comprising a positive S-dynamical topolog-
ical Banach lattice bundle over (), (¢g)qec) , such that T (g) = To(g) and
T (@) = l|Dg]l forall g € S.

Thus, T = (T(8))ges is a positive isometry if and only if ® = (Pg)ecs is a
positive isometry.

By the work of H. Kreidler and S. Siewert (see [21, Theorem 4.10, p.19]),
while using result essentially due to Dupré and Gillete ([8]), it is shown
that an AM-module I' over Cy(Q) is isometrically isomorphic to the Banach
space I'g(Q), E) of continuous sections vanishing at infinity of a (unique up
to isometric isomorphism) topological Banach bundle E over Q).



Stellenbosch University https://scholar.sun.ac.za

APPENDIX D. BONUS CHAPTER: POSITIVE WEIGHTED KOOPMAN
SEMIGROUPS EVERYWHERE 179

A natural question arises.

Question D.1.0.2. Is an AM m-lattice module over Co(Q)) isometrically isomor-
phic to the Banach lattice To(Q), E) of continuous sections vanishing at infinity of

a (unique up to isometric isomorphism) topological Banach lattice bundle E over ()
?

We give a positive answer to this question (see Chapter[3|, Proposition[3.5.0.9)
by showing that, starting with an AM m-lattice module over Cy(Q2), each
fiber obtained in this process is canonically a Banach lattice, and that an
isometric isomorphism will be an isometric isomorphism in the setting of
topological Banach lattice bundles. This abstract representation of the lat-

tice of continuous sections of a topological Banach lattice bundle is what is
obtained in Chapter 3| (Section 3.5)).

Using this abstract representation, the following result immediately follows,
which is a generalisation of Proposition [D.1.0.1jabove. We refer to Chapter
(Corollary 3.5.0.12) for the (functorial) proof (see also Chapter |3, Remark

3.5.0.13).

Proposition D.1.0.3. Let ' be an AM m-lattice module over Cy(QY), then any pos-
itive weighted semigroup representation T = (T (g))ges on T over (Co(Q2), Ty)

is (unique up to isometric isomorphism) a positive weighted Koopman semigroup
representation over (Co(€Y), Tp).

More precisely, there exists a unique (up to isometric isomorphism) pair (E, ®)
comprising a positive S-dynamical topological Banach lattice bundle over (Q), (¢g)g¢cc)
such that

(T(8))ges = (Ta(g))ges on T =To(Q,E).
Moreover, T = (T (g))qes is a positive isometry if and only if ® = (Dg)ees is a
positive isometry.

D.2 In measurable dynamics

In this Section, similar to the case of topological dynamics (see Section [D.1),
we present an answer to question |D.0.0.1{for measurable dynamics.

With G a discrete group, by Appendix|C|[see Remark[C.5.0.1{iv) and Propo-
sition|C.5.0.5], every pair (E, ®) comprising a separable positive S-dynamical
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Banach lattice bundle over a measure-preserving G-dynamical system (X, (¢g)qcc)

induces a positive S-dynamical m-Banach lattice module (T!(X, E), To); the
positive weighted Koopman semigroup representation on L!(X)-normed
m-lattice module I'' (X, E) over the Koopman group (L*(X), T).

By a separable L!(X)-normed m-lattice module I' over L*(X) (see also
Chapter 2, Definition 2.4.2.15) we mean the following:

(a) T is a separable m-BLM over L®(X); and
(b) T'is an L®(X)’-normed space such that |s| € L!(X) foralls € T.

We also present the following situation, which in particular implies that,
every separable positive S-dynamical measurable Banach lattice bundle (over
a separable measure space) can be uniquely assigned to a certain positive S-
dynamical separable L!(X)-normed m-lattice module and vice-versa.

Here, we fix a measure-preserving G-dynamical system (X, (¢g)scc) over a
separable measure space X, and (L% (X), T,) the associated Koopman group
representation, where G is discrete (see also Chapter[2, Example[2.3.3.3](ii)).

We also start with the classical situation of a separable L!(X)-normed m-
lattice module over L*(X), i.e., the (quotient) Banach lattice I'' (X, E) of inte-
grable measurable sections of a separable measurable Banach lattice bundle
E over a separable measure space X (see Appendix|[C| Remark|C.5.0.1{ii)). In
this situation, every positive weighted semigroup representation on I'* (X, E)
over the Koopman group representation T, = T,(g)gec on L¥(X) is a
positive weighted Koopman semigroup over T, = Ty(g)¢ec on L*(X).
We restate this result in the present situation (see Appendix |C, Proposition

C.5.0.5).

Proposition D.2.0.1. Let E be a separable measurable Banach lattice bundle over
a separable measure space X, and T' (X, E) the associated separable L' (X)-normed
m-lattice module over L*°(X). Then, the following are equivalent.

(i) T = (T (8))qes is a positive weighted semigroup representation on T (X, E)
over (L*(X), T,).
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(ii) There exists a unique pair (E, ®) comprising a positive S-dynamical measur-
able Banach lattice bundle over (X, (¢g)gec), such that T(g) = To(g) and
T (@) = [|Dg|| forall g € S.

Thus, T = (T(8))ges is a positive isometry if and only if ® = (Pg)ecs is a
positive isometry.

On the other hand, by the work of H. Kreidler and S. Siewert (see [21,
Proposition 5.18 (ii), p.30]), while using results essentially due to Gutmann
([17, [18]), it is shown that a separable L!(X)-normed module over L*(X)
is isometrically isomorphic to the (quotient) Banach space I'' (X, E) of inte-
grable measurable sections of a (unique up to isometric isomorphism) sep-
arable measurable Banach bundle E over the measure space X.

Similarly, a natural question arises.

Question D.2.0.2. [s a separable L' ( X)-normed m-lattice module over L®(X) iso-
metrically isomorphic to the (quotient) Banach lattice T' (X, E) of integrable mea-
surable sections of a (unique up to isometric isomorphism) separable measurable
Banach lattice bundle E over the measure space X ?

We also give a positive answer to this question (see Appendix[C|, Proposition
C.5.0.8)(ii)), while we make use of the result essentially due to Ganiev ([14])
as stated in [22, Theorem 2.9., p.789]. Appendix [C|(Section is devoted
to this abstract representation of the (quotient) lattice of integrable sections
of a measurable Banach lattice bundle.

By this abstract representation, the following result follows which can also
be seen as a generalisation of Proposition |D.2.0.1| above. We refer to Ap-

pendix [C] (Corollary [C.5.0.10) for the (functorial) proof (see also Appendix
Remark|C.5.0.11). We recall that G is discrete, in this situation.

Proposition D.2.0.3. Let T be a separable L' (X)-normed m-lattice module over
L*®(X), then any positive weighted semigroup representation T = (T (g))ges on
I over (L*(X), T,) is (unique up to isometric isomorphism) a positive weighted
Koopman semigroup representation over (L*(X), T,).
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More precisely, there exists a unique (up to isometric isomorphism) pair (E, ®)
comprising a separable positive S-dynamical measurable Banach lattice bundle over
(X, (¢g)gec) such that

(T(8))ges = (To(8))ges on T =TH(X,E),

Moreover, T = (T (g))qes is a positive isometry if and only if ® = (Pg)ees is a
positive isometry.
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Appendix E

Bonus Chapter: Asymptotics of
positive weighted Koopman
semigroups

E.1 Introduction

In this chapter, we investigate certain long-term behaviour types: namely,
irreducibility in Section and exponential dichotomy in Section of
a positive weighted Koopman semigroup (7 (t))>0 on the Banach lattice
of continuous sections I'(K, E) over the Koopman group Ty (t);er on C(K)
induced by the unique positive semiflow (®;);>¢ on a topological Banach
lattice bundle E over the flow (¢;);er on K.

In particular, using our results in Chapter 3] (Section [3.6), the correspon-
dence between closed ideal subbundles of E and closed ideal submodules
of I'(K,E) (see Chapter 3| Corollary 3.6.3.4); and the correspondence be-
tween decompositions of positive semiflow (®;);>p on E and decomposi-
tions of positive weighted Koopman semigroup (7 (t))i>0 on I'(K, E) (see
Chapter 3, Proposition [3.6.4.2), we obtain equivalence of the concepts of ir-
reducibility of positive semiflow (®;);>¢ on E and irreducibility of the pos-
itive weighted Koopman semigroup (74(t)):>0 on I'(K, E) (see Proposition
and as well as equivalence of exponential dichotomy of the positive
semiflow (®;);>0 on E and exponential dichotomy of the positive weighted

Koopman semigroup (7¢(t))i>0 onI'(K, E) (see Proposition [E.3.0.4).

183
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Furthermore, in both cases, under the assumption that the Banach lattice of
continuous sections I'(K, E) is either o-order complete or has order contin-

uous norm, we give further geometric characterisations.

E.2 Irreducibility of positive weighted Koopman
semigroups

In this Section, we introduce the concepts of irreducibility of positive semi-
flows on a Banach lattice bundle, and that of positive weighted Koopman
semigroups on the lattice of continuous sections. Furthermore, we seek to
obtain a certain correspondence between these concepts.

As before, K is compact, E a Banach lattice bundle over K and T'(K, E) the
associated AM m-lattice module over C(K). Moreover, (¢;);cR is a flow on
K, and Ty (t);cr the Koopman group on C(K).

Definition E.2.0.1. A positive semiflow (P¢)¢>0 on E over (¢)ier on K is said
to be irreducible (or ergodic) if E contains no non-trivial (®;)s>o- invariant closed
ideal subbundle; i.e.,

if Ig C E isa closed ideal subbundle (see Chapter 3| Definition and O¢Ip C
Ig for all t > 0, then either Ir = @ or Ig = E.

Remark E.2.0.2. (i) From above definition, it follows that if (®;);>¢ is an irre-
ducible positive semiflow on E over (¢t )icr on K, then the associated positive
weighted Koopman semigroup (Ta(t))¢>0 satisfies the property that,

if I C E is a non-empty closed ideal subbundle, then

To(H)T(K, Ig) C T(K, Ig) for all t > 0 implies that T'(K,Ig) = I'(K,E),
i.e., the positive weighted Koopman semigroup is not invariant under any
closed ideal submodule of the form T'(K, Ig).

(ii) Inspired by the above result in (i), we introduce the concept of irreducibility
(or ergodicity) of a positive weighted Koopman semigroup (T (t))¢>0 on the
lattice of continuous sections I'(K, E) in the next definition.
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Definition E.2.0.3. A positive weighted Koopman semigroup (T (t))i>0onT'(K, E)
over the Koopman group Ty(t);cr on C(K) is said to be irreducible (or ergodic) if
I'(K, E) contains no non-trivial (T (t))¢>o- invariant closed ideal submodule; i.e.,
if Ir C (K, E) is a closed ideal submodule (see Chapter 2} Definition and
To(t)Ir C Ir forall t > 0, then either Iy = {0} or Ir =T (K, E).

Using Corollary 3.6.3.4]in Chapter 3] we obtain equivalence of irreducibility
(or ergodicity) of positive semiflows and that of positive weighted Koop-
man semigroups. Moreover, under the assumption that the Banach lattice
I'(K, E) is either o-order complete or has order continuous norm, we give a
further geometric characterisation.

Proposition E.2.0.4. Let (®;);>¢ be a positive semiflow on E over (¢4)icr on K,
and (Te(t))>0 the associated positive weighted Koopman semigroup on I'(K, E)
over Ty (t)ter on C(K). Now, consider the following statements.

(i) (Pt)¢>0 is an irreducible positive semiflow over (¢)teR.

(ii) (Ta(t))r>0is an irreducible positive weighted Koopman semigroup over Ty ()R-

(iii) For every band projection P : I'(K, E) — I'(K, E) such that
(a) the restriction P, . : rg'P — rg'P is a module homomorphism, and
rgP

(b) the restrictions Tcp(f)‘rgp : 1¢P — T'(K, E) commutes with P for
allt > 0,

we have that, either P =0 or P = 1.

(iv) For every positive projection P : T'(K, E) — I'(K, E) such that
(a) the restriction P‘rgp :vrgP — rg'P is a module homomorphism, i.e.,
PfPs=f-Psforall f € C(K);s € I(K,E), and
(b) the restrictions T¢(t)\rgp : 1gP — T'(K, E) commutes with P for
allt > 0,i.e, PTep(t)P = To(t)P forevery t > 0,
we have that, either P =0 or P = 1.

Then (i) <= (ii). If the Banach lattice T (K, E) is c-order complete (see Chapter
Proposition[3.6.5.3(B)), then (i) <= (ii) < (iii).

Moreover, if the Banach lattice T (K, E) has order continuous norm (see Chapter 3
Proposition[3.6.5.3(D)), then (i) <= (ii) < (iii) < (iv).
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Proof. (i) = (ii): Let It C T'(K, E) be a non-zero (7o (t))s>o-invariant
closed ideal submodule.

By Chapter 3 [Corollary [3.6.3.4(ii)], we find a non-empty closed ideal
subbundle I C E, such that Ir = T'(K,Ig). We claim that, I¢ is
(®¢)s>0-invariant. Indeed, To(t)Ir C Ir for all + > 0, if and only if
To(t)s € T(K, Ig) forall s € T'(K, Ig) and t > 0, implies that O:Ir C I
forallt > 0.

And by the irreducibility of the positive semiflow (®;);>o, we have
that Ir = E,i.e, Ir = T(K, Ig) = I'(K, E). Hence, the positive weighted
Koopman semigroup (7¢(t))> is irreducible.

(ii) = (i): Let Iz C E be a non-empty (P;);>p-invariant closed ideal
subbundle.

By Chapter [3 [Corollary 3.6.3.4(1)] I'(K, Ig) is a non-zero closed ideal
submodule of T'(K, E). We claim that, this closed ideal is (7o (f))>0-
invariant. Indeed, ®;Ir C I for all t > 0 implies that ®;(x)v C IE% "
forallv € Ir, x € Kand t > 0, where ®;(x) := ®¢|g,. And as such it
follows that T (t)s = ®roso @4 € I'(K, Ig) forall s € T'(K, Ir) and
t>0.

And by the irreducibility of the positive weighted Koopman semi-
group (7o (t))i>0, we have that I'(K, Ig) = I'(K,E). Hence, Ir = E,
i.e., the positive semiflow (P;);>¢ is irreducible.

(iii) = (ii): Let Ir C T'(K, E) be anon-zero (7¢(t))¢>o-invariant closed
ideal submodule.

As we assumed that the Banach lattice I'(K, E) is o-order complete,
WLOG, we may identify every of its closed lattice ideal with the range
of a band projection. Indeed, setting Ip := II-LL, i.e., Ip is the (projec-
tion) band generated by closed ideal submodule I, we can find its as-
sociated band projection P : I'(K, E) — T'(K, E) such that the range
rg’P = Ip (see also [28, Theorem 2.10 p.62]).

And since the band projection is necessarily positive (see [28, Proposi-
tion 2.7, p.61]) and satisfies conditions (a) and (b), the assertion follows
from similar argument as in the implication (iv) = (ii) below.
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(ii) = (iii): Since, every band projection is necessarily positive, the
assertion follows from a similar argument as in the implication (ii) =
(iv) below.

(ii) = (iv): We assumed that the Banach lattice I'(K, E) has order
continuous norm. By [28, Proposition 11.1, p.208], this is the case
if and only if each closed ideal of I'(K, E) is the range of a positive
projection.

Now let P : T'(K,E) — TI'(K,E) be a positive projection as in the
hypothesis. We claim that the range r¢P C TI'(K,E) is (To(t))t>0-
invariant closed ideal submodule. Indeed, property (iv) (a) implies
that the range r¢P is a closed ideal submodule, i.e., r¢P C I'(K,E) is
a closed ideal such that f - r € r¢P forall f € C(K) and r € rgP. Fur-
thermore, property (iv) (b) implies that the range rgP is (To(t))i>0-
invariant, i.e., 7o (t)r € r¢P whenever r € r¢g/P, and for all t > 0.

Hence, by the irreducibility of the positive weighted Koopman semi-
group (7 (t))t>0, we have either r¢P = {0} or rgP =T(K,E).

And so, we have that, either P =0 or P =7 asrequired.

(iv) = (ii): Let Ir C I'(K, E) be anon-zero (7¢(t))¢>o-invariant closed
ideal submodule.

We will show that It is a range of a non-zero positive projection satis-
tying the hypothesis in (iv).
Since, the Banach lattice I'(K, E) has order continuous norm, by [28|

Proposition 11.1, p.208], we find a non-zero positive projection P :
I'(K,E) — T'(K,E) such that r¢P = Ir.

And since, the range rg’P = Ir is a submodule; i.e., fr € rg/P for all
f € C(K);r € rgP, it follows that PfPs = f - Ps for all f € C(K)
and s € I'(K, E). Thus, the restriction P 18P — 1g’P is a module
homomorphism.

Furthermore, since the range r¢P = Ir is (7o(t))i>o-invariant, i.e.,
To(t)r CrgP forallr € r¢gP and t > 0, it follows that PTe(t)Ps =
To(t)Ps foralls € T(K,E) and t > 0. Thus, the restrictions Tg ()
rgP — T'(K, E) commutes with P for all t > 0.

‘rgP :
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Hence, as P # 0, we have that P = Z which implies Iy = rgP =
I'(K,E), i.e., the positive weighted Koopman semigroup (7 (t))s>0 is
irreducible.

[l

We can apply the result in the previous Proposition [E.2.0.4} in particular, to
the situation in Chapter 3|[Example (3.4.0.8(i)].

Example E.2.0.5. Let Z be a Banach lattice, and E = K x Z the trivial
Banach lattice bundle. Moreover, let (¢t)icr be a continuous flow on K,
and {®'(x) : x € K, t > 0} of positive operators comprising a strongly con-
tinuous exponentially bounded cocycle on Z over (¢t)icr, as in Example

3.4.0.8(i) in Chapter [3|

Furthermore, let (To(t))i>0 be the associated positive weighted Koopman
semigroup on I'(K,E) = C(K,Z) over the Koopman group Ty(t)icr on
C(K) induced by the continuous skew-product (linear) flow (®;);>p on E
over the flow (¢t)ter on K, which we can call positive evolution semigroup
on C(K, Z) in our situation (see [29, Example 3.11(ii), p.65]). Then, any of
the following two equivalent conditions implies irreducibility of the continu-
ous skew-product (linear) flow (®4)s>o on E.

(i) The positive cocycle {®'(x) : x € K, t > 0} satisfies the condition;
&' (x)Iz C Iz forall x € Kand t > 0 implies either
I; = {0} or Iz = Z for every closed lattice ideal Iy of Z.
(ii) The positive evolution semigroup (T (t))i>o satisfies the condition;
To(t)Ir C Ir forall t > 0 implies either Iy = {0} or Ir = C(K, Z)
for every closed ideal submodule Iy of C(K, Z)

where To(t)s(x) = D (@_t(x))s(@—t(x)) forevery s € C(K,Z), t >
Oand x € K.

(iii) If the Banach lattice C(K, Z) is o-order complete (see Chapter[3} Propo-
sition[3.6.5.1(B)), then (ii) is equivalent to;
PfPs=f-Psand PTo(t)P = To(t)P
V feC(K), se€ C(K,Z)and t > 0 implies either P =0or P =7
for every band projection P : C(K,Z) — C(K, Z).
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(iv) If the Banach lattice C(K, Z) has order continuous norm (see Chapter

Proposition [3.6.5.1(D)), then (ii) is equivalent to;

PfPs=f-Psand PTe(t)P = To(t)P
V feC(K), se C(K,Z)and t > 0 implies either P =00r P =1
for every positive projection P : C(K,Z) — C(K, Z).

E.3 Exponential dichotomy of positive weighted

Koopman semigroups

Following the consideration in [29] Section 5.3, p.89-92] about exponential
dichotomy (or hyperbolicity) of weighted Koopman semigroup on Banach
modules and that of the exponential dichotomy of semiflows on Banach
bundles; we introduce here the analogous scenario for the case of a posi-
tive weighted Koopman semigroup on a Banach lattice module and posi-
tive semiflows on a Banach lattice bundle. More importantly, we also seek
to obtain similar correspondence in this setting.

As before, K is compact, E a Banach lattice bundle over K and I'(K, E) the
associated AM m-lattice module over C(K). Moreover, ()R is a flow on
K, and Ty(t)ter the Koopman group on C(K).

Definition E.3.0.1. A positive semiflow (®¢);>0 on E over (¢4)ter on K is said to
have exponential dichotomy if there are (®y)¢>o-invariant closed ideal subbundles
I3, Iz C E such that

E=LeI
and the restricted positive semiflows (®j)>0 on I and (P} )i>o on I} satisfy the
following.

(i) The positive semiflow (D} );>o is uniformly exponentially stable on I, i.e.,
there are constants M > 1,& > 0 such that ||®5|| < Me™# forall t > 0.

(ii) The positive semiflow (P} );>¢ extends to a positive flow (P} )ter on I}, such
that (" ,)¢> is uniformly exponentially stable on I}.

We call I} the stable closed ideal subbundle and Iy the unstable closed ideal subbun-
dle of E under (®;)>0 while (P7)s>0 is the stable part and (DY )i>¢ the unstable

part of (O¢)s>0.
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Remark E.3.0.2. (i) From the above definition, if (®)>¢ is an exponential di-
chotomic positive semiflow on E over the flow (¢¢)icr on K, it immediately
follows that the associated positive weighted Koopman semigroup (T (t))i>0
on I'(K, E) over the Koopman group T, (t)ier on C(K) satisfies the follow-
ing.
(a) the restricted positive weighted Koopman semigroup (Tes(t))i>0 on

(its invariant) closed ideal submodule T'(K,I3) is uniformly exponentially
stable, since || Tos (t)|| = ||Pj|| for each t > 0.

(b) the restricted positive weighted Koopman semigroup (Tou(t))e>0 ex-
tends to a positive group (Teu(t))ter on (its invariant) closed ideal submod-
ule T (K, I}) such that (Tou(—t))>0 is uniformly exponentially stable, since
T ()] = |1, for each ¢ > 0.

(c) Moreover, we have that (Te(t))i>0 = (Tas (1)) >0 ® (Tou(t) )10 on
I'(K,E) = T(K,I}) ® (K, It) (see also Chapter 3} Proposition[3.6.4.2(1)).

(ii) Inspired by the result above in (i), we introduce the concept of exponen-
tial dichotomy (or hyperbolicity) of positive weighted Koopman semigroup
(To(t))t>0 on lattice of continuous sections I'(K, E) in the next definition.

Definition E.3.0.3. A positive weighted Koopman semigroup (T (t))t>0on T'(K, E)
over the Koopman group Ty (t)ier on C(K) is said to have exponential dichotomy
(or is hyperbolic) if there are (T (t) )¢>o-invariant closed ideal submodules It I} C
I'(K, E) such that

T(K,E) =L &It
and the restricted positive weighted semigroups (Ts(t))i>0 on It and (T, (t))>0
on I satisfy the following.

(i) The positive semigroup (Ts(t))s=o0 is uniformly exponentially stable on I,
ie., there are constants M > 1,& > 0 such that ||Ts(t)|] < Me ¢ for all
t > 0.

(ii) Each positive Ty (t)-homomorphism T, (t) is invertible and the positive semi-
group (Tu(—t))¢=o is uniformly exponentially stable on If*.

We call I} the stable closed ideal submodule and Iy the unstable closed ideal sub-
module of T'(K, E) under (To(t))1>0 while (T5(t))¢>o is the stable part and (T, (t))¢>0
the unstable part of (T (t))>0-
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Combining Corollary 3.6.3.4/and Proposition 3.6.4.2|in Chapter 3, we obtain

equivalence between the exponential dichotomy of positive semiflows and
the exponential dichotomy (or hyperbolicity) of positive weighted Koop-
man semigroups. Moreover, under the assumption that the Banach lattice
I'(K, E) is either o-order complete or has order continuous norm, we give a
further geometric characterisation.

Proposition E.3.0.4. Let (®;);>¢ be a positive semiflow on E over (¢4)icr on K,
and (To(t))=0 the associated positive weighted Koopman semigroup on I'(K, E)
over Ty (t)ter on C(K). Consider the following statements.

(i) (Pt)¢>0 has exponential dichotomy.
(i) (To(t))t>0 has exponential dichotomy.

(iii) There exists a band projection P : T'(K, E) — T'(K, E), which is also a mod-
ule homomorphism, commuting with (Te(t))¢>0 and Te(t)KerP = KerP;
and there are constants M > 1, ¢ > 0 such that

(a) || To(t)s|| < Me~¢||s|| forallt >0, s € rgP, and

() || To(t)s|| > ee||s|| forallt >0, s € KerP.

(iv) There exists a positive module homomorphism projectionﬂ P:T(KE) —
T'(K, E) commuting? with (Te(t))s>0 and Te(t)KerP = KerP; and there
are constants M > 1, ¢ > 0 such that

(a) || To(t)s|| < Me™#||s|| forallt >0, s € rgP, and

() || To(t)s|| > eTe||s|| forallt >0, s € KerP.
(v) o(To(t)) N'T =@ forone/all t > 0.

Then (i) <= (ii). If the Banach lattice T (K, E) is o-order complete (see Chapter

Proposition[3.6.5.3(B)), then (i) <= (ii) <= (iii).

Moreover, if the Banach lattice T(K, E) has order continuous norm (see Chapter [3)

Proposition[3.6.5.3(D)), then (i) <= (ii) < (iii) < (iv) <> (v).
liie, P : T(K,E) — T(K,E) is a positive projection such that Pfs = f - Ps for every

feC(K)ands € I'(K,E)
2ie., PTo(t) = To(t)P for every t > 0
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Proof. (i) = (ii): If the positive semiflow (®¢);>o on E over the flow
(¢t)ter on K has exponential dichotomy, as in consideration of Re-
mark it follows that, the associated positive weighted Koop-
man semigroup (7e(t))i>0 has exponential dichotomy. Indeed, by
setting I} := I'(K, I}), Iff := T'(K,I}), (Ts(f))e>0 := (Tas(f))>0 and
(Tu(t))e>0 := (Tou(t))>0 we have that I'(K, E) = I} @ I}* and

(a) I} is a (T (t))¢>o-invariant closed ideal submodule, and the
positive weighted semigroup (75(t))¢>0 is uniformly exponentially sta-
ble on I since ||T5(¢)][] = ||Ta (£)|| = ||| for each £ > 0.

(b) I} is a (T (t))s>o-invariant closed ideal submodule, and since
(®})¢>0 extends to a group (P})icr on If, each positive T, (t)-homo-
morphism 7,(t) is invertible for each t € IR. Moreover, the positive
weighted semigroup (7, (—t))>0 is uniformly exponentially stable on
It since || Tu(—t)||| = || Tou(—t)|| = ||P*,|| for each t > 0.

(ii) = (i): Assume the positive weighted Koopman semigroup (7a(t))¢>0
has exponential dichotomy. By Corollary [3.6.3.4(ii) and Proposition
B.6.4.2(ii) in Chapter[3] we find two (®;);>¢-invariant closed ideal sub-
bundles I3, I} C E and two positive semiflows (®7);>¢ and (P} );>0
over (¢¢)ier on I and I} respectively, such that

(D)0 = (P} 10 @ (Pf )izoon E = [z O I

(75(t))i0 = (Tas (t) )i=0 on It = T(K, I)
(Tu(t))iz0 = (Tou(t))izo on  Ip =T(K, Ig)
Moreover,

(@) ||®f]| = ||Ts(t)|| for each t > 0, implies that the positive semi-
flow (@7 )¢>0 is uniformly exponentially stable on I;.

(b) that each positive T, (t)-homomorphism 7,(t) is invertible on
It =2 T'(K, I}) for each t € R, implies that each ®} is invertible (i.e.,
homeomorphic) on If over ¢; for each t € R, so that the positive
semiflow (D} );>o extends to a positive flow (®});cr on I¢. Moreover,
||®",|| = ||Tu(—1)|| for each t > 0, implies that the positive semiflow
(®",)¢>0 is uniformly exponentially stable on I}.
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(ii) = (iii): Similar to the situation in the proof of implication (iii) =
(if) in Proposition above, as the Banach lattice I'(K, E) is as-
sumed to be o-order complete, we may identify every of its closed lat-
tice ideal with the range of a band projection. And since the band pro-
jection is necessarily positive (see [28| Proposition 2.7, p.61]), the asser-
tion follows from the same argument as in the implication (ii) = (iv)
below.

(ii) = (iv): We assumed the Banach lattice T'(K, E) has order con-
tinuous norm, and by the proof of [28, Proposition 11.1, p.208] ev-
ery closed ideal of I'(K, E) is a projection band (see also [28, Theorem
5.14 p.94]). So, starting with closed ideal I}, we can find its associated
band projection, i.e., there exists a positive projection P : I'(K,E) —
I'(K, E) such that

I'(K,E) =rgP ®KerP and rgP =1Ip

as decomposition into closed ideals of T'(K, E).

It follows immediately that we can identify KerP = Iy as a closed
ideal of T'(K, E).

Now let Q :=7 — P, i.e,rgQ = KerP. Then, we have Ps 4+ Qs = s €
I'(K, E) as the unique representation.

(a) We claim that P : T'(K,E) — T'(K, E) is a module homomor-
phism. Indeed, since both rgP = It and r¢gQ = Iy are submodule, i.e.,
fPs € rgP and fQs € rgQ for every f € C(K) and s € T'(K,E), we

have that
fs=fPs+ fOs

=PfPs+ QfQs
for every f € C(K) and s € I'(K, E). So that

Pfs=PfPs+PfQs
=PfPs+PQf0Os
= fPs

for every f € C(K) and s € I'(K, E).
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(b) We claim that P : T(K, E) — I'(K, E) commutes with (T () )>0-
Indeed, since both rgP = If and rgQ = I} are (7o (t))¢>o-invariant,
ie., To(t)Ps € rgP and To(t)Qs € rgQ forevery t >0, s € I'(K,E),
we have that

To(t)s = To(t)Ps + To(t) Qs
= PTo(t)Ps+ QT (t) Qs
forevery t >0, s € I'(K,E). So that

PTo(t)s = PTo(t)Ps + PTo(t)Qs
= PTo(t)Ps + PQTa(t)Qs
= To(t)Ps

foreveryt >0, s € I'(K,E).

(c) We claim that 7¢(t)KerP = KerP, ie., Top(t)rgQ = rgQ for
each t > 0. Indeed, clearly 7o (t)rgQ C rgQ for each t > 0. And
since each positive Ty (f)-homomorphism 7;(t) is invertible on rgQ
for each t € IR, it follows that for any r := Qs € rgQ, setting s, :=
Tu(—t)r € rgQ we have that T (t)s, = r € rgQ, for each t > 0 and
some s € I'(K,E). Hence, rgQ C To(t)rgQ.

(d) Finally, since the positive weighted semigroups (75(t))¢>0 and
(Tu(—t))>0 are uniformly exponentially stable on 7gP = [} and rgQ =
KerP = It respectively, we find constants My, My > 1 and €1,&, > 0
such that

| T (t)s]| = || Ts(t)s]| < Mye™“t||s|| forallt >0, s € rgP
and
1 To  (1)s]| = || Tu(—t)s|| < Mpe !||s||forallt >0, s € rgQ = KerP.

Setting M := max { M1, M} and € := min {7, €, }, and since || 7, (t)|| >
| 7(—t)]| 7! for t > 0; it immediately follows that M > 1and ¢ > 0
are constants such that

[T (£)s]| = || Ts(£)s]]| < Me_€t||s|| forallt >0, s € rgP
and

1 Ta(0s]] = | Ta(®)s]] > —

> Me“tHsH forallt >0, s € rgQ = KerP.
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(iii) = (ii): Since, every band projection is necessarily positive, the
assertion follows from a similar argument as in the implication (iv) =
(ii) below.

(iv) = (ii): Let P : T'(K,E) — I'(K, E) be a positive module homo-
morphism projection as in the hypothesis. We claim that the positive
weighted Koopman semigroup (7 (t)):>0 has exponential dichotomy.

(a) Since the Banach lattice I'(K, E) has order continuous norm, by
the proof of [28, Proposition 11.1, p.208], the range of positive projec-
tion r¢P is a closed ideal of I'(K, E), and WLOG we may assume that
it is a projection band (with P the associated band projection) (see also
[28, Theorem 2.10 p.62] and [28, Theorem 5.14 p.94]). And as such, we
have complementary decomposition into closed ideals

['(K,E) =rgP & KerP.

Now, let Q :=7 — P, ie., rgQ = KerP.

(b) Since P : T'(K, E) — T'(K, E) is a module homomorphism, i.e.,
Pfs = fPsforall f € C(K),s € I'(K,E); we also have that Qfs =
fQs for all f € C(K),s € T(K,E). This implies that both r¢P and
rgQ = KerP are closed ideal submodules.

(c) Since P : T(K,E) — T'(K, E) commutes with (Tg(t))>0, i-e.,
PTe(t) = To(t)P for every t > 0; we also have that Q74 (t) =
To(t)Q for every t > 0. This implies that both r¢P and rgQ = KerP
are (To(t))t>o-invariant closed ideal submodules of I'(K, E).

(d) Since To(t)KerP = KerP for each t > 0, ie., for any r :=
Qs € rgQ = KerP there exists a unique s, € r¢Q such that T(t)s, =
r € rgQ for each t > 0 and some s € T'(K, E). This implies that each
positive Ty(t)-homomorphism T (t),  : rgQ — rgQ is invertible

foreacht € R.

‘rgQ

(e) Finally, given there are constants M > 1, ¢ > 0 such that
| To(t)s|| < Me™¥||s|| forallt >0, s € rgP
and

1
|| 7o (t)s|| > Me+€t||s|| forallt >0, s € KerP = rgQ,
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and since ||Tg 1(H)|| > ||To(t)]|™! on r¢gQ = KerP, it follows im-
mediately that I}, Il! C T'(K,E) are (7o(t))i>o-invariant closed ideal
submodules such that

I'(K,E)=I® It

1 75(t)s|| < Me~#||s|| forallt >0, s € I

and
17,71 (t)s|| < Me™||s|| forall t >0, s € I

by setting I} := rgP, I} := KerP, (Ts(t))e=0 = (B(t)|rgp)t20 and
(Tu(8))1=0 := (Ta(t)|,p ) £>0-

(iv) = (v): Clearly, (iv), in particular, implies that (7o (t)):>0 is
a hyperbolic Cyp- semigroup of bounded operators on Banach space
I'(K,E), which is if and only if o(7¢(t)) N T = @ for one/all t > 0. (
c.f. [29, Proposition 1.3 p.87] ).

(v) = (iv): Assume 0 (T (ty)) N'T = @ for some ty > 0. We follow
the proof of [29, Theorem 3.8, p.90][(c) = (a) ], for the case of Banach
bundle; and as such we find a spectral projection P : I'(K,E) —
I'(K, E) which is also a module homomorphism associated to the de-
composition of the spectrum o (7 (tg)) := K1UK, with

Ki:=0(To(to) N {zeC: lz| < 1}
Ky:=c(Te(to)) N{z € C:|z| > 1}

such that P commutes with (7¢(t))t>0; To(t)KerP = KerP and there
are constants M > 1, ¢ > 0 such that

@) ||To(t)s]| < Me~#||s|| forallt >0, s € rgP;
(b) ||Ta(t)s|| > e||s|| forallt >0, s € KerP.

Hence, it suffices to show that P : T'(K, E) — T'(K, E) is, in addition,
a positive operator. This, however, immediately follow, since P is, in
particular, a spectral projection associated with a decomposition of the

spectrum of a positive operator 7o (to).
[



Stellenbosch University https://scholar.sun.ac.za

APPENDIX E. BONUS CHAPTER: ASYMPTOTICS OF POSITIVE WEIGHTED

KOOPMAN SEMIGROUPS 197
Similar to the situation in Example|E.2.0.5, we can also apply the result in the
previous Proposition|E.3.0.4{to the continuous skew-product (linear) flow in

Chapter 3 [Example [3.4.0.8[i)].

Example E.3.0.5. Let Z be a Banach lattice, and E = K X Z the trivial
Banach lattice bundle. Moreover, let (¢¢)icr be a continuous flow on K, and
{®'(x) : x € K, t > 0} a family of positive operators comprising a strongly
continuous exponentially bounded cocycle on Z over (¢¢)icRr as in Example

i) in Chapter

Furthermore, let (T (t))i>0 be the associated positive weighted Koopman
semigroup on I'(K,E) = C(K,Z) over the Koopman group Ty(t)icr on
C(K) induced by the continuous skew-product (linear) flow (®¢);>0 on E
over the flow (@¢)ter on K, which we also call positive evolution semigroup
on C(K,Z). Then, any of the following two equivalent conditions implies
exponential dichotomy of the continuous skew-product (linear) flow (®)¢>
on E.

(i) The positive cocycle {®'(x) : x € K, t > 0} satisfies the condition;

there exist two closed lattice ideals 17, and Iz, of Z with Z = Iz, @ Iz,
<I>t(x)lzi C Iz forallt >0, x € K, i =1,2; and there are constants
M; >1,e; >0, i = 1,2 such that
(a) || @ (x)o|| < Mye *V||v|| forallt > 0,v € Iz, x € K, and
(b) ®!(x) is invertible on Iz, foreach t > 0and x € K; and
|~ (x)v]| < Mpe % ||v|| forallt > 0,v € Iz, x € K.

(it) The positive evolution semigroup (T (t))¢>o satisfies the condition:

there are two closed ideal submodules Ir, and Ir, of C(K, Z) with C(K, Z) =
Ir, ® Ir,, To(t)Ir, C I, forallt > 0,i = 1,2 ; and there are constants
M; > 1,¢; > 0, such that (T;(t))t>0 := (To(t)
plies

(@) || T1i(t)s|| < Mye #t||s]|| forallt > 0, s € Ir,, and

(b) Ta(t) is invertible on Ir, for each t > 0; and ||To(—t)s|| <
Mae=!||s|| forall t > 0, s € Ir,.

‘Ir,>t20’ l = 1,2 im-
1
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If the Banach lattice C(K, Z) is o-order complete (see Chapter 3} Proposition
3.6.5.1(B)), then the (i) and (ii) are equivalent to the condition;

(iii ) there exists a band projection P : C(K,Z) — C(K, Z), which is also
a module homomorphism commuting with (T (t))t>0, To(t)KerP =
KerP; and there are constants M > 1,& > 0 such that

(a) || To(t)s|| < Me #||s|| forallt >0, s € rgP
() || To(t)s|| > geTe||s|| forallt >0, s € KerP.

If the Banach lattice C(K,Z) has order continuous norm (see Chapter
Proposition |3.6.5.1(D)), then the (i), (ii) and (iii) are equivalent to any of

the conditions:

(iv ) There exists a positive module homomorphism projection P : C(K, Z) —>
C(K, Z) commuting with (Te(t))i>0, To(t)KerP = KerP; and there
are constants M > 1,& > 0 such that

(a) || To(t)s|| < Me ¢t||s|| forallt >0, s € rgP, and
(0) || To(t)s|| > e ||s|| forallt >0, s € KerP.

(v) o(To(t))NT =@ for one/all t > 0.
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Appendix F

Bonus Chapter: Markovian
weighted Koopman groups

F1 Introduction

In this chapter, we are particularly interested in an AM m-lattice module
I' over the 1-Banach lattice algebra C(K) whose positive cone T'; has a
non-empty interior, i.e., the Banach lattice I'(K, E) of continuous sections
of a topological Banach lattice bundle E over a compact space K, such that
I'(K, E)+ has order unit (see also Chapter i, Proposition[4.2.0.2(A)).

In Section [F.2 we specialise this situation and show that for a Banach lattice
bundle E, the Banach lattice T'(K, E) of its continuous sections has order unit
only if it is a bundle of AM-spaces with order units (see Proposition[F.2.0.1).
This result, in particular, verifies and generalises the situation in Chapter

[Example [3.3.0.6| (ii)].

In Section [F.3] we introduce a special class of weighted Koopman operators
onI'(K, E), namely, Markovian (positive) weighted Koopman operators (see
Remark [F.3.0.2(i)), and then Markovian (positive) morphisms on E (see Def-
inition [F.3.0.3), and we obtain a certain correspondence between these con-
cepts (see Proposition[F.3.0.5). In this direction, we show that every bijective
Markovian weighted Koopman operator (resp. Markovian weighted Koop-
man group) is isomorphic to a bijective Koopman operator (resp. Koopman
group) which extends the original bijective Koopman operator (resp. Koop-

man group) (see Proposition [F.3.0.6| resp. Proposition |[F.3.0.7). This result,

199
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in particular, generalises the situation in [29, Example 3.11, p.65](iv), which
is also included. That is, a Cyp-group of weighted Koopman operators is iso-
morphic to an extended Koopman group if and only if it is Markovian in
our sense.

As a by-product, every Markovian flow on such a Banach lattice bundle can
be assigned uniquely to an extended Koopman group and vice versa. Under
this identification, we study the spectral property of an invertible Marko-
vian weighted Koopman operator and extend the result to the Markovian
weighted Koopman group in Section [F4]

E2 Banach lattice of continuous sections with

order unit

Throughout this chapter, by a Banach lattice bundle E over K, we mean a
topological Banach lattice bundle p : E — K over a compact space K (see
Chapter 3| Definition [3.2.0.1), and T'(K, E) the Banach lattice of its continu-

ous sections.

The result in the next proposition, in particular, verifies and generalises the
lattice isomorphism obtained in Chapter {3{ [Example 3.3.0.6| (ii)] on the lat-
tice of its continuous sections, while we use the result obtained in Chapter

(Proposition[2.5.5.3).

Proposition F2.0.1. Let p : E — K be a Banach lattice bundle over a compact
space K, and T (K, E) the Banach lattice of its continuous sections.
(A) The following are equivalent.
(i) The interior IntI' (K, E) 4 is non-empty.

(ii) T' (K, E) is isometrically lattice module isomorphic to C(Q) for some
compact space Q.

Moreover, if this assertion holds, we have the following:

(a) for each x € K, the Banach lattice Ey is isometrically lattice isomor-
phic to C(Qy), for some compact space Qx; and
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(b) there is a continuous surjection T : Q — K such that the fiber
1 (x) = Qy for each x € K.

(B) Conwversely, in the situation above, let 7= (x) := Qy for each x € K;

Fi=J _C(Q)

p:F—K veC(Qy) —x
and endow F with the topology generated by the sets

. o 51 7
ﬂ@uﬁy—{vep (UHHU—ﬂ%mHQ%@)<8}

where U C Kis open, § € C(Q), and ¢ > 0.

Then p : F — K is a Banach lattice bundle over K, and the Banach lattice
['(K, F) of its continuous sections satisfies the following.

(i) The interior IntI' (K, F) 4 is non-empty.
(ii) T (K, F) is isometrically lattice module isomorphic to C(Q).

Either way T'(K,E) = C(Q) = I'(K, F) as AM m-lattice modules over C(K), and
E = F as Banach lattice bundles over K.

Proof. (A)

The equivalence (ii) <= (i) follows immediately by Chapter

(Proposition 2.5.5.3). In this situation, we write I'(K, E) =~ C(Q), and
WLOG, we identify iu = 1o € C(Q)4, whereu € IntI'(K,E); # Dis
the order unit. More generally, we write is = § € C(Q) for a unique
s € T(K,E).

(a) As also in Chapter[d] [Proposition[4.2.0.2(A)], we have that e, (1) =
u(x) € IntEf # @, where e, : T'(K,E) — Ey; s — s(x) denotes the
(quotient) evaluation map for each x € K. As such by Appendix
(Theorem [B.0.0.6), we find, for each x € K, a compact space Qy such

Ix
that E; = C(Qy) as Banach lattices, i.e., iy : Ex — C(Qy) is an iso-
metric lattice isomorphism for each x € K. In this situation, we also
identify iyu(x) = 1o, € C(Qx)+ for each x € K.
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(b) Setting, for each x € K, &y := ivesi~ 1, it follows from the fol-

lowing commutative diagram

I'(K,E) —>— E,

iJrl l';l/l/ix

that the evaluation &, : C(Q) — C(Qx); § > éx(5) is a quotient map.
Moreover, we see that 1651 = é;151,1.e., & : C(Q) — C(Qy) is also
a lattice homomorphism for each x € K, and more so, é&x1gp = 1g,,
for each x € K. Now, for each x € K, thaté, : C(Q) — C(Qy) isa
surjective lattice homomorphism satisfying &,1o = 1o, implies that,
there exists a unique injective continuous mapping 77y : Qx — Q
such that &, (5) = §o 7y forall § € C(Q) (cf. [28, Theorem 9.1, p.195];
[10, Lemma 4.14, p.55] ).

Thus, for each x € K, by [10, Proposition A.4, p.486], we obtain that
Qx = mx(Qy) is an homeomorphism of compact spaces, which also
implies that |J,cxQx =~ Urexx(Qy) as disjoint unions of compact
spaces; where the dense subspace |J,cx7tx(Qx) C Q is equipped with

the subspace topology.

We obtain, naturally, a continuous injective mapping w : UJ,exQx —
Qwithw|g = 7y foreach x € K; and similarly a continuous surjective
mapping k : UyexQx — K by setting k(q) := x for all § € Qy. This
yields a continuous surjective mapping 7 : Uyex7tx(Qx) — K such
that 71, (,) = k|, for each x € K. All of this can be illustrated by the
following commutative diagram.

K é k(Qx)={x} : w(Qx)=7x(Qx)

~
N

”(ﬂx(Qx)):{x}\\\\\ me_l
Urexx(Qx)

As a result due to Taimov ([30]), as stated in [3| Theorem 1A, p.355],
the continuous surjective mapping 7 : Uyexx(Qx) — K extends
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(B)

continuously to a (unique) continuous surjective mapping 7 : Q —
K such that 771 (x) = 71,(Qx) = Qy for each x € K.

Conversely, we first note that  : F — K is a Banach bundle over
K (see [29, Example 1.5(iii), p.13]). And in the situation above, if § €
C(Q), then for each x € K, the restriction § oy € C(Qy) coincides with
the value of the evaluation map &, : C(Q) — C(Qx).

And since C(Q) is a Banach lattice, the continuity of its modulus § —
151 induces the continuity of the "bundle modulus"

||F—>P,vc(Q — lol

5(0))

by the following commutative diagram,

C(Q) S5— 15| \ C(Q)

exl le*x

C(Qx) —; » C(Qx)

S‘Qx>—>|§|‘QX

for every x € K. Indeed, for x € K, ifv = SNo\Qx € C(Qy) for some
So € C(Q), and W C F is an open set containing the modulus vl =
151}, - Then by the topology on F, we find an ¢ > 0 and an open set

U C K containing x € K, such that the open set
S(so, U, €) = {w cp LU | ||lw— 150110, ey < s} cw

for some s, € C(Q). It then follows immediately that [w| € W for all
w € S(S,, U, ¢) for some s, € C(Q).

Hence, p : F — K is a Banach lattice bundle over K.

Every 5 € C(Q) can uniquely be identified with the continuous section
x — §|, inT(K, F), the Banach lattice of continuous sections of F. It
follows immediately that this assignment is a surjective isometry of
normed lattices.

The order unit 15 € C(Q) is identified with the continuous section
x — 1g, in I'(K, F)4, which can immediately be seen to be the or-
der unit. Hence, the interior IntI'(K, F) 1 is non-empty, and we obtain
I'(K,F) = C(Q) as an isomorphism of Banach lattices. Furthermore,
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by the first part of (A) above, we obtain that T'(K,F) = C(Q) is an
isomorphism of AM m-lattice module.

Hence, in either way I'(K, E) = C(Q) = I'(K, F) as AM m-lattice mod-
ules over C(K), and E = F as Banach lattice bundles over K by the

consideration from above.
O

E3 Markovian weighted Koopman group on
Banach lattice of continuous sections with

order unit

In this Section, we introduce a special class of (positive) weighted Koopman
operators, namely Markovian (positive) weighted Koopman operators (see
Remark . Moreover, we will show that, in this situation, every bi-
jective Markovian weighted Koopman operator is isomorphic to a bijective
Koopman operator which is an extension of the original Koopman operator
(see Proposition . Furthermore, we extend this result to show that,
in this situation, every Markovian weighted Koopman group is isomorphic
to a Koopman group which is an extension of the original Koopman group

(see Proposition [F.3.0.7).

Definition F3.0.1. Let p : E — K be a Banach lattice bundle over K, and
I'(K,E) the Banach lattice of its continuous sections. Furthermore assume u €
IntT'(K,E)y+ # @. For a homeomorphism ¢ : K — K, we call an operator
T :I(K,E) — T(K, E) Markovian (positive) Ty-homomorphism if:

(i) T is (positive) lattice Tp-homomorphism; and
(ii) Tu=u.

And if ¢ = Idk, we simply call T a Markovian (positive) module homomorphism.
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Remark F3.0.2. (a) From the above definition we see that, if T is a Markovian
(positive) Ty-homomorphism on T'(K, E); (i) implies that T is a (positive)
weighted operator on T'(K, E) over the Koopman operator Ty, on C(K). And
as such, by Lemma (Corollary[3.5.0.4) in Chapter[3} we find a unique
(positive) morphism ® : E — E of a Banach lattice bundle over ¢, such
that T = To, and ||T|| = ||®||. In this situation, we will also say the
(positive) weighted Koopman operator Te on T'(K, E) over T, is Markovian.

(b) By (ii) we have ® o u = u o @, which also implies that, for each x € K, the
(positive operator) lattice homomorphism ®(x) : Ex — E ) satisfies

P(x)u(x) = u(p(x)) where D (x) := D).

Since u(x) € IntElX # @ for each x € K, this implies that the associated
(positive) morphism ® : E — E "sends order unit to order unit over ¢".
This observation led us to introduce the following class of (positive) morphism
on a Banach lattice bundle, namely Markovian (positive) morphism.

Definition F.3.0.3. Let p : E — K be Banach lattice bundle over K. Furthermore
assume uy € IntEYX # @ for each x € K. For a continuous map ¢ : K — K, we
call a map ® : E — E a Markovian (positive) morphism over ¢ if:

(i) @ is a (positive) morphism of Banach lattice bundle over ¢; and

(ii) for each x € K, the (positive operator) lattice homomorphism ®(x) : Ey —

E () satisfies

¢(x)

D(x)uy =u where D(x) :=P|_.

@(x)

And if ¢ = Idk, we simply call ® a Markovian (positive) morphism.

Remark F.3.0.4. (i) Similarly, if ® : E — E is a Markovian (positive) mor-
phism over ¢, we will also say the (positive) morphism ® over ¢ is Marko-
vian.

(ii) Now, one would expect certain correspondence between Markovian (positive)
morphism and Markovian (positive) weighted Koopman operator. We clarify
this in the next proposition in certain sense.
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Proposition F3.0.5. Let p : E — K be a Banach lattice bundle over K, and
I'(K,E) the Banach lattice of its continuous sections. Furthermore assume u €
IntT' (K, E)4 # @. For a homeomorphism ¢ : K — K, the following are equiva-
lent.

(i) T :T(K,E) — T'(K, E) is a Markovian (positive) Ty-homomorphism.

(ii) There exists a unique Markovian (positive) morphism ® : E — E over ¢,
such that T = To, and || T || = ||®||.

In this situation, a (positive) weighted Koopman operator Tg is Markovian
over Ty if and only if the (positive) morphism ® : E — E is Markovian
over .

Proof. (i) = (ii): By Remark it follows that the unique as-
sociated (positive) morphism ® : E — E over ¢ for which 7 = Tg,
and ||7T|| = ||®|| is Markovian. That is, if a (positive) weighted Koop-
man operator 7¢ is Markovian over T, then the associated (positive)
morphism @ is necessarily Markovian over ¢.

(ii) == (i): First we note that u € IntI'(K,E);+ # @ implies that
u(x) € InteEf # @ foreachx € K. Andsoif ® : E — Eisa
Markovian (positive) morphism over ¢, we have that, for each x € K,
the (positive operator) lattice homomorphism ®(x) : Ex — Eyy)
satisfies

P(x)u(x) =u(e(x))  where O (x) := D).

This, in particular, implies that ® o u = u o ¢, and hence Tou = P o
uo@-! = u,ie, the (positive) weighted Koopman operator 7¢ on
I'(K, E) over T, is Markovian.

The last assertion is just the conclusion of the equivalence (i) <<=
(i7).
O

In the next proposition, we demonstrate that an invertible weighted Koop-
man operator is isomorphic to a bijective Koopman operator if and only if
it is Markovian in our sense (see Definition [F3.0.1I). Moreover, we see that
the newly obtained Koopman operator is necessarily an extension of the
original one.
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Proposition F3.0.6. Let p : E — K be a Banach lattice bundle over K, and

I'(K, E) the Banach lattice of its continuous sections. Furthermore assume IntT' (K, E)y #
@, and ¢ : K — K is a homeomorphism. The following are equivalent for a map-

ping T :T(K,E) — I'(K,E).

(i) T is a bijective Markovian Ty-homomorphism.

(ii) T is a bijective Markovian weighted Koopman operator over T, i.e., there
exists a unique homeomorphic Markovian morphism ® : E — E over ¢
such that T = To, and || T || = ||®||.

(iii) There exists a unique homeomorphism ¢ : Q — Q on a compact space Q,
and a continuous surjection 7t : Q — K with 7t o = ¢ o 7t such that

T=T, on T(KE)=C(Q)
where TyS = §op~! for each § € C(Q).

Moreover, if this assertion holds, the mapping ir : (C(K), T,) — (C(Q), Ty); f €
C(K) + form e C(Q) is an isometric embedding, in the sense that it is a contin-
uous linear map such that iy o Ty, = Ty o i and ||inf|| = ||f]| forall f € C(K).

Proof. We will use notation essentially as in the proof of Proposition [F.2.0.1

The equivalence (i) <= (ii) follows immediately from Proposition

[E3.0.5

(i) <= (iii): We systematically prove this equivalence.

(a) As in Proposition [F.2.0.1(A), we find a compact space Q, and a
continuous surjection 77 : Q — K with 77 1(x) =& Q, for each x € K

such that T'(K, E) =~ C(Q). Moreover, we identify iu = 1o € C(Q)+

where u € T'(K, E) is the order unit, and E, 2 C(Qy) with iyu(x) =
1o, € C(Qyx)+. More generally we write is = § € C(Q) for a unique
s € T'(K, E). Furthermore, for each x € K, &, : C(Q) — C(Qx); § —
§ o 7ty denote the corresponding quotient map, where 77, : Qy — Q
is the unique continuous injection such that 7=!(x) = 7m,(Qx) = Qx
for each x € K.

(b) Now, since I'(K, E) ~ C (Q) is an isometric lattice module iso-
morphism, it follows that a mapping 7 : I'(K,E) — I'(K,E) is a
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lattice Tp-homomorphism if and only if the mapping 7 := iTi ! :
C(Q) — C(Q) is a lattice T,-homomorphism, as the following com-

mutative diagram shows.

T'(K,E) =75 T(K,E)

This, in particular, implies that for § € C(Q) and each x € K, we have
that

507y € C(Qx) — T80 p(z) € C(Qp(x))
for every x € K.

That is, for each x € K, the diagram

T(K,E) =75 T(K,E)

commutes if and only if the corresponding diagram

c(Q) =15 c(Q)

commutes for each x € K, where ®(x) := @, : Ex — Eyy) is
the unique invertible lattice homomorphism in (ii), corresponding to
P(x) = i1y P(x)ix ' 1 C(Qx) — C(Qy(y)) for each x € K.

(c) And also 7 is bijective and Markovian over T, if and only if
T is, in particular, a bijective Markov lattice homomorphism on C(Q).
As such we find a unique homeomorphism ¢ : Q — Q such that
T35 = 5oy~ ! for each § € C(Q) (cf. [28, Theorem 9.1, p.195]; [10,
Lemma 4.14, p.55]). So, if 7§ = §o ¢~ ! for every § € C(Q) and unique
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homeomorphism ¢ : Q — Q, it follows from (b) above that for 5 €
C(Q) and each x € K,

Somy € C(Qyx) — Tso0 Tp(x) = 5o l[)fl O TTy(x) € C(Q(p(x)) ---L.H.S
<~
ToY = @ort. ---RH.S

Indeed, since § € C(Q) is arbitrary, the L.H.S holds if and only if 77, =

plo Tty(x) for every x € K, which is the case if and only if ml(x) =
7(Q) = 9 () (Qpie))) = ¥ (9(x))) for every x € K,
which is the case if and only if 7710 ¢~ = =1 o 771, which is true if
and only if the R.H.S holds. That is, the diagram

necessarily commutes. Thus, 77 : (Q,¢) — (K, ¢) is an extension of
invertible topological dynamical systemﬂ (see [24] Definition 1.2.1 (a)
p-51]).

(d) Finally setting Ty := 7, we havethat 7 = T, on T(K E) =
C(Q) if and only if 7 is a bijective Markovian T,-homomorphism.

Moreover, since 77 : (Q, ) — (K, ¢) is an extension of invertible topologi-
cal dynamical systems, it follows immediately that (C(K), T) is a Koopman
subsytem of the invertible Koopman system (C(Q), Tyy) given by the map-
ping i : C(K) — C(Q); f — f o 7t (see [24] Theorem 12.4 (a), p.54]).

That is, the mapping i, : (C(K),T,) — (C(Q), Ty);f € C(K) = fom €
C(Q) is continuous, i 0 Ty = Ty 0 ir, i.e., the diagram

C(K) —— C(Q)

[

C(K) — C(K)

%3

<

commutes, and is an isometry, i.e., ||izf|| = ||f]| for all f € C(K).

ldiscrete-time
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We can extend the previous result in Proposition to group actions. In
particular, this implies that a weighted Koopman group is isomorphic to a
Koopman group if and only if it is Markovian in our sense. Moreover, the
newly obtained Koopman group is an extension of the original Koopman
group. This result verifies and generalises the result stated in [29, Example
3.11, p.65](iv), which we can take as a corollary. We, however, add this as
part (B) for the sake of completeness.

For a given flow (¢t)ier on K, Ty (t)icr as always will denote the Koopman
group on 1-Banach lattice algebra C(K). And by a Markovian flow (®;);er
on Banach lattice bundle E over the flow (¢;):cr on K we mean (®;)cR is a
flow on E such that ®; is Markovian over ¢; for every ¢t € IR (see Definition

F.3.0.3)).

Combining Propositions|F.2.0.1/and [F.3.0.6|we obtain the following.

Proposition E3.0.7. Let p : E — K be a Banach lattice bundle over K, and
I'(K, E) the Banach lattice of its continuous sections. Furthermore, assume IntlI' (K, E) . #
@, and (@¢)ter is a flow on K.

(A) The following are equivalent for a Cy-group T (t)s;cr on T'(K, E).

(i) T (t)ter is a Markovian weighted group representation over Ty (t):cR,
ie., T (t) is a Markovian T, (t)-homomorphism for every t € R.

(ii) T (t)ter is a Markovian weighted Koopman group over Ty(t)cRr,
i.e., there exists a unique Markovian flow (®;);er on E over the flow (¢¢)ter
on K, such that T (t) = To(t) and ||T (t)|| = ||D¢|| for every t € R.

(iii) There exists a unique flow ({;)ter on compact space Q, and 7T :
(Q, (Yr)ter) — (K, (@¢)ter) an extension of topological R-dynamical
systems, i.e., Tt : Q — K is a continuous surjection with wo iy = o7
for every t € IR; such that

T (t)ter = Tlp(t)te]R on T(K,E)=C(Q)

where Ty(t);cr denotes the Koopman group on C(Q) associated with the
flow (P¢)ser on Q.

(B) Conversely, in the situation above, let ﬂ_l(x) := Qy foreach x € K;

Fi= U, C(Qx)
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p:F— K, veC(Qx) — x;
and endow F with the topology generated by the sets

S(5,U,e) = {v ep (W Ilo =8, @y < ‘“'}

where U C Kis open, § € C(Q), and ¢ > 0. Then, we have the following.

(i) p: F — K is a Banach lattice bundle over K, and T (K, F) the Ba-
nach lattice of its continuous sections is such that the interior IntT (K, F) 1 #
@andT' (K, F) = C(Q).

(ii) For each t € IR, the mapping
& :F— F,veC(Qy) —»voyp_; € C(Qg;(x))
defines a Markovian flow (®¢);cr on F over the flow (¢4)ser on K, such that
To()ier = Ty(t)rer on I(K F) =C(Q)
where Tg(t),.g denote the Markovian weighted Koopman group over Ty (t)ier
induced by (®);cr on F.

Either way, we have that
To(t)ter = Ty(H)ier = To(t)cg on T(KE) = C(Q) = T(K,F)
(Pt)ter = (Pt)ter on EXF

and the mapping ir : (C(K), Ty(t)ier) — (C(Q), Ty(t)ier); f € C(K)
fom e C(Q) is an isometric embedding of Koopman group, in the sense that it
is a continuous linear map such that iy o Ty(t) = Ty(t) oix for each t € R and

iz fIl = 11| for all f € C(K),
Proof. (A) The equivalences (i) <= (ii) <= (iii) follow immedi-
ately from Proposition |F.3.0.6

(B) The assertion (i) follows from Proposition (B). To prove asser-
tion (ii), we note first that (®;);cR is a flow on F over the flow (¢¢);cr
on K as in Chapter [3| [Example [3.4.0.8(ii)]. And since, for each x € K,
the lattice homomorphism ®;(x) : C(Qy) — C (Qgy(x)) satisfies

O (x)1g, = 10, thatis 1g oy = LTSJAY where &;(x) := (i)t|C(Qx)
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for every t € R, it follows that ®; is a Markovian morphism over ¢;
(see Definition |F.3.0.3) for each t € R. Hence, (®;);cR is a Markovian
flow on F over the flow (¢;)er on K.

And since the interior IntI'(K, F)+ # @, it follows from Part (A) above
that the induced weighted Koopman group 7 (t), g is Markovian on
I'(K, F) over Ty(t)icRr.

Finally, since T'(K, F) = C(Q), it follows immediately that (¢¢);cRr is
the unique flow on the compact space Q such that

To()er = Typ(Hier = To(t)ier on T(K,F) =2 C(Q) 2 T(K,E)
(®4)ter = (Pt)jer on EXF.

And so, the remaining assertions follow by the conclusion of Proposi-
tions and
O

F4 Spectral theory for Markovian weighted
Koopman groups on Banach lattices of

continuous sections with order unit

In Section we demonstrated that if I' is an AM m-lattice module over
the 1-Banach lattice algebra C(K) such that the interior IntI' # @, then it
must be isomorphic to a Banach lattice of continuous sections of a bundle
of AM-spaces with order units (see Proposition [F2.0.1). Moreover, in this
situation, we introduce the concept of a Markovian weighted Koopman op-
erator (see Definition [F3.0.I), and we show that every bijective Markovian
weighted Koopman operator (resp. Markovian weighted Koopman group)
is isomorphic to a bijective Koopman operator (resp. Koopman group) with
extends the original bijective Koopman operator (resp. Koopman group)

(see Proposition [.3.0.6| resp. Proposition F.3.0.7).

In this situation, every spectral property, say, of a bijective Markovian weighted
Koopman operator can be characterised by that of the representing extended
bijective Koopman operator. We start with the spectral properties of a single
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bijective Markovian weighted Koopman operator and extend the results to
the Markovian weighted Koopman group. We essentially make use of re-
sults in [29| Section 4.1.1. p.72-73] and [29, Section 4.1.2 , p.74-75] and we
refer to Chapter 4] (Remark[4.5.0.1)) for concepts related to aperiodic homeo-
morphisms and aperiodic flows on a compact space.

Throughout, p : E — K is a Banach lattice bundle over K, and I'(K, E)
is the Banach lattice of its continuous sections. Furthermore, we assume

u € Intl'(K,E)4+ # @, and so we can make use of results (and notation) as
in Propositions |F.2.0.1|and [F.3.0.6|as needed.

F4.1 Bijective Markovian weighted Koopman operators

We start with a homeomorphism ¢ : K — K, and consider a bijective
Markovian T,-homomorphism 7 : T'(K, E) — I'(K,E) onI'(K, E).

Proposition F.4.1.1. The spectral radius r(T) = 1, even 1 € 0,,(T ), and the spec-
trum o(T) C D := {A € C: |A| <1}. In fact, the whole spectrum o(T), the
point spectrum o, (T ), the approximate point spectrum o,,(T') and the peripheral
spectrum Pero (T ) :={A € o(T) : |A| =r(T)} are cyclic, i.e.,

A=Ay ea(T) = MY €a(T) for keZ,
A=Ay €op(T) = [AlY €0p(T) for kezZ,
A=Ay €0ap(T) = AV €0ap(T) for kez,

A = |Aly € Pera(T) = |A|7* € Pero(T) for keZ.
And as T is bijective we have

Furthermore, as T is bijective if we, in particular, identify T = Ty on I'(K, E) =
C(Q), where ¢ : Q — Q is the unique homeomorphism with o ¢ = @ o7,
then we have the following.
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(a) 0p(T) C T is a group and the fixed space fix(T) is one-dimesional if ip
Q — Q is topologically ergodic, i.e., the fixed space fix(Ty) € C(Q) is
one-dimesional. This is the case, for instance, if p : Q — Q is minima

In this situation, the homeomorphism ¢ : K — K is also topologically
ergodic, i.e., the fixed space fix(T,) € C(K) is one-dimensional, and so the
point spectrum o,(T,) C T is a group. Moreover, fix(T) is the closed
vector-lattice generated by lin{fu : f € Clg} C T'(K,E).

(b) o(T) =T ifp: Q — Q is an aperiodic homeomorphism.

In this situation, the homeomorphism ¢ : K — K is also aperiodic, and

Proof. We identify 7 = T on I'(K,E) = C(Q), and as such T is, in
particular, a bijective Markov lattice homomorphism on C(Q). So, all
the spectral properties of bijective Markov lattice homomorphism T
transfer directly to that of 7, since for instance, ||T|| = ||T]| = 1
and, for A € C, the operator A — T is invertible (injective, surjective)
on I'(K,E) if and only if the operator A — T is invertible (injective,
surjective) on C(Q), i.e.,, (7T ) = 0(T), and as well as all other parts of
the spectrum. And so the spetral radii coincide, i.e., r(7) = r(T) = 1.

And even 1 € 0,(T) = 0,(T), which implies that, ¢(7) = o(T) C
D:={AeC: A <1}

Now, the cyclicity of the spectrum (and its respective subsets) of 7T
follows from that of the bijective Markov lattice homomorphism T on

C(Q). We note that the peripheral spectrum Perc(7) = {A € o(T) : |A| =1},
and as T is bijective, we even have Perc(T) = o(T) = 0,p(T) C T.

(c.f. [29] Section 4.1.1. p.72]).

(a) We note that fix(7) = fix(Ty) on I'(K,E) = C(Q). And so,
WLOG, if we assume 1 : Q — Q is minimal, then 0,,(7) = 0;,(Ty) C
T is a group and fix(Ty) is one-dimensional, also implies that fix(7)
is also one-dimensional.

Since 7 : (Q,¢¥) — (K, @) is an extension, ¢ : Q — Q is mini-
mal, implies that ¢ : K — K is also minimal, so that the fix space
fix(T,) € C(K) is one-dimensional, and the point spectrum o, (T,) C

2j.e., Q contains no non-trivial y-invariant closed subset.
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T is a group. Alternatively, since the mapping i : (C(K), T,) —
(C(Q), Ty); f € C(K) — fom e C(Q) is an isometric embedding, it
follows that i, (fix(Ty)) C fix(Ty), so that if fix(Ty) € C(Q) is one
dimensional, then necessarily fix(T,) € C(K) is also one-dimensional.

Moreover, if s € fix(7) C I'(K,E), then Tfs = T,fs = fsif and
only if f € fix(Ty) = Clk. This implies that fix(7) is the closed
vector-lattice generated by lin{ fu : f € Clgx} C I'(K, E) which is one-

dimensional.

(b)If p : Q — Qis an aperiodic homeomorphism, then o;,(Ty) =
o(Ty) = T, which also implies that ¢(7") = ¢(Ty) = T (see also Chap-
ter d, Lemma[4.5.0.2(A)).

Since 71 : (Q, ) — (K, ¢) is an extension, P : Q — Q being aperi-
odic implies that ¢ : K — K is also an aperiodic homeomorphism, so
that 0, (Ty) = 0(T,) = T. (c.f. [29) Proposition 4.3. p.73] ).

[]

F4.2 Markovian weighted Koopman groups

As in above, p : E — K is a Banach lattice bundle over K, and I'(K, E) the
Banach lattice of its continuous sections is such that u € IntI'(K,E); # @.
Moreover, for a given flow (¢;):er on K, Ty (t):;er will denote the associated
Koopman group on C(K) with generator (6, D(9)).

Now, we consider a Markovian weighted Koopman group 7 (#);cr onI'(K, E)
over T, (t);cr with generator (A, D(A)).

Proposition F.4.2.1. For the generator (A, D(.A)) of Markovian weighted Koop-
man group T (t);er we have the following;

The spectral bound s(A) = 0. Moreover, the whole spectrum o(.A), the approx-
imate point spectrum oq,(.A), the point spectrum c,(A) and the boundary spec-
trum o?(A) := {A € 0(A) : ReA = s(A)} are imaginary additively cyclic sub-
sets of C; i.e.,

A€eo(A) = ReA+ikimA € o(A) for keZ,
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A€ 0ap(A) = ReA +ikImA € 0,p(A) for ke Z,
A €oy(A) = ReA+ikimA € 0,(A) for keZ,

Aed?(A) = ReA+iklmA e o’(A) for ke Z.

As each T (t) is bijective, we even have o(A) C iR and
o (A) = 0p(A) = o (A).

Furthermore, if we, in particular, identify T (t);er = Ty(t)ter on I'(K,E) =

C(Q) for a unique flow (¢)ter on Q with 1t : (Q, (P)ter) — (K, (¢4)ter) an
extension of topological R-dynamical systems such that,

(A, D(A)) = (A, D(A))
where (A, D(A)) is the generator of the Koopman group Ty (t)scr on C(Q), then

0(A) = iR if (Y1)ier is an aperiodic flow on Q.
In this situation, the flow (¢:)icr on K is also aperiodic, and o(8) = iR.

Moreover, o(Ty(t)) = (T (t)) = T for each t € R, and the spectral
mapping theorems holds i.e.,

o(T(t) =" A and o(Ty(t)) =70 forallt € R.

Proof. By identifying A = A, ie., A := idi~! so that D(A) :=

{seC(Q):i's§=s€ D(A)} where I'(K,E) ~ C(Q), it follows im-
mediately that (A, D(A)) is the generator of a unique Markovian lat-
tice Co-group T(f);er on C(Q) such that 7 (¢)ter = T(t)teRr-

So all spectral properties of A transfer directly to that of A, since for
instance, c(A) = ¢(A) and as well all other parts of the spectrum
coincide; and more so the spectral bounds coincide i.e., s(A) = s(A).
And since T(f)ser is, in particular, Cyp-group of isometries, we have
that the spectral bound s(A) = s(A) = 0.

Now, the additive cyclicity of the spectrum of A (and its respective
subsets) follows from that of A. We note that the boundary spectrum
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o?(A) = o (A) = {A € 0(A) : ReA = 0}, and as each T (t) is bijective,
we even have 0?(A) = 0y,(A) = 0(A) CiR. (cf. [29) Section 4.1.2,
p-74]).

Thus, 0 (A) = 0p(A) = 0(A) C iR

Now, we identify 7 (f)icr = Ty(t)ier on I'(K,E) = C(Q) as in
above, for a unique flow (¢);er on Q with 7 : (Q, (Yt)ter) —
(K, (¢t)ter) an extension of topological R-dynamical systems.

If (1)ser is an aperiodic flow on Q, then we have that 0(A) =
o(A) = iR and o(T(t)) = o(Ty(t)) = T for each t € R (see also
Chapter 4} Lemma [4.5.0.2(C)).

And since, 7 : (Q, (Y1)ter) — (K, (¢¢)ter) is an extension of topo-
logical R-dynamical systems, it follows that the flow (¢;);er on K is
also aperiodic. And so, we have ¢(4) = iR and ¢(T(t)) = T for each
teR.

Hence, in this situation, the spectral mapping theorems hold, i.e.,
o(T(t) =™ and o(Ty(t)) =€) forallt € R.

(c.f[29, Proposition 4.6, p.75]).
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