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Summary

The use of options on various stock markets over the world has introduced a unique
opportunity for investors to hedge, speculate, create synthetic financial instruments

and reduce funding and other costs in their trading strategies.

The power of options lies in their versatility. They enable an investor to adapt or
adjust her position according to any situation that arises. Another benefit of using
options is that they provide leverage. Since options cost less than stock, they provide a
high-leverage approach to trading that can significantly limit the overall risk of a
trade, or provide additional income. This versatility and leverage, however, come at a

price. Options are complex securities and can be extremely risky.

In this document several aspects of trading and valuing some exotic options are
investigated. The aim is to give insight into their uses and the risks involved in their
trading. Two volatility-dependent derivatives, namely compound and chooser options;
two path-dependent derivatives, namely barrier and Asian options; and lastly binary

options, are discussed in detail.
The purpose of this study is to provide a reference that contains both the mathematical

derivations and detail in valuating these exotic options, as well as an overview of their

applicability and use for students and other interested parties.
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Opsomming

Die gebruik van opsies in verskeie aandelemarkte reg oor die wéreld bied aan
beleggers ‘n unieke geleentheid om te verskans, te spekuleer, sintetiese finansi€le
produkte te skep, en befondsing en ander kostes in hul verhandelstrategieé te

verminder.

Die mag van opsies 1€ in hul veelsydigheid. Opsies stel ‘n belegger in staat om haar
posisie op enige manier aan te pas of te manipuleer soos die situasie verander. Nog ‘n
voordeel van die gebruik van opsies is dat hulle hefboomkrag verskaf. Aangesien
opsies minder kos as aandele bied hulle ‘n hoé-hefboomkrag benadering tot
verhandeling, wat die algehele risiko van ‘n verhandeling aansienlik kan beperk of
addisionele inkomste kan verskaf. Hierdie veelsydigheid en hefboomkrag kom egter

teen ‘n prys. Opsies is komplekse instrumente wat uiters riskant kan wees.

In hierdie werkstuk word verskeie aspekte van die verhandeling en prysing van ‘n
aantal eksotiese opsies ondersoek. Die doel is om insig te bied in die gebruik van
opsies en die risikos verbonde aan die verhandeling daarvan. Twee-volatiliteit
athanklike afgeleide instrumente, te wete saamgestelde- en keuse opsies; twee pad-
athanklike instrumente, te wete sper- en Asiatiese opsies; en laastens binére opsies,

word in diepte bespreek.

Die doel van hierdie studie is om ‘n dokument te verskaf wat beide die wiskundige
afleidings en detail van die prysing van bogenoemde eksotiese opsies bevat, sowel as
om ‘n oorsig van hul toepaslikheid en nut, aan studente en ander belangstellendes te

bied.
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Introduction and Overview

1.1 Introduction

The use of options on various stock markets over the world has introduced a unique
opportunity for investors to hedge, speculate, create synthetic financial instruments
and reduce funding and other costs in their trading strategies. As explained on
www.Investopedia.com the power of options lies in their versatility. They enable an
investor to adapt or adjust her position according to any situation that arises. Options
can be as speculative or as conservative as preferred. This means everything from
protecting a position from a decline, to outright betting on the movement of a market
or index, can be implemented. Another benefit of using options is that they provide

leverage. www.yahoo.com argues that since options cost less than stock they provide

a high-leverage approach to trading, which can significantly limit the overall risk of a
trade, or provide additional income. When a large number of shares is controlled by

one contract, it does not take much of a price movement to generate large profits.

This versatility and leverage, however, does come at a price. Options are complex
securities and can be extremely risky. This is why, when trading options, a disclaimer
like the following is common:

“Options involve risks and are not suitable for everyone. Option trading can be

speculative in nature and carry substantial risk of loss. Only invest with risk capital.”

Being ignorant of any type of investment places an investor in a weak position. In this
document several aspects of trading and valuing exotic options will be investigated.
The aim is to give insight into their uses and the risks involved in their trading. Two
volatility-dependent derivatives, namely compound and chooser options; two path-
dependent derivatives, namely barrier and Asian options; and lastly binary options,

are discussed in detail.
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The purpose of this study is to provide a reference that contains both the mathematical
derivations and detail in valuating some exotic options as well as an overview of their

applicability and use for students and other interested parties.

1.2 Overview

The rest of this document consists of five chapters. In Chapter 2, a summary of well-
known results on standard options is provided. This is included as background for
chapters 3, 4 and 5, and for the sake of completeness. The material given there is
expanded where necessary for each exotic option discussed in the subsequent

chapters.

Chapter 3 explores the value of volatility-dependent derivatives. These derivatives
depend in an important way on the level of future volatility. Two of the most common

forms, compound and chooser options, are described.

The focus then turns to pricing certain path-dependent derivatives in Chapter 4. Two
of the most common types of path-dependent options, barrier and Asian options, are
described. These have in common the fact that the payoff of each is determined by the

complete path taken by the underlying price, rather than its final value only.

Finally, in Chapter 5, it is illustrated that binary options are options with
discontinuous payoffs. Three forms of this type of option are discussed, namely cash-
or-nothing binary options, asset-or-nothing binary options and American-style cash-

or-nothing binary options.

For each exotic option the option is first defined, before an overview of its
applicability and use is given and compared to standard options. The option valuation
is then derived in detail. This is followed by a discussion on notable aspects of that
option. Where applicable, the arbitrage bounds on valuation of the options are given.
These are the limits within which the price of an option should stay, because outside
these bounds a risk-free arbitrage would be possible. They constrain an option price to
a limited range and do not require any assumptions about whether the asset price is

normally or otherwise distributed. Lastly, the sensitivities or Greeks of the options are



given. Each Greek letter measures a different dimension of the risk in an option
position, and the aim of a trader is to manage the Greeks so that all risks are

acceptable.

1.3 Glossary of Notation

C Price of an European call option
C  Price of an American call option

d The size of the downward movement of the underlying asset in a binomial tree
D  Cash dividend

E  Expectation operator

H  Rand knock-out or knock-in barrier (only used for barrier options)

K Predetermined cash payoff or strike price

L Lower barrier in a barrier option

M  Current Rand minimum or maximum price of the underlying asset experienced
so far during the life of an option (only needed for barrier options)

n Number of steps in a binomial tree
N(.) Areaunder the standard normal distribution function
N(.) Area under the standard bivariate normal distribution function

p Price of an European put option
Up probability in tree model
P Price of an American put option
PV() Present Value at time t of the quantity in brackets
r Risk-free interest rate

S Current price of underlying asset
St Price of an underlying asset at the expiration time of an option

T Time to expiration of an option in number of years
T*  Time to expiration of the underlying option in number of years (only needed

for compound options)

X Predetermined payoff from an a all-or-nothing option

u The size of the up movement of the underlying asset in a binomial tree
U  Upper barrier in barrier option
1) Drift of underlying asset

T The constant Pi=3.14159265357



p Correlation coefficient
c Volatility of the relative price change of the underlying asset



Valuation of Standard Options

In this chapter well-known results on standard options are summarized; it is
concerned with the theory of option pricing and its application to stock options. It is
included as background for chapters 3, 4 and 5, and for the sake of completeness. The
results are essential to an understanding of the later chapters on exotic options. The
material given here is expanded where necessary for each exotic option that is

discussed in the later chapters.

2.1 Standard Options

211 What Are Options?

An option is a contract that gives the buyer the right, but not the obligation, to buy
(call option) or sell (put option) an underlying asset at a specific price (strike price) on
or before a certain date (expiration date). The party selling the contract (writer) has an
obligation to honour the terms of the agreement and is therefore paid a premium. The

buyer has a 'long' position, and the seller a 'short' position.

The underlying asset is usually a bond, stock, commodity, interest rate, index or
exchange rate. Throughout this paper a reference to one of these underlying assets is
also a reference to any of the others, and the terms are therefore used interchangeably.
Because this is a contract, the value of which is derived from an underlying asset and
other variables, it is classified as a derivative. It is also a binding contract with strictly

defined terms and properties.

Once an investor owns an option, there are three methods that can be used to make a
profit or avoid a loss; exercise it, offset it with another option, or let it expire
worthlessly. By exercising an option she has bought, an investor is choosing to take

delivery of (call) or to sell (put) the underlying asset at the option's strike price. Only
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option buyers have the choice to exercise an option. Option sellers have to honour the

agreement if the options they sold are exercised by the option holders.

Offsetting is a method of reversing the original transaction to exit the trade. This
means that an investor holds two option positions with exactly opposite payoffs,
leaving her in a risk-neutral position. If she bought a call, she would have to sell the
call with the same strike price and expiration date. If she sold a call, she would have
to buy a call with the same strike price and expiration date. If she bought a put, she
would have to sell a put with the same strike price and expiration date. If she sold a
put, she would have to buy a put with the same strike price and expiration date. If an

investor does not offset her position, she has not officially exited the trade.

If an option has not been offset or exercised by expiration, the option expires
worthlessly. The option buyer then loses the premium she paid to invest in the option.
If the investor is the seller of an option she would want it to expire worthlessly,
because then she gets to keep the option premium she received. Since an option seller
wants an option to expire worthlessly, the passage of time is an option seller's friend
and an option buyer's enemy. If the investor bought an option the premium is non-
refundable, even if she lets the option expire worthlessly. As an option gets closer to

expiration, it decreases in value.

The style of the option determines when the buyer may exercise the option. Generall,y
the contract will either be American style, European style or Bermudan style.
American style options can be exercised at any point in time, up to the expiration
date. European style options can only be exercise on the expiration date. Bermudan
style options may be exercised on several specific dates up to the expiration date. It is

interesting to note that Bermuda lies halfway between America and Europe.

2.1.2 Types of Options

¢ A call option is a contract that gives the buyer the right, but not the obligation,
to buy an underlying asset at a specific price on or before a certain date.
- If a call option is exercised at some future time, the payoff will be the amount

by which the underlying asset price exceeds the strike price.


http://en.wikipedia.org/wiki/Option_style
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2.1.3

It is only worth exercising the option if the current market price of the
underlying asset is greater than the strike price.

Breakeven point for exercising a call option equals the strike price plus a
premium.

The value of the option to the buyer of a call will increase as the underlying

asset price increases within the expiration period.

A put option is a contract that gives the buyer the right, but not the obligation,
to sell an underlying asset at a specific price on or before a certain date.

If a put option is exercised at some future time, the payoff will be the amount
by which the strike price exceeds the underlying asset price.

Call writers keep the full premium, unless the underlying asset price rises
above the strike price.

Breakeven point is the strike price plus a premium.

The value of the option to the buyer of a put will increase as the underlying

asset price decreases within the expiration period.

Participants in the Options Market

The two types of options lead to four possible types of positions in options markets:

A

Buyers of calls : long call position
Sellers of calls : short call position
Buyers of puts : long put position

Sellers of puts : short put position

These trades can be used directly for speculation. If they are combined with other

positions they can also be used in hedging.
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Valuation

The total cost of an option is called the option premium. This price for an option

contract is ultimately determined by supply and demand, but is influenced by five

principal factors:

o The current price of the underlying security (S).

e The strike price (K).

The intrinsic value element of the option premium is the value that the
buyer can get from exercising the option immediately. For a call
option this is max(S —K,0), and for a put option max(K —§,0). This
means that for call options, the option is in-the-money if the share
price is above the strike price. A put option is in-the-money when the
share price is below the strike price. The amount by which an option
is in-the-money is its intrinsic value. Options at-the-money or out-of-

the-money has an intrinsic value of zero.

e The cumulative cost required to hold a position in the security, including the

risk-free interest rate (r) and dividends (D) expected during the life of the

option.

e The time to expiration (T).

The time value element of the premium is the chance that an option
will move into the money during the time to its expiration date. It
therefore decreases to zero at its expiration date and is dependent on

the style of the option.

o The estimate of the future volatility of the security's price (o).

The effect of these factors on the prices of both call and put options is explained by

Reilly and Brown (2006) in Investment Analysis and Portfolio Management and is

summarised as follows:
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Will Cause an increase / decrease in:

An Increase in: Call Value Put Value
L. S ) !
2. K ! 1
3. T 1 a
4. r 1 !
5. c 1 1

Call option:

1.

An increase in S increases the call’s intrinsic value and therefore also the
value of the call option.

An increase in K decreases the call’s intrinsic value and therefore also the
value of the call option.

If T increases it means that the option has more time until expiration, which
increases the value of the time premium component, because greater
opportunity exists for the contract to finish in-the-money. The value of the call
option increases.

As the value of r increases, it reduces the present value of K. The value of K is
an expense for the call holder, who must pay it at expiration to exercise the
contract. Since it is decreased, it will lead to an increase in the value of the
option.

An increase in ¢ increases the probability that the option will be deeper in-the-

money at expiration. The option becomes more valuable.

Put option:

1.

An increase in S decreases the put’s intrinsic value and therefore also the
value of the put option.

An increase in K increases the put’s intrinsic value and therefore also the
value of the put option.

If T increases, there is a trade-off between the longer time over which the
security price could move in the desired direction and the reduced present
value of the exercise price received by the seller at expiration.

As the value of r increases, it reduces the present value of K. This hurts the

holder of the put, who receives the strike price if the contract is exercised.



5. Anincrease in ¢ increases the probability that the option will be deeper in-the-

money at expiration. The option becomes more valuable.

There are two basic methods of determining the price of an option using these factors;

the Black-Scholes pricing model and the Binomial pricing model.

2.2 Arbitrage Bounds on Valuation

Arbitrage bounds define the bounds wherein an option should trade to exclude the
possibility of arbitrage opportunities in the market. From Gemmill (1993), Hull
(2006), and Reilly and Brown (2006) the following summary was constructed.

221 Arbitrage Bounds on Call Prices

» Upper bound
Both an American and European call option gives the holder the right, but not
the obligation, to buy one unit of the underlying asset for a certain price at some
future date. Therefore, where c¢ is the European call value and C is the
American call value

c<Sand C<S.
» American-style and European-style Call options
It is important that an American put or call has to be at least as valuable as its
corresponding European style contract:

c<C.

» Lower bound

Any option, call or put, cannot be worth less than zero:

c>20and C>0.

» Lower bound for American Calls on Non-Dividend-Paying Stocks

10



The minimum value for an American call option that can be exercised

immediately is the current underlying asset price minus the strike price:

Cz25-K.

» Lower bound for European Calls on Non-Dividend-Paying Assets

c+Ke">8

or c>S—Ke.

It is never optimal to exercise an American call option on a non-dividend-paying

asset before the expiration date. Since the lower bound for a European call option
(S—Ke")lies above the intrinsic value bound (S—K),as applicable to the
American  call  option, the second is  redundant. @ This is
because (S —Ke ") > (S — K) . This means that for an underlying asset which does

not pay dividends, C and c¢ will be equal to one another.

In summary, the arbitrage bounds for call options are:

0 <max[0,S —K]<max[0,S—Ke"]<c<C<S.

This expression says that

1. the American call is at least as valuable as the European contract;

2. neither call can be more valuable than the underlying stock, and

3. both contracts are at least as valuable as their intrinsic values, expressed on

both a nominal and discounted basis.

11



2.2.2 Arbitrage Bounds on Put Prices

» Upper bound
Both an American and European put option gives the holder the right, but not
the obligation, to sell one unit of the underlying asset for the strike price K at
some future date. No matter how low the stock price becomes, the option can
never be worth more than K. Hence, where p is the European put value and P is
the American put value,

p<Kand P<K.

For the European option, we know that the option cannot be worth more than K
at maturity. It follows that it cannot be worth more than the present value of K
today:

p<Ke'.

» American-style and European-style Put options
An American put has to be at least as valuable as its corresponding European
style contract:

p<P.

» Lower bound

Any option, call or put, cannot be worth less than zero:

p=0and P>0.
» Lower bound for American Puts on Non-Dividend-Paying Assets

The minimum value for an American put option that can be exercised

immediately is the current strike price minus the underlying asset price:

P>K-S§.

» Lower bound for European Puts on Non-Dividend-Paying Assets

12



S>-p+Ke'"

or p=Ke -S.

The American lower bound to the put price lies above the European bound since
(Ke'" —8)<(K-S). It can be optimal to exercise an American put option on a

non-dividend-paying underlying asset before the expiration date.

Similarly to a call option, a put option can be seen as providing insurance. A put
option, when held in conjunction with the stock, insures the holder against the
price falling below a certain level. However, a put option is different from a call
option in that it may be optimal for an investor to forego this insurance and

exercise early in order to realise the strike price immediately.

In summary, the arbitrage bounds for put options are:

0 <max[0,Ke”" -S]< p<P<K.

This expression says that
1. the American put is at least as valuable as the European contract;
2. neither put can be more valuable than the strike price, and
3. both contracts are at least as valuable as the intrinsic value expressed on

a discounted basis.

2.2.3 Put-Call Parity
Put-Call Parity for European Options on Non-Dividend Paying Assets

There exists an important relationship between European put and call prices in
efficient capital markets. Put-call parity depends on the assumption that markets are

free from arbitrage opportunities. This relationship is given by

13



c+Ke =p+8S. (2.2.1)

It shows that the value of a European call, with a specific strike price and maturity
date, can be deduced from the value of a European put with the same strike price and

maturity date, and vice versa.

This relationship is useful in practice for two reasons. Firstly, if there does not exist
the desired put or call position in the market, an investor can replicate the cashflow
pattern of the put or call by using interrelated assets in the correct format. By

rearranging (2.2.1) it follows that

c=p+S—-Ke"" (2.2.2)
and

p=c—-S+Ke . (2.2.3)

Secondly, it is useful in identifying arbitrage opportunities in the market. A relative
statement of the prices of puts and calls can be made if they are compared to one
another. If a call is overpriced relative to the put, the call can be sold and the put

bought to make a riskless profit, and vice versa.

Put-Call Parity for American Options on Non-Dividend Paying Stock

The put-call parity relationship for American calls and puts on non-dividend-paying

stock is given by

S—-Ke">C-P>S-K.

Adjusting Arbitrage Bounds for Dividends

Assume the stock pays a dividend D(T) immediately before its expiration date at time
T. Also assume that when a dividend is paid, the share price will fall by the full
amount of the dividend. The present value of the fall is D(0). An important
assumption that we are making is that the dividend payment is known at time 0, when

the option contract is entered into. This is reasonable assumption, since in practise the

14



dividends payable during the life of the option can usually be predicted with

reasonable accuracy.

To adjust the previously derived bounds for dividends we can simple adjust the stock

price downwards for the present value of the dividends. This means that we substitute

S—D(0) for S to get:

¢ Lower bounds for European calls on dividend-paying asset

c>S-D(0)—Ke . (2.2.4)

When the underlying asset pays dividends it is no longer true that the American
call option and European call option have exactly the same value. Then the
argument that an American option must be at least as valuable as its European
counterpart because it allows more choice, becomes relevant again. This choice

can be used to preserve value when the European contract cannot.

¢ Lower bounds for European puts on dividend-paying asset

p>D(0)+Ke " -8, (2.2.5)

Deciding to exercise a put before expiration does not depend on the presence of
dividends. It is known that a dividend payment increases the value of a put
option by reducing the value of the underlying stock without an offset in the
strike price. This is irrelevant in determining whether to exercise early when
compared to the liability of the stock itself. This means that having the choice to
exercise early and receive the intrinsic value immediately is the only

deterministic factor.
¢ Put-Call Parity for European options on dividend-paying asset

c+D0)+Ke " =p+S.

15



¢ Put-Call Parity for American options on dividend-paying asset

S—-Ke'">C-P>S5S-D(0)-K.

2.3 Binomial Tree

If options are correctly priced in the market, it should not be possible to make definite
profits by creating portfolios of long and short position in options and their underlying
stocks. We therefore price options using risk-neutral valuation. In a risk-neutral
world, all securities have an expected return equal to the risk-free interest rate. Also,
in a risk-neutral world, the appropriate discount rate to use for expected future
cashflows is the risk-free interest rate. As shown by Gemmil (1993), Hull (2006) and
Reilly et al. (2006), the Binomial Tree method can be used to find the ‘fair’ value for

options and shares. A number of simplifying assumptions are made:

1. The underlying asset price follows a binomial random process over time.
The distribution of share prices is multiplicative binomial.

The upward (u) and downward (d) multipliers are the same in all periods.

ol A

There are no transaction costs, so that a riskless hedge can be constructed for
each period between the option and the asset at no extra cost.

Interest rates are constant.

At first we assume that early exercise is not possible.

There are no dividends.

© =N oW

No riskless arbitrage opportunities exist.

2.3.1 The One-Step Binomial Model

To derive the value for an option we set up a hedged position with both an option and
its underlying share. This creates a riskless position that must pay the risk-free rate.
Suppose the option expires at the end of the next period of length T. Let S be the
initial share price, which in the next period will either rise by an upward factor u to uS
or fall by a downward factor d to dS, where u >1 and d < 1. The corresponding pay-

offs to the option is f, and fq.
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Share price moves Call option values Put option values

/OuS /v.fu:Cu:uS—K/'fl‘l:pu:K—uS

Se c p

e 4§ of =c,=dS-K of =p,=K-dS§

Figure 1: Stock and option prices in a general one-step tree

The value of the option is given by

f=e"[pf,+(1-p)f,] (2.3.1)

where

(2.3.2)

In Eq. (2.3.1) the value of the option is given by the present value of the weighted
average of the pay-offs to higher and lower share prices. The weights p and (7-p) are
interpreted as the implicit probabilities of an up movement in the stock price and a
down movement in the stock price respectively. The value of the option then simply

becomes the present value of the probability weighted pay-offs. Therefore
f :PVI:E(pay—oﬁ”)] .

2.3.2 The Binomial Model for Many Periods

Consider the two-period tree in Fig. 2 below, where the objective is to calculate the
option price at the initial node of the tree. Using the same assumptions as before, with
the length of each time step set equal to 6t years, we apply our binomial formula Eq.

(2.3.1) to the top two branches of the tree which gives
f=e"pf+(1=p) fu]. (2.3.3)

Repeating this procedure for the bottom two branches leads to
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o= pf+(1-p) fu ] (2.3.4)
Solve fby substituting Eq. (2.3.3) and Eq. (2.3.4) into

f=e"[pf,+(1-p)f,].

Hence

S = P f+20(1=p) fra +(1=P) fur | (2.3.5)

The option price is again equal to its expected pay-off in a risk-neutral world
discounted at the risk-free rate. This remains true as we add more steps to the

binomial tree.

Su?
o
S
Su
1
S Sud
°
f o
Sd
Ja
Sd*
[ ]
Jaa

Figure 2: Stock and option prices in a general two-step tree

To calculate the value of an option in terms of the price of the underlying stock a tree
is constructed that comprises of many successive two-branch segments. Valuation
begins with the known final pay-off and works backwards step by step until the
present time is reached. The method can be extended to options that have any number
of discrete time periods to maturity. This allows an investor to make each period
arbitrarily short by dividing the time to maturity into enough time steps in order to

obtain reasonably accurate results.
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The many-period binomial options-pricing formula is obtained for a call option as
2| (n
c=e ™ K ka(l — p)" " max {ukd”*kS -K, O}}

and for a put option as (2.3.6)

p= e”"F”ZKZ]pk(I — p)"* max {K —ukd”kS,O}} .

This shows that European options can be valued by
1. calculating for each possible path the payoff at expiration (after n time steps);
2. weighting this by the risk neutral probability of the path,
3. adding the resulting terms, and
4

discounting this back to the present at the risk-free rate of interest.
2.3.3 The Binomial Model for American Options

To value American options the possibility of early exercise has to be considered. The
option will only be exercised early if the pay-off from early exercise exceeds the
value of the equivalent European value at a specific node. Therefore, work back
through the tree from the end to the beginning in the same way as for the European

options, but test at each node whether early exercise is optimal.

The value of the option at the final node is the same as for European options. At

earlier nodes the value of the option is the greater of
1.) The value givenby f=e " [p - +(1—p)fd].

2.) The pay-off from early exercise given by the intrinsic value.
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234 The Binomial Model for Options on Dividend-paying Stock

The Binomial model can be used for dividend-paying stock. When a dividend is paid,
the price of a share will fall by the amount of the dividend. If it is less than the
dividend, the trader could buy the share just prior to the ex-dividend date, capture the
dividend, and sell the share immediately after it has fallen. It is therefore assumed that
the fall in share price is equal to the full dividend amount. Both the cases where the

dividend is a known Rand amount or a known dividend yield are considered

If it is assumed that the Rand amount of the dividend is known in advance, the share-
price binomial tree will be knocked side-ways at the ex-dividend date. If a given
dividend is paid in Rand, the tree will start to have branches that do not recombine.
This means that the number of nodes that have to be evaluated, particularly if there
are several dividends, becomes large. As shown in Fig. 3 a single dividend of size D
results in a new, separately developing tree being formed for each node that existed at

the time of the dividend payment. This process is computationally slow.

° (Su—D)u
Su
Su—D
O(Su—D)d
Se
O(Sd—D)u
Sd
Sd —-D
o(Sd—D)d

Figure 3: Two-period stock-price tree with a dividend after one period

To avoid this problem the assumption is made that the dividend is some proportion 6
of the share price at that point in the tree. It is therefore assumed that the dividend

yield is known. The share price after the dividend payment will then either increase to
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Su ( 1- 8) or decrease to Sd (1 - 8) after one step. The whole tree is again a geometric

process and the nodes recombine.

° Su’ (1—8)
Su

Se ® Sud (1 - 5)

Sd (1-9)
o Sd*(1-5)

Figure 4: Two-period stock-price tree with a dividend-yield payment after one
period
2.3.5 Determination of p, u and d

It is necessary to construct a binomial tree to represent the movements in a general
stock price in the market. This is done by choosing the parameters # and d to match
the volatility of the stock price and making it consistent with normally distributed

returns.

The Binomial tree of share price, as described, is both symmetrical and recombines in
the sense that an up movement followed by a down movement leads to the same stock
price as a down movement followed by an up movement. In order for this to hold we

choose the down multiplier (d) as the inverse of the up multiplier («). This means that

ifu =é , then the returns to holding the asset will be symmetrical.

The width of the binomial tree is related to the size of u, the up multiplier per step,

and the number of steps that have occurred. The equivalent assumption for an asset
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that has normally distributed returns is that the variance is constant per period. If the

variance for a time step of 8t years is given by 6”3t, then the standard deviation or the

volatility of the asset is equal to o5t . If we assume that prices are lognormally
distributed, we can imagine the distribution widening as time goes by, just as the

binomial tree widens at successive branches.

The actual values to use for the up and down multipliers in a binomial tree should be

consistent with normally distributed returns. Let p be the expected return on a stock

and ¢ the volatility in the real world. Imagine a one step binomial tree with a step of
length 6t. The binomial process for asset prices gives normally distributed returns in

the limit if

and

After a large number of steps this choice of u and d leads to a variance of o8t
Assume that the expected return of an up movement in the real world is ¢. In order to
match the stock price volatility with the tree’s parameters, the following equation
must be satisfied

oot =" (u+d)—ud —e™ .

One solution to this equation is
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2.4 The Black-Scholes Pricing Formula

2.4.1 From Discrete to Continuous Time

The binomial formulas derived for the multi-period model is the discrete-time version
of the continuous-time Black-Scholes formula. From the two-step binomial tree it can
be shown that if it is assumed that the underlying stock prices are lognormally
distributed, and u and d are defined in order to be consistent with the volatility of the
stock price returns, the Binomial option values will converge to the Black Scholes
values asn — oo. This is explained by Gemmill (1993), who carries on to show the

similarity between the Binomial and Black Scholes models.

If we assume that prices are lognormal, its distribution widens as time goes by, just as
the binomial tree widens at successive branches. Beginning at a share price S at time
zero, the distribution widens until a part of it exceeds the strike price, K. At maturity,
the pay-off to the option is the shaded area above the strike price for a call option.

The Black-Sholes value of the option today is the present value of this shaded area.

Frices

19
T

Figure 5: Call price rising as the price distribution widens over time
2.4.2 Derivation of the Black-Scholes Equation
The Black-Scholes equation is derived as shown in Gemmill (1993), Hull (2006),
Smith (1976) and Chappel (1992). The derivation of the Black-Scholes equation

consists of two parts. Firstly, it is shown that a riskless hedge can be constructed when

the stochastic process for the underlying asset price is lognormal. This is done by
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setting up a portfolio containing stock and European call options. In the absence of
arbitrage opportunities, the return from this portfolio must be the risk-free rate. The
reason for this is that the sources of change in the value of the portfolio must be the
prices, since it affects the value of both the stock itself and the derivative in the
portfolio. This follows also from the fact that at a point in time the quantities of the
assets are fixed. If the call price is a function of the stock price and the time to
maturity, then changes in the call price can be expressed as a function of the changes
in the stock price and changes in the time to maturity of the option. Thus, in a short
period of time, the price of the derivative is directly correlated with the price of the
underlying stock. Therefore, at any point in time, the portfolio can be made into a
riskless hedge by choosing an appropriate portfolio of the stock and the derivative to
offset any uncertainty. If quantities of the stock and option in the hedge portfolio are
continuously adjusted in the appropriate manner as the asset price changes over time,
then the return to the hedge portfolio becomes riskless and the portfolio must earn the
risk-free rate. Secondly, it shows that the call option price is determined by a second

order partial differential equation.

The Black-Scholes equation makes exactly the same assumptions as the binomial
approach, plus one additional one; it is also assumed that the underlying asset price
follows a lognormal distribution for which the variance is proportional to time. The

assumptions used to derive the Black-Scholes equation are as follows:

1. The stock price follows a geometric Brownian motion, with p and ¢ constant.
Therefore the distribution of possible stock prices at the end of any finite
interval is lognormal and the log returns are normally distributed.

2. Short selling is allowed and no penalties imposed.

(O8]

There are no transaction costs, so that a riskless hedge can be constructed for
each period between the option and the asset at no extra cost.

The risk-free interest rate is constant and the same for all maturities.

There are no dividends.

No riskless arbitrage opportunities exist.

Securities trade continuously in the market.

®© N ok

The option is European and can only be exercised at maturity.
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9. All securities are perfectly divisible so that it is possible to borrow any

fraction of the price of a security or to hold it at the short-term interest rate.

The Black-Scholes-Merton differential equation is given by

2
rc=@+rS@+lczsza—i
ot oS 2 oS

(2.4.1)
(Hull, 2006).

It can be derived and solved for many different derivatives that can be defined with S
as the underlying variable, not only a European call option. It is important to realise

that the hedge portfolio used to derive the differential equation is not permanently
riskless. It is riskless only for a very short period of time. As S and t change, S—galso

changes. To keep the portfolio riskless, it is therefore necessary to change the relative

proportions of the derivative and the stock in the portfolio frequently. (Hull, 2006)

The differential equation defines the value of the call option subject to the boundary
condition, which specifies the value of the derivative at the boundaries of possible
values of S and t. It is known that, at maturity, a call option has the key boundary
condition:

c=max(0,5-K). (2.4.2)

Black and Scholes used the heat-exchange equation from physics to solve the
differential equation for the call price, c, subject to the boundary condition. A more
intuitive solution is suggested in the paper by Cox and Ross (1975). To solve the
equation, two observations are made: First, whatever the solution of the differential
equation, it is a function only of the variables in (2.4.1) and (2.4.2). Therefore, the

solution to the option pricing problem is a function of the five variables:

1) the stock price, S;

2) the instantaneous variance rate on the stock price, o;
3) the strike price of the option, K;

4) the time to maturity of the option, T, and
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5) the risk-free interest rate, r.

The first four of these variables are directly observable; only the variance rate must be

estimated.

Secondly, in setting up the hedge portfolio, the only assumption involving the
preferences of the individuals in the market is that two assets which are perfect
substitutes must earn the same equilibrium rate of return; no assumptions involving
risk preference are made. This suggests that if a solution to the problem can be found
which assumes one particular preference structure, it must be the solution of the
differential equation for any preference structure that permits equilibrium (Smith,
1976). This leads to the principle of risk-neutral valuation. It says that the price of an
option or other derivative, when expressed in terms of the price of the underlying
stock, is independent of risk preferences. Options therefore have the same value in a
risk-neutral world as they have in the real world. It may therefore be assumed that the
world is risk-neutral for the purpose of valuing options, to simplify the analysis. In a
risk-neutral world all securities have an expected return equal to the risk-free interest
rate. Also, in a risk-neutral world, the appropriate discount rate to use for expected

future cashflows is the risk-free interest rate. (Hull, 2006)
The expected value of the option at maturity in the risk-neutral world is
E[max (S, -K,0)],
where E denotes the expected value in a risk-neutral world. From the risk-neutral

argument, the European call option price, ¢, is the expected value discounted at the

risk-free interest rate, that is

c= e”'TE(cT)

243
= e"TE[max (S, —K, O)} (243

Start by looking at the value of c¢7. If the stock price S follows the process
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dS = pSdt +cSdz , (2.4.4)

then, using Ito’s lemma, it can be found that the process followed by In S is

2

d(InS)= (u—%)dhtcdz. (2.4.5)

Because p and o are constant, In S follows a generalised Wiener process with constant
drift rate and constant variance. The change in In S between time zero and some
future time, T, is therefore normally distributed with mean and variance given

respectively by

G2

(u——jT and o°T.

2

This means that
2
InS, -In§, ~ d){(u—%}ﬂcﬁ}

or

InS, ~¢[(M—%ZJT+1nSO,o\/ﬂ (2.4.6)

where @(m,s) denotes the normal distribution with mean m and standard deviation s.

This leads to the well known result for a European call option:
c=e¢""[SN(d,)e" KN (d,)]. (2.4.7)
The proof can be found in the most financial mathematical textbooks (cf. Hull, 2006).

The function N (x)is the cumulative probability function for a standardised normal

distribution. In other words, it is the probability that a variable with a standard normal

distribution will be less than x. The expression N (dz)is the probability that the
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option will be exercised in a risk-neutral world, so that KN (d,)is the strike price

T :

times the probability that the strike price will be paid. The expression SN (d,)e"” is

the expected value of a variable that equals St if St > K and is zero, otherwise, in a

risk-neutral world. (Hull, 2006)

Since ¢ =¢"E(c; ), the expected pay-off at maturity, can also be rewritten as

In this expression N (dz)is the probability that the call finishes in-the-money and is

multiplied by the expected in-the-money pay-off (Gemmill, 1993).
To find the European put price, put-call parity can be used:
p=c—S+Ke".
Substituting from the Black-Scholes equation for ¢ gives
p=SN(d)-Ke"" N(d,)-S+Ke""
=S[N(d,)-1]-Ke"" [ N(d,)-1] (2.4.8)

— KeN(~d,)~ SN (~d,).

The expression in (2.4.8) can also be derived directly from the partial differential

equation solved subject to the primary boundary condition for put options given by

p=max(0,K-S).
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2.4.3 Properties of the Black-Sholes Equation

The properties of the Black-Scholes equation is given by Gemmill (1993), Hull
(2006), Smith (1976) and Chappel (1992).

American Options on Non-Dividend Paying Stock

The expressions above were derived for European put and call options on non-
dividend-paying stock. Because the European price equals the American price when
there are no dividends, (2.4.7) also gives the value of an American call option on non-
dividend-paying stock. There is no exact analytic formula for the value of an

American put option on non-dividend-paying stock.

Adjusting the Black-Scholes Equation for Dividends

The Black-Scholes model, like the Binomial model, can be used to value dividend-
paying stock. It is assumed that the amount and timing of the dividends during the life
of the option can be predicted with certainty. When a dividend is paid, the price of a
share will fall by an amount reflecting the dividend paid per share. In the absence of
any tax effects, the fall in share price is equal to the full dividend amount. A dividend
is a pay-out to a shareholder which the holder of a call option does not get, yet the
holder suffers the fall in share price. From the other perspective, the holder of a put
option will benefit from the fall in share price that follows a dividend. Dividends that

will be paid out over the lives of options therefore reduce call prices. (Gemmill, 1993)

European Options

Consider the value of a European option when the stock price is the sum of two
components. The one component is that part of the price accounted for by the known
dividends during the life of the option and is considered riskless. The riskless
component, at any given time, is the present value of all the dividends during the life
of the option discounted from the ex-dividend dates to the present. By the time the
option matures, the dividends will have been paid and the riskless component will no

longer exist. The Black-Scholes formula can be used, provided that the stock price is
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reduced by the present value of all dividends during the life of the option, discounted

from the ex-dividend dates at the risk-free rate. (Hull, 2006)

American Call Options

If a dividend is sufficiently large, it will be profitable to exercise a call just before the
dividend is due. Shares go ex-dividend before the actual payment is made, so the fall
in share price occurs on the ex-dividend date. It is optimal to exercise only at a time
immediately before the stock goes ex-dividend, because exercising at this time yields

an extra dividend, but results in the loss of the time-value on the call. (Gemmill, 1993)

Assume that there are n ex-dividend dates expected during the life of the option and
that t;, t, ..., t, are the times immediately before the n ex-dividend dates where

t,<t,<..<t,. Let the dividend payments corresponding to these times be

D,,D,, ..., D, . (Hull, 2006)

Suppose there is no volatility, that is 6 = 0. Let S be the share price and K be the

strike price. Start by considering early exercise just before the last ex-dividend date,

time #,. It is known that the share price will fall to S(z,)— D, on the last ex-dividend

date. Assume the call is in-the-money (S(z,)> K ). Then:

1. Exercising just before the ex-dividend date gives a payoff after the dividend
payment equal to

(S(z,)-D,)-K+D,=58(t,)-K;

2. not exercising, but waiting until maturity, results in a value today, given that

o = 0, that is equal to the lower bound given by (2.2.4) of
S(t,)-D,—Ke "™
With zero volatility, exercise will therefore be worth while if

S(t,)-K>S(t,)-D,—Ke""™.
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Hence, for optimal exercise at time ¢, it is required that
D >K-PV (K )

that is

1%>K@—5WWU. (2.4.9)

Similarly, it can be shown that (2.4.9) holds for any one of the n ex-dividend dates

during the life of the option. This means that early exercise is optimal if
D> K(1-e ")),

This implies that early exercise is more likely if:
1. The dividend (D;) is large relative to the strike price (K);
2. the time until the next ex-dividend date is fairly close so that PV (K)~ K, and
3. the volatility is low, so that the time value given up to be exercising the option

1s low.

To value American call options on dividend-paying stock the pseudo-American
approach, first outlined by Black (1975), can be used (Gemmill, 1993). This involves
calculating the price of European options that mature at time 7 and ¢, and setting the
American price equal to the greater of the two (Hull, 2006). To demonstrate the
procedure, consider the case where there is only one ex-dividend date during the life
of the option. The share price will fall at time t, when the share goes ex-dividend, but

the option potentially continues until maturity at time T.

The buyer of the American call is now considered to have two separate European call

options. The first call option, worth ¢ expires at time ¢, immediately after which

short >
the stock pays a dividend of D;. The call price equation can be written as a functional

relationship:

Copor = f(S—De_"t,t,r,G,K—D).
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The stock price is discounted by the present value of the dividend, but this is offset as

the strike price is reduced by the dividend payment. The second call, worth ¢, ,

expires at T and pays no dividend. It can be written as
Clong = f(S—De_”,T,r,G,K).

As before, the stock price is discounted by the present value of the dividend, but this
time there is no receipt of dividend to reduce the exercise price. As the holder of the
American call effectively has two mutually exclusive European call options, the call

will be valued today as the higher of the two,
C = max (cshart 2 Clong ) :

Two Black-Scholes evaluations are made and the larger value is chosen as the correct
call value (Gemmill, 1993). As the approach is extended to situations where there are

n dividend payments during the life of the option, the number of Black-Scholes
evaluations will increase to ( n+ 1) .The correct value of the American call option will
then be the maximum of these. The pseudo-American adjustment is relatively
accurate, but will slightly undervalue the call. The reason is that it assumes that the
holder has to decide today when the call will be exercised. In practice, the choice

remains open until just before each of the ex-dividend dates.

American Put Options

The Black-Scholes model is inadequate when valuing American put options. The
problem is that early exercise may be profitable for a put, especially in the absence of
dividends. There is no analytic equivalent of the Black-Scholes equation that allows
for this, because in principle exercise could occur at almost any date between today
and the maturity of the option. One suggestion is to abandon the Black-Scholes
method and use the binomial model instead. The binomial model is accurate because
the exercise value is considered at each node of the tree. For the same reason the

method is computationally very slow. (Gemmill, 1993)
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Following the explanation given by Gemmill (1993), it is found that the Macmillan
(1986) method gives a relatively simple equation which is reasonably accurate and
quick to calculate. This is an approximation based upon the Black-Scholes equation.
Start with the equation

P=p+FA, (2.4.9)

where P is the American put price, p is the European put price and FA4 is the
difference between the European and American puts. This follows from the arbitrage
bounds on put options, where it was argued that an American put is at least as
valuable as the European contract. To calculate FA, it is regarded as the value of
another option, the option to exercise early and it is analysed as follows (Gemmill,

1993).

Early exercise will occur if the stock price, S, falls below some critical level ™.

Below this level the put is simply given by its intrinsic value,
P=K-S forS<S".

Above the critical stock price, the put value is given by
P=p+FA forS>S".

The correction factor (FA) depends on how far the stock price, S, is above the critical

level, ™. It is

il
paea[2)

, :0.5[—(M—1)—\/(M—1)2+4(%ﬂ

kk

4 :—(S—JN(dl**),

q,

where
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in which d,” is the Black-Scholes d, value at S =S"

The iterative stock price S~ is found by an iterative procedure as follows:

1. Calculate ¢, from the equation above, which is a constant.

2. Guess a value for S, the critical stock price, and calculate 4, from the

equation above.
3. See whether the exercise value, K -, exactly equals the approximated un-

exercised value, that is whether
S 9
K-§= p+ Al [F) .

If this equation holds, then the critical price S™ has been found. If the equality does

not hold, anew S~ is chosen and the algorithm is continued at step (2). This method
can be implemented using a software searching algorithm, for example Solver in

Microsoft Excel.
2.5 Option Sensitivities

The sensitivity of option prices to its five inputs is measured. This can be done since

closed form solutions exist for standard option prices.
2.5.1 Delta

Delta measures the sensitivity of the option price to the share price. It is the ratio of
change in the price of the stock option to the change in the price of the underlying
stock in the limit. We find delta by taking the first partial derivative of the option
price, which also represents the slope of the curve that relates the option price A to the

current underlying asset price B.
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Figure 6: Calculation of delta

The delta of a European call (c) option on non-dividend paying stocks is given by

0
A, :F;:N(dl)’
where
In(S/K)+|r+(c*/2)|T

d, =

oJT

Delta of a call option has a positive sign (N (dl)) for the buyer of a call and a

negative sign (—N (d, )) for the seller of a call.

For a European put on non-dividend paying stocks, delta is

op
A, =a—S=N(d1)—1.

This delta is negative (N (d,)—1) for the buyer of a put and positive (1-N(d,)) for

the seller of a put.
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Delta ranges between zero and approximately one and changes as an options goes
more into- or out-of-the-money. At-the-money options have a delta of approximately
0.5, while the delta of in-the-money options tends towards one and the delta for out-

of-the-money options tends towards O.

These deltas or hedge ratios can be used to construct a riskless portfolio consisting of
a position in an option and a position in the stock. This is known as delta hedging,
where hedgers match their exposure to an option position. It is important to remember
that because delta changes, the investor’s position remains delta hedged only for a
relatively short period of time. Therefore the hedge has to be rebalanced periodically.

Consider the following:

Long call position

A Option
price

Stock
price

>

Figure 7: Long call position
A hedger owns a call option. If the stock price increases, the value of the call option

also increases. We know that the delta of a long call position is positive, i.e.

oc
Along call — %

=N(d,)>0.
In order to hedge the position, the hedger sells delta shares of the stock. His portfolio
therefore consists of

+1 option, and

-A shares of the stock.
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If the share price increases, the investor makes a profit on the call position equal to

the loss he makes on the shares.
The delta for a portfolio of options dependent on a single asset, which price is S, is

o

A__9
oS

where IT is the value of the portfolio. If the portfolio consists of a quantity w; of

option f; (1<i<n), thatis

then the delta of the portfolio is given by weighted sum of the individual deltas:

A:a—H: Wi%ZZWiAi,
S 3 oS I

where A, is the delta of the i" position.

2.5.2 Gamma

The sensitivity of delta to a change in the share price is known as gamma. It is the rate
of change of the portfolio’s delta with respect to the price of the underlying asset.
Gamma is calculated as the second partial derivative of the option price with respect

to the share price:

2
r=9 1} _a_H(a_Hj:a_H(A)_
oS oS \ 0S oS

The absolute value of the gamma for a European put or call on non-dividend-paying

stock is given by
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where

The sign is determined by the position taken. Since the delta of a long call is positive,
the gamma of a long call will also be positive. The delta of a short call is negative, so
it also has a negative gamma. Similarly, a long put has a positive gamma and a short

call has a negative gamma.

Gamma can also be seen as the gap between the delta slope and the curve of the
option price, relative to the underlying stock price. In Fig. 8 it can be seen that delta is
an inaccurate measurement of the relative movement of asset price and option value.
When the stock price moves from S to S’, using delta assumes the option price moves
from C to C’, when it really moves from C to C*’. Gamma compensates for this error
by measuring the curvature of the relationship between the option price and the stock

price or the rate at which delta changes.

+ Callprice

Stock price

»
>

s &7

Figure 8: Hedging error introduced by curvature

If the absolute value of gamma is small, the rate of change in delta is small and the
delta error is small. If the absolute value of gamma is large, delta changes quickly and

the delta error becomes large.
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Gamma is greatest for at-the-money options and falls to zero for deeply in-the-money

or out-of-the-money options.

2.5.3 Theta

The sensitivity of the option price to the time to expiry, T, is known as theta. It is the

rate of change in the value of the portfolio with respect to time. Derived from the

Black-Scholes equation for a call option, theta is given as

where

and for a put option it is given by

o 0

PorT
So

15

}N'(d1)+rKe’TN(—d2).

The formula calculates the reduction in price of the option for a decrease in time to
maturity of one year. In practice, theta is usually quoted as the reduction in price for a
decrease in time to maturity of a single day. To calculate theta per day, divide the

formula for theta by 365.

Theta has a negative sign for long options and a positive sign for short options. This is
because as the time to maturity decreases, with all else remaining the same, the time
value of the option decreases. Theta measures this decrease in value and, since the
option value decreases at an increasing rate over the lifetime of at-the-money options,
theta is lowest just before expiration (Hull, 2006). This is because at-the-money

options may become either in-the-money or out-of-the-money on the last day. An out-
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of-the-money option has some chance of becoming in-the-money before the last few
days but, if it is still out-of-the-money in those last few days, has little chance of any
pay-off and it has little time value left to decrease (Gemmill, 1993). An in-the-money
option follows a similar pattern as the out-of-the-money option, but if it is in-the-

money at expiration it will lose a positive amount of time premium.
2.5.4 Vega

The sensitivity of the option price to volatility is called vega. It measures the change
in option premium for a 1% change in volatility. For a European call or put option on

non-dividend paying stock, vega is given by

_d
0o
=SJTN'(d,)

> 0.

A%

Vega has a positive sign for long options and a negative sign for short options. This
means that if you are an option buyer, vega works for you, but if you are an option
seller, vega works against you. If the absolute value of vega is high, the derivative’s
value is very sensitive to small changes in volatility. Similarly, if the absolute value of
vega is low, changes in volatility have little impact on the value of the derivative.
Vega is greatest for at-the-money options and decreases to zero for extreme in-the-

money or out-of-the-money options.
3.5.5 Rho
The sensitivity of call prices to interest rates is measured by rho. It is the rate of

change of the value of a derivative with respect to the interest rate. For a European

call option on non-dividend paying stock, it is given by
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PIE

=KTe" N(d,)
>0,

and for a European put option on non-dividend paying stock

o

P= or
=—KTe""N(-d,)
<0.

Therefore

plong call > O’

pshortcall < O’
<0,

> 0.

plong put

pshort put
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Volatility-dependent derivatives

As Clewlow and Strickland (1997) explain, the value of volatility dependent
derivatives depends in an important way on the level of future volatility. Of course,
the value of all options is dependent on volatility, but these options are special in that
their value is particularly sensitive to volatility over a period which begins not
immediately, but in the future. As such they are viewed, in some sense, as forwards or

options on future volatility.

These options are particularly useful when there is some event which occurs in the
short term which will then potentially affect outcomes further in the future. They are
therefore often used as a kind of pre-hedge to lock into the current levels of pricing

until more information is known at a later date.

For both compound and chooser options the option is first defined, before an
overview of their applicability and use is given and compared to standard options. The
option valuations are then derived in detail. A discussion follows on notable aspects
of both options. For compound options the arbitrage bounds on valuation of the
options are given. These are the limits within which the price of an option should stay,
since outside these bounds a risk-free arbitrage would be possible. They allow an
investor to constrain an option price to a limited range, and do not require any
assumptions about whether the asset price is normally or otherwise distributed. Lastly,
the sensitivities or Greeks of the compound options only are given. Simple chooser
options decompose exactly into a portfolio of a call option and a put option and their
Greeks can be calculated from this portfolio. Each Greek letter measures a different
dimension of the risk in an option position, and the aim of a trader is to manage the

Greeks so that all risks are acceptable.
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3.1 Ordinary Compound Options

3.1.1 Definition

A compound option is a standard European option on an underlying European option.

From this definition there are four basic compound options:

° A call on a call,
e acallonaput,
e aputonacall, and

° a put on a put.

If the compound option is exercised, the holder receives a standard European option

in exchange for the strike price; otherwise, nothing.
3.1.2 Common Uses

This type of option usually exists for currency or fixed-income markets, where an
uncertainty exists regarding the option's risk protection capabilities. Compound
options are also used when there is uncertainty about the need for hedging in a certain
period. When valuing a compound option there are two possible option premiums.
The first premium is paid up front for the compound option. The second premium is
paid for the underlying option in the event that the compound option is exercised.
Generally, the premium for the compound option is modest. Compound options are
also useful in situations where there is a degree of uncertainty over whether the
underlying option will be needed at all. The small up-front premium can be viewed as
insurance against the underlying option not being required and, since it is a known
cost, it can be budgeted for (Clewlow and Strickland, 1997). Therefore, the
advantages of compound options are that they allow for large leverage and are
cheaper than standard options. However, if the compound option is exercised, the
combined premiums will exceed what would have been the premium for purchasing

the underlying option outright at the start. (www.investopedia.com;

www.riskglossary.com)
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Consider the following two examples from www.my.dreamwiz.com:

A major contracting company is tendering for the contract to build two hotels in one
months’ time. If they win this contract they would need financing for R223.5 million
for 3 years. The calculation used in the tender utilizes today's interest rates. The
company therefore has exposure to an interest rate rise over the next month. They
could buy a 3yr interest rate cap starting in one month but this would prove to be very
expensive if they lost the tender. The alternative is to buy a one month call option on a
3yr interest cap. If they win the tender, they can exercise the option and enter into the
interest rate cap at the predetermined premium. If they lose the tender they can let the

option lapse. The advantage is that the premium will be significantly lower.

Compound Options can also be used to take speculative positions. If an investor is
bullish on R/USD exchange rate, they can buy a 6 month call option at say 7.00 for
4.00%. Alternatively, they could purchase a 2 month call on a 4 month R/USD 7.00
call at 2.50%. This will cost say 2.00% upfront. If after 2 months the R/USD is at
7.50, the compound call can be exercised and the investor can pay 2.50% for the 4
month 7.00 call. The total cost has been 4.50%. If the R/USD falls, the option can
lapse and the total loss to the investor is only 2.00% instead of 4.00% if they had
purchased the straight call.

3.1.3 Valuation

Closed form solutions for compound options in a Black-Scholes framework can be
found in the literature (cf. Geske, 1979). For these solutions the following
assumptions are made:
1. Security markets are perfect and competitive.
2. Unrestricted short sales of all assets are allowed with full use of proceeds.
3. The risk-free rate of interest is known and constant over time.
4. Trading takes place continuously in time.
5. Changes in the value of the underlying option follow a random walk in
continuous time.
6. The variance rate is proportional to the square of the value of the underlying
option.

(Geske, 1979)
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As with the valuation of standard European options, the principle of risk-neutral
valuation is used. The discounting of the expected payoff of the option at expiration
by the risk-free interest rate is thus allowed. Also, in a risk-neutral world the
underlying asset price has an expected return equal to the risk-free interest rate minus

any payouts.

First, K; and T, are defined as the strike price and maturity of the compound option.

The underlying option c(STl ,Kz,Tz) has a strike price K, and maturity date 7, >T,.
Compound options, therefore, have two strike prices and two exercise dates. S, is the

value of the underlying asset at time T,. PV, (.)indicates the present value after time

T, of the quantity in brackets. Two binary variables, ¢ and ¥, which are defined
below, are used in the derivatives:

_ | +1if the underlying option is a call,
—11if the underlying option is a put,
B {+1 if the compound option is a call,

—1if the compound option is a put.

The combined payoff function for a compound option is then given by:

max [o, WPV, [ max (0,95, 9K, ) |- ¥K, }
G.1.1)
= max| 0,%e(S;, K,.T3,0) - WK, |

Consider a call on a call. On the first exercise date, T;, the holder of the compound
option is entitled to pay the strike price, K;, and receive a call option. The call option
gives the holder the right to buy the underlying asset for the second strike price, Ko,
on the second exercise date, T». The compound option will be exercised on the first
exercise date only if the value of the option on that date is greater the first strike price.

From (3.1.1) the payoff of a call on a call at time T} is:
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max [O,PVTl [max(O, Sy, — K, )] —KIJ

=max[0,c(STl,K2,T2)—K1]

This is the maximum of the value of the payoff of the underlying option, discounted

to the time of expiration of the compound option, T;, and the strike price of the

compound option.

Further define S, as the value of the underlying option’s underlying with a volatility

o. The continuously compounded dividend yield of the underlying asset is q and r is
the continuously compounded risk-free interest rate. The payoffs of the four basic

European compound options are given in Fig. 9 for S, =100, K; = 3, K; = 90, r =

5%,qg=3%, T;=1 T,=2and o =2%.

Payoff of a call on a call Payoff of a put on a call
42 4
37 1 3
32 1
2l
27 4
§ 22 E 1
©
F &, 4 |
12 . ¢ 8 8 R 8 8 8 g & 8
71
2 - - - -2 1
B8 8 R 8 8§ 8 & & 8 3
S, St
Payoff of a call on a put Payoff of a put on a put
50 3
40 254
= 30 2
5 30 .
154
& 204 S
a 1
101 05
0 —— 0
§ 8 8 R 8 8 8 2 & 8 o518 8 8 R 8 8 8 2 & 8
St St

Figure 9: Payoff diagrams for compound options. Parameters: ST] =100, K =3, K, =90, r =
5%,9=3%, T1=1,T,=2,0=2%

The results in Lemma 1, considered below, are necessary for the derivation of the

value of compound options in Theorem 1.

Lemma 1: (West, 2007)
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Define the following for the normal distribution:

1 *EXZ
n(x):\/ﬁe ,

1 (=
f(x):cs 27re ( j’

Then:

f A -B
z)N(A+Bz)dz=N,| a, , , 3.1.2
J;n( JN (A Be) (a J1+B \/1+sz G123

‘ + AB+C -B ]
e“*N(C+Bz)n(z)dz=e? N, | a— A, ; , (3.1.3)
Jern )n(2) 2[ i+ 82 1+ B

—00

where N, (a,b;p) 1s the cumulative bivariate standard normal distribution function

which is defined by
1 o —2uv+v°
N, (a,b; p exp| ————— |dudv,
( 271-p* Uw [ (1-¢%) }

where p is the correlation coefficient between the two bivariate standard normal

random variables.

Theorem 1: (Geske, 1979 and Rubinstein, 1991)

Assume that investors are unsatiated, that security markets are perfect and
competitive, that unrestricted short sales of all assets are allowed with full use of
proceeds, that the risk-free rate of interest is known and constant over time, that
trading takes place continuously in time, that changes in the value of the underlying
option follow a random walk in continuous time with a variance rate proportional to

the square root of the value of the underlying option, and that investors agree on this

variance " . Then the current value at time t of a compound option is given by
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C (S;.K0. K, T, Ty, 0.7.0.6, % ) = S e "N, (—d)‘P(X ~o|T, —t),¢d+;‘1’p)
~O¥K,e "IN, (~0¥X, ¢d ;¥p)
~¥K,e "IN (~pPX)

(3.1.4)
where
] _ln(}z’zj+(lf—q+c§](7‘2—t) s
+ G Tz—t 4 ( e )
(2} 2
d = =d, —oT,—t, (3.1.6)
G\/Tz—l‘
and
_|(T-1)
p= (7.0) (3.1.7)

X is the unique standardised log-return, satisfying

_ [Iﬁ,q,i;](j"l—tﬁcx\/ﬁx)( _
H(X) C Ste ,KzanG’r’q’(I) Kl
S N

=6 Ste[ 2 ] efq(TrTl)N(d)d:)_Kze*"(TrTl)N(d)dj )}Kl

=0
where

S 2
In| — 1 |+ r—q iG— T
PN 2 (3.1.8)
K G\/; 1.
and
t=T,-T,

Proof:
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To uniquely determine a price for an option we need a model for the evaluation of the
underlying S;. In the theorem, the Black-Scholes model with constant volatility is
assumed, where S follows a geometric Brownian motion. The process for S; is given
by

ds,=(r—q)Sdt+oSdw, S,>0, (3.1.9)

where {Wt}tzo denotes a standard Wiener process, » the continuously compounded

risk-free interest rate, g the continuously compounded dividend yield and o the

volatility.

The formula for the value at time 7'; of the underlying option is derived by Wystup

(1999) and is given by a generalization of the Black-Scholes formula as:

¢Sy K,T,.0.7..0) = (S, "IN (0 ) - Ko TIN(9d7)), (3.1.10)

where ¢ = 1 for a call and ¢ = -1 for a put.

The price §; , at the current time t is a random variable. Using risk neutral valuation

the current value (at time t) of the compound option C is the discounted expectation

of the payoff:
C (STl ,K,K,,T,,T,,0, r,q,d),‘P) = (01 E, [max(O,‘Pc(ST1 ,K,,T,,0, r,q,d))—‘I’Kl)}.

Since S, , the price of the underlying asset, is lognormal, the log return u =In [?TIJ

t

is normally distributed. The probability density function of u follows as
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v _ _ 2
027 (T, —t) o1, —t 2

Hence C; can be written as the integral of the payoff over the probability density of

ST1 at time t;

C,(STI,Kl,KZ,Y;,Tz,G,r,q,d),‘P)=er(Tl”TmaX(O,‘Pc(STI,Kz,Tz,G,r,q,d))—‘PKl)f(u)du.

(3.1.11)
Transforming
:M (3.1.12)
o1, -t
leads to
1
dy = du. (3.1.13
y=— T )
Therefore

du=o.T, —tdy. (3.1.14)

Note that the transformation in (3.1.12) implies

s 2

log of | p—g =S (T =1

o Er q 2}(1 )

y= ,
o1, —t

where y is in fact the standardised log-return. Hence

S 2
log?r‘:(r—q—%](ﬂ —t)+c><,/T] —tXxy,

t

so that the price of the underlying at time 7’ is given by

2

S g [V—q—%](ﬂ—f)“’x\/ﬂw
, =Se )

1 t

(3.1.15)
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Using (3.1.13), (3.1.14) and (3.1.15), equation (3.1.11) can be written in terms of the

standardised log-return:

C =e"(T1t)TmaX Y| c S,e[r_q_i](n_t)mxmxy

t

9K2’T'256ar:q7¢ _Kl 70 n(y)dy

(3.1.16)
Notation is simplified by setting

2
[r—q—%j(]] —t)+ox[T,—txy

H(y):c Se ,K,,T,,0,r,q,0 |- K,.

2949

Where there is no confusion, the value of a compound option
C, (4K, Ky, T, Ty, 0,7, 9,0, W) will be simplified to C,. Before valuing C, it is

first written in the form

C = T max [‘PH(y),O]n(y)dy
=) j [‘I’H(y):ln(y)dy.

{y:‘FH(y)ZO}

To evaluate the integral it is noted that the payoff is only positive when

‘I’c(STl ,K,,T,,0,r, q,(l)) > YK, since the underlying option price is monotonic in the
asset price S; . The variable S"is the asset price at time T, for which the option

price at time T, equal K;_If the actual asset price is more than § " at time T}, the first
option will be exercised; if it is less than S°, the option expires worthlessly. To

obtain the value S, the following equation is solved

¢(8". Ky, T,0.,0.0) ~K, = 0(87e N (0g7) - Koe I (4g7)) - K, =0,

where
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Alternatively, the unique standardised log-return X is found which solves the

following equation :

2
[r—q—%](]"l —t)+c7><, [T —txX

H(X)=c|Se ,K,,T,,6,r,4,0 |- K, =0.

This can be solved using the Newton-Raphson procedure. Also, because the function

H(y) is strictly increasing if ¢ = 1 and strictly decreasing if ¢ = -1, the value of the

compound option can be written as

simply by checking the four possible cases for the pair ((I),‘I’). Now, by substituting

z=—¢%¥y, the following is obtained for ¢'¥ =1:

C, =—e " f [WH (-¢¥z) |n(z)dz
—0WX
—oWX

= J. [‘I’H(—d)‘PZ):ln(z)dz,

—0

and for ¢¥ =-1,

—pwx

C = J. [‘{’H(—d)\l"z)]n(z)dz.
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By substituting z =—¢¥y into (3.1.16) and using the results in (3.1.10) and (3.1.11),

the value of the compound option follows as:

+
y=+0

R r— o (7{— )+cr><\/T|_—><
C,=e”'(T1*t) J' ¥ c[S,e[ ! 2] t ty,Kz,Tz,cs,r,q,(l)}K1 n(y)dy
y=-o0
z=— WX

e _ci (7 - )—cx\/Tl_—x¢‘I"z
:eir(T]it) J. Y C[S,e[ ' 2] t t ,Kz,Tz,G,r,q,d)]K] }'Z(Z)dZ

Z=—0

TSN

S. o’
2 In 1 +lr—qg+—|(T,-T
rqu?](T]7t)7c><\/ﬂ><¢‘l"zeiq(7,27rl)N A ( KJ ( EEN ]( - T))

|
0S.e - ,—TZ =

z=—¢PX

P S ?
In| 2 |+ r—q—G— (Tz_Tl)
-r(T,-T,) Kz 2
K,e"?"VN| o

’ oI, - T,

To evaluate the integral, it is broken down into three components corresponding to the
three payoff variables S; , K; and K, inside the square brackets. Then (3.1.15) is
substituted in and the familiar forms of (3.1.5), (3.1.6) and (3.1.7) are recognized.

—r(TI—r)+[»~—q—°—;}<n—r>—q<rz—n) )

[1]=¢¥Se
S o2 o2

e In>t— T —tx0¥z+| r—qg—— (I, -t)+| r—q+— (T, -T,)
’ —cx\/ﬁxtj)‘l’z K2 2 2

e N|o (Z)dz
oJI-T,
= d)\PSte_r(ﬂ_t)-'{r_q_GzJ(Ti_t)_q(rz_n) X

) Wl sy

- In=t+| r—g-——|(T,-t)+| r—g+— |(I,-T))
2= PX _ 1 2 4

gy gy (B0 g Ko 2 2 (7}
=00 (Tz_Tl) o1, -1

= WS =N, (—¢‘P(X —oT, —t),¢d+;‘Pp)
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For part [1] the identity in (3.1.3) is applied in the final step with

xin (3.1.3)=zin [1],

ain(313): ¢‘PXin[]

A in 3 1. 3 =—ox,T - t><¢‘{’1n

Bin (3.1.3)=-¥ M in [1], and

(T,-T;)

Cin (3.1.3) = p—2

Then
a—A:—WX—(—Gx\/ﬁxﬁP)
=¥ (X -o\[T 1),
In—*+|r— —G—Z Tl—t)+ r—c]+—2 (Tz— 1)
o G T e

AB+C _ ot W)[ (7 - Tl)} ’ o|JT,— T,
\/1+Bz \/l+[ (Tl—t) J

(-T))

& (T, —t)+¢ln1i‘+¢(r—q—c; (T —t)+¢(r—q+c;J(Tz -7)

K

\/1+32 \/ ( - IJ
1+| =W
(,-T,)
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[2]=— WK, ") x

S o2 e
= WX ln?'—\ﬂ]—th)‘Pz-l- r=q-— (T -t)+| r—q+— |(I,-T,)

J‘ e—cx\/ﬁxdﬂ’z N (I) 2

2200 o1, -1,
= —p¥K,e " x
2 2
z=— WX _ lni‘f' r—q—G— (Tl—l‘)-l- r—q+0— (B—E)
-Yz
z=—0 (TZ_];) G\/TZ—T1

=—0PK,e "IN, (—0¥X,0d_;¥p)

For part [2] the identity in (3.1.2) is applied along the same lines as for [1] in the final
step with

[3]=-¥K.e "IN (-9¥X),

where N, (a,b;p)is the bivariate standard normal distribution function, which is

defined in (3.1.3). Standard results for the integral of the product of a normal density
and a cumulative normal distribution was used for the first two integrals as given in

Lemma 1.

Putting these together, the current value of the compound option is
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C, = p¥S,e =N, (—(1)‘1’ (X ~oT, - t),¢d+;‘1’p)
~O¥K,e "IN, (WX, 0d ;¥p)
~¥K,e "IN (—9¥X),

where
2
ln(&j+(r—q+GJ(Tz—t)
d, = &
: G\/Tz—t ’
2
ln(}?j+£r—q—62j(7"2—t)
d 2 = JT, —t,
— G\/Tz—f + o] 2
and

The formula for the compound option involves the bivariate cumulative normal
distribution. This comes from the fact that the option price depends on the joint
distribution of the asset price at the maturity dates of the compound and underlying

options (Clewlow and Strickland,1997).

Hence, using

_ | +1if the underlying option is a call,
—1if the underlying option is a put,
B {+1 if the compound option is a call,

—1if the compound option is a put.

leads to the following:

The value of a European call on a call is

C

call on call

=S¢ N, (o‘ [T —t-X, d+;p) ~K,e "IN, (-X,d ;p)-K,e "IN (-X).

The value of a European put on a call is

C = =8, "IN, (X —o\T —1.d,;-p)+ Koe "IN, (X, d 5 —p)+ Ko "IN (X),

putoncall —
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The value of a European call on a put is

C

call on put

= =8, "IN, (X —o\[T —t,-d,;p)+ Koe "IN, (X,~d sp)-Ke "TIN(X).

The value of a European put on a put is

Coonpa =S, BN, (0T, =1 = X, =d ;-p) - Koe "IN, (=X, ~d s-p) + K,e "IN (-X).

3.14 The Sensitivity of Compound Options to Volatility

Compound option values are extremely sensitive to the volatility of volatility

(www.riskglossary.com). This follows from the fact that the price of the underlying

option is firstly determined using the implied future rates and volatilities. Then this
option value is used as the underlying for the compound option. As with standard
options, the volatility of the underlying will be a key factor of the value. However,
with compound options, it is more significant as it has a double effect. If volatility
rises, this raises the value of the option. With a compound option, an increase in
volatility will also increase the value of the underlying asset (another option)

(www.my.dreamwiz.com).

The analytic formulas derived above incorporate the Black-Scholes assumption of
constant volatility, so they tend to undervalue the options significantly. Research into

pricing methodologies in this regard is ongoing (www.riskglossary.com).

In Fig. 10, below S, =100, S, =90,K; =90,K, =6, T, =1, T,=2,t=0.5,r=5%

and q = 3%. As the volatility increases from 0.1 to 0.55, the value of the standard call
remains unchanged at R84.43. For a similar change in volatility, the value of the
compound call on call option changes with R10.08 or 2584.62%, increasing from
R0.39 to R10.47. The change in the compound put on call is R10.08 or 130.91%,
increasing from R7.70 to R17.78. The higher the value of the underlying standard call
option (deeper in-the-money), the greater the sensitivity of the compound options to
changes in the volatility, compared to the standard option. In Fig. 11 where K; = 90,
K, = 100, the underlying option is out-of-the-money and the standard option is more
sensitive to changes in volatility than the compound options. The total increase in the
value of the standard call option is R 19.23 or 669.15%, from R2.95 to R22.69. The

total increase in the value of the compound call on call is R0.57 from RO to R0.57.
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The value of the compound put on call decreases with R17.99 or 20.92%, from
R85.98 to R67.99.
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Figure 10: The prices of a standard call and compound options on a call as a function of
volatility where if Ky = 90, K, = 6.
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Figure 11: The prices of a standard call and compound options on a call as a function of
volatility where K, =6, K, = 100.

Fig. 12 shows that the pattern does not hold for underlying standard put options and

the compound options on a put.
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Figure 12: The prices of a standard put and compound options on a put as a function of
volatility where K, = 6, K, = 120.

We note in Fig. 13 that for compound calls, the higher the second optional payment
defined as the strike price of the compound call option K; the lower the initial
compulsory payment. This means that as K; increases, the value of a call on a put and
a call on a call will decrease. The opposite holds for compound puts: the higher the

value of K, the higher the price of both a put on a call and a put on a put.
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10 a
8 / —=— Call on call
Put on call
MR /
OATO—O—O—O—O—O—O\J —e— Call on put
Put on put

4
¥ % % % % ¥ % X *— Call
2 \.\"\l\n\.\.\._. —e— Put

Ky

Price

Figure 12: The prices of compound options as a function of the strike price. Parameters: S;
=45, STl =100, K;=3,K,=50,r=0%,q=0%,T1=1,T,=2,0 = 2%.
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3.1.5 Arbitrage Bounds on Valuation

Shilling (2001) derives upper and lower bounds for the value of the compound
options in terms of the underlying standard options. They are based on the assumption

that the market is free of arbitrage opportunities.

Define

o c, (St,t, 1,,K,,r.q, q)) : the value of a standard European option,

e (S

L1 K, T, q) : the value of a standard European call option,

° c? (S

"(S,.t,T,,K,,r, q) : the value of a standard European put option,

° C”(St,t,Tl,Tz,Kl,Kz,r,q,d)): the value of a European compound call option,

t
and

e C/(S.t.T.T,,K,,K,,r,q,0): the value of a European compound put option.

Theorem 2 (Put-call parity for compound options): Shilling (2001)

Given a compound call C; and a compound put C with the same strike K; and the
same maturity T; on the same underlying option c, (St,t,Tz,Kz,r,q,d)) the following

relationship holds for t € [O,Tl]:

Cf(St,t,Tl,Tz,Kl,Kz,r,q,d))+Kle_"(T‘_’) G.1.17)
=C? (8,6, T, T3, K, Ky, 7,05 0) + ¢, (S, 1, Ty, Ky 7,4, 0). h

Proof:

We derive this relationship by constructing two portfolios. If they pay the same
amount under all conditions at maturity, and cannot be exercised before the expiration

date, then they must cost the same today.

Portfolio A: Buy one European compound call option at a price of C; .

At the same time deposit enough money to give the strike price at
the time of expiration of the call option. This is the cash amount

equal to K,e """,

60



Portfolio B: Buy one European compound put option at a price of C”.

Buy one share of the underlying standard European option at its

current price c;.

The value of the strategies at maturity of the option, time 7, if
c(STl,Kz,TZ,G,r,q,d)) >K,:
Portfolio A: The compound call option is exercised and the portfolio is
worth
(c(STl,KZ,TZ,CS,r,q,(i))—Kl)JrK1 :C(STI,KZ,TZ,G,r,q,d)) =cp.
Portfolio B: The compound put option expires worthlessly and the portfolio is
worth ¢, .

Thus in this case Portfolio A = Portfolio B at time 77;.

The value of the strategies at maturity of the option if c(ST] ,K,,T,,0,r, q,d)) <K;:

Portfolio A: The compound call option expires worthlessly and the portfolio is
worth K.

Portfolio B: The compound put option is exercised and the portfolio is worth
C(STl ,Kz,Tz,G,r,q,(i))—C(STl ,Kz,Tz,G,V,q,(I))—}-KI =K.

Thus Portfolio A = Portfolio B at time 7' in this case also.

Therefore Portfolio A = Portfolio B at the exercise date T, in both cases. This means
that the result holds independently of whether c(STl ,K,.,T,,0, r,q,d)) > K, or
c(STl ,K,,T,,0, r,q,d)) < K,, hence independently of the value of S . Since the values

are the same at time T, they must also be equal at time 0. It follows that

Ce (St,t,Tl,Tz,Kl,Kz,r,q,d))+Kle_r(rl_t)
=C/(S,.t,1,,T,,K,,K,,r,q.9) +¢,(S,.t.T,.K,,7.4,9).
n

To derive no-arbitrage bounds on the value of compound options, the following

lemma (see Merton ,1973 ) is useful.
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Lemma 2: Shilling (2001)

Suppose there  are two  standard  options c, (S,,t, T, Kl,r,q,d))and
c, (S,,t, T, Kz,r,q,d)). Let 0<K, <K,. Then the following inequality holds
fort€[0,T;]:

0<¢[c (S.t.T.K,.0)—c (S.t.T.K,,0) | <e" " (K, - K,). (4.1.18)

Proof:
The left inequality is obviously true:

If ¢=1: The lower the strike, the more valuable a call option becomes since the

payoff from a call is given by max (0,S, — K ). Therefore

¢ (ST, K,) > ¢ (S,.6.T.K,).
If ¢=-1: The higher the strike, the more valuable a put option becomes since the
payoff from a put is given by max (0,K -, ). Therefore

e’ (S,.t,T,K,)<c’(S,,t,T.K,).

whereas for put options the contrary is true.

For ¢ = +1, the right inequality can be shown by comparing the payoff profiles of
¢ (S,,t,T,K,)and e (K, —K, )on the one hand and ¢! (S,,#,T,K,) on the other
hand. In Fig. 13 the payoff profiles of ¢ (St,t,T,Kl)—cf (St,t, T,Kz)and

e’ (K, -K,)is shown.
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Figure 13: Comparing the payoff profiles of the right inequality for (1) = +1 Parameters: S;

=50,K1=6,K;=20,r=0%,9=0%,T=2,0=2%,t=0.5.

The proof for ¢ = -1 is analogous: In Fig. 14 the payoff profiles of

e’ (S,,t,T,K,)—c/(S,,t,T,K,)and e""™ (K, -K,) are shown.
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Figure 14: Comparing the payoff profiles of the right inequality for ¢ = -1 Parameters: S;

=50, K1=6,K;=20,r=0%,9=0%,T=2,0=2%,t=0.5.

Like standard options, compound options cannot be more valuable than their

underlying (in the case of compound calls) or their strike (in the case of compound

puts). Hence ¢, (S,,2,7,,K,,¢)is a upper bound for compound calls and e """K is a

upper bound for a compound put. It is possible to improve these trivial bounds.
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Theorem 3 (Upper bound on the value of compound options): Shilling (2001)

Suppose there is a compound option C, (St,t,Tl,Tz,Kl,Kz,r,q,d),‘P) with the

underlying c, (St,t,Tz,Kz, r,q,(l)). Then the following inequalities hold for t € [O,Tl],

Co (Sot.T T, Ky Ko b) < € (8,815, K, + 0K, 70, ¢) (3.1.19)
<¢,(8,,6,T,, Ky, 0), (3.1.20)

Cl (St T T, Ky Koy ) <, (S, T3 K, + 0K, B0, —0) =, (S, 6.1, Ky, —0)  (3.121)

<K, (3.1.22)

Proof:
Proof of (3.1.19) and (3.1.20).

It is shown that the following relationship holds at T;:
max| 0,c,(8,. 7,55, K, 0) - K, | <, (8,67, K, + 9K, ¢) (3.1.23)
<¢,(S,.1,T,.K,,0). (3.1.24)

Using Lemma 2 leads to the inequality
0<c, (8.7 Ky )~ (5.7, K, + 0K, 70, 0) <7 (K, + 9K, ) - K,

2 0<,(8y. T 1, K b) =€, (S5 T T3 K, +0K e, 0) < K, (3.1.25)
which implies (3.1.24).

On the other hand, inequality (3.1.25) can be transformed to

¢, (85 1T Ky 0) = Ky <, (87,71, K, + 0K, ™, 0). (3.1.26)
As the value of a standard option is always positive, (3.1.26) is equivalent to (3.1.23).

Proof of (3.1.21) and (3.1.22).
These inequalities are derived by using — in this order — the put-call parity for
compound options (3.1.17), inequality (3.1.19), the put-call parity for standard

options and Lemma 2.
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C/(S,.t.1,,T,,K,, K, 0)
=Cf(St,t,Tl,Tz,Kl,Kz,(I))—ct(St,t,Tz,Kz’d))+Klefr(Tl—t)

<c(8.61, K, + 0K, e ") =, (S, .13, K, 0) + Kie )

=, (8,67 K, + 0K, 0) =, (8,175, Ko=)

<K (3.127)

Remark 1. Shilling (2001)

For T, \uT, the value of a compound option converges towards the value of its upper

no-arbitrage bound.

Proof:

Remark 1  implies that the payoff of a compound option

C (S.t.T.T,,K,K,,¢,¥)for T, T, is equal to that of a standard option

¢,(S,.t,T,,K, +0K,,), using the following limit:

lim (Ct(STI,TI,TZ,KI,Kz,G,r,q,(I),‘I’)):max[‘l’(max[d)(&n —Kz),O}—KI)}. (3.1.28)

AN

If the following identities hold (3.1.28) must be true.

For compound calls (¥ =+1),
max[max[d)(STl —Kz),O}—KI} = max[(i)(ST1 —Kz)—Kl,O],
and for compound puts (¥ =-1),

max[Kl —max| §(5, —Kz),Oﬂ =max| K, +¢(K, =S, )-K,,0 |-max[ ¢(K, =S, ),0]

These identities can be verified by examining all possible cases.
Consider as an example ¥ = +1, ¢ =+1: Firstly,

S, —K,if S; >K
max[d)(STl—Kz),O}:{OTl ZilfS: >>K22'
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Then
S; —K,—K,if S; >K, and S; - K, > K,

v max[0(5, ) 0] -

= max| ¢(S; ~K,)-K,,0].

otherwise

The other combinations of ¥ and ¢ follow analogously.

As for standard options, the lower arbitrage bound of compound options is equal to its

discounted intrinsic value.

Theorem 4 (Lower arbitrage bound on the value of compound options): Shilling (2001)

Given a compound option C, (St,t,Tl,Tz,Kl,Kz,r,q,(l),‘I’) with the underlying option
c, (S,,t,Tz,KZ, r,q,(l)), the following inequality holds for t € [O,Tl )

max[‘l’(c,(St,t,Tz,Kz,q))_e—r(Tl—t)Kl),0}<Ct(St,t,Tl,T2,K1,K2,¢,‘I’). (3.1.29)

Proof: In the case of a compound call (¥ =+1),

e et portfolio A consist of a compound call C/(S,.t7,7,,K,K,,¢)and an
investment of ¢ """)K, in bonds,

e let portfolio B consist of a standard option ¢, (S,,7,7,,K,,$).

At time T, portfolio A is worth max [c, (STI,T],TZ,KZ,(I)),K]} , Whereas portfolio B is

worth ¢, (STI 1,1, K,, d)) . Using the no-arbitrage arguments, portfolio A must be

more valuable than portfolio B at time ¢ < 7). This can be transformed to yield

(8,7, K,,0)—e K, < C(S,,8,T, T, K, K, 0) -

As the value of the compound option is always positive, the lower bound is given by

(3.1.29).

In the case of a compound put (¥ =-1),

e let portfolio C consist of a compound put C’(S,t,7T,,7T,,K,,K,,¢)and a

standard option ¢, (S,,t,7,,K,,$);
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e let portfolio D consist an investment of e_’(T‘_t)K1 in bonds.

At time T portfolio C is worth max [ct (STl ,]],Tz,Kz,(b),Kl] , whereas portfolio D is
worth K;. Using the no-arbitrage arguments, portfolio C must be more valuable than
portfolio D at time 7 <7,. This can be transformed to yield

e"IK e (8,615, K,,0) < CP (S,,t,T,, T, K, K, §).

As the value of the compound option is always positive, the lower bound is given by
(3.1.29).

n
The arbitrage bounds on the four basic compounds options are illustrated in Fig. 15 to
Fig. 19 below.

Arbitrage Bounds for a Call on a Call

11

—=— Call on call

—e— Trivial upper bound

Value
w (6] ~ o
. . . .

Tight upper bound

Lower bound

St

Figure 15: Arbitrage bounds for a Call on a Call. Parameters: STl =50, K; =3, K, =50, r =
0%,9=0%,T,=1,T,=2,t=0.5, 0 = 2%.

Arbitrage Bounds for a Put on a Call
4
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Put on call
§ 11 —e— Trivial upper bound
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1] 8 8 8 9 & 2 5 3 B Tight upper bound
-2 4
-3
St

Figure 16: Arbitrage bounds for a Put on a Call. Parameters: STl =50, K; =3, K, =50, r = 0%,
q=0%,T,=1,T,=2,t=0.5, 0 = 2%.
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Arbitrage Bounds for a Put on a Put
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Figure 17: Arbitrage bounds for a Put on a Put. Parameters: ST1 =50, K; =3, K, =50, r = 0%,
q=0%,T,=1,T,=2,t=0.5, 0 = 2%.

Arbitrage Bounds for a Call on a Put
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Figure 18: Arbitrage bounds for a Call on a Put. Parameters: STl =50, K; =3, K, =50, r = 0%,
q=0%,T,=1,T,=2,t=0.5, 0 = 20%.

With these bounds it is easy to derive the well-known fact that buying a compound
call is always cheaper than immediately buying the underlying option, but exercising
the compound call (and thus having to pay additional K; at maturity) is more
expensive than immediately buying the underlying option. The analogous result for
compound puts: buying a compound put is always cheaper than the immediate
acquisition of a bull or a bear spread, but exercising the compound put leads to higher

costs.
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3.1.6 Sensitivities
The Greeks in this section were taken directly from Wystup (1999). Define

u=I-t,1,=1—t t=1,-1

X1, +/1,d_ .
%’ f=¢ len(d+)'

and g=

Delta

ac,
oS,

t

=¢%Ye "N, (—(I)‘I’(X - Gﬁ),(l)aﬁ;‘l’p)

Gamma
oC, ] . v
8St; = ecSt { . n(X—G\/Z)N(¢d+)+\/En(ch)N((l)‘Py)]
Theta
O _ pWrS e N (—q)\y(X—o\/? ). 4 "I’p)
at t 2 1) +2
—pWgK,e "N, (-0, dd_; ¥p)
-VYgK e "N (—d)‘PX )
_%cSte—qul:\/l:ln(X—Gﬁ)N(¢dj)+;P—2n(d+)N(—¢‘Pe)]
Vega

e [Jn(X ou )N (o)« vfrn(a ) N (-ove)

0o
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Rho

oc,

= QWT,K,e "N, (~9¥X,¢d_; Pp)+ Pt K.e " N(—p¥X)

or

Analysis of the sensitivities of a call on a call and a call on a put show that they have

Fig.

similar sensitivities to the underlying call and put respectively as shown below in

19 to Fig.

22.
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Figure 19: Comparison of the delta and gamma profiles for a call on call and a standard call.
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Figure 21: Comparison of the delta and gamma profiles for a call on put and a standard call.
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Figure 22: Comparison of the theta and vega profiles for a call on put and a standard call.
Parameters: STl =100,K;=6,K,=100,r=5%,9=3%, T1=1,T,=2,t=0.5, 0 = 20%.

Puts on puts and puts on calls are more complex. Figures 23 to 28 show the price,

delta, gamma, theta, vega and rho surfaces with respect to the underlying asset of a

put on a call and a put on a put.
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Figure 25: The rho and vega profiles of a put on a put. Parameters: ST] =100, Ky =6, K, =
100,r=5%,9=3%,T:=1,T,=2,t=0.5, 0 = 20%.

The deltas are quite different to standard call or puts in that they are peaked near the
strike price. As a result the gammas of these options can be positive or negative,
depending on the level of the underlying asset relative to the strike price. The most
critical aspect of these options is the speed at which their vega changes. This confirms

their extreme sensitivity to volatility changes (Clewlow and Strickland, 1997).
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Figure 26: The price and delta profiles of a put on a call. Parameters: STl =100, Ky =6, Ky, =
100,r=5%,q=3%,T1=1,T,=2,t=0.5, 0 = 20%.
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3.2. Chooser Options

3.2.1. Simple Choosers
3.2.1.1  Definition

A standard chooser option, also known as an as you like it option, has the feature that,
after a specified period of time, the holder can choose whether the option is a call or a
put (Hull, 2006). If the structure of a chooser option is considered, one finds that it is
identical to that of constructing a straddle, or a position in a call and a put
simultaneously, with the exception that chooser options are comparatively cheaper

(www.global-derivatives.com, 2007).

3.2.1.2 Common Uses

Both a straddle and a chooser can be thought of as a way of speculating on an extreme
move in the market. A chooser option is therefore valid for clients who expect strong
volatility in the underlying, but who are uncertain about the direction. This makes it
an ideal mechanism to take positions on volatility, as seen in Fig. 29 below. A chooser
is more appropriate than a straddle when the investor believes information will
become available in the future which will indicate the direction of the market move.
The advantages of a chooser lie in the flexibility of choosing whether it is a put or a
call option and in that the investor does not need to take a directional view. It will
therefore always be more expensive than a single standard put or call. A chooser
option will be cheaper than a straddle strategy (buying a call and a put at the same
strike) since after the chooser date, the buyer has only one option (my.dreamwiz.com,

2007; Clewlow and Strickland,1997)

Simple Chooser
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Figure 29: Simple chooser with varying volatility. Parameters: ST] =100, K =105,r=10%, q =
5%, T1=1,T,=2,t=0.5.
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Consider the following example:

A private investor who trades mainly on technical data is convinced that a major
movement is about to happen in the FTSE 100 index. On the charts that are available
it is clear that the FTSE index is currently trading very close to a major support line at
3000. The investor believes that the support level will not be broken and that the
FTSE will move up strongly. On the other hand, a breach of the support level is seen
as a major turn in market sentiment and will most likely be followed by a sharp drop
in the index. The investor traditionally would enter into a straddle (bought call and
bought put). However, a potentially better strategy is to enter into a 1 month chooser
option on a 5 month FTSE option with a strike of 3000. At the end of the month, the
investor has the choice of a 5 month 3000 put or a 5 month 3000 -call

(my.dreamwiz.com, 2007).

3.2.1.3 Valuation

A simple chooser option is purchased in the present, but, after a predetermined
elapsed time T, in the future, it allows the purchaser to choose whether the option is a
European standard put or call with a predetermined strike price K and remaining time
to maturity T»-T; (Rubinstein, 1991). The payoff from a simple chooser option at the
choice date is

Chooser

simple = max [C’ p] H
where ¢ and p denote the respective European call and put values underlying the

option.

For a simple chooser, the underlying options are both European with the same strike
price and maturity date. Suppose that S, is the asset price at time 7, K is the strike
price, 7> is the maturity of the options, r is the risk-free interest rate and ¢ is the

dividend yield. Using the put-call parity relationship, we can re-write the payoff as

Choosersimple (t) = max [C, p]

= max [c, c+Ke' ™ _g e’q(TrT]):|

t

=c+ e“](rz_Tl) max |:0’ Ke—r(Tz—Tl) _ S[e_q(Tz_Tl)j|.
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This shows that the simple chooser option is a package and will have the same payoff

today as the payoff from:

1.

Ke =71 and maturity T;.

We can therefore write the formula for a simple chooser as

where

3.214

Chooser

simple

(1)=[ S "IN (dz)-Ke "IN (d)]

| Ke"BIN(=d )= S,e BN (=dy) ],

T2=T2—l‘,‘51=7—i—l‘,

ln(2j+(r—q+622j(7"2—t)

de = ,  d®=d?-oy,,

; s o1,
S, G’

dr = . dv=d"-o .

G\/Tl—t

. Buying a call with underlying asset price S;, strike price K and maturity

. Buying a put with underlying asset price Stefq(TH‘), strike price

(3.2.1)

The sensitivity of Chooser Options to Varying Time and Strike

Price

Define the variables similarly to those defined earlier, with 7, —7, being the time to

maturity and 7, —¢ being the time to choice. Fig. 30 below shows how the time to

choice affects the option value. As the time to choice decreases, the value of the

option also decreases.
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Figure 30: Simple chooser with varying time to choice. Parameters:
STI =100, K=105,r=10%,q=5%, T1=1,T>,=2,0 = 2%.

Fig. 31 shows that chooser options are generally quite expensive; by varying the strike

price, it is shown that even when the asset price is equal to the strike price, the value

is still high (www.global-derivatives.com, 2007).

Simple Chooser
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Figure 31: Simple chooser with varying strike price. Parameters:
ST] =100,t=0.5,r=10%,q=5%, T1=1,T>,=2, 0 = 20%.

3.2.1.5 Arbitrage Bounds on Valuation

Consider the five simple chooser options valued in Table 1 below, using the Black-

Scholes framework. All the options have current underlying asset price S, =100,
strike price K = 100, time to expiration 7, —¢t= 1, r = 10%, g = 5% and o = 30%.

The options only differ by the time to choice.
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Table 1: Comparison of Option Prices

Time to choice Call Put Straddle Chooser
0 12.989 8.349 21.338 12.989
0.1 13.280 8.641 21.921 14.839
0.2 13.369 8.730 22.099 16.317
05 13.490 8.851 22.341 19.223
1 13.537 8.898 22.435 22.435

The choice date is obviously the key parameter. If the choice date is today, 7; = ¢,
then the value of the chooser is the same as the value of the call. For a simple chooser,
if the choice date is equal to the maturity dates of the call and put, 7; = T, then the
value of the chooser is the sum of the values of the call and put, since the option has
become a straddle (Clewlow and Strickland,1997). These two extreme cases place a
minimum and maximum value on the value of the chooser. For all other cases the
value of the simple chooser always lies between the value of a single put or call

option and the value of a long straddle position.

3.2.2. Complex Choosers

3.22.1 Definition

More complex choosers can be defined where the call and the put do not have the
same strike price and time to maturity. Because of this property, a complex chooser
cannot be broken down in terms of vanilla options. They are not packages and have

features that are somewhat similar to compound options (Hull 2006).

3.2.2.2 Valuation

The derivation of the value of complex chooser options are given by Clewlow and
Strickland (1997). Define the strike price of the chosen call (put) as K. (K;) and
maturity dates Tac (T2p). The payoff for a complex chooser on the choice date, T, can

be written as

max| ¢(S,,K,. T, ~T,), p(S;.K,. T, = T,) |

p>"2p

Using risk-neutral valuation, the current value of a complex chooser option is the

discounted expectation of its payoff:
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Chooser,, . ()= eir(T‘ft)E, [max [C (STI Koo T, ) » P (Sn K, T, )ﬂ

I

Since S, the price of the underlying asset, is lognormal, the log return u =In (?]

t

is normally distributed. Let f (u) denote the normal probability density function as

given in the proof of Theorem 1 in section 3.1.3. Hence C; can be written as the

integral of the payoff over the probability density of S, at time t:

Chooser,,,,.. (1) = e i) T max [C(Se” K., T, ) D (Se” K,.T,, )}f(u)du .

—00

To evaluate the integral we note that since the underlying call and put are monotonic
functions of the asset price, the integration space can be divided into two regions. In
the lower region we integrate over the put price and in the upper region we integrate
over the call price. The regions are divided at that value of the asset price which

makes the call and put prices equal. Therefore

Choose;;,gmplex(t)=e_r(T‘_') I p(Se”,Kp,sz)f(u)du+ T c(Se”,Kc,Tzc)f(u)du ,

: H
where S~ is the solution to
co(8".K,.T,.)=p(S".K,.Ty,).

The value of S* can be solved iteratively, using the Newton-Raphson search method

which satisfies the condition:

S*efq(Tzﬁft)N(ZH ) _ Kce*”(Tzc*t)N(Zl_ ) +

S*e,q(rzlﬁt)N (_Z2+ ) _K e*r(szff)N(—Zz_) =0,

P
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where

2
N , z.=z,—0oyI,, -T
cS\/T,2 _].{ 1 1 2 1

2
. , z, =z, —o I, —T.
Gm 2 2 2p 1

The complex chooser can also be valued in terms of the standardised log-return,

similarly to the compound option. Define

and

p, = /% . (3.2.4)

In this case, start with

[r—q—%zJ(Tl—t)st\/ﬁxy
C Ste :Kco 2020,7.4 |,
Ch _ -r(Tu—f)OO d
00Ser, ..o (t) =e '[ max , n(y) y
-0 [r—q—%](]'l—t)ﬂsx\/ﬂxy
p| Se ,K,,T,,,0,7,q

Again, the integral is divided into two regions,

&3



[r—q*%ZJ(T ~t)roxTi-txy

Chooser (t) = eir(ﬂ*t)jc Se K., T,.,0,r.q (J’)dyJF
X

complex

2
[r—q—%](T] —1)+0xy|T, ~1xy

X
e—r(T]—’)_[P Ste 5K T2p’0 Y (y)dy’

where X is the unique standardised log-return which solves the following equation:

2
[r—q—%J(Tl —t)+ox T —txX

[rqu%zj(Trf)MX\/ﬂXX
| se K.T.0.mq | = p| Se

K,.T.

25205754 |-

This can be solved using the Newton-Raphson procedure.

Before valuing Chooser,,, . (STI,KC, 1,0,..T,,,0, r,q) it is first written in the
form
-X r—q—G—ZJ(Tl—t)Jrcx\/@xy
Chooser,,,.. (1) = e i) I c S,e[ ’ K, T,,0,r,q p(y)dy+

—00

2
r— qf—J T,—t)+ox\[T,~txy

© (]
jp Se K,.T,.0.7,q p(v)dy,

since the value of the underlying call is strictly increasing.

Now the value of a complex chooser option is determined as follows.
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Chooser

complex

GE J. c| Se

=00

X
e i) J. p| Se

_ o0

t

-X

S.

1

ln(
K2e*V(Tsz1)N c

2
-X [r—q—%](]{—tﬁcx‘ﬂ] —txy

2
[r—q—%J(Tl —t)+oxy|T,~txy

K., T,..0.r.q pn(y)dy

K ,.T, ,,0,r,q n(y)dy

S. o’
poresi g o[ L3
S e 2 e’q(T2<:7T1)N ¢

oJT,. T,

o[- Jmem

(51

e X

oI, T,

(o) -m

ln[
K,e | -

§ =<

oL, -1,

2

R Y
rfq*i](ﬂ*f)*cxx/ﬁxy K K 2
2 e*q(sz*TI)N _ P

n(y)dy+

T,

1

o|[T,

p_

To evaluate the integral, it is broken down into four components, the first two

corresponding to the underlying call and the last two corresponding to the underlying

put. Then (3.1.15) is substituted in and the familiar forms of (3.2.2), (3.2.3) and

(3.2.3) are recognized.



2

—V(Tl—f)+["‘q_07](T‘_t) (75, T)

[1]=Se

2 2
B lnS’+w/7;—t><y+(r—q—02j(Tl—t)+[r—q+(;j(T26—Tl)

I o NI T K,

d
J oL, T, )%

e X

oo )

:Ste e*lI(Tszl)X
lnﬁ-i- r—q—c—2 (T—t)+ r—q-i—cj—2 (T —T)
X = (Tl—t) K, B 1 2 2 4
je TPYN| oy + (v)dy
< (7. -T)) oy~ T,

The identity in (3.1.3) is applied in the final step with

z=y,
a=-X,

A=—-ox T —t,
(T -1)

(L.-T)

S 2 2
an’+(r—q—02J(]; —t)+(r—q+c;j(T20 —7;)

C= 2
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[2]=-K.e " x

L R (RS URIN SR TR

ox\/ﬂxyN c d
] VT A
_ —K —r(Tzc—t)
) 2
N|y + y)dy
_[, (7. -T)) oy -1 v
=K. "N, (-X.d, ;-p,)
The identity in (3.1.2) is applied in the final step with

z=y,

a=-X,

PRI

(T =T))
2 2
In— +[r—q—2](T1 —l‘)+(”—q+](Tzc - 1)
B — C
oyL.—1
[3]5—5',6’“,){’.(1 7J(Tl ! (T o
2 2
i 1n[§f+~/Tl—txy+[r—q—c;j(ﬂ—f){r—‘ﬁc;](sz‘Tl)
J‘ecx\/ﬂxyN _ )4 (y)dy
_m oJL, T,
_ Ster(Tlz){rqi](T]f)eq(Tle) y
s 2 ’

e S SR
J‘esx T]—txyN —y 1 _ 2 (y)dy
S (sz_Tl) G\/TZP_TI
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The identity in (3.1.3) is applied in the final step with

z=y,
a=2X,
A=0ox/T —t,
(T-1)
(TZP_TI)
ln£+ r—q—G—2 (T—t)+ r—q+6—2 (T —T)
C_ Kp 2 1 2 2p 1
oL, -7, |
[4]=K,e ")
S 2 2
v an‘+‘/7;—t><y+(r—q—62j(ﬂ—t)+(r—q+c;J(sz—ﬂ)
Iecx I]—txyN _ p (y)dy
% oL, -1,
— _er_r(Tzl)_[) %
lni+ r—q—G—z (T—Z)+ r—q+0—2 (T —T)
X (T, -1) K, 2 )M 2 )
J.N -y - n(y)dy
% (7., -17,) o1, -1,

=K eir(T“*t)N2 (X, —dp_;pp)

p

The identity in (3.1.2) is applied in the final step with

z=Y,
a=X,

S 2 2
anf +(r—q—c;](Tl —t)+(r—q+c;J(T2p _T1)

A=——2 :
o1, - T,
(T,
B=—
(1,,-T,)
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The value of the complex chooser option can then be evaluated in a similar way to the

compound option to give

Choosel/;'omplex (t) =
S, "IN, (T~ = X,d.;-p. )~ K.e "IN, (=X, d_;-p.) +

er-r(rzp—t)N2 (X, _dp_;pp)_Ste—ci(sz—t)N2 (X—G /T, —t,—dp+;pp),

where
S o’
In| - |+ r—q+— (T, —t
T [ > - = c+_G )
c - szc—t 2
S, o’
lnLK }r[r—qu ](sz—t)
d, . L , d_=d  -oT, —t,
p G\/sz—t p p 2p
and

_|(z-1) NICED
p.= (=)’ p, = ok

3.2.2.3 The Sensitivities of Complex Chooser Options to Some of its

Parameters

The formula for the valuation of complex chooser options is quite similar to the

formula for valuing compound options. Observe that

Choosercomp,ex (t ) =
Ste_q(Tzc_t)NZ (6\[ T‘l -t — X’ dc+ ; _pC ) N KCe_r(TZ[_t)Nz (_X’ dC’ ’ _pc ) +

K,e "IN (Xo=d, 5, ) - Se N, (X-oyT-t.~d,.p,)

e the first two terms of the complex chooser formula are the same as the first two

terms of the formula for a call on a call,
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C S, "IN, (oyfT,—1 = X,d 3p)—Ke "IN, (—X,d sp) - Ko IN(-X)

call oncall —

the 3" and 4™ terms of the complex chooser formula are the same as the first

two terms of the formula for a call on a put

C = =8, "IN, (X =0T —t,~d sp)+ Koe "IN, (X,=d 3p) - Kie "IN (X).

call on put

The only difference is that the critical underlying asset price S*, or its corresponding
unique standardised log-return, is set to the level at which the value of the standard

call will equal the value of the standard put after elapsed time T;:

c(8".K,.T, )= p(S".K,.T,,) (Rubinstein, 1991)i.c.

2 2
r—q—c— (T,—)+oxy[T,—txX r—q—c— (T,—1)+oxy[T, —txX
Se ’ K =p|Se * K
c te 9 ¢ ZU:G:roq _p te B p° zpacvr:q .

With varying strike price in Fig. 32, the complex chooser option has the lowest price
when the underlying call and put options have equal values. The price of the option

increases as the difference in value between the two underlying options increase.

Complex Chooser

Option Price

St

Figure 32: Complex chooser with varying strike price. Parameters:
t=05T1=1T=2T2=2,,r=5%,9=3%, T1=1,T,=2,0=20%

The closer the choice date, T, is to the maturity dates of the underlying options, Ty
and T, the higher the option price. This is because the investor has a lot of time to

accumulate information on events not very far in the future. As the time to the choice
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date (T-t) decreases, the value of the option also decreases. This is illustrated in Fig.

33 and 34.
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Figure 33: Complex chooser with varying choice date. Parameters:
t=05,5=85Tyx=2Tp=2,,r=5%,9=3%, T1=1,T,=2,0=20%.
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Figure 34: Complex chooser with varying valuation date. Parameters:
T1=1,8;=85,Tp=2Tp=2,,r=5%,9=3%, T1=1,T,=2,0=20%.

3.2.3. American Chooser Options

3.2.3.1 Definition

Chooser options can be American, in the sense that the choice of a call and put at the
choice date is an American option rather than European in exercise (www.global-

derivatives.com, 2007).
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3.2.3.2 Valuation

In the Black-Scholes world, allowing the investor to choose at any time, up to some
date, does not add any value to the option. This can be seen by recognizing that the
value of the chooser is an increasing function of the time to the choice date, so it is
optimal for the investor to wait as long as possible. In the real world, however, being
able to choose at any time is valuable, in the sense that it allows an immediate profit

from a move in the market at any time. (Clewlow and Strickland, 1997.)

An American chooser is priced in a similar fashion to the valuation given for
European choosers, but replaces the European payoff function with an American one

to find an approximate price (www.global-derivatives.com, 2007).

3.3 Summary

In this chapter two volatility dependent derivatives, compound and chooser options,
were discussed. They were first defined, before an overview of their applicability and
use was provided and compared to standard options. The option valuations were then
derived in detail in the Black-Scholes framework, using properties of the normal
distribution. The sensitivity of compound options to volatility was illustrated and the
arbitrage bounds on its valuation were given. These are the limits within which the
price of an option should stay, since outside these bounds a risk-free arbitrage would
be possible. They allow an investor to constrain an option price to a limited range and
do not require any assumptions about whether the asset price is normally, or
otherwise, distributed. For simple chooser options the sensitivity to varying time and
strike price was illustrated. The sensitivities or Greeks of the compound options only
were provided and illustrated. They were not provided for simple chooser options,
since these decompose exactly into a portfolio of a call and put option and their
Greeks can be calculated from this portfolio. Each Greek letter measures a different
dimension to the risk in an option position, and the aim of a trader is to manage the
Greeks so that all risks are acceptable. In the case of complex chooser options, there
is not an exact decomposition, but it is shown that there are similarities between

complex chooser options and compound options.
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Path-Dependent Derivatives

Barrier options and Asian options are examples of path-dependent options. Path-
dependent options are options with payoffs which depend on the complete path taken

by the underlying price to reach its expiration value (Clewlow and Strickland,1997).

Barrier options have weak path dependence. This is since the payoff at expiry depends
both on whether the underlying hit a prescribed barrier value at some time before
expiry, and on the value of the underlying at expiry. Strongly path-dependent
contracts have a payoff that depends on some property of the asset path in addition to
the value of the underlying asset at the present moment in time. Asian options are
strongly path-dependent since their payoff depends on the average value of the

underlying asset from inception to expiry (Wilmott, 1998).

4.1 Barrier Options

411 Definition
Basic barrier options differ in three ways:

1. Kind of option: Call or put.

2. Does the option cancel or come into existence when the underlying price
hits or crosses a predetermined barrier?
A knock-out option ceases to exist immediately when the underlying asset
price reaches a certain barrier. A knock-in option comes into existence
only when the underlying asset price reaches a barrier. If the underlying
price does not hit or cross the barrier, the option does not come into
existence and therefore expires worthlessly. In either case, if the option
expires inactively, then there may be a cash rebate paid out. This could be
nothing, in which case the option ends up worthless, or it could be some

fraction of the premium.
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3. Does the option knock-in or -out when the underlying price ends up above
or below the barrier?
A down-barrier option knocks in or out when the underlying price ends up
below the barrier. An up-barrier option knocks in or out when the

underlying price ends up above the barrier.

The four basic types of barrier options are therefore down-and-out, up-and-out, down-

and-in and up-and-in options.

4.1.2 Common Uses

Barrier options are attractive to purchasers seeking to pay the lowest possible Rand
premium for an option. The weak path-dependency of barrier options makes barrier
options less valuable and therefore less expensive than standard options. Their
cheapness, relative to standard options, is often why they are used by investors who
believe an asset or index will move in a specific manner and who wish to speculate or
hedge their portfolios based on their perception of such potential movements.
Although there is a greater risk of loss, barrier options are less expensive than

standard options, but provide similar potential investment returns. (Braddock, 1997.)

Consider the following examples of scenarios where institutional investors can use

barrier options:

e  Knock-out calls are used to capture upside stock price movements under the
assumption that the underlying asset price will not decline and remain below the
barrier level.

e  Knock-in puts are used to lock-in profits if upside price moves appear to have
peaked.

e  Knock-in call options can be used as an inexpensive strategy to participate in
the potential for volatile stock price movements.

e  Knock-in puts act as “insurance” for bondholders fearing inflation and lower

bond prices. (Braddock, 1997.)
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4.1.3 Valuation

We follow the derivation of barrier options as given by Reiner and Rubinstein (1991).

Barrier options are valued in a Black-Scholes environment that assumes:
1. The underlying asset follows a jointly lognormal random walk.
2. No arbitrage opportunities exist in the market.
From 2. above, risk-neutral valuation can be applied as follows:
e  The riskless interest rate is used as the discount rate.
e  The underlying asset price is expected to appreciate at the same riskless rate.
e  The expected payoff of the options at expiration are discounted by setting the
value of the option at any period equal to the discounted expected value of

the option one period later, or its early exercise value, whichever is greater.

To find closed form solutions of barrier options, the density of the natural logarithm

of the risk-neutral underlying asset return, u, is needed:

1 v
u)= e ?
f( ) o 272'(T—t)
) u—u(T—t) G’
th =———~ Jandu=r—-g-——»-.
wi y G\/T——Z andu=r—gq 5

This is the normal density, where r is the risk-free rate of interest, ¢ is the dividend
yield, o is the volatility of the underlying asset and 7 is the expiration time of the
option. This is the same density used in section 3.1.3 for the valuation of compound

options and in section 3.2.2.2 for the valuation of complex chooser options.

If the underlying asset price first starts at S; above the barrier H, the density of the
natural logarithm of the underlying asset return, when the underlying asset price
breaches the barrier, but ends up above the barrier at expiration, is not equal to the

density given above, but is given by
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—2no—nu(7T -t
with v:u ne HM( )andoc:log[g}.

This is the normal density pre-multiplied by e with n = 1. Alternatively, given that
the underlying asset price first starts below the barrier, the density of the natural
logarithm of the underlying asset return, when the underlying asset price breaches the
barrier, but ends up at expiration below the barrier, is given by the same expression,

but withn =-1.
In order to distinguish between these two situations, define:

{+1 for the case when the underlying asset price starts above the barrier,
T] =

—1 for the case when the underlying asset price starts below the barrier.

Also define some intermediate values prior to considering the six payoff or
probability expressions that cover both in- and out-barrier options:

~ {+1 for a barrier call option,

—1for a barrier put option.

r—q+0.506"
e
n=r-qg-0.5¢"
u Jp’ +2rc’
a=—,b="—F—
c c
ln([ij
+ Ao, /(T -t
' ooJT -t ( )
ln(fl)
= + Ao, /(T -t
P oJT -t ( )
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ovT —t
ln(H)

w, = ) +Ao (T—t)
ovT —t
ln(Hj

W, = S +bo (T—t)
oNT —t

The prices of the basic barrier options are combinations of the following six

expressions denoted by [i], i =1,...,6.

[11=¢Se™"'N (¢w; )~ 9Ke "N (¢ — poNT 1)
[2]=0Se "IN (gw, ) - <|>Ke"‘(“)N(¢w2 ~ 0T

[3]= (I)Sefq(sz) (%) N(nw4)_¢Kefr(T—t) [%j _ N(1’]W4 —nG\/T—l)
=4 —2u (Ej _ [Seq“t) (%j N(nw,)- Kefr(Tft)N(nw4 -novT —Z)}

oS\ S

2 (I_Kj
_4)(%) 1IN () me (%j Th_,t
[4]=¢Se‘q”"’[%jn1v(nw3 (%j N (nw; —novT—r)
[5]=Re” T’{ (nw, —noT—1) (%) N (nw, ~novT—1 )}

[6]=RK%T+bN(nw5) (%) N (nws —2nboNT =1 )}

In theorem 5 below the prices of the basic barrier options are informally derived as

combinations of expressions [1] to [6].
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Theorem 5:

The prices of the basic barrier options are given by the following combinations:

Table 2: Prices of the basic barrier options

Option type ) n in/out | Reverse Combination
Standard up-and-in call +1 -1 -1 K>H [17+[5]
Reverse up-and—in call +1 -1 -1 K<H [2]-[41+[3]+[5]

Standard down-and-in call +1 | +1 -1 K>H [41+[5]
Reverse down-and-in call +1 | +1 -1 K<H [1]-[2]+[3]+[5]
Standard up-and-out call +1 -1 +1 K>H [6]
Reverse up-and—out call +1 -1 +1 K<H [1]-[2]+[4]-[3]+]6]
Standard down-and-out call +1 | +1 +1 K>H [1]-[4]+[6]
Reverse down-and-out call +1 | +1 +1 K<H [2]-[3]+[6]
Standard up-and-in put -1 -1 -1 K>H [17-[2]+[3]+[5]
Reverse up-and—in put -1 -1 -1 K<H [4]+[5]
Standard down-and-in put -1 +1 -1 K>H [2]-[4]+[3]+[5]
Reverse down-and-in put -1 +1 -1 K<H [17+[5]
Standard up-and-out put -1 -1 +1 K>H [2]-[3]+[6]
Reverse up-and—out put -1 -1 +1 K<H [1]-[4]+[6]
Standard down-and-out put -1 +1 +1 K>H [1]-[2]+[4]-[3]+[6]
Reverse down-and-out put -1 +1 +1 K<H [6]

Consider the up-and-in call option given in the first two rows of Table 2. Here ¢ = +1

indicates a barrier call option, n = -1 indicates that the underlying asset price starts
above the barrier, and the knock-in feature is indicated by a binary variable (in/out)
set to negative one in the table for distinction from a similar barrier with a knock-out
feature. The up-and-in call has two separate price combinations. The price of the first
one, the standard up-and-in call, i.e. when K > H, is given by expression [1] plus
expression [5]. This is considered to be the standard part. The price of the second one,
the reverse up-and-in call, i.e. when K < H, is given by expression [2] minus

expression [4] plus expression [3] plus expression [5].

Informal Proof:
European Knock-in Barrier Options

Down-and-in Call

Although the payment for a down-and-in call option is made up front, the call is not
received until the underlying asset price reaches a pre-specified barrier level H. If,
after elapsed time t < T, the underlying asset price hits the barrier, the investor
receives a standard call with strike K and time to expiration T-t. If, through elapsed
time t, the barrier is never hit, the rebate R at that time is received. Let S; be the price

of the underlying after elapsed time t, and St the price of the underlying asset at
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expiration; then the payoff for a down-and-in call option, i.e. where S > H, is given
by:

max[O,ST —K] if forsomet<T, S < H;

R (atexpiry) ifforallt<T,S >H.

There are alternative ways that these various payoffs may be earned, particularly
when it is possible for the exercise price to be either above or below the barrier price.
To price a down-and-in call, five price paths and their associated payoffs are

considered as given by Kolb (2003):

K < St <H; payoffis St-K.
K <H < St, and the barrier was touched; payoft is St-K.
K <H < St, and the barrier was never touched; payoft is R.

H <K < St, and the barrier was touched; payoft is St-K.

A e

H <K < St, and the barrier was never touched; payoffis R .

For each possible payoff and price path there are associated probabilities and
expressions. Consider first the standard case where K > H, i.e. 4 and 5 above. The
value of the option in this case is the sum of two terms. The first is a call payoff

corresponding to price path 4 above. The probability that this realises is written as

probability (4) = P[St > K, S; <H for some t < T].

This means that price path 4 realises if and only if St > K and S; <H for some t <T.

The second term is a rebate and follows accordingly:

probability (5) = P[St>H] - P[St > H, S; <H for some t < T].

For price paths 3 and 5 above the probability of being realised is the same, since it is

independent of the relationship between S, and K. This follows since receiving the
rebate is independent of the relationship between S, and K. It only depends on

whether the barrier has been breached or not, i.e. if S; < H for some t < T.
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Mathematically, the present value of the pay-off that corresponds to price path 4

follows as

E[S, K|S, 2K,S,<H e =" T O(Se" —K ) g (u)du.

{8

The value of this integral is given by Reiner and Rubinstein (1991) as

H 20 H 202
d)Se*q(T’t) (?] N(nw3 ) _Ke T (?j N(nw3 -novT-¢ ),

which is denoted as equation [4] in Theorem 5. The present value of the pay-off that

corresponds to price path 5 follows as

newo

E[R|ST >K > H]e_r(T_') =Re " I [f(u)—g(u)] du.

i

The value of this integral is given by Reiner and Rubinstein (1991) as
H 202
Re T |:N(nw2 —nG\/T—t)—(Ej N(nw4 —nc\/T—t) ,

which is denoted in Theorem 5 as equation [5].

Hence, the current value of the down-and-in call given that K > H is the present
value of the two payoffs E[ST —K|ST >2K,S, SH] and E[R|ST 2K 2> H] can be

expressed as

DIC,..,, =[41+[5].{n=1¢=1}.

Consider the second case where K < H. In this case it is necessary to find terms

corresponding to the probabilities that the first three price paths realise, i.e.
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probability (1) =P[H > St > K] =P[St > K] -P[St > H],
probability (2) = P[St > H, S; <H],
and

probability (3) = probability (5).

Price path 1 is simplified by the fact that since the underlying asset start out above the
barrier, if the underlying price then finishes below the barrier, it must have breached
the barrier at some time. Therefore it is split up into two terms, P[St > K] and P[St >
H], and considered as two separate price paths. The present values of these two

payoffs, together with their solutions, are given by Reiner and Rubinstein (1991) as

oo
E[S,—K|S, > K | =) [ ¢(Se" —K) f (u) du

= Se "IN (¢w,) - <|>1<e"<T">N(¢wl — o T - t)
=[1]

and

oo
E[ST -K|S; > H]eir(m) =) J. (I)(Se” —K)f(u)du

ln(%j
=pSe ‘"IN (ow,)— ke "IN (d)w2 —povVT—1 )
=[2].

The present value of the payoff corresponding to price path 2 above, together with its

solutions, is given by Reiner and Rubinstein (1991) as

101



E[S,-K|S,>H,S,<H|e"" = f Se' —K) g (u)du
H
?

= pSe 1) (%) N(nw,)- dKe ") (%j 7 N(nw4 -noVT- t)
~13].

Using this, the present value of the down-and-in call can be written as

DIC .,y =[1-[21+[3]+[5]. {n=Lo=1}.

Up-and-in Call

This option is identical to a down-and-in call, except that the underlying asset price
starts out below, instead of above, the barrier. The payoff from an up-and-in call

option, i.e. where S <H, is given by

max[O,ST —K] if forsome t<T, S, > H;
R (atexpiry) ifforallt<T,S, <H.

An up-and-in call can be priced using the five price paths and their associated payoffs

as given for a down-and-in call.

For the K > H case there is again a payoff term corresponding to the rebate and a

payoff term corresponding to the call payoff.
The rebate payoff is received if

K < St < H and the barrier was never touched

or St <H <K, and the barrier was never touched,

with the probability given by P[St < H] - P[St < H, S; > H]. The density
corresponding to the P[St < H] is of course f{u). The density corresponding to

P[St < H, S > H] is identical to g(u), but with n = -1. Therefore, the rebate term is
represented by equation [5] with n=-1 in g(u).
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The call payoff is received if H < K < St, with the probability P[St > K], which is
given by equation [1].

Therefore,

UIC ) =[1+[5],{n=-1,0=1}.

For the K < H case, there is a rebate payoff equal to the one derived for the case

where H < K. The call payoff is received if

St>K>H, payoffis Sr-K;
H > St > K, and the barrier was touched; payoft is St-K,

with associated probabilities given by P[St > H] and P[H > St > K, S; > H]

respectively. The second probability can be restated as
P[H>Sr>K, Si>H]=P[St <H, S >H]- P[St > K, S; > H].
Then immediately it can be written that

UIC(K<H) =[2]+[3]-[4]+[5], {n =-L¢= 1} )

The remaining knock-in options follow similarly:

Down-and-in Put

A down-and-in put is a put option that ceases to exist when a barrier less than the

price is reached (Hull, 2003). The payoff of a down-and-in put, i.e. S > H, is given by

maX[O,K—ST] if forsome t<T, S, < H;
R (atexpiry) ifforallt<T,S >H.

When K > H:
Receive put payoff equal to (K —S;.) with associated probability

P[S, < H]+P[H <S, <K,S,<H].
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When H > K:
Receive put payoff equal to (K — .S, ) with associated probability

P[S; <K].

When K> H or H > K:
Receive the rebate payoff equal to R with associated probability

P[S,>H|-P[S;,>H,S,<H]|.

Therefore,
D1P(K>H) =[2]+[3]-[4]+[5], {n =1,¢= —1}.

DIF,_,,, =[11+[5], n=L¢=-1j.

Up-and-in Put
A down-and-in put is a put that comes into existence only if the barrier, H, that is
greater than the current asset price is reached (Hull, 2003). The payoff of an up-and-in

put, i.e. where S > H, is given by

max[O,K—ST] if forsomet<T, S, > H;
R (atexpiry) ifforallt<T,S, <H.

When K > H:
Receive put payoff equal to K-St with associated probability

P[H<S,<K]|+P[S; <H,S,<H].

When H > K:
Receive put payoff equal to K-St with associated probability

P[S, <K,S,>H].

When K >H or H>K:
Receive the rebate payoff equal to R with associated probability

P[S, <H|-P[S;<H,S,>H].

Therefore,
UIR,.,, =[1-[21+[3]+[5],{n=—1, =-1}.

UIR, .,y =[41+[5]. {n=-1¢=—1}.

For knock-out barrier options there is a sixth price payoff to consider, which will now

be presented.
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European Knock-out Barrier Options

Down-and —out Call

A down-and-out call is one type of knock-out option. It is a regular call option that
ceases to exist if the asset price reaches a certain barrier level. This barrier is below
the initial asset price (Hull, 2006). The payoff from a down-and-out call option, i.e.

where S > H, is given by

max[O,ST —K] ifforallt<T,S, > H;
R (athit) ifforsomet<T,S <H.

If the rebate equals zero the following parity relationship makes it easy to write down

the values of European knock-out barrier options:

Payoff from standard option = Payoff from down-and-out option

+Payoff from down-and-in option

To show that this identity holds, suppose an investor owns otherwise identical down-
and-out and down-and-in options with no rebates. If the common barrier is never hit,
he receives the payoff from a standard option. If the common barrier is hit, as the
down-and-out option ceases to exist, the down-and-in option delivers him a standard
option identical to the one he lost when the down-and-out option was cancelled.
Therefore, even in this case, the investor ends up receiving the payoff from a standard

option.

If the rebate is not equal to zero, it is necessary to consider that for knock-in options,
it is not possible to receive the rebate prior to expiration, since one continues to
remain in doubt about whether or not the barrier will never be hit. However, for a
knock-out option, it is possible, as well as customary, for the rebate to be paid the
moment the barrier is hit. This complicates the risk-neutral valuation problem since
the rebate may now be received at a random, rather than pre-specified, time.
Therefore, the density of the first passage time (t) for the underlying asset price to hit

the barrier is given by Reiner and Rubinstein (1991) as
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with V=

Here, n = 1 if the barrier is being approached from above and n = -1 if the barrier is
being approached from below. The present value of the expected rebate follows as the
expected rebate discounted by the interest rate, raised to the power of the first passage

time:

R_:[e"’h(t)dt _ RKEJM N(mw,) +(ﬁjab N (- 2nbonT 1)

Using this relationship, it is now possible to write down the valuation solutions for the

down-and-out call and the three remaining knock-out barrier options:

DOC,.,, =C-DIC,.
=[]-[41+[6], {n=Lo=1}.
DOC,,,,,=C-DOC,_,,

—[2]-[3]+[6].{n=1,6=1}.

Here C indicates the payoff from a standard call priced in the Black-Scholes

framework.

Up-and-out Call

An up-and-out call is a regular call that ceases to exist if the asset price reaches a
specified barrier level that is higher than the current asset price (Hull, 2006). The

payoff from an up-and-out call option, i.e. where S < H, is given by

maX[O,ST —K] ifforallt<T,S, < H;
R (athit) ifforsomet<T,S > H.
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The valuation solution is

vocC =C-UIC

(K>H) (K>H)
:[6]5{n = _la(l):l}’
UOCy .y = C~UIC

=[1]-[2]+[4]-[3]+[6].{n=-L o =1}.

The rebate provides the only contribution to the value of an up-an-out call when the
strike price is greater than the barrier. Since S < H < K, in order for the underlying
asset price to end up above the strike price it must first breach the barrier, but in this

event, the call is extinguished.

Down-and-out Put

A down-and-out put is a put option that ceases to exist when a barrier less than the
current asset price is reached (Hull, 2006). The payoff from a down-and-out put

option, i.e. where S > H, is given by

max[O,K—ST] ifforallt<T,S, > H;
R (athit) ifforsomet<T,S <H.

The valuation solution is

DOP =P-DIFP

(K>H) (K>H)
=[1]-[2]+[4]-[3]+[6], {n=1 o =—1}.
DOP(K<H) = P_DIP(K<H)
=[6],{n=10=—1}.

Here P indicates the payoff from a standard put option priced in the Black-Scholes
framework. Similarly to an up-and-out call, the rebate provides the only contribution

to the value of a down-and-out put when the strike price is less than the barrier.
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Up-and-out Put

An up-and-out put is a put option that ceases to exist when a barrier, H, that is greater
than the current asset price, is reached (Hull, 2006). The payoff from an up-and-out

put option, i.e. where S < H, is given by

maX[O,K—ST] ifforallt<T,S, < H;
R (athit) ifforsomet<T,S >H

The valuation solution is

UOP(K>H) = P_U]P(K>H)
=[2]-[3]+[6], {n=-1¢=—1}.
UO}ZK<H) = P_UIP(K<H)

=[1]-[4]+[6].{n=-1¢=-1}.

In theorem 5, the prices of the basic barrier options are informally derived as
combinations of expressions [1] to [6], where equations [1] to [4] correspond to the

payoff of the underlying option and [5] and [6] correspond to the rebate.

Tables 3 through 6 below present the expressions for [1] to [6] for down calls
(¢=1,n=1), down puts (¢=-1,n=1), up calls (¢=1,n=-1) and up puts
((1) =—1,n= —1). Table 7 shows the values of each possible barrier option in terms of

the expressions in Tables 3 through 6.
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Table 3: Valuation Expressions for Down Calls

DC1

DC2

DC3

DC4

DCS

DCeé

Table 4: Valuation Expressions for Down Puts

DP1

DP2

DP3

DP4

DPS

DPe6

Ke "IN (—w1 —ovT—t ) ~Se "IN (-w)
Ke "IN (—w2 —ovT-t ) ~Se "IN (-w,)

w, —oT—1)-Se (%}n N(w,)

 —oNT1)-Se (%j N (w,)

{ o) (1 j”‘zN(wroJT—-t)}

SJ N(w5)+(%ja_bN(w5—2b0\/T——t)}
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Table 5: Valuation Expressions for Up Calls

vct Se_q(T_t)N(wl )- Ke_"(T_’)N(wl —ovT-t )
vez Se_"(T_t)N(w2 )- Ke_r(T_’)N(w2 —oVT- t)
uc3 2% 222

Se ") (%) N(-w,)- Ke"™) (%} N ( w, + oT—t )
UcC4 22 20-2

Se ") (%j N(-w,)- Ke "™ (%) N (—w3 +oT—t )
ucs

ucCe H a+b H a-b
R{[gj N(—W5)+[§j N (-, +2b6x/T—t):|
Table 6: Valuation Expressions for Up Puts
UPl Ke_r(T_t)N(—wl —ovT- t) - Se_q(T_’)N(—w1 )
up2 Ke "IN (—w2 —ovT—t¢ ) ~Se "IN (-w,)
UP3 A-2 H 20
e ( j N(-w, +oT—)-se " (Ej N(-w,)
UP4 A2 2%
o[ H [ im0y [ H
(7= (Ej N(_W3+G T—t)—Se a(r )(EJ N(—Ws)
UPs 2h-2
e { -w, +oVT— ) ( j N(—w4+0\/T—t):l
UP6 a-b
RK%} N(—@{%) N(-w, +2bc\/T—t):|
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Table 7: Valuation of Barrier Options

Down-and-in Call (DIC)
Up-and-in Call (UIC)
Down-and-in Put (DIP)
Up-and-in Put (UIP)
Down-and-out Call (DOC)

Standard
K>H
DC4+DC5

UC1+UC5
DP2+DP3-DP4+DP5
UP1-UP2+UP3+UP5

DC1-DC4+DC6

Reverse
K<H
DC1-DC2+DC3+DC5

UC2-UC4+UC3+UC5
DP1+DP5
UP4+UP5

DC2-DC3+DC6

Up-and-out Call (UOC) uco UC1-UC2-UC3+UC4+UC6

Down-and-out Put (DOP) DP1-DP2-DP3+DP4+DP5 DP6

Up-and-out Put (UOP) UP2-UP3+UP6

UP1-UP4+UP6

These analytic formulas present a method to price barrier option in continuous time,
but in practice the asset price is sampled at discrete times. This means that periodic
measurement of the asset price is assumed, rather than a continuous lognormal
distribution. Broadie, Glasserman and Kou (1997) arrived at an adjustment to the

barrier value to account for discrete sampling as follows:

T

oo
H—>He '",

where 7 is the number of times the asset price is sampled over the period. For “up”
options which hit the barrier from underneath, the value of 6 is 0.5826. For “down”

options where the barrier is hit from the top, the value of 6 is -0.5826.

Remark

In Appendix A the mathematical background, used to derive barrier option prices
formally, is given.

4.1.4 Remarks on Barrier Options

Here graphs of the shape of the value of barrier options are shown as a function of

both the time to expiration and the underlying stock price.

111



Up-and-out call aption

anjen

\wk\\“\“““““\

\am\q

iy
7
asniary

] 1
mornaiiion

Sonauiiiloaniet)

R

AR,

R i

‘(sfep) uonendxa o3 awn

St

0.95,H = 1.05, r = 5%, q

The values of a reverse up-and-out call. Parameters: K

Figure 35

0. See Table 7.

0%, T =90/360, 0 = 10%, R

Reverse Down-and-out call option

-and-out call option

Down

anjea

0.2500
I-0.2000
+0.1500
(-0.1000
~0.0500

P
o
SN
LR,
L
L
/J/%w/,/@ R
i
R
ST

S

R

R
S
PR
R
T

R
TEEG R g e

(skep) uonexdxa o} awny

anjen

0.1800
—0.1600
- 0.1400
01200
—0.1000
- 0.0200
I-0.0800
~0.0400
- 0.0200

N
S
N,

R
ey
L

SRl
e
St
B

SR R
TR

N

(sAep) uonesdxs oy swy

0.0000

0.0000

Figure 36: The values of a standard down-and-out call option and a reverse down-and-out

90/360, 0 = 10%, R

5%, q=0%,T

r:

=0.95, H=0.90,
H

cal option. Standard Parameters: K

=0.

90/360, o = 10%, R

T=

5%, 9 = 0%

r:

= 0.95,

0.90,

0. Reverse Parameters: K

See Table 7.

112



in call
R =0.
0. See

,0=10%,

=10%, R

o

90/360

Reverse Up-and-in call option

Up-and-in call option

co % anjea
anjea m 1l (@p]
Q. .
oxo
S
S
o
£ - o
] 0/
2 g
R
L ¢ o~ §
LY ; s
Y o -1 S
%%Wéfzﬂ/mrﬂwz 5 S
At =
L 03 © g
L -
e 0SSO 3
L <) 5
R 0538 5
> X2 -
= :
= o I
@ _1 m
o
2- m
© o . ¢
X
s S
S o
g
i OXR T
FERE R g =0 g
=] (<
(] o~ (sAep) uonendxs oy swiy
(sAep) uopendxa o3 awn (6] 1 Tp)
C o anjea
anjea - 1
g g H] 3 H] = T o -
§ 8 2 § g § SO g
s _° ¢ < = S P8
Q. -
S o
e
© .T
EeRTe}
§oo
0o [e]
o
w Il 1S
5x ! 5
coshaiy
L oL X 3
S N 5 5
ﬂn///ﬂ///rﬂff S0 = oy
- TGO 2
seiiany > ) ..nlv. F
O m© S m
L C @© =]
gy
a g
~
P o -
o © » M~
o
o g =T g O
"T85 g8 g @ > c < e
OO0 @
skep) uonesidxa o) awr — ©
(skep) uon; e L N R — (s£ep) uonesdxa o} 2wy

Figure 38: The values of a standard down-and-in call option and a reverse down-and-

T

=0%

0.95,r=5%, q

0.95 H=

K=

option. Standard Parameters

0%, T =90/360

, r=5%,q

90, H = 0.95

K=0

Reverse Parameters:

Table 7.

113



Up-and-in put option Reverse Up-and-in put option
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Figure 39: The values of a standard down-and-in call option and a reverse down-and-in call
option. Standard Parameters: K =0.95, H =0.95, r = 5%, g = 0%, T =90/360, o = 10%, R = 0.
Reverse Parameters: K = 0.90, H = 0.95, r = 5%, q = 0%, T =90/360, 0 = 10%, R = 0. See
Table 7.

415 Arbitrage Bounds on Valuation

Plain Vanilla Put-Call Transformation (Haug, 1999)
The American plain vanilla put-call transformation, where S is the asset price, K the
strike price, T time to maturity, r the risk free interest rate and b the cost of carry, is
given by

C(S.K.T,r,b,c)=P(K,S,T,r—b,~b,c).

It shows that the value of an American call option is similar to the value of an
American put option, with the put asset price equal to the call strike price, the put
strike price equal to the call asset price, risk-free rate equal to »-b and cost of carry

equal to —b. This transformation also holds for European options. Rewrite the payoff

2
function from a call option, max (S -K, O) , as %max (S? -3, Oj and combine it with

the put-call transformation to get the put-call symmetry:

2
C(S,K,T,r,b,c)=§P(K,S?,T,r—b,—b,cj.
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This equation is useful for static hedging and valuation of many exotic options on the
basis of plain vanilla options. This is because it is not possible to buy, for instance, a

put option with asset price K when the asset price is S (assuming K # S ). However,

K : 8 — L
to buy — put options with strike S? and asset price S is a real possibility in the

options market.

Barrier Option Put-Call Transformation (Haug, 1999)

The only difference between a plain vanilla put-call transformation and a put-call
barrier transformation is the probability of barrier hits. Given the same volatility and
drift toward the barrier, the probability of barrier hits only depends on the distance
between the asset price and the barrier. In the put-call transformation the drifts are
different for the call and the put, b versus —b. However, given that the asset price of
the call is above (below) the barrier and the asset price of the put is below (above) the
barrier, this will naturally ensure the same drift towards the barrier. In the case of a

put-call transformation between a down-call with asset price S, and an up-put with

(i )+(e)

where the call barrier H, <Sand the put barrier /,> K. In the case of a put-call

asset price K, it must be that

transformation between an up-call and a down-put the barriers and strike must satisfy

o(5)+()

(13998

For standard barrier option the put-call transformation and symmetry between “in

option must, from this, be given by
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ch(S,K,H,r,b):U[P(K,S,%K,r—b,—b]

2 2
Kup| s 525 b,
S K H

UIC(S,K,H,r,b)= DIP(K,S,SFKJ ~b, —bj

2 2
= EDIP S,S—,S—,r—b,—b .
S K H
The put-call transformation and symmetry between “out” option is given by

DOC(S,K,H,r,b)=U0P(K,S,S§,r—b,—bj
2 2
Kpop(s 25 _p )
S K H

UOC(S,K,H,r,b):DOP(K,S,SFK,r—b,—bj

2 @2
:£DOP S,S—,S—,r—b,—b .
S K H

If one has a formula for a barrier call, the relationship will give the value for the

barrier put and vice versa (Haug, 1999).

4.1.6 Sensitivities

Here are the expressions that correspond to the expressions [1] to [4] of theorem 5

that are relevant for the different sensitivities. These expressions will be used in the

same combination used to price each barrier option, to derive its sensitivity to the

various variables.
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[3]=¢(Ej 7 {Se‘“‘” (%] N (nw, )~ Ke "N (mw, ~novT 1)

[4]=—¢(%] 110

Gamma
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Theta

[1]= —%csSe_"(T_t)n(w1 )/\/ﬁ + ¢Se_q(r_t)N(¢W1)q —¢K€_F(T_Z)N(¢W1 —¢G\/T——f)’”
[2]= —%GSeq(“)n (w, )K/(H\/T —t)+ (1)Sefq(T7’)N(d)w2 )a - d)Keir(T*t)N((i)w2 —doNT —t)r
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~Se™ )(I—ij4/(2(T—l‘))
[3]= _¢(EJM Se” " Mn(w,)| w /(2(T—t))(l—£j+10K/(H\/T—t)
S 4 2 H 2
HY"™ —qr—( H ’ KT
+¢(Ej |:qSe (Ej N(nw,)-rKe N(nw4 -noNT —Z)}
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[1]=Se”" " In(w )T 1
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[A3]=¢(%j _ {Seq(“) (%j N(nw4)—Ker(Tt)N(nwé‘—nG\/T—t)}
4 (H
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In figure 40 the sensitivities for a reverse up-and-out call option is illustrated.
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4.2 Asian Options

421 Definition

As discussed in www.riskglossary.com, an Asian option is an option of which the

payoff is linked to the average value of the underlying asset on a specific set of dates

during the life of the option. There are two basic forms:

e An average rate option or average price option (ARO) is a cash-settled
option of which the payoff is based on the difference between the average
value of the underlying asset during the life of the option and a fixed strike.
Here the expiry date is usually the same date as the last recording date
determining the average.

e An average strike option (ASO) is a cash settled or physically settled
option. It is structured like a vanilla option, except that its strike is set equal
to the average value of the asset prices recorded over the life of the option. In
this structure it is common for the user to specify an expiry date later than the

last recording.

Both types of Asian options can be structured as puts or calls. They are generally
exercised as European, but it is possible to specify early exercise provisions based

upon an average-to-date.

4.2.2 Common Uses

Asian options were first used in 1987 when Banker's Trust Tokyo office used them
for pricing average options on crude oil contracts; hence the name "Asian" option.
Asian options are options in which the underlying variable is the average price over a
period of time. They are attractive because they tend to be less expensive and sell at
lower premiums than comparable vanilla puts or calls. This is because the volatility in
the average value of an underlying asset tends to be lower than the volatility of the
value of the underlying asset. They are commonly traded on currencies and
commodity products which have low trading volumes. In these situations the
underlying asset is thinly traded, or there is the potential for its price to be
manipulated, and Asian option offers some protection. It is more difficult to

manipulate the average value of an underlying asset over an extended period of time

120



than it is to manipulate it just at the expiration of an option (www.global-

derivatives.com, www.riskelossary.com).

Consider the following example by Kolb (2003):

A corporate executive is given options on the firm’s shares as part of her
compensation. If the option payoff were determined by the price of the firm’s shares
on a particular day, the executive could enrich herself by manipulating the price of her
shares for that single day. However, if the payoff of the options depended on the
average closing price of the shares over six months, it would be much more difficult

for her to profit from manipulation.

423 Valuation

According to www.derivatives.com, Asian options are broadly segregated into three

categories; arithmetic average Asians, geometric average Asians, and both these
forms can be averaged on a weighted average basis, resulting in the third category,
whereby a given weight is applied to each stock being averaged. This can be useful
for attaining an average on a sample with a highly skewed sample population.

In other words, averages can be calculated arithmetically:

. . S, +S8, +..+S,
aritmetic average = ———=
m

or geometrically:

geometric average = £/s,s,...S,, .

They can also be weighted with some weights w;:

WS, +W,8, ..+ W, s

weighted aritmetic average =
Wo+w, +o W,

geometric average =

To this date, there are no known closed form analytical solutions for arithmetic

options. The main theoretical reason is that in the standard Black-Scholes
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environment, security prices are lognormally distributed. Consequently, the geometric
Asian option is characterised by the correlated product of lognormal random
variables, which is also lognormally distributed. As a result, the state-price density
function is lognormal and hence, the analytic no-arbitrage value of the option can be
obtained using risk-neutral expectations. In contrast, the arithmetic Asian option
depends on the finite sum of correlated lognormal random variables, which is clearly
not lognormally distributed and for which there is no recognisable closed-form
probability density (Milevsky and Posner, 1998). A further breakdown of these
options conclude that Asians are either based on the average price of the underlying

asset or, alternatively, there is the average strike type.

The payoff of geometric Asian options is given as:

1

Payoff ;.. cor = Max 0,(1_[ Sl.jm —K | and

i=1

1

Payoff , .., p, =Max O,K—[H Sl.jm :

i=1

The payoff of arithmetic Asian options is given as:
>

Payoff i-con = Max| 0,=——K | and
m

.S
PayoffAsian—Put =max 0’ K —=— *
m

The payoff functions for the Asian options above can also be written in a more

general way.

For an average price Asian:

V =max(0,n(S,, —K))
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and average strike Asian:

where 1 is a binary variable which is set to 1 for a call, and -1 for a put option.

A final consideration is how much data to use in the calculation of the average. If
closely-spaced prices over a finite time are used, then the sum that is calculated in the
average becomes an integral of the asset over the averaging period. This would give a
continuously sampled average. More commonly, only the data at reliable points are

taken. Closing prices are used, which is a smaller set of data. This is discrete sampling

V= max(O,n(ST —Sm)) ,

(Wilmott, 1998).

Formally define

Iy

The continuously compounded risk-free rate of interest, assumed constant over

the life of the option.

The continuous yield on the asset, assumed constant over the life of the option.

The spot price at time t.

The running discrete arithmetic average to date, defined for any time point t,

t, <t<t,, given by

for a corresponding integer 1<m <N and 4, =0for ¢ <¢,.
The arithmetic average of N prices.

The corresponding geometric average given by

1

G, =[S,.S, .S, |

t

ARO.. (K, t) The value at time t of an ARO call option.

ARO, (K t) The value at time t of an ARO put option.
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Characterising Valuation Formulae

Option valuation usually assumes instantaneous asset returns to be normally
distributed so that asset prices at some future date are log-normally distributed. So in
the risk-neutral world, the underlying asset price is assumed to follow the stochastic
differential equation

dS =uSdt + cSdz, (4.2.1)

where dz is a Wiener process, p the drift parameter and ¢ the volatility parameter. The
payoff on Asian options is based on the future path of the spot prices with the process

given in (4.2.1). Under (4.2.1) S, can be expressed in terms of S, as:

12 f—t. Vaft—1. Y.
s, s, dra e (422)

where ¥, ~ N (0,1). For z, >0, InS, ~N(lnSo+(H—%szthzéJ-

Using the risk-neutral transformation of Cox and Ross (1976), the solution to the

Asian option at time ¢ = () may be characterised as:

ARO call: ARO, (S, K)=¢""E {max[ 4, -K,0]] (4.2.3)
ASO call: ARO,(S,)=¢""E" {max[ 5, - 4, .0]}. (42.4)
where E’is the expectation conditional on S, at time #=0 under the risk adjusted
density function. This means that in (4.2.1), which gives the process for S,, n is

replaced by (r - q). Suppose the conditional density function for 4, , conditional that

4, > K, is denoted by f " (w) , then the expectation term in (4.2.3) can be written as

E {max [AtN -K, 0]} = ]O.[AtN —K]f* (w)dw. (4.2.5)
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For the ASO, the joint density of 4, and S, is needed. Denote this by Y (& w), then

(4.2.4) can be written as:

E {max [ST -4, , 0}} =

S —y 8
= =38

(S, =4, Y7 (& w)dedw.

Valuing Geometric AROs and ASOs
Two valuation methods are given for geometric AROs and ASOs. The first one uses

discrete sampling, while the second one uses continuous sampling.

Discrete Sampling

Because the product of log-normal prices is itself log-normal, the geometric average,
G, , is also log-normal and the functions f*(w) and Y (& w)can be determined.
Hence the valuation of Asian options, determined by a geometric average of prices, is
a relatively simple matter. The derivation given by Clewlow and Strickland (1997) is

followed here.

1

The geometric average is given by G, = [S S S, ]N. Therefore

4o 00

N
InG, :%ZInSt‘_ ~ N(MG,GZG);

i=1

since it is a linear combination of normally distributed random variables, it is also

normally distributed. It also follows that the distribution [ln G, .n ST] is bivariate

normal with p;6,6, the covariance between InG, and InS;. Hence the geometric
ARO call and ASO call are, respectively, given by:
uG+l6é—rT

ARO, = ¢ E' {max[ G, —K, 0]} =¢"" " (x) - KD (x,)

where @ () is the standard normal distribution function ,
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and

[1hes +lc§; -rT

ASO, = cTE {max[ST _GtN’()]} = Ste‘VTKCD(yl)—e 2 q)(yz)

where

{lnSt +(r—q)T—pG —;GZG +;22}

by

=

»=y-—X

¥ =o, +0°T —2p,6,0;.
The ARO put and ASO put are, respectively, given by:

1
+—o}

ARO, =¢"E {max [K—G,N ,0}} =e" {K@(—xz)—e% 270 (-x,)

and

Ue +lcé -rT

ASO, = E’ {max [GtN -8, O]} =e 27 D(-y,)-SeKD(-y,).
To calculate the expressions for p.,c, and p,c.0,, the mean and variance of the
logarithm of the geometric average and its covariance with In S, 1is first derived for

any given time point 7. At any time ¢, InG, , can be expressed as

m 1 &
InG, =ﬁlnGI +— Z In§,,

i=m+l

1

where G, =[S S S ];, for some 0<m<N. Each InS, is distributed

tl’ tz,..., ty

N (pi,csf) It follows that the mean of InG, is immediately
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For constant , ¢ and

Hence,

For equidistant fixing intervals from 1,(z,,, —1)

(t,,,—t)+(i=1)h, where

h:(tN—t])
N-1

(i=m+1,..,N), n, can be expressed as

h

[T :%lnGI + N];m {lnSt +(r—q—%c52]|:(tm+l —t)+§(N—m—1)}}.

The variance of InG, is given by

) 1 N 5 N-1 N
(o :F{ z c, +2 Z z p,.jcrloj},

i=m+1 i=m+1 j=i+]

. . . o,
where p; is the correlation between In S, and In S, . For i< j, p, =—-; hence
¢ i J o.

J

) 1 N 5 N-1 ) 5
o. =N z o, +22 (N—Z)Gl. .

i=m+1 i=m+1

When o7 = o’ (¢, —1) this becomes
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) G{N—mjz{(tmﬂ_t)_kh(2N—2m—1)(N—m—1)}'

6(N—m)

Finally the covariance term p, .G, is given by

N
P;0;0; = Cov(% Z lnSti,lnSTj

i=m+1

For o} =¢’ (t,—1)

o’ &
PG 07 N Z (t[ ~1),
i=m+l

Continuous Sampling

Kemna and Vorst (1991) shows that in a risk neutral world, the probability
distribution of the geometric average of an asset price over a certain period is the

same as that of the asset price at the end of the period if the asset’s expected growth

. 1 g . el
rate is set equal to E(r -q —%), rather than (r —q), and its volatility is set equal to
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rather than o. The geometric average option can therefore be treated like a

S
\/g:

regular option with the volatility set equal to - and the dividend yield equal to

V3

}N in the continuous case can be written

LR I

The geometric average G, = [S S S

as

G,N=exp( ! jlogSrdtJ. (4.2.6)

Iyt 4

The variable G, is lognormally distributed so that its expectation and variance values

may be calculated explicitly. Define
V.=logs$, and Z =loggG,. (4.2.7)

From Ito’s lemma, it follows that (4.2.1) and (4.2.6) give rise to the following system

of stochastic differential equations:

a2l P 773 sl [©)]a 4238
Zt_ ! ollz g 0 Z. (4.2.8)

Using Arnold (1974), it follows that since this is a linear stochastic differential

equation, (¥, Z,)' must be a Gaussian process. This means that (¥, Z,)'is binormally

G
distributed. Hence, log[Gt‘“’] is normally distributed. Also from Arnold (1974)

4

follows that
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0 0
EV EV r—lcz
d “Il 1 + 7720 | an (4.2.9)
EZ, 0|\ Ez
tzv _tl 0

The covariance matrix of (¥, Z,)" as defined by
Kl Kt
K = { ) ] (4.2.10)

which is the unique symmetric non-negative definite solution of the following matrix

differential equation:

0 0 1
Kt Kt Kt Kt Kt Kt 0
d (11) (12) _ 1 (11) (12) + (11) (12) t—t |+ G (G 0) dt.
K., K 0| K,,, K, K., K 0

(21) 1(22) t, —t,

(4.2.11)

Solving (4.2.8) and (4.2.10) gives

2
- (4.2.12)

[K‘(“) K‘“z)]: vl . (42.13)

Combining (4.2.7), (4.2.12) and (4.2.13) immediately gives

logG, ~ n(%[r—%czj(t]\, —1,)+logs$, ;%cs2 (ty —tl)} (4.2.14)
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From probability theory it is known that in cases where A is a random variable, such
that log A is normally distributed with mean E and variance V, and K >0 is a real

number, then:

1 _ _
Emax(4-K,0)=c 2VN(MJ—KN(M) (4.2.15)

NG Nz

By combining (4.2.14) and (4.2.15) the geometric average option can be evaluated as

follows:

E max (G, -K,0)=E|{G,

G, >K}-KP(G, >K)

N

1 1 11
_ 5["552 ](tN =t J+log$, +E{§Gz (vt )}

1 1 2 1 2
—| r—==0"|(ty —t,)+1ogS, —logK +| o (¢, —1,)
2 2 ‘ 3
N 1
‘/gcz(t,\,—tl)
1 1,
(r—c j(tN—t])HogSt1 ~logK
_KN 2 2

S 1
log| > [+~ r——0c" |(t, —t
:S e%(riiczj(hitl)x Og(K]—i_z ' ? j( N 1)
o,=(ty—t)
S, 1 1
10g([£j+2[7—662j(6\, tl)
~KN 1 —o,[|=(ty 1)
G\/3(tN_tl)

where
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Valuing Arithmetic AROs and ASOs

When, as is nearly always is the case, Asian options are defined in terms of the
arithmetic averages, exact analytic pricing formulas are not available. This is because
the distribution of the arithmetic average, which is a sum of log-normal components

has no explicit representation or tractable properties. For arithmetic Asian options the

functions /*(w) and Y™ (§,w) in the characterising valuation formulae are non-

standard, and to evaluate the necessary integrals, a variety of numeric and

approximation methods have been developed.

A variety of techniques have been developed in the literature to analyse arithmetic
Asian options. Generally, they can be classified as follows according to Milevsky and
Posner (1998):
I. Monte Carlo simulations with variance reduction techniques:
Haykov (1993), Boyle (1977), Corwall et all. (1996) and Kemna and Vorst
(1990).
II. Binomial trees and lattices with efficiency enhancements:
Hull and White (1993), and Neave and Turnbull (1993).
III. The PDE approach:
Dewynne and Wilmott (1995), Rogers and Shi (1995), and Alziary, Decamps
and Koehl (1993).
IV. General numeric methods:
Carverhill and Clewlow (1990), Curran (1994), and Nielsen and Sandman
(1996).
V. Pseudo-analytic characterisations:
German and Yor (1993), Yor (1993), Kramkov and Mordecky (1994), Ju
(1997), and Chacko and Das (1997).

VI. Analytic approximations that produce closed-form expressions:
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Turnbull and Wakeman (1991), Levy (1992), Vorst (1992), Vorst (1996), and
Bouaziz, Briys and Crouhy (1994), Milevsky and Posner (1998).

An Edgeworth Series Expansion

The distribution of the arithmetic average of a set of lognormal distributions is
approximately lognormal and this leads to a good analytic approximation for valuing
average price options (Hull, 2006). Hull (2006) proposes that if the first two moments
of the probability distribution of the arithmetic average in a risk-neutral world is
calculated exactly, it can then be assumed that this distribution is the lognormal
distribution. This means that the arithmetic average options can be valued similarly to
geometric average options where pricing formulas are derived from the fact that the
product of log-normal prices is itself log-normal. The moments of an arithmetic

average option can be calculated using an edgeworth series expansion.

Turnbull and Wakeman (1991) apply a series expansion for f *(w) to adjust for

higher moments effects. If /" (w) denotes the true distribution and a(w) an

alternative or approximating distribution which, in this case, is a log-normal

probability density function, then we can expand f~ (w) as follows:

f*(w)za(w)—Ela(l)(w)+2lE2a(2)(w)—%Eﬂ“)(w)+%E4a(4)(w)—..., (4.2.16)

where @) (w)is the ith derivatives of a(w)and {E,} the terms involving the

difference between cumulants implied by the log-normal fit and the true cumulants for

A4 .

2%

For a given distribution function F of a random variable X, the first four cumulants

are:
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% =E(X);
t=E[X-E(X)]
% =E[X-E(X)]';

1= E[X-E(X)] -3,

where all expectations are with respect to the distribution F. Let y,, =y, —,, - Then

the first four coefficients E,,i=1,2,3,4, are given by

E, =%

E, =%, + Xaes

E, =% +3%,. X0 + Y. and

B, =20, + 3000 T 4h1eXse + 0% Tone + e

If a(w) is chosen to be the log-normal density with parameters a and v, then the true
moments of 4, are approximated by E" [Atmk } = exp(ock +%v2k2j. Substituting into
(4.2.5) and taking the first four terms of (4.2.16), the ARO call is approximated after

integrating by

15
a+—v =1ty
2

e™E" {max [AtN -K, 0]} =e O (x,)—e KD (x,)

1 1 1
+e ™ {EICD(x2)+EE2a(K)+§E3a(I)(K)+ZE4a(2)(K)}.

When o and v are chosen to equate the first two moments of 4, , E, = E, =0 and the

approximation becomes

1,
Q+EV *rtN

e"™E" {max [AtN -K, 0]} =e O (x,)—e KO (x,)

[l 1
+e " [§E3a(l) (K)+ZE4a(2)(K)}.
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To apply the Edgeworth expansion, it is necessary to determine the cumulants of the

distribution of the average, 4, . Although the distribution of 4, is non-standard, its
moments can be found using a recursive relationship. Let 4, be determined by fixing
S for i=1,..,N and define the price relatives, R,, by S, =Stl_71Ri for i=1,...N.

From (4.2.2) R. is log-normally distributed and under risk-neutrality is given by

R.=e(r_q_262](t,.—zi_l)+c -1

i i-17i°

where ¥, ~ N (0,1). Thus the moments for R, are given by

E (Rl.k) = exp(aik+%9i2k2],

where

It follows by definition that 4, can be written as
St
4, = W (1+ R, + R,R;+..+ R,R;R,..R,).

Define L, as follows: L, =1+R,,and L =1+RL

i1

i=N-L..,2. Then 4, canbe

expressed as

and using S, =S, R,
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Since R, and L, are independent, it follows that

It is known that £~ (Rl.k ) = exp(al_k +%9sz] and to find E” (L’: ) , note that

i+

E*(L’;)=E*[(1+RN)]{] and for i< N, E*(L’[_‘)=E*[(1+R‘L, )k} Hence, E*(Lk)

can be calculated recursively for i=N—1,...,2.

Simple closed-form expressions for the first two moments are now derived. Given

that at time £=0, In S, ~N(ui,cf), where

w,=InS, +(M—%szti,

2 2
C, =0't,.

1

It follows that the first moment for 4, is given by

where F; denotes the forward price of S, . For constant interest rates and volatility the

following equation holds:

. S, O (v
E [A }:W;e :

and for ¢, =¢ +w
i 1 N_l N



where

h:(tN_tl)
N -1
g=(r-y)

As the frequency increases, the limit as N — oo tends to

gh(ty—t)
E4,]=2rem &1
N g(tzv _tl)

or
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In the limit as N — oo this becomes

(2g+02)t1 (2g+52)(trv_’l)

E| 4

N

- 25]e 1= 1-2¢
(g+02)(tN—tl)2 g (2g+02)

For the limit N — oo the average 4, for continuous sampling is the integral:

In this instance it is relatively easy to provide closed-form expressions for all the

moments for 4, . The following result is stated by Clewlow and Strickland (1997):

for any integer k 21, the k¢h moment for 4, at current time ¢ is given by

ko

E'l4 |- "’_kae(zkmm(k,k)&)(m)M
IN (tN _ tl )

where M, is given by

2(ty—1) _
M=t
g

for k=1 and for £ >1 by

M, = ! !
C g+m(Lk)o? | 2g+m(2,k)c7 | ..

(kg+m(k,k)($2)(tjv—tl) _

1 e l—M o 3
(k—l)g+m(k—1,k)cs2 kg+m(k,k)cs2 T M| M

with m(i,k) :i{k—%(z#l)} for i=1,...,k. For example, the next three expressions

for M, are:
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(2g+c52)(z,V -t)

1 e -1
M, = 2 — M|,
g+o 2g+0
1 1 i (3g+3c52)(tN—tl) _1
M, = . _| 2 M, |-M, |, and
g+2c7 | 2g+30c 3g+30
1 1 1 e(4g+652)(tN—tl) 1
M, = 5 > 5 — =M, |-M, |-M, |.
g+30° | 2g+50" | 3g+60 4g +60

If it is assumed that the average asset price is lognormal, an option on the average can

be regarded as an option on a futures contract. Then the following equations can be

used
c=e""[F,N(d,)-KN(d,)] and
p=e""[KN(-d,)-F,N(-d,)],
where
(3
d=—27 <
1 G\/T
(3}
K 2
d =— 207 =
? T
with
E) = Ml
and

Continuous Sampling

In Zhang (1999) an analytical approximate formula for the pricing of an arithmetic
Asian option with continuous sampling is derived by solving a partial differential
equation (PDE) numerically. The method is shown to be more accurate than any
existing method in the literature, and faster than other PDE methods. The method has
a well-controlled error, and therefore the results can be used as a benchmark to justify

the error computed by approximation methods, for which the error is unknown.
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First AROs are considered. The results can be extended to deal with ASOs. The

general explication of Zhang (1999) is followed and expanded on in this section.

The pricing formula is considered only within the averaging period, i.e. t, <t<¢,.

The price of the option before the averaging period can be computed by solving the

Black-Scholes equation with a particular payoff at #,, given by the Asian option

formula. Take time ¢, =0 for simplicity. Introduce a new variable /;
t
I= J.Std T,
0

which is the sum of the underlying asset price S. Therefore 7/¢ is the Arithmetic
average of the underlying over the period of [0,t]. Hence, the payoff of the ARO call

with continuous sampling can be written as

max(i—K,O].
ZLN

The following lemma is the well-known Feyman-Kac theorem (cf. Shreve 1997) and

will be used to prove Theorem 6.

Lemma 3.
Define
v(t,x)=E""h(X(T)),0<t<T,
where
dX (t)=a(X(t))dt+c(X(t))dB,.
Then
v, (t, x)+a (x)vx (t, x)+ %02 (x)vxx (t, x)=0
and

V(T,x):h(x).
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Theorem 6: (Zhang, 1999)

The price and Greeks of an arithmetic average rate call option with payoff

1
max [t_ -K, 0] , are given by the following analytical approximation formulas:
N

ARO _S _S C n —%
o (S:1,0)=—=f(En)=—~| LN T v \[Re
A (S R - S (O A Y
=S -y N( \/ﬁ}m\ﬁe e (K thN{ m] (4.2.17)

O0ARO —e " 2 s
GOZ—C():—?(IH”C)I ¢ N(— 5 ]— 5o [1—2e"”+e_2"]e n

OARO &
Vegao = S _ 5 \/Ee n

oc 4t
O0ARO
]/'hOO = Cﬂ = 5 (}’Z‘CC+}’T—1+67’T)N _L
or rty V21

CZ
8rfNGJ_[9 4ro—(12+4rt)e”" +(3+2rt)e ¥ Je @

where
ZNK_I -rt 1 -rt
= e —=(1-e7),
. S r( )
2
_ o —rt -2rt
n—ﬁ(—3+2r‘c+4e —e ),
T=1, —1L
Proof:

Suppose the process {S,} is expressed in the usual stochastic manner as used

previously. For ¢, <t <¢, the continuously sampled arithmetic mean is defined as

141



A = ! jS dt (4.2.18)

fy—t, ) "

01,

where

ty  1s the maturity date and

[7,,t,] 1s the final time over which the average value of the stock is calculated.

Note that 4, is an average only where =1, . For t, <t<t,, A4, is defined as the part
of the final average up to time t, and is a monotonically increasing function of t. When
t,<t<t,, the price of the option 4RO, will depend on (S,,4,,t). Where 7 <t¢, the
value of 4, will not be relevant. In order to determine the value of the option at 1 =0,
the value of the option in the interval [f,,7,] is first calculated and a value found for
t, used to calculate the value in the interval [0,#,]. Since in the time interval [0,,]

the value of the option is determined only by 7 and S, , the standard partial differential

equation for the price can be derived using Black and Scholes’ (1973) hedging

arguments and Merton’s (1973) extension:

2
OARO. 1 020 ARZOC , g 4RO,
o 2 oS

-rARO,. =0.

The boundary conditions for a standard call option which expires at #, can be

expressed as

ARO. (S, .t,) =max(S, ~K,0),
ARO,(0,1)=0,
ARO, (w0,1) =1.

For an ARO, however, the boundary condition at time #, implies that the value of the
option is equal to ARO,. (Sto,to) . Recall that before this value can be calculated, the

ARO, has to be valued over the time interval [#,,¢, ], and in that case ARO,. depends

142



[ 27

on (S,,4,,t). A partial differential equation is needed for ARO..(S,,4,,1), t,<t<t,.

Note that (4.2.18) yields the equation

dA, =BS,dt, (4.2.19)

where

12570

If ARO.(S,,4,,t)is the value of the option at time ¢ €[7,,7, ], it is possible to apply

Ito’s lemma as follows:

0ARO 0 ARO O0ARO,
o Llog S yrS <

o
2 oS’ oS

+f

04RO, 04RO,
04RO, = S :

dt+0S———d-z.
oS

0ARO

Cl

Thus a continuously-adjusted portfolio consisting of stocks which is partially

0ARO,
financed by a loan (TCS - ARO, J, bears an identical risk to the ARO which is

Cl

given by oS dz . The portfolio also has costs identical to ARO,. in payments.

Arbitrage arguments imply that the expected instantaneous return on the portfolio and
the option must be identical, since the risks and costs are identical. Therefore the

following partial differential equation can be derived for the option price

OARO, 1 ,, 04RO, o5 2RO

ot 2 oS’ 04

04RO,

+rS -rARO, =0,
oS ‘

which holds in the domain D ={(S,4,¢)|S20,4>0,t, <t<t,}.

Hence within the Black-Scholes (1973) and Merton (1973) framework, the price of an

arithmetic average call option ARO,. (S v ,t) satisfies the following partial differential

equation, first derived by Kemna and Vorst (1990):
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0ARO. ~ 0ARO, 1 ,_,0°ARO, 0ARO,.
“+S > +—0’S —+7rS > — 74RO, =0,
ot o 2 oS oS '

and final condition

ARO, (S,I,t)zmax[i—K,OJ.

tN
Now define
(I)(t,x) E[max(ISu du) x,OJSt=1],
t
where the process of S is given in (4.2.1). The random variable

max( I S, u du) X, OJ, whose conditional expectation is being computed, does not

t

depend on ¢. Because of this, the tower property implies that d)(t,x),O <t<t, isa

martingale: For 0<¢<¢,,

0

:E_maxﬁ Suu(d”)—(K_IS"“(du)]’O] Sl

T - (4.2.20)

' K—ISuu(du)
=S E| max J.S” u(du)—ofﬁ 3

t

M,=E max(fSu},t(du)—K,O] 3;]

t
t t

= 50(1.8),

where for “fixed-strike” Asian options
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1

p(du) = (tN )_ I[OJN] (u) du

and it is assumed that the probability measure p has a density p, in (0, ty ) From its
definition, ¢ is jointly continuous and decreasing in ¢ and x. Now Ito’s formula is

applied to get the process for &,. Since
1,
S, =S8, exp| 6B, _EG t+rt |,

the process for S, is given by

dS, =rSdt+cS,dB,
=S, (rdt +odB,);

hence

Cf’ =rdt+odB, .

t

Therefore

K- cj S, du

1
gt:f(Stat):+ac:7
t N

2
dg, =Y et) gy A (Set) o 14T (S0t) f(f”t)cszdt
dt ds 2 dr

t

S K—c.[Sudu | K—cJ-Sudu
=gy < dS, +=2—2L——c’S}dt
S, S, 2 S

ds,
=—cdt-¢, S

t

+0°E,dt

=—cdt - &, (rdt + odB,)+c°E dt
=—cdt +&, (—GdB, —rdt + szt).

Similarly,
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do(E,.t) = d¢(;;”t) dt + dq)cgz“t) dé, +%%02§34ﬁ
~fat + 9/ -cdr &, (~od, - rdr + %) |+ ¢ Eldr
- [(I) + ¢'(—c +7rE, +07%, ) + %4)”52@[2}# —-¢'¢,0dB,,
i p St g W) g W)

Assuming that ¢ has enough smoothness to apply [t6’s formula to (4.2.20), it gives

dM (S,$) = odS + Sd¢+dSd¢

=¢dS+S (dm +O'dE +%¢"02§2dtJ +dSdd
=rdpSdt+ S ((I) +¢’ (—g —rE+ GZF,) +%(52§2(|)”j dt —oS¢'ctdt

=S {rq) +o—(p +7&) ¢’ +%GZ§2¢":|dl,

where = signifies that the two sides differ by a local martingale. A local martingale is
defined as:

Definition 1: Local Martingale. (Etheridge,2004)

A process {X }tZO is a local (P,{St}tzo ) —martingale if there is a sequence of {St}

t >0

stopping times {7;}"21 such that {ern }t>0 is a (P,{St}[zo)—martingale for each n

and

P[lian:oo}:l.

n—>0
All martingales are local martingales but the converse is not true.

Because M is a martingale, the sum of the df terms in dM must be 0. This implies that
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0=¢+ r¢+%62a2¢" —(p +7E)d. (4.2.21)
Set f(t,x)= efr("”ft)d)(t, x), then it is found by It6 that f'solves

2
LY.
ot 2 ox

f
p+x_—0.
(f r)a

The boundary condition in the case of the fixed strike Asian option follows from the

Feyman-Kac theorem given in lemma 3 as
f(ty,x)=max(—x,0). (4.2.22)

Denote the solutions to the PDE (4.2.21), with the fixed strike boundary condition

(4.2.22), by ¢. Then in the case where pis uniform on [O, tN] , the price of the Asian

option with maturity ¢, , fixed strike K, and initial price S, is

r du K
WE S —-K)—,0(=S8 0,—

N 0

K
=e ™S d| 0,— |.
o0.5]

Notice that with these parameters, for x <0

d)(t,x) =l(e” —1)—x .

r

Applying a similar transformation to the equations above, to that adopted by Roger

and Shi (1995) illustrated above,
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which implies that

= TK -1 =(Se”" +Sl(e” ~1)
T

1 S S1

:?—K =—?Ce” —?¥(€rr —1)
S n_Ll¢ o

:?|:—C€ —;(e —1):|
A

= AROC(S,I,I)=max{§—K,O}

:max{;f*(c,r),O}

S .
:?max{f (C,r),O}

S

:?f(e;,r). (4.2.23)

To find f (C,r) proceed as follows. Equation (4.2.23) is a linear diffusion equation

with variable coefficient and an initial condition

of 1 L[, 1, _.[of
~=50 {g+;(1—e )} % =0, —0 < <m, (4.2.24)
f(C:O):maX(_C:O)- (4225)
Initially
01 (5.9)
agz _S(C)’

therefore the effect only exists at { =0 initially, and will be significantly near the

region of small . Therefore the § is dropped from the (4.2.6). Next solve f;(C,1),

which is an analytical approximation of f° (Q, 7:) , from the following equations
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% O ()T

P o =0, —0< <o, (4.2.26)
£, (&, t=0)=max(-C,0).
Introducing a new time variable
d :G—Z(l—e”)2 dt
" 2r°
( 02 —rT 2 Gz -rt -2rt
n=.(|;?(l—e ) ds :F(—3+2r1’+4e —e? ),

(4.2.26) becomes a standard one dimensional heat equation:

&% _oh
o oc
£,(&m=0)=max(-¢,0).

=0, —o< <o,

The solution can be obtained by Green’s function solution in one dimension given by

{utzku —o<x<w,0<t <o

41zkt IOGXP(_():/;) Jg(y )&

where k=1, x=C,t=n, g(x) =max(-C,0) and u(x,¢)= f,(&,n), as

0 ~(&y-¢)°

<
J%(C,n)=—f€o\/4%e . dgo:—CN[—ﬁ]+\/§e no(4.2.27)

Substituting (4.2.27) in (4.2.23), for the relevant t, leads to (4.2.17), which proves the

theorem. The Greeks are calculated using the following partial derivatives (Zhang,
1999):
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8@2 2 m oC
oC 1 1 _

et I _1_ rT
=560
oG

— =1+

o S

an 02 -rt -2rt
EZ—WI:I—Q,@ +€2 j'
om_mn

oc 2o
%:—%(rz'c§+rr—l+e”)
r r

n_o

== 4—4[9—4m—(12+4rr)e-” +(3+2r1)e”" |
A r

This proves the analytic approximation of the option price and its corresponding

Greeks and thus completes the proof of the theorem.

The analytical approximation formulas in Theorem 6 are corrected using the terms in

Theorem 7.
Theorem 7. (Zhang, 1999)

The correction terms of the analytical approximation formulas in Theorem 6 are

given by the following:
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ARO, (S.1,1) :% £(Guro) (4.2.28)
_ 24RO, —lfl—l{ml(pe”)}%

as T ac
0ARO
ot T o¢ T o¢

an, o f,
N=% STf{C _(_ )}a_gz

aAROI S of
e
0ARO,
rho, = G- f (rer+rr—l+e’”)%+§%
or r’T o T or

i 9 af I g @A o' f,
o ot or do ¢’

where the function f, (C,r;r,c) and its derivatives can be

evaluated by solving the following partial differential equation numerically with the

finite difference method

o 1 A P
el - o)

Proof:

The exact value of f(C,t)is equal to the analytic approximation f,(C,t)plus the

correction term f, (&, 1), i.e,

f(Q,r) =1 (C,r)—i—fl (C,r), (4.2.29)

with f; (C, 1) satisfying (4.2.26), i.e.

=0 —0 < <o,

2

LTty
ot 2r oc’

£, (&, t=0)=max(-C,0),

is given by (4.2.27) as
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~(Ly-¢)°
e

d‘;o = _QN[_

Substitute (4.2.29) into equations (4.2.24) and (4.2.25) then

ot 2
£(&,0) = max(-¢,0).

1_102 |:C+l(1_err)jl2 azf 0’

gives

%—lc{ml(pe-”)} 9h_ lGZC[C+%(1—e_”)}a fo

ot 2 ot 2

2 ¢
c 5
= —2 47] I:

*Jm
0.

r

fl(Z;,r:0):

It is very straightforward to implement the present method. The analytical
approximation of the average rate call is easy to compute using Theorem 6, since it is
a closed-form formula in terms of the cumulative normal distribution function. In

order to get the true value of the option, the correction term must also be computed,

—wo < <o,

S

)

C+=(1-e7)

i.e. it is necessary to solve f,(&,1;r,0) from (4.2.28).

Equation (4.2.28) is an inhomogeneous linear diffusion equation with a variable

coefficient. The numerical calculations are done using the Crank-Nicolson scheme.

The scheme is popular for solving parabolic partial differential equations.

4.2.4 Arbitrage Bounds on Valuation

An arithmetic Asian Option is Always Worth Less Than a Vanilla Option

For time ¢, <t<t¢,

the continuously sampled arithmetic mean is defined as in

(4.2.17). This expression is approximated by the discrete expression
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where ¢, =t,+i(t—1,)/n for large n. Using this approximation the numerical

approximation for an arithmetic Asian option at time #, follows as:

ARO.(S,.0.t,) =€ "M E" {max{i il —K,O}}. (4.2.30)

= n+l

This formula enables the comparison of the value of an Asian option with that of a

standard European option which can be expressed in similar terms:

VC(S,O,to):e_r(t”_’(’)E*{max[Zn: ) —K,O}}, (4.2.31)

= n+l

Equations (4.2.30) and (4.2.31) are compared using the following lemmas given in

Kemna and Vorst (1991):

Lemma 4.

If U is a random variable with E(U) >1 then for every me N and K >0

E max(i+m—_1U—K, oj < Emax (U -K,0). (4.2.32)
m m

Proof:

Let p(U) be the density function of U > 0. It is clear that

Lom=ly k>0 vzk, =m0
m m m—1
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Two cases are distinguished, namely K, >1 and K, <1.

If K, >1then

E max (U~ K,0) = [(U-K) p(U)dU

If K, <1 then

Emax(U-K,0)= |(U-K)p(U)dU

Ne—38

o0

> [(U-K)p(U)dU

1 m-1 1 om-1
>E| —+—U-K |- [| =+=——U-K |p(U)dU
m m

-E max(i+m—_1U—K,oj,
m m
where the last inequality follows because U < K, <1. It is clear that if » >0 or ¢ >0,

at least one of the above inequalities is a strict inequality, which in fact establishes the

second part of Theorem 8 below.

Theorem 8.

If r=0, then

i—o N+ i=0 N

E {max[i S"I—K,O}}SE* {ma){i S’l—K,O}} (4.2.33)

and strict inequality holds if r >0 or >0.
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Proof:

S,
Define R =—~and R, =S, such that S, =R/R,,...,R,. From (4.2.1) it follows that

lioy

each R, is lognormally distributed with:

E(RR,.... R)= exp{r(tN _t‘))(j_”l)} >1. (4.2.34)
n

Hence, it is necessary to prove

R,+RR +..+ RR..R —K,O} <Emax{RR..R,~K,0 (42.35)

Emax{
n+l1

using lemma 4 given above. First it is shown how (4.2.35) follows from this lemma. It

is enough to show that

R+RR,+.+RR,.R
L RARE+-+RER, ”—K',O}SEmax{Rle...Rn—K',O}

E max
{n+1 n+1 n

R +RR,+..+RR,..R .
( 1 1% 114 njz] by virtue of

for each R, with K':E. Since E
n

0

(4.2.34), lemma 4 can be applied and hence

1 R+RR +..+RR ..R
E max n no+IGR) A+ 1D g
n+l n+1 n
< Emax{Rl +RR,+..+RR,..R, —K',O}
n

< Emax{RR,..R,—K'0},

where the last inequality follows from induction on the number of variables.
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Geometric Asian Options are Worth Less Than or Equal to Arithmetic Asian
Options
Geometric Asian options are worth less than or equal to arithmetic Asian options,

since for a set of n positive, real numbers x,,x,,...,x, , the following inequality holds

which is a well-known result, see for example the proof on www.wikipedia.com.

Arbitrage Conditions for Arithmetic AROs and ASOs

The put-call parity for arithmetic Asian options are derived following the derivation
of Clewlow and Strickland (1997). Consider the replication at time t of the payoff of

an arithmetic average contract that pays 4 at time #,. Suppose that at time t the
running average is 4, and m >0 fixings are known. In order to replicate at time ¢, a

payment of S, (for any i >m ), the following strategy is followed:

e At time t purchase ¢ e units of the asset, so that at time 7 the

(tn—t;)

holdings grow to e’ —r(ty=t;)

units which can be sold in the market for S, e
units of domestic currency.

e Investing for (7, —¢ ) time units yields S, at time ¢, .

(t:-1)

The cost of this strategy is S’ e ") hence replicating the payoff 4, at time

t, would cost at time t:
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As with conventional European options, a put-call parity condition exists for Asian

options. A portfolio of long the call and short the put has the following value at time
ty:

ARO.(K.t,) - ARO, (K t,)= 4, —K.

r(ty—t

Hence it follows that, as K is valued at time t as Ke "™ and 4, can be replicated at

cost V, , the following put-call parity condition must hold:
AROP (K, tN) = AROC (K’ ty ) _ VR, + Kefr(thz) '

Once an ARO call option valuation method is adopted, the above condition is used to

value the corresponding ARO put option.

Similarly to deriving the put-call parity condition for arithmetic AROs, it can also be

derived for ASOs. A portfolio of long the call and short the put has value at time T:

ASO(T)~ASO,(T)=8, 4, .

1y

(T

The cost at time t of replicating S, is S’ ), Replicating the payoff 4, at time T

would cost at time t:

yoom g i pmilim1) yr(7-1)
S N 1 N t 5

i=m+1

and hence

ASO, (t)= ASO..(t)+Vs —S,e ™.

Symmetry Results for Arithmetic Asians Options

Pricing of fixed-strike Asian options has been the subject of much research over the
last fifthteen years. The floating-strike Asian option has received far less attention in
the literature. It is this fact that means a relationship between the prices of fixed and
floating Asian options would be extremely useful. With such a connection, a floating-

strike option could be priced using well-known methods for the fixed-strike option.
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Define ‘forward starting’ Asian options, as Asian options where at the current time 0,

the averaging has not yet started and where the n variables S ., S, are random.

T-n+l2*
This case states, in contrast with the case that 7 —n +1< 0 where only S,,..., S, remain

random. This Asian option is called “in progress”. Henderson and Wojakowski
(2002) use the change of numeraire technique to obtain symmetry results between
forward starting European-style Asian options with floating and fixed strike in case of
continuous averaging. Vanmaele et al. (2005) show that those results can be extended
to discrete averaging. The symmetry results become very useful for transferring
knowledge about one type of option to another. However, there does not exist such a
symmetry relation for the option “in progress”. Hence the procedures of Henderson

and Wojakowski (2002) are given below.

Arithmetic Asian Options with Continuous Averaging

Define the continuous arithmetic average as

! deu.

tN - tO ty

A =

t

For the fixed strike Asian call option generalised notation is introduced:

AC(xl,xz,x3,x4,x5,x6),

where x, is the strike price, x, the initial value of the process (S,) _ , x, the risk free

>0°
interest rate, x, the dividend yield, x, the starting date of averaging, x, the option
maturity. Analogous, for a put option set

AP(xl,xz,x3,x4,x5,x6).

For floating strike option, introduce a similar generalized notation:
ACF (1,955 93: Y4 Y5, Vs ) s

where y, is the initial value of the process (St) v, the percentage, y, the risk

207

free interest rate, y, the dividend yield, y, the starting date of averaging, y, the

option maturity. Analogous, for a floating strike put option set
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APF(yl,yz,y3,y4ay57J’e)‘

The percentage y, refers to the proportion of S, that will be received in the floating
strike call option or bought in the floating strike put option. The percentage y, =100

is the important case in financial option pricing. The floating-strike call is typically

interpreted as a call written on S, with floating strike 4, . Exercising, the holder

receives or buys y, units of stock and pays the average of the past prices, 4, .

For the following it is assumed that the averaging period starts at time 0, when the
option contract is written, i.e. f, =0. Hence it is assumed that the option is vanilla.
The results hold, however, for the forward starting case, for prices computed up to

and including time ¢, .

Theorem 9.

If S follows the exponential Brownian motion process:

L :(r—q)dt+c5th,

the following symmetry results hold:

ACF (Sy,7,4,0,t, ) = AP(1S,,S,,q,7,0,1, ) (4.2.36)

AC(K,S,,r,q,0,1, )= APFLSO,Sf,q,r, 0, tNJ. (4.2.37)

0
Proof:

Equation (4.2.36) is proved first. The floating-strike Asian call price expressed in

units of stock as numeraire is

ACF™ =

AP _¢ 2 Elmax(is, - 4,.0)]-E 5, _max(AS, ~4,.0)
s, s, v s, 5
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By changing the numeraire to S via

3k

-, 2
S e _ —%IN-FO'W/;N . dQ

ty

S,e dQ’
the measure Q" is defined. Under Q°, W, =W, —ctis a Brownian motion, using the

Girsanov theorem. Moreover,

max (1S, -4, ,0)
S

ty

= max(?» - A:V ,O)

Ty

is the terminal payoff in units of stock as numeraire, where A; = . Hence,

Iy

ACF" =™ E' [max(x—A; ,o)]

It can be seen that the roles of the underlying and exercise price have switched and the
new exercise price is A units of stock. This is a put written on a new asset 4 . To

continue, rewrite 4 as
N

N

N
A* = AtN = L (
" St tN

S 1Y
?l;duzaj.S (ty)du.

S C—y

For u<t,,a 3, - measurable random variable is defined as

Si(ty)= 5 ZGXP{—(r—q—%GZJ(fN —u)-o(W, ‘W)}

In

-l (r-a Lo sy o )|

using the QO Brownian motion . Note that if V¢ W, =W is a reflected Q" -

t

Brownian motion starting at zero, then from the laws of Brownian motion
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and

Reversing time via the variable change s =7, —u , gives

GW\. —(r—q+%cz js
ds.

iy

1 ty
=—10€
tN 0

Thus S, (¢,) are indeed log-normally distributed variables and A,* = IatN is a sum of

N

such log-normally distributed variables. Thus
ACF = " E" [max (X — A[*' ,0)} =e "E [max(?» — 4 s 0)} ,

which proves (4.2.36).
To prove (4.2.37), start with a fixed-strike call given by

AC(K,S,,7,,0,T) = E| max(4, ~K,0) ],

then (4.2.37) follows form put-call parity results. For the floating strike, it is known
that

APF (Sy,0,7,q,0,1,, ) = ACF (Sy,0,7,4,0,t, ) = ———
r

The analogous result for fixed strike options is

AC(K,S,,r,q,0,t,)— AP(K,S,,r,q,0,t,) = ———
r
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Using these put-call parity results the left side of (4.2.37) gives

ACF (S,,\,r,q,0,t, )= APF (S,,A,7,q,0,1, ) - t (™ —e)S, -8,

(” - ‘]) N
while the right side of (4.2.37) gives

1

T

AP(XS,,S,,4,7,0,t, ) = AC(1S,, 80,4, 7,02, )~ e —e ") S, —e A,

Therefore,
APF(SO,X,I",C],OJN)—(F_;C])ZL(@q’N —e M )SO —7\4S0
N
= AC()LSO,SO,Q,V, 0, tN)_(q—;r)t(e% Y )So _e—qt‘vy\‘SO.
N

Set A = S£ and swap the dividend yield and risk-free rate, then
0

K 1 —riy —qin
APF(SO’S_O’q’r,O,tNJ_m(e g —e qt )SO_K

= AC(K,SO,F,Q,O, tN)_ (e*qtzv —e )So _e—rtA,K’

(r—a)ty
which gives
APF[SO,SE,q,r,O,tN}—K

0

= AC(K,SO,r,q,O,tN)—ef”NK,
which proves (4.2.37).

Arithmetic Asian Options with Discrete Averaging

For the fixed strike Asian call option generalized notation is introduced:
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AC(xl,xz,x3,x4,x5,x6,x7),

where x, is the strike price, x, the initial value of the process (S,) _ , x, the risk free

>0
interest rate, x, the dividend yield, x; the option maturity, x, the number of
averaging terms and x, the starting date of averaging. Analogous, for a put option set
AP(xl,xz,x3,x4,x5,x6,x7).
For floating strike option, introduce a similar generalized notation:
ACF (31233, V5. Y4 Y52 Vs V1) »

where y, is the initial value of the process (S;) v, the percentage, y, the risk

20°
free interest rate, y, the dividend yield, y, the option maturity, y, the number of
averaging terms in the strike and y, the starting date of averaging. Analogous, for a

floating strike put option set

APF(ylayzay3ay49y5’y6’y7)'

Theorem 10.
AP(K,S,,r,q,T,n,T —n+1)= ACF(SO,SEO,q,r,T,n,O] (4.2.38)
ACF (S,.B,7,q,T,n,T —n+1) = AP(BS,.S,.q,7,T,n,0) (4.2.39)
and
AC(K,S,,r,q.T,n,T—n+1)= APF(SO,SEO,q,r,T,n,OJ (4.2.40)
APF (S,,B,r,q,T,n,T—n+1)= AC(BS,,S,.q,7,T,n,0). (4.2.41)

Note that the interest rate and dividend yield have switched their roles when going

from a floating to a fixed strike Asian option or vice versa.
Proof:

Only the first symmetry result given in (4.2.38) is proved here, since the others follow

along similar lines and use put-call parity for Asian options.
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AP(K,SO,r,q,T,n,T—n+1)
=e¢"" E? max [K —lZST_i,O}
nico

[ ()T n-l1 n
= ¢ " E? max| S [ KSy 157505 —lZSH, 0
S, S n n=

T i=0 ST

~ n—1 2 ~ ~
ot (oot 4]
T i=0

where the probability O is equivalent to O by the Radon-Nikodym derivative, where

the dividend yield q is stressed:

A 2
d—Q:L:exp(—%TJchrj.

Under the probability Q, l§t =B —ot is a Brownian motion, and therefore, the

dynamics of the share under Q are given by

ds,
S

t

=((r-q)+c?)dt+cdB,.
(r=a)

Due to the independent increments, B, .— B, has the same distribution as B, and

—l§i . Therefore, attention is focussed on the process (S,* )t defined by
S’ =8, exp[—(r—q+c52)i+cl§i]

Indeed, then

. * n—1
AP(K,S,,r,q,T,n,T —n+1)=e""" E° max (KST 1 S),O}
n
1 n-1
=e¢ " E° max -=>»S.1,0
S, ni%
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with the process (S't) defined by

S. =85, exp[—(r—q+62)i+GBl}

with (B, ), a Brownian motion under Q. As a conclusion,

AP(K,SO,r,q,T,n,T—n+1):ACF(SO,SE,q,r,T,n,OJ.

0

4.2.5 Remarks on Asian Options

Valuing Arithmetic AROs when One or More Fixing is Known

An ARO structure in which the averaging period is a relatively small proportion of the
option maturity horizon should be valued close to the price of a conventional
European option for the corresponding period. In fact, a European option can be
viewed as the limit of an Asian option in which the averaging period is an
infinitesimal time period prior to expiry. At another extreme, if just one fixing
remains to be determined, the ARO has its terminal value determined by a single asset

price. Therefore it can immediately be valued as 1/N times a European option on

S, with strike K" =[ NK —(N—1)4, |.

Extending this idea, AROs of which the recordings have begun can be reformulated as
proportional to a new ARO of which the recordings have yet to begin. To see this,
consider valuing an arithmetic ARO call when m >0 recordings are known, and

hence ¢ >¢, . A new ARO can be valued by redefining the existing ARO payoff as

max[AtN —K,O] = amax[Mt —K*,OJ,
where

N m 1 ul
M, = A - A= S .
Ty A s Ry o IR

A, is again the average of known recordings and the redefined strike K" is
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Thus when m >0, ARO.(K,t) can be valued as a times a new ARO with N-m
remaining fixings and strike K . Because prices are assumed as always positive,
whenever K™ <0, that is 4, >(N/m)K, exercise on the call option at time ¢, is

certain. In this case the call option has the value given by
ARO (K t)=V, —Ke """

426 Sensitivities

When the start of the averaging period of a forward starting ARO is close to the
expiry date, its premium is close to that of a European option with the same maturity.
This can be seen in Fig. 41 where the value of the equivalent European call option is
R 15.89. It can be explained by the fact that the further away the start of the averaging
period is, the higher the variance of the average rate and so the ARO will be more

expensive.
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Average Price Optionas a Functicn of Time Untill Averaging Begins

------------ e b b e b L L L L LS|

Average Frice Option Value

i £0 100 150 200 250 200 350
Days Until Averaging Begings

Figure 41: The sensitivity of an Average price option to the time until expiration. Parameters:
K=90,5=100,r=10%, q = 5%, f, =365, 0 =20%.

The effect of altering the number of equidistant fixings over a given averaging period
can be seen in Fig. 42. It can be seen that with fewer observations, the higher the

variance of the average rate and therefore the higher the price.

Average Price Option as a Function of Observation Frequency

12081
12061
12,041
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11861
11.841"

11.821°

Average Price Option Value
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11881
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11 84 L

20 40 G gl 160 12‘0 1:10
Observation Frequency indays

Figure 42: The sensitivity of an Average price option to the observation frequency.
Parameters: K =90, S =100, r = 10%, q = 5%, ¢, =365, 0 = 20%.
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4.3 Summary

In this lengthy chapter two path-dependent options were discussed. First, weakly
path-dependent barrier options were considered. The eight basic barrier options were
shown to have prices based on combinations of six evaluation equations. These six
evaluation equations were given together with an informal proof of their derivation.
The mathematical background and formal derivation on pricing barrier option were
referred to in Appendix A. In the discussion the payoff functions of an up-and-out
call, down-and-out call, up-and-in call and down-and-in call were illustrated. The put-
call parity relationships for barrier options were then derived from the put-call parity
relationship for standard options. This led to a relationship between a down-and-in
call and up-and-in put, between an up-and-in call and down-and-in put, between a
down-and-out call and up-and-out call and a relationship between an up-and-out call
and down-and-out put. Lastly the sensitivities of each of the six evaluation equations
were given. These will be used in the same combination used to price each barrier

option to derive its sensitivity to the various variables.

Secondly, two types of strongly path-dependent Asian options, namely average rate
options and average strike options, were defined. To value these options general
characterising valuation formulae were derived that showed the dependence of the
valuation function of AROs and ASOs on the conditional density functions of the
average of N prices for AROs and the joint density of the average of N prices and the

final stock price.

It was shown how to value geometric AROs and ASOs using both discrete and
continuous sampling. These valuation methods have closed form solutions and are
derived from the fact that the average of a set of log-normal prices is itself
lognormally distributed. Therefore the joint densities mentioned above are easy to

evaluate when the average is defined by the geometric average.
When, as is nearly always the case, Asian options are defined in terms of the

arithmetic averages, exact analytic pricing formulas are not available. This is because

the distribution of the arithmetic average, which is a sum of log-normal components,
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has no explicit representation or tractable properties. For arithmetic Asian options the
joint densities mentioned above in the characterizing valuation formulae are non-
standard, and to evaluate the necessary integrals a variety of numeric and
approximation methods have been developed. Two examples of these methods were
given, one that approximates the log-normal distribution and one that uses continuous

sampling.

Several arbitrage bounds were shown to hold for Asian options: An arithmetic Asian
option is always worth less than a vanilla option; geometric Asian options are worth
less or equal to arithmetic Asian options, put-call parity for arithmetic Asian options

and symmetry results for arithmetic Asian options.
In the remarks on Asian options it was shown how to value arithmetic AROs when

one or more fixing is known. Finally, the sensitivity of Asian options to the number of

days until averaging begins and the observation frequency in days was illustrated.
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Binary Options

5.1 Definition

A binary variable is one which is given a value of either 0 or 1 and nothing else; in the
case of derivatives, a binary option is an option which pays either an asset out at
expiry, or nothing at all based, on whether or not the option expires in-the-money.
The payoff remains the same, no matter how deep in-the-money the option is. These
binary options are also known as digital options, a name which reflects the all-or-
nothing character of their payoffs. The payoff structure for a binary is discontinuous

and these types of exotic options come in one of the following formats:

e A Cash-or-Nothing option pays out a prescribed cash amount at expiry if

the option expires in the money. The payoffs for a call and put are shown

below:
Option Type Payout of 0 Payout of Cash Amount
Cash-or-Nothing Call S<K S>K
Cash-or-Nothing Put S>K S<K

An American Cash-or-Nothing binary is issued out-of-the-money and makes a
fixed payment if the underlying asset value ever reaches the strike. The payment

can be made immediately, or deferred until the option's expiration date.

e An Asset-or-Nothing binary is similar to a cash-or-nothing, with the
exception that the positive payoff is the asset itself, given the following

payoff criteria which is the same payoft as that of a cash-or-nothing binary:

Option Type Payout of 0 Payout of Asset
Asset-or-Nothing Call S<K S>K
Asset-or-Nothing Put S>2K S<K
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An asset-or-nothing binary might be structured as an American option with
deferred payment, but this structure is not common. (www.global-

derivatives.com)

e American Cash-or-Nothing digital are often referred to as "one-touch
binary/digitals", "binary-at-hit" or the “rebate portion of a knock-out barrier
option”. This option gives an investor a payout once the price of the
underlying asset reaches or surpasses a predetermined barrier. It allows the
investor to set the position of the barrier, the time to expiration and the
payout to be received once the barrier is broken. Only two outcomes are
possible: 1) The barrier is breached and the trader collects the full payout
agreed upon at the outset of the contract, or 2) the barrier is not breached and

the trader loses the full premium paid to the broker. (www.investopedia.com)

5.2 Common Uses

Binary Options are ideal for short-term trading, offering potentially dramatic short-
term returns, but with strictly limited risk. A speculator betting on rising and falling
prices can use digital options as cheaper alternatives to regular vanilla options. A
hedger uses this cost-effective instrument to draw effectively upon a rebate
arrangement that will offer a fixed compensation if the market turned the other

direction.

A digital option can be simulated for pricing purposes and replicated for hedging
purposes as an aggressive bull spread. A bull spread involves buying an option at a
lower strike and selling a similar option at a higher strike; the difference in the strikes
is the spread risk. Keep in mind, though, the more aggressive the bull spread, the
higher its premium, and therefore the more costly your hedge. On the other hand, the

less tight the bull spread, the larger the exposure to spread risk.

Currency markets are event-driven and it is challenging to forecast the direction of
market movement prior to important events. Digital options work well in these
scenarios. Technical trading does not necessarily bode very well for profit-taking

before the scheduled release of key economic and trade reports. However, if you
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expect increased volatility in light of the announcements, your best choice is to trade

options and reduce return-related spikes and whipsaws.

Consider the following Forex example given by www.financial-spread-betting.com:

A digital option lets you wager on whether the exchange rate will trade above or
below the strike price at expiration. If exchange rates move unfavourably to the
position, the holder exercises his option and trims his losses by a predetermined
payout amount, whereas if the market moves favourably, the trader continues to deal
in current spot prices and doesn't exercise his option. The reasoning is that, in a
volatile market, a digital option presents a cheaper alternative to the traditional vanilla

option.

Alternatively, if the trader is expecting a stable or relatively quiet market with low
volatility, then the recommended strategy would be to write (sell) options, as doing so
will generate profits in an otherwise unprofitable trading environment. Remember, the
greater the flexibility and higher the payout for an unfavourable market price

movement, the larger the upfront premium associated with purchasing that option.

American cash-or-nothing binary options are useful if a trader believes that the price
of an underlying asset will exceed a certain level in the future, but is not sure that the

higher price level is sustainable.

5.3 Valuation

Recall the formula of standard European options in the Black-Scholes-Merton

environment at time ¢ given by

c=S,e""IN(d))-Ke""IN(d,)

=T[5, NN (d, )~ KN () |

=e""E[max (S, —K,0)] (6.3.1)
p=Ke " "IN(~d,)-S,e "IN (d,)

=" KN (~d,)- S, IN (~d,) |

=e""E[ max (K - S,,0)], (6.3.2)
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where

NEANE

oNT —t

d,=d —oJT —t.

d, =

The expressions in (6.3.1) can be decomposed into the difference between two terms

and interpreted. Consider the call option: The expression N (d2 ) is the probability that

the option will be exercised in a risk-neutral world. That means that

N (d,)=P(Call is exercised)
P(S; > K) with S, ~ lognormal

so that KN (dz)is the strike price times the probability that the strike price will be

paid. The expression S "N (d,) is the expected value of a variable that equals

S, if S, >K and zero otherwise in a risk-neutral world. It is therefore the

unprotected present value of the underlying asset price conditional upon exercising

the options.

Cash-or-Nothing Binary Options

A cash-or-nothing call pays a fixed amount, X, if the stock price, S,, exceeds the
exercise price, K; otherwise, it pays nothing. Similarly, a cash-or-nothing put option
pays out a fixed cash amount, X, if the terminal stock price is below the exercise
price. These options require no payment of an exercise price. Instead, the exercise
price merely determines whether the option owner receives a payoff. If the valuation
date is t, then the value of a cash-or-nothing call will be the present value of the fixed
cash payoff multiplied by the probability that the terminal stock price will exceed the

exercise price. Therefore, the value of a binary cash-or-nothing call is given by

v(S,,K,T,t,0,r,q,0=1)=Call =Xe""IN(d,)).  (63.3)

cash—or—nothing ~—
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By analogous reasoning the value of a binary cash-or-nothing put that pays of X if the
asset price is below the strike price, and nothing, otherwise, is given by

v(ST,K,T,t,G, r.q,0= —1) = Put = Xeir(T*t)N(—dz) . (63.4)

cash—or—nothing ~—

Asset-or-Nothing Binary Options

Asset-or-nothing options are similar to cash-or-nothing options, with one major
difference. Instead of paying a predetermined cash amount, the payoff of an asset-or-
nothing option is the amount equal to the asset price at expiration. To value these,
refer to the first term in the Black-Scholes formula, which gives the unprotected
present value of the underlying asset price conditional upon exercising the options.
Therefore the value of an asset-or-nothing call which pays out nothing if the underling

asset price winds up below the strike price and pays of §, if it ends up above the

strike price is given by

w(ST,K,T,t,G,r,q,d):l):Call

asset—or—nothing = STe_q(T_t)N(dl ) . (635)
An asset-or-nothing put pays off nothing if the underlying price ends up above the
strike price, and an amount equal to the asset price if it ends up below the strike price.

Its value is given by

W(ST,K,T,t,G,r,q,(I)z—l):Put

asset—or—nothing = STe_q(T_t)N(_dl ) (636)
American-Style Binary Options (ASB)

The derivation of the closed form pricing formula is followed as given by

www.mathfinance.de. The ASB pays a cash amount of X if a barrier H is hit any time

before expiry at time 7. The binary variable is defined as

{l if H is a lower barrier,
n =

—1 if H is an upper barrier.
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The stopping time t,, is called the first hitting time. Given that the stock price follows

the model

dS, =(r—q)S,dt+odB,,
the payoff can be written as

XI

{‘EH ST} 2

1, =inf {>0:nS, <nH}.
The modified payoff,

{tHZT} ’

describes an ASB which is paid if a knock-in-option has not knocked in by the time it

expires and can be valued similarly by exploiting the identity:

XI

{‘cH ST}

+ X1 =X.

{1: 2T }
An ASB option can further be distinguished by whether X is paid at the first hitting

time or at the expiry of the option. Denote

|0 if Xis paid at hit,
1 ifXis paid at expiry.

The distribution of the first time a stock price hits a barrier is needed to value
American binary options. First the hitting time is considered for a Brownian motion
without drift before it is expanded to the Brownian motion with drift. Then these

results are used when considering the hitting time of a stock price.

Hitting Time for Brownian Motion Without Drift (hit at high)

Now consider the properties of the first hitting time t,, for Brownian motion. Shreve

(1996) gives the mathematics used. Let B be a Brownian motion under P without drift

and hit level x >0, then define

t=inf{r>0:B =x}.
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T is the first passage time to x. The distribution of t is computed based on the
reflection principle. The crucial observation is that B is bounded from above. Define

the maximum level reached by the Brownian motion in the time interval [O, T ]

B

M, = max »

0<¢<T}

Then, from the joint distribution of the Brownian motion and its maximum as given in

Proposition 7, it follows that

NG

P[M, >m,B, Sb]:l—N[zm_bj

where m > 0,b <m . Thus, the joint density is

o 1
b)=~-
fMT,Br (m ) omob (\/M—T 2m—

8( 1 { x?

=—— expy ——

om\ \2xT 2T
(

2(2m—b) ’
=" Lexpy————2 L dmab.
22T 2T

Therefore,

P[M,>x]= Ii%exp{—@}dmdb

0 _ 2 —m
j2 eXp{_(zm b) }r_ .
T 27t 2t b=

£ 2
:J- 2 exp{—m—}dm.

" 27t 2t

m . .
Transform z =—= in the integral to get

Ji
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then

and (see Appendix A)
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The Laplace transformation for a Brownian motion without drift is obtained by West
(2007). Consider Délean’s exponential of the martingale+/2s ", namely V2B =s(in) ,

which is again a martingale. Since B is bounded from above, this martingale is

N

bounded from above by ¢'"*x, and below by 0. Thus, the optional sampling theorem

can be applied:

E[ eJZHT} _ E[ e\/ZBf—s(r/\r):|

— E [65367S0:|

=1.

Let p(x,t) be the hitting time distribution. Let L denote its Laplace transformation.

Then

L[ p(x1)]=

e p(x,t)dt

[e—ST

— E |:e—«/§x+«/gx—sr:|

— e—\/ZxE|:e 23x—s‘c:|

—2sx

S =y 8

S

=e

Now the hitting time distribution can also be written as

{ xz} (6.3.7)
exXpi——r.
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Hitting Time for Brownian Motion With Drift (hit at high)

Next, consider a Brownian motion with drift 6. For 0<¢ < T, define

B =6t+B,
Z = exp{—GBt —lezt}
2
S
=exp —OBI+EOt .

Define
%:inf{tZO:f?t:x}. (6.3.8)

Fix a finite time T and change the probability measure “only up to T”. More

specifically, with T fixed, define

P(A)=[z,dP, A€,
A

Under P, the process f?t ,0<t<T,is a Brownian motion without drift, so

ﬁ[%edt]:P[redt]

X x2
= exps——dt, 0<t<T.
(N 2rt { Zt}

Then, for 0<¢< T,
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Therefore,

N X _(x—et)2
f(r)_tﬂexp{ TR },O<t£T. (6.3.9)

Since T is arbitrary, this must be the correct formula for all # > 0. This result can be
obtained more directly using the Laplace transformation as shown by West (2007).

From the definition

1~:=inf{t20:9t+Bt=x},

it can be seen that B is the Brownian motion which is stopped when 0¢+ B, first hits

x. Again B is bounded from above by x. Now

(V2s+67 =) x—st= (V25 + 6" ~6) 05+ B ] -s(z A7)
:(\/25—1-62 —G)Bf—(s—\/2s+626+82)(r/\r)
(\/2s+92 —G)Bj —%(\/2s+92 —9)2(1/\1),
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and so

|: (m—@)x—s‘c :|
Ele =1,

as before. Again, let p(x,7)be the hitting time distribution. Then

L[p(x,t)] = Te““p(x, t)dt

|: (G—m)x-*—(m—e)x—s‘c j|
e

=e

(9— 25+6° )xE |:e(\/m—9)x—sr j|

(9— 25467 )x
=e

Thus,

p(x1)=L" [e

— e€x L—l |:e—\]23+92xj|

(e_m)x}

— e@x X eXp x2 e—%ezx
tN 27t 2t

_ X ex _(x—el‘)2
N2t P 2t ’

using the previous Laplace transform result in (6.3.7).

Hitting Time for the Stock Price

Again, consider the Laplace transform. The following theorem by Etheridge (1997)

for the hitting time of a sloping line is used.

Theorem 11.

Set t,,=inf{r>0:B =x+0t}, where 1, is taken to be infinite if no such time

exists. Then for >0, x>0and 6>0
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E[exp(~oz,,)]= exp(—x(9+\/2a 16 )) (6.3.10)

Proof:
y
y=x +x,+6rt
y=x +06¢
x1+8(r, ) E—Ixﬁ)
xJ
X ‘v‘j\\’\/
X
0 i .
rx::é f
To e

X -l: 5

Figure 43: In the notation of theorem 11 7, ., =1, 4 +%x2,e, where ;Exz,e has the same
distribution as 1 ,.
%,

Fix oo >0, and for x>0 and 0>0 set
y(x,0)=E [exp (—at,, )}
Now take any two values of x, x, and x,, and notice graphically in Fig. 43 that

Txl+x2,6 = Txl .0 + (Tx1+x2 0 Txl,G )2 Txl ,0 + sz ,0°

where 7_, is independent of 1, and has the same distribution as t, ;. Here D

indicates equality in distribution. In other words,

v (X +x,,0) =y (x,0)y(x,,6),
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which implies that

y(x,0) =", (6.3.11)
for some function k(@) .
Since 0> 0, the process must hit the level x before it can hit the line x+ 0z .This is

used to break t_, into two parts. Writing f, for the probability density function of

the random variable t_and conditioning on t_, the following is obtained:

1. (t)E [exp (_wa,e )

T :t]dt

X

<

—

=
D

N—
Il

[ ()™ E [e“““ ] dt

(t)e—ate—k(e)etdt

Il
Ot 8 O] O—=—8

o

x

e

= exp(—x,/Z(ochGk(G))).

[
ty
1

~(a+0k(0))r, }

Now there are two expressions for (x, 6) . Equating them gives
k’ (9) =20+ 29k(9).
Since for a >0, w(x,@) must be less or equal to 1, choose

k(0)=0+v2a+6". (6.3.12)

Substituting (6.3.12) in (6.3.11) leads to (6.3.10), which proves the theorem.
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Since l?t =07+ B, is a Brownian motion with a drift 6, t_, can be interpreted as the

first hitting time of a Brownian motion with drift —6. Therefore the Laplace-

transform of the density of T for o >0, x>0 is given by
L(P[ted))=Ee™ = [ Pled]=cxp|x0-n2a+0"|. (63.13)
0

If %((o) <o, then

if T(®) =00, then e ) =0 for every a>0, so

lime ) =0,
al0

Therefore,

lime @ =1

ald0 T<o*®

Letting o4 0, and using the Monotone Convergence Theorem in the Laplace

transform formula, gives
~ —x+/6? x6-x|0
P[i<o]=e"" =¢" A,

So,

For upper barriers H > S, the first passage time t,, can be rewritten equivalent to

(6.3.8) as
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1, =inf{r>0:S,=H|

r—q——
=inf{r>0:B + 2 tzllogE ;
c c )
. 1, 1. H
since S, =S,exp| 6B, ——c’t+(r—q)t|. Here x=—log— and define
2 c S,
G2
r—-q——
0 = — 2 | The density of t,,, the first hitting time for the stock price from
c
(6.3.9), is hence
1oH Y
llog? (logS—O_tJ
P, edt]=uexp _\° 0 dt,t>0.

N2t 2t

Using this density function, the valuation function can now be derived as given by

Wystup (1999). Consider the value of the paid-at-end (@ =1)upper rebate (n=-1).

It can be written as the following integral:

v(T.8,)=Xe"E[ 1, . ]

2
1 H 1 H
T S ( o )
:Xe*’TJ‘G—SOeXp _\° 2 dt.
 \2nt 21

To evaluate this integral, the following notation is introduced:

+ log& -c0t
e, (1)= H : (6.4.15)

oVt
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with the properties

e ()= (1) :%élogsﬁ, (6.3.16)
n(e+ (I)):(SEO)G 7 n(ef (t)), (6.3.17)
Ge.(r) _e(t). (63.18)

ot 2t

The integral in (6.3.14) is evaluated by rewriting the integrand in such a way that the
coefficients of the exponentials are the inner derivatives of the exponentials using

properties in (6.3.16), (6.3.17) and (6.3.18).

2
1 H
. 1 loggl ( logS— - G_t]
c c
v (T,8,)=Xe ' [2——20 expl— 0 dt
o (T:50) !)- NI 2t

Until now a barrier hit from below was considered. Next a barrier hit from above,

when the barrier itself is considered to be at a low level, is discussed.

The computation for lower barriers (n = 1) is similar. As given by West (2007), when

H <SS, , B is bounded from below. The martingale that needs to be considered then

becomes —/2s ", and it follows that FE [e’ 2”’”}:1. It then follows that
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L[ p(x,t)]zemx. Hence, each calculation is generalised in turn from this stage

onward to obtain the value of the paid-at-end (@ =1)lower rebate (n=-1) as

20

b (1.8 =367 [ 2] (e (7)o (e (1) |

Payoff at First Hitting Time

Next consider an American cash-or-nothing that pays off X at the first hitting time

(a) = 0), provided it occurs before the maturity date 7. A similar method to the one
just shown for (@w=1) can be used. If P[%, edt| is the risk-neutral probability

distribution of the first time that the stock price hits H when it starts at .S, at time 0,

then the value of the first-touch digital is found by first completing the square; then

following the same basic strategy as before. The solution is given by

0_+y0*+2r 6 0> +2r
H ° H °
wsorm=x| (1] wenwm)(2] T v )]

0

where

Rebates in terms of Binary Options

Ingersoll (2000) notes that an easier solution can be obtained by realising that the
first-touch digital is closely related to a digital share with a barrier event. Assume the

stock pays no dividend. In this case, the first-touch digital is identical in value to the
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fraction % of a barrier digital share. Suppose S > H, so the first touch digital
receives a payment of X when the stock price first falls to the level H. Since the stock
price then is H, this RX payment can be used to purchase exactly % shares of the
stock, whenever the stock price reaches H sometime during its life, or nothing if the
stock price never falls to H. This is identical to the payoff on % digital shares, which

pay off if the minimum stock price is less than or equal to H. Similar reasoning
applies when S < H relates the first-touch digital to a digital share with a maximum

price restriction. Therefore,

£W(SO,O;T,Smin <H) for S, > H,

v(S,,0;T, Hw) = %
EW(SO,O;T,Smax >H) for S, < H,

where w(S,,0;7,S

min

<H ) is the value of an asset-or-nothing call, in the event where
S <H and w(S,,0;T,S, . >H) is the value of an asset-or-nothing cal,l in the

max

event where S, > H and w is defined for a call in (6.3.5) and for a put in (6.3.6).

General Pricing Formula

The general value function as given by Wystup (1999) that combine all different

forms of ASBs can be written as

v(t,x)= Xe " (—] . N(—ne+(r))+(?j " N(ne(1))], (6.3.19)
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0,=—1+2

* c 2’
9 =02+2(1-w)r,
ilogf_?—csSr
e, () =—2—

_ |0, rebate paid at hit
1, rebate paid at end.

Note that 3_ = |6_| for X paid at expiry.

For X paid at hit (& =0):

0 = "9,°
e 2
9 = 92+2(1)r=\/[r q] +(r+q)+—,
c
ilogo—cr\/(r qj +(r+q)+6—
c
e (1)= oy

5.4 Arbitrage Bounds on Valuation
The following bounds are given by Reib and Wystup (2000).

Put-Call Parity
The put-call parity relationship for cash-or-nothing binary options is given by

v(x,K.T,t,0,7,¢,0=+1)+v(x,K,T,t,0,7,q,¢=—1) = Xe """

To show this, consider
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(xKTtGrqd) +1)+v(xKthrq¢_ )

= Xe "IN (d, )+Xe 'N(~d,)
= Xeir(T?t) |:N 2 - N(_d2 ):|
= Xe T,

Put-call Delta Parity
The put-call delta parity relationship for cash-or-nothing binary options is given by

=0.

aV(X,K,T,t,G,F,q,¢:+1)+ aV(x,K,T,t,G,V,q,(I):—l)
ox ox

To show this consider

8V(x7KaTata65raqaq) = +1) + a\)(x,K,T,t,G,r,q,(]) = _1)
Ox ox
_ x T n(d,) ) n(d,)

xovT—t¢ xoNvT—t¢

=0.

Symmetric Strike

Define f* as the forward price of the underlying

f=E[S,]S, = x]=xe .

o _t r—q— (T t)
The choice of the strike price K = fe? T xe[ 2] produces identical values
p

3r(7-1)

and deltas for binary calls and puts, in which case their value is e ? . This is

derived from the identities

N(¢d,)=P[$S, = K],

where
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(o}
)5
- ovT —t
| —L |- (1)
B fej(r‘f)
- G\/T—t
=—oIT -t

Binary call value

v[x,[( —fe " Too.r g0 = +1J = Xe"(H)N(—G\/T - z)

e Binary put value

v[x, K=/fe2 ' Tot6rq.0= _IJ - Xe*’(T*’)N(c\/T —r)

(-7 1)

e Binary call delta
<)
ov| x,K=fe* ,T,t,o,r,q,p=+1
ox
e Binary put delta

GV(X,K :feT(T_t),T’t,G’r’q’(l):—l

ox

Homogeneity

— Xe—r(T—t) A
xoT—t

=—Xe ") " (_G\/T__t)
xoNT -t

It may be necessary to measure securities or the underlying in a different unit.

Rescaling can have different effects on the value of an option that is dependent on

strikes and barrier levels. Let v(x,k) be the value function of an option, where x is

the spot price and £ is the strike or barrier. Let a be a positive real number.
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Definition 2 (Homogeneity classes). The value function is called k-homogeneous of

degree n if for all a >0
v(ax,ak) = a"v(x,k).

An option of which the value is strike homogeneous of degree 1 is called a strike-
defined option and similarly an option of which the value function is level-

homogeneous of degree 0 a level-defined option.

The overall use of homogeneity equations is to generate double checking benchmarks

when computing Greeks.

Space-Homogeneity

When the value of the underlying is measured in a different unit the effect on the

option pricing formula, as given by Reiss and Wystup (2000), will be as follows

v(x,K,T,t,cs,r,q,(I)) = v(ax,aK,T,t,G,r,q,(l)) forall a >0, (6.3.20)
aw(x,K,T,t, G,r,q,d)) = w(ax, akK,T,t, G,r,q,¢) for all a > 0. (6.3.21)

Time-Homogeneity

A similar computation for the time-affected parameters leads to

T t
v(x,K,T,t,G,r,q,d)):v(x,K,—,—,x/;cs,ar,aq,d)j for all @ >0, and

a a

T ¢
w(x,K,T,t,G,r,q,(I)):w(x,K,—,—,\/;G,ar,aq,d)j for all @ > 0.

a a

Rates Symmetry

Direct computation shows that the rates symmetry

@Jr@:—(T—t)v
or 0oq
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holds for binary options v and w. This relationship holds for a wider class of options,
at least for bounded smooth path-dependent payoffs F, because in this case the value

function v may be written as

v=e""IE|F xeGBTﬁ[r_q_(jJ(T_t) ;

hence
& (T =ty (T 1) B[S, F(S, S, =],
O (e R[5l =)

Foreign-Domestic Symmetry

There exists a relationship between the prices of cash-or-nothing digital options
v(x,K,T,t,6,r,q,0) and asset-or-nothing digital options w(x,K,T,t,0,r,q,$). Here
¢ =+1 for a call option and ¢ =—1 for a put option. Notice that q can also be regarded
as the foreign rate of interest given by r, and the risk-free rate of interest is now
defined as the domestic interest rate 7, . Also, assume the cash-or-nothing option pays

the fixed amount X =1 at payoff. Now,

1 1 1
—vix,K,T,t,o,r,,r,,0)=w| —,—,T,t,0,r.,v,,—0¢ |. 6.3.22
v 177-9) (x i o7 <|>j (63.22)

First consider the left side of (6.3.22):

1 1 —ry(T-1)
—vix,K,T,t,or,r,,0)=—e =) 7
X ( @ (I)) X ¢ oNT —t

The right side of (6.8) is given by
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1 1 1 —rd(Tft)
w(;,E,T,t,G,rf,rd,—(l)j:;e N(_¢d1)

2
ln{Kj+(rf—rd +GJ(T—t)
:le_r(/(r_t)N _(I) X 2
X oNT —t
X c’
In| = |+| r,—r,—— (T —1)
1 () K 2
=—e VN[ ¢ .
X oNT -t

The reason is that the value of an option can be computed both in a domestic and in a

foreign scenario. Wystup (2000) considers the example of S, , modelling the exchange

rate of EUR/ USD. In New York, the cash-or-nothing digital call option costs

v(x,K,T,t,0,1,,,r,,0=+1) USD and hence lv(x,K,T,t,cs FosTa @ =+1) EUR.

> Yusd > " eur > X > Yeur® "usd °

If it ends in-the-money, the holder receives 1 USD. For a Frankfurt-based holder of
the same option, receiving one USD means receiving asset-or-nothing, where he uses

reciprocal values for spot and strike, and for him, domestic currency is the one that is

. . . 1 e
foreign to the New Yorker; and vice versa. Since S, and 5 have the same volatility,
t

the New York value and the Frankfurt value must agree.
5.5 Remarks on Binary Options

The following remark is made by Ingersoll (2000). The pricing of other European
derivatives with piecewise linear and path-independent payoffs only requires valuing
digital options and shares for events of the type L<S, <H . Any other path-

independent event can be described as the union of such events. These digitals can be

computed as the difference between two unlimited range binaries given in

v(ST,K,T,t,G,r,q,L< S, <H)zv(ST,K,T,t,G,r,q,L<ST)
—v(S;.K,T,t,0,r,q,H<S,).

194



This can be seen by considering the following. A pure European style option is one
with a single payoff received on a maturity date known at the contract’s inception.
The level of the payoff depends on the events that occur between the issuance date
and the maturity date. The payoffs on most European contracts are piecewise linear in
the underlying stock price on the maturity date. The value of any such contract can be

represented as

Zal_v(ST,K,T,t,G,r,q,ii)+ijw(ST,K,T,t,0,r,q,§j).
i j

Here v(S;,K,T,t,6,r,q,€) is the value of a cash-or-nothing binary at time ¢ of
receiving X =1 at time 7 if, and only if, the event & occurs; w(S,,K,T,t,0,7,4,§)
is the value of an asset-or-nothing binary at time ¢ of receiving one share of the stock

at time 7, if, and only if, £ occurs. In general, the probability of & depends on the

stock price being either above or below the strike price K.

This binary portfolio pricing method is illustrated by the following examples.

¢ A standard European put option can be represented as
X (S, K, T,1,0,r,q,0==1) = w(S,, K, T,1,0,r,¢,6 = -1).

That is, a fixed amount of X is received and one share of stock is given up
when the stock price, at maturity, is below the strike price so that the option
expires in-the-money.

¢ A down-and-out call option can be represented as

w(S,. K.T,t,6,r,,8, > KNS

min(0,T)

> H)=Xv(8,,K,T,1,0,r,q,5, > K NS
For this option, a fixed amount of X is paid to receive a share of the stock if the

option is in-the-money at maturity, and the stock price never fell below the

knock-out price H.
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Relationship Between Cash, Asset and Vanilla
The simple equation of payoffs,

o(w(T)—Kv(T))=max[ §(S, -K),0],
leads to the formula

vanilla(x,K,T,t,G,r,q,d)):(I)[w(x,K,T,t,G,r,q,d))—Kv(x,K,T,t,G,r,q,d))].

5.6 Sensitivities

First, the sensitivities are given directly from Wystup (1999) for the binary options,
where

V(ST’ K’ T9 t: G,7, q: ¢) = I/cash—or—nothing = Xe_r(r_t)N((I)dZ)
w(S;,K,T,t,0,r,q,0) =W, =S,¢ "IN (¢d,)

asset—or—nothing

and
b= 1 for a call option,
" |-1 fora put option.
Delta
ov _ pXe T n(d,)
aST STGVT_t
ow -q(T—t) n(dl) -r(T—t)
—=¢e ——+e N(dd
s, 0 I (¢d,)
Gamma
82V _ —(I)Xe_r(T_t) n(d2 )dl
aS; Szo’ (T —1)
Pw_ o _n(d)d;
as?: S,6* (T ~1)
T T
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Theta

where

Vega

Rho
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Secondly, the sensitivities of the American cash-or-nothing options are given, using

the general formula given in (6.3.19).

Delta
ov(tx)  xe {(%ff [(6.+9.)]N(-me, (1))+
or ox J{%f = {(em) N(ne 1))+
Gamma

Gamma can be obtained using

@:L[W_@_(r_ )x@
ox*  o’x’ ot 1 ox
and turns out to be
0_+9
HY o
(; N(—ne+(r)){r(l—a))+( -q)
0_-9_

+(£j ’ N(—ne(r))[r(l—a))+(r—q) =

82v(t,x) _2Xe ™" X

2 2.2
ox X

2] nfe (o) -

(1) a2

) (E) (e (e ()
o T AREIWED

The computation exploits the identities given in (6.3.16), (6.3.17) and (6.3.18).
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Vega

To compute vega, the following identities are used:

00_ 00,
6 do
@ _ 06,
o o3
log(Hj
8e+(r)=+ X 00 N
0c o1 o9
4, =0 019 =—i{e+ er[eeh Sﬂ
c o© c _

It is calculated as

ov(t,x) Yoo
=—Xe

s +(£j669 {N(ne(f))A log(%J+T]n(€ (T))aeéc(:)} .

5.7 Summary

In this chapter three different types of binary options were given: Cash-or-nothing
binary options, asset-or-nothing binary options and American-style binary options.
The values of the cash-or-nothing binary options and asset-or-nothing binary options
are derived from the Black-Scholes formulae for standard options. In order to value
American-style binary options, the distribution of the hitting time of a stock price was
derived and applied to four different cases; the value of a digital option with an upper
rebate or lower rebate, and for each of these, the case where the rebate is paid at the
maturity of the option or at the time of the hit. Several arbitrage bounds were given on
the value of binary options. These included the put-call parity relationship, delta put-
call parity, and symmetry result for the strike price and interest rates. Homogeneity
equations were also given for space and time. These can be used to generate double

checking benchmarks when computing the sensitivities of the option. Lastly, the
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sensitivities of both asset-or-nothing binary options and cash-or-nothing binary

options were given and illustrated.
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Summary

In this document five different types of exotic options were analysed: compound
options, chooser options, barrier options, Asian options and binary options. For each
of these options, the payoffs are more complicated than those of standard options.
These specialised payoffs can be used to manage risks or to shape a speculative

position more exactly.

Many exotic options can be understood in terms of the familiar standard options
priced using the Merton model. These exotic options can even sometimes be priced
within the Black-Scholes framework. Well-known results were given on standard
options as background for the development of the prices and properties of the exotic
options discussed, as well as for the sake of completeness. The material given here is
expanded where necessary for each exotic option discussed in the preceeding

chapters.

Compound and chooser options are volatility-dependent options that depend in an
important way on the future level of volatility. Closed form solutions exist for
compound options in the Black-Scholes framework. Compound options are second
order, because they give an investor the rights over another derivative. Although the
Black-Scholes model can, theoretically, cope with second order contracts, it is not
clear that the model is completely satisfactory in practice; when the contract is
exercised, the investor receives an option at the market price, not at the theoretical
price (Willmott, 1998). It is shown that compound options are extremely sensitive to

the volatility. As explained in www.riskglossary.com they are also very sensitive to

the volatility of the volatility. Since the Black-Scholes framework assumes constant

volatility, it undervalues these options.
From a risk management perspective, some of the most flexible options are chooser

options. Perhaps surprisingly, given their flexible nature, chooser options have

analytical solutions within the Black-Scholes framework. Simple chooser options are
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closely related to a straddle position. They are not widely used, mainly because of
their relatively high cost, even though they are always less expensive than the
equivalent straddle. Complex choosers cannot be broken down in terms of standard
options, but it is shown that they have features that are somewhat similar to

compound options.

Barrier and Asian options are path-dependent options. Barrier options have weak path
dependence. This is since the payoff at expiry depends both on whether the
underlying hit a prescribed barrier value at some time before expiry, and on the value
of the underlying at expiry. Barrier options satisfy the Black-Scholes equation with

special boundary conditions.

Strongly path-dependent contracts have a payoff that depends on some property of the
asset path in addition to the value of the underlying asset at the present moment in
time. Asian options are strongly path-dependent, since their payoff depends on the
average value of the underlying asset from inception to expiry (Wilmott, 1998). There
exists no continuous time formula for average options where the average is calculated
arithmetically, and therefore different methodologies are given that have been

proposed to price and risk-manage these options.

Three types of binary options are analysed: Asset-or-Nothing binary options, Cash-or-
Nothing binary options and American Asset-or-Nothing binary options. Binary
options are similar to barrier options in that their payoft is triggered by whether or not
the index trades above or below a given level at or before the maturity of the option.
These options are often used in combination with either standard options or barrier

options to create other types of options.

The over-the-counter market in exotic options is continuing to expand in both volume
and complexity with new and more complicated structures continuing to appear.
Many of the simpler exotics which were first to appear in the market, have not
become standard. Some, such as Asian options, have even become exchange trade

(Clewlow and Strickland, 1997).
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This document attempted to provide a comprehensive source of information on some
of the above mentioned exotic options with regard to pricing methods, applicability
and use. It is hoped that it will contribute to a better understanding of these options
when used in derivative courses for the training of financial analysts. It is also
believed that practitioners, dealing in exotic options, may benefit from the knowledge

that is unlocked in this document.
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Appendix A

The mathematical background to derive the prices of barrier options formally is given
here. First the joint distribution of Brownian motion and its maximum is derived. It is
then shown how this joint distribution is used to derive a general formula for knock-
out barrier options. An up-and-out call option is then valued to illustrate how the
general knock-out formula can be applied. Finally, the correspondence is shown
between this valuation equation for an up-and-out barrier option derived
mathematically and the formula given in Table 7. A similar approach is followed by
deriving the joint distribution of Brownian motion and its minimum, a general
formula for a knock-in barrier option; its application shown with a down-and-in call

option and its correspondence to the formula given in Table 7.

The background needed to price barrier options is given in two parts, similar to Roux
(2007) and Poulsen (2004). The first recalls Brownian motion and some of its
properties as applicable to the pricing of barrier options, and finally two examples are

given: the pricing of an up-and-out call and a down-and-in call.

Brownian motion

Suppose that we have a probability space (Q,F ,P). Then Brownian motion can be

defined as follows:

Definition A1 (Brownian motion).

A stochastic process B = (B, )t>0 in continuous time, taking real values in a standard

Brownian motion under P if

1. B, =0almost surely (P).
2. For each s>0and ¢>0, the random variable B, — B has the normal

distribution with mean zero and variance t.

3. For each n>1 and any times 0<¢,<¢ <..<t, , the random variables

{Brk _BIH }Zzl are independent.
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4. The paths ¢ — B, of B are continuous, almost surely (P).

Proposition Al.

If B=(B, )tzo 1s a standard Brownian motion, then so are

1. {th 2 }M for any real c,
2. {tB,},, where 1B, is taken to be zero when t =0, and
3. {B,,—B,}_,forany fixed s> 0.

Denote the completion of a filtration generated by the Brownian motion B by

F=(F).,

t
Definition A2 (Stopping time).

A stopping time t for the Brownian motion B is a random time, such that for each t,

the event {t <t} depends only on the history of the process up to and including time t,

ie (B, )SE[OJ] :

In other words, by observing the Brownian motion up until time t, we can determine

whether ornot t1<¢.
Let W be an arithmetic Brownian motion with initial value W, =01i.e.
W =ut+B ,t=20,

where 1 and ¢ = 1 are constants and B is a standard Brownian motion defined on a

probability space (Q, F,P).

Proposition A2 (Girsanov).

Suppose that B is a Brownian motion under P and that the process W is defined by

W,=ut+B,,t=0,
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for some pe R. The measure Q, defined by the means of the Radon-Nikodym

derivative

dQ 1 1 2}
—= =exps—uB, ——nT =exps—ulW,. +—uTy,;,
AP p{ (Aads 2“ } p{ wWr 2“

is a probability and W is a standard Brownian Motion under Q.

For every stopping time t, let /. be the closure of the c-algebra generated by the

stopped Brownian motion (B,,,) _,

INT

Proposition A3 (Strong Markov property).

Suppose that B is a Brownian motion. If T is any stopping time, then the process

(B,,.—B.),., s also a Brownian motion, and is independent of F, .

+1
For some fixed a € R, define the hitting time of the level a as
T, =inf{r>0:W,=a}.

We take T, =0 if a is never reached. That the random variable t_is a stopping time,

follows from the continuity of the paths of Brownian motion. Indeed, for 1 >0 we

have

{1, <t} ={B, =a for some s €[0,]},

which depends only on (BS )SE[O 1 Notice that, again by the continuity of the paths, if

T, <oo,we musthave B, =a.

Now calculate the distribution function of t,.

Proposition A4.
Let B=(B,)_, be a P-Brownian motion started from B, =0 and let o> 0; then

P[t, <t]=2P[B >a].
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Proof:

It follows from the strong Markov property that (Bws -B, ),>0

Brownian motion, and therefore also (BT - B, +S) _,- BY symmetry

o

1=P(B,-B, >0t,<t)+P(B-B, <07, <t
= P(B,-B, >0lx, <t)+P(B, -B<0lz, <t)

=2pP(B,-B, >0, <t),

1.€.

P(B, >dlx, <t)=

N | —

By the continuity of the paths of Brownian motion, now
{B,>a} {1, <t}
and therefore

P(B )zP(Bt >a,rt, <t)

t

=P(r, <t)P(Bt >dlt, <t)

%p(% <1).

In a similar fashion, if o < 0, then for # > 0 it can be shown that
P(ra < t) = ZP(Bt < a) .
A more general idea is the following, which shall not be proven here.

Proposition A5 (The reflection principle).

is a standard

If B is a standard Brownian motion and @ € R , then the process B = (Z_?t )t>0 defined by

— |B ifr<re,,
‘" |2a-B ift>1,

is also a standard Brownian motion.
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Brownian motion ol

[

Time

Figure Al: Reflection of Brownian motion around level a >0

The reflected process B is obtained by observing the Brownian motion B until it first
hits the level a, and from that point in time onwards reflects it around the horizontal
level a. A sample path of Brownian motion and its reflection appears in figure Al.

Consider the Black-Scholes model with constant short term interest rate and risky

asset, the price of which is a Geometric Brownian motion,
ds, = uS,dt + cStdB?,
under the equivalent martingale measure Q. Put

__2u
p_ (52

and consider a claim with a pay-off at time T, specified by a pay-off function g. Its

arbitrage free time t price is

7= "ES (g(ST )) = eir(T*t)f(S 1),

t to
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where f (St,t) =E° ( g(ST )) , and the Markov property of S ensures that this is non-

deceptive notation. Let a > 0 be a constant and define a new function g by

We call this the reflection of g through a. The next theorem shows that g- and g -

claims are very closely connected.

Proposition A6 (The reflection theorem). (Poulsen 2004)

Consider a simple claim with pay-off function g. The arbitrage free price at time t of

this g - claim is

Proof:

Using the Ito formula for Geometric Brownian motion on the process of Z defined by

gives

dZ, = pcZ,dB?,

so Z,/Z, is a positive, mean-1Q-martingale. Here the exact form of p is needed. The
result would not hold if 6 were time-dependent or stochastic. This means that
do" _Z,

dQ  Z,
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defines a probability measure Q° ~Q. Now use the abstract Bayes formula for

conditional means to write the price of the g - claim as

P 2
sl 8fole]
T
=) (ijp E,QZ g a_2 )
a S;

Girsanov’s theorem tells us that
dw? =dw? — podt

2
defines a Q” - Brownian motion. Put ¥, = z—. Then the Ito formula and the definition
t

of W< gives us that

dY =uYdt+coY, (—dW,QZ ),

which means that the law of Y under Q° is the same as the law of S under Q.

Therefore,

The reflection principle is used to determine the joint distribution of Brownian motion

B and its maximum, indeed; for ¢ > 0, define the process M and m by

M, =max {B, |s €[0,t]}, and
m, =min{BS \se[O,t]}.
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Let M be the maximum of B and m be its minimum. Recalling that —B is also a

Brownian motion, and that

max{BS |se [O,t]} = —min{—BS |se [O,t]} ,

it follows that the process M has the same law as —m. Consequently, attention is first
restricted to the maximum of Brownian motion; corresponding results for the

minimum is then derived from the results presented below.

The continuity property of the Brownian paths ensures that its maximum is well-

defined. Observe that M is non-negative and non-decreasing, and that
(M, >a)={t, <1}
fora>0 and 1>0.
The following result will be key to pricing knock-out barrier options.
Proposition A7 (Joint distribution of Brownian motion and its maximum).

Suppose that B is a Brownian motion and M its maximum. For a >0, x<gand all

t=0,

t >t

P[M,>a,B Sx]:l—N[za_szN(x_zaj,

where

1s the standard normal distribution function.

Proof:

P[M,>a,B, <x|=P[t,<t,B <x|

PI:’Ca St,2a—x£l§,]
P[2a—x§l§t:|

o)
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In the third inequality the fact that if B, >2a—t, then necessarily {Es}po’ and
consequently {BS}S20 has hit level o before time t was used. It follows from the

reflection principle that B, is a normal random variable with zero mean and variance

t. ]
It is known that forany 0 <x<aand >0

P(Bt Sx):P(Mt <a,B, Sx)+P(Mt >a,B, Sx).

It then follows from the proposition that the value of the cumulative distribution

function of M, and B, at (a,x)is given by

P(Mt <a,B, Sx)zP(B, Sx)—P(Mt >a,B, Sx)

o5

Using this result, the joint density function f,, , of M, and B,, with respect to the

probability measure P, can be obtained. Indeed, by the definition of a density function

1t 1s known that

X a

P(M,<a,B <x)=[ [ f,, , (b,y)dbdy

—00 —00

for some function f, , on R? . First of all, whenever it is not true that x < a, then the
density function f,, ,is equal to zero. Moreover, for x<a, by the fundamental

theorem of calculus,

f 8
J. fM[,B[ (b,x)db =§P(Mt <a,B < x)

T

(A.1)
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and

2

0
fM,,B, (b’x) =

oadx
x—2a [ x-2a
2t

The joint distribution and density functions of Brownian motion with drift and its

P(M, <a,B < x)
(A.2)

maximum is obtained by means of the Girsanov theorem. Suppose that W is a
Brownian motion with drift p, i.e. there exists a standard Brownian motion B, such

that
W =B +ut
for >0, and suppose that M" is the process defined by
M = max{WS |se [O,t]} = maX{BS +us|se [O,t]}

for t >0.

Proposition A8.
Fix a>0. For ¢ >0, the joint cumulative distribution function of W and M is given
by

X —ut x—2a—ut

R

whenever x <a,and the joint density function of W,and M) with respect to P is

given by

-2a [ x—2a—ut
. (x,a)=-2e"" il ,
Tz (%:6) N ¢[ Vi ]

whenever x < a, and zero otherwise.
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Proof:

The process W is a standard Brownian motion up to time ¢ under the probability

measure Q with Radon-Nikodym density:

dQ Lo
— =exp—ul, +—pt ;.
AP P{ K, u }

Also, for x<a,

(a,x)=P(M/ S)

=E
Q[aQ/aP m <aW<x}J

pW —7p t
M <a,W, <x}

As the joint distribution of W, and M, under Q is the same as B and its maximum
M, under P, the probability density function f,, , of (A.1) and (A.2) may be used to

obtain

X a 1 2,
FMW W, (a’x): I _[eHWI & fM, B, (b’y)dbdy

t o't

For the first term in the integrant
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1
X
N2t t
_L¢(y_“tj
N'AA N
and for the second
1 wha (y-2a) 1 1(y—-2a) )
—e ? = eXpy—————+uy——ut
Ji ¢( \ﬁ] N p{ ) ¢ TR
e 1 (y-—w) 2
= expy—— + —2a)—-—n“t
— p{ 5 n(y-2a)-—n
> 1(y—2a—pt)
N2t 2 t

Consequently,
ol (ymw) e [ y—2a-yt
Farnton)=[| o o Jo
X—W | o[ Y 2a—pt
o ()

Let fM,W,m now be the joint density function of W, and M" , so that

X a

F, (va)=] | Sy, (b, y) dbdy.

t "t
—00 —00

Whenever x < a, the fundamental theorem of calculus gives
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‘ 0
jwa“B, (b, x)db = aF

M,W

w (%.0)

t

) Gl

and

82
fM,,B, (b’x) = aaax FMlW,Wr (x’a)
-2a (x-2a—ut
S P ( a j A3
€ N/ ¢ N ( )

Knock-out barrier options

Here the general equation used to value knock-out barrier options is derived using the
joint distribution of Brownian motion and its maximum. Consider the usual Black-

Scholes model. Under the risk-neutral measure Q

e
r———t+oB,

S =8 *?

for te[O,T ], where B is a Brownian motion under Q, and the interest rate and

volatility is given by » >—1and o > 0 respectively. Set

and

W =B, +ut

for ¢t e [O,T ] , then W is a Brownian motion with drift p under Q, and

_ 1/
S, =85,e""
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for te[O,T].

Firstly, consider up-and-out options. The stock price does not cross a fixed barrier

B> S, in the time period [0,7] if, and only if,

max{S, |te[O,T]} <B,

equivalently
max {SOeGW’ |te [O,T]} < B,
equivalently
max{VK |t e [O,T]} <élnS£;.

Consequently, Proposition 8 on the distribution of the maximum of Brownian motion

with drift may be used to determine the prices of up-and-out barrier options.

Proposition 9.

The risk-neutral price at time 0 of an option paying f (ST), if S does not cross the

barrier B, and zero if it does, is given by

e_rTEQ (l{max{S,te[O,T]}d} / (ST ))
— —rT f S oy L ﬂ d
R v vl

o[ B¢ oy | —2b—uT
<) e o o

—00

where
b :lln E .
c S,
Proof:
Set
My :max{VK |te[0,T]},
then
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e_rTEQ (l{max{S,te[O,T]}<B} f (ST ))

- e_rTEQ (I{M}”<b} f(SOeGWT ))
,,Tb o, t sep X—2¢( x—=2c—uT

—e :[Of(SOe ){:[O{—Ze tﬁ( \/TM Hdc}dy
o f o | 1 —ur\ e (y—2b—uT

e [ (s o B A g o

,,Tb / - sep X—2¢( x—=2¢—nuTl
=e :[O:[of(SOe ){—Ze tﬁ( 7T ﬂdcdy

_ e"wa f(S,e” )%4%) dy

L BY"! oy 1 [(y=2b-pT
(g Lt oo g o .

The price of an up-and-in option may be determined by the parity from the price of

the corresponding up-and-out option upon realising that
l{max{S,\te[O,T]}ZB} f(ST ) + 1{max{S,\te[0,T]}<B} f (ST ) = f (ST )

The application of the general formula used to value knock-out barrier options is
illustrated by valuing an up-and-out call option. The general form derived here is then

shown to be equivalent to the formulas given in Table 5 in Chapter 4.

Valuation: Up-and-out call option. An up-and-out call option with strike K and

barrier B> S, gives the same payoff as an ordinary call option with strike K if the

barrier B is not breached, and zero if it is. In order to ensure that the payoff of this
option is non-trivial, it is customary to assume that B > K . At time T, the option is in-

the-money but below the barrier if, and only if]

K<§,<B,
1.€
£<e0WT <£

- 5

SO SO
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which is equivalent to

Set

and apply Proposition 9, then the value at time 0 of the up-and-out call option with

strike K and barrier B is equal to

e_rTEQ (l{max{S,tE[O,T]}<B} [ST _K]+)
—T o _ y—ul
(5" -K) 7 ¢( N ]

b
_erT(gj J‘Sec) K) 1 ¢(y_2b_MTjdy.
o) %

JT NG
By expanding the brackets, the following is obtained

= C—y >

al=

e_rTEQ (l{max{S \te 0 T [S K] )
b b
e | y—uTJ e 1 (y—uTj
=Se e — dy—Ke — d
S R v Ll v ¥

b b
_SOepr—rT.[eoy 1 ¢(y 2b uTjdy+KeZbu—)‘T.|.
k

. T

Each of the terms on the right hand side of (A.4) is equal to a constant multiple of an

integral of the form

\/;T—TIGXP{BJFW—%)}?}QIJ’ (A.5)

for suitable choices of the constants B and y. This integral may be solved explicitly as

follows:
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_ STy —k+yTj N b+yTj
LT T
| ln( ]+’YGT 1 (BJHGT
B eB+7Y2T N 0 N S
o\T oNT

This result is used to compute each of the four integrals in (A.4). For x > 0, define

lnx+(r+0.562)T
d, [x]= oIT ,

_1nx+(r—0.502)T

oT

For the first term in (A.4), the following is obtained

e
So

b
2 ly
\/M_T!exp{—rT——u T+(p+c)y—§7}dy

sp(e 2] v{e[3])
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by substituting = —rT —% WT and y=p+oc into (A.5). Similarly by substituting

B=—rT —% u’T and y = pyields for the second term

e o 2 o

b
—K Iexp{—rT——p T+;,ty—l }a’
. 2
d_

el ]

For the third term in (A.4), the following is obtained

b
_ 1 y=2b—nuT
_SOeZbu rT'[e oy ¢( dy
NT

—_ j'exp —rT——bz—%u2T+(p+c+27bjy—ly—2}dy
(&) (e ) [2])

upon substituting p=—rT —%bz —%MZT and y=p+ G+% in (A.5). Finally, setting

B=—rT —%bz —%uZT and y=p+o +% , the fourth term in (A.4) becomes

Ko rTJ.\/7¢[y_2\’7f_HTjdy

b 2
I WY 1y
—rT——bz—— T4 Yy
{ ok (“ ij 2 T} 4

k

Ke"[s%f”{fv(d{;;D—NH%;D}
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In summary, it has been shown that the price of an up-and-out call option with strike

K and barrier B > S, is equal to

—rT
E ( S \te

-s(ef; )

R R
e (o[~ {e[3])
(& plefEL2) “

Equation (A.6) can be shown to lead to the formulas given for the valuation of an up-

[SK)

o‘ﬂ|o:

and-out call option in Table 5 and Table 7 of Chapter 4. Note that in chapter 4 a
barrier is denoted by H, instead of the notation B used in this appendix. In (A.6)

above the rebate term is not considered, or alternatively, R = 0. Also g= 0 and 7 = 0.

First consider the value of the up-an-out call in the case where K > B. When R = 0,
the terms UC5 = UC6 = 0. Therefore, the value of the up-and-out call when K > B is

zero. Now consider the case where K < B. Using the fact that from the symmetry of

the normal distribution N (—x)=1-N(x) (A.6) can be written as
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erTEQ(l max {5, [0 }[S -K] )

R ;iD

i :;DJ(:;W;D
el G ([

This can be seen to be equal to UC1- UC2 - UC3 + UC4 with ¢ = 0 and # = 0 and is

given by
UOC .y = SN(WI)—Ke”TN(W1 —Gﬁ)
~SN (w,)+Ke "N (w, —o/T)
H 2h » H 20-2
—S(Ej N(—w4)+Ke T(;) N(—W4+G\/7)
H 20 . H 202
+S(§j N(—w3)—Ke T(Ej N(—w3+cx/_)
since
d{i =w, d_[&}z T
K K
d{i =w,, d i}: —oT
B B
BZ B BZ \/_ (A7)
=w,, d -
{KSO_ " _KSJ e
d, B =w,, d B w4—0\/7
So_ _So
and
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(I G G N

This value for UOC{ K<) is exactly equal to the corresponding value in Table 7 given

the expressions in Table 5.

Using the result obtained in proposition 8 for the joint distribution of Brownian
motion and its maximum, the joint distribution of the Brownian motion and its
minimum is derived following the derivation given in Etheridge (2004). This joint
distribution is then used to derive a general formula for a knock-in barrier option. Its
application is shown with a down-and-in call option. Then the correspondence
between the formula given in Table 7 and the mathematically derived formula for

down-and-in call option is shown.

By symmetry where m is the minimum then fora <0 and x> a,

or differentiating, if a <0 and x> a
P[m, <a,B, edx]|=p,; (0,—2a+x)dx = p, (2a,x)dx

where

1

P, (x,y) = \/% exp(—‘x—y|2 /Zt).

Similarly to the derivation of the distribution of Brownian motion and its maximum,

it is first noted that it is known that for any o <0 and x> a
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P(—B,<x)=P(-m,<a,-B <x)+P(-m,>a,—B <x).

It then follows from the fact that the value of the cumulative distribution function of

m, and B, at (a,x)is given by

Using this result, the joint density function f°, _, of —m, and —B,, with respect to the
probability measure P, can be obtained. Define

P(-m, <a,-B, <x)= j _[f—m,,—B, (b,y)dbdy = P(m, > a,B, > x)

—00 —00

for some function f-m, g on R?. First of all, whenever it is not true that x > a, then
the density function f°, . is equal to zero. Moreover, for x > a, by the fundamental

theorem of calculus,

s (A.10)
RYBEVS
e '\ ) et e
and
Som s (b,x)= 2 P(-m, <a,-B, <x)
adx (A.11)
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Combining these results with two applications of the Girsanov Theorem will allow the
calculation of the joint distribution and density functions of Brownian motion with
drift and its minimum. Once again suppose that W is a Brownian motion with drift p,

i.e there exists a standard Brownian motion B such that
W =B +ut
for ¢ >0, and suppose that m" is the process defined by
m = min{WS |se [O,t]} = min{Bs +us|se [O,t]}

for t >0.

Proposition A11. (Etheridge, 2004)

Fix a<0. For ¢ >0, the joint cumulative distribution function of the joint cumulative

distribution function of W, and m with respect to Q is given by

pT(pT,x)dx ifx<a,

WS ,W d —
Q[mr a,Wr € XJ {ez"“pT(2a+MTsx)dx ifx>a,

where, as above p, (x, y)is the Brownian transition density function.

Proof:

By the Girsanov Theorem, there is a measure P, equivalent to Q, under which

{W,} ., is a P Brownian motion and

dP 1,
—. =exp| —uB, ——p’t |.
0" Xp( * 2“j
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Notice that this depends on {Bt} only through B,. The Q probability of the event

0<t<T

{m!" <a} will be the P-probability of that event multiplied by %'F" evaluated at
W =x.Now

dQ 1, 1 2}
— —eX B +—ut;=ex W ——u’t;.
AP P{H ¢ 2“ } P{H ¢ 2H

As the joint distribution of W, and m under Q is the same as B and its minimum

m, under P, the probability density function f, ,.Thus for <0 and x>a

Q[m;’/ <a,W, edx]:P[m;’/ <a,W, edx]exp(m—%uztj

:pT(2a,x)exp(px—%u2tde (A.12)

=e"p, (2a+bT,x)dx.
Evidently for x<a, {m;V <aW,e dx} ={W, edx} and so for x<a

Q[m;V <a,W, edx} =Q[W, edx]
=Q[uT + B, dx] (A.13)
:pT(pT,x)dx.

Differentiating (A.13) with respect to a, it is seen that in terms of joint densities, for o
<0

2e*™
|x—2a|pT (2a + uT,x)dxa’a ifx>a.

Q[m;'/ eda,W, edx]: 7

The joint density vanishes if x <aor a > 0. Therefore, the joint distribution function

of W, and m" with respect to P is given by
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meW(x’a):zeZQH 2a—x¢[2a+ul‘—XJ’ (A14)

[ l’,\/;

whenever x> a, and zero, otherwise. Note how (A.14) corresponds to (A.3), which

gives the joint distribution function of W, and its maximum.

Knock-in barrier options

The same model as used to price knock-out barrier options is used when down-and-in

options are considered. The stock price crosses a fixed barrier B <SS, in the time
period [0,77], if, and only if,

min{St |te[0,T]} <B,

equivalently
min{S,e”" |1€[0,T]} < B,
equivalently
min{VK |t e [O,T]} < élnsﬁ;.

Consequently Proposition 11 on the distribution of the minimum of Brownian motion

with drift may be used to determine the prices of down-and-in barrier options. Under

)
r— 5 (e}
the martingale measure Q, S, = S, exp(cW,) where W, =~———~¢+B, and Bisa Q
c
)
Brownian motion. By applying these results with p@=-———=the value of any
c

option maturing at time T whose payoff depends on the stock price at time T and its

minimum value over the lifetime of the contract can be valued. If the payoff is

C,=g (min {S,

te[0,T ]} , ST) and is the riskless borrowing rate, then the value of the

option at time zero is
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V(0,5,) =" E, | g(min{s, [re[0.7]}.5, )|

=e " j)- T g(SOer,Soem)Q[m;V € da,W, edx}.

a=—xw x=a

The price of a down-and-out option may be determined by the parity from the price of

the corresponding down-and-in option upon realising that
l{min{St\te[O,T]}ZB} / (ST ) + l{min{St\te[O,T]}<B} / (ST ) =/ (ST )

Its application of the general procedure for valuing knock-in barrier options is shown
with a down-and-in call option. The correspondence between this mathematically

derived down-and-in call option and the formula given in Table 7 is shown below.

Valuation: down-and-in call option. A down-and-in call option with strike K and
barrier B < S, gives the same payoff as an ordinary call option with strike K if the
barrier B is breached, and zero if it is not. In order to ensure that the payoff of this
option is non-trivial, it is customary to assume that B < K . The aim is to find the time

zero price of a down-and-in call option of which the payoff at time T is

C, =1 S, —K]J.

{min{s, |c€[0,T]}<B} [

At time T, the option is in-the-money, but above the barrier, if, and only if,
K<B<S,,

i.e

LS
SO

lln LS Slln B <W,.
c \S,) o S,

Wy

<—<e’",

2w

which is equivalent to
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So by using S, = S,e””" the payoff is rewritten as

_ o, _r|"
CT _l[m.’?’<llog[Bj} |:S0€ K:I .
1 s So
Set kzlln £ , u=l(r—lczjand d:lln ﬁ , then the value at time O of the
c ) o 2 c S,

down-and-in call option with strike K and barrier B is equal to

v(0,8,)= e’T]O(SOe“ ~K)O(m <a,W, eadx)
k

Using the expression for the joint distribution of m; and W,, obtained previously,

yields

V(0,8,)= e‘rTI(Soe‘”‘ —K)ez‘l“pT (2a+pT,x)dx.
k

The fact that since B < K, k > a was used. First observe that

0

1 _
—e
(k—2a—pT)/\/7 27
(2a+pT—k)/\/F _ﬁ
= Ke T J‘ —e 2dy

e”TJ.KeZ”“pT (2a+uT,x)dx=Ke" &*™
k

:Ke—rT - ¢

:Ke—rT - ° d)

2
where F =¢'" B—
SO

232



Similarly,

2
-r T ax 2a T 2a o1 xX— 2a+MT —20xT
’ T! Sye*e py (2a+pT,x)dv=Spe e’ “i 27T exp(( ( 2T)) ]dx

0 y

1 _
—€
(x(ZszYLGT)/ﬁ 27[

3 2 log(£j+;czT
(2 |

oJT

=S¢ ™ 2dyxexp (% o°T +2ac + bGTj

(A.15)

It can now be shown that the expression given in (A.15) is equal to the formulas given
in Table 3 and Table 7 of chapter 5 for the valuation of a down-and-in call for the case
where K > B. Table 7 gives the value of the down-and-in call as DC4+DC5 where DC
5 corresponds to the rebate term. Therefore, it has to be shown that (A.15) is equal to

DC4 witht=0,g =0and H=B i.e.

S(%)n N(w)-Ke™ (%}M N(w,-oVT).

2
Rewrite (A.15) and substitute in F =¢e’" i— :
0
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The equivalence follows after equations (A.7), (A.8) and (A.9) are applied.
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