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Abstract

Contribution to the theory of Near-vector spaces

Sogo Pierre Sanon

Department of Mathematical Sciences,
University of Stellenbosch,
Private Bag X1, Matieland 7602, South Africa.

Thesis: MSc
December 2017

The purpose of this thesis is to give an exposition and expand the theory
of near-vector spaces. Near-vector space theory is a new and rich field of
mathematics and has been used in several applications, including in secret
sharing schemes in cryptography and to construct interesting new examples
of planar near-rings. There are two type of near-vector spaces, we focus on
the near-vector space defined by André in [2]. After giving several elemen-
tary definitions and properties in Chapter 2, we present the theory of near-
vector spaces in Chapter 3. In [13] van der Walt showed how to construct
an arbitrary finite-dimensional near-vector space, using a finite number of
near-fields, all having isomorphic multiplicative semigroups. The majority
of the results did not contain complete proofs and explanation. Chapter 4
is dedicated to the proofs and explanations of these results. In Chapter 5
we investigate the linear mappings of near-vector spaces. New results are
presented in this section which have been accepted for publication.
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Uittreksel

Contribution to the theory of Near-vector spaces
(“Contribution to the theory of Near-vector spaces”)

Sogo Pierre Sanon

Departement Wiskuudige Wetenskappe,
Universiteit van Stellenbosch,
Privaatsak X1, Matieland 7602, Suid Afrika.
Tesis: MSc

Desember 2017

Die doel van hierdie tesis is om 'n uiteensetting en uitbreiding van die
teorie van byna-vektorruimtes te gee. Die teorie van byna-vektorruimtes
is 'n nuwe en ryk veld van wiskunde wat al in verskeie toepassings ge-
bruik is, insluitend geheimdelingskemas in kriptografie en om nuwe inte-
ressante voorbeelde van planére bynaringe te konstruktueer. Daar is twee
tipes byna-vektorruimtes, ons fokus op die een gedefinieer deur André in
[2]. Na ons in Hoofstuk 2 verskeie elementére definisies en eienskappe
gegee het, bied ons die teorie van byna-vektorruimtes in Hoofstuk 3 aan.
In [13] het van der Walt gewys hoe om 'n arbitrére eindig-dimensionele
byna-vektorruimte te konstrueer deur gebruik te maak van 'n eindige aan-
tal byna-liggame, met isomorfe vermenigvuldings semi-groepe. Die meer-
derheid van die resultate het nie volledige bewyse en verduidelikings be-
vat nie. Hoofstuk 4 is toegewy aan die bewyse en verduidelikings van
hierdie resultate. In Hoofstuk 5 ondersoek ons die lineére afbeeldings van
byna-vektorruimtes. Nuwe resultate wat reeds vir publikasie goedgekeur
is, word in hierdie afdeling aangebied.
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Nomenclature
Symbols

- Inclusion.

- Strict inclusion.

(R,+,-)  Near-ring.

Ro Zero-symmetric part of R.

R Constant part of R.

S<R S is a sub-near-ring of R

R, The set of distributive elements of R.

Hom(R,R’) the set of all near-rings homomorphisms from R to R’.
End(R) = Hom(R, R)

Idg Identity homomorphism of R.

I <R I is an Ideal of R.

I <R I is a left ideal of R.

I <, R I is a right ideal of R.

Homg(Gq, Gy) The set of all R-homomorphisms from G to Gy.
Endr(G) = Homg(G, G)

Idg Identity R-homomorphism of G.

Anng(X) The annihilator of X.

H<z G H is an R-submodule of G.

G' <R G G’ is an R-ideal of G.

ker f The kernel of f.

s=s S isomorphic to S'.

GF(p") The Galois field of order p", with p a prime.
(V,F) F-group.
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NOMENCLATURE ix

Q(V) The quasi-kernel of (V, F).

< A dependence relation.

S The algebraic closure of S.

cl A closure operator.

C := Endg(G) The R-centrilizer of G.
D° = Du {0}

cp Compatibility relation.

G* =G\ {0}

Sta(g) The stabilizer of ¢ € G in A.
rk(r) The rank of r.

A®B The direct sum of A and B.
Fl'=F&---®F

ntimes

La(V) The set of all linear mappings from V to itself.
Mu (V) The set of all homogeneous functions of V into itself.

L(V,W) The set of all linear mappings from V to W.
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Chapter 1
Introduction

Near-rings are generalized rings. A near-ring is an algebraic structure which
satisfies all the axioms of a ring except for commutativity of addition and
one of the two distributive laws. They arise in a natural way. The set M(G)
of all mappings of a group (G, +) into itself, with the usual addition and
composition of mappings is, a near-ring.

For near-rings it is proven in ([12], Theorem 1.86) that every near-ring can
be embedded into M(I') for some group I'. There is the analogous result
from ring theory which says that every ring can be embedded into the ring
E(T) of all endomorphisms of some abelian group I'. Hence one might view
ring theory as the “linear theory of group mappings", while near-rings pro-
vide the “non-linear theory". Surprisingly, a lot of “linear" results can be
transferred to the general case after suitable changes.

Historically, the first step toward near-rings was an axiomatic research done
by the American mathematician Leonard Eugene Dickson in 1905. Some
years later these near-fields showed up again and proved to be useful in co-
ordinatizing certain important classes of geometric planes (see [12]). It was
Zassenhaus who was able to determine all finite near-fields ([12], Theorem
8.34).

Near-rings might also be the appropriate tool to develop a “non-abelian
homological algebra" and show up again in algebraic topology, functional
analysis and categories with groups objects ([12]). Near-rings and near-ring
modules are useful for a number of theories which try to generalize “lin-

1
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ear" results to the “non-linear case", for instance in the theory of near-vector
spaces.

The concept of a vector space, i.e., linear space, can be generalized to a struc-
ture comprising a bit more non-linearity, the so-called near-vector space.
There are two types of near-vector spaces, those studied by André and those
studied by Beidleman ([3]). The André near-vector space uses automor-
phisms in the construction, resulting in the right distributive law holding.
However, for the Beidleman near-vector space, we have the left distributive
law and near-ring modules are used in the construction.

In [13] van der Walt showed how to construct an arbitrary finite dimen-
sional André near-vector space, using a finite number of near-fields, all
having isomorphic multiplicative semigroups. In [8] this construction is
used to characterize all finite dimensional near-vector spaces over Z,, for
p a prime. In [9] these results were extended to all finite-dimensional near-
vector spaces over arbitrary finite fields. In [7] various constructions, rang-
ing from those closest to vector spaces to those further away, were consid-
ered and discussed in terms of their quasi-kernel and regularity.

Regularity is a central notion in the study of near-vector spaces. An impor-
tant theorem of André [2], the Decomposition Theorem, states that every
near-vector space can be written as the direct sum of maximal regular sub-
spaces. Moreover, this decomposition is unique. As a result, André wrote in
his paper that the regular subspaces are the building blocks of near-vector
spaces. We focus on André near-vector spaces.

Near-vector space theory is far from being a mere collection of trivial results
without any application to other branches of mathematics. It is worth not-
ing that recently near-vector spaces have been used in several applications,
including in secret sharing schemes in cryptography [5] and to construct
interesting examples of families of planar near-rings [4]. In addition, they
have proved interesting from a model theory perspective too. The main
purpose of this thesis is to give an exposition and expand the theory of
near-vector spaces. We begin, in Chapter 2, with some preliminary material.
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Chapter 3 is dedicated to the presentation of the theory of near-vector spaces.
We study the concept of regularity which, as already mentioned, is a cen-
tral notion in the study of near-vector spaces. In fact it largely reduces the
theory of near-vector spaces to the theory of regular near-vector spaces. We
also prove regularity for certain constructions of near-vector spaces.

In Chapter 4 we turn our attention to the work done by van der Walt [13].
He showed how to construct an arbitrary finite-dimensional near-vector
space, using a finite number of near-fields, all having isomorphic multi-
plicative semigroups. We give a complete proof and explanation of his re-
sult (Theorem 4.1.43).

For vector spaces over fields it is well-known that every linear transforma-
tion between finite dimensional vector spaces can be represented as a matrix
transformation. In addition, the set of all linear transformations between
two vector spaces is itself a vector space over the same field. In Chapter 5
we investigate how the weakening of one of the distributive laws affects
the set of all linear mappings between two near-vector spaces. This is my
original work and it has been accepted for publication ([10]).
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Chapter 2
Basic Definitions and Examples

This chapter introduces the basic theory of nearrings and nearfields, as given
in Pilz ([12]). We do not include any proofs.

2.1 Nearrings

We start with elementary definitions and examples.

Definition 2.1.1. ([12], Definition 1.1) A right nearring is a set R together with
two binary operations “ + " and “ - such that:

1. (R,+) is a group (not necessarily abelian),
2. (R,-) is a semigroup,
3. (r1+rm)-r3=ry-r3+ry-r3 forallry,ry,r3 € R.

We abbreviate (R, +, ) by R when the operations are clearly understood
and omit the symbol “ - ” for multiplication if no confusion is possible.
We have the following examples :

Example 2.1.2.

1. Let (G,+) be a group. Then (M(G),+,0) is a nearring under pointwise
addition and composition, where

M(G):={f: G— G}

the set of all mappings on G.
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"n
O/

1t is straightforward to see that (M(G), +) is a group, and composition,
is an associative binary operation on M(G). We also have that

(f+g)oh=foh+goh, Vf,gheM(G).
So the right distributive law is satisfied.

2. Let R be a commutative ring with unity. Then (R[x], +,0) is a nearring,
under pointwise addition and composition, where R[x] is the set of all poly-
nomials with coefficients in R.

Similar to right nearrings we have the following definition for left nearrings:

Definition 2.1.3. A left nearring is a set R together with two binary operations
“+"and " - such that:

1. (R, +) is a group (not necessarily abelian),
2. (R, ) is a semigroup,
3. r1-(ra+r3)=ry-rp+ry-13, forallry, vy, r3 € R

Although many authors prefer left nearrings, we use right nearrings. The
theory runs completely parallel in both cases and unless stated otherwise
by a nearring we mean a right nearring.

We now give some basic properties of a right nearring.

Proposition 2.1.4. ([12], Proposition 1.5) Let R be a nearring, and r, r" € R. Then

we have
e Or =0,
o (—r)r =—rr.
In general it is not true that r(—r") = —rr’ and ¥0 = 0 for all ,# € R. For

example, in M(IR) we have f o0 = ¢, with f = ¢, ¢ a nonzero constant. This
leads to the following definition:

Definition 2.1.5. ([12], Definition 1.7) Let R be a nearring.
1. The set Ry = {r € R|r0 = 0} is called the zero-symmetric part of R.

2. The set R, = {r € R|r0 = r} is called the constant part of R.
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A nearring R in which 0 = 0 for all r € R is called a zero-symmetric nearring.
We now turn our attention to the substructures of nearrings.

Definition 2.1.6. ([12], Definition 1.21) Let R be a nearring. A subset S of
(R,+,") is called a subnearring if (S,+,-) is a nearring. If S is a subnearring
of R, then we write S < R.

Example 2.1.7. Let R be a nearring. Ry and R, are subnearrings of R.

In the following definition we formally introduce the concept of a homo-
morphism of nearrings.

Definition 2.1.8. ([12], Definition 1.25) Let (R, +, ) and (R', +,-) be two near-
rings.

A nearring homomorphism from R to R’ is a mapping h : R — R’ such that for all
7,8 € R we have

® h(r+s)=h(r)+h(s),
® h(rs) = h(r)h(s).

An epimorphism is a surjective homomorphism and a monomorphism is an injec-
tive homomorphism. If a homomorphism is bijective, i.e. surjective and injective,
it is called an isomorphism. A homomorphism g from a set to itself is called an
endomorphism. If g is bijective, it is called an automorphism. We say that R is
embedded in R’ if there exists a monomorphism from R to R’.

The set of all nearring homomorphisms from R to R’ is denoted by Hom(R, R").

Definition 2.1.9. ([12], Definition 1.11) Let R be a nearring. An element r € R
is said to be

1. a left identity element if for all v¥' € R, rv’ = v/, a right identity element if
'r =1’ and a two-sided identity element, or an identity element, if it is both
left and right identity,

2. left invertible if there is v’ € R such that rr’ = 1, right invertible if r'r = 1
and invertible if it is left and right invertible,

3. left cancellable if for all 1,72 € R such that rry = rry then r1 = ry, right
cancellable if rir = ror then r1 = ry and it is cancellable if it is left and right
cancellable,
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4. a left divisor of zero if r # 0 and there is v’ € R\ {0} such that r' =0, a

5.

6.

right divisor of zero if r'r = 0 and two-sided divisor of zero, of simply divisor
of zero, if it is left and right divisor of zero,

idempotent if rr = r and nilpotent if there is k € IN such that rk =0,

distributive if for all r1, 1, € R we have that ¥(r1 + 1) = rr1 + rrp.

We now define some important types of nearrings.

Definition 2.1.10. ([12], Definition 1.14) A nearring R is said to be

1.

2.

3.

5.

6.

abelian if (R, +) is an abelian group,
commutative if (R, -) is a commutative semigroup,
distributive if R = Ry = {d € R|Vr,”’ € R:d(r+1") = dr+dr'},

satisfying the left cancellation law if all non-zero elements of R are left can-
cellable, and the right cancellation law if all non-zero elements of R are right
cancellable.

integral if R has no non-zero divisors of zero,

a nearfield if (R \ {0}, -) is a group.

Example 2.1.11. Let (G, +) be a group.

1.

2.

The nearring M(G) is abelian if G is abelian.

Let o be the binary operation on G defined for all r,v' € G by

ror' =0.
Then (G, +, o) is a commutative nearring, because o is commutative.
Let * be the binary operation on G defined for all r,v" € G by

rxr =r.

The nearring (G, +, *) is an integral nearring.

We note that if r xv' = 0, then r = 0.

Next we define the concept of ideals for nearrings.



Stellenbosch University https://scholar.sun.ac.za

CHAPTER 2. BASIC DEFINITIONS AND EXAMPLES 8
Definition 2.1.12. ([12], Definition 1.27) Let (R, +,-) be a nearring. An ideal of
Ris a subset I of R such that

1. (I,+) is a normal subgroup of (R, +),

2. IRC I ie. forallr € R,i € [ we have ir € I,

3. r(r'+i)—r' €lforallr,r € Ri€ L

If Iis an ideal of R, we write I < R.

A right ideal is a normal subgroup of (R, +) which satisfies 2. If a normal subgroup
of (R, +) satisfies 3, it is called a left ideal of R. The nearring R is called simple
if its only ideals are {0} and R. The symbols <, and < are used to mean “right
ideal” and “left ideal” respectively.

2.2 Nearfields

In this section we give some basic properties of nearfields.

Theorem 2.2.1. ([12], Theorem 8.11) If (F,+, -) is a nearfield, then (F,+) is an
abelian group.

Example 2.2.2.
* Every field and division ring is a nearfield.
o Consider the field (GF(3?), +, -) with
GF(3%) :={0,1,2,9,1 47,2+ 7,27,1+ 27,2 +2v},

where vy is a zero of x> + 1 € Z3]x].
The operations on GF(3?) can be defined as follows:

+:(a+by)+ (c+dy) = (a+c)mod3 + ((b+ d)ymod3 )7,
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0 1 2 0% 1+9 2+¢9 2y 142y 242y
0 0 0 0 0 0 0 0 0 0
1 0 1 2 0% 1+9 249 2y 142y 242y
2 0 2 1 2y 242y 142y 0% 24+ 147«
% 0 0% 27y 2 24+ 242y 1 1+9 142y
1+ 10 14+ 2+2y 2+ 2y 1 142y 2 0%
249 (0 249 1429 242y 1 % 149 27y 2
29 |0 2y 0% 1 1+2y 149 2 242y 249
14290 142y 249 1+¢v 2 2y 242y 0% 1
242910 242y 149 142y 0% 2 2+ 1 2y

We have that (GF(3?), +, o), with
. i ; 2 '
xoy::{ x-y ifyisasquarein (GF(3%), +, -)

3y otherwise

is a (right) nearfield, but not a field.

o 0 1 2 0% 1+9 2479 2y 142y 242y

0 0 0 0 0 0 0 0 0 0

1 0 1 2 0% 1+ 249 2y 142y 242y

2 0 2 1 2y 242y 142y 0% 24+ 147«

0% 0 0% 2y 2 142y 149 1 242y 24
1+9 10 1+ 242y 2+7 2 2y 142y 0% 1
249 |0 249 142y 242y 0% 2 1+ 1 27y
29y |0 2y 0% 1 24y 242y 2 1+ 142y
14290 142y 249 1+¢v 2y 1 242y 2 0%
242y(0 242y 149 142y 1 0% 24+ 2 2

The nearfield (GF(3%), +, o) is called a Dickson nearfield and it is the small-
est nearfield that is not a field. See [12].

Proposition 2.2.3. ([6], Theorem 2.5.5) Let F be a nearfield and F; be the set of all
distributive elements. Then

* F;is a division ring.

* F can be considered as a right vector space over F;.
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2.3 Nearring Modules

Definition 2.3.1. ([11], Definition 2.1) Let (G, +) be a group, and (R, +,-) be a
nearring. G is an R-module if there is a map y defined by

p: RxG—=G
(r,g) =18
such that forall r,v’ € Rand g € G,
* (r+r)g=rg+1g
. (n)g =1(r3).
The following definition also holds for nearring modules.

Definition 2.3.2. ([11]) Let (G, +) be a group, (R, +, -) be a nearring. Then G isa
R-module if there is a nearring homomorphism 6 : (R, +,-) — (M(G),+,0). The
homomorphism 6 is called a representation of R and 0 is called faithful if ker 6 = 0.
If 0 is faithful then G is said to be a faithful R-module.

If G is an R-module, we write rg for 0(r)g, forall g € Gandr € R.

Example 2.3.3. ([11], Definition 2.1) Let (G, +) be a group, and let S be a sub-
semigroup of endomorphisms of G. Then Mg(G) defined by

M;s(G) :={a € M(G)|a(s(g)) =s(a(g)) foralls € S,g € G}
is a nearring and G is a faithful Ms(G)-module.
It is not difficult to verify that.
Proposition 2.3.4. If G is abelian, Ms(G) is abelian.

Definition 2.3.5. ([12], Definition 1.25) Let G1, Gy be two R-modules. A mapping
f : G1 — Gy is called an R-homomorphism if forall g,¢' € Gyandr € R :

* flg+g)=f(g)+f(g)

* f(rg) =1f(g)

The set of all R-homomorphisms from Gy to Gy is denoted Hompg(G1, Gy) and the
identity R-homomorphism from G to G is denoted by Idg.
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Example 2.3.6. Let R be a nearring, and G be a R-module. Let § € G. The
mapping
he: R— G

r—rg

is a R-homomorphism.
Forr,r1,1ry € R, we have

hg(r1 +1r)=(r+mrn)g=rg+ng= hg(rl) + hg(rz) and
hg(rrl) = (rr)g =r(rg) = rhg(rl).

We now define the concept of annihilator.

Definition 2.3.7. ([12], Definition 1.41) Let R be a nearring and G an R-module.
Let X, Y be subsets of G. We define the set (X : Y) as follows

(X:Y)={reR|rye Xforally € Y}.

If X = {a}, we write (a : Y) instead of ({a} : Y).
Furthermore, for a subset X of G, the annihilator of X is the set (0g : X) and it is
denoted by Anng(X).

Remark 2.3.8. If G is a faithful R-module of a nearring R, then Anng(G) = {0}.

Proposition 2.3.9. ([12], Corollary 1.43) For all ¢ € G, Anng(g) is a left ideal of
R.

Definition 2.3.10. ([12], Definition 1.21) Let R be a nearring and G an R-module.
A subgroup H of G is called an R-submodule of G if H is an R-module. So H is an
R-submodule of G if

rh € H, forallr € Rand h € H.

We write H <g G if H is an R-submodule of G.

Definition 2.3.11. ([12], Definition 1.27) Let (R, +,-) be a nearring and G an
R-module. A normal submodule G’ of G is called an ideal of G or R-ideal of G if
forallg € G, ¢’ € G'andr € R,

r(g+¢)—rged.

If G’ is an ideal of G, we write G' g G.
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Example 2.3.12. Let R be a nearring and G, G’ be R-modules and f : G — G’
be an R-homomorphism. Then ker f is an R-submodule of G and in addition an
R-ideal of G. We have (ker f,+) is a normal subgroup of (G, +). It follows from
the following, let r € R, g € Gand g’ € ker f. Then

flrg+8)—rg) =7 (f(8)+f(g)) —rf(g) =rf(g) —rf(g) =0,

since f(g') = 0. Hence r(g + §') — rg € ker f and ker f is an R-ideal.
Alsoforr € R, g € ker f, we have f(rg) = rf(g) = 0. Hence Rker f C ker f.

Remark 2.3.13. If R is a nearring, then the R-ideals of R are the left ideals of R.

Theorem 2.3.14. ([11], Lemma 2.27) Let R be a nearring, G an R-module and
A, B be R-ideals of G. Then A + B and A N B are also R-ideals of G.

Proposition 2.3.15. ([12], Remark 1.28) Let R be a nearring and G an R-module.
A submodule I of R (H of G) is an ideal (R-ideal) if and only if ri = r{(mod I) and
ry = rh(mod I) (g1 = g} (mod H) and g, = g, (mod H)) implies that

r1+ 1o = (r] +15)(mod I) and riry = (rirh) (mod I),
(g1 +82 = (81 + §2)(mod H) and rgy = rg1(mod H)) , respectively.
We also say = (mod I) (= (mod H)) is a congruence relation on R (on G).

Definition 2.3.16. ([12], Remark 1.28) Let R be a nearring and I an ideal of R.
On the set R/ I we define + and - where R/I = {I +r|r € R} by

(I+r)+(I+r)=I1+r+r and
(I—l—?’l)'(I—l—T’z) =1+ rr.

forallry,ro € R. Then (R/1,+,) is a nearring, called the quotient nearring of R.

Definition 2.3.17. ([12], Remark 1.28) Let R be a nearring, G an R-module and
H an R-ideal of G. On the set G/H = {H + g|g € G} we have

(H+g1)+(H+g)=H+g1 +g and
r(H+g1) =H+rg1.

forall g1,92 € G. Then G/ H is an R-module, called the quotient R-module of G.



Stellenbosch University https://scholar.sun.ac.za

CHAPTER 2. BASIC DEFINITIONS AND EXAMPLES 13

Lemma 2.3.18. ([12], Theorem 1.29) Let R be a nearring and I an ideal of R. Then
the canonical map

mw: R—R/I

r—I+r

is a nearring epimorphism and ker T = L.

Lemma 2.3.18 remains true if we replace “nearring" by “R-module".
This prompts the First Isomorphism Theorem.

Theorem 2.3.19. ([12], Theorem 1.29) Let h be an epimorphism from R to R where
R and R’ are nearrings. Then R/ kerh = R'.

The theorem above also holds for an epimorphism of R-modules.

Definition 2.3.20. ([12], Definition 1.36) Let R be a nearring and G an R-module.
Then

1. R is simple if it has no non-trivial ideals,
2. G is simple if it has no non-trivial R-ideals.

Proposition 2.3.21. ([12], Proposition 1.37) Let R be a simple nearring and G be
a simple R-module. Then all homomorphic images are isomorphic to either {Og } or
to R. Also all R-homomorphic images are isomorphic to either {0} or G.

Definition 2.3.22. ([11], Definition 2.10) Let R be a nearring. A two-sided R-
subgroup of R is a subset H of R that satisfies:

1. (H,+) is a subgroup of (R, +),
2. RHCH,
3. HR C H.

H is called a right R-subgroup of R when it satisfies (1) and (2) and is called a left
R-subgroup if it satisfies (1) and (3).

It is not difficult to see that
Lemma 2.3.23. The R-submodules of R are just the left R-subgroups of R.

Definition 2.3.24. ([12], Definition 1.39) Let R be a nearring.
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1. I is a minimal ideal of R if it is minimal in the set of all non-zero ideals
of R. Similarly, one defines minimal right ideal, left ideal, R-subgroup, left
R-subgroup and right R-subgroup.

2. 1is a maximal ideal of R if I # R and if | is an ideal of R such that I C ],
then I = | or | = R. Similarly, one defines maximal right ideal, left ideal,
R-subgroup, left R-subgroup and right R-subgroup.

Definition 2.3.25. Let R be a nearring and G an R-module.

1. H is a minimal R-ideal of G if it is minimal in the set of all non-zero R-ideals
of G.

2. H is a maximal R-ideal G if H # G and if H' is an R-ideal of G such that
H C H',then H = H or H = G.

Proposition 2.3.26. ([12], Proposition 1.40) Let R be a nearring and I an ideal of
R. I'is maximal if and only if R/ 1 is simple.

We have a similar result for the ideals of an R-module.

Definition 2.3.27. ([11], Definition 3.1) Let R be a nearring and let G be an R-
module. The R-module G is called monogenic if there exists a § € G such that
Rg = G and g is called a generator of G.

Definition 2.3.28. ([11], Definition 3.4) A nearring R is called 2-primitive on G
if G is a faithful R-module of type 2. We say that G is of type 2 if G is monogenic
and has no proper nontrivial R-submodules.

We list some properties of 2-primitive nearrrings.

Theorem 2.3.29. ([11], Theorem 3.2) Let G be a monogenic R-module, and g be a
generator of G. Then the map

fg:R—>G

T rg
is an R-epimorphism from Rg to G.

Theorem 2.3.30. ([11], Corollary 3.3) Let G be a monogenic R-module, and let g
be a generator of G. Then there is an R-isomorphism between G and R/ Anng(g).

Lemma 2.3.31. If G is of type 2, Anng(g) is a maximal R-ideal.
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Lemma 2.3.32. ([11], Lemma 3.7) Let G be an R-module with the properties:
* G is faithful as an R-module,
* (G,+) is an abelian group,

* forallr € R, themap p, : G — G given by p, : g — rg is an endomorphism
of G.

Then R is a ring.

From now on we consider only 2-primitive nearrings.
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Chapter 3
The Theory of Near-Vector Spaces

In this section, we give the basic theory of near-vector spaces.

We start this chapter by introducing what we call an F-group.

3.1 F-groups

Definition 3.1.1. ([2], Definition 1.1) An F-group is a pair (V, F) which satisfies
the following conditions:

1. (V,+) is a group and F is a set of endomorphisms of V;

2. F contains the endomorphisms 0, id and —id;

3. F* = F\ {0} is a subgroup of the group Aut(V);

4. Ifxa = xBwithx € Vanda,p € F, then x = Bor x = 0, i.e. F acts fixed
point freeon V.

Remark 3.1.2. Since —id € F, we have

x+y = (=x)(=id) + (—y)(=id) = (=x —y)(—id) = (=(y + x))(=id) =y + x.
So (V,+) is abelian.

Example 3.1.3.

* We consider the finite field GF(p"), p a prime number, n a positive integer
and p > 3. Let (V1,4+) = (GF(p"),+) and F; = {id, —id,0}. Then
(Vi, F1) is an F-group. In fact F;" is a subgroup of the group Aut(V'), and Fy
acts fixed point free on V.

16
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e For the second example we still consider GF(p™), for any prime p and n a
positive integer and (V,,+) = (GF(p"), +). Let
E, = {¢a: Vo = Vala € GF(p") and x¢pp = xa},
with ged(p" —1,q) = 1.
Then (V,, F,) is an F-group.

Lemma 3.1.4. ([1]) Let F = GF(p"), the field with p" elements. Then each ele-
ment of F has a g-th root in F if and only if gcd(q, p" — 1) = 1.

Definition 3.1.5. ([2], Definition 2.1) Let (V, F) be an F-group. The set
{x € V|Va,B € F, Iy € F such that xa + xp = xv}

is called the quasi-kernel of (V,F). We write Q(V') or just Q to denote the quasi-
kernel.

Example 3.1.6.

e For the F-group (Vy, A1) in Example 3.1.3 we have Q(V1) = {0}. Ifx €
Q(V1), then there is € {id, —id, 0} such that xid + xid = xy. We have
the following three cases:

x+x=x
X+x=—x
x+x=0

But since the characteristic of GF(p™) is greater than 3, we have that x = 0.

e For the second F-group we have Q(V,) = V,. To see this, let x € V, and
Pu, Pp € Az. Then we have that

Xpo + xpp = xaT + xp7 = x(a’ + ).

Since ged(p™ —1,q9) = 1, by Lemma 3.1.4 there is v € GF(p") such that
al + BT = ~1. Hence

X + Xp = X9 = x¢p,.

Therefore Q(Va) = Va.
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We have the following for any nonzero element of the quasi-kernel.

Theorem 3.1.7. ([2], Theorem 2.4) Let (V, F) be an F-group and let u # 0 be an
element of the quasi-kernel Q(V'). Then (F,+, -) is a near-field with the operation
+, on F defined by

u(w 4y B) == ua + up,

foralla,p € F.
A proof can be found in [2], Theorem 2.4 or in [6] Theorem 2.3.5.

Definition 3.1.8. ([2], Definition 2.6) Let (V, F) be an F-group and let u # 0 be
an element of the quasi-kernel Q(V'). The kernel R, (V') or just Ry, of (V, F) is the
set

Ry :={v e Vip(a+,B) =va+vp, foreverya,p € F}.

We now look at a relation that is foundational in the structure of near-vector
spaces.

3.2 Dependence Relation

Definition 3.2.1. ([2], Definition 3.1) A relation between a set S and its power set
25 denoted by vaM, withv € Sand M C S, is a dependence relation if for all
u,v,w € Sand M, N C S we have:

1. v € M implies that v <M,

2. w<Mand v <N foreachv € M, implies that w < N,

3. vaMandv 4 M\ {u}, implies that u< (M \ {u}) U {v}.
Example 3.2.2.

1. Let K be a field extension of a field F such that K is algebraically closed. Define
QAby a < S if w is algebraic over F(S). Then < is a dependence relation.

Leta,p € Kand S, T C K. Then

* Ifa € S, then a is algebraic over F(S). Hence a < S.

* We assume that « is algebraic over F(S) and that forall p € S, B is
algebraic over F(T). Then the algebraic closure of F(T), F(T), contains

F(S). Hence F(S) C F(T). Therefore w is algebraic over F(T).
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* Suppose that « <Sand « 4 S\ {B}. Since a < S, there are a; € F(S),
i €{0,...,n},a, # 0, such that a,a™ + ...+ aqe + a9 = 0. But
the fact that « ¢ S\ {B} implies that a,x™ + ...+ ayx + a9 & F(S\
{B})[x]. So thereis iy € {0,...,n} such that a;, = byp™ + ...+
b1 + by, with b; € F(S\ {B}),i € {0,...,m}. Hence B is algebraic
over F((S\, {B}) U {a})

2. Let Q = Q(V) be the quasi-kernel of an F-group V. Define a relation be-
tween Q and 2° as follows:

(i) v<Qifv=0;

(i) vaM, D # M C Q, ifand only if there exists u; € Mand A; € F(i =
1,2,...,n) such that

n
0= Z ui/\i. (31)
i=1
The proof that this is a dependence relation is given in [6] Theorem 2.4.1.
We now introduce the notion of closure operators

Definition 3.2.3. A closure operator on a set S is a function cl : 25 — 25 satisfy-
ing the following conditions for all X,Y C S:

* X C cl(X). We say that cl is extensive.
e If X CY, then cl(X) C cl(Y). The function cl is increasing.
e cl(cl(X)) = cl(X). cl is said to be idempotent.

Remark 3.2.4.

1. Foraset X, cl(X) is called a closed set and it is the smallest closed set con-
taining X.

2. We can define a closure operator from a dependence relation. If A is a set,
cl(A) will be the set of all elements related to A.

In the following theorem we explicitly define a closure operator from a de-
pendence relation.
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Theorem 3.2.5. Let < be a dependence relation between a set S and its power set
25. The function cl defined by

cl 125 25

A cl(A)= ] P,
PeP

where P = {P C S|Vv € P,v< A} is a closure operator on S.

Proof. The map is well defined since forall A C S, cI(A) C S. Let A, B € 25,
We have

e Forallv € A,v<A,so A Ccl(A).
e If A C B, thencl(A) C cl(B). Since v < A implies that v < B.

e Letv € cl(cl(A)). Then v<cl(A). But forall u € cl(A), uxA. It
follows that v < A. Hence cl(cl(A)) C cl(A). Therefore cl(cl(A)) =
cl(A), since cI(A) C cl(cl(A)). Thus cl is idempotent.

Remark 3.2.6. For the first dependence relation in Example 3.2.2, we have cl(S) =
F(S) and for the second one we have cl(A) = span(A). We define what span is
in Definition 3.3.8.

3.3 Near-Vector Spaces

Definition 3.3.1. ([2], Definition 4.1) An F-group (V,F) is called a near-vector
space over F if the following condition holds:

The quasi-kernel Q = Q(V') of V generates the group (V,+).

So we have

Definition 3.3.2. A near-vector space is a pair (V, F) which satisfies the following
conditions:

1. (V,+) is a group and F is a set of endomorphisms of V;
2. F contains the endomorphisms 0, id and —id;

3. F* = F\ {0} is a subgroup of the group Aut(V);
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4. Ifxa = xBwithx € Vandw, B € F, then « = Bor x = 0, i.e. F acts fixed
point free on V;

5. The quasi-kernel Q(V') of V, generates V as a group. Here, Q(V) = {x €
V|Va, B € F, 3y € F such that xa + xp = x}.

We sometimes refer to V as a near-vector space over F. The elements of V are called
vectors and the members of F scalars.

Remark 3.3.3. If V is a vector space over a division ring F, we can consider F as a
set of endomorphisms of V. For a € F we have the endomorphism f, of V defined
forall x € V by fux = xa. Also the quasi-kernel Q(V') = V. But the converse
is not true in general, as we will see i.e Q(V') = V is not sufficient for V to be a
vector space over F.

Example 3.3.4.

1. Every (right) vector space V over a division ring F is a near-vector space.

In fact F can be regarded as a set of endomorphisms of V (for « € F , the
endomorphism f, of V is defined by fux := xa for each x € V). For every
«,B € F and for each x € V, thereisa v € F (via, v = a + B) such that
xe+ xp = xv.

A vector space is a special instance of a near vector space

2. In Example 3.1.3 the F-group (V3, F,) is a near-vector space, since Q(V,) =
Vo. But (V4, Fy) is not a near-vector space, since Q(Vy) = {0} and cannot
generate V7.

3. Let F be a near-field. Then F is a near-vector space over itself.

4. Let F be a near-field, 0 an automorphism of (F,-) and let I be a nonempty
index set. Then the set

FU .= {(nj)jc1|n; € F,n; # 0 for at most a finite number of i € 1},
with the scalar multiplication defined by
(ni)A = (n0(A)),

gives that (FU), F) is a near-vector space.
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5. Consider the pair (V,F) = (IR%,R) with the scalar multiplication defined
by (x1,x2)a = (x182, x243). Then (V, F) is a near-vector space.

Remark 3.3.5. The near-vector space (V, F) in Example 3.3.4 (5) is not a vector
space over R, but Q(V) = V.
To see this, let (x,y) € R2. Then for a, B € R, we have that

(x,y)(a+p) = (x(a+p)°y(a+p)’) and
(x,y)a+ (x,y)p = (xa® + xp°, ya® + yp°).

In general (x,y)(a + B) # (x,y)a + (x,y)B. Therefore V is not a vector space
over R.

Lemma 3.3.6. ([2], Lemma 2.2) The quasi-kernel Q of an F-group has the following
properties:

N R=xe)

e Ifuec Qand A € F, thenuA € Q,i.e. uF C Q.

° Ifu e Q\{0}andwa,B € F, then there exists a y € F such that ux — upf =
uy.

The proofs of these properties are given in [2] Lemma 2.2 or [6] Lemma 2.3.2.
The following theorem describes the quasi-kernel of the near-vector space
(F(, F) in Example 3.3.4. Recall that F; denotes all the distributive elements
of F.

Theorem 3.3.7. The quasi-kernel of the near-vector space (F(1,

F) is given by
Q(FY) = {(d))A|A € F,d; € Fyforalli € I}.
Proof. Letd; € F;fori € I and «, 3 € F. We have
(di)a + (di)p = (dib(a) + d:i6(B))
= (d;(6(«) +0(B))), since d; is distributive
= (d;i6(y)) with y =671 (6(a) +6(B)) € .
= (di)r.

Hence (d;) € Q(V). Since Q(V) is closed under scalar multiplication (Lemma
3.3.6), we have

Q(V) D) {(dz)/\l/\ € F,d; € Fyforalli I}.
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Now suppose that (x;) € Q(V). If (x;) = 0 then (x;) € {(d;))A|A € F,d; €
F;foralli € I}. Suppose that (x;) # 0. Then there is iy € I such that x;, # 0.
Let d; = xixlgl fori € I. Then (d;) = (xi)O_l(xigl). Since (x;) € Q(V)
and Q(V) is closed under scalar multiplication, (d;) € Q(V). Then for all
a,B € F there is v € F such that (d;)a + (d;)B = (d;)7. It follows that
di0(a) +d;0(B) = d;0(y) for all i € I. Since 6 is an automorphism, there are
a1, B1 € Fsuch thata = 0~ 1(ay) and B = 671(B1). So djay + d;B1 = d;i6()
foralli € I. But dio =1.S0a1+B1 = 6(<y). Hence d;aq + dif1 = di(aq + ,31),
and this is satisfied for all a1, B1 € F because 6 is an automorphism of (F, ).
Therefore d; is distributive and

Q(V) ={(d;)A|A € F,d; € Fyforalli € I}.
[

For a near-vector space we have the following definitions of linear indepen-
dence and spanning set.

Definition 3.3.8. ([2], Lemma 4.4) Let (V,F) be a near-vector space. A sub-
set B of Q(V) is said to be linearly independent if for all aq,ay,...,a, € F and
v1,...,0n € B, ayv1 4+ ... + ayvy, = 0 implies that 0y = ... = a, = 0.

A subset B of Q(V) is a generating subset of Q(V), if for all v € Q(V) there exist
x1,...,0p € Fand vy,...,v, € B such that v = ayv1 + ...+ a,v,. We then
write that Q(V') = span(B).

Finally, a basis B of Q(V) is a linearly independent subset of Q(V') that generates
Q(V).

Lemma 3.3.9. ([2], Lemma 4.5) Let V be a near-vector space and let B = {u;|i €
I} be a basis of Q(V'). Then each x € V is a unique linear combination of elements
of B, i.e. there exists x; € F, with x; # 0 for at most a finite number of i € I, which
are uniquely determined by x and B, such that

X = Zuixi.
icl
Definition 3.3.10. ([2], Definition 4.4) Let (V,F) be a near-vector space. A ba-

sis of V is a basis of Q(V). The dimension of (V,F), denoted by dim(V'), is the
cardinality of a basis of Q(V).

Example 3.3.11.
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e We consider the near-vector space (F, F), F a near-field. We have Q(F) = F
and for any x € F* we havey = xx~ 'y = x(x~y) forall y € F. Thus {x}
is a basis for Q(V') and so a basis of (F, F). Thus dim F = 1.

* The near-vector space (IR?,R) in Example 3.3.4 (5) has basis B = {(1,0), (0,1)}
and so its dimension is 2.

Mathematical structures of a given type usually come equipped with the
corresponding notion of a “substructure". In the case of near-vector spaces,
we have the following:

Definition 3.3.12. ([7], Definition 2.3) Let (V, F) be a near-vector space and V' a
subset of V, such that V' # @. (V', F) is said to be a subspace of (V,F) if (V/,+)
is a subgroup of (V,+) generated by XF = {xa|x € X,a € F}, where X is an
independent subset of Q(V).

Remark 3.3.13.
1. Xis a basis of (V', F).

2. If (V',F) is a subspace of (V,F), then it is closed under addition and scalar
multiplication.

Another characterization of subspaces is the following proposition.

Proposition 3.3.14. ([7], Proposition 2.4) Let (V,F) be a near-vector space and
V' a subset of V, such that V! # @. Then V' is a subspace of V if and only if V' is
closed under addition and scalar multiplication.

Example 3.3.15.
1. If (V, F) is a near-vector space, then it is a subspace of itself.

2. Let us consider the near-vector space (V, F) in Example 3.3.4 (5). Then the
subset V! = {(x,y) € R?|x = y} of V is a subspace of (V, F).
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To see this let « € F and (x,y), (x',y") € V', then we have that x = y and
x' =1y So

(xy)+ (& y) =y + . Y)

Therefore V' is closed under addition and scalar multiplication. Thus (V', F)
is a subspace of (V, F).

Proposition 3.3.16. ([7]) Let (V, F) be a near-vector space and (V1,F), (V,,F)
two subspaces of V. Then (V4 N'V,, F) is a subspace of V.

Proposition 3.3.17. If W is a subspace of V , then Q(W) = WN Q(V).

Definition 3.3.18. ([7]) Two near-vector spaces, (V, F) and (W, F) are isomorphic
if there is a bijection f : V.— W such that for all v1,v,v € V and x € F we have

f(v1+02) = f(v1) + f(v2)
f(oa) = f(v)a.

We now introduce the concept of regularity which is a central notion in the
theory of near-vector spaces. We start by defining the concept of compati-
bility.

Definition 3.3.19. ([2], Definition 4.7) Let (V, F) be a near-vector space such that
Q(V) # {0}. Two elements uand v of Q(V') \ {0} are called compatible (u cp v),
if thereisa A € F \ {0} such that u +vA € Q(V).

Remark 3.3.20.

* The compatibility relation cp is an equivalence relation on Q(V') \ {0}.

* The elements u and v of Q(V') \ {0} are compatible if and only if there exists
aA € F\ {0} such that +, = +,.

Definition 3.3.21. ([2], Definition 4.11) A near-vector space V is called a reqular
near-vector space if any two vectors of Q(V') \ {0} are compatible.
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Theorem 3.3.22. The near-vector space (FU), F) in Example 3.3.4 is regular.

Proof. To show that V is regular we prove that we just have one equivalence
class, under the compatibility relation. We consider d; € F; for i € I. Then
from Theorem 3.3.7 above we have that (d;) € Q(V). It turns out that every
element in Q(V) is related to (d;). In fact let (a;) = (d})A1 € Q(V), where
d; € Fyofalli € Iand A; € F. If Ay = 0 then (d;) + (a;) € Q(V). Suppose
A1 # 0and let A = A, . We show that (d;) + (a;)A € Q(V). We have

(di) + (ai)A = (di) + ((d})A1)A
= (d;) + (di0(A1))A
= (di) + (df9()\1?\))
= (d;) + (dip (1A 1))
= (d;) + (d}), since 0(1) =1
= (d; + d)).

We know that F;, with the operations of F, is a division ring. Hence d; 4 d; €
F;foralli € I. Therefore (d;) + (a;)A € Q(V). Thus (d;) and every element
of Q(V) are compatible. So V is regular. O

Remark 3.3.23. The near-vector space (F\D,F) is reqular but we do not have
Q(FWY = FU) in general.

Here is an example.

Example 3.3.24. Let F be a near-field which is not a fieldand V = F ® F. Then V
with the scalar multiplication (x,y)a = (xa, ya) is such that Q(V) C V.

Since F is a not a field, we have F; C F. From Theorem 3.3.7 we know that
Q(V) = {(dy,dp)F|dy1,dy € F;}. Let x € F\ F;. We show that (1,x) ¢ Q(V).
Suppose that (1,x) € Q(V). Then thereis « € F,dq,d, € F; such that (1,x) =
(dqw, dow). It follows that & = dl_l and x = dzdl_l. Since F; with the operations
of F is a division ring, x € F; (Proposition 2.2.3), a contradiction. Hence (1,x) ¢
Q(V). Therefore Q(V) C V.

We now list some properties related to compatibility.

Proposition 3.3.25. ([2], Proposition 4.10) Let u, v and u + v be elements of
Q\ {0}. Then

* ucpv, and
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* ucpu—+vo.

Theorem 3.3.26. ([2], Theorem 4.12) A near-vector space V is regular if and only
if there exists a basis which consists of mutually pairwise compatible vectors.

Next we give the main theorem of this chapter. It is from André ([2]).

Theorem 3.3.27. ([2], Theorem 4.13) (The Decomposition Theorem) Every near-
vector space V is the direct sum of regular near-vector spaces V;(j € ]) such that
each u € Q(V)\ {0} lies in precisely one direct summand V; . The subspaces V;
are maximal reqular near-vector spaces.

The proof can be found in [2] or in [6], Theorem 2.5.17.
The following theorems are consequences of this theorem. We do not repeat
the proofs here.

Theorem 3.3.28. ([2], Theorem 4.14) (The Uniqueness Theorem) There exists
only one direct decomposition of a near-vector space into maximal regular near
subspaces.

Definition 3.3.29. ([2], Definition 4.15) The uniquely determined direct decompo-
sition of a near-vector space V into maximal reqular subspaces, is called the canon-
ical direct decomposition of V.

Theorem 3.3.30. ([2], Theorem 4.17) Let (V, F) be a near-vector space with quasi-
kernel Q(V). Ifu € Q(V)\{0},x € V\uF and ua + xf = ua’ + xp’
(a,B,0/,B' € F), thena =o' and p = p/.

Theorem 3.3.31. ([2], Theorem 5.1) A near-vector space (V, F) is reqular if and
only if

Q(V) ={vA|A € F,v € R,} =: R,F,
where R, (V) = Ry, is the kernel of au € Q(V) \ {0} = Q(V) \ {0}. In this case
Q =Ry,F forallu € Q(V)\ {0}.

If we consider the near-vector space F(!) in Example 3.3.4 with 6 = id we
have the following:

Theorem 3.3.32. ([2], Theorem 5.2) (The Structure Theorem for Regular Near-
Vector Spaces)

An F-group (V,F), with V. # {0}, is a reqular near-vector space if and only if F
is a near-field and V is isomorphic to F\D, for some index set 1.



Stellenbosch University https://scholar.sun.ac.za

Chapter 4

Finite dimensional near-vector

spaces

We now turn our attention to finite dimensional near-vector spaces.

4.1 Finite dimensional near-vector spaces

Definition 4.1.1. Let (V, F) be a near-vector space. (V,F) is said to be a finite
dimensional near-vector space if its dimension is finite.

Example 4.1.2. Let us consider the near-vector space (R?,R) in Example 3.3.4
(5), and the elements (1,0) and (0,1). Let a, B € R. We have (1,0)a + (0,1)8 =
(a3, B8%). So, if (1,0)a + (0,1)B = O, then « = 0 and B = 0. Hence the
set {(1,0),(0,1)} is an independent set of Q(R?) = R% Now let (x,y) €
(R2,R). We have x'/3,y'/3 € R, and (x,y) = (1,0)x'/3 + (0,1)y'/3. Therefore
{(1,0),(0,1)} is a generating set of Q(IR?). Thus (R?,R) is a finite dimensional
near-vector space and its dimension is 2.

The main objective of this chapter is to study finite dimensional near-vector
spaces and we need more tools for 2 primitive near-rings.

From now on we suppose all near-rings are zero-symmetric. The theorems
in Meldrum ([11]) have been adapted for the 2-primitive case.

Proposition 4.1.3. ([11], Corollary 2.16) Let R be a near-ring, G an R-module.
Then every R-ideal of G is an R-submodule.

Proof. Since R is zero-symmetric, rOg = Og for all r € R. Let I be an R-ideal
of G. Thenforallr € R,g € G,i € Iwehaver(g+1i) —rg € I. For g = 0 we

28
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have

ri —r0g = ri+r(0r0g) = ri — (rOr)0g =ri —O0r0g =ri —0g =ri € L.
Hence forallr € R,i € I wehaveri € I. Therefore I is an R-submodule. [
Definition 4.1.4. ([11], Definition 3.8) Let R be a near-ring and G an R-module.

The semigroup, C := Endr(G), of all endomorphisms of G is called the R-centralizer
of G. Its subset, the group of units of C, is denoted by D := Autr(G).

Remark 4.1.5. Let 0 be the zero endomorphism of G. We write DY for D U {0}.
We are interested in the situation in which C = D°, which is not always the case.
So we consider the following two subsets of G

Go:={g € G|Rg = {0}}
G :={g € G|Rg = G}.
This leads to the following lemma.
Lemma 4.1.6. ([11], Lemma 3.12) Let G be an R-module. We have
* Gy # @ ifand only if G is monogenic.

o If Ris 2-primitive on G, then G = Go U Gy. Furthermore if R has an identity
and G # {0}, then Gy = G\ {0} and Gy = {0}.

b DGO = G() and DG1 = Gl.
Proof. Let G be an R-module.

* G is monogenic if and only if there is ¢ € G such that Rg = G. So G is
monogenic if and only if G; # @.

e If Ris2-primitive on G, then G has no nontrivial proper R-submodules.
Since Rg is an R-submodule of G, Rg = {0} or Rg = G forall ¢ € G.
Therefore forall g € G, g € Gopor g € G1. So G = Gy U Gy. Further-
more if R has an identity and ¢ # 0, then Rg # {0} since ¢ = 1¢ € Rg.
Hence Rg = G and so for all § € G, such that g # 0, ¢ € Gy. Thus
Go = {0} and G; = G\ {0}.

e Letg € DGy. Then thereisaa € D and gy € Gp such that ¢ = a(go).
Since gp € Gy, Rgo = {0}. We have Rg = R [a(g0)] = a(Rgo) = {0}.
Hence ¢ € Gp and DGy C Gq. Therefore DGy = Gy, since id € D. We
also have DG = Gj using the same technique.
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]

We assume, unless otherwise stated, that if the near-ring R has an identity,
then all R-modules are unitary. We have the following theorem.

Theorem 4.1.7. ([11], Theorem 3.13) Let R be 2-primitive on an R-module G #
{0}. Then

* D acts fixed point free on Gj.
e C=D"
Proof. Let R be 2-primitive on the R-module G # {0}.

* D acts fixed point free on Gy if forall g1 € Giandd € D, d(g1) = $1
implies that 4 is the identity map of G. Soletd € D and g1 € Gy such
that d(g1) = g1. Since g1 € G1, Rg1 = G. Then for any ¢ € G there
is 7 € R such that rg; = g. It follows that d(g) = rd(¢1) = rg1 = &
Hence d = 1. Therefore D acts fixed point free on G;.

e Since R is a 2-primitive near-ring on G, the only R-submodules of G
are {0} and G. Letc € C\ {0}. Thenkerc # G. But we know thatker ¢
is an R-ideal of G, by Example 2.3.12, and since R is a zero-symmetric
near-ring, R-ideals of G are R-submodules of G, by Proposition 4.1.3.
Hence ker ¢ = {0} and c is injective. Likewise ¢(G) is an R-submodule
of G. It follows that ¢(G) = G, since ¢(G) # {0}. Hence c is surjective.
Therefore c € D.

From the previous theorem comes the following corollary.

Corollary 4.1.8. ([11], Corollary 3.15) Let R be a 2-primitive near-ring with iden-
tity on an R-module G. Then C = D° and D is a fix point free group of automor-
phisms of G.

Proof. Since R has an identity, by Lemma 4.1.6 G; = G\ {0}. But Theorem
4.1.7 tells us that D acts fixed point free on G;. Hence D acts fixed point free
on G\ {0}. Therefore D is a fix point free group of automorphisms of G. [

The following theorem gives a correspondence between D, the set of all R-
automorphisms of G, and the concept of an annihilator that we introduced
in23.7.



Stellenbosch University https://scholar.sun.ac.za

CHAPTER 4. FINITE DIMENSIONAL NEAR-VECTOR SPACES 31

Theorem 4.1.9. ([11], Theorem 3.20) Let R be a 2-primitive near-ring, with iden-
tity, on an R-module G. Then for all g, h € Gy we have

Dg = Dh ifandonlyif Anng(g) = Anng(h).
Proof. Let g, h € G.

e Suppose that Dg = Dh. We have to show that Anng(g) = {r €
Rlrg = 0} = Anng(h) = {r € R|rh = 0g}. Since Ann,(g) # O,
let r € Anng(g). Then rg = 0. Using the fact that Dg = Dh, we have
d € D such that dg = h. It follows that rh = r(dg) = d(rg) = 0,
since d € D = Autg(G) and rg = 0. Therefore r € Anng(h) and
Anng(g) € Anng(h). We similarly have that Anng(h) C Anng(g).
Hence Anng(g) = Anng(h).

e Now, we assume that Anng(g) = Anng(h). We want to show that
Dg = Dh. To do this, we define the following map

p:Rg— Rh

rg — rh.
Since g,h € G1, Rg = Rh = G. Letr1g, g € G such that r1g = 9.
Then (rq1 —rp)g = 0. It follows that ry — r, € Anng(g) = Anng(h).

Hence r1h = rph. Therefore the map p is well-defined. For r1, 72 € R
we have

p(r1g +12g8) = p((r1 +12)g) = (r1 +r2)h = rih +r2h = p(r18) + p(r28)
p(r1(r2g)) = p((r1r2)g) = (r1r2)h = r1(r2h) = r1p(r28)

Hence p € C. Since p(g) = p(1g) = 1h =h # 0, p € C\ {0}. We
know from Theorem 4.1.7 that C = D°. So p € D and Dp = D. Since

p(g) =h, Dh = Dp(g) = Dg.

In order to prove Theorem 4.1.13 below, we need the following lemmas.

Lemma 4.1.10. ([11], Lemma 3.22) Let R be a near-ring and G an R-module. If
A, B, C are R-ideals of G, then we have

H=[(A+C)N(B+C)]/[(ANB)+C]
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is an abelian group and for all r € R the mapping
p:H—H
h v rh
is an endomorphism of (H, +).
Proof. Let = (ANB)+Cand N=(A+C)N(B+C).

¢ From Theorem 2.3.14 we have that I and N are R-ideals of G and since
I C N, Iis an R-ideal of N. It follows that N/I is a group. We want
to show that H = N/I is abelian. But H is abelian if for any ny,ny €
N, we have ny 4+ np, — ny — np € I which is the same as proving that
n+n, =np+n; modI. Since N C A+ Cand C C I, there is an
a€ A,c € Csuchthatny =a-+c.Son; =a mod I. Likewise we have
N C B+ Candsothereisab € Bsuch that ny =b mod I. Therefore
n1+ny = a+b mod I. Since A, B are normal subgroups of G (A, B
are R-ideals) and (a+b—a)—-b=a+b—a—-b=a+ (b—a—"0),
wehavea+b—a—be ANB.Hencea+b=b+a mod AN B. But
ANB C I. It follows thata +b = b+a mod I. Hence n; +n, =
a+b=b+a=ny+n, mod I. Therefore H is abelian.

e We now show that the map p is an endomorphism of (H, +). To prove
it, we show that r(ny + ny) = rny + rnp mod I. From the first part
we know that for all ny,1n, € N there area € A and b € B such that
ny =a mod I,ny =b mod I. It follows that rn; = ra mod I,rn, =
rb mod I. Also since A is an R-ideal, we have r(b+a) —rb € A. Tt
follows that (b +a) = rb mod A. From the first part we have that
r(a+b) = r(b+a) mod A and so r(a+b) = rb mod A. Hence
r(a+b)=ra+rb mod A,sincer(b+a)—rb,rac Aand (r(b+a) —
rb) —ra € A. Likewise we have r(a +b) = ra+rb mod B. Hence
r(a+b) =ra+rb mod ANB. Sincc ANB C I, r(a+b) =ra+rb
mod I. Therefore r(ny +ny) =r(a+b) =ra+rb=rny +rny mod I,
so p is an endomorphism of (H, +).

]

Lemma 4.1.11. ([11], Lemma 3.25) Let R be a 2-primitive near-ring on the R-
module G, and let g be its generator. If B, C are left ideals of R such that

B+ Anng(g) = C+ Anng(g) =R, BNC C Anng(g),



Stellenbosch University https://scholar.sun.ac.za

CHAPTER 4. FINITE DIMENSIONAL NEAR-VECTOR SPACES 33

then R is a ring.

Proof. By Remark 2.3.13 the left ideals of R are also R-ideals of R, by con-
sidering R as an R-module. Also Anng(g) is an R-ideal of R by Proposition
2.3.9. From Lemma 4.1.10

H = [(B+ Anng(g)) N (C+ Anng(g))] / [(BNC) + Anng(g)]

is abelian and the map p is an endomorphism of (H, +). But H = R/ Anng(g),
since B + Anng(g) = C+ Anng(g) = Rand BN C C Anng(g), and so H
is R-isomorphic to G, by Corollary 2.3.30. Hence G is abelian and for all
r € R, the map p, : G — G given by p, : ¢ + rg is an endomorphism of
G. Therefore from Lemma 2.3.32 we have R is a ring, since G is a faithful
R-module. [

From now on we will write G* for G \ {0}.

Lemma 4.1.12. ([11], Lemma 3.26) Let R be a 2-primitive near-ring on the R-
module G, such that R has an identity and it is not a ring, and let {g1, g2 ..., gn} C
Gy, n > 1,such that Anng(g;) # Anng(g;j) ifi # j. Thenforallt =1,...,n—1

() Anng(gi) € Anng(g)

i=1

fort <k <n.

Proof. We use induction on t to prove the lemma. Since R is 2-primitive on
G with identity, G; = G* by Lemma 4.1.6 and G has no nontrivial proper
R-submodules. So if § € G*, then by Lemma 2.3.31 we have Anng(g) is a
maximal R-ideal of R. Hence Anng(g;) C Anng(gj) implies Anng(g;) =

Anng(g;). Thus i = j. So for all k > 1 we have Anng(g1) € Anng(gx).
t
Now we assume that for t > 2, () Anng(g;) ¢ Anng(gy) fort < k < n.
=1
t 1 t+1
Let B = (] Anng(gi). We want to show that (| Anng(g;) ¢ Anng(gx) for
i=1 i=1
t+1 < k < n. We know that Anng(gi+1) € Anng(gy) fort+1 < k < n.
Let C = Anng(gs+1).- We have by Theorem 2.3.14 that B + Anng(gy) and
C + Anng(gy) are R-ideals of R. Also by Theorem 2.3.31 Anng(gi.1) is a

maximal R-ideal of R. Since B # {0},C # {0},

R = B+ Anng(gx) = C+ Anng(gx)-
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We assumed that R is not a ring. So from Lemma 4.1.11 BN C ¢ Anng(gx)
t+1

fort+1 < k < n.Hence (| Anng(g;) € Anng(gx) fort+1 <k <n. O
i=1

Theorem 4.1.13. ([11], Theorem 3.21) Let R be a 2-primitive near-ring with iden-

tity on the R-module G, such that R is not a ring. Let {g1,82...,8n} C Gy,

n > 1, such that for i # j, Anng(g;) # Anng(g;). Let {h1,hy, ..., hy} C G,

where the h; are not necessarily all distinct for i € {1,...,n}. Then there exists an

element r € R such that rg; = h; for 1 <i <n.

Proof. We use induction on 7, the number of g’s, to prove the theorem. By
Lemma 4.1.6, G; = G*. For g1 € G* we have Rg; = G and so for h; € G
there is r € R such that rg; = h;.

So we assume that there is r,, € R such that r,,g; = h;for1 <i < m < n.

m
Let [ = ﬂ Anng(gi). By Lemma 4.1.12 we have I ¢ Anng(gm+1). So

Igm+1 # Z{(1)}, otherwise I C Anng(gm+1). By Proposition 2.3.9 we have
that I is a left ideal of R. We want to show that Ig,,;1 is an R-ideal of G.
Let sgm+1 € Igm+1,7 € R,g € G. Since g¢yy+1 € G1, Rgu+1 = G. So there is
r1 € R such that ¢ = r1¢,+1. So we have

(g +88mr1) — 18 = r(r1&m+1 + 88&m+1) — (111)&m+1

= [r(r1+5) —r71] gmi1-

Since I is aleftidealof Rand s € I, r(r1 +s) —rry € I. Hence r(g +5gm+1) —
rg € 1gpy11. Also Ig,,4+1 is normal since I is normal. Therefore Ig,, 1 is an
R-ideal of G. Since R is a zero-symmetric near-ring, by Proposition 4.1.3 R-
ideals of G are R-submodules of G. So Ig,,+1 is an R-submodule of G. Since
Ris a 2-primitive near-ring on G, G has no nontrivial proper R-submodules.
It follows that Ig,,+1 = G, because I1g;,+1 # {0}. So there is s € I such that
sgm+1 = hm+1 — rmgm+1. Let rp1 = s +ry. We now verify that 7,41
is the required element. We have for all i, 1 < i < m, sg;,, = 0, since

m
sel=()Anng(gi)-So
i=1

rm+18i = (8 +7m)8i = $gi +Tm&i = rm&i, V1 <i<m
Y"m+18m+1 = (5 + rm)gm+1 = SQm+1 + "m8&m+1 = hm+1 — Ym8&m+1 + "m&m+1

= hm+1-
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Thus we have proved the theorem. O

We need the following material in order to prove two important theorems,
namely Theorem 4.1.21 and Theorem 4.1.22.

Definition 4.1.14. ([11]) Let (G, +) be a group and A a set of automorphisms of
G. Then G consists of a disjoint union of orbits of A, under the action of A on
G. A subset {g;li € I} of G, where I is some index set, is called a set of orbit
representatives if

*
G™ = eic[Agi.
where “o" means disjoint union.

Lemma 4.1.15. ([11], Lemma 3.28) Let (G, +) be a group, A a group of automor-
phisms of G. Let f € Ms(G) and G* = e;c1Ag;. Then f uniquely determines
and is determined uniquely by the set {h;|i € I}, where h; = f(g;).

Lemma 4.1.16. ([11], Lemma 3.28) Let (G, +) be a group, A a group of automor-
phisms of G. Let f € M(G). Then f induces a map from the orbits of A on G to
themselves.

Proof. We have f(Ag) = A(f(g)). So the result follows. O

Lemma 4.1.17. ([11], Lemma 3.30) Let (G, +) be a group, A a group of automor-
phisms of G. Let ¢ € G* and h € G. Then there exists f € M (G) such that

f(g) = hifand only if Sto(g) C Sta(h), where Sto(g) := {a € Ala(g) = g}
is the stabilizer of g € G in A.

Proof. Suppose that there exists f € M (G) such that f(g) = h. Leta €

Sta(g) = {a € Ala(g) = g} Wehave a(h) = af(g) = f(a(g)) = f(8) = h.
Hence a € St (h). Thus St4(g) C Sta(h). Now we assume that St4(g) C
Sta(h). We have to find f € M4 (G) such that f(g) = h. We define f as
follows:

a(h) forallac A
f(x)=0 forall x € G\ Ag.

We have to show that f is well-defined on Ag. So let a1,a, € A, such that
a1(g) = a2(g). Then (a,' oa1)(g) = g. It follows that (a, ' o ay) € Sta(g).
But by hypothesis St4(g) C Sta(h) andsoa, ' oa; € St4(h). Hence a; (h) =
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ay(h). Therefore f is well-defined. We now show that f € M4(G). Letx € G
anda € A. If x ¢ Ag, thena(x) ¢ Ag. So0 = af(x) = f(a(x)) = 0. Now
if x € Ag, then x = a(g) for some a € A. We have f(a(x)) = f(a(a(g)) =
f((woa)(g)) = (xoa)(h) = a(f(x)). Thus f € Ma(G). Finally we have

f(g)=h. O

Theorem 4.1.18. ([11], Theorem 3.31) Let (G, +) be a group, A a fix point free
group of automorphisms of G. Let {g;|i € I} be a set of orbit representatives of G,
and let {h;|i € I} C G, where the h; are not necessarily distinct for i € I. Then
there is a unique f € M4 (G) such that f(g;) = h;, foralli € I.

Proof. Since {g;|i € I} is a set of orbit representatives, G* = o;c;Ag;. So any
nonzero element can be written as a(g;) for some a € A and g; € {g;|i € I}.
We define f as follows

f(a(gi)) =a(h;), foralla € A,i €,
£(0) = 0.
We prove that f is well-defined. Let aj,ap € A,i € I such that a;(g;) =
a2(g;). So (a,'oay)(g;) = g Since A is a fix point free group of auto-
morphisms of G, a,! oa; = Idg. Hence f is well-defined. It remains to
show that f € My (G) since we already have f(g;) = h; by construction.
Leta € A,g € G. If g =0, then a(f(0)) = 0 = f(«(0)). So let g € G*.
Then thereisa € A,i € I such that ¢ = a(g;). So f(a(g)) = f(a(a(g))) =

f((eoa)(gi) = (xoa)(h;)) = a(f(g)). Therefore f € M4 (G). By Lemma
4.1.15 f is unique. O

Definition 4.1.19. ([11], Definition 3.32) Let S be a subnear-ring of the near-ring
R with a natural faithful representation on the R-module V. Then S is said to be
dense in R if given any finite subset {v1,v2, ..., v}, k = 1, of V and any element
1 of R, there exists an s € S such that sv; = rv;, for 1 <i <k.

Proposition 4.1.20. ([11], Theorem 3.33) Let (G, +) be a group, A a group of
automorphisms of G. Let R be a subnear-ring of M4 (G). Then

* Risdense in My (G) if and only if for all {g1,82,...,8n} € G, n > 0, and
f € Ma(G), thereis r € R such that r(g;) = f(g;) for1 <i < n.

e If A is a fix point free group, then R is dense in M4 (G) if and only if for

{81,82,--.,8n} € G* such that Ag; # Agjifi # jand {g1,85,...,8n} C
G, there exists r € R such that r(g;) = g}, for 1 <i < n.
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Proof.
¢ This follows directly from the definition.

* Since A is a fix point free group and Ag; # Ag;if i # j, by Theorem
4.1.18 there is f € M4(G) such that f(g;) = g/ foralli € {1,...,n}.
Since R is dense, there is r € R such that r(g;) = f(gi) = g, for
1<ig<n

]

Theorem 4.1.21. ([11], Theorem 3.34) Let (G, +) be a group such that G # {0},
A a fix point free group of automorphisms of G. Then any dense subnear-ring of
M4 (G) is 2-primitive on G.

Proof. Let R be a subnear-ring of M4(G). We know that G is a faithful
M4 (G)-module by Example 2.3.3. So by restricting the representation of
M4 (G) on G to R, we have that G is a faithful R-module. Let ¢* € G* and
R a dense subnear-ring of M4(G). From Proposition 4.1.20 we know that
forall ¢ € G, there is r € R such that r¢g* = g. Hence Rg* = G and so G is
a monogenic R-module. Since for all g* € G* we have Rg* = G, G has no

nontrivial proper R-submodules. Therefore R is a 2-primitive near-ring on
G. O

Theorem 4.1.22. ([11], Theorem 3.35) Let R be a near-ring with identity 1, which
is 2-primitive on the R-module G. Let C := Endg(G) and D := Autr(G). Then
R C Mp(G), C = DU{0}, D is fix point free and if R is not a ring then is a
dense subnear-ring of Mp(G).

Proof. We first show that R C Mp(G). Since G is an R-module, we can
define the following map forall» € R :

fr:G—=G
g rg.

We have f, € Mp(G), since for all « € D,g € G, fr(a(g)) = ra(g) =
a(rg) = a(fr(g)). Hence R C Mp(G). From Corollary 4.1.8 we have
that C = D U {0} and D is fix point free. It remains to show that R is a
dense subnear-ring of Mp(G). Let {g1,...,gn} € G* such that Dg; # Dg;
ifi # jandlet {g},...,4,} € G. From Theorem 4.1.9 we have Anng(g;) #
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Anng(g;) for alli # j. Since R is not a ring, by Theorem 4.1.13 there is 7 € R
such that rg; = g; for 1 < i < n. Finally by Proposition 4.1.20 R is dense in
Mp(G). O

We now define the concept of rank.

Definition 4.1.23. ([11], Definition 4.3) Let A be a group of automorphisms, not
necessarily fix point free, of the group (G,+). Let r € Ma(G). The A-rank of
r, denoted by rk 4 (r), is the cardinal of the set of nonzero orbits of A on rG. We
speak of the rank of r and write rk(r) if there is no possibility of confusion. Unless
otherwise specified, A = Autr(G), where R is a near-ring and G an R-module.

In the rest of the thesis A is equal to Autr(G).

Remark 4.1.24. Let R be a near-ring and G an R-module. As in Theorem 4.1.22
R C Mp(G), D := Autg(G), for an element r € R the rank is determined by the
cardinality of the set of nonzero orbits of the following action:
DxrG—rG
(a,79) —= - rg = ra(g).

If r is of rank 1 then according to the definition we have only one nonzero orbit. So
forallg € G, g #0,

rG* = {ra(g), foralla € Autr(G)}.

From now on R will denote a zero-symmetric right near-ring with identity

1. The following theorems are important in proving van der Walt’s theorem.

Theorem 4.1.25. ([11], Theorem 4.2) Let R be a near-ring, Gy and Gy be R-
modules such that 0 is an R-isomorphism from Gy to Gy. Let C; := Endg(G;j),
D; := Autr(G;) fori =1,2. We define
Q: C1 — Cz
¢ ¢(c)

with ¢(c)(g2) = 60(c(g1)), where go = 6(g1). Then ¢ is an isomorphism and ¢
restricted to Dy is an isomorphism from Dy to Ds.
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Proof. First we show that ¢ is well-defined. For ¢ to be well-defined we
have to show that for all c € Cy, ¢(c) € Cp. Since 6 is an R-isomorphism
from Gj to Gy, for all g» € G, there is a unique g1 € Gy such that 6(g1) = £».
We have forallc € Cy,g,h € Gi,r € R

@(c)(r0(g)) = @(c)(0(rg)), since 6 is an R-isomorphism,

= 0(c(r8)),
6(rc(g)), since ¢ € Cy,
)

r8(c(g)), since 6 is an R-isomorphism,

re(c)(0(g)),

and

@(c)(0(g) +0(h)) = @(c)(6(g+h)), since 8 is an R-isomorphism,

= 0(c(g+h)),
=0(c(g) +c(h)), sincec € Cy,
=0(c(g)) +6(c(h)), since 0 is an R-isomorphism,

¢(c)(0(g)) + @(c)(6(h)).

Hence ¢(c) € C; for all ¢ € C;. Therefore ¢ is well-defined.
Now we show that ¢ is a semigroup homomorphism from C; to C,. Let
c1,¢) € C1, g € Gy. we have

¢(c1oc1)(0(3)) =

Hence ¢ is a semigroup homomorphism. The homomorphism ¢ is bijective.
In fact let c1, ¢} € Cp such that ¢(c1) = ¢(c}). So for all g € G; we have
¢(c1)(0(g)) = @(c})(8(g))- It follows that 8(c1(g)) = 6(ci(g)). Since 6 is
injective, ¢1(g) = ¢ (g) for all ¢ € G;. Hence ¢ is injective. Let c; € Cp. We
want to find ¢; € C; such that c; = ¢(c;). Let c; = 87! o0 ¢y 0 6. We have for
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g€G

p(c1)(6()) = 9(67" 0c206)(6(g))
= 9(9_1 o0cp06(g))

= 2(0(8))-

Hence ¢(c1) = cp and ¢ is surjective. Since ¢ is a semigroup homomor-
phism, it maps invertible elements of C; to invertible elements of C,. There-
fore ¢ restricted to Dy is an isomorphism from D; to D;. O

Theorem 4.1.26. ([11], Theorem 4.5) Let R be a 2-primitive near-ring, which is
not a ring, on G which has a minimal left ideal K. Then we have:

* G is R-isomorphic to K.
* There is an idempotent e € K\ {0} such that

— K= Re = Ke, and

— Endgr(G) and eRe are isomorphic semigroups.
* Every nonzero element of K has rank 1.

Proof.

e Since K is a left ideal of R, by Remark 2.3.13 it is also an R-ideal of R.
It follows by Proposition 4.1.3 that K is an R-submodule of R. So it is
possible to define an R-homomorphism from K to G.

Since G is faithful, by Remark 2.3.8 Anng(G) := {r € Rjrg = 0,Vg €
G} = {0}. It follows that KG # {0} and there is ¢ € G such that Kg #
{0}. But Kg is an R-submodule of G. Since R is zerosymmetric and K
is aleftideal of R, for allr € R,k € Kwe haverk =r(0+ k) +r0 € K.
It follows that RK C K. Hence RKg C Kg. Since G is of type 2 and
Kg # {0}, Kg = G. Then we define a mapping from K to G as follows:

f:K—=G
k — kg.
The map f is an R-homomorphism. Also f(K) = Kg = G. So f is

surjective. We have ker f = {k € Klkg = 0} = KN Anng(g). So ker f
is a left ideal of R, since by Proposition 2.3.9 Anng(g) is a left ideal of
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R. But K is minimal, so ker f = {0} or ker f = K. If ker f = K, then
Kg = {0}, which is not possible. So ker f = {0}. Hence f is injective.
Therefore G is R-isomorphic to K.

e We now prove that there is an idempotent ¢ € K\ {0} such that K =
Re = Ke. From the first part we have that Kg = G. So thereis e ¢
K\ {0} such that eg = ¢. So ¢’?¢ = e(eg) = eg = g, and ¢* —e € KN
Anng(g)={0}. It follows that ¢> = ¢, and so e is idempotent. We have
Ke is an R-submodule of K and K is of type 2, since it is isomorphic to
G. Hence K = Keand K = Ke € Re € RK C K. Therefore K = Ke =
Re.

We have that Re is R-isomorphic to G. So by Theorem 4.1.25, Endg (G)
is isomorphic to Endg(Re). We show that Endg(Re) = eRe. Let f, :
Re — Re be the mapping defined by f,(se) = sere. We have f,(s1e +
spe) = fr(s1e) + fr(sze) and f,(ss1e) = sf(s1e). So fr is an endomor-
phism. Hence we can define a mapping from:

F : eRe — Endgr(Re)

ere — f;

We have to show that F is well defined. If erje = erye, then forall s € R
we have serje = serpe. Hence f;, = f;, and so F is well-defined. We
also have for all erje,erpe € eRe, F((erie)(erze)) = fr, 0 fr, = F(r1) *
F(rp) with fx¢ = go f. Hence F is a semigroup homomorphism
from (eRe, -) to (Endg(Re), ). We now show that F is a bijection. Let
erie,erpe € eRe such that f,, = f;,. Then f,,(e) = f;,(e) and erje =
erye, so F is injective. Let ¢ € Endr(Re). We want to find ere € eRe
such that f, = g, i.e g(se) = sere for all s € R. We know that e = ¢? €
Re and g(e) € Re. So there is r € R such that g(e) = re. Then ere =
eg(e), and since g is an R-homomorphism, ere = eg(e) = g(e?) = g(e).
So for all s € R, we have g(se) = sg(e) = sere = f,(se). Hence F is
surjective and therefore F is a semigroup isomorphism.

e We show that every element of K \ {0} has rank 1. This means that for
any nonzero element k, the following action of D := Autg(G) on kG



Stellenbosch University https://scholar.sun.ac.za

CHAPTER 4. FINITE DIMENSIONAL NEAR-VECTOR SPACES 42

by
D x kG — kG
(0 kg) — ka(g),

has just one nonzero orbit. Let us suppose that there are two disjoint
nonzero orbits D(kg1), D(kg»), with kg1,kg> # 0. Then by Theorem
41.13forall {a1,a2} C G, thereisr € Rsuchthatrkg; = a1 and rkg, =
ay. So we can have rkg; = 0 and rkgy # 0. Then rk € KN Anng(g1)
and rk # 0 since otherwise rkg, = 0. It follows that KN Anng(g1) is
a nonzero left ideal of R contained in K. Since K is minimal left ideal
of R, K= KnN Anngr(g1) and so K C Anng(g1). It follows that kg; = 0

which is a contradiction. Therefore every element of K \ {0} has rank
1.

]

Remark 4.1.27. According to the theorem above, the minimal left ideals of R are of
the form Re for some idempotent element e in R and they are all isomorphic to G.

We also have

Theorem 4.1.28. ([13]) Let R be a 2-primitive near-ring which has a minimal left
R-subgroup K. Suppose G is a faithful R-module of type 2. Then we have:

* G is R-isomorphic to K.
* There is an idempotent e € K\ {0} such that

- K= Re = Ke, and

— Endg(G) and eRe are isomorphic semigroups.
* Every nonzero element of K has rank 1.

We now have a characterisation of minimal left R-subgroups for a given
2-primitive near-ring R.

Theorem 4.1.29. ([13], Theorem 2.1) Let R be a 2-primitive near-ring on the R-
module G. Then R has a minimal left R-subgroup if and only if R contains an
idempotent e of rank 1.
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Proof. If R has a minimal left R-subgroup by Theorem 4.1.28, R contains an
idempotent e of rank 1.

Now we assume that R contains an idempotent e of rank 1. We have to
construct a minimal left R-subgroup K of R. Let K = Re, then K is an R-
submodule of R. The idea is to find an R-isomorphism between K and G
and since G is of type 2, K will also be simple and will be a minimal left
R-subgroup. Since G is faithful, there is g1 € G, such that Kg; # {0}. But
G being of type 2 implies that Rg; = G. Let g = eg;. We have g # 0,
otherwise we will have {0} = Rg = Reg; = Kgi, but Kg; # {0}. We
have eg = e(eg1) = eg1 = g, since e is an idempotent. It follows that
Kg = Reg = Rg = G, since by Theorem 4.1.6, for all ¢ € G*, Rg = G. We
define a mapping

f:K—=G
k — kg.

The mapping f is an R-homomorphism and surjective, since Kg = G. We
show that it is also one to one. We have ker f = KN Anng(g). It remains to
prove that ker f = {0}. Since ker f is an left R-subgroup of K (by Lemma
2.3.23, the R-submodules are left R-subgroups and by Example 2.3.12 ker f
is an R-submodule) and also contained in Anng(g), we will simply show
that there is no nonzero left R-subgroup of K contained in ker f. So let H
be a nonzero left R-subgroup of K. Since K = Re, H will be of the form
Ie. So He = (Ie)e = Ie = H. Since G is faithful, there is g’ € G, such
that Hg' # {0}. Then He¢’ = Hg' = G, since G is of type 2, and there
is h € H, such that h(eg’) = g # 0. It follows that h ¢ Anng(eg’). But
since e is of rank 1, eG = {0} U D(eg1) = D(g). It follows that ¢ and eg’
are in the same orbit and so D(eg’) = D(g). By Theorem 4.1.9 we have that
Anng(g) = Anng(eg’). Hence h ¢ Anng(g) and H ¢ Anng(g). Therefore
f is injective and K is a minimal left R-subgroup of R. O

The theorems above have some very important consequences.

Corollary 4.1.30. ([13], Corollary 2.2) Let R be 2-primitive near-ring with iden-
tity on G and suppose K is a minimal left R-subgroup and that e is an idempotent
of rank 1 such that K = Re. Then (eRe,-) is a group with zero, and the group
eRe \ {0} acts on Re by right multiplication as a fix point free group of automor-
phisms.
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Proof. Since R is 2-primitive on G, by Theorem 4.1.22
Endgr(G) \ {0} = Autr(G).

It follows that Endg (G) is a group with zero. From Theorem 4.1.28 Endg(G)
and eRe are isomorphic semigroups. It follows that (eRe, -) is also a group
with zero. By Theorem 4.1.22 again we know that Autg(G) is fix point free
and by Theorem 4.1.28 G is R-isomorphic to K. Hence eRe \ {0} acts on
K = Re as a fix point free group of automorphismes. O

Corollary 4.1.31. ([13], Corollary 2.3) Let R be a 2-primitive near-ring on G and
let e be a distributive idempotent element of R of rank 1. Then (eRe,+,-) is a
near-field.

Proof. Since e is idempotent of rank 1, by Theorem 4.1.29 Re is a minimal
left R-subgroup of R. So by Corollary 4.1.30 (eRe, -) is a group with zero.
Moreover e being distributive implies that (eRe, +) is a group. Therefore
(eRe, +, -) is a near-field. O

Remark 4.1.32. Since every near-field is abelian by Theorem 2.2.1, (eRe, +) is
abelian if R is 2-primitive on G and e is a distributive idempotent element of R of
rank 1.

Proposition 4.1.33. ([13], Corollary 2.6) Let (G,+) be a group, A a group of
automorphisms of G such that A acts fix point free on G. Then M4 (G) is a near-
field if G* is an orbit, that is if there is ¢ € G* such that Ag = G*.

Proof. From Theorem 4.1.21 we know that M 4(G) is 2-primitive on G. Also
Idg € Ma(G) is distributive and idempotent. We want to show that Idg
is of rank 1. By definition, the rank of Id; is the cardinality of the set of
nonzero orbits of the action of A on IdgG = G. Since G* is an orbit, we
have only one nonzero orbit. So Id is of rank 1. Hence by Corollary 4.1.31
M4 (G) is a near-field. O

We introduce a new class of near-rings.

Definition 4.1.34. ([13]) If the near-ring R contains a complete set of distributive
idempotents, i.e. it contains a finite set {e1, ey, ..., ey} of idempotents such that

l.ei+e+---+e,=1;
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2. eiej =0ifi #J;

3. each e; is of rank 1;

4. each e; is a distributive element of R;
then R is called a CD I-near-ring.

Remark 4.1.35. ([13]) Let R be a CDI-near-ring and 2-primitive on G. Let
{e1,€a,...,en} be the set of idempotents of rank 1. By Theorem 4.1.29 R has min-
imal left R-subgroups Re; for all i € {1,...,n}. Moreover by Theorem 4.1.28 we
have

* n R-isomorphisms ¢; : G — Re;, and
* 1 semigroup isomorphisms P; : Endr(G) — e;Re;.

By Corollary 4.1.30 e;Re; \ {0} acts on Re; by right multiplication for all i €
{1,...,n} and we now give the action explicitly. Any element of Re; and e;Re; can
be uniquely written as ¢;(g) and P;(x) for some g € G,a € Endg(G), respec-
tively. The action is defined by

¢i(g) - Yia) := i(a(g))-

We simply write ¢i(g)i(a) = ¢i(a(g)) instead of ¢i(g) - i) = ¢i(a(g))
when there is no room for confusion.

Soforallr € R, g € G,a € Endgr(G), r¢i(g)¥i(a) = ¢pi(ra(g)).

Proposition 4.1.36. ([13]) Let R be 2-primitive on the R-module G and suppose
that R is a CDI-near-ring with {ey, ..., en } as the set of idempotents. Then

* (e;jRe;, +) is isomorphic to (e;G,+) foralli € {1,...,n}.
e G=e¢1G+ -+ e,Gand G is abelian.
* There is a group isomorphism ® between G and H := ejRe; @ - - - @ ey Rey,.

Proof.

e Foralli € {1,...,n},¢; : G — Re; is an R-isomorphism and ¢;(e;G) =
eip;(G) = e;Re;. So (¢;G, +) and (e;Re;, +) are isomorphic.
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e By Remark 4.1.32 (e;Re;, +) is abelian for all i € {1,...,n}. It follows
that (e;G,+) is also abelian. Since for all i,j € {1,...,n} we have
eiej = Oifi #jandey+---+e;, =1, G =G+ - +¢,G is a di-
rect decomposition, and so G is abelian. Where direct decomposition
means each ¢;G is a normal subgroup of G, ¢;G Ne;G = {0} for all
i#j,i,j€e{l,...,n}and G = e;G + - - - + ¢,G. Since ¢;G is abelian,
it is a normal subgroup of G. We also have ¢;G Ne;G = {0}, i # j,
i,j €{1,...,n},sinceif j # i and ;g = e;¢’, we have

0=0g = (eje;)g = ej(eig) =ej(ejg') = (ejej)g’ = ¢jg’ = eig.
* Let ® be the map defined by

b:G— H
g pr(e1g) + -+ Pnleng).

We show that ® is a group isomorphism. Since G = 1G + - - - +¢,G
is a direct decomposition and ¢; : (e;G,+) — (e;jRe;, +) is group iso-
morphism, foralli € {1,...,n}, ®is a group isomorphism.

Corollary 4.1.37. ([13]) Let H := e1Re; @ - - - @ e, Rey,. Then
* H is an R-module under the action defined by
r-h:=®d(rg)

with h = ®(g) € H, where ® is the group isomorphism defined in the proof
of Proposition 4.1.36. We simply write rh instead of r - h.

* & isan R-isomorphism.

Proof.

¢ Since @ is a group isomorphism from G to H, for any h € H thereis a
unique g € G such that 1 = ®(g). Hence the action is well-defined. It
follows that H is an R-module.

e letg € Ganr € R. We have ®(rg) = r- P(g) = rd(g), by the
definition of the action. Since we already have that ® is a group iso-
morphism, we now have that ® is an R-isomorphism.
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]

Corollary 4.1.38. ([13]) Let ® be the R-isomorphism between G and H := e1Re; @
-+ @ ey Rey, defined in the proof of Proposition 4.1.36. Then:

* There is a semigroup isomorphism ¥ : Endg(G) — Endgr(H) such that for
allg € G,r € Rand o € Endg(G) we have

D(g)¥ (a) := ¥ (a)(P(g)) = pr(erg)Pr(a) + - + Pnleng)Pu(a)
and O(ra(g)) = r®(g)¥ («).

e If R is not a ring, then R is a dense subnear-ring of M4 (H), where A :=
EndR(H)

Proof.

¢ We have seen in Corollary 4.1.37 that G is R-isomorphic to H. So by
Theorem 4.1.25 there is a semigroup isomorphism

Y EﬂdR(G) — EndR(H)
such that

since

¥(@) (h) = B(alg)), with &(g) = h.
But we know from Proposition 4.1.36 that
D(a(g)) = r(e1a(g)) +- -+ + Pulena(8))

and by Remark 4.1.35 we have ¢;(g)i(«) = ¢;i(a(g)). Hence

D(8)¥ (a) = Pr(erg)ipr(@) + - + Pu(eng)Pn ().

We have
r®(g)¥(a) = ®(rg)¥ ()
= ®(a(rg)) since (g1)¥ (w1) = P(a1(g1))
= ®(ra(g)) since « € Endg(G).
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Suppose that R is not a ring. Since H is R-isomorphic to G, R is
2-primitive on H. By Theorem 4.1.22 R is a dense subnear-ring of
Mp(H), with D := Autg(H), and Autgr(H) = A\ {0} by Corollary
4.1.8. Therefore R is a dense subnear-ring of M- (H). But we have
Ma(H) C My-(H). Therefore R is a dense subnear-ring of M4 (H).

]

Lemma 4.1.39. ([13], Lemma 3.1) Let H := e1Re; & - - - & e, Rey, as defined in
Proposition 4.1.36 and A := Endgr(H). Then (H, A) is a near-vector space.

Proof. We have that

(H,+) is an abelian group and A is a set of endomorphism of (H, +).
We have id, —id,0 € A.

Since R is 2-primitive on H (because G = H), by Corollary 4.1.8 A\
{0} = Autgr(H) and A acts fix point free on H. So A* is a subgroup of
Aut(H).

We now show that the quasi-kernel Q(H) generates H additively. Since
H = ejRe; @ - - - @ eyRey, if we can show that ¢;Re; C Q(H) then
Q(H) generates H additively. Soleti € {1,...,n}, ejre; € ejRe;, with
r € R,and a, B € A. Then there are unique 1,81 € A,g € G such
that o = ¥(aq), 8 = Y(B1),eire; = ®(e;g), since by Corollary 4.1.38
Y : Endr(G) — Endgr(H) is an isomorphism and by Proposition 4.1.36
® : G — H is also an isomorphism. Again by Corollary 4.1.38, for
all g € G,a € Endgr(G) we have ®(g)¥(a) = ¢1(e19)yn () + - - +
¢n(eng)Pn(a). It follows that

D(eig)t(a) = pr(er(eig))i(a) + - - - + Pulen(eig))Pu(w)
= ¢1((e1e;)Q)pr(a) + - - - + Ppn((enei)g)Pn(a)
= ¢i(e;g)Pi(«) since eje; = 0,Vi # jand eje; = e;.



Stellenbosch University https://scholar.sun.ac.za

CHAPTER 4. FINITE DIMENSIONAL NEAR-VECTOR SPACES 49

Hence

eireinc + eireip = P(eg)¥ (ar) + P(eig) ¥ (1)
¢i(eig)i(a) + pileig)i(p1)
¢ieig)yi(11)

D(e;g)Y (1)

= e;jre;y with v = ¥ (1),

with 1 = 97" [(gi(eig)) " (gileig)yi(ar) + dileig)wi(Br))] -
Therefore e;Re; C Q(H). Thus Q(H) generates H.

Thus (H, A) is a near-vector space. O

Corollary 4.1.40. ([13]) The near-vector space (H, A) in Lemma 4.1.39 is a finite
dimensional near-vector space.

Proof. The set {ey,...,e,} is a set of idempotents of rank 1. For each e; we
have one nonzero orbit of the action of A* on ¢;H, namely ¢;H \ {0}. Since
e1+---+e,=1and 1 € R we have

l=e1+---+e,
= e1e1 + - - - + enep, since ¢; is idempotent foralli € {1,...,n}
=eleg +---+eyley
€ H, where H = e1Re1 & - - - D ey Rey,.

It follows that e¢; € ¢;H. Hence the only non zero orbit is ¢;H \ {0} =

{eia, foralla € A*}. But e;H = e;Re;, since eje; = e¢; and eje; = 0 for

i # j. Therefore e;Re; \ {0} = {e;a, foralla € A*}, and e; generates e;Re;.
n

But we have seen in the proof of Lemma 4.1.39 that U e;Re; generates H. So

i=1
{e1,...,en} generates H. We now show that {ey, ..., e, } is independent. Let

a1,...,0p € Asuchthateja; +---+eyny, = 0. Then foralli € {1,...,n},
we have

ei(erog + - - - + epay) = €0
= e;u;, since e;e; = ¢; and e;je; = 0,Vj # i

= 0.
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Hence ¢;a; = 0. Since A acts fix point free on H and ¢; # 0, a; = 0. Therefore
{e1,...,en} is independent. Thus {ey,...,e,} is a basis of (H, A) and so
(H, A) is of dimension n. O

Theorem 4.1.41. ([13], Theorem 3.2) Let R be 2-primitive on an R-module G and
suppose that R is a CDI-near-ring and not a ring. Then

* R is abelian and symmetric i.e. a(—b) = —ab.

e There is a finite dimensional near-vector space (H, A) such that R is isomor-
phic to a dense subnear-ring of M4 (H).

Proof.
e Since R is 2-primitive on G, by Theorem 4.1.22
D := Autgr(G) = Endr(G) \ {0}

and R is a dense subnear-ring of Mp(G). It suffices to show that
Mp(G) is abelian and symmetric. From Proposition 4.1.36, G is abelian,

so by Proposition 2.3.4, Mp(G) is also abelian. Also —id € D. Hence

forall f,h € Mp(G),g € G, (fo (~h))(g) = f(~id(h(g))) = —id(f(h(g))) =
—(foh)(g). Soforall f,h € Mp(G), fo(—h) = —(f oh). Therefore

R is abelian and symmetric.

¢ Since R is 2-primitive on G and R is a CDI-near-ring, by Lemma 4.1.39
and Corollary 4.1.40 there is a finite dimensional near-vector space
(H, A). Since R is not ring, by Corollary 4.1.38, R is a dense subnear-
ring of M4 (H).

]

Theorem 4.1.42. ([13], Theorem 3.3) Let (G, A) be a finite dimensional near-
vector space. Then M 4(G) is a CDI-near-ring which is 2-primitive on G.

Proof. We know from Theorem 4.1.21 that M 4(G) is 2-primitive on G. We
just have to show that M4 (G) is a CDI-near-ring. Let {g1, ..., ¢n } be a basis
of (G,A) and define f; : G — G by fi(x) = gia;, with x = ga1 + -+ +
Sty € G, aq,...,0y € A, foralli € {1,...,n}. Foralli € {1,...,n}, fiis
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well-defined, since x is uniquely written in terms of the basis {g1,...,gn}
by Lemma 3.3.9. So for « € A, we have

filen) = AL (sy)m) = L 5(00)) = si(w) = (i) = fim
L P

Hence f; € M4(G), foralli € {1,...,n}. Letx = g1 + - - - + gnty. We
have

e foralli € {1,...,n}, (fio fi)(x) = fi(gin;) = giw; = fi(x). Hence f; is

idempotent.

e We have that forall x € G,

(it Hfu)x) = filx) + -+ fulx) = graq + -+ - + guitn = x.
Hence fi 4+ -+ -+ f = id.
* Leti # j, wehave that (f;o f;)(x) = fi(gja;) = 0. So fio f; = 0ifi # j.
® Lethy, hy € Ma(G) such that hy(x) = g1B1+ - - guPn h2(x) = §1B; +
-+ guPpandi € {1,...,n}. We have that
fio(h+h2)(x) = fi(hi(x) + ha(x))
= 8iPi + 8iPi
(fiohi+ fiohy)(x) = fi(hi(x)) + fi(ha(x))
= &ipi + giBi-
Hence f; is distributive for alli € {1,...,n}.

e Fori € {1...,n}, the rank of f; is the cardinal of the set of nonzero
orbits of A* on f;G, and the action is defined as follows

A* X fiG — fiG
(@ fi(x)) = a- fi(x) := fi(xa).

For x € G, we have x = ga1 + -+ guay, fora; € Aand i €
{1,...,n}. Since fi(x) = gin; we have

fiG* = {gin|a € A}
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The orbit of f;(g;) is given by

{fi(gi)alw € A*} = {giala € A"} = f,G".

Hence f;G* is an orbit of A on f;G, and it is necessarily the only nonzero
orbit. Hence f; is of rank 1.

Therefore M4 (G) is a CDI-near-ring which is 2-primitive on G. O

The materials above are sufficient to prove van der Walt’s theorem (Theo-
rem 4.1.43).
The following theorem characterizes finite dimensional near-vector spaces.

Theorem 4.1.43. ([13], Theorem 3.4) [van der Walt’s theorem]
Let (G, +) bea group and let A := D U {0}, where D is a fixed point free group of
automorphisms of (G, +).

* (G, A) is a finite dimensional near-vector space if and only if Ma(G) is a
CDI-near-ring.

e (G, A) is a finite dimensional near-vector space if and only if there exist a fi-
nite number of near-fields Fy, . . ., Fy,, semigroup isomorphisms ¢; : (A, o) —
(F;,-), and an additive group isomorphism ® : G — F; @ --- @& Fy, such
that if ®(g) = (x1,...,xm), then ®(ga) = (x1P1(a), ..., xmPm(a)) for
allg € G,a € A.

Proof of van der Walt’s theorem.
If G = {0} there is nothing to show. Suppose G # {0}.

e Suppose that (G, A) is a finite dimensional near-vector space. Then by
Theorem 4.1.42 M4 (G) is a CDI-near-ring.

To show the converse, we suppose that M 4(G) is a CDI-near-ring. Let
R := M4(G). By Theorem 4.1.21 we know that any dense subnear-
ring of M4(G) is 2-primitive on G. In particular R = M4(G) is 2-
primitive on G. We first prove that A = Endr(G). Let« € A. Then for
all f € Ma(G),g € G, a(f(g)) = f(a(g)). Butaw € Aut(G,+), hence
a € Endy, ) (G) = Endgr(G). Now let & € Endr(G) and suppose
that « € A. Since

Ma(G) = {h € M(G)la(h(g)) = h(a(g)),Va € A,g € G},
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ifa ¢ Athereisan f € Muy(G) = Ror g € G such that f(a(g)) #
a(f(g)). But this is contradiction since « € Endg(G). Therefore A =
Endgr(G). From Proposition 4.1.36, since R is a CDI-near-ring, there
is a group H, such that H is R-isomorphic to G. By Corollary 4.1.38
Endg(G) is isomorphic to Endgr(H) and by 4.1.39 (H, Endgr(H)) is a
near-vector space. Furthermore by Corollary 4.1.40 (H, Endr(H)) is
a finite dimensional near-vector space. It follows that (G, Endg(G)) is
isomorphic to (H, Endg(H)) as near-vector spaces. Hence (G, Endgr(G))
is a finite dimensional near-vector space. But Endgr(G) = A. Therefore
(G, A) is a finite dimensional near-vector space.

* Suppose that there exist a finite number of near-fields Fj, . . ., F;, semi-
group isomorphisms ¢; : (A,0) — (F,-),i € {1,...,m}, and an
additive group isomorphism ® : G — F @© --- @ F; such that if

®(g) = (x1,...,xm), then ®(ga) = (x1¢1(a), ..., XmPm(a)) for all
g € G, a € A. We show that (G, A) is a finite dimensional near-vector
space. We have that

- (G, +) is a group and A is a set of endomorphisms of (G, +).

- We have 0 € A and id € A. We show that —id € A. The mul-
tiplicative group of a near-field has just one element of order 2,
namely —1. So A also has just one element of order 2, say «g. It
follows that for alli € {1,...,m}, ¥;(ag) = —1. We have for all
g€G

®(gao) = (x191(a0), - - -, XmPm (o))
= (=X1,--,—Xm)
= —D(g)
= (—g).

Since ® : (G,+) — (F1 @ - -+ @ Fy, +) is a group isomorphism,
P(—g) = —P(g). Hence

grg = 1 (D(gug)) = DH(P(—g)) = —g.

Therefore oy = —id.
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- A\ {0} = D is a fixed point free group of automorphisms of
(G, +).

— We now show that there is a set {g1,...,gm} € Q(G) that gener-
ates G. Lete; = (0,...,0,1,0,...,0) with 1 € F; and 1 in the i-th
position. There is a unique g; € G such that ®(g;) = ¢;, for all
i€{l,...,m}. Leta, p € A. We have

D(gin + gip) = P(gin) + P(giP)
=(0,...,0,9;(a),0,...,0) + (0,...,0,4;(B),0,...,0)
=(0,...,0,9;(a) + v;(B),0,...,0)
= (g (i) + ¥ (B)))-

Since @ is an isomorphism,

g+ giPf = g (Yi(w) + 9 (B)),

and ;' (yi(a) + p(B)) € A. Hence {g1,...,9m} C Q(G). Let
g € G. Since G is isomorphic to F; @ - - - @ F,, there are unique
X1 € Fy,...,xum € Fysuchthatg = & (xq,...,xy). Also for each
of the x;, there is a unique «; € A such that ;(x;) = x;. Hence
g = Y (1(a1),..., m(an)). It follows that

g = Yy1(a1),0,...,0)+ -+ D70,...,0, Pu(an))
= 8141 + - +gmlxm-

Hence {g1,...,9m} generates G. Therefore (G, A) is a finite di-
mensional near-vector space.

Now assume that (G, A) is a finite dimensional near-vector space.
Then by Theorem 4.1.42 R := M4(G) is a CDI-near-ring and 2-primitive
on G. Let {ey, ..., en } be the set of idempotent elements. Then by The-
orem 4.1.26 there are semigroup isomorphisms ¢, : A — ¢;Re; and
by Proposition 4.1.31 (e;Re;, +, -) is a near-field, for alli € {1,...,m}.
So let F; = e;jRe;. By Proposition 4.1.36, there is a group isomorphism
O:G—>F &P F,such that

O(g) = (P1(e18),-- -, Pmlemg)) = (x1,-- ., Xm).

Finally by Corollary 4.1.38 we know that

D(gu) = Ppr(e1g)pr(a) + - - - + Pm(emg)m(a),
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since F; & - - - @ F;, is a direct sum we have
P(ga) = (vyp1(a), ..., xmPm(a)), forall g € G, a € A.

]

The characterization of finite dimensional near-vector spaces is quite dif-
ferent from the one for vector spaces. In general we do not have one but
a finite number of direct summands of near-fields, all having isomorphic

multiplicative semigroup structures.
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Chapter 5

Linear mappings of near-vector

spaces

5.1 Linear mappings from a near-vector space
V = F" to itself, where F is a near-field

The action of a field F on the vector space V = F", where n > 1, results in
the creation of two well-known structures that depend very tightly on this
action:

¢ There is the ring of linear transformations of V, also known as the ring
of F-endomorphisms of the group V, which can be identified with the
ring M,,(F) of n x n matrices over F.

¢ This ring is contained in the second structure, namely the nearring
Mg (V) of F-mappings of V into itself.

It turns out that M, (F) is the smallest 2-primitive nearring on V which con-
tains all the distributive elements of Mg (V). In [13] van der Walt extended
this result for V' a near-vector space and F a near-field.

Definition 5.1.1. ([6], Definition 4.1.1) Let (V, A) be a near-vector space. A map
gV — Vs called a homogeneous transformation of V if for each x € V and for
eachw € A,

g(xa) = (g(x))a.
The set
Muy(V):={f:V->V]|f(xa) = f(x)a, forallx € V,a € A}

56
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of all homogeneous functions of V into itself is a nearring (See [6], Definition
4.1.1). It has the following subset

La(V):={f € Ma(V)| f(v1 +v2) = f(v1) + f(v2) forall v1, v, € V},

i.e. the set of all linear mappings from V to itself. For vector spaces, these
would be called the linear transformations of the vector space. In [6], Propo-
sition 4.1.4, it is proved that L4 (V) is a ring.

According to Theorem 4.1.43 we can specify a finite dimensional near-vector
space by taking n near-fields Fy, F», . . ., F, for which there are semigroup iso-
morphisms &;; : (F]- ) — (F;, -) with 8;i0) = Oy for 1 < 4,7,k < n. We can
then take V := Fy ® F, ® - - - ® F; as the additive group of the near-vector
space and any one of the semigroups (F;, -) as the semigroup of endomor-
phisms by defining

(21,20, -+, xp)a = x104, (&) 4 X209, (&) + - - - + 2,0, (),

forall x; € F; and all « € F;. We want to study the nearring MF, (V) for a
certain constructions.
In [13] van der Walt also defines

Definition 5.1.2. ([13]) The subnearring of MF, (V) generated by the set of all
square matrices, C := (c;j), where c;j € F; with their action on V defined by

c11 -+ Cip X1 c11t1(x1) + - - + 1,010 (x0)

Cl ** Cun X Cn1Unm1 (x1) + -+ - + cnnOnn(xn)

is called the nearring of matrices determined by the near-fields Fi, F, ..., F, and
the matrix of isomorphisms (8;;), and is denoted by M,,({F;}, (8;;)).

Note that the choice of iy does not figure in the definition of this nearring.

Corollary 5.1.3. ([13], Corollary 3.6) Suppose (V, A) is a finite near-vector space
which is not a vector space. Then M4 (V') is isomorphic to a nearring of matrices
determined by a finite number of finite near-fields with isomorphic multiplicative
semigroups.
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Thus in the finite case, if (V, A) is not a vector space, the elements of M4 (V)
are isomorphic to M, ({F}, (8;;)), i.e. the homogeneous transformations
are exactly the elements of M, ({F}, (¢;;))-

Throughout this section we look at constructions of the form V =F® - -- @
F (n copies), where F is a near-field and the ¢; : (F,-) — (F, -) multiplicative
automorphisms fori € {1,...,n}. We put A = F with the scalar multiplica-
tion defined for all « € F and (x1,...,x,) € V by

(x1, ..., xp)a = (x1¢1(a), ..., XpPn(a)).

Then we have that M, ({F}, (8;;)) = Mu(F, (8;)), with ¢;; = wilpj_l.
The set of all linear mappings Lr(V) is a subset of M, (F, (¢;;)). We begin

with an example:

Example 5.1.4. ([13], Example 3.7) Let F; = F, := R, the field of real numbers,
let ©11 be the identity function and let Oy be defined by 0y (x) := x>. Then
(FF ® F, = R? R) is a near-vector space, with the action of the semigroup of
endomorphisms given by (x1, x2)a = (x1&, x24%) for a € R.

Then the action of a matrix (c;;) in My ({F}, (8;)) on Fy & F, = R? is given by

1/3
11 C12 X1\ [ c11x1+cx,
€21 €22 X2 Cz1x§' + C22X2

LA(V):<H; 110{>

In the case where F is a field, we can characterize the elements of Lg(V).

Here

Theorem 5.1.5. Let F be a field, V = F" and (V, F) be a near-vector space with
the scalar multiplication defined by

(X1, .., xn)a = (x1P1(x), ..., X (),

with « € F and (x1,...,x,) € V, where ¢; : (F,-) — (F,-) is a semigroup
automorphism forall i € {1,...,n}. Then

LF(V) = {(CZ]) S ./\/ln(F, (1.91]))|f07’ all i,j,Ci]' =0or 191']' S Aut(F, —|—,-)}.
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Proof. Let (c;;) € LF(V). Suppose that c;j;, # 0 for some i, jo. Then

for all (x;), (yi) € V, (cij)((xi) + (yi)) = (ci)(xi) + (cij) (vi)- Let (x;) =
0,...,xi,...,0), (v ):(0 - +Yiys---,0). We have

Clioﬂlio (xio + yio)

(cif) ((xi) + (Wi) = | cioioBioio (Xip +¥ip) | -

Cnioﬂnl'o (xio + yio)

and
C1iy By (Xiy) + 13014, (Vi)

(i) (xi) (i) (i) = | oo (i) + oo Do (i)

CTliO ﬁnio (xio) + Ci’lio 19Vll‘o (xio)

Since (cij) ((xi) + (vi)) = (i) (xi) + (¢ij) (Vi) Cjoig joio (Xig +yz‘0) = CjoigWjoio (Xiy) +
CioioOioio (Wig)- Tt follows that ﬁ]olo(xio +Yiy) = By (xiy) + Ojyi (yi) for all
Xiy, Yi, € F. We know that the ¢;;'s are semigroup automorphisms of (F, ).
Hence ¢;;, € Aut(F,+,-). Therefore

]OZO
Lp(V) C {(Ci]‘) € M, (F, (191']'))| foralli,j, Cij = 0or 191']' € Aut(F,+, )}
It is not difficult to check that

{(cij) € Mu(F, (9;))| foralli,j,c;j = 0or ¢;; € Aut(F,+,-)} € Lg(V).

5.1.1 Linear mappings from a near-vector space V = IR" to
itself

In this section we look at the construction where V = F" where F = R, i.e.
the near-vector space (V,R) and prove some properties of Lg (V).
It is well known that

Lemma 5.1.6. The only field automorphism of R is the identity.
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Theorem 5.1.7. Let (V,R) be a near-vector space where scalar multiplication is
defined for all « € R and (x1,...,x,) € R" by

(x1, ..., xn)a = (x1¢1(a), ..., XpPu(a)).

Then W; # j forall i # jin{1,2,...,n} ifand only if

R 0 0 ... 0
0O R 0 ... 0
Lr(V)=| : . :
0O ... 0 R O
0O 0 ... 0 R

Proof. We have ¢; # ¢, for alli # j if and only if §;; # idg for all i # j,
since ¢;; = ¢i1p;1. It follows from Lemma 5.1.6 that ¢; # ¢; for all i # j if
and only if 0 ¢ Aut(R,+,-) for all i # j. Therefore using Theorem 5.1.5,
(cij) € Lr(V) if and only if ¢;; = 0 for all i # j. O

Theorem 5.1.8. Let (V,R) be a near-vector space where scalar multiplication is
defined for all « € R and (x1,...,x,) € R" by

(x1, ..., xn)a = (x1¢1(a), ..., XnPn(a)).
Then p; = ; foralli,jin {1,2,...,n} if and only if Lr(V) = M,(R).

Proof. Suppose that ¢; = ¢; for all i,j in {1,2,...,n}. Then for all i,j ¢;; =
idRr. Therefore Lr(V) = M, (R). We now assume that Lg(V) = M, (R).
From Theorem 5.1.5, ¢;; is a field automorphism of R forall i, j € {1,2,...,n}.
Then from Lemma 5.1.6 ¢;; = idR for all i,j € {1,2,...,n}. Since 8 =
gbilpj_l, we have ¢; = ¢; for all i, j. O

Corollary 5.1.9. Let (V,IR) be a near-vector space. Then V is regular if and only
if Lr(V) = Mu(R).

Proof. By Theorem 3.3.32 V is regular if and only if it is isomorphic to a
near-vector space (V/,R), with (V,+) = (V/,+) and the following scalar
multiplication

(x1, ..., xn)a = (X191 (@), ..., Xnn(a)),

with ¢4 = ... = ¢p,. Hence V is regular if and only if Lr(V) = M,(R). O



Stellenbosch University https://scholar.sun.ac.za

CHAPTER 5. LINEAR MAPPINGS OF NEAR-VECTOR SPACES 61

Theorem 5.1.10. Let (V,R) be a near-vector space where scalar multiplication is
defined for all « € R and (x1,...,x,) € R" by

(x1, ..., xn)a = (x1¢1 (), ..., xnPu(a))

.

and let V = @ Vi be the canonical decomposition of V into maximal regular
i=1

subspaces. Then (V,R) is isomorphic to a near-vector space (V',R) such that

A 0 0 ... 0
0 A, 0 ... 0
Lr(V)=1| : C ]
0O ... 0 A O
o 0 ... 0 A
where Aj; is of the form
R ... R
Ai=1| ¢
R ... R

Proof. Letus consider the following equivalence relation “~"on {1, ..., ¢, }
defined for all i,j by ¥; ~ ; if and only if ¢; = ¢;. Let ®y,..., D, be the
equivalence classes with |®;| = n;. Put V/ = R" and consider the near-
vector space (V’/,R) with the scalar multiplication defined by (x1,...,x,)a =
(x1¢1(«), ..., xn¢Pn(a)) such that ¢; € Oy g fornmy +ny+...+m+1<i <
ny +ny+ ...+ ng + ngyq, where 0 < k < r — 1. Hence (V,R) and (V/,R)
are isomorphic, since they have the same dimension and {¢y,..., ¥}
{¢1,...,¢n}. We have

A, 0 0 ... O
0 Ay O e 0
Lr(V') = g :
0 0 A1 O
0 0 0 A
where A; is of the form
R ... R
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since forany ny +ny+ ...+ +1<i,j<m+ny+...+n+nq, 0=
¢i¢; ! = id, forall 0 < k < rand

Lr(V) = {(cij) € Mu(R, (0;))| foralli,j,c;j = 0 or 9;; € Aut(R, +,-)}.

Indeed, forany ny +np+...+np+1<i,j <ny+np+...+np+npyq, ¢ =
¢j (di, §j € Ppy1) and 8 = ¢! = id, forall 0 <k <r. -

Example 5.1.11. Let us consider the near-vector space V.= R* with the scalar
multiplication defined for (x1, x2,x3,%4) € V and « € R by

(x1, %0, %3, %4)& = (X180, X203, x30, X40°).

The near-vector space (V,R) is isomorphic to (V',R) where V' = R* with the
scalar multiplication defined for (x1, X, x3,%4) € Vand a € Rby (x1, X2, X3, X4)0 =
(x18, X008, X303, x40%). We have

Lr(V') =

©co R”IRT
co RXRF
= R o o
H R o o

In fact we have &1 = {¢1 = id,¢p = id} and Oy = {¢P3, P4} with ¢3(x) =
$a(x) = x3,Vx € R. Hence we have O =idfor1 <i,j<2and3 <i,j<4
But we have for example §13 = 914 = 03 = Oy = ¢4 1 # id and 931 = 0y =
O30 = O0gp = ¢p3 # id.

5.1.2 Linear mappings from a near-vector space V = F" to
itself, where F is a finite field

Let GF(p™) denote the finite field of p™ elements, where m is a positive
integer and p a prime. In this section we look at the near-vector space
(V,GF(p™)), where V = (GF(p™))". We will write GF(p™)* for GF(p™)\{0}
and Lgp(pm) (V) for Lgp(m) ((GF(p™))").

We have that

Proposition 5.1.12. ([1]) Let ¢ be an automorphism of the group (GF(p™)*,-).
Then there exists g € Z with1 < q < p™ — 1 and gcd(p™ —1,q) = 1, such that
P(x) = x7 forall x € GF(p™)*.
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Proposition 5.1.13. The automorphisms of (GF(p™), ) that are additive homo-
morphisms are the maps f defined by f(x) = x4, with gcd(p™ —1,q9) = 1 and
q=p' forsomel € {0,1,...,m—1}.

Remark 5.1.14. In fact, the field automorphisms of GF(p™) are exactly the poly-
nomials f(x) = xpl,for 1 =0,1,...,m —1. So we have exactly m field automor-

phisms of GF(p™) and the group Aut(GF(p™),+, ) is cyclic and is generated by
the Frobenius automorphism f(x) = x?.

Theorem 5.1.15. Let (V, GF(p™)) be a near-vector space with scalar multiplica-
tion defined for all « € GF(p™) and (x1,...,xn) € V by

(x1, ..., xp)a = (x1a7, ..., xp0T),

where for i € {1,...,n}, gcd(p™ —1,q;) = 1land 1 < g; < p™ — 1. Then
Leppm) (V) = Mu(GE(p™)) ifand only if foralli,j € {1,...,n}, q; = plifq]-for
some l;; € {0,1,...,m—1}.

Proof. Suppose thatq; = pl"qu foralli,j € {1,...,n}. Thenforalli,j, ¢;j(x) =
(gbitpj‘l)(x) — 2% = 27" is a field automorphism. Therefore Lgp(,m) (V) =
M (GF(p™)). Now suppose that Lgp(m) (V) = My (GF(p™)). Then for all
i,j € {1,...,n} we have 0;; is a field automorphism. So ﬁij(x) = xplij,

9

but ¢;; = l/)il[Jj_l. It follows that ¢;;(x) = x%, for all x € GF(p™). Hence
qi = p'ig;. O
Example 5.1.16. We consider the finite field F = GF(3%) and the near-vector
space V = F? with scalar multiplication defined for all (x1,x,) € V and a € F by

(x1,x2)a = (x10, x203).

1/3
€11 C12 X1\ . [ c1u1x1+ 12X,
= 3 )
€21 €22 X2 C21X7 + C22X2

The maps 021, 915 from F to F defined by by 9>1(x) = x3,012(x) = x5 are field
(FTF
)= F F
(a+b)® = a® + b3 and (ab)® = a®b3. Also (a +
1
3

Then we have

automorphisms of F. So Lp(V
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In the following lemma, since each ¢;, i € {1,...,n} is an automorphism
of the group (GF(p™)*,-), by Proposition 5.1.12, for each one there exists
g; € Zwith1 < g; < p"™ —1and gcd(p™ —1,9;) = 1 such that ¢;(x) = x%
foreachi € {1,...,n}.

Lemma 5.1.17. Let (V, GF(p™)) be a near-vector space with scalar multiplication
defined for « € GF(p™) and (x1,...,x,) € V by

(x1, .., xn)a = (x1p1(a), ..., xnPu(a)).

The relation ~ defined on ¥ = {1, ¢, ..., Pu} by

Wi ~ ; if and only if for all a € GF(p"™)\{0}, pi(w) = g;(a?),
forsomel € {0,1,...,m— 1}, is an equivalence relation on Y.

Proof.

¢ [tis not difficult to see that the relation ~ is reflexive.

* Suppose that ; ~ ¢; for some i,j € {1,...,n}. Then there is | €
{0,1,...,m — 1} such that for all « € GF(p™)\{0}, a% = ol =

! i a\ P" 9
(a)? . Tt follows that a? = a?'. But we know that (M’) = at,

. m . m—lg.
since for any z € GF(p™) we have z/" = z. Hence al = af" 1.
Therefore ¢; ~ ¢;, so the relation is symmetric.

* Suppose that ¢; ~ ; and ; ~ ¢ i,j,k € {1,...,n}. Then there are
Ii,I € {0,1,...,m — 1} such that a%i = WP and ol = a2 for all
x € GF(p™)\{0}. So a¥i = a9 P2P = P12 Fence the relation is
transitive.

]

Theorem 5.1.18. ([9], Theorem 2.2) Let F = GF(p™), q1,92 € {1,2,...,p" —
1} with ged(q;, p" — 1) = 1(i = 1,2) and g1 < qp. Then (a® 4 b7)72 =
(a® + b92)T for all a,b € F if and only if g1 = qap'(mod p™ — 1) for some
1€{0,1,...,m—1}.
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Lemma 5.1.19. Let F = GF(p™) and V. = F & - -- & F be a near-vector space
with the following scalar multiplication

(x1, ..., xp)a = (191 (@), ..., Xnn(a)),

where ; is an automorphism of (F,-), foralli € {1,...,n}. Then V is reqular if
and only if for all x € GF(p™), p;i(a) = wj(apl),for somel € {0,1,...,m—1}.

Proof. Suppose that for all « € GF(p™)\{0}, ¢;(a) = 9j(a l) for some [ €
{01, m — 1}. Then g;(y(2) = pi(y; 1 (a)) =

we have

a?, since for any x € F

1 9

Py () = i(xW) = xT = g (x%) = g (i(x)).

We show that there is a basis that consists of mutually pairwise compatible
vectors. Lete; = (0,...,0,1,0,...,0), 1in the position i, foralli € {1,...,n}.
Leta, B € F. We have

(ei +ej)a+ (e; +¢)p = (0,..., ¢i(a) +9i(B),0,..., ¢j(a) +;(B),-..,0)
= (0., (") + 9;(B"),0,..., pj(a) + 9;(B),...,0)
= (0,..., ()" + 9;(B)”,0,..., pj(a) + ¥;(B),...,0)
= (0, (¥;(@) + 9;(B)",0,..., i(a) + ;(B),-..,0)
= (0., i (w;(0) + 9(B)), r---z¢j(“)+¢j(ﬁ)1--'10)
=(0,--,1,0,...,L,...,0)p; (9 (a) + 9;(B))
= (ei +ep) ;" (;(a) + ¢5(B))

Hence {ey, ..., e, } is a basis of V that consists of mutually pairwise compat-
ible vectors. Therefore V is regular.

Now suppose that V is regular and ¢;(x) = x%,Vx € Fand fori € {1,...,n},
with gcd(g;, p" —1) = 1and 1 < ¢g; < p™. Then we have (x1,...,x,)a =
(x1aM, xo0%2, ..., x,a%). The set {ey,...,e,} is a basis of V and it consists
of mutually pairwise compatible vectors. Then there is @ € F* such that
ej+ea € Q(V), foralli,j € {1,...,n}. Thenforalla,p € F, thereisy € F
such that (e; + ¢ja)a + (e; +e¢;a)B = (e; + eja)y. We have

(e; +eja)a+ (e;+eja)p=(0,...,a% + B%,0,...,a% (a¥ + 7),...,0)
=(0,...,9%,0...,a%~9,...,0).
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It follows that

adi 4 ’3%' = i

ali + Bl = o

foralli,j € {1,...,n}. Hence
(oﬂi + ‘3171')01]' = (Dﬂj + IB‘ij)‘?i_

By Theorem 5.1.18, ¢; = q;p'( mod p™ — 1) for some [ € {0,1,...,m —1}.
Therefore for all « € GF(p™), i(a) = wj(apl), for some ! € {0,1,...,m —
1}. O

Theorem 5.1.20. Let (V, GF(p™)) be a near-vector space with scalar multiplica-
tion defined for « € GF(p™) and (x1,...,x,) € V by

(x1, ..., xp)a = (x1a7, ..., xp0T).

Then there exists a near-vector space (V', GF(p™)), with V! = (GF(p™))", iso-
morphic to V such that thereisr € {1,...,n} such that

Ay, 0 0 ... O
0 A, 0 ... 0
LGF(}?’")(V/) - ’
0O ... 0 A O
o 0 ... 0 A
where A; is of the form
GE(p™) ... GE(p")
A=
GE(p™) ... GE(p")

Proof. Let @4, ..., P, be the equivalence classes of {¢y, ..., P, } with respect
to the equivalence relation ~ defined in Lemma 5.1.17, with |®;| = n;. Put
V! = (GF(p™))" and consider the near-vector space (V/, GF(p™)) with the
scalar multiplication defined by (x1,...,xs)a = (x1¢1(), ..., ¢n(a)) such
that p; € O fornmy +mp+ ... +n+1 < i < np+ny+...4+ 10+ 1y,
where 0 < k < r — 1. Then (V,GF(p™)) and (V’/, GF(p™)) are isomorphic,
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since they have the same dimension and {¢y,...,¥,} = {$1,...,$n}. From
Theorem 5.1.15 we have

A, 0 0 ... O
0 A, 0 ... 0
LGF(pm)(V/) — : .. :
0 0 A1 O
0 0 0 A
where A; is of the form
GE(p™) ... GE(p"™)
A =
GE(p™) ... GE(p"™)

The proof of the next corollary is similar to that of Corollary 3.3.32.

Corollary 5.1.21. Let (V,GF(p™)) be a near-vector space with scalar multiplica-
tion defined for « € GF(p™) and (x1,...,%,) € V by

(x1,..., xn)a = (xqaT, ..., xpam).
Then V is regular if and only if Lgp(ym) (V) = Mu(GF(p™)).
Proof. The proof follows from Lemma 5.1.19 and Lemma 5.1.17. O
Now we study some properties of the ring Lr(V).

Theorem 5.1.22. Let F be a finite field or R and consider the near-vector space
(V, F) where V = F" and scalar multiplication defined foralla € Fand (x1,...,%,) €
V by

(x1, ..., xp)a = (x1a7, ..., xp0T).

Then the ideals of L (V') are of the form

AL 0 0 ... 0
0 A, 0 ... 0
I=| : :
0 ... 0 A1 O

o o0 ... 0 A
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where A; is of the form

A= + . orA;j =\ :
F ... F 0 ... 0

Proof. We know from Theorems 5.1.10 and 5.1.20 that if I is an ideal of
Lp(V), then

A, 0 0 ... O

0 A, 0 ... O

I = : .. :

O ... 0 A1 O

o 0 ... 0 A

where A; is of the form
F ... F 0 0
Ai=| + .t | orA;=

F ... F 0 0

]

Corollary 5.1.23. Let F be a finite field or R and consider the near-vector space
(V, F) where V = F" and scalar multiplication defined foralla € Fand (x1,...,%,) €
V by

(x1, ..., xp)a = (x1a7, ..., x,0T).

The maximal ideals of Lp(V') are

A1 0 0 ... O
0O A, 0 ... 0
I=| : :
0O ... 0 A1 O
o 0 ... 0 A

such that there is a unique j, 1 < j <r, with

0 ... 0 F ... F
Aj= P, and A; = P, fori # j.
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Corollary 5.1.24. Let F be a finite field or R and consider the near-vector space
(V, F) where V. = F" and scalar multiplication defined foralla € F and (x1,...,%,) €
V by

(x1, ..., xp)a = (x1a7, ..., xp0T).

The ring Lp(V) is a Noetherian ring.

Proof. Since Lp(V) has a finite number of ideals and we know that each
ideal is contained in a maximal ideal, every ascending chain of ideals is
stationary. Therefore Lr(V) is Noetherian. O

The following is a well known result in ring theory.

Lemma 5.1.25. Suppose that there are (not necessarily distinct) maximal ideals
my, ..., m of R with my---my = (0). Then A is Artinian if and only if A is
Noetherian.

We use it to show that

Proposition 5.1.26. Let F be a finite field or R and consider the near-vector space
(V, F) where V = F" and scalar multiplication defined forall « € Fand (x1,...,%n) €
V by

(x1, ..., xp)a = (x1a7, ..., xp0).

The ring Lp(V) is an Artinian ring.

Proof. We know from Corollary 5.1.23 what the maximal ideals of L¢ (V) are.
Let mq,...,m, be the maximal ideals such that

A1 0 0 ... O
0 A, 0 ... O

mp= N
0O ... 0 A1 O
0O 0 ... 0 A

with
0 ... 0 F ... F
Aj=| - ¢ [andA;=| : . ¢ | fori#].
0 ... 0 F ... F

It is not difficult to show that m; - - - m, = (0). Therefore from Lemma 5.1.25
Lr(V) is Artinian. O
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Proposition 5.1.27. The set of units of Lg(V'), which corresponds to the set of all
isomorphisms of V, is given by

AL, 0 0 ... 0
0 A, 0 ... 0
0 ... 0 A4 O
0 0 ... 0 A

where the Als are invertible square matrices.

Proof. Anelement of Lp(V) is invertible if and only if its matrix is invertible.
So the set of units of Lr(V') corresponds to the set of all invertible matrices
in Lp(V). But the set of of all invertible matrices is exactly the subset of
Lr(V) such that each A; is invertible for 1 <i <. O

5.2 Linear mappings from one space to another

We begin with the following definition

Definition 5.2.1. ([7], Definition Definition 5.1) Let (V,F) and (W, F) be near-
vector spaces over F. A function T : V. — W is a linear mapping from V to W

if
T(v1 +v2) = T(v1) + T(v2), forall vy, vy € V
T(va) = T(v)a, forallv € V,a € F.

We will denote the set of all linear mappings from V to W by (L(V, W), F).

In [7], Lemma 5.4, it is shown that linear mappings preserve regular sub-
spaces.

Lemma 5.2.2. ([7], Lemma5.4) Let T be a linear mapping from (V, F) into (W, F).
If Vj is a regular subspace of V, then T(V;) is a regular subspace of W.

Since V; is regular, by Theorem 3.3.31 Q(V;) = R,F forallu € Q(V;) \ {0}.
Moreover if there is a u € Vj such Q(V;) = R, then:

Lemma 5.2.3. Let T be a linear mapping from (V, F) into (W, F). If V; is a regular
subspace of V and there is u € V; such that Q(V;) = Ry, then T(V}) is a regular
subspace of W and there is w € W such that Q(T(V;)) = Ry.
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Proof. Suppose that V; is a regular subspace of V, such that there is u € V;
and Q(V;) = Ry,. We know from Lemma 5.2.2 that T(V}) is regular. Let
w € Q(T(V;))\ {0} and «, B € F. So there is v € Q(V;) \ {0} such that
w = T(v). Since T(V;) is regular, wa + wf = w(a +4 B). It follows that
T(va+vB) = T(v(a +wB)). Alsosince Q(V;) = Ry, T(va+vp) = T(v(a +y
B)). Hence w(a +4 B) = w(a +, B). Since w # 0 and F acts fixed point free
on W, (a +4 B) = a+y p. Forall w' € Q(T(V;)) \ {0} we have +,/ =
+u = +w. Therefore for all w' € Q(T(V;)) \ {0} we have w’ € Ry \{0}.
Thus Q(T(V;)) \ {0} € Ry \{0}. By Theorem ?? it is clear that Ry, \{0} C
Q(T(V;)) \ {0}. Therefore Q(T(V;)) = Ry. O

If we define addition on L(V, W) as (T1 + T2)(v) = T1(v) + T2(v) forallv €
Vand Ty, T, € L(V,W) and the scalar multiplication as (Ta)(v) = T(va)
forall T € L(V,W) and « € F then it is not difficult to verify that

Proposition 5.2.4. Let (V,F) and (W, F) be near-vector spaces, with Q(V) #
{0}, Q(W) # {0}. Then (L(V, W), F) is an F-group.

Proof.

e We have (L(V,W),+) is a group and F is a set of endomorphism of
V.

e Fcontains 0,1, —1, since forallv € V, T(—v) = —T(v).

e A\ {0} is a subgroup of Aut(L(V,W)). Leta € F\ {0} and suppose
forallv € V, (Ta)(v) = T(va) = 0. Then T = 0, so « is injective. Also
a is surjective, since for all U € L(V, W) we have

T:V W

v— U(v)a™?
is an element of £L(V, W) and Ta = U.

e Leta,p € F, T € L(V,W)\ {0} such that (Ta)(v) = (TB)(v) for all
v € V. Then there is v; € V such that T(v;) # 0. Since F acts fixed
point free on W and T(v1) # 0, T(v1)a = T(v1)B implies that « = B.
Therefore F acts fixed point free on £(V, W).
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Proposition 5.2.5. Let (V, F) and (W, F) be near-vector spaces over F. If Q(V) =
V # {0} or Q(W) = W # {0}, then (L(V, W), F) is a near-vector space.

Proof. By Proposition 5.2.4 we have that (£L(V, W), F) is an F-group. In ei-
ther case Q(L(V,W)) = L(V,W). In fact we have for all T € L(V,W),
a,p € Fandv € V\ {0}, (Ta+TB)(v) = T(va+vB) = T(v(a 4+, B)) =
T(a +4 B)(v). Therefore Ta + TR = T(a + B). Therefore T € Q(L(V,W)).
Therefore (L(V, W), F) is a near-vector space. O

Lemma 5.2.6. Let (V,F) and (W, F) be near-vector spaces, with Q(V) # {0},
Q(W) # {0}, such that (L(V,W),F) is a near-vector space. Then for all u &
Q(V)\ {0}, thereis T € Q(L(V,W)) such that T (u) # 0.

Proof. Suppose thatthereisu € Q(V)\ {0} suchthatforall T € Q(L(V,W)),
T(u) = 0. Since Q(L(V,W)) generates L(V,W), forall T € L(V,W) we
have T(u) = 0, which is not true. In fact let (e;);c;, with I an indexed

set, be a basis of V. Then u = Zeiai, «;j € Fforalli € I. Since u # 0,
i€l

there is iy € I such that a;, # 0. Hence we define the following linear

map T such that T(e;)) # 0 and T(e;) = O foralli € I\ {ip}. Therefore

T(u) = T(e;,)a;, # O. O

Lemma 5.2.7. Let (V,F) be a near-vector space such that Q(V) # {0}. The
relation “ ~ " defined on Q(V)\{0} by u ~ v ifand only if v € R, \ {0} is an
equivalence relation.

Proof.
We have v € R, \ {0} if and only if +, = +,, which gives that “ ~ ” is an
equivalence relation. O

Theorem 5.2.8. Let (V,F) and (W, F) be near-vector spaces, with Q(V) #
{0}, QW) # {0}, such that (L(V,W), F) is a near-vector space. Then for all
ue Q(V)\ {0} we have +, = +,,, forall A € F\ {0}.

Proof. From Lemma 5.2.6 we have that for all u € Q(V) \ {0} thereis T €
Q(L(V,W)) such that T(u) # 0. Since T € Q(L(V,W)), foralla, € F
thereis vy € Fsuchthat Ta + TS = Tvy. Then T(ua + uf) = T(uy). But since
ue Q(V), ua+up = u(a+y, B). It follows that T(ua +upB) = T(u(a+, B))-
Since F acts fixed point free on W and T(u) # 0, ¥ = a + B. Also since
ur € Q(V), for A € F\ {0}, we have uda + uAf = ur(a 4,5 B). Then
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T(ura + urB) = T(ur(a +,5 B)) and T(uAa + urB) = T(uMvy). Hence
&+yrB=7=ua+y,p foralla, B € F. Therefore +, = +,. H

We know by Theorem 3.3.27 and Theorem 3.3.28 that every near-vector
space can be uniquely decomposed into maximal regular subspaces, called
the canonical decomposition of the near-vector space. In the remaining re-
sults we write V = 5 Vj to refer to the canonical decomposition of V.
ic]
Corollary 5.2.9. Let (V,F) and (W, F) be near-vector spaces, with Q(V) #
{0}, Q(W) # {0}, such that V = € V;. If (L(V, W), F) is a near-vector space,
ic]

then for all j € ], Q(V}) = Ry, for all uj € Q(V;) \ {0}.

Proof. We know from Lemma 5.2.7 that if v € R, \ {0}, then R,, = R,. Also
from Theorem 5.2.8 we have that forall A € F\ {0} and forallu € Q(V) #
{0}, ur € R,. Letu € Q(V)\ {0}. Then forallv € R, \ {0} and A €
F\ {0}, we have vA € R, = R,,. Hence R,F \ {0} C R, \{0}. Itis clear that
R,\{0} C R,F\ {0}. Therefore R,\{0} = R,F \ {0}. Now from Lemma ??
we know that for all j € J, Q(V}) = RyF for all nonzero u; € Q(V}), since
the V; are maximal regular subspaces of V. Thus Q(V;) \ {0} = Ry;\{0}
and Q(V}) = Ru;. O

Lemma 5.2.10. Let (V,F) and (W, F) be near-vector spaces, with Q(V) #
{0}, Q(W) # {0}, such that V = @ V;. Suppose that for all j € ] and u; €

ic]
Q(Vj) \ {0}, Q(Vj) = Ru;. Then for any j € ], a linear map T, such that T = 0
on V' \ 'V, is an element of the quasi kernel Q(L(V,W)).

Proof. Letj € Jand T € L(V,W) such that T = 0on V\V;. Leta,p € F.
Forallv € V;, wehavev = Y v;, forv; € Q(V;) = Ry, since Q(V;) generates
V; additively. So

(Ta+ TB)(v) = T(va + vpB)
= T()_(via +v;))
= Z T(vix + v;B)
=) T(vi(a+u B))
= T()_vi(a+u; B))
= T(a+u B)(v)
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forallv € Vjand T = 0 on V' \ V;. Hence for any &, 8 € F, there is v =
a +yu; B € Fsuch that Ta + T = Tv. Thus T € Q(L(V, W)). O

We can now give a necessary and sufficient condition for when (L£(V, W), F)
is a near-vector space.

Theorem 5.2.11. Let (V,F) and (W, F) be near-vector spaces, with Q(V) #
{0}, Q(W) # {0}, such that V.= V. (L(V, W), F) is a near-vector space if
ic]

and only if for all j € ], Q(V}) = Ry, for all u; € Q(V;) \ {0}.

Proof. We suppose that for all j € ], Q(V;) = Ry, forall u; € Q(V;) \ {0}.
Let T € L(V,W) and T; be alinear map such that T; = T on V;and T; = 0 on
V'\ V;. From Lemma 5.2.10 T; € Q(L(V, W) for all j € ]. We now show that
T = Z T;. For any x € V, there exists a unique x; € V; such that x = Z X;.

j€l j€l
Then
T(x) =T(}_xj) =} T(x;) =} Tj(x;) = }_Tj(x).
i€l j€] j€l i€l
Hence T = )_T;. Therefore Q(L(V,W) generates £L(V,W). From Propo-
j€J

sition 5.2.4 we know that (£(V, W), F) is an F-group. Thus £(V,W) is a
near-vector space.
The converse follows from Corollary 5.2.9. O

Theorem 5.2.12. Let (V,F) and (W, F) be near-vector spaces, with Q(V) #
{0}, Q(W) # {0}, such that V. = &5 V;. Suppose that (L(V, W), F) is a near-

Je]
vector space. Then

Q(L(V,W)) ={T e L(V,W)|3j € ,T=00nV\V}.

Proof. From Lemma 5.2.10 we have Q(L(V,W)) 2 {T € L(V,W)|3] €
J,T=00onV\V;}.Let T € Q(L(V,W)) \ {0}. Then for all «, B € F, there
isy € Fsuchthat Ta + T = T+.Since T # 0, thereisv € Q(V) \ {0} such
that T(v) # 0. There is a unique V; such that v € V; by the Decomposition
Theorem. We now show that if u ¢ R,, then T(u) = 0. Suppose that
u ¢ R,. Then there are a,f € F such that a« +, f # a +, . But we also
have T(ua +up) = T(u(a +, B)) and T(ua + up) = T(u(a 44 B)). Then
T(u)(a 44 B) = T(u)(a +, B). Since F acts fixed point free on L(V, W)
and & +, B # a +, B, T(u) = 0. But by Theorem 5.2.11 we know that for
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all j € ], Q(V;) = Ry, forall u; € Q(V;)\ {0}. Hence T = 0 on V\ V.
Therefore Q(L(V,W)) C{T € L(V,W)|Fj €], T =00nV\ V;}. Thus

QL(V,W)) ={T € L(V,W)[3j € ,T=00n V\ V;}.
[l

Corollary 5.2.13. Let (V,F) and (W, F) be near-vector spaces, with Q(V) #
{0}, Q(W) # {0}, such that (L(V, W), F) is a near-vector space. If V is regular,
LV,W) = Q(L(V,W)).

Proof. From Theorem 5.2.12, we know that Q(L(V,W)) ={T € L(V,W)|3j €
J,T =0onV\V;}, where V; is a maximal regular subspace of V, for j € J.
Since V is regular, it is the only maximal regular subspace, so we have that

Q(L(V,W)) = L(V,W). O
Example 5.2.14.

e Let F be a near-field which is not a field and V- = F & F a near-vector space
with the scalar multiplication (x,y)a = (xa,ywa). Since F is a not a field,
we have F; C F, where F; denotes the distributive elements of the near-field.
We know that Q(V) = {(dy,dy)F|dy,dy € F;}. Leta € F\ F;. We show
that (1,1)a & R(11). Suppose that (1,1)a € R(q1y. Then for all o, B € F,
we have (a,a)a + (a,a)p = (a,a)(a +q1)B). But a +11)p = a+ B.
So an +aB = a(a + B), hence a € Fy, giving a contradiction. Therefore
(1,1)a & R1,1). It is follows that L(V, V') is not a near-vector space over F.

o Let F =Rand V = F @ F the near-vector space with the scalar multiplica-
tion (x,y)a = (xa3,ya®). Let T € L(V, W), with W a near-vector space
over F. Then since Q(V) = V by Proposition 5.2.5, L(V,W) is a near-
vector space. Moreover, for all &, B € F, we have Ta + T = T(a® + 53)%
Thus Q(L(V,W)) = L(V,W).

Theorem 5.2.15 (Decomposition Theorem). Let (V,F) and (W, F) be near-
vector spaces, with Q(V) # {0}, Q(W) # {0}, such that V = @9 V;. Suppose

ic]

that (L(V,W), F) is a near-vector space. Then

L(V,W) =& L(V,W),

ic]
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where L(V;, W) = {T € L(V,W)|T = 0on V \ V;}. Furthermore L(V;, W) is
a maximal regular subspace of L(V,W) and we have Q(L(V;,W)) = L(V};, W),
forallj e J.

Proof. From Theorem 5.2.12 we know that Q(L(V,W)) = {T € L(V,W)|3j €
J,T = 0onV\Vj}. So Q = Ujeg;Qj, with Q; = {T € L(V,W)[T =
Oon V' \ V;}. It follows that T; and T; are compatible if and only if T and
T, are from the same Q;. In factlet Ty € Q; and T> € Q;, with i # j. Then
for all a € F\{0}, suppose that T; + Tra € Q(L(V,W)). So for alla, 8 € F
there is v € F such that (T; + Toa)a + (T1 + Tra)B = (T1 + Ta)7y. For
v € Q(V;) \ {0} we have T>(v) = 0. So v = a +, . For u € Q(V;) \ {0},
T1(u) = 0. So v = a +, B. But V; are V; are maximal regular subspaces of V
and we cannot have +, = +, with u € Vj;,v € V;. Hence Q;,j € | are the
equivalence classes of the compatibility relation and since V; is regular for
all j € ], by Corollary 5.2.13 we have Q(L(V;, W)) = L(V;,W), forall j € J.
Therefore
L(V,W) =D L(V,W).

ie]
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