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Abstract

Approximate Counting is a classical technique with very challenging questions re-
lated to its performance analysis. It is also somewhat similar to parameters around
Digital Search trees. Surprising links to g-analysis and the theory of partitions exist.
The author has contributed to the analysis during the last decades; the relevant pa-
pers have been collected in this thesis. Some emphasis is on a recent development,
namely, to introduce a parameter m (m counters instead of one).

Opsomming

Benaderde Aftelling is 'n klassieke tegniek met baie uitdagende vrae in verband met
sy prestasie-analise. Dit is ook verwant aan parameters van digitale soekbome. Daar
bestaan 'n verrassende verband met g-analise en die teorie van partisies. Die outeur
het in die afgelope dekades tot hierdie analise bygedra; die relevante artikels is in
hierdie tesis versamel. Klem word getoon op 'n onlangse ontwikkeling, naamlik om
'n parameter m (m tellers in plaas van een) by te voeg.
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1 Introduction 3

1 Introduction

Approximate counting in its most basic form can be described as follows: There is
a counter C', initially set to 1, and when the counter has the value k and a random
element arrives (to be counted), the counter advances to value k+ 1 with probability
27% and with the remaining probability 1 —27%, it stays the same. After n random
increments, the counter has a value between 1 and n, but is typically around log, n.
So, instead of exactly counting n, one counts approximately log, n. One needs only
about log log n bits to keep that count. The evolution of the counter value is decribed
in the following picture, which is somewhat self-explanatory.

1 1 1 1 1

-3 -4 1-% 1-16 1—33

; 1 ; 1 ; 1 ; 1 ;
2 4 8 16

The first analysis is due to Flajolet [Fla85]. The probabilities p,; that the
counter has value [ after n random steps were exactly computed and approximated.
An application of the Mellin transform method gives asymptotic expressions for the
first two moments, and they involve (tiny) periodic oscillations. To deal with them
is very interesting and challenging in itself.

There is another structure that appears frequently in this thesis: Digital Search
Trees. Here is an example.

: 1001
: 0110
: 0000
1111
: 0100
: 0101
: 1101 C E

G
1110 / / \
21100

I H

Data A, B, ..., H arrive and will be inserted into the first available slot. If a
slot is not available, a probabilistic choice is made to go left or right and try again.
Here, 0 means go left, and 1 means go right. The (insertion) depth of a node is its
distance from the root, and the path length of the digital search tree is the sum of
the distances of all nodes in the tree.

~T QoA

I contributed to the approximate counting complex over the last 30 years. The
relevant papers are collected in this thesis.
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2 Brief description of the papers collected in this
thesis

Approximate counting: An alternative approach, P. Kirschenhofer and H. Prodinger,
RAIRO Theoretical Informatics and Applications 25 (1991), 43—48.

This is my first paper on the subject. It offers an alternative analysis to the one
presented by Flajolet [Fla85]. Using Euler’s partition identities from the theory of
partititions, the probabilities p,; that the counter C' has values [ after n random
increments, can be written in a different way. The advantage is that the expecta-
tion (and higher moments as well) may be explicitly expressed as alternating sums,
amenable to Rice’s method to perform the asymptotic analysis when n — oco.

There is a further observation in it, namely that a constant that appears in the
variance may be replaced by a much simpler one — the reason is a modular identity
due to Dedekind. These identities (partially due to Ramanujan) appear in several
other papers of mine, also unrelated to approximate counting.

Hypothetical analyses: approximate counting in the style of Knuth, path length in the
style of Flajolet, Helmut Prodinger, Theoretical Computer Science 100 (1992), 243-251.

It was noticed that approximate counting and the parameter path length in
digital search trees (formed by n random nodes) are somewhat similar. The latter
analysis was first performed by Knuth in his celebrated series of books The Art of
Computer Programming. I exchanged the two eminent scientists Knuth and Flajolet
and analyzed approximate counting as Knuth would have done it, and digital search
as Flajolet would. In a final section, a model of n players was introduced to explain
the evolution in the approximate counting model. This became important also in
later publications.

How to advance on a stairway by coin flippings, H. Prodinger, Proceedings "Appli-
cations of Fibonacci Numbers”, Kluwer 5 (1993), 473-479.

Tries are a data structure similar to digital search trees. It is shown that certain
aspects of them and of approximate counting can be analyzed together, by introduc-
ing a parameter p. The paper was presented at a conference on Fibonacci numbers.
Thus, an attempt was made to describe the subject in popular terms, with a demon
that at every step in (discrete) time may take out a player of a party of initially n
people. This concept of a demon became popular and occurred also in later writings.

Asymptotic analysis of a class of functional equations and applications, P. Grabner,
H. Prodinger, and R.F. Tichy, Journal de Theorie des Nombres de Bordeaux 5 (1993),
365-381.

The idea of a demon was further developed, by allowing a finite number of
them. The recursions become much more tricky, but the techniques of Flajolet and
Richmond [FR92] that appeared around the time, allowed us to proceed.
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A coin tossing algorithm for counting large numbers of events, Peter Kirschenhofer
and Helmut Prodinger, Mathematica Slovaca 42 (1992), 531-545.

The original algorithm is analyzed again, but this time details that were pre-
viously ignored are taken care of. There is a random generator involved in the
algorithm, and is realized here using the simple procedure of flipping a coin. This
changes the behaviour, but only in lower order terms. It requires to use Knuth fun-
damental analysis of carry propagations [Knu78| — something that was ever present
in my research, also in many papers not cited here.

Approximate counting via Euler transform, Helmut Prodinger, Mathematica Slovaca
44 (1994), 569-574.

The first idea to link approximate counting to the theory of partitions was picked
up again, but this time on a higher level, namely on the level of ¢-(basic)-generating
functions. A transformation due to Heine was used to bring the double generating
function marking n, the number of random increments and [, the value of the counter,
into a convenient shape, so that the moments come out in a neat way. One need
Rice’s method again to get to asymptotics.

Generalized approximate counting revisited, Guy Louchard and Helmut Prodinger,
Theoretical Computer Science 391 (2008), 109-125.

Charalambides and a team around K. Simon had rediscovered the approximate
counting scheme, probably without knowledge of the earlier writings. We undertook
to write a historic account, linked all the approaches, but added a fair amount of
our own results.

Approximate counting with m counters: A detailed analysis, Helmut Prodinger, The-
oretical Computer Science 439 (2012), 58—68.

Cichon and Machyna [CM11] came up with the idea of using m counters instead
of just one, and distribute the incoming random items fairly (at random) to one of
the counters. The result of the procedure is the sum of the m counters. Since the
paper did not contain any analysis, I jumped in and worked it out. It was a real
tour de force — an old analysis of digital search trees [KHS94| had to be revitalised.
The final results about expectation and variance are not surprising and intuitively
clear, but the analysis was non-trivial and beautiful.

Approximate Counting via the Poisson-Laplace-Mellin Method, Michael Fuchs, Chung-
Kuei Lee, and Helmut Prodinger, DMTCS proc. AQ (2012), 13-28.

My paper on m-approximate counting became popular quite quickly: Michael
Fuchs and his student Chung-Kuei Lee used a different approach, following the
footsteps of the deep paper [HFZ10]. My contribution was about the constant in
the asymptotic expansion: it came out in a generic, but quite different form from
the one that one is used to see. To show that the two forms are indeed the same was
surprisingly difficult, and required some knowledge in the manipulation of g-series.
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This technique simplified another constant from the study of the path length in
digital search trees as well, making its numerical calculation much easier.

Approximate counting with m counters: a probabilistic analysis, Guy Louchard and
Helmut Prodinger.

Guy Louchard was the other person who liked the m-approximate counting ver-
sion immediately. He used a machinery that he developed and perfected over the
years, and invited me to contribute a few smaller observations.

Words coding set partitions, Kamilla Oliver and Helmut Prodinger, Appl. Anal.
Discrete Math. 5 (2011), 55-59.

The words in question are sometimes called words with a restricted growth prop-
erty. Scanning a word from left to right, a number that is larger than all the previous
ones, can only be one larger than the previous left-to-right maximum. It is not diffi-
cult to see that they code set partitions. Using the geometric weights that occurred
in many of my publications, the natural question is how many such words of length
n exist, or, rather, what is the probability that such a word enjoys the restricted
growth property. Approximate counting does not directly appear here, but in a
follow-up publication.

Set partitions, words, and approximate counting with black holes, Helmut Prodinger,
Australasian Journal of Combinatorics 54 (2012), 303-310.

It was noted that the words with the restricted growth property may be modeled
using an automaton akin to the one that is traditional in the approximate counting
algorithm. The transition probabilities are different, and, since words may violate
the restricted growth property, there are transitions leading to a “sink”; such words
are rejected. Consequently, an effort was made to use the machinery known from
approximate counting also in the present instance.

Words with a generalized restricted growth property, Michael Fuchs and Helmut
Prodinger, Indagationes Mathematicae 24 (2013), 1024—-1033.

In a further step of this saga, the restricted growth property has been relaxed,
now depending on a parameter d. The analysis is more difficult, but was manageable.

This paper was an invited paper for a memorial issue dedicated to N. G. de
Bruijn. Among many other things, de Bruijn was a pioneer in asymptotics, as
related to questions typically arising in Number Theory and Combinatorics.

The subject became quite popular, and M. Fuchs has continued to write about
it.

Digital search trees with m trees: Level polynomials and insertion costs, H. Prodinger,
Discrete Mathematics and Theoretical Computer Science 13 (3), 2011, 1-8.

As we have seen, approximate counting and digital search trees are related. The
idea of introducing the m parameter to approximate counting, as seen before, is now
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transferred. We keep m digital search trees, and choose at random, into which one
to insert a new element. The parameter “insertion depth” will be analyzed using
so-called level polynomials; their coefficients are the expected number of nodes on a
given level. The machinery of g-series, in particular, Heine’s transformation formula,
is used here to provide an elegant analysis.

Advancing in the presence of a demon, G. Louchard and H. Prodinger, Mathematica
Slovaca 58 (2008), 263-276.

I gave a talk in Brussels and mentioned the old papers about the demon and
advancing on a staircase. Guy Louchard liked this and suggested to write another
paper about the subject. Naturally, using his methods about the Gumbel (extreme-
value) distribution, we obtained much stronger results now, including results about
all moments.

Number of survivors in the presence of a demon, Guy Louchard, Helmut Prodinger,
and Mark Daniel Ward, Periodica Mathematica Hungarica 64 (2012), 101-117.

And, after the previous paper appeared, another fan of the demon saga was
created: Mark Daniel Ward. He suggested to investigate another parameter (as
mentioned in the title). This led to somewhat heavy computations, where again
Rice’s method was employed.

Digital search trees again revisited: The internal path length perspective. P. Kirschen-
hofer, H. Prodinger and W. Szpankowski, SIAM Journal on Computing 23 (1994), 598—
616.

This paper about digital search trees was written around 1987/88, but appeared
only much later. A true tour de force — it was necessary to compute many terms
in order to analyze the variance of the path length, due to the heavy cancellations.
It is included in this collection because it played a major role in the analysis of the
m-model of approximate counting. There was a previous version, that appeared in
some conference proceedings. It is interesting, because the analytic continuation of
a critical function was done in a quite different way.

Periodic oscillations in the analysis of algorithms and their cancellations, H. Prodinger,
JIRSS 3 (2004), 251-270.

The subject are the periodic fluctuations that occur so frequently in the analysis
of algorithms, in particular, in approximate counting. There are non-trivial identities
satisfied by them, and hence cancellations in higher order moments. There are
different methods to derive such identities, which are akin to classical identities
for modular functions (Dedekind, Ramanujan). One is the Mellin transform, and
another one the residue calculus.

There is a whole complex of papers of mine which are somewhat related, about
loser (leader) election by rounds of coin flippings, also with “swedish stopping” etc.
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To keep this thesis within reasonable length, it was decided not to include this
material here.
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Informatique théorique et Applications/Theoretical Informatics and Applications
(vol. 25, n° 1, 1991, p. 43 a 48)

APPROXIMATE COUNTING: AN ALTERNATIVE APPROACH (*)

by Peter KirscHENHOFER (') and Helmut PRODINGER (1)

Abstract. — In this note an alternative analysis of approximate counting is presented by using a
lemma from the calculus of finite differences instead of the Mellin integral transform.

Résumé. — Cette note présente une analyse de l'algorithme de comptage approximatif qui repose
sur un lemme du calcul des différences finies au lieu d’'une utilisation de la transformée de Mellin.

R. Morris [6] has proposed a probabilistic algorithm that maintains an
approximate count in the interval 1 to n using only about log, log, n bits.
Approximate counting (with a binary base) starts with counter C=1. After
n increments C should contain a good approximation to L_log, #»_I; thus C
should be increased by 1 after another » increments approximately. Since
only C is known the algorithm has to base its decision on the content of C
alone. The following principle is used to increment the counter:

0  with probability 1—-27°€

C:.=C+
{ 1 with probability 27¢

Compare Flajolet [2] for a more detailed description. In the same paper a
detailed analysis of this algorithm is presented and the following results are
shown:

THEOREM 1: After n successive increments the average content C, of the
counter satisfies:

_ 1
C,~log,n+ —a+£+61(log2 n),

log 2

(*) Received January 1989, accepted in January 1990.

We thank an anonymous referee for his/her guidance concerning a better presentation of this
paper.

(') Department of Algebra and Discrete Mathematics Technical University of Vienna, Austria.

Informatique théorique et Applications/Theoretical Informatics and Applications
0988-3754/91/01 43 06/$2.60/© AFCET-Gauthier-Villars
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the variance % satisfies

where
2
o2 = L +_1__ I 1
6 log?2 12 log2 5 k sinh(0k)
with
1 2n?
= > Al 1 0= »
kz1 26— 1 - kgl (2"’1)2 log 2

and 8, (x) as well as &, (x) are periodic functions with period 1, mean value 0,
and amplitude less than 10~

Flajolet achieves this result by computing the probability p, ;, of having
counter value [/ after n increments:

(—1Y2-Q) 1 -2~y
: 1
g:0 QjQz—1—j ()

o(YYfn

where

The quantities

6n= Z Ipn,l and cz': Z lzpn,l—(én)z (3)
I=1

=1

are then analyzed using real analysis and certain properties of the Mellin
integral transform.

In the sequel we analyze the quantities in (3) by an alternative approach
which avoids completely the unpleasant real analysis by making use of a
classical lemma from the calculus of finite differences. This method has been
attributed by Knuth [5] to S. O. Rice.

Informatique théorique et Applications/Theoretical Informatics and Applications
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APPROXIMATE COUNTING: AN ALTERNATIVE APPROACH

LEMMA 2: Let C be a curve surrounding the points 1, 2,
complex plane and let f (z) be analytic inside C. Then

z (nk)(_l)kf(k)= —Z—i_zj (m; 2z f(2)dz,

where

(=) 'n!
z(z=1)...(z—n)

(myz)=

45

..., nin the

Moving the contour of integration it turns out that the asymptotic expan-

sion of the alternating sum is obtained via

2. Res((n; z) f(2))

4)

where the sum is taken over all poles different from 1, . .., n. (Flajolet and
Sedgewick have used this technique to simplify the analysis of digital search

trees in [3].)

In order to apply Lemma 2 we write (1) as

" (—1y2=-()
= ey AT M —a-ik
Pns kgo(k) v ;zo Q01—

By Euler’s partition identities [1]

(—1y2-Qx _

and

><

I o ()

the inner sum in (5) is the coefficient

[xl_l] Z (_l)jz_(z)xj Z —G+1)k

jz0 Q; s20 s

vol. 25, n° 1, 1991

k-1
_k[xl—l] I'I (1 =
m=0

(5
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Thus

n

n n k—1
Cm X o= X (F) -0t S 1 (1),
=1 k =1 =0 2"

k=0

where the summation on / can be extended to infinity without changing the
value. Since

Y I Ng (=g (H+g(h)

121

we get immediately the following identity for C, which we state as a Proposi-
tion, since it is interesting in its own right.

ProrosITION 3

C,=1- 3, (n)(—l)kz_ka—l' (6)
k=0 \k
With
Q — ng1(l"'(1/2j)?
I (1 (1/2717)
we may write (6) as
~ " (n ) _
C=1- % (k)(‘l)"f(k) with f(2)=27°Q,_;. @)
k=1
The most significant pole of {n; z) f(z) different from 1, ..., n is z=0,

and the residue is
H, 1 vy . 1
——+-ta~—log,n——+-+a,
L 2 L 2
with L=log 2 and H, the n-th Harmonic number. Further poles in z=2kmi/L

with residue equal to
ll“ 2kmi
L L

give rise to the periodic fluctuation 8, (x).

The next significant poles have real part z= — 1 (simple!), so that the error

term is of order n~ 1,

Informatique théorique et Applications/Theoretical Informatics and Applications
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A similar approach allows us to evaluate the variance o? in a few lines.
Since

Y P Tg()=g"(D+3g (D+g(D)

121

we have
n n n
Y Pp =1+ ( )(—l)kf(k)
k=1 k=1 k
with
k-1
f(k)=2_ka—1(2Tk—1_3): Ty, = Z 21
i=1 & 7

The continuation of Q, has been referred above; T, can be continued via

T,=a— )

iz1 22+1

The most important pole is again z=0 (triple) with residue

2)
2 (B g 1 (1) oamtap-2
L? 2 2 3

2 2ay
~logZn+(log,n)( ¥ —2a+1)+a2—20-B+L4+ 1 2%, .
gan+ (log, )(L ) AT 6L2 3

2

Subtracting C? yields for the variance (apart from smaller order terms)

1,(21(11:1’) 2
L

where the series originates from the mean of 82 (x). Observe that

2 Ca—p+ 2
6 L2 12 12 k=1

+90, (log, n),

: T
|F(1y)|2=_"'.—_‘“, }’ER:
y sinATmy

to obtain the form of o2, whence Theorem 1.
Finally, it is striking to note that the constant 62, whose numerical value is

c? =0.7630141871107195182. . .

vol. 25, n° 1, 1991
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differs from the simpler

! +i=0.76301418711114837034. .
2log2 24

only in the twelfth digit after the decimal point.
Indeed, using a transformation result for Dedekind’s n-function

n (‘L‘) :enitllz H (1 . eZnint)’ f’[>0,

nz1

the constant ¢2 appearing in (8) turns out to be

2 2 2
—1~—+L——h1 2r +2‘n h 47 ,
2L 24 L L? "\ L

where

— l)k 1 kx

v (=D — e
h (x)= kgl r @1 and hy (x) kgl P

so that the numerical coincidence follows by the smallness of the involved
functions 4, (x) and A, (x).

Compare [4], where a closely related constant with relevance to digital
search trees was evaluated by the authors and J. Schoissengeier.

Finally it should be noted that the expansion to arbitrary bases of the
counter can be analyzed in the same style.
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Hypothetical analyses: approximate
counting in the style of Knuth,
path length in the style of Flajolet

Helmut Prodinger

Department of Algebra and Discrete Mathematics, Technical University of Vienna, Wiedner
Haupistrafie 8-10, A-1040 Vienna, Austria

Communicated by J. Diaz
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Abstract

Prodinger, H., Hypothetical analyses: approximate counting in the style of Knuth, path length in the
style of Flajolet, Theoretical Computer Science 100 (1992) 243-251.

The first analysis of approximate counting is due to Flajolet (1985), whereas the first satisfactory
analysis of the average path length in digital search trees has been performed by Knuth (1973). Both
authors have used the Mellin integral transform, but in rather different ways. It was shown by
Kirschenhofer and Prodinger (1991) that both problems are very similar. (This note contains also an
“explanation” of this phenomenon.)

It is amusing to figure out what Flajolet and Knuth would have done by considering the
exchanged problems. The aim of this note is to perform these analyses.

1. Introduction

The first analysis of approximate counting is due to Flajolet [1], whereas the first
satisfactory analysis of the average path length in digital search trees (DSTs) has been
performed by Knuth [4, p. 497ff]. Both authors have used the Mellin integral
transform (see [2] for a brilliant introduction), but in rather different ways. It was
shown by Kirschenhofer and Prodinger [3] that both problems are very similar (not
to say “almost identical™).

It is now amusing to figure out what Flajolet and Knuth would have done by
considering the exchanged probiems. The aim of this note is to perform these analyses.

0304-3975/92/305.00 © 1992—Elsevier Science Publishers B.V. All rights reserved
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It is the author’s opinion that this is entertaining and amusing both from the
methodological as well as the historical point of view.

2. Flajolet’s analysis of approximate counting

Flajolet considered CY’, the average value of a counter after N increments in
a probabilistic counting algorithm. He computed C§ ' via

Cy'=3 IpNb,

I=1

with

and

Then he approximated p§ 1 by ®(N/2"), with
(4
1 (—1)72 (3) .
d)(x)z——Z—e x27
Qoo 20 Qj
Here,
1
=1 = 1—— )=0.288788...
0. il:r:ogm D( 2[) 0.288788

Then the Mellin transform was computed:

P*(s)=1(s)E(s),

with
| (=12 @)
L St i £
2(s) Qw; 0
Finally,
c§$1~F(N)=Zl¢(g),
iz1
and
£ _ zs *®
F (s)—-(zsml)2<1> (s).

By considering the negative residues of F *(s}x ™% for Rs =0, he obtained Theorem 2.1.
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Theorem 2.1 (Flajolet [1]).
Cil~log N+L—a+1—5 (log, N)
N 2 IOg 2 2 0 2 ]

where

1
= ——=1.6066...,
=2 5

iz1

y=0.57721... (Euler’s constant),

1 2RI\ opnin
5O(X)—mzr(—log2>e ’

g k0

3. Knuth’s analysis of the average path length in DSTs

Knuth considered

o= () nrecs. (K)

k=2

He changed it to

N
[K] 2m(1—n) ~Nj2m 1
Ly ’VE n+1 E (e zm)’

n>0 m>0
with

(—1yi+127(3)
—Qo.
By “Mellin”* he obtained

a; =

~3/2+iw
1 o
¥~y uer 5 [ reN— — o ds

1_21—n+s )
nz0 —-3/2—-iw

The negative residues of the integrand for Rs= —1 give the following theorem.
Theorem 3.1 (Knuth [4]).

11
LY'~N (1og2N+$—oc+5—Bg—2+5_l (logzN)>,

! Actually, Knuth never mentioned the word “Mellin transform”. He basically used the formula
e *=(1/2mi) ¥ }/371% I'(s)x *ds and some variants that can be proved directly by residue caloulus.
Because of the ubiquitous appearance of the Gamma function he christened the approach “Gamma function
method™. Also, he gives the credits for this procedure to N.G. de Bruijn.
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with

1 2kmi .
_ - 't —1-— 2knix )
0-1(x) long#Z0 ( 105;2)e

Now we could show [3] that

N

ci=1-), (f)(—l)kz"‘gk_l, (F)

k=1

and this similarity with (K) motivated this note. Section 6 contains an attempt to

“explain” this phenomenon.

4. Knuth’s analysis of approximate counting

We need some “Q-formulae” (see, e.g. [1; 4, Exercise 5.1.1-16]). Let

Q(x)=ﬂ(1—-;—‘;),

izl

then
__0. |
Qk-Q(Z_k)' Q1)
Euler’s formulae:
1 1 "
sy El
1-10(1) ;Qn .
Q)= Y, apiyt” (E2)

nz0

Finally we need

Q(X iz1

N
1
CF_1--0, ) (]Z)(_nkz—"]_[l—_F; (by Q1)

k=1 =0
N 1

__0.Y (flf)(ﬂnkz-k Yoo (by E1)
k=1 mz0 "
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N Ny kA —kim=+1) ~m
=2 (X} )2 o_t)oe ™ (by Q1)
mz=0 “k=0
== 2 (=27 )Y=1) ) a2 (by E2)
mz=0 nz0
~ =D e ) 2TV
n=0 mz0
—1/2+iw
1 L,
:_Zan+12_1a j F(S)N 1—_——2_;Tst
nz0 -1/2—iw

The negative residues at s=0 and s=2kmi/log2 (k#0) give Flajolet’s resuit: From
n=0 we obtain

1
Ing N+1—§—5—50 (10g2 N)

from n>1 we obtain

rz1

5. Flajolet’s analysis of the average path length in DSTs

We want to go back from (K) to

80 ¥ i
121
this representation is of course not unique. Let

g(x)zﬁ (1—27,)

m=0

Then

, 0 for k=0,
g'(h)=
—Qy_, for k=1.

Furthermore, we have in general

> [x"g(x)=g'(1),

Iz1

where [ x']g(x) denotes the coefficient of x! in the Taylor series expansion of g{(x).

| L]%K]:—Z( )—1 Zl[xljﬂ(1——).

k=1 i1
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By (E1) and (E2) we have

(S (G (=

m=0 mz0
(—12- @Dy 1
_Z H(zl—k)sxs
j=0 Qj s20 Qs
and, thus,
(—1)72-{2) _
[x]H ZZ“—“_ZH”_”U{_“-
= Qi
So, we can write
Ly'= Z It

with
N i
N (_1),72—(2) .
K] x — =)k~
Pl (—1) A S B TS
™ Z <k) | Z ;01—
(—l)j2 —(]2) ) )
=) LS ot (12 iy,
Flajolet would approximate p[K]/N by ¥(N/2'), with

o (=12 () .
P(x)=— ) ——— ——(1—e"*%).
Qoo ;) Qj 2}
Now we perform the Mellin transform and find, for —1<Rs<0,

(1 ’erx) " (s)=r (1—e )x*"2dx=—T(s—1).

X )

Therefore,

Fr(s)=—<(s)(s—1),

where the function £(s) was defined in Section 2. Now

LK
=N K
K
with
X
K(xy=> v = ).
(X); (2)
As before,

S

(2°—1)?

K*(s)= ¥ E(5).
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By Mellin’s inversion theorem we have

1 —1/2+iac 23

K(x)z—% i WE(S)F(S—l)x‘SdS-

The negative residue of the integrand at s=0 gives the contribution

1
Va4l

log; N———+——
082 10g2+10g2 2

the residues at s=2kmi/log2 produce the contribution 6, (log, N).

6. An “explanation” of the similarities of the two problems

After a first reading of this paper (1991), an anonymous referee asked for a combina-
torial explanation of the surprising similarity of the two seemingly different problems.
This is of course a natural question and I failed in 1990 to give a good answer.
However, now I can offer something.

The probability generating functions for the path length in digitial search trees obey
the following recursion (N =1, Fi(z)=Fy(z2)=1):

c N
Fai(z)=2" 2—N(k)Fk(z)FN_k(z).
k=0

(The averages Ly studied by Knuth are obtained via Ly=Fy(1).)

Now I will give a combinatorial explanation of a similar recursion for the approx-
imate counting problem. Let, as in Section 1, p][vF], denote the probability that the
counter has the value / (“level 1) after N “inputs”, and

Fy(z)= Z P.Evl'r]z z.

120

It should be noted that the counter is initially set to 1. To have a good idea about what
is going on, let us say that there are N “players”; whenever a player has his turn, he
tries to increase the counter by 1. If the counter has the value , he will succeed with
probability 2 !; otherwise his attempt has no effect. For instance, we can ask him to
throw I consecutive “heads” (or 1's) with a fair coin. But we can think about it in
another way: He starts at level 1 and flips a fair coin and can proceed if he has a 1. If he
reaches the level [+ 1, it is exactly what we need. Now we no longer have to think
about N consecutive players; each of them can throw the dice as long as he has 1’s;
throwing a 0 means to stop.

How is the value of counter computed from these data? We start at level 1 and,
being at level j, we can go on if there are at least j players who made it to level j+ 1. The
maximal level that we reach in that way is the value of the counter. Indeed, to proceed
to a higher level means to kick out a successful player. From this interpretation we can
set up a recursion for the probability generating functions. If k=1 players have been
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successful at level 1, k—1 are going to continue. But if k=0, the recursion stops.
Hence,

N
N
FN(2)=sz:12_N(k)Fk_1(z)-|—z2_N, Nz1, Fo(z)=z.

Now set, as usual, Cy=Fx(1). Then the recursion turns into
N

N
Cy=142"V ) (k)c"‘“ N>1, Co=1.

k=1
If we subtract the analogous recursion with N replaced by N — 1, it turns into the more
feasible recursion

N—-1

N—1

2cN:cN_1+1+21—NZ( L )ck, N>1, Co=1.
k=0

The standard method to solve this recursion is by the use of the exponential-
generating function C(z)=} y., CyzY/N!. Then

20 (2)=C(z) + &% +e¥/2C (g)

Now one sets D(z)=e ~*C(z) to obtain the easier equation,

2D'(z)= —D(z)+D (%)+1.

Then we consider the coefficients:

2Dny1=—(1-2"Y)Dy, N=x=1, Dy=1, D, =1/2.
Iterating this we find

Dy=2"M—-0D¥"1Qy_;, N=1, Dy=1.

Since C(z)=e¢*D(z), we have
- (N = (N
Cy=). (k )Dk=1—Z ( k)(—l)kz—ka_l;
k=0 k=1
this is formula (F).
Similar ideas are used in a forthcoming paper on probabilistic counting algorithms
by Peter Kirschenhofer, Wojciech Szpankowski and the author.

7. Conclusion

Now it is worthwhile to discuss the two “Mellin” styles. Knuth and Flajolet
attacked their problems from different angles (both of them very natural in their
respective contexts). Since in “approximate counting” it is natural to compute the
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probabilities directly, it was a good idea to approximate them immediately and use
“Mellin” after that. In the tree context the recursions (as in Section 6) are most natural,
so that Knuth had to use Euler’s formulae in order to avoid the cancellations in (K).
After that “Mellin” can be used. Flajolet used first “Mellin” and then “Euler” (in order
to analyze the ¢ function); in Knuth’s case it is the other way around.

It should be stated here explicitly that this note contains no judgement about the
relative qualities of the approaches. Both of them are most valuable and have
influenced many people.
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HOW TO ADVANCE ON A STAIRWAY BY COIN FLIPPINGS

HeLmMUuT PRODINGER

Department of Algebra and Discrete Mathematics
Technical University of Vienna, Austria

ABSTRACT. Assume that N players start at stair 1 and flip a fair coin to advance
one step. From the surviving people, a demon additionally kills one with probability
1—p, 1.e. with probability p he does not interfer. The average level that such a party
will reach is of interest. In this paper we show that this quantity behaves like log, N
and give a tutorial survey how to attack such problems. This problem is related to
themes in Theoretical Computer Sciences, namely Approximate Counting and Tries.

Assume that N persons want to advance on a stairway. The rule is as follows:
They start at level 1. The k > 1 persons who advanced to the level j flip a (fair)
coin; the persons with the “1”7 advance; the others (with a “0”) die. However, there
is a demon supervising the game. Usually, he “consumes” one of the survivers.
But, with a probability p, he resigns and does not interfer. (The demon can only
interfer at levels 2 of larger.) The question is, how far can the party advance, on
the average?

In this example the party gets to level 4; at one stage the demons resigns.

This recreational description has of course a serious background. If p = 0,
the model is exactly equivalent to an algorithmic procedure called Approximate
counting [1], as was shown in [7]. If p = 1 the resulting recurrences (see the
discussion below) resembles recurrences that are customary in the context of tries;
see for instance the brandnew book of H.Mahmoud [5]. The idea of introducing a
probability p of escaping the demon is borrowed from [8]; in this thesis U. Schmid
studied the collision of N transmitted data. Usually they are all destroyed, but
with a probability p one package survives.

In this paper we want to solve this problem. The main interest is not so much
in the actual answer that we will finally obtain; its main aim is to give a rather
tutorial introduction to the machinery that is usually used within the context of
such problems.

To simplify the notation, let, as usual, ¢ = 1 — p. We introduce probability
generating functions Fy(z). The coefficient of z* is the probability that N persons
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came to level k (and not farther). There is a recursion relating these functions:
> N
z) = ZZQ_N(]{) {qu_l(z) —I—ka(Z)} + 227N N >1, Fo(z) ==
k=1

To understand it, note that 2_N<],:7> is the probability that k& of N have flipped a
“1”7. With z we mark a level that is already passed. With probability p, k people
go on, with probability ¢, only &k — 1. (If & = 1, and the demon takes him, we
nevertheless say that the level was reached!) If & = 0, the recursion stops.

The desired average C'y may be obtained via Fj;(1). By differentiation, we get
the recursion

N N N N N N
k=1 k=1

Now it is customary to study the exponential generating function

ZN

N>0

Multiplying the recursion by (22)" /N! and summing up we get

C(22) = €** + pe”C(z) — pe —I—QZ Z( >Ck—1-

N>1

To get rid of the unpleasant sum, we differentiate this equation and consider the
difference of the new and the old equation. This gives us

N
N
20'(22) = 2€** 4 pe”C(2) + pe”C'(2) — pe” + ¢ Z ’ Z (k)ck_h

N>1 k=1

or

20'(22) — C(22) = €** + pe*C'(2) + qe* C(2).

Here we have used that <N+1> ( )

the Poisson transformed function D(z)
and we obtain the easier equation

( ) The next step is the introduction of
— e7C(2). Then D'(2)+D(z) = e~ C'(2),
2D’(22) +D(2z) =1+ pD/(Z) + D(z).

Now we consider the coeflicients Dy of this (exponential) generating function.
Equating the coefficients of 2V /N!, we find

2N Dy + 28Dy = ono+pDNny1+ Dy, N>1,Dp=1.
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It means Dy =1, Dy = ﬁ and for N > 1

p 1
(1= 5v57) D =5 (1= 55) D

We rewrite 1t as

1 1_ N1—1
Dy =—=Dn_ 2
2 Y1k
and iterate it to get
1 C1g1-n @N—
Dy=——(—1)N-lal=N_=2=2 = N >1.
Q—P( ) Qn-1(5) B

. o (D)eegtas
L 2%]9 ,;Nl (Z)(_l)kf(k)

with 0
Flly =2tk Al
(%) Qr-1(5)
The method to evaluate such an alternating sum is called Rice’s method, [2], [4],

[5], 6] -

Lemma. Let C be a curve surrounding the points 1,2,... N in the complex plane
and let f(z) be analytic inside C. Then

> (J]Z) (_1)’7(;{):—L [N; 2] f(2)dz,

)
k=1 ¢

where . (_1)N—1N! B (N + 1)I'(—=2)
[N;z] = 2(z—=1)...(z=N)  T(N+1-2z)

Extending the contour of integration it turns out that under suitable growth
conditions on f(z) (compare [8]) the asymptotic expansion of the alternating sum
is given by

Z Res([N; 2] f(z)) + smaller order terms
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where the sum is taken over all poles zg different from 1,..., N.

Thus we must find a complex function f(z), such that f(k) are the numbers

21_’“@?’“71_(12). For this task it is convenient to introduce the infinite product
- 2

Then it is easy to see that

and, more generally,
Q(a)
Q(a27m)
It makes sense to replace m in the last equality by a complex variable z. Now we
have to consider the residues of

Qm(a) =

Qz—l

[V; 2]2 _ZQZ_I(}%)

at z = 0 and then also at z = 2kwi/L, were we set here and later L = log2. Also,
the notion yj; = 2kwi/L is very useful. The meaning of ()._y etc. is as it was just
described. Let’s start as follows:

Qz—l =

Now
122 L
12" =1—elinl(1-L:02" 5. VL1 -2
2 2
and thus
1 1 14 Lz
1-2-* Lz 2
Furthermore,
Q277 ~ QL)+ Q' (1) (L)
and 1
Q'(z) = —Q(x) k_ 0
k>1
so that

Q(277) ~ Q(1) - (14 Lza),

where we use the abbreviation
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Alltogether we find

1 Lz
Qz—l ~ E (1 + 7) (1 — LZO()

The computations for ._1(£) are entirely similar, so that we just mention the
result:

1
-1

Q-i(5) ~ 7= - (1= polp)L2)

with

o) = 5o

k>1
We need one more local expansion:
1
[N;z] ~ —;(1 + zHy),

with the N-th harmonic number

11 1
Hy=1+-+4-+4-- 4= ~logN
N=ldgtg et vlogN 4o+

Plugging things together we have

f(z) ~ 2(1 — LZ)i (1 + %) (1-— Lza)<1 — g) (1 —|—poz(p)Lz>
2—p
Lz

Therefore the residue of [N;z]f(z) at z =0 is

~

<1 + Z( — g —al +pa(p)L>>.

2 — L
_Tp <HN -5~ aL +pa(p)L>.
We can use the asymptotics for H and then go back to the formula for the average

Cn and get the main contribution

1 2—p L
1——" ——<1 N — — —alL L> :
5, ( 7 (los N+ -5 —al +pa(p) )
This readily simplifies to

log, N + =+ + : — a + pa(p).
L 2
From this we can easily see the dependency of p as p varies between 0 and 1. As
was to be expected, this quantity increases monotonically and for p = 1 the a-terms
disappear.

Now we have to turn to the residues z = yj. This time it is easier because there
is only a single pole, originating from ()._;. We list the local expansions of the
factors of

Qz—l .

z) =217* :
f( ) Qz—l(%)
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1 QW)
Q:—1(5) Q%)
[V; 2] ~ NX - D(=xk)

Here, we used the well-known fact that

I'(N +a)

S TR Na—b‘
T(N+b)

The residue of [N; z]f(z) at z = i is thus

2 % ' <1 - g) P NI (=x) = (2 —P)%P(—Xk)NXk-

It is now customary to collect all these contributions for k& € Z, k # 0 in one
function d(x). Set

1 4
8(x) = 7 D T(=x)et™,
k#£0

then the periodic quantity of our desired quantity Cy is (don’t forget the factor
1

—5L)

Observe that this quantity is independent of p. However, in the smaller order terms,

the parameter p appears.
We summarize our results as follows:

Theorem. Let Cn be the average level that a random party of N people can reach
in presence of a demon (as descibed in the Introduction). Then we have the following
asymptotic formula

1
C’NwlogzN—l—l—l———a+pa(p)—5<log2N>

L 2
where
1
Oé(p):;Qk_p7 oz:oz(l)
and

1 .
o(z) = i) ZP(—Xk)ezkm
k0

is a periodic function of period 1, mean 0 and small amplitude (~ 107°). It is given
as a Fourier series.
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Asymptotic analysis of a class of
functional equations and applications

by P. J. GRABNER], H. PRODINGER AND R. F. TIiCHY{

ABSTRACT. Flajolet and Richmond have invented a method to solve a large
class of divide-and—conquer recursions. The essential part of it is the as-
ymptotic analysis of a certain generating function for z — oo by means
of the Mellin transform. In this paper this type of analysis is performed
for a reasonably large class of generating functions fulfilling a functional
equation with polynomial coefficients. As an application, the average life
time of a party of N people is computed, where each person advances one
step or dies with equal probabilities, and an additional ‘“killer” can kill at
any level up to d survivors, according to his probability distribution.

1. Introduction

In [3] Flajolet and Richmond presented an ingenious method to deal
with a class of recursions where a typical example looks like

(1.1) fava =1+ ’;2_" (Z) (fi + fr—k)-

Here, d > 0 is a fixed integer. For d = 0 and d = 1 such recursions
(and their solutions!) occur frequently as divide-and-conquer recursions in
the Analysis of Algorithms, (see [6] as a general reference on the subject.
However, the new approach allows it for the first time to deal with the
cases d = 2,3,...; it consists of several stages. First, the recursion is
translated into the language of exponential generating functions. Then,
a related function (sometimes called the Poisson transform) is considered.
Then, from its coefficients, an ordinary generating function G(z) is built
up. The analytic behaviour of the latter for z — oo is then to be analyzed
by Mellin transform methods, (this is the heart of the method). Then, by a
substitution, the asymptotic behaviour as 2 — 1 of the ordinary generating

Manuscrit regu le 19 mars 1993.
tThese authors are supported by the Austrian Science Foundation Project P8274-PHY.
All authors are supported by the Austrian-Hungarian Science Cooperation Program,
project 10U3.
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function of the desired numbers f, is found. As the last step, this local
information is translated to the asymptotic behaviour of the coefficients by
transfer theorems.

The relevant function G(z) fulfills a functional equation
(1.2) G(2)(1 + 2)¢ = 224G (g) + Py(2),

where the polynomial Py(2) depends on the starting values.

We devote this paper to the general study of recursions as in (1.2), with
general polynomials as factors and “%” replaced by an arbitrary parameter
0<A<1.

This is not only interesting by itself, but can be applied in the last
section to a stochastic process which is a generalization of one presented
in [10]. Although formulated in terms of “recreational mathematics” the
recursions describe either average “trie” parameters or the behaviour of an
“approximate counter”. In order to keep this paper short, we refrain from
describing those algorithms and data structures and refer for all computer
science algorithms to [6] and [7]. For the Mellin transform, which has proven
to be very useful especially in number theory and in theoretical computer
science, we refer to [1, chapter 13], [6], [8] and to the survey [4]. We note
here that the classical applications of the Mellin transform occur in prime
number theory and, more recently, in the analysis of digital problems (cf.
[9] and for a detailed survey see [2]).

Let us recall the fundamental properties of the Mellin transform

(1.3) fX(s) = / f(e)z*de.
0
If f(z)is a piece-wise continuous function with
f(z)=0(z*) forz—0 and f(z)=0(zP) forz — oo,

and a > 3, then the Mellin transform exists as a holomorphic function in
the vertical strip —a < Rs < —f (“fundamental strip”). Our basic tool is
Mellin’s inversion formula

c+i00

/ fr(s)z™%ds

c—100

1
271

(1.4) f(z) =
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for any —a < ¢ < —f. This formula yields a correspondence between the
singularities of f*(s) and the asymptotics of f(z) (cf. [8, chapter 1.5]).
This technique is especially useful in the asymptotic analysis of harmonic
sums h(z) := Y, A f(akz) since

(15) B (s) = () 3 22,

Thus the Mellin transform of a harmonic sum is the product of a generalized
Dirichlet series and the transform of the base function.

In Section 2 we introduce a class of functional equations with polynomial
coefficients generalizing (1.2) and perform the asymptotic analysis by the
Mellin transform approach. Two cases have to be distinguished: in the
first one the main term does not contain an oscillating part (Section 2)
and in the second one there are oscillations in the main term (Section 3).
Section 4 is devoted to a direct extension of [3]. In the final section this
method is applied to analyze a special evolution process where N persons
are climbing up an infinite staircase as folllows: at each step either a person
goes to the next step or the person dies. We compute the average of the
maximum lifetime.

2. A class of functional equations
We consider the functional equation
(2.1) G(z)P1(2) = G(A2)Py(z) + Po(2),

where Py(2) = ap + a12+ -+ + adozd", Pi(z) =bo+brz+ -+ bdlzd1
and Py(2) =cg+c12+ -+ cd22d2 are polynomials of degrees dy, dy, d
(with d; < dy, dy > 0), respectively, assume that P; and P> have no non-
negative real roots, P;(0) # P2(0) and 0 < A < 1. Our main result gives an
asymptotic expansion for the unique analytic solution of (2.1). Formally
iterating the functional equation we get

z n-1,
G(z) = ZP()‘H )Plzp( 1) P;)E/(\)\nz))'
Let now

o0 o0 1

@) = [[ 1RO and Qa() = [ —P(3"2).

n=0 n=0
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Thus we can write

7) — co\" ntly
(2.2) G(z):——-——b?C;E(i);Po()\"z) (Z;) -—-————Qég’(\Anz)).

Our next step is to establish an asymptotic expansion of G(2) for z — oo.
This will be done by a Mellin-transform technique. Let for the following

1 T2

(2.3) 31;101(2) = H(l + akz)l‘k and c—loPg(z) = H(]_ +,3kz)uk

k=1 k=1

(ur and vi denoting the multiplicities of the roots) and take the Mellin-
transforms of the logarithms of these equations

™
(log—Pl) (s) = — Zﬂka;"} and
k=1
1 * - )
log — P = e
( 8 Co 2) (s) ssinrs ; viBy

for -1 < Rs < 0. Observing that log@); and log )2 are harmonic sums
yields

* 1 T - —s
(log Q1)" (s) = 7= —— > ua;® and

A~%gsinms
(24) k=1

(108 Q2)" (5) = Ty e 3 1B

-8
A~sgssinms o
In order to establish an asymptotic expansion for ¢; and @, we apply
Mellin’s inversion formula

+zoo

(2.5) log Q1() = = / (log @1)" (s)27*d

—E—ZOO

(and similarly for Q2). Inserting (2.4) and shifting the line of integration
to Rs = 1 (cf. [8, chapter 1.5]) yields
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(2.6) logQ1(z) =

1 T ] Ftie 1 p
R —8.,—-8 — S
ez, s-—gi A™% —1ssin7s i E Hreg 2 271 5_‘{00 (log Q1)" (s)27"ds,
where X, = lzois’;f are the roots of 1 — A™®* = 0. Note that for s = 0 we

have a triple pole and in the other cases simple poles. Computing residues
(and applying Vieta’s rule) we get

1 vy
Res - E proy ’z=°% =
s=0 1 — A7* ssinms £~ k

b
d; logz- 4
log ( b‘;‘ - —1-) logz — B,

2log x log 5 2
where
1 bo log i w2
1 - —1 —_—— A _ .
~ 2log 1 kzl“ log” o — 5 log bey 12 6logl

For the residues at x,, # 0 we obtain

1 T
Res - E ke ’z7% =
s=xm 1 — A\~3 gsin7s k—1u k

Xm Xm
xm(log A) Sin TXm E,uka ‘

Thus we have

logQ1(z) =
b
dy” |, log - 4 log = 1
- = B
QIOg%IOg z+<log-1x 2 logz+ B+ log & +O(z 2)’

where ¢;(u) is a continuous periodic function of period 1, whose Fourier
expansion is given by

r
T e
(2.7) p1(u) = — E , E prolm e,

mezn(0) Xm(log A) sin Txm —
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Similar calculations yield the asymptotic expansion for @Q:

logQ2(2) =

2 _log?z+ l0g°_“o’—+d2 logz + C + (logz +0 (=71
2log + 8 logt = 2 g e log % ’
where
1 co logz
1 --1 Lo _ 8% _
2log ka 8" fi %8¢ da 12 6log+

and @a(u) is a continuous periodic function of period 1, whose Fourier
expansion is given by

(28)  p(u)=- ) Eykﬂxm 2mimu

mezv (o} Xm (log /\) Sin TXm
cobd]
) dg - dl log Cd, b
Setting ®(u) = ¢xp(C — B+ p2(u) — p1(u)), A = -2l°g‘,1i , L= logd—i- o
and observing the rate of growth of the transforms in (2.4), we derive
log z) -1 .
Q( 1+Ozz 1fd1=d2
(2.9) L2(2) _ log (1+06)
Ql(z) eAlogzzzL-i-g‘z%il@ (logf) (1+O(z 2)) ifdy < ds
log %

for z — oo inside an angular region

largz| <6< bo =7 - mgn(largakl,largﬂkl)-

As above we obtain

__b_dl__z—L—dl 1 ) (1+O(Z—%) ifdy =dy

Ql(AZ) b()/\d1 logz
(2.10) W = ¢ (108%
e—Alog? z+0(log z) if dy < d

for |argz| < é < &p.
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Let us first consider the case d; = d; = d and ap # 0. Then we need
|co| < |bo| to ensure convergence in (2.2). Setting

n+lz
(2.11) H(z) = ZP()\"z)( 0) %;)—)

and observing that this is a harmonic sum yields for its Mellin transform

(212) 1(6) = =2 (R 222) (o,

Notice that this Mellin transform only exists if —L + dp — d < 0, since “the
order at co” has to be smaller than “the order at 0”. From our asymptotic
expansion (2.10) we want to extract some information on the singularities
of the transformed harmonic sum H*(s). The fundamental strip of this
transform is

log £
O<§Rs<—-max<—L+do—d, 1°).

10g 5Y

Thus we have to distinguish two cases. First we consider the case occurring
in our applications in Section 3, i.e.

(2.13) bd)‘do S cd/\d.

This is the case where the singularities originate directly from the individual
summands (in the other case the singularities are caused by the harmonic
summation and a apecial example of this type was extensively studied by
Flajolet and Richmond [3]). For byA% < czA?, by (2.10) we have

b2 1
(2.14) H(z)= )\j PATASY _L’d+d°—o—z— (1+0(z79)),
(ba = caX )00 ® (i)

where ¢ is a suitable positive number. Combining (2.14) and (2.9) the
fluctuation ¢ cancels out in the asymptotics of G(z) and we obtain

2
bdado

(2.15) G(&) = gy

%74 (14 0(279)) .

For byA%e = c(_i)\d the function H*(s) has double poles at —L—d+do+Xm-
Thus the asymptotic formula (2.14) has to be replaced by

1 1 1
(2.16) H(z) = 1°gz ¥ (1°gi) | z=L=d+do (14 0(27%)).
g % & (_0_&;.) og +

A
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Combining (2.16) and (2.9) we derive
(2.17) G(2)= ( Llogz | 31-\1: (-1-‘53» 2%=4(140(z79)),
0

bo log 1 log 1

where ¥ is an unspecified periodic fluctuation.

Until now we have restricted ourselves to the case ag # 0. In general
let £ be defined by Fo(z) = ztPy(z) with a polynomial Py(z) such that
Py(0) # 0. Then the equation corresponding to (2.11) is

o0 n
. )\lco Ql(/\n+lz)
2.18 H(z)=2*) Py(\"z ( ) .
( ) ( ) . 7;) 0( ) bo Qz()\"z)
The sum in this expression is exactly of the type considered above and
therefore we need the condition A®|cy| < |bo| to ensure convergence. Thus
we obtain the same asymptotic expansions also in the general case £ > 0.

Summing up what we have proved until now yields

THEOREM 1. Let G(z) be the unique analytic solution of a functional equa-
tion of type (2.1) and let { be the smallest number such that a, # 0.
Furthermore assume the additional properties dy = dy = d, X|co| < |bo]
and bgA% < cyA%. Then G(z) has an asymptotic expansion for z — oo,
(Jargz| £ 6 < ™ — ming(|argak|,|argBx|), of the form

bfiado d
o - i do d
b3 (ba — Cd/\d“dO)/\dz (1+0(z79)) if bgA%e < ez

1logz 1 log z do—d . J ;
o U —T o= (1 €)) if bgr% = ¢z
(bolog§ + bo (log.}.))z ( +O(Z ))l d CdA™,

G(z)=

where ¢ is a suitable positive number and ¥ denotes a continuous periodic
function of period 1.

Remark 1: We note that in the case covered by Theorem 1 the periodic
fluctuations do not occur in the main term.

3. Fluctuations in the main term

First we consider functional equations of type (2.1) with dy = d2 = d
satisfying the condition bgA% > cgA? converse to (2.13). In the previous
section the convergence of the Fourier series for ¢; and ¢; was immediate.
In the case treated now we establish a preparatory lemma generalizing
Lemma 5 in [3], from which the convergence of the corresponding Fourier
series can be deduced. In the following let v denote the maximal order of
a zero of the entire function @;. Note that v is finite, but may be larger
than maxy vg.
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LEMMA 1. Let F(z) = Po(z)%l—z%?. Then the Mellin transform F*(s)
admits the representation

™

(Eo(A™*) + (s = DEL(A™) + -+ (s = 1)+ (s = v + 1) Ey_1(A77))

sin s

where the E;’s are entire functions. Thus for ¢ > 0

(3.1) |F*(o + it)] = O (|t|”"le"'“|) as |t| — oo.

Proof. Proceeding as in [3] let

I6)= [ P)-0

where H denotes a Hankel contour that goes from +o0o — 0, circles around
0 clockwise and returns to +00 + 0. Then a standard argument (cf. [11})
yields J(s) = 2isin 7sF™*(s). Now we want to evaluate the loop integral by
residues. For this purpose we have to know polynomial upper bounds for
F(z), which follow from

ﬁ 1+ a2
14 pBA"z

n=0

(3.2) < Ky|2|%2 for |1+pA"z| > ¢,

where o, # and % > ¢ > 0 are given numbers and K; and K, are positive
constants depending on those numbers and on A.

For proving this assertion let v = max{1, 2|e|,2|8|} and no = [lTosg2x¥zJ +

1. Thus we have |A™zy| < 1. We split the product (3.2) into two parts
n < mg and n > ng. The second product can be estimated by taking

logarithms

i lo 1+ al™z
n=no g 1+ﬂAnZ
oo 2 3
— Z ((a—ﬁ)z/\"——(a2-—,62)%-/\2"+(a3—ﬂs)%—)\:’":{:"')l
n=no
1 1 1
< no__ 2 2 271,0_______ e & —
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For estimating the first part of the product in the region |1+ 8A"z| > ¢ for

n=20,...,n9 —1 we note that the function f(w) = 1—'_":—2‘—;’ is continuous on

the compact subregion |1 + Sw| > € of the Riemannian sphere, and hence
attains its maximum M = M(e,a,B,A) > 1. Thus we obtain

had (1 + a)\"z)
s 14+ 8A"z
and (3.2) is proved.

Observing that %;— can be decomposed into finitely many factors of the
type (3.2) we get a polynomial upper bound for F(z) in the region

< M™eTx < Ky|z|%2,

14 BkA"2z|>¢€, (k=1,...,7and n = 0,1,...).

Notice that ¢ is chosen small enough that arbitrarily large circles centered
at the origin are contained in this region. Again by a standard argument
we derive

J(s)—QWLZZ Res F(z( z)*1

=1n=0 Z—_

for s < a9 < 0. Next we calculate the residues and observe that the
maximum order of the polesis v. Let us consider a pole ——’\T_:- of multiplicity

b and set
Xin(z)=F(2)(1+ ﬁk/\"z)b.

First we have for w = z + 2— ,Bk

(33) (-2 =
Ao grett (14 B (anw) + G222 (Barw)? 4 o).

Expanding Xk,n(——% + w) around w = 0 we get
A—n
X - + 'w)
Icfn ( ,Bk
B ymen) B
m—n w

= iAj(k,n)wj,

=0
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where the products range over all (I,m) such that §;A™ # BiA™. We
observe

(3.4) Aj(k,n) =0 (Aﬂ’;—“2+jnn;j)

with an absolute O-constant, where 7 is the minimal distance of 731: to the
other roots of Q).

Multiplying (3.3) and the expansion of X , yields for the coefficient of
wb-1

b—1 .
—n(s—1) g—s+1 (1-35)2=9)---(G—39)
AT NN A g (R, ) 7 :
§=0
Each residue provides one term in the power series expansion of the E;(A™?).
Because of the upper bound (3.4) the power series expansion of E; is hy-
perexponentially convergent and F; is an entire function. [J

Now we are able to treat functional equations of type (2.1) with equal
degrees and fluctuations in the main term.

THEOREM 2. Let G(z) be the unique analytic solution of a functional equa-
tion of type (2.1) and let { be the smallest number such that a; # 0.
Furthermore assume the additional properties dy = dy = d, A¥|co| < |bo]
and bgA% > cgA?. Then G(z) has an asymptotic expansion for z — oo,
(Jargz| £ 6§ < ® — ming(|arg ax|,|arg Bk|), of the form

1
G(z) = MY, ( °gf) (1+0(=79)),
log +
— . log & .
where ¢ is a suitable positive number, M = ] £ and ¥, some continuous
og X

periodic fluctuation (the Fourier expansion of which is discussed in the
proof ).

Proof. We apply Mellin’s inversion formula to (2.12) and observe that the
first singularities encountered when shifting the line of integration to the
right originate from the factor b_(,:%g'i': Notice that evaluations of the F;’s
of Lemma 1 at the poles are constants and that the Fourier expansion of
the arising fluctuation is exponentially convergent because of the estimate

(3.1). The fluctuation ¥, is obtained by multiplying with the periodic



Stellenbosch University https://scholar.sun.ac.za

44 6 Asymptotic analysis of a class of functional equations and applications

376 Peter J. GRABNER, Helmut PRODINGER and Robert F. TICHY

function bi<I> as in (2.9). The proof is completed by multiplying with the
0
first case in the asymptotic formula (2.9). O

Up to now we have only considered polynomials P; and P, of equal
degree. What remains for a complete asymptotic analysis of functional
equations of type (2.1) is the case d; < d, (we note here that the converse
case d; > d; cannot be treated by the Mellin transform approach).

Remark 2: Lemma 1 remains true in the case dj < d;. The only problem
is to find a polynomial upper bound for %iz%? This product can be split
into products of type (3.2) and d; — d; additional linear factors in the
denominator. For these additional factors we easily find the polynomial

lower bound Ke(d2—d1)logz,
By the same reasoning as above we obtain

THEOREM 3. Let G(z) be the unique analytic solution of a functional equa-
tion of type (2.1) with d; < dy. Then G(2) has an asymptotic ezpansion
for z — o0, (Jargz| £ § < ™ — mink(| arg ai|,| arg Bk|), of the form

G(Z) —_ eAlOg2zzM+42;d] \1[2 (IOgZ) (1 + O(Z—E)) ,

log &
- log &
where € is a suitable positive number, A = dz—:dl—l, M = g L and ¥,
2log log

some continuous periodic fluctuation.

4. The Flajolet—-Richmond case

In [3] Flajolet and Richmond analyze a tree-partitioning process in which
n elements split into d at the root of a tree (d is a design parameter),
the rest going recursively into two subtrees with a binomial probability
distribution. They prove an asymptotic formula for the expected number
frn of non-empty nodes in such a random tree, by studying the generating
function G(2) = ¥°,509n2" where fr = Y, (V) gk- G(2) satisfies the
functional equation

(4.1) G(2)(1 + 2)* = 22%G (-;’-) + Po(2),

where Py is a polynomial of degree d. This is not a functional equation of
type (2.1) since ¢y = 0. Thus the above theorems cannot be applied. In the
following we extend our general approach to the case ¢ = 0,dy, =d; = d
which covers the special case (4.1) (in the case by = 0 there is no analytic
solution, for d; # d; the Mellin tansform approach cannot be applied).
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THEOREM 4. Let G(z) be the unigque analytic solution of the functional
equation

G(2)P1(2) = G(Az)Pa(2) + Po(2) (0< A<,

where Py(2) =by+b12+4--- + bg2, Py(z)=cx2"+--- + g2 (with by # 0,
¢k # 0, Kk > 0) are polynomials of equal degree d with no positive real roots
and let Po(z) =ap +ar1z+---+ adozd° # 0. Then G(z) has an asymptotic
ezpansion for z — oo, (|argz| £ § < m — mink(| arg ax|,|argBk|), of the
form

( FMdo=dyy (LE2) (14 0(:7)) if M < d—do
log 2
G(z)={ (242082 logz ) ) ,do—d - ifM=d-
(2) = (cdlog-;- + 0, (r:;))z 0=d(14+0(2~%)) if M =d—d
| 2z%-4(1+0(27)) if M > d— do,
. log ¢4
where € is a suitable positive number, M = L and V3, ¥4 some con-
ng

tinuous periodic fluctuations.

Proof. Using the substitution ¢t = -1; we can rewrite the explicit formula for

G(2)

4) P2(t) .. -Pz()\‘(”‘l)t)
Pl(t) oo Pl()\_"t) ’

G(3 )— gd—do zp (A~m) A do-
n=0
where l_’o(z) = zd°Po(%), 131(2) = zdPl(-};) and Pg(z) = dez(%) are poly-
nomials with deg P, = d > d — k = deg P,. Proceeding as in Section 2 we
set

@1
|I
0"' —

| (A™)

L b0
Cd

0=z
o-11

and obtain

1 Q1(M) npyyn(do—d) @2(A”VY)
(4.2) G(?)_td “ch(At)ZP(,\ t)A™(do—d) DN
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Let F(t) = Po(t)%ll%—;l. Notice that Lemma 1 can be applied to this func-

tion. Furthermore we have, for ¢ — oo, F(t) < exp ( — nlog® t + O(log 2))
with some constant 7 > 0 and F(0) = ag,. Thus the fundamental strip of
F*(s)is 0 < s < 0o. Denoting the sum in (4.2) by H(t) we obtain

by
— chdo—d-i-s

(4.3) H*(s) = F*(s) P

with the fundamental strip max(0, —M —d+dp) < Rs < co. This yields the
desired asymptotic expansion for H(t), ¢ — 0 which implies the expansion
for G(z),z—= 0. O

Remark 3: The computer science problem originally considered by Flajo-
let and Richmond is covered by the first alternative of Theorem 4.

5. An evolution process with killer

We consider the following stochastic process. N persons (starting at
level 1) are climbing up an infinite staircase. At every step for each person
there are two possibilities of equal probability: (i) go to the next step (ii)
the person dies. After this at any level an outside killer kills 7 persons with
given probability p;, (0 < j < d, d is fixed; pg # 0), (if there are only < j
persons available, all of them are killed). This situation is a generalization
of [10] where the case d = 1 was discussed (emerging from some computer
science problems).

We ask for the expectation Cx of the maximum lifetime. To this end, we
introduce the probability generating functions F(z) where the coefficient
of 2¥ is the probability that the maximum level of N persons is k. We have
the recursion (N > 1)

(5.1) Fn(z) =2 i 2N (]Z) [poFk(z) +---+ pk—dFk—d] 4+ 227N,
k=1

(observe that 2= (1,:’ ) is the probability that £ out of N people have made
it to the next level. The variable z marks the level, and the effect of the
killer is described by [poFx(2) + -+ - + Pk—aFk—a])- The cumbersone special
cases when there are less persons than the killer wants to kill can be avoided
by setting Fj(z) = z for ¢ < 0.
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Now the expectations Cy are obtained by differentiating the Fy(2) and
then evaluating at z = 1. Doing this we obtain the recursion (N > 1)

d N N
(5.2) Cn = 1+ij22-1"(k)0k_j,
j=0 k=1

and the starting values C; = 1 for : < 0.

Setting up the exponential generating function C(2) = ¥ n>o CnzY /N!
we find -

(53) C(Z) - e — z/2 + Zp 62/2 ZCk J(z/z)k.

k>0

Now it is customary (in order to get an easier equation) to set D(z) =
e~*C(z) (the “Poisson transform”). For simplicity, we replace z by 2z,
multiply the equation by e™% and differentiate it d times, yielding

d 2 .
(5.4) ey (k)QkD(k)@z) =+ pa-;CY(2).
k=0 j=0
Furthermore, we can express (by Leibniz’ rule)

C(j)(z) = ¢? zj: (Z:)D(i)(z),

1=0

so that we obtain after another multiplication by e™*

(5.5) ]Zd:o (d) 2iDW(22) =1+ ZO Pd-; Z ( )D(‘)(z)

Now set D(z) = Y n>o DNz /N! and G(2) = 3 nvo Dnz". Comparing
coefficients we find ~ -

(5.6) Zd: (j) 2NtiDNy; = 6N + Zpd—] Z ( )DN+i-

3=0 =0 1=0

Finally, we multiply by (£)V*? and sum up for all N > 0 to obtain

z\4 z
(5.7) G(=)(1+ 5) = G(Z)Pa(2) + Po(2)
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with
I d—z d—j
59 BE=Y sy ()D =L@ (1+3)
j=0 1=0 j=0
and

(59) Po(z) =

65 OO D=L £ OB S 0a)"

1=0 3=0

We want to apply Theorem 4 and find dp = d, ag = by = ¢cq = 2% and
thus M = 0. Hence the second alternative of Theorem 4 gives

(5.10) G(z) =logy z+ U4 (logy 2) + O(27°).
This leads to
(1) F(z)= % Cna (=)

1—-z 1-2

1 1 1
=17 1—z+1—zq’4(1°g2 1

for z — 1. Now, since

i z) + O((l _z)-He)’

1 1 1 1 1
[Nz log = =1+ 5+ + & =logN +7+0(F),

singularity analysis (cf. [5]) leads to Theorem 5.

THEOREM 5. The average level Cn that a party of N people with an addi-
tional killer will reach is asymptotically given by

Cn =logy N + ¢(logy N) + O(N~°)

where () is a periodic function with period 1. Its Fourier coefficients
could be given in principle by evaluating an appropriate Mellin integral at
the points 2kmi/log2, k € Z. ¢(x) depends on the probability distribution
(Po,--.,Pd), (with pg # 0) of the killer.
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ABSTRACT. R. Morris has proposed a probabilistic algorithm to count up to n
using only about log, log, n bits. In this paper a slightly more general concept is
imtroduced that allows to obtain a smoother average case behaviour. This concept
1s general enough to cover the analysis of an algorithm where the randomness is
simulated by coin tossings.

1. Introduction

“Approximate counters” are realized by probabilistic algorithms that main-
tain an approximate count in the interval 1 to n using only about log, log, n
bits. The algorithmic principle was proposed by R. Morris [7):

Starting with counter €' = 1, after n increments €' should contain a good
approximation to log, n. Thus C should be increased by 1 after other n in-
crements approximately. Since only € is known the algorithm has to base its
decision on the content of C' alone.

The principle to mecrement the counter 1s now

0 with probability 1 —27¢

C::C+{ (*)

1 with probability 27
Flajolet [2] has analysed this algorithm in detail; another method of
analysis has been proposed by the authors [4]. In [2; p. 127ff] Flajolet also
discusses variants of the incremental procedure (), essentially replacing base 2
by base a. For ¢ < 2 a smoother hehaviour of the counter is obtained.
The aim of this paper i1s twofold.

(1) On the one hand we substitute (x) by an incremental process that adds

= to the counter with suitable probability. For a = 2'/* tlhe resulting “automa-
)

ton” (compare Fig. 1) is closely related to Flajolet’s smoothing procedure just

AMS Subject Classification (1991): Primary 68Q25.
Key words: Probabilistic algorithms, Analysis of algorithms, Asymptotic expansions.
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described. Nevertheless we point out that our algorithm is slightly more general
and flexible enough to deal with a related problem described below.

(1) On the other hand we describe a simple coin tossing algorithm that sim-
ulates the probabilities in (*). We compare the results on this algorithm with
another one whose analysis is closely related to a problem studied by Knuth
in the context of binary addition [6]. It turns out that the variance in our instance
1s significantly smaller.

In Section 2 of this paper we present the analysis of the general incremental
principle mentioned in (i) above.

Section 3 refers to the coin tossing problems mentioned in (ii). It turns out
that the analysis of the behaviour of these algorithms is essentially (i.e. with
neglectable error terms) covered by the analysis of Section 2.

2. A general incremental procedure

We consider the following incremental procedure. Starting with C' =1 we
increment as follows (b is a fixed natural number, 0 < d < 2'/%).

- Oy 0  with probability 1-—d- :‘Z—C/b
1 with probability d-2-¢7b
(The constant d will be chosen appropriately later on.) To get a good approxi-

mation for log, n it is meaningful to rescale the countervalues of counter C’ by
considering

C'-1
T

A reformulation of the incremental procedure in terms of C reads

C=1+

with probability 1 —d- 9—C—3+1

0
C:=C+ 1 9—C—1+1 ()
b

with probability d -

We denote for abbreviation the possible counter values of €' by

j—1
b’

c, =1+ 3 =1,2,3,....

Then we have for the transition ¢; — c¢j41 the probability d - 2-7/% In the
following we set

a =2

[V
W
o
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In order to illustrate the above concept we may use the following “automaton™:

I —da™! 1 — da—?2 1 = da—3

I —da !

Fig. 1

The reader might observe that the instance d = 1 is the instance studied by
Flajolet in[2;p. 127ff]. In the following derivation we digress from Flajolet’s
analysis after having established the probabilities as in formula (6). Instead of
Flajolet’s Mellin-type analysis we use a contour integral representation for the
alternating sums coming up (compare Lemma 1).

Let pn1 denote the probability to reach “state” ¢; in n steps and Hi(z) the
corresponding probability generating function, i.e.,

Hi(z) = an,lz". (1)

n>0

With a; =1 —da™" it follows immediately from Figure 1 that

1 1 ) 1
Hi(z) = — da 'z ——— da™ %z, ———
1 —oy2 1 — ayz 1 — oz
0 ! ] (2)
:dl—] —{,) -1
4 ‘ Hl—-a,-z

i=1

Let
Hi(z) =) T—‘fl—’—L (3)

denote the partial fraction decomposition of Hi(z). It is a straightforward com-
putation to derive

(-1)I_ja_(';j)
0 (@G, (@) )

Q,—(a)=(1—211-)(1~:—2)...<1_%>. (5)

933
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From (3) and (4) we find (interchanging j and [ —j)
IZ_i (1) o)
= @i(a) Qi1-5(a)

Pt = (1 — daj_l)n ) (6)

By the binomial theorem we may express p,; by an alternating sum:

n

-1 '
), | = "\ P (-1) -(J,W(J';’)H]._I)k-
Pnl §<k>( b ;Qj(a)Ql—l—j(a)

k=0

Using Euler’s famous partition identities {1]

1) a= ()

S = 1) ™

320

and

=11 (l*gt:n-)ﬁl, (®)

m2>0

Z Q](

the second sum in p, ; may be associated to a product.

n n d k k—1 "

k(@ -1

= —DR( =) [ 1— — ).

pma=3 ()0t (5) 1T (1 o) ©
k=0 ' m=0

For the expectation E, of the value of the counter C after n steps we find

En=) pag =1+ %g(’;)(-l)k (g)kZl[t’] kﬁ (1~ a—tm—>

i>1 1>0 m=0

Now " I[t']f(t) = f/(1), so that

E,=1- i S <)( 1)k (g)ka_l(a):1—%zn. (10)

An asymptotic evaluation of an alternating sum as in (10) may be performed
using the following

034
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LEMMA 1. [8] Let C be a curve surrounding the points s,s+1,...,n (s € N)
i the complex plane and let f(z) be analytic inside C. Then

n n k N 1 N ~ ~
?;3 (’\) (wl) f(l\) - “*2-;‘_1([[11"_}f(0)d~’

where

2] = (-1t
T (=) (2 —n) =

Extending the contour of integration it turns out that under suitable growth

conditions on f(z) (compare [3]) the asymptotic expansion of the alternating
sum 1s given by

ZRGS([N; Zf(2)) + O (n7F), any € >0,

where the sum is taken over all poles z¢ different from s,...,n with Rzy > 0.

NG
In our sum we have s = 1 and f(k) = <—> Qk-1(a), which may be con-
a
tinued analytically by

f(z) = (%) Q:.-1(a), where Q.(a) = Qoo(a)

1 )
11;11(1 B az‘*'j)

In order to find the residues of [n;z]|f(z) at the double pole z = 0 we use
the local expansions

1
n; 2] ~ ——;(1 + zH,)
(&) =)
-] ~1+4zlog| —
a a

‘ 1 1 1
Q:-1(a) ~ Tog—t—l_ (1 + 2(log a) (5 - aa>> where a4 = Z

ak —1°

k>1

1
With loga = 3 log 2 we have the following contribution £, to Ty

1
—Eno =log,n+ S log,d — = — a,. (11)
loga 2

535
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2hmi

Near the sitmple poles zp =
log a

=\, (a). k€ Z. k #0.we have the expan-
S101S

2]~ (2 (@) = BT (L ()

i i N (‘\k(a)-l()gd
a

1 1
. _ ~ .
de-1(a) loga == (a) '

so that the poles zx yield the following fluctuating contribution ¥, ¢ to ¥, :

F( -\ (”))(“ani-logn(nd)
k .

In total we have

THEOREM 2. The cxpected value E,, of the counter C after n random incre-
ments with the generalized incremental procedure (xx) fulfils

1 a ~
E, =log,n+ —7'+10g2d+1# — e +o(logan+A)+0 ("),
log 2 20 b

where

1
(v = E : . a =2
a® —1
k>1

and the periodic function

— 20mir
(‘)](r)—-——log‘zzr(ﬁ\k(a))( ,
k£0
where -
\,(a) = —r and A =log, d. 0
k log a
Since _
IC(iy)]* = —

y - sinh(my)’

2 _2v% .
we have |F(——\k(a))| = O(bo Tog? ) for b — oo, so that the Huctuating term,

which 1s already very small for the classical case b = 1, becomes even smaller
for b getting large.
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In order to find the appropriate value for the constant d we consider the
expectation S, of 2¢ after n random increments:

S, = Zp,,,,f'. (12)

{
Since
Pl = Pn_1.1 (1 — (l(fl) + p,,_”*,(lal’l (13)
we have
2d
S,,:S,l;]—_+2(l, 71,21; S():Z;
a

and thus

a

5,,:2(l(1—1>n+2. (14)

A good choice for d 1s therefore

so that S, = n+ 2.

Nevertheless we can analyse the variance V,, of the content of C after n
steps for arbitrary d in an analogous manner as the expectation E,, . Omitting
the technical details we obtain, neglecting periodie fluctuations of mean 0,

V. e [8], (16)

- 6 I()g2 2 b? bh? 12h2

where [(‘ff]o 1s the mean of the square of the periodic function é;(r) defined in
Theorem 2.

In order to study the influence of & on V,,, it is helpful to make use of the
following remarkable transformation of the constant in (16): We have

a*
aq + s = — 2 = hloga),
> (ak — 1)
where
y
hy(r) = (17
sy (k= 1)’
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Now it follows from Dedekind’s functional equation for the g -function that
2 2 2
™ 1 1 4m 4m
]I-](J') = = - — 4 — — —,111 (—>
. ) I

(compare [5]; observe the typo therein). Thus we have

2 1 1 47 47’
o + fa = il + — il hl( il ) (18)

6log? a B 2loga 24 B log? a log a
On the other hand, again using |D(iy)|* = —7r__ , We get
y - sinh(my)
log a 1 2loga 2
163], = > = S h2< (19)
0 2 .72 2
log” 2 o1 k-sinh(Jm > log” 2 loga
oga
with .
v (=1)FT
ho(z) = - 20
72(3‘) Zk(ckr__l) ( )
k>1
log 2

Combining (18) and (19) and regarding loga =

, we finally have

THEOREM 3. The variance V,, of the content of %the counter C after n steps
of the generalized incremental procedure (**) fulfils

1 1 4r? 4m%b 2 272b
= t st oo - ha
2blog2 = 24b%  log®?2 log 2 blog 2 log 2

: log
+63(log, n + A) +()< og,n>’
n

where hy(z) and hy(z) are defined in (17) and (20), and where 63(z) 1s a

periodic function of mean zero, and A = log, d. O

63(z) is a combination of é;(z) and é2(z), whose Fourier coeflicients could
be computed in principle.

The reader should note that the main term is of order b~! in b; the val-
4r?h 2m2bh ) .
ues h resp. ho tend to 0 exponentially fast in b. The result
log 2 log 2
quantifies the smoother behaviour of the approximate counting procedure for
increasing b. For d = 1 Theorem 3 should be compared with Flajolet'’s

result [2; eq. (50)], where only the leading term appears.

2blog 2
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3. Approximate counting by coin tossings

In this section we apply the previous results to the analysis of an approximate
counting algorithm where the incremental procedure () is simulated by coin
tossings. We flip a fair coin and increase the counter C by 1 after having
seen C consecutive heads occurring since the previous incremental step. More
formally the set of sequences yielding a counter C = [ is described by the reqular
eTPTESSION

0*1{0,10}*11{0,10,110}*...1"71{0,10,..., 1710} {e, 1,.. ., 1171},
The corresponding generating function equals

l -1

FI(Z):L__Z_Z(Q)H 1-z [>1, (21)

(1—2)2 1—2z4 2727

=1

so that the probability p,; that counter C' =1 after n tossings is

pat =2""[2"] Fi(2). (22)

It 1s our aim to show that the analysis of this coin tossing algorithm may be
reduced to the analysis of Section 2 by approximating the probabilities pn i step
by step.

For [ > 2, Fi(z) is a rational function having [ — 1 first order poles
3

p1,...,pi—1 of absolute value < %: For z traversing the circle |z| = - the

4

value of 1—2z+27%% winds around the origin exactly once, so that 1—2z+ zi+2

has exactly one root p; in |z]| < 3. For later purposes we note that

4

_ St s |1 §3l_i ‘ _ 3
1 —-2242 IZ' 2+(4> = %4 for 7>1 and |z|—4.

Therefore

Fi(=)| < €y G)(;)(Z—)M <65—4)l_1 —0 (1) foramy n>7. (23)

The reader should observe that because of
20; = 1+ pi*? (24)
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p; will be close to 1/2 for j getting large. More precisely, using Lagrange’s
inversion formula, we have

1 1/k(j+2) 1 1 1
w5 (0 (0 Jgme) =5 (g )

- k>1

Now it follows that

-1
2'pug = = Y Res(Fil2); == p,)p," " 4 5
1=1 .

where the integral 1s O(u(é) (%) ) for any n > %, with an absolute O-con-

stant. From this observation it 1s immediate that p,; may be substituted by

-1
Gt = — Z Res(Fi(z); z = Pj)P;I (2p;)"" (26)
=1

with exponentially small errors in expectation and variance. The computation
of the residues gives

1 — l (;) 1 — p. [—1
Res(Fi(z); z=p;) = A=) e 0 =) A; Bjy,

(1= p,)* (—2 + (7 + 2)p§+‘)

where (compare (24))

9 : ) .
4,0-0)" =11 (1 —2p; P}“) =11 (p,-” - pj“)

1—(’1? _
:P]‘( )/Qj(le)a
Bu=py U [Qu s (071

Using formula (24) it can be shown by some straightforward algebra that

_ -1 1
BNt ] Gl ) N e I
= TRy e A R L

(27)

-1
= Za"j (20;)77, say.
=1

540
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This formula suggests the quantity

-1 I—1—jo—(""37") [—1
. ("1) 12 2 —-n —n
Tl = Z QJ(Jl~l_] (2/)1) = Zbl'j (2/)]') y (28)

1=1 j=1

where Qr = @Qx(2), as a good approximation of ¢, ;. Indeed, we have

1 — 7+1 ]
Z l(l[_]‘ = ( /)v] ) Z(l+j+1)‘91,1

ort (1-U+v0™)Q, (") =
with
. , ! i
s1; = (1 —_ pj-‘Hpg) (1 — pj“) (_1)1p§_2)/Q1 (pj_]) ) (29)

Using Euler’s identity (7)

sy = T (1-=0"y)=m TT (1= (=0 )ep*t) = 0. (30)

>0 m>0 m>0

Differentiating formula (7) we have

(—l)la'(;)f’ 1 t
S m (S ) () e

>0 m>0 m>0

so that, after a short computation,
+1 )+ 1 7
> tss == (=) I (-0 0) (32
1>0 m2>1
Altogether
1+ 1
)+t J
(1 - )

Z la;, = — H (1—(1~/}j+])p;">. (33)

(>3+1 (1 - (J + 1)/);+2) Q] (p;l) m>1

In the same way we derive

Z Ih, = —%- where Qo = Qo (!

[>j+1 @,

SV

Q=Q,2).  (34)
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The sum is up to a factor 1 + O(;277) the right hand side of (33). Therefore

the series
> (20)7" Y Uar, = buy)

> (>4
converges absolutely and may be rearranged as Y Hgny — 70 1) .
>1

It is easily seen that 3 (2p;)7"0(277) is o(1) for n — 0. In order to get
>
a sharper estimate we may apply Lemma 1: We have (2p;)7' = 1 - §,, where

6, = 0(277) so that

PUEARERIEDY <L>( ~DMf(k)

i>1 k=0

with f(k) = ) 6;“()(2"‘7). Since ) 6;0(2‘j) defines an analytic function for

121 Y
Rz > —1 we find from Lemma 1 that the whole sum is O(n='*€) for any = > 0.

Thus the expectation FE, of the content of the counter C' after n tossings

fulfils
E, Zlqnl+()<( )) er,,;JrZ qnl — 7,1,)+()<(§) )
1>1 1>1 1>1
,.Zhn,«k() Hf) any € > 0.
1>1

In order to evaluate )~ {r,; we approximate (2p,)~" by 1 —2777
I>1

(compare (25)):

‘)A(J+2)k> Qo

k=1 "/ >l Q,

fl
TN
> =
N——
|
[
T
TN
>
.
t

where (2p;)7! = 1-0,. From (31) we have 6;‘—2‘””“ = O(j?'z”\'?‘”k“”)

4 , Qx .
= ()(A‘jQ"J“H)) so that f(z) = (b‘ —2-+2): ) 2 18 agaln an analytic
]>l (2]

function for Rz > —1. Since . [ 2] f(2) has a removable singularity

at - =0 and A, = ()(71_”“) cany € > 0.

(@4
o8
o
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We finally have

1—1
En=> Iryi+0m ) =3 1> "bi;(20,) " +0(n~'*)

1>1 I>1 j=1
1—1
Sy oy
I>1 j=1 (35)
3\" “14e
=St - Zzb,,o(z) +0(n="%9)
I>1 I>1
= ltai+0(n™'"),
I>1
where t, ; coincides with pn from (6) for a =2, d = % Therefore E,, from

this section coincides with E, from Section 2 with an error of order O(n~'*¢).
The same result may be proved for the variance V,, by an analogous reasoning,.

THEOREM 4. The expected value E,, of counter C after n coin tossings fulfils

Y 1 te
En:logznvL@—§—a+61(log2n)+0(n o), any € > 0,

with

1
=) sr—~16066.. ..
k>1

The variance V, fulfils for any € > 0

1 1 472 472 2 2m?
n = — h — h 93 (1
v 2log?2 Tt log? 2 1<log2) log 2 2(10g2> + 4 (logz )

+0 (n7'*) = 0.7630.. ...

with &y, 83, hy, hy from Theorems 2 and 3.

Theorem 4 shows that our coin tossing algorithm is a very good simulation
of the general incremental procedure mentioned in the first two sections with
parameters b=1, d =1/2.

We finally compare these results with the following alternative variant of a
coin tossing algorithm: The Counter C is incremented by 1 if after another
flipping of the coin the sequence ends up with a run of C ones. With other
words, C' maintains 1 plus the length of the longest run of ones. Results on
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this problem may be found e.g. in [9], [10]; the analysis is closely related to
Knuth’s analysis of the average timme for carry propagation in binary addition
[6]. Intuitively it is clear that the latter proposal leads to a less smooth behaviour
than our algorithm from above.

The regular expression corresponding to the set of sequences yielding a
counter C' <1 1s
{0,10,...,1770} {e,1,..., 1171}
with corresponding generating function
1 -2

T 122 4

Fi(2)

The dominating singularity is p;—;, where p; fulfils (24). In Knuth’s analysis
[6] the corresponding generating function is

1
Gi(z) = ————— .
() 1—2z+ 32
The dominating singularity 7,y of Gy(z) fulfils 7_; = pi_; +O(12“21) , so that
Knuth’s asymptotic result on the expectation covers the coin tossing problem,
too. For comparison we cite the results from [6] and [10]:

Expectation E, and variance V,, of the counter C' in the modified algorithm
are asymptotic to (neglecting the small periodic fluctuations of mean zero)

¥ 1
En~1 T
82"t 10,3 T2 .
2 1 (36)

n

w42 [82] ~3.5070. .
6log22 12 []]0

with 6; from Theorem 2. Comparing with (16) we find that the variance in our

2k
algorithm is smaller by a + f = ) ——— ~2.7440.. ..
YRCARY
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APPROXIMATE COUNTING
VIA EULER TRANSFORM

HELMUT PRODINGER

(Communicated by Stanislav Jakubec)

ABSTRACT. In this short note we would like to emphasize how some elements
of “g—analysis” (basic hypergeometric functions) allow some shortcuts in the
enuimerative part.

Approximate Counting might be described as follows. There is a counter C
which is initially set to 1 and incremented randomly depending on the counter
value. If this value is k, the probability that the counter will be increased by
1, is 27%. Otherwise, the counter value will stay the same. The idea is that
after n random increments the counter should have a value close to log,n. It

. . 1
is convenient to replace 5 by ¢q.

There is another useful way to imagine this procedure: There are the states
1,2,..., and in one step one may either advance from state i to state i+ 1 with
probability ¢', or stay in the state ¢ with probability 1 — ¢'. The interesting
parameter is the state that one reaches after n random steps, starting in state
1. This is clearly the value of the counter C.

The original analysis was performed by Flajolet [2] and consists of an
enumerative (or algebraic) part and an asymptotic (or analytic) part. The latter
was done by the Mellin transform. In [5], some additional manipulations allowed
to rewrite the sought quantities in such a way that an alternative asymptotic
technique (Rice’s method) could be used. See also the related papers [6], [7].

In this short note we would like to emphasize how some elements of “g-analy-
sis” (basic hypergeometric functions) allow some shortcuts in the enumerative
part. Let H;(xr) be the generating function, where the coefficient of z™ is the
probability that n random steps have led to state [. We find a rather explicit

form for the bivariate generating function Y H;(x)y', which is interesting in
I>1

AMS Subject Classification (1991): Primary 11B68.
Key words: Generating function, Euler transform.
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itself and might lead to additional insight. We only use it here to find represen-
tations for the expectation and the second factorial moment as alternating sums,
with binomial coefficients and some simple quantities, which is essential for the
use of Rice’s method. One could avoid to use such explicit formulae and, using
the (new) generating functions, derive the asymptotics directly by the ingenious
method in [4]. However, here, we only deal with the enumerative part.

We need a few concepts from g-—analysis which are taken from [1].

q-Pochhammer symbol:
(@)n=(1-a)l-ag)...(1—ag"™"), (aJo=1, (a)oo = lim ().

Cauchy’s formula:

(@)nt™  (at)oo
Z (@n B (t)oo .

Heine’s transformation:

Cln t 0o

Fuler’s transformation: 1f

= E anzr"

n>0

then

A (557) = DX (5) o)

n>0 Y k=0

This is very easily computed directly and was used with great success in [3] and
[4].

The generating function H;(z) was computed in [2]. Using a decomposition
of a path from 1 to [ into stages, it is not hard to see that

RO G
Il'll(l—w(l—q")) (Jﬁx—fll)l

570



Stellenbosch University https://scholar.sun.ac.za

8 Approximate counting via Euler transform 69

APPROXIMATE COUNTING VIA EULER TRANSFORM

The coefficient of 2™ in ) H;(z) must be 1 for all n, since each path of length
I>1

n must simply lead somewhere. Let us see how we find the formula

ZHI(JE)'—‘ lix

1>1

by some properties of “g-analysis”. It is equivalent to showing

(—2)'q2) _
Z (@)

1>1

with 2z = E_%_l— Let us show that

First, write
(~1)'q3) = (0= 1)(0—g)... (0~ ¢"") = lim e!(1/e); .

Then we can use the transformation of Heine and compute

3 (1/(6)1()82)1 (@ (@oo(2)oo T (2)n(e2)ng"
qz )i

>0 (q>l B (QZ)OO(EZ)OO n>0 (Q)n(z)n

Now we can perform the limit € — oo on the right hand side without problems
and obtain

(Q>oo(z)oo q"
(92)oc n%:o (@)n

We use the trivial fact (z)eo = (1 — 2)(¢2)oe for the first factor and Cauchy’s
identity (the special case which is attributed to Euler), which evaluates the sum
to 1/(q)s , which gives us the desired 1 — z.

Now let us attack the generating function of the expectations,

> 1H(z).

1>1
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For that, we consider the bivariate generating function

H(z,y) =) Hila)y',

1>0

differentiate it w.r.t. y and evaluate at y = 1. We obtain

' ~—zl(é‘) T
H(m,y):lz(y)q -

T3 (qz); xr—1

Using Heine’s transformation as before, we get

(—42)'q)  (@)oely?)me (2)nq"
Z B (qz)m Z (‘1)77,('3!3)71 .

>0 (qZ)l n>0

For y = 1 we could evaluate the sum immediately. Now we transform the sum
again by “Heine”, with a =0, b= 2, ¢ = yz and t = ¢ and find (for the sum
only)

(2)oc Z (Y)nlg)nz"

(¥2)oo(Doe &5 (@
which gives
Hia,y) = L0 -2) (", 2= ——
’ x >0 ’ r— 1
Now observe that
d
_a _ >
dy (y)n =1 (q)n_l , n>1,

so that the generating function of the expectations E(z) is

Blz) = —(1=2) Y (@2 = (1= 2 3 (@)u=".

n>0 n>0

According to Euler’s transformation we have to extract the coeflicient of z" in

1 —1— z (1 N Z)2 Z(q)nz” = (1 - Z) Z((])”Z" )

n>0 n>0
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which is
(‘1>n - (Q)n—l = _qn(Q)n—l

for n > 1 and 1 for n = 0. Hence the expected value F, is

E,=1- i(ﬁ)(—l)qu(qn_l :

k=1

a formula already reported in [5].

To obtain the generating function Es(z) for the second factorial moments
we have to differentiate twice w.r.t. y and evaluate at y = 1. Observe that for
n>2

d2 n-1 qlﬂ‘,
——(y)., =2 _ .
dy2 (y)n y=1 (q>77» 1 2 1 — qk
Let us abbreviate
n qkt
T, = - q"" )
k=1

Then |
NIy 4 . . n+1
Ey(r) = . (1—2)-2 E (@Q)n Tz )

n>1

As before, we have to extract the coefficient of 2" in

1 ) moun
1 — - EQ(r) - _2(1 - Z) Z(Q)nlvw 3

which 1is

"2(((1)77Tn - (Q)n~—1Tn—1) - 2qn(q)71'—1(Tn—l - 1)

: Coa(2) .
Hence the second factorial moment b,(,, Vs given by

n

EP = Z(Z’)<-1>“ 2q"(@)r-1 (Thy = 1).

k=1

This is equivalent to the formula given in [5].

As stated before, asymptotics follow, as demonstrated in [5]. by Rice’s
method. For the sake of completeness we cite the expectation FE,, (‘the av-
erage value of the counter C after n random increments’) and refer for the
variance to the literature.

~y
log

1
5+ 5 —a+o(logyn) + O(%) :

E, =log,n+ 5
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where v = 0.577... is Euler’s constant,

1
a:Z ST = 1606695
k>1

and () is a periodic function of period 1, mean 0, small amplitude and known
Fourier expansion.

We would also like to mention that, since we have the explicit forms of the

generating functions of the moments, an approach like the one in [4] would give
the asymptotics even a little bit more directly. We do not work it out, because
the computations are somehow similar to those which occur with Rice’s method.

(1]
[2]
3]

[5]
[6]
[7]
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Abstract

A large class of g-distributions is defined on the stochastic model of Bernoulli trials in which the probability of success
(= advancing to the next level) depends geometrically on the number of trials and the level already reached. If the dependency is
only on the level already reached, this is an algorithm called approximate counting.

Two random variables, X,; (level reached after n trials) and Y; (number of trials to reach level k) are of interest. We rederive
known results and obtain new ones in a consistent way, based on generating functions.

We also discuss asymptotics. The classical instance of approximate counting is more interesting from a mathematical point of
view. On the other hand, if the number of trials also decreases the probability of success (advancing to the next level), then the
limits are constants which are straightforward to compute.
© 2007 Elsevier B.V. All rights reserved.

Keywords: Approximate counting; g-analysis; g-distribution; Markov chain; Transition probability

1. Introduction

The Markov chain
P(Xpp1 =k+ 1| Xy =k) =g P(Xp1 =k | Xy =k) =1 — g tH+e (1)

with the initial condition P(Xo = 0) = 1 was recently revisited by Charalambides [3], also based on some earlier
work [2]. We will adopt the notation pc(n, k) = P(X, = k). So, this process starts at time 0 in state 0, and the
likelihood to advance to the next state decreases both with time and level already reached.

Sometimes it is more convenient to start in state 1. This amounts to relabel the states from 0,1, ... to 1,2, ....
Then parameters (a, b, c) must be changed to (a, b, ¢ — b), to have an equivalent model.

Crippa, Simon and Trunz [5] considered a special case, defined by

pest(n, k) = Ap—1pest(n —1L,k—1) + 0 — Ay x)pest(n —1,k) ()

where A, = q“(”_1)+hk and either (a, b) = (1, 0) or (a, b) = (0, 1). The starting condition is here pcsr (0, 1) = 1.

* Corresponding author.
E-mail addresses: louchard @ulb.ac.be (G. Louchard), hproding@sun.ac.za (H. Prodinger).

0304-3975/$ - see front matter (© 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.tcs.2007.10.035
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This recursion, witha = 0,b = 1,¢c = —1,1e., Ay = qk_l, is known as approximate counting. This algorithm

starts with a counter C initialized to 1. At each increment, we add 1 to C with probability 2~C. After n increments,
the counter C contains a good approximation of |log, n], with high accuracy and concentration. This was originally
analysed by Flajolet [6].

As a motivation, Crippa, Simon, and Trunz mention, apart from approximate counting, an algorithm by Simon to
compute the transitive closure on acyclic digraphs. In [4], applications in biology, particle physics and queue theory
are mentioned.

We will reconsider in this paper the recursion (reformulation of the Markov chain (1))

p(n’ k) — qa(n—l)-l-b(k—l)-i—cp(n _ 17 k — 1) + (1 _ qa(n—1)+bk+6)p(n _ 1’ k)

with one of the initial conditions p(0, 0) = 1 or p(0, 1) = 1, depending on the context.

The aim in this paper is to derive old and new results with a general approach that is based on generating functions.
In this way, we will recover as particular cases many results from the literature.

We also discuss asymptotics. This is more interesting for a = 0, which is essentially the approximate counting case,
with an expectation of order log n. There are several ways to derive these results: Mellin transform (Flajolet [6]), Rice’s
method (Kirschenhofer and Prodinger [7]), analysis of extreme-value distributions (Louchard and Prodinger [8]), just
to name a few. If @ > 0, then each failed attempt to advance results in an additional punishment, and the expected level
that will be reached is just a constant, which is given in a straightforward way by an infinite series involving the limits
of the (explicit forms of the) probabilities. The paper is organized as follows. In Section 2, we collect a few results
from g-analysis. Flajolet’s explicit formula for approximate counting is analysed in Section 3. Section 4 considers
general formula for X,, distribution, with a, b, ¢ > 0. The moments of X,, are analysed in Section 5. Section 6 is
devoted to the asymptotics of the moments of X,, for n — oo. Analysis of Y} (time to reach k) is given in Section 7.
Section 8 concludes the paper. Old results will be given as theorems and new results as propositions.

2. Preliminaries

Before we start, we need to collect a few results from g-analysis. They can be found in many textbooks, e.g. [1].
For our probabilistic interpretation, we always assume 0 < g < 1. We will use the notation

(5 @ i= (1= x)(1 = xq)... (1 = xg"™");

for (q;q), we sometimes write (g), if no misunderstanding is possible. Furthermore we need the Gaussian
coefficients

|:n:| _= (@)n .
kly @e@n—r’

they are polynomials in g and approach the binomial coefficients (Z) asqg — 1.

We also need [n], := % and [n],! == [1]4[2]4 ... [n]y = (@)n/(A — g)".
We recall Euler’s two partition identities:

2 LA (g
1—tgh =) ————, 3
E)( 1q") ;) @ 3)
1—1¢ i—1y—=1 _ " 4
E( g " ;) o @)

and the g-binomial formule
- i—1 —~ &[T ko
[Jau+ig™H=>"q z)u tu"r, )
i=1 k=0 q

1 X Mn+k—17 ,
= E . 6

We use the (now standard) notation [z"*] f (z) to extract the coefficient of z”* in the series expansion of f(z), as well as
Iverson’s notation [[ P]], which is one if P is true, and zero otherwise.
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3. Flajolet’s explicit formula

Let us first rederive this formula [6, (46)] in the simplest way: Flajolet proves

Theorem 1.

k—1 Y4 (')
(—D'q% k—t\n
k) = — (1 - .
Pk ;m)t(q)k_l_,( )
Proof. We have

P, k) =¢"'pn =1, k= 1)+ (1 —¢")pin—1,k), p@©,1) =1

We will use bivariate generating functions.

If we set
o0 o0
F(z,u) ZZZ W p(n, ),
n=0 k=0
we derive

F(z,u) —u =zuF(z,qu) + zF(z,u) — zF(z, qu),
or

u z(u —1)
F(z,u) = — + —F(z, qu).
1—z 1—z
Iterating, this gives

u zZw—1) u z(u—1)z(qu — 1)
F(Z’M)zl—z+ 1—z l—qz -z (i]—z)2 ’
z(u—1) z(qu — 1) z2(g%u — 1)
l—-z 1-z (1-2)?2
& (DI (s q) jug?
- (1 =z)it+! :

+ ug® + -

@)
This expression is already in [5, eq. (17)] but only for the moments. It was independently derived in [9], using a
transformation formula due to Heine.
Now we have several ways of computing [Z"u*1F (z, u).
We write
(u; @)oo
w;q)j = ———, (®)
T (g’ @)oo
and with Euler’s partition identity, we have
SRS

k —n 1)/ g*=1=Digi =711 — z)=U+D
p(n, k) = g(q)t(q)k - tg( ) "1 —2)~

(—1)'g® bt
= a- , 9
Z (@i (@k—1— K ) ©)

which is exactly Flajolet’s formula. [l

There are (at least) 3 other representations, given below by (10), Proposition 2, (11).
Second representation
Lettinga = 0, ¢ = 0, b = 1 in the formula [3, (3.2)], we obtain a second expression,
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5
q (2) ik (q)] n
pen k) = ——> (=) *==("),  pc0,0)=1. (10)
(@ = (@) j—k \J

This must be equivalent to Flajolet’s formula (with 7 in (9) replaced by n — 1, as pc(0, 1) = 1).
We will give an independent proof of this fact.

k=1 i Q) ko —1vig®
(=1)/q*2 —kyn—1 (=D’q* k—jyn
_1,k:§—1—f :E 1 - .
pln ) = (Cl)j(q)k—l—j( ) =0 (Q)j(Q)k—j( ¢

Let us consider the generating function

S =Y xfpn—1.k

k=0

k P
By (—1‘>fq<z>- (1= gty

k>0  j=0 (Q)] (6])k7,

" (—1)ig® g
= (1! J
1= ( ) ]; ]X(:)(Q)J(Q)k J
n (— 1)1q(2) y S
= (1! J
= () g (@) ,; (61)k /
: (=1)ixiq® (1
= (-1 (xgHF—
l=0( ) JZ(:) (@) ,; (@k
= L
1= (l>( ) (xq'; @)oo ;, (@)
-y (”)(—1>’—(x~ )
B ! gl oo T

On the other hand, let us start from the formula [3, eq. (3.2)]

petn k) = q® 31k m (”)
=k g \J

and consider the generating function

r= T = S0 S]] ()

=0 >0
n ] .
£ 0w gen]
=0 \J k=0 q

n

n Nl
( .)(—nf [Ja—-4'0
0\ 1=0

n .
( .)(—1)’()6; qQ);-
J

J

I
~.
i-
o

So § = T, which ends the proof.
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Third representation
A third expression for Flajolet’s formula consists in using a g-binomial in (7) to extract [u
First,

—Dizigi “Digl - i
[uk]F(Z, u) = Z (_)—Zz)j-lq-l[uk_l](u; q)j — Z()—qu(kzl) [k i 1] (—l)k_l,
q

— +1
i=0 (1 j=o (1 =2

k—l].

and consequently:

Proposition 2.

Wizigh e ;
pn, k) = [z"]z( );31 2 )[kil} (—1)!
q

]>0

k-1 e T Jj n\
=g 3 [k— 1L(j)qj'

Jj=k—1

Fourth representation

A fourth expression involving g-Stirling numbers is proved in [5, (14)] by induction. This can be directly done as
follows:

First, we compute

k=1 > T , 1
Y p k=g (=1 Y (—1)fz’[ ] ¢ ——
n i=k—1 k—1 q (1—-27)/+
. (k 1)qk 1 k— li j+k—1 (—qz)j
Ao &k N
o gkl 1
— q(Z
(1 _Z)k (l z’q)
_ q(z)z -
1—z(l—¢g))...(1 —z(1 = g"))’
This formula was derived by Flajolet, using a direct combinatorial reasoning.

Now we want to link this to g-Stirling numbers of the second kind (subset Stirling numbers), defined by the
recursion

=l emd e

Let
. n n

bi(z) .:Zn: o,

then
zbk—1(2) Z*

b = zbj— klszb = = .

(0 = e @ e = g T T i (= o)
Consequently

{n} = ["] 3 = (1—q) " ["] 3

K, (0= [11y2) (1 — [k]g2) 1 (T2 —q)...(d =z —g5)’

Comparing this with Flajolet’s generating function
q(é)zkil

" =
Xn:p(n ) = =) A=z =
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we find that
k g [n+1
p(n. k) =g (1 — g "{ L } : (11)
q

The moments of (9) will be discussed in Section 5.
4. Analysis of X,,. General formulae, with a, b, ¢ > 0

4.1. General case

Assume as always 0 < g < 1, which implies 0 < g@+bk+¢

the simplest way

< 1. Again, we will rederive the formula [3, (3.2)] in

Theorem 3.
n . .
pen k) = p(nk+1) = ¢"@ Y (- 1)/ Fge@+e H [’ } . (12)
=k Jdgalklgp
We will also obtain another expression
Proposition 4.
k=1 —1)igb®
(=D'q"2 b(k—1)+
pn, k) = (g g (13)
; ("3 4")1(q"5 g")k-1-1 "
Proof of (12). We have
pln, k) = g DHPEDT R — 1k — 1) 4 (1 = g D) pn — 1, ), (14)

and if we set

F(z,u) := i i "k p(n, k),

n=0 k=0

we derive

F(z,u) = F(z,0) = Y p(0, jyu’
j=1
= ¢ zuF(q°z, q°u) + z2[F(z, u) — F(z,0)] — 2¢°[F(¢%z, ¢’u) — F(¢%z, 0)],

or
G(z,u (u — 1)g°
Fleu) = (z, u) n z( )q F(q°z. q"u),
1-z 11—z
with
0 .
G(z.u) = (1-2)F(z2.0) + 2 F(g"z.0) + »_ p(0, ju’.
j=1

Iterating, this gives

G(z,u)  z(u —1)q° G(q%z, q°u)  z(u — 1)q¢ q“z(q°u — 1)q° G(¢**z, q* u)

F(z,u) =
@ u) 11—z 1—z 1 —q9z 11—z 1 —q9 1 — g2z
L 2= Dg* q“2(q"u — q° ¢*'2(¢*"u — 1)q° G(q**z, q*"u)
-z 1—q9z 1 —g%z 1 —g3z

G(zq’*, ug’”). (15)

_ 3o et iig 4
= (239 j+1
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It is convenient to start with 1 at 0, p(0, 1) = 1, so G(z, u) = u and F(z,0) = 0. Then

o i i b a(l
Z 27q9 (=1) (u; g )]q“(z) qub.

F(z,u) =
= (z59%) j+1

Therefore,

2, 2iq9 (=g ¢

(W F(zu) =) [ (s g7,

= (2:99) j+1
_ Z ZJ Cj( l)lqj 0(2) (k I)( 1)k 1[ . ]
(Z, qa)j+l k—1

and so

p(n, k) = [2"u*1F (z, u)

_ b(*3h k-1 cj 1Jjba(2)|:j] n—j;
") (=1 Zq( 47" 1

j=0

— D Y (- 1)j|:k—1] [’;Laq“@wqbf. (16)

j=k—1
The quantity pc(n, k — 1) from [3] corresponds to p(n, k) as given by (14), with ¢ replaced by ¢ — b. Consequently
b k 1 i—k J |\n ]
pen,k) = pi,k+ 1) = ¢"@ Y " (—1)i g G| :
i J a k b
=k q q
This proves the formula (12) in a simpler way.

We can derive a simple new expression from (8) and (15): Here is the proof of (13).

Proof.
pin. k) = 1:22(61 qE’)tgqbq(i))k 1 z;,( D O m
=]:X_<§(q qi)tgqbq(z))k 1 tz( Dlg" Z)Jqqqu(Q)[JLu
k—1

(= 1)t61h(2) 1—[1 P40 g gati=D)y
a")1(a% q"k—1-1 ;]

|
i

— (q°;

W‘
»—O

(~1)'q"® blk—1)+c
(q g9, B
= (g% 4" (g ¢P)i—1- "

Remark. We also obtain p(n, k) from [4, (24)], with the changes « = b, 8 = a, y = ¢ — a. Crippa and Simon
start with 1 at 1, so we must change their n into n — 1 and our ¢ into ¢ + a.

4.2 Casea=1,b=0,c=0

For that instance, Crippa et al. also establish (by induction) a connection to g-Stirling numbers:
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Theorem 5.

_ n—I1+k
p(n k) =q® (%) s(n, k, 1/q).

Proof. We rederive how this can be done. However, here, we adopt the initial condition p(0, 0) = 1.

Here is the recursion again for the special case

P k) =q"  pn—1,k—1)+ (1 - q"_1> p(n—1,k). (17)
Now define

ay () =Y pln, kyut,
k

then
an@) = ug" a1 @) + (1= ") ar100 = (1 44" = D)1 )

and thus
n—1
an(u) = [ [(1 + 4" @ = 1)).
i=0

Consider g-Stirling numbers recursively defined by
s(m,k)y=s(mn—1,k—1)+[n—1lgs(n — 1, k).
Let

ba(u) =Y s(n, ku*,
k
then

n—1
bu(u) = uby—1(u) + [n — Vgby1 () = [ [ + [ily).
i=1

Therefore (we introduce the g-dependency explicitly)

n—1 i n—1 i _
sk 1) = a0 = 1 (w4 T ) =0 Oty [1 (' + 2 =5)
n—1 n—1
—g (1 k il i
=g <1—q> [u]ﬂ(u(l Dg~ +1-4')

n—1+k n—1 n—1+k
_0 (1 ‘ i log) =g (1
=q7C <1—q) [u]i]](uq +1-4')=4q z(l_q) p(n. k),

hence

_ n—1+k
p(n, k) =q® (%) stn,k,1/q). A
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Remark. For a = b, simplification is possible:

_ b ik b() 4 ”} []}
pnk+1) =¢q ;( 1)/ 7k gbG [.qb o,

j J
n .
= qh('é) ["} Z(_l),f—kqb(é)+cj [” - k]
k et j—k e
k n] X j+k n—k
= qb(z)+6k|: ] Z(—l)jqb(jZ )+cj|: ' :|
k P Jodgp
() +ek| ] (S j o b()+bjktei | — K
=gq 2 (—l) q 2 .
I P J gt
26 (%) +ck ] bi
=gq B (1 —q l+C>
klgr ik
k (1]
— q2b(2)+c‘k . b(qbk-FC;qb)n_k.
L% dq

Specializing further, for b = 0 and ¢ = 1, this becomes (Z)qk(l — ¢)" %, which is of course evident.
2 (@3

D Letting n tend to infinity and noticing that the probabilities
k n—k

Ifweleth =c = 1,weget p(n,k+1) = g~

sum to 1, we get

g _ 1
k>0 (Q)]% (9)oo .

This is due to Euler and occurs when enumerating partitions according to Durfee squares [1].
5. The moments
5.1. General case

The moments are derived from F(z, u). We have, starting with 1 at 0 and b > 0,

1 ; i . b
L= 3 g1y nloady b 9 s g) )
E[X;] q -1 |:jj|qaq Vg¥ — ™

Jj=i—1 u=1

This leads easily to the following result. Note that xt=x(x—=1)...(x —i+ 1), and the formula is about the factorial

moments:
Proposition 6.
. . n . i n _I .
ElXp]l=il Y q9(=1) ‘M 9“®q" (g"; q")j
j=i—1 q°

bS] bS,'_z bS] bS,'_l

9" ...q q
) 2 @ —D. @1 2 @ —n..@-n| ¥

1<s)<--<8i_2<j I<sy<--<sio1<j

For instance

E(X,) = 1+chf(—1>f‘lm 9"Dg" (¢": q") -1, (19)
j=1 a‘
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2 g ji—1| " I bjo b b & g

E[X7] =2 q9(-1)i~ H g“Og g gh i |1+ ——|. 20)
= Jdqe eyl
n . Jj—1 bl bl bs

3 j i—1| " a(}) bjc,b. b 4q 94

E[Xy] =31) q9 (1) H “Dg" " i | Y G+ D — .o

= Jdga =a —1 47, @ —D@”-D

Remark. Using a univariate generating function, Crippa and Simon get the first two moments in [4, (27), (28)].
For a = 0, the first two moments appear in many papers that were written about approximate counting.
Remark. Charalambides [3, (3.4) and (3.5)] also computes the first two moments, by a lengthy derivation.

5.2. Particular cases

Two particular cases are interesting.

Firstcase:b=1,a =0,¢c = 0.

Forb =1,a = 0, c = 0, we get immediately the moments of approximate counting. Since we feel that this result
is somehow important, we put it as a proposition:

Proposition 7.

EXi =it Y (—l)f‘(';)qf(q)jl

j=i—1

g ... g% q’...q
x 2. @ —D..@2-D " 2. @' —1).. (g% 1 —1)

Si—1

1<s)<--<sj_a<j 1<s;<--<si—1<j

Remark. [5, Theorem 5] gives the first two moments.

Let us briefly review how one can get dominant and periodic parts of the moments of approximate counting. As
already mentioned, Flajolet derives results for the first two moments using the Mellin transform; Kirschenhofer and
Prodinger did the same with Rice’s method. Using the methods in our recent paper [8, Sections 4.5 and 5.5], all
moments can be almost automatically derived. Setting Q := 1/¢q, we obtain the following forms for the mean, the
second and third centred moments:

E(X, —loggn) ~ m + wy,
E(X, —loggn —m; — wi)? ~ i + ko,
E(X, —loggn —my — w1)? ~ 13 + k3.
The detailed expressions are extracted from [8]. Since the formul@ for the third moments are new, we put them as a
proposition.

Proposition 8. With the notations

L :=1n(Q),
_ 2xil
Xl = L’

o0
Ce =) 1/(Q7 = 1,
j=1
we have
iy =1/2—Ci+y/L,
fin = 7%/ (6L%) +1/12 = C| — C»,
fis = 2¢(3)/L° —2C3 —3C, — €y,
wi ==Y I(xe 27ee /L,
140
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Ky = —wi = 2ywi/L+2)  T'(xp)¥(xpe "o /L2,

140
k3 = wiALw] + 12wi Ly + 6y* — %) /2L*) — 6(y +wiL) Y T'(xp)¥ (xpe 27 e /13
140
=3 T GY (e 2% L3 — 33 " T(x w1, xpe g /L3
10 140

Remark. The (not surprising) fact that E[X i;] ~ (logy n)! in general, can also be deducted from Rice’s method.
We do not give a full proof of this but rather sketch a few key steps. It is of course equivalent to consider the factorial
moments instead.

EXpl=i! Y (—1)1‘—1(';.>qf<q)j_1
j=i—1

S1 Si—1

g’ ...q%2 g ...q%
x Z (g — 1) ... (g5i2— 1) + Z (g —=1) ... (gt = 1)

I<sy<--<si_a<]j 1<si<--<si_1<j

Now,
N

5L gl 1 -
Z 4 e . = — Z q— + less important terms
(g =D... @ =1  (@—D! (¢ =1

1<s)<--<si—1<j 1<s<j

and thus we study

n s i—1
ity (—1)/'_1('?)41'(@]—1 > (liqs> .

j=i—1 J 1<5<j

The method (which is described in many textbooks, e.g. [10]) consists in continuing the function

s i—1
@1 Y (13 )

I<s<j

to the complex plane, to ¥ (z), say, and then computing the residue of

o T+
A Yy gy e kA

at s = 0. Observe that

! il i—1
q° _ 1 B R
Ol Bt

so, we use the function

3 (q)oo 1 i—l_ ( 1 )i—li|
WZ)‘(azZ)oo(Qz—l)[;(Qs—l) 2 \gm7) |

The computation of this residue leads to several terms, since the pole is of order i + 1. However, the dominant term
that comes out is (log, n)".
Second case: b = 0.

. bs
Another interesting case is b = 0. If we set g? = 1 — ¢, this leads to (¢”; qh)j ~ gl jland (qbqn 171) ~ 7;“ . After

a little algebra, we obtain the following result.

Proposition 9. Ifb = 0, we have

Ewhzuf““{" ]q“?X
l—lqa
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Remarks. Our result include the following special cases:
Fora=1,b=0,c=0,[5, (22), (23)], derived there by induction.
The formula [4, (25), (26)], with b = 0 are immediate.

[3, Theorem 3.2] is also immediate.

5.3. g-factorial moments

The g-factorial moments in the general case are given in [3, (3.3)]: The formula is

1 —gbm j j
E [(Xn)m,qb] = W b ) Z( 1)] m a( )+C/ I:]} I:’il] b(qh; qh)j—1~
q“ q

If a > 0, this quantity converges to the constant, as n — 00:
1 — qh h(’") 1 J b. b
— (—1yf g —— LR
(1— gty X,:n (g% q%)j Lm ’

Notice that E [(X ,,)m’qb] simplifies for b = 0, as in the sum only the term with j = m survives, with the result

m!q“('ﬁl)‘”’” [:r'l]qa. This was derived in [3] in a separate theorem, but is follows readily from the general case (see the
remark above).

6. Asymptotics of the moments of X,, for n — oo

While the ¢g?-moments of X,, are quite easy to deal with, as shown above, the proper ones are a bit harder. The
results are again constants, but they don’t look as pretty as the previous ones.

6.1. General case

‘We obtain the following result:

Proposition 10. With a > 0,

1 Y b
E[XL 1 = il —1y=t ——5aQ) gbi(gb. by .
Xzl = l]=Ez—1q (=D T ’qa)jq q97(q":q97)j-1

J=1 J=l bs

q --q
X S < SH < - < 8-
2 e PR Py

bsi—»

bSl bSl‘,I

i i [s1 <s2 <+ <si_1]l qt...q
1=1 =1 (qbsl — 1)...(qbsi,1 . 1)

Proof. Letting n — 00, we obtain from (12)

(a+Db) (;) +ck 0

b. b
_ 9 v alv?+v(2k—1)]/24cv (9”5 47 k+v
pc(00, k) = ———— > (—=D'q .
(4% 9" = (4% 4")v(q; 4Dito
From (16), we have

b) (%) +bk+ck b. b
p(oo, k+ 1) = CIWr () +bkck 20 (_l)vqa[v2+v(2k—1)]/2+bv+cv G5 97 k+v '
(@% a0 = (q%; 4”0 (q%; gDkt

We study the behaviour of the factorial moments
. o0
E[Xi;o] = k(k = 1)... (k=i + Dp(oo, k). 22)
k=0

From (18) we derive, with @ > 0, the proposition. [l
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For instance,

o
L . 1 j .
E(Xeo) =1+ Zq” (=1’ Ian(é)qu (q”: ") -1,
j=1 q7;4 )j

o ' ' bl
EIX%T =2 g7 () g Dbt ), 1+Z ;j
= (g% 99

Remark. For b = 0, mean and E[(X )] are derived in [4].
6.2. Casea=1,b=0,c=0

From (16), we derive in this case (@ = 1, b = 0, ¢ = 0) the following result.
Proposition 11. Witha =1, b =0, ¢ = 0, we have
(k+v)
pe(oo. i) = plook+ 1) = @ Yo yrgttresz L)
v=0 (q)k"rl)

The limit when n — oo is independent of n and not Gaussian (as was suggested in [5]).

In the following, we give an independent proof that p(co, 1) = 0 and that the p(co, k) sum to 1.

o0 » l
ploo. ) =Y (-1)"¢®) — = (1;9)n = 0,
= (@)

v

by applying one of Euler’s partition identities. And now

k+v
S = Zq(z) Z( 1)vglv*+o@=D1/2 (g)ijv

k>0 v=|
k+v
=y q(k?)(_nv_( )
k,v>0 (q)k+v
G &
q o
- -1
B Z q(z) ol
)’l>0( )n

6.3. Other expression

Charalambides [3, (2.11)] expresses the moments in the terms of g-Stirling numbers:

[ 7] ,uZ( D1 —gPy— ,ﬂ E[(Xoo)y.gb] $q0 (7, )
| = @ qb), 00)r g [ Sqb (ry 1)

6.4. Tail

When k — o0, p(00, k) leads to the asymptotic equivalent for the tail

q (a+b) (5)+ck

pc(oo, k) ~
(GRS

121



Stellenbosch University https://scholar.sun.ac.za

86 9 Generalized approximate counting revisited

122 G. Louchard, H. Prodinger / Theoretical Computer Science 391 (2008) 109-125

If (a, b) # (0, 0), this can be simplified (with less precision) to

(a+b)k? /2
peleS CER O
Also
o0 . (a+b)(})+ck
Pe(00, k) := ;p(oo, i)~ NPT

These results about tails are new.

7. Analysis of Y (time to reach k)

7.1. General case and asymptotics
We obtain the following results:

Proposition 12.

1 m+1
— (n—1)+b
E([Y — 1], 00) = mqa n ")
SN — i—1
x Y g )m[. 1] (=i 1<q”;q”),,-_1[f } : (23)
m+1<j<n A m-1gb

Proposition 13. The normalized hitting time Yy (normalized by Pc (00, k)) is asymptotically (k — 00) given by
Yy = k 4+ U, where U is a random variable with probability generating function

au

q

< u; a 00 24
(q“;q”)u(q q°) 24

independent of b.

Proposition 14. The normalized moments are given by

) o] au ) i o0 au i )
E¥)~ Y (g% gk +uw) =YY g q%( )kl—”u”, k — oo. 25)
=@ g == @ g v

Proof of (23). The probability gc (n, k) is given in [3, (4.1), (4.2)] by a rather complicated expression, which can be
simplified as

—k
a/2(2n—2+k2)+ck+b(§) nZqa/Z[k(Zv—3)+(v—1)(v—2)]+cv(_1)1}
v=0
(g g1 (q% 4")vir—1
X . b. ,bY (b b :
G% qn—v—k(q%; g v+k—1 (%5 ¢")v(q”; 47)k—1
Actually, it is simply given, with (12), by

q

(26)

qc(n, k) — pc(n _ l, k _ l)qa(n71)+b(k71)+c.

Indeed, (12) leads to
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pcn.k) = ¢"® f(—l)f*kq“@*“f [”] [j }
=k Jdgalklge

. . b. b
_ 0 X":(_l)j_kqa(é)ﬂj @ q9n 4" 4");
= (@% 9" (g% qn—j (@b 4")i(q"; g") j—i
—k . b. b
— quq(b"’a)(é) HX:(_l)Uqa/ﬂUZ—O—U(Zk—I)] cv (qa’ qa)” (9”5 q vtk )
~ (@95 4o+ @5 gn—v—r (4% 4P (q"; ")

Now we compute a suitable type of moment to get nice results. As was discussed by Charalambides [3], it does not
really matter which type of moments one computes, as one can always convert.

As already mentioned,

n . .
ge(n, k) = g @+ +en—a(y )= Z(_l)jkqa<f2'>+c<jn[" - 1] [, - 1]
= J=galk =1

or in simplified form:

n . .
qC(n’ k) — qa(n—1)+b(];) Z(_l)j—kqa(fgl)_'_cj [l/l — 1] [] - 1} .
rar j= ek =1],

Which type of moments shall we choose in order to get an appealing result?

a-Dra(3)+ei [P~ 1 —1kgt® j_l]
>4 2 [ 1L< DY (=g z[k_l ,on®)

1<j<n J = 1<k=j

O,, (k) must be a suitable “polynomial” of k of degree m, so that we can sum the inner sum in a nice way.

_ ke[
s= 3 (=1 z[k_l]qb@m@).

1<k<j
_ b b b. b k=1 b b .
We may choose Oy, (k) = (¢”; ¢")k-1/G": ¢"k—1-m = [1;Z¢_,, (1 — ¢""), which is a ¢”-factorial. Then,

izl ;
_ _ b ks mm =1
S = || I—=q7) E (=D%q z[k—m—lLb'

i=j—m m+1<k<j

So we are left with

_ @ g% _ymtl N h(k+,;+1)|:j_m_1:|
. (=D > (=g y

(4% 4")j-m—1 0<k<j—m—1 k
_ @i e b e O[T =M =1 kot
= W(_ )" Z (=D'q L q .
q7:9")j-m—1 0<k<j—m—1 qb

But we have the formula

n n—1
;qb(g) [Z] tfunk = H(u + 1g"").
=0 i=0

q b
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This applies forn = j —m — 1, u = 1,1t = —gb(m+D:

(qb. qb) i1 j—m—=2 .
S = W( 1)m+1 b("T h’ 1_[ (1-— b(l—i—m-‘,—l))
’ J—m

j—1 -
1_[ (1 _ qbi)(_l)mﬂ-lqb(m;l) 1_[ (1 _ qbl

i=j—m i=m+1
m+1 j — 1
= (=1 gh(s )(q";qb)j_1[] ]
m
Then the moment becomes

m+1 Jj—1 1 . j —1
g =) 3 gals )W[ } (- I)J_m_l(qb§qb)j—l|:Jm L,
q

m+1<j<n -1

qb

which proves (23).
Remark. In the notation of [3], the moment just computed is

(1 =g"" Y Tk =1, gogc(n, k). W
k

If b = 0, only one term in the sum survives, and this yields

m!qa(n—l)—i-a(’;)—t-cm n—1 )
m q¢

Proof of (24). When k — 00, we have the asymptotic equivalent

n—k
—24+k2)+ck+b (%) a/2[kQu—3)+@—1)(v—2)]+cv v 1
qc(n, k) ~ g*/>n =2+ Yy g (—1) :
UX:(:) (qa;qa)n—v—k(qb;qb)v
and setting n = k + u, this gives
u
2(—k—2+k2)+ck+b(k)+au a/2[2vk+(v—1)(v—2)]+cv v 1
gk +u, k) ~ q* 2 q (=1
;) (@ qu—v(q; q")y
~ q(a+b)(§)+ck+au 1 )
(g% 9"

But we must normalize by Pc¢ (00, k); this gives the conditional probability of (24).
Eq. (24) is a decent function of u. Indeed by (4), with t = ¢,

Z _1_[( a a(t 1)) 1 1_[(1

= O(q q“)u i T @ 4%
as it should. W

The normalized moments of (25) follow immediately.
Remark.

PP IR A

=050 @ 4

au au

A AN q
(qa, qa) ( )kt—vuv — (qa’ qa) ( )kl—v uv.
o0 v o0 ;) v MZZ() (qa; qa)u
Let us write r = g%. What we need is

>

=0 (r;ra
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then the inner sum can be obtained via a few differentiations, and ¢ := r. The sum can be written as a product, by
Euler’s partition identity. However, multiple differentiations lead to iterated sums, and that is all we can do with it.

7.2. Other expression

After normalization, [3, (4.3)] leads, for k — oo, to

4% 99 vy +m—1 } R
) o0 . 27
[(Q”;q“)ykl(l _qa)m ( q ) ( )

8. Conclusion

Using generating functions, we have rederived known results and obtained new ones on ¢g-distributions, in a unified
and consistent way.

Other forms for the transition probabilities are possible: for instance, in [4], the transition is related to 1 — g
(as opposed to g P%+¢ a5 in this paper). These generalizations will be the object of future work. It would be
interesting to explore how general the recursion might be in order to get some meaningful results.
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1. Introduction

Approximate counting is a technique that was first analysed by Flajolet [1]; some subsequent papers [2-5] added to the
analysis.

A counter C is kept, and each time an item arrives and needs to be counted, a random experiment is performed; if the
current value of the counter is i, then with probability 2~/ the counter is increased by 1, otherwise it keeps its value; at the
beginning, the counter value is C = 1. After n random increments, the value of the counter is typically close to log, n, and
the cited papers contain exact and asymptotic values for average and variance.

Very recently, Cichori and Macyna [6] have used this idea as follows: instead of 1 counter, they keep m counters, where
m > 1is an integer. For our subsequent analysis we will assume that m is fixed. When a new element arrives (and needs
to be counted), it is randomly (with probability %) assigned to one of the m counters, and then the random experiment is
performed as usual. The parameter that Cichori and Macyna are interested in is the total number of changes of any counter.
In other words, if we (for convenience) assume that the initial setting of a counter to the value 1 counts as a change, Cichon
is interested in the sum of the values of the m counters. This is the parameter that we will study in this paper.

We find an expression for Py ;, the probability that the combined counter values are [, after N random experiments, in
terms of the classical values p, ; for just one counter. Furthermore, we find exact and asymptotic expressions for expectation
and variance. As in the classical case, the expectation is of the form A; log N + A, + 8 (log, N) 4+ 0(1), with a periodic function
&(x) of period 1 and mean value 0. (The mean value is the zeroth term in its Fourier series expansion.) The variance is small:
As+3y (log, N)+o0(1). We will not compute the Fourier expansion of this periodic function explicitly, although it can be done.

Here are a few words about what to expect from our analysis: intuitively, we expect that roughly N/m elements will go

to each counter, so we expect a result like E(C}Vm)) ~ mIE(C,(V'?m), where C,(Vm) is the random variable describing the combined

values of m counters after N random increments, and a similar formula for the variance. Indeed, our asymptotic analysis
confirms these claims; differences would only occur for lower order terms that we do not compute here.

The paper clearly consists of two parts: the explicit computation of the first two moments (Section 2) and the asymptotic
evaluation of them (Section 3). While it is quite an achievement to obtain these explicit evaluations, there is a prize to be

* Tel.: +27 21 808 3273.
E-mail address: hproding@sun.ac.za.

0304-3975/$ - see front matter © 2012 Elsevier B.V. All rights reserved.
doi:10.1016/j.tcs.2012.03.016
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paid: the computations to achieve all this are not simple. We also borrow from the paper [7] in terms of methods. Where
this paper was particularly brief (because of length restrictions) we try here to re-explain things and provide more help for
the interested reader. The path that we follow here is not surprising for the specialists. However, the present case offers
several challenges, whence we decided to provide the calculations in full, since we feel that even reasonably experienced
readers might not be able to fill them in, would they not been given.

Our approach is to use generating functions throughout. The explicit expressions that we obtain are alternating functions
for which we use the convenient technique called Rice’s method [8].

We will need a few abbreviations that we collect here: L = log2,Q := (1—3)...(1— 3),Q(x) == [T (1- 2%) )

that Q, = Q(1)/Q(27™); the latter expression is used to define Q, for arbitrary n, not just nonnegative integers.
We will prove the following asymptotic result, where §(x) and &y (x) are periodic functions of period 1 and mean zero.

Theorem 1. The average and the variance of Cichori-Macyna’s m-approximate counter scheme admit the following asymptotic
expansions as N — oo:

1
Ey ~ m[logzN—logzm—i- 5 —a+ % +8(log2N)],

2T
Vy ~ m[l —a—p+ T —I—Sv(logzN)].

The constants (also independent of m) are

1 1 (=11
(X:Zﬁ’ ﬁZZW and TZZM

j=1 j=1 Jjz1

2. Generating functions

If we think what has happened after N random experiments, then we notice that N = n; + - - - + n,,; and n; elements
were assigned to counter C;. The probability for such a split is a multinomial;

N 1 N!
Ny, ...,0p/mV  nql. . ngp!mV’

Then we get the probability that after N experiments the sum of the m counters is I:

Pyy=m™" Z <n1 N ) Z Pnyly -+ Prin.lm -

ny+-+nm=N “es Mm I+ +lm=l
Let
o Z I
Gn(u) - pn,lu .
>0

This generating function (studied in the classical papers) is not very nice itself, but the first and second (factorial) moments
G, (1) and G}, (1) are explicitly known:

n

G(H=1-3% (Z)(—l)"z—"oj{_l,

k=1

, 1 (n _ . SR
Gi(y=>Y" <k> (D2 *Q1(Teer = 1), with Ty = ) 71
k=1 j=1

We can now form a generating function for the case of m counters:

N
dopyul=m™ Y ( )Gm () ... Gp, (1)
] ny, ..., Ny

ny+-+nm=N
or
,mN 1
ZPN,IU W = Z ﬁGnl (U) e Gnm (U)
] . S — ny:...Np!

Multiplying this by z" and summing, we find the fundamental relationship

(mz)N 1 z" m
LZNPN,zu’ i =2sz” > chmu)...cnm(u):(Zacnw)). (1)

ny+otap=N - n
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Differentiating this with respect to u once or twice, followed by setting u := 1, produces generating functions for the first

and second factorial moments.
Taking one derivative we get:

m—1

ZPN,I (mz) (XH::ZG”“)) Xn:‘:;c;(l) = mez<m—1>2n:‘::c;;(1).

Reading off the coefficient of zV and multiplying it by N!/m" leads to an expression for the expected value:

z" N /N
Ey = E(Cy") = m'"N!["]e™ D Y EG;(D =m'Ny" <n>(m — DN "G (1)
n : n=0

R U

=

n=0 k=1
&L N (n
- m— ml—N Z Z <n> <k> (m _ -l)N—n(_])kz—ka_]
k=1 n=k
N N _
- m— ml—N Z Z (Z) <IZ B ”j) (m _ 1)N_n(_])k2_’<Qk—]
k=1 n=k

I
3
|
E—A
|
=
e~
SN———"
=
5
L
ol
|
3
3
N
N———"
~
2
S

Note that these simplifications have resulted in a form that does not look too different from the classical instance m = 1.
The corresponding simplifications for the second (factorial) moment, which are going to follow, are significantly harder. We
decided to present them in full since it would cost an interested reader a few hours to fill them in herself.

Performing two differentiations, we get
(mZ)N z(m—2) z" / 2 z(m—1) z" /1

L = mm—De anﬁcn(l) + me ;EG"“) .
Now we need to perform some auxiliary computations: In these, we will use

> G)ECT) -2 )0 = ()0

Firstly,

N![ZN]<XH: %Gn(1)> n (Ir\:)G;(l)G;V_n(l)
(S0 50T )
n = =
() (e
=
+ Z (2’) Z (’;)(—w‘z-faj_l Z; (N L ")(—1)"2*‘01(_1
21 (RS

n  j=1

N o ( N k+j
_1\Vo—in. N—k—j _1\ko—k
+ E E (=1Y27Q;-42 <k+j>< K >( D27 Qe

j=1 k=1

N k+j ey —
=2”—2”“Z< )( 1y47g 1+ZZ( 127g2"" "f<k+j>( 0 )(—1)’2 Qe

j Jj=1 k=
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Then

n 2
N[N ]ezm=2 <Z %G@(l))

n

= XS: (Z’)(m =AY (i’) (m — 2)N =25+ 2}: C)(—])M—qu_]

N

N s s ) ) ) K
(e EEre (L)oo

j=1 k=1

—=m" _ Z(m _ 2)N7325+1 Z <N> (I;]__J]> (_1)1'4*ij71

T \J

N—s s—k N—k—=j\(k+j k
+Z(m—2) ZZ( 127Q;2 J(k-l—])(-?—k—j)( >( D27 Qe

Jj=1 k=1

N

=m'+y (7)2f+1m”*f(—1)’*14*1QH

j=1

[k i
+ZZ( 1279, (, H) "*f(‘:’)(—nkr"@{,]

j=1 k=

- vy (N k+] ket k—j
=m" —2m" Z (=1Y2m)7Qi_; +m ZZ Kt (=D 2m)™* Q- 1Qx-1.

j=1 k=1

Let us summarize what we just found:

N![z”]ez(m’2)<2§6;(1)> =m" —2m" Z( )( 1Y 2m)7Q,

ey (N ) niem e ey
m m
j=1 k=1 k +] QJ e
This must be multiplied by m(m — 1) and divided by m", for the first component of the second factorial moment:

k—1 K
m(m — 1) — 2m(m — 1) Z (1 )( 1Y @m) Q- +m(m - 1) Z ( <>(—1>’<<zmr" > (;)ij]@k]fj.

j=1 Jj=1

The second contribution comes from here:

me =Y (Z %G;{(n).

We read off coefficients:

N![z”]e“m*”(Z %TG;{(U) => <IZ> GERINRDY <Z>(—1)"21*"@H(Tkn -1

n : n k=1
_ _ \N-n ~ (N\(N—k NI _
—;m 1) ;(,{)(n_lj( D2 Qe (T — 1)

=Y <Il\<l)m”*"(—1)"2‘*"oj<_1(Tk-1 -1

N /N
=2m" Z (k)(_1)k(2m)_ka_1(Tk_1 —1).
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Combining everything, we find the second factorial moment:

m(m—l)—2m(m—1)z<]>( 1Y (2m)7Q;_,

Jj=1

N
+ m(m—1) Z <k>( D*@2m)~ kZ( ) _1Qr—14 + 2mZ< )(—1)k(2m)7le<71(Tk71 = 1.
k=1

Jj=1

Theorem 2. The first and second factorial moments have the following explicit expressions:

- N k —k
Ev=m—m) (, )D@m
k=1

N
EY = m(m—1) —2m22(1;'>(—1Y(2m)‘ij—1

=1

N
+m(m — 1)Z<k>( D*@m)~ kZ( ) —1Qe J+2m2< )(—1)"(2m)*"qk,1rk,1

k=1 j=1 k=

3. Asymptotics

Our goal (explained in more detail a bit later) is to rewrite an alternating sum as a contour integral:

N (=DVN!
k
Z( >( D = %/@z(z—l)...(z—N)f(z)dz'

k=1

The asymptotic evaluation of the integral can then be achieved via residues. The challenge is here (and also in similar
problems of the past) to extend the (discrete) sequence f (k) to an analytic function f (z). This will be done first.

We must first rewrite a function that appears in the second factorial moment. The strategy for that was laid down in [7].
The main challenge is to define

vk
5 (oo

=1

when k is allowed to be a complex number.
The computations will use the abbreviation

tnpr = (—=1)"27(3) /q,,

and the following relations due to Euler [9]:
— Q) = Apyqt".
Q(f) Z 2"Qn ( goz n+1

Using these (partition) identities, we will be able to apply the binomial theorem

k—1 k )
2 (.>X’ = (1+X"—1-x,
J

=

where X is complicated but explicit. And in this form, the extension (1 4+ X)* — 1 — X* is feasible.
Following this strategy, we get

N-1 N
Y(N) = Z <])Q; 1Qv—j—1

j=1

N1< > ro
2 \j) Q@) Q@=")

2(1=j)s H(1=(N=)t

, N—-1 N
Q“-Z(j)s% 2Q,  2'Q

j=1
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N—1 — —(N—
N s p—(N=jt
~2y(])
= \/ {=o Q& Q&
1
=02 ((273 L2 N N Z—Nt)
s,t>0 QSQ[
1
=202 ((275 £ 27N N 27Nt) —Q2 Z . ((21 —sN 2171\15)
0<s<t QSQf 0<s QS
2 2 (t=9\N N(E-9) Z
=202 ((1+2—f—5) 12 H) ~-2)0%
0<s<t Qth 0<s
2 N h\N hN Z N
=202 ((1+2—) —1-2 ) —2)Q2 S a2,
s,h>0 Q@+h s>0

Here, we can replace N by an arbitrary value:

¥ =202 Z (a+27y —1-27%) — @ -2 Z

s, h>0 th s>0

—SZ

However, we will rework this expression, so that it fits our needs. In particular, we need the expansion of ¥/ (z) around
z = 0, which is not obvious from the present representation, as a naive approach to get it would result in divergent series.
The following computations belong to the realm of g-series (basic hypergeometric series) manipulations. The goal is to make
the series in question converge very fast. Again, we decided to present the computations in full since even the present author
needed quite some time to do them, and not all steps are completely straight-forward.

@Y 2=y oy Qsz‘”zanﬂz "

s>0 Q52 s>0 5=>0 n>0
2- (z+n)s
—Qoozan—HZ Qooz n+1Q(21 =y Zan+1Qz+n 1.
n>0 5=>0 n>0 n>0
Further,
2*52 —h ) Z*SZ z —m
Q2 ((1+2 )Z—l):Qoo ()2
5;2:0 QsQs+h S50 &Qsin =7 \A
27% z
=Q0 ) ( )2*"*(2(2*’1)
s,h>0 QS A>1 A
27% z
— QOO < )27’1)\. Z an+12*ﬂ($+h)
s,h=0 QS A>1 A n>0
27% z
= Qs ( ) an+12_ns Z z—hkz—nh
s>0 Q‘ A>1 A n>0 h>0
z 275(n+z) 1
= Qo ( > nt1 Z T oo
=1 A n>0 5>0 Q  1-27n
z 1 1
= a
Qoo)\>l<)k>nz>;) n+1Q(21nz)1_2An
z 1
=Tt T ()i
n>0 A>1 A1 2 Ao
Lastly,
2—(s+h)z 2—(st+h)z
“Q Y o= = ) Q™™
s,h>0 QQSH" s,h>0 QSQS s,h>0 Qg

—(s+h)z

Z s 12 (s+h)n

>0 n>0

=

S,
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- Z Z Anp12” sn Z 9—h+m
s>0 n>0 h>0
2 —s(z+mn) 1
=L Z Z a”“ _9-z-n
s>0 n>0
- Y :
1-z—n "+1 —z—n
s Q(2 ) T2
D DL R
n>0

Putting everything together, we find

W(Z)—Zzan+1Qz+n 12( >-1_2 r—n

n=0 =1
1
-2 Z an+le+n—lm -2°-2 Z An41Qz4n—1
n>0 n>0
1 1
=2 Zan-HQz+n 1 Z ( >|: 2“”7—i| 2 Zan+le+n s (2* =2 Zan+le+n—1
n>0 A>1 n>0 n>0
oz z 1
=22"-1 Z ant1Qz4n-1+ 2 Z an1Qz4n—1 Z <k> Eyrra—
n>0 n>0 A>1
-2 Zan+le+n 15 (2* -2 Zan+le+n—l
n>0 n>0
z 1 1
DR (e B ) DURCRISEC o PR ) AR
n>0 A>1 n>0 n=0

It was already computed in [7] that

Zan+1Qn 1_2Zan+1Qn 1—=a+ B = Z(ZJ ek

n>1 n>1 j>1
with
o= — and
Yot 8= gt

However, for the convenience of the reader, we will reproduce this here, also, because the presentation in [7] is very brief.
We start with

—nm

Y an41Qu1 = Q) Y anp1 (2] n =QQ )Zan-HH;J o

n>1 n>1 n>1
=Y Q2™ ) G2 =) QR ™MQEe™ - 1.
m=>0 n>1 m=>0

Similarly,

> aiQirg =Q(D) Y 1o Q(21 51 = e > ani Z Zz &

n>1 n>1 n>1 m>0 m j>0

=YY Q@™ Zanﬂzf”(mﬂ’) =Y e@™@E ™) 1.
j=0 m>0 n>1 j>0 m>0

Thus

Zan—HQn 1—Zzan+1Qn 1T

n>1 n>1

=) Qe™MEQE™-1-2 Z doee™mee ™) -1

m>0 j>=0 m>0
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=) QRM-DQE™M-1-2) Y Q™M -DQER ") -1

m=>0 j=0 m>0
+Y QE™M-1n-2)_Y Q@ "H-1
m>0 j>0 m>0
2
—(Z(Q(Z"") - 1)) -y em+1H@Ee™ -1
m=>0 m>0
2
—(Zam Zﬂ”) =D G ) 27 =2) apg ) m2 ™
n>1 m=>0 n>1 m=>0 n>1 m=>0

(Zaml_z >

n>1

§ an+1

n>1

2Za"+1 — n)2

The following formula is obtained by partlal fraction decomposition:

Q1) 1
a0 "L ;a”*‘ Tyt T 1-1
Therefore
Za lim<Q(1) ! >=1im ! <Q(1)—1>
Qo 1-3) =21-5\el)

. 1 (
= lim ——
t—>11—t

By differentiation,

Qm\ ¥
<Fr>> =2 o Ty

n>1

Therefore

ION 1) _ _(Q“))/
QD) QO ) |y

1

1

2n+1 2
= E an41 + .
(1= 5m)? (1= 3)?

n>1

2n+1

1

ey 1 _ on
Z(Q(t)) - Za”“(l — )

2 n>1

So

E an+1

= lim [2(
e 2-m)2 t—2

= 2lim |:
t—2

Putting things together,

Zan-HQn 1_22an+lQn 11—

n>1 n>1

Q(l))’_ 1 }
Qv ) (1-3)?

ey 1 ]':_1<Q<1>>”
Qi) 1-3 2\Q) /) |

a®+ B

[\

- E n+1

n>1

- (S s)

n>1

=—o’+a+o’+p=a+8p.

Now we need a few expansions that are elementary:

Qe ~ Q|1 -akx— 1+

and thus

Qe ~eM|1-a@* -+

Therefore

a’?— B
2

x— 1)2], x— 1,

a2 —B
2

L2
Qz'vl—Lozz—i—E(az—l—oz—l—ﬂ)zz

-2 Z an+1

n>1

27 — 1)2] ~ Q(l)[l tLlaz+ L;(azz —a— ﬂ)zz].

n)2

65
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and
Q. ~[1-1 B ( +a+p) ] Ll +L(2+ﬂ+1)
1= — Laz o+ z ~—+-—a+-|a =)z
T o2 —27 Iz 2 2 6

Now we can expand the function v (z) around z = 0:

W(Z)—zzanHQHn 12( >2Hn_ 2Z:Cl11+1Qz+n 1%4-2220%101%1—1

n>0 A>1 n>0 n>0
z(z—1
=201 ; X A — 2A+n _ + 2 Xl: n+1Qz4n-1 Z 2A+n _
> n>
1
— 20175 ZZanHQm 1Ty T2 +2ZZlan+1Qz+n_1
n= n>
2lzz z—1 1 +0@) 2[1+1 +L<2+ﬁ+l)z][1+l+u]
~2_ il - ] [P TR R Y _ 44
Lz A\ —1/24—1 Lz 2 2 6 Lz 2 12
_zzan+lQn 1— +(1+L2)[ +*—05] Zan+1Qn 1
n>1 n>1

ZZ ( 1))\_1 1 2[]+1 +L<2+ﬂ+l)z][]+l+u]
~ Z Z(— 2=+ g+ 2 Z 4=
L A 24 —1 Lz 2 2 6 Lz 2 12

A>1

+(1+Lz)[ +f—a]+o{+ﬂ

2 205—12 2 2t
N—E—f- = —o? +Ol+ _+_7
where we use
=y
=L@

j=1

After these preparations, we can engage into the asymptotics, using Rice’s method. This method has been described
in [8]. We briefly summarize what we need:
An alternating sum can be written as a contour integral:

N (=DVN!
k
Z( >( D = %/@z(z—l)...(z—N)f(z)dz'

k=1
Here, the positively oriented curve € enclosed the poles 1, 2, ..., N, and no others. This formula follows from simple residue
calculations. Note also that
(=DNN! _ I'N+1)I'(-2)
z2z—1)...z—-N) TI'(N+1-2z2)

Extending the curve of integration, we encounter extra residues; in order to keep the formula correct, these residues must
be subtracted. They give us the terms of the asymptotic expansion of interest. There is in all our examples a pole at z = 0,
and it will give us the dominant contribution. From a term 2* — 1 in the denominator, we will also have poles at y; : 2’;"‘,
and the contributions establish the (Fourier series of the) periodic oscillation in the asymptotic expansion.

Neglecting these (usually tiny) oscillations, we can write in a suggestive way:

N (N L I'(N+1DI'(-2)
kg; (k>(—1) £ (k) Reszzomf(l)-

Now we want to apply this to the expected value

N
N
m—m —D*m) ¢ Q.
; ( k)( ¥ m) Qs
Here, we need this function:

f@ =—-2m) Q1.
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The residue calculations can, after our preliminaries, be done by a computer. In papers written in the eighties, such
computations would have been done by humans, but once all the relevant functions are expanded to a sufficient number of
terms, there isn’t anything that we can learn. These expansion we provided, and the other ones Maple “knows”. This is in
sharp contrast to the (long) computations in earlier parts of this paper; they cannot be done by a computer, at least not to
the knowledge of the present author.
The result is:
Y

1
log,N —log,m— — —a + —.
22 23] 2 +L

Altogether:

1 1 .
Ey ~ m[log2 N—log,m+ - —a+ Y __ Z F(Xk)e’z”"""’gzN].
2 L Ly o
We do not show the residue calculation at z = xj but it is much easier, since there is only a simple pole.
Now we turn to the second factorial moment.

We need one more preparation:

. 1 3 1 1,1 Lz+L( +8)
1 =o— - - ~N——t = — o z.
= 2-1 Lv-1 L1z 2 12

Now the residue calculation at z = 0 can be done by a computer. There are 3 sums, that can be done individually. We do
not display them, since they are quite long, each of type A; log? n+A, log n+As, and eventually there are many cancellations
when one computes the variance. Recall that the variance is computed as second factorial moment plus expectation minus
expectation squared. We find:

11, 2m@m-1rt i m2m?
m—me— —m ——— —m .
12 L 612
This is the asymptotic main term of the variance, apart from the periodic component that we did not compute. Note carefully
that the square of the expectation contains the square of a periodic function, which is again periodic, but does not have mean
value zero. This mean value of 82 (x) is a tiny quantity, but it is often very important, as explained for instance in [10]. Taking

it into account, we find for the variance

11, 2m@m-1rt m?m?

m—moe — —m —m
YT L LT

1
—m? 5 > T(= x0T (xw) + by (log n).
k#0

The coefficient of m? is

72 2t 11 1

— - = T'(—x)T G-
ST sz;o (= x0T (xe)

But this quantity is exactly equal to zero, as explained in the survey article [11]. To wet the reader’s appetite, this surprising
identity is related to the identity for Dedekind’s n-function.
This reduces the variance to

2mrt
m—ma —mp + - + 8y (log, n).

In [12] we find another handy formula: set
kx

e
h(x) = Z m,

k>1
then
hx) =———4+—— —
) 6x2  2x + 24 x2
For x = L this gives

2 1 1 2n2h(4n2)
)

2 1+1 272 (4n2)
62 2L 24 2 L/

Using this and the previous formula, we find that the coefficient of m is

a+p=

1 1 2m?% /4m? 1
RTINS W P
At T I P Z; (=x) T ()
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which is numerically very close to

1+1
2L 24

4. Conclusion

This was a first step towards a precise analysis of the model of m counters. It is possible that methods developed by Guy
Louchard, as described in [13] might be suitable to derive all moments asymptotically.

Also, it might be possible that methods developed recently by Hwang and coauthors [14] provide a faster access to the
variance.

The answer to these assumptions lies in the (near) future.

Added during the revision, January 2012. Such computations have indeed been started already and will hopefully appear
soon. As expected, they lead to a faster asymptotic evaluation, but do not lead to explicit forms as obtained in this paper.
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Approximate Counting via the
Poisson-Laplace-Mellin Method
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Approximate counting is an algorithm that provides a count of a huge number of objects within an error tolerance.
The first detailed analysis of this algorithm was given by Flajolet. In this paper, we propose a new analysis via the
Poisson-Laplace-Mellin approach, a method devised for analyzing shape parameters of digital search trees in a recent
paper of Hwang et al. Our approach yields a different and more compact expression for the periodic function from
the asymptotic expansion of the variance. We show directly that our expression coincides with the one obtained by
Flajolet. Moreover, we apply our method to variations of approximate counting, too.

Keywords: approximate counting, digital search tree, JS-admissibility, Laplace transform, Mellin transform

1 Introduction and Results

Approximate counting, an algorithm proposed by Morris [22] in 1978, is used for counting within a
certain error tolerance a huge amount of objects with very limited space. The algorithm has found many
applications such as in the analysis of the Webgraph, monitoring network traffic, finding patterns in protein
and DNA sequencing, computing frequency moments of data streams, data storage in flash memory, and
many variants and improvements have been proposed; see Csliros [7], Mitchell and Day [21], Gronemeier
and Sauerhoff [12], Aspnes and Censor [2], Cichont and Macyna [4] and references therein.

Here, we are going to revisit the analysis of the classical algorithm which is described as follows: a
counter (), is maintained with initial value Cy = 0. After “counting n objects”, a random decision based
only on the current content of the counter determines whether or not the counter should be increased when
“counting the (n + 1)-st object”. More precisely, the counter obeys the following rule

C, + 1, with probability ¢“=;
Cn+1 = { C . . c, (])
s with probability 1 — ¢~

where 0 < ¢ < 1is fixed. Hence, (C},),,>0 is a Markov chain describing a pure birth process. The same
chain was also encountered in a couple of other problems: width of greedy decomposition of random
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*Partially supported by an incentive grant from the NRF (South Africa).

1365-8050 (© 2012 Discrete Mathematics and Theoretical Computer Science (DMTCS), Nancy, France
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acyclic digraphs into node-disjoint paths (see Simon [30]), size of greedy independent set and greedy
clique in random graphs (see Simon [30]) and length of the leftmost path in digital search trees (see
below).

We mention in passing that many variants of the above Markov chain have been investigated as well;
e.g. see Crippa and Simon [6], Louchard and Prodinger [20], Bertoin, Biane and Yor [3] and Guillemin,
Robert and Zwart [13]. Applications range from Computer Science over Particle Physics to Molecular
Biology; see the detailed discussion in [6].

As for the classical chain C,,, the first detailed analysis was given by Flajolet in [8] who used Mellin
transform (see also Prodinger [24] for a similar analysis). Other approaches have been given by Kirschen-
hofer and Prodinger [17] via Rice method, Prodinger [25] via Euler transform, Louchard and Prodinger
[19] via analysis of extreme value distributions, Rosenkrantz [29] via martingale theory and Robert [28]
via probabilistic tools. In this paper, we are going to propose a new approach which will be based on the
connection with digital search trees and the new method (nicknamed Poisson-Laplace-Mellin method) for
analyzing shape parameters in digital search trees proposed in Hwang, Fuchs and Zacharovas [14].

We next explain the connection between approximate counting and digital search trees (DSTs). There-
fore, we start with the definition of DSTs which are a fundamental data structure in computer science and
were proposed by Coffman and Eve in [5]. Consider a set of n keys which are infinite 0-1 strings. The
digital search tree is built from these n keys as follows: the first key is placed in the root; all other keys
are directed to the left or right subtree according to whether the first bit is 0 or 1, respectively; finally, the
first bits are removed and the subtrees are built recursively according to the same principle; see Figure 1
for an example.

010111---
101011 - - -
011011---
111110 --
010011 ---
011110---
000100 - -

Fig. 1: A DST built from 7 keys with length of leftmost path equal to 3.

Shape parameters in random DSTs have been analyzed in many papers; see [14] and references therein.
The standard random model used in such an analysis is the Bernoulli model. Here, the bits of the keys
are assumed to be i.i.d. Bernoulli random variables with the probability of 0 being q. Shape parameters
of random DSTs of size n then become random variables. One example of such a shape parameter is the
length of the leftmost path which is defined as the number of vertices on the leftmost path from the root
to the leftmost leaf. We denote this length in a random digital search tree of size n by X,,. Obviously, X,
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satisfies the following distributional recurrence
d
XTL+1 - AXvBn + 17 (’I’L Z 0) (2)

with Xy = 0and B,, 4 Binom(n, ¢). This recurrence just reflects the trivial fact that X,, can be computed
by starting from the root (which counts as 1) and then moving on to the left subtree (which has size B),)
where the same procedure is repeated. Now, a moment’s reflection reveals that C), is related to X, as

CTL i XTL'

This relation will be the starting point of our analysis. We will use it to derive asymptotic expansions for
mean and variance of C,,.
Before stating our result, we explain what is known about C,,. Flajolet in [8] showed that, as n — oc,

E(Cp) ~ logl/q n -+ Fc(logl/q n),
where Fc(z) = 3, fre?*™% is a 1-periodic function with Fourier coefficients

v, 1 _ I(=xw)
fO - L + 2 @, fk = I
Here, 7 is Euler’s constant, a« = 3 7+, q'/(1—¢"), L =log(1/q) and 3, = 2ki/L. As for the variance,

he showed that, as n — oo,

(k #0).

Var(Cp) ~ Ge(log, /g ),

where Go(z) =Y, gre?*™* is again a 1-periodic function with computable Fourier coefficients. More-
over, he gave the following expression for the average value of G (2)

’/T2

1 1 1
- R AS TR P M Freri)

where B =Y",-, ¢ /(1 — ¢")2
In the next section, we will use the above connection to DSTs to re-derive these results. Our approach
will in particular yield a different and more compact expression for all Fourier coefficients of G¢(2).

Theorem 1 For the variance of approximate counting, we have, as n — oo,
Var(Cy,) ~ Ge(logy /4 n),
where Gc(z) = 3, gre®*™* is a 1-periodic function with
_1)th+l+(j'§1)

_ Q@ (
I = LT(1 4+ xz) Z QniQ;

hl,j>0
Here, Q; = H{zl(l —¢"), Qe = lim; 00 Q; and

) o 4@ =1/ (sin(mx) (@ — 1)), ifz #1,
o(x; ) : {rx/sin(wx), o1

(xk, "+ ¢).
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Comparing with the above result, we obtain the following identity for which we will provide a direct
proof in Section 3.

Corollary 1 We have,
. j+1
QOO (*1)th+l+( 2 ) h+] l+j _ 71-2 1 1 1
L 2 QrQiQ; VT =g ma =Bt g L%;lmm@thy

h,l,5>0

where

g/ —1), Frt T
Vle) = {1, ifz = 1.

Finally, in Section 4, we will discuss extensions and variations of approximate counting. One such

extension was proposed in [4] where instead of one counter m counters CT(LI), e C’,(Im) were used (m
fixed). Then, when “counting the (n + 1)-st object”, one of the counters is chosen uniformly at random

and increased according to the stochastic rule (1). In Prodinger [26], mean and variance of D,, := y(Ll) +

S Cq(lm) were derived. We will show that our approach greatly simplifies the analysis since the case of
m counters can be reduced to the case of one counter.

Theorem 2 For approximate counting with m counters, we have, as n — oo,
E(Dn) ~ mlog, 4(n/m) + mFc(logy /q(n/m)),
Var(Dy,) ~ mGc(logy (n/m)),
where Fc(z) and G (z) are the periodic functions above.

Moreover, again in Section 4, we will show that similar simplifications can also be achieved for shape
parameters in m-DSTs trees recently introduced by Prodinger in [27].

2 Analysis of Approximate Counting

Here, we are going to prove Theorem 1. Therefore, we will apply the Poisson-Laplace-Mellin method
from [14]. We will first summarize the main steps of this method; for a more detailed discussion together
with comparisons with other approaches, the reader is referred to [14] (in particular, see Figure 7 on
page 131 in [14] which gives a comparison of the Poisson-Laplace-Mellin approach with a closely related
approach of Flajolet and Richmond [10]). The main steps of our method are as follows.

e We first introduce poissonized mean and variance of X,, (or equivalently C,,) and show that they
satisfy differential-functional equations of the same type;

e we use Jacquet and Szpankowski’s theory of depoissonization [16] to show that it suffices to prove
our claimed result for poissonized mean and variance;

e in order to get rid of the differential operator, we use Laplace transform which then only satisfies a
functional equation;

e we use a normalization factor to simplify the functional equation for the Laplace transform;
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o applying Mellin transform will allow us to solve the normalized functional equation for the Laplace
transform (for an excellent survey on the Mellin transform see Flajolet, Gourdon and Dumas [9]);

e finally, we first use inverse Mellin transform and then inverse Laplace transform to obtain asymp-
totic expansions for poissonized mean and variance.

After completing these steps, which will work in a similar fashion for both mean and variance, the compact
form of the Fourier coefficients for the variance are obtained by some straightforward simplifications.

Poissonization and depoissonization. Our starting point is (2). First, denote the Poisson generating
function of E(eX~¥) by
~ . X, on
Py,z)=e Z]E(e y)ﬁ
n>0

Then, from (2), we obtain

_ 9 -~ _
Py, z) + 5Py, z) = ¢"Ply, ¢z)
with P(y,0) = exp(—2z).

From this, by differentiation with respect to y and setting y = 0, we obtain for the Poisson generating
functions of the first and second moment of X, (denoted by f1(z) and fa(z), respectively)

h(@) + fi(2) = filaz) + 1, 3)
fa(2) + f3(2) = fa(az) + 2f1(g2) + 1,
with f1(0) = f5(0) = 0. Moreover, define the poissonized variance as V (z) := fo(z) — f2(z). Then, the

above two relations in turn yield

V(z)+V'(2) = V(gz) + fi(2)? )

with V(0) = 0.

We first show that in order to derive asymptotics of E(X,,) and Var(X,,), it suffices to analyze f1(z)
and V(z) as z — oo, respectively. Therefore, we use the theory of analytic depoissonization due to
Jacquet and Szpankowski. Recall that a function f(z) is called JS-admissible if:

(I) There exist o, 8 € R such that uniformly for |arg(z)| < e
F(2) = 0 (121 (log, 121)°) .
where log |« = log(1 + x).
(0) Uniformly for e < arg(z) <,

f(z)=eflz)=0 (e(l_eﬂz‘) .

(Here and throughout the work, € denotes a small constant whose value might be different from one
occurrence to another).

JS-admissibility of given functions is easily checked due to closure properties; see Lemma 2.3 in [14].
Moreover, JS-admissibility of functions which are given by differential-functional equations of the type
above is also easily checked due to the following result.
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Proposition 1 Let f(z) and §(z) be entire functions with
F2) + F(2) = Flaz) +3(2),
where f (0) = 0. Then,

f(2) is JS-admissible <=  §(z) is JS-admissible.

Proof: Similar to the proof of Proposition 2.4 in [14]. O

Consequently, fl(z) and fQ(z) are both JS-admissible. Depoissonization (see Proposition 2.2 in [14]
and the discussion in the introduction) then yields, as n — oo,

E(X,)~ fi(n) and  Var(X,)~ V(n).
Thus, we only have to find asymptotics of fi(z) and V(z).

Analysis of the Mean. Here, we analyze the mean, where we start from (3). Since fl(z) is JS-
admissible, we may apply Laplace transform to get rid of the differential operator. This yields

(s + 1).2Z[frs] = gf[fl; s/a) +1/s. 5)

Next, we derive an exact expression for the mean. Therefore, we iterate the above functional equation and

obtain
1

. 1
Llhis] = E;} (s+1)(gts+1)---(¢g9s+ 1)

Here, we have used that Z[f1; s] = O(1/s?) as s — co. Next, by partial fraction expansion

(—1)i-1q("2")
Z (gl +1)QuQj—1

0<I<j

1
GG+1)(gls+1)--(gis+1)

Plugging this into the expression above yields

2=ty Y )
ps] ==
' J>00<l<] l5+ )QiQj -1
)igl2)
:*;Ql —ls+1>Z QJ
Qoo
;Ql _ZS+1)

where @); and (), have been defined in the introduction and we used the well-known identity

(—1)igz)
Z Qj = Qoo

=0
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Now, by inverse Laplace transform,

Fie) =0 Y &(1 —

1>0

and hence
Qoo Z (1 - - )n)'
l>0
We record this result for future reference.
Proposition 2 We have
1 n
E(Xn) = Qoo Y 5(1 —(1—=g")").
>0 %!

Next, we derive an asymptotic expansion. This will be done by using the Mellin transform. Therefore,
set Z[f1; 8] = ZL|f1;5]/Q(—s), where

Q(—s) H (1+4' s
=1
Then, by dividing (5) by Q(—s/q),

j[f1§5]:$j[f158/q]+ !

sQ(—s/q)

Now, from the fact that fl( ) is JS-admissible and well-known growth properties of Q(—s/q) (see page
127 in [14]), we obtain suitable polynomial bounds for 7 [ fl, s] as s tends both to zero and oo. This
ensures the existence of the Mellin transform of .Z[ fl, s] in a non-trivial strip. Thus, we may apply
Mellin transform and obtain

M (w)
1— qw—l ’

ML) = (R(w) > 1),

where

w2 Q(ql—w) W
/ o]l S/q O INw+ DHI'(—w).

Note that the latter function is meromorphic for ®(w) > 0 with a simple pole at w = 1. Moreover, due
to rapid decay of the I" function along vertical lines, we have M; (c + it) = O(e~™I*) for ¢ > 0 and [t|
large. Hence, inverse Mellin transform implies for |arg(s)| < m — e and |s| — 0,

_ 1 1 1/1 1 —
g[fl;S]Nslogl/q8+$<2—Q+LZM1(1+X]€)S Xk>7
k#0

where notations are as in the introduction. Since Q(—s/q) = 1+ O(s) for |arg(s)| < 7 — e and |s| — 0,
the above in turn yields

= 1 1 1/1 1
ZLlf1;8] ~ glogl/q s + S<2 —o+ fZMl(l +xk)s_x’“>.

k0
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By Proposition 2.6 of [14], we may apply inverse Laplace transform and obtain for |arg(z)| < £ — e and

|z| = oo,

jus
2

3 1 1 Miq(1
() ~logy gzt 4t —ay 1y AT

L2 L&t T+ xi)
- v 1 1
=logyztpHg-a-p kZﬂW—xk)sz.

The same asymptotic expansion also holds for E(X,,) by depoissonization.

Analysis of the Variance. For an asymptotic expansion of the variance, we start from (4) and proceed
by the same method as above. First note that due to the above analysis and Ritt’s Theorem (Theorem 4.2
of [23]), we have uniformly for |arg(z)| < § — €

s o(1) if [z2| = 0;
! 2 ’ 9
= 6
f(#) {0(|Z|—2), if |2] — oo, ©
This in turn yields the following rough bounds for V()
~ O(z), ifz— 0+;
Viz) = (2) . @)
O(z9), ifz— co.

Therefore, we may apply Laplace transform. Hence,
. 1 -
(s + DZVss] = - Z1V3s/a] +4(s),

where j(s) = .Z[f/?; s]. Next, set Z[V;s] = Z[V;s]/Q(—s). Dividing by Q(—s/q) yields

_ 1 - ~
LV;s] = 55[‘/;8/(1} +9(s)/Q(=s/q).
Now, from (7) and growth properties of Q(—s), we have

PV 5] = O(1/se), if s — 0+;
1 o@/sh), if s = oo,

where b > 0 is an arbitrary large constant. Hence, the Mellin transform of .Z[V'; 5] exists for R(w) > 1.

Consequently,
Ms(w)

ML w] = T g1 (R(w) > 1),

where

Ms(w) = /OOO Q(Sj;;q) /000 e > f1(2)%dzds.
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Next, we have to study properties of Ma(w). Therefore, observe that from (6) and growth properties of
Q(—s), we have uniformly for |arg(s)| < m — ¢

g(s) ] O(s), if s — 0+;
—s/q) | O@1/s?), ifs— oo,

where b > 0 is again an arbitrary large constant. Hence, M>(w) is analytic for ®(w) > —1. Moreover,
from Proposition 5 in [9], we have My (c + it) = O(e~("=9It) for ¢ > —1 and |¢| large. Consequently,
we can proceed as for the mean and obtain as z — oo,

My( 1‘|’Xk)
.
=~ L%Z )

The same then holds for Var(X,,) as well by depoissonization.
We conclude by simplifying M2 (1 + xy). For that, we use

fl(z) = Que =
! ; qu

and
1 (—1)iq(2)
Q(_S/Q) Qoo >0 Q](s+q )

Plugging this into the above integral yields

~1)7q®) * X
el T =0 D Qth@ o ), Gree o
Denote by
A )@ - 1), e A1,
) = {Wx/sin(ﬂx), ife=1.
Then, (1)
ig(’%! ,
M (1 + xx) = Qoo Z WSO(X]{H hﬂ-l-qlﬂ).

h1,j>0

3 Average Value of G¢(2)

Here, we are going to prove Corollary 1. We will use the abbreviation @) = 1/q. Furthermore, in order to
be closer to the g-hypergeometric world and the identities of relevance (see the book of Andrews-Askey-
Roy [11), we use the classical notation (q),, instead of @,.

In [17], the alternative expression

log 2 Ykt
P = 7 —5—‘——7’ with T_ZkQ 0

k>1
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was given for the constant in the variance, and we will show now the equality of this and
3qUsT)+HR 1og g+ 4 g+)

q)oo Z
h+j I+j —
e ) Qu@n "+ g -1

In this expression, we have replaced the v function by what it is; in some exceptional cases a limit has to
be taken.

We use the symmetry in [ and h and set [ = h + d with d > 0; then we have to take the sum over
h,d > 0 twice, and subtract the sum for & > 0 and d = 0. Therefore

F=2 Z R Z

3,h,d=>0 J;h20, d=0

We think about d as being fixed, set h = N — j and fix N as well: This leads to

(@)oo[=LN +1log(1 +¢)] Z( 1)igU3) 2N =)+ 1
L =0 (i (@N—jra(@n-; ¢V +gVNFTd -1
By automatic summation (g-Zeilberger’s algorithm) we have the simplification
1)igUs)+2(=i)+d 1 gV AN

o~ (1)
jgo (@i @)n—j(@Nya—j ¢V +¢N+d -1 B (On(@)Nta

Consequently,
—NL +log(1 +¢%) ¢V +iN NL —log2 ¢V
F=2) Y, . O D + (@ Y, R
N,d>0 9IN\I)N+d NS0 Q)N (q)N
We will soon show that
log(1 + ¢% N?+dN 7  log2
(@)oo Y g(Lq)(g() :f+§, ®)
N.d>0 q)N\q)N+d
which leaves us to prove that
NqN2+dN (N — log2)q log2
2(@)oe Y v @na — (@ Y, Tt Lot B,
N, d>0 q)N N+d N>0 q)N
Because of the identity [1, p. 567]
N? 1
q = —
= @3 (@
this leaves us with
NqN2+dN NqN2
2(0)os Y ~ (@ D T =at B ©)
N.d>0 (q ON+d N>0 (@n(a)n
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Now, expanding log(1 + ¢¢), (8) is proved once we can prove that

@ Y g\
S =
N>0, d>1 (@ON(@Nn+a Q@ 1

But this follows from

Z 1 qN2+dN+dk

q% 1 1
(@n(@ )y Z d+1 = k_1°
N>0, d>1 (@)a (@)n ( =1 (q)a ( (@)oo QF =1
We have used here the classical identity (Cauchy’s identity) [1, p. 568]
e
=0 (@n(@a)n  (29)o’
In order to prove (9), we will show that
2 r+1)

)

@ Y z< i

N>0 q

NqN2+dN ( 1)7" T+1)

(Q)oo Z 7( ) ( = Z 1 — .
Nazo (ON(D)N+a = qr)

Since in [18, (3.16)], it was proved that

7‘+1

_1)r )
S s i

that would finish the proof. We start from

Y

n>0 (q n(xQ)n

2

z"q" " 1
Z ( (LL“q +1)oo =
n>

>0 Q)n(IQ)oo

which is equivalent to

(_1)kq(§)xkq(n+l)k

= @ 55 @)k
Now differentiate this, and then set

n>0 "

Z )kq(nJrl)k
k>0

(@)x
Rearranging,

ng" 1 N qnz (_1)N—nq(N;") (N . n)q(n+1)(N—n) B
2zt e 2 2 @~ » =0

23
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and again by a mechanical proof,
st Ly oY 2,
@7 (D 1—qV '

n>0 n N>1

This is (10). Now let us plug in x = q¢ after differentiation (instead of = = 1, as before):
k (Z)kq(kfl)dq(nJrl)k

ng? =g (—=1)¥q _
D VIS 2 (@ =0

n>0 k>0 (@)x n>0 (@)n E>0

(—1)kq %) grdgntDk ¢q™

After some simplifications (using Rothe’s identity [1, p. 490]), this leads to

T pEL s M Y N R
q)o —N =Y
>0 (q)n(q n+d N>1 1—q
Now sum this on d: N1
Ly s DY)
(q Dntd (1—-¢M)? 7

n,d>0 N>1
which is (11).

Remark. A direct proof that the Fourier coefficients, as computed here, agree with the ones given in
[8], can be done in the same style.

4 Approximate Counting with m Counters and m-DSTs

Approximate Counting with m Counters. I. Here, we consider approximate counting with m counters
as discussed in the introduction. Recall that D,, denoted the sum of the counters after “counting n objects”.
Then, we have

where C, (1) NN ,(Lm) are independent copies of C), and Iy, ..., I,,, are random variables with joint dis-
tribution

n 1
P(li=n1,....Ln =np) = (711, nm>m”
with ni; + - - - + n,, = n. Now, set
’I’L
Qlyz) = e Y E(P) = y=e* > E(eC

n>0 n>0

Then, by a straight-forward computation

Qy.z) = P(y,z/m)"
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From this, we can derive the following relations for the Poisson generating functions of the first and
second moment of D,, and C,, (denoted by g1 (z), g2(2) for the former and as above for the latter)

1(z) = mfi(z/m),
g2(2) = m(m = 1) fi(z/m)* +mfa(z/m).

Moreover, again consider the poissonized variance W (z) := §2(z) — g1(2)2. Then,
W (z) = mV(z/m).

Now, it follows from the closure properties of JS-admissibility (see Lemma 2.3 in [14]) that both g (2) and

J2(z) are JS-admissible. Hence, we only have to concentrate on the §;(z) and W (z) whose asymptotic
expansions, due to the above formulas, follow from the case m = 1.

m-DSTs. m-DSTs have been introduced in [27]. They are defined as follows: again we start with n
keys, but they are now stored in m DSTs. For every key, one of the m DSTs is chosen uniformly and at
random and the key is then stored in the chosen tree.

Clearly, the previous analysis also gives the sum of the lengths of the leftmost paths in m-DSTs. Simi-
larly, one can consider other shape parameters in DST and extend them linearly to m-DSTs. Our method
above can then be applied to such parameters as well and again the analysis will be reduced to the case
m = 1.

We give two examples. The first example is the depth of a random node which was discussed in [27].
As a second example, consider the total path length 7;, in a random digital search tree of size n which
is the sum over all distances of nodes to the root. For this quantity, it was proved for ¢ = 1/2 (see
Kirschenhofer, Prodinger and Szpankowski [18] and [14]) that, as n — oo,

E(T,) ~ nlogyn + nEr(logyn)

and
Var(T,) ~ nGr(log, n),

where Frp(z) and Gp(z) are 1-periodic functions with computable Fourier coefficients (see below for a
remark concerning the average value of G(z)). Similar results are known for the case ¢ # 1/2 as well;
see Jacquet and Szpankowski [15]. Now, denote by U, the sum of all total path lengths in an m-DST.
Then, with the same approach as above, we have the following result.

Theorem 3 For the total path length in m-DSTs, we have, as n — o,

E(Un) ~ (n/m)logy(n/m) + (n/m)Fr(logy(n/m)),
Var(Uy) ~ (n/m)Gr(logy(n/m)),

where Fr(z) and Gr(z) are the periodic functions above.

The variance of the path-length. The constant in

Var(T,,) ~ nGr(logy n)
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was given in [14] as

(9)oo (—1)7gU3)+hH j j . a—1-logx
L2 @ PO b ele) = T

(In some cases, limits have to be taken, and the notation (gq),, is again used for @),,.) This form is a huge
improvement over the form provided in [18]. However, with the methods used earlier, even this form can
be further improved, in the sense that no triple sums occur anymore. This is beneficial for the numerical
evaluation of this constant. The result is

20 (@) > gV N NL —log(1 + ¢%)
(ON(@)N4a ¥ +gVTT -1

N2 n n+1) k

@ N-1 1 2 = (—1)g("2 (—1) 1

+2(q)oo 7~ @t T > -
= @it -1 L L& (o & B 26i—d

Note that ¢ = % here. Details might appear elsewhere.

Approximate Counting with m Counters. II. Here, we again consider approximate counting with m
counters, but this time we label them from 1 to m. Now, we proceed as follows: first, we use the first
counter until it will be increased, then we use the second one until it will be increased, etc. until the last
counter is increased then we return to the first one and repeat this procedure.

Let again D,, denote the sum of the m counters after “counting n objects”. This clearly corresponds
to the length of the leftmost path in random digital search trees, where every node can hold up to m keys
(here, the length is the sum of all nodes on the leftmost path weighted by the number of keys contained in

the nodes). Consequently, D,, 4 X,,, where X, satisfies
Kntm = Xp, +m, (n>0)

with X; = 4,0 < ¢ < m — 1. The Poisson-Laplace-Mellin approach can be applied to this sequence as
well. We only sketch some details.

_ First, for the Poisson generating functions of the mean and the poissonized variance (again denoted by
fi(2) and V (2), respectively), we have

i (m) i) = filgz) +m
and

> ()P0 = Vi) + gt

where §(z) is of the form
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Applying the Poisson-Laplace-Mellin method then yields asymptotic expansion of mean and variance.
We content ourselves with stating the result for the variance.

Theorem 4 For approximate counting with m-counters, where counters are chosen cyclically, we have,
as n — oo,
Var(D,,) ~ Gp (logl/q n),

where Gp(z) = Y, gx€®*™* is a 1-periodic function with Fourier coefficients

o LF(11+ Xk) /0°° Q(i:;qy” (p(s) " /O°° e_zsg(z)dz> @

(s+1)™—1—ms
5 .

and

p(s) =

S
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Abstract

Motivated by a recent paper by Cichon and Macyna [1], who introduced m counters (instead of
just one) in the approximate counting scheme first analysed by Flajolet [2], we analyse the moments
of the sum of the m counters, using techniques that proved to be successful already in several other
contexts [11].

Keywords: Approximate counting, Moments, dominant and fluctuating components, Complex
analysis, Product of Fourier series.

1 Introduction

Approximate counting is a technique that was first analysed by Flajolet [2]; some subsequent papers [6,
12, 13, 14] added to the analysis.

A counter C is kept, and each time an item arrives and needs to be counted, a random experiment
is performed; if the current value of the counter is 7, then with probability 27 the counter is increased
by 1, otherwise it keeps its value; at the beginning, the counter value is C' = 1. After n random
increments, the value of the counter is typically close to log,n, and the cited papers contain exact
and asymptotic values for average and variance. For instance, Flajolet [2] gives the dominant constant
part of mean and variance and the periodic part of the mean.

Very recently, Cichoni and Macyna [1] used this idea as follows: Instead of one counter, they keep
m counters, where m > 1 is an integer. For our subsequent analysis we will assume that m is fixed.
When a new element arrives (and needs to be counted), it is randomly (with probability %) assigned
to one of the m counters, and then the random experiment is performed as usual. The parameter that
Cichon and Macyna are interested in is the total number of changes of any counter. In other words,
if we (for convenience) assume that the initial setting of a counter to the value 1 counts as a change,
Cichonl and Macyna are interested in the sum of the values of the m counters.

The paper [16] provided the first analysis of Cichont and Macyna’s scheme: Based on ezact expres-
sions, asymptotics for expectation and variance are derived with Rice’s method. There is a price to be
paid for dealing with these exact expressions, as there are computational hardships to be dealt with.
Let us also mention Fuchs, Lee and Prodinger [4] who analyze this algorithm via the Poisson-Laplace-
Mellin method. In the present paper, the approach is different: Going to approximations immediately,
one loses exact expressions, but on the other hand the computations become much more manageable,
so that one can go to higher moments, which we do here, mostly, to show the power of the method.

The new interest in approximate counting that Cichoni and Macyna’s scheme initiated, motivated
us to provide this paper: We had a long report [10] on asymptotics of the moments of extreme-value
related distribution functions, but had to shorten it in order to get it published [11]; and the analysis
of classical approximate counting had to be left out. We present it here, together with additional

*Université Libre de Bruxelles, Département d’Informatique, CP 212, Boulevard du Triomphe, B-1050 Bruxelles,
Belgium, email: louchard@ulb.ac.be
TUniversity of Stellenbosch, Mathematics Department, 7602 Stellenbosch, South Africa, email: hproding@sun.ac.za
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material that deals with the m counters (instead of just one, as in the classical case). We also present
new simplifications of products of some Fourier series.

Let J(m,n) be the random variable (RV): “total value of the counter after n items have arrived”;
we can write J(m,n) = > 1" Ji(n) where J;(n) is related to the ith counter. When we have only one
counter, we can just write J(n).

The most important motivation of the paper is to compute the asymptotic distribution and the
moments of J(m,n). The asymptotic distribution is related to the extreme-value Gumbel distribution
function (DF): exp(—exp(—z)). The moments are usually given by a dominant part and a small
fluctuating part. There we use Laplace and Mellin transforms and singularity analysis.

Our aim is to derive an (almost) purely mechanical computation of dominant and fluctuating
components, with the help of computer algebra systems (we use Maple here). As an example, we
provide the first four moments, (even the third moment is very rarely computed in the literature) but
the treatment is completely automatic (with some human guidance of course). The fourth moment
is particularly interesting: it presents a wide variety of combinatorial and mathematical constants as
well as several types of Fourier series (including products of them).

A last but not least motivation is to simplify the analytic treatment by using only easy complex
analysis: only simple poles are needed, and we do not use alternating series (so we do not need Rice’s
formula). A small number of analytic functions are the only tools we need. This should be compared
with the complicated techniques sometimes used in previous papers.

We have uniform integrability for the moments of our RV’s. To show that the limiting moments
are equivalent to the moments of the limiting distributions, we need a suitable rate of convergence.
This is related to a uniform integrability condition (see Loeve [8, Section 11.4]).

The total error term related to our asymptotics of moments is detailed in [11]; it is given by
O(n=Y), where C' is some constant.

Another technical point of interest are the periodic oscillations that always occur in approximate
counting and related questions: When one goes for higher moments, there are many extra terms
coming in, making the Fourier coefficients very complicated. In particular, there are high powers of
some (simple) periodic functions. We present a technique to bring the Fourier coefficients of these into
some standard form, using residue calculus. With a suitable function, the residues on the imaginary
axis correspond to the convolution of two Fourier series, and, instead of them, one can collect the
residues on the real axis. While we are convinced that this always works in our instances, we refrained
from rewriting all Fourier coefficients occurring in the fourth moment. This can be done with some
patience, but the interest in it is limited, as it would just fill many pages.

To summarize, we had several motivations to write this paper:

e show the power of the method we introduced in [11]
e present, with great details, the analysis of classical Approximate counting
e give new simplifications of product of some Fourier series

e analyze, with precision, Approximate counting with m counters

The paper is organized as follows: Definitions, notations and known properties are recalled in
Section 2. Classical approximate counter (1 counter) is analyzed in Section 3. The case of m counters
is considered in Section 4. The asymptotic moments of J(n) are given in Section 5. Section 6 concludes
the paper.

2 Definitions, notations and known properties.

Let us first give the notations we will use throughout the paper.

L:=1n2,
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log := log,,
€ := small real > 0,
a:=a/L,

)
—
.
~
I

[Ta-27%, Qo =1
k=

1
Q := Q(o0) = 0.288788095087 . . .,

(,1)j+1

R(j) := ma R(0) = -1,

2mil

Xl = I

pri= Y TOQwlg)e 2 hoen,
140

p2 = ZF(Xz)T/’(Xl)2672ZMIOgna
1#0

ps =Y T(x)p(x,) e 2mlen,
10

P4 = ZF(XzW’(l)Xl)einW“Ogn-
1#0

These functions appear in many analyses of algorithms (see, for instance, Flajolet [2], Flajolet and
Sedgewick [3], Hwang et al. [5], Louchard [9], Louchard and Prodinger [11]).
The following facts will be frequently used:

Q) > Q,
(I—w)"=e™[1-nu*/2+O0(nu?)], uelol1].

For the integer-valued RV J (from now on, we drop i and n from J;(n) in order to ease the notation;
J is now related to one counter, with n items), we set

p() =P(J =j), P@) =P <j).

Setting n = j — logn, we will first compute f and F such that

p(j) ~ f(n), P@G)~Fn), n— oo,

and, of course,
f(n)=F(n)—F(n-1).

Asymptotically, the distribution will be a periodic function of the fractional part of logn. The dis-
tribution P(j) does not converge in the weak sense, it does however converge along subsequences n,
for which the fractional part of logn,, is constant. This type of convergence is not uncommon in the
Analysis of Algorithms. Many examples are given in [11].

Next, we must check that

J

E(J*) = ijp(j) ~ 2(77 +logn)* f(n), (1)
J

by computing a suitable rate of convergence. This is related to a uniform integrability condition (see
Loeve [8, Section 11.4].)
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3 Classical approximate counting (one counter). Analysis of J(n).

In this section, we provide the asymptotic distribution and the first four asymptotic moments of the
RV J(n) based on n items. From Flajolet [2, Proposition 1], we have

Jj—1 B ‘
p(j) = kZ:Owafi’?k)u 1y @

Letting n = j — logn, this leads in a natural way to

fn) = sz‘}gk) exp(—27H).
k=0

(Compare also [6, 13, 14].) It has been pointed out in [9] that it has some similarities with the Digital
Search Tree distribution. Actually, as noticed by S. Janson (private communication), the distribution
for approximate counting is the same as for unsuccessful search in Digital Search Trees (not only
asymptotically).

The rate of the convergence problem is completely solved in Flajolet [2]. Also, we obtain by
summing

PO=-Y Y 2 gty

k=0 u=k+1 Qu —
Py = =3 S ez Q
k=0 i=k

We note that the algorithm can be generalized by changing the base. The analysis is quite similar,
and we won’t provide details here.

The first three asymptotic moments are given in our unpublished report [10]. We take the oppor-
tunity to present them here, with some complements. In particular we analyze the product of Fourier
series, which leads to convolutions of the coefficients. In order to show the power of the methods we
use, we also give the fourth moment. Using the techniques we described in our published paper [11],
we proceed as follows.

3.1 Some preliminary identities

Some preliminary identities are necessary.
Using a classical Euler identity, we will derive several summation formulae. This identity is

[T +d"2) =2 172/Q).
k=0 =0

(for a simple proof, see Knuth [7, Ex 5.1.1-16]). Set

= JJ(1 + ¢*2),
k=1
I = (14 2)IT*,
Ski= (k=Y q%/(1+ 2¢')".

i=1
It is not hard to see that, with z = —1, ¢ = 1/2, we get the following expansions

T — Q, 21 — Cl, 22 — CQ, 23 — 2!03, 24 — 3!04,
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with the abbreviations -
1
Cp = —_—
* 2 (27— 1)F

Now we want to compute sums of type
oo
Uy =Y _i*2'R(i).
i=0

We obtain
¥ = S0, I = IT" + (1 4 2)5,11%,

and setting z = —1, ¢ = 1/2, we derive U; = @. Similarly, set T} := zII', compute 77, etc. With the
same procedure, we obtain:
Uy = —Q(—1+2C),
Us = Q(1 — 6Cy — 3C, + 3CY),
Uy = —Q(—14 14C + 18Cy — 18C? + 8C3 — 12C,Cy + 4C%),
Us = Q(1 — 300 — 75Cy 4 75CF — 80C3 + 120C, Cy — 40C3 — 30Cy + 40C, Cs
+ 15C% — 30C%Cy 4 5C1). (4)
All these values are actually necessary here. Also
Uo = 0; (5)
this is Equation (21) in Flajolet [2]. More generally, setting z = —2%, ¢ = 1/2 in II, we derive

i 2R () = 0. (6)
=0

3.2 “Slow increase property”

It will appear that all functions we use here are analytic (in some domain), depending on classical
functions such as I', ¢, ¥(k, s) (the (k + 1)-gamma function).
But we know that I'(s) decreases exponentially in the direction ico:

IT(0 +it)| ~ V2m|t|]7~ 1/ 2emIH/2,
Also, we have a “slow increase property” for all functions we encounter: let s = o + it,
sl =0(t'), o<l

We will also use the function Hy(—Ls), with

o0

Hy(a) := Z R R (k).

k=0

To analyze this function, we use the “sum splitting technique” as described in Knuth [7, p. 131], and
used in Flajolet [2]: let 0 > —1 and p(z) be an increasing function.
For k < p(]s|), the contribution is bounded by

1
p(ls sup (——— ) = O (14 p(|s])2°sD) ;
(D, _sww () = © (14 o(1s)2*)

for k > p(|s|), the contribution is bounded by
s k (Ish
2 2°
S 2 o(Z).
ok 220(|s[)
k=p(Is|)

Choosing p(z) = log x insures the slow increase property.
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3.3 The asymptotic moments

The detailed proofs of relations (7) to (15) are given in [11]. Let an (integer-valued) RV K be such
that P(K —logn < n) ~ F(n), where F(n) is the DF of a continuous RV Z with mean m;, second
moment mg, variance o? and centered moments py. Assume that F(n) is either an extreme-value DF
or a convergent series of such and that (1) is satisfied. Let

o = O[ am
p(a) = E(e*”) = Z? =M \(a), (7)
k=1
say, with
a? 9 > aF
Ma) =1+ 70 +ZH“’“' (8)
k=3
Also
+o0 , +o0
o) = [ e F iy =—a [ emp()n, (9)

with suitable boundary conditions (which are satisfied in all examples we present). This gives here,
for K = J(n),

Hy(a)l'(1 - &)

QO —ca) R(a) < L,

pla) = —

and -
Hy(a) == Zeak2kR k
k=0

This leads to (we give only the first two expressions for m;)

mi % Cla

w2 +692 290y 9
mo = 6L2 — I —02+Cl—01,

2

_2_ T
H2 =0 *6?—01—027

2

— C() _302_01’

m2C w2C 3t

— 302 -y —TCy — 1205+ 3C2 - 2L L0y - T2 4 2T 60,

Ha 1 1 2 3+ 303 Iz +06C1C2 — 2 +20L4 4

Let w, x’s (with or without subscripts) denote periodic functions of logn, with period 1 and with
usually small mean and amplitude. Actually, these functions depend on the fractional part of logn:
{logn}.

The moments of J(n) — logn are asymptotically given by m; + w;, where the generating function
of m; is given by

P(a) = /oo e f(n 1+ § ea ! (10)
o —00 77 B « ‘
This leads to

- 1 o

m1 5 —C1+ z,

£ 20— Cy+ C2.

More generally, the centered moments of J(n) are asymptotically given by wp; = fi; + K;, with the
asymptotic dominant centered moment generating function given by



Stellenbosch University https://scholar.sun.ac.za

12 Approximate counting with m counters: a probabilistic analysis 125
> ok 5 2 .
O(a) =1+ E oy bk = —sinh(a/2) A\ (). (11)
. «
k=2

The neglected part is of order 1/n” with 0 < 8 < 1. We derive, with (4), the following result about
these centered moments.
Theorem 3.1 The asymptotic dominant parts of the centered moments of J(n) are given by

2 1

o = — + — —C1 — C
Pr=gp T 1
2¢(3
3 = CL(3) —2C3 — 30y — (1,
_ 1 5 301 150 3t
= — - - —= —12C5 — —
4 30 + 3CY 5 5 C3 —6Cy + 2074
2 20, w20y 9
+W+60102—?—?+302.
Note that i
O(a) = p(a)e” ™.
Now
E(J(n) — logn)* ~ 1y, 4+ wy,
with 1
wy, = E Z Tz(xl)efﬂmlogn’ (12)
140
and

Ti(s) = L ¢"(a) (13)

a=—Ls

With (5), we check that we have no singularity of ¢®), k > 0, at @ = 0. The fundamental strip for
(13) is R(s) € (—1,0). We first obtain

1 —2lmil
wi =7 > T(y)e e,
140

mi, fiz and w; are identical to the expressions given in Flajolet [2].
To compute the periodic components k; to be added to the centered moments ji;, we first set

mp = mq + wq.

Now, we start from

But it is easy to check that

Z ¢(_Lxl)e—2lm’logn =0,
140
so we obtain

00 ' k
¢p(a) = ¢(a) + Z Z ¢(k) (a)‘ e_2l7”1°g”%

- I
k=0 1£0 AT
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—2lmilogn
a) +Z¢>(o¢—Lxl)e En, (14)
1#0

Finally, we compute

ok

Op(@) = gpla)e™™™ =1+ Z o (e + k) = ©(a) + Z T (15)

leading to the (exponential) generating function of k. By expansion and taking differences, we have
a result about the oscillating parts.

Theorem 3.2 The asymptotic oscillating parts of the centered moments of J(n) are given by

2yw1 2
_ 2
K2 —Wwy — I + ﬁplv
472w 4
bl 4t su
I 12 1.3 P1,
_ALPwE 4 12w Ly +69° =7 6(y +wil)
"63 - 2L2 wl L3 pl
3 3
- ﬁm - ﬁ,%
1279Cy  127C) 5 mw;  8¢(3)
/<;4:w1[—w1/2+ 17 + 7 — 3wy + 77 18
1272w, 443 12w%*y 0%
+601U)1+6U)1CQ-T—F—T—Z
L? —12C5 L% — 12C, L? + 24~yw L + 1202 L2 + 1242
_ 12 wlL + Y
IS e ()1, )T () + ),
1#0
4 —2lmilogn 4
e ¥(2 x0T () + 7703
1£0
12(w1 L + )
+ Tﬁ)z-

All algebraic manipulations of this paper are mechanically performed by Maple.!

3.4 The corrections

Products of Fourier series do have a constant term, even if the factors do not. This term must be
included in the dominant part of our moments. This is the object of the present subsection.

We denote by [f], the coefficient of e~ 2kmilogn iy the Fourier expansion of f.

In [11], we have proved the following relations

2 11 72
CI[O] 1 ZZF Xk ZD_E‘F@
k#0
with
D .=
Z l(2l _ 1
>1

'T(z) = T(2)y(z), I (2) = T(2)y(1,2) + D(2)y*(x), I (x) = D(2)1(2, ) + 30 (2)y (1, 2)¢* (z) + T(x)¥* (z) ete.
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The coefficient ¢ [k] of e~2k711%8" in the Fourier expansion of w? is given by

1

cl[k] = ﬁ Z F(_Xj)F(Xk+Xj)
J#0,#k
1)l Xk 0) 2
LZ it W () + ),
2¢(3) 1 6 2log3 2
131
CQ[O] L [wl]o - 1 + L3 Z-D - ﬁDl — T — EDQ’
with
—~1)'H,_
PN
>1
)1 RV
Dy = A _ .
’ ZZ G+ )@ -1 21 21|\ j

This has been checked numerically and gives the tiny value —9.428177 x 10725,
The coefficient co[k] of e2#71198™ in the Fourier expansion of w3 is given by

l+x) 2!
calk] = — 3 [QLZZ' L(1+ x5,) (Y (L+ x5) +7) LQZ ‘ (20 —1)2
>1 >1

+ i(lsmxk) F18(000) +9)7 ~ 1122 = 7))

! =)
Zl'@l {LZWW pr ) + L2 T+ b ) g,

h!
# LD+ 327 = LD+ 3) = (0= DITO) + T ($0) 47+ 5) |
71'2 1 )l 1
* [6L3+12L_L_LQZZ(25 ] ()

For a complete description of the Fourier coefficients of the oscillations occurring in the third and
fourth moment, we need the following expressions (note that Maple splits the higher derivatives of the
Gamma function; if one could rework that, one could reduce the number of necessary expressions):

cs[0] == [wipr]y, cal0] == [wily, s[0] := [(p1)?],  c6[0] := [wipn],,
cr[0] == [wipaly, es[0] := [wipaly, es[k] == [wipi]y, calk] == [wil,,
cslk] == [(p1)*], colk] = [wim],, crlk] = [wipal,, cslk] := [wipa]y.

| =
| =

We will show now how to “compute” some Fourier coefficients we need. “Computing” is perhaps
a very ambitious word, it might be better replaced by “rewriting”. We have

_ = Z F —27r7,kz

k;éo

and higher powers have convolutions as coefficients:

Tl DI DI YOV O eI (TR i

k#0 k1+ko+ks+ka=k
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and none of the kq,..., k4 is allowed to be zero. The only thing that we are able to achieve is to have
only one Gamma-term in the (multiple) sum, where a typical term might look like

1 t N —2mik
S P eITO (g + e ke,
Jit+je=g
Such a representation is not a priori better than the straight-forward convolution, but we will sketch
now how to achieve them. One (small) advantage is that the zeroth term can be explicitly determined,

and extracted, and what is left is then oscillating around zero.
As an example, we consider

We=wi — [wily =Y ci[k]e >,
k=0
with
Xk +1) 3 /
=7 Z Y + 13 <T () +7F(Xk))-

>1

Let us discuss W?2. It is clear that the convolution of W with itself contains already several terms.
For instance,

L2Z 2a_1p 2l ZF( X T30, +1)

2 3 (P 9T (x)) (F0w) + 704

k0

We would like to demonstrate how to rewrite the k-sums in these expressions. The survey paper [15]
has many similar examples. The approach we found most versatile is via residue calculus. One writes
a suitable function, computes all the residues in the complex plane, and the sum of them is zero.
There are of course some technical subtleties, like showing that integral tends to zero for larger and
larger radii, and also there are usually some series that do not converge absolutely. The suitable limit
of them is the Abel limit, i.e., consider a power series in x, and let x tend to a point at the boundary
of convergence. Here, we want to concentrate on the computational part only.
The function that is suitable for the first part is

L
2¢ -1

L(j— 2T+ 2).
A first contribution comes from the poles at z = x;.:
S1=> TG —x)T0+x).
keZ

The next contribution stems from the poles at z = 5,5+ 1,...:

(D)t l+j+h-1
So=(1+j— 'LZQthl b )
h>0

Now we look at the poles at z = —[,—[ —1,...:

_1\h
ZQ_Z_%F(jJrlJrh)( hl!) :

1
h>0

10
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This series does not converge absolutely. It is best to pull out the “bad” part, which leads to two
contributions:

l+5j+h—-1
l+]_1>'LZQZ+h ( h )’
h>0

Sy = (l+j1)!LZ(1)h_1<l—|—j—lf—Lh—l>'

h>0

As announced, we must interpret Sy as a limit:

. . I+j+h—1 . ey
— h _ l
Sp=—(1+j— 1)!Li1_)rq hio(—x) ( b ) =—(l+j—-1)L27"7,

Altogether we found

_1\h—1 . B
2 TG =)+ x,) = <j—1>!<l—1>!—<z+j—1)!L,§0§jﬁl)_1<l+]2h )

k0

I+j+h— , L
(l+]—1'LZ2l+h)_1( J . >+(l+]—1)!L2 =2
h>0

Now, let us look at

> Tl +1) (F,(Xk) + 'VF(Xk)) :

k40

The proper function is

e 1F(—z + l)(F’(z) + ’yF(Z)).

The poles at z = x;., k # 0, lead to
S1=) T(—x+ l)<F/(Xk) + 'YF(Xk))'
k+£0
The pole at z = 0 leads to
2 —L? « Ly L 1
=T L2y =) — 2.
52 (Z)( 12 2 2) (Z)<7+2> (0
The poles at z =1,1+1,... lead to

Lz2l+h_1( h,) (r’(z+h)+~yr(z+h))

D)1+ h—1)!
- LZ 21+h _ 1 Bl Higp.
h>0

The poles at z = —1,—-2,... lead to

> L F(h+l)7( Dy

h !
h>1 2- hl
(4 h—1)! _
:—Lfyz2h o + Ly(1—27h).
h>1
Therefore
2 —I2 4% Ly I 1

>0+ D(06) +9000) = L0 (T3~ 5~ ) +TO(v+ 5) + 5T
k+£0

11
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1 (="l +h-1) (—D"I+h-1) !
“L) gy Rl Hl+h+mz2h—1 ! ~ =27
h>0 h>1

Finally, let us consider
/ /
> (F (—xi) + vF(—xk)) (F () + 'VF(Xk)>-
k40

The function of interest is

L
27 -1

(I'(=2) +T(=2)) (T'(2) +7T(2) ).
The poles at z = x;., k # 0, lead to

Si=) (F’(—xk) + VF(—xk)) (F’(xk) + 'VF(Xk))'
n#£0

The pole at z = 0 leads to

The poles at z =1,2,... lead to

h
= h(2 1)
The poles at z = —1,—2,... lead to
(=1)"Hj,
S3=—L
3 VZ h(l _ th)
h>1
(-1) *1Hh (=)"'H,
=Ly - L -t
2 ey
h>1 h>1

Altogether

117t L2724
Z(F/(_X’C) + PYF(_Xk)) (F,(Xk;) + ’YF(Xk)> = 360 + = + 720
k0

h lH )hle
Z h Z h
h>1 h>1

The last alternating sum has a closed form evaluation:
3 CO"Hy _ L2 7
h 2 12°
h>1

This gives us the constant term in wj:

B (2 (DM w22
ca[0] = [wiy = (L}; A1) 12 + 6L2>
4 (—1)7*

+ ﬁ ~ J1(2 - )i - 1)

x{—(j—l)!(l—l)!—(l—kj vLZ%h (”7;’1_1)

h>0

12
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l+j5+h— ) .
—(+j-1) LZQHh_l( L )+(l+j—1)!L217}

h>0
8 (—1)l
+ =) e
D=1
2 —L? ~2 Ly L 1_, _
X {—F(l)( TR 2>+F(l)( +5)+—F () — Ly(1—27Y
1 (=DrI+h-1) (-D)MI+h—-1)!
~L) g Rl H””L'Yzzh—l !
h>0 h>1

4 [11x*  L?x% LA (=) 1H, L? 2
== — 9L 7—L(———>.
+L4{360 T T 22 nei—1) U2 T 12 ]

Although a few simplifications in this expression are still possible, it is clear that the complexity of
the expressions does not make it attractive enough to write more similar evaluations.
We can now compute the corrected values.

Theorem 3.3 Taking the contribution of products of Fourier series into account, the asymptotic
dominant and oscillating parts of the corrected centered moments of J(n) are given by

N - D
M2,c:M2—01[0]:1—01—02+QZ,
- - 6 6
s = fis +26200] + 271 [0] — T3¢0
6¢(3) D 12 12 11 g2 4
- S D - oD - = - D——l
L3 I Pyt e 2 0g(3)
6
—ﬁC(),[O],

- - 1 2

[ 501 [0] — 304[0] + ﬁq [0] +6C1¢c1 [0] + 6C5¢ [0]
12 , 12 24 12 12 12

— ﬁ'y cl [O] — f’YCQ[O] + ﬁ'}/CS[O] + ﬁCG[O] + §C7[0] + ﬁCS[O]

_ Z 1 [l]e—le' logn 2yw 2

+ 72p1a
20 L L
9l 6 ol (672 — 72wy
_ 2Ilmwilogn e 2lmilogn
/@370—2202[l]e + L’chl[l]e Sy
l;éo I1#£0
—217r 1
L3 pl LZ Z C3 neen
1#£0

3 3

- EPQ - ﬁm,
o 127Cs N 129C1 8¢(3) 4 vy
e L L 3 I3 L

L? —12C,L?% — 12C1 L? + 124

S e (L )T () o
1£0
4 Z —2lmlognw(2 Xl 4 ZIO3

1#0 1#0

12~
T

13



Stellenbosch University https://scholar.sun.ac.za

132 12 Approximate counting with m counters: a probabilistic analysis

1 , . 2 . .
_ 5 Z 1 [l]e—le logn __ 3 Z 64[1]6—2lmlogn + % Z c1 [l]e—lelogn + 60, Z c1 [l]e—le logn

1#£0 l;ﬁO 1#£0 1#£0
; 12 24 .
—2l7il 2 ,21 It —2lmil —2lmil
+602201[l]6 milogn LQPY ch milogn _ ,7202 i ogn | ﬁfyzcdl}e milogn
1£0 140 140 1£0
+ E Z [l] —2lmilogn + E Z [l] —2lrmilogn + E Z [l] —2lwilogn
72 csllle 73 crll]e 3 csll]e )
1£0 140 140

Note that fis . fits with the result given in [16].

4 m counters: asymptotic independence of the m counters

In this section, we analyze the asymptotic properties of the RV J(m,n).

We will prove that, asymptotically, the counters are independent with n/m items each. We must
analyze the random variable J(m,n) = >.|" J;(n) where J;(n) has the distribution p,(j) with 7 is
now given by v;: the number of items arriving in counter i. The quantity v; is bin[i, (1 — 1/m))]
with 72 := n/m. Actually, {v1,...,vy} is given by a multinomial distribution. We know that we can
construct a “box”

1
7 —af n+af)m, 5 <0<l (16)

such that, by large deviation analysis, the probability that {v1, ..., v} is outside this box is bounded
by exp(—Cn?0~1). We will analyze

J(m,n) —mlog(n ZX“ with X, := J; — log(n).
=1

The rate of convergence is analyzed as follows.

4.1

Let us first assume that v; is exactly given by its mean 7. As mentioned in the previous section, the
rate of convergence problem is solved in Flajolet [2].

4.2

Now we assume that we are inside the box (16). We drop the ~sign from n for convenience. Let

0 < e < 1. We must bound
Sy =Y 3% [Pn(d) = Pateno (3]

with |£] < 1. Note that n + &nf = n[1 +&nf~1]. Set 1 > g > 6.

e For j < fBlogn, we have

271 > pl =B,
o) c7 Z m 575 exp(—n'"728) = O(exp(—n'"7)),
1 - — —
|pn+§n9( = QQ Z 2k(k /2 exp( (1 + §n9 1)2k) — O(exp(—n(l B)(1 5)))’
|pn(]> — Pn+¢n? (])| = (eXp(—TL(l B)(1— 5)))

14
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e For Blogn < j < 2logn, we have

1
271 > —,
n
(1—1/20)" — (1= 1/2))"+8" = (1 - 1/20)"(1 — (1 = 1/2)"") = O(n” /27).
We use again the “sum splitting technique.” Set r = /2 logn.

1. Truncating the sum in (2) to k > r leads to an error Ej:

1 — 1 2k L+¢&nf1 1
Er< ; D2 [exp(‘n> +oxp(——— 2 >] =0 (n>

2. The remaining sum k < r leads to

1 ¢ 1 —k j—kyn-+&n?
k=0
- n? 1
=2 Olg5) = O gy )
k=0
e For j =2logn+z, x > 0, we set r = v/2logn + v2x. So 1/2T2/2 < 27" /n. We proceed now as

in the second range

1.

B, < 1 « 1 n? _0 nf
2=02 kzo ok(k—1)/2 21—k n2(—2)oz(i—s) )
Now we come to So. We get

1
_ k+1 L (1-B)(1-e) k1
Sy = (’)((ﬁ logn)" exp(—n )) + (2logn) O<7n(ﬁ*9)(1*6))

+ O(Z(Qlogn + a:)k(’)<2::)> = O(W);

x>0

(not with the same ¢, of course.)

4.3

Now we consider the case v > n 4+ n?. We will show that

Ss =Y pu(§)j* exp(~Cn**")
J

is small. We notice that 1 < v/n < m. But, by the rate of convergence proved in [2], Z]‘ (55" is
asymptotically bounded by O((logv)*) = O((log(nm))*) and Ss is asymptotically small.
4.4

The last case to consider is 0 < v < n —n’. We have here 0 < v/n < 1. The analysis proceeds like in
the previous subsection. We therefore omit the details.

In conclusion, as Sy and S35 are asymptotically small, we can assume that v; can be deterministically
chosen as n for all 7, and that the counters are asymptotically independent.

15
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5 m counters: asymptotic moments

If J; are iid RV, with asymptotic centered moments g, = jis + K, then J = " | J; has asymptotic
distribution given by the convolution f(1)(™), mean

mlog(n) + mmy
and asymptotic centered moments py(m) given by

M2(m) = My,
MB(m) = mps,
pa(m) = mlpy + 3(m — 1)p3).
For py(m) and ps(m), we immediately use py and psg. For p,(m), we have py = fia + K2, SO
M3 = i3 + K3 + 2fizks. Hence
fia(m) = mlfig + 3(m — 1)i3)],
ka(m) = mlkg + 3(m — 1)(k3 + 2fi0k2)].

Also, we have

n 49%c1[0] | 4es[0] | 4yeal0]  4c6[0]  8es[0]
[52]0 64[0] 1.2 A + L L2 I3’
261 C C2 C C
2], = ealh] 4’yL2 K] 4;[?] N 47L[k] B 4££/<] B 82:[5@

The corrected moments must now be computed. The interesting case is the fourth moment, since here
the dependency on m is more involved: we obtain our last theorem.

Theorem 5.1 Taking the contribution of products of Fourier series into account, the asymptotic
dominant and oscillating parts of the corrected fourth centered moment of J are given by

fise(m) = mfise + 3(m — 1)i3] + 3m(m — 1) [[r3], — 2fizc1[0]],

Kac(m)=m |:’f4,c +3(m—1) Z (k3] 2milos™ 4 3(m — 1)2figka. |
120

6 Conclusion

If we compare the approach in this paper with other ones that appeared previously, then we can notice
the following. Traditionally, one would stay with exact enumerations as long as possible, and only
at a late stage move to asymptotics. Doing this, one would, in terms of asymptotics, carry many
unimportant contributions around, which makes the computations quite heavy, especially when it
comes to higher moments. Here, however, approximations are carried out as early as possible, and
this allows for streamlined (and often automatic) computations of asymptotic distributions and higher
moments.
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WORDS CODING SET PARTITIONS

Kamilla Oliver, Helmut Prodinger

The words in the title are characterized by the fact that a smaller number
must (first) appear earlier than a larger number, and that all numbers 1,...,k
are present (for some k). Under the assumption that the letters are drawn
from a geometric distribution, the probability that a word of length n enjoys
these properties is determined, both exactly and asymptotically.

1. INTRODUCTION

For a set partition of {1,2,...,n} into k blocks, a natural coding is as follows:
Element 1 is in block 1, and the smallest number not in block 1 is in block 2, and
the smallest number not in blocks 1 or 2, is in block 3, etc. In this way, to every
element ¢ a number a; is attached, namely the block in which it lies. Writing
these numbers as a word a; . .. a,, the set partition is coded in a natural way. One
particular reference for this is [3].

Forgetting now about set partitions, we are talking about words where the
letters are the positive integers, and, assuming that k is the largest letter that
appears in the word, then the letters 1,...,k — 1 must also appear, and the word
has exactly k (strict) left-to-right maxima, which is the same as saying that, if
i < j, the first appearance of i is earlier than the first appearance of j. As one
referee has kindly pointed out, such words are known as restricted growth strings
in the literature [6].

Now we assign the (geometric) probability pg’~! (where p+q = 1) to the letter
1 and consider P,, the probability that a random word of length n has the restricted
growth property. We are thus in the context of combinatorics of geometrically
distributed words, a series of papers started with [4] and continued by the second
writer as well as many others; a recent contribution is the paper [5].

2000 Mathematics Subject Classification. 00A05.
Keywords and Phrases. g-series, enumeration, asymptotics, periodic oscillation.

95



138

Stellenbosch University https://scholar.sun.ac.za

13  Words coding set partitions

56 Kamilla Oliver, Helmut Prodinger

The present question is not only appealing from a combinatorial point of view
(easy to formulate but not trivial to solve) but the approach used here (with the
parameter ¢) leads to “richer” results, and often the instance ¢ = 1 corresponds to
the classical combinatorial instance, especially, when the parameter is of the order
statistics type.

We will prove the following theorems.

Theorem 1. The probability P, that a random word of length n has the restricted
growth property is (exactly) given by

P, = pg(—l)j (n R 1>qj(p; q);-

J

Here we use the (standard) notation (x;q),, = (1—2)(1—2zq)...(1—2¢™™1).

We will also need the limit of it as m — oo, denoted by (z;¢)c, as well as the
Gaussian ¢g-binomial coefficients

m __ @

k (4 D)@ Dt
We need the following standard formulae:
k

i [N]q(—l)kq(Q)xk = (z;9)N,

k=0 k

1
(W5 q) oo (G )n

>
n>0

All this can be found in [1].
The asymptotic evaluation leads to our second theorem.

Theorem 2. The probability that a random word of length n has the restricted
growth property is asymptotically given by

(P; @)oo logp\ - loep _logp
'~ 7F<—>n logg 4 logq P log n),
L(q;q)sc \logq (logg n)

where ®(x) is a 1-periodic function with mean zero. The abbreviations Q = 1/q
and L =log @ are used. The function is given by its Fourier series

L(g:9)e 5 \logg

In the symmetric case p = g, this looks better:

1
Enfl +n"'®(logy n).
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2. ANALYSIS

We use the natural decomposition
{< 11°2(< 2} 3{< 3} k{< k),
which translates into
1

_ k
zp g 2pdt _ kg8 II
1-(1-¢qz1-(1-¢*z 1-(1-q")>=

- l—w

This has to be summed over all k, to get the generating function of the sought
probabilities (P, is the coefficient of 2™ in this series):

k

22 r[ 1—W

E>1 j=1

Substituting z = w/(w — 1), this becomes

E k
S wh (-1t [T =

k>1 j=1

wq; q)k

k
wh(~1)5ptq(2)
Jj Z ( . :
k>1
Reading off coefficients:

P o= [z" wk(_l)kpkq(g)
”_k]gg (wg; )

d
> 7!2 an_l wt (wg: q) by Cauchy’s integral formula

dw(l —w)" 1 wh(—=1)"" kpkq( )

I
1=

~e—,
(]

= et (wg; q)
= Zn:[wn—k](l _ w)n—l ( l)n kpkq(k)
— (wa; )k
S ("7 )y 40
= j (wg; q)

n-1 (_1)n*k*jpkq(g) n—j—1| ,_j,_; the known expansion
0 q of the denominator

el nilt y[n—i-1
=p ( . >qn—j 1 nj 1 Z |: :|
J =0 k q
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gy | the sum is known
N pz ( . )qn_J_l(—l)"_J_l(p; q)n_j_l as Rothe’s sum

j=0 J
n—1
n—1\ . .
=p ( . )qj(—l)](p;q)j-
Jj=0 J

Is there a more direct way to prove this formula?

Here is an example for n = 3; the words enjoying the restricted growth
property are 111,112,121, 122,123, and they appear with probabilities p3, p3q, p3q,
p*¢*, p*¢®. And

2 /2
P +r*a+ 0’0+’ + 0’ =p (J) ¢ (=1) (p;q);
§=0

=p(1—2¢(1 —p) +¢*(1 — p)(1 — pq)).

For the asymptotic evaluation, we use the following integral representation
as in [2]:

pi(—l)j (n R 1) 7 (p;q); = 2_—75 /c 7 (p; q>ziré?f_(;§) dz.

=0 J
Here, C enclosed the poles 0,1,...,n — 1 and no others, and the interpretation of
(p3q)- is o)
P;q)
Piq)e = .
(#39)- (Pg*; @)oo

For the readers’ convenience we note that n! = I'(n + 1), and thus

'(n)I'(—=2) _ I'(n) _ (=1)*(n—1)!
I'(n-—=z) m—z—1)(n—2-2)--(=2) z(z—=1)---(z+1—n)

Furthermore, the residue of this expression at z = k is

=D"(n = 1! (=D '(n—1)!

k(k—1)---1-(=1)---(k+1—-n)  k(n—1-Fk)! "

To get asymptotics, we extend the contour of integration and have to consider
the residues at the extra poles of

P4° (D3 @)oo L(n)I'(-2)
(1-pg*)(pg*tq)e T(n—2)

The poles with largest real part leading to the dominant contribution are at

logp 2mik
— + s
logg = logg

z = for keZ.



Stellenbosch University https://scholar.sun.ac.za

13  Words coding set partitions

141

Words coding set partitions 59

For k = 0 we get the interesting term, and the others define a small fluctuation
around this value. We find:

_logp | 2mik logp 27rik)
pg 189 " 1oed (p; ) o F(n)l—‘<logq T

_logp 2mik logp = 2mik
Lpa' 5T g T(0 4 g+ 7T)
logp 2m’k> ) (log p  2mik ) ‘

(p; Q)0 P(”)P<10gq T N LN oy —lezp_znie

_ 2mik logp | 2mik L(q;9) o
LT ) F(n+logq+ ay (4:9)

logp
(p; Q)OOF<—> logp
_ 7 \logq/, ~Togq

L(¢; ¢)oo

The term k = 0 leads to

_logp

and the other ones to n 1084 ®(logy n), where ®(z) is a 1-periodic function with
_ logp  2mik

mean zero. Note that pg logq T logq = 1, which was used in these computations.
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Abstract
Words satisfying the restricted growth property
wr < 14 max{wy,...,wr_1}

are in correspondence with set partitions. Underlying the geometric dis-
tribution to the letters, these words are enumerated with respect to the
largest letter occurring, which corresponds to the number of blocks in the
set partition. It turns out that on average, this parameter behaves like
log; , m, where ¢ is the parameter of the geometric distribution.

1 Introduction

Set partitions of {1,...,n} can be coded by words wj...w,, where the letters
are positive integers, and (with wy = 0) the restricted growth property wy, < 1 +
max{wo, ..., wk_1} holds for 1 < k < n; compare [§].

In [9], a study of such words was started where the letters have been equipped
with geometric probabilities pg*~! for k = 1,2,... and p + g = 1. If letters are
drawn independently, then for P(n), the probability that a word of length n has the
restricted growth property, an explicit and an asymptotic formula were found [9, 8]:

P(n) =p 2(—1)j (n j_ 1) ¢ (piq); = i(—w (?) (7 9)j,

* This author is supported by an incentive grant from the NRF of South Africa. This note
was prepared while he was a guest at the Academia Sinica in Taipei, Taiwan. The hospitality is
gratefully acknowledged.
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with (;¢), = (1 —2)(1 —xq) --- (1 — x¢"'). This notation is used also for (z;q)s
when the product is extended to infinity; see [1]. Further, with b = logp/logg,
Q = é? L:= 10gQ7 Xk = 2721{;7

(P; @)oo b b (P )oo - b1
Pn)=—""=Tbn"+n"———» I'(b+ xp)e ™" +0(n " ").
L(q; ¢)oo L(q;9)os %
Note that the series is a Fourier series and represents a (small) periodic function.
A convenient way to imagine the evolution of these probabilities is by a state
diagram as in Figure 1:

1—gq 1-q? 1—-g% 1—q* 1-4°
C) pg; pqg; qug; pq3£; pq4£;

Figure 1: State diagram of the evolution of the probabilities of geometrically dis-
tributed words satisfying the restricted growth property.

The states (labelled 0,1,...) represent the largest letter seen so far, and the
restricted growth property only allows staying in such a state or advancing to the
state with label one higher. The edges are labelled with the probabilities to either
remain in a state or advance to the next one. Note that the sum of them, 1—¢*4p¢* =
1—¢**! < 1, which means that in each state there is a chance to violate the restricted
growth property. We call this falling into a black hole. Reading further letters does
not help; there is no escape from a black hole.

In the recent paper [8], the analysis was extended, by computing, inter alia,
the probability P(n,k) to end up in state k after n random letters. Naturally,
P(n) =), P(n,k). Although it was not mentioned explicitly, the method to derive
P(n, k) is one that is very common when one analyzes digital search trees; see [3]. Tt
is worthwhile to mention that k represents the number of blocks of the set partition
corresponding to the word with the restricted growth property.

The state diagram as mentioned is, however, not uncommon in the literature. It
resembles the one appearing in approximate counting:

In approximate counting, one is interested in the state one is in after n random
steps. This state number is interpreted as the value of a certain counter. This model
was first analyzed by Flajolet in [2] and remains popular to this day; [6] is a recent
example, and it contains many backward pointers to the literature. Flajolet derived
explicit expressions to reach state k after n random steps, and computed expectation
and variance of this parameter.

Since we know so much about approximate counting and the situation is so sim-
ilar, it should be possible to gain some additional insight to the analysis of the
restricted growth model. This is indeed the motivation for the present note: while
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1—gq 1-4? 1-43 1-q* 1-4°
() 1 g; q g; a® g; q* g; q* g;

Figure 2: State diagram of the evolution of the counter in approximate counting.
Normally, the (deterministic) initial step from state 0 to state 1 is not shown.

approximate counting might be known to some people in theoretical computer sci-
ence, it is most likely new to the combinatorics community who reads this journal.
As a general reference for the methods we are using, we cite the book [5] which
represents the state of the art in analytic combinatorics and its applications to the
analysis of algorithms.

The discussion given thus far motivates the catchy nickname approximate count-
ing with black holes; for completeness, one might think about an extra state (the
black hole) in which one falls from each other state k& with the appropriate proba-
bility ¢**!, when the restricted growth property is violated for the first time. And,
naturally, one cannot escape from the black hole.

The quantities

sum to 1 and define a probability distribution. We will, in the next section, (re)derive
an explicit formula for P(n, k) and then study the average value of the probability
distribution just described. This answers the question “Which state does one reach,
on average, after n random steps, subject to the condition that the random word
satisfies the restricted growth property?” Higher moments could also be studied, but
we refrain from doing that for the sake of brevity.

We cite here the average value C), in approximate counting; Flajolet only gave it
forp=g¢q= %, but the analysis is easily extended:

vy, 11 Z —2mik-1 1
=1 — S 4 _ = r mik-logg n =
C 0gpn —« + L + 2 I o (Xk)e + O(n)v

where 7 is Euler’s constant and

k

O‘Zzliqk-

k>1

Within this range of accuracy, it does not matter whether one has one extra step in
the beginning or not.
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2 Analysis of approximate counting with black holes

In [8] is was shown that

This recursion is immediately understood when looking at the state diagram and
how one can reach state k using the nth letter.

In the relatively recent paper [7], we collected many old and new results and
techniques. We will rederive a formula for P(n, k) following a technique presented
there. Set

F(z,u) = Zz”ukP(n, k);

n,k

then the recursion translates into the functional equation
F(z,u) — 1 =pzulF(z,qu) + zF(z,u) — 2F (2, qu).

We want to solve this equation by iteration. However, since F(z,u) =1+ ---, this
does not work. Thus we define G(z,u) := F(z,u) — 1 and rewrite the equation:

G(z,u) = pzu + pzuG(z, qu) + 2G(z,u) — 2G(z, qu),
which can now be iterated:

pzu  z(pu—1
Gl = L2 AL
pzu z(pu—1) [pqzu L 2lpqu = 1)G<Z’ q2u>]

(2, qu)

:1—2 1—=2 1—=2 1—=2
pzu  z(pu—1)[pgzu  z(pqu —1) [pg*2u  z(pgu — 1) 5
= G
1—z+ 1—z {1—z+ 1—z 1—z+ 1—2 (2. q"u)
L1V (s @) s
A (=1 (pu; 4);4’
j=0

From this we find, for n > 1,

"Gz u) = pz (” ] 1) (1 (puis g), = no (”) (1) (pus ).

=\

Apart from the normalization by dividing this by P(n), this is a probability gener-
ating function.
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Furthermore, we have for £ > 1

[2"u"]G (2, u) = (n k)

2
H

I
3
>

<
Il
= O

3
|

<.

<
Il
= O

3
I

S
|
—_

I
=3
e
/\/\:\/\
[—
\_/vv
|
Q
[
<.
El
OMH
»-Q
H
‘QP#
\—//\A
’Q\_/
2=
E‘?r‘
)—‘H
H:

ol
|
—~
—_
~—
~
—~
N
~—

[
1

Il
= o
.

pk

q k—t\n—1,
2 Gt

in the second line a formula due to Rothe [1] has been used.

This formula is equivalent to Theorem 3.1 from [8] and provides an explicit for-
mula for P(n, k).

To find the expected value as promised, one starts from

n

160 = 3 (1) (1) i),

Jj=0 J
differentiates this with respect to u, and then plugs in u = 1, with the result
" /n
o= 3 (1) (17 0m 0 |-y 072
—o \J 1> P’
j= >j

Here, we use the abbreviation

rq’
Z 1 —pg"

1>0
We rewrite this as
™ L1y (5@ [_a g
j b+j; C])oo 1— qb+j P 1— ql+b+j
") (1 (" D)oo ¢
(¢*49:q)o0 1 — "+

||
<

s ||M
(o)

i J

+

- (6% 9 l gttt ]
Ny T | N L 4 By
< (J>( . | 21— g L

j=
There is a convenient technique to handle such alternating sums; it is called Rice’s
method, and is described at length in [4]:
1 [T+ D0(=2) (¢ @) ¢t
2mi Je T(n+1-=2) ("% q)s (1 — ")

E1 - - dZ,
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where the curve C encloses the poles at 0,1, ..., n and no others. To find asymptotics,
one extends the curve and has, as a compensation, to subtract the extra residues that
one encounters. In our case the relevant ones are at z = —b — xi, k € Z, and we
must find the residues of

F(n+DI'(=2) (4" @)w ¢t
IF(n+1—2) ("% q)s (1 — gPt%)2

at these poles. With w = z + b + %, we must expand

Fn+ DI (—w+b) ("9  ¢“
Pn+1—-w+b) (¢“H;q)s (1 —q¥)?

to two terms around w = 0. So we compute

Fin+ DI(—w+¢) (p;9) oo 11— Lol 1
Fn+1l—-w+c¢) (¢;9) L2w?
L+ VT(O) (Prg)oe 1 '] I(n+DI(—w+¢) (p;@)ee 1
Fn4+1+c¢)(q;q)00 L? Fn+1—w+c) (¢;q9)00 L?
T+ D) (i) 1 T+ DIV(0) (@)oo 1
F'n+14+¢)(¢;9) L  T(n+14¢) (¢;9)00 L?
F(n+ DI (0)v(n+1+c¢) (p;g)s 1

I'(n+1+c¢) (:9)oo L’

with ¢» = I"/T". We have chosen the letter ¢ to represent b + .
Asymptotically, as n — oo:

[w™]

(P Do 1

(P @)oo 1 n—T"(c) (P; 4)oo 1

—an~T'(c) G L == —

— +n"T'(c)log,n :
(4:¢)o0 L2 () logg (4:9) L

These terms must be summed over k£ € Z, and we see that in the main term
the same periodic oscillation appears that was already present in the study of P(n)
itself.

After normalization (division by the asymptotic equivalent of P(n), mentioned
earlier):

logg n — a + oscillation.

We also have to consider the term
n b. I+b+j
EQ:Z(_)(—l)J—b . [_a +Z—}
+35 - P — gltots |’
= \J (4" 0) = 1—q*
which means that we have to compute the residues of

Pn+D0(=2) (6" @)w - g
Fn4+1—2) (¢"1F%¢)0 1 — ¢*+* p = 1 — gltbt+z

at z = —b and also at z = —b — x. However, the expression at the square bracket
has zeros there, and thus there are no residues originating from FEj.
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The oscillatory function is given by

13 e T'(b+ xp)e 2 o8em
Ly e D04 xp)e 2 ose

As it stands, it is not small, but one can pull out the main term which originates
from the terms for £ = 0 in the numerator and denominator and thus has represented
it as

1
— 1 (b) + w(logg ),

where w(x) is now a tiny oscillation that occurs so frequently in the analysis of
algorithms; see [5].
Summarizing, we have our main result.

Theorem 1 The average state reached in approrimate counting with black holes is
after n random steps given by

1 1
loggn — o — Zw(b) + w(loggn) + O(ﬁ);

the error term originates from the neglected poles at b— 1+ xi. The periodic function
w(x) (of period 1) has small amplitude, due to the rapid decay of the Gamma function
and its derivatives along vertical lines.

Note that in the symmetric case p = ¢, we have b = 1, and ¥ (1) = —~.

3 Conclusion

One could do many other things, following the numerous papers on approximate
counting as role models. However, we are not going to do that, as the motivation to
write this note was to link two areas (set partitions and approximate counting) that
a priori do not seem to have much in common.

Further research will concentrate on the modified growth property

wr < d+ max{wg,..., Wk 1}
For d > 2, it seems unlikely that explicit enumerations will work. But an asymptotic

analysis should be still within reach, although with more advanced methods.
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Abstract

Words where each new letter (natural number) can never be too large, compared to the ones that were
seen already, are enumerated. The letters follow the geometric distribution. Also, the maximal letter in
such words is studied. The asymptotic answers involve small periodic oscillations. The methods include
a chain of techniques: exponential generating function, Poisson generating function, Mellin transform,
depoissonization.
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1. Introduction

When Knuth started his fundamental series of books The Art of Computer Programming (8],
de Bruijn was (one of) his asymptotic advisor(s). In particular, he suggested how to evaluate
sums like

Z(l—e_”/2k> and Y d(kye I,

k>1 k>1

where d(k) is the number of divisors of k. Although the word was not mentioned in the first
editions, in essence it was the Mellin transform that found its way into [9]. Around the same
time, the paper [2] appeared, which has 166 citations by google scholar.! This paper has a third
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E-mail addresses: mfuchs @math.nctu.edu.tw (M. Fuchs), hproding@sun.ac.za (H. Prodinger).
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0019-3577/$ - see front matter (©) 2012 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights

reserved.
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coauthor, Rice, who also suggested asymptotic methods to Knuth; there is an innocent exercise
in [9], which lead later to developments called Rice’s method; see [4].

We briefly review the Mellin transform method in asymptotic enumeration, compare
with [3,5].

M (0); 5] =f*(s)=f0 Foox* .

There is the harmonic sum property

MY arfrx);s | =Y arb” - MLf(x); s]. (1

k=1 k=1

This is particularly useful if the series has a convergent closed form evaluation (often in terms of
the zeta function etc.).

Typically the Mellin transform exists in a vertical strip of the complex plane. There is an
inversion formula

1 c+ioo
fo =5 f FH()x"ds,
Tl Je—ioo

where ¢ must be in the vertical strip. Shifting the line of integration to the left/right and collecting
residues provides the asymptotic expansion. The choice of left/right depends on whether one
needs the expansion for x — oo or x — 0; see the converse mapping theorem in [3] for a
precise statement of this fact.

The most prominent example is f(x) = e™*, so that f*(s) = I"(s), whence the term Gamma
function method was originally coined. During the last 40 years, de Bruijn’s suggestion led to
numerous further developments and applications.

In the technical part of this paper, we will indeed use the Mellin transform to deal with
a combinatorial (discrete probability) problem. As often in combinatorics, the problem is not
difficult to describe, although the solution requires some technical machinery. We consider
words wiw; - - - w, where the letters are positive integers, and integer k appears with (geometric)
probability pg*~!, and p + ¢ = 1. The letters are independent from each other. The restricted
growth property is satisfied when

wr < 14+ max{wy, ..., w1} forall k and wy = 0.

The words that satisfy the restricted growth property are related to set partitions and
approximate counting [10,12]. The asymptotic enumeration of restricted words of length n and
the asymptotic study of max{wi, ..., w,} was done in [11,12] using the above mentioned Rice
method.

Now it is a natural extension to introduce a parameter:

wr < d+ max{wy, ..., wr—1} forall k and wy = 0. (2)

For d > 2, the asymptotic problems are of a more delicate nature, and that is what we will
do here. Rice’s method is based on explicit enumerations represented as alternating sums. We
use here a combination of techniques that is more flexible: poissonization/depoissonization and
Mellin transform. Poissonization is the process of replacing the fixed n by a random variable
which is Poisson distributed with parameter z; depoissonization is the reversed process that
allows to go back from z to n. Typically, if f(z) is an exponential generating function of a
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sequence a,, then, with f () = e *f(2),a, ~ f (n), provided certain conditions are satisfied.
The asymptotic study of the behaviour of the Poissonized version when z — oo is achieved
using the Mellin transform. This is the rough plan; the details are in the following sections.

Notation. We collect here some notation which we are going to use throughout this work. First,
0 :=1/q, L :=logQ, Xk = 2kmi/L, ke€Z.

Moreover, if f(z) is a meromorphic function with singularity at z = p and singularity expansion
E(z), then we will write f(z) < E(z).

2. Asymptotic enumeration of words satisfying the restricted growth property

Let p, be the probability that a random word wj ---w, satisfies the restricted growth
property (2).

We first condition on whether wy is [/ with 1 < [ < d. Note that the probability for this is
pg'~! and the probability that any other letter is < [ is

_

pg+pg*+-+pg T =p

=1-4".
1—g¢g 9

Hence, by further conditioning on the number of letters </ in w> - - - wy, 41, we obtain

d n
_ n i 1i
pori=)_pg">) (J.)(l—q’)” Iq'p; (n=0)
=1 =0

with initial condition pg = 1.
The binomial convolution on the right-hand side of the recurrence above suggests the use of
exponential generating functions. Therefore, set

f@ =Y Py
n>0 '

Then

F@=Y pg e~ f(gl).

d
I=1
Next, consider the Poisson generating function
~ —z Zn
f@)=e ’;pnn!.

Then, the above differential-functional equation becomes
~ ~ d ~
f@Q+F@=)Y pd " fq'2).
I=1

The goal is now to find the behaviour of f (z) as z — o0, since p, ~ f (n) by general
principles. This goal will be achieved using the Mellin transform. Recall that the Mellin transform
of a derivative is given by [3]

M f(2); 0] = —(0 — DAf(2); 0 — 11.
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Using this and (1) from the introduction yields

d
MNf(@); 0] — (- DA fRio—11=Y pg 7 #f(2): 0l
=1

This functional equation can be simplified by using the Gamma function as normalization factor.
Therefore, define

M) 0]
AN (2); 0] = T T
Then
=~ M f o — 1
MNf(2); 0] = [];((Z;_Zj) ],

where P(z) =1 — pizl g' =17
Next, observe that the above functional equation has the general solution
_ S c
F(w) = A1f(2); 0] = ; 3)
P(g=)2(g=*)

where (2(s) = l_[jzl P(sq’). Note that for d = 1, we have

26s) = [ [ = pa’s) = Q(ps) = (pgs: @)oo
j=1

The notation Q(s) is often used in Computer Science contexts [6], whereas (pgs; q)o 1S used in
q-hypergeometric functions [1].

Next, we need to find ¢ in (3). Therefore, observe that from £(0) = 1 and the direct mapping
theorem from [3], we have, as z — 0,

~ 1
AN f(2); o] < o

Consequently,

fi 101 = i S = i
Hence, by taking the limit as @ — 0 in (3)

c= P21 = ¢ 2.
Summarizing,

_ _¢/2() ()
P(g=)02(q=*)

Now that this function is known, we continue our program and (applying the inversion
formula) collect residues. In order to identify them, we need the following technical lemma.

MNf(2); o] 4)

Lemma 1. Let p denote the unique positive root of P(z). Then, p is simple, p > 1 and p is the
only root with |z| < p.
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Proof. Obviously, there exists a unique positive root p which is simple. Moreover, since

d
P)=1-p) ¢ "'=q¢'>0,
=1

we have that p > 1. Next, observe that for |z] < p

d d d
1 1 —1
pY ¢ =pd g =) g =1
[=1 =1 =1

If |z] < p, then the last inequality is strict; if |z| = p, then in order that 7 is a zero of P(z), we
must have equality in the triangle inequality which is only possible if z is on the positive real
line. [J

From this lemma, we know that (4) has poles at log, p + xi with singularity expansion
d
~ q“ 2D (ogg p + xi)
MNf(2); 0] = —— Q .
LpP'(p)2(p)(w —logy p — xk)
Inverse Mellin transform then yields, as z — oo,

B q/02(1)
LpP'(p)§2(p)

f@)~ 27120 Y "T(logg p + xu)z .
k

The last step is depoissonization. Here, we use the notation of JS-admissibility defined in
Definition 1 of Section 2.3 in [6]. (The letters J and S are used to honour the authors of the early
effort [7].) The following lemma is sufficient for our purpose.

Lemma 2. Let f (z) and g(z) be entire functions with

d
f@Q+F@=)Y pd"'fq')+3@.
=1

Then
f(2) is JS-admissible <= 3(z) is JS-admissible.

Proof. Similar as Proposition 2.4 in [6] (only minor modifications are necessary). [J

From this result, we obtain that f (z) is JS-admissible (since g(z) = 0 which is clearly JS-
admissible). Consequently, by Proposition 2.2 in [6],

4o
LpP’(p)§2(p)

We summarize this result in the following theorem.

Pn ™~ n~'20” X "T'(logy p + xin ™.
k

Theorem 1. The probability p, that a random word of length n satisfies the restricted growth
property is asymptotically given by

q?02(1)

P T Lo P (0)2(p)

[ (logy p)n 1020 P 4 plogg s ¥ (logg n),
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where W (2) is a 1-periodic function with average value equal to zero and Fourier series

dQ

q“2(1) —2kmi

UV(z) =———F—"— E I + <.
@ LpP’(p)£2(p) k0 (logg o+ xie

Remark 1. Note that we have small periodic oscillations if p is not too close to 1 (smallness
comes from the exponential decay of the Gamma function along vertical lines). This is a
phenomena often observed in the analysis of algorithms.

Ford =1, we have p = 1/p, and, ignoring the oscillating part, we have

» _499()
" Lo

This matches a formula given earlier in [11,12].

———T'(=log, p)n'oge P,

3. The maximal letter X,, in restricted words

The random variable X, as indicated in the title of this section is reminiscent of the height of
planar (= planted plane) trees, as studied by de Bruijn, Knuth, and Rice [2].
Our goal here is to find the expected value of X,, which is given by

Z kpn,k
k
E(Xp) = ———, &)
n
where p, i 1s the probability that a random word wj - - - w, satisfying (2) has largest letter equal

to k.
We will first derive a recurrence for p, ;. Therefore, we use the same argument as in the
previous section. This yields

d n
_ n .
Pntlk = E pg'! E (J.)(l — "Y' gV pik (n=0; k=>1)
I=1 =0

with initial conditions p, o = [[n = O, pox = [k = O] and p; = O for k < 0. Now, again
consider the Poisson generating function

~ —z an
H(z,u) =e P —.
k=0 e
Then
H(z,u) + o H(z u) = qul "W H(g'z, ). 6)

Next, in order to compute the expectation of X,,, set

3 9 -
h(z) = @H(z,u)

u=1
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Note that this is the Poisson generating function of the numerator of (5). Differentiating (6) with
respect to u# and setting u = 1 gives

hz)+1(2) =) pg 'hig's) + 5@

d
=1
with

Ipg""' f(q'2).

d
g(2) =

I=1

We again apply Mellin transform to this differential-functional equation. This yields
M (2); 0] — (@ = DAh(E); 0 = 1] = (1 = P(g™9) Mh(2); 0] + A3 (2); @],

Next, set

7). o] = D @]
MNh(2); w] = T
and
MER 0l g
T T ¢ P(q~“)F ().
Then
ANy ) = A0 21 g PG F@)

P(g=*) P(g—*)

The solution of this recurrence is given by

S B Q(q—a)—i—l)q—w—i-lP/(q—a)—i-l)ﬁ'(w -1 c
AMhE): 01 == ) Pl 2(g) Pl ()

where, from /2(0) = 0 and letting w — 0 as in the previous section gives

'P'(q")
=—¢"2(hay, =_y 49
C q ( )ap (Xp ; P(ql)
Overall,
~ dQ DNa—® P’ (g—\T[
i) o] = L 82Da P g )

P(g=*)22(q=*)

(g~ g=t P (g7 F(w — 1) 7 2(N)a,,
—T + .
) (1_21 Pl 2(q) Pl 2(q)

(7)

As before, we will use inverse Mellin transform and collect residues. Therefore, we treat the
two terms on the right-hand side of (7) separately. First, for the first one, we have double poles
at ¢ :=loggy p + xk. For the singularity expansion at ¢ note that

L*pP'(p) + L*p*P" (p)

P(g™®) = LpP' (p)(w—c) + 5 (w—c)>+---




Stellenbosch University https://scholar.sun.ac.za

158 15 Words with a generalized restricted growth property

M. Fuchs, H. Prodinger / Indagationes Mathematicae 24 (2013) 1024-1033 1031
and
g “P'(q™") = pP'(p) + (LpP'(p) + Lp*P" (p))(® — ) + - - -
From this,

9P _
P(qg=)? L2pP'(p)(w — ¢)?

tdt

where d* is a constant. Next, we need

1 1
Do) ~ g Tle@mat )
where
[ pr [
_ NP9 Ppg)
*= ; P(pq")

Plugging this into the first term and using I'(w) = I'(¢) + I''(¢)(w — ¢) + - - -, we obtain

_q0MgT P @)@ ¢ ()
P(@=®)?22@q™®)  —  L*pP'(0)2(p)(@ —c)?
agq’ QDT (0) g’ 2T (c)

 LoP () R(p)(@—c)  L2pP'(0)2(p) (@ — )’
This gives the following contribution to the asymptotic expansion of h(z):

_q‘e
LpP'(p)f2(p)
q?2(1)
LpP'(p)f2(p)

(logp 2)z~'°%2” Y "T'(logy p + k)2~ ™
k

[ (logg p + m) -
L

zloeery (ar(logQ P+ x0) +
k

The second term has simple poles at ¢ with singularity expansion

2q~hg P T F(0 =) g’ (e,
r _ _
@ ( ; P(q)2(q~?) P(q~)2(q~?)

_ ¢'2re
LpP’(p)$2(p)(@ — ¢)
(In the corresponding computation in [12], there occurred a small mistake, since o — a, was

taken to be zero. The present version corrects this.) Hence, the contribution of this term to the
asymptotic expansion of A(z) is

(a@ —ap).

g 0(1)

L (a—ap)z 8P T(ogy p + xu)z *.
LoP'(p)2(p) 7 2 Mlogg
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Adding up the two contributions gives

E(Z) ~ —ﬂ(log Z)Z_IOng 2 rdog, p + xx)z ™
LpP'(p)2(p)  ~° v ©
d /
—_—Z or a,l'(logy p + xx) + 7 Xk,
LoP'(p)2(p) 2\l oz e+ L

Next, note that due to Lemma 2 and the closure properties of Lemma 2.3 in [6], ﬁ(z) 18 JS-
admissible. Consequently, by Proposition 2.2 in [6],

100
S kpi ~ ——L D105 myn= 1022 3 Pllogg p + xon
k k

~LpP'(p)2(p)
d
LpP'(p)f2(p)
IM(logy p + xx)
X Z (“pF(IOgQ P+ xk) + gQL ‘ ) n—xk,
k

Dividing by p,, and using Theorem 1 yields

> kpnk . > T'(logg p + xi)n ™
d ~loggn —ap d

Pn L Y. T(loggp+ xion %
k

Finally, by pulling out the average value in the last term on the right-hand side, we obtain our
second main result.

Theorem 2. The expected value of the largest letter in a random word of length n satisfying the
restricted growth property is asymptotically given by

¥ ogg p)
E(X,) ~loggn —ap — TQ + ®(logy n),
where @(z) is a 1-periodic function with average value equal to zero and W = T/ T is the

logarithmic derivative of the Gamma function.

Remark 2. Again @(z) is a periodic function with very small amplitude (if p is not close to 1).
4. Conclusion

Let us go back to
~ ~ d ~
f@Q+F@=)Y pd " fq'2).
=1
We set

~ Zn
F@ =3 bas

n>0
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then
d
b b _ -1 lnb
n+1 +bp = P9 4 0On,
=1
and

n

d d
p p :
b, = — 1—5261’” bur = (=" ] 1—526111 .

j=1

So an explicit expression is available even here. However, it would be unpleasant to work
with it, especially when considering the parameter maximal letter, whereas the approach, as
discussed in this paper, is still quite manageable.
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We adapt a novel idea of Cichon’s related to Approximate Counting to the present instance of Digital Search Trees,
by using m (instead of one) such trees. We investigate the level polynomials, which have as coefficients the expected
numbers of data on a given level, and the insertion costs. The level polynomials can be precisely described, thanks to
formula from g-analysis. The asymptotics of expectation and variance of the insertion cost are fairly standard these
days and done with Rice’s method.

Keywords: Digital search tree, level polynomial, Rice’s method, cancellations, g-analysis.

1 Introduction

Digital search trees (=DSTs), level polynomials and insertion costs are certainly classical subjects: Knuth
(1973); Flajolet and Sedgewick (2009); Mahmoud (1992); Flajolet and Sedgewick (1986); Louchard
(1987); Kirschenhofer and Prodinger (1988); Szpankowski (1991); Prodinger (1995).

The following sentences from our own Prodinger (1995), which never appeared in a proper journal, can
be reproduced here almost verbatim:

A DST is constructed like a binary search tree, but the decision to go down to the left or right is done
according to the representation of the key as a binary string of bits. If the first bit is 0, the item goes to the
left, otherwise to the right. Then the second bit is responsible for left or right, etc., until there is an empty
node where the item can be stored. Decisions are made independently.

The classic book Knuth (1973) contains a more elaborate description.

Now, in order to study the average search costs in a DST built from n random data (i.e., in every
decision, 0 and 1 is equally likely), the polynomial H,, (u), which has as the coefficient of u* the expected
number of nodes on this level, is studied. By convention, the root is at level 0.

The formula for the level polynomials

0 =3 ()0 e 01 How =0,

k=1

TEmail: hproding@sun.ac. za.

1365-8050 (© 2011 Discrete Mathematics and Theoretical Computer Science (DMTCS), Nancy, France
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appears already in Knuth’s book (Knuth, 1973, p. 504), compare also (Mahmoud, 1992, Section 6).
Here, we use the (classic) notation (u) := (1 —u)(1 —uq) ... (1 — ug®=1); for applications to DSTs,
we take ¢ = . We also need the infinite product (z) := (1 — z)(1 — zq) ...
Guy Louchard (1987) gave explicit expressions for the coefficients of H,,(u); see also (Mahmoud,
1992, Section 6). We write [u*]H,,(u) for the coefficient of u* in H,,(u), and similarly for generating
functions in 2 variables.

DSTs and Approximate Counting are very similar when it comes to analysis, see for instance Prodinger
(1992). In 2011, Cichon (Cichont and Macyna (2011)) had a novel idea about Approximate Counting, by
introducing an additional parameter m, see also Prodinger (2011).

Translating this idea to the world of DSTs goes as follows: Instead of keeping one DST, we keep
m DSTs, and an incoming data is attached to one of them. For algorithmic purposes (insertion and
searching), this must be deterministic, but for the analysis we assume that a random DST is chosen with
probability % The meaning of the level polynomial is then obvious: the coefficient of u* is the expected
number of data on level % in all m DSTs combined.

Considering m-DSTs is equivalent (by adding an extra root) to the investigation of a tree structure with
a prescribed root degree. This is not uncommon in Combinatorics and Computer Science; we just give
one citation as an illustration: Kemp (1980).

2 An explicit formula for the level polynomials

We start from the classic formula (derived e. g., in Prodinger (1995)) for the level polynomials for classical

DSTS hy, (u)
ol =3 (7)1 e

and note that h,, (1) = n. Then the level polynomials H  (u) for the m-version satisfy
N N
Hy(w) =m™ Y (s (@) 4+ + i (W)
_ Niy.o oy Nim
natetnn=N

which is easy to see since a total of [V data splits into ny, . . ., n,, data each, building the m DSTs, and the
individual level polynomials have to be added. The final explicit formula for the coefficients of Hy (u)
appears at the end of the following computations in Theorem 2.1. We can simplify:

Hy(u) =m'™V Z( N )hnl(u)
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_ i:l <JZ> (—1)F ().

So the difference is just this extra factor m!~*. Note again that for our DST application we have ¢ = %
although the computations hold for general q.
Now we form a bivariate generating function:

H(u,z) =Y Hy(wz"=> )" (;V) (=D () g ym! RN

N>1 N>1k=1
_ Z Z < ) k 1(U)]€ 1m1 kl‘N
k>1 N>k
k
_ 1)F=1( 1-k z
,;( R
k
k x
(1—x)? ’; (1—x)k
x x
=" (u)p” with 2= —.
(1—x)? l;) m(x —1)

We need the classic transformation of Heine Andrews (1976):

anbnt" at cb
Z()() ( Z / at)n

n>0 (q)n(c)n n>0

and the corollary

2" =W ) (q) (1 - zq")’

n>0 n>0

and

1
which is obtained by setting a = ¢, b = y, ¢ = 0, and t = z and noticing that (92)cc =
(%) o0 1—=2
(2)n 1—=2

(02) =1 —. Now we can continue:
qz)n —2q

A = 30 2 o D
T $)2(u)m§(®n(1 = ?")
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1 (/" 1
=m————— — m(t)o .
(I—-2)(1—-u/q) 2;(@n17u17%)

We can read off coefficients:

;_mu .TN -
o= "= g T

iz T -5’

n>0

[N H (u, ) = m[z"]

and further

n>0 (@)n m
l
_ 1 _m (I/Q)k 7% Nul—k U
=mat=my o (12 5) e
Lk kN (_1)—k,('35")
el S~ 4 (Y (DT
- Z <q>k( m, @k

This is the explicit formula that we wanted to derive. In it, we used an expansion due to Euler:

ygng(3)
(u)oo = Z ( 1) 1 .

= (@

Theorem 2.1 The expected number of data on level | in an m-DST built from N random data is explicitly
given by
Lo~k kN (—1)i—kg('5")
mg-! _mzL(l _ 1) D)% =)
5—0 (@) m (@)i-k
The instance m = 1 has been known before, see Louchard (1987); Prodinger (1995); Mahmoud (1992).

3 Insertion cost
Hi (u)
While it is well studied in the classical instance, we will provide here average and variance for general

(fixed) m, both, explicitly and asymptotically. (The impatient reader can already jump forward to Theo-
rem 3.1 for the results.) We need

)= (V) e amt

k=2

The quantity is the probability generating function of a random variable called insertion cost.
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N
i) =23 (}) -0 Qs

k n
1
with T'(k) := E 51 We use the notation Q,, = H (1 —27%), common in Computer Science, as
j=1 k=1

well as (q),.

Now we can engage into the asymptotics, using Rice’s method. This method has been described in
Flajolet and Sedgewick (1995):

An alternating sum can be written as a contour integral:

Y (N 1 N
> <k>(—1)kf(k) = %/e e _(1) ')' = N)f(z)dz.

k=2

Here, the positively oriented curve € enclosed the poles 2,3, ..., N, and no others. This formula follows
from simple residue calculations. Note also that

(-D¥N! (N +1)T(—=2)

2(z—1)...(2—=N)  T(N+1-2)"

Extending the curve of integration, we encounter extra residues; in order to keep the formula correct, these
residues must be subtracted. They give us the terms of the asymptotic expansion of interest. There is in
all our examples a pole at z = 1, and it will give us the dominant contribution.

Neglecting tiny oscillations, we can write in a suggestive way:

N

N F(N + 1)F(72)
> <k>(—1)’“f(k) ~Res.y T EIEC S g

For the expected value, we use

F(2) = (@)z—2m' ™%,

with @
L q)oo

R

For convenience, we use w = z — 1, so that the expansions are around w = 0.
Just recently in our paper Prodinger (2011) we used (with QQ = % =2and L = log@Q = log2)
Qw L2 2 2 ].
Qua == ~ [1- Lowt+ (@ at gl s
1 1 9 1
oty atg(@+sg)u

Here,
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So we must consider
WwI (N +1DI'(—w — 1).

(Q)wflm F(N — ’LU) )
the residue can be computed by a computer:
1 -1
N (log, N — logy m + 5o+ %) +O(1).

Now, we have traditionally

1 1 1 1 Lw
Tog=Tp1=a— g = ) o~ = b o= — + L :
S T ;WW—l Lw'a 1 THatAw

For the second factorial moment we use
f(2) = —2Q.5T._om' 7,
so that we have to expand
_w (N + 1) (—w —1)
I'(N —w)

around w = 0 and compute the residue, which we don’t display in full:

72(Q)w71Tw71m

-1
N [logg N +2log, N - (% —a —log, m) + further terms| .

When we compute the variance via

H;]@Vu) N H;JVV(U - (ngvvu))?’

there are many cancellations. Altogether we summarize our results.

Theorem 3.1 Expectation and variance of the parameter insertion cost in m-DSTSs admit the asymptotic
expansions

1 -1
expectation ~ logy N —logom + = — o + Ty 01(logy N),

2 L
2

, r 11
variance ~ @—a—ﬂ+ﬁ+ﬁ+52(10g2]\7)a

where 61(x) and d2(x) are tiny fluctuating functions that we did not compute explicitly here.

The computation of the fluctuating functions is not difficult, and very similar computations have appeared
in the relevant literature many times; here is an incomplete list of references: Kirschenhofer and Prodinger
(1988); Kirschenhofer and Prodinger (1991); Flajolet and Sedgewick (1995). Note that the variance is
(asymptotically) a constant (plus a tiny fluctuation) which does not depend on m; 01 () also does not de-
pend on m. For m = 1, this result appeared already in Kirschenhofer and Prodinger (1988); Szpankowski
(1991).

So, as far as the main terms in the asymptotics are concerned, the dependency on m of average and
variance is very minor, and m-DSTs don’t show any improved behaviour. But such a statement can only
be made after some thorough analysis, which is, why we provided it here.
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ADVANCING IN THE PRESENCE OF A DEMON
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ABSTRACT. We study a parameter that contains approzimate counting, i.e.,
the level reached after n random increments, driven by geometric probabilities,
and insertion costs for tries as special cases. We are able to compute all moments
of this parameter in a semi-automatic fashion. This is another showcase of the
machinery developed in an earlier paper of these authors. Roughly speaking, it
works when the underlying distributions are distributed according to the Gumbel
distribution, or something similar.
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1. Introduction

Assume that n persons want to advance on a staircase. The rules are as
follows: The party starts at level 1. The m persons who advanced to level k flip
a coin. Those who flip ‘1’ (with probability ¢) advance to the next level; the
others, who flipped ‘0’ (with probability p = 1 — ¢) die. Additionally, there is
a demon, who kills one of the survivors with probability v, but lets them alone
with probability p =1 — v. The demon interferes only at a level 2 or higher. If
one single person is advancing to level k and is eaten, we do not say that this
level was reached. Only people who survive the coin flipping and the demon
count!
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As was worked out in [10], the instance p = 0 corresponds to approzimate
counting. Let us recall what it is, to keep this paper independent. There is a
counter (the state the process is in at the moment), starting at 1, and random
increments, they increase the counter from i to i+1 with probability ¢°, otherwise
it stays at 7. One is interested in the value of the counter after n random
increments.

The other extremal case u = 1 (no demon interfering) is related to a digital
data structure called tries ([5], [9]). Although in the previous paper [10], only
the symmetrical case p = ¢ = % was considered, the arguments carry over. Let p
be the probability to go left (corresponding to bit 0) and ¢ the probability to go
right (corresponding to bit 1) in a trie, we think about those who go right as the
survivors, who repeat the experiment. In this way, we always move to the right.
And we are searching for an element .11111... (sufficiently many 1’s), which is
not present in the data structure, in other words we consider the unsuccessful
search cost, followed by an insertion (which is the cost of inserting this element),
provided that we have n random data in the trie. For the symmetric case, this
makes perhaps more sense, as we are just interested in the parameter unsuccessful
search cost, as we are no longer considering the path that always goes right, but

rather a random path.

Of course, these two special cases are not necessary to understand the paper,
but they serve as a motivation.

The idea of introducing a probability u of escaping the demon is borrowed
from [11]; in this thesis U. Schmid studied the collision resolution schemes,
related to n transmitted data, using simple tree-algorithms (Capetanakis, Hayes,
Tsybakov, Mikhailov). Unlike earlier approaches, Schmid assumes that with
a positive probability i, one of the colliding packages survives and is successfully
submitted; compare also [12], [13].

In the following we are interested in the random variable (RV) K(n): highest
level reached by (at least one member of) a party of n players. We are able to
compute all moments (asymptotically) in an almost automatic fashion. This
will be done with the techniques worked out in [7]. Note that the expectated

was computed using Rice’s method

value for the symmetric case p = ¢ = 3

in [10].

264
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2. Notations

We list for convenience the notations used in this paper.

n := number of persons,

w(n, k) := IP’k[K(n) =k], w(n,0)=0, x(0,1)=1,

I(n, k) := > m(n,1),

i=1
v := probability that the demon kills a survivor, p=1—v,
q := probability of flipping ‘1’ and advancing, p =1 — g,

F,(u) := ]Zél m(n, k)u®, Fy(u) = u,

the generating function (GF) where the coefficient of u* gives
the probability that the party made it exactly to level k,

G(z,u) = Z Fu(u)Zy, G(0,u)=u
D(z,u) :=e *G(z,u) = Z Zn—TDn(u), D0,u) =u
n=0
this is a classical Poissonization trick,

L:=1In1/q,
logz :=logy /@
a:=a/L, acC
X :=2lri/L, l€Z,
{z} := fractional part of x.

Furthermore, we need a few concepts from g-analysis:

(@)n =1 —2)(1 —xq)...(1—zg"");

often, one writes (z;q), to emphasize the parameter ¢, but that is not necessary

here. (z)oo 1= li_}m () n-

Euler’s two partition identities:

00 ) ”)

H (1 - tq') Z qfn , (1)
[J( -t (2)
1=0 =

They are special cases of Cauchy’s formula (q-binomial theorem)

(at) oo B > (@)nt™
(t)oo —Z (@)n ,

n=0
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which we will use later. These concepts can be found in [1].
The following abbreviations will be useful:

Q1 = (q) ooy
= (14) oo

() (€)oo

Hs(a) := (uge )
]

We use the (now standard) notation [2"]f(z) to extract the coefficient of z"
the series expansion of f(z).

3. Recurrences

Among the n persons, assume that j survive, with probability (?)qu”_j.
Among the j survivors, j — 1 stay alive if the demon kills one of them (with
probability v) or j stay alive (with probability p). If all of them die (with
probability p™), the highest level reached is 1

Summing over all possible cases, we thus get the recursion

n

m(n, k)= <J>q p" (= 1,k = 1) + pr(j, k= 1)] +p" [k = 1].
j=1
The ordinary GF is given by

—UZ( )q p" I vFj_1(uw) + pFj(u)] + up™, n>1, Fy(u)=u.

The exponential GF is given by

G(gu)_uuem(_u)_uueﬂz Z()() 1) + e

Now we differentiate w.r.t. z. (The prime notation refers to this.)

1
—G’(i,u) :uueZG<ﬁ,u) + gu,ue’%?'(ﬁ,u) — u?pe®
p p p p p

B ()@ e
— L= i—1 .
=D \G)\p/
Now we poissonize; this translates into
1
20 (Zea) + 20 (Cou) o [l () + L0 (20.0)
p p p p p p p p
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o0 n
As D(z,u) = ) %Dy, (u), comparing coefficients, we find
n=0

Dy (u) = Dp—1(u)(uq™ — q)/(1 — upg™),

from which we get, upon iteration, the explicit form

Since, relating D with G,

I
S

=Uu

Reading off the coefficient [u!]F},(u), we get the following explicit result.

PRrROPOSITION 1. We have

_ (10’ —17¢® () . i
A e S R P P LU AR

it+j+h=1—1

Note that the special case p = 0, which restricts the summation to ¢ = 0,
leads to

267
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which is exactly Flajolet’s formula ([2, (46)]). We can even derive a formula
with only one summation, again by invoking the g-binomial theorem:

1) = [ul—1 (Woo = uF _ k1"
(n,0) = ](uuq)m;(q)k(uqn(l ¢" )

-1
(1q)k Rk (w)oo
(1—¢")7 Y.

_ i (1q)k (1 B qk+1>ﬂ (1/(nq))i—1-& (,uq)l_l_k-

(Q)l—l—k

However, we will not use this form; one disadvantage is that for ;4 = 0, one must
consider a limit.

4. Asymptotics

Now we set n = [ —logn and let n — oo. This gives, in the range n = 0(1),
the limiting distribution

= . (pg)t (—1)7q2) »
W(n,l) ~ f(n) = @ ZZ ('MQ) ( 1) q exp(_e—Ln-l-L(Z-H))7

H(na l) ~ H(U),

with
f(n) = H(n) — H(n—1),

where we recognize the Gumbel distribution function exp(—e~*). To show that
the limiting moments are equivalent to the moments of the limiting distribu-
tion, we need a suitable rate of convergence (in particular for large and small
values of n). This is related to a uniform integrability condition (see Loeve
[6, Section 11.4]). For the kind of limiting distribution we consider here, the
rate of convergence is analyzed in detail in [7] and [8], we will not repeat the
arguments. Asymptotically, the distribution will be a periodic function of the
fractional part of logn. The distribution II(n,[) does not converge in the weak
sense, it does however converge in distribution along subsequences n.,,, for which
the fractional part of logn,, is constant.

We will use the following result from Hitczenko and Louchard [4]
related to the dominant part of the moments (the ~ sign is related to the
moments of the discrete RV Y,,).
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LEMMA 2. Let a (discrete) RV'Y,, be such that P(Y,, —logn <n) ~ F(n), where
F(n) is the distribution function of a continuous RV Z with mean my, second
moment mo. Assume that F(n) is either an extreme-value distribution function
or a convergent series of such and that we have a suitable rate of convergence.
Let

oo k

_ aZy\ __ «
pla) =E(e*) =1+ g 77 e
k=1

Let w (with or without subscripts) denote periodic functions of logn, with period
1 and with small (usually of order no more than 107°) mean and amplitude.
Actually, these functions depend on the fractional part of logn: {logn}.

Then the mean of Y, is given by

+oo
E(Y,, — logn) ~ /x[F(aj)—F(x—l)]dx—i—wl
:ﬁz1+w1, with ﬁ11:m1+%.

The neglected part is of order 1/n® with 0 < 3 < 1.

For the reader’s convenience, we collect some information from [7] that we
use to compute moments:

The moments of Y,, — logn are asymptotically given by m; + w;, where the
generating function of m; is given by

T N ol e* —1
o) = [ emptmdn=1+ 3" G = o) 3)
o i=1
This leads to
- n 1
mi = —
1 mi 27

ﬁ”bgzmz—i-ml—i‘g,

~ 3 1
m3:m3+§m2+m1+1.

To analyze the periodic component w; to be added to the moments m; we
proceed as in Louchard and Prodinger [7]. For instance,

o0

B(Y, — logn) ~ EW(n) = 3 [F(j ~ logn) — F(j ~logn — 1)][j ~ lognl. (4
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Set y = Q7" and G(y) = F(x). Equation (4) becomes
EM(n) := Z[G(R/Q‘j) = G(n/Q")][~log(n/Q")],

the Mellin transform of which is (for a good reference on Mellin transforms, see
Flajolet et al. [3] or Szpankowski [14])

QS

?@TT(S% (5)
and
Ti(s) = / v 1G(y) - Gly/Q)][~ log ] dy
/ Q% F(x —1)]zL dx.
Then
Ti(s) =L ¢ (a)|qe_ps- (6)

The fundamental strip of (5) is usually of the form s € (—C4,0), C1 > 0. Set
also

T5(s) = Lo(a \a—_Ls, T:(0) = L.
We assume now that all poles of = QS Y%(s) are simple poles, which will be the
case here, and given by s =0, s = x;, with x; := 2Ini/L, | € Z \ {0}. Using
Cy+ioco
EW(n) = 1 @y rds, —Ci<Cp<0
2mi 1—Qs ! ’ ’

Cy—ioo

the asymptotic expression of E(1) (n) is obtained by moving the line of integration
to the right, for instance to the line s = Cy > 0, taking residues into account
(with a negative sign). This gives

E(l)(n) = — Res[QisTf(s)n_S] ZRGS[ -Ti(s)n _s]
1 - Q s=0 140 1= Q S=X1
+ O(n=%).
The residue at s = 0 gives of course
T3(0
i =10 _ ()
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The other residues lead to

1 * —2lmi
Wi = 7 D T (a)e s, (7)
170
More generally,
E(Y; —logn)® ~ my 4 wy,
with )
wy, = Z Z TZ(Xl)eizlm logn’
1#0
and

Yi(s) =L ¢"™(a)

a=—Ls

It will appear that Y7 (s) are analytic functions (in some domain), depending
on classical functions such as the I" function. But we know that I'(s) decreases
exponentially towards 4ioo:

T(o +it)] ~ vV2mlt]7 /2112, (8)

and all our functions will also decrease exponentially towards +iococ.
Set

o0

ola) = / e f(n) dn

— 00

_ Qagngs (g)' (17
"o Xl W Halt

i=0 j=0 J

Q2 Hi(a) ., ~
= == I'(—a)/L.
01 (o) (—a)/
This function will be the main tool we need to derive all asymptotic moments.

5. Moments
We have

E [(K(n) —logn)'] ~ m; +w; + O(n™%),  B; >0,
where m; are constants and w; are periodic functions of log n, with small < 107°

amplitude. All these expressions only depend on ¢(«) and its derivatives. For
instance,
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’fﬁg - QS//(O)v
wy = Z 901(Xl)e_2l7ri logn7
1#0

v1(x1) = ¢/(a)|oz=—wa
Wy = Z S02(Xl)e—2l7ri logn,
120
p2(x1) = " (@)|a=—Lx; -

Also note the following local expansions for a close to 0 resp. —Yx;; recall that
o= al:

7T2 2
SECRNE S Y
I(—a) = () - W(Oﬂrbﬂ)
+ F(Xl)(w(l,;zg + wQ(Xl)) (a + LXZ)2 + ...

With the identities presented in the appendix, this leads to our main result:

THEOREM 1. The moments of the random variable K(n) = highest level reached

by (at least one member of) a party of n players satisfy the following asymptotic
relation:

E [(K(n) —logn)’] ~ m; +w; + O(n~ "), Bi >0,
. 2v + L — 2L01’1 + ZLMQCQ’l

mi = L
wy =Y r(xp)e HTE™,
120
INGY
SD]-(XZ) = - (L )7

My = [12 4+ 672 4+ 6yL — 12yLC 1 + 12yLugCa 1 + 213
—12L%Cy 1 — 6L°Ch2 4+ 6L°CT | + 12L%1gCa s
+ 6L2,u2q2C'2,2 —+ 6L2,u2q2022’1 — 12L2Mq02710171]/(6[/2),

wy =Y palxp)e 2B,
10
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 (=29(x) + L —2LCy 1 + 2LpqCs 1)T(x1)
w2(x1) = — 73 .

The meaning of the various constants and functions can be found in the text and

the appendiz.

The first two expressions are identical to Prodinger [10]. All moments
can be automatically obtained by the same method.

For the reader’s convenience, we explicitly write the expected value of the
maximum level that a party of (initia,lly) n people reaches:

MC]

-+ ( 10g1/q( n))

E(K (n)) ~ log (1) e

6<x>=—% > Du)em

leZ\{0}

6. Conclusion

This note is another showcase of the machinery developed in [7]. Once the
underlying distribution is Gumbel distributed (extreme value distribution), mo-
ments can be computed in a semi-automatic way.

We hope to extend this series of applications in the near future.

Acknowledgement. The insightful comments of the referee are gratefully ac-

knowledged.

Appendix A. Identities related to H;(«)

We find it useful to introduce the functions
Y1 k(z) = (k—1)! qui/(l + 2¢%)*.
i=1

It is easily noticed that
16(2) = =E1p41(2).
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The special values

- i i 1
Cl,kz = qu /(1 —q )k = (/{; — 1)'21,k(_1)
i=1 '

are also of interest.
Logarithmic differentiation produces the following formulse.

(—q2)5 = (—g2)ocX1,1,

)oo = (=02)00[%7 1 — 1 2],

(—q2)5 = (—q2)c[— 321 1812+ 57 + D),
Joo = (—92)oc[1 + (1 + 2)%1,1],
) = (—q2)s0 2811 + (1 + 2)[-Z12 + 23 4]],

(—2)2 = (—q2)o0 [ —3%1,2 + 32171 +(1+2)[E13—3812%11+ EilH;

we wrote here ¥ j for ¥y x(2).
Let 0, and 0, be the operators that differentiate w.r.t. a resp. z. Then we
get by the chain rule for any K(z), with z = —e® or z = —uge®:

O K = 20, K,
02K = 2[20°K + 0. K],
03K = 2[0.K + 320°K + 2*0°K].
This leads to (recall that Hi(a) = (€%)so)
Hi o= H;(0) =0,
Hi 1= 0aHi(a)|a=0 = —Q1,
Hi o= 92Hi(a)la=0 = Q1[~1+2C1 1],
Hy s := 03 Hi()|a—0 = Q1[~1+6C11 +3C12 — 3CF ).

Note that we obtain the same expressions for o = — Ly, as e 1Xt =1,

Appendix B. Identities related to Hy(«)

Now we deal with Hy () = (uge®)oo
We need

Yok(2) = (k—1)! qu“ (1+ z¢")" + 31 k(2)

(k=1
(1—|—z) ’
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and
Cop =Y q"/(1 - paq')" = Ty ek (ha).
i=0 '
Since
(—2)6e = (—2)oc22,1(2),
(—2)5 = (—2)00[35 1 (2) = B2,2(2)],
we get
Hj o = H3(0) = Q2,
Hj 1 := 0o Ha(a)|a=0 = —11gC21Q2,
Hj = 02 Hy(a)|a=0 = —pqQ2[C21 — pg(—Ca2 + C3 1)].
Again we obtain the same expressions for o = —Ly;, as e " IXt = 1.
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Abstract

This paper complements the analysis of Louchard and Prodinger [LP08]
on the number of rounds in a coin-flipping selection algorithm that occurs in
the presence of a demon. We precisely analyze a very different aspect of
the selection algorithm, using different methods of analysis. Specifically, we
obtain precise descriptions of the distribution and all moments of the number
of participants ultimately selected during the execution of the algorithm. The
selection algorithm is robust in at least two significant ways. The presence of
a demon allows for the precise analysis even when errors may occur between
the rounds of the selection process. (The analysis also handles the more
traditional case, in which no demon is involved.) The selection algorithm can
also use either biased or unbiased coins.

1. Introduction

We precisely analyze the number of survivors in a selection process that occurs
in the presence of a demon. Louchard and Prodinger [LP08] recently utilized a
different methodology (for extreme value distributions, often referred to as “Gumbel
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distributions”) to analyze the number of rounds required to perform the selection
algorithm.

The inclusion of a “demon” can be viewed as a generalization of traditional se-
lection algorithms. The demon represents errors which might occur between rounds
of the process. Another interpretation is that participants might be likely to drop
out of the selection process for reasons unrelated to the coin flips in the selection
process itself. In each round, exactly one participant is removed by the “demon”
with probability v; otherwise, the demon does not affect any participants in that
round. Thus, a traditional selection algorithm (with no demon involved) is just a
special case (using v = 0) of our very general analysis. The special case v = 0 (i.e.,
with no demon involved) is a selection process using a traversal of binary retrieval
trees (tries), where a coin flip of “heads” is analogous to descending one direction
in the trie, and a flip of “tails” corresponds to descending in the other direction.
We use p and ¢ (respectively) for the probabilities of heads and tails on coins in
the selection algorithm. The analysis is sufficiently general to handle both the un-
biased (p = ¢ = 1/2) and biased (p # ¢) processes. The involvement of a demon
makes the present algorithm more complicated and realistic than the traditional
trie algorithm.

We are able to give the complete distribution and all moments of the number
of survivors in a selection algorithm that occurs in the presence of a demon.

2. Selection algorithm

At the start of the selection algorithm, n people are present. Each person
flips a coin with probability ¢ of heads and p of tails. If all n people flip tails, then
they are all selected by the algorithm and the selection process is finished. If 7 > 0
people flip heads, then these j people remain in play, and the other n — j (who
flipped tails) are eliminated from further play.

Then a demon arrives and, with probability v, removes exactly one of the
survivors, so j — 1 remain; he leaves the j survivors alone with probability p = 1—wv.
If he leaves the j survivors alone, then these j survivors begin another round of coin
flipping. If he removes a survivor and j — 1 = 0 (i.e., no survivors remain) then
the selection process is finished and nobody is selected. If he removes a survivor
and j —1 > 0 (i.e., some survivors remain) then these j — 1 survivors begin another
round of coin flipping.

The end of the algorithm can occur in two possible ways:

(1) During a round of coin flipping, one or more people remain. All of the
remaining people simultaneously flip tails at this stage, and the algorithm ends. All
of the people at this last stage are selected by the algorithm.

(2) During a visit by the demon, only one person is present, and this person
is removed by the demon. In this case, zero people are selected by the algorithm.
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All of the coin flips (among the people and among the rounds) are conducted
independently.

EXAMPLE 2.1. Suppose that the probability of heads is ¢ = 1/3 and the
probability of tails is p = 2/3. Suppose that the demon appears with probability
v = 1/5. Then the selection algorithm might proceed as follows: Initially 100
people are present. Exactly 31 of them flip heads (this happens with probability
(1:?10) ¢*1p%?), and then the demon arrives (this happens with probability 1/5) and
removes one of the 31 survivors. So the next round begins with 30 people. Exactly
12 of the remaining 30 people flip heads (this happens with probability (‘fg) q'?p'®),
and then the demon leaves the survivors alone (this happens with probability 4/5).
So the next round begins with 12 people. Exactly 3 of the remaining 12 people
flip heads (this happens with probability (132)q3p9), and then the demon leaves
the survivors alone (this happens with probability 4/5). So the next round begins
with 3 people. Exactly 3 remaining people flip tails (this happens with probability
(g) q°p?), and all three are selected by the algorithm.

3. Notation table

Most of the following definitions are already embedded at the appropriate
places in the analysis. For the reader’s convenience, we also summarize many of the
terminologies used, in one succinct location. For the convenience of someone who
already read [LP08], we preserve some of Louchard and Prodinger’s earlier notation:

n := number of people present at the start of the selection algo-
rithm,

q := probability that a coin flip shows heads,

p:= 1 — g, probability that a coin flip shows tails,

v := probability that, during a visit by the demon, one survivor
is removed,
= 1—v, probability that the demon does not remove a survivor
during a visit,
X, := number of people selected by the algorithm, with n initial
participants,

w(n,m, j) := probability the algorithm selects m of the initial n people
and requires j rounds; by convention, 7(0,0,1) = 1, and
otherwise 7(0,m, j) =0,

w(n,m) := P(X, = m) = probability that the algorithm selects m
of the initial n people; by convention, 7(0,0) = 1, and
m(0,m) = 0 for m # 0,
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m=0 j=0
(o) o0
Fo(u) == F,(u,1) = Z w(n,mu™ = Z P(X, =m)u™,
m=0 m=0
Q:=1/q,
L:= InQ,
X¢ = 2¢rmi/ L,

J
1
H; = Z i is the jth harmonic number,
k=1

i1
ol = H(scfﬁ) = (z)(x—1)(x—2) - (x—7+1) is the jth falling
£=0
power of z,
: Jj—1
E[X;)] := IE{ H(X” - E)} is the jth factorial moment of the random
=0

variable X,,,
S

. d
F (u) == s Fn ()

We utilize some concepts from the theory of g-analysis. Since the value of g is fixed,
we suppress the dependence on ¢. For positive integers n, we use the ¢-Pochhammer

symbol
n—1 .
@) =[O0 -2¢) = (1 —2)(1 —29)(1 —2¢®)--- (1 —xg" ).
j=0
We also define (2)oo 1= [[524(1 — 2¢7) = limy,c0(x),. For complex-valued z, we
define @)
L)oo
T), = )
) (¢7) oo
4. Results

The following two theorems precisely characterize the sth factorial moment
E[X,] and the distribution P(X,, > r) of X,,. Each has the form const+4(logg n)+
0(1). The constant and the function § both depend on s or r, respectively. In both

cases, the ¢ is fluctuating, because e?¢™i1ogq " Umiloggn| — 1,

is fluctuating, with |e
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THEOREM 4.1. The sth factorial moment of the number X, of people selected
by the algorithm, when beginning with n participants, is

E[X;]
_ @p)r(g)ee
=7 L (s — 1)+
o1 o1 [y (1) pgitt A
ey j>zs;1J {L (9); (e>1 1— pgitt ; 1 —qH)+
(D)oo (MDY, 7 o
+( (q)oo (q); )(HJ HJ—S+1):|i|+
+Y du(n) + 07,
040
where
(@p)*(=1)° [ (1)oo _s (1a);  (HQoo\ (s—1 (. s—1
Ps,e(n) = I ( (@) xﬁsg( @ (@) )(J —(J+ xe) ))X

% F(ixwe%ﬂilogQ n

THEOREM 4.2. The distribution of the number X, of people selected by the
algorithm, when beginning with n participants, is

_ (1g)es —~p°  wvp” rr1 o (1 1)m(pg)™
P> )= L) {L; s g @R 2;2 @m
T (71)5 q(mfl)(rfs) q(mfl)r(m _ l)L
X (; s (1 _ qm—l)r—s+1 + (1 _ qm—l)'r—i-l >}+
+Y ®re(n) + 0,
040
where
cI)?',Z(n)
Q ( )00 - ! S T o
"L éf]q)oo (—qsz_;if(—p) () ”q(:(i i
e~ (U w)m(pg)™ ¢ gtmor —~x;  gmThee)
+(=p) * mz>:2 (@)m ((1 — gm1)r+l o yart sf (1- qm—l)T'—s+1)> X

% F(—Xg)eﬂﬂ“ogQ n
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5. Asymptotic moments of the number of survivors
5.1. Derivation of generating functions

We next establish an exact formula for the bivariate generating function
F, (u,v) that describes the probabilities associated with the number of survivors
and the number of rounds in the entire algorithm.

LEMMA 5.1. Let F,(u,v) be a bivariate generating function such that the
coefficient of u™v’ is the probability that, in the algorithm, exactly m people are
ultimately selected and exactly j rounds are used to complete the election. Then

F,(u,v
N (M (ot @ vqk 18R (1= pu)ipu(u — 1)(ugv);
&= <k>( O ogi TV (ugo JZ::O ¢’ (vq); )

(1)

The proof of Lemma 5.1 utilizes some recurrences associated with F, (u,v).
The proof is given in Section 7.

COROLLARY 5.2. Setting u =1 in Lemma 5.1, we obtain

Fn<1,v>=i(’;)v<—q>k @ 2)

= (hvq)k

This verifies that our results about the number of rounds agrees with the results from
our previous paper.

During the remainder of the paper, we no longer pay attention to the number
of rounds. We focus exclusively on the number of survivors.

LEMMA 5.3. The sth factorial moment of X,, is

with
Chs(Qp)*(—1)"M(2), (4)

Vs(z) = (1q)oo 2° n Z{((MQ)J _ (NQ)OO)]»571 _ <(éf]q)1j++: B (éf]q));o)Q n Z)Sil}.
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5.2. Asymptotics

Now we turn our attention to the asymptotic moments of the number of
survivors in the algorithm as the number n of initial participants grows large. We
note that (¢),—1 = (1—g? (31()(‘;’“) S0 s(z) has a simple pole at each of the locations

of the form z = m + 2™ for ¢, m € Z with m < 0. By [FS95, Theorem 2], we can

restrict attention to the poles, where m = 0, i.e., where z = x, for £ € Z. Thus
I(—=1)"
Res {gos n1< ) +0(n™).
Xil= 2 B o) ey

We need the local expansion of ¢,(z) and thus 1(z) around z = 0 to two terms,
since gas(z)(z)(z_l’;!“(z_n) has a double pole at z = 0, but only a simple pole at
=x¢ for £ #£0. As z = 0,

(1a)j+-  (ng pgitt gt
~ 1—2z2L + zL A
o~ e | 21 et ghwﬂ}
and
(42"~ [+ 2(Hj — Hyj—op1))
Thus
—1) (s — 1
iy (B0 (D=1

(i %%1:0)3-8—1—
b e B e - 152

Xf*ﬂ+dﬂr4%ﬂﬂﬂ-
More simply, as z — 0,

(Hg)oo (—1)*7 (s — D!,
(¢)oo s
qJ—i-é

o1 [ (H9); pgi Tt
t 2 [L (9); Q; 1 — pgitt Z lqu)

(=]

Ps(2) ~ z[
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Notice the absence of the constant term! Substituting into the definition of ys(2)
in (4), it follows that

z(q)z—l s/ 1)s—1
ps(z)~q (19)- s(@p)°(=1)"""x
[l e,
Jj+£ Jj+£
+ 4;1].8_1[ (Z 1 IL_Lq qj+é Z 1 z qj+é>
(MQ)OO DN
+< (q)oo (q)j >(HJ HJ*8+1):H
as z = 0. Also z(q),—1 ~1/L and (q). ~ 1, so

etz (OO [0 (g 1y

o S [ (- )

+(<ggj)>; - <gjj)>;)<Hj ~H)]]

as z — 0. Also (Z,nl!g._..l();n) ~ 1 as z — 0. Therefore
es z (1)
Re [ ) —1)-- (z—n)}
-y
_ (@p)? 1 (1q)oo
=7 [ (e (5= D
e J+¢
Hs(-1) Y [ (Z “quM Z1ij+e>+
j>s—1 a); >1 >1
(h@)oo _ (1q);
+( @ (9 ') s = Hyea)]]
So the sth factorial moment E[X,] of X, is
E[X] = (Qf)s [((“qq)t" (s — 1)+
- AL gt
J>ZS:1] [ )j <é>1 1= pgr*t _;1qj+e)+
(Moo (nq);
+( (q)oo (q)j )(H HJ S+1)}:|+

+D dse(n) +0(n7Y),

££0



Stellenbosch University https://scholar.sun.ac.za

18 Number of survivors in the presence of a demon 191
NUMBER OF SURVIVORS IN THE PRESENCE OF A DEMON 109
where
(_1)n
¢s \n = Res SOS
z=xe (z—=1)---(z—n)

q’“sp 1 ni(=1)"
- ZR‘§2 [(Q) ] (Nq)xz ( 1) %(Xe) (XZ)(XZ _ 1) L (XZ _ n)

_ (Qp)SL(fl)s( - e*sz< 1a); uq)io )(J 7(j+m)571)>x

« F(_Xé)e%mlogQ (1 + O(n* ))

Note that e27™1°8e " is fluctuating, with |e2/™1°8e | = 1. This completes the proof
of Theorem 4.1.

6. Asymptotic distribution of the number of survivors
6.1. Derivation of the distribution of the number of survivors

Now we derive an exact formula for the distribution of the number of survivors
selected at the end of the algorithm.

LEMMA 6.1. Let r > 0. The probability that strictly more than r out of n
initial participants are selected at the end of the algorithm is

X > 7“ i:( ) ((q‘j:;)—klpr-&-l(_l)'rx

uq o0 1/u m(19)™ S )
S S () )

The proof of Lemma 6.1 utilizes the g-binomial theorem; see Section 7.

LEMMA 6.2. The distribution of X, has the form

P> 1) = 3 (1) -0 a ) ©)
k=1
with
o) =0 e ), ™)
and
(oo (g —~z L, (=g 2
U= ) <(*p)’”+1 (1_§ a7 )+ po b

+> (1/”)’"(/”)’”( gtm=br z’: 25 gm—D(Hr—s) ))
m>2 (@m (1 —gm-t)r+t = s! (1 —gm—1yr—s+1) )"
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6.2. Asymptotics

Now we turn our attention to the asymptotic distribution of the number
of survivors in the algorithm as the number n of initial participants grows large.
We follow the derivation for the Rice Method discussed in Section 5. As before,
(@)z—1 = (liqz(;l();jﬂ)m, so or(z) has a simple pole at each of the locations of the
form z = m+ 2?“ for £,m € Z with m < 0. Again, by [FS95], we focus on the poles
z = xy for £ € Z. Thus

P(X, >r) Z Res [Q,« ni(=1)" } +0(n™h).

X (z2)(z—=1)---(z—n)

Similarly to the derivation in Section 5, we need the local expansion of p,(z) and
thus ¥,.(z) around z = 0 to two terms, since o, (2) (z)(z_f;}”(z_n) has a double pole
at z = 0, but only a simple pole at z = xp for £ #0. As z — 0,
T Zs . . T ps
D a2y el
s=0 s=1
2T (=1
~ Z s
(r+1)! (r+1)
and
8 q(mfl)(z+rfs)
S! (1 _ qul)r75+1

»
”Mﬂ
o

q(m 1)r s Z 1)5 1 q(mfl)(rfs) B Zq(mfl)rL(m _ 1)
(1 _ qm 1)r+1 s (1 _ qm—l)r—s+1 (1 _ qm—l)'r+1

\yr(z)N(é‘q)oo( m(zif L)+ (u;l)qz(ﬁ){‘fr

Y (1/ ) m (pg)™

m>2 (Q)m

T —1)s-1 (m—1)(r—s) (mfl)'r‘L -1
" (_z (=1) q L0 (m )))
s (1 _ qul)rferl (1 _ qul)r+1

s=1

More simply, as z — 0,

W, (2) ~ 2 PO [qH)T (L,Zps) C(=pa (<17

(@ Lt W72 P (r+1)
1/ 1) (11g)™
i z;z | /M()q)ff .
r (_1)3 q(m—l)(r_s) q(m—1)7'(m _ 1)L
X (Z s (1 _ qul)rferl + (1 _ qul)TJrl )}

s=1
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As before, notice the absence of the constant term. Substitution into (7) yields

Qr(z) ~ qul (q)zfl r+1(71)7"x

(1q)-
(14q)oo [a(=1)" —~p*\  (1—p)g (1)
xz (@)oo [ prtl (L—Z s>_ P (7“—}—1)Jr

(1/N)vn?ﬂqyn
+
2 o
r (—l)s q(m—l)(r—s) q(m—l)T(m—l)L
«(x )

(1 _ q'rrL—l)'r—s+1 + (1 _ qm—l)r+1

s=1

as z — 0. Also z(q),—1 ~ 1/L and (pq), ~ 1, so

(149) oo ~p°
QT(Z)NL(q)OO {L—; s _7“—|—1_
_Q(_p)r—H Z (1/1)m(pg)™ %

m>2 (@)m

x (Z (*81)5 g(m=Dr=s) g (m — 1)L)}

m—1\r—s + m—1\r
— (1_q 1) “+1 (1_q 1) —+1
nl(=1)"
z—1)-(z—n
nl(=1)"
Res [or() (1) (2 — n)}
= lmor(2)

~ (19)o —~p°  wp” rrixe (1 m)m(pg)™
- L(g)e [L—; s Trp1 QP mZZ; @m

as z — 0. Also ( )~ 1 as z — 0. Therefore

y (Z (781)5 gm=Hr=s) gD (m — 1)L>]

_ gm—1\r—s+1 + _ am—1\r+1
(1—gm1) (1—qm1)

m

Q(_p)r+1 Z (l/u)m(uq)

s=1 s r+1 m>2 (q)m

y (Z (_1)8 q(m—l)(7'—s) N q(7n—1)7'<m _ 1)L):| N
s (1 _ qul)rferl (1 _ qul)r+1
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where
(i),«,g (’I’L)
B nl(=1)"
= Res [Mz) (N =1)--- (2 — n)}
s nl(=1)"
- R L —1)",
Bel@0 g, TV e 1) - )
_ Q) (_qi x?(_p)s + (p)'ve o )
L (g V12 (r+1)!
i1 = (U mlpg)™ ¢ gtm=vr g
+(—p) + mzz:z (Q)m ((1 — gm1)r+l o yrt s (1 _ qm—l)r—s+1)> X

XF(_XZ)e%ﬂiloan (1 + O(nfl)) )

Note that e2¢711°8¢ ™ is fluctuating, with [e2/"11°8e ™| = 1. This completes the proof
of Theorem 4.2

7. Proofs

PrROOF OoF LEMMA 5.1. When starting with n participants, if all n partic-
ipants are simultaneously eliminated by coin flipping, then these n participants
are selected by the algorithm; this corresponds to the term (8) ¢°p"u™v in recur-
rence (8) below. If exactly j participants obtain heads, with 1 < j < n, then the
demon arrives and removes one additional participant with probability v, or leaves
the j remaining participants alone with probability p. This phenomenon corre-
sponds to vzyzl (?)qu”_j(qu_l(u,v) + wF;(u,v)) in formula (8). (Note that,
since Fy(u,v) = v, the recurrence below also holds when n = 0.) So the recurrence

Fatu) = (g )prara o 3 (0)ar 0B + By ) )
j=1
holds for all integers n > 0. More simply,
F,(u,v) = (p”u” + i (7;) qu”*j(VFj,l(u, v) + puFj(u, v))) (9)
j=1
Next we define the exponential generating function

Zn

G(z,u,v) = Z F,(u,v)
n=0

n!
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From the recurrence in (9), it follows that

o n

Gz, _Uz(pnuuz() S Ey 1 (0) + k5 ,0)
_U(epuz+zq 2 (WFy_1 (u,v) + pFj(u, v) i( ) n_j)

j=1 n=j ) (10)

R i <qu!>j (VF)1(1,0) + (. 0)))

= v(epuz + eP? (Vq /G(qz,u,v) dz + uG(qz,u,v) — ,uv)).

The generating function G(z,u,v) becomes simpler if we replace the fixed
number n of people present at the start of the algorithm by a Poisson number of
participants with mean z. For this reason, we replace G(z,u,v) by the Poissonized
exponential generating function

& n
D(z,u,v) = G(z,u,v)e”* = Z Dn(u,v)il'.
n=0 :

From (10), it follows that
D(z,u,v) = vePU=Dz 4 a2 (Vq /G(qz,u,v) dz + pG(gz,u,v) — /w). (11)

We use a succinct notation for differentiation with respect to the first of three

variables: J
D'(z,u,v) = dZD(z,u,v)

and J
G'(z,u,v) = dZG(z,u,v).

Differentiating both sides of (11) with respect to z yields

D' (z,u,v) = (pu — 1)weP¥=D* _ pge=® (z/q /G(qz, u,v)dz + uG(gz,u,v) — uv)Jr
+ve” ¥ (vqG(qz, u,v) + ugG'(qz, u,v)) .
It follows that
D'(z,u,v) + qD(z,u,v) = uquD’(qz, u, v) + quD(qz,u,v) + P2 py(u — 1).

For n > 1, extracting the coefficient of ( ) from D(z,u,v) = Y ", Dp(u,v) ZT,L
yields

Dy (u,v)+qDn—1(u, v) = piqu Dy (u,v)q" ' +quDa—1 (u,v)g" ' +(pu—1)"""pv(u—1),
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or equivalently,

vq" —¢q pu—1)""1pv(u—1
D, (u,v) = Dy_1(u,v) n " ( ) 75 ) .
— pvg 1 — pvg
Iterating this recurrence yields

., & (pu—1)po(u — 1) [0 (vd" —q)
D, (u,v) =v(—q N’U‘I +;} e i (1= pvgt)

_ o(—g)" Wha 7q)n_1(vq)n71 i (1= pu)pu(u = 1)(ngv);

(nvq)n (1q)n <= ¢’ (vq);
Note that F,(u,v) = >";_ (7) Dk (u,v), so Lemma 5.1 follows.

PrOOF OF LEMMA 5.3. Setting v =1 in Lemma 5.1, it follows that

D\ (o Wk e @kt = (1= pu)p(u — 1)(ug);
> (1) (o mq)k“ 2 > )
N Q-1 5= (1= pu)p(u — 1)(ug);
1+,;<k)( ; ¢ (9); '

It follows that, for s > 1,

F,sS)(l) — Z (Z) (_l)k—lqk (Q)k 1 s )s~ 12 J 35 1 (13)
k=1

(1)

Dissecting the summation over j in (13), we obtain

k—1
(19)j 51
2 (a);
(100 = o1 | S (00); (M@)o omy
" e & +J._0[ <q>j oo

[19)o0] -5
>k[ Mq] (Q)oo ]7

cs—1 (1) j+k _ (K)o, - s—1
2l @ o

_ (1g)oo k° +Z{((Mq)j (uqz:)js_l (1a)j+5 (uq)oc)(j +k)s_1}.

@ 5 SN\ (0); (@) @k (@)oo
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Finally, we observe that, since F,(u) = > -_ m(n,m)u™, then £ (1) =

S m®w(n,m) = E[X,]. Thus E[X,] has the representation given in the state-
ment of Lemma 5.3.

PrOOF OF LEMMA 6.1. First of all,

T

P(X,>r)=» w(nm)=1-Y m(n,m).

m>r m=0
Note that >/ _ 7(n,m) = [u"] Fi”fz), and of course 1 = [u"] ! | so
1—F,(u
P(X, >r)=[u"] ] 715 )
"
u—

n k-1 j )
= [u"] Z <n> (—q)F ! (@)k—1 (1 —py) p(a); (by equation (12))

k=1 k (Mq)k j=0 qj(q)j
(ke @kt e, e (4 (1)
= (k)< D g Y ;(r) ¢ (q);’

(14)
We focus on the second summation in (14). Recall that (), := (2)oo/(2¢*)co, SO

(19);  (1)oo ()0
@; (@ (@)oo’ (15)

(az)oo _ (a)m

Also, the g-binomial theorem states e = Ym0 oz Specifying z = ug’*!
and a = 1/p,

(@)oo _ Z (L/)m (qu-&-l)m. (16)

j+1
(g oo = (D)m
Combining (15) and (16) yields

X (1) -3 (2)as e 5 0 )

= =0 mzo (@m an
(1)oe = (1/10)m(1g)™ = N
=l S S () )
Thus
P(X, >r)
n m k=1 ,. me1
=32 () e G 52 S () )

as claimed in the lemma.
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PrOOF OF LEMMA 6.2. Let r > 0. The probability that strictly more than r
out of n initial participants are selected at the end of the algorithm is

P(X, >r)
n k—1
n 9k (1 u (ng)™ -1
= (3) e ey e 5 (a7 (5 ()
k=1 14 OO m>0 m j=0
(18)
We handle the sum over m in Lemma 6.1 in three parts, m =0, m = 1, and m > 2,
as follows:
(/) ()™ N~ (3 (7)™
)3 > () ()
m>0 q)m 7=0
k-1 ,. k—1 m k=1 -
_ i\ -, (1=1/p)(uq) J (1/1)m (pq) A
B r)? * (1-9q) r * ( Z r )\
=0 v 5 m>2 Dm 55
N (), (= Da K (/1 (80)™ = () ()"
=X () SIS SR O
j=0 p Tom>2 q)m j=0
(19)
Now we focus our attention on the sums of the form Zf;é ( ) . Writing D = ¢,
we note
k—1 - k- , k=1 o k=1 . &
L €T : T 11—z
SRR R ST S SR
j=0 =0 j=0 J=0

The remainder of the analysis does not depend on k being an integer. We have

L L o s/ 1
W = (e L)
.

x s ks r—s)!
,l (1—J;k). (17 a1 ~ Z( )kj ks . (1(x)r)s+1

r

Tk r kS xk—&-r—s

B T "
(I—z)+tt (1 —z)rtt — sl (1 —g)r—stl

7 z" B Z ks $k+7‘75

(1)t st (1—z)r—st1’

s=0

Thus, combining (20) and (21) with 2 = ¢™ 1, we can simplify the “m > 2” term
of (19) as follows:

k=1 ,. Nm—1 (m—1)r " ks (m—1)(k+r—s)
(J) <qj) - ! —1yr+1 Z ! ! —1yr—s+1" (22)
— r (1 _ qm )1‘ g s! (1 _ qm )r s

[
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For m = 0, the analogous equation is

k71 ] -7 T _ _
J g = q B Z ks g (ktr—s)
=0 \" (L—g )yt & sl (1—gt)yr—stl

= (7p(§r+1 (1 - ZT: k; q_k(_p)s)'

s=0

(23)

Plugging the results from (22) and (23) into (19), we get
k=1 ,.
$ (1/p)m (pg)™ j (qj)”H
@m  Z\r

s _ r+1
_ B q (1 . w k qfk(ip)s> + (M p]-)q (Tk+ 1)' +

(/m(pg)™ g T ks glm—DUr—s)
> )

(D)m (1—gm-t)r+t a = sl (1 —gm—1)yr—st+l ’

Finally, a substitution into the form of P(X, > r) in Lemma 6.1 yields
Lemma 6.2.

8. Future problems

A key problem for future analysis involves a more robust demon, who might
be able to remove more than one participant at a time. Another problem to be
studied in the future might involve replacing the 2-outcome coins (heads versus
tails) with a coin that itself involves some uncertainty. Another interpretation of
this extension is that the parameters p and ¢ are unknown before the coin is flipped.
Many other possibilities exist for generalizing the present algorithm.
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DIGITAL SEARCH TREES AGAIN REVISITED:
THE INTERNAL PATH LENGTH PERSPECTIVE*

PETER KIRSCHENHOFER, HELMUT PRODINGER,! AND WOJCIECH SZPANKOWSKI?

Abstract. This paper studies the asymptotics of the variance for the internal path length in a symmetric digital
search tree under the Bernoulli model. This problem has been open until now. It is proved that the variance is
asymptotically equal to N - 0.26600 + N - §(log, N), where N is the number of stored records and 8(x) is a periodic
function of mean zero and a very small amplitude. This result completes a series of studies devoted to the asymptotic
analysis of the variances of digital tree parameters in the symmetric case. In order to prove the previous result a
number of nontrivial problems concerning analytic continuations and some others of a numerical nature had to be

solved. In fact, some of these techniques are motivated by the methodology introduced in an influential paper by
Flajolet and Sedgewick.

Key words. digital search trees, algorithm analysis

AMS subject classifications. 68Q25, 05C80

1. Introduction. Digital trees [2], [9], [17] are experiencing a new wave of interest
due to a number of novel applications in computer science and telecommunications. For
example, recent developments in the context of large external files and ideas derived from the
dynamic hashing (virtual hashing, dynamic hashing, extendible hashing) led to the analysis
of digital trees [8], [10], [12], [14], [15], [25], [29], [30], [31]. In telecommunications,
recent developments in conflict resolution algorithms [22] and data compression [19] have
also brought a new interest in digital trees. Some other applications are radix exchange sort,
polynomial factorizations, simulation, Huffman’s algorithm, and so on [2], [9], [17].

The three primary digital tree search methods are digital search trees (DST), radix search
tries (shortly, tries), and Patricia tries [2}], [7], [9], [17], [28], [31]. In the context of search
costs one is led to investigate the depth of a node (search time) and the (external or internal)
path length in digital trees. The average depth of a node for digital trees has been studied in
[8], [171, [29], [30], [31], the variance in [12], [29], [30], [31], and limiting distributions in
[10], [24], [25], [20]. The average value of the (external or internal) path length is closely
related to the average depth of a node but not the variance. In [14], [15] the authors obtained
the asymptotics of the variance for symmetric regular tries and Patricia tries, respectively (for
asymmetric extensions of these results see [10]).

In this paper, we propose to evaluate the variance for the digital search trees, which has
been an open problem until now. It has to be stressed that the variance of the internal path length
in a digital search tree is the most difficult to estimate. This was already seen in the paper
by Flajolet and Sedgewick [8], who establish an analytical methodology to analyze digital
search trees (e.g., the average depth of a node). In this paper in the process of establishing the
asymptotics of the internal path length we had to obtain some new analytic continuations of
functions, which are mainly based on the famous Euler product identities. Asin [12] and [13],
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to derive the final results, namely, to show the cancellation of the higher order asymptotics, we
had to appeal to the theory of modular functions (cf. §3). In addition, this problem possesses

nontrivial numerical challenge. A very preliminary version of our results was presented at the
1989 IFIP Congress [16].

This paper is organized as follows. In the next section, we define our model, establish
the general methodology to attack the problem, and present our main results. In particular,
we show that the variance of the internal path length for the binary symmetric digital search
tree under the Bernoulli model is asymptotic to N - 0.26600 + N - §(log, N), where N is
the number of records and 6 (x) is a periodic function with a very small amplitude. Section 3
contains proofs of our main results, followed by a few concluding remarks in §4.

2. Main results. Let Dy be the family of digital search trees built from N records with
keys from a random stream of bits. Under the Bernoulli model, akey consists of 0’s and 1’s with
independent and equal probability of appearance. Let L y denote the random variable “internal
path length”of trees in Dy and Fy (z) the corresponding probability generating functions, i.e.,
the coefficient [z¥] Fy(2) of z* in Fy(2) is the probability that a tree in Dy has internal path

length equal to k. Then the following recursion, which is a direct consequence of the definition,
holds:

N N
2.1) Fyg =2 ZTN(k)Fk(Z)FN—k(Z), F(z) = 1.
k=0

The expectation ly is given by Iy = Fy,(1) and fulfills for N > 0

N /N
(2.2) In1 =N+2‘“Nz<k)lk, Iy = 0.
k=0

This recursion may be solved explicitly by using exponential generating functions. With
Liz)=) N>0 InzV /N, (2.2) translates into the functional differential equation

L'(z) = ze® + 2¢”*L(z/2).
By the substitution L(z) = e*L(—z) we have the easier equation
L) = L'(z) = —z+2L(z/2).
With L(z) = Y 50 [nz"/N! we find for N > 2
Iy = Oy, o= =0

with the finite product

@3) ov=(1-2)(-3) (1~ )

so that finally

N (N
(2.4) =Y ( k)(—l)"Qk-z.

k=2

The reader should note that an asymptotic evaluation of (2.4) is nonelementary due to the fact
that terms of almost-equal magnitude occur with alternating signs. For this reason sophisticated
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methods from complex analysis are needed to find the correct order of growth. An essential
step is the application of the following lemma from the calculus of finite differences.

LEMMA 1 (cf. [17, p. 38], [23]). Let C be a path surrounding the points j, j +1,..., N
and f(z) be analytic inside C and continuous on C. Then

N k _ 1 .
2.5) k‘é( k)(“) fl) =5 /C [N; 21/ (2) dz
with

(V1N

N2l = T ey

In our application f(z) is a meromorphic function that continues a sequence f(k), e.g.,
Jj = 2and f(k) = Q2 in (2.4). Moving the contour of integration, one can obtain the
asymptotic expansion of the alternating sum by Cauchy’s residue theorem, that is, for any real
¢ (2.5) becomes 3, ; (',\(’)(——l)kf(k) =Y. cp. Res([N; z]f(z)) +O(N°), where the sum
is taken over the set of poles P, different from j, j + 1, ..., N with real part larger than c.

We note that the function f(k) = (Q;_, possesses the analytic continuation Q, =
Ooo/ Q(27%) where Q(t) = [];.,(1 —#/2") [8]. Then, applying a refinement of the technique
of Flajolet and Sedgewick, we can easily prove the following theorem (cf. §3).

THEOREM 2. The expectation Iy of the internal path length of digital search trees built
from N records fulfills

1 1
lN=N10g2N+N[l;6—2+E—a+8,(log2N)]+log2N
26) 2y -1 5 :
y__..
> —a + 8 (og, N) + O(log N/N
210ngrz @ +8;(logy N) + O(log N/N)

with y = 0.57721 ... (Euler’s constant) and a = an] 1/2" — 1) = 1.60669. .., where
81(x) and 8,(x) are continuous periodic functions of period 1, mean 0, and very small ampli-
tude (< 107%). For later use we mention the Fourier expansion of 8;(x)

1 2kyri .
2.7 ) —_— rt—1-— 2k7ux’
@7 () 10g2;(:) ( —10g2>e

where I" (x) is the gamma function [1].

We mention in passing that the O(1)-term in (2.6) is slightly incorrect in [17].

Now we turn to the analysis of the variance, which is given by Var Ly = sy + Iy — l%,
with sy = Fy(1). From (2.1) we get the recurrence relation (for N > 0; so = 0)

N
N
syq1 = N227N Z (k>lk + N(N - 1)
k=0

N /N N /N
+21—N Z (k)lkljv_k 421N Z (k)sk.
k=0 k=0

In order to find an explicit solution to this recurrence, we split it into three parts: sy =
Uy + vy + wy, where

(2.8)

N
N
(2.92) un+t = 2Ny = N) +27V ( k)uk, N =0, u =0,
k=0
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N /N
(2.9b) Uye1 = N(N — 1)+21‘N2(k)vk, N >0, vy =0,
k=0

N /N NN
(2.9¢) Wy =27N Z (k)lklN_k + 21N Z (k>wk, N >0, wy=0.
k=0 k=0

All of the above recurrences, as well as that for the average internal path length (2.2),

fall into the following general recurrence studied in [30]. Let (x,) be a sequence of numbers
satisfying

n
(2.10) Xngl = Gupy + 217" Z (Z)Xk, n>2,

k=0

where (a,) is any sequence of numbers. The solution of (2.10) depends on the so-called
binomial inverse relations that are defined as

4, = Z(—l)k(’;)ak and a, = Z(~1)"<Z)ak.
k=0 k=0

The second equation justifies the name binomial inverse relations. For more details, see

Riordan [26]. A similar treatment as in the case of (2.2) leads to the following explicit
solution (for details see [30]).

LEMMA 3. Let xo = x; = 0. Then the recurrence (2.10) possesses the solution

n n\ .
(2.11a) Xn = X0 + n(x; — xp) _;(_l)k(k)xk—2
where

n+1
(2.11b) Fn= 0 ) & — i —a1]/Qin

i=l

and Q, is defined in (2.3).
Using Lemma 3 we immediately solve our recurrences (2.9a)—(2.9c). In particular, one
proves

k-2 1 k=2 ] 2%
e =202 14+ ) 5y _;21'—-1'2/«—2—1

j=1 Jj=1

(2.12a) fork > 3,10 =1 =1, =0;
(212b) ﬁk = _4Qk—2 fork > 3, 13() = 131 = ﬁz =0;
and

k=l 1) 22 7
hp=—0k2 ) o > (i)Qi~2Qj—i~2
I

j=4 i=2



Stellenbosch University https://scholar.sun.ac.za

19 Digital search trees again revisited: The internal path length perspective 205
602 P. KIRSCHENHOFER, H. PRODINGER, AND W. SZPANKOW SKI
(2.12¢) fork>5, wg=---=wy4 =0.

Of course, the “unhatted” solutions u,, vy, and wy follow from the binomial relations, as

shown in (2.11a). It is also worth mentioning that the recurrence for vy is easy, and after
simple algebra one proves

N
(2.124d) vN:4(2) —4ly,
so the treatment of ¥y and wy remains to be done.

In principle, ) and wy may be analyzed by making use of Lemmas 1 and 3. However,
it turns out to be a highly nontrivial problem to find an analytical continuation of wy. After
lengthy and difficult computations the residue calculus leads us to the following main result
of this paper, which is proved in the next section.

THEOREM 4. The variance of the internal path length of digital search trees built from N
records becomes

Var Ly = N - {C + 8(log, N)} + O(log® N/N)

where C is a constant that can be expressed as

. 28 39 200 2 2 2 ( 1)k+l(k 5)
C_—E-T—2ﬂ1+f+2L2+L - :L:;(k+1)k(k-—1)(2k_1)
(2.13) La-27"h2-1 (= k!
+— ;br—f—l ( 1 —2-r ; k(k — D(Qrtk — 1)

2.0/ (3) — 2081820 — [6310

with L =log2 0 =Y ,.,1/Q@" = 1), fi = ¥,5, 12"/ 2" = ?, and b4y = (—=1)'27(3).
The fluctuating function 5(x) is continuous with period 1, mean zero, and |§(x)| < 107%, and
118210] < 1071, and |[8,82)0| < 107'°. Finally, ¥ (z) is a function defined as

2.14) w(z+1) E(z+2) E(z+3) +Z<g(z+j+2)_g(j+2))

= -2 - -
o T ettt g tamig, 0., | 20

j=2
with Q, = Qo/Q27%), where Q(t) = I—[izl(l —1/2Y), Qoo = Q(1), and
br—l—l Qoo
1) = .
KD =25 gy
2 2z

) 22_—1___21—2—r_1 y2-z—r +22()2r+k 1,1}

k=2

(2.15)

Numerical evaluation of the constant C reveals that C = 0.26600 . .. and all five digits after
the decimal point are significant.

We should point out that in order to achieve the same accuracy in C one needs to run the
recurrence equations (2.9a)—(2.9c) for N ~ 10.

In the following lemma we present an explicit formula for w’(3) that is convenient for
numerical evaluations.
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LEMMA 5. The following identity holds:

VO 200 |y

7 =T 57 Q, Y ars1Qrija

r=0

1 . SN+ 1 1
i . SN (N ¥ i o RV, B -
l ;2n+r+j+2__l (2 2J 4+2;( k >2r+k~l___1)
2 2j+2 2 1
+(1 __2—j~r)2 + (1 - 21—j——r)2 z 1 = 21=j-r

Jjz2

(2.16) el 1
2 Jj+1 1
*22( )2r+k - z;( )‘ﬁr_—l
’Z(Hl)z (=1)
L& T (i + D )
E(j+2) 1
+y 2
where
2.17) a1 = 2 L1y (D0,
O
and
=l i
(2.18) s(j+2)=2(’ . )Qk_zQ,--k—l
k=2

with Qy defined in Theorem 4.

Before we proceed to the proof of our results, we first offer some remarks and extensions.

Theorem 4 and our previous results in [12] and [30] provide asymptotics for the average
covariance between two different nodes in a digital search tree (DST). Let D(’) be the length
of the path from the root to the ith node, i.e., the node corresponding to the zth key of the N
keys. Observe that the distribution of the random variable defined by D depends on i for
DST, since, in contrast to tries and Patricia tries, the order of insertion of the keys is relevant
in this instance. Note that the internal path length L y is expressed in terms of D;',) as

N
(2.19) Ly=)_ Dy
In [12] it has been shown that, besides a small fluctuation,

1 & )2 1 g 2\
(2.20) Av == E (D)) - (—A7 ) :EDx’) ~2.844. .

(The quantity N Ay was erroneously identified with the variance of the path length.) It is
easily checked that

(2.21)

i Mz

1 N N2
Var DY — NAy = N(ZED(’)) Z(ED%’) .

i=1
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The expectations E Dg\'}) =F Di(") (for N > i) may now be computed in a straightforward
manner. Indeed,

N—-1
N -1
2.22 EDM = E(Ly —Ly_,) = — —Dfo_,
(2.22) G (Ly — Ly_y) ;k()gm
and we find
(2.23) ED{ =10g2N+Z+5—a+r(log2N)+(’) ~

with a small fluctuation 7 (x). Altogether we get, besides the fluctuating term,

N
: N
(i) ~
(2.24) ,~'5'=1 Var Dy’ — NAy 2’

and therefore, the average variance of the depth becomes
(2.25) 1 EN: Var D) ~ 0.763.
N i:l N . .. .

(Compare also [27].) Now

N
Var Ly = Z Var D;f,) +2Z Cov {D;',), D;J)}.
i=1 i)

Using Theorem 4 and the above we find that the average value of
Cov{D¥, D{’}is ~ —0.50.../N.

The last statement says that, on the average, Dg) and D}(\f) are negatively correlated. Note that
the equivalent quantity for regular tries is approximately equal to +0.84 ... /N [14] and for
Patricia = —0.63... /N [15].

In order to select the best digital tree one needs to compare different characteristics of
digital trees, namely regular tries, Patricia tries, and Digital Search Trees (DST). Table 1
contains four important parameters that are often used to predict a random shape of these trees
(cf. [8], [12], [14], [15], [17], [18], [29], [30], (31]).

TABLE 1
“average” “average”
EL, VarLy | VarD® | Cov(DY, DY)
DST N(log, N —1.71) | N-0.26 0.763 —0.50/N
TRIES N(og, N +1.33) | N-4.35 3.507 +0.84/N
PATRICIA | N(log, N +0.33) | N-0.37 1.000 —0.63/N

It can be seen from the table that the average external (internal) path length is approxi-
mately the same for all three digital trees. However, the variance of the depths and internal
(external) path lengths differ significantly. We also notice that the variance of the internal path
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length for DST as well as the variance of the depth are smaller than the respective quantities
for Patricia.

We point out that from Theorem 4 it follows that Ly /E Ly tends to one almost surely
(i.e., with probability one) as N — oo. This immediately follows from Theorem 4 and the
Borel-Cantelli lemma. (Compare, e.g., [21] for this standard argument.)

Finally, Theorem 4 provides the missing coefficient in the variance of the numbers of
phrases in the Lempel-Ziv parsing algorithm [3], [19] (cf. also [11]). More precisely, the
Lempel-Ziv parsing algorithm partitions a single string into variable phrases (blocks) such
that a new block is the shortest substring not seen in the past as a phrase. For example,
the string 110010100010001000 is parsed into (1)(10)(0)(101)(00)(01)(000)(100). Let My
be the number of phrases produced by the algorithm for a string of length N. Aldous and
Shields [3] proved that for the symmetric alphabet (My — E My)/Var My converges weakly
to the standard normal distribution, where EMy ~ N/log, N and Var My = O(N/ logg N),
however, the authors of [3] were not able to provide the coefficient at N/ 10g§ N. It turns out
that this coefficient is the same as the coefficient at N in the variance of the internal path length
Ly, that is, Var My ~ (C 4 é(log, N))N/ logg N. The details of the proof can be found in
[11]. The main idea is that the number of phrases My can be expressed as

M
My=max{M: Ly=)Y D <N¢.
k=1

But this equation is known in the literature as the renewal equation. Billingsley (compare

[6], Chapter 17, Theorem 17.3) proved that (for any dependent positive random variables) if
(L — ELy)/+/Var Ly converges weakly to the standard normal distribution A/(0, 1) , then
My — N/(ELy/N)

~Var Ly(ELy/N)—3/2

Hence, by the standard uniform integrability arguments and by Theorem 4, we conclude that
the variance of My becomes

- N(,1).

Var My = Var Ly/logs N ~ (C + 8(log, N))N/log; N.

3. Analysis. As we already pointed out in §2, it is a nontrivial problem to find appropriate
analytic continuations for the sequences of values f(k) that occur in alternating sums (2.5).
In order to illustrate our approach, we start with the easiest case, namely, the evaluation of the
expectation /. From (2.4) we know

N
Iv=7) (]Z)(—n"Qk-z.

k=2
As in [8] we may rewrite f(k) = Qy-7 as

0w
Qk—2 - Q(22_k)9

where

x
G.1) 06 =[] (1 . -27) and  Qu = O(1).

i>1

Therefore, we have the analytic continuation
(3.2) f(@) = Des

0@*2)
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The main contribution to /y is given by Res([N; z] f(z); z = 1). Wehave withu =z—1 — 0

N
[N; z] ~ —;(1 + u(Hy-1 — 1))

O 1 1
02 Lu (1 L (5 - “))

(remember L = log?2), since

O\
3.3 =
G-3) * (Q(x))

Therefore,

and

x=1

Res([N; 2] f(z);z = 1) = —2—7 (HN_1 —1+1L (% —-a)) .

Using the well-known asymptotics for the harmonic numbers Hy_; we get the contribution
(fromz =1)

y 1 1 1 1
34 Nlog, N+ N|% — — 4+ = — R — — .
(3.4) og, N + (L L+2 Ol) —I—O( )

Besides z = 1 we have with the same real part 1 the simple poles z; = 1+ %L”—", keZ, k+#0,
with

. 1
Res(IN; 21/ (2);z = 2) = [N; 24l - 7
so we get the contribution

N — Dz N* 1T (=2
F(—z) (zx — Dz (—2zk) L O,

©-2) L 2L

The reader should take notice of the fact that the first term in (3.5) gives the Fourier coefficients
of 8;(x) in Theorem 1.

The next relevant pole is z = 0 and yields a contribution of
y 5
3.6 logy N+ =~ 4+ - —a.
(3.6) og, N + I + > o

The poles z = z; — 1 yield a periodic contribution of order N° and so on.

Collecting all contributions gives the expansion (2.6) in Theorem 2.

Next we focus our attention on the asymptotics of uy. In order to find an appropriate
analytic continuation of #f; we rewrite the sums appearing in (2.12a) as follows:

>
|

N
—

1
2 —1 :a—zzk—2+f—1’

=1 Jjz1

J Jj k—2+j
— 2J — 1 _sz—l “sz—zw—l'
Jj=1 Jj=1 Jj=1
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Thus we may continue #; via the function

A 20 1
u(z) = Q(22—Z)[4+a — 2 E Ty
3.7 _Z J +Z Z——2-1~j~ 2z
= 2j —1 = 22=2+j 1 222 1|

Now the main contribution to # in Lemma 1 originates from a second-order pole of [ N; z]i(z)
in z = 2. Further contributions that are necessary for the evaluation of the variance come from

first-order poles in z = 2 + 2"L" ik # 0, a third-order pole in z = 1, as well as second-order

polesinz =1+ 2"L” i,k # 0. Collecting all the above-mentioned contributions we get the

following expansion of u y (in all the following formulas §; (x) stands for a continuous periodic
function of period 1 and mean zero).
LEMMA 6.

4y — 1
uy ~ 4N?log, N 4+ N? (—(ZZ——)

— 6 — 4o + 83(log, N))
2 2-vy
—Nlog; N +2Nlog, N - I + 8 + o + 84(log, N)

2 2
y 4y 12y  2ay b4 4 10 2«
N — —_—— = — - —
+ ( L2 T2 L? + L + L 6L Lz L L

133
—a? 4+ B —1la 28 + -t 85 (log, N)) + O(log* N)

with =3, 1/ = 1)?, L, a,and B as in Theorem 4.

As already mentioned in §2,
N
VN = 4(2> - 4[1\],

so the asymptotics of vy are given by

y ~2N?* —4Nlog, N
(3.8) :
+ 4N (—1 +a— % + 7 — 81 (log, N)) + O(log N).

The most challenging task is to find an appropriate analytic continuation of W(z).
From (2.12¢) we have

N E(j+ 1)
(3.9) Wiyt = — Q- 1221 0
with
=
(3.10) EGH D) = Z(i)Q,;sz-zﬂ-.
i=2

For the following the reader should note that £(j + 1) ~ Q2 2/. We start by rewriting (3.9)
in the following manner:
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With n(j + 1) = £(j + 1) — Q%27 we have

wk+1 Z G+ 1)+ 042/
=4 j_l Qj—]

+1 41
(3.11) Z"(J Lo 294D o0 k-3)

1 -10.
>4 2] Qj 1 iy 2J Qj—]

1 1 1 1
(5 ) B &)
¢ (; Qj—] Qo jzkz+l Qj—l O

Therefore,

D k+2 2
wk‘H:Qk~l[—2Qoo(k—3)+Zn(]+ + ) Zf](]+ )

k
j>0 27+ Q j+k j>3 2/ QJ

+202 (; (Q;k - Q!;) - 123 (QL, - _Ql;>)]

Since all involved series are now absolutely convergent, we may add them term-by-term and
get

N Ek+2) E(k+3) Ek+j+2) EG+2)
Wiyl = Qk—l[—ZQook-i— 70, + T +j};_;( 7 Orr, 270, )]

From this, the representation for w(z + 1) as in (2.14) is immediate, provided we have an
appropriate interpretation for £(z + 1). This will be our next goal. The following well-known
partition identities of Euler are our basic tool:

1

(3.12) 0= Dl—-—————(l 7 = Z 70

and

(3.13) 0 = H( ) D dnat”
n>1 n>0

with

a1 = (=)"27(3)/,.
Using (3.2) and (3.12) we have

X Q
N+1)= 00 00
E( + kg:( ) 22— k) Q(22+k N)
20 =2 Ny .
— i k 2=J N—k’
0 ;:2 (k)( ) 277)

where the innermost sum is now

(2-1' +2—1)N _ 2—iN _ 2—jN _ N2-—i(N—])—-j _ N2_i_j(N—1).
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The last expression for £(N + 1) is symmetric in i and j. However, it turns out that for the
purpose of finding an analytic continuation ) ; ., should be rewrittenas — ., +23 .. ...
Writing j = i + & in the second sum we get

2
EN+1)=-2N-2-2N) Z _Q%o_zia—zv)

i>0 i

2 QQQ“ -2/ V2[4 27N — 1 - N2 ]
ih> iYi+
(3.14) "=

Qoo iQ—N)~Hh(1-N
—2 ) =2 pi=Nhl-N)
,-,‘,,L:‘o Qi Qi

2
—2N Z QOO 2i(2—N)2h(2—N).
i,h>0 Qi QH—h

In expression (3.14) N can be replaced by z, yielding a meromorphic function, since all series

converge uniformly. However, we are able to simplify £ (z+ 1) in the following way. Consider,
for example, the last term in (3.14):

2 —i—h
25 Qoo 2(i+h)(2~z) =2z Z Q‘X’Q(2 )2(i+h)(2-2),
ih>0 Qi Qi+h N Qi
which is by Euler’s identity (3.13)
_ zzzar+l Z Qoo (2—r+2 Z) Z(z—r+2 Z)h
r>0 i=0 h>0

and by Euler’s identity (3.12)

1
- 222"’“ Q(23 z—r) | — 22—z—r"

r>0

Rewriting the other terms from (3.14) in a similar way, especially using

bz - Z\ Ao
1 +27M —1—22h=2(k)2 hk

k>2

for the second term, we finally get (2.15).

Our next task is to investigate the poles of [N; zJw(z) different from z = 5, 6,
N.

From (3.11) we see that w(4) = w(3) = 0 (observe that £(4) = 0), so that the first poles
occur with real part 2. In order to determine the residues of [N; z]w(z) in z = 2 (respectively,
z = 1) we need the local behavior of w(z). Because of (2.14) this behavior will depend on
the behavior of o (2) := £(2)/2°72Q,_» near z = 2,3, ... . From (2.15) we see that £(z) has
second-order poles for z = 2 and z = 3 and is analytic forz = 4, 5, .... Since [N; z] Q,;_> has
already a second-order pole for z = 1, it will be necessary to expand o(z) nearz = 2,3, ...
up to the linear terms. In particular, the reader should note that all the derivatives o’(z) for

z=4,5, ... will occur in Res([N; zlw(z); z = 1). This is the main reason that the constant
C in the final result is rather a complicated one.

e ey



Stellenbosch University https://scholar.sun.ac.za

19 Digital search trees again revisited: The internal path length perspective 213

610 P. KIRSCHENHOFER, H. PRODINGER, AND W. SZPANKOWSKI

We start with the expansion of o (z) about z = 3. Let u = z — 3; then we find from (2.15)
after laborious computations:

4 176 2
o3+ u) 5+ = (z Z‘z‘)
16 2,82 r+l1 2
2.2 2
(3 A Zl—zr( 1—2-r>)
223 C, r+1
-————L——"—3C ———-2C 2
(3.15) ( 1+ 3+ ;)2 [ —or

1 2-1-r[ 2L — 1
.{1 _3L+L,Z:-;2f— it o T

2L 31 2L
— - Dr
1—2—r2221—1+(1-—2—r)2Jr ‘])

i=

where

2y (—1)*
hr = k+ Dktk— D@2 =1y’

k>2

=Y 2 [(1 +27") 2 log(1 427" — 2”"],

h>0

Cy= ) 2"(1 427" log?(1 +27"),
h>0

=Y [a+27)10g1 427 =271,

h>0

D=3 2"“-”[(1 27" log(1 4271 — 2*”].
h=>0

The constant in the #°-term can be simplified according to the remarkable identity

byt 2\ Y
(3.16) 21_2—r (1—1_2_r>_;—————~(2j_1)2_0{+/3.

r>1

For the proof of (3.16) we observe that the left-hand side equals

Zar+1Qr 1—2Zar+1 Qr

r>1 r>1

Using (3.12) and (3.13) this expression becomes

Y oeh(eeH-1)-23" 0@ (e ~1)

i=z0 i,k>0

=— (Z (™) - 1)) - Qi+ Db (e -1

iz0 Jj=0
= —E} —2E, - Ey,
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where

Now we observe

E, :lim[

t—2

% -2l (&)
Q@) 1-1/2 Q1)) 1=

Ez-—2hm|i(Q°°)/* 1/2 ] (Qoo), _ a4
[0](3) (1—1/2)? om) |- 2

and get the right-hand side of (3.16).
The expansion of o (z) about z = 2 reads with y = z — 2:

4 1/2 2
Gt~ et \Tte

and

16 6 2
0
—————— Cs + Co) + 2E
+u( 3 L(4+ 6) + 3)
L 55 Cs C;
1
T 30— 2 4 Ce— L
+U(6 6 4 L+ 6~ 7
br+l
2
(3.17) +;(1_21 )
r—2 1
AD,+1-2L+1L
{ 2t + P 2 _ +1_2l—r
1 ey 21"
L
* ((1—2r)2 1—~2—r21:21 (1 =212

1
1—2" 720 — 1

=Y 2"[(1+27")log(1 + 27 —27"],
h>0

=Y 2"(1+27")log? (1 +27"),

h>0

Co= Y [(1+27")log(1 +27") —27"],

h>0

=> (1 +2Mlog?(1+27"),
h=0

Dpp =Y 2" [(1+27")log(1 +27") —27"],
h=0

br 1 1 1
E; = 1-— - .
3= Z (1 _ 21 r)(l r) ( 1 =2-r 1 — 21—r)

r=2

where
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For later simplifications we note that

3 2B
3.18 — —- oo
(3.18) (C4+C6) 8 + I i
and
(3.19) Ey=2—a-8,

where (3.18) follows from the expansion of the logarithm and (3.19) by partial fraction de-
composition and rearrangements of the sums.

We finally note that
(3.20) Cs+Cr = (.
Next we discuss o (z) for z close to j = 4,5, ....
: . u ' . . 1
321) o(j+u)~o(j)+ 51——26}: (E () — LE() + LE()) k}; 5’:/—2———1_) .

From (3.21)

> (cG+w=-0a(i)

Jjz4
§'()) — LE()) §(J) 1
(Z 2Jj- 2Q 2 +L22j~2Qj_2kZZ;2k+j—2_1)'

j=z4 j=4

(3.22a)

From (2.14) we find that the last expression equals

(3.22b) u(20'(3) +20x0),

where w’(3) may be computed from (2.15) to get the constant from Lemma 5.

Regarding (3.15), (3.17), and (3.22a) we find that.[N ; z]Jw(z) has third-order poles in
z =2 and z = 1 and second-order poles in z; = 2 + Z—I‘L"—', keZ,z#0,aswell asin z; — 1.

Our local expansions allow (after some lengthy but straightforward computations) to find
the following asymptotic behavior of wy:
LEMMA 7.

2 2
wy = N*logi N + N?log, N - (—3 -7t —L’i — 20 + 86(log, N))

1 20 3y 2oy B
N? QT M) Al A
+ <3+°‘+°‘+L L L L

2 2y x 2
Tttt 4

+ 12 2 ez 12

+ 87(logy, N ))
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7 10
+3N10g§N + Nlog, N - (—z -3 -6 — —Z}i + 63 (log, N))

41 B 3y Ty To , 6ay 3y?
N(-22—- —+Z2=2 -2 — L 420~ — 430t - =L 4+
-I—( 6L+L 7 L2+cx ﬁ+L+a L+L2

2 6 2 (—D* 1k - 5) 2
S Et BT L GI DR D T L b

k>3 r>1
L(l — 2—r+1)/2 -1 (_1)k+1
( 1—2-r _g;k(k—— 2+ — 1))
2., log’ N
+2'(3) + 8s(log N)) +0 ( O%V )

with L, o, B, b, as in Theorem 4 (respectively, Lemma 6) and B, from (3.15).
It remains to combine the previous results to get an asymptotic expansion for

(3.23) VarLy = uy + vy + wy + Iy — I3

We start with an important observation concerning leading terms formed by periodic
fluctuations of mean zero.

Let us assume that, at any stage, we are able to prove
(3.24) Var Ly = éjp(log, N) - N*log” N + Ry,

where 8,0(x) is continuous and periodic with period 1 and mean zero and Ry = o(N* log” N).
We claim that 8,0(x) must vanish identically under these conditions:

Let us assume §19(x) # 0. Then, since §;p(x) is continuous with mean 0, there esists
an € > 0 and an interval, say [a, b] C [0, 1], such that §;5(x) < —e for x € [a, b]. Since
log, N is dense modulo 1, Var Ly would be negative for an infinity of values, an obvious
contradiction,

In other words: From (3.24) we may deduce that

(3.25) Var Ly ~ Ry, N = oo,

so, in order to prove that Var Ly = O(N) we need not collect explicitly the fluctuating
contributions of mean zero.

Observing these comments we easily find that all terms of order N2log®> N, N2log N,
Nlog? N, and N log N in Var Ly cancel. The coefficient of N? is of a more delicate nature.
The reader should note that the coefficient of N2 in /3, will contain the square 87 of the periodic
fluctuation 8; from Theorem 2 and that the mean [§2]o of 87 will not be zero. Therefore, we
have to extract this term to end up with a fluctuation of mean zero and get for the coefficient
of N2 in Var Ly the expression

1 72 1 B 47

——————— [6210 + 811(log, N).

.26 —+—
(3.26) L2 6L> L L 12

The following lemma is crucial now.



Stellenbosch University https://scholar.sun.ac.za

19 Digital search trees again revisited: The internal path length perspective 217
614 P. KIRSCHENHOFER, H. PRODINGER, AND W. SZPANKOWSKI
LEMMA 8.
2kmi\[* 1 =% 1 B, 47
8110 = ZZ b e = P2
L? & ~ log2 L? 6L L L 12

Sketch of Proof '. The proof heavily relies on the following two series transformation results
due to Ramanujan (compare [S]). The first is

—2N 1
( C(2N+1)+Z e )

k>1

——2N—
(3.27) =(—ﬁ)‘”( &(2N+1)+Z 2Pk _ )

_22NA§(_1)k By Banioa-2 NIk gk
2k)! 2N + 2 —2k)! '

Here and in the next identity,  and B have to be positive numbers with af = 72, £ (s) is the

Riemann ¢ -function; N has to be a positive integer, and B,, indicates the nth Bernoulli number
defined by

_1_2

n>0
The second identity used in the proof is
1 1 1 B
3.28 ——— — ] — —
(3:28) ;k(em 1) 3 & + Zk(ew logB+ 13-

In fact, (3.28) is equivalent to a transformation result on Dedekind’s n-function (compare [4])

(3.29) () =] -e""),  3() >0,
n>1

namely,

(3.30) n (-%) = (—it)'?  n(1), (1) > 0.

(This is a special instance of Dedekind’s famous result on the behavior of 1 under a transfor-
mation of the modular group.) g

The consequences of Lemma 8 are twofold. On the one hand, we find from (3.26) that
the N2-term in Var L y cancels, so that Var Ly = O(N). On the other hand we may use the
identity to express B, by the other terms occurring in Lemma 8, including [82]o, which yields
the final form of the constant C in Theorem 2. [§,5,]o is the mean of §;(x)d,(x), originating
from llzv, which has to be extracted to get a fluctuation 3(x) of mean zero.

4. Concluding remarks. We would like to point out some final remarks concerning our
analysis.

(i) The occurrence of the finite products Qy gives rise to use results from the theory of
partitions, especially the Euler product identities (3.12) and (3.13).

LA full proof of Lemma 8 is long and difficult and included in [13].



Stellenbosch University https://scholar.sun.ac.za

218 19 Digital search trees again revisited: The internal path length perspective

INTERNAL PATH LENGTH IN DIGITAL SEARCH TREES 615

(11) A periodic fluctuation §;(x) that has mean zero and very small amplitude may be
safely neglected for practical purposes as long as we are only interested in the expectation.
In order to establish the correct order of the variance it is of vital importance to study the
behavior of §; (x), especially the mean of Sf(x).

(ii1) The predicted value 0.26600. .. - N matches perfectly with the values obtained by
computer simulations.

(iv) As we mentioned in the introduction, with this paper we achieved our goal of obtaining
second-order properties for the three digital tree search structures, namely, Tries, Patricia Tries,
and Digital Search Trees in the symmetric case. In particular, we are now able to compare
the variances of the path lengths in such trees. Furthermore, we note that the analysis of the
variances is a key step toward getting the respective limiting distributions (compare (3] or
[10D.

(v) Our methodology does not easily extend to the asymmetric Bernoulli model. The
difficulty lies in the analytical continutation of wy. We conjecture that in the asymmetric case
the variance is of order n log n, but it might be difficult to obtain the coefficient at n log n.
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1 Introduction

A surprisingly large number of results in analysis of algorithms con-
tain fluctuations. A typical result might read “The expected number
of ...for large n behaves like logyn + constant + §(logy 1), where
d(x) is a periodic function of period one and mean zero.” Examples
include various trie parameters, approximate counting, probabilis-
tic counting, radix exchange sort, leader election, skip lists, adap-
tive sampling; see the classic books by Flajolet, Knuth, Mahmoud,
Sedgewick, Szpankowki [23, 16, 17, 18, 25] for background.

We use the name 6(z) in a generic sense; in concrete situations
we call them (), d1(x), etc. An important set of such functions is

(SJ(J)) — l Z F(] - X/C) 6271'1;]4::1:

)

i
k0 J:
where we use the standard abbreviations L = log2 and xr = —272”“
[\l N ST el L Y N
\ A Al A T O A A A A T L
wos| ||| L e
Uy ] I AT
11V | | LI ]
I o € I B ARARETEEANENAN
— L RN,
N |1 2 P b ed L]
[ e L A R F S VoL et L]
| | g \x \ | | |
5e-07\] | | ‘ H\\HH‘MHHH
N I R O V[ Vdeasfl || 1] 1] ]
| Leosd [ o e
\ _/ \ / ' (YT VS YO ‘\/“ ||
\J \J1.50-06 1\/ \V /ARNER! N A EE S | -
/ e 2 ) \ ;_ 2

Figure 1: §o(z) and 63 ()

As one can see from the picture, dg(z) has mean zero (the zeroth
Fourier coefficient is not there). On the other hand, 63(x) is still
periodic with period 1, but its mean is not zero. Why should we
worry about a quantity apparently as small as ~ 107127

The reason is the variance of such parameters, as it naturally
contains the term “—expectation?,” and as such also —6%(z). That
might not be a sufficient motivation for a casual reader if it were
not the case that often substantial cancellations occur. In order to
identify them, one has to know more about §%(z). If one ignores
these terms, one gets wrong results, and the results are not wrong by
~ 107'2, but by an order of growth! Path length in tries, Patricia
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Figure 2: The functions J;(z) = %Zk;&o LU—xe) g2mike grow in am-
plitude

tries, and digital search trees [8, 15, 10] are such cases: the variance
is in reality of order m only, but ignoring the fluctuations would lead
to a (wrong) ~ n? result.

Questions like that occurred in several writings of this author
(together with various coauthors), as can be seen from the references.
The techniques are extremely interesting, as one has to dig deep into
classical analysis. So far, it seems that the calculus of residues is
the most versatile approach in this context. Another approach is to
use (modular) identities due to Dedekind, Ramanujan, Jacobi and
others (which can often be proved by Mellin transform techniques);
however, often they do not quite fit. The residue calculus approach
directly addresses the formula that is ultimately needed.

In this survey paper, we discuss all these methods by looking at
various examples. The paper has also a tutorial concern, as we want
to encourage the interested reader to prove his/her own identities
with the methods that are provided.

Oscillating functions are usually given as Fourier series f =
ok £0 ape®™**  thus representing a periodic function of period 1, and
since the term ag is missing, oscillating around zero. We often refer
to the coefficient a;, by writing [f],.

Other cancellation phenomena concerning oscillations related to
Patricia tries and compositions (resp. words) were only discovered
recently and presented in [22], at ANALCO0/ (dedicated to Hosam
Mahmoud).

Here are some examples from the literature.
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Approximate counting [5, 11, 20, 21]

After n successive increments the average content C,, of the counter
satisfies:

_ 1
Cy, ~logyn + % —a+ 3~ do(logy n),

with

1 1 mikx
o = Z 2]67_1 and 50(37) = Z ZF(_Xk)€2 k s
k>1 k#0

with L =log2 and xj = # The identity that one needs is

1 72
[65)0 = Iz D TOw)T(—xk) = 612 12 L2<h(2 1) (1)
k0 h>1
We will present various proofs of this identity, which will be our
running example, in the next sections. The methods are residue
calculus (Section 2), Mellin transform (Section 3), and identities of
Ramanujan (Section 4).

Maximum of a sample of n geometric random variables
[26, 13]

Assume that X is a geometric random variable such that P{X = k} =

27k (for simplicity, we only discuss this case, not the slightly more

general P{X =k} = (1 — ¢)¢"*!). We consider n independent trials

and look for their maximum. This is a natural parameter which is

also useful in the analysis of various algorithms (e. g., skiplists [14]).
The expected value is given by

1
En~10g2n+%+§f5o(log2n)

with the same periodic function as before.

Tries [12, 8, 7]

The expected number of internal nodes in a trie built from n random
data is n
l, = 7T no(logyn) + O(1),

with

1 i
o(z) = T Zxkf(l — xp)e2mihe,
k#£0
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The formula that one needs is

112 (—1)75
[02]0:3_L_L2+L§(j+l)(j—1)(2ﬂ'—1)' 2)

Partial match queries in tries [9]

The average cost (defined in the paper [9]), for random tries con-
structed from n random data, is

1++2
oL

b= va(V7 +7(logy Vi) ) +O(1),

where the fluctuating function 7(z) = >_ ., 7k€2¥™% has the Fourier
coeflicients

re = o (14 Va1 p(T ) (TR,

The formula one needs is

Pl = 2r — 1z (3+2v3) + 3220y MF<L) (3)

with

e
F(.’L‘) = Z 1+ e—ri :

k>1

2 Proofs by residue calculus

In this section we will show how to use residue calculus in order
to prove the relevant identities. As examples of the technique, we
concentrate on the identities (1), (2), and (4). However, after going
through these representative examples, the reader will surely be able
to prove his/her own identities, following the technique.

The following approach (“residue calculus”) to evaluate [6%], seems
to be the easiest and most flexible. We start with the following ex-
ample:

1 ‘
do(z) = 7 D T (—xp)e™
k20
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(0]

Figure 3: Path of integration; poles at x; are indicated, the double
pole at 0 by a double circle

Find a function F(z) so that [63], is (apart from a few extra terms)
the sum of the residues along the imaginary axis. Here, take

F(z) = eh%r(—z)r(z).

If we set
1 %+ioo
Il - F(Z)dz,
2w 1ioo

then by shifting and collecting residues,

1 —%-‘rioo 7.‘_2 L2
I = i | 1 F(z)dz + ZF(_Xk)F(Xk) 6 12
—g—ico k#£0
What happens here is often called closing the box, compare Fig-
ure 3, see e. g. [25, 18]. One integrates along a rectangle with corners
:I:% 4+ ¢M. One can evaluate it by collecting the residues inside the
rectangle. And one can let the parameter M go to infinity. In this
type of problems, the integrals along the horizontal lines disappear,
and we can express one integral along a vertical line by an integral
along another vertical line, plus a few residues. The justification that
these integrals along the horizontal lines disappear comes from the
fact that the Gamma function (which is always present in our ex-
amples) becames small extremely fast for large imaginary parts, see
[27]. Since all our examples are of that nature, we will perform the
relevant operations without further comments.
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The emphasis of this survey is to prove identities, and this is to
some extent a more algebraic than analytic endeavour.—
Now one writes

1 1
= _1—
e —1 e ?—1
and gets, by a simple change of variable z := —z,
1, -

1 —5+ico 7T2 L2
LH=—— —2)(z)dz—1T I'(—xe)T - .
v=5r [ TEATEME L3 Dl ~ - 3

2 k#0
The integral
1 7l+ioo
Ip=—— I'(—2)T'(2)dz
2w —1ioo

can be computed by collecting the negative residues right to the line
Rz = —%, viz.

[ o D(—2)(2)dz =) (=1) (-1)=-L
>T Tom “loico N ~ 1 T

Altogether we have

2 L?
2 = =L+ Y T(—xk)T(xk) — 5 12
k£0

On the other hand, integral I; is also the sum of the negative residues
right of the line Rz = %, i.e.,

h= oY e e oy S
I>1 1>1
Combining these results, we get
s L?
szZ e =L+ T(x)llw) — &~ 13-
>1 k£0

This is the identity we wanted.
With not much more effort one can also compute the coefficients
[63],, for k # 0. For this, one works with the function

F(z) = T (=2 = xa)T(2).
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One obtains

=75 D0 Dx)D(xe +x)
J#0, #k

2 (DT (—xe+D) 2

=72 z!(zl—f) T

T (=xw) (¥ (=xk) +7)-
>1
We omit the details.
Guy Louchard, who is interested in higher moments, asked to
compute the coefficients [63],. Here is the instance k = 0, the general
case is very involved and not too attractive:

5 _ 423 1 (=)' 6 = (=1)'Hi-1 | 2log3
Bolo =1~ 75 L;z@l— )JFL2Z>1 -1 "1

+% ) (H(;)l();i 1) [2]‘1—1 + 2j+l1—1} (lj;!]>

Lj>1

(In this formula, the harmonic numbers Hy, ==}, % appear.)
This has been tested numerically as well and gives
9.42817763095796606421903 x 10725,

Let us straight ahead do another example (identity (2)), which
also occurs often:

1 .
o(z) =7 D (=1 = i) ek,
k40

Here, we take

L o
F(z) = o 1% (=1 —2)I'(-1+ 2).

Then

1 —%-&-ioo
hi=o— F(2)dz+ > xk(=xk)T(=1 = xi)T(=1 4 xx) + 1

T J_1_ico

2 k#0
and
2Ty = LI + > xi(—x)T (=1 = xp)T(=1+ xx) + 1
k0
with
1 7%+ioo
I = 22T(=1 = 2)I (=1 + 2)dz

2mi J_ 1ioo



Stellenbosch University https://scholar.sun.ac.za

20 Periodic Oscillations in the Analysis of Algorithms and Their Cancellations

229

Periodic Oscillations in the Analysis of Algorithms
l+1 L
o (-2 +=
=2 (z + o =27

1>2

Therefore

L
20 = —L* + 5+ ) xe(=xi)T (=1 = xi)T (=14 xx) + 1.
k20

But I; is also

_ L 2oy
Li=-7+L+1L Zzl—l(l—i—l) S
_ L U™
__Z+L2+LZ 20—+ 1)1 -1)

l>2

Putting things together, we find

L
2I, = —L* + 3T D xk(=x)T (=1 = xi)T (=1 + xx)
k£0

( )l+1l

L
=——+2L%+2L 1
g T ;(21—1)(l+1)(l—1)+ ’

or

D xk(=xk)T (=1 = xp)T(—1 + x)
k70

(_1)l+1l

259

:_1—L+3L2+2LZ
1>2

which is the identity in question, as it expresses the quantity L2[02

in two different ways.

Here is a third example, dealing with the function

7211(] - 2mkx

k#0

-+ 1) -1)

Jo
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for j > 1, and the computation of the constant term of its square.
The technique should be familiar by now. Consider the function

PG +2TG - 2)

L
elz —1

Therefore we have

1, .
, , L (27T +2)(G—=
ZF(]‘*‘Xk)F(J—Xk)_mﬁ ' ( eLZ)—(l )dz
k#0 g o0
1, -
L [~2t° T IR
T U +LZ) G=2), r(j)2.
2mi —1joo et® —1
(T'(j)? is the residue at z = 0.)
Now we use again the decomposition
1 1
L =-1-—
elz —1 e Lz —1

for the second integral and get

1, -
L ["3H° D4+ T —
2 (J+2)( Z)dz

20 J 1 oo elz — 1

L 7%+ioo
= L'(j+2)(j —2)dz

C2mi 1
—5—i0o

L [72H T+ )T - 2)

— d
+ 2mi J 1 e e~Lz—1 :
L 100
= — I'(g I'(7 — 2)d
omi ). (J+2)( — 2)dz
L [2H°T(j— 2)T( + 2)
— T dz.
27 1 ico etz -1
Therefore
) 2
Z’F(J + X&)|
k40
2L [PHCT( 4 ANG —2)
= z
21 J1 oo elz —1
L 100
+ o L'(j+2)(y —z)dz—l"(j)2

—100
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=1+, —T(5)>

Integral I is evaluated by shifting the contour to the right and col-
lecting the negative residues, which gives

] +m ( 1)] —m+1
—2L Z eLm _ _ ])
m>j :

and with m=h + j

oY (h+25 —DI(=1)" 1

! htj _
= h! 2 1

, 9\ 1

h>0

Integral Is is of interest for itself and appears already in early ref-
erences to the Mellin transform technique as by Nielsen [19, p. 224].
(It could, however, by computed as in the previous examples.)

We start with the function

x]

f(x)zm

and perform its Mellin transform (see, e.g., [6] for definitions)

L+ —s)
I'(2j)
with the Beta function B(z,w) (compare [1]). The fundamental strip

s (—74,7). Therefore the inversion formula for the Mellin transform
gives

5) = /Ooo f(a)z*~\dw = B(j +s,j— s) =

1 /i°° LG+ 380G =8)
2mi )i T(2)) |

Now we may evaluate at x = 1 and get the formula

fz) =

! T(j+8)T(j — s)ds = T'(25)27%

2m )0

This produces the formula

D TG+ x0T — xx)
k0
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—or2j— 1y (‘?) ﬁ LR - 1127 — (- )2,
h>0
(4)

This formula was essential in the paper [13].

Remark. The computation of the integral Iy (as in the examples
above) sometimes leads to series like

> (-1

>1

There is nothing wrong here. The correct interpretation is as an Abel
limat

3 Using the Mellin transform to prove iden-
tities

Let us start with our running example (1) and show how this can

be proved using the Mellin transform. The Mellin transform is very

prominent in the analysis of algorithms, and we refer to [6] for a nice

survey.
We will treat again our identity (1) and might for instance start

with the series
PR
h _
1 h (2 1)
and interpret it as g(log2) with
(—1)! (_1)h_1e—hkr
— )

9(x) = m =

h>1 hk>1

Now one computes the Mellin transform g*(s):

g*(s) — Z (1f)Lh1 e—hkx _ Z (1});1 h—sk—sr(s)

h,k>1 h,k>1

= (1 =27°)¢(s + 1)¢(s)I'(s).
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The Mellin transform exists in the fundamental strip (1, c0); whence
we can invoke the inversion formula for the Mellin transform. We

may choose e.g. the line Rz = 3 since 3 lies in the fundamental
strip. So we get
1 %Jrioo
- __9—s —s
9(x) = 211 /g_ioo (1 =27°)C(s + 1)¢(s)I'(s)x™ds
71'2 L T 1 *%Jrioo
== -5t to— 1—-27¢ D¢ (s)D(s)z~*
120 2 24 2mi J_s_ ( )C(s +1)¢(s)T(s)z ds
™ L, =
12 2 24

3 .
—5Ftoo

to / (25— 1)¢(s + 1)5(5)2\1/%r () (3 )eas

—5—ic0

This form was obtained by taking 3 residues out and invoking the
duplication formula of the I'-function. (Observe that the exponential
smallness of the I'-function along vertical lines justifies the shifting
of the line integral.) We now use the functional equation for ((s),
namely

S 1—s

(3o =i

) —s), (5)

and continue:

2 L T

9() = 15, ~ 3 T g
—%—i—ioo
1 1 1 1—s —S
— 25 _1)= 25"1‘(—) 1— r(—) —8)z*
tom [ @ -0 () (S )o-s)e s
—%—ioo
™ L =z
122 2 24
1 [atiee 1 o1 /l+s s
. 975 _ 1)= —S—ar( ) 1 I‘(—) sd
+o— %_m( )37 5 ) S+ 8)T(5 )(s)z°ds
™ L =z
122 2 24
1 %-Hoo

- — (1 =277 2¢(1 + 5)¢(s)T(s)x*2 % ds,

2mi 2 oo
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and so )
s L =z 272
P ) 0
9@) =155t 9 (6)

This is the formula we need, since we can also rewrite the left side of
(1) in terms of this g(x) function:

o= 73 > TOIT(-

k#£0

1
I Z lsinh(2kn2/L) L Z k 62’“ -1’
k>1 k>1

with z = 2772/L. But

Z T 1 —keivn-
z __
k>1 k(e k>1, j>0 k
1 s 1 .
— Zekiz _ 9 Z 76—2k]z
k>1,j>1 k k>1,7>1 2k
(_1 k_ —k]z ( 1)k !
= ' Z L ekz — = g('z)a
k>1, 5>1 E>1
and so

52 = 2o (%),

Let us do a more complicated example in the same style: We want
to rewrite [72],, to get identity (3). Note that

o =23 = g 3 (3 VB0 ) PSP,

Now we use the formula (equivalent to the reflection formula for the
Gamma function, cf. [1]) I'(2)['(1 — z) = 7/ sin7z and obtain

1 —xg 14+ xk s ™
F F —_— =
( 2 ) ( 2 ) sin(mw/2 +ikw2/L)  cos(ikw?/L)
—kr2/L
T e

=2
cosh(kn?/L) " e 2k
so that

e*kTrQ/L

o =73 2 (3+2v2(-1}) e (7)

k>1
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Let us define two new functions

—kx (_1)k—1e—k‘z

€
k>1 k>1

1+ e 2k

Then, (7) in terms of F(z) and G(x) becomes

2

o= 5r() - 5e(T) ®

We use a series transformation for F(z) and G(z). We start with

Flz) Z Z ok )z ZX

§>0 k>1 §>0

where
0, for j even;

x(7) =<1, forj=1mod4;
—1, for j =3 mod 4.
Once we know that
2

(%) R

T 1 m
x
for > 0, as we shall show soon, then G(z) = F(z) — 2F(2x), hence

o=+ 77(7) - 15
)

Applying the above to (8) we finally obtain

3

[7—2]0 - AL 412 (3+2\/>)

To prove (9) we proceed as follows. Let
5s) = Y (-1P
= (25 +1)
We have

- _1) —k(2j+1)z
Zl—‘re—?kx_;( Ly Y e i,

k>1 k>1
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so that the Mellin transform F*(s) = [ F(z)z* 'dx of F(x) be-
comes F*(s) = I'(s)((s)B(s). By the Mellin inversion formula this
yields

%—&-ioo
Pla) = ﬁ) I(5)C(5)(s)2—"ds.

27 —ioo

Now we take the two residues s = 1 and s = 0 out from the above
integral (observe that 8(0) = 1/2 and (1) = 7/4, cf. [1]) and apply
the duplication formula for T'(s) to obtain

1, .
F [ I 28—1F (2= —s .
@)= 4+2m/;m NG (2) ( 2 )93 (s)B(s)ds

We now use the functional equations for {(s) and 3(s), namely

1

r(3)ec = in('5 e -

and

B — s)r(1 - %) - 228—1w—8+%r( B(s).

s+ 1)
2
The first identity is Riemann’s functional equation for {(s), and the
second is an immediate consequence of the functional equation for

Hurwitz’s (-function (s, a) (cf. [2]), and the fact that

Bls) =47 [¢(s.4) = ¢(. 7).
Substituting 1 — s = u, we get

3, -

T 1 1 [atee
Flz)= ~ -~ 4 —
@)= " 17 2 5 ioo

T2 ()2 (w) B(u) du,

which proves (9).

Using the above scheme, several other identities which one needs
in the analysis of algorithms can be proved. We refer to Szpankowski’s
book [25].

4 Modular identities

Formula like (6) belong to the realm of modular functions. Many of
them can be found in the literature, and are due to Jacobi, Dedekind,
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Ramanujan and others. Berndt’s book [4] contains a wealth of infor-
mation about the subject, compare also [3].

Here is a little bit of background: Let H be the upper complex
halfplane {z € C | Sz > 0}. Then the Dedekind 7 function is defined
by

_ m-r/12 H 27rmfr T € H;

n>1
there is a transformation formula:

a(=2) = (i) n(r).

T

C. L. Siegel [24] gave an elegant proof of this transformation for-
mula using residue calculus.
Ramanujan considered series

km
z) = Z ke —pv an odd integer,
E>1

and could relate them to f(72/z). For the reader’s convenience, we
give these formula here:
Setm=2N+1and N €N, o, > 0, and o3 = 2, then

k‘2N 1
{ CN+1)+> ST }

k>1
o1 j—2N-1
= (=8) { CON+1)+ 2/%_1}
k>1
N+l
_ 92N Z 1)k sz Bon ook N1k gh
(2N + 2 — 2k)!

(this covers the exponents —3,—5,...); the By’s are the Bernoulli
numbers. Then

1 s
> K ( eQak 1 loga + Z k(eZﬁk —glogB+ 15

E>1
which covers the exponent —1. Furthermore,

+p8 1
az e2ak _ +’8262ﬁk _a24 4

k>1 k>1
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which covers the exponent 1, and finally for N > 2,

N k2N—1 N k?N—l N N BQN
@ zemk_l_(_ﬂ) Ze2ﬁk_1:(a —(=h) )W’

k>1 k>1

which covers the exponents 3,5, . ...
The instance m = —1 is equivalent to the functional equation for
Dedekind’s eta function.
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