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Abstract

HIV infection is one of the world’s biggest health problems, with millions of
people infected worldwide. HIV infects cells in the immune system, where it
primarily targets CD4+ T helper cells and without treatment, the disease leads
to the collapse of the host immune system and ultimately death. Mathematical
models have been used extensively to study the epidemiology of HIV/AIDS.
They have proven to be effective tools in studying the transmission dynamics of
HIV. These models provide predictions that can help better our understanding
of the epidemiological patterns of HIV, especially the mechanism associated
with the spread of the disease.

In this thesis we made a functional comparison between existing epidemiolog-
ical models for HIV, with the focus of the comparison on the force of infection
(FOI). The spread of infection is a crucial part of any infectious disease, as
the dynamics of the disease depends greatly on the rate of transmission from
an infectious individual to a susceptible individual.

First, a review was done to see what deterministic epidemiological models
exist. We found that many manuscripts do not provide the necessary infor-
mation to recreate the authors’ results and only a small amount of the models
could be simulated. The reason for this is mainly due to a lack of information
or due to mistakes in the article.

The models were divided into four categories for the analysis. On the basis of
the FOI, we distinguished between frequency- or density-dependent transmis-
sion, and as a second criterion we distinguished models on the sexual activity
of the AIDS group. Subsequently, the models were compared in terms of their
FOI, within and between these classes. We showed that for larger populations,
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ABSTRACT iii

frequency-dependent transmission should be used. This is the case for HIV,
where the disease is mainly spread through sexual contact.

Inclusion of AIDS patients in the group of infectious individuals is impor-
tant for the accuracy of transmission dynamics. More than half of the studies
that were selected in the review assumed that AIDS patients are too sick to
engage in risky sexual behaviour. We see that including AIDS patients in the
infectious individuals class has a significant effect on the FOI when the value
for the probability of transmission for an individual with AIDS is bigger than
that of the other classes.

The analysis shows that the FOI can vary depending on the parameter values
and the assumptions made. Many models compress various parameter values
into one, most often the transmission probability. Not showing the parameter
values separately makes it difficult to understand how the FOI works, since
there are unknown factors that have an influence. Improving the accuracy
of the FOI can help us to better understand what factors influence it, and
also produce more realistic results. Writing the probability of transmission
as a function of the viral load can help to make the FOI more accurate and
also help in the understanding of the effects that viral dynamics have on the
population transmission dynamics.
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Opsomming

MIV-infeksie is een van die wêreld se grootste gesondheidsprobleme, met miljoene
mense wat wêreldwyd geïnfekteer is. MIV infekteer selle in die immuunstelsel,
waar dit hoofsaaklik CD4+ T-helperselle teiken. Sonder behandeling lei die
siekte tot die ineenstorting van die gasheer se immuunstelsel en uiteindelik sy
dood. Wiskundige modelle word breedvoerig gebruik om die epidemiologie van
MIV/vigs te bestudeer. Die modelle is doeltreffende instrumente in die studie
van die oordrag-dinamika van MIV. Hulle lewer voorspellings wat kan help
om ons begrip van epidemiologiese patrone van MIV, veral die meganisme wat
verband hou met die verspreiding van die siekte, te verbeter.

In hierdie tesis het ons ‘n funksionele vergelyking tussen bestaande epidemi-
ologiese modelle vir MIV gedoen, met die fokus van die vergelyking op die
tempo van infeksie (TVI). Die verspreiding van infeksie is ‘n belangrike deel
van enige aansteeklike siekte, aangesien die dinamika van die siekte grootliks
afhang van die tempo van oordrag van ‘n aansteeklike persoon na ‘n vatbare
persoon.

‘n Oorsig is gedoen om te sien watter kompartementele epidemiologiese modelle
alreeds bestaan. Ons het gevind dat baie van die manuskripte nie die nodige
inligting voorsien wat nodig is om die resultate van die skrywers te repliseer
nie, en slegs ‘n klein hoeveelheid van die modelle kon gesimuleer word. Die
rede hiervoor is hoofsaaklik as gevolg van ‘n gebrek aan inligting of van foute
in die artikel.

Die modelle is in vier kategorieë vir die analise verdeel. Op grond van die
TVI het ons tussen frekwensie- of digtheidsafhanklike oordrag onderskei, en
as ‘n tweede kriterium het ons die modelle op die seksuele aktiwiteit van die
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vigs-groep onderskei. Daarna is die modelle binne en tussen die klasse verge-
lyk in terme van hul TVIs. Daar is gewys dat frekwensie-afhanklike oordrag
gebruik moet word vir groter bevolkings. Dit is die geval van MIV, waar die
siekte hoofsaaklik versprei word deur seksuele kontak.

Die insluiting van die vigs-pasiënte in die groep van aansteeklike individue
is belangrik vir die akkuraatheid van die oordrag-dinamika van MIV. Meer
as helfte van die uitgesoekte studies aanvaar dat vigs-pasiënte te siek is om
betrokke te raak by riskante seksuele gedrag. Ons sien dat die insluiting van
vigs-pasiënte in die groep van aansteeklike individue ‘n beduidende uitwerking
op die TVI het wanneer die waarde van die waarskynlikheid van oordrag van
‘n individu met vigs groter is as dié van die ander klasse.

Die analise toon dat die TVI kan wissel afhangende van die parameter waardes
en die aannames wat gemaak is. Baie modelle voeg verskeie parameter waardes
bymekaar vir die waarskynlikheid van oordrag. Wanneer die parameter waardes
nie apart gewys word nie, is dit moeilik om die werking van die TVI te ver-
staan, want daar is onbekende faktore wat ‘n invloed op die TVI het. Die
verbetering van die akkuraatheid van die TVI kan ons help om die faktore
wat dit beïnvloed beter te verstaan, en dit kan ook help om meer realistiese
resultate te produseer. Om die waarskynlikheid van oordrag as ‘n funksie van
die viruslading te skryf kan help om die TVI meer akkuraat te maak en dit kan
ook help om die effek wat virale dinamika op die bevolkingsoordrag-dinamika
het, beter te verstaan.
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Chapter 1

Introduction

Since the discovery of the human immunodeficiency virus (HIV) more than 30

years ago, HIV infection has become one of the world’s biggest health problems.
Globally, an estimated 35.5 million people were HIV positive in 2012, of which
7.2 million lived in Southern Africa. According to UNAIDS estimates, the
countries that are the worst affected by the epidemic are Botswana, Lesotho,
South Africa, and Swaziland, with the numbers of infected individuals still
increasing in these countries [1].

HIV infects cells in the immune system, where it primarily targets CD4+ T
helper cells and without treatment, the disease leads to the collapse of the
host immune system and ultimately death. HIV infects and kills components
of the immune system such as CD4+ T helper cells, macrophages and den-
dritic cells [2]. The virus uses CD4+ T cells to gain entry into host T cells and
achieves this by binding to the viral envelope protein (gp120). Through this
it decreases the number of CD4+ cells, which are essential in fighting disease.
CD4+ T cells will continue to decrease as the viral load increases. Looking
at the CD4+ T cell count, HIV infection can be separated into four stages
[3]. The stages include: primary HIV infection or acute stage, asymptomatic
stage, symptomatic stage and the stage where individuals progress from HIV
to acquired immunodeficiency syndrome (AIDS). The infectivity of an infected
individual is the highest during the acute phase [4], when the viral load is the
highest and the lowest during the asymptomatic stage. HIV infection is treated
with antiretrovirals (ARVs). ARVs can only help to slow down the spread of
the disease, but not cure it. The aim of antiretroviral therapy (ART) is to

1
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CHAPTER 1. INTRODUCTION 2

keep the amount of virus in the body as low as possible. A lower viral load
will result in an infected individuals being less infective. Individuals of whom
treatment is successful, will stay in the asymptomatic stage of the disease.

HIV/AIDS has been the focus of many modelling studies since its discovery,
starting with May and Anderson [5] who were concerned about the possible
outcome of the AIDS epidemic. They designed models to understand the
mathematical nature of HIV transmission. Mathematical models have proven
to be effective tools for the epidemiology of HIV and have been used extensively
to study the transmission dynamics of HIV. These models provide predictions
that can help better our understanding of the epidemiological patterns of HIV,
especially the mechanisms associated with the spread of the disease. New ap-
proaches to reduce the spread of HIV can be found by looking at the impact
that treatment and interventions have on the population. Different prevention
and treatment strategies have been used as an attempt to combat the HIV
epidemic, including ART, condom use, HIV counselling and testing (HCT),
male circumcision, and information campaigns. These are also the main focus
of most epidemiological models.

There are two processes that are important in the study of the dynamics of
HIV infection, i.e., the epidemiological process and the immunological process
[6]. The epidemiological process occurs at population level and it takes the
transmission between hosts into account. The immunological process occurs
within the host and involves the virus-cell interaction. Both these processes
develop on widely different time and spatial scales, which makes it difficult to
incorporate both in a single model. Most existing models do not link these
processes explicitly, but rather see them as a decoupled system. Epidemio-
logical models consider only the interactions between susceptible and infected
individuals without taking into account the viral dynamics within the host.
Immunological models only take into account the viral dynamics within the
host with no population dynamics. Some epidemiological models incorporate
the infectivity of an individual in a certain class, but it still assumes that all
individuals in that specific class have the same constant viral load.

There is a large amount of uncertainties in HIV modelling, especially with
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regards to transmissibility and the effects of treatment. Due to these uncer-
tainties, assumptions have to be made when estimating parameters and too
many assumptions can cause a model’s results to be inaccurate and unrealistic.
Coupled models, that incorporate both the epidemiological and the immuno-
logical processes, can further the understanding of the interaction between the
variables that determine the development and progress of the disease, and the
variables that control the pattern of infection in a population. By studying
these models we can see how within-host dynamics influence the disease dy-
namics at population level, and also the effect that the transmission dynamics
at population level has on the within-host dynamics. Not many models ex-
ist that couple these processes, especially when focusing on HIV. A possible
way to improve the accuracy of epidemiological HIV models could be through
incorporating within-host dynamics in an epidemiological model, by express-
ing the probability of transmission as a function of the viral load. This will
increase the reliability of the force of infection (FOI) of the model, which is
important for the accuracy of the infection rate. The FOI is the rate at which
individuals get infected.

1.1 Aims and outline

Our aim is to make a functional comparison between existing epidemiological
models for HIV. The focus lies on the comparison of the different FOIs for the
models. The FOI is important in understanding disease dynamics, as it is the
driving force of disease transmission. The formulation of the force of infection
differs between diseases and populations. What effect would the FOI have on
the accuracy of a model? We specifically set out to:

• Review existing mathematical models for HIV epidemiology.

• Simulate the relevant models from the review for curation and the com-
parison.

• Compare and interpret the results by focusing on the force of infection
for the different models.

The thesis is set out as follows: Chapter 2 provides background information
on topics that are of importance to the study. Chapter 3 covers the review
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of the existing models, along with a short discussion and Chapter 4 shows
the simulation and comparison of the models. The general discussion and
conclusion to the thesis are given in the last two chapters.
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Chapter 2

Background information

The following chapter provides background information on the main research
topics covered in this thesis. We start with mathematical modelling of infec-
tious diseases, explaining how and why they are used. We then move onto HIV
infection, where we look at both the whole body disease state as well as virus
dynamics at cellular level. We also give an example of a basic HIV model,
and then lastly focus on the force of infection, which is the main focus of this
thesis.

2.1 Mathematical modelling of infectious
diseases

Mathematical models provide detail that help us to understand the mecha-
nisms associated with the spread and persistence of a disease. The impact of
any intervention on the population can be determined through such models.
The benefits of these models are that they can project how infectious diseases
progress to help us understand what factors influence the dynamics of the dis-
ease, as well as show the likely outcome of an epidemic [7]. An epidemiological
model combines the knowledge and data about an infectious disease by consid-
ering the pathogenesis of the disease, the transmission between individuals in a
specific population, and the impact that interventions have on the population.
All this can help inform public health interventions. Different diseases in a
population, or the same disease in different populations can also be compared
by using mathematical models.

5
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Daniel Bernoulli constructed the earliest mathematical model for infectious
diseases in 1760, where he looked at susceptible individuals exposed to small-
pox [8]. This was followed by Ronald Ross’s research into the spread of malaria,
where he developed models to study the epidemiology of malaria. Building
on this research done by Ross, Anderson McKendrick and William Kermack
formulated a basic deterministic model that could successfully predict the be-
haviour of outbreaks, as these results were similar to trends in observed epi-
demics [9]. After this, Lowell Reed and Wade Frost developed a model that
described the interactions between susceptible, infected and immune individu-
als in a population [10]. This model is called the Reed-Frost epidemic model.

Realistic models can be quite complex, and therefore simplified models are
often used. These simplified models can still help to get a better understand-
ing of population-level dynamics and the impact of interventions. The number
of assumptions in a model can affect the accuracy of the results and a model
should be able to represent the biological problem that is studied as accurately
as possible [11]. Unnecessary detail can make it more difficult to estimate accu-
rate parameters for the model, but if too many important details are excluded
the conclusions can be inaccurate.

Infectious disease models are often used in the planning of prevention and
treatment programmes which have a big impact on public health. For this
reason, it is important that parameter values of such models are estimated
using accurate and reliable methods. Mathematical models of any infectious
disease should be based on the basic knowledge of the disease in question and
the data collected to understand it. Mathematical models need validation,
but challenges remain on the accuracy, availability and usefulness of the data
that are used in epidemiological models. When analysing the results of these
models, the following need to be taken into account: the sensitivity of the
results to changes in the parameter values, the basic structure of the model
and possible short-comings in data accuracy [12]. It is clear that no model can
include all the processes that influence the spread of an epidemic, as this will
make the model too complicated to work with.
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Different types of models are used for modelling infectious diseases. The main
types are deterministic and stochastic models [13]. For stochastic models,
probability is used to determine the state of the system and the solution of
such a system is a probability distribution for each of the variables. Determin-
istic models do not include elements of randomness, but rather rely on fixed
parameter values and initial conditions. A deterministic model will always
produce the same results for a given set of conditions. Stochastic models are
suitable for modelling small populations and deterministic models are mainly
used for larger populations.

2.2 HIV infection and transmission dynamics

HIV was fist discovered in 1981 in the United States, where patients showed
symptoms of fungal infections such as Pneumocystis carinii pneumonia (PCP)
and later a rare skin cancer known as Kaposi’s sarcoma was also seen in pa-
tients. These diseases mainly occur in individuals with very compromised
immune systems, and the previously mentioned patients had no know cause of
weakened immune systems. HIV is mainly spread through sexual intercourse,
infected blood, and from mother to child (vertical transmission).

There are two types of HIV: HIV type 1 (HIV-1) and HIV type 2 (HIV-2).
Differences between the types are that HIV-2 is not as easily transmitted as
HIV-1 and the development of the disease after initial infection is much slower
in HIV-2 cases [14]. HIV is a retrovirus with RNA that is reverse transcribed
by reverse transcriptase (RT) to DNA, after the virus has entered the host cell.
The DNA is then integrated into the genome of the cell and replicated along
with the cell. HIV-1 infection begins when the envelope glycoprotein, gp120,
of HIV binds to CD4, the cellular receptor that is expressed on the host cell
[15]. The cells that the virus attaches to include: T-helper cells, macrophages,
and dendritic cells. A conformational change occurs in gp120 as a result of the
binding to the CD4 receptor. This conformational change increases its affinity
for a co-receptor and exposes gp41, an HIV protein that penetrates the cell
membrane. The co-receptor that gp120 needs to bind to is either CCR5 or
CXCR4, which are chemokine receptors.
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After the binding of the HIV envelope and the host membrane, the nucleo-
capsid is released into the cell. Here, the viral RNA is transcribed into viral
DNA which is then transported to the nucleus. In the nucleus the viral DNA
integrates with the cell DNA, and the integrated viral DNA can remain latent
(latent stage of HIV) until the cell is activated. When the cell is activated
through the transcription of the viral DNA, virions are produced and bud out
of the host cell membrane.

The clinical stages of HIV disease starts with the rapid replication of the virus.
Infected individuals can develop a fever within two weeks after infection. The
increase in the viral load in the blood in the first two months is significant.
The viral load peaks around two months, after which there is a sudden decline.
This is followed by an extended period of clinical latency, where the number
of infected cells is very low. During this time, there is little viral activity in
the blood, but the virus is still active in the lymphoid tissue [16]. Cytotoxic T
lymphocytes (CTL) start to develop early on in the infection, and it kills the
infected T-helper cells which leads to a decrease CD4+ T cells. The number of
CD4+ T cells keeps decreasing, and AIDS develops when the number of CD4+

T cells goes below 200 cells/mm3.

2.2.1 Prevention strategies and treatment for HIV

Prevention of new HIV infections seems to be the key to managing the HIV/AIDS
epidemic [17]. Prevention strategies for HIV require both behavioural and
biological approaches. Behavioural approaches of HIV prevention include
HIV counselling and testing (HCT), information campaigns, condom use and
screening. Information campaigns largely focus on uninfected individuals, but
it has been found that individuals who know their status, and are positive,
may still engage in risky sexual behaviour. It also occurs among individuals
who are receiving treatment, where their partners believe that they can no
longer transmit HIV.

The use of condoms as a prevention strategy is not always effective, due to
inconsistent and incorrect use of condoms. This also makes it difficult to de-
termine parameters that relate to condom use [11]. Recent surveys in various
countries in sub-Saharan Africa have detected a decrease in condom use, even
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though the supply of condoms are increasing [1]. There are several reasons
for the low levels of condom use, including poverty, relationship with parents,
lack of education on HIV, and beliefs and attitudes about HIV [18], but it is
unclear why the use of condoms have decreased in these areas. Screening of
infectives can have a positive impact on behaviour change, but studies have
shown that individuals who tested negative will not necessarily change their
behaviour [19, 20].

Biological approaches to HIV prevention include vaccines, microbicides, male
circumcision, treatment of sexually transmitted diseases (STDs), ART, and
the use of ART as pre-exposure prophylaxis (PrEP). The efficacy of PrEP as a
preventive measure is highly effective if drug adherence is high. Unfortunately,
the use of ART as prevention in the worst affected countries can not be sus-
tained due to the high demand, and low adherence levels. PrEP administration
can either increase the efficacy of the drug or it can cause drug resistance to
develop [1]. In infected individuals, ART is used to suppress viral replication
of HIV to such a level that it is below the level of detection [21]. This allows
the immune system to function and help prevent opportunistic infections to
develop, such as TB. It also delays the progression to AIDS [22].

ART is not able to clear the infection, and therefore cannot cure HIV infection
completely. Using ART can decrease the infectivity of an infected individual,
as a result of the decreased viral load [21, 23], but the complete prevention
of transmission has not yet been proven. The use of treatment by infected
individuals also increases their survival period, a result that can possibly have
a negative effect on the epidemic as there are more infected individuals over
a longer time, just with decreased infectivity. From this observation, several
studies have come to the conclusion that treatment will only be effective in pre-
venting new infections if the levels of risky sexual behaviour do not increase
[24, 25]. Male circumcision has been shown to decrease the transmission of
HIV, but it is more effective combined with treatment [26].
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2.3 HIV models

Mathematical models of the transmission dynamics of HIV have been used
extensively to determine the impact that prevention strategies have on the
epidemic, since they provide short and long term prediction of HIV incidence.
Starting with May and Anderson [5], who used models to understand the trans-
mission dynamics of HIV, several modifications have been made to models to
study how different components play a role in the prevalence of HIV. Among
these modifications are the variability of the infection rates of the different sub-
populations at risk, the incubation period before the onset of symptoms, and
the evolution of the variability of infection in each individual. The within-host
dynamics and infectious periods of infected individuals have to be considered
when modelling HIV to take the persistence of the disease into consideration.
The challenge remains to accurately express what impact the within-host pro-
cesses have at population level. Changes in viral load, which correlate with
different degrees of infectivity, are modelled by individuals moving between
various infection stages [27]. Much focus has been put on developing realis-
tic mathematical models for the transmission dynamics, within-host dynamics
and control mechanisms of HIV. These models have made a considerable im-
pact on the understanding of HIV infection and treatment [28, 29].

Coupled models take both the epidemiological and immunological dynamics
into account. There are a few models incorporating both the systems by look-
ing at a general infectious disease, but we see that it may be helpful to link the
dynamics for HIV as well. Linking the prevalence of the disease to the viral
load at the within-host level can help improve the accuracy of parameters.
Combining these two components allows the viral load to vary as the epidemic
changes [30].

HIV is a major driving-force of the tuberculosis (TB) epidemic, especially
in poor regions. HIV is the biggest risk factor for latent TB to progress to
active TB. TB is also the most widespread opportunistic infection among HIV
infected individuals. It is the first sign of AIDS in more than 50% of HIV
cases in developing countries [31]. HIV-positive individuals, co-infected with
TB, have a shorter survival period, as TB increases the rate of progression
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from HIV to AIDS. Therefore, it is essential to also study the transmission of
HIV-TB co-infection in developing countries.

2.3.1 Basic HIV infection model formulation

I(t)S(t) A(t)
�(t) ↵⇤

µ µ µ

⌫

Figure 2.1: Diagram representing a basic HIV/AIDS model

Basic compartmental models consist of a set of ordinary differential equations
(ODEs) which is formulated by observing the flow of individuals from one
compartment to the other. The population under consideration is divided into
separate classes, where the number of individuals per class change with time,
as shown in Figure 2.1. The susceptible class (S) consists of those individuals
who can be exposed to the disease but they are not yet infective. The infective
class (I) consists of those individuals who are transmitting the disease to others
and the AIDS class (A) consists of the individuals who have progressed to the
AIDS stage of HIV infection. The susceptible class can interact with both the
infective and AIDS classes, depending on the model assumptions. The total
population (N) is given by

N(t) = S(t) + I(t) + A(t)

Individuals are recruited at a constant rate, ⇤, and removed by death from
each class at a rate, µ, which is called the natural death rate. This rate is
proportional to the class size. Individuals are removed from the AIDS class by
disease-related death at a rate, ⌫, called the disease-related death rate. The
rate at which individuals get infected, that is the rate at which they move from
the susceptible class to the infected class, is given by �, this is also called the
force of infection (FOI). The rate at which individuals progress to the AIDS
stage of infection is given by ↵. Taking all of this into consideration, we get
the following system of ODEs:
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dS

dt
= ⇤� (�+ µ)S

dI

dt
= �S � (↵ + µ)I

dA

dt
= ↵I � (µ+ ⌫)A

An example of an expression for the FOI is: � = �1I+�2A
N

. There are other
possibilities for the form of the FOI, depending on the assumption made in
the model. This is explained in detail in Section 2.4.

The differences in infectivity for individuals in each of the infectious compart-
ments is represented by �1 and �2. � is either the probability of transmission
from an infectious individual to a susceptible individual, given by �1, or from
an individual with AIDS to a susceptible individual, given by �2. This pa-
rameter (�) is formed from two components, namely the likelihood of contact
between two individuals for transmission to be possible, and the probability of
successful transmission as a result of the contact. The probability of transmis-
sion is significant in measuring the FOI, but it is difficult to determine since it
is associated with the attitude or behaviour of an individual. This then shows
that the risk of acquiring HIV largely depends on an individuals behaviour.
A few studies [17, 19, 32, 33] have stated that the future of the HIV/AIDS
epidemic mostly depends on behaviour change of individuals.

It is possible to assume that the AIDS population is too sick to be sexu-
ally active, and therefore the AIDS class will not be infectious. If this is the
case, then �2 = 0. The transmission can also be either density-dependent or
frequency-dependent. In the example given, frequency-dependent transmis-
sion is used. The types of transmission will be discussed in detail in the next
section.

2.4 Force of infection

The spread of infection is a crucial part of any infectious disease. Understand-
ing the transmission dynamics is an essential part of the planning of control and
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prevention strategies for infectious diseases. The dynamics of any infectious
disease depends greatly on the rate of transmission from infectious individuals
to susceptible individuals. This rate, the FOI, is defined as the rate at which
susceptible individuals become infected. Mechanistically, intervention strate-
gies are usually aimed at decreasing the FOI. If these intervention strategies
are successful, it will lead to a decrease in the prevalence of the disease. The
FOI is a significant measure of efficacy when comparing intervention strategies,
such as treatment or circumcision, as it has the biggest impact on determining
the outcomes of the interventions, and ultimately the design of public health
policy.

In many epidemic models the FOI is expressed by a single parameter, the
probability of transmission, �. However, � can be divided into various biologi-
cally relevant components, such as the number of contacts between individuals
and the probability that a contact leads to transmission of the disease. Be-
haviour change is also sometimes incorporated in �, or expressed separately in
the FOI. Due to varying infectivity between different classes in a model, sep-
arate transmission terms could be applied to different classes. For example,
an individual receiving treatment is assumed to be less infectious than indi-
viduals who are not on treatment, therefore the two classes will have different
transmission rates.

There are two main types of transmission: density-dependent and frequency-
dependent transmission. The main difference between the two is that with
density-dependent transmission, the contact rate depends on the population
density, and with frequency-dependent transmission, it does not. It is im-
portant to distinguish between the types of transmission in terms of the basic
structure of contacts within the population. The transmission term depends on
the mode of transmission for a specific disease, for example, airborne diseases,
such as flu or TB, will often be modelled using density-dependent transmission,
and sexually transmitted diseases, such as HIV, will often be modelled using
frequency-dependent transmission. There are exceptions where these can be
switched around.

Density-dependent transmission assumes that the contact rate increases as
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the density of individuals increases [27]. This means that the FOI increases
with the density of infected individuals. The reason is that if more people
enter a given area, then the contact rate between the individuals will increase.
Other terms that are used for density-dependent transmission is mass action
or pseudo mass action transmission. An example of a FOI using density-
dependent transmission would be: � = �I, where the dimension of � is per
individual per unit time. Density-dependent transmission is used for small
populations, where the density of the population will have an effect on the
transmission of the disease.

With frequency-dependent transmission, the FOI increases with the preva-
lence of infection, I

N
, where I is the number of infectious individuals and N

is the total population. Another term for frequency-dependent transmission
is prevalence-dependent transmission [34], but this term is not generally used.
Frequency-dependent transmission shows the case for which the number of con-
tacts is independent of the population size. When using frequency-dependence
for sexually transmitted diseases, it is assumed that the same patterns of trans-
mission will occur in any large area, as the number of close contacts that can
result in transmission is controlled by social behaviour. An example of a FOI
using frequency-dependent transmission would be: � = �I

N
, where the dimen-

sion of � is time�1.

There can be confusion about the correlation between homogeneous and het-
erogeneous mixing, and density-dependent and frequency-dependent transmis-
sion. There is no direct correlation between these, but they can appear inter-
changeable, which is not the case. Homogeneous mixing does not take the
demography or spatial correlations between individuals into account, whereas
with heterogeneous mixing these factors are considered. Frequency-dependent
and density-dependent transmission can also lead to confusion and a lack of
consistency if the terms are not used correctly.

The current chapter provided background information on HIV infection and
the mathematical modelling of HIV epidemiology. We also looked at an ex-
ample of a basic model for HIV epidemiology. FOI was discussed in detail and
the different forms that it can take were explained. In the next chapter we will
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do a review of existing mathematical models for HIV epidemiology, and from
this determine which models can be used in Chapter 4 for our analysis.
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Chapter 3

Review of existing mathematical
models for HIV epidemiology

For our review of the models we focus on deterministic models for HIV epidemi-
ology. The models must be HIV specific, but can focus on any interventions.
Our goal is to make a comparative analysis of the FOI in existing mathematical
models for HIV epidemiology. First we describe how the specific studies were
chosen, then give a summary of them and lastly discuss the different studies.

3.1 Methods

A search of the Scopus database was conducted, using a specific search term:
‘mathematical model AND (HIV OR AIDS) AND (prevent OR treat)’. We
searched for papers published up to 2014. Reference lists of relevant articles
were searched for more modelling studies. For the comparison of the models
the papers must contain a deterministic model and be HIV specific, includ-
ing co-infection models. We focus on deterministic models as we only look at
studies that describe epidemiological factors. As mentioned in Section 2.1, de-
terministic models are mainly used for larger populations and when studying
epidemiological factors, large populations are usually considered.

For each of the articles, the following information was recorded: the focus
of the study, whether or not it contains a model, what type of model is used,
the population modelled, and whether or not the authors supplied the system
of ODEs, parameter values, initial conditions, and results from their numerical

16
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simulations. The ODEs, parameter values and initial conditions are used in
Chapter 4 for the simulations.

3.2 Results

The search generated 1215 results. 26 articles were excluded because they were
either duplicates, commentaries or not available in English. The remaining
1189 abstracts were then examined and the following articles were excluded:
298 were not HIV specific, 96 described cost-effectiveness analyses of HIV inter-
ventions and treatment programmes, and 442 described within-host dynamics
of HIV. The remaining 353 articles described epidemiological factors and were
assessed in more detail. From the 353 articles that were left, only 100 studies
contained deterministic models, of which 81 did not have enough information
to simulate the models.

The 253 studies that were excluded due to not containing deterministic models,
either did not contain a model, or described stochastic or statistical models.
The 81 articles that contained deterministic model, but were excluded due to
a lack of information, either did not provide all the parameter values or all
the initial conditions. Most of the studies that were excluded did not give the
initial conditions, and without the initial values we cannot replicate the models.

For the simulation of the models the ODEs, parameter values and initial con-
ditions were needed. Five more studies that contained enough information
to be simulated were found in reference lists of relevant articles. A detailed
summary of the simulated studies is given in Table 3.1.

The epidemiological studies focused on a variety of different intervention strate-
gies. The majority of the models focused on ART and what effect it has on
the spread of HIV, as it is seen as an intervention that can both treat and
prevent new infections. Not many studies included behaviour change in their
models, which is another important parameter. The transmission probability
of HIV is mainly determined by the behaviour of an individual and their viral
load. This means that behaviour change and treatment are both important for
model accuracy. There are some models that incorporate behaviour change in
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other parameters, for example, condom use or testing and screening.

To make the analysis of a model more convenient, some studies assume a
closed population. For example, Naresh and Tripathi [35] considered a closed
population to show how the total amount of AIDS patients compare for a
population that varies in size. If there is HIV infection present in a closed
population, it will always result in eradication of the population, which makes
a closed population model rarely realistic. Immigration and births have to be
taken into account for a model to reflect real world scenarios.
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3.3 Discussion

The review was done to see what type of epidemiological models exist. We only
included deterministic models in our review. They are suitable for modelling
the dynamics of the HIV epidemic, as mostly large populations are modelled.
Many of the results generated through the search were theoretical models,
which had to be excluded because they do not contain numerical results that
can be simulated. We need to be able to simulate the results to see how the
FOI compares between the models. The theoretical models mostly focus on
stability analysis and basic reproduction numbers.

There is heterogeneity in the compartments of deterministic models which
leads to splitting the compartments up. The splitting of the compartments
then leads to parametrisation problems as we do not always have enough data
for all the compartments. From this the problem arises of how to define the
optimal number of compartments. This number largely depends on the avail-
able data, and how realistic the model should be.

Some models have combined several compartments while others have included
more compartments to model specific interventions and stages of infection.
As mentioned earlier, HIV infection has four stages, namely the acute stage,
asymptomatic stage, symptomatic stage and the AIDS stage. Individuals in
the different stages have varying viral loads, as a result they have different de-
grees of infectiousness. The models that incorporate this aspect of HIV infec-
tion could have more accurate estimations for the force of infection [17, 38, 49],
as the infectivity of an individual has a direct effect on the FOI, and including
the different stages of infection will depend on how accurate these stages, and
the number of individuals in the different stages, can be determined. When
modelling the different stages, modification parameters are used to scale the
probability of transmission according to the infectiousness of that specific stage
of infection.

There is still some dispute about the infectiousness between the classes when
considering the different stages. The role of AIDS patients in the transmission
of HIV is not always taken into account when determining the force of infec-
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tion, despite the fact that epidemiological evidence were found that supports
the assumption that AIDS patients are able to spread the disease through risky
sexual behaviour [51]. More than half of the studies that were selected in the
review assume that AIDS patients are too sick to engage in such behaviour.
The viral load of an individual with AIDS is higher than that of an asymp-
tomatic infected individual, which makes them more infectious [52]. When
considering this, we can assume that the inclusion of AIDS patients in the
group of infectious individuals is important for transmission dynamics, even
though they are less sexually active than the other infectious classes.

The demographics of a population also has to be taken into account when
constructing a model. In sub-Saharan Africa, HIV appears to be mainly
spread through sexual contacts among heterosexual individuals, but in devel-
oped countries, homosexual and bisexual males account for most of the HIV
cases. In reality a population consists of multiple sub-populations that have
different dynamics, but they are influenced by the individuals who are in more
than one sub-population. Most studies either model a heterosexual population
or a bisexual and homosexual population. It is rare that homosexual and het-
erosexual population dynamics are considered in a single deterministic model.
Podder et al. [26] and Romieu et al. [36] developed such models, which looked
at the heterosexual population along with the homosexual and bisexual popu-
lations. The formulation of the FOI for models with multiple sub-populations
is the same as when working with one population, except that with multi-
ple sub-populations all susceptible individuals do not have contact with each
other, therefore each sub-population will have their own FOI.

When looking at the assumptions made in the studies, it has to be taken into
account during what period of time the models were constructed. The studies
considered what was known about the disease at that point in time when they
made their assumptions. For example, we know that HIV infection is one of
the factors that drives the TB epidemic [53], but in the study by Naresh and
Tripathi [35], they concluded that the spread of HIV can be slowed down if
TB is effectively treated. However, as we now know, this assumption is wrong,
though they might have thought it was a reasonable assumption at the time.
This is a classical example of an erroneous causal interpretation based on the
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observation of a correlation.

These remarks about existing mathematical HIV models and the assumptions
that are made suggest that these models can not always be suitable for real-life
populations, as they are much more complex than these models can allow for.
It is important to note, however, that without limiting assumptions a manage-
able model and solution may not be possible. The limiting factor in making
more precise models is the number of parameter values, the more parameter
values there are, the more variability there is in the model, which can make
it less accurate. Improving parameter estimations can make a model more
accurate, but for this we need more data, which is not always available for
epidemiological models.
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Chapter 4

Simulation and comparison of
models

In this chapter we show the simulation results from the models in Chapter 3.
While working with the models, we noticed that they could be divided into
four categories. On the basis of their FOI functions, we distinguished between
frequency- or density-dependent transmission, and as a second criterion we dis-
tinguished models on the sexual activity of the AIDS group. We subsequently
compared the models in terms of their FOI functions, first within these classes
and then between the classes.

4.1 Methods

Studies that provide sufficient information to simulate the models were selected
in Chapter 3. The models were simulated by using the ODEs, parameter val-
ues and initial values for the models provided by the authors. For a detailed
description of the different models, refer to Appendix A. The information pro-
vided in Appendix A is given as used for the simulations, including changes
that were verified by the authors. Mathematica [54] was used as a simulation
tool, and the models were validated by comparing the resulting output to the
graphs or steady state values that were provided in the articles. For our model
analysis we chose to make a comparative study of the FOI dynamics. The
method that we used was to plot the FOI of each model against time and
the number of infectious individuals. The advantage of such a 3-D functional
analysis is that it makes it possible to directly compare models, irrespective of

30

Stellenbosch University  https://scholar.sun.ac.za



CHAPTER 4. SIMULATION AND COMPARISON OF MODELS 31

the types of equations used. The curated models will be uploaded to a public
database, the JWS Online Model Database (http://jjj.biochem.sun.ac.za).

Here we give an example (Figure 4.1) of such a 3-D plot for one of the models.
This is a typical example for the plots that were generated for our analysis
and from this we can see how the FOI changes as the number of infectious
individuals change over time. The FOI increases as the number of infectives
increase with time, until the number of infectives reaches a limit and starts to
decrease, while the FOI keeps increasing until both reach a steady state.

Figure 4.1: Example of a plot for the change of the force of infection as the
number of infectious individuals change over time.

4.2 Results and Analysis

We have chosen to do a comparison on the basis of a functional analysis of
the FOI. The problem with comparing these models is that they all include
different parameters and variables. After studying the FOIs for the different
models, it was seen that they had one of two forms, namely, density-dependent
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transmission or frequency-dependent transmission. We divided the models into
these two classes. The models were further divided into classes depending on
whether they assumed the AIDS class to be sexually active or not. The reason
for this was to see how the AIDS class affects the FOI.

4.2.1 Frequency-dependent transmission with sexually

active AIDS class

This class contains nine models. We only show two of the models, as the other
models show comparable behaviour. The FOI for the model in Figure 4.2a is
given by:

�(t) =
�1I(t) + �2T (t) + �3A(t)

N(t)
,

where I is the infected individuals, T the infected individuals on treatment,
and A those living with AIDS. �1,2,3 represents the different transmission prob-
abilities for the different classes. The values for the parameters are: �1 = 0.004,
�2 = 0.04, and �3 = 0.3. In this study they assumed that the AIDS class is
sexually active and therefore also infectious. The graph shows that the FOI
increases as the number of infectives increases until it reaches a limit. The
FOI keeps increasing, even though the number of infectives are decreasing,
until both reach a steady state.

The FOI for the model in Figure 4.2b is given by:

�(t) =
k(�1I(t) + �2C(t) + �3T (t) + �4A(t))

N(t)
,

where I is the infected individuals, C the carriers (these are infected individ-
uals unaware of their status), T the infected individuals on treatment, A the
individuals living with AIDS, and N the total population. The values for the
transmission probabilities are: �1 = 0.3, �2 = 0.09, �3 = 0.08, �4 = 0.4, and
k = 1.5. Here k represents the behaviour change of the infected individuals,
with a decrease in k indicating positive behaviour change. They also assumed
that the AIDS class is sexually active. In Figure 4.2b we see the same trend
as in Figure 4.2a, except that here the FOI does not increase as the number
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of infectives decreases but rather stays constant.

To see how these models would compare to models that assume that the AIDS
class is not sexually active, we set the probability of transmission for the AIDS
class to zero for both the models in Figure 4.2. We saw that with the first
model (Figure 4.3a) there is a big difference between having the AIDS class
sexually active or not. The reason for this is that �3 is so much bigger than �1
and �2, and removing �3 decreases the overall infectivity significantly. With
the second model (Figure 4.3b) there is not such a big difference than with the
first, because the probability of transmission from an individual with AIDS is
now similar to that of individuals in the infected class (I).

(a) Nyabadza [11] (b) Hove-Musekwa and Nyabadza [39]

Figure 4.2: Graphs showing models that use frequency-dependent transmission
with the AIDS class sexually active.

4.2.2 Frequency-dependent transmission with AIDS

class not sexually active

There are ten models in this class, and again we only show two as the other
models are comparable with these. Here we have models that use frequency-
dependent transmission but with the AIDS class not sexually active. The FOI
for the model in Figure 4.4a is:

�(t) =
�2I2(t) + �3I2(t)

N(t)
,
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(a) Nyabadza [11] (with AIDS class not
sexually active)

(b) Hove-Musekwa and Nyabadza [39]
(with AIDS class not sexually active)

Figure 4.3: Graphs showing models that use frequency-dependent transmission
with the AIDS class sexually active, but with a change in the probability of
transmission from an individual with AIDS to 0.

where I2 is HIV positive individuals. The two different transmission probabil-
ities have to do with different contact rates and behaviour towards the other
compartments, which includes individuals infected with TB. This graph looks
similar to those in Figure 4.2 even though with this model they assumed that
individuals living with AIDS are not sexually active.

The FOI for the model in Figure 4.4b is given by:

�(t) =
�c(I1(t) + �1I2(t) + �2I3(t))

N(t)
,

where I1 is the infected individuals who are unaware of their status, I2 is the
infected individuals who are aware of their status and have decreased their
risky sexual behaviour, and I3 is the infected individuals who are aware of
their status but have increased their risky sexual behaviour. � is the probabil-
ity of transmission, c is the effective contact rate, and �1,2 shows the behaviour
change. In many models the authors include behaviour change in the transmis-
sion probability, and it is not always clear that it is included in this parameter,
as they do not state how it is incorporated. Figure 4.4b shows how the FOI
decreases as the number of infected individuals decrease until it reaches zero.
This graph has the same trend as the one in Figure 4.3a, where we made the
probability of transmission from the AIDS class 0.
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(a) Naresh and Tripathi [35] (b) Bhunu et al. [42]

Figure 4.4: Graphs showing models that use frequency-dependent transmission
with AIDS class not sexually active.

4.2.3 Density-dependent transmission with AIDS class

sexually active

This class only has one model and it is shown here. The FOI for the model by
Abiodun et al. [48] is given by:

�(t) = �1c1I1(t) + �2c2H(t) + �3c3A(t),

where I1 is the newly infected individuals, H the infected individuals who have
not yet developed AIDS, and A the individuals with AIDS. �1,2,3 represents the
probability of transmission and the number of sexual partners are given by c1,
c2, and c3 respectively. The values for these parameters are: �1 = 3.4⇥ 10�7,
�2 = 2.3⇥10�7, �3 = 1.5⇥10�7, c1 = 4, c2 = 3, and c3 = 1. Abiodun et al. [48]
uses density-dependent transmission for a big population, but to compensate
for that, they use small values for the probability of infection. In effect, using
density-dependent transmission in this way, is the same as using frequency-
dependent transmission, except that now the probability of transmission will
not change as the total population changes, since the total population is not
a variable in density-dependent transmission. In Figure 4.5b we changed the
probability of transmission from an individual with AIDS to 0. We see no
noticeable change between the two graphs, because �3 is much smaller than
�1 and �2.
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(a) Abiodun et al. [48] (b) Abiodun et al. [48] (with AIDS class
not sexually active)

Figure 4.5: Graphs showing density-dependent transmission with AIDS class
sexually active and with the probability of transmission from the AIDS class
changed to 0.

4.2.4 Density-dependent transmission with AIDS class

not sexually active

There are four models in this class. We only show two of the models here. The
FOI for the model by Al-Sheikh et al. [41] is given by:

�(t) = �1I1(t) + �2I2(t),

where I1 is infected individuals who are unaware of their status and I2 is in-
fected individuals who know their status. The values for the transmission
probabilities are: �1 = 0.0009 and �2 = 0.00027. The initial value for the
FOI in this model is very high, causing a spike in the infectious individuals
in the first time step, as seen in Figure 4.6a. They used density-dependent
transmission for a big population, which is the reason for the big values of the
FOI.

The FOI for the model in 4.6b is given by:

�(t) = �I(t) + �bJ(t),

where I is the infected individuals in the asymptomatic phase and J is the
infected individuals in the symptomatic phase. The parameter values are:
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� = 0.0005 and �b = 0.00015. Cai et al. [38] used a small population in their
simulations. This makes it possible to use density-dependent transmission for
the disease.

(a) Al-Sheikh et al. [41] (b) Cai et al. [38]

Figure 4.6: Graphs showing models that use density-dependent transmission
with AIDS class not sexually active.

The simulations for all the models can be seen in Appendix B, where they are
sorted into the different categories.

4.2.5 Models not showing similar behaviour

A few of the models are different from the others. These models include sex-
structured models, models with different ways of formulating the FOI and
models that result in oscillations. There are a few sex-structured models that
were simulated. The model by Romieu et al. [36] has a very small FOI, as
they start with only one infected individual. This causes the FOI to grow
slowly, in the case of the female population, and to decrease slowly in the case
of the homosexual male population. The total population becomes very big
after a period of time. This is caused by the number of infections that grows
slowly. The FOI is zero for the homosexual male population after a period of
time, but the number of infected individuals still grows. With sex-structured
models each sub-population has its own FOI, and some of the sub-populations
overlap, which makes it possible for the number of infected individuals to keep
increasing even though the FOI of one of the sub-populations is zero.

Stellenbosch University  https://scholar.sun.ac.za



CHAPTER 4. SIMULATION AND COMPARISON OF MODELS 38

The FOI for the model of Nyabadza et al. [17] has a different equation than
the rest of the models in the review. Here they do not divide by the total pop-
ulation, but rather the mass-action rate for infection plus 1. Which essentially
cancels out the two terms for large values, and we are left with c�. The FOI
approaches the probability of infection for very large values of I1, I2 and A.
The probability of infection is set really low, so the initial value for the FOI is
also really low.

The oscillations seen in the model by Raimundo et al. [47] (Figure B.4c) is due
to the value for the treatment rate of drug-sensitive individuals. For a certain
value of this parameter the drug-sensitive and the drug-resistant populations
are at the same level, and beyond this value the drug-resistant individuals will
have control. With the increase of the treatment rate for drug-sensitive indi-
viduals, the proportion of drug-sensitive individuals decreases fast, while the
proportion of drug-resistant individuals increases very slowly. The resistant
strain will become more fit as both the virus strains compete for the same
resources. The authors suggested that the reason we only see oscillations for
certain values of the treatment rate is due to resonance. This model used
density-dependent transmission, and did not include the AIDS class in the
FOI.

4.3 Discussion

Using the four different classes made the comparison of the models easier,
and showed that the models are comparable within and between the different
classes. The models mostly have the same behaviour within the classes, but
it also depends on the parameter values used in the model. The parameters
that are used for the FOI within the classes cannot always be compared, espe-
cially in the density-dependent classes. Sometimes the transmission parameter
consists only of one term (�), and in other models it consists of products of
parameters. If only one term is used, then the other parameters are most likely
incorporated in this parameter.

When comparing the frequency-dependent transmission graphs that assumed
the AIDS class to be sexually active with those that assume that the AIDS
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class is not sexually active, we see that they have the same trend, even though
the one group did not include the AIDS class and the other group did. This
has to do with the parameter values that were chosen for the probability of
transmission for the different classes. Movement of individuals between the
classes can also have a big impact on the behaviour of the FOI. We see that
including AIDS patients in the infectious individuals does not have a signifi-
cant effect on the FOI when the value for the probability of transmission for
an individual with AIDS is much smaller than that of the other classes, as we
see no apparent difference between the simulations. If it is assumed that the
AIDS class is much more infective than the infected class, then including the
AIDS class will make a bigger difference. An example of this can be seen in
the model by Nyabadza [11] (Figure 4.2a), where the probability of infection
for the infected class is 0.004, and for the AIDS class it is 0.3.

As explained in Chapter 2, density-dependent transmission is usually used
for smaller populations and frequency-dependent transmission for larger pop-
ulations. In Figure 4.6a, it can be seen that a large population was modelled,
but density-dependent transmission was used. As a result of this, the FOI for
this model is very high, causing a spike after the first time step. The model by
Abiodun et al. [48], seen in Figure 4.5a, also used density-dependent transmis-
sion for a large population, but they adjusted the probability of infection for
the different classes such that the values for the FOI are realistic. They used
very small values for the transmission probabilities, which can make it seem
like frequency-dependent transmission is used, but the problem with this is
that the total population is no longer included as a variable in the FOI. Both
Cai et al. [38] and Huo and Feng [49] used density-dependent transmission in
the appropriate way, as they modelled small populations. For smaller popula-
tions, the transmission rate will be dependent on the density of the population.

It is possible to change the transmission of the model from density-dependent
to frequency-dependent, and from frequency-dependent to density-dependent.
It mainly depends on the parameter values that are used. When working with
a large population and using density-dependent transmission, the value for the
probability of transmission has to be small, otherwise the FOI is going to be
too big in relation with the rest of the parameter values. Using the probability
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of transmission divided by the total population ( �
N

) can be the same as using
frequency-dependent transmission in some cases, except that here the trans-
mission rate, �

N
, will not change with time, since the total population is no

longer a variable.

Some of the simulations differ a lot, even though the FOIs look the same,
for example, the model by Raimundo et al. [47]. For this model, the pro-
portion of infected individuals oscillate as a result of parameters specifically
chosen to see under which conditions the drug-resistant strain will emerge. The
fitness of the strain will determine which population has control. The FOI of
sex-structured models looks slightly different. When looking at sex-structured
models, the infectious individuals that affect the FOI is specific to that FOI.
Say for example a sex-structured model with men who have sex with men
(MSM) is considered, then the FOI for the homosexual male population will
only be influenced by the homosexual and bisexual male populations, and not
the total population. It is only the proportion of individuals that has contact
with that specific class that will influence the FOI.

We saw that the simulations of the models are comparable within the classes as
they use the same basic structure for the FOI. From the results it can be seen
that many assumptions are made regarding the FOI, which makes it difficult
to determine exactly why the FOI behaves in a certain way.
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General Discussion

The focus of our study was on the comparison of the different FOIs for the
different models. This thesis had three main objectives. The first objective
was to do a review of existing mathematical models for HIV epidemiology.
Secondly, we simulated the relevant models for curation and comparison. The
last ojective was to compare and interpret the results by focusing on the FOI
for the different models. This chapter is a general discussion of some of the
topics considered throughout the thesis.

We found through the review that many manuscripts in which mathemati-
cal models for HIV epidemiology are described do not provide the necessary
information for simulating the models. Without the parameter and initial val-
ues it is not possible to recreate the authors’ results. There is also a great
amount of theoretical models that mainly focus on stability and theoretical
analysis. To help inform public health policy, models using accurate data is
needed, but data is not always available or accurate. When there is not enough
data available, authors have to use parameter values from other studies or
make assumptions. Inaccurate results can be generated from making wrong
assumptions, or by ignoring the assumptions made in other studies. This has
a big influence on the FOI when deciding on whether to use density-dependent
transmission or frequency-dependent transmission.

Frequency-dependent transmission and density-dependent transmission makes
a difference when it is used in the wrong situation. It was seen that for large
populations using density-dependent transmission would not be realistic. The
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reason for this is that with large populations, the transmission is not dependent
on the density of the population. It is possible to use density-dependent trans-
mission with larger populations by decreasing the value for the probability of
infection, but this is still not the same as frequency-dependent transmission,
since the total population is no longer a variable.

Most of the models compare well when looking at the predictions they make.
The analysis of the models shows that the force of infection can vary depend-
ing on the parameter values and the classes that are included in the infectious
individuals. For example, when the model assumes that individuals living with
AIDS are also infectious it can differ from when it is assumed that the AIDS
class is not infectious. Some models assume that these individuals refrain from
having sex, and therefore do not see them as infectious. Individuals with AIDS
are assumed to be too sick to participate in sexual acts, but as mentioned ear-
lier there is evidence that proves otherwise.

The difference between the models that include the AIDS class and the ones
that do not is the values of the transmission rates for the different classes.
There are models that assume that the AIDS class is infectious, but that they
are less infectious than say for example the symptomatic class. This then com-
pared with the models that do not include the AIDS class, has the same effect.
The major difference comes in when the AIDS class is much more infectious
than the other classes, as this is the last class where all the infected individuals
progress to, as such, it will increase the FOI significantly as more individuals
get infected.

The FOI depends on various parameter values and assumptions. Many models
compress various parameter values into one, most often the transmission prob-
ability. Not showing the parameter values separately makes it hard to analyse
the contribution of the individual components since these are all implicit in a
single parameter value. Writing the probability of transmission as a function
of the viral load can help to make the FOI more accurate and also help in
the understanding of the effects that viral dynamics have on the population
transmission dynamics.
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Chapter 6

Conclusion and Future work

There are a number of mathematical models for the epidemiology of HIV/AIDS.
The review showed that there is a problem with reporting, and that it is not
always possible to reproduce the models. It is recommended that journals
should have a policy to check mathematical models, such as provided by JWS
Online. The reason we could not simulate most of the models were either due
to a lack of information or due to mistakes in the article.

There is an inherent difficulty when using compartmentalised models. As
soon as there is heterogeneity in such compartments, it is hard to use a single
parameter set. From this the problem arises of deciding whether to use average
parameter values for a compartment or using a large number of compartments,
that would then not be heterogeneous but it would be very hard to determine
the parameters for each of the classes. As an example we can look at the viral
load between the different classes. The viral load is important for the FOI, as
it affects the probability of transmission, but the viral load varies significantly
within the different classes that are used. Now we can ask the question: how
to define a FOI for a class that has very different viral loads? A possible so-
lution could be to express the probability of transmission as a function of the
viral load, but it still does not take the variability of the viral load into account.

We focused on comparing the force of infection for different models, as dy-
namics of any infectious disease is heavily dependent on the rate of transmis-
sion from infectious to susceptible individuals. It was found that inclusion of
individuals with AIDS in the FOI does not necessarily have a big impact on

43

Stellenbosch University  https://scholar.sun.ac.za



CHAPTER 6. CONCLUSION AND FUTURE WORK 44

the FOI. Comparing the models that do not include the AIDS class with the
models that do, showed only a small difference. If the value for the probability
of infection for the AIDS class is much bigger than that of the other infectious
classes, then it will have a more significant effect on the FOI.

The use of density-dependent and frequency-dependent transmission were anal-
ysed in the models, and it was seen that it is not always used in the correct
way. When modelling a small population, it is recommended that density-
dependent transmission is used. The smaller the population, the more the
transmission will depend on the density of the population. For larger popula-
tions, frequency-dependent transmission should be used. This is the case for
HIV, where the disease is mainly spread through sexual contact.

We saw that the FOI is heavily dependent on the assumptions made in the
model. A model could assume that the number of infected individuals is going
down due to effective treatment, but there could be various other reasons for
the amount of infected individuals going down. Improving the accuracy of the
FOI can help us to better understand what factors influence it, and also pro-
duce more realistic results. Possible factors to take into account can include
the effect of behavioural change on the FOI and the use of the transmission
probability as a function of the viral load. Further analysis of the FOI for dif-
ferent infectious diseases and also for stochastic models can show us how the
FOI compares between different diseases and how the types of transmission
differ.

Stellenbosch University  https://scholar.sun.ac.za



Bibliography

[1] UNAIDS: Global report: UNAIDS report on the global AIDS epidemic
2013. 2013.

[2] Alimonti, J.B., Ball, T.B. and Fowke, K.R.: Mechanisms of CD4+ T
lymphocyte cell death in human immunodeficiency virus infection and
AIDS. Journal of general Virology, vol. 84, no. 7, pp. 1649–1661, 2003.

[3] WHO: Clinical Staging of HIV/AIDS and HIV/AIDS Case Definitions for
Surveillance: African Region. World Health Organization, 2005.

[4] Pilcher, C.D., Tien, H.C., Eron, J.J., Vernazza, P.L., Leu, S.-Y., Stewart,
P.W., Goh, L.-E. and Cohen, M.S.: Brief but efficient: acute HIV infection
and the sexual transmission of HIV. Journal of Infectious Diseases, vol.
189, no. 10, pp. 1785–1792, 2004.

[5] May, R.M., Anderson, R.M. and Irwin, M.: The transmission dynamics
of human immunodeficiency virus (HIV). Philosophical Transactions of
the Royal Society of London. B, Biological Sciences, vol. 321, no. 1207,
pp. 565–607, 1988.

[6] Feng, Z., Velasco-Hernandez, J., Tapia-Santos, B. and Leite, M.C.A.: A
model for coupling within-host and between-host dynamics in an infec-
tious disease. Nonlinear Dynamics, vol. 68, no. 3, pp. 401–411, 2012.

[7] Diekmann, O. and Heesterbeek, J.: Mathematical epidemiology of infec-
tious diseases, vol. 146. Wiley, Chichester, 2000.

[8] Dietz, K. and Heesterbeek, J.: Daniel Bernoulli’s epidemiological model
revisited. Mathematical biosciences, vol. 180, no. 1, pp. 1–21, 2002.

45

Stellenbosch University  https://scholar.sun.ac.za



BIBLIOGRAPHY 46

[9] Brauer, F. and Castillo-Chávez, C.: Basic ideas of mathematical epidemi-
ology. In: Mathematical Models in Population Biology and Epidemiology,
pp. 275–337. Springer, 2001.

[10] Fine, P.E.: A commentary on the mechanical analogue to the Reed-Frost
epidemic model. American journal of epidemiology, vol. 106, no. 2, pp.
87–100, 1977.

[11] Nyabadza, F.: On the complexities of modeling HIV/AIDS in Southern
Africa. Mathematical Modelling and Analysis, vol. 13, no. 4, pp. 539–552,
2008.

[12] Case, K.K., Ghys, P.D., Gouws, E., Eaton, J.W., Borquez, A., Stover, J.,
Cuchi, P., Abu-Raddad, L.J., Garnett, G.P. and Hallett, T.B.: Under-
standing the modes of transmission model of new HIV infection and its
use in prevention planning. Bulletin of the World Health Organization,
vol. 90, no. 11, pp. 831–838A, 2012.

[13] Vynnycky, E. and White, R.: An introduction to infectious disease mod-
elling. Oxford University Press, 2010.

[14] Popper, S.J., Sarr, A.D., Travers, K.U., Guèye-Ndiaye, A., Mboup, S.,
Essex, M.E. and Kanki, P.J.: Lower human immunodeficiency virus (HIV)
type 2 viral load reflects the difference in pathogenicity of HIV-1 and HIV-
2. Journal of Infectious Diseases, vol. 180, no. 4, pp. 1116–1121, 1999.

[15] Freed, E.O.: HIV-1 replication. Somatic cell and molecular genetics,
vol. 26, no. 1-6, pp. 13–33, 2001.

[16] Fauci, A.S.: HIV infection is active and progressive in lymphoid tissue
during the clinically latent stage of disease. Nature, vol. 362, p. 25, 1993.

[17] Nyabadza, F., Chiyaka, C., Mukandavire, Z. and Hove-Musekwa, S.D.:
Analysis of an HIV/AIDS model with public-health information cam-
paigns and individual withdrawal. Journal of Biological Systems, vol. 18,
no. 02, pp. 357–375, 2010.

[18] Maticka-Tyndale, E.: Condoms in sub-Saharan Africa. Sexual Health,
vol. 9, no. 1, pp. 59–72, 2012.

Stellenbosch University  https://scholar.sun.ac.za



BIBLIOGRAPHY 47

[19] Nyabadza, F. and Mukandavire, Z.: Modelling HIV/AIDS in the presence
of an HIV testing and screening campaign. Journal of Theoretical Biology,
vol. 280, no. 1, pp. 167–179, 2011.

[20] Tripathi, A., Naresh, R. and Sharma, D.: Modeling the effect of screening
of unaware infectives on the spread of HIV infection. Applied mathematics
and computation, vol. 184, no. 2, pp. 1053–1068, 2007.

[21] Vernazza, P.L., Troiani, L., Flepp, M.J., Cone, R.W., Schock, J., Roth,
F., Boggian, K., Cohen, M.S., Fiscus, S.A., Eron, J.J. et al.: Potent an-
tiretroviral treatment of HIV-infection results in suppression of the semi-
nal shedding of HIV. Aids, vol. 14, no. 2, pp. 117–121, 2000.

[22] Gumel, A., Twizell, E. and Yu, P.: Numerical and bifurcation analyses for
a population model of HIV chemotherapy. Mathematics and computers
in simulation, vol. 54, no. 1, pp. 169–181, 2000.

[23] Gilliam, B.L., Dyer, J.R., Fiscus, S.A., Marcus, C., Zhou, S., Wathen, L.,
Freimuth, W.W., Cohen, M.S. and Eron Jr, J.J.: Effects of reverse tran-
scriptase inhibitor therapy on the HIV-1 viral burden in semen. JAIDS
Journal of Acquired Immune Deficiency Syndromes, vol. 15, no. 1, pp.
54–60, 1997.

[24] Blower, S.: Calculating the consequences: HAART and risky sex. Aids,
vol. 15, no. 10, pp. 1309–1310, 2001.

[25] Bacaër, N., Ouifki, R., Pretorius, C., Wood, R. and Williams, B.: Mod-
eling the joint epidemics of TB and HIV in a South African township.
Journal of Mathematical Biology, vol. 57, no. 4, pp. 557–593, 2008.

[26] Podder, C., Sharomi, O., Gumel, A. and Moses, S.: To cut or not to cut:
a modeling approach for assessing the role of male circumcision in HIV
control. Bulletin of mathematical biology, vol. 69, no. 8, pp. 2447–2466,
2007.

[27] Keeling, M.J. and Danon, L.: Mathematical modelling of infectious dis-
eases. British medical bulletin, vol. 92, no. 1, pp. 33–42, 2009.

Stellenbosch University  https://scholar.sun.ac.za



BIBLIOGRAPHY 48

[28] Moghadas, S.M., Gumel, A.B., McLeod, R.G. and Gordon, R.: Could
condoms stop the AIDS epidemic? Journal of Theoretical Medicine, vol. 5,
no. 3-4, pp. 171–181, 2003.

[29] Wu, H., Zhu, H., Miao, H. and Perelson, A.S.: Parameter Identifiabililty
and Estimation of HIV/AIDS Dynamic Models. Bulletin of Mathematical
Biology, vol. 70, pp. 785–799, 2008.

[30] Coombs, D., Gilchrist, M.A. and Ball, C.L.: Evaluating the importance
of within-and between-host selection pressures on the evolution of chronic
pathogens. Theoretical population biology, vol. 72, no. 4, pp. 576–591,
2007.

[31] Pawlowski, A., Jansson, M., Sköld, M., Rottenberg, M.E. and Källenius,
G.: Tuberculosis and HIV co-infection. PLoS pathogens, vol. 8, no. 2, p.
e1002464, 2012.

[32] Bhunu, C., Garira, W. and Magombedze, G.: Mathematical analysis of a
two strain HIV/AIDS model with antiretroviral treatment. Acta biotheo-
retica, vol. 57, no. 3, pp. 361–381, 2009.

[33] Coates, T.J., Richter, L. and Caceres, C.: Behavioural strategies to reduce
HIV transmission: how to make them work better. The Lancet, vol. 372,
no. 9639, pp. 669–684, 2008.

[34] Begon, M., Bennett, M., Bowers, R., French, N., Hazel, S., Turner, J.
et al.: A clarification of transmission terms in host-microparasite models:
numbers, densities and areas. Epidemiology and infection, vol. 129, no. 1,
pp. 147–153, 2002.

[35] Naresh, R. and Tripathi, A.: Modelling and analysis of HIV-TB co-
infection in a variable size population. Mathematical Modelling and Anal-
ysis, vol. 10, no. 3, pp. 275–286, 2005.

[36] Romieu, I., Sandberg, S., Mohar, A. and Awerbuch, T.: Modeling the
AIDS epidemic in Mexico City. Human biology, pp. 683–695, 1991.

[37] Bachar, M. and Dorfmayr, A.: HIV treatment models with time delay.
Comptes rendus biologies, vol. 327, no. 11, pp. 983–994, 2004.

Stellenbosch University  https://scholar.sun.ac.za



BIBLIOGRAPHY 49

[38] Cai, L., Li, X., Ghosh, M. and Guo, B.: Stability analysis of an HIV/AIDS
epidemic model with treatment. Journal of computational and applied
mathematics, vol. 229, no. 1, pp. 313–323, 2009.

[39] Hove-Musekwa, S.D. and Nyabadza, F.: The dynamics of an HIV/AIDS
model with screened disease carriers. Computational and Mathematical
Methods in Medicine, vol. 10, no. 4, pp. 287–305, 2009.

[40] Lou, J., Wu, J., Chen, L., Ruan, Y. and Shao, Y.: A sex-role-preference
model for HIV transmission among men who have sex with men in China.
BMC Public Health, vol. 9, no. Suppl 1, p. S10, 2009.

[41] Al-Sheikh, S., Musali, F. and Alsolami, M.: Stability Analysis of an
HIV/AIDS Epidemic Model with Screening. Int. Math. Forum, vol. 6,
no. 66, pp. 3251–3273, 2011.

[42] Bhunu, C.P., Mushayabasa, S., Kojouharov, H. and Tchuenche, J.: Math-
ematical analysis of an HIV/AIDS model: Impact of educational programs
and abstinence in Sub-Saharan Africa. Journal of Mathematical Modelling
and Algorithms, vol. 10, no. 1, pp. 31–55, 2011.

[43] Hove-Musekwa, S., Nyabadza, F. and Mambili-Mamboundou, H.: Mod-
elling Hospitalization, Home-Based Care, and Individual Withdrawal for
People Living with HIV/AIDS in High Prevalence Settings. Bulletin of
mathematical biology, vol. 73, no. 12, pp. 2888–2915, 2011.

[44] Naresh, R., Tripathi, A. and Sharma, D.: A nonlinear HIV/AIDS model
with contact tracing. Applied Mathematics and Computation, vol. 217,
no. 23, pp. 9575–9591, 2011.

[45] Nyabadza, F., Mukandavire, Z. and Hove-Musekwa, S.: Modelling the
HIV/AIDS epidemic trends in South Africa: Insights from a simple math-
ematical model. Nonlinear Analysis: Real World Applications, vol. 12,
no. 4, pp. 2091–2104, 2011.

[46] Bhunu, C. and Mushayabasa, S.: Assessing the impact of using antiretro-
viral drugs as pre-exposure vaccines. HIV & AIDS Review, vol. 11, no. 2,
pp. 42–48, 2012.

Stellenbosch University  https://scholar.sun.ac.za



BIBLIOGRAPHY 50

[47] Raimundo, S.M., Yang, H.M., Venturino, E. and Massad, E.: Modeling
the emergence of HIV-1 drug resistance resulting from antiretroviral ther-
apy: Insights from theoretical and numerical studies. Biosystems, vol.
108, no. 1, pp. 1–13, 2012.

[48] Abiodun, G.J., Marcus, N., Okosun, K.O. and Witbooi, P.J.: A model
for control of HIV/AIDS with parental care. International Journal of
Biomathematics, vol. 6, no. 02, 2013.

[49] Huo, H.-F. and Feng, L.-X.: Global stability for an HIV/AIDS epidemic
model with different latent stages and treatment. Applied Mathematical
Modelling, vol. 37, no. 3, pp. 1480–1489, 2013.

[50] Zhao, Y., Dimitrov, D.T., Liu, H. and Kuang, Y.: Mathematical insights
in evaluating state dependent effectiveness of HIV prevention interven-
tions. Bulletin of mathematical biology, vol. 75, no. 4, pp. 649–675, 2013.

[51] Lansky, A., Nakashima, A.K., Jones, J.L., to HIVAIDS Surveillance
Study Group, S. et al.: Risk behaviors related to heterosexual trans-
mission from HIV-infected persons. Sexually transmitted diseases, vol. 27,
no. 8, pp. 483–489, 2000.

[52] Wilson, D.P., Law, M.G., Grulich, A.E., Cooper, D.A. and Kaldor, J.M.:
Relation between HIV viral load and infectiousness: a model-based anal-
ysis. The Lancet, vol. 372, no. 9635, pp. 314–320, 2008.

[53] Granich, R., Akolo, C., Gunneberg, C., Getahun, H., Williams, P. and
Williams, B.: Prevention of tuberculosis in people living with HIV. Clin-
ical Infectious Diseases, vol. 50, no. Supplement 3, pp. S215–S222, 2010.

[54] Wolfram Research, Inc.: Mathematica. Wolfram Research, Inc, vol. Ver-
sion 9.0, 2012.

Stellenbosch University  https://scholar.sun.ac.za



Appendices

51

Stellenbosch University  https://scholar.sun.ac.za



Appendix A

Model descriptions

A.1 Modelling the AIDS epidemic in Mexico
City (Romieu et al. [36])

Romieu et al. [36] designed a model to predict the number of people who will
be diagnosed with AIDS in Mexico City for a certain period and to determine
how prevention strategies will impact the epidemic. The population is divided
into 12 classes. These classes include susceptible (uh), infected (lh) and AIDS
(sh) homosexual men, susceptible (ub), infected (lb) and AIDS (sb) bisexual
men, susceptible (uw), infected (lw), and AIDS (sw) heterosexual women, and
susceptible (um), infected (lm), and AIDS (sm) heterosexual men. The ini-
tial conditions used are: uh(0) = 100000, ub(0) = 75000, uw(0) = 700000,
um(0) = 700000, lh(0) = 1, lb(0) = 0, lw(0) = 0, lm(0) = 0, sh(0) = 0, sb(0) =

0, sw(0) = 0, and sm(0) = 0 The values for the parameters are given in Table
A.1.
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The system of ODEs is given by:

duh

dt
=

�phuh(lh + lb)

(uh + lh + ub + lb)
+H(t)b�muh

dub

dt
=

�pbub(lh + lb)

(uh + lh + ub + lb)
+

(�pmublw)

(uw + lw)
+ B(t)b�mub

duw

dt
=

�pwuw(lb + lm)

(ub + lb + um + lm)
+W (t)b�muw

dum

dt
=

�pmumlw
(uw + lw)

+M(t)b�mum

dlh
dt

=
phuh(lh + lb)

(uh + lh + ub + lb)
� p2lh �mlh

dlb
dt

=
pbub(lh + lb)

uh + ub + lh + lb
+

pmublw
(uw + lw)

� p2lb �mlb

dlw
dt

=
pwuw(lb + lm)

(um + lm + ub + lb)
� p2lw �mlw

dlm
dt

=
pmumlw
(uw + lw)

� p2lm �mlm

dsh
dt

= p2lh

dsb
dt

= p2lb

dsw
dt

= p2lw

dsm
dt

= p2lm,

where H(t) = uh + lh + sh, B(t) = ub + lb + sb, W (t) = uw + lw + sw, and
M(t) = um + lm + sm.
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Table A.1: Parameter values for the system of ODEs for the model by Romieu
et al. [36].

Parameter Value Description

ph 0.0671 Transmission probability for homosexual
men

pb 0.0421 Transmission probability for bisexual men

pw 0.00651 Transmission probability for heterosexual
women

pm 0.0021 Transmission probability for heterosexual
men

p2 0.0082 Rate at which individuals move to the AIDS
class

b 0.033 Birth rate

m 0.0043 Death rate
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A.2 Numerical and bifurcation analyses for a
population model of HIV chemotherapy
(Gumel et al. [22])

Gumel et al. [22] focused on new methods for numerical and bifurcation anal-
yses. They assumed that treatment slows the rate of progression to AIDS.
The population is divided into three classes, namely, the susceptible class, Su,
the untreated infected class, Yu, and the treated infected class, Yv. The total
population is: N = Su + Yu + Yv. The initial conditions for the system are
Su(0) = 500, Yu(0) = 300, and Yv(0) = 200. The parameter values are given
in Table A.2.

The system of ODEs is given by:

dSu

dt
= µN � µSu � c

✓
�1Yu

N
+
�2Yv

N

◆
Su

dYu

dt
= c

✓
�1Yu

N
+
�2Yv

N

◆
Su � (µ+ � + ⌧)Yu

dYv

dt
= ⌧Yu � (d+ µ)Yv.

Table A.2: Parameter values for the system of ODEs for the model by Gumel
et al. [22].

Parameter Value Description

µ 0.03125 Rate at which sexual activity stops

�1 0.6 Probability of transmission

�2 0.3 Probability of transmission

� 0.4 Rate at which AIDS develops

d 0.01 Rate at which AIDS develops when on treat-
ment

c 4 Number of sexual partners

⌧ 0.2 Treatment rate
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A.3 An epidemic model for the transmission
dynamics of HIV and another pathogen
(Moghadas et al. [28])

Moghadas et al. [28] designed and analysed a model for the transmission dy-
namics of HIV and a competing pathogen that is assumed to be curable for
a given population. They did not include a compartment for co-infected in-
dividuals and they also assumed that individuals that were effectively treated
for the pathogen cannot return to the infected class again. The population is
divided into five classes. These classes are: susceptible individuals (X), indi-
viduals infected with the pathogen (Y1), individuals infected with HIV (Y2),
individuals with AIDS (A), and non-infectious individuals (Z). The initial
values used are: X(0) = 120000, Y1(0) = 10, Y2(0) = 70100, A(0) = 80000,
and Z(0) = 30. The parameter values for the system is given in Table A.3.

The system of ODEs is given by:

dX

dt
= ⇧� µX �

✓
c�1Y1 + c�2Y2

N

◆
X

dY1

dt
=

(1� ⌧)c�1Y1X

N
� c�2Y1Y2

N
� µY1

dY2

dt
=

c�2Y2X

N
+

c�2Y1Y2

N
� (µ+ ⌫)Y2

dA

dt
= ⌫Y2 � (µ+ d)A

dZ

dt
=

⌧c�1Y1X

N
� µZ.
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Table A.3: Parameter values for the system of ODEs for the model by
Moghadas et al. [28].

Parameter Value Description

⇧ 2000 Recruitment rate

µ 0.031 Natural death rate

�1 0.05 Rate of infection with the pathogen

�2 0.005 Rate of HIV infection

⌫ 0.02 Rate of progression to AIDS

d 0.06 Disease-related death rate

⌧ 0.85 Treatment of Y1
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A.4 HIV treatment models with time delay
(Bachar and Dorfmayr [37])

Bachar and Dorfmayr [37] looked at how ART affects the spread of HIV in-
fection. The population is divided into the following three classes: susceptible
individuals (S), and two infectious stages before AIDS (I1 and I2). The to-
tal population is N . The initial conditions are given as S(0) = 4999950,
I1(0) = 50, and I2(0) = 0. The parameter values for the system of ODEs are
given in Table A.4.

The system of ODEs is given by:

dS

dt
= bN � c�

S

N
(I1 + aI2)� dS

dI1
dt

= c�
S

N
(I1 + aI2)� (d+ k1I1 + ↵I2)

dI2
dt

= k1I1 � (d+ k2 + ↵)I2.

Table A.4: Parameter values for the system of ODEs for the model by Bachar
and Dorfmayr [37].

Parameter Value Description

b 0.001 Birth rate

d 0.0006 Natural death rate

c 0.3 Average number of contacts

� 0.5 Transmission probability for individuals in
first infectious stage

a� 0.3 Transmission probability for individuals in
second infectious stage

k1 0.019 Disease progression rate

k2 0.0159 Disease progression rate

↵ 0.2 Successful treatment rate
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A.5 Modelling and analysis of HIV-TB
co-infection in a variable size population
(Naresh and Tripathi [35])

Naresh and Tripathi [35] designed and analysed a co-infection model for the
transmission dynamics of HIV and TB. The population is divided into four
classes: Susceptible individuals (S), TB infected individuals (I1), HIV in-
fected individuals (I2), and individuals with AIDS (A). The total population
is given by N . The initial values used for the simulations are: S(0) = 14500,
I1(0) = 2000, I2(0) = 3000, and A(0) = 500. The parameter values are given
in Table A.5.

The system of ODEs is given by:

dS

dt
= Q0 �

✓
�1SI1 + �2SI2

N

◆
� dS + �I1

dI1
dt

=
�1SI1
N

� �3I1I2
N

� (�+ d)I1

dI2
dt

=
�2SI2
N

+
�3I1I2
N

� (� + d)I2

dA

dt
= �I2 � (↵ + d)A.
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Table A.5: Parameter values for the system of ODEs for the model by Naresh
and Tripathi [35].

Parameter Value Description

Q0 2000 Recruitment rate

d 0.02 Natural death rate

�1 0.925 Transmission probability of TB

�2 0.365 Transmission probability of HIV

�3 1.15 Transmission probability of HIV

� 0.3 Recovery rate of I1

↵ 1 Disease-related death rate

� 0.2 Rate of progression to AIDS class
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A.6 To Cut or Not to Cut: A modelling
approach for assessing the role of male
circumcision in HIV control (Podder et al.
[26])

Podder et al. [26] looked at the impact of male circumcision by using a sex-
structured model. They also included the use of condoms and ART in the
model. The population was divided into ten classes. These classes are: Sus-
ceptible women, Sf , susceptible men who are not circumcised, Smu, susceptible
men who are circumcised, Smc, infected women, If , infected men who are not
circumcised, Imu, infected men who are circumcised, Imc, women with AIDS,
Af , men with AIDS, Am, treated infected women, Tf , and treated infected
men, Tm. The initial values are given by: Sf (0) = 9972000, Smu(0) = 7000000,
Smc(0) = 2200000, If (0) = 1400000, Imu(0) = 1400000, Imc(0) = 1018000,
Af (0) = 1005000, Am(0) = 1005000, Tf (0) = 0, and Tm(0) = 0. The parame-
ter values for the system is given in Table A.6.

The system of ODEs is given by:

dSf

dt
= ⇧1 � �m(1� ⌫c)Sf � µSf

dSmu

dt
= ⇧2 � �f (1� ⌫c)Smu � ⇠q✏Smu � µSmu

dSmc

dt
= ⇧3 + ⇠q✏Smu � �f (1� ⌫c)(1� ✏)Smc � µSmc

dIf
dt

= �m(1� ⌫c)Sf � �If � ⌧1If � µf

dImu

dt
= �f (1� ⌫c)Smu � �Imu � ⌧1Imu � µImu

dImc

dt
= �f (1� ⌫c)(1� ✏)Smc � �Imc � ⌧1Imc� µImc

dAf

dt
= �If + ✓t�Tf � �Af � ⌧2Af � µAm

dAm

dt
= �Imu + �Imc + ✓t�Tm � ⌧2Am � �Am � µAm

dTf

dt
= ⌧1If + ⌧2Af � ✓t�Tf � µTf

dTm

dt
= ⌧1(Imu + Imc) + ⌧2Am � ✓t�Tm � µTm,
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where �f = �f (If+⌘Af+⌘fTf )
Nf

and �m = �m(Imu+Imc+⌘Am+⌘mTm)
Nm

, with Nf = Sf +

If + Af + Tf and Nm = Smu + Smc+ Imu+ Imc+ Am + Tm

Table A.6: Parameter values for the system of ODEs for the model by Podder
et al. [26].

Parameter Value Description

⇧1 1000 Recruitment rate of female population

⇧2 1000 Recruitment rate of uncircumcised male pop-
ulation

⇧3 1000 Recruitment rate of circumcised male popu-
lation

�f 0.45 Probability of transmission for females

�m 0.4 Probability of transmission for males

q 0.6 Fraction of circumcised men

⌘ 1.1 Modifying parameter

⌘f 0.02 Modifying parameter

⌘m 0.02 Modifying parameter

✓t 0.1 Progression rate to AIDS of treated individ-
uals

✏ 0.6 Efficacy of circumcision

⇠ 1 Circumcision rate

⌫ 0.87 Condom efficacy

c 0.6 Condom compliance

⌧1 5 Treatment rate

⌧2 5 Treatment rate

µ 0.037 Natural death rate

� 0.102 Disease-related death rate
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A.7 Modelling the effect of screening of
unaware infectives on the spread of HIV
infection (Tripathi et al. [20])

Tripathi et al. [20] modelled screening of HIV infected individuals. The popu-
lation used is divided into 4 classes. These classes are susceptible individuals
(S), HIV positive individuals that do not know they are infected (I1), HIV
positive individuals that know they are infected (I2), and those with AIDS
(A). The initial values used are S(0) = 2500, I1(0) = 10000, I2(0) = 2000,
A(0) = 500. The total population is given by: N(t) = S(t)+I1(t)+I2(t)+A(t).

The system of ODEs is given by:

dN

dt
= Q0 �

✓
�1SI1 + �2SI2

N

◆
� dS

dI1
dt

=
�1SI1
N

+
�2SI2
N

� (✓ + � + d)I1

dI2
dt

= ✓I1 � (� + d)I2

dA

dt
= �I1 + �I2 � (↵ + d)A.

The parameter values for the system is shown in Table A.7

Table A.7: Parameter values for the system of ODEs for the model by Tripathi
et al. [20].

Parameter Value Description

�1 1.344 Contact rate for susceptible individuals

�2 0.15 Contact rate for susceptible individuals

✓ 0.015 Rate of screening

� 0.1 Natural death rate

↵ 1 Disease related death rate

Q0 2000 Constant recruitment rate
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A.8 Modelling the joint epidemics of TB and
HIV in a South African Township (Bacaër
et al. [25])

Bacaër et al. [25] developed a co-infection model for HIV and TB infection. The
population is divided into six classes: HIV negative individuals not infected
with TB, S1, HIV positive individuals not infected with TB, S2, HIV negative
individuals with latent TB, E1, HIV positive individuals with latent TB, E2,
HIV negative individuals with active TB, I1, and HIV positive individuals with
active TB, I2. The total population is given by P = S1+E1+I1+S2+E2+I2

and HIV prevalence is H = (S2 + E2 + I2)/P . The initial conditions for the
system are: S1(0) = 3904, E1(0) = 5764, I1(0) = 27, S2(0) = 1, E2(0) = 0,
and I2(0) = 0. The parameter values are given in Table A.8.

The system of ODEs is given by:

dS1

dt
= B � S1

(k1I1 + k2I2)

P
� µ1S1 � f(H)HS1

dE1

dt
= (p01S1 � q1E1)

(k1I1 + k2I2)

P
� (a1 + µ1)E1 + b1I1 � f(H)HE1

dI1
dt

= (p1S1 � q1E1)
(k1I1 + k2I2)

P
� (b1 +m1)I1 + a1E1 � f(H)HI1

dS2

dt
= �S2

(k1I1 + k2I2)

P
� µ2S2 + f(H)HS1

dE2

dt
= (p02S2 � q2E2)

(k1I1 + k2I2)

P
� (a2 + µ2)E2 + b2I2 + f(H)HE1

dI2
dt

= (p2S2 � q2E2)
(k1I1 + k2I2)

P
� (b2 +m2)I2 + a2E2 + f(H)HI1,

where f(H) = de��H , p01 = 1�p1, p02 = 1�p2, b1 = �1+�1✏1, and b2 = �2+�2✏2.
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Table A.8: Parameter values for the system of ODEs for the model by Bacaër
et al. [25].

Parameter Value Description

B 200 Birth rate

µ1 0.2 Death rate of individuals without active TB

µ2 0.1 Death rate of individuals without active TB

k1 11.4 Transmission rate of TB

k2 7.6 Transmission rate of TB

p1 0.11 Proportion of individuals with fast progres-
sion to TB

p2 0.3 Proportion of individuals with fast progres-
sion to TB

q1 0.077 Proportion of reinfections

q2 0.225 Proportion of reinfections

a1 0.0003 Progression rate from latent to active TB

a2 0.08 Progression rate from latent to active TB

�1 0.25 Recovery from active TB without treatment

�2 0.4 Recovery from active TB without treatment

�1 0.74 Detection rate of active TB

�2 3 Detection rate of active TB

✏1 0.8 Probability of successful treatment

✏2 0.8 Probability of successful treatment

m1 0.25 Death rate for individuals with active TB

m2 1.6 Death rate for individuals with active TB

d 0.7 Transmission rate of HIV

� 5.9 Behaviour change
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A.9 On the complexities of modelling
HIV/AIDS in Southern Africa (Nyabadza
[11])

Nyabadza [11] designed a model to look at how condom use, treatment and
varying numbers of sexual partners can influence the HIV epidemic. The popu-
lation is divided into four classes. These classes are the susceptible individuals
(S), infected individuals (I), individuals under treatment (T ), and those with
AIDS (A). The total population is: N = S+ I+T +A. The initial conditions
used are S(0) = 500000, I(0) = 1000, T (0) = 0, and A(0) = 0.

The system of ODEs is given by:

dS

dt
= ⇡ + b(1� ✏)e�µ0⌧IA � c(1� p1)�S � µS

dI

dt
= c(1� p1)�S � (µ+ � + ⌫1)I

dT

dt
= m1I +m4A� (µ+ ⌫n)(1�RR)T

dA

dt
= m2T +m3I � (µ+ d+ ⇢)(1�RA)A,

where IA = I + T + A,

m1 = � + bq✏e�µ0⌧ , m2 = ⌫2 + b(1� q)✏e�µ0⌧ , m3 = ⌫1 + b(1� q)✏e�µ0⌧ ,

m4 = ⇢+ bq✏e�µ0⌧ , RT =
bq✏e�µ0⌧

µ+ ⌫2
, and RA =

b(1� q)✏e�µ0⌧

µ+ d
.

The force of infection is given by

� =
�1I + �2T + �3A

N

The parameter values for the system is given in Table A.9
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Table A.9: Parameter values for the system of ODEs for the model by
Nyabadza [11].

Parameter Value Description

µ 0.02 Natural death rate

⌫1 0.6 Rate of progression from infected class to
AIDS class

⌫2 0.7 Treatment adjusted rate of progression to
AIDS class

✏ 0.06 Fraction of children born with the virus

b 0.03 Birth rate

� 0.09 Rate at which individuals seek treatment

⇡ 10000 Recruitment rate

d 0.4 Disease related death rate

�1 0.004 Probability of susceptible individuals getting
infected through contact with the infected
class

�2 0.04 Probability of susceptible individuals getting
infected through contact with the treated
class

�3 0.3 Probability of susceptible individuals getting
infected through contact with the AIDS class

µ0 0.002 Natural death rate of children

c 4 Rate of acquisition of new partners

q 0.01 Proportion of children, born with the virus,
under treatment that move to the treated
class when they survive the maturation age

⇢ 0 Rate at which individuals with AIDS seek
treatment

p1 0.5 Condom induced preventability

⌧ 15 Maturation age
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A.10 Stability analysis of an HIV/AIDS
epidemic model with treatment (Cai
et al. [38])

Cai et al. [38] designed a model with stages to analyse the effect of treatment
on the disease. The population is divided into the susceptible individuals,
S, asymptomatic infected individuals, I, symptomatic infected individuals,
J , and individuals with AIDS, A. The initial conditions are: S(0) = 150,
I(0) = 30, J(0) = 20, and A(0) = 0. The parameter values for the system are
shown in Table A.10.

The system of ODEs is given by:

dS

dt
= µK � c�(I + bJ)S � µS

dI

dt
= c�(I + bJ)S � (µ+ k1)I + ↵J

dJ

dt
= k1I � (µ+ k2 + ↵)J

dA

dt
= k2J � (µ+ d)A.
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Table A.10: Parameter values for the system of ODEs for the model by Cai
et al. [38].

Parameter Value Description

K 120 Recruitment constant

� 0.0005 Probability of transmission

b 0.3 Modifying parameter

µ 0.02 Natural death rate

k1 0.01 Rate of progression to symptomatic phase

k2 0.02 Rate of progression to AIDS phase

↵ 0.01 Treatment rate

d 0.333 Disease-related death rate
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A.11 The dynamics of an HIV/AIDS model
with screened disease carriers
(Hove-Musekwa and Nyabadza [39])

Hove-Musekwa and Nyabadza [39] focused on screening of carriers. The pop-
ulation is divided into seven classes: susceptible individuals (S), infected in-
dividuals (I), carriers (C), screened carriers (Cs), treated infected individuals
(T ), individuals with AIDS (A), and treated individuals with AIDS (At). The
initial conditions for the system is as follows: S(0) = 465000, I(0) = 20000,
C(0) = 10000, Cs(0) = 5000, T (0) = 500, A(0) = 200, and At(0) = 0. The
parameter values are given in Table A.11.

The system of ODEs is given by:

dS

dt
= ⇧� �(I, C, T, A)S � µS

dI

dt
= �(I, C, T, A)S � (µ+ � + ⇢1 + �1)I

dC

dt
= �I � (µ+ ⇢2 +  )C

dCs

dt
= �C � (µ+ ⇢3 + �2)Cs

dT

dt
= �1I + �2Cs � (µ+ ⇢4)T

dA

dt
= ⇢1I + ⇢2C + ⇢3Cs + ⇢4T � (µ+ �3 + �1)A

dAt

dt
= �3A� (µ+ �)At,

where �(I, C, T, A) = k(�1I+�2C+�3T+�4A
N

).
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Table A.11: Parameter values for the system of ODEs for the model by Hove-
Musekwa and Nyabadza [39].

Parameter Value Description

k 1.5 Average number of sexual partners

�1 0.3 Probability of infection

�2 0.09 Probability of infection

�3 0.08 Probability of infection

�4 0.2 Probability of infection

µ 0.022 Natural death rate

⇧ 100000 Recruitment constant

� 0.2 Rate of progression form I to C

⇢1 0.001 Rate of progression to AIDS class

⇢2 0.09 Rate of progression to AIDS class

⇢3 0.45 Rate of progression to AIDS class

⇢4 0.2 Rate of progression to AIDS class

 0.2 Rate at which carriers are screened

�1 0.3 Rate at which infected seek treatment

�2 0.15 Rate at which infected seek treatment

�3 0.3 Rate at which infected seek treatment

�1 0.33 Disease-related death rate

�2 0.33 Disease-related death rate
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A.12 A sex-role-preference model for HIV
transmission among men who have sex
with men in China (Lou et al. [40])

Lou et al. [40] constructed a sex-role-preference model for a MSM population
to analyse intervention strategies. The population is divided into six classes:
ST , SB, and SV which represents the susceptible males in the Only Top, Only
Bottom and Versatile categories, and IT , IB, and IV which represents the in-
fected males in the different categories. The initial conditions for the system
are: ST (0) = 2425100, SB(0) = 2590800, SV (0) = 15418000, IT (0) = 36931,
IB(0) = 39455, and IV (0) = 234800. The parameter values are given in Table
A.12.

The system of ODEs is given by:

dST

dt
= rT � ST

✓
�BT IB + �V T IV

NB +NV

◆
� dMST

dIT
dt

= ST

✓
�BT IB + �V T IV

NB +NV

◆
� dIIT

dSV

dt
= rV � SV

✓
�TV IT + �BV IB + �V V IV

NT +NV +NB

◆
� dMSV

dIV
dt

= SV

✓
�TV IT + �BV IB + �V V IV

NT +NV +NB

◆
� dIIV

dSB

dt
= rB � SB

✓
�TBIT + �V BIV

NT +NV

◆
� dMSB

dIB
dt

= SB

✓
�TBIT + �V BIV

NT +NV

◆
� dIIB,

where NT = ST + It,NV = SV + IV , and NB = SB + IB.
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Table A.12: Parameter values for the system of ODEs for the model by Lou
et al. [40].

Parameter Value Description

rT 96667 Recruitment rate of Only-Top MSM

rV 603950 Recruitment rate of Versatile MSM

rB 70817 Recruitment rate of Only-Bottom MSM

dM 0.022 Natural death rate

dI 0.105 Disease-related death rate

�TB 0.5786 Rate of infection

�TV 0.5653 Rate of infection

�BT 0.2563 Rate of infection

�V B 0.5786 Rate of infection

�V T 0.2563 Rate of infection

�BV 0.2826 Rate of infection

�V V 0.4239 Rate of infection
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A.13 Analysis of an HIV/AIDS model with
public-health information campaigns and
individual withdrawal (Nyabadza et al.
[17])

Nyabadza et al. [17] constructed a model looks at media campaigns and be-
haviour change for HIV/AIDS. The model is divided into four classes: the sus-
ceptible individuals (S), asymptomatic infected individuals (I1), symptomatic
infected individuals (I2), and individuals with AIDS (A). The initial conditions
are given as: S(0) = 730000, I1(0) = 20000, I2(0) = 10000, and A(0) = 1000.
The parameter values are given in Table A.13.

The system of ODEs is given by:

dS

dt
= µb� µS � �(I, A)S

dI1
dt

= �(I, A)S � (µ+ �)I1

dI2
dt

= �I1 � (µ+ ⇢)I2

dA

dt
= ⇢I2 � (µ+ �)A,

where �(I, A)S = c�(I1+⌘1I2+⌘2(1�q)A)
1+↵(I1+⌘1I2+⌘2(1�q)A) .
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Table A.13: Parameter values for the system of ODEs for the model by
Nyabadza et al. [17].

Parameter Value Description

µb 40000 Recruitment rate

µ 0.02 Natural death rate

↵ 1 Effectiveness of information campaigns

⇢ 0.06 Rate of progression to AIDS class

� 0.00000002 Probability of infection

� 0.18 Rate of progression from I1 to I2

⌘1 1.6 Relative infectivity of I2

⌘2 1.8 Relative infectivity of A

q 0.1 Proportion of individuals who withdraw from
sexual activity

� 0.33 Disease-related death rate

c 1 Number of sexual partners
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A.14 Stability analysis of an HIV/AIDS
epidemic model with screening
(Al-Sheikh et al. [41])

Al-Sheikh et al. [41] designed a mathematical model for the screening of HIV
infected individuals. The population is divided into the susceptible individ-
uals, S, infected individuals who are not aware of their status, I1, infected
individuals who are aware of their status, I2, and individuals with AIDS, A.
The initial conditions is given by: S(0) = 15300, I1(0) = 5400, I2(0) = 4500,
and A(0) = 1800. The parameter values are shown in Table A.14.

The system of ODEs is given by:

dS

dt
= Q0 � (�1I1 + �2I2)S � µS

dI1
dt

= (�1I1 + �2I2)S � (✓ + µ+ �)I1

dI2
dt

= ✓I1 � (µ+ �)I2

dA

dt
= �(I1 + I2)� (µ+ d)A.

Table A.14: Parameter values for the system of ODEs for the model by Al-
Sheikh et al. [41].

Parameter Value Description

Q0 3000 Recruitment rate

�1 0.0009 Probability of transmission

�2 0.00027 Probability of transmission

µ 0.04 Natural death rate

✓ 0.02 Rate of screening

� 0.3 Rate of progression to the AIDS class

d 1 Disease-related death rate
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A.15 Mathematical Analysis of an HIV/AIDS
Model: Impact of educational programs
and abstinence in Sub-Saharan Africa
(Bhunu et al. [42])

Bhunu et al. [42] designed a model to analyse how testing and counselling
along with decreased sexual activity will influence the HIV epidemic. The
population divided into six classes. These classes are: susceptible individuals,
S, individuals who are HIV positive and unaware of their status, I2, individu-
als who are HIV positive and know their status and reduced their risky sexual
behaviour, I2, individuals who are HIV positive and know their status and
increased their risky sexual behaviour, I3, individuals who are HIV positive
and sexually inactive, I4, and individuals with AIDS, A. The total population
is N = S + I1 + I2 + I3 + I4 + A. The initial conditions for the system are:
S(0) = 200000, I1(0) = 5000, I2(0) = 0, I3(0) = 0, I4(0) = 0, and A(0) = 0.
The parameter values for the model are shown in Table A.15.

The system of ODEs is given by:

dS

dt
= ⇤� (�+ µ)S

dI1
dt

= �S � (µ+ ⇢+ �)I1

dI2
dt

= f�I1 � (µ+ ✓ + ⇢)I2

dI3
dt

= (1� f)�I1 � (µ+ ✓ + ⇢)I3

dI4
dt

= ✓(I2 + I3)� (µ+ ⇢)I4

dA

dt
= ⇢(I1 + I2 + I3 + I4)� (µ+ ⌫)A,

where � = �c(I1+�1I2+�2I3)
N

.
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Table A.15: Parameter values for the system of ODEs for the model by Bhunu
et al. [42].

Parameter Value Description

⇤ 0.029 Recruitment rate

µ 0.02 Natural death rate

� 0.1 Rate of counselling and testing

⇢ 0.1 Rate of progression to AIDS

�1 0.25 Modifying parameter

�2 1.01 Modifying parameter

f 0.85 Behaviour change

⌫ 0.333 Disease-related death rate

�c 0.011 Probability of transmission

✓ 0.2 Abstinence rate
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A.16 Modelling hospitalisation, home-based
care and individual withdrawal for people
living with HIV/AIDS in high prevalence
settings (Hove-Musekwa et al. [43])

Hove-Musekwa et al. [43] looked at how voluntary counselling and screening,
hospitalisation, screening and home-based care will influence the HIV/AIDS
epidemic. The population is divided into six classes. These classes are the
susceptible individuals (S), unscreened infected individuals (I), screened in-
fected individuals (Is), individuals who have AIDS (A), individuals who are
hospitalised (H), and individuals who are under home-based care (Hb). The
total population is given by: N = S + I + Is + A + H + Hb. The initial
conditions for the system are: S(0) = 4519960, I(0) = 550000, Is(0) = 50000,
A(0) = 100000, H(0) = 3640, and Hb(0) = 36400. The parameter values are
given in Table A.16.

The system of ODEs is given by:

dS

dt
= ⇤� �S � µS

dI

dt
= �S � (µ+ � + �1)I

dIs
dt

= �I � (µ+ �2 + ⇢1)Is

dA

dt
= �1I + �2Is � (µ+ ✓ + �1)A

dH

dt
= ✓A� (µ+ ⇢2 + �2)H

dHb

dt
= ⇢1Is + ⇢2H � (µ+ �3)Hb,

where lambda = �e�m(�1A+�2H+�3Hb)( I+⌘1Is+(1�p)(⌘2A+⌘3(1��)Hb)
N

).
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Table A.16: Parameter values for the system of ODEs for the model by Hove-
Musekwa et al. [43].

Parameter Value Description

µ 0.029 Natural death rate

p 0.4 Fraction of AIDS individuals who withdraw
from sexual activity

⌘1 0.3 Modifying parameter

⌘2 1.1 Modifying parameter

⌘3 0.7 Modifying parameter

� 0.05 Efficacy of home-based care

⇢1 0.053 Treatment rate

⇢2 0.06 Rate of home-based care

� 0.143 Screening rate

�1 0.1 Rate of progression to AIDS

�2 0.084 Rate of progression to AIDS

✓ 0.425 Rate of hospitalisation

�1 0.2 Disease-related death rate

�2 0.1 Disease-related death rate

�3 0.2 Disease-related death rate

⇤ 52600 Recruitment rate

m 105 Response parameter

� 0.8297 Effective contact rate
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A.17 A nonlinear HIV/AIDS model with
contact tracing (Naresh et al. [44])

Naresh et al. [44] constructed a model that incorporates contact tracing. The
population is divided into the susceptible individuals, S, unaware infected in-
dividuals, I1, aware infected individuals, I2, and individuals with AIDS, A.
The total population is given by: N = S + I1 + I2 +A. The initial conditions
for the model are: S(0) = 3800, I1(0) = 5000, I2(0) = 1000, and A(0) = 200.
The parameter values are given in Table A.17.

The system of ODEs is given by:

dS

dt
= Q0 �

✓
�1SI1 + �2SI2

N

◆
� µS

dI1
dt

=
�1SI1
N

+
(1� ✏)�2SI2

N
� (✓ + �1 + µ)I1 � h(I1, I2)

dI2
dt

=
✏�2SI2
N

+ ✓I1 � (�2 + µ)I2 + h(I1, I2)

dA

dt
= �1I1 + �2I2 � (↵ + µ)A,

where h(I1, I2) = kI1I2.
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Table A.17: Parameter values for the system of ODEs for the model by Naresh
et al. [44].

Parameter Value Description

Q0 2000 Recruitment rate

µ 0.02 Natural death rate

�1 1.5 Contact rate

�2 0.5 Contact rate

↵ 1 Disease-related death rate

�1 0.2 Rate of progression to AIDS

�2 0.1 Rate of progression to AIDS

✏ 0.01 Fraction of aware infected individuals

✓ 0.015 Rate of screening

k 0.00001 Detection rate through contact tracing
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A.18 Modelling HIV/AIDS in the presence of
an HIV testing and screening campaign
(Nyabadza and Mukandavire [19])

Nyabadza and Mukandavire [19] constructed a model that incorporates con-
dom use and HIV counselling and testing (HCT). The population is divided
into 7 classes. These classes are susceptible and not screened individuals (Sn),
susceptible and screened individuals (Ss), infected and unscreened individuals
(In), infected and screened individuals(Ss), infected individuals under treat-
ment (IT ), those who have developed AIDS and not screened (An), and indi-
viduals who have developed AIDS and screened (As). The total population is
given by: N(t) = Sn(t)+Ss(t)+In(t)+Is(t)+IT (t)+An(t)+As(t). The initial
conditions for the system are: Sn(0) = 18373000, Ss(0) = 0, In(0) = 145000,
Is(0) = 0, IT (0) = 0, An(0) = 20000, As(0) = 0. The parameter values are
shown in Table A.18.

The system of ODEs is given by:

dSn

dt
= ⇧n � �Sn � (µ+ k)Sn

dSs

dt
= ⇧s + kSn � (1�  )�Ss � µSs

dIn
dt

= q(1�  )�Ss + �Sn � (µ+ k + ⇢1)In

dIs
dt

= p(1�  )�Ss + kIn � (µ+ � + ⇢2)Is

dIT
dt

= �Is � (µ+ ⇢3)IT

dAn

dt
= ⇢1In � (µ+ �1)An

dAs

dt
= ⇢2Is + ⇢3IT � (µ+ �2)As,

where the force of infection is given by

�(t) = f(A)

✓
In(t) + ⌘1(Is(t) + �1IT (t)) + ⌘2(An(t) + �2As(t))

N(t)

◆
,

f(A) = c(1� ✓)�e�'(�nAn+�sAs)
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Table A.18: Parameter values for the system of ODEs for the model by
Nyabadza and Mukandavire [19].

Parameter Value Description

⇧n 920540 Constant recruitment rate of unscreened

⇧s 750000 Constant recruitment rate of screened
individuals

�1 0.2930 Disease related death rate

� 0.0655 Rate at which infected individuals seek

c 1.5892 Mean number of annual sexual partners of
susceptible individuals

 0.2915 Efficacy of screening

� 0.4584 Probability of infection through contact with
infected individuals

' 45.1202 Measure of behaviour change

⌘1 0.7203 Transmission probability of screened

⌘2 1.3785 Transmission probability of those with AIDS

✓ 0.1605 Level of protection by condoms

�1 0.1000 Treatment-induced reduction in infectivity

p 0.1000 Proportion of screened individuals that enter
Is

q 0.9000 Proportion of susceptible individuals that
the class of infected individuals without be-
ing screened

⇢1 0.2371 Rate of progression from In to An

⇢2 0.1828 Rate of progression from Is to As

⇢3 0.1300 Rate of progression from IT to As

k 0.0388 Rate of screening

�2 0.3379 Disease related death rate

�2 0.000073471 Screening-induced reduction in infectivity

µ 0.0320 Natural death rate
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A.19 Modelling the HIV/AIDS epidemic
trends in South Africa: Insights from a
simple mathematical model (Nyabadza
et al. [45])

Nyabadza et al. [45] look at how the epidemic will be affected if HIV pre-
vention efforts were scaled up. The population is divided into 6 classes.
These classes are susceptible individuals (S), asymptomatic infectives (I1),
screened infectives (I2), symptomatic infectives (pre-AIDS stage) (I3), treated
infectives (I4), and those with AIDS (A) The total population is given by:
N(t) = S(t) + I1(t) + I2(t) + I3 + I4 + A(t). The initial values used are:
S(0) = 20000000, I1(0) = 140000, I2(0) = 0, I3(0) = 20000, I4(0) = 0, and
A(0) = 10000. The parameter values for the system are shown in Table A.19.

The system of ODEs is given by:

dS

dt
= ⇧� k(1� ✓)�S � µS

dI1
dt

= k(1� ✓)�S � (µ+ k1 + k2)I1

dI2
dt

= k1I1 � (µ+ �1 + �)I2

dI3
dt

= k2I1 + �I2 � (µ+ �2 + ⇢1)I3

dI4
dt

= �1I2 + �2I3 � (µ+ ⇢2)I4

dA

dt
= ⇢1I3 + ⇢2I4 � (µ+ �)A,

where � = �e�m�A( I1+⌘1I2+⌘2I3+⌘3I4+A
N

)

Stellenbosch University  https://scholar.sun.ac.za



APPENDIX A. MODEL DESCRIPTIONS 86

Table A.19: Parameter values for the system of ODEs for the model by
Nyabadza et al. [45].

Parameter Value Description

⇧ 527200 Recruitment rate

µ 0.029 Natural death rate

k1 0.2628 Screening rate

k2 0.2994 Rate of progression for unscreened

�1 0.003 Treatment rate

�2 0.0005 Treatment rate

⇢1 0.6999 Rate of progression to AIDS

⇢2 0.08 Rate of progression to AIDS

� 0.2 Disease-related death rate

m 80 Measure of behaviour change

⌘1 0.45 Relative infectiousness

⌘2 1.6 Relative infectiousness

⌘3 0.4 Relative infectiousness

⌘4 1.5 Relative infectiousness

� 0.295 Rate of progression to symptomatic stage

k 2.6 Number of sexual partners

✓ 0.65 Condom protection level

� 0.499 Contact rate
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A.20 Assessing the impact of using
antiretroviral drugs as pre-exposure
vaccines (Bhunu and Mushayabasa [46])

Bhunu and Mushayabasa [46] designed and analysed a model to determine the
impact of ART as pre-exposure vaccines on the spread of HIV infection. The
population is divided into six classes, namely: the susceptible individuals not
receiving ART (Su), susceptible individuals receiving ART (Sv), HIV infected
individuals (Iu), HIV infected individuals receiving ART (Iv), individuals with
AIDS (Au), and individuals with AIDS receiving ART (Av). The total popu-
lation is given by: N = Su + Sv + Iu + Iv + Au + Av. The initial conditions
for the model are: Su(0) = 1000000, Sv(0) = 10000, Iu(0) = 1000, Iv(0) = 0,
Au(0) = 0, and Av(0) = 0. The parameter values are given in Table A.20.

The system of ODEs is given by:

dSu

dt
= ⇤� (�+ µ+ ↵s)Su

dSv

dt
= ↵sSu � (��+ µ)Sv

dIu
dt

= �Su � (µ+ ⇢u + ↵i)Iu

dIv
dt

= ��Sv + ↵iIu � (µ+ ⇢v)Iv

dAu

dt
= ⇢uIu � (µ+ ⌫ + ↵a)Au

dAv

dt
= ↵aAu + ⇢vIv � (µ+ ⌫)Av,

where � = �(Au+✓vAv+✓i(Iu+✓vIv))
N

.
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Table A.20: Parameter values for the system of ODEs for the model by Bhunu
and Mushayabasa [46].

Parameter Value Description

⇤ 5800 Recruitment rate

µ 0.02 Natural death rate

� 0.125 Probability of transmission

⇢u 0.1 Rate of progression to AIDS

⇢v 0.1 Rate of progression to AIDS

↵s 0.15 Vaccination rate

↵i 0.33 Treatment rate

↵a 0.33 Treatment rate

✓i 0.125 Modifying parameter

✓v 0.125 Modifying parameter

� 0.25 Modifying parameter

⌫ 0.333 Disease-related death rate
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A.21 Modelling the emergence of HIV-1 drug
resistance resulting from antiretroviral
therapy: Insights from theoretical and
numerical studies (Raimundo et al. [47])

Raimundo et al. [47] looked at HIV drug-resistance during treatment. The
population is divided into: susceptible individuals, S, drug-sensitive HIV in-
fected individuals, IS, drug-resistant HIV infected individuals, IR, successfully
treated drug-sensitive patients, E, and individuals in therapeutic failure, F .
The initial values used for the system are: S(0) = 0.004, IS(0) = 0.004,
IR(0) = 0.001, E(0) = 0, and F (0) = 0. The parameter values are given in
Table A.21.

The system of ODEs is given by:

dS

dt
= µ� �SSIS � �RSIR � µS

dIS
dt

= �SSIS � (✏S + µ+ ↵)IS

dIR
dt

= �RSIR + ⇢F � (�R + µ+ ↵)IR

dE

dt
= p✏SIS � (� + µ)E

dF

dt
= (1� p)✏SIS + �RIR + �E � (⇢+ ↵ + µ)F.
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Table A.21: Parameter values for the system of ODEs for the model by
Raimundo et al. [47].

Parameter Value Description

µ 0.01470588 Recruitment rate or natural death rate

p 0.6 Proportion of successfully treated drug-
sensitive individuals

�S 1.8 Probability of transmission

�R 0.45 Probability of transmission

✏S 0.9 Treatment rate

�R 2 Treatment rate

� 0.5 Average time from drug-sensitive to drug-
resistant

↵ 0.07142857 Rate of progression to AIDS
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A.22 A model for control of HIV/AIDS with
parental care (Abiodun et al. [48])

Abiodun et al. [48] constructed a model that describes the dynamics of HIV in-
fection among immigrants. The population is divided into susceptible individuals
(S), newly HIV infected individuals (I), individuals in the pre-AIDS stage
(H), and individuals with AIDS (A). The initial conditions are given by:
S(0) = 85000, I(0) = 10000, H(0) = 5000, and A(0) = 0. The parameter
values are shown in Table A.22.

The system of ODEs is given by:

dS

dt
= (1� ⇢u1)µK � S(1� u2)(Ic1�1 +Hc2�2 + Ac3�3)� µS

dI

dt
= ⇢u1µK + S(1� u2)(Ic1�1 +Hc2�2 + Ac3�3)� (� + µ)I

dH

dt
= �I � (µ+ �)H

dA

dt
= �H � (↵ + µ)A
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Table A.22: Parameter values for the system of ODEs for the model by Abio-
dun et al. [48].

Parameter Value Description

K 100000 Recruitment constant

�1 3.4⇥ 10�7 Probability of transmission

�2 2.3⇥ 10�7 Probability of transmission

�3 1.5⇥ 10�7 Probability of transmission

c1 4 Number of sexual partners

c2 3 Number of sexual partners

c3 1 Number of sexual partners

µ 0.02 Natural death rate

↵ 0.33 Disease-related death rate

� 0.18 Rate of progression to H

� 0.05 Rate of progression to A

u1 0 Screening control

u2 0 Parental care

⇢ 0 Proportion of infectious youths
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A.23 Global stability for an HIV/AIDS
epidemic model with different latent
stages and treatment (Huo and Feng [49])

Huo and Feng [49] designed a model for different latent stages of HIV infection.
The population is divided into five classes. These classes are: the susceptible
individuals, S, individuals in the slow latent class, I1, individuals in the fast la-
tent class, I2, infected individuals in the symptomatic stage, J , and individuals
with AIDS, A. The initial condition are: S(0) = 50, I1(0) = 30, I2(0) = 40,
J(0) = 20, and A(0) = 10. The parameter values for the system are given in
Table A.23.

The system of ODEs is given by:

dS

dt
= ⇤� �1I2S � �2JS � µS

dI1
dt

= p�1I2S + q�2JS � (✏+ µ)I1 + ⇠1J

dI2
dt

= (1� p)�1I2S + (1� q)�2JS + ✏I1 � (p1 + µ)I2 + ⇠2J

dJ

dt
= p1I2 � (⇠1 + ⇠2 + p2 + µ)J

dA

dt
= p2J � (µ+ ↵)A.
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Table A.23: Parameter values for the system of ODEs for the model by Huo
and Feng [49].

Parameter Value Description

⇤ 0.55 Recruitment rate

�1 0.0001 Probability of transmission

�2 0.0006 Probability of transmission

p 0.9 Fraction of S being infected by I2

q 0.8 Fraction of S being infected by J

✏ 0.002 Rate of progression to I2

p1 0.01 Rate of progression to J

p2 0.03 Rate of progression to A

⇠1 0.8 Treatment rate

⇠2 0.9 Treatment rate

µ 0.01 Natural death rate

↵ 0.01 Disease-related death rate
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A.24 Mathematical insights in evaluating state
dependent effectiveness of HIV
prevention interventions (Zhao et al.
[50])

Zhao et al. [50] designed a model for HIV transmission to analyse the ef-
fect of PrEP on the HIV epidemic. The population is divided into 4 classes.
The classes include susceptible individuals (S), susceptible individuals us-
ing PrEP (Sp), infected individuals (I), and infected individuals using PrEP
(Ip). The initial values for the system are: S(0) = 667200, Sp(0) = 166800,
I(0) = 149400, and Ip(0) = 16600. The parameter values are given in Table
A.24.

The system of ODEs is given by:

dS

dt
= (1� k)⇤� �

IS

N
� (1� ↵i)�

IpS

N
� µS

dSp

dt
= k⇤� (1� ↵s)�

SpI

N
� (1� ↵s)(1� ↵i)�

IpSp

N
� µSp

dI

dt
= �

IS

N
+ (1� ↵i)�

IpS

N
� (µ+ d)I

dIp

dt
= 1� ↵s)�

SpI

N
� (1� ↵s)(1� ↵i)�

IpSp

N
� (µ+ d)I,

where � = 1� (1� ba)n.
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Table A.24: Parameter values for the system of ODEs for the model by Zhao
et al. [50].

Parameter Value Description

d 0.1302 Rate of progression to AIDS

⇤ 38094 Rate at which individuals become sexually
active

µ 0.25 Rate at which individuals are no longer sex-
ually active

ba 0.003 HIV transmission risk

n 65.8494 Number of sexual acts

k 0.2 Proportion of individuals that start using
PrEP

↵s 0.5 Efficacy of PrEP

↵i 0.5 Efficacy of PrEP
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Appendix B

Simulations of FOI for all the
models

B.1 Frequency-dependent with AIDS

(a) Nyabadza [11] (b) Hove-Musekwa and Nyabadza [39]

Figure B.1: Graphs show models that use frequency-dependent transmission
with AIDS.
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(c) Nyabadza and Mukandavire [19] (d) Nyabadza et al. [45]

(e) Bhunu and Mushayabasa [46] (f) Romieu et al. [36]

(g) Nyabadza et al. [17] (h) Hove-Musekwa et al. [43]

Figure B.1: (Continued) Graphs show models that use frequency-dependent
transmission with AIDS.
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(i) Podder et al. [26]

Figure B.1: (Continued) Graphs show models that use frequency-dependent
transmission with AIDS.

B.2 Frequency-dependent without AIDS

(a) Bachar and Dorfmayr [37] (b) Bhunu et al. [42]

Figure B.2: Graphs show models that use frequency-dependent transmission
without AIDS.
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(c) Tripathi et al. [20] (d) Naresh and Tripathi [35]

(e) Gumel et al. [22] (f) Moghadas et al. [28]

(g) Bacaër et al. [25] (h) Lou et al. [40]

Figure B.2: (Continued) Graphs show models that use frequency-dependent
transmission without AIDS.
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(i) Naresh et al. [44] (j) Zhao et al. [50]

Figure B.2: (Continued) Graphs show models that use frequency-dependent
transmission without AIDS.

B.3 Density-dependent with AIDS

(a) Abiodun et al. [48]

Figure B.3: (Continued) Graphs show models that use density-dependent
transmission with AIDS.
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B.4 Density-dependent without AIDS

(a) Al-Sheikh et al. [41] (b) Cai et al. [38]

Figure B.4: Graphs show models that use density-dependent transmission
without AIDS.

(c) Raimundo et al. [47] (d) Huo and Feng [49]

Figure B.4: (Continued) Graphs show models that use density-dependent
transmission without AIDS.
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Deterministic models
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