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Opsomming 

Ontwikkeling van ‘n Nuwe Lug-Kern Permanent Magneet Lineêre Generator 

vir Direk Aangedrewe Oseaan Golf Energie Omsetters 

In hierdie tesis word ’n nuwe lug kern permanent magnet (PM) lineêre generator (LG) vir toepassing tot direk 

aangedrewe (DA) oseaan golf energie omsetters (GEO) ontwikkel. Die nuwe LG word ontwikkel vanaf die 

lineêre dubbel-kant topologie in ’n poging om probleme met die huidige longitudinale vloed (LV) yster kern 

LGs, wat tot dusvêr oorheersend voorkom in eksperimentele DA-GEOs, te oorkom. Die grootste probleem met 

hierdie LGs is die masiewe aantrekkings kragte tussen hul yster stators en die PM transleerders. ’n Groot hoe-

veelheid strukturuele staal word benodig om die luggaping te handhaaf, terwyl die las op die laars ook ’n groot 

probleem is. Die nuwe LG gebruik ’n lug kern stator wat alle aantrekkings kragte tussen die stator en trans-

leerder elimineer en dus die nodige strukturuele material verminder. Die topologie van die transleerder is ook 

van so ’n aard dat die netto aantrekkings kragte op enige spesifieke PM ideaal nul is; dit verminder die strukturu-

ele materiaal selfs verder. Die transleerder het ook ’n nuwe transversale vloed pad wat die sogenaamde paar-

wyse vloed koppeling wat in LV-LGs voorkom, en die negatiewe effekte daarvan, verhoed. 

’n Aantal nuwe bydraes tot die veld van LGs vir DA-GEO word in hierdie tesis gemaak. ’n Nuwe topologie lug 

kern PMLG is ontwikkel soos bespreek. Dit sluit in die ontwikkeling van analitiese en eindige element modelle 

en ’n optimerings prosedure wat vinnig optimale dimensies vir minimum aktiewe massa van die nuwe LG vind. 

In die ontwerp word dit ook gevind dat die drywingsdigtheid van LGs verbeter kan word deur zero oorvleuling 

tussen die die stator en transleerder by die slag endte toe te laat. ’n 1 kW prototipe van die nuwe LG word ont-

werp en gebou; die uitvoerbaarheid van die konstruksie vir die nuwe topologie op ’n klein skaal word dus gede-

monstreer. ’n Unieke toets opstelling word ook ontwerp en is gebasseer op bestaande toerusting in die vorm van 

’n wind turbine generator en rug-aan-rug spannings bron omsetters. Met die toets opstelling word ’n enkel fre-

kwensie golf ge-emuleer om die teorie en simulasies te verifieer en word ook ’n voorspellende beheer strategie 

geimplementeer, wat vir die eerste keer gedemonstreer word vir LGs vir DA-GEOs. Goeie ooreenstemming tus-

sen die gemete en gesimuleerde data bevestig die voorgestelde modellerings en ontwerps metodes. 
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Abstract 

Development of a Novel Air-Cored Permanent Magnet Linear Generator for 

Direct Drive Ocean Wave Energy Converters 

In this thesis, a novel air-cored permanent magnet (PM) linear generator (LG) is developed with application to 

direct drive (DD) wave energy converters (WECs). The novel LG is developed from the linear double-sided to-

pology in an attempt to overcome the problems with current longitudinal flux (LF) iron-cored LGs, which have 

so far been dominant in experimental DD-WECs. The biggest problem with these LGs is the massive attraction 

forces between their iron stators and PM translators. A large amount of structural steel is required to maintain the 

air gap, while the load on the bearings is also a large concern. The novel LG uses an air-cored stator which 

eliminates any attraction forces between the stator and translator and hence reduces the required structural mate-

rial. Furthermore, the topology of the translator is such that the net attraction force on any particular PM is ide-

ally zero, which even further reduces the structural material required for the translator. A new transverse circu-

lating flux path is also introduced in the translator which prevents pair-wise flux coupling and its negative effects 

as observed in LF-LGs.  

A number of new contributions are made to the field of LGs for DD-WECs in this thesis. A novel topology air-

cored PMLG is developed as described. This includes the development of analytical and finite element models 

and an exhaustive optimisation procedure for quickly finding optimal dimensions for minimum active mass of 

the novel LG. In the design it is also found that the power density of LGs can be improved by allowing zero 

overlap between the stator and translator at the stroke ends. A 1 kW prototype of the novel LG is designed and 

built; the feasibility of constructing the novel LG on a small scale is as such demonstrated. A unique test rig is 

designed based on existing equipment in the form of a wind turbine generator and back-to-back voltage source 

converters. The test rig allows emulation of a monochromatic wave for verifying the theory and simulations and 

also allows for implementation of a predictive control strategy, which is for the first time demonstrated for LGs 

for DD-WECs. Good agreement between measured and simulated data confirms the presented modelling and de-

sign methods. 
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Chapter 1  

Introduction 

The rolling blackouts experienced in South Africa in late 2007 left a lasting impact on the country’s economy. 

Due to mines slowing production, precious metal prices reached record highs early in 2008 [1]. Mining company 

Rio Tinto cancelled a R 24 billion aluminium smelter investment at Coega in the Eastern Cape [2]. Anglo 

American, on the other hand, decided to build its own power plant to ensure sustained mining operations in the 

country [3]. These are simply some local examples from the recent past that show the major reliance of the 

economy on a secure energy supply. 

Now, as it is already happening all over the world, South Africa is trying to increase the share of renewable en-

ergy (RE) into its energy resource mix in order to increase energy security and reduce emissions. The 2003 Gov-

ernment white paper on RE sources showed one of the first signs of a noteworthy drive for RE investment in 

South Africa [4]. The government followed up by setting feed-in tariffs (FITs) for RE in 2009 [5]. The Depart-

ment of Energy’s (DOE) Integrated Resource Plan (IRP), released in May 2011, foresees that 9 % of electricity 

will be generated from renewables by 2030, mainly from solar and wind [6]. In order to stimulate industry to 

meet this target, the DOE launched a new RE procurement programme in 2011 which allows independent power 

producers (IPPs) to bid for a share of pre-determined generating capacities for solar, wind, hydro, biogass/mass 

and landfill gas energy [7]. 

It is noteworthy that in all of the above named initiatives, no provision has been made for any source of ocean 

energy, even though South Africa has a significant wave resource [8]. This is probably due to the fact that hardly 

any technology exists commercially at a proven level for harnessing ocean energy [9], [10]. Tidal barrages are 

the only long term economically proven technology [10]. Most ocean energy devices are still in the development 

phase. This thesis begins with a brief history of research and development done specifically for wave energy 

conversion. 

1.1 A brief history of wave energy research and development 

Energy can be extracted in many different ways from the ocean’s waves, tides, currents and thermal and salinity 

gradients. The ocean waves, which is probably the most obvious form of energy in the ocean, has been the sub-

ject of research for many years. The first known patent for a wave energy converter was registered in 1799, with 

several hundred more patents being registered in the ensuing 170 years [11]. Since the 1940s, the most signifi-

cant work was done by the late Yoshio Masuda from Japan, who is considered the father of modern scientific 

wave energy research [12]. He developed navigation buoys which were power by the waves. He used a method 

which would eventually become known as the oscillating water column (discussed in more detail in Section 

1.3.2). The buoys were commercialised in Japan and the USA. 
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The oil crisis of 1973 caused a significant increase in all kinds of renewable energy research, including wave en-

ergy. Influential ocean energy research groups were established at Edinburgh University by Stephen Salter and at 

the (then) Norwegian University of Technology in Trondheim by Kjell Budal [13]; the first conferences and 

symposia around ocean energy conversion were consequently also hosted in the UK and Scandinavia [12]. In 

addition to Salter and Budal’s groups, important research was also done by a number of other researchers as re-

viewed in [14], [15]. Despite a significant reduction in funding with the stabilising oil prices in the 1980s, further 

research did continue [12], [13].  

The 1990’s saw a new worldwide push for clean energy sources in order to reduce greenhouse gas emissions 

[13]. During this time the European Commission (EC) played an important part by initiating and funding a num-

ber of wave energy R&D projects [11] and by promoting collaboration among countries through supporting 

wave energy conferences and establishing of the European Wave Energy Thematic Network in 2000 and the Co-

ordinated Action of Ocean Energy in 2004 [16]. A host of other, similar organisations have been established 

since then. Probably the most important of these bodies is the Ocean Energy Systems (OES) Implementation 

Agreement, launched by the International Energy Agency (IEA) in 2001 [17]. The initial implementation agree-

ment was signed between three countries, namely Denmark, Portugal and the UK, but has since grown to 19 

member countries and more countries are also likely to join soon [17]. OES publishes annual reports summaris-

ing the R&D activities of all member countries and addresses specific issues facing developers, e.g. marine spa-

tial planning, regulatory issues and standardisation. A number of task groups exist which also look specifically at 

dissemination of information, recommended practice for testing devices, grid-integration and environmental is-

sues; reports are published online [18] as and when a specific task is completed. The OES online library is hence 

a very comprehensive and up-to-date source for everything related to ocean energy and serves as an excellent 

starting point for someone who is new in the field. 

For more practical research and to facilitate sea testing of ocean energy converters, the European Marine Energy 

Centre (EMEC) was established at Orkney in Scotland in 2003 [19]. EMEC was the first purpose built commer-

cial test and certification centre of its kind where any developer could test their devices in the sea with facilities 

for grid-connection. Since its establishment, EMEC has been utilised by a number of well known developers, in-

cluding Pelamis Wave Power, AW-Energy, Aquamarine Power, Seatricity and Wello [19]. From these test ac-

tivities a large amount of research expertise has been developed from which a number of industry guidelines 

have been published. A work group (TC114) at the IEC is currently also developing international standards for 

industry [20] and some of the EMEC guidelines are forming the basis of these [19]. 

A number of books on wave energy has also been published in the last thirty years. These include McCormick 

[21], Shaw [22], Ross [23], [24], Falnes [25], Cruz [26] and a book published by the Engineering Committee on 

Oceanic Resources [14]; these serve as good sources, both for entry into the field and also as detailed references. 

Two non-English language books are also listed online at [27]. New research is still disseminated at a number of 

international conferences. These include the biannual European Wave and Tidal Energy Conference (EWTEC) 

and the International Conference on Ocean Energy (ICOE), which are dedicated to the ocean energy industry. A 

number of other conference, e.g. the International Ocean and Polar Engineering Conference (ISOPE) and the In-
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ternational Conference on Offshore, Ocean and Arctic Engineering (OMAE) usually also feature a number of 

ocean energy papers. Research is also published in a host of different journals too numerous to discuss here. 

A huge amount of research has also been done by industry in the development of WECs; some of this is dis-

cussed in more detail in Section 1.3. 

1.2 The wave energy resource 

The rotation of the earth in the sun and moon’s gravity fields is responsible for generating waves to some extent 

[14]. However, the most waves appropriate for energy conversion are created by wind blowing over the ocean 

surface, which in turn are created by the differential heating of the earth [14], [28]. Waves are therefore indi-

rectly created by the sun, and are as such basically a concentrated form of solar energy. Wave energy is particu-

larly attractive because it is much more spatially concentrated than both solar and wind energy [10], [13], [14] 

and, although variable, it is also more persistent [13] and predictable [10], [28] than both solar and wind energy. 

Taking into account the fact that the world’s oceans cover roughly 75 % of the earth’s surface [29], wave energy 

is obviously a very attractive renewable energy source. It has been predicted that around 2000 TWh of energy 

could eventually be extracted annually from the ocean as technology develops [29]. This figure is in the range of 

the worldwide nuclear or hydro energy production in 2006 [30].  

Waves are characterised in terms of their height Hw, period Tw and wave length λw. No mathematical theory can 

exactly describe the behaviour of sea waves, however, linear wave theory can be used with excellent accuracy in 

predicting the kinematic properties of waves when Hw/λw ≤ 1/50 and when losses due to friction and turbulence 

are ignored [21]. An exhaustive treatment of this theory is covered in e.g. [14], [21], [22], [26]. Most waves can 

also be characterised as deep water waves (water depth > λw/2). With linear theory applied to a deep water 

 
 

 
 

Fig. 1.1  World wave energy resource measured in kW per meter crest length [31]. 
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waves, the power in a wave, given in kW per meter of wave crest length, is given as 

 2

,
16

sw a w w
e

w

g H
P

T

γ λ
=  (1.1) 

where γsw is the water density and ga is the gravitational constant. In Fig. 1.1 an indication of the worldwide 

wave resource is given [31]. Figures of around 30 kW/m and above are considered as being promising for energy 

extraction [31]. It can be seen that countries with particularly energetic waves include the USA (Alaska), South 

America (Chile), the UK, Australia, and Southern Africa. 

1.3 Wave energy converters 

1.3.1 The wave energy conversion process 

The basic principle in wave energy conversion is that a device that can effectively generate waves can also be 

used to effectively absorb waves [13], [21]. The law of energy conservation requires that a WEC should in effect 

reduce the amount of available energy in the wave; as such the WEC must be able to create a wave which de-

structively interferes with the incident wave. For wave energy to be useful it needs to be converted to a suitable 

form and transported to a place where it can satisfy demand. Apart from some isolated applications, such as sea-

water desalination [9], [14], the most obvious way of harnessing wave energy would be to convert it to electric-

ity and to inject it into a utility grid [12], [14]; from there it is made available to the public.  

In Fig. 1.2 the different steps in the wave energy conversion process are depicted [10]. The wave motion is ab-

sorbed by some front-end mechanical device or interface. An intermediate power conversion stage, called the 

power take-off (PTO), then converts the motion from the front-end device to a form suitable for driving a con-

 
 
 

 
 

Fig. 1.2 Wave energy conversion process [10]. 
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ventional electrical generator. The PTO usually consists of a pneumatic or hydraulic system and can include 

some form of energy storage mechanism to smooth out the variable power absorbed from the waves. The electri-

cal generator forms part of the electromechanical energy conversion stage as shown in Fig. 1.2. The generator 

output may still be subject to further electrical processes in order to convert it to a form acceptable for utility grid 

connection. Mueller [32], in agreement with this, also notes that all WECs can be divided into 3 areas, namely 

the (i) device (primary mechanical interface), (ii) PTO (intermediate mechanical interface) and (iii) the electrical 

system (including the generator and the power converter). Despite this commonality found among all WECs, a 

massive number of different WEC concepts have been proposed. All of these can however be divided into a 

small number of major categories as is explained in the next section. 

1.3.2 Classification of WECs 

WECs can be classified according to their location as onshore, near-shore or offshore devices and also as float-

ing, submerged or bottom-standing devices [13]. According to their horizontal extension and orientation, as 

shown in [13], WECs can also be classified as: 

a) Point-absorbers, which have a physical extension which is small compared to a typical wavelength. 

b) Line absorbers. These devices have an extension which is comparable or larger than a typical wavelength. 

These can be further classified as attenuators when the device is aligned parallel to the prevailing wave di-

rection, and terminators, when the device is aligned normal to the prevailing wave direction. 

For the purpose of this thesis, however, it is more useful to classify WECs according to their method of energy 

 
 

 
 

Fig. 1.3  A classification system for wave energy converters showing examples of each type [9], [12]. 
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conversion, or working principle, as done in [9], [10], [12], [32]; these authors all categorize WECs slightly dif-

ferently. In Fig. 1.3 the categories as discussed in [9], [12] are illustrated. It is noted in literature that it is still un-

clear which type will be the final winner. The basic operating principles of the three main categories are consid-

ered by way of examples. 

a) Oscillating Water Columns (OWCs): These devices have a partly submerged chamber which is open below 

the water surface. Inside this chamber the water level rises and falls with the waves, thus creating a bi-

directional air-flow through another opening in the chamber as shown in Fig. 1.4 (a). Using an air turbine, 

this airflow is converted to unidirectional rotation for driving an induction generator. The typical size and 

rotation speed of the air turbines make it possible to store a significant amount of energy as kinetic energy 

with the flywheel effect. This can contribute to smoothing out the variable energy absorbed from the waves. 

The OWC was one of the first WEC types which were built to full-scale with ratings up to 2 MW. 

Oceanlinx (formerly Energetech) in Australia is an example of an OWC. It has two versions, one for shal-

low and one for deep water [33]. A custom turbine and a standard induction generator are used. Power con-

version control is done with a standard drive and programmable logic controller (PLC). An independent 

study from Emerging Energy Research found Oceanlinx to currently be the most advanced OWC technol-

ogy and overall the second most advanced WEC in the world today [34]. 

 
 

     
                                            (a)                                                                                                                (b) 

 
(c) 

Fig. 1.4  Working principle of a typical (a) oscillating water column,  (b) the Pelamis (as an example of an oscillating device) and (c) an 
overtopping device. 
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b) Oscillating bodies: This type of device uses some mechanism to extract energy from the relative oscillating 

motion between two bodies [9]. There are a large variety of devices in this category, some using rotational 

and some translational motion. Most of these devices use hydraulic PTOs with induction generators. The 

Pelamis WEC, shown in Fig. 1.4 (b), consist of 4 floating cylinders linked by hinged joints [35]. At each 

joint hydraulic rams resist the relative motion between the cylinders which are caused by the waves. The 

rams pump high pressure oil through hydraulic motors via smoothing accumulators. The motors are used to 

drive induction generators which supply electricity to the grid through a transformer. The accumulators 

achieve sufficient power smoothing to enable grid connection without a power electronics converter (PEC). 

Costs are further reduced by using standard components from the offshore oil and gas industry. The first 

and, so far, still the only ever commercial wave energy facility was commissioned in September 2008 off 

the coast of Portugal and consisted of three 750 kW Pelamis P1-A WECs connected to the local grid at 

Aguçadoura. According to the report from Emerging Energy, the Pelamis is overall the most advanced 

WEC in the world today [34]. 

c) Overtopping devices: Overtopping devices collect water in a reservoir and thereby convert wave energy to 

potential energy [9]. This reservoir is then used as a stable supply to a conventional low-head water turbine 

connected to a conventional electrical generator as seen in Fig. 1.4 (c). Overtopping devices have the ad-

vantage of using few moving parts and proven low head hydro technology [32]. The Wavedragon, currently 

the most advanced overtopping device, has two reflector arms to focus waves towards a ramp. On the other 

side of the ramp the water collects in a reservoir and from there standard water turbines are used to drive 

PM synchronous generators. The variable voltage induced by the PM generator is connected to the grid 

through a power electronic converter (PEC) [36]. A 1:4.5 scale prototype rated at 20 kW was tested off the 

coast of Nissum Bredning in Denmark between 2003 and 2005 [37]. 

1.3.3 Direct drive wave energy converters 

To improve the efficiency and reliability of WECs, it is desirable to minimise the number of moving parts; this 

idea also manifests itself in the wind energy industry where the removal of the gearbox between the turbine and 

the generator is becoming more and more attractive. This is then called a “direct drive” system, i.e. the turbine 

(front-end mechanical interface) directly drives the generator without any intermediate power conversion stages 

(PTO). In direct drive wave energy converters (DD-WECs), the heave motion (translation) of the waves is usu-

ally employed to directly drive a linear generator (LG). These devices are usually point absorbers and classified 

as oscillating bodies with translation motion (from Fig. 1.3). 

In concept, a floating buoy acting against a fixed reference is probably one of the most simple forms of a point 

absorber. This is reflected in the fact that much of the research started in the 1970s was focussed on the funda-

mental theory of wave energy absorption by a heaving buoy; an excellent review of this research is given in [14]. 

In 1983, Neuenschwander [38] filed a patent for what was one of the first DD-WECs to employ a float to di-

rectly drive a LG [39]. LGs were however considered too heavy and inefficient to be a viable option for wave 

energy conversion at that time [39]. It was only with the more recent advances in permanent magnet (PM) mate-

rials and also in power electronic converters (PECs) that interest in DD-WECs increased again [39]. 
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Probably the first DD-WEC to use a PMLG is the original Archimedes Wave Swing (AWS). The first patents for 

the AWS was filed in the early 1990s. It was developed in the Netherlands and a full scale prototype was first 

tested in the sea off the coast of Portugal in 2004 [40], [41]. The AWS however does not make use of a floating 

buoy. It is a fully submerged device filled with air and consists of an upper part (floater) which moves against a 

bottom part fixed to the seafloor as shown in Fig. 1.5. The floater moves down and compresses the air under a 

wave crest; the pressure is then released under a wave trough and the floater is allowed to move back up again. 

The floater is directly connected to the translator of a PMLG and thus the AWS uses no intermediate PTO. The 

AWS dynamically vary the volume of air in the device to effectively change its spring constant; this way it can 

optimise energy transfer from the floater to the generator. At 2 MW of peak power, it is still the largest ever DD-

WEC to have been built to date. 

After the turn of the century a number of other DD-WECs also emerged; although different in their configura-

tions, all are based around a floating device of some kind. The concepts as used by Uppsala University [42], 

Oregon State University [43] and Trident Energy Ltd [44] are depicted in Fig. 1.6. All of them also use PMLGs, 

although each of these is also of a different topology. All these DD-WECs are still at the development stage and 

not commercially available yet. 

DD-WECs have no inherent energy storage mechanisms and produce a voltage with variable amplitude, fre-

quency and phase rotation. A PEC with enough storage on the dc-bus is therefore needed to connect these de-

vices to the grid. Aggregation of phase shifted outputs of multiple LGs onto a common dc-bus however relaxes 

the energy storage requirements as a natural smoothing effect occurs [45], [46]. The presence of a PEC can also 

be seen as an advantage as it can be used to control the generator current for maximum power transfer to the 

load. It is also well known that voltage source inverters (VSIs) serve as an excellent grid interface in terms of 

complying with grid-code requirements [47]. The PEC will be discussed in more detail in Chapter 5. 

Overall, the simplicity of operation and absence of an intermediate PTO is what makes DD-WECs very attrac-

tive, especially as expected maintenance requirements are much reduced. A high efficiency is also expected and 

has in fact been demonstrated in DD-WECs with PMLGs at all loads [32]. In addition, DD-WECs do not contain 

any hydraulic fluid, like many other WECs [9]; apart from the obvious maintenance requirements it could also 

 
 

Fig. 1.5  Working principle of the original Archimedes Wave Swing. 
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cause concern for the environment if leakage should occur. It is therefore easy to see why DD-WECs have re-

ceived much research attention in recent years and why the work in this thesis is also focussed in this area. How-

ever, as mentioned, none of these devices are commercially viable yet and this indicates that there are currently 

still some problems preventing progress of DD-WECs. This will be discussed next. 

1.4 Problem statement 

From the preceding section the advantages of DD-WECs are clear. However, the direct drive aspect of the de-

vices is also one of their greatest drawbacks. This can be explained by observing the fact that power equals the 

product of force and velocity for a translating body. The velocity of ocean waves is rather slow with peaks of 1 – 

2 m/s [48]. Therefore, in order to generate a significant amount of power, a large force is needed, which in turn 

means that a large generator is needed. One implication of this is that the generator’s price per unit power be-

comes very large. Other implications of the large generator and further problems associated with its control and 

testing are explored below. 

1.4.1 Linear generators 

In a study, Polinder compares different types of conventional LGs for the AWS [49]; of these, the iron-cored 

longitudinal flux (LF) PM synchronous machine is found to be the most efficient and to also have the lowest ac-

tive material cost. The other known LGs which have made it to sea trials (one from Uppsala University [42] and 

one from Oregon State University [43]) are also LFPM generators. In these generators, permanent attraction 

forces exist between the PM translator and the iron stator. In order to keep the correct clearance between the sta-

tor and translator, these normal attraction forces must be supported by a sufficient amount of structural material 

and by the bearings which facilitates the motion of the translator relative to the stator. As the generators get lar-

ger, these attraction forces also become larger. With larger size also comes the problem of greater deviation in 

Fig. 1.6  Different configurations of WECs employing the heave motion of a buoy to drive a linear generator. The concepts are from (a) Sea-
based / Uppsala University, (b) Columbia Power Technologies / Oregon State University and (c) Trident Energy. 
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dimensions due to manufacturing tolerances [50]. Over a large area where a small air gap needs to be maintained 

in the presence of immense attraction forces, the difficulty and cost associated with this can be quite substantial 

and even insurmountable. 

Further problems are inherent to the type or topology of the generator used, and not related to the size of the 

generator. For LFPM machines these problems are mainly pair-wise flux coupling, cogging forces and increased 

eddy-current losses due to the longitudinal ends of the machines [51]. These aspects are discussed in more detail 

in the next chapter. 

Other types of generators, namely variable reluctance (VR) PM machines like transverse flux (TF) and vernier 

hybrid (VH) machines are investigated as high force density alternatives to LFPM machines in [49] and [52]. 

Unfortunately, difficult construction [49] and low power factor [52] are considerable disadvantages of these ma-

chines. Different linear tubular topologies are also investigated in [53] and [54], also as higher force density al-

ternatives to planar LFPM machines. Large normal attraction forces are, however, still a problem in all of these 

machines. 

Air-cored generators are also receiving increasing attention for use in DD-WECs [44], [48], [55], [56]. The 

elimination of cogging forces and the elimination of the attraction forces between the stator and translator make 

them very attractive. However, more PM material compared to a similarly rated iron-cored machine is used. By 

using a double-sided PM translator, a higher air gap flux density than in a single-sided air-cored machine can be 

maintained. However, attractive forces between the two opposing translator sides are then introduced which 

again creates the need for increased structural material. 

1.4.2 Power conversion control 

The energy conversion process in DD-WECs is similar as described in Section 2.1 for a generic WEC. Only now 

there is no PTO present. The process can therefore be seen firstly as mechanical energy absorbed from the waves 

by the front-end mechanical interface (e.g. the buoy); this energy is then directly transferred to the LG without a 

PTO. Secondly the process can be seen as the electrical energy absorbed from the LG by the load. Maximum en-

ergy is captured from the waves when the device velocity is in phase with the wave force and with the device’s 

damping force equal to that of the waves; this effectively constitutes a resonance condition between the waves 

and the device. This condition can be achieved by controlling the device’s reaction to the waves with mechanical 

means (e.g. the AWS [40]) or electrically by manipulating the LG current with a PEC [57], [58], [59]. Maximum 

energy transfer between the LG and load likewise occurs with the current in phase with the EMF and with the 

correct load impedance [56], [60]. 

Device reaction force control with a PEC has obvious advantages over mechanical actuators like in the AWS, 

e.g. faster operation, lower maintenance and greater flexibility. However, reaction force control with a PEC will 

always cause a phase difference between the LG’s current and EMF as reactive power needs to be returned to the 

waves during part of the period [12], [57], [58] (this is explained in more detail in Chapter 5 and Appendix A); 

the condition for maximum power transfer between the generator and load is therefore compromised. 
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Assuming that mechanical or other means of device reaction force control is used leaves only the aspect of en-

ergy transfer from the generator to the load to be considered. The PEC can then be used to control the generator 

current at the desired amplitude and in phase with the EMF. For this method, as well as reactive force control 

with a PEC, the generator EMF must be measured or estimated. In [56], [60] sense coils are used to determine 

the EMF amplitude and phase, but the authors of [60] admit that this is a cumbersome practice and that sensor-

less methods should be investigated. Some control strategies also require linear position feedback in order to do 

coordinate transformations (dq-transformations) for control purposes [53]. Again, a sensorless method would be 

preferred; especially considering that stroke lengths (and hence linear encoders) in the order of meters would 

likely be required. 

1.4.3 Testing 

Testing of LGs in the laboratory is not straightforward as linear drive systems are not commonplace in traditional 

electrical machines laboratories. Custom test rigs were for instance developed for laboratory testing of LGs in 

[43], [48], [53], [56], [58]. This includes vertical [43] and horizontal [48] hydraulic drive systems, cable-and-

pulley systems [53], [56] and a VSD with a worm-and-ball gear [58]. Control hardware and software for such 

drive systems are also needed to simulate wave motion under a varying generator load. Developing a drive sys-

tem for testing LGs can thus become a project on its own with considerable cost. 

1.5 Approach to problem 

Some suggestions from Polinder et.al. [61] for overcoming problems associated with DD-WECs include: in-

creasing generator speed, investigating higher force density generator types, investigating air-cored machines 

and using cheaper construction methods, like using concentrated coil windings. In order to solve or improve on 

some of the problems with PMLGs described in Section 1.3, it is decided to develop a novel LG topology with 

an air-cored stator and concentrated windings; this is in keeping with the above named suggestions and based on 

previous experience at Stellenbosch University with air-cored machines and concentrated windings [62], [63], 

[64], [65], [66]. The approach in achieving this is outlined as follows: 

1) A thorough investigation of LGs used in current experimental DD-WECs as well as generator design theory 

is conducted.  

2) Existing machine topologies are used to devise a novel machine topology. 

3) Analytical and Finite Element (FE) methods are used to design a small scale prototype. 

4) A suitable test rig is designed and constructed together with the prototype generator. 

5) A suitable sensorless control strategy is identified and simulated using Ansys Simplorer ®. 

6) A standard voltage source converter (VSC) is used to implement the control strategy. 

7) The novel generator, control strategy and test rig are finally tested and evaluated in terms of the problems 

described in Section 1.3. 
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1.6 Scope and limitations 

It is important to note that the novel LG developed in this study is in itself not a WEC. The LG simply fulfils the 

function of converting the mechanical energy captured from the waves to electrical energy as explained in Sec-

tion 1.3.1. The generator would therefore still need to be installed in a WEC like the AWS in order to be in-

stalled in the sea. This approach is also followed by a leading research group in Edinburgh [48], where only the 

generator is considered, and not the entire WEC. 

In the design of the LG, thermal and structural analyses are mostly ignored due to the small size of the prototype. 

The design is more focussed on the electromagnetic aspects of the generator. 

Furthermore, the control strategy implemented is likewise only aimed at maximising energy transfer between the 

LG and the load. It is as such assumed that alternative arrangements can be made for optimising energy transfer 

from the waves to the WEC. In this study, the load is also considered to be the dc-bus of the PEC. Inversion of 

the dc-power to the grid is not considered. The reason for this is the fact that only one generator will be tested. 

As mentioned before, many of these devices would likely feed onto a common dc-bus in a grid-connected sys-

tem. It is as such considered unnecessary to attempt grid connection of a single generator.  

1.7 Research contributions 

The original research contributions of this study are discussed in detail in Chapter 7 and are summarised as fol-

lows: 

1) A completely novel air-cored LG topology is developed which improves on some of the problems associ-

ated with more traditional LG topologies.  

2) A two dimensional analytical subdomain model is developed and used to very accurately analyse the mag-

netic fields in the novel LG. It is furthermore used to derive an accurate equation for the stator windings in-

ductances, which is usually difficult to accurately calculate with analytical methods. 

3) A simplified one-dimensional analytical magnetic circuit model and conditions for its use are also devel-

oped. 

4) The relatively simply one-dimensional analytical model is used to develop an exhaustive optimisation pro-

cedure for quickly finding optimal dimensions for minimum active mass of the novel LG. 

5) The feasibility of constructing the novel LG topology, at least on a small scale, is demonstrated. Test results 

from the prototype also confirm the validity of the design methods used. 

6) A unique test rig which simulates ideal monochromatic wave conditions for testing the LG, under active 

control and a variable load, is developed. 

7) It is shown that allowing zero stator-translator overlap at the stroke ends can improve the power-to-weight 

ratio compared to LGs designed for full stator-translator overlap during the entire stroke. 

8) Dead-beat predictive control, as a position sensorless alternative to current LG control strategies, is pro-

posed and practically evaluated for DD-WECs for the first time. 
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9) An important advantage of using an air-cored stator with predictive current control is established. It is 

shown that the negligible and constant internal reactance of the stator winding, together with accurate 

measurements of the LG’s phase resistance and filter inductance reduces the complexity and increase the 

accuracy of the predictive control strategy. 

1.8 Thesis layout 

The layout and contents of the thesis is briefly described here: 

Chapter 2: Permanent magnet linear generators. This chapter is basically a thorough literature review of 

PMLGs. Aspects that are covered are the different PMLG topologies, the basic theory behind them and 

also an overview of the generators specifically used in the most well known DD-WECs. 

Chapter 3: Analysis of the novel linear generator. This chapter starts with a description of the development of 

the novel PMLG topology. The focus is however on the in depth analytical and finite element analysis 

of the magnetic fields and performance of the novel LG. A basic analysis of the novel machine’s per-

formance compared to other PMLGs is also presented. 

Chapter 4: Prototype linear generator design. The design and optimisation of the prototype generator are de-

scribed in this chapter. 

Chapter 5: Drive system and control design. The chosen drive system and control strategy is described in this 

chapter. Simulation results of the control algorithm are also presented. 

Chapter 6: Experimental evaluation. The construction of the prototype PMLG and the chosen test rig is de-

scribed in this chapter. Measurements are presented and compared to analytical and simulated design 

results. 

Chapter 7: Conclusion and recommendations. The conclusions derived from the research are presented in this 

chapter together with recommendations for further work. A detailed account of the original research 

contributions is also given. 

Appendix A: Wave energy absorption. The basic theory behind wave energy conversion is outlined in this 

Appendix. 

Appendix B:  Electromagnetic theory. The electromagnetic theory which is relevant to the analysis and design 

of electrical machines is reviewed in this Appendix. This includes an overview of the theory of finite 

element analysis. 

Appendix C:  Fourier series expansions. The theory pertaining to Fourier Series expansions are reviewed and 

the derivation for the Fourier Series expansions of the conductor density, current density and magnetisa-

tion is given in this Appendix. 

Appendix D:  LG magnetic field solutions. The choice of general and particular solutions for the LG magnetic 

fields due to the stator current and the PM excitation is discussed and the solutions for the constant 

terms in the general solutions are given in this Appendix. 
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Appendix E:  Inductance calculation. The derivation of the equations for stator winding inductances is given 

in this Appendix. 

Appendix F: Average power derivation. The average power for a sinusoidally reciprocating three-phase LG is 

derived in this Appendix. 

Appendix G: Comparative study calculations. The calculations done for the comparative study presented in 

Chapter 3 is discussed in more detail in this Appendix. 

Appendix H:  Simplorer simulation model. The Simplorer model used for the predictive control simulations is 

shown together with some explanations. 

Appendix I:  List of patents. A list of international patents with reference to the LGs discussed In Chapter 2 is 

given for reference in this Appendix. 
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Chapter 2  

Permanent magnet linear generators 

In this chapter a literature review of permanent magnet linear generators (PMLGs) is given. The different to-

pologies and PM arrangements are first discussed, where after the issue of the longitudinal end effects of LGs are 

considered. Particular attention is also given to the choice of winding arrangements and methods of rating and 

sizing LGs. The chapter ends with an overview of the state-of-the-art in LG research. 

2.1 Linear generator topologies and classification 

Electrical generators are better known in their rotary version as shown in Fig. 2.1. The inside part of the genera-

tor rotates with the prime mover and is called the rotor. A magnetic field on the rotor induces an electromotive 

force (EMF) in windings on the stationary outside part of the generator, called the stator, according to Faraday’s 

law of electromagnetic induction. Since the induced stator EMF is in synchronism with the revolving rotor field, 

the generator is called a synchronous generator. The rotor field excitation is created with either permanent mag-

nets (PMs) or electromagnetically. For LGs the rotor is called a translator, thus referring to the linear motion of 

the generator as opposed to rotary motion. 

Linear synchronous machines can be classified according to whether they are [67] 

• flat (planar) or tubular (cylindrical); 

• single-sided or double-sided; 

• slotted or slotless; 

• iron-cored or air-cored; 

• longitudinal flux or transverse flux. 

A number of different excitation options can be implemented for each of these topologies, namely PMs in the 

translator or stator, electromagnetic excitation and superconducting excitation [67]. This thesis focuses mainly 

on PM excitation which is further discussed in the next section. 

The different LG topologies can all be developed from a rotary machine as explained by Boldea and Nassar in 

[68]. By simply unrolling a rotary machine, a flat single-sided topology can be obtained as in Fig. 2.1(a). Alter-

natively, by halving both the stator and rotor and flattening them, a flat double-sided topology can be obtained as 

shown in Fig. 2.1(b). If either of these flat machines is rerolled along their linear axis, a single- or double-sided 

tubular topology can also be obtained as shown in Fig. 2.2. 

The ideal flux paths in a single-sided iron-cored machine can be seen in Fig. 2.3. Machines with such a flux 

setup where the flux flows in a plane parallel to the direction of motion are called longitudinal flux (LF) ma-
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chines. Machines can also be designed such that the flux flows in a plane perpendicular to the direction of mo-

tion; these machines are called transverse flux (TF) machines and are not considered further in this chapter. 

A slotted iron-cored stator is the most common in electrical machines. With iron slots higher air gap flux density 

and stator flux linkage are possible, which means that higher force densities can be achieved. The teeth, how-

ever, create a stator with variable reluctance which causes cogging forces. Attraction forces between the stator 

and translator can also be high. Slotless windings can either be placed on an iron yoke or can be completely 

 
 
                                                 (a)                                                                                                                         (b) 

Fig. 2.1 The development of linear machines from rotary machines. (a) If this conventional rotary machine is cut and unrolled, a single-sided 
planar linear machine topology results. (b) If the stator and translator is halved and flattened, a double-sided planar topology results. 
 

 

 
 

Fig. 2.2 A single-sided tubular linear machine topology formed by rotating a single-sided planar machine around its linear axis. 
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ironless (also called ‘air-cored’). In both cases the air gap flux density is much reduced and more leakage and 

fringing flux is present. The attraction force between the stator and translator is however eliminated. Air-cored 

stators also have zero cogging force which is an importance advantage, especially in terms of starting of direct 

drive RE generators. 

While a rotary machine’s rotor can move in the same direction for an unlimited amount of time, a linear machine 

has a finite length, and hence the motion of its translator is restricted. It is therefore obvious that the translator 

must change direction continuously in order to generate electricity continuously. This then implies that the gen-

erated voltage will have a continuously varying amplitude and frequency; in a three-phase generator the reversal 

of the direction of motion will also change the phase sequence.  

2.2 Permanent magnet excitation 

The magnetic field in a synchronous machine is usually created by a winding on the rotor excited through slip-

rings, brushes and a dc-source; this winding is effectively an electromagnet. The field winding of a synchronous 

machine can of course be replaced with PMs. Although field control is sacrificed, the brushes, slip rings and 

field winding copper losses are eliminated [69], resulting in a simpler and more efficient machine. PMs can also 

occupy less space than a field winding, which means that a higher force and power density can be achieved. 

PMs can be characterised in terms of their remanent flux density Br and coercive field intensity Hc. The remanent 

flux density is the flux density corresponding to zero magnetic field intensity and the coercive field intensity is 

the field strength necessary to demagnetise the magnet (more details about PM materials are given in Appendix 

B). The demagnetisation curve in Fig 2.4 shows these parameters for the different PM materials used in electrical 

machines, which are [67] 

• Alnico (alloy of aluminium, nickel, cobalt, iron and traces of other metals); 

• Ferrites (or ceramics), e.g. barium ferrite and strontium ferrite; 

• Rare-earth materials, e.g. samarium-cobalt (SmCo) and neodymium-iron-boron (NdFeB). 

Alnico magnets have a high remanent flux density, which means higher air gap flux density can be achieved. 

They can also operate at very high temperatures (see Table 2.1). Unfortunately they can also easily become de-

magnetised due to their low coercivity and have a very non-linear demagnetisation curve. Ferrites are more resis-

tant to demagnetisation, but have a lower remanent flux density and operating temperatures. The rare-earth mag-

 
 

Fig. 2.3 The ideal flux paths in a longitudinal flux linear machine when the longitudinal ends are ignored. 
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nets are clearly superior in terms of magnetic properties, although not as good in terms of operating tempera-

tures. NdFeB has better magnetic properties than SmCo and Nd is also more available than Sm [67], making 

NdFeB the magnet of choice nowadays. It must be noted that the magnetic properties of especially NdFeB are 

fairly temperature dependent and that SmCo actually perform better than NdFeB at high temperatures. 

PMs can be installed in a number of different ways in a machine. When installed on the translator, the magnets 

can either be surface mounted and magnetised perpendicular to the air gap area as seen in Fig 2.5(a), or they can 

be buried and magnetised parallel to the air gap area as seen in Fig. 2.5(b). In the first case the yoke is ferromag-

netic as it is part of the flux path. In the second case it is non-ferromagnetic as it is not part of the flux path. The 

magnets can also be arranged in a so-called Halbach array as shown in [67]. This arrangement creates a higher 

 
Fig 2.4 Demagnetisation curves of Alnico LNG60, Ferrite HF26/26, SmCo 28H and NdFeB 48H magnets. 

 

Table 2.1 Properties of typical permanent magnet materials available from a supplier in China. 

Magnet Grade Br (T) Hc (kA/m) Max Energy 
Prod. (kJ/m3) 

Max Temp (°C) 

Alnico LNG60 1.35 59 60 525 

Ferrite HF26/26 0.38 240 27 400 

SmCo 28H 1.03 760 224 300 

NdFeB 48H 1.43 ≥ 995 390 120 
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                                                  (a)                                                                                                                     (b) 

Fig. 2.5 Different options for PM installation. (a) Surface mounted PMs are magnetised perpendicular to the direction of motion and have a 
ferromagnetic yoke. (b) Buried PMs are magnetised parallel to the direction of motion and have a non-ferromagnetic yoke. 
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and more sinusoidal air gap flux density than the previous two.  

With the PMs on the translator, the translator length should be equal to the stator length plus the stroke length for 

the stator winding to be active at all times. This could mean that a huge amount of PM material is used. An alter-

native and cheaper option is to place the PM material on the stator as in [52]. The translator is then slotted to cre-

ate a reluctance which varies with translator position; this then causes the changing stator flux linkage as the 

translator moves relative to the stator. These are called variable reluctance (VR) machines. An example of such a 

machine is further discussed in Section 7.4. 

2.3 Longitudinal end-effects 

In a rotary machine the magnetic circuit closes on itself and the stator and rotor fully overlap each other at all 

times. In LF linear machines, however, the magnetic circuit is open on both ends of the machine and all parts of 

the stator and translator cannot be active at all times. This causes a number of unwanted effects which are often 

neglected in linear machine modelling. These can be divided into static and dynamic end effects as discussed in 

[51], [70]. 

2.3.1 Static end-effects 

In a rotary machine, the flux from any particular magnet pole couples equally with each of its neighbouring 

magnets. However, when the magnet at the end of a linear machine is considered, the flux of this magnet can 

only couple with its one neighbouring magnet, as shown in Fig. 2.6. The flux from the magnet third from the end 

in Fig. 2.6 will also then couple completely with the fourth magnet and so on. This causes a so-called pair-wise 

flux coupling throughout the machine and means that larger stator and translator yokes are needed to prevent 

saturation. It is also shown in [51], [70]  that due to saturation and symmetry effects the pair-wise flux coupling 

approaches the ideal flux pattern (as shown in Fig. 2.3) towards the middle of the machine; this causes uneven 

air gap flux density along the length of the machine and can be a problem for cogging force reduction methods 

such as fractional slot windings, which assumes symmetrical air gap flux in order to work [51], [70]. 

Furthermore, in a rotary machine all the windings link an equal amount of flux caused by the current in each of 

the other phases. In other words, the mutual inductance of all the phases are the same and usually equal to 

around half of the self inductance [71]. However, in a linear machine the windings at and near the end of the ma-

chine will have no other windings to its one side and hence will link a different net flux than the windings in the 

middle of the stator. The effect of this is that the mutual inductances will differ among the three phases and will 

 

 
 

Fig. 2.6 Pair-wise flux coupling in longitudinal flux linear machines. 
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cause a degree of unbalance among the phases. 

2.3.2 Dynamic end-effects 

The pair-wise flux pattern can only form when the two magnet poles in question are aligned with the stator (as-

suming an iron-cored machine) as in Fig. 2.7(a). When the end magnet moves out of the stator, as shown in Fig 

2.7(b), the second magnet will change its “partner” to the third magnet, with the effect also rippling through the 

rest of the machine. This will cause unwanted changing flux in the translator yoke, which can cause considerable 

eddy-current losses in solid translator yokes. Furthermore, considerable cogging forces associated with the mag-

nets moving into and out of the iron stator are also experienced. 

2.4 Windings arrangements 

Windings in linear machines are basically no different to windings in rotary machines; the only difference occurs 

at the longitudinal ends as explained before. The chosen winding arrangement is important as it influences the 

amplitude and waveform of the generated voltage and stator MMF. Details of different winding arrangements 

are given in classic texts such as [72], [73] and more recently developments are covered in [65], [74], [75], [76], 

[77]. A brief overview of the literature is given here. 

Windings can be either overlapping or non-overlapping and either single or double-layer with varying numbers 

of slots and coils per pole and per phase. Examples of some windings are shown in Fig. 2.8 for slotted iron-cored 

stators. To understand how the choice of these parameters influence machine performance, consider a phase 

windings with a coil pitch equal to the pole pitch and with each of its coil sides concentrated in a single slot. The 

rms voltage E induced in this phase winding is given in classic texts [72], [73] as  

 2
,

2
ph mE fN

π ϕ=  (2.1) 

where f is the electrical frequency, Nph is the number of coil turns in series per phase and φm is the flux per pole 

linked by the phase winding. In practice, however, the coil sides of a winding may be distributed over several 

slots. The coils may also not be full-pitched, i.e. the coil pitch may be different to the pole pitch. The reason for 

doing this is to achieve a more sinusoidal induced voltage and MMF waveform and to decrease the end-winding 

length (and hence the losses). To determine the amplitude of the voltage induced in such practical windings, the 

vector sum of the voltages induced in all the coils must be calculated as shown in [72], [73]. This results in a 

 
                                            (a)                                                                                                                  (b) 

Fig. 2.7 The dynamic end effects in LF linear machines are illustrated here. The flux in the green areas (a) changes when the translator moves 
to its position in (b); this will cause unwanted eddy-current losses in the machine. It can also be seen that a huge change in the reluctance 
seen by the end magnet occurs between the two positions; this will cause significant cogging forces. 
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voltage amplitude which is less than that given in (2.1). This reduction in voltage is calculated as the winding 

factor kw, such that 

 2
     (   1).

2
w ph m wE k fN k

π ϕ= ≤  (2.2) 

It is usually therefore strived to select a pole/slot and pole/coil combination which results in the highest possible 

winding factor subject to constraints on voltage waveform quality and losses. However, recent studies have 

pointed out that for air-cored windings, the winding factor alone does not determine the performance of the 

winding [65]. Since the flux is not concentrated in stator teeth as with iron-cored stators, the distribution of 

windings within a slot (imaginary “air-slot”) also has a significant effect on the total stator flux linkage, and 

hence the induced voltage and stator MMF. It was shown in this study that the coil-side to coil-span ratio has a 

significant effect on the machine’s thrust per copper losses, which is like the efficiency; and the best thrust per 

copper losses is not necessarily achieved at the best winding factor. 

2.5 Rating linear generators 

Rotary generators are usually designed to operate at a specific (constant) angular velocity ωm.  At this velocity 

the voltage amplitude Ep and frequency will also be constant and for a three-phase machine, the total instantane-

Fig. 2.8. Examples of the main types of windings, namely (a) single-layer overlapping windings, (b) double-layer overlapping windings, (c) 
single-layer non-overlapping windings and (d) double-layer non-overlapping windings. [77] 

 

Stellenbosch University http://scholar.sun.ac.za



Chapter 2  Permanent magnet linear generators  

 

22 

ous power pg(t) generated will be constant and equal to the average power Pg [78]. This voltage and power can 

be taken as the machine’s rated values and can be expressed as 

 
3

3 cos ,
2
p p

g m m

E I
P T EIω ϕ= = =  (2.3) 

where Tm is the torque, Ip is the peak current, E and I are the rms phase voltage and current and cosφ is the power 

factor. 

Linear generators are designed for reciprocating motion, and hence for continually changing velocity magnitude 

and direction. For direct drive wave energy applications, the translator velocity can be assumed to be sinusoidal 

as 

 ( ) cos ,pv t V tω=  (2.4) 

where Vp is the peak velocity. The LG developed force fg(t) is also sinusoidal with amplitude Fp and assumed to 

be in phase with the velocity. The instantaneous power can now be shown to be 

 ( ) ( ) ( )
3

1 cos 2 1 cos 2 ,
2 4
p p p p

g

F V E I
p t t tω ω= + = +  (2.5) 

as derived in Appendix F; the LG back-EMF and current is here assumed to be controlled to be in phase, such 

that cosφ from (2.3) is equal to unity. It is clear from (2.5) that the instantaneous power is not constant, but vary-

ing sinusoidally about an average value of 

 
3

.
2 4
p p p p

g

F V E I
P = =  (2.6) 

It is useful to design a LG for this constant average power Pg, with constant force Fg, velocity V, phase voltage 

Eg and phase current I, which are all rms values such that 

 3 .g g gP F V E I= =  (2.7) 

From (2.6) and (2.7), 

 ,  ,   and .
2 22 2

p p p p
g g

F V E I
F V E I= = = =  (2.8) 

In (2.5) to (2.8) it is assumed that the stator winding is active at all times, i.e. that the whole stator winding is 

within the PM generated field at all times. 

2.6 Sizing linear generators 

A method for sizing electrical machines based on the air gap tangential or shear force density (or shear stress) is 

often used for linear machines [32], [61], [79], [80] and is explained for rotary machines in detail by Miller [69]. 

The theory of Miller is here applied to linear machines. 
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Consider a rectangular area in the air gap near the stator windings as in Fig 2.9(a). The normal flux density B is 

perpendicular to this surface, and the current I flows in the y direction. The electric loading K can now be de-

fined as 

 [ ] kA/m .
I

K
x

=  (2.9) 

The shear force (LG developed force) Fg produced by the interaction of the flux and the current is 

 [ ] kN ,gF BIy BKxy= =  (2.10) 

and from this it follows that the shear stress σs (shear force per unit area) is  

 
2  [kN/m ].s BKσ =  (2.11) 

For an actual electrical machine, B and K in (2.11) are rms values and K should also include the winding factor. 

The air gap flux density in electrical machines has an upper limit determined by the excitation MMF (i.e. the 

magnet dimensions), air gap length and saturation. The electrical loading is restricted by thermal limits, slot fill 

factor and stack length. From the allowable rms current density J and achievable slot fill factor kf, the electrical 

loading can be given as  

 ,s
f w

s

w
K Jk h k

τ
=  (2.12) 

where, from Fig. 2.9(b), ws is the slot width, τs is the slot pitch, h is the slot depth and kw is the winding factor. 

To illustrate how this helps in determining a machine’s size, an example is used as follows: In order to generate 

1 MW of power at an average wave velocity of 1 m/s, (2.7) shows that the necessary force is 1000 kN. Taking a 

peak air gap flux density of 1 T, current density of 5 A/mm2, slot fill factor of 0.5, slot width/pitch ratio of 0.5, 

slot depth of 100 mm and winding factor of 0.95, the shear stress can be calculated from (2.11) and (2.12) as 84 

kN/m2. Dividing 1000 kN by this value reveals that a machine with an active air gap area of roughly 12 m2 is 

needed to generate the required 1 MW. The theory of this section can therefore be used to quickly get an idea of 

the size of machine needed for a given rating. It also illustrates the effect the slow wave speed has on the size of 

LGs used in DD-WECs. 

                                                       (a)                                                                                                                  (b) 

Fig. 2.9 (a) A rectangular area in the air gap near a linear machine’s stator winding. The current flows in the y-direction and the flux in the z-
direction. (b) A section of an iron-cored stator showing the slot pitch τs, slot width ws and slot depth h. 
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2.7 State-of-the-art 

The LGs which are most prominent in recent research are considered here. In Table II an overview of these LGs 

are given. In the following sections each of these are considered in more detail. 

2.7.1 Archimedes wave swing 

The design, modelling and testing of the original AWS are discussed in [40], [41], [49], [81], [82], [83], [84] and 

on overview of the working principle is given in Chapter 1. The intellectual property for the original AWS is 

protected by two patents as given in Appendix I. Interestingly, in these patents, the use of hydraulic cylinders 

and conventional generators are envisioned and the use of LGs is not considered. However, during the initial de-

sign it was established that this concept is not feasible and Polinder was approached to design a LG instead [84]. 

Details of the LG is hence not contained in any patents, but are published in the above cited references. 

The LG used in the AWS is a 3 phase PM synchronous generator rated at 2 MW peak instantaneous power (1 

MW average power) at a peak velocity of 2.2 m/s. It is double-sided with the two translator sides on the outside 

and stator on the inside as shown in Fig 2.10(a). The stator is 5 m high, has a stack length of 1 m and is iron-

cored with 1 slot per pole per phase. It contains the single-layer, overlapping 3 phase winding designed for a 

maximum current density of 4 A/mm2. The translator is 8 m high and hosts the surface mounted PMs which are 

                                                         (a)                                                                                                                 (b) 

Fig. 2.10 The double-sided LG of the AWS. (a) Schematic representation showing the surface mounted magnets, slots and winding arrange-
ment [41]. (b) The inside of the actual AWS; the size of the LG compared to a human is apparent [61]. 

 

Table 2.2 State-of-the-art of LGs for DD-WECs. 

LG Flux Shape Sides Core Magnets Rating 

AWS LF Planar Double Iron Surface mount 1 MW 

Seabased LF Planar Four Iron Surface mount 10 kW 

Columbia PT. LF Tubular Single Iron Surface mount 1 kW 

VHM LF Planar Double Iron Surface mount - 

Trident Energy LF Tubular Single Iron / Slotless Embedded 30 kW 

C-Gen LF/TF Planar Double Air Surface mount 25 kW 
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arranged for longitudinal flux. The LG has a rated stroke length of 7 m, but can be extended to 9 m. The massive 

size of this LG means the attraction forces between the PM translator and the iron stator is very high. In theory, 

the double-sided configuration serves to cancel the net attraction force. However, in practice, due to manufactur-

ing tolerances, this only reduces the attraction force. In Fig. 2.10(b) a photo of the inside of the AWS shows the 

LG; its size in comparison to a human is apparent. 

It should be mentioned that the current version of the AWS, the AWS-III, does not use a LG anymore; instead it 

has turned to a pneumatic PTO [82]. The reason for this is not stated, but it is easy to assume that the difficulty 

and expense of constructing such a large LG was too great. 

2.7.2 Uppsala University / Seabased AB 

A number of publications details the design of the LG used in the DD-WEC developed at Uppsala University 

[42], [51], [70], [83]. The technology is currently further developed and commercialised through a company 

named Seabased AB [84]. This LG is configured in a similar way to the one of the AWS, but only with four 

sides (two double-sided machines) and with the stator on the outside as shown in Fig. 2.11(a). The rating is also 

much less at 10 kW. Almost all aspects of the WEC, including the LG, PEC and the way it’s envisioned to oper-

ate in a large, interconnected wave energy facility, are protected by at least 13 different international patents as 

given in Appendix I. 

The stator is 1.3 m long, has a stack length of 0.4 m and is also iron-cored. It has 6/5 slots per pole per phase 

which reduces cogging forces compared to an integral winding like in the AWS. The three-phase winding con-

figuration can be seen in Fig. 2.11(b). Standard PVC insulated cables with stranded conductors are used for the 

winding. Although this is unusual for machine winding, the insulated, stranded cable is easy to handle, flexible 

and relatively cheap which makes it ideal for winding a large machine. Furthermore, the PVC provides good in-

 
                                                       (a)                                                                                                       (b) 

Fig. 2.11 The four-sided LG of Seabased showing (a) 3D CAD model and (b) one winding segment detailing the winding arrangement [70]. 
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sulation in the harsh marine environment. 

The translator length is 1.8 m and the NdFeB PMs are surface mounted with aluminium spacers for accurate po-

sitioning of the PMs. The PMs are arranged for longitudinal flux and the attraction forces between the stator and 

translator are reduced by the double-sided configuration. 

One of the more recent patents published by this research group (WO2011149398, Dec. 2011), shows a number 

of planar stator sections arranged along the inside wall of a cylindrical tube. It would hence seem like different 

configurations for the LG is still being considered. 

2.7.3 Columbia Power Technologies 

A DD-WEC developed at Oregon State University (OSU) is reported on in [43], [85]. This WEC is currently 

also further developed through a company named Columbia Power Technologies (CPT) [86]. The cylindrical 

shape of the WEC lends itself to the tubular shape of this generator, rated at 1 kW, as shown in Fig 2.12. As 

shown in Appendix I, two patents protect the design of this WEC, including the LG. Three more patents pub-

lished since 2010 are applicable to a novel direct drive rotary WEC which will briefly be discussed later. 

The iron-cored stator is 0.288 m high and has 1 slot per pole per phase with a single-layer 3 phase overlapping 

winding. Due to the tubular topology the end windings are almost completely eliminated. Shaping of the stator 

teeth is used to reduce cogging forces. 

The translator is 1.152 m high with surface-mounted NdFeB PMs arranged for longitudinal flux and is also posi-

tioned with aluminium spacers. The tubular topology can also be seen as a double-sided planar machine with 

multiple pairs of opposing sides, like the latest development of the Seabased LG as discussed in the previous 

Section. In this case, the number of double-sided LGs is simply infinite, resulting in the tubular topology. The 

tubular topology therefore in theory also eliminates the attraction forces between stator and translator. 

 
                                                  (a)                                                                                                                        (b) 

Fig. 2.12 The tubular LG of Columbia Power Technology showing (a) section view a 3D CAD model and (b) a close-up of the PMs and sta-
tor slots [85]. 
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2.7.4 Vernier Hybrid Machine (VHM) 

The VHM is a type of variable reluctance (VR) PM machine and is reported on in [52], [60], [90]. Research on 

VHMs for DD-WECs started at Durham University with the aim to find a high force density alternative to more 

conventional LGs. The basic topology of the LG is shown in Fig. 2.13. There are multiple magnets mounted side 

by side, with alternating polarisation, on a single stator pole face. The translator has a slot and tooth pitch of 

similar length to the magnet pole pitch. This enables the teeth to be alternately aligned with differently polarised 

magnets as it moves relative to the stator and so creates a rapidly changing flux in the stator iron. The C-core sta-

tor iron has coils wound around each of its two pole faces. These two coils are connected in series to form one 

phase. Two more of these modules are added and phase shifted to add the other two phases of the machine.  

As with other machines from the VR family, this particular LG has a high power density, but also has a very 

high internal reactance. If the current is controlled in phase with the LG’s EMF, a low power factor is therefore 

observed at the LG terminals, which means that the PEC must be overrating significantly. Furthermore, high at-

traction forces between the stator and translator is also present in this LG, as with all other iron-cored LGs. 

2.7.5 Slotless and air-cored tubular LGs 

An air-cored tubular LG is considered for DD-WECs by a group of universities in the UK [55], [56], [87], [88] 

and a similar LG is also used by a company named Trident Energy, also in the UK [44], [89]. The WEC concept 

of Trident Energy is protected by a number of international patents, as given in Appendix I. 

The basic topology of these LGs is shown in Fig. 2.14. The translator is on the inside and has buried PMs ar-

ranged for longitudinal flux. The stator coils are on the outside and contain no iron. Due to this lack of iron in the 

stator, the flux density rapidly decreases away from the translator. The outside coil diameter (or else the coil-side 

thickness) is therefore limited. Trident Energy makes use of a magnetic shield around the outside to limit this de-

crease in flux density. This sleeve is in effect a stator yoke and makes the generator “slotless”, rather than com-

pletely air-cored. The obvious advantage of both these LGs is the elimination, or at least the reduction, in attrac-

 
                                                      (a)                                                                                                             (b) 

Fig. 2.13 The Vernier Hybrid LG showing a (a) 3D CAD model and (b) detail of the magnetic circuit [52] 
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tive forces between the stator and translator for the air-cored and slotless LGs respectively. The stator windings 

can also be individually machine wound, which further simplifies construction and assembly. 

2.7.6 Double-sided air-cored machines 

Another option for PM air-cored LGs is the double-sided translator topology shown in Fig. 2.15. This topology 

has widely been studied for radial and axial flux rotary machines in direct drive wind energy generators, e.g. 

[66], [94], [95], [96], which is also a low-speed application like DD-WECs. Both overlapping and non-

overlapping stator windings can be used. Parker Hannifin Corporation currently manufactures linear double-

sided air-cored motors with overlapping windings for use where low cogging forces and high precision linear 

positioning are paramount, e.g. certain industrial automation applications [94]. 

The C-Gen is a patented (see Appendix I) variation of this topology, developed at Edinburgh University and is 

reported on in [48], [80], [91]. The technology is being used for both rotary and linear machines and is commer-

cially exploited through a company named NGenTec [92]. As shown in Fig. 2.16(a), a double-sided LG is sepa-

rated into C-cored pole sections in order to force the flux in a transverse direction as shown in Fig. 2.16(b). Two 

of these C-cores are then placed head-to-head as shown in Fig. 2.16(c). This provides additional strength to the 

yokes and provides another flux path. The idea with this arrangement is to use the active steel of the machine as 

structural support as well and so reducing or eliminating the need for additional structural mass. By placing the 

C-core sections next to each other in the generator, the longitudinal path for the flux is again available. The mul-

tiple flux paths mean that the steel can be reduced further before the core starts to saturate. 

 In Fig. 2.16(d) a small scale prototype is shown. Overlapping air-cored windings can be seen. The separate pole 

 

Fig. 2.14 The slotless tubular LG from Trident Energy [44]. 

 

 

 
 

Fig. 2.15 Linear double-sided translator topology. 
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section next to each other is also evident. More recently test results from a much larger 25 kW prototype were 

also published [48]. For this prototype, the stator consists of modular sections of non-overlapping windings en-

capsulated in epoxy. Elimination of attraction forces between the stator and translator and modularity of both the 

stator and translator are therefore other advantages of this LG. 

2.7.7 Discussion 

LFPM generators were some of the first types to be used for DD-WECs. The named problems with high attrac-

tion forces, the associated cost of the structural material and load on the bearings are however significant [61], 

[91], [93]; as mentioned before, the AWS have abandoned LGs in its subsequent prototypes in favour of a 

pneumatic PTO. Seabased and CPT have gone down much the same route by developing LFPM generators, 

however, their LGs are much smaller than that of the AWS and consequently it would seem easier to tolerate 

these issues. In a recent study done by the research group at OSU/CPT [98], it is concluded that LGs are good 

solutions only for low-power (<10 kW) WECs; in large-power (>10 kW) applications, air gap tolerances and lin-

ear guiding challenges for LGs become too difficult to solve in a cost-effective manner. For large power applica-

tions, CPT is looking at a novel direct drive rotary WEC [99], [100]. It is also interesting to note that Ocean 

Power Technologies [101], who develops the very advanced 150 kW PowerBuoy point absorber WEC, despite 

being in possession of a number of patents for LGs specifically for use in their WEC (listed in Appendix I), still 

rather makes use of a hydraulic PTO. It is clear that there are significant challenges with using LGs in WECs and 

the continued research into different LG topologies highlights the fact that alternative options are needed if DD-

WECs are to be commercially viable. To solve the named issues, more attention is turning to air-cored LGs. 

When considering only active material, iron-cored generators will always have a higher power density than air-

cored machines and will use less PM material (which is still fairly expensive). However, when considering the 

saving in structural material and reduced bearing wear in air-cored LGs, they become very attractive options. 

Coupled with innovative, cost-saving construction methods, like pre-formed, machine-wound stators, air-cored 

LGs may compete very well with iron-cored LGs in terms of power density and cost (both capital and running 

 
Fig. 2.16 The C-Gen air-cored linear generator developed at Edinburgh University [91]. 
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costs). The fact that companies like Trident Energy and NGenTec are built on air-cored (and slotless) technol-

ogy, further supports the notions that air-cored LGs may indeed be the way to go for DD-WECs. 

 

 

. 
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Chapter 3  

Analysis of the novel linear generator 

In this chapter the novel LG topology is developed and analysed. The stator and PM fields are analysed analyti-

cally with so-called Subdomain analysis by solving the relevant Laplace and Poisson equations for the magnetic 

vector potential. Finite element modelling is used to verify these calculations. A simplified analytical model and 

conditions for its use is also developed as a tool for conducting a comparative study and for the design of a pro-

totype in the Chapter 4. 

3.1 The novel LG topology 

A novel generator topology was developed from the linear double-sided (LDS) permanent magnet air-cored to-

pology shown in [65], [80], [94], [95] and in Fig. 2.15. An air-cored topology was chosen due to the elimination 

of the high attraction forces (which lead to high bearing loads and large amount of structural material), the ease 

of assembly and the option of using preformed non-overlapping windings. Also, with the double-sided translator 

topology the effective air gap is more clearly defined and much reduced compared to the single-sided translator 

[96]. Higher flux densities are now possible with the same amount of PM material compared to the single-sided 

translator. The effective air gap is however still much larger than for conventional small air gap iron-cored ma-

chines, and so fringing and leakage flux is still observed. Furthermore, the double-sided topology is already 

well-proven for rotary air-cored axial flux [63], [64], [97], [98] and radial flux machines [96], [99], [100] and is 

currently used in the C-Gen LG as discussed in Chapter 2. 

The LDS topology is further developed by arranging a number of these double magnet translators in a tubular 

topology as in Fig. 3.1(a). The yokes are then removed as seen in Fig 3.1(b), and the magnets adjacent to each 

other on the same transverse plane are replaced with a single magnet as seen in Fig 3.1(c). The flux from any 

particular magnet now circulates around the machine in a transverse plane, instead of coupling with the adjacent 

poles in a longitudinal plane. The advantages of creating this arrangement are: 

• The removal of the steel translator yokes, which is a source of losses and add to the structural mass. 

• The flux paths of the machine are modified in such a way that the pair-wise flux coupling occurring in linear 

generators is eliminated.  

• The resultant magnetic normal forces on any particular magnet will ideally sum to zero. In practice this 

would mean that a magnet must be located exactly halfway between its neighbouring magnets; this is of 

course not possible due to manufacturing tolerances. However, with a fair degree of manufacturing accuracy 

the resultant normal force on each magnet will still be close to zero, meaning that the structural mass needed 

to keep the magnet in place can be reduced dramatically. 
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The stator now consists of a number of identical sections placed around the circumference of the machine as 

shown in Fig. 3.2. These will stay the same as for the LDS machine. In the next sections the modelling and 

analysis of the machine is considered, where after a comparative study is conducted to get a first idea of how the 

force density of the novel topology compares to other topologies.             

3.2 Modelling 

An air-cored machine can be represented with a classic per phase lumped parameter model as shown in Fig. 3.3 

[63]. The voltage Eg represents the electromotive force (EMF) induced in the windings by the varying magnetic 

flux from the magnets, while Rs and Ls represents the phase resistance and synchronous inductance of the wind-

ings respectively. The phase resistance represents the main source of losses in the machine. In air-cored 

                                 (a)                                                                           (b)                                                                           (c) 

Fig. 3.1 Development of a novel linear generator topology from the LDS topology. 

 

Fig. 3.2 Three dimensional cut-out view of the novel air-cored linear generator. 
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machines the eddy-current losses in the copper conductors can also be significant, and can be represented by the 

shunt resistance Rec. A more in-depth discussion of this equivalent circuit model, including the dq-equivalent cir-

cuits (in the synchronous rotating reference frame), is found in [63]. For the purposes of this thesis the equivalent 

circuit in Fig. 3.3 is sufficient. 

It would be ideal if accurate analytical expressions for each of the parameters in Fig. 3.3 can be found in order to 

easily analyse the machine. Complicated geometry and non-linearity in machines however often requires the use 

of approximate expressions and/or numerical methods to calculate these parameters. The absence of iron in the 

novel topology fortunately eliminates almost all non-linear behaviour in this machine. And although the topol-

ogy may look fairly complicated, it basically consists of a number of relatively simple LDS machines as dis-

cussed in the previous section. A simple 2-D model of an LDS machine is easily obtained for this machine by in-

troducing a radial cutting plane at the average magnet thickness hm as shown in Fig. 3.1(c). This radial plane is 

then rolled open into a planar 2-D model as shown in Fig. 3.4(a), as viewed from the side. This is similar to how 

a 2-D LDS model is developed for an axial flux rotary machine in [63]. It is hence anticipated that most of the 

machine parameters can be calculated fairly accurately with analytical methods already established for AF rotary 

and LDS machines. The rest of this chapter is devoted mostly to the discussion of these analytical expressions 

while a finite element package is used to verify the results. These two different methods of analysis are discussed 

next. Machine dimensions as used in the rest of the Chapter are shown in Fig. 3.4(a) and (b). 

 
 

Fig. 3.3 Steady-state per phase equivalent circuit diagram of an air-cored synchronous generator. 

 

 
                                                       (a)                                                                                                         (b) 

Fig. 3.4 (a) Two-dimensional model of the novel machine and (b) top view of the novel machine showing dimensions. 
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3.2.1 Analytical analysis 

The phase resistance is easily calculated from the dimensions and resistivity of the windings as for instance done 

in [99]. All the other parameters require knowledge of the flux density in the air gap. Equations can be derived to 

calculate the eddy current resistance, back-EMF and inductance from the flux density.  

Due to the large effective air gap in this machine, a higher degree of fringing and leakage flux occurs compared 

to iron-cored machines. Mueller mentions in [96] that increasing the air gap length will increase the winding 

height and as such increase the electric loading, but the air gap flux density will also significantly decrease. It is 

also mentioned that at some point after increasing the air gap the flux will also start to leak to neighbouring 

magnets rather than cross the air gap. This leads to different approaches in calculating the air gap flux density in 

air-cored machines.  

The most straightforward way to calculate the flux density is to use a lumped parameter circuit model to repre-

sent the machine’s magnetic circuit as done in [66], [80], [101]. The large effective air gap means that the mag-

net and air gap reluctances are dominant in the machine [101] and leakage flux can usually be ignored if machine 

dimensions are chosen correctly [66]. By assuming a constant reluctance for the air gap, a constant value for the 

air gap flux density is obtained and taken as the peak value of a trapezoidal air gap flux density distribution. 

Measurements generally agreed very well with this analytically approximation. Equations can then also be de-

rived which uses the peak value of flux density to obtain the peak induced EMF [64], [65], [99], and the eddy 

current loss resistance [62], [66]. An accurate analytical expression for the inductance of air-cored windings is 

however difficult to find [63]. In [98] an analytical expression for the inductance of circular air-cored windings 

are derived by assuming a conical stator flux density distribution, while in [102], a simplified formula for the in-

ductance of an AF air-cored machine is derived from the inductance formula of the Brooke’s coil. 

In order to find more accurate solutions to the air gap flux density and to gain a better understanding of the mag-

netic flux behaviour and phenomena like ripple force, subdomain analysis can be used. Subdomain analysis basi-

cally entails dividing the 2-D model into different regions, or domains, such that the magnetic vector potential in 

each region can be described by a single Poisson/Laplace equation; the magnetic vector potential can then be 

solved by applying the appropriate boundary conditions between the domains [111], [112]. With the above equa-

tions the flux density distributions, and consequently the induced back-EMF and winding inductances, can be 

calculated very accurately. Subdomain analysis is specifically used for air-cored LDS PM machines in [97], [98].  

The subdomain model used for the analysis in this thesis is shown in Fig. 3.5. Region I consist of half of one row 

of PMs, Region II is the air gap region (including the stator) and Region III consist of half of the next row of 

PMs. There exists symmetry both about the centre of the stator and about the centre of the PMs (unlike a normal 

LDS topology) and hence the model could have been devised differently with a row of PMs in the middle and 

half of a stator section on either side. The configuration in Fig. 3.5 was however chosen to indicate the similarity 

to a conventional LDS topology. Analysis of region III is in fact not necessary because of the symmetry about 

the stator – the field solutions in Region III are simply the mirror image of the field solution in Region I. It is 
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only shown here again to correspond with the 2-D model of a LDS machine. The analysis will be discussed in 

more detail as the Chapter progresses. 

3.2.2 Finite element analysis 

As mentioned before, all the LG’s circuit parameters can also be calculated with FEA. The process of FEA is 

explained in more detail in Appendix B. It basically entails meshing the machine model and approximating the 

magnetic vector potential in each element to obtain a piece-wise continuous approximation of the magnetic field 

in the machine. In this way complicated geometry can be analysed and by using iterative algorithms, non-linear 

behaviour can also be taken into account. The effect of the mesh can however introduce unacceptable inaccura-

cies when calculating force, especially for ripple force and unbalanced magnetic attraction forces [103]. By re-

fining the mesh, the resulting approximation can be made more accurate, but at the expense of computation time. 

Due to the above reasons, it is often still preferred to use analytical methods at the initial design stage and espe-

cially for optimisation purposes where possible. Analytical methods can also help to gain a better understanding 

of the fundamental physics in the machine [103]. FEA is then rather used as a verification and refinement tool 

and to help analyse more complicated phenomena in the machine. The same approach is used in this thesis. A 

commercial FEA package, Infolytica Magnet 7, is used to verify the 2-D Subdomain model. It is also further 

 
 

Fig. 3.5 Two-dimensional subdomain model dividing the LG into three regions. 
 

 
 

Fig. 3.6 Two-dimensional FEA model showing the different boundary conditions. The red, white and blue regions are the windings for the 
three phases. 
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used to get an indication of the LG’s output under sinusoidal translator displacement and to study the effects of 

varying stator-translator overlap. 

The 2-D model as implemented in the FEA package is shown in Fig. 3.6. Due to the symmetry and repeated ge-

ometry in the machine, only this section needs to be analysed and it corresponds to the way the Subdomain 

model is devised in Fig 3.5. It includes one complete winding section (3 coils) and four pole pairs – this choice is 

explained in the next section. The light grey indentations on both sides of each PM in Fig. 3.6 are construction 

aids and are discussed in more detail in Chapter 4. These indentations are fairly small and are ignored in the ana-

lytical Subdomain model; this is a good example of a small geometrical intricacy which is rather analysed with 

FEA as it may overcomplicate the analytical model. To properly model the magnetic flux, appropriate boundary 

conditions should be applied to the model as explained in Appendix B. These boundary conditions are indicated 

in Fig. 3.6. A section of the model with the initial automatically generated mesh is shown in Fig. 3.7(a). This 

mesh was refined as shown in Fig. 3.7(b) to give more accurate results.  

A typical flux density colour and contour plot is shown in Fig. 3.8 (a). To show the direction of the flux density 

                                                     (a)                                                                                                                (b) 

Fig. 3.7 (a) Original automatically generated mesh and (b) refined mesh with smaller triangles for greater accuracy. 
 

 

 

 
 

Fig. 3.8 (a) A typical flux density colour and flux contour plot and (b) arrow plot showing the flux direction. 
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vector, an arrow plot is also shown in Fig. 3.8(b). These results will be discussed in more detail as the Chapter 

progresses. It is important to note that the 2-D FEA model, the same as the 2-D analytical model, does not take 

any effects due to the end-windings into account. 

3.3 Winding analysis 

3.3.1 Winding layout selection 

As discussed in Chapter 2, the air-cored stator windings can consist of overlapping or non-overlapping (NO) 

windings. NO windings (in literature also referred to as concentrated windings, fractional slot windings and also 

some other names [77]), as shown e.g. in Fig. 3.9, are especially attractive because of their ease of manufacture 

and short, flat end-windings [65], [74], [75]. The coils can be machine-wound and individually inserted into the 

stator. The shorter end-windings mean that less copper is used, which reduce costs and copper losses in the ma-

chine. In [65] it is shown that up to 50 % less copper is used for a NO air-cored winding compared to an over-

lapping winding. The fact that the end-winding is also flat (or the same thickness as the active part of the wind-

ing) means that the whole stator can easily be inserted and removed from the machine without dismantling the 

machine. 

Studies in [74], [75] show that good winding factors can be obtained for NO-windings in high pole number ra-

dial flux machines. It has also been shown that the winding factor alone does not determine the performance of 

NO air-cored windings, but that the coil-side to coil-span ratio (κ = θr/θc from Fig 3.9) also plays an important 

role [65], [76]; it is shown that a pole/coil combination of 4/3 with κ = 0.37, although resulting in a fundamental 

winding factor of only kw1 = 0.875, gives the optimal thrust per given copper losses, which is equivalent to effi-

ciency for double-layer (DL) NO air-cored windings. 

Considering the topology of the novel machine, it is clear that at the inside diameter it is essential to have an 

end-winding overhang as small as possible in order to fit the maximum number of stator sections into the ma-

chine. It is therefore decided to use a NO-winding. For NO-windings, DL windings also have smaller end wind-

ings compared to single-layer windings; a DLNO-winding, as shown in Fig. 3.9, is therefore selected. Only the 

analysis of DLNO will hence be considered in this thesis. 

An in-depth analytical subdomain analysis of a double-sided RFPM rotary machine with non-overlapping air-

cored windings has recently been done by Randewijk [104]; a similar approach is used here. A simplified equa-

tion is first derived for the flux linkage of the winding due to an idealised, sinusoidal PM field, similarly as de-

rived for DLNO windings in [64], [65]. This allows for only a single, peak value of air gap flux density to be 

calculated from which the back-EMF can be determined, as discussed in Section 3.2.1. Equations for the conduc-

tor- and current density of the windings are derived thereafter; these equations are then used to solve the appro-

priate Poisson equations and hence to calculate the armature reaction fields and winding inductance. 
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3.3.2 Flux linkage 

The cross section of a single turn of a DLNO winding in the PM field is shown in Fig. 3.10. Since the coils are 

not wound around iron teeth, the distributed nature of the coil sides need to be taken into account; this means that 

the differences in flux linkage of each turn in the coil should be taken into account. To start with, a single turn is 

considered at position ∆ in the coil side (0 ≤ ∆ ≤ θr) and at position α + ∆ with respect to the flux density wave, 

as shown in Fig. 3.10. Its flux linkage can then be given as 

 ( )
( )

( )

0

sin .
c

t pB dxdy
α θ

α

λ θ
+ −∆

+∆

= ∫ ∫
ℓ

 (3.1) 

Assuming that the flux density is uniform in the y direction and by substituting dx = (L/pπ)dθ into (3.1), λt is 

given as 

 ( )
( )

( )
sin .

c

t p

L
B d

p

α θ

α

λ θ θ
π
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+∆
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Performing the integral and substituting α = ωt gives 

 ( ) ( )
2

sin 0.5 .sin 0.5 .p
t c c

B L
t

p
λ θ ω θ

π
= − ∆ +

ℓ
 (3.3) 

 
 

Fig. 3.9 Layout of double-layer non-overlapping air-cored stator windings. 

 
 

Fig. 3.10 A single coil turn in a sinusoidal field created by the alternating permanent magnets. 
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In order to find the total flux linkage of the coil with a continuous coil side layer of N conductors, (3.3) must be 

integrated with respect to ∆ from 0 to θr. Only one factor in (3.3) contains the ∆-term and hence taking its aver-

age over the coil side width gives what is called the pitch factor as 

 
( )

( ) ( )
0

1
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sin 0.5 1 sin 0.5

0.5

r

p c
r

c c

c

k d
θ

θ
θ

θ κ κθ
κθ

= − ∆ ∆

−  =

∫
 (3.4) 

where κ = θr /θc and 0 ≤ κ ≤ ½. The total flux linkage of a coil is then given as 

 ( )
2
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c

B LNk
t

p
λ ω θ

π
= +

ℓ
 (3.5) 

For a total of q coils per phase, with a parallel circuits, the induced phase voltage can now be calculated accord-

ing to (B.6) and (B.7) as 

 

( )cos 0.5 .

g

p m

d
e

dt
E t

λ

ω θ

=

= +
 (3.6) 
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It may be that a number of coils are arranged next to each other in a coil group. In this case, the flux linkage of 

these coils will not be the same; there will be a small difference in amplitude and phase between the coils due to 

their differing displacements relative to the flux density wave. The total flux linkage for the coil group will be 

the vector sum of the flux linkages for the individual coils. From this the so-called distribution factor can be cal-

culated as [72], [73] 
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where n is the number of side-by-side coils in the coil group. This term can now be included in (3.7) to give 
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 (3.9) 

For the chosen winding arrangement n = 1 and hence kd = 1. 

Stellenbosch University http://scholar.sun.ac.za



Chapter 3  Analysis of the novel linear generator  

 

40 

3.3.3 Conductor density distribution 

The conductor density is used to calculate the winding flux linkage due to the armature reaction directly from the 

magnetic vector potential in Section 3.3.6. The conductor density in the coil side can be calculated as 

 .a

NQ
n

Lκ
=  (3.10) 

It can be shown graphically for one phase as shown in Fig. 3.11; positive conductor density is defined as current 

coming out of the page and negative conductor density is defined as current going into the page. In order for this 

distribution to be useful it is necessary to find a mathematical expression to describe it. Due to its periodic nature 

it can be expressed as a Fourier series expansion. This Fourier series expansion of the current distribution as 

shown in Fig. 3.11 can be expressed as 
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where 
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The derivation of (3.11) and (3.12) are given in Appendix C. The conductor density distribution of the other two 

phases are of course exactly the same, but shifted by ±2π/3 radians. 

 

 
 
 

Fig. 3.11 Graphical representation of the conductor density distribution. 
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3.3.4 Current density distribution 

The three-phase current density distribution is required to calculate the magnetic vector potential and the flux 

density due to the armature reaction fields (as done in Section 3.3.5). Similar to the conductor density, the cur-

rent density distribution in the coil side can be calculated as 

 ( ) ( )
.a

za

i t Q
J t

gLκ
=  (3.13) 

for the a-phase. This current density distribution can be shown graphically as shown in Fig. 3.12 and conse-

quently its Fourier series expansion is then also given as 
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In the same way as the conductor density distribution, the current density distribution for the other two phases is 

displaced in space by ±2π/3 radians. The magnitudes will however be time dependent according to the current 

flowing in each phase. The current density distribution for the other two phases is hence given as 
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where the three-phase currents are assumed to be balanced such that their vector sum is zero. The current distri-

bution at the instant where ia = -2ib = -2ic is shown in Fig. 3.12. The total stator current density distribution is 

 
Fig. 3.12 Graphical representation of the current density distribution. 
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given as the sum of (3.14), (3.15) and (3.16) as 

 .z za zb zcJ J J J= + +  (3.17) 

3.3.5 Field solution 

In order to calculate the magnetic fields due to the stator excitation, the Poisson equation (B.26) derived in Ap-

pendix B must be solved for each of the regions in of the Subdomain model shown in Fig. 3.5. By “switching 

off” the PM fields and only considering the stator excitation, (B.26) can be simplified to 

 2 0zIA∇ =  (3.18) 

in regions I  and III  (PM regions) and 

 2
0zII zA Jµ∇ =  (3.19) 

in region II  (air gap region). 

The solutions to Az in (3.18) and (3.19) are derived in Appendix D and are respectively given as  
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where C1 – C4 are constants. By applying appropriate boundary conditions as explained in Appendix D, expres-

sions for these constants can be derived as also given in Appendix D. The flux density in region II (the stator re-

gion) is then calculated by substituting (3.21) into (B.27) and (B.28); the results are given as 
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In Fig. 3.13 the analytical solution of (3.23) at y = 0.5ℓg (in the middle of the stator) is shown together with a FE 

solution of the same model. In Fig. 3.13(a) only the b-phase is excited, whereas in Fig. 3.13(b) all three phases 

are excited such that ib = -2ia = -2ic. It is clear that the analytical and FE solutions are almost identical and hence 

verifies the accuracy of the analytical equations. 
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3.3.6 Inductance calculation 

The flux linkages of a three-phase winding can be given in terms of the stator currents and inductances as 

 
a aa ab ac a

b ba bb bc b

c ca cb cc c

L L L i

L L L i

L L L i

λ
λ
λ

     
     =     
          

 (3.24) 

The self inductances, represented by Laa, Lbb and Lcc in (3.24), is the ratio of the flux linkage per phase to the cur-

rent in that same phase with zero current in all the other phases. All the other mutual inductances can be defined 

as the ratio of the flux linkage in one phase to the current in a different phase and when only that phase is ener-

gised. The inductance in the equivalent circuit of Fig. 3.3 is the synchronous inductance, defined as the ratio of 

the flux linkage per phase to the current in that same phase with all the other phases also conducting. 

 
(a) 

 
(b) 

Fig. 3.13 Air gap flux density due to the stator current at y = 0.5ℓg (in the middle of the stator) as calculated analytically (red line) and with 
FEA (black line) with (a) only the b-phase energised and (b) all three phases energised such that ib = -2ia = -2ic. 
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The flux linkage equation derived in Section 3.3.2 is based on a sinusoidal flux density distribution. As seen 

from Section 3.3.5, the flux density distribution due to the stator currents is not sinusoidal, and hence the same 

equation cannot be used. An alternative approach is to calculate the flux linkage of a coil directly from the vector 

potential of (3.21) as discussed in detail in Appendix E. 

The flux linkage of one coil due to the vector potential generated by the current of that same coil only, is derived 

as 

 
1,2,3

2
n zIIaa s m mA
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b bλ ω
∞

=

= ∑ℓ  (3.25) 

This is then simply divided by the current to give the self-inductance. The same approach is followed for the 

synchronous inductance; the vector potential due to all three phases is considered and gives the peak total flux 

linkage per phase as 
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The synchronous inductance is then simply found as 

 
( )sa

a

q
L

i t

Λ=  (3.27) 

The analytical equation was again verified with the FEA model. The results of the analytical and FEA calcula-

tions are both shown in Table 3.1 and it is again clear that there is excellent agreement between the two. In the 

derivation in Appendix E, it is assumed that the entire winding is concentrated at y = 0.5ℓg in order to simplify 

the calculations. It is important to note that, since the stator windings are in reality spread over the total stator 

thickness and that the flux varies in the y-direction, a difference in the FEA and analytical solutions are expected. 

As the stator thickness increase, this difference in solutions can be expected to become more appreciable. For a 

conventional iron-cored machine with overlapping windings it can be shown that Lsa = 1.5Laa [72]. It is interest-

ing to note that for the air-cored LG with DLNO windings, Lsa = 1.33Laa. 

It must of course also be noted that both the analytical and FE solutions are for a 2-D model and hence neither 

take the end winding inductance into account. 

Table 3.1 Comparison between FEA and analytical solutions of the winding inductances. 

 FE analysis Analytical analysis Error (%) 

Self inductance (mH) 4.58 4.66 1.7 

Synchronous inductance (mH) 6.10 6.17 1.1 
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3.4 Permanent magnet field 

In order to calculate the induced voltage or EMF, and subsequently also the force, the PM-generated magnetic 

field must first be calculated. For simplicity of analysis and also for the eventual manufacturing process, only 

rectangular magnets (as seen in Fig. 3.5) are considered here.  

3.4.1 Field solution 

In order to calculate the magnetic fields due to the PM excitation, the Poisson equation (B.26) derived in Appen-

dix B must be solved for each of the regions in of the Subdomain model shown in Fig. 3.5, similarly as was done 

for the stator winding excitation in Section 3.3.5. By “switching off” the stator currents and only considering the 

PM excitation, (B.26) can be simplified as 

 
2

0
ry

zI

M
A

x
µ

∂
∇ = −

∂
 (3.28) 

in regions I  and III  (PM regions) and 

    
(a) 

 
(b) 

Fig. 3.14 (a) Distribution of the PM residual magnetisation and (b) the derivative of (a) with respect to x. 
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 2 0zIIA∇ =  (3.29) 

in regions II  (stator region).  

The magnetisation distribution in regions I and III can graphically be shown as in Fig. 3.14(a). From Fig. 3.14(a) 

it is easy to see that the derivative of Mry with respect to x (as required in (3.28)) can be shown as in Fig. 3.14(b). 

The Fourier series expansion of this derivative, as derived in Appendix C, is given as 
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ry
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M m x
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x

π
τ

∞

=

∂  =  ∂  
∑  (3.30) 

where 

 ( )4
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M

r
m

M
a mβ

τ
 =  
 

 (3.31) 

 
(a) 

 
(b) 

Fig. 3.15 Air gap flux density due to the permanent magnets at y = 0.5ℓg (in the middle of the stator) as calculated analytically (red line) and 
with FEA (black line): (a) the component across / normal to the air gap and (b) the component tangential to the air gap. 
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and 

 1
.

2
mL

p

τβ − =  
 

 (3.32) 

and where τm is the per unit magnet width defined as τm = θm/θp. Solutions for Az in regions I and II is chosen as 

(as explained in Appendix D) 
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By applying appropriate boundary conditions as explained in Appendix D, expressions for the constant terms can 

 
(a) 

 
(b) 

Fig. 3.16 Air gap flux density due to the permanent magnets at y = 0 (on the PM surface) as calculated analytically (red line) and with FEA 
(black line): (a) the component across / normal to the air gap and (b) the component tangential to the air gap.. 
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be derived as also given in Appendix D. The flux density in region I (the PM region) is then calculated by substi-

tuting (3.33) into (B.27) and (B.28); the results are given as 

 1 2
1,2,3
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m y m y

xI M M
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m m x
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and 
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∑  (3.36) 

In Fig. 3.15 the analytical solution of (3.35) and (3.36) at y = 0.5ℓg (in the middle of the stator) is shown together 

with a FE solution of the same model. It is clear that the analytical and FE solutions are almost identical for By 

and hence verifies the accuracy of the analytical equation. For Bx, the two solutions are rather different; this is 

however only due to the meshing of the FE model. In theory, Bx should be zero in the middle of the stator and 

hence the analytical solution is exact. The “noise” seen from the FE solution is the inevitable small inaccuracy 

resulting from the meshing of the model. As seen from the scale, this “noise” is indeed extremely small. 

For interest, the solutions of Bx and By at y = 0 (on the PM surface) are also shown in Fig. 3.16. In Fig. 3.16(a) 

there is a small deviation in the two solutions. The FE solution here is more exact and the analytical solution 

shows small oscillations resulting from the addition of only a finite number of harmonics in (3.36). The nature of 

Bx in Fig. 3.16(b) is again such that the FE and analytical solutions render solutions matching very closely. 

3.4.2 Harmonic analysis 

The physical arrangement of the PMs will determine how sinusoidal the air gap flux density (and the back-EMF) 

is. Together with the stator current waveform this will also determine the magnitude of any ripple force. It is 

therefore important to try and configure the magnets in such a way as to minimise all harmonics in the flux den-

 
 

Fig. 3.17 Harmonic analysis of the PM flux density distribution in the middle of the air gap. 
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sity waveform. A study is done to see for which magnet to pole pitch ratio the total harmonic distortion, given as 

 

2

2
2

1

,
yn

n

y

B
THD

B

∞

==
∑

 (3.37) 

is the lowest. The peak flux density, the peak fundamental flux density and the THD is shown as a function of 

the per unit magnet width τm in Fig. 3.17. The peak flux density increases as τm increases, but it is clear that the 

THD is a minimum of about 4.5 % at τm ≈ 0.68. 

3.4.3 EMF calculation 

With the air gap flux density very close to sinusoidal, the back-EMF can simply be calculated from (3.6) - (3.9) 

with Bp equal to the peak value of By1 from (3.36). For verification, the analytical solution is again compared to a 

FEA solution. The FEA solution is found by stepping the stator through the translator at a constant velocity and 

calculating the flux linkage at each step; the EMF is then calculated by taking the derivative of the flux linkage 

according to (3.6). The comparison is shown in Fig. 3.18. The difference in the two solutions is again almost 

negligible. 

If there are significant harmonics present in the flux density waveform, the windings flux linkage can also be 

calculated from the magnetic vector potential as done in Section 3.3.6 for the inductance calculation. The equa-

tion in (3.9) is however very simple and requires far less computational power than a formula with the form of 

(3.25) or (3.26). This highlights a big advantage of choosing a per unit pole width that minimises the air gap flux 

density harmonics. 

 
 

Fig. 3.18 EMF as calculated analytically (red line) and from FEA (black line). 
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3.4.4 One dimensional analysis 

The flux density in electrical machines can also be calculated by modelling the magnetic circuits in the machine 

as lumped parameter circuits as mentioned in Section 3.2.1. This approach is for instance used in air-cored ma-

chines in [66], [80], [101] and very satisfactory results are obtained. In the previous section it was shown that 

only a single value of peak air gap flux density is necessary to very accurately calculate the back-EMF if the 

THD of the air gap flux density is low. This further motivates the use of a simplified, one-dimensional flux den-

sity calculation, as opposed to the more complicated and more computation expensive two-dimensional method 

discussed in Section 3.4.1. It is as such decided to also explore this method of analysis. 

The lumped parameter circuit in Fig. 3.18 represents one PM and one air gap. It is assumed that there is no leak-

age flux, i.e. all the flux φm from the PM crosses the air gap. A constant reluctance value is used for both the PM 

(σm) and the air gap (σg), and is given as 

 
0

 and ,gm
m g

rec m g

h

A A
σ σ

µ µ
= =

ℓ
 (3.38) 

where µrec is the PM recoil permeability, µ0 is the permeability of air and Am and Ag is the effective cross-

sectional area of the PM and of the air gap between opposing PMs respectively. The assumption is therefore 

made that the MMF (Fm) across the PM and across the air gap is constant. The air gap flux density, between two 

opposing PMs, (Bp) and the flux density in the PM (Bm) are assumed to be uniform and is given as 

  and .m m
p m

g m

B B
A A

ϕ ϕ
= =  (3.39) 

The MMF Fm generated by a PM can be given as 

 ,m c mF H h=  (3.40) 

where Hc is the PM coercivity. As was mentioned, the magnetic circuit seen in Fig. 3.19 represents one magnet 

and one air gap. To complete the magnetic circuit, ns (the number of stator sections in the novel LG) of these cir-

cuits must be placed in series to represent the complete path through which the magnetic flux flows. Applying 

Kirchoff’s voltage law to the circuit gives  

 
0

.gm
s c m s m

rec m g

h
n H h n

A A
ϕ

µ µ
 

= +  
 

ℓ

 (3.41) 

Substituting µrec = Br/Hc and (3.39) into (3.41) and simplifying gives 

 
 

 
 

Fig. 3.19 Equivalent magnetic circuit diagram of one magnet and one air gap. 
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Studying Fig. 3.8 reveals that the peak air gap flux density occurs along the middle of the PM pitch as expected. 

It can also be noted from the flux lines that, at this point, Bp is basically the same as Bm. It is therefore valid to 

assume that Bm = Bg in (3.42). Making this substitution and rearranging then gives the peak air gap flux density 

as 

 0

0

.m r c
p

m c g r

h B H
B

h H B

µ
µ

=
+ ℓ

 (3.43) 

Using this method to calculate the peak air gap flux density for the same dimensions used in Section 3.4.1 gives 

Bp = 0.704 T, whereas the two-dimensional method gives Bp = 0.706 T. It is remarkable how similar these results 

are and shows that the one dimensional flux density analysis can indeed be used with very good results. It must 

however be recognised that, as the air gap length increases with respect to the magnet height, that more fringing 

and leakage flux will be present and that the assumptions used for the one-dimensional analysis will become less 

valid. From (3.38), it is evident that the air gap reluctance is proportional to the air gap length. Hence, in order to 

minimise leakage flux and fringing, it is necessary to enforce dimensional constraints for a double-sided air 

cored machine such as done by Stegmann [66]: 

 
1

,
2m gh > ℓ  (3.44) 

and  

 .ipg g>ℓ ℓ  (3.45) 

This ensures that the reluctance across the air gap is less than the reluctance between adjacent PMs and between 

the PM and the rotor yoke; most of the flux will then cross the air gap and ensure that (3.43) can be used to cal-

culate the peak air gap flux density. For the novel LG, the dimensional constraint of (3.44) should be re-written 

as 

 ,m gh >ℓ  (3.46) 

because there is only one PM per air gap, unlike a conventional double-sided machine which has two PMs per 

air gap. In terms of the novel LG dimensions, the constraint of (3.45) can be given as 

 ( )1 .ipg m g

L

p
τ= − >ℓ ℓ  (3.47) 

3.5 Varying magnet height 

So far the 3-D effects in the novel LG have been ignored to simplify the analysis. Apart from the end-winding 

flux linkages, the most important of 3-D effects is the fact that the magnet height actually varies from a mini-
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mum value at the inside diameter of the LG to a maximum value at the outside diameter as shown in Fig. 3.4(b). 

According to (3.43), the air gap flux density is a function of the magnet height, and hence it is expected to also 

vary from the inside to the outside diameter of the LG.  

The average magnet height hm is given approximately in terms of the outside and inside diameter and the number 

of stator section ns as 

 

( )

( ) .

m o g
s

i g
s

h d
n

d
n

π

π

= − −

= + −

ℓ ℓ

ℓ ℓ

 (3.48) 

Alternatively the outer magnet height hmo and inner magnet height hmi can respectively be given as 

 mo o g
s

h d
n

π= −ℓ  (3.49) 

and 

 

Fig. 3.20 Flux density along line c-c and d-d in Fig. 3.20 and as calculated from (3.45). 
 

 
 

Fig. 3.21 Flux density colour and flux contour plot of one air gap as seen from the top in Fig. 3.4(b). 
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 .mi i g
s

h d
n

π= −ℓ  (3.50) 

From (3.48) – (3.50) it is clear there exist a definite relationship between ℓ, do, di and ns (for a fixed hm and ℓg 

constrained by (3.46) and (3.47)). This will be discussed in more detail in Section 3.8. 

In Fig. 3.20 the air gap flux density is shown as analytically calculated from (3.43) from the inside to the outside 

diameter. The effect is almost a linear increase in flux density. Equation (3.43), however, does not take cogni-

sance of the fringing effects at the ends of the magnets, and for this purpose a FEA model as shown in Fig. 3.21 

is set up. From the flux density colour and contour plot it is easy to see the fringing effects at the ends of the 

magnets. Plots of the FEA-calculated flux density along line c-c (the middle of the air gap) and d-d (at the sur-

face of the stator) are shown alongside the analytical solution in Fig. 3.20. The FEA shows an increase in flux 

density as the magnet height increases, and corresponds well with the analytical obtained results near the middle 

of lines c-c and d-d. It is however clear that the flux density rapidly decreases near the ends of the magnets due 

to fringing. The average analytical flux density is 0.7 T as per the design specifications, while the average flux 

density along line c-c and line d-d is 0.69 T and 0.65 T respectively. Initially this result may seem to suggest that 

the induced voltage in the stator winding may be less than expected. However, there are voltages induced in the 

end-windings which are not analysed with 2-D FEA and which to some extent make up for the lower flux den-

sity at the active windings. 

3.6 Force calculation 

Given the fairly straight forward calculation of the LG’s EMF, it is decided to simply calculate the force from 

this EMF as 

 
3

,
2

p pE I
f

v
=  (3.51) 

where the current depends on the LG load and velocity is determined by the waves. This gives a steady state 

value for the force. If it is necessary to analyse the force ripple, the Lorentz force law (B.1) can be used to calcu-

late a force distribution from the flux density (3.36) and current density distributions (3.14). For the purpose of 

this thesis only a steady state force will be calculated from (3.51) and equation (2.10) as discussed in Chapter 2. 

In the next Chapter, where the design of the prototype LG is considered, FEA will be used to verify the force 

calculation and to analyse any ripple force effects. 

3.7 Performance analysis 

In this section the most important sources of losses in the air-cored LG will be discussed. This is important for 

calculating the electrical efficiency of the generator. From an economic perspective it is also necessary to know 

the cost per unit power generated by the LG. Since material prices are however fairly volatile and this LG is still 

in the beginning phases of development, it is rather decided to analyse the LG in terms of the required material 
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mass per unit power generated. In this way manufacturing, labour and material costs can be ignored for now, but 

easily added to the performance analysis at a more mature stage of the development. 

3.7.1 Copper losses 

Copper or conduction losses are usually the most dominant source of losses in air-cored electrical machines. As 

in [65], the phase resistance of a stator section can be derived as  

 
2

2

(2 )
,cu e

s
f

N q
R

a k hw

ρ +
=

ℓ ℓ
 (3.52) 

where w is the coils side width in meters, h is the coil thickness in meters, kf is the copper fill factor, ρcu is the re-

sistivity of copper and ℓe is the end winding length of the coils, which can be calculated as 

 ( )2
1 0.586 .c

e

L

p

θ κ
π

= −ℓ  (3.53) 

The copper losses of the LG can now be calculated as 

 
23 .cu sP I R=  (3.54) 

3.7.2 Eddy current losses 

The changing magnetic flux induces unwanted eddy currents in the copper conductors according to Faraday’s 

law of electromagnetic induction (B.6). From [62], the power loss resulting from these eddy currents can be cal-

culated as 

 
4 2 22

1.7 ,
32

w p
ec c

cu

d B
P NQn

π ω
ρ

=
ℓ

 (3.55) 

where, nc is the number of parallel strands per conductor and d is the strand diameter. The eddy-loss resistance 

shown in Fig. 3.3 can then be calculated from (3.7) and (3.55) as 

 
23

.p
e

ec

E
R

P
=  (3.56) 

It is important to note the factor dw
4 in (3.55). Care must be taken in the design to avoid conductors of too large a 

diameter, as the eddy-current losses can quickly become very large. Due to this, stranded conductors, or Litz 

wires, must be used in air-cored machine windings. 

3.7.3 Electrical efficiency 

As discussed in Chapter 2, the average generated power in the LG at a constant velocity is given as 
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E I
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From (3.54), (3.55) and (3.57) the electrical efficiency of the LG can then be calculated as 

 100.g cu e

g

P P P

P
η

− −
= ×  (3.58) 

3.7.4 Mass calculation 

The mass of the different components in the LG is a function of their respective dimensions and material density. 

As mentioned before, the mass per unit generated power will be used as a figure of merit for the novel LG and 

will form the basis for an eventual economic figure of merit. For this analysis it is also decided to focus on the 

active material mass, i.e. the copper and magnet mass, as these are the most critical, and probably also the most 

expensive materials, in the machine. 

From the LG dimensions given in Fig. 3.2 - 3.5, the PM mass is given as 

 m s fe m mM n h Lγ τ= ℓ  (3.59) 

and the copper mass is given as 

 ( )2 .cu s cu fM n k h Lγ κ δ= +ℓ  (3.60) 

where γfe and γcu are the respective densities of the PM material and of copper and δ = ℓe/ℓ. 

3.8 Comparative study 

When first considering this novel topology, it was thought that the power density (power per unit mass) may be 

improved over existing air-cored LGs. However, the LGs in literature with the most available data with regard to 

dimensions and performance measurements are the iron-cored LGs from Columbia Power Technologies (Chap-

ter 2, Section 2.7.3) and from Seabased (Chapter 2, Section 7.2). Nevertheless, in order to get an early indication 

of how this machine would perform compared to these LGs, a comparative study is conducted. 

3.8.1 Methodology 

It is decided to design two versions of the novel topology, namely N1, for comparing with the 1 kW tubular LG 

of Columbia Power Technology (CPT) in [43], [85], and N2, for comparing with the 10 kW four sided LG of 

Seabased in [42], [70].  N1 and N2 are designed to be of a size comparable to the respective existing LGs in or-

der to make a reasonable comparison. In general, the dimensions of these LGs (including number of poles and 

pole pitch) and other parameters like current density and velocity were imposed on N1 and N2 as far as possible; 

from this the generated power, efficiency and mass of the active materials (copper and magnet mass) are com-

pared. The simplified one-dimensional PM field analysis as explained in Section 3.4.4 is used and, since the in-

ductance of air-cored windings are usually very small, it is ignored in this study. 
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The outside diameter is fixed at 0.6 m for both N1 and N2; the reason for this is that the air gap diameter of the 

CPT LG is about 0.6 m and a diameter of 0.6 m would also more or less enclose the active material of the Sea-

based LG. Previous work on air-cored machines has shown that a peak air gap flux density in the vicinity of 0.7 

T is practically achievable [66], [96]. With the peak air gap flux density therefore set to Bp = 0.7 T, the stator 

height h is maximised, while staying within the constraint of (3.46) and (3.47); with a fixed magnetic loading 

and current density, maximising h effectively maximises the current loading, and hence also the shear stress of 

the machine according to (2.11). With the shear stress maximised, the effective air gap area must be maximised 

in order to maximise the shear force of the machine according to (2.10), and hence the power output according to 

(2.7). As the active length L is already matched to that of the iron-cored LGs, only the active winding length ℓ 

can be varied to change the air gap area, which is given as Ag = ℓL for one stator section. With do fixed at 0.6 m, 

ℓ is a function of the number of stator sections ns or the inside diameter di, from (3.48). It is shown in [105] that 

decreasing di increases ℓ and Ag, while decreasing ns. The inside diameter can however not be too small, and a 

practical value of di = 0.5do is chosen; this resulted in ns = 54 for both N1 and N2, as calculated from (3.48). A 

wire diameter is chosen such that the eddy current losses are kept to a minimum. Parameters that are common to 

N1 and N2 are given in Table 3.2. 

It must be noted that some of the parameters of the CPT and Seabased LGs are not directly available from litera-

ture and are calculated from the data that is available. The calculation of these parameters is explained in Appen-

dix G. Also, the highest available NdFeB magnet grade is used (at the time of the study it was N48). This is cho-

sen based on a study in [66], which shows that selecting the highest magnet grade significantly decreases magnet 

mass with only a marginal increase in costs (for a given air gap flux density). In the CPT LG, NdFeB magnets of 

grade N35 are used; the NdFeB grade used in the Seabased LG is unknown. It can however be assumed that a 

grade lower than N48 is used in the Seabased LG, as it was constructed a number of years prior to the study. 

From the stated methodology, it is clear that an exact comparison between the different LGs is not possible. This 

is however not the purpose of this study. The aim here is simply to get a rough indication of the novel LG’s per-

formance compared to existing LGs. 

3.8.2 Results 

The results of the comparative study are given in Tables 3.3 and Table 3.4, and also shown in Fig. 3.22. The lim-

ited stator thickness of the air-cored LG limits its electric loading and its large effective air gap length limits its 

magnetic loading. As mention before, increasing the electrical loading by increasing the stator thickness will also 

reduce the magnetic loading and vice versa. However, it is clear to see that the novel topology succeeds in creat-

Table 3.2:  Machine parameters which are common to N1 and N2. 

Inside diameter di (m) 0.3 Turns per coil N  100 

Outside diameter do (m) 0.6 Strands per turn nc 10 

Stator thickness h (mm) 10 Number of stators ns 54 

Air gap length ℓg (mm) 14 Copper fill factor kf 0.45 
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ing a much larger active air gap area (per volume) than the other topologies. From the shear force and power it is 

clear to see that the larger air gap area to some extent makes up for the shortcomings with the electrical and 

magnetic loading. For N1, the generated power is 19 % less than that of the CPT LG. The low current density 

however results in a high efficiency of 95 %. For N2, the generated power is actually 17 % higher than that of 

the Seabased LG, while the efficiency is two percent lower. It should be mentioned that N1 is slightly smaller 

than the CPT LG and N2 is probably slightly larger than the Seabased LG. Furthermore, the efficiencies of the 

different LGs are also different (or unknown). This makes a true comparison between the LGs impossible, al-

though this is not the aim, as mentioned. In terms of a rough indication, the calculated figures indicate a power 

rating of the novel LG which is fairly similar to that of the iron-cored LGs. 

It is a well-known fact that air-cored machines use much more magnet material that iron-cored machines [106]; 

this is confirmed by this study, as 560 % more magnet material is used in the novel LG compared to the Sea-

based LG, even though a higher PM grade is probably used. This has a big cost implication for the novel LG. In 

Table 3.4 and Fig. 3.22 this is highlighted, where the power per active mass of the LGs are given. It is clear that 

the power per copper and per magnet mass is much lower in the novel LG. The high copper mass of the novel 

LG may be inherent to the topology of the machine, where a large amount of copper is basically made to fit into 

a small space. Also, the end windings contribute a significant amount to the overall mass of the copper in the 

novel LG; this basically constitutes wasted copper mass and can be considered a drawback of this topology. 

In comparing the power per total active mass of the stators and translators, the novel LG however performs much 

better than the iron-cored LGs. This is of course due to the lack of iron in both the stator and translator of the 

Table 3.3 Comparison of the novel LG topology with existing iron-cored machines. 

Parameter CPT N1 Seabased N2 

Stator core Iron Air Iron Air 

Air gap area Ag (m
2) 0.53* 1.56 2.08 7 

RMS Air gap flux density B (T) 0.76 0.7/√2 1 0.7/√2 

Current density J (Arms/mm2) 0.45* 0.45 1.8 1.8 

Electric loading K (kArms/m) 3.26* 1.36 7.97* 5.5 

Shear stress σs (kN/m2) 2.48* 0.68 7.97* 2.7 

Shear force fg (kN) 1.315 1.06 16.57* 19.1 

Power Pg (kW) 1 0.81 11.57 13.4 

Copper losses Pcu (p.u.) 0.040* 0.040 0.09 0.16 

Core losses Pc (p.u) - 0.01 0.05 0.003 

Efficiency η (%) - 95 86 84 

Copper mass Mcu (kg) 28.55 80 144* 315 

Total stator mass Ms (kg) 181.58 106 949* 419 

Magnet mass Mm (kg) 222 504 115 754 

Total translator mass Mt (kg) 1446 607 547 903 

* Parameters calculated from data given in literature (See Appendix G). 
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novel LG. The mass in addition to the copper and PM material for N1 and N2 simply constitutes epoxy for the 

stator and a low density, non-magnetic support material for the PMs (e.g. a phenolic composite, such as Tufnol, 

or an engineering plastic). Some rough calculations indicate that the stator epoxy mass will be around 33 % of 

the copper mass and a typical engineering plastic would constitute around 20 % of the total magnet mass. Al-

though these materials are not “active” as such, it is included in the total active stator and translator mass calcu-

lation, as it serves an essential role in supporting the copper and magnets. 

It must be noted that the structural support material needed to keep the stator and translator apart is not consid-

ered in this study. For the iron-cored LGs, significant amounts of steel would be needed for this, whereas the 

structural material in the air-cored LG simply needs to carry the mass of the active material. The cost of the vari-

ous materials is also not considered in this study. This is because material cost alone can be misleading. When 

considering costs, manufacturing and assembly costs should also be included. This information is of course not 

readily available, especially since these are all experimental machines. Furthermore, metal prices, and especially 

rare-earth material prices, are currently extremely volatile and including this as part of the study will therefore 

not be meaningful. 

3.8.3 Conclusion 

It must be acknowledged that the amount of active material, especially of the PM material, can be seen as a sig-

nificant drawback of the novel LG. However, this study shows that the overall power per total active material of 

the novel LG is better than for comparably sized iron-cored LGs. Furthermore, as there are practically zero at-

Table 3.4 Comparison of the power density of the novel LG topology with existing iron-cored machines. 

Parameter (W/kg) CPT N1 Seabased N2 

Power per copper mass 35 10 80 43 

Power per magnet mass 4.5 1.61 101 18 

Power per active stator mass 5.5 7.6 12 32 

Power per active translator mass 0.69 1.33 21 15 

Power per total active mass 0.61 1.14 7.7 10 

 

 

Fig 3.22 Normalised power per active mass of N1 and N2 compared to the LGs from CPT and Seabased. 
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traction forces in the novel LG, it is expected that much less structural material will be used. An improvement on 

the cost issue of the novel LG compared to iron-cored LGs is therefore expected. Construction and assembly 

procedures can be simplified due to the elimination of attraction forces. The winding of the stator can also be 

automated, as pre-formed coils are used. All of this will further reduce costs. The designs of N1 and N2 in this 

study are also not optimised. A design of the novel LG that is optimised for minimum active mass will therefore 

further improve the performance results obtained here. 

Based on all the above mentioned aspects, the proposed novel LG can be considered as a viable alternative to 

current technology used for DD-WECs. The next step is to find an optimised design for a prototype LG which 

can be built and tested in a laboratory. 
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Chapter 4  

Prototype linear generator design 

In the previous chapter the analytical model of the novel LG is derived and verified with FEA. Two rough de-

signs are done based on a simplified one-dimensional PM field analysis; this is done in order to conduct a com-

parative study such as to put the novel LG’s performance into perspective. In this chapter the focus is on design-

ing a prototype of the novel LG to satisfy certain performance specifications. Given the fairly straight forward 

analytical model of the machine, an exhaustive optimisation procedure is developed to find optimal dimensions 

for minimum active mass of the LG; some of this work has been published in [107], [108] and is given here 

again for completeness. Some mechanical design aspects are discussed, although the thermal modelling and de-

sign of the machine is not considered in this thesis. 

4.1 Optimisation code 

The analytical model of the novel LG is here manipulated into a form which is more appropriate for implement-

ing in a computer programme for finding the optimal dimensions subject to the performance specifications. 

These specifications are defined in the next section. It is shown that all the machine dimensions can be calculated 

once values for only four variables are selected. 

4.1.1 Performance specification 

It has already been mentioned that the LG operates at a constantly varying velocity. In order to design for a cer-

tain average power, a constant average velocity and force, calculated from (2.8), are assumed. The LG specifica-

tions are here given in terms of the required average power Pg, average velocity V and efficiency η. 

The dimensional parameters to be optimised are the generator active length L, winding active length ℓ, stator 

height h, average magnet height hm and the inside and outside diameter di and do. These dimensions can be seen 

in Figs. 3.2, 3.4 and Fig. 3.5. The dimensional parameters depend on the choice of the number of stator sections 

ns, the rms current density J and the number of active poles p; these additional parameters therefore also form 

part of the optimisation. 

The performance parameters, dimensional parameters and the additional parameters to be optimised are now re-

spectively defined in matrix-format by U, X1 and X2 as 
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By recognizing that each of the stator sections as defined in Fig. 3.2 are identical, the power Pgi generated in an 

individual stator section can be calculated as Pgi = Pg/ns. Furthermore, two more required performance parame-

ters, which are here also defined for an individual stator section, are the developed force Fgi and the copper 

losses Pcui. The performance specification can now be simplified as 

 
( )
( )

1 2

1 2

, 1/1
,

, (1 )
gi

g
cui s

F V
P

P kn η
   

= =   −  

X X
G

X X
 (4.2) 

where k < 1 is the ratio of the copper losses to the total losses in the machine. As explained before, only copper 

losses and the eddy-current losses in the stator windings need to be considered and hence k is given as 

 .cu

cu ec

P
k

P P
=

+
 (4.3) 

It can be seen from (3.55) that the determining factor for Pec is the wire diameter dw. The electrical angular fre-

quency ω, which also has an effect on Pec, depends on the wave speed and the magnet pole pitch. Due to con-

straints on the magnet pole pitch, as discussed in Chapter 3 and the inherent slow wave speed, ω is expected to 

be very low. Therefore, by adjusting the number of parallel strands in each coil turn, and so adjusting dw, Pec can 

be designed to be very small. Assuming a value of k then serves to reduce the complexity of the problem. 

4.1.2 Thrust calculation 

Similarly as derived in [65], the thrust developed per stator section can be expressed as 

 1 1.gi wF k C K=  (4.4) 

The machine constant C1 is given by 

 1 1

2
.f cui

p
cu

k P
C B

κ
ρ

=  (4.5) 

The variable K1, which is a function of X1 only, is given by 

 ( )1 .
2

h L
K

δ
=

+
ℓ

 (4.6) 

It can be noted that K1 can now be calculated from the required force of (4.2) and from (4.4) and (4.5) as 
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4.1.3 Copper loss calculation 

The copper losses can be expressed as 

 2 2,cuiP K C=  (4.8) 

where C2 is another machine constant given by 

 2
2 .f cuC k Jκ ρ=  (4.9) 

The machine constant K2, which is also a function of X1 only, is given by 

 2 (2 ).K h L δ= +ℓ  (4.10) 

Similar to (4.7), K2 can now be calculated from the required copper losses of (4.2) and from (4.8) and (4.9) as 

 2
2

.cuiP
K

C
=  (4.11) 

4.1.4 Dimensional parameter calculation 

The equations from the previous two sections can be manipulated as in [107] to find the active stator winding 

length ℓ as 

 ( )
3

2
1 0.586

( 2)
cL

p K

θ κ
π

= −
−

ℓ  (4.12) 

where K3 is defined as 

 
2

3
1

.
K

K
K

=  (4.13) 

According to (4.12), and since the optimal values for θc and κ are known (discusses in Chapter 3), there exists a 

unique value of ℓ for a given combination of L, p, J and ns. Hence, if L, p, J and ns are chosen, ℓ can be deter-

mined from (4.12). Furthermore, with ℓ known, h can be determined from (4.6) or (4.10). 

By rearranging (3.43), the average magnet height can be calculated as 

 ( )0

.
1

p g
m

c p r

B
h

H B Bµ
=

−

ℓ

 (4.14) 

The required value of Bp is selected in the design, as is also done in Chapter 3.8. 
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With the values of ℓ, h, and hm already calculated from (4.12), (4.6) and (4.14), do and di can then easily be found 

by rearranging (3.48). 

4.1.5 Active mass calculation 

The active mass consists of the PMs and the stator copper and can be calculated from (3.59) and (3.60). By sub-

stituting (4.10) into (3.60), the copper mass is given as 

 2.cu s cu fM n k Kγ κ=  (4.15) 

Substituting first (4.11) and then (4.9) into (4.15) gives 

 2
.s cui cu

cu
cu

n P
M

J

γ
ρ

=  (4.16) 

It can be noted that the copper mass is independent of X1 of (4.1) and only a function of ns and J of X2 of (4.1). 

With all the parameters of X1 and X2 known, the active mass of the generator can be calculated from (3.60) and 

(4.16). 

4.1.6 Dimensional constraints 

In addition to the constraints given in (3.46) and (3.47), for minimum leakage flux, an additional constraint is de-

fined to limit the minimum magnet height hmi to a certain minimum value. This is for construction purposes, as 

the minimum magnet height must be greater than the spacer height hs, from Fig. 3.4(a), as 

 .mi sh h>  (4.17) 

A typical value for the per unit magnet width τm that can be used in the design is τm = 0.7 [63], [66]. This is in 

agreement with the findings in Chapter 3, Section 4.2, where τm ≈ 0.68 is found to give the minimum THD. 

4.1.7 Optimisation procedure 

The objective function, F(X1, X2), that has to be minimised in the design optimisation, subject to the perform-

ance constraints of (4.1) and the dimensional constraints of (3.46), (3.47) and (4.17), can now be expressed as  

 ( ) ( )1 2 1 1 2 2 2, , ( ),m cuF w M w M= +X X X X X  (4.18) 

where w1 and w2 are weighting factors. By assigning the price per kg of the PM material and copper to w1 and w2 

respectively, the objective function represents the active material cost of the machine. This approach of minimis-

ing the active material cost is followed for linear machines in [49] and [88]. It may however also be necessary to 

factor in the labour costs associated with the copper and magnet mass, such as winding the copper onto the stator 

and fixation of the magnets. For instance, even though PM material is much more expensive than copper, stator 

winding could be considerably more expensive than magnet fixation, depending on the specific type of machine. 

To factor in these costs requires foreknowledge of manufacturing procedures and times; this information is 
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hardly ever available at the development stage, but should be considered where possible. As also mentioned in 

Chapter 3, due to the current price volatility of PM and copper material, factoring in material costs is not consid-

ered meaningful at this stage. 

 

 
 

Fig. 4.1 Optimisation procedure flow diagram (X represents both X1 and X2 of (4.1)). 
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It is clear from (4.1) – (4.18) that all the dimensional parameters of X1, from (4.1), and the objective function of 

(4.18) can be determined for a given value of X2 and L. The relatively straight forward analytical model allows 

for optimal dimensions to be obtained by way of an exhaustive optimisation procedure. Such a procedure iterates 

through all the possible combinations of the input variables (X2 and L), within limits, to find the minimum value 

of the objective function. A program to do this was implemented in the Python programming language. For each 

combination of the input variables, the constraints of (3.46), (3.47) and (4.17) are checked; the objective function 

is only calculated if the constraints are not violated. Through each valid iteration the values of X1 and X2 are 

stored if F(X1,X2) is less than in the previous iteration. The optimal dimensions are therefore simply retrieved 

from memory when the program terminates. The flow diagram of the program is shown in Fig. 4.1.  

It is worth pointing out that this procedure is different to other optimisation procedures in that each iteration 

finds the machine dimensions which exactly satisfy the performance specifications of (4. 1). If any of the solu-

tions do not satisfy the constraints of (3.46), (3.47) and (4.17), it is simply discarded. The procedure then basi-

cally finds the solution with the minimum value of F(X1,X2) from all the valid solutions. There are therefore no 

problems with distinguishing between local and absolute maxima like in other optimisation algorithms. 

4.2 Design specifications 

It is decided to design a 1 kW LG with an efficiency of 85 %. The average translator velocity is chosen as 0.75 

m/s, similar to the typical wave conditions in [43]. This gives 

 

1000 W

0.75 m/s .

85 

gP

V

η

   
   = =   
   %   

U  (4.19) 

The value of G of (4.2) depends on ns, which is a variable in the optimisation; G will thus be calculated for a 

range of different values of ns. 

4.2.1 Design constants 

From experience, k of (4.3) is taken as k = 0.95. For the windings, κ = 0.37 and θc = 4π/3 are selected according 

to the discussion in Chapter 3.3, and kf = 0.45 is also selected from experience. For the PMs, NdFeB magnets of 

grade N48 are chosen, as discussed in Chapter 3.8. As a point of attachment for the magnets, the spacer height hs 

is kept constant at 10 mm. It is expected that the spacers will support a very small mechanical load, so this is 

 
Table 4.1 – Constant design parameters. 

ρcu (Ωm) 1.7 × 108  Br (T) 1.37 

γfe (kg/m3) 7580  Hc (kA/m) 1021 

γcu (kg/m3) 8230  Bp (T) 0.7 

κ 0.37  g (mm) 2 

kf 0.45  τm (mm) 0.7 

kw1 0.875  hs (mm) 10 
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considered sufficient for the prototype. Some of the other constant parameters used in the design are given in 

Table 4.1. 

4.2.2 Optimisation 

The optimisation procedure discussed in Section 1.7 is used to find the optimal dimensions of the machine, sub-

ject to the performance specifications of (4.19). For the weighting factors, w1 = w2 is used in the optimisation; by 

doing this the material prices are ignored as discussed. The results of the optimisation are given in Table 4.2. 

In Fig. 4.2 the PM mass for different valid solutions calculated in the optimisation procedure, i.e. solutions satis-

fying the dimensional constraints are shown. It is interesting to note that for the optimal combination of p = 4 

and J = 1.45 A/mm2, only one valid solution exists. As J is decreased and/or p is increased, more valid solutions 

exist. The maximum allowable valid value of J therefore gives both the minimum Mm and Mcu (from (4.16)) and 

therefore also the minimum value of the objective function. What is even more interesting is that, due to this, 

when the optimisation is repeated with w1 = 4.5w2 (to reflect the active material price at the time of construction) 

in the optimisation, the same optimum dimensions is returned as before. The optimum dimensions can therefore 

be obtained by minimising only the PM or only the copper mass (or cost). 

Table 4.2 – Optimal dimensions. 

Weighting w1 = w2  do (mm) 466 

Mm (kg) 50.73  di (mm) 262 

Mcu (kg) 32.81  ℓ (mm) 65 

ns 38  h (mm) 11.5 

J (A/mm2) 1.45  hm (mm) 17.5 

p 4  hmo (mm) 23 

L (mm) 224  hmi (mm) 12 

 

 

Fig. 4.2  PM mass as a function of active LG length L, number of poles p and current density J. Only valid solutions are shown for p = 4 and 
p = 8. 
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For the final design, the stator height was changed from h = 11.5 (given in Table 4.2) to h = 11 to provide more 

leniency on manufacturing and assembly tolerances. This effectively increased the mechanical air gap either side 

of the stator from g = 2 (given in Table 4.1) to g = 2.25. Inevitably this causes a reduction in output and an in-

crease in copper losses for the given current density. The recalculated power is found as Pg = 956 W and the 

copper losses as Pcu = 0.147 p.u. 

4.3 Winding design 

From the design optimisation, the number of stator sections and the number of coils per section has been deter-

mined. The dimensions of the coils have also been determined. The winding design as described in this section 

entails selecting the number of parallel coils a, number of coil turns N, the number of parallel strands in the wire 

nc and the wire diameter dw. The most important constraints on the choice of these parameters are the required 

eddy current losses of (3.55), and the induced voltage (3.9). Other important constraints are also the maximum 

practical wire diameter (wire with diameters greater than about 1 mm2 becomes difficult to strand and wind) and 

the length of the wire. Stranding of the wire is done in-house; a maximum wire length of about 25 m can be 

stranded with the available space. 

By the choice of efficiency in the performance specifications of (4.19), and the choice of k in (4.3), the eddy cur-

rent losses must be limited to 0.0075 p.u.. The required output voltage is determined by the intended load. Plans 

for the LG include testing with an active rectifier with a dc–bus voltage of 300 V. It is as such decided to limit 

the output phase voltage to below 150 V. By ignoring the internal voltage drop and limiting the peak EMF of 

(3.9) at the peak velocity to below 150 V, an added degree of safety exists. The converter is discussed in more 

details in the next chapter. 

With 38 stator sections, and one coil per phase per stator section, there are only four possible options for parallel 

circuits, namely a = 1, 2, 19 or 38. By selecting a value for a and N, the peak induced voltage can be determined 

from (3.9). With a = 1, choosing N = 40 results in Ep = 128 V at the maximum velocity of Vp = 1.06 m/s. This is 

well within the limit of 150 V as specified. The resulting wire length is also calculated as ℓw = 10 m, which is 

also well within the limit of 25 m. With Ep known, the peak rated current can also be calculated from (2.6) as Ip 

= 9.96 A. The rms induced voltage and current is calculated from (2.8) as Eg = 64 V and I = 5 A. 

With chosen values of a and N, The choice of nc now determines the eddy-current losses and the required wire 

diameter. Care must be taken to select a value of nc which results in a practical wire diameter as mentioned be-

fore. In this case, with nc = 16, a wire diameter of 0.52 is obtained, while the resulting eddy-current losses are 

 
Table 4.3 – Different options for the winding design. 

Parallel circuits a 1 2 19 38 
Turns per coil N 40 80 760 1520 
Wire length ℓw 10 20 188 376 
Parallel strands per coil turn nc 16 9 1 1 
Wire diameter dw (mm) 0.52 0.49 0.48 0.34 
Eddy current losses Pe (p.u.) 0.007 0.006 0.006 0.003 
Efficiency η (%) 84.6 84.7 84.7 85.0 
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0.007 p.u. The wire diameter is slightly larger than the readily available and easy to work with size of 0.5 mm 

and 16 strands can easily be stranded as a type 2 Litz wire with 4 bundles of 4 strands each, as shown in Fig. 4.3 

[109]. The eddy current losses are within the originally calculated limit; however, with the copper losses higher 

than initially calculated, the overall efficiency is 84.6 %, only slightly less than the specified η = 85 %. The other 

options for the windings are given in Table 4.3. 

The options with a = 19 and 38 are discarded due to the huge number of coil turns and also the long wire length 

required; these aspects will make manufacturing very laborious. In terms of performance there are not much dif-

ference between options with a = 1 and a = 2. The former is chosen simply because fewer coil turns are required 

and, more importantly, because no coils will have to operate in parallel; coils operating in parallel simply in-

crease the risk of additional losses due to circulating currents. 

4.4 Translator length 

It is normally desirable for the stator winding to be within the PM generated field at all times, as is the case for 

normal rotary machines. If part of the stator winding is outside the PM field, it becomes inactive and only con-

tributes to conduction losses. For the whole stator winding to be active during the entire stroke length, as shown 

for Case A in Fig. 4.4, the translator length must be  

 ,t stL L L= +  (4.20) 

where Lst is the stroke length and L is the stator (active) length. The stator length for the novel LG is determined 

in the analytical design where it is assumed that the whole stator winding is active all the time. Furthermore, the 

stroke length is determined by the wave height of the intended installation site for the WEC. From (4.20) it can 

therefore be appreciated that the translator can be very long and expensive if the stator winding is to be active all 

the time. 

 
 

Fig 4.3  Type 1 (above) and Type 2 (below) litz wire used to minimise eddy current losses in the windings [109]. 
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An alternative approach followed for the air-cored LGs in [48] and [56] is to purposefully make the translator 

shorter than the stator in order to save on PM cost. Measures are however needed to switch the inactive coils out 

of the circuit such that they do not contribute to conduction losses. In [48] a displacement transducer is used to 

determine when to switch each stator coil in or out with a triac. In [56] all the stator coils are paralleled onto a 

common dc-bus through individual boost converters; the converters effectively isolate inactive coils from the dc-

bus. The large number of power electronic components needed for these schemes is however a drawback. 

For the novel LG it is decided to follow a different approach. Since the translator velocity is at its lowest at the 

stroke ends, the instantaneously generated power at the stroke ends is also at its lowest and makes a very small 

contribution to the overall average power. It is therefore theorised that by allowing the translator to move beyond 

the stator windings at the stroke ends, as shown for Case B in Fig. 4.4, a saving can be made on the translator 

cost with a small sacrifice in performance; it is therefore expected that the power-to-weight ratio of the LG can 

overall be improved this way. For Case B, the translator length is then given as 

 .t stL L L= −  (4.21) 

From (4.20) and (4.21) it is clear that, for a given stator and stroke length, the translator can be significantly 

shorter, and cheaper, in Case B than in Case A. For the novel LG it is therefore decided to investigate Case B. 

Since the prototype is only intended for laboratory testing, the stroke length is chosen based on the drive system, 

rather than any specific wave climate. From (4.21), the drive system allows for a translator length of 2L, giving 

Lt = 448 mm and Lst = 672 mm. Details of this drive system are discussed in Chapter 5. 

For the average power as given in Chapter 2.5, full stator-translator overlap during the entire stroke is assumed. 

The affect of the chosen configuration on the generated power, among other things, is investigated with finite 

element analysis in the next section. 

4.5 Finite element method verification 

As mentioned in Chapter 3.2, the PMs in the prototype LG have small indentations on both sides to facilitate 

fixation. This is explained in more detail in Section 4.7 and in Chapter 6. These indentations have an effect on 

the air gap flux density distribution, and hence on the induced EMF. In the subdomain model developed in Chap-

ter 3.2.1, these indentations are ignored in order to avoid over complicating the model. In the FEA model used 

 

Fig. 4.4  For a fixed stroke and stator length, the difference in translator length is illustrated here where full stator–translator overlap is main-
tained during the entire stroke (Case A) and where zero overlap is allowed at the stroke ends (Case B). 
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for verification in Chapter 3.2.2, the indentations are also neglected; the reason for this is that the subdomain 

model itself is there verified and comparing the result to reality is not of concern. In this section the air gap flux 

density, induced EMF and force is calculated from an FEA model taking the indentations into account to get a 

better indication of the actual performance which is to be expected.  

4.5.1 Air gap flux density 

The air gap flux density (in the middle of the air gap) calculated from the new as built FEA model is shown in 

Fig. 4.5(a) together with the FEA solution from Chapter 3 (with not PM indentations). It is clear that there is a 

slight deviation in the shape of the two solutions. In general, however, there is still good agreement between the 

two solutions and the two peak values of 0.695 T and 0.701 T respectively are almost equal and also very close 

to the one dimensional solution of 0.7 T. The fundamental component of the as built FEA calculated air gap flux 

density is shown in Fig. 4.5(b); it is calculated by doing a Fast Fourier Transform (FFT) and it is found that Bp1 

= 1.034Bp. The quality of the air gap flux is further analysed indirectly by calculating the EMF induced by the 

flux. 

 
(a) 

 

(b) 

Fig. 4.5 Flux density along line a-a in Fig. 3.8(b). (a) A comparison of the models with and without the PM indentations, and (b) the funda-
mental component compared to the total air gap flux density of the as-built model. 
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4.5.2 Constant velocity simulations 

Simulations at a constant velocity of 0.75 m/s are conducted in order to verify the analytical design; for this rea-

son full stator–translator overlap is at all times assumed for the constant velocity simulations. 

4.5.3 Induced EMF 

In order to find the EMF induced in the stator windings, the stator flux linkage, λ(x), is calculated at different po-

sitions (x) of the stator relative to the translator. The induced voltage is then calculated as 

 ( ) ( ) ( )
( ) ( ),g

d t d x dx d x
e t v t

dt dx dt dx

λ λ λ= = × = ×  (4.22) 

The translator is stepped through π electrical radians, and the flux linkage calculated by FEA at each step. The 

EMF is then calculated from (4.22) and the resulting EMF for 38 stators in series is shown in Fig. 4.6. The peak 

value of the FEA-simulated EMF is found as Ep = 95.7 V (with Eg = 95.7 / √2 = 68 V), which is about 6 % 

higher than the analytically obtained value of Eg = 64 V. This can possibly be partly attributed to the slightly 

higher peak air gap flux density closer to the magnet surface and voltages induced in the end-windings. Further-

more, it can be observed that the EMF is very close to sinusoidal. The actual calculated total harmonic distortion 

(THD) for the simulated waveform is less than 0.1 %. 

 
 

Fig. 4.6 Simulated three-phase stator EMFs for a constant velocity of V = 0.75 m/s. 
 

 
 

Fig. 4.7 Simulated generator force with V = 0.75 m/s. 
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4.5.4 Developed force 

The developed force is obtained directly from the FEA by injecting the rated current (I = 5 A) on the q-axis (i.e. 

forcing the current in phase with the EMF). The translator is again stepped through π electrical radians and the 

resulting force is shown in Fig. 4.7. A small ripple, as can be expected from a three-phase excitation, is evident. 

The average force obtained is Fg = 1342 N and is also about 6 % higher than the analytically calculated value of 

1275 N; this is probably due to the same reason as explained for the higher EMF found above. The ripple is cal-

culated as less than 1 % of the average force. 

4.5.5 Impedance calculation 

The FEA model is also used to verify the resistance and inductance calculations. Using the known end-winding 

length, from (3.53), the FEA resistance calculation is scaled up to include the end-winding resistance; the result 

is the same as the analytically calculated value of 1.9 Ω. This equates to a per unit value of Rs = 0.17 p.u, which 

is rather high. The reason for this is the increased active material (copper, in this case) needed to compensate for 

the low speed of DD-WECs. 

The inductances are calculated from FEA as also done in Chapter 3.3.6. No provision is made for an analytical 

calculation of the inductance with the one-dimensional analysis used for the prototype design. The FEA solution 

can hence only be used to verify an analytical inductance solution obtained from subdomain analysis or it can 

here be used to obtain the inductance values where it is not known. 

The synchronous inductance is calculated as 6.1 mH. At the average speed of V = 0.75 m/s, the synchronous re-

actance of the novel LG is given as 

 ,s s s

p
X L VL

L

πω  = =  
 

 (4.23) 

and results in a per unit value of Xs = 0.026 p.u. It is clear that the phase reactance is significantly smaller than 

the phase resistance. The resulting load angle is 8.7°. 

As mentioned before, the end windings are not modelled in the 2-D FEA model, and their effect on the induc-

tance is therefore not taken into account. In [63], the end-winding inductance is calculated with an analytical 

equation after the active winding inductance was also calculated from FEA; the same approach can be used here, 

however, since the reactance as calculated here is so small, it is decided to ignore the end-winding inductances. 

4.5.6 Discussion 

A summary of the FEA calculated parameters of the novel LG is given in Table 4.4 along with the analytically 

calculated values. Overall there is very good agreement between the two sets of results; this, to some extent, 

verifies the analytical design.  
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There are, however, inherent 3D effects in this machine which the 2-D model ignores. This includes the flux cir-

culating transversely around the machine, the varying magnet thickness and the end-windings. The 2-D FEA 

model shown in Fig. 3.21 tries to analyse some of these aspects to some extent, but 3-D FEA would be more ac-

curate in predicting the novel LG’s performance. The increased processing power and time needed for 3-D simu-

lation is for now however not considered worthwhile. 

4.6 Sinusoidal velocity simulations 

Since the translator length is such that the stator-translator overlap will vary (from Section 4.4), analytical solu-

tions for the actual EMF and force is difficult to calculate; this is especially true when the translator is reciprocat-

ing with a sinusoidal displacement profile. FEA is hence also used to get an indication of the novel LG’s output 

under sinusoidal translator displacement and to study the effects of the varying stator-translator overlap. 

4.6.1 Induced EMF 

The same procedure as explained in Section 5.3 is also followed to calculate the EMF for a sinusoidal velocity. 

However, the translator is this time stepped through its entire stroke length to gain an idea of what the actual 

waveform of the LG will look like. The simulation is done for the case where there is full stator-translator over-

lap during the entire stroke (Fig. 4.8, Case A from Section 4.4) and also for the case where there is zero stator-

translator overlap at the stroke ends (Fig. 4.9, Case B from Section 4.4). The wave form for Case B is the same 

as for Case A during the middle of the stroke when all the stator windings are within the PM field. However, the 

EMF clearly reduces to zero sooner as the stator–translator overlap decreases to zero at the stroke ends. In this 

particular LG, the unbalance between the phase voltages are also evident at the stroke ends. 

4.6.2 Generated Power 

The generated instantaneous power during a full stroke length is calculated from the induced EMF and the cur-

rent forced through the windings. The current is again forced in phase with and directly proportional to the EMF; 

the constant of proportionality is calculated as 

 
5

0.074.
68r

g

I
k

E
= = =  (4.24) 

Table 4.4 Analytical and FEA obtained parameters for the prototype novel LG. All analytical values are calculated from the one-dimensional 
analysis, except for the synchronous inductance, which is calculated from subdomain analysis. 

v = 0.75 m/s Analytical FEA 

Peak air gap flux density Bp (T) 0.7 0.69 
RMS induced voltage Eg (V) 64 68 
Phase resistance Rs (Ω) 1.9 1.9 
Synchronous inductance Ls (mH) 6.17 6.1 
Total developed force Fg (N) 1275 1342 
Total generated power Pg (W) 956 1007 
Copper losses Pcu (p.u.) 0.146 0.146 
Eddy-current losses Pec (p.u.) 0.007 - 
Efficiency η (%) 84.7 - 
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In Fig. 4.10 the instantaneous power for both Case A (PgA) and Case B (PgB) are shown.  For Case A the average 

power over the stroke equals PgA = 1005 W and resembles the shape of a squared sinus as is expected. For Case 

B, large dips in power occur at the stroke ends; this is because only one phase becomes active at first, with the 

other two phases becoming active in turn thereafter. With the currents assumed in phase with and proportional to 

the EMFs as is done here, the average power over the stroke equals PgB = 734 W. Taking the per unit power per 

translator mass as unity in Case A, the per unit power per translator mass in Case B is 1.46 p.u., as given in Ta-

ble 4.5. Although the length of this LG is not designed for a real sea state, this result shows that, from a cost per-

spective, it can make sense to allow for zero overlap between stator and translator at the stroke ends. 

The loss of translator control at the stroke ends will need to be taken into account though. Careful consideration 

should be given to whether this situation is allowable for an actual DD-WEC installation. Furthermore, a large 

degree of phase unbalance is observed near the stroke ends in Fig. 4.9, which causes large dips in power as 

shown in Fig. 4.10. This is of course highly undesirable and is made worse by the particular prototype stator 

winding layout, which has only one concentrated coil per phase along the whole length of the stator. However, 

for a larger LG, it is expected that more coils per phase will be distributed along the length of the stator which 

will considerably reduce the dips in power observed in Fig. 4.10. 

 
 

Fig. 4.8 Case A: Stator EMF for a sinusoidal velocity with Vp = 1.06 m/s with full stator-translator overlap during the entire stroke. 
 

 
 

Fig. 4.9 Case B: Stator EMF for a sinusoidal velocity with Vp = 1.06 m/s with zero stator-translator overlap at the stroke ends. 
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4.7 Mechanical design aspects 

A detailed structural and thermal design is beyond the scope of this work. Inherent to the novel topology is the 

ideal elimination of magnetic attraction forces between the stator and translator, as well as ideal elimination of 

forces between the PMs in the translator. Furthermore, the small scale of the prototype and the low current den-

sity of 1.45 A/mm2 negate the need for thorough thermal design at this stage. Further work in these areas is 

needed though. This section only serves to outline the construction and assembly plan for the novel LG. 

4.7.1 Stator design 

Air-cored stator windings have been manufactured at Stellenbosch University for a number of years. Stranding 

and winding the coils are rather straightforward. The challenge for a novel machine topology is in designing an 

appropriate mould for casting the coils into epoxy resin. The epoxy primarily serves as mechanical support for 

the windings, but also functions as electrical insulation between coils and between individual turns and strands 

of windings. 

The mould needs to allow for easy insertion of the windings, access for casting the epoxy into the mould and for 

easy removal of the finished stator section. The mould itself also needs to be robust enough to be re-used numer-

ous times. Experience has shown that manufacturing the mould in separate parts makes inserting coils and re-

moval of the stator sections afterwards the easiest. However, the different parts of the mould must fit together 

very precisely for each stator section to be the same. 

 
Fig. 4.10 Simulated LG generated instantaneous power for Case A (PA) and Case B (PB). 

 

Table 4.5 Comparison of LG generated average power for Case A and Case B. 

v = √2×0.75sin(ωt) m/s Case A Case B 

Generated power (p.u.) 1 0.73 
Translator mass (p.u.) 1 0.5 
Power / translator mass (p.u.) 1 1.46 
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In the novel LG, all the different stator sections must be bolted to the inside of an aluminium ring as shown in 

Fig. 4.11. The different sections therefore need to fit flush against the inside surface of the ring, with a shoulder 

on either side where the stator section can be bolted to the ring as shown in Fig. 4.11(b). The mould design is 

shown in Fig. 4.12. It consists of 5 parts. Parts 1 - 3 shown in Fig 4.12(a) and (b) form the bulk of the mould and 

is manufactured from solid blocks of aluminium by computer numeric control (CNC). Aluminium, although 

more expensive than steel, is much less costly to machine into intricate shapes, as is required here. The top and 

 
                                                               (a)                                                                                                           (b) 

 
Fig. 4.11 CAD model of the stator showing (a) a 3-D view and (b) the stator section fixation as viewed from the top.  

 

                                              (a)                                                                           (b)                                                              (c) 
 

Fig. 4.12 (a) A 3-D CAD model of the stator mould, (b) a sectional view of the stator mould and (c) one stator section. 
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bottom parts (4 and 5) are laser-cut from steel and keep the coils in place. An opening in the shape of a stator 

section profile is cut in part 4; this allows the resin to be cast into the mould and also for air to escape. The dif-

ferent sections are located relative to each other with dowel pins (as shown in Fig 4.12(b)), for repeated accurate 

assembly, and bolted together. Jacking bolts as shown in Fig. 4.12(a) are used to aid in opening the mould after 

the resin is cured. 

4.7.2 Translator design 

The translator has a rather intricate shape. For mass-production, moulding the translator into shape may be the 

easiest, although it is too expensive for a prototype. In concept, the translator basically consists of number of 

identical layers in the longitudinal directional; it is therefore decided to also manufacture it as such. Layers of 

non-magnetic material are cut into shape, as shown in Fig. 4.13, by waterjet. These layers are all stacked over a 

centre column. Layer one serves as a spacer between consecutive magnet layers, layer two and three serves to 

position the magnet at the correct radial depth and layer four gives structural support for the magnets. Although 

there are in theory no attraction forces between magnets, manufacturing and assembly tolerances will cause a 

small net attraction force in either direction. Layer four is therefore manufactured from non-magnetic stainless 

steel (Stainless steel 316) to provide good structural integrity. The other layers are manufactured from polyethyl-

ene terephthalate (PET), a kind of engineering plastic with excellent rigidity and dimensional stability. 

The magnets are ordered from a manufacturer in China in the shape as shown in Fig. 4.14. The grooves at the top 

 
 

 
 

Fig. 4.13  3-D CAD model of the different layers of the translator. The insert shows one magnet inserted into the translator. 
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and bottom fit over the stainless steel layers as shown in the insert in Fig. 4.13; the magnets are therefore sup-

ported for a net attraction force in either direction. After the different translator layers are assembled, the mag-

nets are simply slid into place from the outside. The magnets are therefore not bolted into place and no adhesives 

are used. Due to the flux circulating transversely around the machine, all the magnets are also pulled towards the 

centre of the machine, which further serves to keep the magnets in place. The three-dimensional CAD assembly 

of the entire translator is shown in Fig. 4.15. Two non-magnetic stainless steel plates are added to the two ends 

of the translator stack. The end plates extend slightly beyond the other layers in the radial direction. Stainless 

steel rods are inserted through these extensions at each row of magnets. This helps to secure the different layers 

and magnets together and the resultant “cage” provides a degree of mechanical protection to the magnets. 

4.8 Conclusion 

The analytical modelling and design optimisation presented in this chapter enables optimal dimensions for 

minimum active mass to be found quickly. FEA enables verification of this design, as well as additional insight 

into aspects which are difficult to analyse analytically; this specifically include voltage and power waveforms for 

a varying stator–translator overlap. Together, analytical and FE analysis are sufficient tools for the 1 kW proto-

type design. For larger machines, however, a thorough mechanical design would also be required. 

  

 
Fig. 4.14  3-D CAD model of one magnet, indicating the magnetic poles. 
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Fig. 4.15 3-D CAD model of the fully assembled translator. 
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Chapter 5  

Drive system and control design 

A suitable test rig to enable laboratory testing of the prototype LG is needed. In this chapter an overview of ex-

isting test rigs for LGs are given and a suitable system for the prototype LG is designed. An overview of current 

LG control schemes is also given where after an alternative control scheme is considered for the novel LG con-

trol. The control scheme is simulated in Ansys Simplorer for verification. This work has been published in [118], 

[119] and is given here again for completeness. 

5.1 Existing LG test rigs 

Electrical machine laboratories are commonly equipment with a standard induction motor and drive which can 

be used to test any kind of rotary generator. Linear test rigs are however less commonplace. Different stroke 

lengths and displacement profiles for different applications also mean that one test rig is less likely to be suitable 

for other applications. This is evident when looking at the custom test rigs that were developed for laboratory 

testing of LGs in [43], [48], [53], [56] and [58]; these include vertical [43], [112], and horizontal [48] hydraulic 

drive systems, cable-and-pulley systems [53], [58], a rotary-to-linear crankshaft mechanism [80] and a VSD with 

a worm-and-ball gear [56]. In addition to these prime movers, control hardware and software are also needed to 

simulate wave motion under a varying generator load. Developing a drive system for testing LGs can thus be-

come a project on its own with considerable cost. 

5.2 Proposed test rig 

It is decided to mount the translator horizontally on a test bench with its stator suspended on linear tracks. Hori-

zontal translation avoids having to continually oppose gravity when reciprocating and, since the stator is much 

lighter than the translator, it is easier to move rather than the translator. The test rig has to provide the stroke 

length of 0.672 m (from Chapter 4, Section 4) and input power in excess of the peak instantaneous LG power of 

2 kW. Furthermore, as the design simulations are done at a sinusoidal velocity, the prime mover displacement 

must be controlled to be sinusoidal under a varying LG load in order to verify and compare with the simulations. 

Lastly, cost is also an important consideration and as such it is decided to try and make use of existing equip-

ment where possible. 

These considerations all led to the decision to use a rotary-to-linear crank mechanism. This is because an ex-

perimental 20 kW 40-pole PM wind turbine generator (WTG) was available for use; the project where it was 

used had come to an end and there was no other use for it. The WTG conveniently has an outside diameter of 

about 0.7 m, which is more than sufficient to achieve the necessary stroke length, and a rating far in excess of the 

peak LG rating. Furthermore, back-to-back 2-level IGBT voltage source converters (VSCs) with a digital signal 

controller (DSC), which were used for grid-connection of the WTG, were also available. One side of the con-
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verter can therefore be used as an inverter to control the WTG’s speed and the other side can be used as an active 

rectifier for the LG control. All the requirements of the test rig are therefore met with existing equipment, and a 

converter for the LG control is also included.  

A few minor modifications to the system are needed though. The first of these is to fit a crankshaft between the 

LG and the WTG (or the “drive motor” as it will be referred to from now on). The energy in the system is effec-

tively circulated through the drive motor, the LG and the dc-bus. In order to account for the losses in the system, 

a diode rectifier is added to the dc-bus. A variable three-phase ac supply can then be used to charge up the dc-

bus through the diode rectifier and also to feed the losses in the system. The system schematic is shown in Fig. 

5.1, with a more detailed layout of the VSCs shown in Fig. 5.2.  

 
 

 
Fig. 5.1 Schematic representation of the proposed test setup. 

 
 

 
Fig. 5.2 Topology of the two-level back-to-back IGBT voltage source converters. 
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A filter is installed between the active rectifier and the LG. The main reason for this is that the LG’s terminal 

voltage must be measured in the control strategy described in Section IV.B, and hence the high switching fre-

quency must be filtered out. There are however also a number of other reasons why the use of a filter is justified. 

PWM voltages applied to machines have been shown to cause a number of undesirable effects, as for instance 

discussed in [112], [113], [114]; this includes excessive winding insulation stress due to high dv/dt and voltage 

reflections when the cable between the machine and drive is long. Radiated and conducted electromagnetic inter-

ference (EMI), which can respectively cause malfunction of electronic devices and additional systems losses, are 

also problematic. These unwanted effects can be reduced, if not eliminated, with a filter. A simple LC-filter is a 

robust and cost-effective solution [113] and is hence used here. Since the LG operates at very low frequencies, 

the voltage drop across the filter is expected to be almost negligible. 

It should be noted that no provision is made for grid connection of the LG output. In a real wave power plant, the 

power from a number of DD-WECs will probably feed onto a common dc-bus from where it will then be in-

verted to the grid [45], [46]. Connecting the output from one LG to the grid is therefore deemed as an unneces-

sary exercise here. 

5.3 DD-WEC control issues 

The problems with current DD-WEC control strategies are briefly outlined in the problem statement in Chapter 

1. A more comprehensive overview is given here. Keep in mind, as this is a direct drive WEC (i.e. with no in-

termediate mechanical energy conversion stages), it is assumed that the power absorbed by the WEC is also the 

power transferred to the LG. It is therefore assumed that there are no losses in the mechanical to electrical energy 

conversion process in the DD-WEC. This process is depicted in Fig. 5.3. 

5.3.1 Energy conversion from the waves to the WEC 

The mechanics of energy conversion from the ocean waves to the WEC are discussed in Appendix A. For opti-

 
 

 
 
 

Fig. 5.3 The energy conversion process from the waves to the PEC for a DD-WEC. 
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mal energy conversion in this process, an effective resonance condition is needed in the system; this translates 

into the WEC velocity having the correct amplitude while also being in phase with the incident wave force. This 

can be achieved by adjusting the WEC’s mechanical impedance (Zg in Fig 5.3), and hence the WEC reaction 

force Fg, to equal the complex conjugate of the wave impedance (Zw in Fig 5.3), either by mechanical actuators, 

or electrically. 

Much research on phase and amplitude control of point absorbers were done since the 1970s and is summarised 

in [13], [21], [115], [116]; mechanical actuators were envisaged in the control of the WEC impedance, either 

with hydraulic or pneumatic machinery. The AWS is a fairly recent example of where mechanical control was 

exercised to adjust the air-pressure and volume inside the device, and hence the mechanical impedance, to al-

ways maintain resonance [40]. Adjusting the mechanical impedance (or reaction force) by controlling the LG 

current is investigated, more recently, in [57], [58], [59]. Device reaction force control, as it is called in [57], 

[58], is achieved with a PEC and has obvious advantages over mechanical actuators, e.g. faster operation, lower 

maintenance and greater flexibility. However, a fundamental problem with this method of control is discussed in 

the next section.  

5.3.2 Energy conversion from the WEC to the load 

Since the LG output varies in amplitude, frequency and phase sequence (for a three-phase generator), a PEC is 

always needed for grid connection of a LG. It is therefore safe to assume that the LG load will always be a PEC. 

Whatever the load though, the electrical system is, in concept, basically the same as the mechanical system, as 

shown in Fig. 5.3: the PEC is used to control the load (active rectifier) voltage Er  (analogous to reaction force 

Fg) such that the current I  (analogous to velocity V) has the correct amplitude and is in phase with the generator 

EMF Eg (analogous to excitation force Fe). 

It has been shown that device reaction force control (as explained in Section 5.3.1) will always cause a phase dif-

ference between the LG’s EMF and current, as reactive power needs to be returned to the wave during part of the 

wave period [12], [57], [58]; this can be seen as the reactive component of the power needed to establish the 

imaginary component of  Zg, as explained before. The point, though, is that the condition for maximum power 

transfer between the LG and load is now compromised, as the LG’s EMF and current is forced to have a phase 

difference. 

5.3.3 Practical control issues 

Contrary to device reaction force control, the mechanical energy conversion stage (from the waves to the WEC) 

is ignored in some sources and the only focus is on energy transfer between the LG and the load [56], [60]. 

Whatever approach is used, an estimation of the generator EMF is always needed for the control strategies; this 

is because the EMF is constantly changing with the changing translator velocity. Obviously, the EMF cannot 

readily be measured while on load. In [44], [58], [60], [117], sense coils are mounted on the stator, and in [56], 

sense coils are wrapped around the stator winding, for EMF estimation. Linear position feedback is also used in 

[53], [59] for dq-transformation of the voltage and current.  
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The authors of [60] admit that the use of sense coils is a cumbersome practice and that sensorless methods 

should rather be investigated. Linear position sensors would also be expensive and difficult to install for long 

stroke lengths needed for real LGs; these should therefore also be avoided as far as possible.  

5.4 Proposed control strategy 

The novel LG is not device specific, meaning that it can potentially be installed in any type of DD-WEC as 

shown in Chapter 1. Because of this, and also because the drive system does not cater for it, optimal mechanical 

energy capture is not considered here and the focus will only be on controlling power transfer between the LG 

and load. As far as can be determined, predictive control, an inherently digital type of control, has never been in-

vestigated for LG control in DD-WEC applications. With the availability of the DSC it is therefore decided to 

investigate predictive control for the novel LG. 

5.4.1 Predictive control principle 

In this paper a dead-beat control strategy, as discussed in [118], [119], is proposed for the LG current control. 

Dead-beat control is a type of predictive control [120]; the principle of this inherently digital type of control is to 

calculate the PEC voltage necessary to force the measured current to its reference value by the following modu-

lation period [118], [120]. Calculation of the PEC voltage reference must be based on an accurate system model 

and accurate knowledge of the system parameters such as resistance and inductance [118]. 

Similar to predictive control, the system model is also used to calculate the stator flux linkage in one type of po-

sition-sensorless control [121]. Instead of using a position sensor, the calculated stator flux-linkage is then used 

to derive position information which can be used in the chosen control strategy. Predictive control can therefore 

be seen as one way of achieving sensorless control, as for instance in [122]. In this paper a similar approach is 

also used to calculate the EMF without the use of position feedback or estimation; this is further discussed in the 

next section. 

Space vector pulse width modulation (SV-PWM), which is ideally suited to digital control, is used to generate 

the IGBT gating signals as discussed in [123]. For this, the measured current and voltages should first be trans-

formed to the stationary two-coordinate αβ-reference frame. It is often preferred to transform measured quanti-

ties to the synchronously rotating dq-reference frame where all electrical quantities are constant at steady-state 

[124]. For the constantly changing translator velocity of a LG there is however no steady-state and hence even in 

the dq-reference frame electrical quantities are constantly changing, as for instance shown in [59]. In addition, 

translator position feedback or estimation and decoupling transformations are needed in order to do control cal-

culations in the dq-reference frame. In order to avoid especially the translator position feedback or estimation, 

control calculations are here done in the αβ-reference frame. The same approach is followed for predictive con-

trol in [118], [125], [126]. In [126], control calculations are done in both the αβ and dq-reference frame and simi-

lar results are demonstrated in both cases. 
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5.4.2  Predictive control implementation 

A single line diagram of the LG connected to the active rectifier through the LC-filter is shown in Fig. 5.4. It is 

assumed that only the switching frequency currents flow through the filter capacitor Cf; these currents are ig-

nored and it is as such assumed that the measured active rectifier current I  is the same as the LG current. In terms 

of the measured instantaneous LG terminal voltage et(t) and instantaneous active rectifier current i(t), the active 

rectifier voltage er(t) is given as 

 ( ) ( ) ( )
,r t f

di t
e t e t L

dt
= −  (5.1) 

where Lf is the filter inductance. Writing this as a difference equation for digital implementation gives 

 [ ] [ ] [ ] [ ]( )1 ,f
r t

s

L
e k e k i k i k

T
= − + −  (5.2) 

where Ts is the switching period. If the current error is given as εi[k] = i*[k] - i[k], the dead-beat condition gives 

εi[k + 1] = 0 [119]. This means that i[k + 1] must equal the reference current i*[k]. Substituting this into (5.2) then 

gives the active rectifier voltage needed to achieve the deadbeat condition as 

 [ ] [ ] [ ] [ ]( )* * .f
r t

s

L
e k e k i k i k

T
= − −  (5.3) 

From Fig. 5.4 the LG model is given as 

 
( ) ( ) ( )

( ) ( ) ( ) ,

t
t s

g s s

d t
e t i t R

dt
di t

e t L i t R
dt

λ
= −

= − −
 (5.4) 

where λt is the total stator flux linkage. As mentioned before, position information can be derived from the stator 

flux linkage which can be found by rearranging and integrating (5.4) as 

 ( ) ( ) ( )  .t t st e t i t R dtλ = +  ∫  (5.5) 

In this application only the instantaneous EMF is required for the current reference calculation from (4.23) and 

not the position. This greatly simplifies the required calculation. Furthermore, since the synchronous inductance 

of the novel LG is negligible compared to the phase resistance (from Chapter 4, Section 5.5), the LG’s EMF can 

 
 

Fig. 5.4 Single line diagram of the LG, filter and active rectifier. 
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then simply be calculated from (5.4) as 

 [ ] [ ] [ ] .g t se k e k i k R= +  (5.6) 

By substituting (5.6) into (4.23), the reference current in (5.3) can now be calculated as 

 [ ] [ ] [ ]( )* .r t si k k e k i k R= +  (5.7) 

The control strategy is shown schematically in Fig. 5.5. Take note that the reference current can be obtained 

from the calculated EMF, from (5.6), and the average input (wave) power. For the prototype LG, the average in-

put power is assumed constant as per the design, and hence the current scaling factor kr is used. For a real instal-

lation, the power will need to be measured or estimated and the current reference continually updated. 

5.5 Drive motor control 

The analytical design and simulations are all done with the assumption that the translator velocity is perfectly si-

nusoidal, even under a varying generator load (which is not perfectly sinusoidal); this is especially true for where 

the overlap between the stator and translator changes at the stroke ends, as shown in Chapter 4.6.2 and 6. To 

emulate this behaviour in the test rig, the drive motor speed is simply controlled at a fixed speed. This reference 

speed is calculated by considering the required displacement profile as 

 ( ) sin( ),mz t Z tω=  (5.8) 

where Z is the stroke length (peak-to-peak displacement) divided by two and ωm is the drive motor speed. The 

translator velocity is then given as 

 

( ) ( )

( )
cos( )

cos .
m m

p m

v t z t

Z t

V t

ω ω
ω

=
=
=

ɺ

 (5.9) 

With the peak velocity and displacement known, 

 ( ) ( )

* /

2 0.75 m/s / 0.672 m / 2

3.16 rad/s

0.50 rev/s.

m pV Zω =

=
=
=

 (5.10) 

 
 

Fig. 5.5 Predictive control calculation and SV-PWM as implemented in the DSC. 
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Controlling the motor velocity is done with the well-established field-oriented control (FOC) strategy as de-

scribed in [127]. A resolver fitted on the rotor shaft provides position feedback which is used to transform the 

measured abc motor currents to the synchronously rotating dq – reference frame and also used to calculated the 

rotor speed. The q-axis current, which is in phase with the motor EMF, is controlled to equal the reference value 

obtained from the outer speed control loop, while the d-axis current is controlled equal to zero. A single line dia-

gram of the inverter and motor is shown in Fig. 5.6 and the control strategy is shown schematically in Fig. 5.7. 

5.6 Simulation 

The LG, filter and active rectifier, as shown in Fig. 5.4, are implemented in the multi-domain simulation package 

Ansys Simplorer® 8 for verification. The data from the FE simulated EMFs shown in Fig. 4.8 is stored in a 

lookup table and used as reference for ideal voltage sources representing the LG’s EMFs; by using the FE simu-

lated data, it is assumed that the drive motor control is working correctly; the FOC of the drive motor is hence 

not simulated. The active rectifier is modelled with ideal switches representing the IGBTs, and an ideal dc volt-

age source is used to represent the dc-bus. The parameters of the active rectifier, as used in the simulation, are 

given in Table 5.1. Simplorer® includes a VHDL-AMS solver, and therefore the control and SV-PWM calcula-

tions are implemented with VHDL code as described in [128]. The complete Simplorer® model is shown and de-

scribed in Appendix H. 

In Fig. 5.8(a) the simulated currents injected to the active rectifier during one stroke is shown. The current ampli-

tudes deviate from the ideal sinusoidal envelope at the stroke ends; this can be expected when considering the 

EMFs shown in Fig. 4.15. In Fig. 5.8(b), the c-phase EMF, terminal voltage and current are shown. During the 

first part of the stroke, the a-phase and b-phase become active first. It can be seen that, since the three-phase cur-

 

 
 

Fig. 5.6 Single line diagram of the inverter and drive motor. 
 
 

 
 

Fig. 5.7 Field oriented control for the drive motor speed control as implemented in the DSC. 
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rents are balanced, current from the a- and b-phases are conducted through the c-phase before it becomes active 

itself, i.e. while the c-phase EMF is still zero. This current can be seen to be 180° out of phase with the terminal 

voltage during this time and therefore only constitutes losses. As the c-phase becomes active, the current and 

terminal voltage can be seen to track the EMF. The current is in phase with the EMF as required. The terminal 

voltage is also basically in phase with the EMF and highlights the small effect of the synchronous inductance. 

The c-phase current (ic) is shown in Fig. 5.8(c) together with the ideal reference current (icr), as scaled from the 

actual EMF, and the reference current (icrc) calculated in the control algorithm from (5.4)-(5.5). The return cur-

rents from the a and b-phase during the start of the stroke cause the calculated reference to deviate from the ideal 

reference. It can be seen that the simulated current follows the calculated reference current almost exactly.  

The ideal three-phase power generated (pgi, the same as shown in Fig. 4.16), the simulated power generated (pg) 

and the power transferred (pt) from the LG to the load is shown in Fig. 5.8(d). The simulated power pg deviates 

slightly from the ideal waveform of pgi at the stroke ends due to the additional losses incurred by the transitional 

phase currents. The average value of pg is Pg = 700 W, almost 5 % less than Pgi. The efficiency is calculated as 

86 % (ignoring eddy-current losses) with the average power transferred to the converter calculated to be 602 W.  

5.7 Conclusion 

Predictive control is here shown to work well in terms of forcing the current to follow the calculated reference 

very closely. During the transitional phase where the stator-translator overlap is changing, the calculated refer-

ence however deviates slightly from the ideal reference, which is scaled from the actual EMF. This results in a 5 

% loss in power from the ideal generator power calculated in Chapter 4.6.2. Take note, however, that this loss is 

incurred after the previously mentioned increase in power-to-weight ratio gained by allowing for zero stator-

translator overlap at the stroke ends (Chapter 4, Section 6). Apart from this small deviation, predictive control 

appears to work well, even during the transition from zero to full stator–translator overlap. Predictive control can 

therefore be a viable alternative to control strategies currently investigated for LGs in DD-WECs, especially also 

because no EMF sensing or linear position feedback is used. More conclusions on the predictive control will be 

drawn after the experimental evaluation in Chapter 6. 

Also take note of the fact that the velocity is assumed sinusoidal here, but in a real world situation the translator 

velocity will deviate from this due to the irregular load the generator will place on the incident wave force. Fur-

thermore, with zero stator-translator overlap, no control can be exerted on the generator’s reaction force to the 

waves. These aspects are not further investigated in this work, but must be kept in mind for an actual WEC in-

stallation. 

Table 5.1 – Rectifier parameters as used in the control simulation. 

Switching frequency fs (kHz) 20 

Filter inductance Lf (mH) 1.3 

Filter capacitor Cf (µF) 23.5 

Filter cut-off frequency fc (Hz) 911 

DC-bus voltage Ed (V) 300 
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(a) 
 

 
(b) 

 

 
(c) 

 

 
 

(d) 
 
Fig. 5.8. Simulation of the predictive control strategy yields (a) the three-phase currents injected to the rectifier; (b) c-phase emf (ec), termi-
nal voltage (etc) and current (ic); (c) c-phase ideal reference current (icr), reference current as calculated in the control (icrc) and the simu-
lated current (ic); and (d) the ideal instantaneous three-phase generated power (pgi), the actual instantaneous three-phase generator power 
(pg) and instantaneous power transferred to the rectifier (pt). 
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Chapter 6  

Experimental evaluation 

The prototype LG, test setup and control strategy described until now were practically implemented in the Elec-

trical Machines Laboratory at Stellenbosch University. In this chapter the construction and test results obtained 

from the implementation is analysed in order to verify the theoretical and simulated results and to help establish 

the LG’s suitability for DD-WECs. 

6.1 Prototype LG construction 

6.1.1 Translator construction 

As mentioned before, it was decided to mount the translator horizontally and suspend the stator on linear bear-

ings. Horizontal translation means avoiding the effects of gravity on the reciprocation. Furthermore, since the 

stator is much lighter than the translator, it is easier to move, rather than the translator. The steel centre column 

 

 
                                      
Fig. 6.1 Construction of the prototype LG translator. (a) The different translator layers being assembled onto the centre column. (b) All the 
layers assembled, ready for the magnets to be inserted. (c) One of the tapered magnets with grooves at the top and bottom. (d) Close-up of 
the translator showing two inserted magnets and an open space, ready for another magnet to be inserted. (e) One row of magnets inserted in 
the translator with the stainless steel (SS 316) rod securing the different layers and magnets in place. 
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of the translator is mounted on a test bench as shown in Fig. 6.1(a); the different layers of the translator, as dis-

cussed in Chapter 4.7.2, is seen as it is being assembled onto the centre column. In Fig. 6.1(b) the translator is 

shown with all the layers, including the end plates, assembled together and ready for the magnets to be inserted. 

One of the custom manufactured magnets is shown in Fig. 6.1(c). In Fig. 6.1(d) a close-up of the translator is 

shown with all but one magnet inserted; the stainless steel layers and how these fit into the grooves in the mag-

nets are clearly visible here. The stainless steel rod securing one row of magnets is shown in Fig. 6.1(e). Finally, 

the completed translator is shown in Fig. 6.2. The configuration of the supporting steel frame and the bearings 

rails for the stator can also be seen. 

6.1.2 Stator construction 

The stator was almost entirely manufactured in-house. Only the manufacture of the aluminium ring and the stator 

mould had to be done by outside companies. The stator coils were stranded and machine wound in the lab. In 

Fig. 6.3(a), three coils are shown as they are laid-up in the mould. Glass-fibre cloth is wrapped around the coils 

for added strength of the finished stator section as shown in Fig. 6.3(b). In Fig. 6.3(c) the fully assembled mould 

with the coils inside is shown, ready for epoxy to be cast into the opening at the top. In Fig. 6.4(a) the complete 

stator is shown with all 38 stator sections bolted to the inside of the aluminium ring. The connections between 

the stator sections, shown in Fig. 6.4(b), are heat-shrink insulated.  

 

 
                                      
Fig. 6.2 The completed translator, mounted horizontally on a steel frame; the linear bearings for the stator is mounted on the sides of the 
frame. 
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6.1.3 Impedance measurement 

During the stator construction, the impedance of each individual stator section was measured. The resistance was 

measured with a micro-ohm meter and the inductance with an LCR meter. The average phase resistance and self 

inductance of one stator section was found to be Rsi = 59.5 mΩ and Lxxi = 119.2 µH. Multiplying this by 38 re-

sults in a total phase resistance and inductance of Rs = 2.26 Ω and Lxx = 4.53 mH (Method 1). Once the stator 

was completed and all the stator sections connected, the phase resistance and self inductance were again meas-

ured as before. This resulted in measurements of Rs = 2.07 Ω and Lxx = 8.06 mH (Method 2). The phase resis-

 
                                      
Fig. 6.3 (a) Three stator coils laid-up in the mould, (b) a finished stator section and (c) the fully assembled mould, ready for casting epoxy 
into the opening at the top. 
 

 

Fig. 6.4 (a) The completed stator with all 38 stator sections bolted to the inside of the aluminium ring and (b) a close-up of the connections 
between the different stator sections. 
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tance and inductance was also calculated by applying a 50 Hz ac voltage to each of the phase windings in turn 

and measuring the current. The impedance is then calculated as Z = V/I (Method 3). This resulted in measure-

ments of Rs = 2.26 Ω and Ls = 7.91 mH. The synchronous impedance was finally determined by applying three-

phase ac voltages to the three phases of the novel LG and calculating the impedance as with Method 3. The value 

of the synchronous impedance is given in Table 6.1 together with the other calculated values. 

It is clear that the flux coupling between the coils of the same phase in the different stator sections is significant. 

This is proven by the fact that when the stator sections are all connected in series in the novel LG, the resultant 

self-inductance almost doubles compared to the sum of the individual inductances (as calculated with Method 1). 

To some extent this effect can be expected when considering the close proximity of the different stator sections; 

the different coils of the same phase together almost resemble a toroid. The measured self inductance of the 

completed stator is also significantly higher that the calculated value of 4.66 mH. The most obvious reason for 

this is the relatively large end windings of the prototype LG. Since the end windings are large compared to the 

active windings and since the end windings are neglected in both the analytical and FE model, a difference in the 

measured and calculated values is to be expected. Interestingly the difference between the measured self- and 

synchronous inductances are negligible. The large end-windings may again be a contributing reason for this. It 

may be that, due to the large end windings in addition to the close proximity of the stator sections, more flux 

links with the coils of the same phase rather that cross-linking with coils of different phases. To better investigate 

these effects a 3D FE model should be used. However, the resulting synchronous reactance, calculated at the av-

erage velocity of 0.75 m/s as Xs = 0.034 p.u., is still rather low compared to the phase resistance. It is hence de-

cided not to do 3D FE modelling at this stage. 

The measured phase resistance is also up to 20 % higher that calculated in Chapter 4. There are a number of fac-

tors which can contribute to the increased measured resistance, including the increased wire length due to twist-

ing of the strands and the connections between the different stator sections, which were not taken into account in 

the design.  

6.1.4 Mass distribution 

During construction, the mass of each of the components was measured in order to gain an idea of the overall 

mass of the LG. The total mass of the LG (excluding the linear bearings and the steel frame used for mounting 

the generator on the test bench) amounts to 256.5 kg. The breakdown of this mass is given in Table 6.2 and is 

also shown in Fig. 6.5. The measured copper and magnet mass correspond well with the design values.  

Table 6.1:  Measured values of the stator phase impedance.  

Method Rs Lxx Ls 

Method 1 2.26 4.53 - 
Method 2 2.07 8.06 - 
Method 3 2.26 7.91 - 
Method 4 2.18 - 7.95 
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It can be noted that the copper and magnet mass make out more than half of the overall LG mass. The additional 

mass can be considered as structural mass. This result supports the initial assumption than very little structural 

mass is needed for the novel topology. Furthermore, the steel mass of the translator is probably much more than 

is needed. It is expected that a thorough structural design optimisation will reduce the steel mass significantly. 

It must also be noted that the chosen bearing arrangement is by no means considered to be the most optimum, 

and was only chosen as it best suited the requirements of the test setup. In a real installation, where the translator 

will most probably be the moving part, a sliding surface on the inside of the centre column may be more suitable, 

and possibly even less expensive. As such, the mass of the bearings are not included as part of the LG at this 

stage.  

 

Table 6.2:  Measured mass of the novel LG. 

Part Mass (kg) 

Stator 67.3 
Copper 34.6 
Epoxy 13 
Aluminium 19.7 

Translator  189.2 
Magnet 99.1 
Steel 49.7 
Plastic 40.4 

TOTAL 256.5 
 
 

          
                                                    (a)                                                                                                                  (b) 

 
Fig. 6.5 Mass distribution of the (a) stator and the (b) translator. The mass of the bearings and steel frame is excluded. 
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6.2 Test setup 

The overall test setup with the completed LG and the drive motor with the crankshaft are shown in Fig. 6.6. The 

LG and drive motor are both star connected and cabled to a test bench which houses the variable ac supply, the 

PEC and a variable resistor bank. The PEC is shown in more detail in Fig. 6.7. Two Mitsubishi PM50CLA60 in-

telligent power modules (IPMs), which contain the 600 V, 50 A IGBTs for each VSC, form the basis of the PEC. 

A Texas Instruments eZdspTM F28335 stand-alone developer board, which houses a TMS320F28335 DSC, is 

used to store and execute the control instructions and to generate the IGBT gating signals. CTs are used to meas-

ure the currents at the connections to the IPMs. The speed reference for the drive motor is set with a knob on the 

converter as shown in Fig. 6.7. The parameters of the PEC are given in Table 6.3. 

 

                                     Fig. 6.6 Complete test setup showing the novel LG and the drive motor and crank shaft. 

 

 
                                      

Fig. 6.7 The back-to-back voltage source converters; also shown is the diode rectifier, LC-filter and digital signal controller. 
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6.3 Test results 

All the results presented in this section are measured while the drive motor is controlled at the design speed of 30 

rev/min (0.5 rev/s). This results in sinusoidal reciprocation at the LG with a peak velocity of 1.06 m/s (rms ve-

locity of 0.75 m/s) under no-load and load conditions. 

6.3.1 Open circuit voltage 

The open circuit voltage, or the EMF, of the LG is measured and shown in Fig. 6.8(a). There is a clear resem-

blance to the FEA simulated waveform in Fig. 4.9. The sinusoidal envelope suggests the correct functioning of 

 
           (a) 

 

 
 

          (b) 

Fig. 6.8 (a) Measured open circuit voltages (EMFs) at V = 0.75 m/s and (b) a comparison of the measured and FEA simulated a-phase EMF. 
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Table 6.3: Converter and LC-filter parameters. 

DC bus voltage Ed (V) 300 
Dc bus capacitance Cd (µF) 9400  
Filter inductance Lf (mH) 1.3 
Filter capacitance Cf (µF) 23.5 
Filter cut-off frequency (Hz) 911 
Switching frequency (kHz) 20 
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the drive motor control, at least without loading the LG. For a better comparison of the measured and simulated 

EMFs, the a-phase measured and simulated EMF waveforms are shown on the same graph in Fig. 6.8(b). It is 

clear that the measured open circuit voltage very closely matches the simulated EMF and hence confirms the va-

lidity of the 2-D FEA model of the LG. The peak measured voltage is 140 V, which is 3 % higher than the peak 

simulated voltage. 

6.3.2 Resistive load tests 

Prior to testing the LG control strategy, the LG is loaded with the star connected three-phase resistor bank. This 

serves to confirm the correct functioning of the drive motor control under a varying load. In order to draw the 

rated current, a resistive load of Rl = 11 Ω is needed. Setting the resistor bank to this value proved problematic 

for the drive motor, as the speed could not be kept constant. The drive motor speed could be properly regulated 

again when the load was reduced to 30 Ω; the measured a-phase current and LG terminal voltage for this load 

are shown in Fig. 6.9. It is clear that the current and LG terminal voltage is in phase, hence confirming the small 

influence of the inductance at the design velocity. Furthermore, at the end of the stroke, there is still current 

flowing through the a-phase, even though the terminal voltage is negligible, i.e. when the a-phase winding has 

moved out of the PM field. This is of course the currents from the still active b- and c-phase windings returning 

through the a-phase as also observed in the simulations in Chapter 5.6. 

It is unfortunate that problems with the drive system prevented full load testing of the LG. The source of the 

problems could unfortunately not be solved by the time of writing. However, testing at part-load is still sufficient 

to verify the modelling and design and the correct functioning of the LG and the control strategy. The control 

tests are presented next. 

 
 

 
 

Fig. 6.9  Measured LG a-phase terminal voltage and currents  at V = 0.75 m/s with a load resistance of Rl = 30 Ω. 
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6.3.3 Predictive control tests 

The LG is connected to the active rectifier as shown schematically in Fig. 5.4. From the resistive load tests the 

maximum load at which the drive motor control correctly works is determined; in terms of the LG control, this 

load translates into a current scaling factor of kr = 0.031. To provide some room for error, the scaling factor was 

reduced by 25 % to kr = 0.023 for the predictive control strategy. The measured LG three-phase currents under 

predictive control with kr = 0.023 are shown in Fig. 6.10(a). For comparison, the simulations of Chapter 5.6 are 

repeated with the same kr. In Fig. 6.10(b) a comparison between the simulated and measured a-phase current is 

shown. The similarity between the two wave forms indicates that the practically implemented predictive control 

strategy functions as expected. 

Even though rated conditions could not be tested, the test results show that the predictive control works as ex-

pected. The fact that the LG’s phase resistance can be measured fairly accurately and that the synchronous in-
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          (b) 

Fig. 6.10  (a) Measured three-phase LG currents under predictive control with kr = 0.023 and V = 0.75 m/s. (b) A comparison between the 
simulated and measured a-phase current. 
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ductance is negligibly small, clearly aids in easy and accurate calculation of the LG’s EMFs (and hence the ref-

erence currents). For iron-cored LGs the effect of the inductance in (5.4), which is generally much higher than in 

air-cored machines, will have to be taken into account. Translator position estimation may also be necessary de-

pending on the degree of position dependency of the inductance, which in turn very much depends on the PM 

translator structure [121]. In this case the straight-forward control calculations as presented in Chapter 5, Section 

4, will become more complex. Furthermore, parameter sensitivity is a well documented issue in predictive con-

trol. This issue is not addressed here and will have to be investigated in more detail in the future. Methods have 

been proposed to make dead-beat control more robust against parameter mismatch [118], [119], [125] and some 

of these methods could be incorporated here. 

The prototype LG was designed for nominal velocity and the test setup was designed to verify the LG operation 

specifically at nominal velocity. A real DD-WEC will however be subjected to a large variation in both stroke 

length and velocity and future work should focus on evaluating the LG for these varying conditions. This also 

includes the working of the control strategy. 

6.3.4 Efficiency 

Apart from the problems with the drive system as discussed, one other limitation in the test setup is the inability 

to measure the mechanical input power, and hence to accurately measure the LG efficiency. From the drive mo-

tor speed, a good estimation of the linear velocity of the LG can be found. However, since the input force to the 

LG is achieved by means of a crankshaft, for which the angle of incidence is constantly changing, measuring the 

linear force is difficult. A loadcell was installed in the crankshaft to try and estimate the linear force from the ax-

ial force in the crankshaft, but it proved impractical to connect the loadcell cable to measurement apparatus 

while constantly rotating with the drive motor.  

The efficiency of the LG is here calculated based on the known (calculated and measured) LG parameters. It is 

assumed that the eddy-current losses are as given in Table 4.5. The efficiency can be given as a function of the 

load resistance as 

 
( )

,
/

l

l s

R

R R k
η =

+
 (6.1) 

where k is the ratio of copper losses to total losses as defined in (4.3). A plot of (6.1) is shown in Fig. 6.11, 

where it can be seen that at full load, the LG efficiency is about 83 %; this is slightly less than the rated 85 %, 

and is due to the LG phase resistance being higher than calculated in the design. At the test load, the efficiency is 

93 %. 

6.4 Conclusions 

A small scale prototype of the novel topology is constructed and test results are presented in this Chapter. In the 

first place, the feasibility of constructing the novel topology is confirmed, if only on a small scale. During the 

concept development, it was theorised that very little structural material would be needed for keeping the mag-

nets in place; this theory is confirmed by the prototype as constructed and tested. It is also expected than a 
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thorough mechanical design optimisation will even further reduce this mass. Construction of the stator proved a 

little cumbersome, although assembly of the different parts of the LG were easy, as there are no attraction forces 

between the stator and translator. The particular design of the translator also provides for quick and easy inser-

tion of the magnets. 

A unique test setup for testing the LG in a laboratory setting is also demonstrated. Although there are some limi-

tations with the drive system’s control, enough measurements are done to confirm the correct functioning of the 

LG and the predictive control strategy. Furthermore, excellent agreement between the measurements and simula-

tion results are demonstrated. These results serve to confirm the validity of the chosen modelling and design 

methodology used for the novel LG. Although the laboratory setup only simulates ideal monochromatic wave 

conditions, the results are a good foundation for suggesting that the novel LG and predictive control are viable 

solutions for DD-WECs and that research in this area should be continued. 

  

 

 
 

Fig. 6.11  Calculated LG efficiency as a function of load resistance. 
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Chapter 7  

Conclusion and recommendations 

The conclusions which can be drawn from the work presented in this thesis and the specific research contribu-

tions are discussed in this final chapter. A number of recommendations for further research are also discussed. 

7.1 Conclusions 

7.1.1 Novel LG concept 

A number of problems with current LG topologies are identified in Chapter 1.4. As a means to solve at least 

some of these problems, a novel air-cored PM topology for a LG, developed from a LDS topology, is proposed, 

developed and evaluated in this thesis. The transverse flux paths in the novel topology eliminates pair-wise flux 

coupling found in longitudinal flux LGs, and together with this eliminates a potential uneven air gap flux density 

distribution which leads to increased cogging forces. In fact, due to the air-cored stator, there are zero cogging 

forces and also a very sinusoidal voltage waveform, which is advantageous for measurement and control. Also, 

due to the air-cored stator, attraction forces between the stator and translator, one of the biggest problems with 

more conventional iron-cored LGs, is eliminated. Furthermore, the attraction forces between the opposing trans-

lator sides of LDS machines are also ideally eliminated with the novel topology. The elimination of magnetic at-

traction forces means a large reduction in structural mass can be expected.  

Air-cored stators are also characterised by low inductance; coupled with the low frequencies at which DD-WECs 

operate, the synchronous reactance is very low. A high power factor (or low load angle) is therefore another ad-

vantage of air-cored windings. This is an important advantage for LGs used in DD-WECs. In [42] it is shown 

how an inherently low load angle at nominal power results in better voltage regulation at overload conditions 

(which are frequently experienced in the sea). It of course also eliminates the need for phase compensation 

equipment such as capacitors. In [60], for instance, a very much overrated active rectifier is used for phase com-

pensation of a LG with a high load angle. 

A non-overlapping stator winding is proposed for the novel topology. The numerous advantages of this type of 

winding are outline in Chapter 3, Section 3.1; some of these include increased efficiency and potentially auto-

mated construction. For the novel topology, the modularity of the stator is a particular advantage. In the case of a 

coil failure, only one stator sections needs to be replaced. If a spare stator section is not available, the faulty sec-

tion can simply be bridged out (in the case of series connected sections) or simply disconnected from the other 

sections (in the case of parallel connected stator sections), while the LG can continue operating. 

There are however some disadvantages to this topology. A rough comparison to existing experimental iron-cored 

LGs in Chapter 3.8 points out that a very large amount of PM material and copper is needed. The large amount 
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of PM material is due to the large effective air gap created by the air-cored stator. The large amount of copper 

mass can partly be attributed to the short active length of the coils (compared to the coil pitch); the short active 

length means that the end-windings, which don’t contribute to the LG force, contributes a much larger portion of 

the total copper mass. However, it is expected that a very big reduction in structural mass will be achieved with 

this topology. An estimation in the study in Chapter 3.8 reveals that the total stator and translator mass of the 

novel LG compares more favourably with that of the iron-cored LGs. This is of course due to the lack of active 

steel in the novel topology. When the structural steel is added to these figures, it is expected that the novel topol-

ogy will perform significantly better in terms of power density. Due to the volatility of PM and copper prices, no 

conclusion can yet be made about the cost per unit power of the novel topology. 

7.1.2 Modelling and design 

Since the novel LG topology is based on the LDS topology, existing analytical modelling techniques are easily 

applied to the novel LG. Subdomain modelling is used to solve the appropriate Laplace and Poisson equations in 

conventional air-cored LDS machines in [94], [95]; these models are adapted for the novel LG to calculate the 

air gap flux density and winding flux linkages and is verified with finite element analysis. The very accurate ana-

lytical equations for the flux density help to quickly analyse the effect of the pole width on the flux density har-

monics and an optimal pole width for minimum THD of the flux density can quickly be found. 

A simplified analytical model based on a one dimensional magnetic circuit model is also used and shown to be 

sufficiently accurate under given constraints. This model is manipulated into a form from which an exhaustive 

optimisation procedure is developed in Chapter 4. For specified performance specifications and dimensional 

constraints, the optimisation procedure finds the LG dimensions and average current density for minimum active 

mass (copper and magnet mass). Since the optimisation is based on relatively simple analytical equations, opti-

mal dimensions are very quickly obtained with this method. It is worth stressing the fact that local minima / 

maxima are also not a problem with this procedure; all possible combinations of input variables are considered 

(within limits), and all valid solutions (adhering to the specifications and constraints) are evaluated for the opti-

mum combination. 

An interesting result from the optimisation is that optimal dimensions for the LG are obtained at the maximum 

allowable current density and minimum allowable number of poles. At this particular combination of current 

density and poles, only one solution exist which satisfy the dimensional constraints and gives both the minimum 

magnet and copper mass. It can therefore be concluded that the optimal dimensions can be obtained by minimis-

ing only the magnet or only the copper mass. 

FEA is further used to verify the constant velocity analytical design and also to simulate and analyse the LG out-

put for sinusoidal reciprocation. Good agreement between the analytical and FEA obtained results established 

confidence in both methods of analysis. Since only 2D FEA is done, results are again obtained very quickly. 

Analysing the LG output for sinusoidal reciprocation and for varying amounts of overlap between the stator and 

translator is very easily done. It can therefore be concluded that FEA is a very useful and indeed an indispensible 

tool in the development of the novel LG. 
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It was decided to design the LG to have zero stator-translator overlap at the stroke ends. Since the translator ve-

locity, and hence the power output, is at its lowest at the stroke ends, it was theorised that doing this could result 

in a significant cost saving with a relatively small sacrifice in performance. From FEA simulations in Chapter 

4.6.2, it is shown that for this particular LG, a 46 % increase in power density over a LG with full stator-

translator during the entire stroke was achieved. To some extent, the theory is therefore proven, although it must 

be mentioned that this LG and its stroke length was not designed for real wave heights. This result shows that 

savings may be possible though, and that this may be an option for future designs. The lack of control when 

there is no overlap between the stator and translator must also be taken into account; this is addressed in Section 

7.1.5. 

7.1.3 Prototype construction 

A functional small scale prototype of the novel topology was constructed as described in Chapter 6.1. This 

proved the feasibility of constructing the novel topology, at least on a small scale. Although constructing the sta-

tor was straightforward, manually repeating the same process for each of the 38 stator sections proved rather 

time consuming, with the coil winding and waiting for the epoxy to cure taking the most time. Multiple moulds 

and increased automation in the process will reduce construction time, but will also increase costs. In contrast, 

the translator construction proved to take significantly less time. Sliding the translator layers over the centre col-

umn and inserting the magnets from outside for this particular prototype was done in only one day. As men-

tioned, the manufacturing and construction methods presented for the prototype LG may not be applicable for 

larger machines; other methods may have to be investigated for larger machines. 

The prototype LG, as built, proved that little structural mass is needed for magnet support. This is despite the 

fact that a proper structural design optimisation was not performed for the prototype. It is expected that the struc-

tural mass can be much reduced if a proper structural design optimisation is performed. 

7.1.4 Drive system and measurements 

A unique drive system, which effectively circulates energy from the dc-bus, through the drive motor and LG and 

back onto the dc-bus was developed. Existing equipment in the form of a WTG and back-to-back VSCs were 

used to construct the system, hence saving on costs. The drive system functions as desired for small loads on the 

LG, but cannot effectively control the drive motor speed when the LG load approaches full load. This is unfortu-

nately an ongoing problem of which the cause could not yet be determined.  

Despite the aforementioned problems, the drive system enabled sufficient test results to be obtained such that the 

correct functioning of the LG could be confirmed and the analytical and FE models of the LG could be verified. 

Controlling the drive motor speed at a constant value enabled the LG output, under variable loading, to be veri-

fied against the design and simulations which were done with the assumption of sinusoidal translator displace-

ment. 

In terms of the measurements, overall good agreement between the design / simulated values and the measured 

values was observed. Practically zero phase displacement between the LG current and terminal voltage was ob-
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served with the resistive load tests; this confirmed the negligible effect of the stator inductance. An interesting 

result was that, when all the stator sections were assembled and connected together in the finished stator, the to-

tal self-inductance is almost double the sum of the self-inductances of the individual stator sections; this shows a 

significant amount of flux coupling between the phase coils of the individual stator sections. Despite this, the 

overall effect of the inductance is still very small. Furthermore, very little cross-coupling of flux between the 

three phases are observed; this was confirmed by the fact that the measured synchronous phase inductance is ba-

sically the same as the phase self-inductances. It is suspected that the large end-windings in the prototype play a 

significant part in these observations with respect to the inductances, although further investigation with 3D FEA 

will be necessary to better understand this. 

7.1.5 Control strategy 

As an alternative for existing control strategies for energy transfer between the LG and the load, dead-beat pre-

dictive control is proposed for the first time, as far as can be determined. Predictive control is an inherently digi-

tal type of control with a very fast response and is a form of position sensorless control, i.e. no cumbersome lin-

ear position feedback or EMF sensing techniques are needed. The LG current is controlled to be in phase and 

proportional to the LG’s EMFs for maximum energy transfer to the load. To achieve this, the EMFs, reference 

currents and required active rectifier voltages are calculated from measured electrical quantities and the rectifier 

IGBTs are switched accordingly. Simulation results of the control strategy are given in Chapter 5.6; practical 

measurements are given in Chapter 6.3.3 and agree very well with the simulated waveforms.  

The control is also tested specifically for the case of zero stator–translator overlap at the stroke ends. In this par-

ticular LG, during the beginning and ending of the stroke when there is only partial overlap between the stator 

and translator, transitional phase currents flow in some of the phases with zero back EMF which causes un-

wanted losses. Despite this, the control strategy stays stable and continues to function as expected. Due to the 

transitional currents flowing, the calculated EMFs however deviate from the actual EMFs, and hence the con-

trolled current also deviates slightly from the desired currents during the transitional phase. Overall, a 5 % reduc-

tion in the generated power is observed due to these transitional phase currents. It must be noted that while there 

is not complete stator–translator overlap, some degree of control is sacrificed; and all control is sacrificed while 

the overlap is zero. For a real installation, careful consideration will be required for whether this situation will be 

allowable. 

It is important to note that the constant (linear), low reactance of the air-cored LG makes the control strategy as 

presented in this thesis possible. For iron-cored LGs, the strategy will have to be adapted to include the effect of 

the higher and more variable reactance and will hence increase the complexity of the control problem. It must 

also be noted that the low reactance requires the use of a filter to achieve smooth current waveforms when con-

nected to the active rectifier. However, the use of a filter also has additional advantages in terms of preventing 

possible over voltages and high frequency losses and may in fact be required for iron-cored machines as well. 
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7.1.6 Final remarks 

The work presented in this thesis is only a first step towards developing a novel concept air-cored PMLG. A 

huge amount of work is needed to take this LG from concept to a commercially viable product, if indeed it will 

be commercially viable. The same can be said for the proposed control strategy, which focuses on only one part 

of the energy conversion control process. Nevertheless, limited in scope as this project may be, a significant 

amount of work has gone into these first steps and it is believed that a valuable contribution has been made to the 

available body of knowledge on LGs for DD-WECs. The specific research contributions made in this work are 

outlined in Chapter 1; a more detail discussion of these contributions follows. 

7.2 Contributions 

1) A completely novel air-cored PMLG topology which improves on some of the problems associated with 

more traditional LG topologies is proposed, developed and evaluated. Pair-wise flux coupling, as analysed 

in [51], [70], is eliminated in this design. The air-cored stator ensures zero attraction forces between stator 

and translator and ideally also eliminates the attraction forces between the two opposing translator sides of 

double-sided air-cored machines, such as those in [48], [94]. 

2) It is shown that the novel topology can largely be analysed very accurately with existing methods used for 

ordinary linear doubles-sided machines. A two-dimensional subdomain analytical model, in particular, is 

developed to calculate the stator and PM generated fields for the novel LG from Maxwell’s equations; from 

this, equations for calculating the winding flux linkages directly from the magnetic vector potential is de-

rived, similarly as done for radial flux machines in [104]. This is used to accurately calculate the winding 

inductances, which is usually considered very difficult to calculate accurately for air-cored windings [63]. 

3) A simplified one–dimensional magnetic circuit model is also developed for the novel LG. Dimensional 

constraints to minimise leakage flux so as to accurately apply this model are established. Furthermore, the 

one-dimensional analysis assumes a sinusoidal air gap flux density distribution and only calculates the peak 

of this distribution. Subdomain analysis is used to establish the per unit pole width for minimum THD of 

the air gap flux density such that this assumption is justified. 

4) The relatively simple one-dimensional analytical model is used to develop an exhaustive optimisation pro-

cedure for quickly finding optimal dimensions for minimum active mass of the novel LG. 

5) The feasibility of constructing the novel LG topology, at least on a small scale, is demonstrated. It is con-

firmed that a relatively small amount of structural material is required for the novel topology, even without 

a mechanical design optimisation. Test results from the prototype LG generally also confirm the validity of 

the modelling and design methods used. 

6) A unique test rig which simulates ideal monochromatic wave conditions for testing the LG under active 

control and while subjected to variable loading is developed. This enables verification of the design and 

simulations which are done under the assumption of perfect sinusoidal displacement. 

7) The PM translators of LGs are usually longer than the stator such that the stator winding is active during as 

much of the stroke as possible [40], [42], [43], [44]. In this study, the translator is made shorter, and hence 

cheaper, such that the stator is completely in-active at the stroke ends where the generated power is very 
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small. It is shown that allowing the situation of zero overlap between the stator and translator at the stroke 

ends increases the power-to-weight ratio of the novel LG. The result can also be applicable to other LGs. 

8) Dead-beat predictive control, as a position sensorless alternative to current LG control strategies for DD-

WECs, is proposed, simulated and practically evaluated for LGs for DD-WECs for the first time. This in-

herently digital type of control eliminates the need for any kind of EMF sensing or linear position feedback 

in the control as used in [44], [53], [56], [58]. 

9) In addition to the known advantages of the low inductance, as outlined in Section 7.1.1, an important new 

advantage is established in terms of the chosen predictive control strategy. A requirement for accurate pre-

dictive control is accurate knowledge of system parameters [118]. The fact that the filter inductance and the 

LG’s phase resistance can be measured fairly accurately and that the LG’s synchronous inductance is neg-

ligible, therefore makes the predictive control accurate. For instance, in [118], [119], techniques are pro-

posed for making predictive control more robust against inductance mismatches between the actual load 

and the model. This is particularly relevant for iron-cored machines where the synchronous inductance is 

dominant and also has a significant transient component. In the novel air-cored LG, the dominant phase re-

sistance stays very constant as the relatively low current density together with natural cooling will keep the 

temperature variation to a minimum; improved cooling will also be possible if the LG is to be installed in 

the sea. As there is no possibility of saturation in the air-cored stator, the inductance is also very constant, 

and therefore stays negligible during all operating conditions. The air-cored stator is hence shown to have 

significant advantages for LGs in DD-WECs, not just in mechanical terms, but also in terms of possible 

control strategies. 

7.3 Recommendations 

There are a number of areas where further research can be focussed as discussed in this section. 

7.3.1 Mechanical design and optimisation 

The work in this thesis focuses mostly on the electromagnetic design of the LG. This is acceptable due to the 

small size of the prototype LG. However, for larger LGs, and to further reduce structural material, a thorough 

mechanical design and optimisation methodology should be developed. This should include both structural and 

thermal design of the LG, and should, if possible, be integrated with the electromagnetic design optimisation as 

is done in [48], [93]. 

As part of a thorough mechanical design, construction methods should be investigated for large scale LGs. Wa-

terjet cutting and assembling layers of engineering plastic will probably not be very economical or practical for 

large machines. Furthermore, the linear bearings used for the LG was chosen as a simple solution in the chosen 

test setup, and is by no means the most optimal solution for the LG. A sliding surface or bearings on the inside of 

the translator may be a better option. A thorough study should be conducted to find the best bearing solution. 
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7.3.2 Test setup 

The current test setup works well for verifying the design to a large extent. Further confidence in design methods 

will be established if the current problems can be solved to enable full load and also overload testing of the LG. 

However, to enable testing of a variety of LGs and also to simulate more realistic wave conditions, a new test 

setup should be developed. The test setup should provide for accurately measuring the mechanical input power 

to the LG in order to measure the LG efficiency. If possible, a control system should be able to independently 

control the translator displacement and the excitation force to match that of actual recorded wave data. The LG 

control strategy can then be tested under more realistic conditions. The linear test bed at Oregon State University 

[43] is currently probably the most advance LG test system and serves as a good example for further develop-

ment. Development of such a system can be expected to incur considerable cost, and should as such be generic 

enough to enable testing of a variety of LGs. 

Before wave tank or sea trials will be a possibility, the LG must be integrated into an actual WEC. For this, a 

new WEC should be developed, or the possibility of integrating the novel LG into an existing WEC (see Chapter 

1.3.3) should be investigated. There may be the possibility of cooperating with an existing WEC developer to 

further the development of the LG and then to also integrate the LG into their WEC. This option should be seri-

ously considered if this LG is ever to be commercially viable. 

7.3.3 Electrical and Electromagnetic design 

The analytical and FEA models presented in this thesis are accurate enough for calculating the relevant magnetic 

and electrical parameters of the LG and further work in this area is not a priority. 3D FEA can be used to better 

understand the flux paths and inductances in the machine, although the inductances are already small enough to 

be negligible, and hence this is not strictly necessary. A more detailed analysis of the magnetic attraction forces 

between the magnets may however be necessary. This will tie into the more detailed mechanical design of the 

machine as mentioned above. It would be particularly relevant to study the effect of manufacturing and assembly 

inaccuracies and the effect this may have on the required structural material. 

The control strategy is shown to work well under changing circumstances, such as the constantly changing trans-

lator velocity and the varying stator – translator overlap. However, a more complete strategy will also cater for 

abnormal circumstance such as network faults or stormy seas and is something which should also be investi-

gated. 

The design for the prototype LG was done at a single average velocity. For LGs which will be used in the sea, 

more consideration needs to be given to the actual sea conditions in which the LG will operate. This will include 

finding optimal dimensions for a large variety of operating conditions, including extreme sea conditions. 
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7.3.4 General 

Work which has more recently been published explores interesting new methods of increasing power density, 

and hence reducing the cost, of LGs for DD-WECs. This include increasing the translator speed via a non-linear 

PTO [129] and via magnetic gearing [130], or increasing the power density by using high temperature supercon-

ducting (HTS) excitation as an alternative to PMs, as well as HTS stator windings [131], [132], [133]. It is pos-

sible that these ideas can be incorporated into future work done on the novel LG of this thesis. 
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Appendix A  

Wave energy absorption 

As part of the background for the work in this thesis, it is necessary to have an understanding of the basic princi-

ples of ocean wave energy conversion. The theory presented in this Appendix is covered in more detail by 

McCormick [21] and Falnes [13], [115], [116]; these sources give a good overview of the large amount of work 

which have been done in this area since the early 1970s. It must be noted that the physical phenomena in the sea 

is infinitely more complex than presented here. However, for deep water waves (when the depth is greater than 

half the wavlength λw) with sufficiently small wave height Hw (when Hw/λw < 1/50) the wave dynamics can be 

approximated with linear theory with good accuracy. This basic understanding then forms a good foundation for 

understanding more complex phenomena. 

A.1 A simplified explanation 

The theory of wave energy conversion is most often explained in terms of a floating buoy with motion restricted 

to the heave (up and down) direction. A floating buoy can generally be assumed to be a point absorber (from 

Chapter 1.3.2) and is therefore particularly applicable for DD-WECs. The DD-WEC of [42], for instance, uses 

exactly this concept, i.e. a LG directly driven by a heaving buoy. In this Appendix, the buoy is assumed to be 

two-dimensional, symmetrical and restricted to sinusoidal heave motion. 

The energy per unit surface area of a wave is given as 

 2

,
16

sw a w
w

g H
W

γ
=  (A.1) 

where γsw is the water density and ga is the gravitational constant. In terms of the wave properties, it is clear that 

the energy is proportional to the square of the wave height. In order to decrease (or absorb) some, or all, of this 

energy, the WEC needs to create a wave which destructively interferes with this incident wave. In Fig. A.1(a) 

and (b) the incident wave and created wave are respectively shown; note that the symmetrical buoy radiates iden-

tical waves both to the left and to the right. The resultant sea-level elevation of the buoy interacting with the in-

cident wave is then obtained by the superposition of the waves in Fig. A.1(a) and (b) and is shown in Fig A.1(c). 

The optimum amount of energy is absorbed by the WEC when the created wave height is half of the incident 

wave height and when the two waves are in phase; the mathematical proof of this follows in the next section. 

From the smaller wave height to the right of the WEC in Fig. A.1 (c) it is clear that the energy in the incident 

wave has been reduced (or absorbed by the buoy). 

It is important to note that energy is required in order to absorb more energy. If the incident wave energy is pro-

portional to Hw
2 , the required energy from the WEC for optimum energy conversion is proportional to 2(Hw/2)2 

= 0.5Hw
2 for optimum energy absorption (one wave travelling left and one travelling right). A maximum of 50 % 

of the wave energy can therefore be absorbed. 
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A.2 Modelling 

The dynamics of a heaving buoy point absorber connected to a LG as load and subjected to an incident wave can 

be modelled as simple mass-spring-damper system as shown in Fig. A.2, and as also done in [57]. The wave ex-

citation force, fe(t), acts on the buoy of mass M, while the combined effects of the friction and viscous losses, the 

radiated wave and the buoy load (LG force) is modelled as a spring with constant c and damper with constant b. 

The spring constant c is given as 

 ,h gc c c= +  (A.2) 

where ch represents the hydrostatic buoyancy stiffness and cg represents the load (LG) stiffness. The damper con-

stant b is given as 

 ,f r gb b b b= + +  (A.3) 

where bf is represents friction and viscosity resistance, br represents the wave radiated by the buoy and bg repre-

sents the load (LG) resistance. The mass M consists of the system’s physical mass plus a component called the 

“added mass”, which is caused by the radiated wave. Newton’s third law gives 

 
 
Fig. A.1 Optimum energy absorbed by a two-dimensional, symmetrical, heaving buoy. (a) The incident wave with height Hw travelling to the 
right, (b) the waves radiated by the buoy in both directions and (c) the superposition of the two former waves. It can be seen that the wave 
height to the right of the buoy has decreased, indicating that energy was removed (absorbed) from the wave.  
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 ( ) ( )
( ) ( ) ( ),

z

e

f t Mz t

f t cz t bz t

=

= − −
∑ ɺɺ

ɺ
 (A.4) 

where z(t) is the vertical displacement of the buoy. The sinusoidal excitation force is given as 

 ( ) ( )cos ,e e wf t F tω=  (A.5) 

where ωw is the the angular wave frequency. The particular solution for the buoy displacement can now also be 

assumed to be sinusoidal with the same frequency as that of the excitation force, given as [132] 

 ( ) ( )cos ,wz t Z tω χ= −  (A.6) 

By substituting (A.5) and (A.6) into (A.4), the amplitude Z and phase χ of z(t) can respectively be found as [132] 

 

( ) ( )
2 22

/ 1 2

e

w o w o

F c
Z

ω ω ςω ω
=

 − +    

 
(A.7) 

and 

 ( )
( )

1
2

2
tan ,

1

w o

w o

ζ ω ω
χ

ω ω
−
 

=  
−  

 (A.8) 

where ωo is the natural frequency of the system defined as 

 
o

c

M
ω =  (A.9) 

and ζ is the damping factor of the system defined as 

 
.

2 o

b

M
ζ

ω
=  (A.10) 

The velocity of the buoy can be calculated as 

 ( ) ( )( ) ( )cos 2 cos .w w p wz t Z t V tω ω χ π ω ψ= − − = −ɺ  (A.11) 

 
 

 
Fig. A.2 A spring-mass-damper model of a heaving buoy subject to a wave excitation force. 
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Multiplying (A.4) through by ( )z tɺ gives 

 ( ) ( ) ( ) ( ) ( ) ( ) ( )2 .ef t z t Mz t z t bz t cz t z t= + +ɺ ɺɺ ɺ ɺ ɺ  (A.12) 

Each of the terms in (A.12) represents power. The wave excitation power can be simplified as1 

 
( ) ( ) ( ) ( ) ( )cos cos 2 ,

2
e p

e e

F V
p t f t z t tψ ω ψ= = + +  ɺ  (A.13) 

where the first term represents the average power and the second term a sinusoidal oscillation about the average 

power. It is clear that maximising Vp and minimising ψ will maximise the average power in the system. From 

(A.8) and (A.11), ψ = 0 when ωo = ωw. For this condition, Vp [from (A.7) and (A.11)] is also maximised (assum-

ing a fixed value of ζ). This condition is known as resonance and will occur when ωw happens to equal ωo, or 

when ωo is controlled to match ωw. 

A.3 Electrical circuit equivalent 

The differential equation of (A.4) can be compared to the differential equation obtained by applying Kirchoff’s 

voltage law to an electrical circuit. Then, fe(t) is the voltage,( )z tɺ is the current, z(t) is the charge on the capacitor, 

M is inductance, 1/c is capacitance, and b is resistance. From the electrical circuit analogy, the resonance condi-

tion is perceived slightly differently. In order for the current to be in phase with the voltage, the reactance in the 

circuit must sum to zero as 

 
0.w

w

c
Mω

ω
− =  (A.14) 

Rearranging this results in (A.9) and hence confirms the equivalence between the two approaches. Substituting 

(A.2) into (A.14) and rearranging gives 

 2 .g w hc M cω= −  (A.15) 

In a phase control scheme, (A.15) serves as the reference value for the load (LG) stiffness. 

Phase control on its own is the first step to maximising the power absorbed by the whole system. In addition, the 

power absorbed by the load should also be maximised. From classical electric circuit theory, the condition for 

maximum power transfer to a load is given as 

 * ,=g wZ Z  (A.16) 

where Zg is the load impedance and Zw
*  is the complex conjugate of the source impedance. For the system in 

Fig. A.3, 

                                                           

1 Simplification done by using the trigonometric identity ( ) ( ) ( )1 2cos cos cos cos .A B A B A B= − + +    
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j  and j .g h

g r f
w w

c c
b b b M

ω ω
 

= − = + + − 
 

g wZ Z  (A.17) 

The condition for maximum power transfer then gives 

 
g w r fb b b b= = +  (A.18) 

and (A.15). Satisfying (A.16) therefore achieves both phase and amplitude control of the velocity. For amplitude 

control, (A.18) serves as the reference value of the load (LG) resistance. bg and cg can be controlled mechani-

cally (e.g. with hydraulic or pneumatic actuators), or electrically by controlling the LG current. 

The maximum active load power, as dissipated in bg, can be expressed, from (A.12) and (A.18), or from the elec-

trical circuit in Fig. A.3, as 

 21
(max) 2

21
2

1
2 .

g p w

e p w

e

P V b

P V b

P

=

= −

=

 (A.19) 

Therefore, as mentioned before, the maximum power that can be extracted from the waves is 50 % of the excita-

tion power. 

  

 
 

Fig. A.3 An electrical circuit equivalent model of a heaving buoy subject to a wave excitation force. 

Stellenbosch University http://scholar.sun.ac.za



Appendix A  Wave energy absorption 

 

116 

 

 

 

Stellenbosch University http://scholar.sun.ac.za



Appendix B  Electromagnetic theory 

 

117 

Appendix B  

Electromagnetic theory 

In order to understand the conversion of mechanical energy to electrical energy, a thorough grasp of the physical 

laws pertaining to electricity and magnetism is necessary. In this Appendix an overview of electromagnetic the-

ory is given, as found in [144]. It can be difficult to explain exactly what an electric and magnetic field is. One 

way to form a concept of such a field is to see it as the mechanisms by which a charge can perform work on an-

other charge over a distance. These fields can then be defined mathematically in terms of the force f exerted on a 

test charge q moving at a velocity v. This force is given in terms of the electric field intensity E and the magnetic 

flux density B = µ0H as 

 ( )0 ,q µ= + ×f E v H  (B.1) 

where µ0 is the permeability of free space and H is the magnetic field intensity. From (B.1) it can be seen that the 

force induced on the charge is composed of two components: one independent of the velocity and one propor-

tional and orthogonal to the velocity. The equation in (B.1) is known as the Lorentz force law. 

B.1 Maxwell’s equations 

Charge is the source of electric fields, while charge in motion, or current, is the source of magnetic fields. 

Charge and current is most often defined in terms of their respective densities. Charge density ρ is the charge per 

unit volume and current density J is the time rate of change of charge per unit area given by 

 .ρ=J v  (B.2) 

The so called Maxwell’s equations relate electric and magnetic fields to these sources and to each other. The first 

of these is Gauss’ law, which relates the electric field to the charge density. It states that the net charge within an 

arbitrary volume V that is enclosed by surface S is related to the net electric flux through that surface by 

 
0 ,

S V
d dvε ρ⋅ =∫ ∫E a�  (B.3) 

where ε0 is the permittivity of free space. The term ε0E is called the electric displacement flux density, D. From 

(B.3), there must be a net displacement flux from a region containing net charge. 

Secondly, Ampère’s law relates the magnetic field to the current density. It states that the line integral, or circula-

tion, of the magnetic field around a closed contour is related to the net current passing through the surface span-

ning the contour plus the time rate of change of the net displacement flux density through the surface by 
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0 .

C S S

d
d d d

dt
ε⋅ = ⋅ + ⋅∫ ∫ ∫H s J a E a�  (B.4) 

The second term on the right of (B.4) is also called the displacement current. 

By applying Ampère’s law to a closed surface and substituting Gauss’ law into it, the relationship between the 

charge and current density is found as 

 
0.

S V

d
da dv

dt
ρ⋅ + =∫ ∫J�  (B.5) 

This is known as the law of charge conservation. Strictly, (B.5) is not considered as one of the Maxwell’s Laws, 

but of course follows from the Laws and provides further insights to the relationship between the two sources of 

the fields. It shows that the net charge density enclosed in a volume must be decreasing with time in order for 

there to be a net current out of the volume. 

The relationship between the electric and magnetic field is defined by Faraday’s integral law, which is often 

also referred to as Faraday’s law of electromagnetic induction. This law states that the circulation of the electric 

field around a closed contour is related to the time rate of change of the flux through the surface spanning the 

contour by 

 
.

C S

d
d d

dt
⋅ = − ⋅∫ ∫E s B a�  (B.6) 

The net flux density through the enclosed surface in (B.6) is also referred to as the flux linkage λ. 

The definition of electromotive force (EMF) is related to Faraday’s integral law in (B.6). EMF along a certain 

path between points a and b is defined as 

 
.

b

ab a
EMF d= ⋅∫ E s  (B.7) 

If the EMF between the two points is path independent it is referred to as the voltage between the two points. 

Lastly, the magnetic flux continuity law states that the net magnetic flux out of a region must be zero and is given 

as 

 
0 0.

S
dµ ⋅ =∫ H a�  (B.8) 

For the two dimensional case this means that the flux lines form closed paths [70]. 

The integral laws of Maxwell are summarised in Table B.1. These laws are rather remarkable in the fact that they 

apply to any combination of volume and enclosed surface or surface and enclosing contour. It is by associating 

the relevant volumes, surfaces and contours with conductors and other magnetic materials that the basic laws of 

electric and magnet circuits are formulated. It however becomes exceedingly difficult to calculate the fields with 
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the integral laws if the geometry is not highly symmetrical, hence making the integral laws difficult to apply in 

realistic applications. 

In order to help overcome this, the integral laws are rewritten in differential form. In order to do this, Gauss’ and 

Stoke’s integral theorems are used to derive the differential laws also given in Table B.1 alongside its equivalent 

integral form. 

Table B.1 Maxwell’s and the charge conservation law in integral and equivalent differential forms. 

Law Integral law Differential law 

Gauss’ Law 0S V
d dvε ρ⋅ =∫ ∫E a�  0ε ρ∇ ⋅ =E  

Ampère’s Law 0 .
C S S

d
d d d

dt
ε⋅ = ⋅ + ⋅∫ ∫ ∫H s J a E a�  0 .

t

ε∂
∇ × = +

∂
E

H J  

Faraday’s Law 0 .
C S

d
d d

dt
µ⋅ = − ⋅∫ ∫E s H a�  0 .

t

µ∂
∇ × = −

∂
H

E  

Magnetic Flux Continuity Law 0 0.
S

dµ ⋅ =∫ H a�  
0 0µ∇ ⋅ =H  

Charge Conservation Law 0.
S V

d
da dv

dt
ρ⋅ + =∫ ∫J�  0.

t

ρ∂∇ ⋅ + =
∂

J  

 

B.2 Continuity (Boundary) conditions 

For each of the laws in Table 1 there exists a continuity condition which describes the relationship between 

fields on either side of a surface (or a boundary between different materials). Understanding these continuity 

laws are essential in order to successfully analyse the fields in electrical machines, where a number of different 

materials are used. The most important of these continuity conditions for the work in this thesis are the ones as-

sociated with Ampère’s Law and with the Magnetic Flux Continuity Law.  

B.2.1 Ampère’s continuity condition 

Consider the boundary between material 1 and 2 shown in Fig. B.1. By selecting a surface S spanned by contour 

c = c1 + c2 such that c1 is on material 1’s side of the boundary and c2 is on material 2’s side of the boundary, we 

can write Ampère’s Law (B.4) as 

 

 
 

Fig. B.1 Ampère’s continuity condition shows that the tangential components of the magnetic field intensity are equal at the interface be-
tween material 1 and 2, but only when there is no surface current density present. 
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1 2
1 2 0c c S S

d
d d d d

dt
ε⋅ + ⋅ = ⋅ + ⋅∫ ∫ ∫ ∫H s H s J a E a� �  (B.9) 

By assuming that there are no current densities or displacement current densities, and by also assuming w in Fig. 

B.1 is infinitely small, (B.9) can be reduced to 

 ( )1 2. 0,− =ti H Hℓ  (B.10) 

where i t is a unit vector tangential to the boundary and in the plane of surface S. Simplifying (B.10) then gives 

 
1 2 .t tH H=  (B.11) 

This shows that the tangential components of the magnetic field intensities at the boundary must be equal as also 

shown in Fig. B.1. Note that this only applies when there is no surface current density. 

B.2.2 Magnetic flux continuity condition 

Consider the boundary between material 1 and 2 shown in Fig. B.2. By selecting a cylindrical volume which 

spans both materials and by making the cylinder side w infinitely small in such a way that the cylinder’s two end 

surfaces, S1 and S2, are still within the two different materials, the Flux Continuity Law (B.8) can be given as 

 
1 2 1 2

1 1 2 2 1 2

0.

S S S S
d d d dµ µ⋅ + ⋅ = ⋅ + ⋅

=
∫ ∫ ∫ ∫H a H a B a B a� � � �  (B.12) 

Further assuming that B1 and B2 are finite everywhere on S1 and S2 and that the areas of S1 and S2 have direction 

normal to the boundary, (B.12) can be reduced to 

 ( )1 2. 0,A − =ni B B  (B.13) 

where A is the area of S1 and S2 and in is a unit vector normal to the boundary. From (B.13) it then follows that 

 
1 2 .n nB B=  (B.14) 

 
 

 
 

 
Fig. B.2  The magnetic flux continuity condition shows that the normal components of the magnetic flux densities are equal at the interface 
between material 1 and 2. 
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The normal component of the flux density in material 1 is hence equal to the normal component of flux density 

in material 2 at the boundary between the two materials as also shown in Fig B.2. 

B.3 Quasistatics 

Two special cases of Maxwell’s equation exists where either the displacement current in Ampere’s law or the 

magnetic induction in Faraday’s law can be ignored (basically, the time rate of change terms are ignored) such 

that 

 ∇ × =H J  (B.15) 

and 

 0.∇ × =E  (B.16) 

These two conditions are respectively referred to as magnetoquasistatic (MQS) and electroquasistatic (EQS) and  

are realised when the time rate of change of the respective fields are small enough such that the wavelengths are 

much greater than the physical dimensions of the relative physical objects. In effect, a snapshot of the field 

source distribution at that time is sufficient to determine the actual field distribution as well; the previous state of 

the source distributions hence does not have much of an influence of the current state of the field distributions. 

When both EQS and MQS are applicable, some consideration must be given as to which condition takes prece-

dence. There are two aspects to consider. First, it must be noted that it can be shown that a vector is determined 

if the curl and divergence of that vector is specified. Second, the sources of the fields must be understood for the 

particular problem. For example, if ρ is given, both Gauss’ Law (see Table 1) and the EQS form of Faraday’s 

law (B.16) are specified. Both the curl and divergence of E are hence specified and E is so determined. H and J 

are then a “consequence” of E and the EQS condition takes precedence. However, if J is given, the curl and di-

vergence of H are respectively specified in the MQS form of Ampere’s law (B.15) and the flux continuity condi-

tion (See Table B.1) and hence H is so determined. E and ρ are then a “consequence” of H and the MQS condi-

tion takes precedence. 

Electrical machines must be designed such that an EMF can be induced in the stator windings according the 

Faraday’s exact law (B.6) and can hence not be EQS. Furthermore, the current density in the windings must be 

well defined and controlled. Also, at normal power system frequencies of 50-60 Hz, electromagnetic waves have 

wavelengths of 5 - 6×106 m, which are of course many orders of magnitude larger than any realistic machine. It 

is hence safe to assume a MQS condition and make use of the reduced form of Ampere’s law (B.15) in the 

analysis and design of electrical machines. 

B.4 Magnetic materials 

The current density J, which has so far been described as the source of the H field, is more accurately described 

as the free current density; this refers to unpaired electrons freely flowing through a conducting material, for in-

stance. There is, however, also another important source of magnetic fields in the form of electrons circulating 
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around the atomic nuclei of materials. These circulating “currents” give rise to magnetic dipoles. If all these di-

poles are aligned, usually because of an externally applied magnet field H, a resultant magnetic field M , called 

the magnetisation, is created. For magnetically linear materials, the magnetisation is dependent on H such that 

 ,mχ=M H  (B.17) 

where χm is the magnetic susceptibility. The effect of the magnetisation is taken into account in the flux density 

such that 

 ( )
( )

0

0

0

1 m

r

µ
µ χ
µ µ

= +

= +
=

B H M

H

H

 (B.18) 

where µr is termed the relative permeability of the material.  

Permanent magnets are created when a residual magnetisation, M r, remains present in the material after the ex-

ternally applied field is removed. The total magnetisation of a permanent magnet is then given as 

 ,= +i rM M M  (B.19) 

where M i is the induced magnetisation. Substituting (B.19) into (B.18) gives 

 ( )
( )

0

0 0

0

1 m

r

µ
µ χ µ
µ µ

= + +

= + +
= +

i r

r

r

B H M M

H M

H B

 (B.20) 

where Br = µ0M r is called the remanent flux density of the PM; this is a measure of the flux density in the mag-

net without any external field applied. A typical B–H curve for a magnetic material is shown in Fig. B.3 where 

the Br value is seen at H = 0. The flux density can only be reduced to 0 by applying an external field of -Hc, 

 
 

Fig. B.3 B-H curve for a typical ferromagnetic material. 
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called the coercive field strength, to the PM. This is referred to as demagnetizing the PM. 

The areas where the curve saturates is when there are no more dipoles left to align with the applied field. In other 

words, µr reduces from its “normal” value to about 1 in the saturated areas. The slope of the B-H curve therefore 

in effect decreases from µr µ0 for small values of H to only µ0 for large values of H. This non-linear behaviour is 

very prominent in ferromagnetic materials which have very high values of µr in the linear region; the different 

types of steel used in the manufacturing of electrical machines are all ferromagnetic in nature. 

B.5 Magnetic vector potential 

In order to start using Maxwell’s equations to solve for B, it is necessary to manipulate the equations into a 

slightly more usable form. In order to do this, the magnetic flux density is expressed as the curl of another vec-

tor, A, called the magnetic vector potential, such that 

 .= ∇ ×B A  (B.21) 

This can be seen as a way of specifying some vector in terms of the existing, known value of B (except that it is 

not actually known at this stage and this new vector is created in order to assist with the calculation of B). How-

ever, in order to completely define A, its divergence must also be specified. The value of its divergence can be 

chosen and should be chosen to make the ensuing field calculations more convenient. Choosing this specification 

is termed gauging. The value at which the gauge should be set will become clear next. 

The equation in (B.21) can be seen as the integral of the Magnetic Flux Continuity Law (B.8). Ampère’s Law 

(B.15) contains the source of the magnetic flux, J, and attention is hence naturally shifted to this equation next. 

Rearranging and substituting (B.20) into (B.15) gives an expression of B in terms of the field source J such that 

 ( )0 0r rµ µ µ∇ × − =B M J  (B.22) 

Furthermore, substituting (B.21) into (B.22) and simplifying gives 

 ( ) ( )0 0r rµ µ µ∇ × ∇ × − ∇ × =A M J  (B.23) 

The identity,  

 ( ) ( ) 2.∇ × ∇ × = ∇ ∇ − ∇A A A  (B.24) 

can be substituted into (B.23). At this point it is recognised that setting the gauge such that div A = 0, the identity 

in (B.24) can be simplified significantly. This gauge is called the Coulomb Gauge. Setting this gauge, substitut-

ing (B.24) into (B.23) and rearranging then gives 

 ( )2
0 0 ,r rµ µ µ∇ = − − ∇ ×A J M  (B.25) 
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which is in the form of a vector Poisson equation. This equation basically gives A in terms of two known and 

controllable parameters, namely the current density (which would usually only be in the stator windings) and the 

residual magnetisation of the chosen PMs (which is specified by the manufacturer in terms of Br). 

For the linear electrical machine model in Fig. 2.15, J only has a z-directed component and it is assumed that M r 

only has a y-directed component. Furthermore, B only has a x- and  y-component; expanding (B.21) then gives 

 

( ) ( ) .y xz z

x y x y z

x y z

A AA A
y z x z

B B

A A A

∂ ∂ ∂
∂ ∂ ∂

∂ ∂∂ ∂
∂ ∂ ∂ ∂

+ =

= − − −

x y z

x y

x y

i i i

i i

i i

 (B.26) 

Since the model is two-dimensional there is no change in A in the z-direction and Bx and By can respectively be 

given as 

 
z

x

A
B

y

∂=
∂

 (B.27) 

and 

 
.z

y

A
B

x

∂= −
∂

 (B.28) 

The magnetic vector potential defined in (B.21) can hence be assumed to only have a z-directed component. 

Due to all the above, the vector Poisson equation in (B.25) can then be reduced to 

 
2

0 0 ,ry ry
z r z

M M
A J

x z
µ µ µ

∂ ∂ 
∇ = − − − ∂ ∂ 

z z xi i i  (B.29) 

Further simplifications of (B.29) are possible, depending on the specific problem domain. This is discussed in 

Chapter 3 for the LG of this thesis. Once Az is calculated from (B.29), the result can be substituted back into 

(B.21), or (B.27) and (B.28), to calculate the magnetic flux density B. 

B.6 Finite element analysis 

B.6.1 Overview 

Analytical solutions to (B.25) can be very difficult, if not impossible, to find. This is especially true when the 

geometry in the study area (the machine) is complicated and when the non-linearity of the permeability of mag-

netic materials plays an important role. A solution to (B.25) can however also be found numerically by the Finite 

Element Method (FEM) as described in [147], [145], [146]. With the FEM, a 2-D problem domain is divided 

into a mesh of triangular elements as shown in Fig. 3.7. The magnetic vector potential in each element is then 
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approximated with a polynomial. A first order polynomial approximation for Az in the element in Fig B.4 is 

given as [148] 

 ( ) 1 2 3 1 1 2 2 3 3, ,zA x y x y N u N u N uα α α= + + = + +  (B.26) 

where Ni are position functions and ui are the unknown values of the potential at the nodes (triangle vertices).  

Since the nodes of the neighbouring triangles overlap/correspond, the equations of the different triangles can be 

inter-related to form a set of simultaneous equations; these equations must be solved to find the coefficients of 

(B.26) for each of the elements. The result is a piece-wise continuous approximation of the magnetic vector po-

tential for the entire problem domain. The magnetic flux density can then be obtained from (B.21). 

An iterative process is used to deal with non-linear permeability. At the start of the process, the initial permeabil-

ity from the B-H curve (Fig. B.3) is assigned to each element. Once the flux density is calculated as explained 

above, the permeability is updated from the B-H curve and the process is repeated until the permeability con-

verges to within a given specification. The Newton iteration method is commonly used. 

It is important to realise that FEM does not produce an exact solution. The solution error can however be made 

negligibly small by making the elements sufficiently small or by using higher order polynomial approximations 

in (B.26). The convergence tolerance for non-linear calculations can also be adjusted. All these strategies how-

ever increase the problem size and the required processing power and time. There is therefore a clear trade-off 

between computing power/time and solution accuracy with FEM. 

B.6.2 Boundary conditions 

In order to solve the abovementioned equations it is necessary to know how the field behaves beyond the 

boundaries of the problem domain. For 2-D problems, these boundaries form closed curves around the problem 

geometry where field properties must be specified as boundary conditions. The two most common boundary 

conditions are: 

• The Dirichlet, or flux tangential, boundary condition. The flux function is constant over any part of the 

boundary, and hence the boundary forms part of a flux line. 

 
 

Fig. B.4 A triangular element in a finite element mesh. 
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• The Neumann, or field normal, boundary condition. The magnetic flux density is normal to any part of 

the boundary, and hence the flux lines are at right angles to the boundary. 

Assigning a Dirichlet boundary around a model is equivalent to placing the model in a cavity with zero perme-

ability, i.e. such that no flux can escape from the model. This is an effective boundary for high permeability ob-

jects such as the back-iron of an electrical machine. Assigning a Neumann boundary around a model is equiva-

lent to placing the model in a cavity of infinite permeability. Instead of containing flux like the Dirichlet bound-

ary, the Neumann boundary has the effect of drawing flux out of the model. The Neumann boundary is typically 

used to reduce a problem’s size by exploiting symmetry. 

Magnetic fields in electrical machines typically have a periodic structure, where the fields in one part of the ma-

chine are identical or symmetrical to the fields in another part. This means that only one such a representative 

part of the machine needs to be modelled. The periodic nature of the machine is modelled by a constraint be-

tween the field values at either end of the part. This constraint is called a periodic boundary condition. If the 

field values of the two ends are equal in magnitude and direction, it is called an even periodic boundary condi-

tion. If the field values of the two ends are equal in magnitude but opposite in direction it is called an odd period 

boundary condition. 

For the work in this thesis, the commercial FEM package Infolytica MagNet 7 is used. This software has been in 

development since 1978 and is based on the finite element method as presented by Silvester & Ferrari [146]; it 

so happens that Silvester is also one of the co-founders of Infolytica corporation. MagNet is a good example of 

the many additional features of which FEA packages are currently also capable. Some of these features include 

calculation with non-linear materials, automatic mesh adaption for increased accuracy, transient solutions and 

motional effects in 2-D and 3-D, coupling with electric circuits and mechanical and thermal models, utilisation 

of multicore processors, parameterisation for “what if”–analysis, design optimisation and integrated visualisation 

and graphing tools. 
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Appendix C  

Fourier series expansions 

The distributions of conductor density, current density and PM magnetisation given in Chapter 3 are fairly intui-

tively represented graphically. However, in order to calculate the resulting magnetic fields, these distributions 

have to be represented mathematically; this involves calculating their Fourier series expansions as explained in 

[149]. The derivations of these Fourier series expansions are here given in more detail. 

C.1 Overview of the Fourier Series expansion 

Jean Baptiste Joseph Fourier discovered that a periodic function, f(t), can be represented by an infinite sum of 

harmonically related sine and cosine functions such that 

 ( ) ( ) ( )0 0 0
1

cos sin ,m m
m

f t a a m t b m tω ω
∞

=
= + +∑  (C.1) 

where ω0 is the fundamental frequency of f(t) and m is the integer sequence 1, 2, 3,... Each of the Fourier coeffi-

cients, a0, am and bm can respectively be determined as 

 ( )0

0 0

1
,

t T
a f t dt

T

+
= ∫  (C.2) 

 ( ) ( )0

00

2
cos ,

t T

ma f t m t dt
T

ω
+

= ∫  (C.3) 

 ( ) ( )0

00

2
sin ,

t T

mb f t m t dt
T

ω
+

= ∫  (C.4) 

where T = 1/ ω0, and k is the kth coefficient in the integer sequence 1, 2, 3... The derivation of these coefficients 

is the subject of most undergraduate engineering degree programmes (as for instance given in [149]) and is not 

further discussed here. The coefficient a0 is the dc component, or average value, of f(t). All of the waveforms 

discussed in this Appendix have no dc component and it will henceforth be assumed that a0 is always equal to 

zero. 

The effect of symmetry in f(t) has the effect of further simplifying the calculation of the remaining two coeffi-

cients in (C.3) – (C.4). For even function symmetry, where f(t) = f(-t),  

 ( ) ( )2

00

4
cos  and

T

ma f t m t dt
T

ω= ∫  (C.5) 

 0,  for all .mb m=  (C.6) 

Likewise, for odd function symmetry, where -f(t) = f(-t), 
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 0,  for all  andma m=  (C.7) 

 ( ) ( )2

00

4
sin .

T

mb f t m t dt
T

ω= ∫  (C.8) 

If an even or odd function also has half-wave symmetry, where f(t) = -f(t - T/2), all the even coefficients of either 

am or bm respectively are also zero. Furthermore, if a half-wave symmetric function is also symmetric about T/2 

(called quarter-wave symmetry), (C.5) further reduces to 

 ( ) ( )4

00

8
cos

T

ma f t m t dt
T

ω= ∫  (C.9) 

for even functions and (C.8) reduces to 

 ( ) ( )4

00

8
sin .

T

mb f t m t dt
T

ω= ∫  (C.10) 

for odd functions. 

C.2 Conductor density distribution 

The conductor density is represented graphically as shown in Fig. 3.11 and repeated here in Fig. C.1 for clarity. 

The “period” of the distribution is the distance between successive coils from the same phase as indicated in Fig. 

C.1. From Fig. C.1 it is also easy to see that n(x) = -n(-x) and that n(x) is hence an odd function. The distribution 

does not have half-wave symmetry and hence, by definition also does not have quarter wave symmetry, even 

though it is symmetric about “T/2”. From Section C.1 it follows that 

 
( )

1

sin ,m
m s

m x
n x b

w

π∞

=

 
=  

 
∑  (C.11) 

with 

 
( )

0

2
sin .

sw

m
s s

m x
b n x

w w

π 
=  

 
∫  (C.12) 

The magnitude of the conductor density is known from (3.10); this term is removed from (C.12) and then simpli-

fied as 

 

( )( )

3

3 1 2

2
sin .

s

n

s

w

m
s sw

m x
b

w wκ

π
−

 
=  

 
∫  (C.13) 

Integrating (C.13) gives 
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 ( )

( )

1 22
cos cos

3 3

14
sin sin .

3 3
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mm
b

m

mm

m

π κπ
π

π κπκ
π

 − −  = −   
    

−  =   
   

 (C.14) 

The a-phase conductor density is then given as  

 
( )

1

sin ,
na a m

m s

m x
n x n b

w

π∞

=

 
=  

 
∑  (C.15) 

where |na| is the magnitude of the conductor density calculated from (3.10). 

C.3 Current density distribution 

The current density distribution has exactly the same shape as the conductor density and hence the derivation is 

also the same as for the conductor density. The a-phase current density can hence be given as 

 
( ) ( )

1

sin ,
na a m

m s

m x
J x J t b

w

π∞

=

 
=  

 
∑  (C.16) 

with bmn the same as in (C.14) and Ja(t) the time-dependent current density magnitude calculated from (3.13).  

 
 
 

Fig. C.1 Graphical representation of the conductor density distribution. 
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C.4 Magnetisation 

In (3.28) it is necessary to express the derivative of the magnetisation distribution with respect to x as a Fourier 

series expansion in order to find the particular solution for the magnetic vector potential due to the PMs. The dis-

tribution of the derivative of the magnetisation is shown in Fig. 3.14(b) and repeated here in Fig. C.1 for clarity. 

The distribution is basically an even period function with quarter-wave symmetry and consists only of impulses 

(dirac-delta functions). From Section C.1, the distribution can hence be given as 

 ( )
1,3,5,...

cos ,r
m

m

M x m x
a

x

π
τ

∞

=

∂  =  ∂  
∑  (C.17) 

with 

 
( )

2

0

4
cos .

4
cos .

m r

r

m x
a M x

M m

τ πδ β
τ τ

πβ
τ τ

 = −  
 

 =  
 

∫
 (C.18) 

 

 

 
 

Fig. C.2  Distribution of the derivative of the PM residual magnetisation distribution with respect to x. 
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Appendix D  

LG magnetic field solutions 

The general theory surrounding subdomain analysis as used for calculating magnetic fields in electrical machines 

is discussed in Chapter 3, Section 2.1. This method is applied to the novel LG where the resulting equations for 

the air gap magnetic flux density are given and verified by means of FEA. More detail about the choice of the 

general and particular solution to the Laplace and Poisson equations and the solution of the constants are given 

in this Appendix. 

D.1 General solution 

In order to solve the magnetic vector potential from the Laplace and Poisson equations of (3.18) and (3.19), a 

general solution for the vector potential with unknown constants must be “guessed”. The shape of the magnetic 

flux density in the air gap is well known from FEA and can also fairly intuitively be derived; a relationship be-

tween the magnetic flux density and the vector potential is also defined in equations (B.27) and (B.28). This is 

therefore used as a starting point in deriving a general solution for Az. 

The magnetic flux density across the air gap, between opposing PM faces, is shown in Fig. D.1. It is clear that 

the flux density decreases away from the PM face until it reaches a minimum value in the middle of the air gap. 

Mathematically this shape can be described by the hyperbolic cosine function. It follows that By is proportional 

to cosh such that (from (B.28)) 

 
cosh ,z

y

A y
B

x

π
τ

∂  = ∝  ∂  
 (D.1) 

Furthermore, the PMs are purposefully arranged as they are to establish at least a quasi-sinusoidal air gap flux 

 

 
 

Fig. D.1 The flux density across the air gap, between opposing PM faces (along line b-b in Fig. 3.8(b)). 
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density in the x-direction, and hence (from (B.27)) 

 
sin ,z

x

A m x
B

y

π
τ

∂  = ∝  ∂  
 (D.2) 

From (D.1) and (D.2), and considering all the harmonics, it can therefore be assumed that 

 
1 2

1,2,3

sin ,
m y m y

z M M
m

m x
A C e C e

π π
τ τ π

τ

−∞

=

   = +   
  

∑  (D.3) 

where  

 
2 cosh

m y m y m y
e e

π π
τ τ π

τ

−
 + =  
 

 (D.4) 

and CM1 and CM2 are unknown constants (the factor 2 in (D.4) is absorbed in the constants CM1 and CM2 in (D.3)). 

Equation (D.3) can be substituted back into (D.1) and (D.2) to verify that it is indeed correct. It is preferred to 

use the form of (D.3) with the exponential functions instead of the hyperbolic cosine function to make later dif-

ferentiation easier and more readable. 

The stator fields of course do not have the exact same form as the PM field, but, since there is also a decay in 

flux density away from the stator (in the y-direction) and a periodic shape along the air gap (in the x-direction), 

the general solution to the stator fields is assumed to be of the same form as the PM field. It is however expected 

that the harmonic content of the stator field solution will be much higher due to its very non-sinusoidal form. 

D.2 Particular solutions 

Particular solutions for the magnetic vector potential can be found from the governing Poisson equations in Re-

gion I and III for the PM fields (3.28) and in Region II (3.19) for the stator fields. These are easily found by “in-

spection” and checked by substituting back into the Poisson equation. 

D.2.1 PM Field particular solution 

Substituting Br = µ0Mr, from (B.20), into (3.28) and expanding the left hand side gives 

 
( )

2 2

2 2
1,2,3

4
cos cos ,zI zI r

m

A A B m x
m

x y

πβ
τ τ

∞

=

∂ ∂    + =   ∂ ∂   
∑  (D.5) 

Integrating twice with respect to x gives 

 
( )2 2

1,2,3

4
cos cos ,r

zI
m

B m x
A m

m

τ πβ
τπ

∞

=

   = −   
  

∑  (D.6) 

Substituting this back into (D.5) confirms that it is an appropriate particular solution. Combining this with the 

general solution then gives 
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1 2 2 2
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zI M M
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mB m x
A C e C e

m

π π
τ τ πττ π
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=

    = + +    
   

∑  (D.7) 

as given in (3.33). 

D.2.2 Stator field particular solution 

In region II, substituting (3.12) and (3.14) into (3.19) and expanding the left hand side gives 

 
( ) ( )2 2

0
2 2

1

14
sin sin sin ,

3 3
zII zII

a
m s

mA A m m x
J t

mx y

π κµ πκ π
π ω

∞
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−   ∂ ∂    + =      ∂ ∂      
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The particular solution to AzII is again found by twice integrating and finding 
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zII a
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π κµ ω πκ
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∑  (D.9) 

Substituting this back into (D.8) confirms that it is an appropriate particular solution. Combining this with the 

general solution then gives 

 ( )2
0

1 2 2 2
1,2,3

sin ,s s
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m y m y

s a
zII S S m

m s

J t m x
A C e C e b
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with 

 ( )14
sin sin .

3 3nm

m m
b

m

π κ πκ
π

−    =     
    

 (D.11) 

as also given in (3.12). 

D.3 Solutions 

Four constants must be solved for each of the two sets of equations in (3.33) and (3.34) and in (3.20) and (3.21) 

(for the PM and stator fields respectively). Four simultaneous equations are needed to solve four unknowns; 

these equations are found by relating the two equations for magnetic vector potential by means of the boundary 

conditions, from Appendix B, Section 2, between the different regions in the subdomain model shown in Fig. 

3.5. As explained Chapter 3, Section 2.1, there exists symmetry both about the middle of the PMs (at y = -hm/2) 

and about the middle of the stator (at y = ℓg/2). At these “symmetry boundaries” (or Neumann boundaries from 

Appendix B, Section 6.2) it is intuitively known that Hx = 0 on either side of the boundary.  
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D.3.1 PM field solution 

In the middle of the stator (at y = ℓg/2), it is known that Hx = 0 and hence 
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(D.12) 

This is then simplified to 
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At the interface between Region I and II, HxI = HxII and ByI = ByII. From the former it follows that 
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and 
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Equating (D.14) and (D.15) and simplifying then gives 
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From the second condition at the boundary between Regions I and II it follows that 
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and 
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Equating (D.17) and (D.18) and simplifying then gives 
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The boundary condition at y = -hm/2 (through the middle of a PMs) again gives HxI = 0, as in the middle of the air 

gap. This results in 
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and further simplifying gives 
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By substituting (D.13) and (D.21) into (D.16) and rearranging, CM4 can be expressed in terms of CM2 as 
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Substituting (D13), (D.21) and (D.22) into (D.19) and rearranging then gives a value for CM2 of 
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D.3.2 Stator field solution 

The exact same process is here followed for the stator fields. The boundary conditions are of course the same 

and only the governing equations in the different regions changes. For completeness each step is again shown 

here. 

In the middle of the stator (at y = ℓg/2), it is known that HxII = 0 and hence 
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This is then simplified to 
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At the interface between region I and II, HxI = HxII and ByI = ByII. From the former it follows that 
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Equating (D.26) and (D.27) and simplifying then gives 
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From the second condition at the boundary between Regions I and II it follows that 
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and 
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Equating (D.29) and (D.30) and simplifying then gives 
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The boundary condition at y = -hm/2 (through the middle of a PMs) again gives HxI = 0, as in the middle of the air 

gap. This results in 
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and further simplifying gives 
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By substituting (D.25) and (D.33) into (D.28), CS4 can be expressed in terms of CS2 as 
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Substituting (D.25), (D.33) and (D.34) into (D.31) then gives a value for CS2 of 
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Appendix E  

Inductance calculation 

The derivation for the stator winding inductance is given in this appendix. This derivation is based on a similar 

derivation of the stator winding inductance for a radial flux air cored PM machine done by Randewijk [104]. It 

entails deriving an equation for the flux linkage directly from the magnetic vector potential and conductor den-

sity as calculated in Chapter 3 (with details in Appendix B and C). 

E.1 Flux linkage derivation 

Consider a single coil in a magnetic field (i.e. the air gap of the novel LG) as shown in Fig. E.1(a). For simplicity 

it is assumed the coil is rectangular. From (B.6) and (B.21) we can express the flux linkage of the coil as 

 

( )
t S

S

d

d

λ =

= ∇ ×

∫

∫

B a

A a
 (E.1) 

Using Stoke’s Theorem [144], the surface integral in (E.1) can be change to a line integral such that 
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 (E.2) 

where C12, C23, C34, and C41, denotes the four sides of the turn as shown in Fig. E.1(a). From (B.26) - (B.29), A = 

Aziz, and hence (E.2) can be reduced to 

 
12 34

.t C C
d dλ = +∫ ∫A l A l  (E.3) 

Furthermore, assuming that Az is uniform in the z-direction, (E.3) can be reduced to 

 ( ) ( )1 1 2 2, , ,t z zA x y l A x y lλ = −  (E.4) 

where (x1, y1) and (x2, y2) are the positions of the respective turn sides C12 and C34. Since the magnetic field is 

produced by the current in the turn itself, the magnetic vector potential is symmetrical about the coil axis. In Fig. 

E.1(b) a finite element solution of Az is shown. It is clear that there exists odd symmetry about the coil axis, and 

hence (E.4) can be written as 

 ( )
( )
1 1

2 2

2 ,

2 , .

t z

z

A x y l

A x y l

λ =

= −
 (E.5) 

The flux linkages for all the turns in a coil must be added to get the total flux linkage for the coil. In order to do 

this, the number of turns and their respective positions are required to calculate Az. This is where the conductor 
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density as calculated in Chapter 3 (and Appendix C) is used directly. By multiplying (E.5) with the conductor 

density (3.11) and integrating over one coil side (remember, as derived above, Az of only one side of each turn is 

required), the total flux linkage of a coil can be calculated. This flux linkage is then given as 

 ( ) ( )2ta a zal n x A x dxλ = ∫  (E.6) 

It is here assumed that all the conductors in the coil are concentrated at y = 0.5ℓg, which is in the middle of the 

air gap. This assumption implies that Az does not vary significantly over the height of the coil. In reality this is 

not true; in Chapter 3 the solution is checked against an FEA solution to determine the validity of this simplifica-

tion.  

 
 

(a) 
 

 
(b) 

Fig. E.1 (a) A single turn of a coil with its different sides labelled. (b) The magnetic vector potential (as calculated with FEA) due to the cur-
rent in the turn has odd symmetry about the midpoint of the coil. 
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Substituting (3.11) and (3.21) into (E.6) gives 

 

1,2,3 1,2,3

1,2,3 1,2,3

2 sin sin

2 sin sin ,

n

n

ta a m Az
m ns s

a m Az
m n s s

m x n x
l n b b dx

m x n x
l n b b dx

π πλ
ω ω

π π
ω ω

∞ ∞

= =

∞ ∞

= =

      
=       

         

   
=    

   

∑ ∑∫

∑ ∑ ∫

 (E.7) 

where bmn is given in (3.12) and  

 ( )2
0

1 2 2 2
s s

n

n y n y

s a
Az S m

J t
b C e C e b

n

π π
ω ω µ ω

π

−  
= + +   

 
 (E.8) 

Unless n = m, the integral in (E.7) evaluates to zero. In the case that n = m, the integral evaluates to ωs/2 and 

 

1,2,3

.
nta s a m Az

m

l n b bλ ω
∞

=

= ∑  (E.9) 

E.2 Self inductance 

The self inductance of a coil is simply the flux linked due to the flux induced by the current in that same coil di-

vided by the current as explained in Chapter 3.3.6. The total self inductance due to q coils per phase can there-

fore very easily be calculated from (E.9) and (3.13) as 

 
( ) ( )

( )

( ) 1,2,3

.
n

t
aa

a

s a
m Az

ma

q t
L t

i t

Qql n
b b

gLJ t

λ

ω
κ

∞

=

=

= ∑
 (E.10) 

It must be noted that inductances in electrical machines are usually position-dependent (and hence time-

dependent) as reflected in (E.10). Saturation and varying reluctances due to stator teeth causes the ratio of flux 

linkage to current to change with position / time. In the novel LG there is no iron in either the stator or the trans-

lator, and hence saturation and varying reluctances are not an issue; a very linear relationship hence exist be-

tween the flux linkage and current and consequently the inductance is constant at any load. 

E.3 Synchronous inductance 

In the equivalent circuit diagram of an electrical machine (see Fig. 3.3) it is required to calculate the synchronous 

inductance. This means that the flux linkage of a winding due to all three phase currents (in a three-phase ma-

chine) needs to be considered. In order to calculate this flux linkage, the magnetic vector potential due to all 

three phases must be considered in (E.6), such that 

 ( ) ( ) ( ) ( )2ta a za zb zcl n x A x A x A x dxλ = + +  ∫  (E.11) 
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In order to simplify the calculation in (E.11), the specific operating point where ia is at its peak and ib(t) = ic(t) = 

-0.5ia(t) is chosen; the assumption is of course made that the currents are balanced. In this case the calculated 

flux linkage will be the peak flux linkage. As mentioned before, any operating point can be chosen for calculat-

ing the inductance due to the linear behaviour of the air-cored machine. The peak flux linkage is hence given as 

 

( ) ( )
1,2,3

1,2,3

2 sin

1 1
sin sin sin

2 2

nta a m
m s

L L
Q Q

Aza Aza Aza
n s s s

m x
l n b

n x n xn x
b b b dx

π
ω

π ππ
ω ω ω

∞

=

∞

=

  
Λ =   

   

    − + 
× − −                

∑∫

∑

 (E.12) 

By using known trigonometric identities, (E.12) can be reduced to 

 

1,2,3 1,2,3

2 sin sin
nta a m Aza

m ns s

m x n x
l n b b K dx

w wλ
π π∞ ∞

= =

      
Λ =       

         
∑ ∑∫  (E.13) 

where Kλ is given by 

 2
1 cos

3

m
Kλ

π = −  
 

 (E.14) 

Equation (E.13) is of the same form as (E.7) and can hence similarly be reduced to 

 

1,2,3

.
nta s a m Az

m

l n b b Kλω
∞

=

Λ = ∑  (E.15) 

It can be noted that (E.15) is the same as (E.9), but with the additional factor Kλ. 

The total synchronous inductance due to q coils per phase is now simply calculated as 

 

( )
ta

as

a

q
L

i t

Λ
=  (E.16) 

E.4  Mutual inductance 

It is possible to calculate the mutual inductances of each phase from first principles as done for the self and syn-

chronous inductances in the previous two sections. However, assuming, due to symmetry, that the mutual in-

ductances in (3.18) are equal and given by Lm, the synchronous inductance can be expressed as 

 ta
as

a

aa a m b m c

a

L
I

L I L I L I

I

λ
=

+ +
=

 (E.17) 

Assuming further that the currents are balanced such that Ia = Ib = Ic = 0, (E.17) is reduced to 
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aa a m a

as
a

L I L I
L

I

−
=  (E.18) 

Simplifying and rearranging (E.18) then gives the mutual inductance in terms of the synchronous and self in-

ductances as 

 .m aa asL L L= −  (E.19) 

It is hence not necessary to derive a separate formula for the mutual inductance once the self and synchronous 

inductances have been calculated. 
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Appendix F  

Average power derivation 

The average power for a reciprocating LG, as given in (2.5), is derived in this Appendix. In this derivation it is 

assumed that the whole stator winding is active during the entire stroke. 

The instantaneous LG EMF and current for phase a are assumed to be in phase and respectively given as  

 ( ) ( ) ( )cos cosga p we t E t tω ω=  (F.1) 

and 

 ( ) ( ) ( )cos cos ,a p wi t I t tω ω=  (F.2) 

where ω is the electrical frequency of the LG, which varies with the translator velocity, and ωw is the constant 

wave frequency. The instantaneous generated power for phase a is then given as 

 ( ) ( ) ( )
( ) ( )2 2cos cos .

ga ga a

p p w

p t e t i t

E I t tω ω

=

=
 (F.3) 

The system is balanced and hence the power for phase b and phase c can similarly be expressed as  

 ( ) ( ) ( )2 2cos 120 cos .gb p p wp t E I t tω ω= − °  (F.4) 

and 

 ( ) ( ) ( )2 2cos 120 cos .gc p p wp t E I t tω ω= + °  (F.5) 

The total instantaneous generated power is the sum of the instantaneous power from each phase as 

 ( ) ( ) ( ) ( ).g ga gb gcp t p t p t p t= + +  (F.6) 

Substituting (F.3) – (F.5) into (F.6) gives1 

                                                           

1 Using the trigonometric identity ( ) ( )2 1cos 1 cos 2 .2θ θ= +    
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( ) ( ) ( )

( ) ( )

( ) ( )

2

2

2

cos 1 cos 2
2

cos 1 cos 2 240
2

cos 1 cos 2 240 .
2

p p
g w

p p
w

p p
w

E I
p t t t

E I
t t

E I
t t

ω ω

ω ω

ω ω

= +  

+ + − °  

+ + + °  

 (F.7) 

Simplifying and rearranging (F.7) gives 

 
( ) ( )

( ) ( ) ( )

2
3

cos
2

cos 2 cos 2 240 cos 2 240 .
2

p p
g w

p p

E I
p t t

E I
t t t

ω

ω ω ω

=

+ + − ° + + °  

 (F.8) 

The second term in (F.8) contains three balanced phasors which has a sum of 0; hence 

 
( ) ( )

( )

2
3

cos
2

3
1 cos 2 .

4

p p
g w

p p
w

E I
p t t

E I
t

ω

ω

=

= +  

 (F.9) 

From (F.9) it is now clear that the instantaneous LG generated power oscillates about an average value of 

 3

4
p p

g

E I
P =  (F.10) 

at double the wave frequency. 
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Appendix G  

Comparative study calculations 

The parameters used for comparing the LGs are already given in Table 3.2 and is repeated here for clarity in Ta-

ble G.1.  The parameters are not all directly available from literature for the LGs from CPT and Seabased. 

Enough detail is however given to the extent where those parameters not available from literature can be calcu-

lated fairly accurately. It must be mentioned that a good estimation of these parameters would be sufficient for 

this exercise as the aim is only to obtain a rough indication of the performance of the novel topology compared 

to existing iron-cored topologies.  

G.1 Columbia Power Technologies 

The parameters used for this LG is given in Table G.2 and is taken from [85] and [43]. The rating of this LG is 

given as 1 kW, which can be calculated from the given velocity and shear force according to (2.7), i.e. 0.76 m/s 

× 1316 N = 1 kW. The given rated current and voltage of this LG does however not give the rated power accord-

ing to (2.7), i.e. 3 × 245 V × 2.95 A = 2.2 kW ≠ 1 kW; this probably means that the rated values are rated 

maxima. This could therefore not be used in the calculations of average electrical loading. The given current 

density of 2.25 A/mm2 also does not correspond with the rated current of 2.95 A and the copper wire cross sec-

 

TABLE G.1 Comparison of the novel LG topology with existing iron-cored machines. 

Parameter CPT N1 Seabased N2 

Stator core Iron Air Iron Air 

Air gap area Ag (m
2) 0.53* 1.56 2.08 7 

Air gap flux density Bg (T) 0.76 0.7/√2 1 0.7/√2 

Current density J (Arms/mm2) 0.45 0.45 1.8 1.8 

Electric loading K (kArms/m) 3.26* 1.36 7.97* 5.5 

Shear stress σs (kN/m2) 2.48* 0.68 7.97* 2.7 

Shear force fs (kN) 1.315 1.06 16.57 19.1 

Power P (kW) 1 0.81 11.57 13.4 

Copper losses Pcu (p.u.) 0.040* 0.040 0.09 0.16 

Core losses Pc (p.u) - 0.01 0.05 0.003 

Efficiency η (%) - 95 86 84 

Copper mass Mcu (kg) 28.55 80 144* 315 

Total stator mass Ms (kg) 181.58 106 949* 419 

Magnet mass Mm (kg) 222 504 115 754 

Total translator mass Mt (kg) 1446 607 547 903 

* Parameters calculated from given data. 
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tional area of 2.08 mm2, i.e. 2.95 A / 2.08 mm2 ≠ 2.25 A/mm2; and 2.08 mm2 × 2.25 A/mm2 = 4.68 A. There is 

therefore some confusion regarding these rated values. 

Since the actual dimensions, including the slot dimensions, of the LG are available, it was decided to calculate 

the current density corresponding to the rating of 1 kW. The total active air gap area of the LG can be calculated 

as 

 

( ) ( ) 20.6121 0.274 0.53 m .

g gA d Lπ

π

=

= =
 (G.1) 

where dg is the air gap diameter and L the active length of the LG. L is taken as 12 times the slot pitch plus one 

tooth width, which is more or less the stator length. The shear stress can then be calculated as σs = fs / Ag. 

The average air gap flux density is given as Bg = 0.76 T. From (2.10) the electrical loading can then be calcu-

lated. The slot area is given as 299 mm2 which equals ws × h in (2.12). The total copper area is taken as the given 

copper wire area times the given number of turns per slot (77). The fill factor is then calculated as 

 ( )( )2.08 77
0.54.

299fk = =  (G.2) 

The winding factor, as explained in Chapter 2, Section 4, consists of the distribution and pitch factor. The distri-

bution factor for this LG is unity, as the coil sides are concentrated in only one slot. The coil pitch, however, is 

equal to 0.917 times the magnet pole pitch, or 0.917π radians. From [72], the pitch factor is therefore given as 

 0.917
sin 0.99.

2pk
π = = 

 
 (G.3) 

This means the overall windings factor is also kw = 0.99. With the given slot pitch of 22 mm and calculated 

 

TABLE G.2:  Given parameters for the CPT LG which are used for further parameter calculations. 

Rated power (kW) 1 Rated velocity v (m/s) 0.76 

Slot area As = ws × h. (mm2) 299 Rated force fs (kN)  1.316 

Slot pitch τs (mm) 22 Average flux density Bg  0.76 

Pole pitch τm (mm) 72 Turns per slot N  77 

Wire area Aw (mm2) 2.08 Winding factor kw 0.99 

Air gap diameter dg (m) 0.6121 Phase resistance Rs (Ω) 4.6  

 

TABLE G.3: Given mass for different parts of the CPT LG. 

Copper mass 28.55  Magnet mass 222 

Lamination mass 139.40  Lamination mass 1215 

Epoxy mass 12.63  Stainless steel mass 2 

   Epoxy mass 7 

Total stator mass 180.58  Total translator mass 1446 
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winding factor of 0.99, the current density can then be calculated from (2.12) as J = 0.45 mm2. This current den-

sity is used for N1 in the comparative study. This current density is used to calculate the average current; to-

gether with the given phase resistance, the copper losses as given in Table G.1 is then calculated. 

The breakdown of stator and translator mass is given in Table G.3. These figures are directly available in the lit-

erature. 

G.2 Seabased 

Details for this LG was obtained from [42] and [70]. The rated voltage and current correspond to the rated power 

as √3 × 200 V × 28.9 A = 10 kW. The rated current density could therefore be calculated from the rated current 

and given cross-sectional area of the cable. The shear stress could also be calculated from the given active air 

gap area. From (2.11) and the given air gap flux density, the electrical loading could be calculated. The copper 

losses, eddy current losses, hysteresis losses and the efficiency of the generator are also given in the literature. 

These losses are added to the rated 10 kW to obtain the total generated power of 11.57 kW. 

The mass of the stator and translator steel and the PM mass are given in the literature. The copper mass was cal-

culated from the given cable length and the cross sectional area of the cable as 

 

( )( )6(16 10 ) 1096 8230 144 kg,

cu w c cuM A γ
−

=

= × =

ℓ
 (G.4) 

where γcu is the density of copper. From a local manufacturer of stranded PVC insulated cables, the specific mass 

of 16 mm2 cable is given as 16.7 kg / 100 m. The total mass of this cable, including the PVC insulation, can 

therefore be estimated as (1096 / 100) × 16.7 = 183 kg. The breakdown of the stator and translator masses is 

given in Table G.5. 

 

TABLE G.4:  Given parameters for the Seabased LG which are used for further parameter calculations. 

Rated power (kW) 10 Rated velocity v (m/s) 0.7 

Rated voltage (V) 200 Average flux density Bg  1 

Rate current (A) 28.9 Cable length ℓc (m) 1096 

Air gap area dg (m
2) 2.08 Wire area Aw (mm2) 16 

 

TABLE G.5: Given mass for different parts of the Seabased LG. 

Copper mass 144  Magnet mass 115 

PVC mass 39  Steel mass 432 

Steel mass 766    

Total stator mass 949  Total translator mass 547 
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Appendix H  

Simplorer simulation model 

The Simplorer simulation model used to simulate the predictive control together with a brief description is given 

in this Appendix. 

The Simplorer model can be seen in Fig. H.1. The LG is modelled with ideal voltage sources, resistances and in-

ductances as discussed in Chapter 3 (Fig. 3.3). The FE-obtained waveforms shown in Fig. 4.9 are stored in 

lookup tables (DATAPAIRS1 – 3 in Fig. H.1) and used as reference for the ideal voltage sources (E1 – E3). By 

doing this, sinusoidal displacement of the LG translator is assumed; the drive motor control is hence assumed to 

work correctly and is not part of the simulation. 

The active rectifier is modelled with generic diodes (D1 - D6) and ideal switches (S1 – S6) representing the 

IGBTs. The dc-bus is represented by an ideal dc voltage source (E4). The LC-filter is modelled with ideal induc-

tors, capacitors and resistors to represent the series resistance of the inductors. 

Sample-and-hold blocks (SAH1 – 6) are used to simulate the current and voltage measurements as done by the 

digital signal controller (DSC). The sampled values are inputs to the “Deadbeat” VHDL block, which contains 

the deadbeat predictive control calculations, which calculates the reference active rectifier voltages. The refer-

ence voltages are then passed to the “SVPWM” VHDL block, where the appropriate duty cycles for each of the 

active rectifier switches are calculated. The duty cycles are passed to the comparators (COMP1 – 3), which com-

pares the duty cycle with a unity amplitude triangular wave generator’s output in order to create the PWM 

switching signals for the active rectifier switches. 

Results from the simulations are shown and discussed in Chapter 5, Section 6. 
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Fig H.1 Simplorer model for simulating the predictive control strategy.
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Appendix I   

List of patents 

A list of international patents with reference to the LGs discussed In Chapter 2, Section 7, is given in Table I.1 

below. The full patents are available from the World Intellectual Property Organisation’s website [140]. 

TABLE I.1:  List of international patents related to the LGs discussed in Chapter 2, Section 7. 

Patent No. Description Inventors Date 
Archimedes Wave Swing 
WO9517555 Wave energy transformer -Fred Ernest Gardner 29/06/1995 

WO9911926 Device for energy conversion from wave movement -Fred Ernest Gardner 
-Rudolfus Gerardus van Schie 

11/03/1999 

Uppsala / Seabased 
WO2003058055 Wave-power unit and the use of a wave-power unit for 

production of electric power, a method of generating 
electric power and a system of components for manufac-
turing a linear generator for a wave-power unit.  

-Hans Bernhoff 
-Mats Leijon 

17 /07/2003 

WO2004085842 Wave power assembly -Mats Leijon 
-Hans Bernhoff 

07/10/2004 

WO2004085843 Wave power assembly -Mats Leijon 
-Hans Bernhoff 

07/10/2004 

WO2004090324 Wave power assembly provided with an electromagnetic 
damping means. 

-Hans Bernhoff 
-Mats Leijon 

21/10/2004 

WO2007111546 A system for generating electric energy -Karin Thorburn 
-Mats Leijon 

04/10/2007 

WO2008130295 A wave power unit, a buoy, use of a wave power unit 
and a method for producing electric energy. 

-Mats Leijon 
-Erland Stromstedt 

30/10/2008 

WO2010024741 A wave-power unit -Mats Leijon 
-Magnus Stålberg 
-Andrej Savin 

04/03/2010 

WO2010024745 A wave-power unit, and a use of a such -Mats Leijon 
-Stefan Gustafsson 

04/03/2010 

WO2010085188 A wave power unit -Mats Leijon 
-Cecilia Boström 
-Erik Lejerskog 
-Magnus Rahm 
-Olle Svensson 

29/07/2010 

WO2011149396 A wave power unit with guiding device -Mats Leijon 
-Andrej Savin 
-Robert Leandersson 
-Rafael Waters 
-Magnus Rahm 

01/12/2011 

WO2011149397 A wave power unit, a use of a such and a method of gen-
erating electric energy 

-Mats Leijon 
-Kalle Haikonen 

01/12/2011 

WO2011149398 Stator frame for a submerged linear generator -Mats Leijon 
-Erik Doré 
-Fredrik Axelsson 
-Rafael Waters 
 
 

01/12/2011 
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Patent No. Description Inventors Date 
WO2012078084 An electric device and a method for a wave power plant. -Mats Leijon 

-Cecilia Boström 
-Mikael Eriksson 

14/06/2012 

Oregan State University / Columbia Power Technologies 
WO2006113855 Methods and apparatus for power generation -Emmanuel Agamloh 

-Ken Rhinefrank 
-Alan Wallace 
-Manfred Dittrich 
-Annette von Jouanne 

26/10/2006 

WO2008109062 Methods and apparatus for power generation -Kenneth Rhinefrank 
-Annette von Jouanne 
-Joseph Prudell 
-Alphonse Schacher 
-Alexandre F.t. Yokochi 
-Ted Brekken 
-David Elwood 
-Chad Stillenger 
-Robert K. Paasch 

12/09/2008 

WO2010096195 Direct drive rotary wave energy conversion -Kenneth Rhinefrank 
-Bradford Lamb 
-Joseph Prudell 
-Alphonse Schacher 

26/08/2010 

WO2012106558 Method and system for wave energy conversion -Kenneth Edward Rhinefrank 
-Alphonse Schacher 
-Joseph Horan Prudell 
-Erik Joel Hammagren 

09/08/2012 

WO2012138725 A mechanical assembly for maintaining an air gap be-
tween a stator and rotor in an electro-mechanical energy 
converter. 

-Kenneth Rhinefrank 
-Joseph Prudell 
-Alphonse Schacher 
-Erik Hammagren 

11/10/2012 

Trident Energy 
WO0106118 Apparatus for protecting a wave energy converter -Hugh-Peter Granville Kelly 25/01/2001 

WO0106119 Sea wave to electric energy conversion plant -Hugh-Peter Granville Kelly 25/01/2001 

WO200501272 Method of operation for a self-protecting wave energy 
conversion plant. 

-Hugh-Peter Granville Kelly 10/02/2005 

WO2006075147 Improvements to tubular electrical generators -Hugh-Peter Granville Kelly 20/07/2006 

WO2007042793 Support structure for sea wave energy farms -Malcolm van den Bergh 
-Hugh-Peter Granville Kelly 

19/04/2007 

WO2007042800 Float for sea wave energy conversion plant -Hugh-Peter Granville Kelly 19/04/2007 

WO2010061199 Low cost linear generator wave energy converters -Hugh-Peter Granville Kelly 03/06/2010 

Edinburgh University / NGenTec 
WO2007104976 Generator and magnetic flux conducting unit -Markus Mueller 

-Kenneth Ochije 
20/09/2007 

WO2009034302 Magnetic flux conducting unit -Markus Mueller 
-Alasdair Steward McDonald 

19/03/2009 

Ocean Power Technologies 
WO2005089281 Circuitry for increasing efficiency of a linear electric 

generator 
-David B. Stewart 
-Henry I. Schanzer 

29/09/2005 

WO2005089283 Coil switching circuit for linear electric generator -David B. Stewart 
-Paul Smalser 
-Henry I. Schanzer 

29/09/2005 

WO2005089284 Wave energy converter (WEC) with magnetic braking -David B. Stewart 
-George W. Taylor 

29/09/2005 

WO2005089295 Wave energy converters (WECs) with velocity multipli-
cation 

-Thomas Sabol 
-David B. Stewart 
 

29/09/2005 
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WO2005089378 Wave energy converters (WECs) with linear electric 
generators (LEGs) 

-David B. Stewart 
-George W. Taylor 

29/09/2005 

WO2005089379 Antirotational structure for wave energy converters -Thomas Sabol 29/09/2005 
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