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SYNOPSIS

First-order second-moment structural reliability methods are used to assess the reliability of
a prestressed concrete beam. This beam was designed for imposed office floor loads and
partitions following the limit states design method as provided for by the applicable South
African structural codes, viz SABS 0100-1:1992 and SABS 0160:1989.

The reliability is examined at two limit states. At the ultimate limit state of flexure the
ultimate moment of resistance must exceed the applied external moment at the critical section,
while at the serviceability limit state of deflection the deflection must satisfy the code-
specified deflection criteria. Realistic theoretical models are selected to express the flexural
strength and deflection of the prestressed concrete member, while appropriate probabilistic
models are gathered from the literature for loading, resistance and modelling uncertainties.

The calculated reliability index at the ultimate limit state of flexure (3.10) is lower than
expected in view of the fact that this represents a non-critical limit state in the case of a Class
2 prestressed concrete member. This condition can be explained with reference to the
relatively high uncertainty associated with the modelling error for flexural strength. The
calculated reliability index at the serviceability limit state of deflection (l.67) compares well
with acceptable practice.

The study further focuses on the sensitivity of the reliability at the two limit states of interest
to uncertainty in the various design parameters. The ultimate limit state of flexure is
dominated by the uncertainty associated with the modelling error for flexural strength, while
the contribution to the overall uncertainty of the ultimate strength and area of the prestressing
steel and the effective depth is less significant. In comparison the reliability at the
serviceability limit state of deflection is not dominated by the uncertainty associated with a
single basic variable. Instead, the uncertainty associated with the modelling error, creep factor
and prestress loss factor are all significant. It was also demonstrated that the variability in
beam stiffness is not a major source of uncertainty in the case of a Class 2 prestressed
concrete member.

It is recommended that the present code provisions for ultimate strength and deflection should
be reviewed to formulate theoretical models with reduced systematic and random errors. The
effect of the uncertainty associated with the creep and prestressed loss factors should also be
adressed by adjustment of the partial material factor for concrete at the serviceability limit
state of deflection. Furthermore, research must be directed towards formulating an objective
failure criterion for deflection. The uncertainty in the deflection limit must therefore be
quantified with a probability distribution.
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SAMEVATTING

Eerste-orde tweede-moment struktuur betroubaarheid metodes word ingespan om die
betroubaarheid van 'n voorspanbeton balk te bereken. Hierdie balk is ontwerp vir opgelegte
kantoor vloerbelasting en partisies volgens die grenstoestand ontwerp metode soos beskryf in
die toepaslike Suid-Afrikaanse boukodes, naamlik SABS 0100-1: 1992 en SABS 0160: 1989.

Die betroubaarheid word ondersoek by twee grenstoestande. By die swiglimiet van buiging
moet die weerstandsmoment die eksterne aangewende moment oorskrei by die kritieke
balksnit, terwyl die defleksie die kriteria soos voorgeskryf deur die kode moet bevredig by
die dienslimiet van defleksie. Realistiese teoretiese modelle word gebruik om die buigsterkte
en defleksie van die voorspanbeton balk te bereken. Verder is geskikte waarskynlikheid
modelle uit die literatuur versamelom die belasting, weerstand en modelonsekerhede te
karakteriseer.

Die betroubaarheid indeks soos bereken vir die swiglimiet van buiging (3.10) is laer as wat
verwag sou word in die lig van die feit dat hierdie nie 'n kritieke grenstoestand
verteenwoordig in die geval van 'n Klas 2 voorspan element nie. Dit kan verklaar word met
verwysing na die relatiewe groot onsekerheid wat geassosieer word met die modellering fout
vir buigsterkte. Die berekende betroubaarheid indeks vir die dienslimiet van defleksie (1.67)
vergelyk goed met aanvaarde praktyk.

Die studie fokus verder op die sensitiwiteit van die betroubaarheid by die twee grenstoestande
onder beskouing ten opsigte van die onsekerheid in die verskillende ontwerp parameters. By
die swiglimiet van buiging word die onsekerheid oorheers deur die bydrae van die modelering
fout vir buigsterkte. Die bydraes tot die totale onsekerheid deur die swigsterkte en area van
die voorspanstaal sowel as die effektiewe diepte is minder belangrik. By die dienslimiet van
defleksie word die betroubaarheid nie oorheers deur die onsekerheid van 'n enkele basiese
veranderlike nie. In stede hiervan is die onsekerheid van die modellerings fout, kruipfaktor
en voorspan verliesfaktor almal noemenswaardig. Daar word verder aangetoon dat die
veranderlikheid in balkstyfheid nie 'n belangrike bron van onsekerheid in die geval van 'n
Klas 2 voorspan element is nie.

Daar word aanbeveel dat die bestaande voorskrifte in die kode vir buigsterkte en defleksie
aangespreek moet word deur teoretiese modelle met klein modelonsekerhede te formuleer.
Die uitwerking van die onsekerheid van die kruip- en voorspan verliesfaktore kan aangespreek
word deur 'n aanpassing te maak in die parsiële materiaalfaktor vir beton in die geval van die
dienslimiet van defleksie. Navorsing moet verder daarop gemik wees om 'n objektiewe
falingskriterium vir defleksie te formuleer. Die onsekerheid van die toelaatbare defleksie moet
dus gekwatifiseer word deur 'n waarskynlikheidsverdeling.
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value or mean value of a random variable X.

X; nominal or characteristic value of X
Xd design value of X

X mean value of X

However, the subscript n has been ommitted in those cases where the context define the
nominal/characteristic value of a particular quantity. Where possible, a capital letter is used
for a random variable, while the same letter in lowercase represents its possible realizations.
A letter in bold typeface represents a vector of variables.

Reliability Based Design

[Cx]

[Cy]
CDF
CFS
D

DJ
D2

EUDL
EXl,L

h
ff...x)
Ff...x)
FOSM
g(X)

G

In
Lo
LJ

constant
applied structural load
influence area
tributary area
constant
statistical or load modelling variable
influence coefficient for load effects
covariance matrix of the reduced variables
covariance matrix of uncorrelated transformed variables
cumulative distribution function
central factor of safety
total dead load
beam self-weight
superimposed dead load
equivalent uniformly distributed load
Type I Extreme Value distribution (largest values)
characteristic material strength
probability density function (PDF) of X
cumulative distribution function (CDF) of X
first-order second-moment reliability methods
performance function of vector X
permanent load effect
diagonal unit matrix
unreduced imposed office floor load
reduced imposed office floor load
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L2 partition load
LStlS sustained office floor load
Lvar variable office floor load
L total live load
LN Log-Normal distribution
my median of Y
N Normal distribution
n sample size
PF true probability of structural failure
PF,G probability of structural failure due to gross errors
PF,N notional probability of structural failure
Pij point-estimates
Ps probability of survival
PDP probability density function
PEM point estimate method of finding moments
Q combined load effect (or demand)
Q(t) combined load effect process
Qi dominant time-varying load effect
Qi(t) load effect process
Qj additional time-varying load effect
R structural resistance (or capacity)
RM member response predicted by theoretical model
RT true in-situ member response
SLS serviceability limit state
STIM sample standard deviation of test to theoretical response ratio
t time variable
t ' arbitrary point in time
T specified design life
[1] orthogonal transformation matrix
Uo parameter (mode) of EXJ,L distribution
ULS ultimate limit state
Vx coefficient of variation (c.o.v.) of X

V estimate of Vx
Vspec see § 4.5
Yresr see § 4.5
VT/M C. o. v. of ratio of test to theoretical response
Ve random error
Vi eigenvector of the covariance matrix [Cx]

x estimate of J-Lx

XI lower limit on range of X
Xu upper limit on range of X
xt coordinate of the most probable failure point
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Xi' reduced basic variable in standard normal space
Y functionally dependent random variable
Y vector of uncorrelated transformed variables

CXo parameter (dispersion) of EXIL distribution
CXi direction cosine
{3N notional reliability index
{3T target reliability index
"Il coefficient of skewness
"Ie importance factor
"IjD partial dead load factor
"1ft partial load factor
"IJL partial live load factor
"1m partial material factor
"Ime partial material factor for concrete
"Ims partial material factor for steel
E modelling error
EM modelling error for flexural strength
e, modelling error for deflection
Ei modelling error for instantaneous deflection
Et modelling error for ratio of 33 day to instantaneous deflection
e; modelling error for ratio of long-term to instantaneous deflection
EÓt modelling error for 33 day deflection
Eóoo modelling error for long-term deflection
-
E systematic error
A.i eigenvalue of the covariance matrix [Cx"]
Ilx mean value of X
Il/ mean value of equivalent Normal distribution
ax standard deviation of X
a/ standard deviation of equivalent Normal distribution

ax estimate of ax
aT1M true standard deviation of test to theoretical response ratio
aX,Y covariance of X and Y
Px, Y correlation coefficient of X and Y
[Px] correlation matrix of the correlated original variables
cP standardised Normal PDF
cPl partial resistance factor
q, standardised Normal CDF
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1/Ii load combination factor
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Wi contribution of Xi to uncertainty in limit state function
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Prestressed Concrete Design

A

c.;
CGC
CGS
d
e
el
e2
Ee

Eci
s.;
Ee eff

Ep
Ep2

Epeff

fbol,i

fbol,oo

fe

Ic'
t;

i;
feperm

feu

L;
.{p
.{pe
t;
fpo
t;
.{pu
.{py

area of gross concrete section
area of uncracked transformed section
cross-sectional area of prestressing steel
width of flange of PC beam section
width of web of PC beam section
concrete strength reduction factor
long-term concrete cube strength factor
long-term concrete modulus factor
compressive force acting in concrete compression zone
long-term specific creep
centre of gravity of concrete section
centre of gravity of prestressing steel
effective depth to prestressing steel
eccentricity of prestressing force
eccentricity at midspan section
eccentricity at support sections
modulus of elasticity of 28 day concrete
modulus of elasticity of concrete at transfer
long-term modulus of elasticity of concrete
effective modulus of elasticity of concrete
modulus of elasticity of prestressing steel
stiffness of prestressing steel, as defined in § B.4.1
effective modulus of elasticity of prestressing steel
concrete stress in extreme bottom fibre at transfer
concrete stress in extreme bottom fibre under maximum service loads
sustained concrete stress
concrete cylinder strength at 28 days
concrete cube strength at transfer
maximum compression in concrete at transfer
in situ concrete flexural strength
concrete stress at centroid of steel, due to Pi and Mperm

concrete cube strength at 28 days
long-term concrete cube strength
stress in prestressing steel
effective long-term prestress,
initial prestress just after transfer
prestress due to jacking force
effective 33 day prestress
ultimate strength of prestressing steel
yield strength of prestressing steel, as defined in § 3.3.2
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/PI proof stress of prestressing steel, as defined in § A.1.3
1, modulus of rupture of concrete
frOP.i concrete stress in extreme top fibre at transfer
frop,oo concrete stress in extreme top fibre under maximum service loads
t1/pr total long-term loss of prestress
t1/pr' total 33 day loss of prestress
t1/PE loss of prestress due to elastic deformation
t1/pc loss of prestress due to long-term creep of concrete
t1/pc' loss of prestress due to 33 day creep of concrete
t1/ps loss of prestress due to long-term shrinkage of concrete
t1/ps' loss of prestress due to 33 day shrinkage of concrete
t1/PR loss of prestress due to long-term relaxation of steel
t1/PR' loss of prestress due to 33 day relaxation of steel
h overall depth of PC beam section
hagg maximum size of coarse aggregate
hfl min flange depth
hj2 max flange depth
H ambient relative humidity (%)

[ second moment of area of gross uncracked section
[trans second moment of area of uncracked transformed section
k factor related to volume/surface ratio of beam
kE factor related to elastic loss of prestress
K deflection coefficient i.r.o. externally applied loads
KJ deflection coefficient for midspan section, i.r.o. prestressing force
K2 deflection coefficient for support sections, i.r.o. prestressing force
Le span of PC member
M total applied external midspan moment
Mer cracking moment at midspan
MD applied dead load moment at midspan
MDl applied midspan moment due to self-weight
MD2 applied superimposed dead load moment at midspan
ML applied live load moment at midspan
Mmax applied midspan moment due to maximum service loads
Mmin applied midspan moment at transfer of prestress (due to self-weight)
Mpem! applied midspan moment due to permanent loads
Mp bending moment due to maximum prestressing force at transfer
M"p bending moment due to effective long-term prestressing force
M, ultimate moment of resistance at midspan
Mr true in-situ ultimate moment of resistance at midspan
Mvar applied midspan moment due to variable component of live load
n modular ratio
n, modular ratio for instantaneous deflection
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n, modular ratio for 33 day deflection
n; modular ratio for long-term deflection
1'0 jacking force
P, initial prestressing force just after transfer
I'n initial prestressing force just after transfer, at midspan section
1'2i initial prestressing force just after transfer, at support sections
1'00 effective long-term prestressing force
rt 33 day relaxation loss of prestressing steel
roo long-term relaxation loss of prestressing steel
t age of concrete after casting (days)
ti age of concrete at initial loading
T, tensile force acting in prestressing steel
u1 exposed perimeter of PC beam section
W uniformly distributed load at ULS
Wmin uniformly distributed load at transfer of prestress
wmaT uniformly distributed load due to maximum service loads
wperm uniformly distributed load due to permanent loads
wvar uniformly distributed load due to variable component of live load
x depth to the neutral axis OR distance along span
Ytop distance of extreme top fibre from section centroid
hot distance of extreme bottom fibre from section centroid
Ybot trans distance of extreme bottom fibre from transformed section centroid
Z internal lever arm
Zrop section modulus with respect to extreme top fibre
Zbot section modulus with respect to extreme bottom fibre

al concrete rectangular stress-block factor
{Jl concrete rectangular stress-block factor
Ó midspan deflection affecting partitions and finishes
óa allowable deflection at midspan
ói midspan deflection at transfer of prestress
óp instantaneous elastic deflection due to prestressing force
ópi instantaneous elastic deflection at transfer due to P,
ópt instantaneous elastic plus 33 day creep deflection due to prestressing force
ópoo instantaneous elastic plus long-term creep deflection due to prestressing force
ót midspan deflection before construction of partitions and application of finishes
óvar instantaneous elastic deflection due to variable load
Ów instantaneous elastic deflection due to externally applied loads
ówi instantaneous elastic deflection at transfer due to Mmin

Ówr instantaneous elastic plus 33 day creep deflection due to Mmin

ówoo instantaneous elastic plus long-term creep deflection due to permanent loads
Óoo total long-term midspan deflection under service loads
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OM deflection predicted by theoretical model
OT true in-situ deflection
Gc instantaneous elastic concrete strain
Gcc long-term creep strain
Gee see § 3.4.2
«; see § 3.4.2
Gcs long-term shrinkage strain
Gcu ultimate concrete strain in extreme compression fibre
Gp strain in prestressing steel
Gpe see § 3.4.2
Gpu ultimate strain in prestressing strand (at fracture)
Gpy yield strain of prestressing steel, as defined in § A.1.3
Gp1 proof strain, as defined in § A.1.3
ti initial loss factor
11t 33 day loss factor
1111 33 day loss factor at midspan section
1121 33 day loss factor at support sections
1100 long-term loss factor
11100 long-term loss factor at midspan section
11200 long-term loss factor at support sections
Pb balanced steel ratio
ad permissible concrete compressive stress at transfer
acoo permissible concrete compressive stress under maximum service loads
ati permissible concrete tensile stress at transfer
atoo permissible concrete tensile stress under maximum service loads
cJ>u elastic curvature at transfer at midspan section due to prestressing force
cJ>2i elastic curvature at transfer at support sections due to prestressing force
cJ>It total 33 day curvature at midspan section due to prestressing force
cJ>2t total 33 day curvature at support sections due to prestressing force
cJ>100 total long-term curvature at midspan section due to prestressing force
cJ>200 total long-term curvature at support sections due to prestressing force
cJ>ct 33 day creep factor
cJ>coo long-term creep factor
cJ>pl elastic curvature at midspan section due to prestressing force
cJ>p2 elastic curvature at support sections due to prestressing force
cJ>poo instantaneous elastic plus long-term creep curvature due to prestressing force
cJ>w elastic curvature at midspan section due to externally applied loads
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CHAPTER 1

INTRODUCTION

This introductory chapter serves to provide a background to the chosen field of study in terms
of the literature that was consulted. This review is not exhaustive, however, and perspectives
gained from literature are referenced throughout the text. The chapter closes by defining the
objectives and scope of this thesis.

1.1 STRUCTURAL RELIABILITY

The main objective of structural design is to ensure, at an acceptable level of probability, that
a structure or structural member will not become unfit for its intended purpose at any time
during its specified design life. Structural reliability may therefore be defined as the
probability that the capacity of the structure will be adequate to accommodate the lifetime
maximum demand. By reliability in this context will be understood not just reliability against
extreme events such as structural collapse, but against the violation of any engineering
requirement which the structure is expected to satisfy.

Structural reliability theory is concerned with the rational treatment of uncertainties in
structural engineering design. In the presence of uncertainty, absolute reliability is an
unattainable goal. However, reliability theory and limit states design provide a formal
framework for developing criteria for design which ensure that the probability of
unfavourable performance is acceptably small.

The conceptual framework for structural reliability and limit states design is provided by the
classical reliability theory described by Freudenthal, Garrelt and Shinozuka (Ref. 1-1) and
by Ang and Cornell (Ref. 1-2). The load effect and resistance terms are modelled as random
variables and the statistical information necessary to describe their probability laws is assumed
to be known. A structure is considered to have failed when the resistance R is less than the
load effect Q. The probability of structural failure PF' which is the complement of the
probability of survival Ps, can therefore be stated as follows.

PF = 1 - Ps = P [R ::;;Q] (1-1)

The concepts of reliability theory is being increasingly applied in structural engineering not
only to assess the probability of failure of a structure but also to determine rational values for
partial safety factors prescribed by the various building codes. More consistent reliability can
be achieved for different design situations because the different uncertainties related to the
various strengths and load effects are considered explicitly and independently. Furthermore,
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the desired reliability level can be chosen to reflect the consequences of failure, such as loss
of life and financial loss.

1.2 NOTIONAL PROBABILITY OF FAILURE

It is necessary to distinguish among the many types of uncertainty that affect the loading and
response of structures in order to understand how they contribute to the probability of
structural failure. The two major categories of uncertainty which cause failure are variations
within accepted practice and departures from accepted practice (Ref. 1-3). The types of
uncertainty associated with the first category include the following.

• Physical uncertainty: This represents the inherent random nature of physical
quantities, such as loads, material properties and dimensions. These quantities are
modelled as random variables of which the first two moments are used in reliability
analyses.

• Statistical uncertainty: This is the uncertainty that remains when using limited data
to suggest the distribution and parameters of a random variable. This uncertainty
arises solely as a result of lack of information and should be included within the
distribution of the random variable itself.

• Modelling uncertainty: This is caused by the use of a simplified prediction model to
represent the physical phenomenon of interest. This type of uncertainty can
conveniently be expressed in terms of the distribution of a modelling variable, which
is defined as the ratio between the actual and predicted response.

Physical uncertainty is essentially a state of nature and cannot be controlled or reduced, while
statistical and modelling uncertainty may be reduced through the acquisition of additional data
and the use of more accurate models.

The second category of uncertainty deals with gross human error, as distinct from random
and systematic errors, and abnormal events such as fires, collisions or severe corrosion. The
underlying causes of gross human error include the following (Ref. 1-4, Chp 36, § 3.2.4).

• A conceptual misunderstanding of structural function on the part of the designer.
• The use of incorrect assumptions as the basis for design.
• Gross computational errors.
• A breakdown in communication (design specifications, drawings, site instructions) ..
• Undetected flaws in materials and serious omissions or errors in the workmanship.

All the possible uncertainties that exist cannot be accurately accounted for in reliability
analysis. Reliability analysis considering only a subset of uncertainties will result in a
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probability estimate termed the notional probability of failure. In view of the above the true
probability of structural failure PF can be represented by two components (Ref. 1-5).

(1-2)

where PF,N = notional probability of failure due to variations within accepted practice
PF,G = probability of failure due to departures from accepted practice

Gross human error will remain the most serious threat to the safety of structures and PF is
typically one order of magnitude greater than PF,N' However, the notional probability of
failure deals only with those uncertainties that can rationally be controlled by partial safety
factors and hence neglects the effects of gross human error. The effects of gross human error
should be controlled through quality assurance procedures. PF,N may be used as a surrogate
for PF in a comparative sense if it is assumed that the effects of gross human error affects
each of the alternatives in a manner roughly proportional to PF,N (Ref, 1-6). In this case, the
notional probability of failure cannot be interpreted as a relative frequency of failure, but
rather as a subjective degree of belief.

Reliability analyses will therefore predict values of the notional probability of failure, These
probabilities can then be compared with target values which may be obtained either on purely
empirical grounds or from acceptable levels of reliability that is reflected in existing codes
of practice.

1.3 HIERARCHY OF RELIABILITY MEASURES

It was noted in § 1.1 that reliability theory is concerned with the rational treatment of
uncertainties in structural engineering design in order to ensure that the probability of
unfavourable performance is acceptably small. As is often reported in the literature (e.g.
Refs. 1-6 and 1-7), the concepts of reliability may be considered at different levels of
sophistication to achieve this objective. The three levels of reliability assessment are briefly
discussed below, in the order of being increasingly deterministic.

1.3.1 Level3 Reliability Methods

Making use of a full probabilistic description of the joint occurrence of the various quantities
which effect the loading and response of a structure, procedures at this level attempt to
estimate the notional probability of failure PF,N from Eq. 1-3. This expression follows from
the theorem of total probability.

+00

PF,N =: J FR (q)fQ (q) dq
-00

(1-3)
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where FR
IQ

= CDF of the resistance R
= PDF of the load effect Q

A general scarcity of data and numerical complexity usually make the evaluation of Eq. 1-3
difficult, and as a result it is normally evaluated with the aid of numerical integration and
simulation methods, such as the Monte Carlo method. Because of their sophistication and the
computational effort required, level 3 reliability methods are normally only used in the case
of unique structures and for some research applications.

1.3.2 Level 2 Reliability Methods

The difficulties associated with Level 3 reliability methods have motivated the development
of First-Order Second-Moment (FOSM) methods, so called because of the way they
characterise uncertainty in the basic variables and the linearizations performed during the
reliability analysis. Basic variables are a set of quantities that govern the response of a
structure. They are basic in the sense that they are the most fundamental quantities normally
used by designers in structural calculations.

Level 2 reliability methods also deal with the notional probability of failure PF,N but are an
approximation of Level 3 methods. In principle, only the first two probability moments are
used to summarise the behaviour of each basic random variable. With these methods, PF N is
directly related to the notional reliability index {3N as follows,

(1-4)

where 4> = standardised Normal CDF

As the reliability index varies linearly, the corresponding notional probability of failure varies
inversely by orders of magnitude. Level 2 reliability methods are employed for the purposes
of this study and are dealt with in more detail in § 2.2.

Level 2 methods provide a tool for exercising judgement on the safety of non-routine designs,
for which structural design codes of practice are either not available or not wholly acceptable.
Furthermore, these methods are ideally suited to the derivation of rational values for partial
safety factors in code development procedures. The purpose of these procedures is to derive
safety factors such that the average notional reliability {3N reflected in existing codes remain
approximately unchanged in future codes, while the scatter with respect to this average is
reduced.

Once the reliability of a structure has been assessed by the use of either Level 3 or Level 2
methods, it must be compared with a target reliability. It is interesting to note that, after
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extensive mathematical manipulations, the test for adequacy of the reliability index generally
rests on comparing computed values with recommended values.

1.3.3 Level 1 Reliability Methods

Normal routine designs which are carried out according to specified structural code
requirements are classified as Level 1 reliability methods. The design resistance and the
design load effect are calculated in a deterministic manner by the application of partial safety
factors to the nominal or characteristic values specified by structural codes for the basic
variables.

At this level the aim is not to explicitly achieve a certain target reliability. Instead, an
appropriate degree of structural reliability is provided by the fact that the partial safety factors
are derived by applying Level 2 reliability methods. Design codes of practice are therefore
essentially instruments used for the provision of adequate structural reliability. The discussion
on Levell reliability methods is continued in § 1.4 in terms of the limit states design method.

The identification of target reliabilities is a complex task. According to the Canadian
guidelines for the development of limit states codes (Ref. 1-8), the choice of a level of
reliability should take the following factors into account.

• The possible consequences of failure in terms of the risk to human life or injury.
• The number of human lives at risk.
• Economic losses.
• The degree of social inconvenience resulting from failure.
• The cost and effort required to reduce the risk of failure.

However, in practice it is not possible to quantify these items on a statistical basis alone.
Neither is it possible to arrive at a target level of reliability from fundamental considerations.
Instead, a calibration procedure is used to establish currently acceptable levels of reliability
in terms of existing codes of practice and these principles are then used by code committees
to make subjective decisions that take the above into account (Ref. 1-9).

1.4 LIMIT STATES DESIGN

The South African design code of practice for the structural use of concrete SABS 0100-
1:1992 (Ref. 1-10) and the loading code SABS 0160:1989 (Ref. 1-11) are based on the so
called limit states design method. Any condition at which a structure or structural member
may become unfit for its intended purpose constitutes a limit state. The objective of the
design procedure is then to recognize the various limit states and to proportion the structure
such that an acceptable probability exists that these limit states will not be reached at any time
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during the specified design life. In this context structural reliability may be seen as the
probability of not exceeding a certain limit state.

For most structures the various limit states can be placed in one of the following two
categories.

• Ultimate limit states (ULS), which are concerned with the maximum load-carrying
capacity of a structure. These limit states should have a very low probability of
exceedence since they may lead to loss of life and major fmancial losses.

• Serviceability limit states (SLS), which are concerned with the durability and/or
functional use of the structure. The probability of exceedence should reflect the
consequences of unserviceability and is generally higher than in the case of the ULS.

For a satisfactory design, the design resistance Rd must exceed the design load effect Qd at
the ULS, while at the SLS the specified design criteria must be satisfied. It is important to
note that serviceability limit states are most often judged on subjective criteria based on
human reactions and not on a failure criterion, as is the case for ultimate limit states (Ref.
1-12). However, a general criterion for assessing the adequacy of a structure or structural
member at a particular limit state may be stated as follows.

(1-5)

A margin of safety is introduced by the application of partial material and resistance factors
to the characteristic strength and partial load and load combination factors to the nominal load
effect. This safety margin is conceived to be proportional to the uncertainty that is present
and to the desired level of safety. Appropriate values for the partial safety factors are
specified by the South African structural codes with reference to the particular limit state that
is being considered, the type of loading and the material being used. All the relevant limit
states should be considered during the design process, but as a general rule the design is
carried out on the basis of the expected critical limit state while the remaining limit states are
examined to check that they are not reached.

In practice the general criterion of Eq. 1-5 may be expressed in numerous ways. However,
only those formulations recommended by SABS 0100-1: 1992 (Ref. 1-10) and SABS
0160: 1989 (Ref. 1-11) regarding the design resistance and design load effect are discussed
in § 1.4.1 and § 1.4.2, respectively. It should be noted here that material strengths are
normally specified in terms of their characteristic values, which are defined as the strength
below which not more than 5% of test results may be expected to fall. Material strengths are
therefore based on statistical evidence. In contrast, the various loads acting on a structure are
specified in terms of their nominal values. These may be defined as principal representative
values, which are fixed on a non-statistical basis such as acquired experience. The statistical
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information required to establish characteristic values for loads are generally not available at
present (Ref. 1-12).

1.4.1 DesignResistance

The nominal resistance at any particular limit state is often calculated from an expression
based on the principles of structural mechanics. However, to determine the design resistance
Rd, the nominal resistance is scaled down by partial safety factors in accordance with the
general formulation given in Eq. 1-6 (Refs. 1-12 and 1-13). This approach represents a
combination of earlier British practice in which all uncertainty was included in the partial
material factors and United States practice in which all uncertainty was included in the
resistance factor.

(1-6)

where R() = function defining the resistance of the structure at a particular limit state
fie = characteristic material strength
'Ym = partial material factor
4>1 partial resistance factor

The partial material factor 'Ym is intended to account for the uncertainty in predicting the
different material strengths (i.e. physical and statistical uncertainty). On the other hand, the
partial resistance factor 4>1 allows for the uncertainty in predicting the in-situ resistance of the
structure at the different limit states (i.e. modelling uncertainty) and enable a clear distinction
to be made between ductile and brittle modes of failure.

It is conceivable that the use of a resistance factor should allow for a consistent set of partial
material factors to be used for the various materials, irrespective of the limit state. However,
¢I usually takes on a value of unity, while 'Ym is dependent on the limit state that is being
considered.

1.4.2 Design Load Effect

The design value of the load effect Qd is specified by SABS 0160:1989 (Ref. 1-11) in terms
of nominal load effects, load factors and load combination factors. This standard formulation,
restated in Eq. 1-7, represents a Turkstra-type combination of the various components of
loading on the structure or structural member and can be used to consider load cases at either
the ULS or the SLS. Each load case must be considered in tum and the most severe is then
adopted for design purposes. Load combinations are discussed in greater detail in § 4.3.2.
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n

Qd = "IfG Gn + "Ifi Qni + L 1/;j "In o;
j = 1
j .. i

(1-7)

where G = permanent load effect
o, = dominant time-varying load effect

a = additional time-varying load effect

"If = partial load factor

1/;j = load combination factor

This formulation reflects a combination of the permanent load effect, the time-varying load
effect that is considered dominant for the load case under consideration and the combined
effect of other additional time-varying loads. At the ULS the product of the partial load
factors "If and the nominal load effects may be considered to reflect the lifetime maximum
values of these load effects, while the lifetime maximum values of the additional time-varying
load effects are reduced to their arbitrary point-in-time values by the load combination factors
1/;j. These arbitrary point-in-time values are intended to represent the sustained or usual values
of the additional time-varying load effects which are likely to occur simultaneously with the
lifetime maximum value of the dominant time-varying load effect (Ref. 1-13).

At the discretion of the designer, the design load effect given by Eq. 1-7 may be adjusted to
allow for the consequences of failure by multiplying by an importance factor "Ie with a value
ranging between 0.9 and 1.2. For the normal range of structures a value of 1.0 should be
adopted representing serious consequences of failure. A structure might therefore be designed
to take higher loads, but this is to reduce the probability of failure, not because higher loads
are actually expected (Ref. 1-14).

For analysis at certain serviceability limit states it is desirable to separate that component of
the total load effect which may be considered as being of a permanent nature from the
instantaneous component (e.g. for evaluation of the long-term behaviour of the materials of
construction). For this purpose Eq. 1-7 may be rewritten as follows (Ref. 1-12).

(1-8)

The first term of Eq. 1-8 includes the lifetime maximum value of the permanent load effect
as well as the sum of the arbitrary point-in-time values of all the time-varying load effects
and is used to evaluate long-term material behaviour. The second term represents the
instantaneous or variable component of the dominant time-varying load effect and may be
used to evaluate instantaneous elastic behaviour.
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Ideally, the load factors 'Yt are intended to take into account the variability of the load effects
(i.e. physical and statistical uncertainty), and the inaccuracies in the transformation of the
load into load effect (i.e. modelling uncertainty). On the other hand, the load combination
factors 1/Ij account for the reduced probability of two or more lifetime maximum time-varying
load effects occurring at the same instant in time.

1.4.3 South African Structural Codes

Even though the limit states design method has been extensively researched and discussed
over the last few decades (Ref. 1-14), most limit states codes nevertheless are evolutionary
in nature. Changes are introduced or major revisions are made at intervals of 3 to 10 years
to allow for new types of structural form, the effects of improved understanding of structural
behaviour, the effects of changes in quality control procedures, or a better understanding and
modelling of loads (Ref. 1-7).

It is an accepted principle of code theory that new codes should be calibrated on the basis of
existing standards, which are proven by past experience, so as to effectively obtain the same
level of reliability. This principle was adopted in drafting the South African structural codes
on which this study is based (Refs. 1-15 and 1-16). In particular, for ductile, gradual modes
of failure at the ULS, partial material factors were chosen such that, on average, a target
value of 3.0 would be obtained for the notional reliability index {3N.

In recent years a worldwide trend was to remove partial load factors from individual material
codes and to replace them with a set of statistically defmed partial load factors in the loading
code. This is highly desirable as in principle, the materials of construction cannot have any
bearing on the (live) loads which a structure must be designed to resist. It follows then that
it should be possible to prescribe the partial load factors independently from the materials of
construction (Ref. 1-15). That is, the partial load factors should be material-independent and
the partial material factors should be load-independent. Once again, this approach applies to
SABS 0100-1:1992 (Ref. 1-10) and SABS 0160:1989 (Ref. 1-11).

The limit states formulation for design resistance (i.e. the left-hand side of Eq. 1-5) may be
expressed in several ways. However, the final choice of the formulation must balance
theoretical appeal, computational ease, accuracy and user acceptance (Ref. 1-17). The
expression recommended by SABS 0160:1989 (see Eq. 1-6) enables the following sources of
uncertainty to be represented consistently (Ref. 1-13).

• Through using partial material factors 'Ynl' strength variations in each of the different
materials contributing to the resistance are taken into account.

• Varying degrees of uncertainty in modelling different limit states are provided for by
using different values of the partial resistance factor <PI.
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• A larger margin of safety in the case of brittle collapse mechanisms in which there
is no warning of failure, compared to ductile mechanisms, can be provided by
adjusting the value of ~I.

SABS 0160: 1989 (Ref. 1-11) therefore advocates the use of a consistent set of partial material
factors, irrespective of the limit state being considered, together with a set of partial
resistance factors to take account of the uncertainty associated with different limit states. This
more comprehensive approach has, as yet, not been implemented in SABS 0100-1: 1992 (Ref.
1-10) in that different partial material factors are specified for various categories of limit
states. As this code is currently being reviewed it is time, in the writer's opinion, for this
inconsistency to be addressed by the selection of a set of partial resistance factors for the
various limit states.

1.5 OBJECTIVES AND SCOPE

Research has been carried out on numerous different aspects related to structural reliability,
the reports of which represent a considerable body of knowledge. It was therefore necessary
at the outset to clearly define the objectives and scope of this study and to be aware of how
this work might complement the mass of existing knowledge. These objectives are set out in
the following sections, together with an overview of essential literature that were consulted.
For the purposes of this thesis a sound knowledge of several other subjects were also
required, such as the formulation of limit states codes, probability theory and prestressed
concrete design.

1.5.1 Research Objectives

This study was carried out with the following specific aims in mind.

• To gain an insight into the background to the limit states formulation of SABS
0160:1989 and SABS 0100-1:1992. In particular, to obtain an understanding of the
implications of this formulation on the various limit states of a prestressed concrete
member and to study the behaviour of the structure in meeting these code
requirements.

• For prestressed concrete design, to estimate the level of reliability implied by the
limit states design method (i.e. the partial safety factors and design criteria) as
specified by the South African structural codes on which this study is based. This
should be done for a Class 2 prestressed concrete member at the ULS of flexure and
the SLS of deflection. Taking due cognisance of the nominal load ratio (see § 3.1),
the calculated values of the notional reliability index {3N must be evaluated in terms
of target values as reported in the literature.
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• To examine the relative contributions to the overall uncertainty at the two limit states
of interest of those fundamental quantities normally used by designers in structural
calculations. Subsequently, to identify those basic variables which contribute in a
significant manner to the uncertainty at a particular limit state. This will indicate
those areas where caution should be taken during the design process as well as the
need for improved specification by the code.

• To evaluate the effect of the gain in concrete strength beyond 28 days on the
reliability of a prestressed concrete member at the limit states of interest. This will
indicate the advantage, if any, of taking cognisance of increased concrete strength
during the design process.

• To demonstrate a practical approach to reliability analysis using the FOSM reliability
method when the limit state equation of interest is expressed as a function of many
basic variables.

1.5.2 Summary of Procedure

The particulars of achieving these objectives are contained in the body of this thesis, while
detailed calculations are presented in the appendices. The following is an abbreviated
description of the procedure that was followed.

• Design a simply supported pretensioned concrete T-beam in accordance with SABS
0100-1:1992 (Refs. 1-10) and SABS 0160:1989 (Ref. 1-11). For a Class 2 prestressed
concrete member the SLS of cracking, as stated in terms of the permissible concrete
stress criteria, represents the critical limit state.

• Select theoretical models to express the structural response of the member at the ULS
of flexure and the SLS of deflection in terms of the basic variables. In general, the
mathematical models used for the reliability analyses may be more comprehensive
than normal design procedures. These models should be realistic rather than
conservative code-based approximations.

• From available literature, select appropriate probabilistic models (i.e. realistic
estimates of the mean and standard deviation, as well as the distribution type) for all
the basic random variables. The basic random variables of interest include those
associated with the loading, resistance and modelling uncertainty of the prestressed
concrete member.

• From basic theory, select appropriate probabilistic procedures for analysis of the
moments of the basic random variables in order to reduce the limit state equations to
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a manageable form, where necessary. Also select a FOSM reliability algorithm for
practical reliability analysis.

• Using the above information, calculate the notional reliability index {3N at the two
limit states of interest. In terms of the direction cosines, examine the sensitivity of
the reliability of the design to uncertainty in the various design parameters.

• Interpret the results of the analyses, with specific emphasis on the level of reliability
that was achieved, on identification of those basic variables which contribute in a
significant manner to the overall uncertainty at a particular limit state, and on the
effect of the gain in concrete strength on the reliability of a prestressed concrete
member.

• Reflect on the implications of the results of the present study on existing code
provisions in SABS 0100-1: 1992 (Ref. 1-10).

1.5.3 Scope of Research

To obtain a realistic estimate of the level of reliability of prestressed concrete members, as
embodied in the structural codes on which this study is based, it is necessary to analyze a
large number of structural elements over the practical range of material properties,
dimensions and nominal load ratios. However, this study does not centre on the actual implied
level of reliability, but rather on the sensitivity of the reliability of a design to uncertainty in
the various design parameters. For the purposes of this study, it is therefore considered
sufficient to determine the reliability of a single pretensioned concrete T-beam. Furthermore,
since the focus of this study falls on the reliability aspects associated with the response of the
prestressed concrete member, the only load combination that is treated is that which involves
dead and imposed floor loads in office buildings. This load combination was chosen since it
governs design situations in many practical instances.

At the ULS a simply supported prestressed concrete beam can be visualized as a series
(weakest link) system in which failure would occur if the midspan section failed in flexure,
if one of the two end sections failed in shear, or if one of several sections failed in bond. The
probability of failure of the system would be greater than any of the individual probabilities
of failure. If, however, the probability of failure in shear was intentionally set lower than that
in flexure, the overall probability of failure would be close to that of a flexural failure.

No work of substance has been reported in the literature dealing with the system reliability
of prestressed concrete members. Reliability analyses are usually performed on the
assumption that a given member is subject to only one failure mode at a time. This is clearly
a simplification and it is desirable to investigate the system reliability. However, it will be
of little value if the system reliability is declared to be at a certain level without specifying
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the target reliability to which it should be compared. Since acceptable levels of reliability
applicable to the ULS differs from those applicable to the SLS, it follows that it is necessary
to evaluate the system reliability separately for each category. Since, for the purposes of this
study, only one limit state is considered in each category, the evaluation of system reliability
clearly falls outside the scope of this study.

As a pilot study, based only on the prestressed concrete member of this thesis, partial
resistance factors applicable to the ULS of flexure and the SLS of deflection may be derived.
This would represent a calibration of SABS 0100-1: 1992 as the calculated values of the
notional reliability index {3N will be regarded as target values and would be an attempt to
address the inconsistency noted at the end of § 1.4.3. This exercise, however, falls outside
the scope of the current study, but may be undertaken as a sequel to this work.

1.5.4 Literature Review

The research for this thesis commenced with a comprehensive literature study, the aims of
which may be summarised as follows.

• To gain an insight into the background to the limit states formulation of South
African structural codes.

• To study the basic theory related to structural reliability and other probabilistic
procedures in order to analyze the statistical properties of the basic random variables
and to perform FOSM reliability analyses.

• To study the basic theory related to prestressed concrete design in order to select
theoretical prediction equations to express the structural response of the pre tensioned
concrete T-beam at the two limit states of interest in terms of the basic variables.

• To obtain statistical descriptions of all the basic random variables related to the two
limit states of interest, as required for Level 2 reliability analysis.

• To obtain an overview of the research that has been carried out related specifically
to the reliability of prestressed concrete beams and to be aware of how the present
study might complement the body of existing knowledge.

Perspectives gained from literature are referenced throughout the text of this thesis. The
following presents only a brief overview of the essential sources that were consulted.

The formulation of limit states requirements for South African structural codes was
spearheaded by a Working Group established by the South African Institution of Civil
Engineers. This transition came about in the late 1980's and is documented in papers by
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Kemp et al, Milford and others (see Refs. 1-5, 1-9, 1-12, 1-13 and 1-15). Target reliability
levels, as applicable to the structural codes on which this study is based, are also reported in
these references. Guidelines on the calibration of limit states codes may be obtained from
Refs. 1-8, 1-16, 1-18 and 1-19, where Ref. 1-16 is applicable to SABS material codes.

Recently the South African concrete community has initiated an investigation into the possible
adoption of Eurocode 2 for reinforced and prestressed concrete (Ref. 1-20). This has opened
the question of whether Eurocodes can be used with the load factors and load combinations
specified in the South African loading code, which is essentially in line with North American
practice. As codes of practice should be regularly reviewed to ensure that they continually
meet the needs of industry and society, and reflect appropriate developments in research and
engineering practice, a new Working Group has now been established to review SABS
0160: 1989. Recognising that most of the development for this code was undertaken in the
mid-1980's, this review is most welcome.

The conceptual framework for structural reliability and limit states design is provided by the
classical reliability theory described by Freudenthal, Garrelt and Shinozuka (Ref. 1-1) and
by Ang and Cornell (Ref. 1-2). It is a subject which has grown to such an extent over the last
three decades that a variaty of standard texts on this topic now exist. For the purposes of this
thesis texts by Melchers, Thoft-Christensen and Baker, and Ang and Tang served as
references on Level2 reliability methods (Refs. 1-6, 1-7 and 1-21), while a text by Benjamin
and Cornell (Ref. 1-22) provided a background on probability theory.

Course notes compiled by Marshall and Robberts (Ref. 1-23) and a text by Collins and
Mitchell (Ref. 1-24) on prestressed concrete theory provided sufficient background for the
selection of appropriate prediction equations to express the structural response of the member
at the two limit states of interest in terms of the basic variables.

Fundamental research regarding the statistical variability of concrete strength in tension or
compression, the yield strength of reinforcement and the dimensions of cross-sections are
reported in Refs. 1-25 through 1-27. Much of this research was carried out by Mirza and
MacGregor. However, the statistical properties quoted in this thesis were often collected from
literature that is an interpretation of these results (e. g. Refs. 1-17, 1-28 and 1-29). The report
prepared by Ellingwood et al (Ref. 1-30) for the National Bureau of Standards in the United
States represents a synthesis of time-invariant statistical properties of basic variables as
reported in numerous previous studies.

Judging on the limited amount of available literature specifically related to the reliability of
prestressed concrete members, it is apparent that reinforced concrete has received more
attention in this regard (e.g. Refs. 1-31 and 1-32). However, Refs. 1-28, 1-29 and 1-33
through 1-35 represent examples of reports on the FOSM reliability analysis of prestressed
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concrete members at the ULS as well as the SLS. Perspectives gained from some of these
references are discussed below.

Mirza and MacGregor (Ref. 5-31) observed that, due to the small C.O.V. of the ultimate
strength of prestressing steel relative to that of the yield strength of reinforcement (0.025 vs.
O.093), the c. o. v. of the ultimate moment of resistance of prestressed concrete members is
considerably smaller than that of reinforced concrete members (0.050 vs. 0.080). The c.o.v.
of plant-produced, pretensioned concrete members is also lower than that for post-tensioned,
cast-in-place members due to the better quality control for such members (0.045 vs. 0.050).

As the reinforcement ratio increases and approaches the balanced steel ratio Pb' a compression
failure occuring in a memeber designed to fail in tension becomes more likely, beyond which
the limit state function is no longer valid. Israel, Ellingwood and Corotis (Ref. 5-32) found
that the possibility of compression failures was still significant at nominal reinforcement ratios
well below 0.75pb' Consideration should be given to reducing the maximum reinforcement
ratio permitted to 0.65pb'

Al-Harthy and Frangopol (Ref. 1-33) investigated the reliability of prestressed concrete beams
designed according to the provisions of ACI 318 (1989). Using FOSM methods, the reliability
levels of 73 single span PC beams commonly used in the construction industry for offices and
retail buildings were estimated with respect to several limit states. These included permissible
compressive and tensile stresses at both the initial and final stages, flexural cracking and
ultimate flexural strength. The beams were designed for two levels of live load, namely 2.4
kPa and 4.8 kPa, and for spans ranging from 7.3 to 30.5 m. The least possible amount of
prestressing strands was selected to satisfy permissible stresses at the most critical sections
along the span at the initial and final stages. Reliability with respect to the ULS of flexure
was generally high, ranging from 2.8 to 5.5 and was found to be more consistent than
reliabilities with respect to other limit states. Its variation with span length and live load level
was not significant. It was found that positive correlation among certain variables resulted in
slightly smaller reliability for the ULS of flexure than for the case of independence. It was
therefore considered to have an insignificant effect on reliability at the ULS of flexure. In
conclusion it was considered that reliability levels implied by the use of ACI 318 (1989) for
PC beams were non-uniform over various live load ratios, span lengths, and limit states.

Since most precast concrete beams in practice are under-reinforced, a variation in concrete
cube strength should have little effect on the probability of failure. This was confirmed by
Chandrasekar and Dayaratnam (Ref. 1-34) who found that the reliability index tends to
increase only marginally as the specified concrete strength increases.

Naaman and Siriaksom (Ref. 5-29) investigated the reliability of partially prestressed concrete
beams at six serviceability limit states, including immediate and long-term deflection. They
evaluated 64 different beam designs representative of current practice in the precast
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prestressed concrete industry in the United States. They found that for each SLS the reliability
spans a relatively wide range of values reflecting uncertainties in the basic variables and
theoretical models, and that SLS are on the average more critical than ULS. They also found
that the reliability of rectangular beams is much lower than that for T-beams. Thus, the
probability of uncerviceability of rectangular beams, or one-way slabs, is in general greater
than that ofT-beams. For T-beams and for rectangular beams, the reliability at the long-term
deflection limit state decreases substantially as the partial prestressing ratio decreases, while
it appears that, when the span length increases, the reliability decreases at the immediate live
load deflection and long-term deflection limit states.

1.6 SUMMARY

An introduction to the chosen field of study has been provided in this chapter. The reliability
of a prestressed concrete member is to be determined, where structural reliability has been
defmed, in general terms, as the probability that the capacity of a structure will not be
exceeded by the lifetime maximum demand. FOSM methods, which represent Level 2
reliability methods in the hierarchy of reliability measures, will be employed for the analyses.
It was stressed that, since only a subset of all the uncertainties that exist are considered, these
analyses will yield notional values of the reliability index. The prestressed concrete member
should be designed following the limit states design method as provided for by the applicable
South African structural codes. The limit states of interest are flexural strength at the ULS
and deflection at the SLS.

The basic theory required for FOSM reliability analysis are briefly dealt with in Chapter 2.
This is followed in Chapter 3 by a description of the prestressed concrete member on which
this study is based, namely a simply supported pretensioned concrete T-beam. The structural
response of the member at the two limit states of interest are also considered in that chapter.
Before the reliability analyses are actually undertaken in Chapter 5, all the information
regarding the statistical properties of the relevant basic random variables are discussed and
analyzed in Chapter 4. The study is concluded in Chapter 6 with an interpretation of the
results of the analyses, in accordance with the research objectives.

It is hoped that this research will contribute to the future revision of South African structural
codes as well as provide insight into the effect of deterministic assumptions during design on
the reliability of prestressed concrete members.
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CHAPTER 2

STRUCTURAL RELIABILITY THEORY

Engineering decisions must be made in the presence of uncertainty arising from imperfect
modelling and the inherent randomness in many design parameters. While resistance and
loading parameters are non-deterministic, they nevertheless exhibit statistical regularity. This
suggests that probability theory should furnish the framework for setting limits of acceptable
structural performance. Probability theory and structural reliability methods provide a formal
framework to select partial safety factors which will ensure that the probability of
unfavourable performance is acceptably small. This affords the possibility for more uniform
performance in structures and a reduction in cost where a design appears to be excessively
conservative.

Reliability theory has developed rapidly over the last few decades and FOSM methods in
particular have received the attention of several researchers and design code institutions. This
chapter provides a concise overview of the basic theory.

2.1 BASIC RELIABILITY THEORY

Structural reliability is defined as the probability that the capacity of a structure will be
adequate to withstand the lifetime maximum demand. In the initial application of this concept
to structural reliability problems the limit state was considered to contain just two basic
variables, the resistance R and the load effect Q, dimensionally consistent with R (Ref. 2-1).
In order to explicitly represent the significance of uncertainty, both these variables must be
modeled as random variables. The failure event is then R - Q :s; 0 and the probability of
failure PF is given by Eq. 2-1, on the condition that Rand Q are statistically independent.
Failure is defined in a generic sense relative to any limit state and does not necessarily imply
collapse or other catastrophic events.

+co

PF = P[R - Q :s; 0] = f FR(q)fQ(q)dq
-co

(2-1)

= CDF of the resistance R
= PDF of the load effect Q

Eq. 2-1 is the convolution integral with respect to q and gives the probability of failure PF as
the product of the probabilities of two independent events, namely Fiq) andfQ(q)dq, summed
over all possible joint occurrences (Ref. 2-2). As illustrated in Fig. 2-1, the overlapping of
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AREA = FR (q)

-'10 r or q

Figure 2-1: Overlapping of resistance and load effect curves.

the curves IR (r) andJQ (q) represents a qualitative measure of the probability of failure PF. The
overlap region depends both on the relative positions and the degree of dispersions of JR (r)

and JQ (q). It follows, therefore, that any measure of reliability ought to be a function of the
mean values and standard deviations of the basic variables.

In general, closed-form solutions do not exist for the integral of Eq. 2-1 (Ref. 2-3). There
are, however, a number of special cases. For example, if Rand Q are independent normally
distributed variables, then in terms of the standardised Normal CDF <I? it follows that

1 -<I?({3) (2-2)

{3 (2-3)

The expression in Eq. 2-3 is called the reliability index and is a useful comparative measure
of reliability which can serve to evaluate various design alternatives. It may be observed that
the reliability index is defined as the ratio of the mean to the standard deviation of the
function R - Q. Eq. 2-4 below states that, if the basic variables are independent and normally.
distributed, then a direct relationship exists between {3 and PF.

(2-4)
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Reliability at a particular limit state may involve multiple basic variables. Only in the simplest
of cases can the reliability be expressed in terms of only two random variables Rand Q.
Indeed, the capacity of a structure and the lifetime maximum demand may be functions of
several other variables and may not be statistically independent. In particular, the resistance
may be a function of material properties and dimensions, while the load effect may be a
function of applied loads, densities and dimensions. For such cases the capacity vs. demand
problem of Eq. 2-1 must be generalized. For this purpose a mathematical model is first
derived, from principles of mechanics and experimental data, which relates material and
geometrical properties to structural element behaviour. This model is termed the performance
function and expresses each limit state in terms of a set of n basic variables Xi which affect
structural performance (Ref. 2-4). Suppose this relationship is given by

The limit state function is defined by setting g(X) = 0 and places a limit on structural
performance. Geometrically, the limit state function is an n-dimensional surface, commonly
referred to as the failure surface (Ref. 2-4). This surface divides all possible combinations
of the basic variables Xi which cause failure from all possible combinations which do not. It
follows therefore, for any ultimate or serviceability limit state, that

g (X) < 0 : the failure region
g (X) = 0 : the limit state
g (X) > 0 : the safe region

Hence, if the joint PDF for the vector of basic variables X is known, then the probability of
failure can be expressed by Eq. 2-6. This is simply the volume integral of Ix (x) over the
failure region and is illustrated in Fig. 2-2 for the two variable case (Ref. 2-4).

J Ix(x) dx
g(X) <0

(2-6)

where X = (X"X2, ...••• ,Xn)

Ix(x) = Ix,.x, x, (Xl ,X2, ,Xn)

It is tacitly assumed that all uncertainties in design are contained in the joint PDF Ix (x) and
Eq. 2-6 therefore provides a basis for quantitatively measuring structural reliability. However,
the evaluation of Eq. 2-4 is generally a formidable task. Firstly, due to a general scarcity of
data in structural reliability analyses, there is almost never sufficient data to define the joint
PDF. Moreover, the limit state function may be highly non-linear in the basic variables.
Secondly, the required multi-dimensional integration may be impractical to perform and the
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fx"x,(X"X,)

Figure 2-2: Definition of the probability of failure.

analyst must then resort to numerical methods. For practical purposes, alternative methods
for evaluating PF is necessary. These practical methods are dealt with in § 2.2.

Alternatively, Monte Carlo techniques may be used to mathematically simulate the variability
in the performance of a family of similar structures. Research efforts reported in the literature
often simulate the probability distributions of the strengths of representative members and
then calculate their first and second moments. These can be used directly when the limit state
function is formulated as a linear combination of resistance and load effect variables. This
is a convenient approach when the objective is to derive partial resistance factors.

2.2 SECOND MOMENT FORMULATION

In most cases available data is sufficient only to evaluate the first and second order moments
of the basic variables. This has motivated the development of First-Order Second-Moment
(FOSM) methods, which represent Level 2 reliability methods in the hierarchy of reliability
measures (see § 1.3.2). With the second-moment approach, the reliability may be measured
entirely with a function of the first and second order moments, namely with the reliability
index (3. This can be clearly demonstrated for a linear performance function of independent
normally distributed variables, as expressed by Eq. 2-7. Due to the properties of the Normal
distribution, g(X) is also normally distributed and the (nominal) reliability index (3 can be
defined as the ratio of the mean to the standard deviation of g(X).
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n

g(X) = ao + L aiXi
i = I

(2-7)

n

(2-8)

In general, however, the performance function is non-linear in Xi and will therefore not be
normally distributed. For Eq. 2-4 to be valid, g(X) must be linearized by expanding it as a
Taylor-series, retaining only the first-order terms (see § 4.2.2). The reliability analysis is then
performed with respect to this linearized version. It can be shown that to ensure invariance
of PF with respect to the exact mathematical formulation of the limit state, g(X) must be
linearized about some point on the failure surface. For this purpose it is appropriate to
transform the basic variables Xi into standard normal space (Ref. 2-5). This transformation
is given by Eq. 2-9 where the reduced variables Xi' has zero mean and unit variance and are
therefore symmetrically distributed about the origin.

Xi - JJ. XiXl =
I ---

(J Xi

i = 1,2, ......,n (2-9)

In FOSM methods it is assumed that the failure surface can sensibly be approximated by a
tangent hyperplane at the point on the failure surface closest to the origin (Ref. 2-4). This is
illustrated in Fig. 2-3 in the reduced variable space. Depending on whether the actual non-
linear failure surface is convex or concave towards the origin, this approximation will be
conservative or unconservative. As the surface moves relative to the origin, the failure region
g(X) < 0 increases or decreases accordingly. The position of the failure surface can be
represented by the minimum distance from the origin in the reduced variable space to g(X)
= 0 and this may therefore serve as a measure of reliability, as indicated by Eq. 2-10.

(3 = min [t X/ 2] ~
g(X) : 0 i = I

(2-10)

The point on the failure surface corresponding to this minimum distance is called the most
probable failure point x'*. This set of values will fall in the upper range of the probability
distributions for basic variables associated with the load effect Q and in the lower range for
basic variables associated with the resistance R. The failure point is determined from Eqs.
2-11 through 2-13, searching for the direction cosines a, which minimize {3. Since the failure
point is not known a priori, an iterative method must be used, such as that proposed by
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Failure region
g (x) <0

Non-linear failure
urface g (x)=0

Tangent plane at X'·

X'1

Safe region
g (x) >0

Contours of N (OJ 1)

Figure 2-3: Tangent plane to the failure surface,

Rackwitz and Fiessler (Ref. 2-6). The derivatives in Eq. 2-12 are evaluated at x'* and the
solution of Eq. 2-13 then yields (3.

1*
Xi = - Q!.{3

I
i = 1,2, ......,n (2-11)

(2-12)

g(xt ,xt , ......,xn*) = 0 (2-13)

where
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The above procedure is equivalent to expanding g(X) as a Taylor-series about x", which lies
on the failure surface. This is known as Hasofer and Lind's reliability index (Ref. 2-7) and
is given by Eq. 2-14.

ff. - it. x:' [*'1.
it. [a~'J:

(2-14)

The relative magnitude of the direction cosines along the axes Xi' may be used to indicate
those basic variables which contribute significantly to the uncertainty at a particular limit state
(see Fig. 2-3). This is an indication of the sensitivity of the reliability to the uncertainty in
the various basic variables. For design purposes, partial load and resistance factors "Ii

corresponding to a predetermined design criterion may be derived. The most general criterion
is to specify a partial safety factor on the nominal value xi,n of each basic variable. For a
target reliability f3T, this is tantamount to equating "I~i,n to the most probable failure point.
The relationship between Levelland Level 2 reliability methods is therefore established by
Eq. 2-15a.

"ti = (2-15a)

With the aid of Eq. 2-9 and 2-11, it follows that

(2-15b)

where /lx,

x.
i.n

= the mean value ratio

Vx = coefficient of variation

For routine designs, however, the design criterion should be in a simple format familiar t~
designers. Such a format is found in the South African building codes on which this study is
based and was expressed in Eq. 1-5 through 1-7.
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2.3 EXTENDED FOSM MEDHODS

The FOSM procedure outlined in the previous section is based on the premise that the basic
variables Xi are normally distributed and mutually independent. However, many structural
problems involve basic variables which are clearly non-normal and which may be correlated.
It seems appropriate that this information be incorporated in the analysis in a way that does
not require the multidimensional integration of Eq. 2-6 (Ref. 2-1). This can be achieved by
transforming the non-normal variables into equivalent normal variables. Furthermore, where
the basic variables are correlated, a suitable transformation can be made to eliminate such
dependence. Following these transformations, the solution proceeds exactly as previously
described in Eq. 2-11 through 2-13.

For a non-normal basic variable, an equivalent normal distribution may be obtained such that
the cumulative probability as well as the probability density ordinate of the equivalent normal
distribution are equal to those of the corresponding non-normal distribution at the appropriate
point on the failure surface x* (Ref 2-4). The justification for this lies in the fact that if the
normalization takes place at the point where failure is most likely to occur, then the estimate
of the probability of failure PF is likely to be a close approximation of the true probability of
failure. Eqs. 2-16a and 2-16b can thus be derived, where the superscript N denotes the first
order moments corresponding to the equivalent normal distribution.

,..,.= cf> { 'Ï> -1 [Fx, (x n ]}
aX,

ix, (xt)
(2-16a)

II' * N~-l[F(*)]/lx, = Xi - aX, 'i:' x, Xi (2-16b)

where N N
/lx, ' ax, = mean and std dev of equivalent Normal distribution

Fx,(xt) ,fx,(xt) = orginal CDF and PDF of X; evaluated at xt

'Ï> ( -) , cf> ( -) = CDF and PDF of the standardized Normal distribution

For basic variables that are correlated, the original variables may be transformed to a set of
uncorrelated variables (Ref. 2-3). The ability to calculate failure probabilities in accordance
with Eqs. 2-11 through 2-13 is thereby retained. The required transformation is necessarily
dependent on the covariance matrix of the reduced variables [Cx]. It can further be shown
that [Cx] is equal to the corresponding correlation matrix of the original variables X;, as
indicated by Eq. 2-17.
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1.0 P12 PIn

P21 1.0 P2n
[Cx'] = [PX] = (2-17)

Pni Pn2 1.0

where Pij = correlation coefficient between pairs of variables Xi and ~

Clearly no correlation will exist between any pair of random variables if this matrix is a
diagonal matrix. The objective, therefore, is to construct a new set of random variables Y,
where Y; are linear functions of X;, so that the corresponding covariance matrix [Cy] is a
diagonal matrix. According to well-known theorems in linear algebra such a set of
uncorrelated variables can be obtained from X' through the orthogonal transformation given
by Eq. 2-18 (Ref. 2-4). This transformation represents a rotation of the coordinates from X'
to Y, where the origin of the Yaxes remains the same as that of the X axes. Again, Hasofer
and Lind's reliability index {3 is defined as the minimum distance from the origin to the
failure surface in the Y coordinate system.

Y= [T]TXI (2-18)

where Y = { Yl ' Y2 ' , Yn } T

XI = {X[ ,X~ , ,X~V
[1] = transformation matrix (superscript T denotes transpose)

The transformation matrix [1] is composed of the eigenvectors of the covariance matrix [CJ(]
(see Eq. 2-19), where the eigenvectors Vi are obtained as solutions to Eq. 2-20. It may be
emphasized that since the covariance matrix is real and symmetric, the eigenvectors are
mutually orthogonal and thus [1] is an orthogonal matrix.

(2-19)

(2-20)

It can subsequently be shown that the eigenvalues of [CJ(] are also the variances of the
transformed variables Y so that the corresponding covariance matrix is a diagonal matrix. .
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o
(2-21)

Eq. 2-22 below gives the relationships among the original variables Xi and the transformed
variables Y; and follows from Eqs. 2-18 and 2-9.

x = [a x] [T] Y + Jl x (2-22)

ax! 0 0

0 aX2 0
where [ax] =

0 0 ax n

and Jlx = {J1-x ,J1-x , , J1-x V
I 1 "

These expressions can now be used to write the performance function in terms of the set of
uncorrelated transformed variables (see Eq. 2-23). Again, if the distributions of the original
variables are non-normal, the corresponding probability of failure may be evaluated using
equivalent normal distributions.

(2-23)

2.4 EFFECT OF CORRELATION

The correlation coefficient is frequently used to make deductions about the joint behaviour
of two random variables X and Y. If the coefficient is near unity in absolute value, strong
dependence is assumed verified; if the coefficient is low, it is concluded that one variable has
little or no effect on the other. The correlation coefficient is defined by the covariance of X
and Y, normalized by the product of their standard deviations.

pX•Y = cov[x ,yl (2-24)

where - 1.0 :5; pX.Y :5; 1.0
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In reliability analysis the trend is often towards accounting for complex interrelationships
among the components in the resistance and load effect terms of the performance function,
while generally disregarding the dependency between the two (Ref. 2-8). This can have a
profound effect and is easily illustrated for the linear performance function given below.

M=R-Q

If the basic variables Rand Q are assumed to be normally distributed and with correlation
coefficient PR,Q' then, analogous to Bq. 2-3, the reliability index is given by Eq. 2-25. It is
evident that {3 will take on a maximum value when PR,Q = + 1, and a minimum value when
PR,Q = -1.

(2-25)

Setting VR = VQ = Vand JlR = CFS, where CFS is the central factor of safety, leads to

{3 = CFS - 1

VVCFS2 + 1 - 2p CFS

With V = 40% and CFS = 2 in the above expression, the following results are obtained.

P = 0: {3 = 1.12 and PF = 0.131

P = +1: {3 = 2.5 and PF = 0.006

As an approximation, weak correlation (p < 0.2) can usually be ignored and the variables
treated as independent, whereas strong correlation (p > 0.8) can usually be treated as fully
dependent, with one of the two correlated variables replaced by the other.

2.5 SUMMARY

This chapter dealt with the evaluation of the probability of failure and it was shown that, for
a linear limit state function of independent normally distributed variables, the probability of
failure can be obtained directly from the reliability index {3. For a non-linear limit state
function {3 can still be defined, but only with respect to a tangent hyperplane to approximate
the actual non-linear failure surface. In each case {3 is defined as the minimum distance from
the failure surface to the origin in standardized normal space. The corresponding point on the
failure surface is called the most probable failure point and must be found by an iteration
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routine. This is the essence of the FOSM method through which the complications associated
with a full probabilistic presentation of the probability of failure can be avoided.

When more than second-moment information is available for some or all of the basic
variables, the FOSM method may still be used, provided that each basic variable is first
transformed into an equivalent normal random variable. Similarly, when the basic variables
are correlated, an orthogonal transformation must be made to eliminate such dependence. It
was shown that correlation among basic variables should not be neglected as it may have a
profound effect on the probability of failure.
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CHAPTER 3

PRESTRESSED CONCRETE DESIGN

The purpose of this chapter is to give an overview of the design aspects relevant to the
prestressed concrete member on which the reliability analyses of this study are based. This
is done in the context of the prestressed concrete theory that was required to carry out the
design. The chapter commences with a motivation for the choice of this particular type of
member, then highlights certain aspects of the design philosophy. and the relevant material
properties, and close with a description of the two limit states of interest, i.e. flexural
strength at the ultimate limit state (ULS) and deflections at the serviceability limit state (SLS).

3.1 CHOICE OF MEMBER

The objectives of this thesis required the design of a prestressed concrete member. The choice
of the member had to be such that the theoretical models applicable to the limit states of
interest would be relatively simple. This would reduce the number of approximations required
to enable simple analytical treatment during the subsequent reliability analyses.

A simply supported pretensioned concrete T-beam was chosen as a basis for the reliability
analyses. Pretensioning implies a construction method whereby the tendons are bonded to the
surrounding concrete. For this study, this had the advantage that friction and anchorage
seating losses did not have to be considered during the calculation of prestress losses.
Furthermore, the beam was designed as a Class 2 member for which tensile stresses are
allowed within certain limits, but with no visible cracking. This had the distinct advantage
that the beam was predicted not to have reached its cracking moment under service load
conditions. As a result deflection calculations could be based on the assumption of linear
elastic behaviour and attention could be focused on the reliability aspects of that limit state
and not on the structural response.

The design was carried out strictly in accordance with the provisions of the South African
design code of practice for the structural use of concrete SABS 0100-1: 1992 (Ref. 3-1), while
the design loads were obtained from the loading code SABS 0160: 1989 (Ref.3-2). The limit
states design method, as briefly set out in § 1.4, was therefore followed and the detailed
design calculations are presented in Appendix A of this thesis. The beam section and cable
profile as designed are shown in Figure 3-1. The gross section properties of the uncracked
beam section are also listed in this figure.

Environmental loads were not considered for the purposes of this study; only gravity loads
(i.e. dead and live loads) were included in the design. In addition to its self-weight, the beam
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Figure 3-1: Beam section and cable profile.

was designed to support a superimposed dead load of 1.2 kPa, representing finishes, as well
as an imposed live load of 3.4 kPa, consisting of office floor loads and partitions. The beam
is intended for use in a typical office building over a span of 15 m. The decision about the
occupancy type was based on the fact that the statistical analysis of load surveys as reported
in the literature deals almost exclusively with imposed floor loads in office buildings (see §
4.3.4). Since the random variation of live load relative to that of dead load has a significant
effect on structural reliability, reliability analyses are usually performed as a function of the
nominal live to nominal dead load ratio. The analyses of this study are based on a nominal
load ratio of 0.70 and the calculated reliability should be seen in this context.

It is assumed that the beam would be prefabricated on site in a precasting yard and that the
process would be subject to good control of quality, as intended by SABS 0100-2:1980.
Economic considerations dictate that transfer of prestress should occur only a few days after
casting of the concrete and this usually requires a period of accelerated curing to ensure a
sufficient gain in strength before the time of transfer.

The following assumptions were made regarding the loading history. Transfer of prestress
occurs at 3 days after stressing of the tendons and casting of the concrete and only the self-
weight of the member and the prestressing force act at this time. The superimposed dead load
as well as the sustained component of the total live load (see § 4.3.4) are applied at one
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month after the time of transfer (i.e. at 33 days), while the variable component of the live
load may act at any time beyond this.

3.2 DESIGN PHILOSOPHY AND PROCEDURE

The normal procedure in limit states design is to design on the basis of the expected critical
limit state and then to examine the remaining limit states to check that they are not reached.
Generally, the design of Class 1 and Class 2 members is governed by the SLS of cracking
(Ref. 3-3). The criteria which limit crack width are stated by SABS 0100-1: 1992 (Ref. 3-1)
in terms of permissible concrete flexural tensile stresses which may not be exceeded at service
load levels. The code also specifies permissible concrete flexural compressive stresses.
Therefore, the design of Class 1 and Class 2 members commences with flexural design at the
SLS. Note that the magnitude of the permissible concrete stresses imposed by the design code
of practice (see § A.2.1) makes it possible to assume a linear elastic uncracked section for
purposes of analysis; stresses may therefore be calculated on the basis of standard engineering
beam theory (see Eqs. 3-1).

The procedure for flexural design at the SLS, as recommended by Marshall and Robberts
(Ref. 3-3), was followed for preliminary design of the prestressed concrete beam (see § A.2)
and an overview is presented in the rest of this section. After completion of this preliminary
design the beam was analyzed at the ULS of flexure and at the SLS of deflection. The
ultimate moment of resistance is checked against the applied external moment at midspan in
§ A.3, while the deflection is compared with allowable values in § A.4. The appropriate
partial load and material factors are also given in these sections. The fact that flexural design
at the SLS served as the point of departure for the design of the beam led to a higher than
required margin of safety at the (non-critical) limit state of flexure. It was noted in § 1.4 and
is again emphasized here that the design criterium at the ULS differs from that at the SLS.
At the ULS the design resistance must exceed the design load effect, while at the SLS the
deflection must satisfy some arbitrarily chosen design criteria (with a historical background
and based on experience). Remaining limit states which were not considered for the purposes
of this study but which in practice should be checked that they are not reached are, shear
strength at the ULS, bond stress at the ULS, and crack widths at the SLS.

The sign convention followed in the design is defined by the rules listed on the next page.
Any deviation from these rules will be self-evident.

• Stress and force are both taken as positive when tensile and negative when
compressi ve.

• A positive bending moment corresponds to a concave deflected shape of the beam
while a negative bending moment corresponds to a convex deflected shape.
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• Both the eccentricity of the prestressing force and the distance to a particular fibre
are always measured from the centroid of the concrete section and are taken positive
when below the centroidal axis.

The design process for Class 1 and Class 2 prestressed concrete members differs from that
used for reinforced concrete members because a number of critical stages during the design
life of the structure, all related to the presence of the prestressing force, can be identified.
Of these the following two stages are generally the most important.

• At transfer of prestress: Directly after transfer the prestressing force will be acting
at its maximum value Pi because the long-term losses have not yet taken place, while
the applied external load effect will be acting at its minimum value Mmin because only
the self-weight of the member will be present at this stage. Also, at this stage the
concrete has a relatively low strength !ci.

• Under maximum service loads: In the presence of the maximum long-term service
loads the applied external load effect will be acting at its maximum value Mmm
together with the effective long-term prestressing force P 00' which represents a
minimum value because all the long-term losses would have taken place at this stage.
The concrete has reached its long-term strength j.; at this stage (see § 3.3.1).

It is important to note that the magnitude of the prestressing force used for stress calculations
must reflect the reduction of prestress appropriate to the age of the prestressed concrete
member at the stage under consideration. This can conveniently be done in terms of the initial
loss factor ri and the long-term loss factor 1'/00. The former is defined as the ratio of the initial
prestress just after transfer /Pi to the ultimate strength of the prestressing steel /Pu , and the
latter as the ratio of the effective long-term prestress t; to the initial prestress /Pi just after
transfer.

Apart from the limitation on the magnitude of the jacking stress (Le. 75 % of the
characteristic ultimate strength), the subsequent loss of prestress can be divided into
instantaneous losses which take place at the time of transfer, and long-term losses which
gradually develop with time and are attributed to the time-dependent behaviour of the
materials (see § 3.3). For a pretensioned concrete member the instantaneous loss is caused
by elastic deformation of the concrete, while the long-term losses are caused by relaxation
of the tendons and by creep and shrinkage of the concrete. The initial loss factor t. makes
provision for the limitation on the jacking stress as well as for the instantaneous loss, whereas
the long-term loss factor TJoo provides only for the long-term losses.

Any method used for estimating the long-term loss of prestress should account for the
complex interaction which exists among the various loss components. This can either be done
directly by using a time-step procedure, where the total time under consideration is divided
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into successive time steps, or indirectly, by using separate lump sum estimates of the
individual loss components which make provision for the interaction among the various
components. The latter approach is recommended by SABS 0100-1: 1992 (Ref. 3-1) and was
followed for the design of the prestressed concrete member.

The objective of flexural design at the SLS of a prestressed concrete member is to select a
least weight concrete section, together with the magnitude and eccentricity of the minimum
required prestressing force, to satisfy the permissible concrete stresses at all sections along
the span, at transfer and under maximum service loads. This may be achieved by using the
critical stages described above as the point of departure and by expressing the concrete stress
criteria in terms of the following four stress inequality equations.

At transfer of prestress:

J;OP,i = Pi
+

Pie
+
«: s «,A Z/oP Z/oP

hO/,i = Pi
+

Pie
+
»:

~ v;
A ZbO/ ZbO/

Under maximum service loads:

J;oP,oo = 1100Pi +
1100Pie +

Mmm;
~

A Z/oP ZIOP
acoo

s.: = 1100Pi +
l100Pi e

+
Mmax

~ a/ooA ZbO/ z;

(3-1a)

(3-1b)

(3-1c)

(3-1d)

where flOp,i ,.hou =

!'op, 00' fbo/, 00 =

ali' a., =

a/oo, acoo =

stress in the extreme top and bottom fibres, respectively, at transfer
stress in the extreme top and bottom fibres, respectively, under
maximum service loads
permissible tensile and compressive stresses, respectively, at transfer
permissible tensile and compressive stresses, respectively, under
maximum service loads

= section modulus, with respect to the extreme top and bottom fibre,
respectively

The design process basically involves a manipulation of the four stress inequality equations
and the following steps are required (Ref. 3-3).

• Estimate the minimum required section properties in terms of the section moduli Zrop
and Zbo/ , and select a satisfactory concrete section.
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• Construct the Magnel diagram (which represents a geometric interpretation of the
four inequality equations) and select values from the feasibility domain for the initial
prestressing force P; and the eccentricity e of the prestressing force at the midspan
section.

• Determine the permissible cable zone, and place the cable so that it falls within this
zone to ensure that nowhere along the span will the permissible concrete stresses be
exceeded.

• All the calculations required for the previous steps require that a value for 7100 be
assumed initially, because the prestress losses can only be evaluated after completing
the third step. In this step, the prestress losses are calculated at each section of
interest.

• Once the prestress losses have been calculated, the concrete stresses must be checked
at a representative number of sections along the span to ensure that none of the
permissible values are exceeded. The prestress losses calculated in the previous step
must be used in these calculations.

The above steps were carried out in § A.2 and led to the beam section shown in Figure 3-1.
The materials of construction were assumed to be high quality concrete with a characteristic
cube strength of 50 MPa and 12.9 mm diameter 7-wire super grade strand (see § A.1.3). The
prestressing force is provided by seven strands with a total nominal area of 700 mm' and
stressed initially to 75 % of their characteristic ultimate strength. The initial prestressing force
at midspan was predicted to reduce in time to the long-term effective prestressing force as
follows.

= ~e = 0.839fJ(X) F
Jp;

Though not practical in the case of pretensioned concrete, a parabolic cable profile was
selected for the purposes of this study. This significantly simplifies the theoretical model for
deflection (see, for instance, Ref. 3-3, Table 8-1) and can be closely approximated with a
harped profile ..With two draping points at, say, O.4L and 0.6L along the span, the profile
will fall within the permissible cable zone (see § A.2.5). The concrete stress criteria imposed
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by the code was shown to be satisfied at all sections along the span. The distribution of
bending moment due to the prestressing force and the applied external loads at transfer and
under maximum service loads is shown in Figure 3-2.

It should be noted that it is theoretically more correct to base the calculation of concrete
stresses on the transformed section properties, which take account of the presence of the
prestressing steel. Furthermore, a distinction should be made between the transformed section
properties used for calculating stresses induced at transfer and those for calculating stresses
induced by the maximum service loads. In both cases the transformed section properties
should reflect the effects of creep of the concrete and relaxation of the prestressing steel at
that stage. This is done by using an effective modulus of elasticity for both the concrete and
prestressing steel when assessing the modular ratio used in the calculation of the transformed
section properties.

However, stress calculations are usually carried out using the properties of the gross concrete
section only. This approach greatly simplifies the calculations, under normal circumstances
provides a close approximation, and for bonded construction will always be conservative. For
these reasons the properties of the gross concrete section were used for the purposes of this
study.

3.3 MATERIAL PROPERTIES

The materials of construction were assumed to be high quality concrete and 7-wire super
grade strand. The relevant mechanical properties of these materials are briefly outlined in the
sections below, while their variability is discussed in § 4.4. The statistical properties quoted
in that paragraph were collected from available literature and are subject to the following
assumptions (Ref. 3-4).

• The concrete properties and dimensions correspond to good quality construction, as
applicable to precast, pretensioned concrete beams.

• The prestressing steel is assumed to be drawn from a population representing all
sources of reinforcement, rather than a specific mill or area.

• The material strengths are representative of lower loading rates than those generally
used during material tests.

• Long-term strength changes of the concrete and steel due to increasing maturity of
the concrete and possible future corrosion of the reinforcement is ignored. This
aspect is however further investigated in § 3.3.1.
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AT TRANSFER OF PRESTRESS UNDER MAXIMUM SERVICE LOADS
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Figure 3-2: Distribution of bending moment.
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3.3.1 Concrete

The compressive strength of concrete is easy to determine and many other mechanical
properties required for the design of prestressed concrete members can be expressed in terms
of this property. The compressive strength can be obtained from standard testing procedures
and gives reasonably consistent results. It is therefore used extensively for quality control
purposes. It should be noted that the measured results depend on the test method and that they
can only be regarded as an index of strength for applications in structural design.

The design of the prestressed concrete member was based on the assumption that normal
density concrete with a characteristic cube strength of 50 MPa at 28 days is specified and that
the concrete would reach a strength of 32.5 MPa at transfer of prestress to accommodate the
high flexural and bond stresses at that time, i.e.

t; = 50.0 MPa and !ci = 32.5 MPa

Because of micro-cracking which occurs at the aggregate-paste interfaces, concrete in uniaxial
compression exhibits a non-linear stress-strain behaviour over the entire loading spectrum
(Ref 3-3). It is important to note, however, that the stress-strain relationship of concrete
acting in flexure differs from that of concrete acting in direct compression. The most notable
research in this regard was carried out by Hognestad et al (Ref. 3-5). The South African
design code of practice SABS 0100-1: 1992 (Ref. 3-1) recommends the use of a parabolic-
rectangular stress-strain relationship for concrete acting in flexure, where the in situ flexural
strength t; is obtained by applying a concrete strength reduction factor Cl of which the
nominal value is 0.67.

(3-2)

The concrete strength reduction factor takes account of the following considerations:

• the differences between cube strengths (i.e. direct compression) and experimentally
obtained flexural strengths for eccentrically loaded beam specimens,

• the difference between laboratory control and quality control on site, and
• the fact that the in situ loading rate is lower than that during material tests.

Provided that it is properly cured, the compressive strength of concrete increases with time
due to continued hydration. Conservative estimates of this gain in strength ranges between
20 % and 40 %. On the other hand, the compressive strength can be reduced by as much as
20 % if the load is applied over several months (Ref. 3-6). This reduction in strength caused
by long-term loading is usually ignored in design because the unconservative consequence of
this assumption is more than offset by the usual design practice according to which a design
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is based on the 28 day strength, which ignores the significant time-dependent strength
increase which occurs after 28 days (Ref. 3-3).

However, it is an objective of this thesis to evaluate the effect of the gain in strength beyond
28 days on the reliability of a prestressed concrete member at the limit states of interest (the
effect of strain-hardening of the prestressing steel at the ULS on the level of reliability might
be considered in a similar manner). The South African design code of practice SABS 0100-
1:1992 recognizes the long-term gain in concrete strengths (see Ref. 3-1, Table 28), and in
particular requires that concrete with a characteristic cube strength of 50 MPa at 28 days
should reach a long-term cube strength value of 58 MPa. This implies a nominal value of
1.16 for c2 , the long-term concrete cube strength factor.

(3-3)

The stress-strain response of concrete in uniaxial tension is nearly linear up to cracking,
which occurs at relatively low stresses. Various standard testing procedures are available from
which the tensile strength may indirectly be measured, but these results should only be
viewed as an index of the real tensile strength and can only be used as comparative measures.
The tensile strength of concrete is usually expressed as a function of the compressive strength
and SABS 0100-1: 1992 (Ref. 3-1) gives the following expression for the modulus of rupture.

Jr :: 0.65 J !cu (3-4)

The initial portion of the ascending branch of the stress-strain relationship of concrete may
be seen to be approximately linear. Concrete can therefore be approximated as a linear elastic
material at service load levels, because the magnitude of the induced stresses generally fall
within this quasi-linear range. For a given aggregate type, the modulus of elasticity of
concrete increases with an increase in compressive strength. Since this is often the only
property of the concrete available at the design stage, the modulus of elasticity is usually
correlated with the compressive strength. Nominal values of the secant modulus of elasticity
at 28 days and at the time of transfer were obtained from SABS 0100-1:1992 (Ref. 3-1) as
functions of the concrete cube strengths at these times, as follows.

s, = 34.0 GPa and ECi = 28.8 GPa

As the concrete gains strength beyond 28 days the modulus of elasticity also increases. As
a function of the long-term cube strength, a value of 37.4 GPa was obtained from Fulton's
Concrete Technology (Ref. 3-7, Fig. 7-17) for the long-term secant modulus of elasticity.
This gives a nominal value of 1.10 for c3 , the long-term concrete modulus factor.

(3-5)
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When concrete is subjected to a sustained stress, the resulting strain can be divided into three
components, i.e. the instantaneous elastic strain, shrinkage strain and creep strain. Shrinkage
strain may be defined as that part of the time-dependent strain which, in the absence of
temperature variations, is independent of stress, while creep strain is that component which
is dependent on the applied stress. Creep and shrinkage of concrete can be ascribed to the
movement of moisture within the crystalline structure of the cement paste and loss of
moisture to the surrounding environment by evaporation.

When the sustained stress falls within the service load range, then, based on linear creep
theory, the conventional creep factor <Pc is defined as the ratio of the creep strain e.; to the
instantaneous elastic strain e, (see Eq. 3-6). The creep factor can be established
experimentally from standard prism tests, or, for design purposes may be calculated from
Eq. 3-7 at any age after casting of the concrete (Ref. 3-6).

(3-6)

[
H

1
(t - t )0.6

<P (t) = 3.5 k 1.58 - _ t.-O.118 i
c 120 I 10 + (t - t

i
)0.6

(3-7)

where t = age of concrete after casting (days)

ti = 3 days, the age of concrete at initial loading
k = factor related to volume/surface ratio of beam
H = ambient relative humidity (%)

For the purposes of this study, the long-term creep factor <Pc"" and the creep factor <Pct at the
time of construction of partitions and application of finishes (see § 3.1) were calculated from
Eq. 3-7, based on the assumption of an ambient relative humidity of 60 % (valid for most
inland areas).

<Pc"" = 3.04 and <Pct = 1.23

3.3.2 Reinforcement

For reasons of simplicity the reinforcement of the prestressed concrete member consists of
prestressing steel only. In practice, however, non-prestressed reinforcement (e.g. hot-rolled
high yield steel) is usually required as shear reinforcement, as supplementary reinforcement
for crack control and to satisfy strength requirements in the case of partially prestressed
concrete. The material used for prestressing is high tensile strength steel which exhibits a
larger tensile strength than hot-rolled high yield steel, but is less ductile. The mechanical
properties ofprestressing steel can be determined from tests on axially loaded specimens,

Stellenbosch University http://scholar.sun.ac.za



3-12

since the reinforcement in prestressed concrete members is usually subjected to an almost
uniaxial state of stress.

It was assumed for the purposes of design that 12.9 mm diameter 7-wire super grade (low
relaxation) strand is specified for which the characteristic ultimate strength jj, is 1860 MPa.
The South African design code of practice SABS 0100-1: 1992 (Ref. 3-1) recommends that
the actual stress-strain behaviour of the prestressing steel is approximated with a tri-linear
curve, which ignores the effects of strain-hardening. The stress-strain response of prestressing
steel does not show a definite yield plateau, but the code defines the yield strength jj, as the
characteristic ultimate strength divided by the partial material factor for steel. Furthermore,
the code does not specify a value for the maximum strain at fracture epu, but this may be
taken between 5% and 6.5 %. The modulus of elasticity of the prestressing steel Ep is
independent of strength, but vary slightly depending on the type of steel. SABS 0100-1: 1992
(Ref. 3-1) suggests a nominal value of 195 GPa for 7-wire strand.

Relaxation of the prestressing steel may be defined as the time-dependent loss of tensioning
force required for maintaining a constant strain in a highly stressed steel tendon. The potential
relaxation loss can be reduced by strain-tempering, which involves heat treatment under
tension. This process does not only remove the significant residual stresses which arises
during the manufacturing process, but also yields low relaxation steel. A large part of the
relaxation loss occurs within a relatively short time period after application of the load and
proceeds with time, but at a decreasing rate.

3.4 FLEXURAL STRENGTH AT ULS

By making use of equilibrium requirements and the basic assumptions listed in § 3.4.1 below,
the model required to predict the flexural strength of the prestressed concrete member at the
ULS is derived in § 3.4.2. The design resistance is calculated based on the characteristic
concrete strength at 28 days as well as on the long-term concrete strength and these are then
compared with the design load effect, as required by the limit states design method. It should
be noted that interest lies only in the maximum moment that the section can resist when the
concrete fails in compression, i.e. the ultimate moment of resistance, and not in the complete
moment -curvature response over the full range of loading.

3.4.1 Basic Assumptions

The flexural analysis of the prestressed concrete beam section is based on the following basic
assumptions (Ref. 3-1).

• The design resistance is calculated by scaling down the characteristic material
strengths with the following partial material factors, for the concrete and prestressing
steel respectively.
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"fmc = 1.50 and "fms = 1.15

• The strain distribution in the concrete is derived from the assumption that plane
sections before bending remain plane after bending (i.e. the Bemoulli/Navier
hypothesis). This implies that a linear relationship exists between the strain in a fibre
and its distance from the neutral axis and that the strain is uniform over the width of
the section.

• Since the actual stress-strain relationship for concrete acting in flexure is usually
difficult to determine and to deal with computationally, the stress distribution in the
compression zone of the member at ultimate is represented by an equivalent
rectangular stress-block (see Fig: 3-3). Stress-block factors a, and {3l are used such
that the magnitude and line of action of the resultant compressive force are the same
as that for the actual stress-strain relationship. The following values are used for
rectangular sections.

(Xl - _C_l ;;; 0.67 ;;; 0.45
"fmc 1.50

and {3l ;;; 0.9

• Failure of the section is defined in terms of a limiting strain ecu being reached in the
concrete at the extreme compression fibre when the concrete fails in compression (see
§ 3.4.4). This ultimate strain is a function of the concrete strength, decreasing with
an increase in strength. However, a constant value of - 0.0035 is recommended for
ecu, irrespective of the concrete strength (see Fig. 3-3).

• The tensile strength of the concrete is neglected because its influence on the ultimate
moment of resistance is small. At sections containing flexural cracks no tensile
stresses exist in the concrete adjacent to the cracks, while between the cracks tensile
stresses are introduced into the concrete by the bonded prestressing steel. However,
flexural failure of a member will typically occur at a section containing a crack where
the influence of the remaining concrete in tension is small.

• For design purposes the stress-strain relationship for the prestressing steel is
approximated with a tri-linear curve, which ignores the effect of strain-hardening.

• Since the prestressing steel is bonded to the surrounding concrete, the change in
strain in the steel is assumed to be equal to the calculated change in strain in the
concrete at the level of the steel.
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3.4.2 Design Resistance

An expression can be derived for the design value M; d of the ultimate moment of resistance
of the prestressed concrete member by considering equilibrium of forces and moments at the
critical section (Refs. 3-3 and 3-8). These requirements are expressed by Eqs. 3-8 and 3-9,
respectively (see Fig. 3-3). The critical section is located at midspan in the case of a
symmetrically loaded simply supported beam.

T = Cp
(3-8)

(3-9)

The tensile force T; acting in the prestressing steel at ultimate is calculated from Eq. 3-10,
while the compressive force C acting in the compression zone of a rectangular section at
ultimate is obtained from Eq. 3-11, where the volume of the equivalent rectangular stress
prism is evaluated. The lever arm z between the two forces Tp and C is given by Eq. 3-12.

T =I. Appp
(3-10)

(3-11)

x
Z = d - {3l -

2

where t, - stress in prestressing steel
Ap = cross-sectional area of prestressing steel

feu = characteristic concrete cube strength at 28 days
(for simplicity, the absolute value is taken here)

b = width of flange of beam section
x = depth to the neutral axis
d = effective depth to prestressing steel

(3-12)

All quantities can be directly calculated if the depth to the neutral axis x at ultimate is known.
If an assumption is made about the range within which the strain in the prestressing steel Ep

lies at the ultimate condition, the stress in the prestressing steel at ultimate t,corresponding
to this value of Ep can be determined from the stress-strain relationship for the steel. This then
allows the depth to the neutral axis x to be solved from Eq. 3-8. The assumption must;
however, be checked using the calculated value of x. The ultimate strain in the prestressing
steel consists of the following components (see § A.3.2).

(3-13)
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( b ) concrete and steel
strain at ultimate

( c ) stress at ultimate

Figure 3-3: Assumed strain and stress distribution at ULS.

the tensile strain induced in the prestressing steel by the effective long-term
prestress /pe , which includes all losses
compressive strain in the concrete at the level of the prestressing steel,
induced by /Pe acting alone on the elastic uncracked section
the change in the strain in the prestressing steel caused by the application
of the external moment and is equal to the strain in the concrete at the level
of the prestressing steel

where êpe =

êce =

«, =

For an underreinforced section (see § 3.4.4), which represents most beam sections
encountered in practice, the assumption can safely be made that the strain in the prestressing
steel êp has exceeded the yield strain êpy at the ultimate condition. In this case, from the
stress-strain relationship for the steel, t may be set equal to /pyand the depth to the neutral
axis can then be solved from Eq. 3-8 as follows.

x = (3-14)

When this result, together with Eqs. 3-10 and 3-12, is substituted into Eq. 3-9, a closed-form
solution for the ultimate moment of resistance is obtained, as expressed by Eq. 3-15a. Note
that this expression conforms to the general formulation of design resistance (with cf>, = 1.OY
as specified by SABS 0160: 1989 (Ref. 3-2) and stated in Eq. 1-6.
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Mu,d = t. A [d - !pyAp 1
pyp 2aFb

1 Jeu

(3-15a)

where !py and
'Yme

In § A.3.2 the depth to the neutral axis was calculated from Eq. 3-14 as 37.26 mm, based
on the initial assumption that the prestressing steel has yielded (i.e. Cp > Cpy = 0.0133). This
value of x indicated that the compression zone falls entirely within the flange. The value of
Cp corresponding to this value of x was subsequently calculated from Eq. 3-13 as 0.05222,
which confirmed the assumption. Finally, the design value of the ultimate moment of
resistance was calculated from Eq. 3-15a.

u., = 578.6 kNm

A minor modification to Eq. 3-15a results in Eq. 3-15b below, where cognisance is taken of
the long-term gain in concrete strength.

(3-15b)

This expression was used in § B.1.1 to calculate the long-term ultimate moment of resistance.
It is well known from experience that the ultimate moment capacity is relatively insensitive
to variations in the concrete strength (compared to, for example, the depth to the
reinforcement). This is confirmed in § 5.2.3. Only a marginal increase above the previous
value is therefore to be expected.

Mu,d = 581.3 kNm

3.4.3 Design Load Effect

In terms of the general criterion of the limit states design method stated by Eq. 1-5, the
design value M; d of the ultimate moment of resistance must exceed the design value Md of
the applied external moment at the critical section at the ULS of flexure. In accordance with
Eq. 1-7, the design load effect at midspan is given by Eq. 3-16, where nominal values of the
applied dead and live load moments (Mv,n and ML,n' respectively) are obtained with the aid
of the nominal loadings specified by SABS 0160: 1989 (Ref. 3-2).
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(3-16)

where "tfD = 1.2 , "tJL = 1.6 and "te = 1.0

The design resistance therefore exceeds the design load effect as required, albeit by a
considerable margin (approximately 22 %). This is a consequence of the fact that the ULS
of flexure represents a non-critical limit state for the prestressed concrete member of this
study, as pointed out in § 3.2.

At the ULS, the product of the partial dead and live load factors ("tjD and "tfL' respectively)
with their respective nominal dead and live load effects reflect the .lifetime maximum values
of these load effects, as was indicated in § 1.4.2. Furthermore, since the prestressed concrete
member is subjected to only one time-varying load, Le. the live load, Eq. 3-16 represents the
only load combination that needs to be considered at the ULS of flexure (see § 4.3.2).

3.4.4 Mode of Failure in Flexure

The mode in which a given prestressed concrete beam section with bonded tendons fails in
flexure depends on the amount of steel provided, and three possible types can be identified
(Ref. 3-3), as follows.

• Very lightly reinforced sections: This represents an extremely brittle type of failure
in which the prestressing steel fractures immediately after the concrete has cracked
(at failure: ep = epu)' This failure mode is highly undesirable and such sections are
not frequently encountered in practice.

• Underreinforced (moderately) sections: Failure is induced by crushing of the concrete
compression zone (when ecu = - 0.0035) after the prestressing steel has yielded and
undergone a large non-linear elongation (at failure: epy < ep < epu)' Becuase of its
ductility, this type of failure is highly desirable and it is conventional design practice
to proportion flexural members as underreinforced sections.

• Overreinforced sections: In this case failure is induced by crushing of the concrete
(when ecu = - 0.0035) prior to yielding of the prestressing steel and takes place
suddenly once the ultimate moment capacity has been reached (at failure: ep < epy)'

This failure mode is undesirable due to its brittle nature.

The prestressed concrete member which forms the basis of this thesis can be classified as an
underreinforced section. The design calculations in § A.3.3 indicate that the ultimate moment
of resistance is preceded by the cracking moment and that the prestressing steel has
undergone a large non-linear elongation at the time when the concrete fails in compression.
Also, the prestressing steel ratio is equal to 0.09 % and is smaller than the balanced steel
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ratio of 0.26 %. The balanced steel ratio marks the transition from an underreinforced section
to an overreinforced section.

3.5 DEFLECTIONS AT SLS

Normally, a prestressed concrete beam is designed on the basis of flexure, either at the SLS
or at the ULS, after which compliance with other serviceability criteria is ensured. Deflection
is frequently the most important SLS and need to be checked explicitly. A theoretical model
is presented in § 3.5.1 for calculation of deflection of a prestressed concrete beam, uncracked
in flexure. Based on the nominal modulus of elasticity of the concrete at 28 days as well as
on its long-term value, design values ód of the deflection at the critical section are calculated
for the prestressed concrete member of this study and these are then compared in § 3.5.2 to
the allowable value Óa, as specified by SABS 0100-1:1992 (Ref. 3-1).

The approach to be followed for the calculation of deflection depends on whether the member
is uncracked or cracked under maximum service loads (Ref. 3-3). The prestressed concrete
member of this study was designed as a Class 2 member and, as shown below, the design
calculations in § A.3.3 indicate that the cracking moment Mer exceeds the applied moment
Mmm due to the maximum service loads. The cracking moment is usually taken as the
externally applied moment which, by elastic theory, induces a tensile strain in the extreme
fibre equal to the modulus of rupture. It may be used to indicate the end of uncracked section
behaviour and the onset of cracked section behaviour.

Mer = 409.3 kNm > 366.8 kNm = Mmax

Before cracking, deflection of a prestressed concrete member may be calculated on the basis
of the gross uncracked section. In addition, calculations can be based on the assumption of
linear elastic behaviour of the materials and the total deflection may therefore be obtained by
superposition of the various increments of deflection (see § 3.5.1). However, if the member
is cracked in flexure, its flexural stiffness is reduced, and the calculation of deflection
becomes more complicated. In this case, the second moment of area of the gross concrete
section must be replaced by an effective second moment of area, which accounts for the
extent of cracking and the effect of tension-stiffening over the span of the beam. Furthermore,
even though the material properties are assumed to be linear elastic, the moment-curvature
relationship, as influenced by the flexural stiffness, is non-linear and the principle of
superposition therefore does not apply.

The long-term deflection of a cracked prestressed concrete member cannot be expressed by'
a single analytical function. The deflection model representing the response of such a member
therefore requires that the reliability analysis be performed numerically. However, these
difficulties are avoided by the selection of a Class 2 member as basis of this study. In
practice, however, the deflection of prestressed concrete members are often governed by their
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cracked section properties. Nevertheless, the main objective of this thesis can still be achieved
at the SLS of deflection, in that the reliability analysis will indicate the important areas of
uncertainty pertinent to the design of a Class 2 prestressed concrete member.

The deflection of a prestressed concrete member must be investigated at various stages during
the design life of the structure. For the prestressed concrete member of this study, deflection
at the SLS was controlled by that part which is associated with damage to partitions and
finishes (see § A.4). For the purposes of the reliability analyses to be undertaken in Chapter
5, interest therefore only lies in that component of the total deflection which takes place after
the construction of partitions and the application of finishes, as expressed by Eq. 3-17.

(3-17)

where Od = deflection affecting partitions and finishes
oa> = total long-term deflection under service loads
0, = deflection before construction of partitions and application of finishes

For design purposes, it was assumed that the construction of partitions and the application of
finishes occur at one month after transfer of prestress. In other words, the superimposed dead
load as weU as the sustained component of the total live load (see § 4.3.4) are applied at one
month after the time of transfer (i.e. at 33 days), while the variable component of the live
load may act at any time beyond this.

3.5.1 Uncracked Response

The total deflection of an uncracked prestressed concrete member may be obtained by
superposition of the various increments of deflection. The expressions defining these
increments are briefly reviewed below, after which the complete model for calculation of the
design value 0d of the deflection component affecting partitions and finishes (see Eq. 3-17),
as appropriate to the prestressed concrete member of this study, is presented. This value
represents deflection at the critical section, which is located at midspan in the case of a
symmetrically loaded simply supported beam.

In a prestressed concrete flexural member, the deflection consists of instantaneous elastic
increments due to the externally applied loads and the prestressing force, and long-term
increments due to creep under the combined action of the prestressing force and all permanent
loads, as defined later in this section (Ref. 3-8). The long-term creep deflection, which is
usually of the same magnitude or larger than the instantaneous elastic deflection, primarily
arises from the time-dependent action of creep and shrinkage of the concrete and relaxation
of the steel. Long-term shrinkage deflection is a further increment of deflection and is caused
by the restraining effect of reinforcement which is not symmetrically placed with respect to
the centroid of the concrete, as is usually the case in beams. This increment of deflection is
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usually small compared to the creep component, but is highly variable. However, in order
not to further complicate the reliability analyses, this increment of deflection will be
disregarded for the purposes of this thesis.

Expressions for the deflection of an uncracked prestressed concrete beam can be derived from
Eq. 3-18 below (Ref. 3-3). The right-hand side of this differential equation represents the
curvature of a linear elastic section and must be integrated twice with respect to x to obtain
the deflection. Note that the deflection and the eccentricity are both measured from the
centroidal axis of the concrete section and are taken positive downward.

M(x)

EJ (3-18)

where 0 = deflection at any section x
M = bending moment at any section x
E, = modulus of elasticity of concrete
I second moment of area of gross uncracked section

Using Eq. 3-18, it can be shown that the instantaneous elastic increment of deflection Ow at
the critical section due to the externally applied loads can be expressed in the following
general form (Refs. 3-1 and 3-3).

s =KA..L2=K[M]L2w o/w eEl e
e

(3-19)

where K = deflection coefficient, depending on the type of load and boundary
conditions of the beam

<Pw curvature due to applied external moment at the critical section
M = applied external moment at the critical section

Similarly, the instantaneous elastic deflection op at the critical section caused by the
prestressing force may be derived from Eq. 3-18 and expressed in the following general form
(Ref. 3-3), where the curvatures at the midspan and support sections are considered.

(3-20).

where K1, K2 = deflection coefficients at the midspan and support sections respectively,
depending on the cable profile and boundary conditions of the beam

<Pp1 ' <Pp2 = curvature due to prestressing force, at the midspan and support sections
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el ' e2 =
Pu, P2i =
7]1 , 7]2 =

eccentricity at midspan and support sections, respectively
initial prestressing force at midspan and support sections, respectively
loss factor at the time under consideration, at midspan and support
sections, respectively

It should be noted that for a pretensioned concrete beam, uncracked in flexure, it is
theoretically more correct to use the second moment of area of the uncracked transformed
section. However, this is seldom done in practice and deflection calculations are usually
carried out using the second moment of area of the gross uncracked section. This approach
significantly simplifies the calculations and under normal circumstances provides a sufficiently
close approximation. For the purposes of this study deflection calculations were therefore
based on the second moment of area of the gross uncracked section.

The time-dependent properties of the concrete and the prestressing steel give rise to the long-
term component of deflection, which develops over time under the action of the prestressing
force and all permanent loads. Before the long-term creep deflection induced by a sustained
state of stress can be quantified, an effective or reduced modulus of elasticity E, ef! must be
defined for the concrete. This is done in Eq. 3-21 below, by adding the long-term creep strain
to the instantaneous elastic strain and by using the definition of the creep factor (see Eq. 3-6).

E = fe = Ee (3-21)cef!
Gc + Gee 1 + cf>eoo

where t. = sustained concrete stress

Gc = instantaneous elastic strain

Gee = long-term creep strain

cf>eoo = long-term creep factor

An expression can subsequently be obtained for the instantaneous elastic plus long-term creep
deflection, caused by the permanent loads, by using an expression similar to Eq. 3-19, the
only difference being that the usual modulus of elasticity E, is replaced by the effective
modulus E, ef!. By substituting Eq. 3-21 for E, ef! and by making use of Eq. 3-19, the long-
term deflection owoo at the critical section due to the permanent loads is found as a multiple
of the instantaneous elastic deflection Ow (Ref. 3-9).

(3-22)

Similarly, the instantaneous elastic plus long-term creep deflection under the action of the
prestressing force must be evaluated. For this purpose the curvatures at the midspan and
support sections are calculated with the aid of Eq. 3-23 below (Refs. 3-3 and 3-10). The first
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term in this equation represents the instantaneous elastic curvature due to the effective
prestressing force, including all losses, at the section under consideration. The long-term
change in curvature which results from the time-dependent loss of prestress is accounted for
by the long-term loss factor 7100'

The second term in Eq. 3-23 represents the long-term curvature due to creep of the concrete
under the action of the prestressing force at the section under consideration, where it is
assumed that the creep curvature is proportional to the instantaneous elastic curvature. Note
that the average value of the prestressing force is used to account for the fact that the
magnitude of the prestressing force, under which the creep is taking place, gradually reduces
from P; to 71 ooP; over the life of the member.

(3-23)

= ;:; [ »: + [ 1 +2~.j ~,.]
where <PpCt> = instantaneous elastic plus long-term creep curvature due to prestressing force

7100 = long-term loss factor at the section under consideration
P; = initial prestressing force at the section under consideration
e = eccentricity at the section under consideration

The long-term deflection opoo at the critical section due to the prestressing force can
subsequently be obtained by calculating the associated long-term curvatures at the midspan
and support sections, using Eq. 3-23, and by substituting these results into an expression
analogous to Eq. 3-20.

Before the complete theoretical model for calculation of the design value Od of deflection at
the SLS (see Eq. 3-17) can be presented, the design values of the material strengths and the
appropriate load effects must first be defined in terms of their partial material and load
factors. The following values are specified by SABS 0100-1: 1992 (Ref. 3-1) for the partial
material factors of the concrete and prestressing steel, respectively.

'Ymc = 1.0 and 'Yms = 1.0

Therefore, the values to be used for the material properties relevant to the assessment of
deflection, namely the modulus of elasticity and the creep factor of the concrete and the
relaxation of the prestressing steel, are those associated with the characteristic strength of the
materials.
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The only externally applied loads which result in long-term creep deflection are those which
may be considered as being of long duration (Ref. 3-1). As was emphasized in § 1.4.2, it is
therefore necessary to separate the permanent component of the total external load effect from
the instantaneous or variable component. The various load effect terms relevant to the SLS
of deflection, as appropriate to the prestressed concrete member of this study, may thus be
defmed as follows.

• Mperm represents the applied external bending moment due to the permanent loads,
and is responsible for long-term creep in addition to instantaneous elastic deflection.
For the purposes of this study these loads include the self-weight of the member, the
superimposed dead load and the sustained component (taken as 30%) of the total live
load. The total live load consists of imposed floor loads, as well as an additional load
due to partitions.

• Mvar reflects the applied external bending moment due to the variable load, causing
only instantaneous elastic deflection. This load represents the balance of the total live
load and is considered as being of a transient nature.

• Mmin represents the applied external bending moment due to only the self-weight of
the member. The deflection resulting from this load effect includes an instantaneous
elastic increment, as well as the creep increment occurring before the age at which
the superimposed dead load and the sustained component of the total live load are
assumed to be applied.

Calculation of the design value Od of deflection at the SLS, as defined by Eq. 3-17, requires
that the design value at midspan of the external load effect contributing to the total long-term
deflection OCt>as well as that which contributes to the deflection which occurs before the
construction of partitions and the application of finishes 0, , be determined. In accordance
with Eq. 1-8, these load effects are given by Eqs. 3-24a and 3-24b, respectively, where the
design values are obtained with the aid of the partial dead and live load factors, 'rfD and'rfL'
and the live load combination factor 'if;v as specified by SABS 0160: 1989 (Ref. 3-2). The
values to be used for the partial load factors should be selected bearing in mind whether a
particular load effect induces a relieving or compounding effect (with regard to Eq. 3-17, the
permanent load effect Mperm induces a compounding effect).

M =M + Md perm,d var.d

= 'Y, [ ('YfD MD .n + '" L 'YJLML .• ) + (1 - '"d 'YJLML .n ]

= 266.9 kNm + 100.1 kNm

(3-24a)

where 'rfD = 1.1 , 'rfL = 1.0 , 'if;L = 0.3 and 're = 1.0
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(3-24b)
= 153.0 kNm

where "'tID = 1.0 and 'V = 1.0
Ic

Since the prestressed concrete member is subjected to only one time-varying load, i.e. the live
load, Eqs. 3-24 represents the only load combination that needs to be considered for
reliability analysis at the SLS of deflection (see § 4.3.2).

In terms of the theory presented above (Eqs. 3-19 through 3-24), the complete theoretical
model for calculation of the design value of deflection 0d ' as appropriate to the prestressed
concrete member of this study, can now be constructed. As noted before, interest lies only
in that component affecting partitions and finishes and 0d is therefore obtained as the
difference between the long-term deflection under service loads and the deflection at 33 days,
before the construction of partitions and application of finishes (see Bq. 3-17). The deflection
model based on the 28 day modulus of elasticity of the concrete is followed by a model based
on the long-term value.

For the purposes of this study, the prestressing force was assumed to act at a constant
magnitude over the entire span of the beam, equal to the value at the midspan section. This
approach simplifies the calculations and provides a sufficiently close approximation, since
most curvature occurs at the midspan section in the case of a simply supported beam. This
is also evident when the values to be used for the deflection coefficients KJ and K2 are
compared (see Eqs. 3-25a and 3-26a below).

Deflection under Long-term Service Loads

In the long-term, the prestressing force will be acting at its minimum value, while the
externally applied load will be acting at its maximum value. The total long-term deflection
at midspan 000 under these loads consists of the following increments.

(3-25)

where s.; =
owoo =
s: =

instantaneous elastic plus long-term creep deflection due to prestressing force
instantaneous elastic plus long-term creep deflection due to permanent load
instantaneous elastic deflection due to variable load

An expression for the first term in Eq. 3-25 is given by Eq. 3-25a below. This expression
follows from Eqs. 3-20 and 3-23, with the values of KJ and K2 taken as 5/48 and 1/48,
respectively, as appropriate to a simply supported beam with a parabolic cable profile. The
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initial prestressing force Pi and the long-term loss factor 1100 assume their values at the
midspan section and is taken constant over the span of the beam.

P. 2 [ (1 + 11) 1ó = I 5e + e L + 00
poo 48 EJ (1 2) e 1100 2 cP coo

(3-25a)

In Eq. 3-25a the magnitude of the prestressing force reflects the loss of prestress appropriate
to the age of the prestressed concrete member at the stage under consideration. This is
achieved through the use of the long-term loss factor 1100 which may be defined as follows.

where.[pe = effective long-term prestress
t; = initial prestress just after transfer
.[po = prestress due to jacking force
!::...[pr = total long-term loss off prestress
!::...[pE = loss of prestress due to elastic deformation

An expression for the second term in Eq. 3-25 is given by Eq. 3-25b below. This expression
follows from Eq. 3-22, with the value of K taken as 5/48, as appropriate to a simply
supported beam subjected to an uniformly distributed loading.

s = 2_ [ Mperm
•
d 1L 2 (1 +,1,. )

woo 48 EIe o/coo
c

(3-25b)

An expression for the last term in Eq. 3-25 is given by Eq. 3-25c below. This expression
follows from Eq. 3-19, with the value of K taken as 5/48, as appropriate to a simply
supported beam subjected to an uniformly distributed loading.

ó = 2_ [ Mvar.d 1L 2var 48 EIe
c

(3-25c)

Using Eqs. 3-25, the design value of the total long-term deflection at midspan could therefore
be calculated in § A.4.3 and § A.4.4. As is evident below, a major advantage of prestressed
concrete over reinforced concrete is that deflection can be controlled.
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= - 115.48 + 101.50 + 9.42

= - 4.56 mm

Before Construction of Partitions and Application of Finishes

At 33 days, before construction of partitions and application of finishes, the prestressing force
will be acting at an intermediate magnitude, lying between its maximum value just after
transfer and its minimum value in the long-term, while the externally applied load will be
acting at its minimum value. The total deflection at midspan ót under these loads consists of
the following increments.

(3-26)

where ópI = instantaneous elastic plus 33 day creep deflection due to prestressing force
ÓWI = instantaneous elastic plus 33 day creep deflection due to self-weight

An expression for the first term in Eq. 3-26 is given by Eq. 3-26a below and, as before, this
expression follows from Eqs. 3-20 and 3-23. However, in this case the 33 day loss factor 1/1

and the 33 day creep factor CPa reflect the time at which the conctruction of partitions and
application of finishes are assumed to occur.

P. 2 [ (1 + 1/ ) 1Ó = I 5e + e L + t
pt 48 EJ (J 2) e 1/1 2 cP ct

(3-26a)

In Eq. 3-26a, 1/1 reflects only that portion of the time-dependent loss of prestress which occurs
before 33 days and may be defined as follows.

= !Pt
1/ t f"

Jpi

where /PI
!::./pr' =

= effective 33 day prestress
total 33 day loss of prestress

An expression for the second term in Eq. 3-26 is given by Eq. 3-26b below and, as before,
this expression follows from Eq. 3-22.
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s = 5 [M min. d 1L 2 (1 + cp )
wt 48 Eel e Cl

(3-26b)

Using Eqs. 3-26, the design value of the total deflection at midspan, before construction of
partitions and application of finishes, was calculated in § A.4.4 as follows.

= - 66.72 + 32.12

= - 34.60 mm

Deflection affecting Partitions and Finishes

The deflection model based on the 28 day modulus of elasticity of the concrete is concluded
with calculation of the design value of that component of deflection which affects partitions
and finishes 0d , as defined by Eq. 3-17.

= - 4.56 - (- 34.60)

= 30.0 mm

With Long-term Concrete Strength

Since the modulus of elasticity of the concrete continually increases with age, the value to be
used for the calculation of deflections should correspond to the age of the concrete at the time
under consideration. When E, is replaced with ECCKJ in Eqs. 3-25, a deflection model is
obtained where cognisance is taken of the long-term gain in concrete strength. This model
was used in § B.1.2 to calculate the design value of deflection 0d in a manner similar to the
above procedure.

= - 4.15 - ( - 34.60)

= 30.5 mm

This value is essentially the same as that previously obtained and is a result of the way in
which the model has been constructed. The value of 0l is based on E; and therefore remains
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unchanged, while a"" decreases slightly, in an absolute sense, resulting in an increase in ad'
This effect will be more pronounced when a greater value of Ec"" is used and ad will be
altered to an appreciable extent in an unconservative manner. For this reason the effect of the
gain in concrete strength on reliability at the limit state of deflection will not be considered
any further for the purposes of this thesis.

3.5.2 Design Criteria

The serviceability limit state of deflection may be regarded as a problem of capacity versus
demand, in the sense of the general criterion of the limit states design method, as stated by
Eq. 1-5. For a satisfactory design, the design value of deflection at the critical section Dd must
satisfy Da , the allowable deflection.

It was noted in § 1.4 that serviceability limit states are most often judged on subjective
criteria based on human perceptions and not on an objective failure criterion, as is the case
for the ultimate limit states. In general it is difficult to define appropriate design criteria for
serviceability limit states, as these are much more dependent on the consequences of
exceeding the limit state. Different serviceability requirements are best judged using different
subjective design criteria and the selection of a single acceptable criterion is therefore
difficult, if not impossible.

Nevertheless, conformance with allowable deflection criteria is often viewed as assurance of
satisfactory service performance throughout the life of a structure. Based on the record of
satisfactory performance of most structures, it is believed that the relatively simple act of
limiting the deflections to certain traditional values somehow protects the structure against a
set of very complicated serviceability demands (Ref. 3-11). These include local damage to
nonstructural elements (such as ceilings, partitions, walls or windows), impairment of the
normal functions of furniture or equipment and noticeable deflection causing distress to
occupants. Deflection control therefore becomes one of the basic serviceability requirements
in limit states design procedures.

Although high accuracy cannot generally be expected from the calculations of deflections, this
precision is often not required because allowable deflections are difficult to define. The point
at which unserviceability occurs depends on the nature of the building and the perceptions of
the building occupants. In addition, deflection calculations are normally based on an idealized
structure, whilst the influence of mitigating features such as beam end-restraints and cladding
are difficult to quantify. Design codes of practice therefore often specify traditional deflection
limits (the origin of which cannot be clearly documented), whilst allowing the designer to
exercise his judgement.

In view of the above, the deflection criteria specified by SABS 0100-1:1992 (Ref. 3-1) and
SABS 0160: 1989 (Ref. 3-2) should only be regarded as reasonable limits. The following
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design criterium is selected for the purposes of this thesis and is taken as a deterministic value
of the allowable deflection.

L
500

= 30.0 mm

The deflection limit applicable to the deflection that takes place after the construction of
partitions and the application of finishes is therefore just satisfied. This limitation is intended
to inhibit damage to nonstructural elements, and may, or may not prevent or control the
occurrence of other states of unserviceability .

3.6 SUMMARY

Theoretical models for prediction of the structural response of a simply supported
pretensioned concrete T-beam, at the ULS of flexure and the SLS of deflection, were
presented in this chapter. These models will be used in the reliability analyses undertaken in
Chapter 5, where the analyses are based on a nominal live to dead load ratio of 0.7.

The design of the member was carried out in accordance with the limit states design method,
as required by the South African structural codes on which this study is based. The design
of a Class 2 prestressed concrete member commences with flexural design at the SLS and,
as a result, the design resistance at the ULS of flexure exceeds the design load effect by
approximately 22 %. The mode of failure at this limit state may be classified as that of an
underreinforced section.

At the SLS of deflection interest lies in that component of deflection which affect partitions
and finishes. In this case, the design criterium which has been selected is just satisfied. The
response considered is that of an uncracked section and the conclusions to be drawn from the
subsequent reliability analysis would therefore apply to such a member.

The mechanical properties of the materials of construction, including the gain in concrete
strength beyond 28 days, were briefly reviewed. This will form a basis for the discussion of
the variability of the basic variables associated with resistance, as well as for evaluation of
the effect of increased concrete strength on reliability at the ULS of flexure.
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CHAPTER 4

STATISTICAL PROPERTIES OF BASIC VARIABLES

Itwas stated in Chapter 2 that the evaluation of structural reliability requires information on
the variability of the basic variables, which for practical purposes is limited to the first two
moments of the random variables. The statistical properties of the basic variables for the two
limit states of interest were collected from available literature and in some instances were
obtained by analysis. The discussion of these properties is the topic of this chapter, but it is
preceded by certain concepts that were required for the analyses.

4.1 MODELLING OF UNCERTAINTY

It was noted in § 1.2 that Level 2 reliability analysis is concerned with only a subset of all
the uncertainties that exist in structural engineering design. The following discussion attempts
to indicate how the three types of uncertainty which constitute this subset are included in the
reliability analysis.

When a basic variable is modelled as a random variable it does not assume a discreet value
any longer, but its behaviour is governed by a probabilistic model. The selection of a
probabilistic model for a particular basic random variable can be divided into two parts: the
choice of a suitable probability distribution to characterize the physical uncertainty and the
choice of suitable values for the parameters of this distribution.

If sufficient sample data of a basic random variable is in hand, various methods are available
by which a suitable probability distribution may be selected. The simplest of these is to base
the choice on a comparison between the shape of the histogram of the data and the shape of
the mathematical distribution. When there is good agreement, the probability density function
can be interpreted as the limiting case of the histogram as the sample size tends to infinity
and the class interval is reduced.

However, unless the experimental data is obtained from an effectively homogeneous source,
and unless the sample size is sufficiently large, formal attempts to fit standard forms of
probability distributions to the data are hardly worthwhile. In structural reliability analysis
such data is often not available for, some basic random variables. Therefore, in these cases
it is preferable to base the choice of a distribution on physical or subjective reasoning about
the nature of the probabilistic mechanism generating the randomness in order to justify
extrapolation beyond available data. Furthermore, the emphasis is on the use of two-
parameter distributions because, with few exceptions, the quantity of data necessary to
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estimate higher order statistics with any confidence does not exist in the structural reliability
context.

When sufficient sample data is available various techniques exist whereby the parameters of
a probability distribution can be estimated, such as the method of moments or the method of
maximum likelihood. However, sample-derived parameter values are no more than estimates
of the true values. Therefore, when only limited data is available statistical uncertainty
remains, which constitutes the uncertainty associated with the estimation of the parameters
and the uncertainty associated with the selection of a probability distribution. Instead of just
ignoring this uncertainty, it may be included in the moments of the distribution of a basic
random variable X as follows (Refs. 4-1 and 4-2).

-
Jlx = Bi

Vx = (V/ + V/) ~
(4-1)

(4-2)

where Jlx = true mean of X
Vx true C.O.V. of X

i estimate of Jlx

V = estimate of Vx

B = bias factor

VB = random error

It was noted in § 1.2 that modelling uncertainty may conveniently be expressed in terms of
the distribution of a modelling variable. This random variable can be treated in a manner
similar to the above, and it is considered separately in § 4.3.1 with respect to the load effect
model and in § 4.5 with respect to the theoretical models of structural response.

FOSM reliability analysis requires information on the moments (i.e. the mean and standard
deviation) of each basic random variable, rather than their entire distributions. These
moments are discussed and analyzed in detail for the loading and resistance basic variables
in § 4.3 and § 4.4 respectively. The moments were collected from available literature and in
particular from Elligwood et al (Ref. 4-1), which represents a synthesis of time-independent
statistical properties of basic variables as reported in numerous previous studies. Though it
is often implied in the literature that was consulted, it is stated here that for the purposes of
this thesis it is assumed that the moments already make provision for statistical uncertainty
and that they therefore represent true moments of the distributions.

The mean values of basic random variables are often normalized with respect to their
characteristic or nominal values (as defmed in § 1.4) and are reported as such in the
literature, together with their coefficients of variation. This is done for convenience and
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makes the statistics applicable to a wide range of design situations. The moments for a
particular basic random variable can then easily be calculated as follows.

(4-3)

(4-4)

where X/Xn = the mean value ratio

In general, the mean value ratio is greater than unity when it applies to basic random
variables associated with resistance and smaller than unity when associated with loading
variables (see Figure 2-1).

FOSM reliability analysis is not concerned with absolute accuracy. It may therefore be
mentioned here that, for the purposes of this thesis, it was considered to be of greater
importance that the moments of a particular variable displaying a definite probabilistic
behaviour be in fact reflected in the analysis, rather than the exact numerical values thereof.
Furthermore, when knowledge of the source of materials of construction is unavailable or
limited to regional averages, it is appropriate that conservative estimates of the c. o. v. be
made. Such a situation applies, for example, to structural code calibration procedures.

4.2 ANALYSIS OF MOMENTS

A limit state equation which is expressed in terms of its fundamental basic random variables
can become very complicated and should be reduced to a manageable form before any
reliability analysis is attempted. This may be accomplished by grouping certain functionally
related random variables together and to determine moments for a single random variable
which represents them. The various methods required for the purposes of this study to
estimate these moments are set out in § 4.2.1 through 4.2.4. However, the formal definitions
for the first and second moments of a random variable are first restated (Ref. 4-3).

The complete behaviour of a random variable X is described by its probability density
functionfxCx), but as noted before, FOSM reliability analysis is concerned with only the first
two moments. These are the first moment about the origin (the mean Ilx), which characterizes
the central tendency of a random variable, and the second central moment (the variance ai),
which is a measure of the dispersion about the mean. These definitions are stated in common
probabilistic symbolism in Eqs. 4-5 and 4-6 below.
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00

J-tx = E[X] = f xfx(x)dx
-00

(4-5)

00

a 2
X = VAR[X] = f (x - J-txrfx(x)dx

-00

(4-6)

The coefficient of variation (e.o. v.) Vx is defined as the ratio between the standard deviation
and the mean of a random variable, where the standard deviation ax is the positive square root
of the variance. This dimensionless ratio facilitates comparisons among a number of random
variables with different units.

(4-7)

The covariance aXi.Xj of two random variables is a measure of the tendency of the random
variables to vary together and is defined in Eq. 4-8 in terms of the correlation coefficient
PXi.Xj' The implications of the values that the correlation coefficient may take on were
discussed in § 2.4.

(4-8)

where - 1.0 ::;; Fx..« =:;; 1.0
, I

The identities quoted in Eqs. 4-9 and 4-10 below follow from an expansion of the definition
of expectation and often prove to be useful.

(4-9)

(4-10)

4.2.1 Moments of Simple Functions

The properties of expectation can be used to derive the moments of simple functions of
random variables. These useful results were used in the analyses whenever possible and a
number of cases are outlined below. Further guidance was obtained from Refs. 4-3 and 4-4 ..
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Moments of a Linear Function

It is often required to find the moments of a random variable Y which is a linear function of
a number of jointly distributed random variables Xi (see Eq. 4-11). In this case the mean and
variance of Y can be computed from Eqs. 4-12 and 4-13 respectively.

n

Y = ao + L aiXi
i = 1

(4-11)

n

J.l..y = ao + L ai J.l..x
i

i = 1
(4-12)

(J 2
y

n n n

= L a/ (Jx
2

+ 2 L L aia) Px.,« (Jx (Jx
i=1 ' i=I}=i+1 'J' J

(4-13)

Two random variables Yl and Y2 which are functions of corresponding random variables X;
will be correlated even though the original variables may be uncorrelated. For the two linear
functions of Eq. 4-14 their covariance may then be calculated from Eq. 4-15 below.

n

Yl = ao + L aiXi
i = 1

and
n

Y2 = bo + L biXi
i = 1

(4-14)

n n n

= L aibi(JX2 + 2 L L aib) Px.,« (Jx (Jx
i=1 • i=I}=i+1 'J' J

(4-15)

Both Eq. 4-13 and 4-15 reduce to only their first term when the original random variables
are uncorrelated.

Moments of a Product

A random variable Ywhich is the product of two random variables (see Eq. 4-16) also lends
itself to simple analytical treatment. In this case the mean and variance can be computed from
Eqs. 4-17 and 4-18 respectively.

(4-16)

J.l..y = J.l..x J.l..x + Px x (Jx (Jx
I 2 l' 2 I 2

(4-17)

(4-18)
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Eq. 4-19 below is often used for the special case when the random variables X, and X2 are
uncorrelated. This expression is of considerable practical importance and the last term is
typically negligible.

(4-19)

Furthermore, the moments of the product of any number of mutually un correlated variables
(see Eq. 4-20) can be found with Eqs. 4-21 through 4-23.

n

y = IIXi
i = I

(4-20)

n

J-ty = IIJ-tx
i = I '

(4-21)

a 2 == ~ [IIn IL 2] a 2y .~. ~ Xi
I = I J = I

j ot i

(4-22)

n

- 2:Vx2
i = I '

(4-23)

Division of Random Variables

For the random variable Y of Eq. 4-24, first-order approximations to the moments (see
§ 4.2.2) are as stated in Eqs. 4-25 and 4-26. These expressions are valid for random variables
with reasonably small c.o. v.

(4-24)

(4-25)

(4-26)

4.2.2 Taylor-Series Approximations

The moments of functions of increasing complexity were derived with the aid of the
approximate expressions listed below (Ref. 4-3). These expressions follow from a
multidimensional Taylor-series expansion of the functionally dependent random variable Y
about the means of the independent random variables X; (see Eqs. 4-27). The justification for
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this approach lies in the observation that if VXi is small, then Xi is very likely to lie close

to JJ..Xi.

Y = g (X) = g (Xl' X2 ' ..•.•• , Xn) with p. x = (/lx; , /lx, ' , JJ..x. ) (4-27)

The second-order approximation to the mean of Y is given by Eq. 4-28, where the
contribution of the last two terms are negligible when the c.o. v. of the original random
variables Xi and the nonlinearity in the function are small.

(4-28)

The first-order approximation to the variance of Y can be obtained from Eq. 4-29,

(J 2 = ~ [ ag(X) ]2 (J 2 + 2 ~ ~ [ag(x)] [ ag(x)] P (J (J (4-29)
Y LJ ax x; LJ .LJ ax ax X;'Xj x, X,

1=1 i P-x I=IJ=I+I i P-x j P-x

while the first-order approximation to the covariance between two functions Yl = giX) and
Y2 = gz(X) of corresponding random variables X; can be obtained from Eq. 4-30.

(J =It [agl(x)] [ag2(x)] (J2

Y"Y, 2 i = 1 ax. ax. x,
I P-x I P-x

(4-30)

When the functionally independent random variables are uncorrelated Eqs. 4-28 through 4-30
are all simplified in that their last terms fall away.

The first term of Eq. 4-29 may be interpreted as meaning that each of the n random variables
Xi contributes to the dispersion of Y in a manner proportional to its own variance and
proportional to a factor which is related to the sensitivity of Y to changes in X; (Ref. 4-3). In
order to reduce any limit state equation to a manageable form before attempting a reliability
analysis, certain independent variables may be assumed to be deterministic rather than
stochastic. The effect of this action is to neglect contributions to the variance of Yand it is
a justified approximation if either the variance or the "sensitivity" factor of a particular
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variable is small enough so that their product is negligible compared to the contribution of
other variables in the limit state in question.

4.2.3 The Point Estimate Method

The Point Estimate Method can be used to obtain the moments of a nonlinear function of any
amount of random variables (Ref. 4-5). This approach may be preferable when,

• it is difficult to obtain the partial derivatives of the function, as required by the
Taylor-series approximations of the moments, or

• when the Taylor-series approach becomes cumbersome due to many independent
random variables, or

• when the function is given implicitly in the form of charts or graphs.

Following this approach, each of the continuous functionally independent random variables
Xi is replaced with a discrete random variable, and their continuous joint distributionfx(x) is
approximated by a finite number of equivalent point-estimates. For the particular case of a
function of two random variables, i.e. Y = g(Xj,X2), the set of possible realizations of the
discrete random variables are,

(4-31)

while the point-estimates associated with these values are,

(4-32)

Once the associated values of the functionally dependent random variable Y have been
determined (Eq. 4-33), the the first two moments of the function can be computed from Eqs.
4-34 through 4-36.

(4-33)

/ly = E[Y] = LPijYij = P++ Y++ + P+_ Y+_ + p_+ y_+ + p __ y __
all y

(4-34)

E [y2 ] = ~ ( )2 = ( )2 + ( )2 + ( )2 + ( )2LJ Pij Y ij P ++ Y ++ P +- Y +- P -+ Y _+ P -- Y--
ali y

(4-35)

(4-36)
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Whereas symmetrical distributions have tacitly been assumed for the functionally independent
random variables, the coefficient of skewness 'Yl may be calculated for the distributionfy(y)
to establish whether this assumption still holds for the dependent random variable y. The
coefficient is positive for distributions skewed to the right (i.e. with longer tails to the right)
and negative for those skewed to the left.

L (Yij - /ly)3 Pij
= all y'Y,

(J 3y

(4-37)

In general, for a function of n independent random variables Xi' the coefficient on the right-
hand side of Eqs. 4-32 is ('hY, and 2n values of Yare obtained from Eq. 4-33. The
information required for the analysis comprises the moments of each independent random
variable as well as n(n - 1)/2 correlation coefficients PXi,X)' when available. The Point Estimate
Method lends itself to computer programming and is a conceptually simple method used for
the analysis of moments.

4.2.4 Range of Values Known

Based on past experience, the variability of a basic random variable X can often only be
expressed in terms of a lower limit XI and an upper limit xu' Given the range of possible
values, the first two moments can be evaluated by prescribing a suitable probability
distribution within this range.

If, for example, it is judged that there is a bias toward the lower values within the specified
range, then a skewed distribution such as the lower triangular distribution would be
appropriate. In this case, the mean and C.O.V. are given by the following expressions.

(4-38)

1
[
X - X 1V = u I

X 12 Xu + 2xI
(4-39)

The statistics of other common distributions that may be prescribed are summarized by Ang
and Tang (see Ref. 4-2, Table 6-3).

4.3 LOADING VARIABLES

Loading is usually the most uncertain factor in structural reliability analysis. Efforts spent on
loading data collection and on load modelling may be more productive than refinement of the
reliability estimation techniques (Ref. 4-4). It is essential, therefore, to review the statistical
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properties of the relevant dead and live loads (see § A.1.2), even though this study centres
on the reliability aspects associated with the response of the prestressed concrete member.

Nominal values for the dead and live loads to be supported by the prestressed concrete
member were obtained from the South African loading code SABS 0160: 1989 (Ref. 4-6).
However, for the purposes of reliability analysis they must be regarded as uncertain quantities
and are therefore treated as random variables. The moments of the basic random variables
associated with these loads are considered in § 4.3.3 and § 4.3.4, respectively, and are
summarized in Table 4-1, while detailed calculations are presented in Appendix B. However,
the implications of the load effect model on the statistical properties and of the load
combination model on the limit state equations are first investigated.

4.3.1 Load Effect Model

Load effects, or actions, are internal forces such as bending moment and shear, and are the
result of loads acting on a structural member. It is important to note that the reliability
analyses undertaken in Chapter 5 use these load effects as the basic variables in the limit state
equations, and not the applied structural loads themselves. It is convenient from a conceptual
point of view to gain some insight into how the actual spatial and time-varying loads (which
are obtained from long-term load records, when available) are modelled to arrive at the
statistical properties of the load effects.

Firstly, appropriate probabilistic load models are used to transform the actual spatial and time
varying loads into statically equivalent uniformly distributed loads (EUDL), such that the
EUDL produce the same particular load effects as the actual loads (Ref. 4-4). These are then
specified by structural loading codes and can be used for design purposes. Secondly, during
the design process, the specified loads are transformed into load effects, where a particular
load effect Qi is assumed to be related as follows to the corresponding applied structural load
(Refs. 4-1 and 4-8).

i = 1, ,n (4-40)

where c, = influence coefficient, converting load into load effect
Bi = load modelling variable

Ai = applied structural load
n = number of load effects

If it is assumed that the transformation from load into load effect is linear and that the above
parameters are statistically independent, then the mean and c.o.v. of the load effect are given
by Eqs. 4-41 and 4-42 below.

-
Qi = ei BiAi (4-41)
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(4-42)

The various factors which contribute to the overall uncertainty VQ; in the load effect on a
structural meinber can, with reference to Bq. 4-42, be delineated as follows.

• VA; reflects the inherent physical variability in the applied structural load. As stated
in § 4.1, it is assumed that statistical uncertainty is also incorporated here.

• VB; reflects uncertainties arising from the load model which transform the actual
spatial and time varying-load into an EUDL, which can be used for design purposes.
When this model is unbiased the load modelling variable has a mean of unity.

• Vei represents uncertainties that arise from the analysis which transforms the EUDL
into a load effect (e. g. two-dimensional idealizations of three-dimensional members,
fixity at supports, continuity).

It is again emphasized here that the moments of the load effects are used in the reliability
analyses to follow. These moments thus already include all the previously mentioned
uncertainties. Furthermore, it should be noted that the only load effects considered for the
two limit sates of interest are that of bending moment.

4.3.2 Load Combinations

Unlike resistance variables, most of which change very little during the life of a structure,
structural loads are typically time-varying quantities. The main exception of course is the load
effect caused by the self-weight of permanent structural and non-structural components. If a
structure is subjected to only one time-varying load in addition to the dead load, its reliability
may be determined simply by considering the sum of the dead load effect and the maximum
effect produced by the time-varying load during the life of the structure. It should be noted
that with time-varying loads interest lies in the likely value of the greatest load during the
lifetime of the structure. Success or failure may depend on the ability of the structure to
function under maximum load, and not simply typical values.

It is frequently the case, however, that more than one time-varying load will be acting on a
structure at any given time. Then, the maximum effect resulting from the combination of
these loads must be considered in the ensuing reliability analysis. Conceptually, these load
combinations should be dealt with by applying the theory of stochastic (random) processes,
which account for the stochastic nature and correlation of the loads in time and space (Ref.
4-1 and 4-7).

Loads acting on structures can generally be classified into the following load process models.
Permanent loads, such as dead loads, maintain a constant magnitude with relatively small and
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slow random variation. Other loads can be either sustained loads changing at discrete times
but of relatively constant magnitude during the time intervals, or transient loads changing
continually with time. An example of the former is the sustained portion of imposed floor
loading, while wind loading represents a transient load.

Reliability analysis at the ultimate limit states requires that the maximum total load during the
service life of a structure be characterized. When more than one time-varying load is acting,
it is extremely unlikely that each load will reach its lifetime maximum value at the same
moment. Consequently, a structural member may be designed for a magnitude of load which
is less than the sum of the lifetime peak loads. For practical reliability analyses, it is
necessary to work with random variable representations of the load effects rather than random
process representations.

A usefull procedure for combining time-varying load effect processes is Turkstra's rule. This
rule says, in effect, that the maximum of a combination of time-varying load effects will
occur when one of these load effects acts at its lifetime maximum while the others assume
their arbitrary point-in-time values. Furthermore, it assumes that the probability of two or
more time-varying loads effects attaining their lifetime maximum values at the same time is
negligible. As noted in § 1.4.2 the arbitrary point-in-time values are intended to represent the
sustained or usual values of the additional time-varying load effects. Eq. 4-43 below indicates
a combination of load effect processes (i.e. random functions of time), but also includes the
permanent load effect, which may be represented by a single random variable. Turkstra's rule
for this combination is subsequently given by Eq. 4-44.

Q(t) = G + Qj(t) + Q/t) + + Q/t) tET (4-43)

maxQ(t) = G + mc;x ["':"QJt) + j~QP')l
J ¢ I

(4-44)

where Q(t) = combined load effect process
G = permanent load effect
Qj(t) = load effect process

time variable
arbitrary point in time
specified design life

t =
t· =
T =

The similarity between Eq. 4-44 and Eq. 1-7 in § 1.4.2 should not escape the reader's
attention. The standard formulation for load combinations specified by. the South African
loading code SABS 0160: 1989 (Ref. 4-6) is essentially an application of Turkstra's rule. This
rule is frequently adopted as a model for combining time-varying load effects not only
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because of its simplicity, but also because it has been shown to be a good approximation in
many practical cases and because it is consistent with the observation that failures frequently
occur as a consequence of one time-varying load attaining an extreme value.

When there are n time-varying load effects in the limit state equation, then in general it is
necessary to consider n distinct load combinations in computing the associated reliability.
However, for the prestressed concrete member of this study the application of Eq. 4-44 is
extremely simple and there is only one load combination to consider for the reliability
analysis of each of the two limit states of interest (see Eqs. 4-45 and 4-46 below). Since the
member is subjected to only one time-varying load, i.e. the live load, in addition to the dead
load, its reliability at the ULS of flexure may be determined simply by considering the sum
M of the dead load effect and the maximum effect produced by the live load during the life
of the member.

(4-45)

For reliability analysis at the SLS of deflections the sustained component of the live load
effect must, however, be seperated from the variable component. This is done in accordance
with Eq. 1-8 of § 1.4.2, where tPL is the live load combination factor.

(4-46)

Accordingly, the moments and probability distributions of the random variables in the above
two equations are required for the reliability calculations.

4.3.3 Dead Loads

Dead loads are of a permanent nature, since their variation in magnitude with time is
negligible in relation to their mean value. The dead load is therefore assumed to remain
constant throughout the life of the structure, even though its actual value may be uncertain.
For the purposes of this study the dead load D includes the self-weight of the prestressed
concrete member D1as well as a superimposed dead load D2 which results from all finishes
and materials of construction which are to be supported permanently by the structure.

(4-47)

It is generally accepted (Ref. 4-1 and 4-8) that the total dead load effect can be modelled as

a random variable in accordance with Eqs. 4-41 and 4-42, with the following values for the
mean and c.o.v.

-
D = 1.05 Dn and
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The assumption that the mean dead load effect is greater than the nominal (estimated) value,
arises from the belief that the weights of many finishes and non-structural items tend to be
omitted during the assessment of dead loads, i.e. a systematic error on the part of the
designers (Ref. 4-8). Furthermore, the random variation of D appears to be mainly due to the
variability of the superimposed dead load, rather than due to that of the load-bearing materials
themselves (Ref. 4-1).

The distribution function for the dead load effect is generally assumed to be either Normal
or Log-Normal. The argument in support of the former is based on the fact that the total dead
load is generally the sum of the self-weights of many individual structural elements and other
parts. This suggests that the central limit theorem applies. Also, the variability of the total
dead load is less than that of the individual items, as measured by the c.o.v (Ref. 4-4). On
the other hand, the self-weights of the individual parts are the products of material densities
and dimensions, all of which may be assumed to be statistically independent and normally
distributed. In addition, the transformation of load into load effect in Eq. 4-40 involves the
product of statistically independent random variables. Consequently, the Log-Normal
distribution may also be appropriate (Ref. 4-8).

Compared to the Normal distribution, the most salient characteristic of the Log-Normal is its
skewed shape. However, for a small c.o.v. the shape of the distribution of a Log-Normally
distributed random variable Yis approximately Normal (Ref. 4-3). This is exemplified by the
ratio of the mean /-ty to the median my , which depends only on the c. o. v. of Y. For the dead
load effect this ratio was found to be almost unity (see § B.2.1) and the Normal distribution
is therefore adopted.

The reliability analysis at the limit state of deflection (see § 5.3) requires that the dead load
be seperated into its two components (see Eq. 4-47) and that the moments of the load effect
due to each are determined. Moments reported in the literature are usually relevant only to
the load effect due to the total dead load and the required moments therefore had to be
estimated, based on previous observations in this section. However, in § B.2.2 they were
chosen such that, when combined, they are comparable to the moments of total dead load
effect.

and VD = 0.107
I

and VD = 0.230
2

4.3.4 Live Loads

The total live load L on the prestressed concrete member consists of imposed floor loads L1

as well as an additional load due to partitions L2 (see Eq. 4-48). Nominal values of these
loads are specified in SABS 0160: 1989 (Ref. 4-6) for a 50-year reference period. The concept
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of live load reduction (see Eq. 4-49) applies to the imposed floor loads, where a reduction
in load per unit area is allowed as the area being considered is increased.

(4-48)

LJ, = c; [0.3 + ;~~ 1 [kP.] (4-49)

where LO.n nominal unreduced imposed floor load (2.5 kPa)
AT = tributary area

The imposed floor load L1 may conveniently be separated into two components, namely a
sustained load Lsus and a variable load Lvar (Ref. 4-1, 4-4 and 4-8). The sustained part of the
imposed floor load is most likely to act on the structure at any point in time and is equivalent
to the arbitrary point-in-time load value referred to in § 1.4.2. This load include office
furniture and normal personnel loads, and it is assumed to act continually with time and to
remain relatively constant within a particular occupancy. The variable part of the imposed
floor load stems from extraordinary events such as the infrequent gathering of large groups
of people or the stacking of furniture during renovation activities. These extraordinary loads
are of a transient nature and may be modelled as Poisson events.

The statistical properties of the sustained part of the imposed floor load may be obtained
directly from data derived from load surveys. As noted before, appropriate probabilistic load
models are used to transform the actual spatial and time-varying loads into a statically EUDL.
The results of these analyses, as reported in the literature, deal primarily with imposed floor
loads in office buildings with little or no information covering retail establishments, hospitals,
schools or industrial premises (Ref. 4-8).

While the mean value of Lsus for office occupancies appears to be independent of the tributary
area, its c. o. v. decreases as the area being considered increases. This is a consequence of the
load averaging which occurs over large areas (Refs. 4-1 and 4-8). The values below are used
for the purposes of this study, where the c.o.v. is a function of the plan area of the
prestressed concrete member. The c.o.v includes allowances for the uncertainties related to
the load model and the analysis (see Eq. 4-42) and thus represents the variability of the load
effect. This load effect appears to be best fitted by a Gamma distribution.

-
Lsus = 0.575 kPa and VL~ = 0.68

While load surveys describe the imposed loads acting on a structure at any point in time, they
are insufficient to describe the lifetime maximum imposed floor load L1 which may be
expected to act during the life of a structure. This is because extraordinary load events are
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usually not reflected in load survey data and must be estimated seperately. However, using
Monte Carlo simulation the distributions of the sustained and variable loads can be combined
to yield the statistics of the lifetime maximum imposed load effect (Ref. 4-1).

- - [ 4.6] [ ]L1 = Lo 0.25 + -- kPa
fA;

and VL = 0.25
I

-
where Lo = mean unreduced imposed floor load (2.4 kPa)

A1 = 2 AT , for beams (influence area, defmed as that area over which the
influence function for load effect is significantly different from zero)

The c.o. v. given here represents the total variability of the lifetime maximum imposed load
effect and is obtained by augmenting the data-based variability with modelling and analysis
uncertainties, as discussed previously. In this case the dependence of the c.O.v. on the
tributary area is weak and may be ignored (Ref. 4-1). This load effect is assumed to be fitted
by a Type I Extreme Value distribution of largest values. This may be interpreted physically
as the distribution that would be obtained if the lifetime maximum imposed load effects were
measured in a set of many nominally identical structures.

The reliability analyses to be undertaken in Chapter 5 require the statistical properties of the
load effect due to the total live load L, rather than the properties of the load effect due to L1

only (see Eqs. 4-45 and 4-46). The following moments of the total live load effect were
calculated in § B.2.3, where it was assumed that the mean value ratio obtained for L1 also
applies to L2•

-
L = 0.941 t., and VL = 0.25 at the ULS

Structural reliability depends on the time of exposure to the loading environment and loading
criteria at the ULS are based on a 50-year reference period. However, it does not seem
reasonable to base serviceability criteria on such a severe requirement. Instead, loading
criteria for deflections might be founded on the premise that the deflection limit should not
be exceeded more than once, on the average, during one tenancy (Ref. 4-9). The average
period between tenant changes in office buildings is eight years. The mean value ratio given
below represents the proportion of the (code-specified) lifetime maximum live load expected
to act during this shorter period. Note that a smaller mean value leads to a higher value for
the c.O.V.

-
L = 0.650Ln and VL = 0.32 at the SLS
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It is an objective of this thesis to examine the relative contributions to the overall uncertainty
at the two limit states of interest of those fundamental quantities normally used by designers
in structural calculations. The live load combination factor ,pv which aims at reducing the
lifetime maximum live load effect to its sustained value (in accordance with Eq. 1-8, § 1.4.2)
is such a quantity, and as such, it should be modelled as a random variable. The moments
of this basic variable are therefore required (see Eq. 4-46), rather than those of the load effect
due to Lsus.

Ambiguity exist in respect of the value specified for ,pL by the South African loading code
SABS 0160: 1989 (Ref. 4-6) and a nominal value of either 0.3 or 0.5 may be adopted for
design purposes (compare clause 4.4.2, Table 2 and clause 5.4.1.1, respectively).
Accordingly, the live load combination factor is often ignored in design practice and the total
live load, comprising both the sustained and variable components, is conservatively used to
evaluate long-term material behaviour at the SLS of deflection.

A rough estimate of the live load combination factor can be obtained from the ratio of the
sustained load to the lifetime maximum live load (Ref. 4-8). As such, ,pL may also be termed
the sustained live load ratio, as defined in Eq. 4-50. The moments stated below were derived
in § B.2.4, where a value of 0.3 was used for the expected correlation between Lsus and L (a
value of either zero or 1.0 would be inappropriate for office occupancies). Furthermore, the
variation of ,pL is assumed to follow a Normal distribution, where this assumption is for
convenience and not based on physical grounds.

(4-50)

ïf;L = 0.870,pL,n and

It is of some interest to note that the c.O.v. of the sustained load effect is significantly greater
than that of the lifetime maximum live load effect (0.68 compared to 0.32). This is explained
by the fact that the former increases as the tributary area being considered decreases (which
is relatively small in the case of the prestressed concrete member), while the dependence of
the latter on the tributary area is insignificant. Even though the random variation of the
sustained load effect is reflected in the c. o. v. of the sustained live load ratio for the purposes
of this study, it is expected to have a meaningful effect on the calculated reliability at the
limit state of deflection. The lack of a clearly specified value by the loading code should be
viewed in this light.
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Table 4-1: Statistical properties of loading variables.

X x, [kPa] X/Xn V • Distribution Ref.x

Dead Load

D 4.83 1.05 0.100 N 4-1

DJ 3.63 1.00 0.107 N § B.2.2

D2 1.20 1.20 0.230 N § B.2.2

Live Load for ULS of Flexure

L 3.39 0.941 0.250 EXl,L § B.2.3

Live Load for SLS of Deflection

L 3.39 0.650 0.320 EXl,L 4-9

1/;L 0.3 0.870 0.659 N § B.2.4

• Vx represents variability of load effect, save for dimensionless IIIL'

4.4 RESISTANCE VARIABLES

The in-situ response of a prestressed concrete member may vary from the theoretical or
calculated response due to variations in the material properties and the dimensions of the
member as well as variations inherent in the models used to predict the structural response.
The moments of the basic random variables associated with the material properties and
dimensions are discussed in the following sections and are subject to the assumptions set out
at the beginning of § 3.3. These properties are summarized in Table 4-2, while detailed
calculations are presented in Appendix B. Variations inherent in the theoretical models are
treated in § 4.5.

It was noted in § 4.1 that when sufficient sample data is unavailable, it is preferable to base
the choice of a distribution with which to model a random variable on an understanding of
the underlying mechanism giving rise to the distribution. For the purposes of this study the
example of many researchers is followed (e.g. Refs. 4-1 and 4-10) in that the Normal
distribution has been adopted for all the basic variables associated with resistance. The
justification for this lies in the fact that there are many sources of physical variability, each
difficult to isolate and observe independently, which contribute in an additive manner to the
overall random variation of many natural phenomena. As a result histograms approximating
the Normal distribution are frequently observed in nature.
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The Normal distribution arises naturally as a limiting distribution when the random variable
of interest is the sum of a number of independent identically distributed component variables,
viz the central limit theorem. This theorem also applies even when the component variables
are not independent or identically distributed, as long as no one variable dominates and as
long as the interdependence among variables is small (Ref. 4-3). The rate at which the sum
tends to normality depends in practice on the presence of any dominant non-normal
components. The Normal distribution always predicts a small but finite probability of
occurence of negative values. Yet it may still be usefull in practice to assume that some
variable, which is physically limited to positive values, is normally distributed if the range
of validity of the model is appreciated.

The characteristic value of a resistance variable has been defined in § 1.4 as the value below
which not more than 5 % of sample values may be expected to fall. In terms of the
standardized Normal distribution this definition can now be expressed as follows.

(4-51)

where ft = characteristic value of resistance variable f
<I> = standardized cumulative Normal distribution function

However, this definition does not always prove to be accurate when used with the moments
obtained from available literature. This is an indication of the inability of design codes of
practice to accurately specify characteristic values for resistance variables.

4.4.1 Concrete

Although the statistical distribution of concrete compressive strength has been of interest for
a long time it has a much smaller influence on structural behaviour than the reinforcement
properties (Ref. 4-4). This is due entirely to the conventional design philosophy of attempting
to achieve ductility in a structural member (see § 3.4.4). The following statistical properties
are of interest for the purposes of this study.

Cube Strength at 28 Days

The standard deviation of the strength of concrete produced by a given contractor is often
regarded to be a constant for all mean strengths and to be a measure of the quality control
practised in his work. The C.O.V. therefore decreases as the mean strength increases. A
standard deviation of 5 MPa is specified by SABS 0100-2: 1980 (Ref. 4-11) for good quality
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of construction. This dispersion about the mean would apply to precast, pretensioned concrete
beams and was used in § B.3.1 to derive the first two moments of the concrete cube strength
at 28 days. The physical uncertainty was augmented with statistical uncertainty to obtain the
following mean and c.o.v.

-
feu = 1.165 hu.n and ~~ = 0.10

Comparable variability is reported in Ref. 4-10 for cylinder strength fc' at 28 days where
control is excellent. For good quality concrete a Normal distribution has been suggested for
feu by many authors (e.g. Ref. 4-10), whereas a Log-Normal distribution appears to be more
appropriate where control is poor.

In-situ Flexural Strength

The flexural strength of in-situ concrete was defmed in Eq. 3-2, where the concrete strength
reduction factor c] may be regarded as a material modelling variable to model the stress-strain
relationship of concrete behaving in flexure. This factor is intended to take the considerations
listed in § 3.3.1 into account. The fust and second moments of the in situ flexural strength
t; were acquired from Refs. 4-12 and 4-13, respectively. In particular a C.O.V. of 0.135 is
suggested. These moments correspond to good quality of construction and is based on a l-h
loading to failure, which represents a lower loading rate than those generally used during
material tests.

However, reliability analysis requires the statistical properties of those fundamental quantities
normally used by designers in structural calculations. The concrete strength reduction factor
is such a quantity and must therefore be modelled as a random variable. For this purpose its
moments were derived in § B.3.2.

and Ve = 0.081
I

Clearly the uncertainty of feo lies not only in that of the material strength, but also in the
uncertainty imparted by the model. For average quality of construction, a similar c.o.v. of
0.092 for c] is reported in Ref. 4-1.

Long-term Cube Strength

The gain in concrete strength beyond 28 days was defmed in Eq. 3-3 in order to evaluate its'
affect on reliability at the ULS of flexure. This should be seen as an attempt to establish
whether the advantage of using the higher strength allowed by the design code of practice
outweighs the increasing uncertainty which accompanies it. The results of the analysis will
indicate whether further investigation is required. With this in mind information from two
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sources was combined in § B.3.3 to make a conservative estimate of the mean of the long-
term concrete cube strength factor c2 on the one hand (Ref. 4-14), and an unconservative
estimate of its C.O.V. on the other hand (Ref. 4-13).

and Vc = 0.102
2

This conservative estimate of the mean with a value 1.30 (see § B.3.3) may be compared with
a mean value of 2.13 that was measured in a 22 year old concrete building (Ref. 4-1). A
C.O.V. of 0.062 was measured at the same site, but since such information is not available
during the design stage the variability of c2 was instead obtained from a likely range based
on professional judgement. The c.o. v. of c2 is indicative of the inability to accurately estimate
t: when!cu is known.

Though not regarded as a basic variable for the purposes of this study, the c.o. v. of the long-
term concrete cube strength/coo was also derived in § B.3.3 for comparison with that of !cu.
For this purpose some correlation between c2 and feu was assumed, albeit weak because the
strength increase is primarily linked to the manner in which the concrete is cured. As before,
the c. o. v. of 0.100 for feu is compounded by the uncertainty imparted by the model, resulting
in a c.o. v. of 0.146 for feoo.

Modulus of Elasticity

Concrete is approximated as a linear elastic material for deflection calculations at the SLS.
The moments of the secant modulus of elasticity of concrete E, at 28 days are therefore
required in the reliability analysis. In § 3.3.1 the characteristic value of E, was obtained as
a function of the characteristic value of feu. Similarly, the mean value of E, must be correlated
with the mean value offeu. A mean value of of 37.4 GPa was obtained from Ref. 4-15 (Fig.
7.17), while the c.o.v. is given by Ref. 4-13. This leads to the following moments.

and

Since the effect of the gain in concrete strength on reliability at the limit state of deflection
is not considered (see § 3.5.1), the moments of the long-term modulus of elasticity are not
required.

Creep of Concrete

Creep in concrete structures is a phenomenon that depends on a host of parameters and the
scatter of actual data about proposed values may be significant. In view of this scatter it is
reasonable to use a simple procedure for design purposes to estimate the creep factor with
sufficient precision and using known parameters.

Stellenbosch University http://scholar.sun.ac.za



4-22

The procedure used in § 3.3.1 permitted a rough estimate of the long-term and 33 day creep
factors <Pcoo and <Pet as functions of only a few parameters, such as thickness of the member,
ambient relative humidity, and age of the concrete. This particular procedure was developed
by ACI Committee 209 (1971) and is one of several methods later evaluated by Rusch et al
(Ref. 4-16). Comparison with test values yielded the c.o.v. given below and, since this was
an average value for creep at different ages, it is asumed to apply to both <Pcoo and <l>et.

and V",,_ = 0.248

The magnitude of this C.O.V. reflects not only physical uncertainty in the data to be used for
the prediction method, but also to a great extent modelling uncertainty due to an incomplete

.~, .

understanding of the creep phenomenon. Vrouwenvelder and Siemes (Ref. 4-17) report a
similar value of 0.20. In the absence of evidence of systematic error the mean values of the
creep factors are taken as the calculated values for the purposes of this study.

4.4.2 Reinforcement

Prestressing steel was the only reinforcement considered for the purposes this study and
consisted of high tensile strength 7-wire strand. Moments for the applicable basic variables,
in particular those associated with strength and prestress losses, are listed in Table 4-2.
Looking at this table, it is evident that the variability of prestressing steel is much less than
that of concrete. As for concrete, these random variables are assumed to follow the Normal
distribution.

The random behaviour of the ultimate strength of prestressing steel/pu was characterized by
Mirza et al (Ref. 4-10) and is given below. These values were based on a statistical analysis
of testing records from various producers and were adjusted for the rate of loading. The
moments are independent of strand size. It is interesting to note that the standard deviation
of the yield strength of normal reinforcing steel and prestressing steel are of the same order,
while the mean value of the latter is almost four times larger. This explains the very small
c.o.v.of/pu·

-t; = 1.040 J'pu.n and ~P' = 0.025

The magnitude of the prestressing force must reflect the prestress losses at the age under
consideration. For this purpose, the initial loss factor ti and the long-term loss factor 1] 00 were
defined in § 3.2 and are used as basic variables in the reliability analysis (see § 5.3.1). For'
post-transfer losses a c.o.v. of 0.16 is given by Ref. 4-10. However, these losses represent
a relatively small fraction of the long-term prestressing force and it can be shown to result
in a c.o.v. of only about 0.04 for 1100' The following more conservative moments are quoted
by Ref. 4-18 and are accepted for the purposes of this study.
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'1'1 = 1.0 '1'1
" CX> " cx>. n and v = 0.08

'I.

The initial loss factor riprovides for both the instantaneous loss of prestress and the limitation
placed on the magnitude of the jacking force, Since the variability of the latter can be
controlled through proper calibration of the prestressing jacks, the c.o. v. of t is taken as half
that of 'YJcx>'

4.4.3 Dimensions

The uncertainty in the basic dimensions of a cross-section is typically very small. They are
controlled by the tolerance limits specified in various building codes, where these limits
depend on the type of structure and construction technology that is used. For the purposes of
this study, dimensional variability corresponds to good quality construction, as applicable to
the precast concrete industry (see § 3.3). Reliability analysis at the SLS of deflection requires
moments for the second moment of area of the gross uncracked section I. Using the methods
of § 4.2.2 and § 4.2.3, the dimensional variability of this paragraph is combined to quantify
the uncertainty of I (see § 5.3.2).

A systematic deviation of actual dimensions from nominal values has been observed. This is
explained by the imperfect stiffness of form work and the subsequent deformation caused by
the weight of wet concrete (Ref. 4-19). Furthermore, the standard deviation of dimensional
variables tend to be relatively constant over a wide range of nominal values and is therefore
independent of member size. In view of the above, the differences between actual and
nominal dimensions is best characterized by the mean and standard deviation of the error.

Dimensional variability was investigated by Mirza et al (Ref. 4-10) and the relevant quantities
are listed in Table 4-2. The C.O.V. decreases for larger sections and for the present study falls
within the range 0.005 to 0.050. The span length Le is set by design considerations and may
therefore be treated as a constant. Furthermore, all basic dimensions are assumed to be
uncorrelated.

4.5 MODELLING UNCERTAINTY

In most cases of importance to structural design, a clearly defined theoretical model exists
which has its origin in the principles of structural mechanics and which has been verified by
experiment. When member structural response is derived from material strength and
geometrical properties using theoretical models, differences between the derived results and
actual in-situ response would be expected. In part this is due to the inherent variability in
experimental techniques and observations. The greater part of the difference, however, is
caused by the use of a simplified theoretical model to represent the physical phenomenon of
interest (Ref. 4-4).
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Table 4-2: Statistical properties of resistance variables.

X x, X/Xn Vx Distribution Ref.

Concrete

!cu 50.0 MPa 1.165 0.100 N see § B.3.1

!co 33.5 MPa 1.053 0.135 N 4-12 & 4-13

Cl 0.67 1.053 0.081 N see § B.3.2

Cz 1.16 1.121 0.102 N 4-13 & 4-14

!c<¥J 58.0 MPa 1.308 0.146 N see § B.3.3

e, 34.0 GPa 1.100 0.105 N 4-13 & 4-15

c/>c<¥J 3.04 1.0 0.248 N 4-16

c/>ct 1.23 1.0 0.248 N 4-16

Reinforcement

Ap 700 mm' 1.012 0.013 N 4-18

/Pu 1860MPa 1.040 0.025 N 4-10

Ep 195 GPa 1.0 0.020 N 4-10

ti 0.706 1.0 0.040 N 4-18

1'/<¥J 0.839 1.0 0.080 N 4-18

1'/1 0.919 1.0 0.080 N 4-18

Dimensions [mm]

b 1500 (bn +4.0)/bn 6.4/b N 4-10

bw 200 1.0 4.8/bw N 4-10

h 600 (hn +3.2)/hn 4.0/h N 4-10

hfl 50 1.0 4.8/h/I N 4-10

hj2 100 1.0 4.8/h/2 N 4-10

d 528 (dn+3.2)/dn 4.4/d N 4-10

el 345 (eIn+3.2)/eln 4.4 /el N 4-10

ez 110 (ezn+ 3.2)/ «; 4.4 /ez N 4-10
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Modelling uncertainty therefore arises, but should decrease as improved models become
available. This type of uncertainty can conveniently be expressed in terms of the distribution
of a modelling variable, which is defined as the ratio between the true and theoretical
response. This term is referred to as the modelling error e and is defined in Eq. 4-52. A
mean value of unity indicates that, on average, the theoretical response equals the true
response. Frequently the modelling error must be estimated on the basis of professional
judgement and experience. However, when experimental data is available it can be estimated
from the ratio of test response, representing the true state of nature, to the prediction
according to the theoretical model used.

(4-52)

where RT = true in-situ member response
RM = member response predicted by theoretical model

Modelling error may contain two components: the systematic error represented by the mean
of e and the random error represented by Ve (Ref. 4-2). Systematic error arises from factors
not accounted for in the theoretical model that tend to consistently bias the model in one
direction or the other, while the random error is the variability about the estimated mean
value. Eqs. 4-53a and 4-53b indicate how the inherent physical uncertainty of the member
response is augmented with modelling uncertainty, analogous to the manner in which
statistical uncertainty was treated in § 4.1 (see Eqs. 4-1 and 4-2). A Normal random variable
representing the systematic and random errors must thus be included in the reliability analyses
at the limit state of flexure (see § 5.2.2) and at the limit state of deflection (see § 5.3.2).

(4-53a)

(4-53b)

-where e = systematic error
Ve = random error

The systematic and random errors can be estimated from experimental data using the unbiased
estimators given below (Ref. 4-3), where the ratio of test response to the prediction according
to the theoretical model is considered.

_ 1 n
e = - L ej

n i = 1
(4-54a)
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1 n
2 L (ei - e)2 (4-54b)STIM =

n - 1 i & 1

where - sample meane =
2 = sample varianceSTIM

n = sample size

The sample variance provides an estimate of the true variance (]TIM2, but statistical uncertainty
remains. To allow for this uncertainty the sample variance calculated above can be replaced
by an upper bound estimate of the true variance. For a Normal distributed random variable
the 100 (1 - a) % upper one-sided confidence limit is given by Eq. 4-55 (Ref. 4-20).

'(]TIM
2 = STlM

2
[ n - 1 1

Xi-a;n-l
(4-55)

where Xi-a;n-l = 100 (1 - a) percentage point of the Chi-square distribution with n - 1

degrees of freedom

The c. o. v. obtained directly from a comparison of test response to theoretical response can
then be calculated as shown below. However, this variability is assumed to result from three
different sources (Ref. 4-13) as indicated by Eq. 4-56.

(] TIMVTIM = ~
e

V 'V2+V2+V 2
TIM = V e test spec (4-56)

The various factors which contribute to this variability can be delineated as follows.

• Ve represents the random error of the theoretical model itself.

• ~est reflects uncertainties in the measurement of loads, caused by inaccuracies of the
gages and errors in readings, and uncertainty in the definition of failure.

• V:pec reflects differences between the material strength measured in control specimens'
and that of the test specimen, as well as variation in actual specimen dimensions from
those measured.
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If the random error is assumed to be directly determined by the ratio of test response to
theoretical response, this disregards errors in the procedures used to determine the test
strength, in addition to differences between the material strength and dimensions reported
from control specimens and those actually present at the failure section. Accounting for the
variability inherent in the test and the specimen leads to a lower random error directly
attributed to the theoretical model and Eq. 4-56 must therefore be solved for Ve.

4.6 SUMMARY

The purpose of this chapter was to gather information on the variability of all the basic
random variables which appear in the two limit state equations of interest. These statistical
properties were collected from several previous studies and are summarized in Table 4-1 and
4-2, while detailed calculations are presented in Appendix B.

The chapter commenced with a discussion on how the various types of uncertainty should be
modelled for inclusion in the reliability analyses. This was followed by a summary of
procedures required for pre-processing of certain moments, viz moments of simple functions,
Taylor-series approximations, the Point Estimate Method and expressions used when the
range of values is known.

The Normal distribution was adopted to model the dead load, while the lifetime maximum
live load was represented by a Type I Extreme Value distribution of largest values. Whereas
the live load at the ULS is based on a 50-year reference period, the variability of this load
for deflection calculations was based on the premise that the deflection limit should not be
exceeded more than once during any tenancy. Only one load combination will be considered
for reliability analysis at each of the two limit states of interest.

The example of many researchers was followed by assuming that the Normal distribution fits
all the basic random variables associated with resistance. These variables include the
properties of concrete and reinforcement, as well as the dimensions of a member cross-
section. Finaly, modelling uncertainty arises when a simplified theoretical model is used to
represent physical phenomena of interest. Consequently, a random variable representing
systematic and random error should be included in the reliability analyses.
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CHAPTER 5

RELIABILITY ANALYSIS OF PC MEMBER

The main objective of this study is to estimate the level of reliability implied by the limit
states design method as specified by the South African structural codes on which this study
is based (i.e. partial safety factors and design criteria). For prestressed concrete design,
theoretical models were selected in Chapter 3 to express the structural response of the
member at the ULS of flexure and the SLS of deflection in terms of the basic variables. The
statistical properties of these basic variables were discussed in Chapter 4 and the stage is
therefore set to proceed with the reliability analyses.

Remaining limit states which were not considered for the purposes of this study, but which
in practice should be checked that they are not reached, are shear strength and bond stresses
at the ULS, and concrete stresses and crack widths at the SLS. Reliability analyses of these
and other limit states are reported in Refs. 5-1 through 5-5.

5.1 PRACTICAL FOSM ANALYSIS

The outcome of FOSM reliability analysis is solutions to the most probable failure point,
direction cosines, reliability index and probability of failure. These quantities may be used
to evaluate the reliability at the limit state of interest. For a practical approach to reliability
analysis using the FOSM method, attention should be directed towards the measures outlined
below.

In Chapter 2 the reliability index {3 was defmed as the distance from the origin in the reduced
variable space to a point on the failure surface at a minimum distance from the origin (see
§ 2.2). However, the Rackwitz and Fiessler algorithm does not always guarantee global
minimum and a breakdown case arises when the trial failure point lies close to a stationary
point which is not a minimum (Ref. 5-6). The iteration procedure can only search for local
stationary points and cannot distinguish between maxima, minima or saddle points. To ensure
that global minimum is obtained in the case of highly non-linear limit state functions,
different initial failure points must be assumed. In each case the iteration procedure is
repeated until {3 converges and the relaibility index is then {3 = min ({31> {3z, .. ·, (3n) where n
denotes the number of initial points considered.

Usually, however, the difficulties associated with obtaining solutions to highly non-linear
failure criteria may be avoided by the use of suitable approximation techniques. One method
is to replace non-linear terms in the limit state function by substitute random variables and
to determine their moments (Ref. 5-6). A disadvantage of this method is that certain basic
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variables are consolidated into these substitute random variables and their direction cosines
are therefore non-conservative.

Alternatively, a highly non-linear limit state function may be simplified by assuming certain
basic variables to be deterministic parameters rather than random variables. Eq. 5-1 may be
used as an indication to rate the relative contribution Wi of a basic variable Xi to the
uncertainty in the limit state function (see § 4.2.2). This contribution is proportional to the
variance of Xi and to a factor related to the sensitivity of g(X) to changes in X;. Those basic
variables taken as deterministic parameters should be taken at their mean avlues.

[ ag(X) r o ,oX Xi

Wi = I /lz (5-1)
n

[ ag(X) r o ,L oX Xi
i = 1

I /lz

When the derivatives required by the Rackwitz and Fiessler algorithm are difficult or
impossible to determine, a semi-numerical method, based on finite differences, may be
employed. This is explained by Eq. 5-2 below (Ref. 5-7).

dX;

ax:
I

(5-2)

where g(Xi + ~X)* = g(xt ,X2*, .x; + ~X;, .xt,
g(Xi)* = g(xt ,X2*, ,Xn*)

x:I
100

, say

As discussed in Chapter 2, the linear approximation of the FOSM method is tantamount to
replacing a non-linear failure surface with a hyperplane tangent to the failure surface at the
most probable failure point (see § 2.2). The accuracy of this approximation depends on the
degree of non-linearity of the function g(X) and can be assessed in terms of the bounds on
the probability of failure PF as displayed in Eq. 5-3 (Ref. 5-8). The lower bound relates to
a failure surface convex towards the origin in the reduced variable space, while the upper
bound relates to a failure surface concave towards the origin.

(5-3)
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where x/ ( -) = CDF of the chi-square distribution with n degrees of freedom

The Rackwitz and Fiessler algorithm has been programmed by various researchers (see Refs.
5-9 through 5-12). The algorithm is mostly programmed in Fortran code and requires
modification to add additional limit state functions. However, for the purposes of this study
VAP 1.6 (Ref. 5-13), a Windows-based program, is used for efficient reliability analysis. The
main shortcoming of Yap 1.6 is that correlation among basic variables cannot be dealt with.

5.2 RELIABILITY AT ULS OF FLEXURE

The theoretical model required to predict the flexural strength of the prestressed concrete
member at the ULS was selected in § 3.4.2. Whereas the variability of the basic variables
with regard to physical uncertainty was determined in Chapter 4, moments for modelling
uncertainty are derived in the next section.

5.2.1 Modelling Uncertainty

Modelling error eM arises from factors not accounted for in the theoretical model for flexural
strength and is therefore introduced into Eq. 5-4 (see § 5.2.2). This theoretical model is based
on the assumptions listed in § 3.4.1, which include the stress-strain relationships for both the
concrete and prestressing steel, the Bemoulli/Navier hypothesis, and the fact that failure of
the section is defined in terms of a limiting strain ecu being reached in the' concrete. In
accordance with Eqs. 4-53a and 4-53b the random variable eM augments the inherent physical
uncertainty of the member response with modelling uncertainty.

The modelling error for flexural strength was estimated from experimental data on a limited
number of test beams reported by Priestly, Park and Lu (Ref. 5-14). They tested 7 simply
supported pretensioned concrete beams with rectangular cross-sections, subject to a zone of
constant bending moment. Prestress was transferred at 7 days and the beams were tested at
28 days. All the beam specimens were overreinforced (see § 3.4.4) and failure therefore
occurred suddenly. The systematic and random errors were calculated in § B.4.1 from the
ratio of test response to the prediction according to the theoretical model. In accordance with
Eqs. 4-55 and 4-56, the random error was subsequently modified to also reflect statistical
uncertainty and uncertainties arising from the experimental procedures. Statistics on the latter
type of uncertainty were obtained from Ref. 5-12 for prestressed beams subject to good
quality testing.

and Ve = 0.159
II

The systematic error indicates that, on average, the theoretical model slightly underestimates
the true member response. Vrouwenvelder and Siemes (Ref. 5-17) report a value ofO.10 for
Ve while Trautner and Frangopol (Ref. 5-18) quote a c.o. v. of 0.12 for the ultimate concrete

Stellenbosch University http://scholar.sun.ac.za



5-4

strain Ecu' As the latter quantity forms part of the basic assumptions on which the model for
flexural strength is based, the calculated value of V, seems acceptable. Note that this value
is also applicable to Eq. 5-5b, since the uncertainty regarding the long-term concrete strength

JcOtJ is already reflected by the c.o. v of the long-term concrete cube strength factor c2•

5.2.2 Limit State Function

The prestressed concrete member of this study was proportioned as an underreinforced section
(see § 3.4.4). This is confirmed by the prestressing steel ratio which is equal to O.35pb' where
Pb is the balanced steel ratio. The balanced steel ratio marks the transition from an
underreinforced section to an overreinforced section.

The theoretical model used to calculate flexural strength should correspond to the behaviour
regime anticipated from the nominal material properties and dimensions. The selected model
therefore applies to the tensile failure mode, where large non-linear elongation of the
prestressing steel precedes compression failure of the concrete. Greater variability is
associated with beams failing in compression. The limit state of flexure is written as follows.

(5-4)

The load effect M must be separated into its basic variables, viz the applied dead and live load
moments. If Eqs. 3-15 and 4-45 are substituted into Eq. 5-4, then the limit state functions
based on the 28 days and long-term concrete cube strengths respectively, are as follows.

(5-5a)

g (X) - e t. A [d - i». 1 - (MD + Md (5-5b)
0tJ -Mpup 2 fb

Cl C2 cu

where Mv = applied dead load moment at midspan

ML = applied live load moment at midspan

feu = concrete cube strength at 28 days
Cl = concrete strength reduction factor
c2 = long-term concrete cube strength factor

/pu = ultimate strength of prestressing steel

Ap = cross-sectional area of prestressing steel
d = effective depth to prestressing steel
b width of flange of PC beam section

EM = modelling error for flexural strength
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Table 5-1: Basic variables for limit state of flexure.

X x, - DistributionX (Jx

MD [kNm] 203.8 214.0 21.4 N

ML [kNm] 143.0 134.6 33.7 EX[.L

feu [MPa] 50.0 58.23 5.82 N

Cj 0.670 0.706 0.057 N

c2 1.16 1.30 0.133 N
'" .

/pu [MPa] 1860 1934 48.4 N

Ap [mm'] 700 708 9.21 N

d [mm] 528 531 4.4 N

b [mm] 1500 1504 6.4 N

eM 1.00 1.020 0.162 N

Eqs. 5-5a and 5-5b can be classified as non-linear limit state functions with uncorrelated basic
variables. Statistical information on all these variables are summarized in Table 5-1. Nominal
and mean values of the load effects were calculated in § B.5.1.

5.2.3 Reliability Analysis

The reliability characteristics for a Class 2 prestressed concrete member at the ULS of flexure
are summarized in Table 5-2. In general not much correlation exists among the load effect
and resistance variables and correlation was therefore ignored for the purposes of this study.
Since uncertainty associated with the load effect terms dominates reliability analyses, results
are normally arranged such that the nominal load ratio becomes the chief independent
parameter. The nominal load ratio for this study can be expressed in the following ways.

concrete:

Practical ranges: Current study:

0.5 ~
Ln

~ 1.5 Ln = 3.39 = 0.702
Dn Dn 4.83

1.0 ~ Ln
~ 2.0 for comparison

Dn

Dn > 0.5 Dn 4.83 = 0.588=D +L D +L 4.83 + 3.39n n n n

steel:

all:
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Table 5-2: FOSM analysis for ULS of flexure.

{3= 3.10 PF = 9.55 X 10-4

Xi x·*
-

xt/Xi,nai I X

eM -0.910 0,562 1.020 0.562

ML 0.366 171.6 134.6 1.200

MD 0.170 225.3 214.0 1.105

/pu -0.078 1922 1934 1.033

Ap -0.040 706.8 708 1.010

d -0.027 530.6 531 1.005

Jeu -0.007 58.11 58.23 1.162

Cj -0.005 0.705 0.706 1.052

b -0.0003 1504 1504 1.003

Based on these nominal load ratios and the type of failure, the reliability implied by the South
African structural codes on which this study is based can be evaluated in terms of reliability
reflected in current design practice. Table 5-3 lists a selection of values for the target
reliability index {3ras reported in the literature. From this table it is evident that there is
consensus among various code committees that the target reliability index for under-reinforced
concrete members in general should lie in the region of 3.0. The value for prestressed
concrete in particular is somewhat higher at 3.75 to 3.9.

The calculated reliability index is surprisingly low in view of the fact that the ULS of flexure
represents a non-critical limit state in the case of a Class 2 prestressed concrete member (see
§ 3.2). Reliability analysis at the ULS of flexure was expected to yield a higher reliability
index. This condition can be explained with reference to the relatively high uncertainty
associated with the modelling error for flexural strength eM (c.o. v. 0.159) which results in
a lower than expected value for {3.A C.O.V. of 0.120, say, for eM would have resulted in a
{3value of 3.81.

Those basic variables which contribute in a significant manner to the uncertainty at the ULS
of flexure can be identified from Table 5-2. It is clear that the reliability is dominated by the
uncertainty associated with eM' This fact supports the notion that a theoretical model with a
small random error should be selected. Apart from the dead and live load effects, the
contribution of /pu, Ap and d to the overall uncertainty is much less significant. The direction
cosines of these variables are one order of magnitude smaller than that associated with eM'
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Table 5-3: Target reliability for ULS of flexure.

{3T Comment Code Country Ref.

3.0 ductile, gradual failure modes SABS 0160: 1989 South Africa 5-19

4.0 brittle, sudden failure modes SABS 0160: 1989 South Africa 5-19

3.0 gravity loads ANSI A58.1:1982 United States 5-19

3.75 prestressed concrete beams ACI318-77 United States 5-20

3.9 precast, prestressed concrete NBS 577 United States 5-12

3.0 gradual failure, 30-year life eSA S408-1981 Canada 5-21

3.5 sudden failure, 30-year life eSA S408-1981 Canada 5-21

On the other hand, the uncertainty associated with i; c, and b have an insignificant effect
on the reliabilty. It follows therefore that the gain in concrete strength beyond 28 days would
also have little effect on the reliability of a prestressed concrete member at the ULS of
flexure. This was confirmed by demonstrating that the reliability index based on the long-term
concrete cube strength shows only a marginal increase to 3.12, while the probability of failure
drops by 5.1 %. Clearly there is little advantage in taking cognisance of increased concrete
strength during the design process as far as flexural strength is concerned.

The above observations are further supported by Figure 5-1 where the sensitivity of {3 with
respect to either the mean or c.o. v. of the various basic variables is illustrated. The modelling
error for flexural strength eM stands out as the curve with the steepest slope in both Figures
5-1a and 5-1b. Accurate knowledge of the C.O.V. of this basic variable therefore plays a
significant role in the calculation of reliability. From Figure 5-1b it can be seen that the
curves associated with.{pu'Ap and d are almost the same. When its slope is compared to that
of eM it is concluded that the effect of these variables is much less significant. The curves
associated with feu, c1 and b are also the same, but it is practically horizontal indicating the
insignificant effect of these variables on the reliability.

It was noted before that the focus of this study is on the uncertainty of the structural response
of a prestressed concrete member, rather than on the uncertainty associated with the loading
variables. The dominant role of eM can therefore be further emphasized with a FOSM analysis
where the loading variables are taken at their mean values. The results of this analysis is.
given in Table 5-4 and is based on the limit state function in Eq. 5-6 (with loading in Nmm).

g (X) = e 1. A [d - /puAp 1 - 3486 X 106
28 M pu p 2 C 1. b .

J cu
(5-6)
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Figure 5-1: Sensitivity analysis at ULS of flexure.

5-8Stellenbosch University http://scholar.sun.ac.za



5-9

Table 5-4: FOSM analysis with deterministic loading variables.

Xi
-

(Xi x·* XI

eM -0.996 0.494 1.020

/pu -0.075 1922 1934

Ap -0.039 706.8 708

d -0.026 530.6 531

feu -0.006 58.11 58.23

Cl -0.005 0.705 0.706

b -0.0003 1504 1504

5.3 RELIABILITY AT SLS OF DEFLECTION

The theoretical model required to predict the deflection which affects partitions and finishes
at the SLS was derived in § 3.5.1. As noted before, the selection of a Class 2 prestressed
concrete member as basis of this study had the advantage that the theoretical model could be
based on the assumption of linear elastic behaviour. Attention can therefore be focused on the
reliability aspects of this limit state and not on the structural response. Moments for
modelling uncertainty at this limit state are derived in the next section.

5.3.1 Modelling Uncertainty

A number of mechanisms contribute to the deflection of a prestressed concrete beam. For a
beam uncracked in flexure these mechanisms include the concrete elasticity, the stiffening
effect of the bonded prestressing steel on the concrete section, and the effect of creep and
relaxation on long-term deflection. In principle all the different mechanisms would contribute
to uncertainty in the theoretical model for deflection (Ref. 5-22). In this study modelling
uncertainty at the various construction stages are represented by the combination of two kinds
of modelling errors: ei reflects uncertainty in the instantaneous deflection, while et and e ;
reflects uncertainty in the ratio of long-term to instantaneous deflection.

(5-7a)

(5-7b)

where eót = modelling error for 33 day deflection
eóoo = modelling error for long-term deflection
ei = modelling error for instantaneous deflection
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et = modelling error for ratio of 33 day to instantaneous deflection
e; = modelling error for ratio of long-term to instantaneous deflection

The effect of all the mechanisms noted above can be accounted for by using the second
moment of area of the uncracked transformed section in deflection calculations. Furthermore,
the material properties used for assessing the modular ratio (see Eq. 5-8 below) should reflect
the construction stage under consideration.

E En ~~ = (1 - r}(1 + ¢c) ~
c~ c

(5-8)

where n = modular ratio
Ep ef! = effective modulus of elasticity of prestressing steel
Ec~ = effective modulus of elasticity of concrete (see Eq. 3-21)
r relaxation loss of prestressing steel
¢c = creep factor of concrete

Modelling uncertainty is normally estimated from experimental data. However, for an
uncracked prestressed concrete beam it is desirable to choose test beams with ratios of applied
moment to cracking moment less than unity. As few of the test beams reported in literature
satisfy this requirement, systematic error was estimated in § B.4.2(a) from the ratio of gross
to transformed second moment of area (see Eq. 5-9). This approach will provide a lower limit
to the systematic error. The presence of the prestressing steel contributes to stiffness,
resulting in less deflection and the systematic error will therefore be less than unity.

(5-9)

where OT =

OM
I

i.:

true in-situ deflection
deflection predicted by theoretical model
second moment of area of gross uncracked section
second moment of area of uncracked transformed section

Experimental work by Washa and Fluck and later reported by Pretorius (Ref. 5-23) was used
to estimate an upper limit to the random error in § B.4.2(b). As this data applies to reinforced
concrete beams cracked in flexure the calculated random errors were reduced by 25 per cent.

-
= 0.950 and Ve; = 0.099ei

-
= 0.935 and Ve, = 0.057et

-
= 0.867 and Ve~ = 0.113eoo
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In order to compare these values with random errors reported elswhere, the random errors
applicable to a particular construction stage can be combined in accordance with Eq. 4-19.
This is illustrated below for long -term deflection and the value of 0.151 can be compared
with a value of 0.170 reported by Retief (Ref. 5-22) for reinforced concrete beams cracked
in flexure.

= 0.151

5.3.2 The Second Moment of Area

The deflection of a prestressed concrete member is a function of the second moment of area
lof the concrete section (see Figure 3-1) and the probability moments of this basic variable
is therefore required for the reliability analysis. Using the methods of § 4.2.2, the
dimensional variability characterized in § 4.4.3 was combined to quantify the uncertainty of
I. For this purpose all basic dimensional variables were assumed to be uncorrelated.

Taylor-series approximations to the mean and variance were used in § B.5.2 through § B.5.4
in preference to the Point Estimate Method. This enabled correlation among the expressions
given in Eqs. 5-lOa through 5-lOc to be calculated analytically. The effect of correlation on
the mean and variance was, however, small. The results are summarised in Table 5-5.

(5-lOa)

1
Ybot = A L Ai Ybot,i (5-lOb)

I

1
{ bhJ, [ h - ; 1

(h h)2
= + b t,

A w 2

+ i(b - bw)( hf, - \) [ h - ht. - j (hJ, - hJ,) 1 }
I = LI; + L Aiy/

i i
(5-10c)
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+ _!_ b (h - h ) 3 + b (h _ h ) [Y _ (h - hf,) ]2
12 IV t, IV 11 bot 2

where b = width of flange of PC beam section
bw = width of web of PC beam section
h = overall depth of PC beam section

hfl = min flange depth
hj2 = max flange depth

Table 5-5: Moments of the gross uncracked section.

x X/Xn Vx

A 1.004 0.024

YOOt 1.005 0.027

I 1.023 0.026

It is evident that the uncertainty in I is small compared to that of the concrete properties. This
can be ascribed to various factors. In the first place, the dimensions correspond to good
quality construction as is prevalent in the precast concrete industry. Secondly, due to constant
standard deviation (see Table 4-2), the effect of variations in the size of a member is less
pronounced for deep or large members than for shallow or small cross-sections. Most
importantly however, uncracked section behaviour was modelled through the selection of a
Class 2 member as basis of this study (see § 3.5.1).

5.3.3 Limit State Function

The serviceability limit state of deflection may be regarded as a problem of capacity versus
demand in terms of the general criterion of the limit states design method, as expressed by
Eq. 1-5. For a satisfactory design, the deflection 0 at the critical section must satisfy the
deflection criteria oa. The former is obtained from structural analysis and is an uncertain
quantity as the loading and structural behaviour are uncertain. Conceptually, the deflection
criteria might also be regarded as an uncertain quantity. This would be possible as
serviceability criteria are associated with subjective human perceptions and are therefore
difficult to specify (see § 3.5.2). The variability is likely to be high, with a c.o.v. in the
region of 0.2 to 0.5, even though few data exist to substantiate this claim (Ref. 5-6). A study
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of the literature indicates that uncertainty in the deflection limit has, unfortunately, not been
quantified. Therefore, in this study, 00 was taken from the customary deterministic values
which are assumed to provide protection against unsightly deflections and against damage to
non-structural elements and equipment.

The limit state of deflection is expressed by Eq. 5-11, where 0 is the difference between the
total long-term deflection 000 and the deflection 0, which occurs before construction of
partitions and application of finishes. The modelling error for deflection e, is expanded using
Eqs. 5-7a and 5-7b.

g(X) = 00 - EóO

= 00 - Eó(Ooo - 0,)
(5-11)

where ei = modelling error for instantaneous deflection
E, = modelling error for ratio of 33 day to instantaneous deflection
eoo = modelling error for ratio of long-term to instantaneous deflection

and s: = instantaneous elastic plus long-term creep deflection due to prestressing force

owoo = instantaneous elastic plus long-term creep deflection due to permanent load

ovar = instantaneous elastic deflection due to variable load
op, = instantaneous elastic plus 33 day creep deflection due to prestressing force

Ow, = instantaneous elastic plus 33 day creep deflection due to self-weight

As before, the load effects must be seperated into their basic variables (see also Eqs. 3-24
and 4-46).

= (1 - 1/;dML

== MD
I

(5-12a)

(5-12b)

(5-12c)

Similarly, the effective long-term prestressing force was expanded and written in terms of its-
basic variables.

(5-13)
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When the various increments of deflection, together with Eqs. 5-12 and 5-13, are substituted
into Eq. 5-11, the limit state of deflection reduces to Eq. 5-14 below.

( ) t,J, A 2 [ (1 + 1100) ]g X = Ó + e e. I pu p ( 5 e + e ) L '11 + cP
a 00 I 48 E I I 2 e '100 2 coo

c

(5-14)

5
[
M +M +tf;M]_ e e. _ D, D, L L L 2 (1 + cP )

00 I 48 EIe coo
c

_ e._?_. [ (1 - tf;r)ML ]L2

'48 EIec

rJ,A [(1+11) ]- e e. I pu p (5 e + e )L 2 '11 + ' cP
, I 48 E I I 2 e '" 2 ct

c

5 [ MD ] ,+ e,e; - -' Le (1 + cPCI)48 Eel

where óa = allowable deflection at midspan
e; modelling error for instantaneous deflection
e, modelling error for ratio of 33 day to instantaneous deflection
eoo = modelling error for ratio of long-term to instantaneous deflection

MDl = applied midspan moment due to self-weight
MDl = applied superimposed dead load moment at midspan

ML = applied live load moment at midspan

tf;L = sustained live load ratio

Ec = modulus of elasticity of 28 day concrete

cPcoo = long-term creep factor

cPa = 33 day creep factor

/pu = ultimate strength of prestressing steel
Ap = cross-sectional area of prestressing steel
5; = initial loss factor

1100 long-term loss factor

11, = 33 day loss factor
I = second moment of area of gross uncracked section

el = eccentricity at midspan section
e2 = eccentricity at support sections

Le = span of PC member

Once again, Eq. 5-14 can be classified as a non-linear limit state function with uncorrelated
basic variables, Since the deflection can be expressed as a single analytical function,
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Table 5-6: Basic variables for limit state of deflection.

X x, - DistributionX ax

Da [mm] 30.0 - - -

ei 1.0 0.950 0.094 N

et 1.0 0.935 0.053 N

eoo 1.0 0.867 0.098 N

MDl [kNm] 153.0 153.0 16.4 N

MDl [kNm] 50.6 60.7 14.Ó N

ML [kNm] 143.0 93.0 29.8 EXu

1/!L 0.3 0.261 0.172 N

s, [GPa] 34.0 37.4 3.93 N

c/>coo 3.04 3.04 0.754 N

c/>ct 1.23 1.23 0.305 N

t.: [MPa] 1860 1934 48.4 N

Ap [mm'] 700 708 9.21 N

Si 0.706 0.706 0.028 N

'1'/00 0.839 0.839 0.067 N

'1'/t 0.919 0.919 0.074 N

1[109 mm"] 7.323 7.492 0.193 N

el [mm] 345 348 4.4 N

e2 [mm] 110 113 4.4 N

Le [ml 15.0 - - -

partial derivatives are possible. Statistical information on all the variables are summarized in
Table 5-6, while nominal and mean values of the load effects were calculated in § B.5.1.

5.3.4 Reliability Analysis

The limit state function of Eq. 5-14 is highly non-linear and was not suitable for analysis with
YAP 1.6. It therefore had to be simplified by assuming certain basic variables to be
deterministic parameters rather than random variables (see § 5.1). For this purpose Eq. 5-1
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Table 5-7: FOSM analysis for SLS of deflection.

{3 = 1.67 PF = 4.75 X 10-2

Xi
-

a, x·* XI

ML 0.448 111.1 93.0

epa 0.419 1.443 1.23

11"" -0.350 0.800 0.839

11t 0.321 0.959 0.919

MD2 0.321 68.21 60.7

1/;L 0.297 0.346 0.261

epe"" -0.285 2.682 3.04

Si 0.254 0.990 0.950

St 0.184 0.951 0.935

s"" -0.135 0.845 0.867

MDl 0.095 155.6 153.0

was used in § B.6.1 to rate the relative contribution of the basic variables to the uncertainty
in the limit state function and the number of random variables was subsequently reduced from
18 to 11 (see Eq 5-15 below, with applied loading in Nmm). Those variables associated with
creep, prestress losses, loading and modelling remained as basic variables. The reliability
characteristics for a Class 2 prestressed concrete member at the SLS of deflection are
summarized in Table 5-7.

g (X) = 30 + 29.97 e. ei [ n: + (1 ~ ~.) 4>,.j
- 8.36XlO-8s""Si(MD, + MD, + 1/;LML)p + epe",,)

(5-15)

- 8.36 X 10-8 Si (1 - 1/;dML

- 29 97 ss. ['11 + (1 + 11.i. j. t I '1t 2 'P et
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Table 5-8: Target reliability for SLS of deflection.

{3T Comment Code Country Ref.

1.8 concrete floor beam TGB-Algemeen Netherlands 5-17

1.5 floor beams, occupancy loads - United States 5-24

As could be expected from the use of unfactored values in the design, the probability of
exceeding the allowable deflection is large. The probability of failure at the SLS of deflection
is two orders of magnitude larger than that at the ULS of flexur~, but compares well with
acceptable practice. See Table 5-8 which lists values for the target reliability index {3T as
reflected in current design practice.

As before, a FOSM analysis was also carried out based on the limit state function given
below, where the load effects were taken at their mean values. This affords a clearer picture
of the relative contribution of the basic variables associated with the structural response to
the uncertainty at the SLS of deflection. The results of this analysis is listed in Table 5-9.

g(X) • 30 + 29.97«». [ »: + (1 +2~~) <I>,~ 1
- 8.36X10-2E",Ei(213.7 + 93.0,pL)P + ePe",,}

(5-16)

It is clear that the creep factors ePa and ePeoo have a profound effect on the uncertainty,
followed by the prestress loss factors 'TI ce and 11(. Evidently, accurate specification of these
variables would enhance the reliability of the design. However, this requirement should be
weighed against the need for simple code provisions that would hold user acceptance (refer
to clause 5.8.2 of SABS 0100: 1992, Ref. 5-25).

At first glance the effect of the various modelling variables is secondary to that of the creep
and prestress loss factors. However, the overall contribution of these variables on the
uncertainty at the SLS of deflection of a prestressed concrete member is obtained when the
associated direction cosines are combined as shown on the next page. The resulting direction
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Table 5-9: FOSM analysis with deterministic loading variables.

Xi x·* -
xt/Xi.nai I X

q,ct 0.518 1.525 1.23 1.240

q,eoo -0.415 2.455 3.04 0.808

'Ylt 0.395 0.974 0.919 1.060

'Yloo -0.393 0.790 0.839 0.942

ei 0.296 1.002 0.950 1.002

1/;L 0.264 0.346 0.261 1.153

et 0.235 0.958 0.935 0.958

eoo -0.191 0.832 0.867 0.832

cosine is comparable to that of the creep factors and indicates that, as in the case of the ULS
of flexure, a theoretical model with a small random error should be selected. The contribution
of the sustained live load ratio 1/;L is less meaniningfull than expected in view of its large
c.o.v (0.659).

= 0.423

Itmay be noted that in this analysis the second moment of area I and the modulus of elasticity
of the concrete E, were assumed to be deterministic parameters. Whereas variability in beam
stiffness is a major cause of uncertainty in the deflection of cracked concrete members, this
is not so in the case of a Class 2 prestressed concrete member. For the same reason the
uncertainty associated with the properties of the prestressing steel,!,JU and Ap, are negligible.

Figure 5-2 illustrates the results of a sensitivity analysis of {3 with respect to either the mean
or the C.o.v. of the various basic variables. It must be noted that since the variability of the
load effects were removed from this analysis, the actual value of {3 has no real significance.
In comparison with the ULS of flexure, the reliability at the SLS of deflection is not
dominated by the uncertainty associated with a single basic variable. It is also clear that the
reliability is much more sensitive to variations in the mean than to variations in the c.o.v.

Retief (Ref. 5-22) found overall modelling uncertainty, particularly that of the long-term
effects, to be the dominant source of uncertainty in predicting the deflection behaviour of a
reinforced concrete member. He further noted that, for a fixed beam depth, the expected
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Figure 5-2: Sensitivity analysis at SLS of deflection.
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deflection is very much a function of the creep coefficient when using Branson's Method,
with an increase in the characteristic deflection from 28 % to almost 50 % above the design
limit as c/>coo increases from 1.8 to 2.35. The uncertainty in Branson's Method is therefore
also dominated by the variability of the creep coefficient. Due to the empirical way in which
creep effects are calculated in Branson's Method, its sensitivity to the variability of c/>coo is
thought to be unrealistic. A more rational model for long-term creep effects such as the
effective modulus of elasticity as used by the BS 8110 method would give a more realistic
indication of the importance of creep.

5.4 SUMMARY

FOSM reliability analyses were carried out in this chapter at the' ULS of flexure and at the
SLS of deflection and the reliability indices were found to be 3.10 and 1.67 respectively.
Modelling uncertainty were included in both theoretical models with modelling uncertainty
at the SLS of deflection found as the combination of three modelling errors related to the
various components of deflection.

At the ULS of flexure the reliability is dominated by the uncertainty associated with the
modelling error eM' whereas the contribution of /pu, Ap and d to the overall uncertainty is
much less significant. It was also confirmed that the gain in concrete strength beyond 28 days
has little effect on the reliability of a prestressed concrete member at the ULS of flexure.

The limit state function at the SLS of deflection was highly non-linear and was not suitable
for analysis with the available software. It therefore had to be simplified by assuming certain
basic variables to be deterministic parameters rather than random variables. In contrast with
the ULS of flexure, reliability at the SLS of deflection is not dominated by the uncertainty
associated with a single basic variable. The creep factors c/>a and c/>coo and the prestress loss
factors 7100 and 71, all have a significant effect on the uncertainty. It was shown that the overall
contribution to uncertainty of the various modelling variables is comparable to that of the
creep factors.
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CHAPTER 6

CONCLUSIONS AND RECOMMENDATIONS

This chapter deals with conclusions that can be drawn from this study and with
recommendations for future work. A single pretensioned concrete T-beam was analysed for
the purposes of this study and the intention was therefore to focus on the sensitivity of the
reliability of a specific design to uncertainty in the various design parameters. However, the
theoretical model used at the ULS of flexure is suitable for any _prestressed concrete beam
element, while the theoretical model used at the SLS of deflection is limited to Class 2
prestressed concrete members. What remains is to expand the study to cover the practical
range of material properties, dimensions and nominal load ratios.

6.1 CONCLUSIONS

The reliability characteristics at the two limit states of interest must be viewed against the
background of the following issues.

• The prestressed concrete member which formed the basis of this study was designed
following the limit states design method as provided for by the applicable South
African structural codes.

• Reliability analyses are usually performed as a function of the nominal live to dead
load ratio. The analyses of this study were based on a nominal load ratio of 0.70. As
only a subset of all the uncertainties that exist were considered, the reliability
analyses yielded notional values of the reliability index.

• The design of a Class 2 prestressed concrete member is governed by the SLS of
cracking, which led to a higher than required margin of safety at the (non-critical)
ULS of flexure. The prestressed concrete member of this study can be classified as
an underreinforced section.

• With reference to the SLS of deflection, the response considered is that of a section
uncracked under maximum service loads. Interest only lies in that component of the
total deflection which takes place after the construction of partitions and the
application of finishes.

• The focus of this study is on the uncertainty associated with the structural response
of a prestressed concrete member, rather than on the uncertainty associated with the
loading variables.
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Based on the results of this study, the reliability characteristics at the ULS of flexure can be
summarised as follows.

• The literature indicates that the reliability index for prestressed concrete should lie
in the region of 3.75 to 3.90. However, at 3.10 the calculated value is surprisingly
low in view of the fact that the ULS of flexure represents a non-critical limit state in
the case of a Class 2 prestressed concrete member. This condition can be explained
with reference to the relatively high uncertainty associated with the modelling error
for flexural strength eM (c.o. v. 0.159) which results in a lower than expected value
for {j. A c.o.v. of 0.120, say, for eM would have resulted in a {j value of 3.81.

• The reliability is dominated by the uncertainty associated with eM. This fact supports
the notion that a theoretical model with small systematic and random errors should
be selected. Modelling uncertainty should therefore be investigated more thoroughly
as it is not conservatively catered for in the code. However, it should also be noted
thatthe study of modelling uncertainty was based on a limited number of test beams
and that the results were therfore, to a certain extent, influenced by this small
sample. Apart from the dead and live load effects, the contribution of /pu, Ap and d

to the overall uncertainty is much less significant. The direction cosines of these
variables are one order of magnitude smaller than that associated with eM.

• The uncertainty associated with feu, c1 and b have an insignificant effect on the
reliabilty. The direction cosines of these variables are two or more orders of
magnitude smaller than that associated with eM. It follows therefore that the gain in
concrete strength beyond 28 days would also have little effect on the reliability of a
prestressed concrete member. This was confirmed by demonstrating that the
reliability index based on the long-term concrete cube strength shows only a marginal
increase from 3.10 to 3.12, while the probability of failure drops by 5.1 %. There is
therefore little advantage in taking cognisance of increased concrete strength during
the design process as far as flexural strength is concerned.

Similarly, the reliability characteristics at the SLS of deflection lead to the following
conclusions.

• As could be expected from the use of unfactored values in the design, the probability
of exceeding the allowable deflection is large. The probability of failure at the SLS
of deflection is two orders of magnitude larger than that at the ULS of flexure. At
1.67 the reliability index compares well with acceptable practice.

• In comparison with the ULS of flexure, the reliability at the SLS of deflection is not
dominated by the uncertainty associated with a single basic variable. Apart from the
dead and live load effects, the creep factors ePa and ePeoo have a significant effect on
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the uncertainty, followed by the prestress loss factors 11CX> and 111' The overall
contribution of the various modelling variables to the uncertainty at the SLS of
deflection is obtained when the associated direction cosines are combined, resulting
in a direction cosine comparable to that of the creep factors. The contribution of the
sustained live load ratio tPL is less meaniningfull than expected in view of its large
c.o. v (0.659).

• It was demonstrated that the variability of the second moment of area I and the
modulus of elasticity of the concrete E, can be approximated with deterministic
parameters. Whereas variability in beam stiffness is a major cause of uncertainty in
the deflection of cracked concrete members, this is not the case for a Class 2
prestressed concrete member. For the same reason the uncertainty associated with the
properties of the prestressing steel, /Pu and Ap, are negligible.

6.2 RECOMMENDATIONS

This study is concluded with the following recommendations for future work.

• Modelling uncertainty was shown to be a major source of uncertainty at both the ULS
of flexure and the SLS of deflection. This implies that the present code provisions
should be reviewed to formulate theoretical models with reduced systematic and
random errors. This concern can also be adressed with the introduction of a set of
partial resistance factors to take account of modelling uncertainty at the different limit
states.

• The creep factor ¢e and prestress loss factor 11were identified as basic variables
which have a significant effect on the uncertainty at the SLS of deflection. Evidently,
accurate specification of these variables based on more sophisticated models would
enhance the reliability of the design. However, this concern should be weighed
against the need for simple code provisions that would hold user acceptance.
Alternatively, the partial material factor for concrete 'Yme may be adjusted to take
account of this uncertainty at the SLS of deflection.

• Whereas the live load at the ULS is based on a 50-year reference period, it does not
seem reasonable to base serviceability criteria on such a severe requirement. When
the variability of this load for deflections calculations is founded on the premise that
the deflection limit should not be exceeded more than once during anyone tenancy,
the mean value ratio is reduced from 0.94 to 0.65. The latter value represents the-
proportion of the lifetime maximum live load expected to act during one tenancy.
This aspect might lead to savings in the design and the effect thereoff should be
investigated further.
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• SABS 0160: 1989 advocates the use of a consistent set of partial material factors,
irrespective of the limit state being considered, together with a set of partial
resistance factors to take account of the uncertainty associated with different limit
states. This approach has not been implemented in SABS 0100-1: 1992 in that
different partial material factors are specified for various categories of limit states.
This inconsistency should be addressed by the selection of a set of partial resistance
factors for the various limit states.

• There is a need for a systematic review of the level of reliability achieved through
the use of SABS 0100-1: 1992 in the design of prestressed concrete members. As a
pilot study, based only on the prestressed concrete member of this study, partial
resistance factors applicable to the ULS of flexure and the SLS of deflection may be
derived. These resistance factors would represent a calibration of SABS 0100-1: 1992
as the calculated values of the notional reliability index {3N will be regarded as target
values. This would be an attempt to address the inconsistency noted above.

• The reliability basis for the serviceability limit states is not as well developed as that
for the ultimate limit states. Research must be directed towards formulating an
objective failure criterion for deflection. The uncertainty in the deflection limit must
therefore be quantified with a probability distribution to replace the existing
subjective failure criterion based on deterministic values.

Finally, it is hoped that the results presented in this study will contribute to the future revision
of the current South African structural codes, as well as provide insight into the effect of
deterministic assumptions during design on the reliability of prestressed concrete members.
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