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ABSTRACT 

lwasawa Theory for Elliptic Curves 

In this thesis we consider modules over the Iwasawa algebra, these naturally arise in the classical theory 

of class groups over cyclotomic fields as exposed by Kenkichi Iwasawa. We classify these modules up to 

-
psuedo-isomorphism. We apply this classification to estimate the growth of the p-part of the ideal class 

groups along a Zp·extension. Class groups can be interpreted as "generalized Selmer groups", these include 
7-

the traditional Selmer groups attached to elliptic curves. We are thus natural!)> led to consider the growth 

of Selmer groups of elliptic curves along a Zp-extension. Under the hypothesis of good ordinary reduction 

these Selmer groups have a particulary simple and elegant description, we use this description to prove the 

so called "Control Theorem" of B. Mazur. As a consequence we are able to inyestigate the growth behav-

ior of Selmer and Tate-Shafarevich groups along a Zp-extension. The original motivations for considering 

the Selmer groups of elliptic curves along a Zp·extension are however quite different from what has been 

suggested above. The Mordell-Weil theorem says the abelian group of rational points on an elliptic curve 

over Q is finitely generated. Tt is natural to wonder if the Mordell-Weil theorem still holds over infinite 

extensions of Q which are at least Galois. There is a simple criterion due to B. Mazur for the Mordell-Weil 

theorem to still hold, the hypotheses of this criterion, however, are hard to verify in any particular case. 

Consequences of the "Control Theorem" allow us to verify this hypothesis over a Zp-extension, thus the 

Mordell-Weil Theorem holds for a Zp·extension 
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OPSOMMING 

lwasawa Teorie vir Elliptiese Kurwes 

In hierdie tesis oorweeg ons modules oar die lwasawa algebra, hierdie kom natuurlik voor in die klassieke 

teorie van klas groepe oor sikliese liggame soos blootgestel deur Kenkichi Iwasawa. Ons beskryf hierdie 

modules tot pseudo-isomorfisme. Ons pas hierdie beskrywing toe om die groei van die p-deel van die ideaal 

klas groep in 'n Zv-uitbreiding te benader. Klas groepe kan as veralgemeende Selmer groepe beskou word, 

hierdie sluit in die tradisionele Selmer groepe verbind aan elliptiese kurwes. Dit is dus vanselfsprekend 

om die groei van Selmer groepe can elliptiese kurwes in 'n Zp-uitbreiding te oorweeg. Onder die hipotese 

van goeie gewone reduksie het hierdie Selmer groepe 'n besondere eenvoudige en elegante beskrywing, ons 

gebruik hierdie beskrywing om die sogenoemede "Beheer Stelling" van B. Mazur te bewys. As 'n afteiding is 

dit moontlik om die groei handing can Selmer en Tate-Shafarevich groepe in 'n Zv-uitbreiding te ondersoek. 

Die oorspronklike motivering vir die oorweging van Selmer groepe van elliptiese kurwes in 'n Zp-uitbreiding 

is egter heelwat anders as wat hierbo aangedui is. Die Mordell-Weil stelling se dat die Abelian groep van 

rasionale punte op 'n elliptiese kurwe oar Q eindig voortgebring is. Dit is algemeen om te wonder of die 

Mordell-Weil stelllig steeds hon oar oneindige uitbreidings van Q wat ten minste Galois is. Daar is 'n 

eenvoudige voorwaarde deur B. Mazur waaronder die Mardell-Weil stelling steeds staan, die hipotese van 

hierdie voorwaarde is egter moeilik om te kontroleer in enige spesiale voorbeeld. Gevolge van die "Beheer 

Stelling" laat ons toe om die hipotese te kontroleer oor 'n Zp-uitbreiding en dus staan die Mardell-Weil 

stelling vir 'n Zv-uitbreiding. 
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CHAPTER I 

Introduction 

1.1 Preface 

Since the beginning of the 20th century, one of the con~inuing themes which 

motivated algebraic number theory has been the analogy bet~een algebraic number 

fields and algebraic function fields. Starting in the 1950's, ~enkichi Iwasawa in a 

series of now classical papers, introduced the revolutionary idea that you could study 

class groups over cyclotomic extensions by looking instead at ah associated algebraic 

module. This Iwasawa module encodes a lot of information about a whole family of 

class groups along the tower of cyclotomic extensions. Iwasawa in particular proved 

(among other important results) the following famous result: 

Let K = Q( (poo) obtained by adjoining to Q all the p-th power roots of unity. We 

also define Kn = Q( (pn+1). Let hn be the order of the ideal class group of Kn and 

let pen be the highest power of p dividing hn. Then Iwasawa's result says: 

o [21] If e1 = 0 (i.e. if p is a "regular" prime in the sense of Kummer) then one 

has en = 0 for all n 

o [22] For each prime number p, there exist integers m, l, c with m 2: 0 , l 2: 0 

such that: 

en = mpn + ln + c 

1 
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lwasawa also formulated a number of conjectures concerning the behaviour of ideal 

class groups in the tower of subfields of a Zp-extension . 

lwasawa's results suggested a much deeper aspect of the analogy between algebraic 

number fields and algebraic function fields. In the theory of algebraic function fields, 

a famous theorem of Andre Weil states that there is a very precise relationship 

between the zeta function and the divisor class group of an algebraic function field. 

It was undoubtedly hard to imagine how to even formulate an analogous result for 

algebraic number fields, but lwasawa's ideas provided exactly the right framework 

to make that possible. lwasawa's Conjecture asserts that there should be a precise 

relationship between two analogous objects associated with a large class of algebraic 

number fields: the "p-adic zeta function" discovered by Kubota and Leopoldt and the 

"lwasawa Module" which was constructed from ideal class gr~:mps. This conjecture 

has come to be called "lwasawa's Main Conjecture". 

lwasawa's ideas, whose power lies in subtly mixing p-adic analytic methods with 

Galois cohomology, have subsequently been applied to a wider circle of problems in 

arithmetic algebraic geometry. But the origin and archetypal example of lwasawa's 

theory is in the classical theory of cyclotomic fields. To explain lwasawa's ideas 

let Kn = Q((pn+1) and consider the p primary part of the ideal class group of Kn, 

Xn = Cl(Kn)(p). Instead of looking at individual p-class groups, Iwasawa considers 

the whole family of p-class groups as n ~ oo, by patching them up via projective 

limits. From this process he obtains X00 = limCl(Kn)(p) which is naturally an 
f--

n 

lwasawa module i.e. a module over the group ring Zp[[r]], where r is non-canonically 

isomorphic to Zp. lwasawa develops a classification theory for such modules of finite 

type, and using this classification, he manages to recover the Xn 's as quotients of 

X00 • The classification theory allows one to get asymptotic estimates on the orders 

Stellenbosch University  https://scholar.sun.ac.za



3 

of these quotients and thus on the class groups. lwasawa's ideas go further than this, 

and this is the real gem. The algebra Zp[[r]] has an analytic interpretation as the 

algebra of Zp-measures on r with values in Zp (see [28] chapter 4) and this has been 

used to extend and indeed explain Kummer's results on the connection between the 

zeta-function and the Bernoulli numbers. 

Inspired by lwasawa's ideas, in the late 1960's Mazur developed an analogous 

theory for abelian varieties over a Zp-extension, including a version of "lwasawa's 

Main Conjecture" in that context. Mazur's ideas are contained in his article Ra

tional poirds of abelian varieties with values in a tower of number fields [28]. On 

the one hand, Mazur constructed an lwasawa Module from the Selmer group of an 

abelian variety with good reduction over p, which reflected algebraic properties of the 

abelian variety. Mazur together with .Swinnerton-Dyer discmtered that they could 

also construct a natural p-adic L-function which reflected properties of the classical 

L-function (defined by Hasse and Weil) for the elliptic curve, ·and that there was a 

relation between this analytic object and the lwasawa Module. Manin, in an article 

entitled Cyclotomic fields and modular curves [26], later managed to recast Mazur's 

ideas in the language and techniques of Galois cohomology, thus giving a simpler 

account of the subject. All along, one of the primary motivations was to provide an 

approach to study the behaviour of the Mardell Weil group of elliptic curves (and 

more generally abelian varieties) and the conjecture of Birch and Swinnerton-Dyer. 

In this thesis, we give an account of some of the theory mentioned above and hope

fully give a glimpse, albeit limited, of what no doubt is one of the pivotal theories 

in modern arithmetic geometry, whose ideas and influence lies behind some of the 

finest achievements of the subject. Namely progress on the Birch Swinnerton-Dyer 

conjectures and Wiles's work on the modularity of elliptic curves to name a few. 
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If there are any apologies to make it is the notable absence of the analytic side of 

lwasawa theory. An attempt to account for this would have demanded a bigger un-

dertaking, with many premium constraints this has however not been possible. We 

apologise. 

1.2 Organisation 

The first chapter reviews some of the background material that goes into this 

thesis. Where we felt provision of the necessary background would lead us too far 

astray, we have been content to just state the important results and give ample 

references to sources which treat the material in detail. This in particular applies 

to the class field theory, where no background has been provided at all, with the 

sentiment that any such attempt would be inadequate and ip any case many good 
1 

references exist. 

In the second chapter we explain the structure theory of Zp or f-extensions. We show 

that these extensions are of a particularly simple type. The· only closed subgroups 

of such an extension are of the form pnzP for some n, and the Zp-extension can be 

given as the union of the fixed fields of these closed subgroups. Ramification in the 

extension only occurs above the prime p and for a sufficiently large base field moving 

up the tower the extension is totally ramified. Good references for this material are 

[44] and [24] . 

In the third chapter we classify modules over a commutative, noetherian and 

integrally closed domain up to pseudo-isomorphism. We show that up to pseudo-

isomorphism there is a nice decomposition of these modules akin to that of modules 

over a principal ideal domain. We then specialise our results to modules over the 

complete group ring Zp[[r]]. These are the lwasawa modules and they naturally 
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fall into the above category. These modules can be identified (after choosing a 

topological generator of f) with modules over the power series ring Zp[[T]], which 

is a 2-dimensional regular local ring. We present various results on some properties 

of Iwasawa modules and we also obtain asymptotic estimates for orders of certain 

natural quotients of Iwasawa modules with an eye towards applications to class 

groups and Selmer groups. Our treatment here is as found in [28]. For a different 

treatment, albeit less conceptual, we refer the reader to [44]. 

In the fourth chapter we explore the pioneering work of Kenkichi Iwasawa on 

ideal class groups. We show that the p-primary part of the class groups along the 

tower in a Zp-extension can be realized as quotients of Iwasawa modules. We have 

nice asymptotic estimates for the orders of such quotients and hence we obtain the 

famous results of Iwasawa on the asymptotic orders of class groups in a cyclotomic 

tower. 

In the fifth chapter we treat Mazur's [28] synthesis of the ideas of Iwasawa albeit 

with a change of language and approach. The approach we take is due to Greenberg 

[14], [15], [13]. More precisely the famous theorem of Mordell-Weil asserts that the 

abelian group of K-rational points on an elliptic curve (where K is a number field) is 

finitely generated. Under certain hypotheses an easy result of Mazur shows that this 

result still holds for certain infinite Galois extensions L. The hypothesis (namely that 

the rank of the elliptic curve remains bounded over all the finite sub extensions of 

L) is in general very hard to verify in any particular case. The main theorem of this 

section is the so called "Control Theorem" of Mazur; and we shall use this theorem 

to verify this hypothesis over a Zp-extension. We show that this hypothesis holds 

over a ZP-extension, if the elliptic curve E has good ordinary reduction. We proceed 

by showing that the Selmer group attached to E has a particularly simple intrinsic 
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description in terms of the Galois cohomology on E[p00
]. We use this description 

to prove the ''Control Theorem", our results then follow from this. For a different 

treatment based on norms of formal groups of height 1 we refer the reader to [28] 

and [26]. 

In the final chapter we give a survey of other aspects of the theory of Iwasawa 

Modules that we have not managed to touch on. We will in particular discuss the 

recent attempts at giving a classification of modules over non-commutative Iwasawa 

algebras. These arise as modules over the complete group algebra Zp[[G]] where G 

is a p-adic analytic lie group. 
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CHAPTER II 

Background 

2.1 Galois Cohomology 

In this section we quickly go through some of the cohomological machinery that 

we shall make frequent use of. The ultimate reference for thi$ subject is Serre [39], 

this can be used in conjunction with [37] or [6]. Haberland [17] is also an excellent 

reference. 

2.2 Group modules 

Consider a group G and an abelian group A equipped with a map 

G x A-+ A, 

(a, a) i---+ aa. 

To say that A is a G-set means that 

r(aa) = (ra)a and la= a, 

for all a, T E G and a EA, where 1 is the identity in G. To say that A is a G-module 

means that, in addition, we have 

a(a + b) = aa +ab, 

7 
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for all rJ E G and a, b E A. This is all equivalent to giving A the structure of 

Z[G]-module by way of the map 

Z[G] x A -7 A 

(Ln9 ,a)-7 Ln9ga 
gEG gEG 

Given a G-module A as above, the subgroup of fixed elements of A is 

Ac := {a E A I rJa = a for all rJ E G} . 

Ac is naturally a Z[G]-submodule of A. We say G acts trivially on A if rJa = a 

for all a E A; thus Ac = A if and only if the action is trivial. We also note that 

Ac = Homc(Z, A) thus the fixed module functor is just the Hom functor in disguise. 

When Z, Q, Q/Z are considered as G-modules, this is with the trivial action, unless 

stated otherwise. 

2.3 Cohomology 

Definition 2.3.1. Let G be a finite group. By a G-complex we mean a pair 

C = {An, 8} where the An's are G-modules and the maps 8's (boundary maps) are 

homomorphisms between the An ,these homomorphisms satisfy 8 o 8 = 0 

Thus a complex may be imagined as in the following diagram 

A On+l A On A On-1 
· · · -7 n+l -7 n -7 n-1 -7 · · · 

We say a complex C = {Am 8} is exact if ker(8n) = im(8n+1). 

Definition 2.3.2. We say a G-module A is injective if and only if the functor 

Home(-, A) is exact. 

Lemma 2.3.3. Let A be a G-module , then A can be embedded in some injective 

G-module 
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Proof. (c.f [35] pg 70) D 

Definition 2.3.4. An injective resolution of a module A is an exact sequence 

(complex) 

0 ---7 A ---7 lo ~ · · · ---7 In ~ fn+l ---7 • • · 

with In injective for all n. 

Using lemma 2.3.3 it is easy to see that every G-module A has such an injective 

resolution. Given the injective resolution of A we may apply the fixed module functor 

to the deleted injective resolution of A and get the following sequence of G-modules 

which is however no longer exact, but is still a complex. 

0 1G ~ JG ~ JG ---7 0 ---7 . . . ---7 ---7 1 ---7 . . • n n+ 

We turn this failure of exactness to advantage by defining 

and we set B 0 (G, A) = 0. The elements of zn(G, A) and Bn(G, A) are called the 

n-cycles and the n-coboundaries respectively. Since 6 o 6 = 0, Bn ( G, A) ~ zn ( G, A). 

Definition 2.3.5. for n ~ 0 we define then-th cohomology group of A as 

Remark 2.3.6. In defining group cohomology of A we had to choose an injective 

resolution of A, indeed such a resolution is not unique, thus one may wonder if group 

cohomology is well defined. It turns out however that the cohomology groups do not 
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depend on the choosen resolution ,therefore are well defined up to isomorphism (c.f 

[1] pg 54). Since A0 = Homz[cJ(Z, A), we have a canonical isomorphism 

Group cohomology may also be defined abstractly as the right derived functors of 

the fixed module functor. This is equivalent to our definition but is not very useful 

for calculations (see [25]). 

For computational ease group cohomology is usually defined using the "standard 

cochain complex" (see [6, pg. 96]). More precisely let A be a G-module. Let Pn, 

n ~ 0 be the free Z-module with basis the (n + 1)-tuples (g0 , ._ .. , gn), endowed with 

the action of G such that 

g(go,. ·· ,gn) = (ggo,. · · ,ggn) 

Note that Pn is also free as a Z[G]-module with basis { (1, g1 , ... , 9n)l.9i E G}. We 

then define a homomorphism t5n: Pn--+ Pn-I by the rule 

where the symbol §i means that 9i is omitted. Let P be the complex 

It easy to check that t5n-l o t5n = 0 thus the sequence above is a complex. Let E be 

the map Po --+ Z that sends each basis element to 1. 

Lemma 2.3. 7. The complex P· ~ Z--+O is exact. (This complex is the free resolu

tion of Z) 

Proof. Choose an element rJ E G and define "'n: Pn --+ Pn+I by 
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one easily checks that bn+l o rt,n + li:n-1 o bn 1. Hence if bn(x) 0, then x = 

D 

Applying the fixed module functor Home(-, A) to the "deleted complex" 

we obtain a cochain complex of G modules 

An element of Homc(Pn, A) can be identified with the G equivariant maps f : en -

A, such an f is G equivariant if and only if 

f (ggo, ... , 99n) = g(.f (go, ... , 9n)) for all g, 90, .. . ; , 9n E G 

Let 

thus an element of cn(G, A) is a G equivariant function f of ti variables in G, 

and is called an homogeneous n-cochain. (If in addition, A and G have a topological 

structure, then we instead consider continuous cochains.). The bn boundary maps 

induce corresponding boundary maps on 8n: cn(G, A) - cn+l(G, A) defined by 

Hence we have a complex. 

· · · - o- o- C0 (G,A) ~ C1(G,A) ~ C2(G,A) ~ · · · 
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It is convenient, for many applications to pass to a modified definition of the coho-

mology groups, which reduces the number of variables in the homogeneous cochain 

f (go, . .. , gi, ... , 9n+1) by one. Let 1ef'0 ( G, A) = A and for n 2:: 1, let 1fn( G, A) be the 

abelian group of all continous functions y : en --7 A. We then have an isomorphism 

C0 (G, A)--? ctef'0 (G, A) : .f(a)--? .f(l). 

For n 2:: 1 we also have the isomorphism 

The inverse of this map is given by 

With these isomorphisms, the boundary maps 

are transformed into the homomorphisms 

where the maps bn+l are given by 

(b1y)(a) = aa - a for a EA= 1ef'0 (G, A), 

(b2y)(a, T) = ay(T) - y(aT) + y(a), for y E 1ef'1 (G, A), 

(b3y)(a, T, p) = ay(T, p) - y(aT, p) + y(a, Tp) - y(a, T), for y E 1ef'2 (G, A), 

We define cohomology groups using this complex. 
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Definition 2.3.8. Let r.p : G ~ A be a homomorphism from G to A. We say that 

r.p is a crossed homomorphism if r.p( TCJ) = Tep( CT) + r.p( T) and r.p is called a principal 

crossed homomorphism if r.p(CT) =a - CT(a) for some a E A. 

r.p : G2 ~ A is called a factor set if 'P( CTT, p) + 'P( CT, T) = r.p( CT, T p) + CTr.p( T, p) 

Hence we see that (see [32] pg 15) 

H 0 (G, A) 

H 1(G, A) crosse<l-homomorphisms 
principal crosse<l-homomorphisms 

Hom( G, A), if action is trivial, 

classes of "factor sets". 

We present an important consequence of this definition. 

Theorem 2.3.9. (Hilbert Satz 90) Let L/ K be a Galois: extension and G its 
; 

Galois group, then the multiplicative group £X is also a G module and we have 

Proof. Let r.p: G ~ Lx be a crossed homomorphism. For a E Lx, let 

Then for TE G 

a a 

Suppose b =!= 0, then r.p( T) = b /Tb which shows that r.p is a principal crossed homo-

morphism. We need to prove that there exists an a for which b =!= 0. By Dedekind's 

theorem on the linear independence of characters the map 

L r.p(CT) ·CT: Lx ~ L 
aEG 

is non zero, hence such an a exists. 0 
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2.4 Characterization of Hr(G, -) 

For fixed G and varying A the groups Hr(G, A) have the following fundamental 

properties: 

(i) H 0 (G, A)= Ac. 

(ii) Hr(G, -) is a functor 

{ G-modules} --? { abelian groups}. 

(iii) Each short exact sequence 

0 --? A' --? A --? A" --? 0 

gives rise to connecting homomorphisms (see below) 

from which we get a long chain complex of cohomology groups, functorial in 

short exact sequences in the natural sense. 

(iv) If A is "induced" or "injective", then Hr(G, A)= 0 for all r # 0. 

These properties characterize the sequence of functors Hi equipped with the 8's 

uniquely, up to unique isomorphism. 

For a profinite group G, the cohomology groups Hn(G, A) are built up in a simple 

way from those of the finite factor groups of G. This amounts to using continuous 

cochains, where continuous means with respect to the Krull topology on G and 

the discrete topology on A. More precisely let U, V run through the open normal 

subgroups of G. If U ~ V then the projections 
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induce the homomorphisms 

which commute with the boundary maps 6 hence we obtain homomorphisms 

Thus the cohomology groups Hn ( G / U, Au) form a directed system and we get a 

canonical homomorphism 

and it turns out that this actually an isomorphism (see [32] page 22). 

2.5 Functor of pairs (G, A) 

A morphism of pairs (G, A) 1---7 (G', A') is given by a pair of maps</> and .f, 

¢ f G +----- G' and A1 ~A' , 

where <P is a group homomorphism, f is a homomorphism of G'-modules, and Ati 

means A with the G' action induced by¢. A morphism of pairs induces a map 

obtained by composing the map Hr(G, A)--+ Hr(G', A1) induced by</> with the map 

Hr ( G', A1) --+ Hr ( G', A') induced by f. We thus consider Hr ( G, A) as a functor of 

pairs (G, A). 

If G' is a subgroup of G then there are maps 

restriction 

corestriction 

Here the corestriction map (also called the "transfer map") is defined only if the 

index [G : G'] is finite. 
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2.6 The inflation-restriction sequence 

Let 

(G,A) -7 (G',A') 

be a morphism of pairs, as in (2.4). In particular, we can take G' to be a subgroup H 

of G. We have three special instances of the above map: 

1) restriction Hr(G, A) -7 Hr(H, A) 

2) inflation Hr(G/H,AH) -7 Hr(G,A) 

(for H <JG, G--7 G/H, AH c A) 

3) conjugation Hr(H, A) ~ I·f1"(a H a-1 , A), a E G 

(for aha-1 
!---? hand a!---? aa) 

We state the following theorem without proof 

Theorem 2.1. If a E H, then the conjugation map 0- is the identity. 

Proof. ([37] chap vii prop 3) 

Theorem 2.2. If His a normal subgroup of G, then we have the exact sequence 

O----+H1(G/H,AH) ~H~(G,A) ~H1(H,A)G/H) 

c H2 (G/ H, AH)~ H2 (G, A) 

D 

Proof. We only give an outline of the proof. This comes from the "Hochschild-Serre" 

spectral sequence (see [35] pg 355) 

By Theorem 2.1, G acts on Hr(H, A) and H acts trivially, so this spectral sequence 

makes sense. (The profinite case follows immediately from the finite one by direct 
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limit; sec the end of Section 2.4.) The low dimensional corner of the spectral sequence 

can he pictured as follows. 

E2o 

Inffation and restriction arc "edge homomorphisms" in the spectral sequence. The 

lower left corner pictured above gives the obvious isomorphism A 0 ~ (All)Gfll, 

The map dis the "transgression" and is induced by d2 : Eg1 
.__, Ei0 . D 

2. 7 Cohomological Dimension 

Definition 2. 7.1. The cohomological dimension cd( G) of a group G is the small-

est integer n such that 

Hq(G, A) 0 for all q > n 

and all G-modules A. We set cd( G) = oo if no such n exists 

We will mostly deal with pro-p groups, that is inverse limits of finite />-groups. 

The cohomology of such groups is relatively simple, the second cohomology groups 

upwards vanish, i.e. the cohomological dimension of such groups is one. More is 

true, if a group G contains a free pro-p group then it necessarily has cohomological 

dimension one. (sec [39]) 

2.8 Kummer theory 

Let Kscp be a separable closure of a field K, and put GK = Gal( Kscp / K). Let 

rn ;2: 1 be an integer, tlm be the group of m-th roots of unity in Ksep and assume 
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that the image of rn. in If is nonzero. Associated to the exact sequence 

() 

we have a long exact sequence 

0 ---~ JLrn n I< ------ K* ---11
-
1 
--- K* 

H 1 
( G 1<, Pm) 

The la.st equality is Hilbert Satz 90. Thus H 1(GK,/Lm) ~ K*/(I<*Yn. 

Now assume that Jlm CK. Then 

H 1 (GK, Ji·m) Jlorncont( GK, /1.m), 

Now consider a Galois extension L/ J< where G Gal(L/ K) is a finite ahelian group 

killed by rn. Since G is a quotient of GK Gal(/(80
P /J<), we have a diagram 

I<* /(K*)m ---""'--..... Homcont.(GK, Pm) 

l G :~ Ho,tG,Jlm), 

where B is the subgroup of J(* /(K*)m corresponding to G. 
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CHAPTER HI 

Gamma Extensions of Number Fields 

3.1 Structure of Zp (Gamma) Extensions 

In this section we present some background results, concerning the structure and 

ramification of Zp-extensions. These results will be constantly called upon in subse-

quent sections. 

Definition 3.1.1. (f or Zp-extension) Let K be a finite extension Q . Let K 00 be 

a Galois extension of K such that r = Gal(K00 / K) ,....., Zv, where Zp is the additive 

group of p-adic integers. We say in this case K 00 / K is a f-extension. 

To give a f-extension is the same as giving a tower of fields 

00 

K =Ko c Ki c K2 c ... c Kn c ... c Koo = u Kn 
n=O 

such that the Gal( Kn/ K0 ) is cyclic of order pn. We prove this claim in the next 

proposition. Note that we will also consistently use fPn when referring to the Galois 

group Gal(K00 / Kn) i.e. fPn = Gal(K00 / Kn)· 

Proposition 3.1.2. Let K00 / K be an extension of fields, then K00 / K is a r exten-

sion if and only if there exists 

00 

K = Ko c Ki c K2 c ... c Kn c ... c Koo = u Kn 
n=O 

such that the Gal( Kn/ K0 ) is cyclic of order pn. 

19 
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Proof. Suppose that Gal(K00 / K) ,...., Zp then by infinite Galois theory [30] the in-

termediate fields of K00 / K correspond to the closed subgroups of Gal(K00 / K). Let 

S i= 0 be a closed subgroup of Zp and let x E S be of minimal valuation and that 

vp(x) = n. Then the smallest closed subgroup of Zp containing x is pnz hence 

S :) p11ZP . Let y be an arbitrary clement of S then y = pm u where u is a unit. 

Hence y = (pm-n,u )pn and m - n 2:: 0 by minimality of n. Therefore y E pnzP 

i.e. S c p11ZP. Thus S = pnzP. Let Kn be the fixed field of S, then we have 

have a tower of fields as above then 

Gal(K00 / K) = Gal(LJ Kn/ K) =~Gal( Kn/ K) = ~Z/p11Z = Zp. 
n n 

Thus K 00 / K is clearly a Zp-extension. 

D 

We now explain the ramification theory of the Zp-extension K 00 / K. We show 

that ramification in the extension K00 / K only occurs above the prime p and that if 

we change the base field (moving up the tower of fields Kn), then for large enough 

n the extension K00 / Kn is totally ramified. For archimedean primes v we have that 

the completion Kv = C or IR hence l(K00 ) 77 / Kvl ::; 2 where 'T} is a extension of v to 

K 00 • The inertia group of vis a closed subgroup of Gal(K00 / K) ~ Zp, hence must be 

trivial or infinite . Since l(K00 ) 11 / Kvl ::; 2 i.e finite, we conclude that no ramification 

occurs for archimedean primes 

Proposition 3.1.3. Let K00 / K be a Zp-extension and let v be a prime of K which 

does not lie above p. Then the extension K 00 / K is unramified at v. 

Proof. Let Iv ~ Gal(K00 / K) ,...., Zp be the inertia group of v. Since Iv is a closed 
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subgroup of Gal(K00 / K), we have either Iv = {1} or Iv = pnzP for some n . If 

Iv = {1} then we are done, so we assume Iv = pnzP. In particular Iv is infinite so v 

is a non-archimedean prime (since Iv must have order l or 2 for the infinite primes). 

Let Uv(K)(p) be the p-units of Kv· By class field theory (see [31] page 299), Iv is 

the image of the continuous surjective homomorphism 

- ah 
Uv(K)(p) ~ Gal(K/K) (p) __.,, Gal(K00 /K) 

But Uv(K)(p) = µ,(Kv)(p) is finite, hence Iv= {l}. 0 

Lemma 3.1.4. Let Gal(K00 / K) be a Zp-extension. At least one prime ramifies 

in this extension, and there exists n ~ 0 such that every prime which ramifies in 

K00 / Kn is totally ramified. 

Proof. If all primes were unramified in K00 / K then K00 would be contained in the 

maximal unramified abelian extension of K. The Galois group of the maximal un-

ramified abelian extension of K can (using class field theory) be identified with 

the ideal class group of K which is finite. Hence we obtain a contradiction since 

Gal(K00 / K) '.::::::'. Zp . Therefore some prime must ramify in K00 / K. By proposition 

3.1.3 we know only finitely many primes ramify in K00 / K, namely those above p. Let 

these primes then be p1 , ... Ps and let 11 , ... ! 8 be their corresponding inertia groups. 

Then n Ii = pnzP for some n. Now the fixed field of pnzP is Kn and Gal(K00 / Kn) 

is contained in each Ii. Therefore all the primes above each Pi are totally ramified 

in K00 / Kn, and the proof is complete. 0 
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CHAPTER IV 

:U:wasawa Modules 

4.1 Classification of Iwasawa Modules up to Pseudo-isomorphism 

In this section we classify modules over a commutative, noetherian and integrally 

closed domain up to pseudo-isomorphism. We show that up to pseudo-isomorphism 

there is a nice decomposition of these modules akin to that of modules over a principal 

ideal domain. Our primary interest however is in modules over the Iwasawa algebra. 

In the next section we specialize to these particular modules and show that certain 

natural quotients of Iwasawa modules have nice asymptotic order behavior. 

Let A be a commutative, noetherian and integrally closed domain with quotient 

field K. For every prime ideal p in A, one has a canonical embedding of the locali-

sation Ap ~ K and Ap is integrally closed. 

Let P(A) be the set of prime ideals of height ht(p) = dimAp = 1. Since A is 

integrally closed, the localisation Ap is a discrete valuation ring and 

A= n Ap 
pEP(A) 

(see [5] chap VII). 

Definition 4.1.1. An A-module M is called reff,e:r;ive if the canonical map 

'PM: M --7 M** = HomA(HomA(M, A), A) 

22 
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m---+ <fJM(m): a---+ a(m) 

of M to its bidual is an isomorphism. 

If ]\If be a finitely generated torsion-free A-module we define V := M ®A K and 

VI\ = Hom(M, K). We naturally have the injections 

]\If~ lllfp ~ l\llp ®Ap K =]\If ®A K = v 

M* ~ M; ~ M; ®;1p K = Jl!f* ®;1p K = Homg(V, K) =Vi\ 

Hence we see that 

M * rv {A E vi\ I A ( m) E A for all m E M} 

M; ~ {A E vi\ I A(m) E Ap for all m E Mp} 

Theorem 4.1.2. Let M be a finitely generated torsion-free A-module then 

(i) M* = npEP(A) M;. 

(ii) M** = npEP(A) Mp. 

(iii) M = npEP(A) Mp if and only if M is reflexive. 

Proof. (i) Clearly M* C M; for all p E P(A), hence M* C npEP(A) M;. For the 

other inclusion let A E npEP(A) M;. Then for every m EM we get A(m) E Ap 

for all p E P(A), hence A(m) EA, therefore A E M* and this proves our result. 

(ii) Mp is a finitely generated torsion-free module over the discrete valuation ring 

Ap, p E P(A), hence Mp is free and Mp ---+ M;* is an isomorphism. By (i) we 

have (M*)* = npEP(A)(M* p)*' therefore (M*)* = npEP(A/Mp)** = npEP(A) Mp. 

(iii) If M = npEP(A) Mp then by (ii) M = M** hence]\![ is reflexive. If Mis reflexive 

then by (ii) M = M** = npEP(A) Mp 

D 
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We have the following immediate consequence. 

Corollary 4.1.3. If 111 is a finitely generated torsion-free A-module them M* is a 

reflexive module. 

For our purposes the important fact is that certain reflexive modules are free. 

Definition 4.1.4. A regular local ring is a local ring A with maximal ideal m so that 

m can be generated with exactly d elements where d is the Krull dimension of the 

ring A. Equivalently, A is regular if the vector space m/m2 has dimension d. Let A 

be a regular local ring, a regular system of parameters is a sequence x1 , · · · , Xn with 

xi E m such that A/(x1 , · · · , x 11 ) has dimension zero. 

Proposition 4.1.5. let A be an 2-dimensional regular local ring, and let (p1 ,p2 ) be 

a regular system of parameters generating the maximal ideal of A. For a finitely 

generated A-module M, the following assertions are equivalent. 

(i) M is a reflexive A-module. 

(ii) Mis a free A module 

Proof. [9] [32] The implication (ii) ~ (i) is easy so we only show the nontrivial 

implication. We assume (i) is true, in particular M is reflexive, hence torsion-free. 

Therefore multiplication by p1 is injective on M. If t.p: Ar -» M is a minimal free 

presentation of M, we obtain the following commutative exact diagram. 

0-----+ Ar~ Ar-----+ (A/P1Y----+ 0 

~~ ~~ i~ 
0-----+M~M~M/pi~O 

If we now assume that M/p1 is a free A/p1-module, then by the snake lemma 

corker( <P) = 0 and we also have the exact sequence 
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Applying Tor~/Pi (-,A/ m ) we obtain 

Since M/p1 is a free A/p1-module the first term vanishes i.e. M/p1 is flat. The map 

:; induces the map ;5: (A/p1Y 2: A/m _, ,H/p1 g A/m. We study the kernel of this 

map i.e. ker(<,O) 0 A/m. Now (A/p1Y 0 A/m ,...., ((A/P1)/m(A/pi))'" and Jvl/p1 0 

A/m ~ (M/p1)/m(M/pi). ((A/p1)/m(A/p1)Y is a vector space of dimension rover 

((A/p1)/m(A/p1)) and (M/p1)/m(M/p1) is also a vector space over (A/p1)/m(A/p1). 

By minimality of the presentation, (M/p1)/m(M/p1) is also of dimension r, thus 

ker( <,O) 0 A/m = 0 which implies 

ker(<,O) 0 A/m = ker(<,O)/mker(<,O) = 0. 

Hence by Nakayama's lemma ker( <,O) = 0 i.e. <P is an isomorphism. By the snake 

lemma applied to the commutative diagram above, we have that multiplication by 

P1 on ker(cp) is an isomorphism. But p1 E m therefore p1ker(cp) ~ mker(cp) which 

implies 

ker(cp) = p1ker(cp) ~ mker(cp). 

Again by Nakayama's lemma we obtain ker( <p) = 0. Therefore <p is an isomorphism 

and M is a free A-module. 

It remains to show that M/p1 is a free A/p1-module. A/p1 is regular of dimension 

1 (i.e. a discrete valuation ring), therefore A/p1 is also an integral domain (see [27] 

page 106), which implies that the A/pi-module Hom(M*, A/p1 ) is torsion-free. Since 

A is an integral domain, the map 
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is injective. Since Af is reflexive, M /p1 = lvl** /p1 is a torsion-free module over the 

discrete valuation ring A/p1 . Therefore l\!f /p1 is a free A/pi-module. This completes 

our proof. D 

Definition 4.1.6. A finitely generated A-module is called pseudo-null if the fol

lowing equivalent conditions hold. 

(i) ll!fp = 0 for all prime ideals p in A of height ht(p) ~ 1. 

(ii) If pis a prime ideal with a= annA(M) ~ p then ht(p) ~ 2 

The above equivalence is clear since Mp = 0 if and only if there is an s E A\ p 

such that sM = 0, hence annA(M) i. p. 

In the case that A is a 2-dimensional, noetherian, integrally closed, local domain 

with finite residue field the pseudo-null modules are just the finite modules. Indeed 

if M is finite then there exists an r E N such that mr M = 0, hence supp( M) ~ { m}. 

Conversely if supp( M) = { p E SpecAI a ~ p} C { m}, then mr C a for some r E N 

and M is a finitely generated A/mr -module. But A/mr is finite hence ]\If is finite as 

well. 

Definition 4.1. 7. A homomorphism f: M---+ N of finitely generated A-modules is 

called a pseudo-isomorphism if ker(f) and coker(f) are pseudo-null or equivalently 

if 

fp: Mp~Np, 

is an isomorphism for all p of height ~ 1. We write 

f:M~N. 

Proposition 4.1.8. Let M be a finitely generated torsion-free A-module. Then 

there exists an injective pseudo-isomorphism of M into a reflexive A-module M
1 
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Proof. Consider the canonical morphism 

cp M: M ---7 ]\If**. 

Localizing at the prime ideal p of height 1, we obtain Ap which is a discrete valuation 

ring hence fllfp is a free finitely generated Ap-module. Therefore the map Mr> ---7 

M;* is an isomorphism for all p of height :S 1. The map cp M is thus a pseudo

isomorphism. Since M is finitely generated, M* is also finitely generated. Hence 

by corollary 4.1.3 M** is reflexive. Let K be the quotient field of A, then since 

'PM is a pseudo-isomorphism, when we localize with the zero ideal (0), we obtain 

ker(cpM)(o) = ker(cpM) ®AK = 0. Therefore ker(cpM) is torsion, and since Mis 

torsion-free we have ker(cpM) = 0. 0 

Lemma 4.1.9. Let M be a finitely generated torsion A-module and let a E A be 

a non zero element such that supp(A/aA) is disjoint to supp(M) n P(A). Then 

multiplication on M by a is a pseudo-isomorphism. 

Proof. Let a EA such that supp(A/aA) is disjoint to supp(M) n P(A). Consider 

the multiplication by a map 

a: M ---7 M. 

Localizing at p E P (A) we have the map 

Since supp(A/aA) is disjoint to supp(M) n P(A), for p E supp(M) nP(A) we then 

obtain 

(A/aA)p = Ap/aAp = 0, 

hence a is a unit in Ap, hence the map ap is an isomorphism on localization by height 

1 prime ideals, thus a is a pseudo-isomorphism. 
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D 

For a finitely generated A-module M, let T11 (Aif) be the torsion submodule and 

FA (M) be the maximal torsion free quotient of M . 

Proposition 4.1.10. If the A-module M is finitely generated, then 

( i) there exists a pseudo-isomorphism 

(ii) there exists a finite family {Pi}iEI of prime ideals of height 1 in A, a finite family 

{ ni}iEJ of natural numbers and a pseudo-isomorphism 

The families {Pi} and { ni} are uniquely determined by TA(M) up to reordering. 

Proof. Let {p1 , ... ,Ph}= supp(M) n P(A). If h = 0 then Mp= 0 for all p E P(A), 

then T11 (M) is pseudo-null. The following maps 

and 

satisfy the requirements of the theorem. Now let h > 0 and consider S = n~=1 A/Pi = 

A\ LJ~~ 1 Pi. s-1 A is a semi-local Dedekind domain (the only primes are the ones that 

contain {p1, ... , Ph}) and therefore a principal ideal domain. s-1 Mis a module over 

s-1 A and s-1r11 (M) is its torsion submodule. By the well known structure theorem 

for modules over a principal ideal domain s-1rA(M) is a direct summand of s-1 M. 

Since M is also finitely generated, we have 
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Hence there exists a morphism lo: 111 -t TA ( 111) and s0 E S such that 

lo : s-1 M - s-1TA(M), 
So 

is the projector of s- 1111 onto its direct summand s-1TA(ll1). Therefore ~ is the 

identity on s-1TA(M) and thus there exists an s 1 ES such that for f 1 = si.{0 

Now let 

and consider the commutative diagram 

0 -------? TA(M) -------? M -------? FA(M) 

lfliTA(M) lf II 
0 -------? TA(M) -------? TA(M) EB FA(M) -------? FA("M) -------? 0 

The snake lemma shows that ker(f) = ker(filTA(M)) and coker(f) = coker(f1 ITA(M))· 

But .f1 ls-i1'A(M) is a map between two torsion A-modules and it is multiplication by 

a unit of S, hence by lemma 4.1.9 it is a pseudo-isomorphism. This proves (i). 

In order to prove (ii) let 

for natural numbers ni.i such that there exists an isomorphism 

Again s-1 A is a semilocal ring with maximal ideals s-1pi , i = 1, ... , n. Consider 

We obtain a morphism g : TA ( M) -t E and an s E S such that g = sg0 . Again by 

lemma 4.1.9 we see that g is a pseudo-isomorphism . D 
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Theorem 4.1.11. Let A be a 2-dimensional regular local ring and let Af be a finitely 

generated A-module. Then there exist finitely many height 1 prime ideals Pi , i E I, 

a non-negative integer r, natural numbers ni and a pseudo-isomorphism. 

The prime ideals Pi and the numbers r and ni are uniquely determined by M, 

r = dimKM 0A Kand {Pil'i EI}= supp(M) n P(A). 

Proof. By proposition 4.1.lO(i) we have a pseudo-isomorphism 

and by proposition 4.1.lO(ii) we have a pseudo-isomorphism 

Now by proposition 4.1.8, FA (M) is pseudo-isomorphic to a reflexive module M', 

and since A is 2-dimensional regular local ring we have by proposition 4.1.5 that 

M' is free. Hence FA ( M) is pseudo-isomorphism to a free module Ar. Putting this 

together we have proved that there is a pseudo-isomorphism 

D 

4.2 Iwasawa Modules 

We denote by r a group non canonically isomorphic to Zp. This means we will 

not specify a particular isomorphism ¢ : r '.:::::'. ZP 
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Definition 4.2.1. The lwasawa Algebra is the complete group ring 

A= ~Zp[[r/rP"]] = Zp[[r]]. 
n 

We define an Iwasawa module to be a compact A-module. 

We will see that by choosing a topological generator 'Y of r, the Iwasawa algebra 

can be identified with the power series ring Z:µ[[T]]. This is a local ring with maximal 

ideal (p, T). We state the next crucial lemma without proof. (see [5] chap III for a 

proof). 

Lemma 4.2.2. (Division Lemma) Let f = 2-::'=o anT11 E Zp[[T]] and let s: = 

inf{ n Ip fan} be finite (sis the reduced degree off). Then every g E Zp[[T]] can 

be written uniquely as 

g = fq + r 

with q E Zp[[T]] and a polynomial r E Zp[T] of degree :::; s - 1. In particular 

Zp[[T]]/(f) is free Zp-module of ranks with basis {Ti mod fli = 0, ... , s -1}. 

Definition 4.2.3. A polynomial FE ZP[T] is called a WeierstraB polynomial if 

it is of the form 

and the coefficients a0 , ... , a8 _ 1 are divisible by p. 

Corollary 4.2.4. Let F be WeierstraB polynomial. Then the injection 

induces an isomorphism 
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Proof. Lets= deg(F) (the reduced degree of F). By the division lemma (4.2.2) we 

have a commutative diagram 

Zp[r]/(F)----______,...zp[[r]]/(F) 

~ / 
"'s-1 r;z 
L...ii=O P 

which gives the result. 0 

Theorem 4.2.5. (Weierstrai3 Preparation Theorem) Let f E Zp[[r]] with finite 

reduced degrees. Then there exists a unique decomposition 

f =F·u 

into a Weierstraf3 polynomial F of degrees and a unit u E Zp[[r]]. Furthermore Fis 

the characteristic polynomial of the endomorphism on the free Zp-module Zp[[r]]/(f) 

given by multiplication by r. 

Proof. By the division lemma 4.2.2. There exists a unique v E Zp[[r]] and unique 

polynomial G = l::I,:~ airi, such that 

rs= f · v- G. 

Since f has reduced degree s and 

-! - rs + - rs-1 + + -· v = as-1 · · · ao 

(here - denotes reduction mod p), it follows that ai = 0 for all i = 0, ... , s - 1, and 

deg(v) = 0, Therefore v E Zp[[r]] x and F = rs + G is a Weiersraf3 polynomial. By 

corollary 4.2.4, 

Hence F is the characteristic polynomial of multiplication by T, this proves the last 

assertion. 
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D 

Now let p = char(Zp/PZp), also let r be a multiplicative group (non-canonically) 

isomorphic to the additive group Zp and let fP" be the unique subgroup of r of index 

Proposition 4.2.6. Let 'Y be a topological generator of r '"'"'Zr. Then the map 

Zp[[T]] -7 Zp[[r]] = ~ Zp[[r /fPn]] 
n 

T-71'-1 

is an isomorphism of topological Zp-algebras. 

Proof. Consider the WeierstraB polynomials 

By corollary 4.2.4 

Now consider the map 

T mod Wn t--7 'Y - 1 mod f Pn . 

This map is an isomorphism of Zr-algebras with inverse 

'Y mod f Pn t--7 T + 1 mod Wn. 

Since 

Wn+l = Wn((T + l)Pn(p-l) + · · · + (T + l)Pn + 1) 
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we obtain a commutative diagram 

and hence an isomorphism 

limZp[[T]]/(w11 ) ~ limZv[[f /fPn]] = Zp[[r]] 
f-- f-- . 

n n 

Finally the natural homomorphism 

Zv[[T]] -t ~Zv[[T]]/(w11 ), 
n 

is an isomorphism. Indeed since Zv[[T]] is compact and its image is dense, it is 

therefore surjective. The inclusion WnZp[[T]] ~ (p, rr+I implies that nn WnZp[[T]] ~ 

nn(P, rr+i = {O} so the kernel is zero. D 

In what follows we fix a topological generator"! of rand then identify Zv[[r]] with 

Lemma 4.2. 7. The prime ideals of height 1 in A are 

(p) and (F) 

where Fis an irreducible WeierstraB polynomial over Zv. 

Proof. Since Zp[[T]] is a factorial ring, the prime ideals of height 1 are of the form 

p = (!) where f is a irreducible element in A. If (!) ::/= (p), then the reduced 

element f E (Z/pZ)[[T]] is not trivial, and by the WeierstraB preparation theorem 

4.2.5, (!) = (F) where F is an irreducible WeierstraB polynomial over ZP" But a 

polynomial is irreducible over Zp[[T]] if and only if it is irreducible over Zv[T] (see 

[5] chap VII). D 
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We recall the definition of the lwasawa Algebra, it is the complete group ring 

n 

and we define an Iwasawa module to be a compact A-module. Applying the Struc-

ture Theorem 4.l.11 from the previous section and using propositions 4.2.6 and the 

comments made after definition 4.1.6 we obtain the following 

Theorem 4.2.8. (Structure theorem for Iwasawa modules) Let 111 be a finitely 

generated Iwasawa module. Then there is a pseudo-isomorphism 

r s 

111 ~Ar EB E9 A/pm; EB E9 A/ Fj(Ttj 
i=l j=l 

with finite kernel and cokernel. The Fj are irreducible Weierstra13 polynornials, and 

the numbers r, mi, nj and the prime ideals FjA are uniquely determined by M . 

From the decomposition above we make the following definitions 

r(M) = rankA(M) the A-rank of M 

r 

p,(M) = L mi the lwasawa-11, invariant of M 
i=l 

s 

A(M) = L njdeg(Fj) the lwasawa- A invariant of M 
j=l 

s 

FM = IJ F;ij the I wasawa polynomial of M 
j=l 

To determine whether a A-module X is finitely generated, the following result is 

crucial. 

Lemma 4.2.9 (Topological Nakayama Lemma). Let A be a compact topological 

ring and let X be a compact A-module. Let m denote the maximal ideal of A then, 

(i) If mX = X then X = O; 
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(ii) Xis finitely generated over A if and only if X/mX is a finitely generated A/mA-

module. Furthermore if { xL ... , xn} generates X/mX over Z then they generate 

X as a A-module. 

(iii) If X/T X is finite then X is a, finitely generated torsion A-module. 

Proof. (i) Let U be a small neighbourhood of 0 in X. Since mn --+ 0 in A, for 

each z E X, there exists a neighbourhood Uz of z such that mnuz C U. X is 

a compact A-module hence only finitely many Uz cover X, thus mnx C U for 

large n. Since X is compact and mX = X we obtain 

(4.1) 

for the compact A-module X. 

(ii) We only prove the nontrivial implication. 

If { x1 , ... , Xn} generate X/mX as a vector space over A/mA, let 

n 

Y = EBAxi ~ X. 
i=l 

Y is the image of the compact A-module An, under the map 

Y is thus a closed subset of X hence X/Y is a compact A-module. Since 

{x1 , ... , xn} generates X/mX we have 

Y +mX =X, 

hence that 

X/Y = (Y + mX)/Y = m(X/Y). 

We therefore obtain mn(X/Y) = X/Y for all n ;:::: 0. By (i) we have X/Y = 0. 

Thus {x1 , ... , xn} generates X, and Xis finitely generated as a A-module. 
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(iii) Since X is finitely generated by the xi, let m be the exponent of the finite 

p-group X /TX. We have, 

for some AiJ E /\. Therefore .MI..= Q where .Mis the matrix [T>..iJ] - pm.I a.ml 

± = (x1 , · · · , Xn)- From this we obtain (by multiplying by the adjoint of M), 

Adj(M)M± = det(M)± = Q. 

Let g(T) = det(M), now g(T) is a nonzero element of A, since g(O) = pnrn, 

hence g(T) annihilates X, since it annihilates the generators of X, which shows 

that X is a torsion A-module. 

D 

One classical feature of lwasawa theory is the description of the asymptotic order 

of certain quotients of lwasawa modules an n grows large. We present this description 

below. It will be of utmost importance in the coming chapters. 

Definition 4.2.10. For n ~ 0 we denote the pn-th cyclotomic polynomial by 

c -~ <,,n -
- . Wn-1 

where we put w_1 = 1 and Wn = (T + l)P" - 1. 

We can expand the the expression for wn, we obtain 

hence 

p-1 

Wn = ~o · 6 · ... ~n and fo = Wo = T , ~k = L(l + T)ipk-I fork~ 1. 
i=O 
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Lemma 4.2.11. Let fl.1 be a finitely generated A-torsion module which is free of 

rank A as a Zp-module. Then 

Proof. The endomorphism on ~H ~;zp lF11 ~ lF; given by multiplication by T has the 

characteristic polynomial T>.. (see theorem 4.2.5). Hence Tis nilpotent. If we choose 

a suitable basis for fl.1 ®;zp lF P the matrix representing the action of 'Y = T + 1 is of 

the form 

>.(>.-1) >.. . 
henceiscontainedinap-sylowsubgroupofGL(A,lFp)· Now#GL(A,lF'p) =p 2 f1i= 1 (p1

·-

>.(>.-1) 
1), hence the p-sylow subgroup is of order p 2 and is generated by the uni potent 

matrices. Therefore "IP" = 1 on M ®;zp JFP for n 2: >..(\-1
). Let· A E M(A x A, Zp) be 

the matrix corresponding to the action of 'Y on M with respec.t to some basis, then 

l + pB mod p2 for some BE M(A x A, Zp) 

where l denotes the unit matrix. It follows that 

APn(p-l) + ... +AP"+ l =pl+ ((p - 1) + ... l)pB mod p2 

= pl mod p2 for odd p 

so that 

Therefore 

D 
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Definition 4.2.12. Let lvl be a A-module. Let 111° denote the maximal A-submodule 

on which r acts discretely : i.e. 

n 

Let M0 = torzPM0 and if M 0 / M0 -=!= 0 let d = d(M) be the minimum number such 

that rd acts trivially on 111°/1110. 

Let n ~ n0 ~ d(M) and define 

Wn 
Vn = - = ~no+l "· ·~n 

Wno 

Lemma 4.2.13. (i) Let M be finitely generated A-module then, M 0 is the maximal 

finite submodule of M. 

(ii) Let M be finitely generated torsion A-module then, for n ~ n0 , supp(M/vnM) 

is disjoint to supp(M) n P(A). 

(iii) The map Vn: M/M0 ~ M/M0 is injective. 

Proof. (i) Since M is a finitely generated A-module, so is M 0. Thus for some 

d = d(M) ~ 0, rd acts trivially on M 0 . M 0 is a thus a A-torsion module, since 

wd ='Yd - 1 kills M 0 . Now by definition M0 = torzPM0, therefore it is clearly 

the maximal finite submodule of M. 

(ii) If M is a finitely generated torsion A-module, then by details in (i) above we 

have wdM = 0 for some d ~ 0. Hence supp(M) n P(A) = {(~nJ I ni:::; d(M)}. 

Therefore we have a pseudo-isomorphism, 

For n ~ n0 { (~no+I), · · · (~n)} is disjoint to { (~nJ I ni < d(M)}. Hence 

supp(M) n P(A) is disjoint to supp(M/vnM). 
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(iii) We have the short exact sequence 

0--+ Ji/!0 --+ A1--+ M/M0 --+ 0. 

This fits into the commutative dia.gra.m 

(4.2) U-----+1Vf0 -----+M-----+1V1/111o-----+U 

1 Vn 1 v,, lVn 
0 -----+ Mo -----+ M -----+ M / .Alfo -----+ 0 

By the snake lemma we have the following exact sequence 

Since for n ~ n0 supp(M/vnM) is disjoint to supp(M) n P(A), the multipli-

cation by vn map is therefore a pseudo-isomorphism by lemma 4.1.9. Hence 

ker(vn), coker(vn), ker(vnlMo) and coker(vnlMo) are finite A-module, since A is a 

two dimensional regular local ring. From the exact sequence above we see that 

ker(vnlM/Mo) is finite as well and ker(vnlM/Mo) = B/Mo, for some A-submodule 

B of M. Since ker(vnlM/Mo) is finite and Mo is finite by (i) above, Bis therefore 

a finite A-submodule of M. M0 is maximally finite in M by (i) above. Hence 

B ~ M0 , i.e. ker(vnlM/Mo) = B / M0 = 0. Thus proving the injectivity of the 

map Vn: M/Mo--+ M/Mo. 

0 

Proposition 4.2.14. Let M be a finitely generated A-torsion module and let n 0 ~ 

d(M) be a fixed number. Then 

#(Mj Wn M) = pµpn+>.n+v 
Wno 

for all n large enough, whereµ= µ.(M), ,\ = ..\(M) and vis a constant independent 

of n. 
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Proof. Consider the map 

Vn : M ---7 M. 

By lemma 4.2.13 (ii) and the details in the proof, we have for n ~ n0 , that ker(vnlM/Mo) = 

0 and the corkenel of vn, M/vnM is finite. By the snake lemma applied to the com-

mutative diagram 4.2, we have the exact sequence 

Hence 

To calculate #((M/M0 )/vn), let N = M/M0 . By the structure theorem of finitely 

generated A-modules (see theorem 4.2.8) we have an exact sequence 

where C is finite and Eis a A-module of the form 

r s 

6j(A/pmi) EB 6j A/(Fj(Tti). 
i=l j=l 

Since multiplication by Vn is injective on E, we have an exact sequence 

where Svn is defined by the following exact sequence 

Hence 

#(N/vn) = #E/vn (ignoring the constant factors). 

Let Ei =A/pm;, then clearly #(Edwn) = pm;pn and the exact sequence 
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shows that 

We now deal with the other summands of E. If E1 = A/ F1(Tri, then for n » 0 

lemma 4.2.11 above coupled with the fact that multiplication by ~n+l 

injective on E1, tells us that the the following sequence is exact. 

~ 

0---+ E1/vn ~ E1/vn+l ---+ E1/P---+ 0 

Therefore 

Hence 

Putting all the estimates for the summands of E together we obtain 

where c is a constant independent of n, and our proof is complete. 

_ wn+1 is 
Wn 

0 
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CHAPTER V 

Classical I wasawa Theory 

5.1 Class Groups in .ZP extensions 

In this section we study class groups over a Zip-extension. All the results in 

this section we owe to lwasawa, however his original proofs were for the cyclotomic 

Zip-extension and rather complicated [21]. Serre in [36], identified the category of 

lwasawa modules with the category of modules over the power series ring Zp[[T]], 

of finite type, thus giving easier proofs of lwasawa's results. We mainly follow his 

exposition. 

Let p be a prime number, which will be fixed in all that follows. 

Let Kn = Q( (pn+1) be the field obtained from Q by adjoining all the pn+l_roots of 

unity. Then Kn/Q is an abelian extension and 

Let hn = #Cl(Kn), the order of the ideal class group of Kn and let 

pen be the highest power of p dividing hn. 

lwasawa's classical results are: 

Theorem 5.1.1. (see [21]) 

If e1 = 0 (i.e. p f h1 and p is a "regular" prime in the sense of Kummer) then en = 0 

for all n. 

43 
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Theorem 5.1.2. (see [22]) 

For each prime p, there are integers m, l, c with m 2 0 and l 2 0 such that 

for n sufficiently large. 

We give a proof for an abitrary Zip-extension K00 / K. These theorems follow 

from the structure theory of finitely generated modules over the Iwasawa algebra. 

Let Koo = LJ:i=o Kn. By proposition 3.1.2, we have that Gal(K00 / K) ,......, Z.11 • Let 

Xn = Cl(Kn)(p) (the p-part of the ideal class group of Kn)· The norm map between 

any two successive steps in the tower is surjective on the ideal class groups (see [24] 

chap III). We then have a surjective sequence 

i.e. the Xn's form an inverse system under the norm map. Let X = limXn. Let 
f--

n 

Ln be the maximal abelian unramified p-extension of Kn i.e. the p-primary part 

of the Hilbert class field of Kn· Class field theory now gives us an isomorphism 

Xn ,......, Gal(Ln/ Kn) (see [31]) such that the following diagram is commutative 

We will now work under the following assumption in all that follows: 

Assumption 5.1.3. All primes which ramify in K 00 / K are totally ramified 

Remark 5.1.4. If this assumption is not true for the base field K then by lemma 3.1.4 

it will be true for all Kn with n 2 n0 for some n0 . Therefore we can replace K by 

Kno as the base field in this case. 
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Since K00 / Kn is totally ramified above p, and the extension Ln is unramified, our 

assumption implies that Ln and K00 are linearly disjoint over Kn. By Galois theory 

Let L00 = LJ~=o Ln. The Xn's form an inverse system under the norm map, hence 

taking the projective limit we get 

X = limXn = limGal(Ln/ Kn) 
+--- +--

n n 

n n n 

The lattice of fields is as follows, 

Kn+i Ln 

"" / 
r Kn 

"" K 

X packages all the information about the Xn in one place, and more importantly, 

X can be equipped with the structure of a ( finitely generated torsion ) A-module. 

Then by theorem 4.2.8 X is pseudo-isomorphic to a direct sum of modules of the 

form A/(pn;), A/(F(T) 8i). We need a way to recover the class groups Xn from X. 

We note that each Ln is Galois over K by maximality, hence L00 is also Galois over 

K. We proceed as follows. 
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Lemma 5.1.5. X is a A-module. 

Proof. We have the exact sequence. 

(5.1) 

Let r" = r/fP" anrl let "! E r" 

Then rn acts on Xn by conjugation i.e. 

where x E Xn and :Y is a lift of 'Y to Gal(Ln/ Kn)· This action is well defined since 

Gal(Ln/ Kn) is abelian. Since Xn is a pro-p group Zp acts on Xn, therefore Xn 

becomes a Zp[f 7i,j-module. Now 

~Zp[[r nll = Zp[[r]] = A and 
n 

X = limX~. 
f-- '" 

n 

Hence we realize X as a A-module. Indeed for any x EX we can write x as a vector 

x = (xn) with Xn E Xn and for 'YE A we have"(= ("/n), with "In E f n· We can then 

explicitly define the action of A on X by, 

It is easily checked that 'Y · x E X. 0 

Before we recover the Xn 's from the A-module X, we prove some auxiliary lemmas. 

Lemma 5.1.6. Let G = Gal(K00 / K) and Let v1 , ... , vk be the valuations of K 

which ramify in Koo/Kand let Ji c r = Gal( Koo/ K) be their inertia groups. Let Wi 

be an extension of vi to £ 00 , let Si C Gal(L00 / K) be the inertia group of wi and Wi 

be the fixed field of Si· Then G is a semidirect product of Si by X i.e. G = X · Si 

and X n Si = { 1}. 
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Proof. Since L00 / K00 is unramified we have Si n X 0. Consider the following 

diagram. 

We have Si = Gal(L00 /Wi) and L00 /Wi is a totally ramified extension for wi, it 

follows that L00 / K00 Wi is also totally ramified since K00 Wi ~ Wi· Since L00 / K00 Wi 

also belongs to the unramified extension L00 / K00 , we must have 

This is illustrated by the diagram above. We have the following lattice diagram. 

By Galois theory 

(where the map inducing the isomorphism is a restriction from WiLoo to L00 ). Since 

Wif K is unramified and K00 / K is totally ramified , we obtain Win K00 = K. Each 

Ii is a closed subgroup of r, therefore Ji = pn;r for some ni ~ 0. 

Stellenbosch University  https://scholar.sun.ac.za



48 

Under our assumption (totally ramified) ni = 0 for all i, i.e. Ji= r. Hence the map 

Si = Gal(L00 /Wi) ~ Gal(K00 / K) is surjective hence bijective. Therefore each Si is 

complementarytoX in Gal(L00 /K) (i.e. Gal(L00 /K) = X·Si, and XnSi = {l}). 

Thus G = Gal(L00 /Wi) is a semidirect product of Si by X. D 

Under our assumption we have the isomorphism Si ,....., r. Let 'YE r be a topological 

generator of r. For each i, let O'i E Si, map to 'Y under the above isomorphism. Now 

O'i E G = X ·Si (this is possible since Si C G), therefore O'i = ais, where ai E X and 

s E Si. Since ai E X = Gal(L00 / Koo), we have ailK
00 

= id, hence O'ilKoo = s. Since 

s E S1 and slK
00 

=')'we obtains= 0'1 . Therefore we have 

Lemma 5.1. 7. Let [G, GJ be the closure of the commutator subgroup of G. Then 

[G, GJ = (1 - 1)X. 

Proof. r acts on x' and since the map S1 ~ r = GI x is onto, we may lift (]' E r 

to the corresponding element in X, to define an action of S1 on X. For simplicity 

we identify r with S1, so that Xu: = O'.T0'-1. Let a = ax, b =fly with a, fl E r and 

x, y E X be arbitrary elements of G = X · h A typical commutator in G looks as 

follows 

aba-1b-1 = (ax )(fly) (ax )-1 (fly t 1 

= xaaflyx-1a-1y-1fl-1 

= xCl.(yx-1 )C1.f3(y-1 )f3 (since r is abelian) 

= (x°') 1-f3(yf3)a-l where fl - 1, a - 1 EA. 

Let fl= 1 and a= 'Yin the commutator above, then we see that y"Y- 1 E [G, G] there

fore X"Y- 1 ~ [G, G]. To show the other inclusion we need to show that aba-1b-1 ~ 
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X-Y- 1 . It is sufficient to show that (x°') 1-P E X-y-l and (y·6 ) 1-°' E X-Y- 1 . First we note 

that for arbitrary /3, there exists c E Zp such that (3 = 'Ye (since 'Y is the topological 

generator of r ) , we also have 'Y - 1 = T, therefore 

1- (3 = 1- 'Ye= 1- (1+T)e=1- f (~,}r11 ETA. 
() , 

Now 1 - (3 ETA hence (x°') 1-P E x-y-J, similarly (yP) 1-°' E X-Y- 1 . X-Y-1 =TX is a 

closed subgroup of G, being the image of the compact set X under the continuous 

map 'Y - 1. Therefore [G, G] ~ x-y-l and our proof is complete. 0 

We now recover the class groups X 11 as certain quotients of X. 

Theorem 5.1.8. Let Y11 be the Zp submodule defined by the following recipe 

(i) Y0 is generated by the ai and by (1 - 1)X i.e. 

(ii) Y11 = v11Yo where 

- 1 2 pn-1 
Vn - + "/ + "/ + ... + "/ 

Then X 11 = X/Yr1.· 

Proof. (i) X 11 = Gal(L11 / Kn), where Ln is the maximal abelian unramified p-

primary extension of Kn· Therefore L0 is the maximal abelian unramified p-

primary extension of Ko contained in L00 • Let K 0·b be the maximal abelian 

extension of K contained in L00 , then 

where Gal(L00 / K 0.b) is the commutator subgroup. For each i let again Si c 

Gal(L00 / K) be the inertia group for the valuation wi on L00 extending the 
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valuation Vi on K00 • An intermediate field E / K is unramified if and only if 

each wi is unramified in E / K ( i.e. E is contained in the inertia field of every 

wi)· Since the wi are the only primes that ramify, E/ K is maximal unramified 

if and only if it is the fixed field of the smallest subgroup of Gal(L00 / K) that 

contains all the inertia groups Si· L0 is the 111<:LXiurnl abelian unramified p

primary extension of K0 contained in L00 hence 

X0 =Gal( Lo/ Ko) ""Gal(L00 / K)/Z0 , 

where Z0 is the smallest subgroup of Gal(L00 / K) which contains the commuta

tor subgroup (since the extension is required to be abelian) and also contains 

all the inertia groups (since it is required to be unramified as well). Therefore 

by lemma 5.1.7 

where X'Y-1 is the commutator subgroup. By the same lemma Si is generated 

by CJi = aiCJ1 with a1 = 1, therefore 

which implies 

Xo =Gal( Lo/ Ko) ~Gal( Loo/ K)/Zo 

= X · Si/(X'Y-1, S1, a2, ... , ak) 

= X/ (X'Y-1, a2, ... , ak) 

= X/Y0 . 

(ii) Suppose n > 0, then Xn = Gal(Ln/ Kn) and 
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The topological generator of Gal(K00 / Kn) is 'YPn. Let wi,n be the valuation 

extending vi,n in L 00 / Kn, and let the corresponding inertia group be Si,n = 

Gal(Loo/Wi,n), where Wi,n is the inertia field of wi,n in L 00 / Kn. Let ai;n E 

Si,n = Gal(Loo/Wi,n) with ai,n ~ 'Yrn i.e. ai,n maps to the generator of 

Gal(J<00 / K,,,) by the restriction map to I<00 • Since ai restricts to -1 the restriction 

therefore obtain ai,n = aiPn. By the same argument as in lemma 5.1.6 we have 

a semidirect product decomposition for Gal(L00 / Kn)· This time 

Therefore ai,n = ai,rJ1,n with ai,n E X. Now for any k E Z 

The action of 'Y is conjugation by a 1 , hence we obtain 

.-T. - .-T.Pn 
vi,n - vi 

(5.2) 

Ln is the maximal abelian unramified p-primary extension of Kn contained in 

L 00 hence 

where Z11 is the smallest subgroup of Gal(L00 / Kn) which contains the commu-

tator subgroup (since the extension is required to be abelian), and also contains 
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all the inertia groups (since it is required to be unramified as well). Therefore 

where 1P" is now the topological generator of Gal(K00 / Kn) = p11 ZP. As shown 

above Si,n is generated by ai.n = ai.nS1,n with a1 ,n = 1. Hence 

We note that 

We now determine the ai n· This is now easy, ai n = ai nl1 n implies ai n = ai na1Pn 
l 1 I l I l 

(since 11,n is generated by a1,n = af ). Comparing this with equation (5.2) we 

have 

Hence 

This completes our proof. 

D 

Let K00 / K be the cyclotomic Zp-extension, Hence K = Q((p)· Since only one 

prime p ramifies, k = 1 in theorem 5.1.8. This implies Y0 = ((1 - 1)X) = w0X and 

(5.3) 
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which is finite. Now if e1 = 0 that is X 0 = 0 then X = w0X and since w0 Em= (p, T) 

by Nakayama's Lemma 4.2.9, we have X = 0 whence Xn = 0 for all n that is en = 0 

for all n and we have proved Iwasawa's first result, lemma 5.1.l. 

We have worked under the assumption that our Zp-extension K 00 / K is totally 

ramified, this is 11ot entirely neccesary. Indeed by lernrna 3.1.4 for some e. > n0 , 

with n 0 » 0 the extension K 00 / I<e is totally rarnified. Hence we dispeuce with our 

assumption and instead work with the Zp-extension K00 / Ke for large enough e. A 

few things change though, since the topological generator of Gal(K00 / Ke) is "/e our 

Vn and Y0 must change to reflect this. 

Definition 5.1.9. 

With the above definitions for the extension Gal(K00 / Ke) for n ~ n0 we have 

For the applications in mind, it is important that X = Gal(L00 / K00 ) be a finitely 

generated A-module (it also turns out to be a torsion A-module ). 

Theorem 5.1.10. X = Gal(L00 / K00 ) is a finitely generated torsion A-module 

Proof. Since Yn+l,e C Yn,e C X we have 

Now Vn,e Em= (p, T), hence 
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Therefore #(Yn,e/mYn,e) :::; #Xn. Now Xn,...., Cl(Kn)(P) hence finite. By Nakayama,s 

lemma it follows that Yn,e is finitely generated. Since X/Yo,e = X 0 is finite, it follows 

that X is finitely generated. D 

We now prove Iwasawa's second result. For n ~ e we have Xn = X/vn,eYe, but 

Vn e = ~ where Wn = (1 + T)r>" - 1. Therefore 
' We 

Since #Cl(Ke)(p) is finite and we are interested in an asymptotic result we only 

compute #(Ye/~ Ye,). Now Ye is a Zp-submodule of X and X is finitely generated 
We 

hence Ye is finitely generated. By theorem 4.2.14 we have 

for all n large enough, whereµ= µ(M), ,\ = ..\(M) (here M = (Ye/~Ye)) and vis 
We 

a constant independent of n. Therefore 

for n large enough. This completes the proof of theorem 5.1.2. 

It is interesting to recast some of our results about the A-module X in terms of 

its dual 

posing certain local conditions on a cohomology group. Thus X is an instance of 

what has come to be called a "Generalized Selmer group" [12]. In terms of 

the dual theorem 5.1.10 says that X is a finitely generated cotorsion A-module (see 

section 6.2) and since 
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for some subgroup G11 of Gal(K00 / Ke)- Iwasawa's result above then reads 

for large n and is really a result about the size of Selmer groups. We see then that 

studying class groups is indeed studying Selmer groups, generalized of course. Vvc 

continue with this theme in the next section where we study Selmer groups attached 

to elliptic curves. In particular we shall prove a weaker analogue of equation (5.4) 

called "Mazur's Control Theorem" where the isomorphism is replaced by a pseudo

isomorphism. 
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CHAPTER VI 

:U:wasawa Theory for Elliptic Curves 

6.1 Mordell-Weil groups 

Let E an elliptic curve defined over K where K is a finite extension of Q. We want 

to understand the structure of the abelian group E(K) (the Mardell- Weil group) of 

K-rational points on E. A classical theorem due to L. Mordell and subsequently 

generalized by A. Weil states the following . 

Theorem 6.1.1 (Mordell-Weil). Let E an elliptic curve defined over K, where K is 

a finite extension of Q, then E(K) is a finitely generated abelian group. 

Proof. (see [40] Chapter VIII, page 189.) We will be content to just note that the 

main ingredients for the proof are the "weak Mordell-Weil theorem", and a height 

function, which enables a "descent" strategy going back to Fermat. 0 

The Mordell-Weil theorem states that the abelian group E(K) of K-rational 

points on E(K) has the structure 

E(K) ""'zr x Etors(K) 

where Etors(K) is the finite torsion subgroup of E(K) and r is a non-negative integer 

called the rank of the elliptic curve. For any given elliptic curve it is easy to determine 

the torsion subgroup. It comes as a surprise that there is no procedure to determine 

56 
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the rank in general. Efforts to get a grip on this mysterious quantity are behind much 

recent activity in number theory, centred around the famous Birch Swinnerton-Dyer 

Conjecture [2]. 

The Mordell-Weil Theorem may fail to hold if K is an infinite extension of Q. We 

give an example of this phenomenon. Consider E(Q) where Q is an algebraic closure 

of Qin re, then 

Etors(Q) = LJ Etors(C)[n] = LJUl/nZ) 2 = (Q/Z) 2 

n n 

is certainly not finite. Now E(Q) is a divisible group. Taking the quotient E(Q)/ Etors(Q) 

gives a uniquely divisible group. Therefore we can consider E(Q)/ Etors(Q) as a vec-

tor space over Q. The rank of this Q vector space is infinite. It can be easily shown 

that this is equivalent to the statement that rankz ( E( L)) is unbounded as L varies 

over all finite extensions of Q (see [14] pg 3) . 

From the above example we see that E(Q) is not finitely generated. 

There are however infinite algebraic extensions K of Q such that E(K) is finitely 

generated. For Galois extensions B. Mazur in [28] gives a simple necessary and 

sufficient condition for this to happen. We state and prove this result. 

Theorem 6.1.2. Let K be a Galois extension of Q. Assume that Etors(K) is finite, 

then rankz ( E ( L)) is bounded as L varies over all finite extensions of Q contained in 

K if and only if E(K) is finitely generated. 

Proof. Choose a finite extension L of Q contained in K such that rankz ( E ( L)) is max-

imal. Then E(K)/ E(L) must be a torsion group. Indeed suppose x E E(K)/ E(L) is 

a point of infinite order i.e. x is independent of the generators in E( L). We now con-

sider the finite extension L(x) obtained by adjoining x to L, since xis independent of 

the generators in E(L) we have that rankz(E(L(x))) > rankz(E(L)), contradicting 
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the maximality of rankz(E(L)) for all finite extensions. Now suppose P E E(K). 

Then there exists an integer m 2:: 1 such that mP E E(L) since E(K)/ E(L) is 

torsion. Let CJ E Gal(K /L) then we have 

m(CJ(P) - P) = CJ(mP) - mP =OE 

therefore CJ(P) - PE Etors(K). Lett= IEtors(K)I we then have that t(CJ(P) - P) = 

OE , i.e. CJ(tP) = t;P for all CJ E Gal(K/ L). This implies that tP E E(L) for all 

PE E(K). Hence we can define a homomorphism cp: E(K)-+ E(L) by cp(P) = tP. 

The image of cp is finitely generated since it is a subgroup of E(L). The kernel of 

cp is just Etors(K). It then follows that E(K) is finitely generated. Conversely it is 

clear that if E(K) is finitely generated, then rankz(E(L)) is bounded for all finite 

extension L of tQ contained in K. D 

Verifying the hypothesis of the above theorem is hard. Especially the hypothesis 

about the behaviour of rankz(E(L)) as L varies over all finite extensions of tQ con

tained in K. Indeed the behaviour of rankz(E(L)) is the focus of this section. We 

will work towards verifying this hypothesis for an important class of Galois exten

sions, namely the Zp-extensions. The finiteness of Etors(K) can be verified in many 

important situations (see [28] page 234). One result which we will prove completely 

is the following theorem due to B.Mazur [28]. 

Theorem 6.1.3. Suppose Eis an elliptic curve defined over a number field K. Let 

p be a prime such that E has good reduction at all primes of K lying over p. Assume 

that both E(K) and lli(K, E)p are finite. Let K00 =Un Kn be a Zp-extension of K. 

Then rankz(E(Kn)) is bounded for all n 2:: 0. 

This theorem will be a consequence of Mazur's Control theorem, together with 

basic results on lwasawa modules. But instead of studying Mardell-Weil groups 
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directly we study the behaviour of Selmer groups instead. 

6.2 Selmer Groups 

Let K be a algebraic extension of Q. Suppose that E is an elliptic curve defined 

over K. One of the principal ways to study the Mardell-Weil group is by Galois 

cohomology. We embed a quotient of the Mardell-Weil group into the Selmer group 

which is a cohomology subgroup and show that this Selmer group is finite. We review 

the construction of the Selmer group below, but first we present a standard result 

from algebraic geometry. 

Lemma 6.2.1. Let C1 , C2 be projective curves defined over an algebraically closed 

field K, then any morphism 1.fJ : C1 ---7 C2 is either constant or surjective 

Proof. (See [19], Chapter 11.6.8). 0 

Recalling that an elliptic curve is a projective variety of dimension one and that 

the multiplication by n map is non-constant, we have the following easy consequence 

of lemma 6.2.l 

Corollary 6.2.2. Let Ebe an elliptic curve defined over an algebraic closure K of 

K and n any integer, then the multiplication by n map 

n: E(K) ---7 E(K) 

is a surjective morphism. 

By corollary 6.2.2 we obtain the following short exact sequence of continuous 

GK-modules, where GK= Gal(K/K) 

0 ---7 E(K)[n] ---7 E(K) ~ E(K) ---7 0 
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Taking Galois cohomology we obtain the following long exact sequence . 

0 ~ H 0 (G, E[n]) ~ H 0 (G, E) ~ H 0 (G, E) ~ H 1(G, E[n]) ~ H 1 (G, E) ~ H 1(G, E) ~ ... 

From which we extract the following fundamental exact sequence: 

If we could prove that H 1
( GT<, E(K)[n]) is finite, then this short exact sequence would 

allow us to conclude that E(K)/nE(K) is finite and we would have thus proved the 

"weak Mardell-Weil" theorem. Unfortunately it turns out that H 1 (G, E(K)[n]) is 

never finite for a number field K. We can however still study E(K)/nE(K) by 

looking at its image in a smaller finite subgroup of H 1 (G, E(K)[n]) (the Selmer 

group). 

The fundamental short exact sequence (6.1) tells us that the image of E(K)/nE(K) 

is precisely ker(n). To determine ker(n) we need to decide which cohomology classes 

of H 1(GK, E(K)[n]) map to the trivial class in H 1 (GK, E)[n]. The cohomology group 

H 1 (GK, E) [n] has a geometric interpretation, its cohomology classes are in one to 

one correspondence with the principal homogeneous spaces of E (see [40] chapter 

X). Furthermore a cohomology class is trivial in H 1 (GK, E) [n] if and only if the 

associated principal homogeneous space has a K-rational point. Over a number field 

K we do not as yet have an effective solution to the problem of deciding whether a 

principal homogeneous space has a K-rational point. However over a local field this 

problem has an effective solution, Hensel's lemma allows us to work over the residue 

field which is finite, this coupled with estimates of the number of points on a variety 

over a finite field means we have an effective algorithm for finding all the rational 

points over a local field. 

We are thus tempted to reduce the problem to a local situation. This motivates the 

Stellenbosch University  https://scholar.sun.ac.za



61. 

following considerations. Consider a place v of Kand let Kv be the completion of K 

at v. This gives us an embedding KC-.....? f{v which induces the injection GKv C-.....? GK, 

we therefore can consider GKv as a subgroup of CJ<. We thus have restriction maps 

from H 1 (GK, E) to H 1 (GK v, E). Repeating the same arguments as above now over 

a local field Kv, we obtain the following short exact sequence 

The inclusion maps GKv C-.....? GK and E(K) C-.....? E(Kv) induce restriction maps on 

cohomology groups, hence we obtain the following commutative diagram (the vertical 

arrows being the restriction maps). 

0 -----+ E(K)/nE(K) 
8 

H 1(GK, E(K)[n]) H 1 (GK, E)[n] -----+ 0 -----+ -----+ 

1 1 1 
0 -----+ E(Kv)/nE(Kv) 8v H 1(GKv, E(Kv)[n]) H 1(GKv, E)[n] -----+ 0 -----+ -----+ 

We wish to replace H 1(GK, E(K)[n]) by a smaller subset, that still contains E(K)/nE(K), 

but for which we can prove finiteness. Accordingly we make the following observa-

tion. If "I E H 1(GK, E(K)[n]) comes from an element of E(K)/nE(K) then by 

commutativity of the diagram above, it's image "Iv in H 1 (GKv' E[n]) comes from an 

element of E(Kv)/nE(Kv)· This suggests that we define then-Selmer group as: 

Finally, in the same spirit of the definition of the Selmer group, we define the Tate-

Shafarevich group as: 

Lemma 6.2.3. Let 
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be maps between modules A , B , C. Then there exists an exact sequence 

0---? ker(a) ---? ker(,6 o a) ---? ker(,6) ---? coker(a) ---? coker(,6 o a) ---? coker(,6) ---? 0 

Proof. This is an simple application of the snake lemma (see [35] page 174) D 

Applying lemma 6.2.3 to 

v 

we obtain that the n-torsion part of the Tate-Shafarevich group and the n-Selmer 

group fit into the following fundamental short exact sequence 

(6.2) 0---? E(K)/nE(K) ---? SelE(K)n---? rn(K, E)[n] ---? 0 

Thus the n-Selmer group is important in trying to understand various arithmetic 

properties of E(K) since the "weak Mordell-Weil" group injects into it and more 

importantly the n-Selmer group is finite and effectively computable. 

Remark 6.2.4. The Tate-Shafarevich group is precisely the group that measures 

the failure of the Hasse principle for elliptic curves. Indeed a non-trivial element of 

rn(K, E) does not have a K-rational point on its corresponding principal homoge-

neous space, while it has by definition Kv-rational points for all v of K. It is an open 

conjecture whether the Tate-Shafarevich the group is finite in general. 

We can rewrite the short exact sequence (6.1) as 

Taking direct limits we have 
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From this we obtain the following commutative diagram, where the vertical maps 

are the restriction maps. 

(6.4) 

0 ------? E(K) 0 (Q/Z) 
K 

H 1 (Gr::, E( K)t;ors) 
A 

H1(GK, E) ------? 0 ------? ------? 

1 O.v 1 bv 1 r:v 

0 ------? E(K11 ) 0 (Q/Z) 
Kv 

H1 (GI<v' E(Kvhors) 
Av H1(G E) ------? 0 ------? ------? I<v' 

We will naturally call the maps K, r;,11 the global and local Kummer maps since the 

horizontal exact rows are an imitation of classical Kummer theory (see section 2.8). 

From general cohomology (see section 2.3) we can explicitly describe the Kummer 

maps as follows. Let a = a® (m/n + Z) E E(K11 ) 0 (Q/Z) with a E E(K11 ) and 

m/n + Z E Q/Z. Let b E E(K11 ) such that nb = ma, then r;,(a) is the class of the 

1-cocycle </>a given by </>a (g) = g ( b) - ( b) for all g E GK 
11

• Finally we then define the 

Selmer group as 

SelE(K) ~ ker ( H1 (GK, E(K)1.ora) ~I] H1 (GK., E)) 

Now from the commutative diagram (6.4) we see that [cp] E SelE(K) if and only if 

>. 11 o b11 ([cp]) = 0 for all places v of K. This is equivalent to requiring that b11 ([cp]) E 

ker(>.11 ) = im(r;,11 ) for all places v of K. Therefore [cp] E SelE(K) if and only if 

['!'] E ker ( H1(GK,E(K)1.ora) ~I] H1(GK.,E(Kv)t.ora)/im(Kv)). 

Thus we get an alternative description of the Selmer group. i.e. 

Remark 6.2.5. This description also follows immediately by looking at the bottom 

horizontal row of the commutative diagram (6.4). 

Let p be a prime. The p-primary part of Q/Z is isomorphic to QP/Zp therefore for 

any field L the p-primary subgroup of L@ (Q/Z) can be identified with L® (Qp/Zp)-
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We will now for any algebraic extension K /Q, let '"' Kv instead denote the global 

and local Kummer maps restricted to the p-primary subgroups i.e.: 

K :E(K) ® (Qp/Zp) ---7 H 1 (K, E[p00
]) 

'"v :E(Kv) ® (Qp/Zp) ---7 H 1 (Kv, E[p00
]) 

Where K is any algebraic extension of Q. We denote the p-primary subgroup of the 

Selmer group by 

Se!E(K), =Ker ( H1(K, E[p=]) ~ I,,I H 1(K", E[p=])/im(i<,,)) 

Everything in the definition depends on the GK- module E[p00
], except possibly for 

im( Kv). Faltings has proved [10] that E is determined up to K-isogeny by the GK 

representation space Vp(E) = Tp(E) ® QP, where Tp(E) denotes the p-adic Tate 

module for E. More precisely the GK-module E[p00
] = Vp(E)/Tp(E) determines E 

up to a K-isogeny of degree prime top. Now SelE(K)p is not changed by such K

isogenies and hence we might hope to define it using only the GK-module E[p00
]. It 

clearly suffices to give such a description of the subgroup im(Kv) of H 1(Kv, E[p00
]) for 

all primes v of K. We assume in all that follows that E has good ordinary reduction 

at all primes of K above p. 

Proposition 6.2.6. (i) Let E be an elliptic curve defined over an algebraic exten

sion Kv of Q.1 where l i= p. Then 

(ii) Let Ebe an elliptic curve defined over Kv = C or Kv =IR, then 

(iii) Let E be an elliptic curve defined over an algebraic extension Kv of QP. Then 
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Thus im(1'-v) = 0 whenever v f p and im(Kv) = (Qp/Zp)[Kv = IQlp] when v Ip. 

Proof. (i) Suppose that Ku is a finite extension of Q1. Then a theorem of E. Lutz 

(see [40] chapter VII prop 6.3 ) states that 

E(Kv) = zfKv= IQlzl x T 

where T is the finite torsion subgroup of E(Kv)· Let x ® y E Z1 ® (Qp/Z1J 

Since Qp/Zp is a p-group, let pn be the order of y. As l f p, Z1 is p-divisible 

hence we can find w E Z1 such that x = pnw, thus 

Therefore Z1 ® Qp/Zp = 0. For any finite group T we have T ® (Qp/Zp) = 0. 

Thus 

Now if Kv is an infinite algebraic extension of Q1 then we have Kv = LJ Lv where 

Lv runs over all the finite extensions of Q1 contained in Kv. Since E(Lv) ® 

(Qp/Zp) = 0, it follows that E(Kv) = 0. 

(ii) If Kv = IR then E(IR) '"" IR/Z or E(IR) '"" IR/Z x Z/2Z. Now IR/Z is p-divisible, 

hence either 

E(K11 ) ® (Qp/Zp) = E(IR) ® (Qp/Zp) = IR/Z ®(Qr/Zr) = 0, or 

E(Kv) ® (Qp/Zp) = E(IR) ®(Qr/Zr) = (IR/Z x Z/2Z) ® (Qp/Zp) = 0 

If Kv = <C then E(Kv) '.::::'. (IR/Z)2 hence 

E(Kv) ® (Qp/Zp) ~ (IR/Z)2 ® (Qp/Zp) = 0 

Hence for l f p we have im(Kv) = 0. 
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(iii) If Kv is a finite extension of Qp then by E. Lutz's theorem 

where Tis the torsion subgroup of E(Kv)· Thus we obtain 

Hence for v Ip we have im(K-v) = (Q7Jlri)[K,,: IQlp] and our proof is complete. D 

Since E has good ordinary reduction above v, the reduced curve E(kv) over the 

residue field for v has an element of order p. We define the reduction map 7r by 

P~P. 

The kernel of the reduction map is .F(m)[p00
], We will also for brevity denote .F(m) 

by .F. Indeed this kernel can be identified with the formal group .F(m) of height 1 

([40] chapter IV) associated to the elliptic curve E, where mis the maximal ideal of 

the ring of integers of K v· Thus when restricted to the p-primary part of the elliptic 

curve the kernel will be .F(m)[p00
]. Note that since for all n 

we have that 

E[p00
] = fu!:E[pn] = fu!:Z/pnz ~ Qp/Zp 

n n 

n n 

The group GK,, acts on E(Kv) in a natural way and the reduction map is equivariant. 

Let Iv be the inertia group of v, we have an exact sequence (see [30] page 172). 

(6.5) 
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Therefore GKv acts on E(kv) via the homomorphism</> i.e. 

g. p = </>(g)P 

where PE E(kv) and g E GKv . 

From the reduction map we have the following short exact sequence 

(6.6) 

Remark 6.2.7. Gkv acts on E[p00
] by a character 'l/J : Gkv ~ Zp x because E[p00

] is a 

I-dimensional representation. Similarly the action of G Kv on F[p00
] is by a character 

<p : Gkv ~ Zp x. By the short exact sequence (6.5) GKv/Iv ,...., Gkv so we can regard 

'!/J as a character of GKv which acts trivially on Iv. . ,.-. 
' •IJ I 

~ ~ .I 

We now consider the map 

induced from the inclusion F[p00
] C E[p00

] and give a description of im(Kv) using 

this map. 

·Proposition· 6.2.8. Let Ku be a finite extension of QP and suppose E has good 

ordinary reduction at v. Then im(Kv) = im(c:v)div, where im(c:v)div is the maximal 

divisible subgroup of im(c:v)· 

We will be done if we can show 

(ii) im(c:v) is isomorphic to (Qp/Zp)IKv: Qp] x T where Tis a finite group. 

For then we would have im(c:v) = im(Kv) x T and since im(Kv) is divisible 

(because it is the image of a divisible group) we would then obtain 
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(i) The exact sequence (6.6) induces the following long exact sequence of cohomol-

ogy groups 

c Hl(K",.F[pooj) __:,,_,_ Hl(K", E[pooj)--""-.. Hl(K", £[poo])) 

c H 2 (Kv, F[p=J) 

We see then that im(cv) = ker(7rv), hence the inclusion im(K-v) C im(cv) would 

follow if we can show that 7r11 o K-11 is the zero map. Let [<p] E im(K-11 ) be a 

cohomology class, with <p as a representative 1-cocycle, then there exists Q E 

E(Kv) such that <p(g) = g(Q)-Q for all g E GKv· The reduction map E[p=] ~ 

E [p=] induces the co cycle ~ where rp = g ( Q) - Q for all g E GK v where Q E 

E(kv) is the reduction of Q. That is 7rv([<p]) = [cp] E H 1(Kv, .E[p=J). [cp] 

is a principal crossed homomorphism, hence is a trivial cohomology class in 

H 1(Kv, E(kv)). But E(kv) is a torsion group therefore its p-primary subgroup 

.E[p=] is a direct summand, therefore we have E(kv) = .E[p=] x T for some 

prime top torsion group T. Hence 7rv([<p]) = [cp] is indeed trivial on .E[p=] as 

well hence im( K-v) C im( Ev) as was to be shown. 

(ii) Taking cohomology on the short exact sequence (6.6) we obtain the long exact 

sequence 

Now 

Q --- F[p=JGKv --- E[p=JGKv -- .E[p=JGKv ) 

c H 1(Kv, F[p=J) ~ H 1(Kv, E[p=J). 
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is a finite group. (Note that the first equality follows from the fact that G I<v 

acts on E[p00
] through Gk,,). We would be done if we can show that the ZJJ

corank of H 1 (Kv, F[JJ00
]) is [Kv: QJJ]. Lemma 6.2.9 below will prove this thereby 

completing our proof. 

D 

Because of the considerable importance of the next lemma we will give two proofs. 

The first, which is easier and often more effective, uses in an essential way the duality 

results of Tate and Poitou on Galois cohomology of local fields. The second will be 

"Iwasawa Theoretic" in the sense that is exploits the structure theory of Iwasawa 
\ 

modules and indeed the results about lwasawa modules we sliall use are accredited 

to Kenkiehi lwasawa [22]. For the sake of continuity, we defor the second proof to 

the end of this section since the argument is somewhat long. 

Let A be a discrete GI<v-module with A,......, (Qp/ZJJY as a Zp-module. We also let 

A(l) c:leno~e the GKv-1}1odule Hom(A,µp=). A(l) is called the Tate twist of A and 

when A is a finite module, it clearly has the same order as A. 

We shall frequently use the following terminology. Let A be a p-primary abelian 

group, A can therefore be regarded as a ZJJ- module. If we put the discrete topology 

on A then its Pontryagin dual A= Hom(A, Qp/Zp) is a compact Zp-module. We say 
~ 

that A is cofinitely generated as a Zp-module if A is finitely generated as a Zp-module. 
~ 

We define corankzPA to be the rank of A as a ZJJ-module. 

Lemma 6.2.9. (Corank Lemma) 

(i) Let Kv be a finite extension of QJJ. Let A be a discrete G K,,-module with 

A ,......, (QJJ/ZJJY as a ZJJ-module. Then H1(Kv, A) is a cofinitely generated ZJJ-
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module and 

(ii) Let K 11 be a finite extension of Q1 where l =/:- p. Then H 1(K11 , A) is Z
71
-cofinitely 

generated with corank equal to 

We first state the following deep result without proof. 

Theorem 6.2.10. (Poitou-Tate) Let A be a finite p-primary G K,,-module, with order 

JAJ =pa. Then 

2 . 
(i) TI JHi(K11 , A)JC-l)' = 

i=O 
1 if v f p. 

(ii) H 2 (K11 , A) is the Pontryagin dual of H0 (K11 , A(l)) and hence has the same order. 

Proof. (see [32] page 324) 0 

The result above extends to infinite p-primary GK,, -modules as we now show. 

Corollary 6.2.11. (Poitou-Tate) Let A be a p-primary GK,, -module. Then 

2 

(i) 2::(-l)icorankzP(Hi(K11 , A)) = 
i=O 

0 if v f p. 

(ii) H 2 (K11 , A) is the Pontryagin dual of H 0(K11 , A(l)). Hence 

Proof. (i) Let A be a p-primary GK,, -module. Then A = Un A[pn], where each 

A[pn] has order pan for some an ;::: 0. Since the simple p-groups are isomorphic 
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Therefore 

By the theorem of Poitou and Tate, 

2 

I1Pc~(-1)i = 

i=O 1 if v f p. 

Hence we obtain 

i=O 0 if v f p. 

n n 

We have have proved the first part of our theorem. 

(ii) The proof follows immediately by taking direct limits in theorem 6.2.lO(ii). 

D 

We now finish the proof of proposition 6.2.9 by calculating corankzPH1(Kv, A) 

where A = F[p=J. Now A '"'-' Qp/Zp and A(l) ~ Zp. H 0 (Kv, A) is a subgroup of 

H 0 (Kv, E[p=]) = E(Kv)p which is finite hence corankzPH0 (Kv, A) = 0. By Poitou

Tate duality, H2 (Kv, A)~ H0 (Kv, A(l)) and since A(l) ~ Zp, GKv acts on A(l) by 

a character r.p: GKv --7 zpx, H0 (Kv,A(l)) = 0. Therefore corankzpH2 (Kv,A) = 0. 

Hence by the corank lemma, rankzpH1(Kv, A) = [K: Qp]· This proves proposition 

6.2.S(ii). 

It will be important in the next section to have information about the index 
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Theorem 6.2.12. Let Kv be a finite extension of QP and let E/ Kv be an elliptic 

curve with good ordinary reduction at v. Then im(1>;v) has finite index in im(cv), 

more precisely lim(cv)/im(K-v)I ~ IE(kv)pl where kv is the residue field of v. In 

particular if pf IE(kv)I then im("'v) = im(cv) 

Proof. From the proof of lemma 6.2.9, we saw that H 1(Q[p00]) = zv,·, Qp] x T 

hence H 1(Kv, F(p00
]) = (Qp/Zp)!K: IQlp] x 'f where 'f is a finite p-group. Thus 

H 1(K11 , F[p00 ])c1iv = (Qp/Zp)[J<: IQlp] and we obtain H 1(K11 , F[p00
])/ H 1(K11 , F(p00])c1iv = 

T. The multiplication by pm map thus kills H 1(Kv, F(p00
])/ H1 (Kv, F[p00 ])c1iv for 

some m » 0. Therefore for such an m we have 

Let A = F(p00
]. Then for m as above consider the exact sequence 

Taking cohomology we obtain the long exact sequence 

bounded above by H2 (Kv, A[pm]) form» 0. Now H2 (Kv, A[pm]) has the same order 

-as H 0 (Kv, A[pm](l)) by Poitou-Tate duality. The exact sequence (6.6) and the Weil 

pairing induce the pairing. 

(recall A = F(p00
]). Since Weil pairing is non-degenerate this pairing is non-

degenerate. From this pairing we obtain 
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as G Kv -modules, which implies 

- - -Thus H 0 (Kv, A[pm](l)) = H0 (Kv, E[pm]) = E(kv)pm form» 0. Therefore im(~v)/im(c:v) 

is cyclic and 

The proof is complete. This inequality is actually an equality, but the above result 

is adequate for our purposes. D 

Under certain restrictive hypothesis we can extend proposition 6.2.8 to infinite 

extensions. We make a few definitions first. 

Definition 6.2.13. A supernatural number n is a formal product 

n = ITPn(p) 

p 

where p runs through the set of prime numbers, and n(p) is a positive integer or oo. 

If m is another supernatural number we say m divides n written m I n if m(p) ::; 

n(p) for all p. We can do algebra with supernatural numbers, with a few rules. We 

define oo + oo = oo , oo +a = oo where a is any finite integer (see [34] page 34). 

Thus we can define the LCM of two supernatural numbers n and m as follows. 

LCM(n, m) = IJps(n,m) 

p 

where s(n, m) = max(n(p), rn(p)) . Let G be a profinite group and let Ube the set 

of all open normal subgroups of G. If His a closed normal subgroup of G we define 

the profinite index of Hin Gas follows 

[G: HJ= LCM{[G/U: HU/U] I U EU} 

Stellenbosch University  https://scholar.sun.ac.za



74 

We then define the profinite order #G of G, as 

#G = [G: {1}] = LCM{G/U I U EU} 

Definition 6.2.14. Let L be an infinite Galois extension of K. We define the 

profinite degree of the extension L/ K to be #G 'vhere G - Gal(L/ K) 

Theorem 6.2.15. Let Kv be an extension of QP with finite residue field. Assume 

that p00 divides the profinite degree of Kv/Qp. Then im(Kv) = im(cv) 

Remark 6.2.16. The hypotheses in the above theorem are satisfied in particular if 

Kv is a ramified ZP extension of Fv where Fv is a finite extension of QP. 

Proof. By the same argument as in proposition 6.2.8(i) we have im(r,;v) ~ im(cv)· 

Our strategy then is to show that im(cv) is divisible and that im(cv)/im(Kv) is finite, 

this will give our result. Now Kv = Un F,~n) where F,~n) runs over all the finite 

extensions of QP contained in Kv. We define 

Now 

Hl(Kv, E[poo]) = ~ HI(p~n)' E[poo]) 
n 

(see section 2.4) hence we have Ev = ~(dn)) and Kv = ~(K~n)) which implies that 
n n 

im(K-v)/im(cv) is finite since it is the direct limit of the finite subgroups im(r,;£n))/im(.s£n)) 

which by theorem 6.2.12 are uniformly bounded by IE(kv)pl· 

We now show that im(cv) is divisible. By the map 
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it is enough to show that H 1 (1<v, F[p00
]) is divisible. Now our assumption on the 

profinite degree implies that GKv contains an infinite pro-p subgroup hence has co

homological dimension 1 (see section 2.7 and [39] chapter 3). So H 2 (Kv, A) = 0 for 

any GKv-module A. 

Let A = F[.µ00
]. From the short exact sequence 

0 ---? A[p] ---? A ~ A ---? 0 

we obtain the long exact sequence 

Thus H 1(Kv, A) is p-divisible. But A is a p-primary group hence H 1 (Kv, A) is also 

p-primary. Thus H 1(Kv, A) is in fact divisible, and our result is proved. 0 

We have gotten a satisfactory intrinsic description of the Selmer group in the 

case of good ordinary reduction at a prime v of K lying above p. We wonder what 

happens in the other cases. We first consider the case where E has split multiplicative 

- reduction at a prime v of K lying above p. 

If E has split multiplicative reduction at a prime v of K lying above p and Kv 

is a finite extension of Qp, then E/ K 11 is a Tate curve (see [41] page 422). Thus we 

have the parametrization 

Kv x / < qE >~ E(Kv) 

where < qE > is the infinite cyclic group of Kv x generated by the Tate period qE of 

E. Now qE has positive valuation so 

(6.7) 

Our parametrization above induces the map 
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This coupled with ( 6. 7) gives us the following exact sequence 

(6.8) 

From (6.8) we obtain the long exact sequence 

Classical Kummer theory give us the isomorphism K1~/nK; ~ H 1 (K11 )µvn) and on 

taking projective limits we obtain K
11
x Q9 Qp/Zv = H1(K11 , µP°" ). We have K; = 

7rz x UI<v and U I<,, ,....., Z/paz EB z1I<v: \Qlp] (see [30] page 141 ) hence 

Thus we have 

We also have H0 (K11 , Qp/Zp) = Qp/Zp, since G I<v acts trivially on Qp/Zp. Therefore 

im(c11 ) ,....., (Qp/Zp)[I<v: <QJPJ. By proposition 6.2.6(iii) we get 

im(K,11 ) = im(cv) 

in the case of split multiplicative reduction. 

Let E have non-split multiplicative reduction at a prime v of K lying above an 

odd prime p. Since £ 11 = limc~n) and K,11 = lim"'~n) (see proof of theorem 6.2.15) , 
---7 ---7 

n n 

we are reduced to consider finite extensions Kvn of Kv. If E becomes split over Kvn 

then we are in the case just considered and we are done. If not then by the "Corank 

Lemma" we have 

and since F[p00
] has cohomological dimension 1, H 1(Kv, F[p00

]) is divisible. There

fore H 1(Kv) F[p00
]) ,....., (Qp/Zp)[I<v = \Qlp] • This and proposition 6.2.6(iii) allows us to 
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conclude that 

Thus in the case of multiplicative reduction we have a somewhat better result 

than proposition 6.2.8 for the good ordinary reduction case. 

We now look at the case that E has good supersingular reduction at a prime v of 

K lying above p. Now E[p00
] = 0 therefore we have an isomorphism F[p00

] ~ E[p00
] 

where F(m) is this time the formal group of height 2. If Kv is a finite extension of QP 

and using our definition of the map Ev above, we see that an isomorphism of the form 

im(i-;;v) = im(Ev)<liv as in the case of good ordinary reduction is certainly impossible. 

Despite this Bloch and Kato [4] have in this case an alternative "good" definition 

of im(Kv)· This definition allows us to describe im(Kv) in a way that depends only 

on the G Kv -module E[p00
] and more satisfyingly it coincides with the description of 

im(Kv) in the good ordinary reduction case. The description involves the mysterious 

ring Bcris introduced by Fontaine [11 J. We can only manage little more than state 

Bloch-Kato's result. Some preparation first. 

Let Kv be a finite extension of QP and let Vp(E) = Tp(E) ®zp QP , where Tp(E) 

is the Tate module of E. We define 

(We note that Vp(E) contains Tp(E) as a GKv-invariant ZP lattice and Vp(E)/Tp(E) "" 

E[p00
]). The map Vp(E) ---+ E[p00

] induces the homomorphism H1(Kv, Vp(E)) ---+ 

H 1(Kv, E[p00
]). Thus we have the commutative diagram 
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Theorem 6.2.17. (Bloch-Kato) Let H}(Kv, E(p00
]) denote im(¢) in the above com

mutative diagram then 

Proof. (see [4]) 0 

If K,, is an infinite extension of Qp, we say that Kv is deeply ram?:fied if H1(K,,, m) = 

0) . For "deeply ramified" extensions Hilbert satz 90 is true for formal groups i.e. 

H 1(Kv,.F(m)) = 0, where .F(m) is the formal group of height 2 and m denotes the 

maximal ideal of the ring of integers of Qp. Since .F(m) is divisible we can imitate 

Kummer theory: we have the exact sequence 

and taking cohomology we have the long exact sequence 

( we used Hilbert satz 90 for formal groups to get the last surjection). Thus 

we have .F(m)/pn .F(m) ~ H 1(Kv, .F(m)[pn]) and taking inverse limits we obtain 

.F(m)@ Qp/Zp ~ H1(Kv, .F(m)[p00
]). But E(Kv)[p00

] ~ .F(m)[p00
] since E[p00

] = 0. 

Therefore 

In the next section we will use our descriptions of the Selmer groups to prove the 

main result of this chapter: "Mazur's control theorem". 

6.3 Control Theorems 

In this section we study the Galois theoretic behaviour of Selmer Groups. The 

main result is the "Control Theorem" of Mazur. We also study consequences of 
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this theorem concerning the behaviour of the Mardell-Weil group and the Tate-

Shafarevich group in a Zp-extension. 

Remark 6.3. l. R. Greenberg [16] in recent work has vastly generalized the "Control 

Theorem" to the case that the Galois group of the extension is a p-adic lie group. 

We will however merely note that such a generalization exists. 

Let K be a finite extension of tQ and E an elliptic curve defined over K. 

Theorem 6.3.2. (Control Theorem) Assume that pis a prime and that E has good 

ordinary reduction at all primes of K lying over p. Assume that K 00 = Un Kn is a 

Zp extension of K. Then the natural maps 

have finite kernels and cokernels, and their orders are bounded as n ~ oo. 

Proof. Let Kn denote the unique subfield of K00 containing K such that [Kn : K] = 

pn. In section 6.1 we described the images of the local Kummer homomorphisms. 

(propositions 6.2.6 and 6.2.8). We base our proof of the Control Theorem on this 

description. Let E be an elliptic curve defined over K and let F be an algebraic 

extension of K. For every prime rJ of F, we let 

and we also let PE(F) = TIHE(F?J), where rJ runs over all the primes of F. Thus the 
'I) 

p-part of the selmer group can be written as 

where the map is induced by restricting cocycles to decompostion groups. We set 
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and let F00 =Un Fn be an arbitrary Zp-extension of F . 

Consider the following commutative diagram with exact rows. 

(6.1) 
0 -----7 SelE(Kn)p -----7 H1(Kn, E(p00

]) -----7 QE(Kn) -----7 0 

1 Sn 1 hn l.9n 

0 -----7 
rpn. 

H 1(K
00

, E(p00])rP" 
['Pn 

SelE(Koo)p -----7 -----7 YE(Koo) 

Here rp" = Gal(K00 / Kn) as usual, and Sn , hn and .9n are the natural restriction 

maps. The snake lemma gives us the following exact sequence. 

(6.2) 

0 --t ker(sn) --t ker(hn) --t ker(gn) --t coker(sn) --t coker(hn) --t coker(.qn) --t 0. 

We study ker(sn) and coker(sn) indirectly by studying ker(hn) , ker(gn), coker(hn), 

coker(gn) in the above exact sequence. We do this in the following sequence of 

lemmas. 

Lemma 6.3.3. The kernel of hn is finite and has bounded order as n varies. 

Proof. Let H = Gal(k / K 00 ) and consider the inflation restriction sequence 

Clearly ker(hn) = H 1(GKn/ H, E(p00]H). Let B = E[p00 ]H. Then B = E(F00 )P = 

E[p00]H, the p-primary subgroup of E(K00 ). Now GKn/ H = Gal(K00 / Kn) = rpn 

hence ker(hn) = H 1 (rPn,B). Let 1 denote a topological generator of r. Since rpn 

is a topologically cyclic group H 1 (rPn, B) = B /('"'!Pn - l)B (see [32] pg 68). Now 

considering ¢> = 1Pn - 1 as an endomorphism on B, 

Since 1Pn is a topological generator of Gal(K00 / Kn) we see that P E ker(¢) if and 

only if P E E(Kn)p· E(Kn) is finitely generated hence it's p-primary part E(Kn)p, 
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is finite thus leer(¢) is finite. Now by Lutz's theorem ( c.f [40] chapter VII prop 6.3 ) 

B = E(F00 )p = E(F00 ) ® Qp/Zp ~ (Qp/Zp) x (finite group) . Therefore Bdiv has 

finite Zp-corank and 

so 

Thus 

and [B : Bdiv] is independent of n. D 

Lemma 6.3.4. hn is surjective i.e. coker(hn) = 0. 

Proof. Consider the inflation restriction sequence 

H 1(Kn, E(p00
]) ~ H 1 (Koo, E[p00 ])fPn -7 H2(fPn, B) 

where B = E(p00
]rPn = H 0 (Gal(F00 / Fn), E(p00

]). fP" is isomorphic to Zp as topolog

ical groups hence fPn is a free pro-p group, consequently f Pn has cohomological di

mension 1 (see section 2.7 ), thus H 2(fP", B) = 0 and hn is surjective as claimed. D 

We now determine ker(gn)· Let v be any prime of K, and let Vn denote any prime 

of Kn lying over v. We focus on each factor in PE(Kn)· Consider 

(6.3) 

where rJ is any prime of K00 lying above Vn, (Pe(K00 ) has a factor for all such rJ's, but 

the kernels are the same). If v is archimedean, then v splits completely in K00 / K , 

i.e. (Koo) 11 = Kv for all rJ Iv. Thus ker(rvJ = 0. For nonarchimedean v, we consider 

separately v Ip and v f p. 
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Lemma 6.3.5. Suppose v is a nonarchimedean prime of K not dividing p. Then 

ker(rvJ is finite and has bounded order as n varies. If E has good reduction at v, 

then ker(rvn) = 0 for all n. 

Proof. Since (Kn)vn and (K=) 11 are algebraic extensions of Kv, by proposition 6.2.6 

we have im((K=)1J = im((K.,i),11J = 0, hence 

1iE((Kn)vJ = H1 ((Kn)vn' E[p=]) and 

1iE((K=)11 ) = H 1((K=) 11 , E[p=]). 

The infiation-restriction sequence 

= (Qp/Zp)e x (finite group), 0 ~ e ~ 2 

Now ker(rvn) = Bv/bvn - l)Bv where 'Yvn is a generator off vn· The map 

,!,.. B 'Yvn-1 B 
'+'· 71~ v 

has finite kernel since E((Kn)vJ is finitely generated and hence has finite p-primary 

subgroup. We thus conclude as in lemma 6.3.3 that lker(rvJI ~ IBv/(Bv)<livl which is 

independent of n and Vn· If E has good reduction at v then since v f p, Kv(E[p=])/ Kv 

is an unrarnified extension (see [40] chap 7 ). The formalism of the Weil pairing gives 

(K00 ) 11 C Kv(E[p=]) and ~ = Gal(Kv(E[p=])/ Kv) is a finite cyclic group of order 

prime top. Now E[p=]Ll is divisible hence Ev = (Bv)ciiv and ker(rvJ = 0 D 
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Now assume that v I p. For each n, let fvn denote the residue field for (Kn)vn· 

Either v splits completely in Krx) K, v is ramified in K00 / K or v is unramified but 

finitely decomposed in K00 / K. In the first two cases the finite field f~n stabilizes, 

and so fri is finite, where fr, is the residue field for any prime fJ of K00 lying over p. 

Let E denote the reduction of E at v. 

Lemma 6.3.6. Suppose that v is a prime of K dividing p. If E has good ordinary 

reduction at v, then ker(rvJ is finite and has bounded order as n varies. 

Proof If v splits completely in K00 / K then ker(rvJ = 0 for all n. If v is ramified in 

K00 / K then by theorem 6.2.15, im(x:vn) = im(c:vJ so we can factor rvn as follows 

Since av" is surjective 

But ker(avn) = im(c:vJ/im(x:vJ, therefore by theorem 6.2.12 we have lker(avJI < 

IE(.fri)PI, so the order is bounded by a finite group. The exact sequence 

on the other hand gives us the commutative diagram 

0---H1((Kn)vn' E(p00])/im(c:vJ _7rv_n --+ H 1((Kn)vn' E[p00
]) 

l bvn l Cvn 

0--~ H 1((K00 )ry, E(p00])/im(c:ry) 7r
71 H 1 ((Koo)ry, E(p00

]) 

The snake lemma gives lker(bvJI :::; lker(cvJI. The inflation-restriction sequence 
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shows that ker(cvJ = H1((K00 ) 11 /(Kn)vn' E(J11 )p)· Since Gal((K00 )
1
/(Kn)vJ is topo

logically cyclic with generator say lvn we have 

ker(cvJ = E(J1i)p/(!vn - l)E(Jr1) 11 . 

So !ker(r:vJI ::::; !E(J1J)JJI ancl 

in the case that v is ramified. 

If v is unramified but finitely decomposed in K00 / K, then (K00 ) 11 is the un

ramified Zp-extension of Kv. f 11 is infinite in this case. By the Kummer exact 

sequence 6.3 (after restricting to the p-part of the sequence and replacing K by 

(Kn)vJ, we have H 1((Kn)vn' E[p00
])/ im((Kn)vJ = H 1((Kn)vn' E((Kn)vJ). Simi

lary for H 1 ((K00 ) 11 , E[p00
])/ im((K00 ) 11 ), hence 

ker(rvJ = ker(H1((Kn)vn> E)-+ H 1 ((Koo) 11 , E)). 

A simple inflation restriction argument, shows that 

Let L = (Koo)11 and M = (Kn)vn· Let l and m be the residue fields of L and M 

respectively. We want to show that ker(rvJ = H 1(L/M, E(L)) = 0. From the 

reduction map, we have the short exact sequence 

0-+ F(m)-+ E(L) ~ E(l))-+ 0, 

where m is the maximal ideal of L. Taking cohomology we have the long exact 

sequence 

· · ·-+ H 1(L/M, F(m))-+ H 1(L/M, E(L))-+ H 1(L/M, E(l))-+ 0 
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We have to show that both H1(L/M, F(m)) and H1(L/M, E(l)) vanish. The formal 

group F(m) has a filtration ([40] pg 118 ), 

F(m) ::::> F(m1
) ::::> F(m2

) · · · F(mn) · ·. 

anrl we also have the iimmorphism F(mi)/ F(mi+1 ) = 1. Since Lj.M is ~m finite 

unramified p-extension we have Gal(L/M) = Gal(l/m). Taking cohomology on the 

exact sequence 

we have the long exact sequence 

The vanishing of the last cohomology group is theorem ([37],Chap X, prop 1). By the 

al5ove long exact sequence we would be done if we can show that H 1(L/M,F(mi)) = 

0, for large i. The formal logarithm converges for large i hence F(mi) =mi for i » 0. 

We thus obtain H 1(L/M,F(mi)) = H 1 (L/M, mi). Now H 1(L/M, mi)= O since mi 

is an induced module. 

We now show that H 1(L/M, E(l)) = 0. We use similar arguments to the ones 

above. We have the inflation restriction sequence 

where m unr is the maximal unramified extension of m. We will be done if we can 

show that H 1 (munr /m, E(munr)) = 0. Now Gal(munr /m) ~ Gal(lFv/lFv)· By the long 

exact sequence coming from the short exact sequence 
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where mis the maximal ideal of m unr. It suffices to show that H 1 (Gal( m unr / m), :F( m)) 

and H 1 (1Fv, E) are both zero. Now if C is any curve over lFv, the Hasse bound shows 

that C(lFv) is non empty and therefore we know that E has no nontrivial principal 

homogeneous spaces. This is the same as the claim that H 1 (1Fv, E) = 0. The formal 

group .T-(m) has a filtration ([40] pg 118 ), 

and we have an exact sequence 

for each i ;::: 1. The long exact sequence associated to this exact sequence re

duces the problem of proving H 1 (Gal(munr /m), :F(m)) = 0, to that of proving that 

H 1 (Gal(munr /m), :F(mi)) = 0, for some higher 'i ;::: 1. If 'l is sufficiently large, then 

the formal logarithm converges and this shows that 

which is zero since the group mi is an induced module. This completes the proof of 

lemma 6.3.6 . 0 

Lemma 6.3. 7. The order of ker(gn) is bounded as n varies. 

Proof. Let v be any prime of K. If v splits completely in K 00 / K then ker(rvJ = 0 

and these primes do not contribute to ker(gn)· For all the other primes v of K the 

number of primes lying above v is bounded as n ~ oo. If E has good ordinary 

reduction at v and v f p then ker(rvJ = 0 and these primes also do not contribute to 

ker(gn)· Thus there are only finitely many primes v Ip that need to be considered and 

for each such v there are a bounded number of vn's . For these vn's lemma 6.3.5 and 
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lemma 6.3.6 imply that ker(rv,J is bounded as n varies, hence ker(gn) = f1ker(rvJ 
Vn 

is bounded as n varies and our proof is complete. 

D 

We now finish off the proof of the "Control Theorem". Lemma 6.3.3 implies 

that ker(sn) is finite and has bounded order no matter what type of reduction E 

has at v I p. By lemmas 6.3.4 and 6.3. 7. Since these fit into the exact sequence 

6.2, we see that cokersn is finite and of bounded order, assuming that E has good 

ordinary reduction at all v Ip. The proof of the Mazur's "Control Theorem" is now 

complete. D 

We now present some consequences of Mazur's control theorem. We will show 

that the order of the p-part of the Selmer group is controlled for large n. We will 

also study the ranks of the Selmer groups asymptotically in a ZP-extension. 

We recall some notation: we denote by r a group non canonically isomorphic to 

the p-adic integers Zp. We also denote the Iwasawa Algebra by A i.e. 

n 

We also define an Iwasawa module to be a compact A-module. By choosing a topo-

logical generator 'Y of r, the Iwasawa algebra can be identified with the power series 

ring Zp[[T]] using the map 'Y ---t 1 + T. 

Definition 6.3.8. Let A be discrete A-module, we say A is A-cotorsion if its Pon-

tryagin dual A = Hom(A, Q/Z) is a A-torsion module. A is A-cofinitely generated if 

A is a finitely generated A-module. 

Corollary 6.3.9. Let E be an elliptic curve defined over K and let p be a prime 

such that E has good ordinary reduction at all primes of K lying over p. Suppose 
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also that SelE(K)p is finite. Then SelE(K00 )p is A-cotorsion and rankz(E(Fn)) is 

bounded as n varies. 

Proof. Since SelE(K)p is finite we have by the control theorem that SelE(Koo)pGaI(K=/Kn) 

is finite. Let X be the Pontryagin dual of SelE(K00 )P i.e. 

Since X is a p-primary abelian group we can equip X with the structure of a 

A-module. Taking the Pontryagin dual we obtain SelE(K00 )P ~ Hom(X, Qp/Zp)

SelE(K00)P thus inherits a natural A action given by ('yf)(x) = ('yf)('y-1x) where 

f E SelE(Koo)p and "! is a topological generator of r. If f is fixed by r then 

J('y- 1x) = 'Y-1 f(x) and we see that such an f is a r equivariant homomorphism, 

hence 

Since j is a r equivariant homomorphism, then 

J(('y- l)x) = f('yx - x) = "f · J(x) - f(x) = 0. 

We see then that f factors through X / ( "f - 1 )X = X /TX (this is the maximal 

quotient on which r acts trivially). Therefore 

SelE(K00)/ = Homr(X, Qp/Zp) = Hom(X/T X, Qp/Zp) 

Hence IX/TXI = jSelE(Koo)/I which is finite by assumption, but jX/mXI = 

IX/(p, T)XI ::; IX/TXj. Thus X/mX is finite as well. By Nakayama's lemma 

4.2.9 we see that X is a finitely generated torsion A-module. Its dual SelE(K00 )P is 

thus A-cotorsion. Now 
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for some ,\ ~ 0. Taking duals, (SelE(K00 )p) <liv = (Qp/Zp).A, and by the "Control 

Theorem" Se1E(Kn)p maps to SelE(K00)/n with finite kernel. Hence 

'vhere t,, ~ >.. By the fundamental exact sequence (6.2) 

is a subgroup of (SelE(Kn)p) <liv· Hence 

rank(E(Kn)) ~A 

for all n ~ 0 D 

It is possible that the p-primary part of the Selmer group over K 00 vanishes, hence 

also rank(E(Kn)). We establish in the next corollary under which conditions this 

might happen. 

Definition 6.3.10. Let v be a prime of K where E has good ordinary reduction. If 

the characteristic of the residue field kv divides IE(kv)I, then vis called an anoma-

lo us prime for E. 

Corollary 6.3.11. Let E be an elliptic curve defined over K and let p be a prime 

such that E has good ordinary reduction at all primes of K lying over p. Suppose that 

SelE(K)p = 0, that no prime of Kover pis anomalous for E, and that E(Kv)p = 0 

for all primes v of K where E has bad reduction. Then SelE(K00 )P = 0 

Proof. We claim that the map 

S ·l (K) ---? S·l (K ) Gal(K00 /K) eE p eE oo p 
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is surjective. By hypothesis SelE(K)p = 0, hence Se1E(K00 )/ = 0, which implies 

that its dual X/TX = 0, where X = Hom(Se1E(K00 )P, Qp/Zp)· By Nakayama's 

lemma 4.2.9 we have X = 0, hence 

We now verify our claim: 

Let v be a prime of K such that vlp. If vis unramified in K00 / K then by arguments 

carried out in lemma 6.3.6 ker(rv) = 0. If v is ramified in K00 / K, let f'Y/ be the 

residue field for a prime 'r/ of K00 above v. Then f'Y//.fv is a finite p-extension. By the 

reduction map we have the short exact sequence 

Now E(.f'Y/)~al(J.,,/J.,) = E(.f11 )P = 0, by hypothesis and since Gal(.f'Y//.f11 ) is a p-group 

acting on a p-group, it follows that E(.f 'Y/)P = 0. Hence by the first part of lemma 6.3.6 

we have lker(rv)I ~ IE(.f'Y/)Pl 2 = 0 therefore ker(rv) = 0. If vis a prime of K where E 

has bad reduction, then by hypothesis v f p. Let 'r/ be a prime of K00 lying above v. 

Then Gal((K00 )'Y// Kv) = Gal(f~/ f~) is either 0 or is isomorphic to Zp. We thus have 

E((K00 )'Y/);al((Koo).,,/K.,) = E(Kv)p = 0, hence it follows that E((K
00

)'Y/)P = 0. We 

recall that in lemma 6.3.5 we defined Bv = H 0 ((K00 )'Y/, E[p00
]) this is just E((K:xi)rJ)P 

and this vanishes by the arguments above. Since in lemma 6.3.5 we proved that 

we thus see that ker(r v) = 0 for all primes v of K lying above p, hence these primes do 

not contribute to ker(g0 ) in lemma 6.3.7, therefore ker(g0 ) = 0. By lemma 6.3.4 we 

already have coker(h0 ) = 0 hence from exact sequence 6.2 we see that coker(s0 ) = 0. 

Therefore the map is surjective as claimed. 0 
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Corollary 6.3.12. Let E be an elliptic curve defined over K and let p be a prime 

such that E has good ordinary reduction at all primes of K lying over p. Let K00 / K 

be a Zip-extension. Suppose that both E(Kn) and m(Kn, E)P are finite for all n. 

Then there exists integers>.,µ, 2:: 0 depending only on E and K00 / K such that 

Remark 6.3.13. The hypothesis that E(Kn) is finite is not neccesary, it only sim-

plifies our arguments. See theorem 1.10 in [13] for proof a which does not use this 

hypothesis. 

Proof. Let X be the Pontryagin dual of Se1E(K00 )P i.e. 

Since X is a p-primary abelian group it has a natural f-module structure. Taking 

the Pontryagin dual we obtain Se1E(K00 )P '.:::::'. Hom(X, Qp/Zp)· Se1E(K00 )P inherits 

a natural A action given by ('y · f)(x) = ('yf)('y-1x) where f E SelE(K00 )P and 'Y 

is a topological generator of r. If f is fixed by r then f ('y-1 x) = 'Y-l f ( x) and we 

see that such an .f is a r equivariant homomorphism. Now fPn is a closed subgroup 

of r. Hence fPn acts on SelE(Koo)p through the induced natural action given by 

('yPn . f)(x) = ('yPn f)(('yP")- 1x). Thus we have f((('y7>n)_ 1 - l)x) = 0 i.e.f factors 

through (('yPnt1 - l)X. We thus have 

· · fP" . fPn 
equation 6.4 we obtam ISelE(Koo)p I = IX/wnXI. We claim that SelE(K00 )P · 

is finite, hence also IX/wnXI for all n. For n = 0 we have that X/w0 X = X/TX 
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is finite, it then follows by Nakayama's lemma 4.2.9, that X is a finitely generated 

A-torsion module. Let </> denote the map appearing in the "Control Theorem" so 

that we have ISelE(J<n)pl/ker(cf>) "'im(cf>). Hence ISelE(Kn)pl =I ker(</>)11 im(</>)I. By 

the "Control Theorem", I ker( </>)I = pen where e11 is bounded as n varies. Since cf> 

is not surjcctivc, we also have I in1(¢)I $ ISclE(J<oo)/Pn I- Therefore ISclE(J<n)pl $ 

pe"IX/wnXI. However, since Xis a finitely generated A-torsion module, we have by 

theorem 4.2.14 that 

for n » 0. We thus obtain for n » 0, 

By the fundamental exact sequence 6.2 

and since by hypothesis, E(Kn) is finite it follows that 

as n---+ oo, and our proof is complete save for the claim, which we now prove. From 

the exact sequence 6.2, we obtain (by taking direct limits) the short exact sequence 

(6.5) 

Since E(Kn) and III( Kn, E)p are finite for all n by hypothesis, we easily obtain that 

SelE(Kn)p is finite for all n ~ 0. Hence by the "Control theorem" Se1E(K
00

)p Gal(Koo/Kn) 

is finite for all n. This verifies our claim. 

0 
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It is possible for the rank of E(K11 ) to be unbounded in a Zp-extension, even if E 

has good ordinary reduction at the primes lying over p. However the following result 

shows there is some regularity to this growth. 

Corollary 6.3.14. Suppose that Eis an elliptic curve defined over K which has good 

ordinary reduction at all primes of K lying over p. Let K00 / K be a Zp-extension 

and let A= Zp[[f]] (the Iwasawa algebra). Let r = corankA(SelE(K00 )p)- Then 

If in particular IlI(Kn, E)p is finite for all n, then as n ---+ oo 

rank(E(K11 )) = rp11 + 0(1). 

Proof. Let X(K00 ) = Hom(SelE(K00 )p, <Qp/Zp) and X(K11 ) = Hom(Se1E(K11 )P, <Qp/Zp)

Taking the dual of X we obtain SelB(K00 )p = Hom(X, <Qp/Zp)· It is well known that 

Xis finitely generated A-module (cf. [26] Theorem 4.5(a)). By the structure theo-

rem for Iwasawa modules 4.2.8, Xis pseudo-isomorphic to Ax Y x Z, where Y is a 

free Zv-module of finite rank and Z is a torsion group of bounded exponent. By the 

same arguments as in the proof of thereom 6.3.12 r acts on SelE(K00 )P. With this 

action we obtain that X/w11X is dual to SelE(K00 )/vn (see equation 6.4). Hence 

Therefore by the "Control Theorem" 
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Thus corankzP(SelE(Kn)p) = rpn + 0(1) as n -> oo. If in addition lll(Kn, E)p is 

finite for all n, then by the fundamental exact sequence (6.5) E(Kn) ® Q1JZ11 has 

finite index in SelE(Kn)p· Therefore E(Kn) has the same Zp-rank as Se1E(Kn) 11 , i.e. 

D 

We now give the promised "lwasawa Theoretic" proof of the "Corank Lemma". 

We restate the lemma for convenience. 

Lemma 6.3.15. (Corank Lemma) Let Kv be a finite extension of Qp then H 1 (Kv, A) 

is a cofinitely generated Zp-module and corankzvH1 (Kv, A) = [Kv: Qp] + 6 where 

6 = 1, if 'ljJ is either the trivial character or the cyclotomic character of GI< v and 

b = 0 otherwise. 

Proof. If 'ljJ is the trivial character then A= (Qp/Zp)('!/J) ~ Qp/Zp. Since GKv acts 

trivially on Qp/Zp 

Hence 

(6.6) 

By local class field theory we have the Artin map, which is injective and has dense 

image ( cf.[44] pg 342) 

where Lis a finite extension of K11 • This induces the isomorphism 

Now KVX rv z x µp-1 x U(l) where U(l) is the group of pricipal units in Kv. Taking 

the limit with respect to the norm we obtain K; ,.,., Gal(K~b / Kv) where K; = 
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'7/[Kv: IQlp] ?,, (KX) h G l(Kab/K) rv '7/[Kv: IQlp] ?,, (KX) B t" 
tLJp X tLJ X v tors, . ence a. v v = tLJp X tLJ X v tors· y equa lOn 

6.6 

If 1f; is the cyclotomic character then A = (Q1)Zp)( 1f;) = µ,P"° as a G Kv -module, 

hence 

The last equality is classical Kummer theory. Therefore H1(Kv, A) clearly has Zp-

We now suppose that 1f; is neither the cyclotomic nor trivial character. If img( 1f;) 

has finite order then it factors through ~ = Gal(F / Kv) where F is a finite extension 

of K 11 • Now img(VJ) ~ GKjker(VJ) '.::::'. Gal(F/K11 ). The inflation-restriction sequence 

o~ H1 (~,A) ~ l-I1 (GKv,A) ~I-I1 (ker(?j;),A)~) 

c H2 (~, A)~ H 2 (GKv, A). 

shows that corankzpl-I1 (K11 , A) = corankzpH1 (ker( VJ), A)~, since all the other groups 

are finite and do not contribute to the corank of H 1(GKv,A). Now ker(?j;) acts triv-

ially on A, hence H 1 (ker(?j;), A)~ = Hom(ker(?j;), A)~. Also ker(?j;) = Gal(Kv/ F) 

hence H 1 (ker(VJ), A)~= Hom~(Gal(Fah / F), A). By local class field theory Gal(Fab / F) ~ 

z1Kv: IQlp] x z x (KVX)tors, hence H1(Kv, A) has Zp-corank [Kv: Qpl· 

If img(?j;) is infinite, let F00 = R:cr{1/J) so that G = Gal(F00 / Kv) acts faithfully on 

A= (Qp/Zp)(VJ). Now G,....., img(VJ), which is a subgroup of z;. Hence G,....., ~ x r, 

where ~ is a finite group of order dividing p - 1 if p is odd, of order 1 or 2 if p = 2, 

and r ~ ZP. Let F0 = F~, then 
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Since r = Gal( Foo/ Fci) ~ Zp, Foo/ F() is a Zp-extension, hence Foo = Un Fn where 

Fn/ F0 is cyclic of degree pn. We now calculate some of the cohomology groups in 

the inflation-restriction sequence 

(6.7) 0---? HI(G, A)---? HI(Ku, A) ---? HI(Foo, A)G---? H 2 (G, A)---? 0. 

o H 2 (G, A) 

If pis odd then pf l~I, and since r is a free pro-p group, it has cohomological 

dimension 1. Hence H 2 (G, A)= 0 (c.f section 2.7 ). 

If p = 2 and l~I = 1, then by the same argument, H 2 (G, A)= 0. 

If p = 2 and l~I = 2, then H 2 (G, A)= Z/2Z. 

o HI(G, A) 

If l~I = 1 then G = r, a cyclic group. Hence H 1(G, A) = A/("! - l)A , 

considering 'Y - 1 as an endomorphism on A , we see that ker( 'Y - 1) is finite, 

and im('Y - 1) is divisible, hence HI(G, A)= 0. 

If p odd and I~ I > 1 then by a simple inflation restriction argument HI ( G, A) = 

0 

If p = 2 and l~I = 2, then IA~I = 2 hence H 1 (G, A)= Z/2Z. 

Since these groups are finite in all cases they do not contribute to the corank of 

HI ( G Kv, (Qp/Zp) ('~J)). Hence from the inflation restriction sequence 6. 7 

corank;;zPH1(Kv, A)= corank;;zPH1(F00 , A)c 

Since Gp= acts trivially on A= (Qp/Zp)(4J), HI(F00 , A)G = Homc(F00 , A). Let M00 

denote the maximal abelian pro-p extension of F00 (i.e. the compositum of all finite 

p-extension of F00 ). Let X = Gal(M00 / F00 ) then 

H 1(F00 , A) = Hom(F00 , A) = Hom(Gal(M00 / F00), A) = Hom(X, A) 
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where we require the homomorphisms to be continuous. f\!f 00 is a Galois extension 

of Kv and Gal(f\100 / Kv) can be regarded as a group extension of the quotient group 

G = Gal(F00 / Fv), by the closed normal subgroup X = Gal(M00 / F00 ). Hence G acts 

on X (by inner automorphisms). Now H1(F00 , A)c = Hom0 (X, A) and X is a Zp

modulc. G acts Zp-lincarly on X and continuously. Now for any f E I-Iomc;(X, A) 

the action of G on f is given by: 

(6.8) 

All the elements of Homc(X, A) are fixed by G, hence f(x) = 'l/J(g) · f(g- 1x) which 

implies J(g · x) = 'l/J(g) · f(x) and by Zp-linearity of the action we obtain f(g · x) = 

f('l/J(g)x) hence f(g·x-'l/J(g)x) = 0. Therefore f factors through (g-'l/J(g))X. Hence 

we obtain that 

Hom0 (X, A) = Hom(X,µ, A); 

where X1f; = X/(g - 7/J(g))X. Therefore 

Consider the character 'ljJ : G = ~ x r ~ z; . 
Let 'l/J1::i. = 'l/Jl1::i. and 'I/Jr = 'l/Jlr· Then X1f; = (X1f;D. )1/Jr hence X1f; 

7/Jr ( 'Y)) X?j; D. . Therefore 

(6.9) 

D 

We determine this rank by considering X1f;D. as a A-module. X is a compact abelian 

pro-p group, thus by Pontryagin duality it's dual Hom(X, A) is a discrete p-primary 

r-module. X therefore can be regarded as A-module. Let Mn be the maximal pro-p 
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extension of Fn, then by local class field theory 

Gal(M /F: ) ,...., z[Fn: IQlp]+l x µF n n p n> 

where µFn denotes the group of p-power roots of unity in F11 • Now [Fn: Qp] = 

[Ku : QP] I~ lp11 furthermore, we can identify ~ with a subgroup of Gal( Fn/ Kv), so ~ 

acts on Gal( 1\111 / .F,1.) (by inner automorphisms). Since p f I~ I, the characters of ~ 

for odd p, have values in z;. Hence the following decomposition of Gal(M11 / F11 ) by 

the characters of~-

Gal(M11 / F11 ) =EB Gal(M11 / F11 )x, 
xE.!S. 

where 

Gal( Mn/ Fn)x = { x E Xl8(x) = x(8)x} = exX, 

is the x-eigenspace and ex is the idempotent for x in Zp [ ~]. 

If p = 2, we define Gal(M11 / F11 )x to be the maximal quotient of Gal(M11 / F11 ) on 

which ~ acts on X· The reciprocity map is ~-equivariant hence 

x is nontrival 

xis trivial 

The extra 1, if xis trivial could be thought of as corresponding to Gal(F00 / Fn) ~ Zp, 

since F00 C Mn and ~ acts trivially on Gal(F00 / Fn)· Hence we actually ~ave 

for all n ~ 0 and all characters x of~- Now the commutator subgroup Gal(M00 / F11 ) 

I 

of Gal(l\100 / F11 ) is (!'Pn - l)X, hence 

Therefore 
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for all n ~ 0 where Wn = (1 + T) 11n - 1. We now prove the following facts about X. 

Proposition 6.3.16. (i) Xis a finitely generated A-module. 

More presicely for each character X of~' rankAXX = [Fv: (Q71 ] 

(iii) If F00 contains the group µ,7100 of p-power roots of unity then the A-torsion 

submodule XA-tors is isomorphic to I;1(µ11oo ), the Tate module of µ1100, otherwise 

Proof (i) Since Wn E m = (p, T) 

#(X/(p, T)X) = #(X/wnX) < #(X/TX) = #(X/woX); 

but Wo = T and #(X/w0X) =#Gal( Mo/ F00 ), which is finite. Hence by theorem 

4.2.9, X is a finitely generated A-module. Therefore 

rank;zP(X/w11X) = rank;zP(Gal(Mn/ F00 )) = L rank;zP(Gal(Mn/ Foo)X) = [Fv: Q11Jl~IPn 
xE'5. 

which implies 

The isomorphism X/wnX "'Gal(M11 / Fn) is equivariant, hence 

Hence for each x E ~ and n ~ 0, 

hence 

Stellenbosch University  https://scholar.sun.ac.za



100 

Now G Foo contains an infinite pro-p subgroup (namely its sylow subgroup), 

hence has cohomological dimension 1. This implies ./y = Hom(X, Qp/Zp) = 

H 1 (K00 , A) is divisible. It follows that X = X is torsion free as a Zp-module. 

Hence X has no non-zero finite A-submodules. 

(ii) Let Y = XA-tors, and let W = X/Y. Wis the torsion free part of W. We have 

the following exact sequence. 

r r 

(6.10) 

Hence 

This is same as the ZP-rank of X/wnX hence Y /wnY must be a finite group . 

.. Since X/wnX "' Gal(Mn/ Foo) "' zJ;'n= IQlp]+l x µFn, we obtain (X/wnX)t0 rs = 

Now if µn has bounded order as n --+ oo i.e. (µp= ~ F00 ). Then Y /wnY also 

has bounded order as n--+ oo, hence Y = limY /w11Y is finite. Since X does no 
f--

n 

have any finite submodules, Y = 0. This proves the second statement. 

(iii) Since Y = limY/w11Y and Y/w11Y is cyclic for all n, we see that Y is infinite. 
f--

n 

Hence Y e:! Zv as a Zv-module. Therefore the Z 11-torsion subgroup of W /wnW 

has unbounded order as n --+ oo ( i.e. µp= C FcxJ Y/wnY must then have 

unbounded order as n--+ oo. Since Y /wnY is isomorphic to a subgroup of µFn 

it implies 

Y = ~µF~ = Tp(µpoo ). 
n 
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This completes our proof. 

D 

We can now complete the proof of our lemma. By equation 6.9 

where g(T) = T-b and b = '!/Jr('Y)-1 E pZP. g(T) is thus a distinguished polynomial 

of degree 1, and hence by proposition 6.3.16, X'l/J6 is pseudo-isomorphic to either 

A[r"'v = l()lp] or Y · AfFv = l()lp] where Y = T;1 (µpoo) in the case that (µpoo C F00 ) and ~6. is the 

character giving the action of D. on µvoo· Now A/g(T)A ~ z~cg,q(T) thus A/g(T)A has 

Zv-rank 1 . If (µpoo £;:; F00 ) it then follows that indeed corankzvH1 (Kv, A) = [Fv: Qvl· 

If (µpoo £;:; F00 ) then G = Gal(F00 / Kv) acts on Tp(µpoo) by a character X· We assuming 

that x-=/= '!jJ. If '!/J6. -=/= X6., then Y = 0. If ~6. = X6. then Y = Tv(Jl,voo ), but '!/Jr -=/= Xr 

and so it follows that y I g(T)Y is finite. In either case, we find that x•h I g(T)X'l/J;:,, 

has Zv-rank [Fv: Qvl· The proof is now complete 
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CHAPTER VII 

Conclusion 

7.1 Non commutative lwasawa Algebras 

The starting point of the lwasawa theory of (non-commutative) p-adic Lie groups 

was M. Harris' thesis [18] in 1979. For an elliptic curve E over a number field 

K without complex multiplication he studied the Selmer group SelE(K00 ) over the 

extension K00 = K(E[p00
]) which arises by adjoining the p-division points of E to 

K. Then, the Galois group G = Gal(K00 / K) is an open subgroup of GL2 (Zp) - due 

to a celebrated theorem of Serre [38] and so a (compact) p-adic Lie group. Following 

lwasawa's general idea, he studied the Pontryagin dual SelE(K00 )v of the Selmer 

group as a module over the lwasawa algebra 

A(G) = Zp[[G]]. 

In this section we survey the current state of the subject and give interesting arith-

metic examples of these modules. 

Definition 7 .1.1. A topological group G is a group that is also a topological space, 

such that the group multiplication (g, h) ~ gh and the inverse operation g ~ g-1 

are continuous maps. 

Definition 7.1.2. A topological group G is profinite if it is the inverse limit limGi, 
f-

i 
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in the category of topological groups, of an inverse system of finite groups Ci. The 

group G is a pro-p group if all the Ci are finite p-groups. 

Definition 7.1.3. A topological group G is finitely generated if there is a finite 

subset X of G such that G is equal to the closure in G of the subgroup generated by 

X. 

Definition 7.1.4. A topological group G is called a p-adic Lie group if G has the 

structure of an analytic manifold over QJJ and if the function G x G ---+ G defined by 

(g,s)---+ gs-1 is analytic. 

p-adic Lie groups have a feature which is not held in common with the better un

derstood Lie Groups over JR and CC. We have a completely group theoretic description 

of them. 

Definition 7.1.5. A pro-p group G is called powerful if [G, CJ ~ GP (the group 

generated by all the p-th power elements of G), for an odd prime p or [G, CJ ~ G4 

for p = 2. 

Definition 7.1.6. A pro-p group G is uniform if it is 

(i) finitely generated 

(ii) powerful, and 

(iii) satisfies 

[Pi(G) : ~+1(G)J = [P1(G) : P2(G)J, 

where P1 (G) = G and Pi+1 (G) = Pi(G)P[Pi(G) : CJ. 

where ( [Pi(G) : CJ) is the group generated by all commutators [x, yJ with 

x E Pi(G), y E G. The descending sequence of groups 

G = P1(G) 2 P2(G) 2 P3(G) · · · 
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is called the central lower p-series of G. 

Theorem 7.1. 7. (Lazard) A topological group G is a p-adic Lie group if and only 

if G contains an open subgroup which is a uniform pro-p group. 

Proof. See [29]. 0 

We now give a natural prototype for a p-adic Lie group. Let E be an elliptic curve 

defined over Q. We denote the p-part of E by Epoo. Let 

G = Gal(Q(Epoo )/Q). 

By a celebrated theorem of Serre [38], G is isomorphic to an open subgroup of 

GL2 (Zp), and hence is a non-abelian, p-adic, Lie group of dimension four. This 

group can be considered the natural generalization of the classical Iwasawa algebra 

where we adjoined the pn-th roots of unity. 

Definition 7.1.8. Let G be a p-adic Lie group. The non-commutative Iwasawa 

algebra over G is the completed group ring 

A(G) = Zp[[G]] = ~Zp[G/U] 
u 

where U runs through the open normal subgroups of G. 

The classical Iwasawa algebra Zp[[f]] proved useful in the study of Selmer groups 

attached to elliptic curves and class groups. We naturally seek in the first instance an 

analogous structure theory of modules over the non-commutative Iwasawa algebra, 

with an eye towards applications to arithmetic. More modestly we ask what the 

definition of pseudo-null should be for such modules. 

In the commutative case, the dimension of a finitely generated R-module Alf is 

defined to be Krull dimension of the support of Min spec R. The module Mis then 
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said to be pseudo-null if the codimension of M, with respect to the dimension of R 

over itself is greater than or equal to 2. 

A dimension theory for non-commutative Auslander regular modules has been 

given by Bjork [3]. He shows that a finitely generated non-commutative Auslander 

regular module Af is equipped with a canonical filtration 

Using the filtration he manages to define the dimension of Mas the least upper bound 

of length of this filtration chain. This definition coincides with the Krull dimension 

in the case M is a commutative regular local ring. Using this dimension theory 0. 

Venjakob [43], has the following obvious candidate definition for pseudo-null in the 

non-commutative case. 

Definition 7.1.9. A finitely generated A-module is called pseudo-null if and only if 

its codimension is greater that or equal to 2. 

When G,....., z; this is the usual classical definition of pseudo-null. 

Definition 7.1.10. The Iwasawa Adjoints of a A-module M are defined by 

Ei(Jvl) = Ext~(M, A); for i ~ 0. 

Definition 7.1.11. The grade of a module M f. 0 is given by 

j(M) = min{i: Ei(M) f. O} 

where we set j( { O}) = oo 

Definition 7.1.12. Auslander Condition on A: For all A-modules M, all integers 

m and all submodules N of Em(M), we require that j(N) ~ m. 
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Definition 7.1.13. A Noetherian ring A is Auslander regular if it has finite global 

homological dimension and the Auslander condition holds. 

In order to apply the above theory to A( G)-modules then we need to show that 

they are Auslander regular. 0. Venjakob has shown: 

Theorem 7.1.14. If G is a p-adic Lie group without p-torsion, then A(G) is an 

Auslander regular ring. 

Proof. See [43], theorem 3.26 

Definition 7.1.15. A p-valuation on a group G is a function 

w: G ~ (O,oo] 

satisfying the following axioms for all x, y E G : 

(i) w(l) = oo, and r~l ::; w(x) ::; oo for x -:fl; 

(ii) w(xy-1
) ~ min{w(x),w(y)}; 

(iii) w(x-1y-1xy) ~ w(x) + w(y) ; 

(iv) w(.r,P) = w(.r,) + 1. 

We say G is p-valued if G possesses a p-valuation. 

0 

Remark 7.1.16. If G is compact and is p-valued then G is complete with respect 

to the p-valuation w in the following sense. For each 'U ~ 0, let Gu be the subgroup 

of G consisting of all g such that w(g) ~ u. Now Gu is open in G because, choosing 

N > u, Gu contains the subgroup of G generated by the pn-th powers and it is well 

known that this latter subgroup is a neighbourhood of the identity in a p-adic Lie 

group. Hence the family {Gu : u > O} form an open basis at the identity for the 
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topology of G: their intersection is trivial and G is compact so the natural map 

G ---+ limG /Gu is an isomorphism. The following basic fact is established in [29]: If 
f--

u 

G is p-valued then G is a pro-p group and has no element of order p. 

The strncture theory of non-commutative A-modules has recently been worked 

out by several authors. S. Howson (the central torsion part [20] ), 0. Venjakob (the 

p-torsion part [42]) and J. Coates-P. Schneider-R-Sujatha (the general case [23]) 

Theorem 7.1.17. (J. Coates-P. Schneider-R-Sujatha) Let G be ap-valued compact 

p-adic Lie group, and let M be a finitely generated torsion A( G)-module. Let Mo 

be the maximal pseudo-null submodule of 1111. Then there exists non-zero left ideals 

L 1 , · · · , Ln and a A(G)-injection 

n 

¢: EJjA(G)/Li----+ M/Mo, 
i=l 

with coker( ¢) pseudo-null. 

Proof. ( See [23].) 0 

7.2 Arithmetic Examples 

In this section we give two concrete examples of finitely generated A( G)-modules, 

that arise naturally in arithmetic geometry. We also present a numerical example. 

Example 7.2.1. Let p ~ 5 , and let µpn (1:::; n:::; oo) denote the group of all pn-th 

roots of unity. Let F be any finite extension of Q containing p,P, and define 

pcyc = F(µpoo) ' r = Gal(Fcyc IF). 

Now fix a non zero element a of F, which is not a root of unity, and define 

K00 = pcyc(a1
1Pn : n = 1, 2, · · ·), G =Gal( Koo/ F) 
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Let H = Gal(K00 / Fcyc), then both H and r are isomorphic to Zp, therefore G is a 

p-adic Lie group of dimension 2, which is p-valued. Moreover G is not commutative. 

Perhaps the simplest left A( G)-module is the following : 

Let L00 denote the maximal unramified abelian extension of K00 , and let X = 

Gal(L00 / I<00 ). We have a continuous left action of G on X via inner automor

phisms (if O" E G, we define O"X = O-xa-- 1
, where 0- denotes any lifting of O" to the 

Galois group of L00 over F). By a result of Y. Ochi [33], X is a finitely generated 

torsion A( G)-module. Surprisingly little else is known about this particular exam

ple. In particular there is no known example of X which is not pseudo-null as a 

A( G)-module. 

Example 7.2.2. Let F be a finite extension of Q, and E an elliptic curve defined 

over F with Endij"(E) = Z. Let p 2:'.: 5, and let Epn (I~ n ~ oo) denote the group of 

pn-division points on E. We define 

F00 = F(Ep= ), G = Gal(F00 / F). 

The action of G on Ep= defines an injection of G into Aut(Ep=) ""' GL2 (Zp), and 

by a theorem of Serre [38], the image of G is open in GL2 (Zp)- By the Weil-pairing 

Fcyc = F(µp=) is contained in F00 , and we put 

H = Gal(Foo/ Fcyc), r = Gal(Fcyc IF). 

We shall assume from now on that G is pro-p ( this can always be achieved, if 

necessary we replace F by a finite extension, e.g. by F(Ep)). Hence r is pro-p, and 

so is isomorphic to Zp . 

For each intermediate field L with F ~ L ~ F00 , we define the Selmer gro'Up of 
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E over L by: 

SelE(L) = ker ( H 1
(GL, E,-) ~ i::r H 1(G,,., E(L"))) , 

where v runs over all finite places of L, and Lv denotes the union of the completions 

at v of all finite extensions of F contained in L. We have as usual the exact sequence 

0 --7 E(L) 0 Qp/Zp --7 SelE(L) --7 Ill(L, E)[p] --7 0 

where Ill(L, E)[p] denotes the p-part of the Tate-Shafarevich group of E over L. We 

write 

for the compact Pontryagin dual of the discrete p-primary module SelE(L). If Lis 

Galois over F then the Galois group Gal( L / F) of L over F has a natural action on 

both SelE(L) and X(E/ L), and it is easily seen that X(E/ L) is always a finitely 

generated A(Gal(E/ L))-module. 

Primary interest though has always been on the A(G)-modules X(E/ Fcyc) and 

X(E/ F00 ). If E has good reduction at all primes v of F dividing p, then conjectures of 

B. Mazur [28] and M. Harris [18] affirm respectively that X(E/ Fcyc) is a A(f)-torsion 

module and X(E/ F00 ) is a A(G)-torsion module. In [7] the following examples of 

Harris's conjecture are proven, to deduce also new examples of Mazur's conjecture. 

Theorem 7.2.3. Assume that: (i) p ~ 5 (ii) G is pro-p (iii) E has good ordi

nary reduction at all the places v of F dividing p, and (iv) X(E/ Fcyc) is a finitely 

generated Zp-module. Then X(E/F00 ) is a finitely generated A(H)-module where 

H = Gal(F00 /Fcyc). In particular, X(E/F00 ) is a torsion A(G)-module. 

We now give a numerical example of an elliptic curve over its field of p-power 

division points 
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Example 7.2.4. Let Ebe the elliptic curve X 1 (11) defined over Q by the equation 

E : y2 + y = x3 - x2 

E has good ordinary reduction at the prime 5. Taking p = 5, F = Q(µ 5 ), and 

noting that the point (0, 0) has order 5 on E, we sec that F00 = Q(E5oo) is a pro-5 

extension of F. Now the image of Gin Aut(E5oo) can be identified with the matrices 

( ~ ~) in GL2 (Z5 ) with a d = 1 mod 5 and c = 0 mod 52 
. This group is in 

turn isomorphic to the group of all matrices in GL2 (Z5 ) which are congruent to the 

identity modulo 5. Finally it is well known that SelE(Fcyc) = 0 (see [8] chapter V) 

. Hence hypothesis (i) ,(ii) ,(iii) and (iv) of theorem 7.2.3 hold for E over F. We 

conclude that X(E/ F00 ) is a torsion A(G)-module, with the Iwasawa µ invariant 

equal to zero and with no non-zero pseudo-null submodule. 
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