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Abstract

Torsion bounds for Drinfeld modules with complex
multiplication

A.N. Rabenantoandro

Department of Mathematical Sciences,
University of Stellenbosch,

Private Bag X1, Matieland 7602, South Africa.

Dissertation: PhD

March 2020

The main objective of the present thesis is to prove an analogue for Drin-
feld modules of a theorem due to Clark and Pollack. The cardinality of the 
group of K-rational torsion points of an elliptic curve E|K with complex mul-
tiplication defined over a number field K of degree d is uniformly bounded 
by Cd log log d for some absolute and effective constant C > 0, i.e. the con-
stant C > 0 depends neither on E nor on K. Let F be a global function field 
over Fq and A the ring of elements of F regular away from a fixed prime
∞. Let r ≥ 1 be an integer. We prove that there exists a positive constant
CA,r > 0 depending only on A and r such that for any field extension L of
degree d over F and any Drinfeld A-module ϕ|L of rank r with complex mul-
tiplication defined over L and such that the endomorphism ring of ϕ is the
maximal order in its CM field, the cardinality of the A-module of L-rational
torsion points of ϕ is bounded by CA,rd log log d. The constant depends nei-
ther on ϕ nor on L. For a given A and r the constant CA,r is effective and
we get an explicit formula for it. The above result is not the full analogue
of Clark and Pollack’s theorem but rather a weaker version since it requires
the endomorphism ring of ϕ to be the maximal order in its CM field. How-
ever, when A = Fq[T], F = Fq(T) and r = 2 we obtain the full analogue of
Clark and Pollack’s result by proving the analogue of what they called the
Isogeny Torsion Theorem in [CP15].

ii

Stellenbosch University https://scholar.sun.ac.za



Uittreksel

Beperking van torsiepunte op Drinfeld-modules met
komplekse multiplikasie

(“Torsion bounds for Drinfeld modules with complex multiplication”)

A.N. Rabenantoandro

Department van Wiskundige Wetenskappe,
Universiteit van Stellenbosch,

Privaatsak X1, Matieland 7602, Suid Afrika.

Proefskrif: PhD

Maart 2020

Die hoofdoel van hierdie tesis is om ’n analoog vir Drinfeld modules te 
bewys van ’n stelling te danke aan Clark en Pollack wat die volgende be-
weer. Die kardinaliteit van die groep K-rasionale torsiepunte van ’n ellip-
tiese kromme E|K met komplekse vermenigvuldiging gedefinieÃ ńr oor ’n 
getalveld K van graad d is eenvormig begrens deur Cd log log d vir ’n abso-
lute en effektiewe konstante C > 0, dit wil sê die konstante C > 0 hang nie 
van E of van K af nie. Laat F ’n globale funksieveld oor Fq wees en A die 
ring van elemente van F reëlmatig weg vanaf ’n vaste priem ∞. Laat r ≥ 1 
’n heelgetal wees. Ons bewys dat daar ’n positiewe konstante CA,r > 0 is 
afhangende slegs van A en r sodanig dat vir enige velduitbreiding L van 
graad d oor F en enige Drinfeld A-module ϕ|L van rang r met ingewik-
kelde vermenigvuldiging gedefinieer o or L  e n s odanig d at d ie endomor-
phism ring van ϕ is die maksimale orde in sy CM-veld, die kardinaliteit 
van die A-module van L-rasionale torsiepunte van ϕ begrens word deur 
CA,rd log log d. Die konstante hang nie van ϕ of van L af nie. Vir ’n ge-
gewe A en r die konstante CA,r is effektief en ons kry ’n eksplisiete formule 
daarvoor. Die bogenoemde resultaat is nie die volledige analoog van Clark 
en Pollack se stelling nie, maar eerder ’n swakker weergawe, aangesien dit
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UITTREKSEL iv

vereis dat die endomorfisme van ϕ die maksimale orde in sy CM-veld. Wan-
neer A = Fq[T], F = Fq(T) en r = 2, verkry ons die volledige analoog van
Clark en Pollack se resultaat deur die analoog te bewys van wat hulle die
Isogeny Torsion Stelling in [CP15] genoem het.
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Notations

Chapter 1: Preliminaries

§1.1 Drinfeld modules

Fq: the finite field with q elements where q is a power of an odd prime
p.

C : a smooth, geometrically irreducible projective algebraic curve over
Fq.

F: the function field of C .

hF: the class number of F.

∞ a chosen closed point of C (Fq) of degree d∞ over Fq.

A = Γ(C \ {∞}, OC ): the ring of functions on C regular away from ∞.

Pic(A): the class group of A.

v∞: the normalized valuation associated to ∞.

F∞: the completion of F at ∞.

C∞: the completion of the algebraic closure of F∞.

deg(·): −d∞v∞(·).

| · |: the normalized absolute value associated to ∞.

ρ : A→ K: the structure morphism of the A-field K.

τ : the q-th power Frobenius.

K{τ}: the ring of twisted polynomials in τ.

x
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NOTATIONS xi

Ga,K: the additive group scheme over the field K.

ϕ: a Drinfeld A-module.

ϕ(L): the Drinfeld A-module structure defined by ϕ extended to the
field extension L/F.

Drinr
A(K): the category of rank r Drinfeld A-modules over K.

P̂: a dual of the isogeny P.

EndK(ϕ): the endomorphism ring of ϕ over K.

End(ϕ): the endomorphism ring of ϕ over F.

ϕ/H: the quotient of ϕ by the finite A-submodule H of K.

OK: the ring of integers of K.

ϕ(L)tors: the submodule of L-rational torsion points of ϕ.

ϕ[a]: the a-torsion points of ϕ, where a ⊆ A is an ideal.

eΛ : the exponential function associated to the lattice Λ.

ϕΛ: the Drinfeld module associated to the lattice Λ.

§1.2 On quadratic and Gorenstein orders

Mtors: the torsion submodule of the A-module M, where A is a Dedekind
domain.

Cl(A): the class group of A.

AnnA(M): the annihilator of the A-module M.

Of: the order of conductor f in the quadratic extension K/F.

Rm: the localization of the A-module R at the maximal ideal m of A.

MaxSpec(A): the maximal spectrum of A.

Chapter 2: Complex multiplication for Drinfeld modules
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NOTATIONS xii

A, F, ∞ are as in Chapter 1.

§2.1 Orders and Picard groups

I(O): the group of invertible fractional ideals of the order O in F.

P(O): the group of principal fractional ideals of the order O in F.

Pic(O) = I(O)/P(O): the Picard group of O .

§2.2 Hayes theory of Drinfeld modules

τp: the p-th power Frobenius.

ϕ : O → L{τp}: a Drinfeld O-module over L.

Drinr
O(L): the category of rank r Drinfeld O-modules over L.

M r
O(L): the set of isomorphism classes of rank r Drinfeld O-modules

over L.

Lr(O): the set of isomorphism classes of rank r O-lattices in C∞.

§2.4 Field of invariants

F[X]: the polynomial ring over F with infinitely many indeterminates
X = {Xi}i≥1.

grad(·): a graduation defined on F(X).

F(X)0: the field of formal invariants, i.e. the homogeneous elements of
F(X) of grade 0.

Ia(ϕ): the field of invariants of ϕ at a.

I(ϕ): the smallest field of definition for ϕ.

§2.5 The main theorem of complex multiplication

HO : the common field of invariants of the I(ϕa)’s for any invertible O-
ideal a, it coincides with the ring class field associated to the order
O .

G∞ := Aut(C∞/F): the group of F-automorphisms of C∞.
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NOTATIONS xiii

M r,∗
O (C∞): the set of isomorphism classes in M r

O(C∞) that contain some
ϕa for some invertible O-ideal a.

GO := Gal(HO/F): the Galois group of HO/F.

σp: the Frobenius automorphism associated to the prime p of O .

C: the conductor of O in A.

Chapter 3: Torsion bounds for CM Drinfeld modules

A, F, ∞, d∞, v∞, F∞, C∞ are as in Chapter 1.

dF: the degree of the field extension F/Fq(T) where T is a fixed tran-
scendental element of F over Fq.

§3.3 Ray class field containment

K(a): the a-ray class field of the field K associated to the ideal a of OK.

|a|K := #OK/a: the norm of a in K.

PK: the set of primes of K.

ΦOK(·): the analogue of the Euler totient function for K.

hR: the class number of the Dedekind domain R.

HOK : the hilbert class field of K.

Ga: the Galois group of HOK(ϕ[a]) over HOK where ϕ is a rank one
Drinfeld OK-module over HOK .

§3.4 Uniform lower bound for the Euler function

C is as in Chapter 1

g: the genus of C .

|C |: the set of closed points, or primes, of C .

Φqn : the set of primes of C of degree n.

ζC (s): the arithmetic zeta function associated to C .
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NOTATIONS xiv

§3.5 Proof of the main result and the case r = 1

D0
K: the group of degree 0 divisors of K.

PK: the group principal divisors of K.

gF: the genus of F.

DF: the group of divisors of F.

L (A): the Riemann-Roch space associated to A.

(A): the dimension of L (A).

(x): the principal divisor associated to x ∈ F.

(x)∞: the pole divisor of x.

§3.6 Uniform torsion bound for CM Drinfeld Fq[T]-modules of rank 2

Λz: the lattice < z, 1 > in the quadratic function field K.

Dz: the discriminant of z.

ϕ|L: a rank 2 Drinfeld Fq[T]-module over L with CM by an order O in
the quadratic function field K.

GL2(Fq[T]): the group of 2x2 invertible matrices with entries in Fq[T].

gL: the absolute Galois group of L, Gal(Lsep/L).

Aut(ϕ[g]): the automorphism group of ϕ[g] as an A-module, where g ∈
Fq[T].

AutO(ϕ[g]): the automorphism group of ϕ[g] as an O-module, where
g ∈ Fq[T].
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Introduction

Motivation
It is well known that there is a strong analogy between number fields and
function fields. The later often serves as ground for testing open conjectures
such as the famous Riemann hypothesis in the former and it is mostly eas-
ier to work in the function fields setting. But the investigations also go the
other way around. Since this analogy has been discovered, mathematicians
worked on establishing analogues of results in the number fields world to
function fields. The main motivation of our work is to establish the ana-
logue of a theorem due to Clark and Pollack [CP15] concerning uniform
boundedness of rational torsions for elliptic curves with complex multipli-
cation defined over number fields of fixed degree. The role of elliptic curves
in the function field world is played by Drinfeld modules.

To put things in context it is essential to say something about the strong
uniform boundedness conjecture for elliptic curves. For elliptic curves, the uni-
form boundedness conjecture has been proved by Mazur [Maz78] (K = Q,
i.e. d = 1), Kamienny [Kam92] (d = 2), Mazur and Kamienny (d ≤ 8) and
Abramovich [Abr95] (d ≤ 14). Building on Mazur and Kamienny’s works
the full conjecture has finally been established by Merel in 1994, namely:

Theorem 0.1 ([Mer96], strong uniform boundedness conjecture). For all d ∈
Z, d ≥ 1 there exists a constant B(d) ≥ 0 such that for all elliptic curves E over a
number field K of degree d we have:

#E(K)tors ≤ B(d).

To the best of our knowledge this conjecture is still open for Drinfeld
modules except for the rank 1 case due to Poonen [Poo97], and special in-
stances for the rank 2 case, due to works of Schweizer [Sch03], Pal [Pal10]
and Armana [Arm12].

Remark 0.2. Unfortunately, the method used by Merel in his proof of Theo-
rem 0.1 is not effective. However, an effective bound which is exponential
in d was later given by Parent [Par99].

1
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INTRODUCTION 2

A strong form of Theorem 0.1 is conjectured and it is still an open prob-
lem:

Conjecture 1. The bound B(d) in Theorem 0.1 can be made polynomial. More
precisely B(d) can be of the form Cd log log d where C is an absolute positive con-
stant.

An even stronger bound is conjectured for the class of all elliptic curves
without complex multiplication defined over number fields of fixed degree:

Conjecture 2. There exists an absolute constant C > 0 such that for all number
fields K of degree d ≥ 1 and all elliptic curves E|K without complex multiplication
(or non-CM),

#E(K)tors ≤ C
√

d log log d.

Breuer [Bre10] established the following result:

Theorem 0.3. Let K be a finitely generated field of characteristic 0, E be an elliptic
curve over K and γ = rankZ(EndK(E))/2. Then, there exists a constant C > 0
depending on E and K such that for any finite extension L/K,

#E(L)tors ≤ C([L : K] log log[L : K])γ.

When K is a number field, the bounds in Theorem 0.3 correspond to
those in Conjectures 1 and 2 for CM and non-CM elliptic curves respec-
tively, but with constant depending on the curve which makes the result
substantially weaker than the said conjectures.

In light of Conjectures 1 and 2, it is natural to investigate what hap-
pens for the class of all elliptic curves with complex multiplication defined
over fixed degree number fields. In fact, there are very few elliptic curves
with complex multiplication defined over number fields (such curves have
integral j-invariants and there are only finitely many of them, up to isomor-
phism, over fixed degree number fields). The remainder of this section will
be devoted to explaining Clark and Pollack’s result which confirms Conjec-
ture 1 for the class of CM curves.

In [HS99], Hindry and Silverman give a uniform upper bound on the
size of the set of rational torsion points of elliptic curves defined over num-
ber fields of fixed degree and with integral j-invariants, namely:

Theorem 0.4. For all number fields K of degree d ≥ 2 and all elliptic curves E|K
with integral j-invariant j(E) (i.e. j(E) ∈ OK), we have:

#E(K)tors ≤ 1977408 d log d.
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INTRODUCTION 3

One can easily see that the bound is uniform and polynomial. However,
it is of order d log d which is higher than the order of the conjectured bound.
Clark and Pollack, [CP15], give a bound on the size of the torsion subgroup
of an elliptic curve with complex multiplication over a degree d number
field up to an absolute constant factor. More precisely:

Theorem 0.5. There is an absolute, effective constant C such that for all number
fields K of degree d ≥ 3 and all elliptic curves E|K with complex multiplication,

#E(K)tors ≤ Cd log log d.

On one hand, the bound is stronger than that of Theorem 0.4, with an
improvement of d log log d over d log d. On the other hand, it is weaker in
the sense that Theorem 0.4 holds for a larger class of elliptic curves. Indeed,
CM elliptic curves have integral j-invariants. However, Theorem 0.5 is in-
teresting in view of Breuer’s result [Bre10]:

Theorem 0.6. Let E|F be an elliptic curve over a number field. Then there exists a
constant C(E, F) > 0 , a sequence of positive integers 3 ≤ d1 < d2 < · · · < dn <
· · · and number fields Fn ⊃ F with [Fn : F] = dn such that for all n ∈ Z+ we
have

#E(Fn)tors ≥
{

C(E, F)dn log log dn if E has CM
C(E, F)

√
dn log log dn otherwise.

Let TCM(d) be the maximum size of the torsion subgroup of a CM elliptic
curve defined over a degree d number field. Combining Theorem 0.5 and
Theorem 0.6 yields:

Theorem 0.7. TCM(d) has upper order d log log d, that is:

0 < lim sup
d→∞

TCM(d)
d log log d

< ∞.

This value has been computed in [CP17]:

Theorem 0.8.

lim sup
d→∞

TCM(d)
d log log d

=
eγπ√

3
.

Clark and Pollack point out that this is the first instance of an upper
order result for torsion points on a class of abelian varieties over number
fields of varying degree.
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Outline of the thesis
In this work, we aim to establish the analogue of Theorem 0.5 for CM Drin-
feld modules, though we only fully achieve this for CM Drinfeld Fq[T]-
modules of rank 2. Assume that we always equip a field extension L of F
with the inclusion homomorphism A → L. Since we know that #ϕ(L)tors is
finite it is natural to ask how it changes as a function of ϕ, L. The follow-
ing conjectures are the analogues of the Uniform Boundedness Conjectures, see
[Poo97].

Conjecture 3 (Weak form). For fixed A, r ≥ 1, and finite extension L of F, there
is a uniform bound on #ϕ(L)tors as ϕ ranges over rank r Drinfeld A-modules over
L.

Conjecture 4 (Strong form). For fixed A, r ≥ 1 and d ≥ 1, there is a uniform
bound on #ϕ(L)tors as L ranges over finite extensions of F of degree less than or
equal to d, and ϕ ranges over rank r Drinfeld A-modules over L.

We will focus our attention and effort on Conjecture 4 which is the strongest
form one can establish in the sense that d and r have to be fixed to get a uni-
form bound. Indeed, for any Drinfeld A-module ϕ over any finite extension
L/F, the torsion submodule ϕ(L) is infinite and this explains why we have
to fix the degree d. On the other hand, suppose C = P1, F = Fq(T). For
any positive integer r, the roots of the polynomial ϕT(X) = TX + a1Xq +

a2Xq2
+ · · ·+ arXqr ∈ F[X] define a sub-vector space of F over Fq and any

finite subspace of F over Fq arise in this manner. Each of these polynomi-
als defines a Drinfeld Fq[T]-module with F-rational torsion points of size at
least the cardinality of the corresponding sub-vector space of roots. We can
easily see that if r is allowed to vary, the submodule of F-rational torsion
points is not bounded (even if d is fixed, here d = 1).

Although partial results were obtained by various authors around the
uniform boundedness conjectures, they are still open as far as we know.
The present thesis is concerned with the following type of questions:

How does #ϕ(L)tors vary with the degree d = [L : K]? with ϕ?

It is unreasonable to expect exact formulas for #ϕ(L)tors in terms of d in
general. However, one can give an explicit bound on its size in terms of the
degree d. The next natural question is that of uniformity if we allow the
Drinfeld module to vary within a given family. Our interest lies in Drinfeld
modules with complex multiplication and our strategy follows closely that
in [CP15].

Stellenbosch University https://scholar.sun.ac.za



INTRODUCTION 5

Chapter 1 introduces Drinfeld modules and their basic properties along
with some results on quadratic and Gorenstein orders. Theorem 1.34 gives
the structure of a quadratic order over a Dedekind domain and Theorem
1.44 shows that those orders are Gorenstein. Both the above mentioned re-
sults were privately communicated by Pete Clark to the author. The author
filled in the details of the proofs.

Chapter 2 is an exposition about complex multiplication for Drinfeld
modules based on [Hay79].

Chapter 3 constitutes the main body of our work. The proofs in this
chapter are the author’s with the following exceptions: the core results in
Section 3.6.2, which were kindly provided by Pete Clark during our private
communications and with the proofs expanded by the author to fill in the
details, and the proof of Theorem 3.21 taken from [Ros02]. The two main re-
sults are Theorem 3.31 and Theorem 3.53. Theorem 3.31 gives a uniform tor-
sion bound for Drinfeld A-modules of rank r with complex multiplication
and integrally closed endomorphism rings. The strategy of proof consists
roughly of the following steps:

• Start with a CM Drinfeld A-module of rank r defined over a degree d
field extension L/F.

• Section 3.1: reduce to the rank one case and assume that the endomor-
phism ring is integrally closed in its CM-field.

• Section 3.2: identify a field over which the reduced module is defined.

• Section 3.3: prove a ray class field containment result and deduce a
lower bound for the degree d in terms of the class number of the endo-
morphism ring and some value of the Euler totient function associated
to it.

• Section 3.4: bound the Euler totient function uniformly from below
basically by using a generalized version of Mertens theorem due to
Lebacque, [Leb07]. The main task here is to make Lebacque’s theorem
explicit, Theorem 3.20, and deduce some useful inequalities. The main
result is given by Theorem 3.28.

• Section 3.5: prove Theorem 3.31 and deduce a result of Poonen [Poo97].

Theorem 3.53 is the full analogue of Theorem 0.5 for CM Drinfeld Fq[T]-
modules of rank 2. The idea is to reduce to Theorem 3.31 by proving an
analogue of the Isogeny Torsion Theorem, Theorem 3.40.
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The constants in our results are all explicit. For the case of elliptic curves,
making Clark and Pollack’s results explicit is a bit delicate and is the subject
of an ongoing investigation by some of our colleagues.
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Chapter 1

Preliminaries

The main purposes of this first chapter are to give some results on Goren-
stein orders, which will be useful later on, and to introduce the main objects
of study: Drinfeld modules. The emphasis will be on studying the torsion
parts so we will adjust our exposition accordingly. There are several won-
derful sources from which one can read about the basics on Drinfeld mod-
ules, we only give a non-exhaustive list: [Gos98] treats the basics and further
introduces two generalisations, namely T-modules and shtukas. For more
arithmetical flavour, one can consult [Ros02]. In [Sal06], Drinfeld modules
are introduced in view of their applications to class field theory for global
function fields as in [Hay79] but with more modern notations.

1.1 Drinfeld modules
Throughout the thesis we are going to work in the setting of global function
fields, i.e. finite extensions of fields of rational functions over a finite field of
one independent variable. This type of fields has a geometric realization as
function fields of projective algebraic curves that makes their study suitable
for algebraic geometric approach. Our main references for global function
fields are [Ros02] and [Sti09].

Let C be a smooth, geometrically irreducible projective algebraic curve
over the finite field Fq, where q = ps with p an odd prime number and
s > 0 an integer. Fix a closed point ∞ ∈ C (Fq) of degree d∞ over Fq. We
denote by F the function field of C and by A = Γ(C \ {∞}, OC ) the ring
of functions on C regular away from ∞. Rings that arise in such a way are
called Drinfeld rings. It is well known that A is a Dedekind domain with
finite class number |Pic(A)| = d∞hF where hF is the class number of F.

The closed point ∞ gives rise to a normalized valuation v∞ (d∞ is the
degree of the residue field of ∞ over Fq). We denote by F∞ the completion

7

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 1. PRELIMINARIES 8

of F with respect to v∞, and C∞ = F̂∞ is the completion of a fixed algebraic
closure of F∞ which is also algebraically closed (Krasner’s lemma).

For x ∈ F∞ we set deg(x) = −d∞v∞(x) which gives rise to an absolute
value |x| = qdeg(x) that extends to C∞. For a ∈ A we have |a| = #(A/aA) =

qdeg(a).

This setting is in analogy with the characteristic zero world where A
plays the role of Z, F the role of Q, F∞ and C∞ respectively the role of R and
C. Many of the differences that break the analogy between number fields
and global function fields come from the fact that F∞ is an infinite extension
of C∞ but [R : C] = 2.

In 1974, Vladimir Drinfeld introduced what he called Elliptic Modules
[Dri74] (due to their similarities with elliptic curves) in order to prove the
Langlands conjecture for function fields in dimension 2. The aim of this
section is to introduce Drinfeld Modules which is now the standard name
of these objects. A good introduction to Drinfeld modules can be found in
[Bre02].

1.1.1 Definition

We know that for a field K there exists a canonical map ρ : Z → K that
sends 1 to 1K and the characteristic of K is either 0 (if ρ is an embedding) or
a prime p (the generator of ker ρ). If we replace Z by A we get the notion of
an A-field.

Definition 1.1. An A-field is a pair (ρ, K) where ρ : A → K is a non-zero ring
morphism and K a field. The morphism ρ is called the structure homomorphism
of K. The prime ideal p =: ker ρ is called the A-characteristic of K. We say that K
has generic characteristic if p = (0). Otherwise, we say that K has finite or special
characteristic.

For the rest of this chapter we fix an A-field (ρ, K) where K is a subfield
of C∞ and we will write K instead of (ρ, K). Note also that the condition
saying that ρ is non-zero forces K to be of characteristic p.

Denote by τ : C∞ → C∞, x 7→ xq the qth-power Frobenius. The ring
of twisted polynomials in τ over K, K{τ}, is the non-commutative ring of
polynomials in τ subject to the multiplication rule:

τa = aqτ, ∀a ∈ K. (1.1.1)
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Proposition 1.2. The ring K{τ} has a right division algorithm and every left ideal
of K{τ} is principal which makes it into a left principal ideal domain (PID).

Proof. See section 1.6 of the first chapter of [Gos98]. Essentially such type of
rings has a right division algorithm.

If K is perfect, i.e τ(K) = K, then K{τ} also admits a left division algo-
rithm.

We let Ga,K be the additive group scheme of K. The endomorphism ring
End Ga,K of Ga,K is the ring of Fq-linear polynomials in K[X] equipped with
addition and composition of polynomials, these are exactly the polynomials

of the form f (X) =
n

∑
i=0

aiXqi
, ai ∈ K. The ring K{τ} is naturally isomorphic

to End Ga,K by the isomorphism
n

∑
i=0

aiτ
i 7−→

n

∑
i=0

aiXqi
.

Definition 1.3. A Drinfeld A-module over K is an Fq-algebra homomorphism:

ϕ : A −→ K{τ} = End Ga,K

a 7−→ ϕa

satisfying the following conditions:

1. There exists a ∈ A such that ϕa /∈ K. (Non triviality)

2. The constant term of ϕa is ρ(a) for all a ∈ A. (Normalization)

The definition of a Drinfeld module depends a priori on a choice of an A-
field. We will say that ϕ has generic or special characteristic if its underlined
A-field has the corresponding property.

Note that ϕ endows K with an A-module structure: a.x := ϕa(x) for
a ∈ A and x ∈ K. This can be thought of as a deformation of the usual
action of A on K. This action extends to any A-algebra and in particular
to any extension L of K in the obvious way and we denote the resulting
module ϕ(L).

Furthermore, if ϕ has generic characteristic, F is a subfield of K and we
can talk about Drinfeld modules over extensions L of F and L-rational tor-
sion points.

Remark 1.4. It is important to note that for a ∈ A and x ∈ K we obtain ϕa(x)
by evaluating the powers of the Frobenius in ϕa(τ) at x but not just merely
replacing any occurrence of τ by x.
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We now define the most important invariant of a Drinfeld module:

Theorem 1.5 (Rank of a Drinfeld module). Let ϕ : A → K{τ} be a Drinfeld
module. Then there exists a positive integer r, called the rank of ϕ, such that for all
a ∈ A, degτ(ϕa) = r deg(a).

One can consult any of the above mentioned references for the proof.
Rank one Drinfeld modules are called Carlitz modules and they provide an
analogue of the cyclotomic theory in characteristic 0. On the other hand, the
rank two case corresponds to elliptic curves.

Since every ϕa has positive degree in τ for deg(a) > 0, by Theorem 1.5
we have

Proposition 1.6. Let ϕ : A → K{τ} be a Drinfeld module. Then ϕ is an embed-
ding.

We now define another integer attached to a Drinfeld module ϕ. As-
sume that char(ϕ) = p 6= (0) and let vp be the normalized valuation on F
associated to p. For a non zero a ∈ A, denote by ord(ϕa) the smallest integer
t ≥ 0 such that τt occurs in ϕa with non zero coefficient.

Theorem 1.7 (Height of a Drinfeld module). There exists a positive integer hϕ,
called the height of ϕ, such that

ord(a) = hϕvp(a)deg(p)

for all a ∈ A.

If char(ϕ) = (0), we define hϕ = 0. We can easily see that Carlitz mod-
ules are of height 0 or 1 depending on whether the characteristic of K is
generic or special, Drinfeld modules of generic characteristic have height 0.
Remark 1.8. It is not at all clear from the definition that Drinfeld modules
exist, but they do. There is also an analytic theory of Drinfeld modules over
C∞ that parallels that of elliptic curves.

1.1.2 Morphisms

In this section we describe the category Drinr
A(K) of rank r Drinfeld A-

modules over a field K. Let ϕ : A → K{τ} and ψ : A → K{τ} be two
Drinfeld modules of rank r over K.

Definition 1.9. A morphism from ϕ to ψ over K is an element P of K{τ} such
that:

Pϕa = ψaP, for all a ∈ A.

A non zero morphism is called an isogeny.
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In other words, an isogeny between ϕ and ψ is an Fq-linear polynomial
such that for all a ∈ A the diagram

Ga,K
ϕa
//

P
��

Ga,K

P
��

Ga,K ψa
// Ga,K

commutes. We see that an isogeny P acts on Ga,K and we define the kernel
of P, denoted Ker P, to be the geometric kernel of this action. Hence Ker P
is the A-module formed by the roots of P(x) in K. An isogeny is actually
a surjective morphism with finite kernel, i.e., an isogeny between algebraic
groups. Note that two isogenous Drinfeld modules must have the same rank
and characteristic.

We use the notation P : ϕ→ ψ to mean that P is an isogeny from ϕ to ψ.
The set of morphisms from ϕ to ψ over K is denoted HomK(ϕ, ψ), it forms
an A-module via the action of ψ: a′.P = ψa′P for a′ ∈ A and P ∈ K{τ}.
If ϕ = ψ, then we write EndK(ϕ) for HomK(ϕ, ϕ), the endomorphism ring
of ϕ over K. When considered over K, we will simply write Hom(ϕ, ψ)
and End(ϕ). We see that EndK(ϕ) is the centralizer of ϕ(A) in K{τ}. An
isomorphism is an invertible morphism.

The following proposition gives a correspondence between isogenies
and their kernels in the case of generic characteristic. This is a particular
case of [Gos98, Proposition 4.7.11].

Proposition 1.10. Let ϕ be a Drinfeld module of generic characteristic over K and
H be a finite A-submodule of K via ϕ. Then there exists a Drinfeld module ϕ′

defined over K and an isogeny P : ϕ→ ϕ′ such that Ker P = H.

The Drinfeld module ϕ′ is also written as ϕ/H and is called the quotient
of ϕ by H. The isogeny P is also referred to as the projection map ϕ→ ϕ/H.
These notations are suggestive since isogenies are surjective morphisms.

Proposition 1.11. A morphism P : ϕ→ ψ in K{τ} is an isomorphism if and only
if degτ P = 0 (if and only if P ∈ K∗{τ} = K∗). If there exists an isomorphism
P ∈ K between ϕ and ψ then we say ϕ and ψ are isomorphic over K and we write
ϕ ' ψ.

We know that an isogeny between two abelian varieties admit a dual
isogeny. This is also the case for Drinfeld modules.

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 1. PRELIMINARIES 12

Proposition 1.12. Let P : ϕ→ ψ be an isogeny. There exists an isogeny P̂ : ψ→
ϕ such that

P̂P = ϕa and PP̂ = ψa

for some non zero a ∈ A. Such an isogeny P̂ is called a dual of P and is not unique.

Proof. See [Gos98, Proposition 4.7.13 and Proposition 4.7.14].

This tells us that isogenies give rise to equivalence relations on Drinfeld
modules over K so that we can talk about isogeny classes.

The following proposition describes the endomorphism ring of a Drin-
feld module.

Proposition 1.13. Let ϕ be a Drinfeld module of rank r over K. Then:

1. EndK(ϕ) is a finitely generated projective A-module of rank ≤ r2;

2. If K has generic characteristic, then EndK(ϕ) is a commutative A-algebra of
rank ≤ r;

3. EndK(ϕ)⊗A F is a finite dimensional division algebra over F;

4. EndK(ϕ)⊗A F∞ is a finite dimensional division algebra over F∞.

Proof. See [Gos98, section 4.7]

1.1.3 Complex multiplication

In the generic characteristic case, in analogy with elliptic curves, we have
the theory of complex multiplication for Drinfeld modules. The theory is
stronger in the function field case in the sense that it gives an explicit class
field theory of arbitrary function fields over Fq[T], not just quadratic exten-
sions.

Definition 1.14 (Complex multiplication). A rank r Drinfeld A-module ϕ of
generic characteristic over L is said to have complex multiplication (or CM) if
End(ϕ) has rank r. The complex multiplication is said to be L- rationally defined
if End(ϕ) = EndL(ϕ).

Definition 1.15. A finite extension K/F is said to be purely imaginary or
totally imaginary if there is exactly one prime of K above the prime at infinity ∞.

Recall that an order in K is a subring of the integral closure OK of A in K
which contains 1 and has field of fractions K.
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Proposition 1.16. If ϕ is a rank r CM Drinfeld A-module of generic characteristic
then End(ϕ) is an order in a degree r purely imaginary extension K/F, namely
K = End(ϕ)⊗A F.

Proof. From Proposition 1.13 part 2, End(ϕ) is clearly an order in K. Now,
Proposition 1.13 part 4 tells us that End(ϕ)⊗A F∞ is a finite field extension
of F∞, as an F∞-algebra it is isomorphic to K⊗F F∞. Since ϕ has generic char-
acteristic, K/F is a separable extension so that K⊗F F∞ '∏

v|∞
Kv, where the

product runs through the primes v of K above ∞ and Kv the corresponding
completions. Therefore there is exactly one prime of K above ∞ since the
above product is a field.

Since ϕ has generic characteristic, O = End(ϕ) is commutative so K =
End(ϕ)⊗A F is indeed a field and in this case we say ϕ is a K-CM Drinfeld
module or an O-CM Drinfeld module and we call K the CM-field of ϕ.

1.1.4 Torsion submodules

Let L/F be a finite extension and ϕ be a Drinfeld A-module over L. Recall
that the additive group (L,+) is equipped with the A-module structure:
a.x = ϕa(x). This A-module is denoted ϕ(L) and can be seen as the ana-
logue of the Mordell-Weil group E(L) of L-rational points of an elliptic curve
E defined over the number field L.

Definition 1.17. The submodule of the L-rational torsion points of ϕ is

ϕ(L)tors := {x ∈ L|AnnA(x) 6= {0}}.

Poonen proved an analogue of the Mordell-Weil theorem for abelian va-
rieties using local height functions. For a finite extension L/F, the module
of L-rational torsion points is not finitely generated but tame, i.e. every sub-
module of finite rank is finitely generated.

Theorem 1.18 ([Poo95, Theorem 1.]). Let L/F be a finite extension and ϕ a
Drinfeld A-module of any rank. Then ϕ(L) is the direct sum of its torsion submod-
ule ϕ(L)tors, which is finite, with a free A-module of rank ℵ0 := #N.

The torsion part ϕ(L)tors is a finite module over a Dedekind domain the
structure of which is well understood. Unlike the situation in the elliptic
curves case the torsion-free part of ϕ(L) always has infinite rank as a free
A-module. The naive analogue of the Mordell-Weil rank of an elliptic curve
defined over a number field is not available for Drinfeld modules.

Poonen also described the Drinfeld module structure over L and Lsep.
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Proposition 1.19 ([Poo95] Proposition 7.). Each of the A-modules ϕ(L) and
ϕ(Lsep) is the direct sum of a F-vector space of dimension ℵ0 with a torsion module
isomorphic to (F/A)r where r is the rank of ϕ.

Let a ⊆ A be an ideal. The set of a-torsion points of ϕ is defined as:

ϕ[a] := {x ∈ F|ϕa(x) = 0 ∀a ∈ a}.

If we consider the ideal Iϕ,a := {ϕa|a ∈ a} in L{τ}, then we can write
Iϕ,a = L{τ} · ϕa for a unique monic twisted polynomial ϕa ∈ L{τ} since
L{τ} is a left PID. In this case ϕ[a] = Ker(ϕa).

Theorem 1.20. Let a ⊆ A be an ideal coprime to the A-characteristic of ϕ. Then
we have an isomorphism of A-modules

ϕ[a] ' (A/aA)r.

Proof. See [Ros02] corollary of Theorem 13.1.

1.1.5 Analytic theory of Drinfeld modules

For more details about the materials in this section we may consult [Ros02,
Chapter 13], [Gos98, Chapter 4]. For a rapid introduction, see [Poo17].
Proofs will not be given, we refer to one of the above mentioned sources.

Drinfeld modules admit an analytic theory over C∞ that parallels that
of elliptic curves. They can be realised as "complex tori" via analytic uni-
formization. An elliptic curve E(C) over C is isomorphic to a torus C/Λ
where Λ is a complex lattice, i.e a Z-submodule of rank 2 (generated by two
R-linearly independent elements), and every such torus defines an elliptic
curve. The analytic isomorphism is given by the Weierstrass P-function
associated to Λ, that is C/Λ→ E(C), z 7→ (P(z), P ′(z)). This is called the
uniformization theorem. A similar phenomena holds for Drinfeld modules
over C∞. Instead of Z-submodules, lattices in this context will be certain
A-submodules of finite rank. The Z-submodules of C∞ of finite rank are
exactly the Fp-subspaces, which are finite.

We start with some analysis on C∞. An analogue of the theory of entire
(or holomorphic) functions over the complex numbers can be developped
over function fields, or C∞. Many of the theorems still hold and even mani-
fest in a stronger form. A striking example of that is the ”freshman′s dream”
which is true over non-archimedian spaces. A function C∞ → C∞ is entire
if it can be represented by an everywhere convergent power series ∑ anzn.
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A non constant entire function over C∞ has at least one zero and is sur-
jective [Ros02, Proposition 13.19.]. Moreover, an entire function is almost
determined by its zeroes.1

Theorem 1.21 (Weierstrass preparation theorem). Let f be an entire function
on C∞, let λ1, λ2, · · · be its zeroes with 0 excluded if f (0) = 0 and m1, m2, · · ·
their corresponding multiplicities. Then lim

i→∞
λi = ∞ and there is a constant c 6= 0

such that

f (x) = cxn
∞

∏
i=1

(
1− x

λi

)mi

where n is the order of 0. Conversely, if lim
i→∞

λi = ∞, then the above infinite product

defines an entire function on C∞.

Now, we will define lattices in C∞. We will see that there are far more
lattices in C∞ than in C due to the fact that [C∞ : F∞] = ∞ whereas [C :
R] = 2.

Definition 1.22. A subset S ⊆ C∞ is said to be strongly discrete if its intersec-
tion with any ball of finite radius centered at the origin is finite.

For instance, the zeroes of an entire function f (z) = ∑∞
n=0 anzn form a

strongly discrete subset.

Definition 1.23. An A-lattice of rank r in C∞ is a strongly discrete projective A-
submodule of rank r (in our setting projective is equivalent to finitely generated).
The rank of Λ is defined as the dimension of the vector space F∞Λ over F∞.

Let Λ1, Λ2 be two rank r lattices in C∞ and let c ∈ C∞ such that cΛ1 ⊆
Λ2. The multiplication by c map defines an A-module morphism Λ1 → Λ2.
We define

Hom(Λ1, Λ2) := {c ∈ C∞|cΛ1 ⊆ Λ2}.

To an A-lattice Λ we can associate an exponential function which can be
seen as the analogue of the Weierstrass P-function for the complex elliptic
curves.

Definition 1.24. The exponential function associated to the lattice Λ is defined as:

eΛ(z) := z ∏
λ∈Λ\{0}

(
1− z

λ

)
∀ z ∈ C∞.

1This is not the case in C, take the exponential function.

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 1. PRELIMINARIES 16

The fact that Λ is strongly discrete ensures the convergence of the in-
finite product by Theorem 1.21. The function eΛ(z) can be characterized,
by Theorem 1.21, as the unique entire function with simple zeroes on the
points of Λ with leading term z. The following are the main properties of
the exponential function

Proposition 1.25. Let Λ be a lattice in C∞. Then for all w, z ∈ C∞ and α ∈ Fq
we have

(i) eΛ(w + z) = eΛ(w) + eΛ(z).

(ii) eΛ(αz) = αeΛ(z).

(iii) eΛ is entire, surjective and its zeroes are exactly the points of Λ.

We can see that eΛ : C∞/Λ → C∞ is an isomorphism (analytically and
also of abelian groups, but not of A-modules). The set C∞/Λ inherits the
natural A-module structure of C∞, and transporting that structure across to
C∞ via eΛ defines a new A-module structure on C∞, a Drinfeld A-module
structure.

For a ∈ A, the multiplication-by-a map a : C∞/Λ→ C∞/Λ corresponds
to a map ϕΛ

a : C∞ → C∞ under the above isomorphism, i.e. the following
diagram commutes

C∞/Λ a //

∼

eΛ
��

C∞/Λ

∼

eΛ
��

C∞
ϕΛ

a // C∞

.

Proposition 1.26. The map ϕΛ
a is an Fq-linear polynomial, i.e. it is an element of

C∞{τ}. More precisely

ϕΛ
a (z) = az ∏

λ∈(a−1Λ/Λ)\{0}

(
1− z

eΛ(λ)

)
.

Furthermore, it satisfies the following

eΛ(az) = ϕΛ
a (eΛ(z)).

Proof. See [Poo17, Proposition 2.3.] and [Ros02, Proposition 13.22.].

Theorem 1.27. Let Λ ⊆ C∞ be a lattice of rank r. The map ϕΛ : A → C∞{τ}
that sends 0 to 0 and a to ϕΛ

a for a 6= 0 defines a Drinfeld A-module of rank r.

Proof. See [Ros02, Theorem 13.23.].
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It is now clear that a rank r lattice gives rise to a rank r Drinfeld module.
One can even say more.

Theorem 1.28 (Analytic uniformization). Let ϕ be a Drinfeld A-module of rank
r over C∞. Then there exists a rank r lattice Λ such that ϕ = ϕΛ. Moreover, the
assignment

{A −lattices of rank r in C∞} // {Drinfeld A−modules over C∞ of rank r}

that sends Λ to ϕΛ and 0 6= c ∈ Hom(Λ1, Λ2) to the morphism fc(z) =

cz ∏
λ∈(a−1Λ2/Λ1)\{0}

(
1− z

eΛ1(λ)

)
is an equivalence of categories.

Proof. See [Gos98, Theorem 4.6.9.].

1.2 On quadratic and Gorenstein orders
The content and results in the current subsection were communicated pri-
vately to the author by Pete Clark.

Endomorphism rings of CM Drinfeld modules arise as orders of some
Dedekind domain. In our investigation we come to consider a class of or-
ders called Gorenstein orders which comprises the maximal orders and the
quadratic orders. This is especially useful when going from a non-maximal
order to the maximal order by means of an isogeny as in subsection 3.6.2.

1.2.1 Quadratic orders

For a Dedekind domain A, we characterize quadratic A-orders that are
finitely generated as an A-module. A standard example is the orders of
a quadratic number field. Finitely generated modules over a Dedekind do-
main have a nice structure theorem that generalizes the case of PID.

Theorem 1.29 (Structure theorem for finitely generated modules over a Dedekind
domain). Let A be a Dedekind domain and M a finitely generated A-module. Then
M ' Mtors⊕ P where Mtors is the torsion submodule of M and P = I1⊕ · · · ⊕ In
a finite direct sum of rank one projective A-modules 2. The torsion free part P can
be written as P ' An−1 ⊕ I where n is the rank of M and I a rank one projective
module which determines a unique class, called the Steinitz class of P over A, in
the class group Cl(A). Furthermore, Mtors may be written uniquely in the form

Mtors ' A/a1 ⊕ · · · ⊕ A/am,
2 A being Dedekind, the rank one projective submodules are exactly the fractional A-

ideals.
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where 0 6= a1 ⊆ · · · ⊆ am 6= A is an ascending chain of ideals of A.

Corollary 1.30. A finitely generated module over a Dedekind domain is projective
if and only if it is torsion free.

Theorem 1.31. Let a be an integral ideal of the Dedekind domain A and I any
fractional A-ideal. Then we have an isomorphism of A-modules

A/a ' I/aI.

Proof. See [Rei03, Theorem 4.12].

Following [Cla15, section 8.2], we make the following definition

Definition 1.32. An object X in a category C is called Hopfian if every surjec-
tive endomorphism of X is an isomorphism.

As pointed out by Clark, this definition is not completely agreed upon
since it does not reflect properly what would an Hopfian object be in more
general categories other than the category of A-modules. However, it is
sufficient for the purpose of this thesis since we only deal with A-modules.

Theorem 1.33. Let A be a ring and M a finitely generated A-module. Then M is
a Hopfian object in the category of A-modules.

Proof. See [Cla15, Theorem 3.44].

Theorem 1.34. Let A be a Dedekind domain with fraction field F, K/F be a
quadratic extension, B = OK the integral closure of A in K and assume that B
is finitely generated as an A-module. Let O be an order in K. Let

f := AnnA(B/O).

Then f is a nonzero ideal of A and

O = Of := A + fB.

Proof. From Theorem 1.29, since K/F is quadratic, B ' A⊕ I for some rank
one projective A-module I, which we may assume contains A, so B/A ' I
is projective. Therefore the sequence

0 // A // B π // B/A // 0
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splits and there is a section h : B/A → B with π ◦ h = idB/A. Now, let
g : I ∼ // B/A be an isomorphism and put α := h ◦ g(1), as an A-module

we have
B = A⊕ Iα.

Now, since O ⊇ A, B/O is a torsion quotient of I as an A-module. That is,
there exists a non zero ideal f of A such that B/O ' I/fI and by Theorem
1.31 we have

B/O ' A/f. (1.2.1)

On the other hand, the ring

A + fB = A⊕ fIα

is an A-order in B, and from Theorem 1.31, as A-modules,

B/(A + fB) ' Iα/fIα ' A/f.

From (1.2.1), we have fB ⊆ O so that A + fB ⊆ O and this gives a natural
surjection of finitely generated A-modules which of each is isomorphic to
A/f

q : B/(A + fB)→ B/O .

Hence, by Theorem 1.33, q is an isomorphism and thus O = A + fB. One
can easily identify f as AnnA(B/O).

1.2.2 Gorenstein orders

Let R be a commutative ring with unity and M an R-module. An injective
resolution of M is an exact sequence of R-modules

0→ M→ M0 → M1 → M2 → · · ·

such that the Mi’s are injective R-modules for i ≥ 0. The category of R-
modules with module morphisms has enough injectives so M always has
an injective resolution. Such a resolution is said to be finite of length n ≥ 0
if Mn is non zero and Mi = 0 for all i > n. Otherwise it is said to be infinite.

Definition 1.35. The injective dimension of M is, either infinite if M does not
admit a finite injective resolution, or the minimal length amongst all injective res-
olutions of M.

Definition 1.36. A commutative Noetherian ring R is called a Gorenstein ring
if for any maximal ideal m of R, the localization Rm has finite injective dimension
as an Rm-module.

Proposition 1.37. A localization of a Gorenstein ring is Gorenstein.

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 1. PRELIMINARIES 20

Proof. Let S ⊆ R be a multiplicative subset of R and S−1R the corresponding
localization. Let mS ∈ MaxSpec S−1R, there exists m ∈ MaxSpec R such that
m ∩ S = ∅ and mS = m. We have a canonical isomorphism (S−1R)m ' Rm.
Now, since R is Noetherian, any localization of R is Noetherian. Further-
more, localization of a module over a Noetherian ring preserves injective-
ness. The proof is completed by noting that localization is an exact func-
tor.

We are interested in rings that are A-orders for some Dedekind domain
A so we assume throughout the remainder of this section that R is commu-
tative Noetherian of Krull dimension 1. More specifically, let’s assume the
following situation: A is a Dedekind domain with fraction field F, K/F is a
finite separable extension, B = OK is the integral closure of A in K, and R is
an A-submodule of B with fraction field R. For fractional R-ideals I and J
recall that

(I : J) := {α ∈ K|αJ ⊆ I} = HomR(J, I).

Proposition 1.38. Assume moreover that A is a PID. Then:

(i) The order R is Gorenstein if and only if every proper fractional R-ideal is
invertible.

(ii) If R is monogenic over A, i.e. R = A[α] for some α ∈ R, then R is Goren-
stein.

Proof. (i) See [JT15, Characterization 4.2].

(ii) See [JT15, Theorem 4.3].

We now state some results that will be useful for the proof of the main
result of the current section. Recall that a ring is called semilocal if it has only
finitely many maximal ideals. This is a slight generalization of local rings.

Proposition 1.39. If R is a semilocal ring and M a finitely generated projective
R-module, then M is free if and only if M has constant rank.

Proof. See [Cla15, Corollary 7.21].

Theorem 1.40. For an A-module R the following are equivalent:

(i) R is finitely generated and projective.

(ii) R is finitely presented and locally free.
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Proof. See [Cla15, Theorem 7.29].

Theorem 1.41. Let I be a nonzero fractional ideal for a domain R. Then I is
invertible if and only if it is projective, in which case it is necessarily projective of
rank one.

Proof. See [Cla15, Theorem 19.11].

Proposition 1.42. Let f : R → M be a homomorphism of A-modules. Then the
following are equivalent:

(i) f is surjective.

(ii) f is locally surjective, i.e. for all p ∈ Spec A the local homomorphisms
fp : Rp → Mp are surjective.

Proof. See [Cla15, Proposition 7.14].

Lemma 1.43. For p ∈ MaxSpec A the ring Rp := (A \ p)−1R is semilocal.

Proof. The ring Ap is a local subring of Rp with maximal ideal pAp. The max-
imal ideals of Rp lie over pAp and are minimal over pRp. Hence, MaxSpec Rp

is finite since a Noetherian ring only has finitely many minimal prime ideals
over any ideal.

The main result of this section is the following.

Theorem 1.44. (i) The A-order R is Gorenstein if and only if every proper frac-
tional R-ideal is invertible.

(ii) Every quadratic A-order is Gorenstein.

Proof. (i) We want to use Proposition 1.38 so we first reduce to that case
by localising on A. That is, we will show the following statements: R
is Gorenstein if and only if Rp is Gorenstein for all p ∈ MaxSpec A,
the fractional R-ideal I is invertible (resp. proper) if and only if the
fractional Rp-ideal Ip := IRp is invertible (resp. proper) for all p ∈
MaxSpec A. The ring Ap being a local Dedekind domain that is not a
field, it is a DVR and hence a PID.

Let p ∈ MaxSpec A, if R is Gorenstein then Rp is Gorenstein by Propo-
sition 1.37. Conversely, suppose that Rp is Gorenstein for all p ∈
MaxSpec A and let P ∈ MaxSpec R. The ideal q := P ∩ A is an
element of MaxSpec A and RP = (R \P)−1R = (R \P)−1Rq. Hence
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RP is Gorenstein as a localization of the Gorenstein ring Rq. That is,
R is Gorenstein.

Let I be an invertible fractional R-ideal. Then I J = R for some frac-
tional R-ideal J. Localizing at p ∈ MaxSpec A gives Ip Jp = Rp so
Ip is an invertible fractional Ip-ideal. Conversely, let I be a fractional
R-ideal and suppose that Ip is an invertible fractional Rp-ideal for all
p ∈ MaxSpec A. Theorem 1.41 implies that Ip is projective of rank one.
From Lemma 1.43, the ring Rp is semilocal, and since Ip is finitely gen-
erated and projective as an Rp-module, it is free according to Propo-
sition 1.39. Therefore, as a rank one free Rp-module, Ip is a principal
fractional Rp-ideal. For P ∈ MaxSpec R, the ideal q := P ∩ A is max-
imal in A and IP = IqRP is then principal. It follows that I is locally
free and since I is finitely generated over the Noetherian ring R it is
finitely presented [Sta19, Tag 00FM]. Theorem 1.40 implies that I is
then projective so invertible by Theorem 1.41.

Let I be a proper fractional R-ideal, so (I : I) = HomR(I, I) = EndR(I) =
R. Since I is finitely presented, using [Mat80, p. 7], for any multiplica-
tive subset of R we have (IS−1R : IS−1R) = (I : I)S−1R = S−1R.
Therefore for p ∈ MaxSpec A, taking S = A \ p, the fractional Rp-
ideal Ip is proper. Conversely, suppose that Ip is proper for all p ∈
MaxSpec R. For P ∈ MaxSpec R, q = P ∩ A is maximal in A and
we have (IP : IP) = (IqRP : IqRP) = (Iq : Iq)RP = RqRP = RP .
Hence the fractional RP -ideal IP is proper. The injection R ↪→ (I : I)
is locally surjective, hence surjective by Proposition 1.42. That is I is
proper.

Now it is enough to show the following: the Ap-order Rp is Gorenstein
if and only if every proper fractional Rp-ideal is invertible for all p ∈
MaxSpec A. But that can be deduced from Proposition 1.38 since Ap is
a PID.

(ii) By Theorem 1.34, a quadratic A-order is of the form R = A + fB =
A⊕ fIα for some ideals f, I of A and α ∈ B. Hence, if A is a PID then
f = ( f ), I = (i) and R = A[ f iα] is monogenic so that R is Gorenstein
by Proposition 1.38. As we have shown in part (i), we can reduce to
that case by localizing on A. Let p ∈ MaxSpec A, then Ap is a local
PID, Rp being a quadratic Ap-order is monogenic as above, thus it is a
Gorenstein Ap-order by Proposition 1.38 and we are done.
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Chapter 2

Complex multiplication for
Drinfeld modules

This chapter is expository and is mainly based on [Hay79], we will not give
the proofs. We review the main theorem of complex multiplication for Drin-
feld modules. This has been achieved by Drinfeld using methods from alge-
braic geometry, [Dri74, section 8]. Independently, Hayes obtained the same
result without appealing to the machinery of algebraic geometry but rather
developing methods along the line of Deuring’s approach to elliptic curves
with complex multiplication, [BCH+66, Hay79] . On one hand, the theory
of complex multiplication of elliptic curves provides an explicit class field
theory for imaginary quadratic number fields and abelian varieties yield
an explicit class field theory for number fields of CM type, i.e. imaginary
quadratic extensions of totally real number fields. On the other hand, ex-
plicit class field theory for arbitrary global function fields can be obtained
from a generalised version of rank one Drinfeld modules as developed by
Hayes in [Hay79], he constructed all class fields of any global function fields
of transcendence degree 1 over a finite field.

Let F be a global function field over Fq, ∞ a fixed prime of degree d∞
over Fq and A the ring of elements of F regular away from ∞. A class field
of F is a finite abelian extension of F on which ∞ splits completely.

2.1 Orders and Picard groups
Recall that an order O in F is a subring of A containing 1 and has F as fraction
field. The ring A is the maximal order. A fractional ideal of O or fractional O-
ideal is a non-zero noetherian1 O-submodule of F. Such submodule can be

1Recall that a module is noetherian if every submodule is finitely generated. In partic-
ular, such module is finitely generated.

23
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written as Oα1 + · · · + Oαn for some α1, · · · , αn ∈ F. Let I be a fractional
O-ideal, the ring of multipliers or the endomorphism ring of I is

(I : I) := {x ∈ F|xI ⊆ I}.

It is clear that O ⊆ (I : I) since I is an O-module. Actually (I : I) is
also an order in F since its elements are integral over A and A is integrally
closed, see [Ros87]. Indeed, if I = Oα1 + · · · + Oαn and x ∈ (I : I) then
xα1, · · · , xαn ∈ I, so for each 0 ≤ i ≤ n we can write

xαi =
n

∑
j=1

aijαj

for some aij ∈ O . Now we can easily see that the n× n matrix

diag(x− 2aii)(aij)i,j

maps the vector t(α1,··· ,αn) to the zero vector so that its determinant is zero,
this gives a monic polynomial with coefficients in O for which x is a root.
We say I is proper if (I : I) = O .

In general the set of all fractional O-ideals does not form a group but a
monoid since O may not be a dedekind domain. Put

I∗ = {x ∈ F|xI ⊆ O}.

A fractional O-ideal I is invertible if I I∗ = O .

We denote by I(O) the group of all the invertible fractional O-ideals and
by P(O) the subgroup formed by the non-zero principal ideals.

Definition 2.1. The Picard group of O is the quotient Pic(O) = I(O)/P(O).

2.2 Hayes theory of Drinfeld modules
In [Hay79], Hayes developed a more general theory of Drinfeld modules
with A replaced by an order O in A. Most of the basic properties and in-
variants still make sense in this generalisation, such as the rank, the height,
the characteristic. However, O is no longer integrally closed unless it is
equal to A itself, so it is not a dedekind domain. For instance, we loose
decomposition theorems of modules over dedekind domains. In particular,
the analogue of Theorem 1.20 is no longer true in general.

Let L be a field of characteristic p and τp the p-th power Frobenius. Let
i : L ↪→ L{τp} be the canonical inclusion and D : L{τp} → L the derivative
map.
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Definition 2.2. Let O be an order in A. A Drinfeld O-module over L is a ring
homomorphism ϕ : O → L{τp} such that ϕ 6= i ◦ D ◦ ϕ.

Proposition 2.3. A Drinfeld O-module is always injective.

Proof. See [Hay79, Proposition 2.2.].

Remark 2.4. In Chapter 1 we defined a Drinfeld module as a certain homo-
morphism of Fq-algebras and using the q-th power Frobenius τ instead of
τp. We could have used τp instead since A and L are both naturally Fq-
algebras and by commutativity the image of A always land in L{τ}. How-
ever, an order O which is not integrally closed is not naturally an Fq-algebra
(O may not contain Fq) so a Drinfeld O-module is only a homomorphism
of rings (or Fp-algebras). It is important to note that in our case, Chapter 3,
the orders we consider are Fq-algebras so that we can work with τ.

In view of the above remark we will always assume that ϕ(O) ⊆ L{τ}.

The notion of rank is well defined in the current context and its existence
and properties are as defined in Chapter 1. The characteristic of ϕ is a unique
maximal ideal of A, say p0, such that p0 ∩O = Ker(D ◦ ϕ). Just as in the case
of Drinfeld A-modules, p0 is determined by the valuation a 7→ −deg ϕa
for a ∈ O . We keep the terminology "generic characteristic" and "special
characteristic" according to whether Ker(D ◦ ϕ) = 0 or not2. The height is
also defined as in Chapter 1 and it is an integer [Hay79, Proposition 3.3].

Let ϕ : O → L{τ} be a Drinfeld O-module of rank r and height h. When
O is not integrally closed we loose the nice structures of torsions.

Proposition 2.5. Let p be an invertible prime ideal of O . Then

ϕtors,p :=
∞⋃

n=1

ϕ[pn] ' (F/Op)
r if p 6= p0 ∩O

and
ϕtors,p ' (F/Op)

r−h if p = p0 ∩O .

where Op is the localization at p.

Proof. See [Hay79, p. 181].
2Hayes uses the term "without characteristic" instead of "generic characteristic".
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Isogenies and isomorphisms are defined in the same way as for Drinfeld
A-modules.

From now on we fix an homomorphism of rings ι : O → L and we only
consider Drinfeld O-modules ϕ such that D ◦ ϕ = ι. We can think of ι as an
O-field3.

We denote by Drinr
O(L) the category of rank r Drinfeld O-modules over

L and by M r
O(L) the set of isomorphism classes of rank r Drinfeld O-modules

over L.

In section 4 of [Hay79], Hayes develops an analytic theory of Drinfeld O-
modules which generalizes section 1.1.5 of Chapter 1. This analytic theory
is very similar to that of the case O = A. Hayes defines an O-lattice4 of
rank r as a finitely generated discrete O-submodule of C∞ of rank r [Hay79,
Definition 4.1. and Theorem 4.9.]. Two lattices Λ and Λ′ are isomorphic if
Λ = wΛ′ for some w ∈ C∞.

We denote by Lr(O) the set of isomorphism classes of O-lattices of rank
r in C∞. For an invertible O-ideal a and a rank r O-lattice Λ of rank r, the
O-submodule a−1Λ is also an O-lattice of rank r. Clearly, if b is principal
then Λ ' b−1Λ so that the association

Λ 7→ a−1Λ

induces an action of Pic(O) on Lr(O).

To an O-lattice is associated an exponential function, denoted eΛ [Hay79,
(4.2)] , defined as in Definition 1.24 by

eΛ(z) := z ∏
λ∈Λ\{0}

(
1− z

λ

)
∀ z ∈ C∞

with the same properties [Hay79, (4.9) and (4.10)]. We have an analytic
isomorphism C∞/Λ ∼−→ C∞ via eΛ [Hay79, Theorem 4.7. (1) and Proposition
4.10.]. The O-module structure of C∞/Λ transported to C∞ via the above
isomorphism defines a Drinfeld O-module structure ϕΛ [Hay79, (4.7)]. The
analytic uniformization theorem, analogue of Theorem 1.28, also holds.

Theorem 2.6 (Analytic uniformization). Let ϕ be a Drinfeld O-module over C∞
with ι(a) = a for all a ∈ O . Then there is an O-lattice Λ in C∞ such that ϕ =
ϕΛ. Moreover, M r

O(C∞) and Lr(O) are canonically isomorphic as representation
3In analogy with the notion of an A-field in Chapter 1.
4Hayes does not use this terminology, he actually develops a more general theory of

lattices with exponential functions associated to them and apply it to the case of discrete
O-submodules of C∞.
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spaces of Pic(O) for every positive integer r. The isomorphism is induced by Λ 7→
ϕΛ.

Proof. [Hay79, Theorem 5.9. and Theorem 5.11.].

2.3 The action of Pic(O)

An ideal of an order in an imaginary quadratic number field acts as an en-
domorphism of a CM elliptic curve. The same phenomenon occurs for Drin-
feld modules. Let O be an order in F and a ⊆ O a non-zero ideal. Let L be an
extension of F, ϕ be a Drinfeld O-module over L of generic characteristic. As
in Chapter 1 section 1.1.4, let Iϕ,a be the left ideal generated by {ϕa, a ∈ O}.
We know that Iϕ,a = L{τ}ϕa for some unique monic twisted polynomial
ϕa. Since a is an ideal of O which is a commutative ring, a is stable by mul-
tiplication from the right. Therefore Iϕ,a is stable by multiplication from the
right by ϕa for a ∈ O . Hence, for a ∈ O there exists ϕ′a ∈ L{τ} such that
ϕaϕa = ϕ′a ϕa. Since L{τ} is an integral domain, the map ϕ′ : O → L{τ},
a 7→ ϕ′a defines a Drinfeld O-module over L which is uniquely determined
by ϕa. We will denote

ϕ′ := a ∗ ϕ.

In other words, this defines an operation ∗ of the ideals of O on the set of
Drinfeld O-modules over L characterized as follows: given an ideal a and
a Drinfeld O-module ϕ, a ∗ ϕ is the unique Drinfeld O-module over L such
that ϕa is an isogeny from ϕ to ϕ′. This tells us that when ϕ has generic
characteristic then a ∗ ϕ = ϕ/ϕ[a]. The operation ∗ satisfies the following
properties.

Proposition 2.7. Let a = aO be a principal ideal and let w be the leading coeffi-
cient of ϕa. Then ϕa = w−1ϕa, and (a ∗ ϕ)b = w−1ϕbw for all b ∈ O .

Proof. See [Hay79, Lemma 3.5.].

Proposition 2.8. Let a, b be invertible ideals of O . Then

ϕab = (b ∗ ϕ)aϕb

and
a ∗ (b ∗ ϕ) = (ab) ∗ ϕ.

Proof. See [Hay79, Proposition 3.7.].
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The operation ∗ extends to I(O). A fractional ideal I can be written as
a−1a for some a ∈ O and an integral ideal a, we define

I ∗ ϕ := u(a ∗ ϕ)u−1

where u is the leading coefficient of ϕa. Also, two isomorphic Drinfeld mod-
ules are sent to isomorphic Drinfeld modules by the action of a fractional
ideal a via ∗, see formula (2.3.1) in remark 2.9 below.

Isogenous Drinfeld modules have the same rank and height. Hence,
by Proposition 2.8, I(O) act on Drinr

O(L) via ∗, and by Proposition 2.7 the
principal ideals act trivially on M r

O(L). Therefore, ∗ induces an action of
Pic(O) on M r

O(L). The case r = 1 is of importance for applications to class
field theory.

Remark 2.9. The canonical isomorphism M r
O(C∞) ' Lr(O) in Theorem 2.6

being an isomorphism as representation spaces of Pic(O) means that the
assignment Λ 7→ ϕΛ commutes with the actions of Pic(O) on Lr(O) and
M r

O(C∞). Indeed, by [Hay79, (5.15)], for an invertible O-ideal a

ϕa−1Λ ' a ∗ ϕΛ. (2.3.1)

2.4 Field of invariants
From now on we assume that ϕ is a Drinfeld O-module of generic charac-
teristic with D ◦ ϕ(a) = a for all a ∈ O .

Definition 2.10. Let O be an order in A and ϕ : O −→ C∞{τ} a Drinfeld O-
module. We say that a subfield k ⊆ C∞ is a field of definition for ϕ if there
exists a Drinfeld O-module ϕ′ isomorphic to ϕ over C∞ such that the coefficients of
ϕ′a are in k for all a ∈ O . For a given Drinfeld O-module ϕ, there exists a smallest
field of definition for ϕ called its field of invariants.

We will see later that the ring class field of the order O , denoted by HO ,
coincides with the field of invariants of an appropriate Drinfeld O-module
associated to ϕ.

Let X = {Xi}i≥1 be a set of indeterminates and F[X] the corresponding
polynomial ring over F, F(X) its field of fractions. We define a graduation
F[X] as follows:

grad(aXα1
i1
· · ·Xαk

ik
) :=

k

∑
j=1

αjmij :=
k

∑
j=1

αj(qij − 1)
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for the monomial aXα1
i1
· · ·Xαk

ik
∈ F[X]. We obtain a decomposition

F[X] =
∞⊕

i=0

Ri

where R0 = F and Ri is the subgroup of homogenous polynomials of grade
i (including 0). We extend this to F(X) by setting

grad
(

f
g

)
:= grad( f )− grad(g)

for homogenous f , g ∈ F[X] to get a uniquely determined doubly infinite
graduation of F(X), i.e. allowing negative indices.

Definition 2.11. The field F(X)0 of the homogenous elements of grade zero is called
the field of formal invariants.

Let a ∈ O , we will define the field of invariants of ϕ at a. Write

ϕa = a +
∞

∑
i=1

ci(ϕ, a)τi,

it is clear that the ci(ϕ, a)’s are almost all zeroes. Consider the substitution
homomorphism

Sa,ϕ : F[X]→ C∞

that sends Xi to ci(ϕ, a) for i ≥ 1. It is well defined. Now, let

Va,ϕ :=
{

f
g
∈ F(X)0|Sa,ϕ(g) 6= 0

}
.

One can easily see that Va,ϕ is a local ring with maximal ideal{
f
g
∈ F(X)0|Sa,ϕ( f ) = 0

}
.

It is clear that Sa,ϕ induces a homomorphism from Va,ϕ to C∞ that we also
call Va,ϕ.

Definition 2.12. For a ∈ O , the subfield

Ia(ϕ) := Sa,ϕ(Va,ϕ) ⊆ C∞

is called the field of invariants of ϕ at a.
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The appellation "field of invariants" is appropriate since Ia(ϕ) is an in-
variant of the isomorphism class of ϕ over C∞. Indeed, if ϕ ' ϕ′, say ϕb =
w−1ϕ′bw for all w ∈ C∞, then ci(ϕ, b) = wmi ci(ϕ′, b) by (1.1.1). Since the
elements of Ia,ϕ are ratios of homogenous polynomials of the same grade,
Ia(ϕ) = Ia(ϕ′). This implies that Ia(ϕ) is contained in every field of defini-
tion for ϕ. moreover, the following holds.

Theorem 2.13. Let a ∈ O . Then Ia(ϕ) is a field of definition for ϕ.

Proof. See [Hay79, Theorem 6.5.].

In particular, from the discussion above, Ia(ϕ) ⊆ Ib(ϕ) for any non con-
stants a, b ∈ O . Thus, Ia(ϕ) does not depend on a choice of a. Therefore, we
can simply write

Ia(ϕ) = I(ϕ).

Theorem 2.14. The subfield I(ϕ) is the smallest field of definition for ϕ.

Proof. This is immediate.

Corollary 2.15 ([Hay79, Corollary 6.7.]). Let a be an integral ideal of O then

I(a ∗ ϕ) ⊆ I(ϕ).

If a is invertible, then
I(a ∗ ϕ) = I(ϕ).

2.5 The main theorem of complex multiplication
Let ι : O ↪→ C∞ be the inclusion homomorphism. In this section, we equip
all Drinfeld O-modules with the O-field ι. For an invertible O-ideal a, define

ϕa := a−1 ∗ ϕO .

From Theorem 2.6 and Corollary 2.15, I(ϕa) = I(ϕb) for any two invertible
integral O-ideals a and b. We denote this common field of invariants by HO .
We will identify HO by class field theory as the ring class field associated to
the order O .

Let G∞ := Aut(C∞/F). G∞ acts naturally on a Drinfeld O-module ϕ by
acting on the coefficients of ϕa for all a ∈ O . For σ ∈ G∞, we denote this
action by σ(ϕ). Now, let a be an integral O-ideal and σ ∈ G∞. For all a ∈ O ,

ϕa ϕa = ϕa(a ∗ ϕ)a
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so that

σ(ϕa ϕa) = σ(ϕa)σ(ϕa) = σ(ϕa(a ∗ ϕa)a) = σ(ϕa)σ(a ∗ ϕa)a).

Hence, we have
σ(a ∗ ϕ) = a ∗ σ(ϕ)

Furthermore, if ϕ ' ϕ′ then σ(ϕ) ' σ(ϕ′). Thus we have the following.

Proposition 2.16. The Galois group G∞ acts on M r
O(C∞) and the action com-

mutes with that of Pic(O).

We now focus on the case r = 1. Can we describe the action of G∞ on
M 1

O(C∞) internally? For instance using the Frobenius elements associated
to ideals of O . It turns out that it is possible for Drinfeld O-modules of
rank one that belongs to isomorphism classes containing Drinfeld modules
ϕa for some invertible ideal a. We denote by M 1,∗

O (C∞) ⊆ M 1
O(C∞) the

subset of such isomorphism classes. The group action ∗ induces an action
of Pic(O) on M 1,∗

O (C∞): if a ∈ Pic(O) and ϕb ∈ M 1,∗
O (C∞), then a ∗ ϕb '

ab−1 ∗ ϕO ∈ M 1,∗
O (C∞). Since every rank one O-lattice is homothetic to

a fractional O-ideal and any fractional O-ideal of rank one is an O-lattice,
with Theorem 2.6, the action of Pic(O) makes M 1,∗

O (C∞) into a principal
homogeneous space, i.e. the action is faithful and transitive. In particular
#M 1,∗

O (C∞) = # Pic(O). We also have the following.

Proposition 2.17. The subset M 1,∗
O (C∞) ⊆ M 1

O(C∞) is invariant under the
action of G∞.

Proof. See [Hay79, Proposition 8.2. and Proposition 8.3.].

We now look at the field HO , it satisfies the following.

Proposition 2.18. The extension HO/F is finite and Galois. Further, ∞ splits
completely in HO/F.

Proof. See [Hay79, Proposition 8.4.].

Let GO := Gal(HO/F) be the Galois group of HO over F. The Galois
group GO acts naturally on M 1,∗

O (C∞). An equivalence class in M 1,∗
O (C∞)

will be denoted by [.]. Let σ ∈ GO and [ϕa] ∈ M 1,∗
O (C∞), we may assume

that ϕa
a ∈ HO{τ} for all a ∈ O since HO is a field of definition for ϕa (we can

pass to an isomorphic module), then σ[ϕa] := [σϕa] where the action of σ is
defined in the same way as G∞ acts on M 1,∗

O (C∞). Therefore, each element
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of GO induces an automorphism of M 1,∗
O (C∞) as principal homogeneous

space over Pic(O), this gives us a natural injective homomorphism

Ψ : GO ↪→ Pic(O). (2.5.1)

In particular, we can deduce that HO/F is an abelian extension.

The following theorem answers the question that followed Proposition
2.16.

Theorem 2.19. Suppose p ⊆ O is a nonzero prime ideal which does not divide the
conductor C of O in A and which does not ramify in HO/F. Let σp ∈ GO be the
Frobenius automorphism associated to p. Let ϕ be a Drinfeld O-module which has
HO as field of definition and which represents a class in M 1,∗

O (C∞). Then

σp(ϕ) ' p ∗ ϕ.

Proof. See [Hay79, Theorem 8.5.].

It is a standard fact that a prime ideal in O is invertible if and only if
it does not divide the conductor. Therefore, by Theorem 2.19, the map Ψ is
surjective. Furthermore, a prime p of A which does not divide the conductor
C splits completely in HO/F if Ψ(σp) = 1 = [O ], this is equivalent to O ∩ p
being principal in O by Theorem 2.19. More precisely

Theorem 2.20 ([Hay79, Theorem 8.8.]). The map Ψ in (2.5.1) is a natural iso-
morphism. A prime ideal p of A which does not divide the conductor C of O splits
completely in HO/F if and only if p∩O is principal in O .

We can now identify HO as the ring class field associated to O . We de-
note by PO(C) the group of principal ideals of A generated by the ideals
aO with a ∈ O and a prime to C. Let P1(C) be the subgroup consisting of
the ideals xA with x ∈ F and x ≡ 1( mod C).

Theorem 2.21 ([Hay79, Theorem 8.10.]). The extension HO/F is class field to
the C-ideal group PO(C), and Pic(O) is isomorphic to the C-ideal class group
I (C)/PO(C) where I (C) is the group of ideals of A which are prime to C. Only
primes dividing the conductor can ramify in HO/F. The field of constants of HO

has degree d∞ over Fq.

We can now state the main theorem of complex multiplication for Drin-
feld modules which follows from the above results.
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Theorem 2.22 (Main Theorem of Complex Multiplication). Let ϕ be a Drin-
feld A-module of rank r over C∞ with complex multiplication. Let O = End(ϕ)
be the full endomorphism ring which is an order in the degree r purely imaginary
extension K = O ⊗A F. Let C be the conductor of O in K. Then the finite Galois
extension HO/K is the ring class field of K with respect to O . In particular, HO

is unramified outside C, the prime ∞ splits completely in HO/K and we have an
isomorphism Pic(O) ' Gal(HO/K) via the Artin map. If a is an invertible ideal
in O and σa = (a, HO/K) then

σa(ϕ) = a ∗ ϕ.

Proof. The Drinfeld module ϕ can be seen as a rank one Drinfeld O-module
and the result is spelled out in Theorems 2.19, 2.20 and 2.21.

A generation of ray class fields is also treated in [Hay79, §9.], we will
make use of the results therein in the next chapter.
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Chapter 3

Torsion Bounds For CM Drinfeld
Modules

Let r ≥ 1 be an integer and q = ps a power of an odd prime p (to avoid
technical complications that may arise in characteristic 2) where s > 0 is
an integer. Let F be a global function field with full constant field Fq, ∞ a
prime of F and A the ring of elements of F regular away from ∞. F is a
finite extension of Fq(T) and we denote by dF := [F : Fq(T)] its degree over
Fq(T). We denote by F∞ the completion of F with respect to the normalized
valuation v∞ associated to ∞. As usual C∞ will denote the completion of
F∞ with respect to the unique extension of v∞ to F∞.

If a ∈ A and v∞(a) ≥ 0 then a has no poles by definition of A. Therefore
a is algebraic over Fq (see for example [Sti09] Corollary 1.1.20 ) and then
a ∈ Fq since Fq is the full constant field. We then have v∞(a) < 0 for all
a ∈ A \Fq. We define the following parameter:

DA := inf{−v∞(a), a ∈ A \Fq and v∞(a) < 0}.

DA is well defined and depends only on A.

In this chapter, we assume that all the Drinfeld modules we work with
are of generic characteristic and equipped with the A-field ι : A −→ C∞
with ι(a) = a for all a ∈ A.

Our original goal was to prove the following conjecture:

Conjecture 5. For a fixed A, there exists a constant CA,r > 0 depending only on A
(through DA, dF, d∞ and q) and r such that for any field extension L of degree d over
F and all Drinfeld A-module with complex multiplication (CM) ϕ : A −→ L{τ}
defined over L and of rank r:

#ϕ(L)tors ≤ CA,r d log log d.

34
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However, we are only able to establish a weaker version and a particular
case.

Although The constant C ultimately depends on DA, dF, d∞, q and r, it is
absolute in the sense that it depends neither on the field L nor on ϕ.

Let us start by fixing a degree d field extension L/F and a CM Drinfeld
A-module ϕ : A −→ L{τ} of rank r defined over L. Recall that our aim
is to prove Conjecture 5 with a positive constant C which eventually will
be independent of ϕ and L. Our strategy consists roughly of reducing the
problem to rank one Drinfeld module (in the sense of Hayes theory [Hay79])
with maximal endomorphism ring and using a version of Mertens’ theorem
for algebraic curves to prove a uniform lower bound on the analogue of
Euler’s totient function for function fields.

3.1 Reduction to rank one
In this section we will extend ϕ to an End(ϕ)-Drinfeld module ψ of rank 1
and show that our problem can be reduced to that case. Although End(ϕ) is
not a Drinfeld ring, a good theory of this generalization has been developed
by Hayes [Hay79].

The endomorphism ring of ϕ over F, O := End(ϕ) = { f ∈ F{τ}, f ϕa =
ϕa f ∀a ∈ A} is a commutative A-algebra of rank r and is by definition
CentF{τ}(ϕ(A)). Thus O is an order in a degree r extension of F (which is
purely imaginary, look at Theorem 4.7.17 in [Gos98]), say K ' End(ϕ)⊗A F,
via the derivation map D : End(ϕ) −→ K that sends an element f ∈ End(ϕ)
to the coefficient of τ0 in f . The ring A being commutative, we have ϕ(A) ⊆
O and, as ϕ is an embedding, this allows us to extend ϕ to a Drinfeld O-
module (in the sense of Hayes) ψ : O −→ F{τ} such that ψa = ϕa ∀a ∈ A.
As an O-module ψ has rank 1 =

r
[K : F]

.

Since our interest lies in bounding the size of the L-rational torsion sub-
module of ϕ, we need to compare #ϕ(L)tors and #ψ(L)tors to make sure
that the reduction works. Actually, the L-rational torsion submodule is pre-
served.

Proposition 3.1. If ϕ and ψ are as above then: ϕ(L)tors = ψ(L)tors.

Proof. Since ψ is an extension of ϕ, it is clear that ϕ(L)tors ⊆ ψ(L)tors. Con-
versely, if x ∈ ψ(L)tors then x ∈ Ker( f ) for some f ∈ O . If f̃ is a dual of f as
an isogeny from ϕ to ϕ, then from Proposition 1.12, there exists a ∈ A such
that f̃ f = ϕa. Taking into account Remark 1.4, we have ϕa(x) = f̃ f (x) =
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f̃ ( f (x)) = f̃ (0) = 0, which means x ∈ Ker ϕa ⊆ ϕtors. Hence, x ∈ ϕ(L)tors
and the result follows.

In view of our main goal, Proposition 3.1 allows us to reduce to proving
Conjecture 5 for Drinfeld modules of rank one ψ : O → F{τ} where O is
an order in a degree r extension K/F. If a uniform bound occurs for such ψ
then it also occurs for our original Drinfeld module.

The next step is to reduce to the case where O = OK is the maximal
order of K. This allows more flexibility since OK is a Dedekind domain. In
particular we get a nice structure theorem for torsion submodules.

3.2 Field of definition
In this section we want to identify fields of definition of ψ : OK → F{τ},
namely the smallest field extension that contains the coefficients of ψa for
a ∈ OK and the smallest field of definition of ψ.
Remark 3.2. To avoid confusions it is essential to make the following dis-
tinction between terminologies. When we say φ is defined over a subfield
k ⊆ C∞ we mean that φa has coefficients in k for all a ∈ OK, in particular
k is a field of definition of φ. Being a field of definition is a much weaker
condition, k can be a field of definition for φ even if it does not contain the
coefficients of all the φa’s. In [Hay79] these terminologies have the same
meaning as in Definition 2.10 and φ : A −→ L{τ} is said to be a Drinfeld
module over L.

In the process of reducing ϕ : A −→ L{τ} to ψ : OK −→ F{τ}, the fact
that ϕ is defined over L is not preserved because we extended by the whole
endomorphism ring over F. However, we have the following result:

Proposition 3.3. The compositum LK is a field of definition of ψ and it contains
the coefficients of ψa for all a ∈ OK.

Proof. Let f =
n

∑
i=0

fiτ
i ∈ End(ϕ) and choose ϕa =

m

∑
i=0

aiτ
i ∈ L{τ} such that

a0 /∈ Fq where n, m > 0 . We have ϕa f = f ϕa and after explicit computa-
tions we find:

ϕa f =
m

∑
i=0

(
n

∑
j=0

ai f qi

j τi+j

)
=

m+n

∑
k=0

(
k

∑
l=0

al f ql

k−l

)
τk

and

f ϕa =
n

∑
i=0

(
m

∑
j=0

fia
qi

j τi+j

)
=

m+n

∑
k=0

(
k

∑
l=0

fla
ql

k−l

)
τk
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with the convention al = 0 for l > n and fl = 0 for l > m. We deduce that
for 1 ≤ k ≤ m:

k

∑
l=0

al f ql

k−l =
k

∑
l=0

fla
ql

k−l

and then:

fk(a0 − aqk

0 ) =
k−1

∑
l=0

fla
ql

k−l −
k

∑
l=1

al f ql

k−l.

Recall that we have a map D :
n

∑
i=0

ciτ
i ∈ End(ϕ) 7−→ c0 ∈ K that injects

End(ϕ) into K, thus f0 ∈ K. Now, since ϕ has generic characteristic, a0 −
aqk

0 6= 0 so that fk is a rational function of f0, · · · , fk−1, a0, · · · , ak for all k =
1, · · · , m. Therefore the ai’s ∈ L. We then have fk ∈ LK by induction.

A field of definition of a Drinfeld module is clearly not unique and is
defined up to isomorphism according to Definition 2.10. The following the-
orem asserts the existence of a smallest field of definition, i.e. one that is
contained in any other field of definition.

Theorem 3.4 ([Hay79] section 8). There exists a smallest field of definition HOK /K
for ψ : OK −→ LK{τ} which is a finite Galois extension with Galois group
Gal(HOK /K) ' Pic(OK). Furthermore HOK is the Hilbert class field associated
to OK by class field theory.

Recall that HOK is the maximal unramified abelian extension of K over
which ∞ splits completely. Essentially, the theorem says that each Drinfeld
OK-module of rank one is isomorphic over C∞ to one for which the coeffi-
cients of the images are in HOK .

3.3 Ray class field containment
From now on we fix the following notations:

• If M is an R-module, the annihilator of an R-submodule N ⊆ M is
defined as:

Ann(N) := {s ∈ R : s.n = 0 ∀n ∈ N}.

• For a field K and a non-zero ideal a ⊆ OK, K(a) denotes the a-ray class
field of K associated to a.

• |a|K := #OK/a denotes the norm of a. If the context is clear and no
confusion is likely to arise we drop the index and simply write |a|.
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• The set of primes of K will be denoted PK.

• ΦOK(a) := # (OK/a)∗ = |a|∏ p|a
p prime

(
1− 1
|p|

)
denotes the analogue

of the Euler totient function for K.

• As usual if R is a Dedekind domain, hR is its class number.

Let [L : F] = d, ϕ : A → L{τ} be an OK-CM Drinfeld module of rank
r defined over L/F and ψ the resulting rank one Drinfeld OK-module as
in section 3.2. As pointed out previously, we are interested in the set of L-
rational torsion points ψ(L)tors. However, since ψ is defined over the larger
field extension LK/L, ψ(L)tors is not an OK-submodule of F. For this reason
we need to look at the larger set of LK-rational torsion points ψ(LK)tors.
Essentially the LK-rational torsions come from a non-zero ideal aLK ⊆ OK
since ψ is a rank one Drinfeld OK-module. The ray class field K(aLK) of K
associated to aLK plays a crucial role, we want to prove a containment result
about it which will allow us to deduce an inequality fundamental for the
rest of this work.

Theorem 3.5. Let ϕ be an OK-CM Drinfeld module of rank r defined over L and
ψ : OK → LK{τ} the corresponding rank one Drinfeld module. As an OK-module
ψ(LK)tors = ψ[aLK] ' OK/aLK for some non-zero ideal aLK ⊆ OK.

Proof. Since the ring OK is Dedekind and ψ(LK)tors is a torsion OK-module,
Theorem 1.29 implies that ψ(LK)tors can be written uniquely as

ψ(LK)tors ' OK/a1 ⊕ · · · ⊕OK/am,

where a1 ⊆ · · · ⊆ am is a chain of non zero proper ideals of OK. Therefore,
as ψ has rank one and ψ[am] ⊆ · · · ⊆ ψ[a1] ⊆ ψ(LK)tors, we have m = 1 so
that ψ(LK)tors ' OK/a1. It suffices to take aLK = a1.

Our next goal is to bound the degree d = [L : F] from below by a con-
stant (depending only on q and r) multiple of hOK ΦOK(aLK). To do so we

compute the degree [K(aLK) : K], which is equal to
hOK ΦOK(aLK)

(q− 1)
, and show

that K(aLK) is contained in an extension of LK that is not too big. This can be
done by using a Drinfeld OK-module of rank one defined over HOK . How-
ever, our Drinfeld module ψ : OK → LK{τ} is not defined over HOK in
general but it is isomorphic to one such Drinfeld module by Theorem 3.4.
We will see that we can pass to an isomorphic module.

The following ray class field containment result is essentially the main
part of our argument.
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Theorem 3.6. Let ϕ : OK → HOK{τ} be a rank one Drinfeld module defined over
HOK and a ⊆ OK be a non-zero ideal. Then K(a) ⊆ HOK(ϕ[a]).

Proof. We give a sketch of the proof, for all the details we refer to [Hay79].
Since ϕ is of generic characteristic, ϕa(x) is separable and then HOK(ϕ[a])/HOK
is a Galois extension. Denote by Ga the Galois group Gal(HOK(ϕ[a])/HOK).
Now, since ϕ is defined over HOK we have a Galois action

Ψa : Ga → AutOK(ϕ[a]) (3.3.1)

with AutOK(ϕ[a]) = AutOK(ϕa) ' (OK/a)∗ which is easily seen to be injec-
tive (the Galois action permutes the roots of ϕa). The map Ψ is actually an
isomorphism (Theorem 9.2 of [Hay79]) and the a-ray class field K(a) is the
fixed field of the inverse image of F∗q by the above action (Theorem 9.7 of
[Hay79]).

An analogue of Theorem 3.6 holds for elliptic curves with complex mul-
tiplication by the maximal order of an imaginary quadratic number field.
See for instance [Sil94] Theorem 5.6.

Lemma 3.7. Let K be a function field over Fq. Then [HOK : K] = hOK .

Proof. This is a standard result. See for instance [Ros87] Theorem 1.3.

Lemma 3.8. Let K/F be a purely imaginary extension with ring of integers OK

and a ⊆ OK a non-zero ideal. Then [K(a) : K] =
hOK ΦOK(a)

q− 1
.

Proof. Let ϕ : OK → HOK{τ} be a rank one Drinfeld OK-module defined
over HOK . By Theorem 3.6, K(a) ⊆ HOK(ϕ(a)) so that

[K(a) : K] =
[HOK(ϕ[a]) : K]

[HOK(ϕ[a]) : K(a)]
.

We have [HOK(ϕ[a]) : K] = [HOK(ϕ[a]) : HOK ][HOK : K]. Since the Galois
action Ψa (3.3.1) is an isomorphism

[HOK(ϕ[a]) : HOK ] = #(OK/a)∗ = ΦOK(a).

With Lemma 3.7 this gives us [HOK(ϕ[a]) : K] = hOK ΦOK(a). Now Theorem
9.7 of [Hay79] says that K(a) is the fixed field of Ψ−1

a (F∗q), which implies
Gal(HOK(ϕ[a])/K(a)) ' F∗q and therefore [HOK(ϕ[a]) : K(a)] = q− 1.
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Lemma 3.9. Let L/F be a degree d extension, ϕ : A → L{τ} be a rank r OK-
CM Drinfeld A-module and ψ : OK → LK{τ} the rank one Drinfeld OK-module
obtained from ϕ as in section 3.1. Then there exists a Drinfeld OK module ψ′

defined over HOK and an isomorphism c : ψ → ψ′ ∈ F such that [LK(c) : LK] ≤
qrDAd∞ − 1.

Proof. From Theorem 3.4, there exists a Drinfeld OK-module ψ′ defined over
HOK such that ψ ' ψ′ over C∞ (actually over F since ψ and ψ′ are both
defined over LK ⊇ HOK ). Therefore, there exists c 6= 0 ∈ F such that cψa =
ψ′ac for all a ∈ OK. Consider an element b ∈ A such that −v∞(b) = DA, that
is to say deg(b) = d∞DA.Then the twisted polynomials ψb and ψ′b are of
degree rd∞DA in τ since ψ is an extension of ϕ which has rank r. Therefore
ψb(x) and ψ′b(x) ∈ LK[x] are Fq-linear polynomials of degree qrd∞DA . Set t =
rd∞DA. Now let ψb(x) = α0x + α1xq + · · ·+ αtxqt

and ψ′b(x) = β0x + β1xq +

· · ·+ βtxqt
where αi, βi ∈ LK with αt, βt 6= 0. From the equality cψb = ψ′bc

we deduce that cα0x + cα1xq + · · ·+ cαtxqt
= cβ0x + cqβ1xq + · · ·+ cqt

βtxqt

which implies cαt = cqt
βt. As c 6= 0, it satisfies the polynomial equation

αt − βtxqt−1 = 0. Therefore [LK(c) : LK] ≤ qt − 1.

Lemma 3.10. Let ϕ and ψ : A → L{τ} be two isomorphic Drinfeld modules
defined over L and c : ϕ→ ψ an isomorphism. Then ϕ(L)tors = c−1ψ(L)tors.

Proof. By definition, cϕa = ψac for all a ∈ A. Let x ∈ ϕ(L)tors, for some
a ∈ A we have ϕa(x) = 0 so that ψa(cx) = 0. Therefore cx ∈ ψ(L)tors
and ϕ(L)tors ⊆ c−1ψ(L)tors. Conversely, if y ∈ ψ(L)tors then (cϕac−1)(y) =
ψa(y) = 0 for some a ∈ A. Hence, cϕa(c−1y) = 0 and then c−1y ∈ ϕ(L)tors.
Therefore y ∈ cϕ(L)tors and then ψ(L)tors ⊆ cϕ(L)tors, which implies that
c−1ψ(L)tors ⊆ ϕ(L)tors.

Theorem 3.11. Let L/F be a degree d extension, ϕ : A → L{τ} a rank r OK-
CM Drinfeld module, ψ : OK → LK{τ} its extension to a rank one Drinfeld
OK-module and ψ(LK)tors = ψ[aLK] ' OK/aLK. Then

d ≥
hOK ΦOK(a)

r(q− 1)(qrd∞DA − 1)
.

Proof. We deduce from Lemma 3.9and Lemma 3.10 that there exists a Drin-
feld OK-module ψ′ defined over HOK and an isomorphism c : ψ → ψ′ such
that [LK(c) : LK] ≤ qrd∞DA − 1 and ψ′(LK)tors = cψ(LK)tors. Theorem
3.6 implies that K(aLK) ⊆ HOK(ψ

′(LK)tors) = HOK(cψ(LK)tors). Now, since
HOK ⊆ LK (LK is a field of definition and HOK is the smallest field of defini-
tion) and ψ(LK)tors ⊆ LK, we have HOK(ψ

′(LK)tors) ⊆ LK(c). We then have
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the following towers of fields with the corresponding degrees:

LK(c)

HOK(cψ(LK)tors)

LK

≤qrd∞DA−1

K(aLK)
q−1

HOK

ΦOK
(aLK)

q−1

L

d

K
hOK

F
r

Consequently, with Lemma 3.8 we get:

dr(qrd∞DA − 1) ≥ [LK(c) : F] ≥ [K(aLK) : K] =
hOK ΦOK(aLK)

q− 1

Therefore

d ≥
hOK ΦOK(a)

r(q− 1)(qrd∞DA − 1)
.

3.4 Uniform lower bound for the Euler function
We first introduce a version of Mertens theorem for algebraic curves, this
will allow us to give a uniform lower bound for ΦOK(a).

3.4.1 Generalized Mertens theorem

Phillipe Lebacque proved a generalised version of the celebrated Mertens
theorem for smooth absolutely irreducible projective algebraic varieties de-
fined over Fq, [Leb07, Theorem 7.]. We are only interested in the particular
case of smooth geometrically irreducible projective algebraic curves. Let C
be such a curve of genus g and let |C | be the set of its closed points (which is
in a one-to-one correspondence with the set of primes of the function field
Fq(C ) of C . For n ≥ 1 an integer, define the following quantity:

Φqn := {p ∈ |C |/ deg(p) = n}.
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We also consider the arithmetic zeta function of C defined as

ζC (s) = ∏
p∈|C |

(
1

1− |p|−s

)
,

where |p| = qdeg(p) is the degree of the residue field at p over Fq.

Theorem 3.12 (Mertens theorem for curves, [Leb07, Theorem 7.]). For any
smooth geometrically irreducible projective algebraic curve C |Fq , one has, as N →
+∞:

N

∑
n=1

Φqn log
(

qn

qn − 1

)
= log N + γ + log (χC log q) +O

(
1
N

)
+ bO

(
q−

N
2

N

)

where γ ' 0.5772156649 is the Euler-Mascheroni constant, b = max(1, g) and
χC = Ress=1 ζC (s). Furthermore, the constants in the O are effective and do not
depend on the curve C .

For later use we want to compute the quantity χC using the zeta func-
tion. The following theorem establishes the rationality of the zeta function
of an algebraic curve over a finite field and the functional equation that it
satisfies.

Theorem 3.13. Let C be a smooth geometrically irreducible projective algebraic
curve over Fq of genus g. Let t = q−s and write ζC (s) = Z(C , t). Then there is a
polynomial PC (t) ∈ Z[t] of degree 2g such that

Z(C , t) =
PC (t)

(1− t)(1− qt)

for all s ∈ R(s) > 1, the rational function provides an analytic continuation to
the whole complex plane. Z(C , t) has simple poles at s = 0 and s = 1. One
has PC (0) = 1 and PC (1) = hFq(C ). Furthermore, PC (t) satisfies the functional
equation PC (t) = qgt2gPC (

1
qt ) for all s.

Proof. One can consult [Ros02] Theorem 5.9 for a proof. The way the the-
orem is stated in [Ros02] does not refer to algebraic curves but rather the
associated function fields.

With the Riemann hypothesis, Theorem 3.13 is a particular case for curves
of the celebrated Weil conjectures. As a corollary we can now easily com-
pute χC .
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Corollary 3.14. Let hFq(C ) be the class number of the function field of C , then

χC =
hFq(C )

qg(1− q−1) log q
.

Proof. Since Z(C , t) = Z(C , q−s) has a simple pole at s = 1 we can compute
the corresponding residue as follows:

χC = Ress=1 Z(C , q−s)

= lim
s→1

(s− 1)Z(C , q−s)

= lim
s→1

(s− 1)
PC (q−s)

(1− q−s)(1− q−s)

= lim
s→1

(s− 1)
PC

(
1

q1−s

)
qgq−2gs

(1− q−s)(1− q−s)
using the functional equation of Theorem 3.13

=
hFq(C )

qg(1− q−1)
lim
s→1

s− 1
1− q1−s

Now, since 1
1−q1−s has a simple pole at s = 1,

lim
s→1

s− 1
1− q1−s = Ress=1

1
1− q1−s

=
1

d
ds

(1− q1−s)|s=1

=
1

log q
.

The second equality above holds because 1− q1−s is holomorphic.

Next, we need to compute an upper bound of the product ∏
|p|≤qN

(
1− 1
|p|

)−1

in terms of NhFq(C ) up to an absolute constant multiple (which eventually
depends on q) when N is large enough. This can be deduced from Theorem
3.12.

To proceed we introduce some auxilliary series, see section 4.2 of [Leb07].

For any sequence (vn)n∈N such that the series ∑
n∈N

vntn has strictly posi-

tive radius of convergence ρ, put:

ψm,v(t) =
+∞

∑
n=1

vmntmn.
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We have an explicit formula :

Theorem 3.15. For t < q−1ρ we have:

∞

∑
n=1

nΦqn ψn,v(t) = ψ1,v(t) + ψ1,v(qt)−
g

∑
i=1

ψ1,v(q
1
2 ωit) (3.4.1)

where the ωi’s are algebraic numbers of modulus 1.

Proof. See [LT97].

For a fixed N ∈N consider the following sequence:

vn(N) =


1
n

if n ≤ N

0 otherwise.

Appying the explicit formula 3.4.1 with t = q−1, we obtain

S0(N) = S1(N) + S2(N) + S3(N)

where, with a little computation:

S0(N) =
N

∑
n=1

 1
nqn ∑

m|n
mΦqm


S1(N) =

N

∑
n=1

1
n

S2(N) =
N

∑
n=1

1
nqn

S3(N) = −
g

∑
i=1

N

∑
n=1

1
n
(q−

1
2 ωi)

n.

The following four lemmas relate the quantities S0(N), S1(N), S2(N) and
S3(N) to Theorem 3.12. These are actually the main ingredients of its proof
for which we refer to [Leb07] section 4.2. We state the lemmas only for di-
mension 1 (i.e. for curves).

Lemma 3.16.

0 ≤
N

∑
n=1

Φqn log
(

qn

qn − 1

)
− S0(N) ≤ 8

Nq
N
2
+

12g

Nq
3N
4
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Lemma 3.17.

0 ≤ log
(

q
q− 1

)
− S2(N) =

+∞

∑
n=N+1

1
nqn ≤

1
qN(N + 1)(q− 1)

Lemma 3.18.
1

N(N + 1)
≤ S1(N)− log N − γ ≤ 1

N

Lemma 3.19.∣∣∣∣S3(N)− log (χC log q) + log
(

q
q− 1

)∣∣∣∣ ≤ b

(q
1
2 − 1)(N + 1)(q

N
2 − 1)

We are now ready to prove the following theorem:

Theorem 3.20. Let C be a smooth geometrically irreducible projective algebraic
curve over Fq. Then for N ≥ 6 we have the following inequality:

∏
|p|≤qN

(
1− 1
|p|

)−1

≤ e4N hFq(C )

where the product runs over the primes of Fq(C ).

Proof. Recall that Φqn is the number of primes of degree n in Fq and that
|p| ≤ qN is equivalent to deg(p) ≤ n. Then we have:

∏
|p|≤qN

(
1− 1
|p|

)−1

=
N

∏
n=1

(
1− 1

qn

)−Φqn

=
N

∏
n=1

(
qn

qn − 1

)Φqn

.

Taking logarithms of both sides gives us

log

 ∏
|p|≤qN

(
1− 1
|p|

)−1
 =

N

∑
n=1

Φqn log
(

qn

qn − 1

)
.

It suffices now to bound the right hand side of the above equality which we
recognize as the left hand side of the equality in Theorem 3.12.

Lemma 3.16, Lemma 3.18 and Lemma 3.19 together yield:
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N

∑
n=1

Φqn log
(

qn

qn − 1

)
− S0(N) + S1(N) + S3(N) + log

(
q

q− 1

)
≤ 8

Nq
N
2
+

12g

Nq
3N
4
+

1
N

+ log N + γ + log (χC log q)

+
b

(q
1
2 − 1)(N + 1)(q

N
2 − 1)

. (3.4.2)

Now Lemma 3.17 tells us that S2(N)− log
(

q
q− 1

)
≤ 0 and adding this

quantity to the left hand side of the inequality (3.4.2), taking into account
the fact that −S0(N) + S1(N) + S2(N) + S3(N) = 0, we establish that:

N

∑
n=1

Φqn log
(

qn

qn − 1

)
≤ 8

Nq
N
2
+

12g

Nq
3N
4
+

1
N

+ log N + γ + log (χC log q)

+
b

(q
1
2 − 1)(N + 1)(q

N
2 − 1)

. (3.4.3)

From Lemma 3.14,

log (χC log q) = log

(
hFq(C )

qg(1− 1
q )

)

and then the inequality (3.4.3) becomes, after rearranging:

N

∑
n=1

Φqn log
(

qn

qn − 1

)
≤ log(NhFq(C )) + γ− log

(
1− 1

q

)
+

1
N

+
8

Nq
N
2
+

12g

Nq
3N
4

+
b

(q
1
2 − 1)(N + 1)(q

N
2 − 1)

− g log q. (3.4.4)

Since
1
N
≤ 1, q

1
2 − 1 ≥ 0.414 ≥ 4

10
, q

N
2 ≤ q

3N
4 and− log

(
1− 1

q

)
≤ log 2

for q ≥ 2, we have
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N

∑
n=1

Φqn log
(

qn

qn − 1

)
≤ log(NhFq(C )) + γ + log 2 + 1

+
(8 + 12g)

Nq
N
2

+
10b

4(N + 1)(q
N
2 − 1)

− g log q. (3.4.5)

If the genus g = 0 then b = 1 and then for N ≥ 1,

N

∑
n=1

Φqn log
(

qn

qn − 1

)
≤ log(NhFq(C )) + γ + log 2 + 1

+
8

Nq
N
2
+

10

4(N + 1)(q
N
2 − 1)

≤ log(NhFq(C )) + γ + log 2 + 2

≤ log(NhFq(C )) + 4 (3.4.6)

keeping in mind that log 2 ≤ 0.7.

Assume now that the genus g ≥ 1, then b = g. In view of the inequality
(3.4.5) it is sufficient to find a value Nq,g such that for N ≥ Nq,g,

(8 + 12g)

Nq
N
2

+
10g

4(N + 1)(q
N
2 − 1)

− g log q ≤ 0

and since g ≥ 0, 8+ 12g ≤ 20g it suffices to find Nq,g sucht that for N ≥ Nq,g,

20

Nq
N
2
+

10

4(N + 1)(q
N
2 − 1)

− log q ≤ 0.

At this stage one can see that we may choose an integer Nq,g that doesn’t
actually depend on g.

For N ≥ 6 and q ≥ 2 we have Nq
N
2 ≤ (N + 1)(q

N
2 − 1), which implies

20

Nq
N
2
+

10

4(N + 1)(q
N
2 − 1)

≤ 20

Nq
N
2
+

10

4Nq
N
2
=

90
4

Nq
N
2

.

It now remains to find an Nq,g such that for N ≥ Nq,g

90
4

Nq
N
2
− log q ≤ 0 (3.4.7)
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and this is equivalent to

Nq
N
2 log q− 22.5 ≥ 0.

Lastly since q ≥ 2, we can reduce the problem to finding Nq,g such that for
N ≥ Nq,g,

N2
N
2 log 2− 22.5 ≥ 0.

It is clear that Nq,g can be chosen to be independent from q as well.

One can easily check that it suffices to take Nq,g = 6.

Therefore, for N ≥ 6, inequality (3.4.5) implies:

N

∑
n=1

Φqn log
(

qn

qn − 1

)
≤ log(NhFq(C )) + γ + log 2 + 1

≤ log(NhFq(C )) + 3. (3.4.8)

Combined with the inequality (3.4.6), this gives the result.

3.4.2 Prime number theorem for polynomials

In this subsection we make a brief digression to Fq[T]. It is necessary to
do so since we want a lower bound on the Euler function with a constant
multiple that does not depend on the CM-field of ϕ. This is explained in
Remark 3.25 at the end of this subsection.

Let π(x) be the number of primes less than or equal to x for any real
number x. The prime number theorem gives an asymptotic formula for
π(x), namely π(x) v

x
log x

. Consequently, if pn is the n-th prime number

then pn v
n

log n
as n → ∞. The analogue of the prime number theorem for

Fq[T] gives an asymptotic formula for the number of primes of degree n.
Recall that the the finite primes of Fq[T] are in one-to-one correspondence
with the monic irreducible polynomials, the notion of degree then coincides
with the usual degree of a polynomial.

Theorem 3.21 (Prime number theorem for polynomials). Let an := #{P ∈
Fq[T]/P is prime and deg(P) = n} for n ∈N. Then we have:

an =
qn

n
+O(

q
n
2

n
).
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The proof of Theorem 3.21 is simple compared to that of its classical
counterpart. We give a complete proof for the sake of completeness. Most
of the material in this subsection can be found in chapter 2 of [Ros02].

The zeta function associated to Fq[T] is:

ζFq[T](s) := ∑
f∈Fq[T]
f monic

1
| f |s

where | f | = #(Fq[T]/ f Fq[T]) = qdeg( f ) and s a complex number with
R(s) > 1 (we will see shortly that the zeta function is well defined for these
values of s). In the polynomial case the zeta function has a particularly
simple form. We easily see that there are exactly qd monic polymomials of
degree d in Fq[T], so by taking the limit when d→ ∞ of the partial summa-
tion

∑
deg( f )≤d

f monic

1
| f |s = 1 + q1−s + (q1−s)2 + · · ·+ (q1−s)d

which converges for R(s) > 1, we get:

ζFq[T](s) =
1

1− q1−s . (3.4.9)

This rational fraction extends ζFq[T](s) meromorphically to the whole
complex plane with a unique pole at s = 1 which is simple. Now, since each
polynomial in Fq[T] decomposes uniquely into a product of irreducibles,
we can write ζFq[T](s) as an Euler product for R(s) > 1,

ζFq[T](s) = ∏
P irreducible

P monic

(
1− 1
|P|s

)−1

. (3.4.10)

We next recall the Möbius function defined for n ∈N as:

µ(n) :=


1 if n = 1
0 if n is not square− free
(−1)t if n is a product of t distinct primes.

It is well known that µ is a multiplicative function and most importantly we
have the following inversion formula.
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Proposition 3.22 (Möbius inversion formula). Let f and g be two arithmetical
functions satisfying

∑
d|n

f (d) = g(n),

then
f (n) = ∑

d|n
µ
(n

d

)
g(d).

We can now proceed to prove the prime number theorem.

Proof of Theorem 3.21. Since there are exactly ad monic irreducibles of degree
d, equations (3.4.9) and (3.4.10) gives

1
1− qu

=
∞

∏
d=1

(
1− 1

ud

)−ad

for R(s) > 1 and u = q−s. Now we take the logarithmic derivatives with
respect to u to get

q
1− qu

=
∞

∑
d=1

dadud−1

1− ud .

Multiplying by u on both sides and expanding into power series (which can
be done since |qu|, |u| < 1 whenever R(s) > 1) gives

∞

∑
n=1

(qu)n =
∞

∑
d=1

dad

(
∞

∑
n=1

udn

)
=

∞

∑
n=1

∑
d|n

dad

 un.

Hence qn = ∑
d|n

dad for all n ≥ 1. Therefore, by Proposition 3.22 we get a

formula for an:

an =
1
n ∑

d|n
µ(d)q

n
d .

We are now going to bound
∣∣∣∣an −

qn

n

∣∣∣∣ using the above formula. Write n =

t

∏
i=1

pαi
i where the pi’s are t distinct primes and let m = max{n

d
, d ≥ 2, d|n}.

We have ∣∣∣∣an −
qn

n

∣∣∣∣ =
∣∣∣∣∣∣ 1n ∑

d|n,d>1
µ(d)q

n
d

∣∣∣∣∣∣
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≤ 1
n ∑

d|n,d>1
|µ(d)|q n

d

≤qm

n
+

1
n ∑

d|n,d> n
m

|µ(d)|q n
d

≤q
n
2

n
+

1
n ∑

d|n,d> n
m

|µ(d)|q n
d .

Each term in the summation
1
n ∑

d|n,d> n
m

|µ(d)|q n
d is less than or equal to

q
n
3

n

and there are exactly 2t − 2 non-zero summands by definition of µ. Since

2t − 2 ≤ n, we get
1
n ∑

d|n,d> n
m

|µ(d)|q n
d ≤ q

n
3 . Therefore

∣∣∣∣an −
qn

n

∣∣∣∣ ≤q
n
2

n
+ q

n
3

=
q

n
2

n

(
1 +

n
q

n
6

)

≤q
n
2

n

(
1 +

n
3

n
6

)
which completes our proof since 1 +

n
3

n
6

is clearly bounded above.

The last inequality in the proof of Theorem 3.21 gives the following
lower bound on an

Proposition 3.23. Let q ≥ 3 and n ≥ 4, then we have the inequality:

an ≥
qn

9n
.

Proof. From the inequality
∣∣∣∣an −

qn

n

∣∣∣∣ ≤ q
n
2

n
+ q

n
3 = q

n
2

(
1
n
+

1
q

n
6

)
, we can

easily see that
∣∣∣∣an −

qn

n

∣∣∣∣ ≤ 2q
n
2 . Therefore, since q ≥ 3

an ≥
qn

n
− 2q

n
2 =

qn

n

(
1− 2n

q
n
2

)
≥ qn

n

(
1− 2n

3
n
2

)
.

Now, for n ≥ 4 the term
(

1− 2n
3

n
2

)
is positive and increasing in n. This

implies that it is bounded below by
1
9

which completes the proof.
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The main purpose of this subsection is to establish the following inequal-
ity which we will use subsequently when bounding the Euler totient func-
tion in the next subsection.

Corollary 3.24. Let q ≥ 3 and N ≥ 4 . Then there exists a constant C > 0
depending only on q, namely C = q8, such that:

∏
|P|≤C log N

|P| ≥ N

where the product runs through the finite primes of Fq[T].

Proof. Let C > 0 be an arbitrary positive constant for now. Later on we will
choose an appropriate value of C. Recall that |P| = qdeg P. Taking the base q
logarithm of ∏

|P|≤C log N
|P| gives

logq

 ∏
|P|≤C log N

|P|

 = ∑
|P|≤C log N

logq(|P|)

= ∑
|P|≤C log N

deg P

= ∑
deg P≤logq(C log N)

deg P

≥ ∑
1
2 logq(C log N)≤deg P≤logq(C log N)

deg P

= ∑
m≤deg P≤M

deg(P)

≥m

(
∑

m≤deg P≤M
1

)
(3.4.11)

where m =
⌈

1
2 logq(C log N)

⌉
= 1

2 logq(C log N)+ cm and M =
⌊

logq(C log N)
⌋
=

logq(C log N) + cM for some constants 0 ≤ cm < 1 and −1 < cM ≤ 0.

We now bound the sum

(
∑

m≤deg P≤M
1

)
from below using Proposition 3.23.

However, for us to be able to use Proposition 3.23 we need to make sure that
m ≥ 4 by choosing C large enough. This amounts to choosing C in such a

way that N ≥ e
q8
C . Since N ≥ 4, it is enough to take C = q8. Therefore, the

following holds

∑
m≤deg P≤M

1 =
M

∑
k=m

ak =
M−m

∑
j=0

aj+m ≥
1
9

M−m

∑
j=0

qj+m

j + m
=

qm

9m

M−m

∑
j=0

qj

1 +
j

m

 .
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As 1 ≤ 1 +
j

m
≤ 1 +

M−m
m

=
M
m
≤ 2 we deduce that

∑
m≤deg P≤M

1 ≥ qm

18m

(
M−m

∑
j=0

qj

)
=

qm

18m

(
qM−m+1 − 1

q− 1

)
.

Therefore, together with (3.4.11), we have the following inequalities

logq

 ∏
|P|≤C log N

|P|

 ≥qm

18

(
qM−m+1 − 1

q− 1

)

≥ qm

18q

(
qM−m+1 − 1

)
≥ qm

18q

(
qM−m+1 − 1

)
≥ qm

18q

(
qM−m

)
=

qM

18q

=
1

18q
(C log N)qCM

≥ 1
18q2 (C log N) since

1
q
< qcM ≤ 1

=
q8 log q

18q2 logq N since C = q8

≥ logq N.

Hence, it suffices to take the qth power of both sides.

Remark 3.25. The prime number theorem can be generalized to arbitrary
function fields, not just the rational function field Fq(T), and Corollary 3.24
still holds. However, we need to descend to Fq(T) otherwise the eventual
constant C of Conjecture 5 will depend on the genus of the CM-field of our
fixed Drinfeld module ϕ which weakens the uniformity of our result.

3.4.3 Uniform bound for ΦOK(a)

To prove our main theorem we need a uniform lower bound for ΦOK(a) as
a function of |a|, log log |a| and hK.

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 3. TORSION BOUNDS FOR CM DRINFELD MODULES 54

Lemma 3.26. Let K/F be a finite extension with ring of integers OK and N ≥ 1

an integer. If a is an integral ideal of OK such that ∏
|p|≤N

|p| ≥ |a| then
ΦOK(a)

|a| ≥

∏
|p|≤N

(
1− 1
|p|

)
where the products run through the primes of K.

Proof. Let Pa = {p1, · · · , pn} be the set of distinct primes dividing a and
PN = {q1, · · · , qm} be the set of distinct primes p such that |p| ≤ N. There
are less distinct primes dividing a than distinct primes of norm less than N,
i.e. n ≤ m, because |p1 · · · pn| = |p1| · · · |pn| ≤ |a| ≤ ∏

|p|≤N
|p|. Indeed, if that

is not the case, the product on the left would exceed ∏
|p|≤N

|p|. For x ≥ 1,

0 ≤ 1− 1
x
≤ 1 and its an increasing function of x. Therefore,

∏
p∈Pa\PN

(
1− 1
|p|

)
≥ ∏

p∈PN\Pa

(
1− 1
|p|

)
because the product on the left hand side has less terms and each of its term
is larger than any of the terms of the product on the right hand side. We
conclude as follows

ΦOK(a)

|a| = ∏
p|a

(
1− 1
|p|

)
= ∏

p∈Pa

(
1− 1
|p|

)
= ∏

p∈Pa∩PN

(
1− 1
|p|

)
∏

p∈Pa\PN

(
1− 1
|p|

)
≥ ∏

p∈Pa∩PN

(
1− 1
|p|

)
∏

p∈PN\Pa

(
1− 1
|p|

)
= ∏

p∈PN

(
1− 1
|p|

)
= ∏
|p|≤N

(
1− 1
|p|

)
.

Lemma 3.27. Let N > 0 be a positive integer and K/F a degree r extension. We
have:

∏
|p|K≤N

|p|K ≥ ∏
|P|F≤N

1
r

|P|F

where the product on the left hand side runs through the primes of K and the one
on the right hand side through the primes of F.
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Proof. Recall that if p is a prime of K lying above the prime P of F then |p|K =

|P| fpF where 1 ≤ fp ≤ r is the inertial degree of p so that |P|F ≤ |p|K ≤ |P|rF.
Therefore, if |P|F ≤ N

1
r then |p|K ≤ N. To conclude, its enough to notice

that if P and Q are two distinct primes of F and if p (resp. q) lies above P
(resp. Q) then p 6= q.

We can now bound ΦOK(a) from below as follows.

Theorem 3.28. Let r ≥ 1, q ≥ 3 where q is a power of a prime. Let F be a global
function field over Fq of degree dF = [F : Fq(T)]. Then for any extension K/F of
degree r and all non-zero ideals a ⊆ OK such that |a|K ≥ 4 , we have:

ΦOK(a) ≥
1

18e4rdF

|a|K
hK log log |a|K

.

Proof. Let K/F be a degree r extension of F and a ⊆ OK a non-zero ideal.
Now, for |a|K ≥ 4, Corollary 3.24 tells us that

∏
|P|Fq [T]≤C log |a|K

|P|Fq[T] ≥ |a|K

where the product runs through the primes of Fq[T] and C = q8.

On the other hand Lemma 3.27 implies

∏
|p|K≤(C log |a|K)rdF

|p|K ≥ ∏
|P|Fq [T]≤C log |a|K

|P|Fq[T] ≥ |a|K.

Therefore, by Lemma 3.26 we have:

ΦOK(a)

|a|K
≥ ∏
|p|K≤(C log |a|K)rdF

(
1− 1
|p|K

)
.

From Theorem 3.20 we get

∏
|p|K≤(C log |a|K)rdF

(
1− 1
|p|K

)
≥ 1

e4hK logq(C log |a|K)rdF

=
log q
e4rdF

1
hK log(C log |a|K)

. (3.4.12)

Now, for |a|K ≥ 3 and C = q8 we have

log(C log |a|K) =
(

1 +
8 log q

log log |aK|

)
log log |aK|
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≤
(

1 +
8 log q

log log 3

)
log log |aK|

≤ 18 log q.

Therefore, for |a|K ≥ 3 and equation (3.4.12)

ΦOK(a)

|a|K
≥ 1

18e4rdF

1
hK log log |a|K

and the result follows.

3.5 Proof of the main result and the case r=1
In this last section we deduce a weaker version of Conjecture 5. Recall that
F is a global function field over Fq such that [F : Fq(T)] = dF and that we
fixed a prime at infinity ∞ of degree d∞. The following lemma is a particular
case of [Bre10] Lemma 2.5, we compute explicitly the constants here.

Lemma 3.29. Suppose d, h ≥ 3 are integers. If d ≥ C
h

log log h
for some constant

C > 0 then there exists C′ > 0 depending on C such that h ≤ C′ d log log d.

Proof. For h ≥ 3 one can easily check that h
1
2 ≥ log log h. Therefore d ≥

C
h

h
1
2
= Ch

1
2 . We consider the following cases:

Case 1: C ≥ 1.
If C ≥ 1 then d ≥ h

1
2 and we get:

log log h ≤ log log d + log 2

=

(
1 +

log 2
log log d

)
log log d

≤
(

1 +
log 2

log log 3

)
log log d since d ≥ 3

≤ 9 log log d.

Hence, if d ≥ C
h

log log h
then h ≤ 9

C
d log log d.

Case 2: C < 1.

If C < 1 then
1
C

> 1 so that log
d
C
≤ 1

C
log d for all d ≥ 3. Furthermore,

since d ≥ Ch
1
2 we have:

log log h ≤ log log
d
C
+ log 2
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≤ log
(

1
C

log d
)
+ log 2

= log log d + log
2
C

=

1 +
log

2
C

log log d

 log log d

≤

1 +
log

2
C

log log 3

 log log d.

Therefore, d ≥ C
h

log log h
implies h ≤

 log log 3 + log
2
C

C log log 3

 d log log d.

Now it suffices to take

C′ =


9
C

if C ≥ 1 log log 3 + log
2
C

C log log 3

 if C < 1.

Lemma 3.30. Let K be a global function field over Fq, ∞′ a fixed prime of K and A
the ring of elements of K regular away from ∞′. Then hA = hK deg ∞′ where d∞′

is the degree of ∞′ over Fq.

Proof. This is Corollary 4.1.3. in [Gos98]. Essentially, one can show that the
following sequence is exact

0→ D0
K/PK

π−→ Pic(A)
deg−−→ Z/d∞′Z→ 0

where D0
K is the group of divisors of K of degree 0, PK the group of principal

divisors of K and Pic(A) the Picard group of A as a Dedekind domain. The
map π sends an element D to the fractional ideal associated to the non-
infinite (i.e excluding the term with ∞′) part of D. One can directly conclude
since |D0

K/PK| =: hK and |Pic(A)| =: hA.

We can now prove our main theorem.
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Theorem 3.31. Let r ≥ 1 and q ≥ 3 be integers where q is a power of a prime.
There exists an absolute constant C > 0 (depending only on r, DA, dF, d∞ and
q) such that, for any extension L/F of degree d ≥ 3 and any Drinfeld A-module
ϕ : A → L{τ} defined over L of rank r with complex multiplication by a degree r
purely imaginary extension K/F satisfying End(ϕ) = OK:

#ϕ(L)tors ≤ Cd log log d.

Proof. Let [L : F] = d and ϕ : A → L{τ} be an OK-CM Drinfeld A-
module of rank r. Let ψ : OK → LK{τ} be its rank one extension to OK.
By Proposition 3.1 it is enough to bound #ψ(L)tors. We proceed by first
bounding #ψ(LK)tors, this is enough in view of Lemma 3.29 and the fact
that [LK : K] is uniformly bounded in terms of A and r. According to The-
orem 3.5, there exists a non-zero ideal a ⊆ OK such that ψ(LK)tors ' OK/a,
i.e. #ψ(LK)tors = |a|. From Theorem 3.11 we have

d ≥
hOK ΦOK(a)

r(q− 1)(qrd∞DA − 1)

which implies

|a| ≤ r(q− 1)(qrd∞DA − 1)d
hOK

|a|
ΦOK(a)

.

If #ψ(LK)tors = |a| < 4 then #ϕ(L)tors < 4 and the theorem is true for
d ≥ 3.

Otherwise, if |a| ≥ 4, we can use Theorem 3.28 to get

|a| ≤ 18e4dFr2(q− 1)(qrd∞DA − 1)
hK

hOK

d log log |a|.

Since K is a purely imaginary extension of F there is exactly one prime ∞′ of

K, of degree ∞′, above ∞. Furthermore, from Lemma 3.30 we have
hK

hOK

=

d∞′ ≤ rd∞ . Hence,
|a| ≤ C0d log log |a|,

where C0 = 18e4dFd∞r3(q− 1)(qrd∞DA − 1).

Now, since d ≥ 1
C0

|a|
log log |a| and clearly

1
C0

< 1 we can deduce from

Lemma 3.29:

#ϕ(L)tors = #ψ(L)tors ≤ #ψ(LK)tors = |a| ≤ Cd log log d

with C = C0

(
1 +

log(2C0)

log log 3

)
.
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Remark 3.32. 1. The constant C is not optimal and can be slightly im-
proved at the cost of having a more complicated looking constant.

2. The parameter DA can actually be replaced by gF + 1 where gF is the
genus of F because DA ≤ gF + 1.

Let us look closely at Remark 3.32 part(2). We first recall the Rieman-
Roch Theorem, the notion of gap number of a prime and the Weierstrass Gap
Theorem. A good reference is [Sti09] chapter 1. Let A ∈ DF be a divisor of F,
the Riemann-Roch space associated to A is the Fq-vector space

L (A) := {x ∈ F|(x) ≥ −A} ∪ {0}

where (x) := ∑
P∈PF

vP(x)P is the principal divisor associated to x ∈ F. The

dimension of L (A) is denoted `(A).

Theorem 3.33 (Riemann-Roch Theorem, [Sti09] Theorem1.5.15). Let W be a
canonical divisor of F. Then for each divisor A of F,

`(A) = deg A + 1− gF + `(W − A).

We do not need to know what a canonical divisor is but just the fact that
`(W − A) ≥ 0.

For x ∈ F, (x)∞ is the pole divisor of x.

Definition 3.34. Let P ∈ PF. An integer n ≥ 0 is called a pole number of P if
there exists x ∈ F such that (x)∞ = nP. Otherwise n is called a gap number of
P.

The number n is a pole number if there is an element x ∈ F which has
exactly one pole, this pole being of order n at P.

Theorem 3.35 (Weierstrass Gap Theorem, [Sti09] Theorem 1.6.8). Suppose
that F has genus gF and that P is a prime of degree one. Then there are exactly gF
gap numbers i1 < · · · < igF where i1 = 1 and igF ≤ 2gF − 1.

We prove the claim in Remark 3.32 part(2).

Proposition 3.36. Let F be a function field with full constant field Fq. Let ∞ be a
prime of F of degree d∞ and A the ring of elements of F regular away from ∞. Then

DA = inf{−v∞(a), a ∈ A \Fq and v∞(a) < 0} ≤ gF + 1.

Stellenbosch University https://scholar.sun.ac.za



CHAPTER 3. TORSION BOUNDS FOR CM DRINFELD MODULES 60

Proof. Notice that if n ≥ 0 is a pole number of ∞ then there exists x ∈ F
with (x)∞ = n∞, which means that x is regular away from ∞ so that x ∈ A.
Therefore DA is the smallest pole number of ∞. If d∞ = 1 then, by the
Weierstrass Gap Theorem (Theorem 3.35), there are exactly gF gap numbers
between 1 and 2gF − 1. Hence the smallest pole number is less than gF + 1,
i.e. DA ≤ gF + 1. If d∞ > 1, then by the Riemann-Roch (Theorem 3.33) we
have `(gF∞) ≥ gFd∞ + 1− gF > 1. This tells us that there exists an element
a ∈ A \Fq such that (a)∞ ≥ −gF∞, that is DA ≤ gF.

We now turn to the special case r = 1. Our method yields a uniform
boundedness for Drinfeld A-modules of rank one and we recover Theorem
8 of [Poo97] with an explicit constant. Let L/F be a degree d ≥ 3 exten-
sion and ϕ : A → L{τ} a Drinfeld A-module of rank one and of generic
characteristic. The notion of complex multiplication becomes trivial in this
case and any such module has CM with End(ϕ) = A. Indeed, End(ϕ) is an
order in F and it contains the maximal order A.

Theorem 3.37 ([Poo97] Theorem 8.). Let F be a global function field over Fq of
genus gF and A the ring of elements of F regular away from a fixed prime ∞ of
degree d∞. There exists a constant C > 0 depending only on q, dF, gF and d∞ such
that for any extension L/F of degree d and any Drinfeld A-module ϕ of rank one
defined over L:

#ϕ(L)tors ≤ Cd log log d.

Proof. We essentially follow through the proof of Theorem 3.31 and adjust
with all the simplifications. Let [L : F] = d and ϕ : A → L{τ} be a rank
one Drinfeld A-module. There exists a non-zero ideal a ⊆ A such that
ϕ(L)tors ' A/a. Since r = 1, Theorem 3.11 implies

d ≥ hAΦA(a)

(q− 1)(qd∞DA − 1)

so that

|a| ≤ (q− 1)(qd∞DA − 1)d
|a|

hAΦA(a)
.

If #ϕ(L)tors = |a| < 4 then the theorem is true for d ≥ 3. Now for |a| ≥ 4,
we have by Theorem 3.28

|a| ≤ 18e4dF(q− 1)(qd∞DA − 1)
hF

hA
d log log |a|,

and since
hF

hA
≤ d∞ we get

|a| ≤ 18e4dFd∞(q− 1)(qd∞DA − 1)d log log |a|.
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Finally Lemma 3.29 allows to conclude

#ϕ(L)tors ≤ Cd log log d.

From Proposition 3.36 we can choose C = C′
(

1 +
log(2C′)
log log 3

)
with C′ =

18e4dFd∞(q− 1)(qd∞(gF+1) − 1).

Remark 3.38. In the rank one case, since the CM-field is F itself, we do not
need to descend to Fq(T) as in section 3.4.2 since we can allow our constant
to depend on F. We can directly use the prime number theorem for general
function fields to make the necessary estimations.

We can easily deduce the following corollary with an integer constant.

Corollary 3.39. Let F be the rational function field Fq[T] and ∞ be the prime

associated to the
1
T

-adic absolute value. Then, for any extension L/F of degree d
and any Drinfeld Fq[T]-module ϕ of rank one defined over L:

#ϕ(L)tors ≤ 23330916(q− 1)3d log log d.

Proof. We have d∞ = dF = 1 and gF = 0. We get the constant by bounding

C′
(

1 +
log(2C′)
log log 3

)
from above where C′ = 18e4(q− 1)2.

3.6 Uniform torsion bound for CM Drinfeld
Fq[T]-modules of rank 2

Throughout this section, unless explicitely stated, we restrict to the case r =
2, F = Fq(T) and A = Fq[T]. The place at infinity corresponds to the 1

T -adic
absolute value and we denote by F∞ the completion of Fq(T) at this place.
We fix an algebraic closure Fq[T] ⊆ C∞. We prove Conjecture 5 for rank 2
Drinfeld Fq[T]-modules with complex multiplication. The main idea is to
prove an analogue of the Isogeny Torsion Theorem for CM-elliptic curves
to reduce to the case of maximal order and combine with Theorem 3.31.

Let E be an O-CM elliptic curve defined over a number field L, where
O is the order of conductor f in an imaginary quadratic field K, and f′ be a
positive integer dividing f. Then, according to [BP16, Proposition 2.2], there
exists an O ′-CM elliptic curve Ef′ , where O ′ is the order of conductor f′ in K,
and an L-rational cyclic isogeny ιf′ : E→ Ef′ of degree f

f′ .
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Theorem 3.40 (Isogeny Torsion Theorem, [BC18] Theorem 1.7). Let O be an
order in an imaginary quadratic number field K, of conductor f and let f′ be a
positive integer dividing f. Let L ⊃ K be a number field, and let E|L be an O-CM
elliptic curve. Let ιf′ : E → Ef′ be the L-rational isogeny to an elliptic curve Ef′

with CM by the order in K of conductor f′. Then we have

#E(L)tors|#Ef′(L)tors.

We can see in particular that #E(L)tors ≤ #Ef′(L)tors. The analogous
result for CM Drinfeld Fq[T]-modules of rank 2 yields a uniform torsion
bound and together with Theorem 3.31, by choosing f′ = 1, is enough to
prove the corresponding case of Conjecture 5.

3.6.1 Orders and endomorphism rings

Most of the materials in this subsection can be found in [Bre02]. One can
also consult [Sti09], [Ros02] or [Sal06] for basic properties of global function
fields.

As the endomorphism ring of a rank 2 CM Drinfeld Fq[T]-module, say
ϕ, is an order in a purely imaginary quadratic function field (the CM-field
of ϕ), we recall some basic facts about those kind of orders. Let K/Fq(T)
be a purely imaginary quadratic function field. Since we assumed that q
is odd, 1 6= −1 in Fq(T) and K contains two distinct 2nd roots of unity.
Then it is a Kummer extension and can be written as K = Fq(T)(

√
d) for

some non square d ∈ F. In this case, the integral closure of Fq[T] in K is
OK := Fq[T][

√
d′], where d′ is the square-free part of d, and it coincides

with the ring of integers of K, see for instance [Ros87]. For f ∈ Fq[T] the
subrings of OK of the form Fq[T] + f OK are orders of K but they are not the
only subgroups of finite index, for instance the rings of the form Fpm + f OK,
1 ≤ m ≤ s, are of finite index1. However, we will see that these are the only
ones that arise as endomorphism rings of Drinfeld Fq[T]-modules of rank 2
over C∞. The conductor of O = Fq[T] + f OK in OK is the ideal f OK ⊆ O
by definition but we will make an abuse of language and call f also the
conductor of the order O in OK.

Let ϕ be a CM Drinfeld Fq[T]-module of rank 2 over C∞. By the analytic
uniformization theorem, there exists a rank 2 Fq[T]-lattice Λ such that ϕ '
C∞/Λ := ϕΛ. In this case

O := End(ϕ) ' End(Λ) = {x ∈ C∞/xΛ ⊆ Λ}.
1This is in contrast with the imaginary quadratic number fields case. The only subrings

of finite index of an imaginary quadratic number field K are the subrings of the form Z +
f OK, f ∈ Z.
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Since Fq[T] is a PID, we can write Λ = z1Fq[T] + z2Fq[T] =< z1, z2 > where
{z1, z2} is a basis of Λ as an F∞-subspace of C∞. We may scale Λ by a non-
zero factor to get Λ ' Λz =< z, 1 > where z /∈ F∞. This determines z
uniquely. Because ϕ has CM we have Fq[T] ( End(ϕ). Let x ∈ End(ϕ) \
Fq[T] (x /∈ F∞ automatically), then x = az + b and xz = cz + e for some a 6=
0, b, c, e ∈ Fq[T]. Therefore z satisfies a quadratic equation az2 + b′z + c′ = 0
with b′, c′ ∈ Fq[T]. Denote by Dz = b′2 − 4ac′ the discriminant of z, it is also
uniquely determined. Since z /∈ F∞, we get

√
Dz /∈ F∞. As in the number

field case, the field K = Fq(T)(z) = Fq(T)(
√

Dz) is an imaginary quadratic
extension of Fq(T), it is the CM field of ϕ. In this case D := Dz is called the
discriminant of O . The discriminant of K is simply the discriminant of OK.
Furthermore,

O = End(Λ) = Fq[T][
√

D]

is an order in K and we see that the endomorphism rings of rank 2 CM
Drinfeld Fq[T]-modules are of the form Fq[T] + f OK, f ∈ Fq[T], where f 2 is
the square part of D.

3.6.2 A canonical isogeny

The content and results in the current subsection, except for Lemma 3.41
and Lemma 3.46, have been communicated privately to the author by Pete
Clark as part of a joint work of his with Paul Pollack. These constitute an
important part of the arguments in the subsequent proof of the Isogeny Tor-
sion Theorem.

It is now understood that in order to prove a uniform bound we need to
reduce to the case of maximal endomorphism ring. This can be achieved by
means of a canonical isogeny to an appropriate Drinfeld module having its
endomorphism ring being the maximal order in its CM field. Our first at-
tempt towards that goal, which will subsequently be substituted by a much
better result, is the following

Lemma 3.41. Let ϕ|L be an O-CM Drinfeld A-module defined over L with CM-
field K such that K ⊆ L. Then there exists an OK-CM Drinfeld A-module ϕ′

defined over L and a canonical L-rational isogeny ι′ : ϕ→ ϕ′.

Proof. Let C be the conductor of O in OK. We know that ϕ can be seen as an
O-module, say ϕ̃ : O → LK{τ} = L{τ}, defined over LK and hence over L
since we assume that K ⊆ L. Now, choose ϕ′ = (C ∗ ϕ̃)|A and ι′ = ϕ̃C. By
the definition of the operation ∗ it is clear that ϕ′ is defined over L and ι′ is
an L-rational isogeny from ϕ to ϕ′. It remains to show that End(ϕ′) ' OK.
Let α ∈ OK and 0 6= c ∈ C. Recall that C = {x ∈ O |xOK ⊆ O}. Thus cα ∈ O
and gives rise to an endomorphism of ϕ that we still denote by cα. We have
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an inclusion of Fq-vector spaces Ker(ϕ̃Cc) = ϕ[cC] ⊆ Ker(ϕ̃Ccα) = ϕ[cαC].
We can complete the one to get the other. Thus, there exists a morphism α̃ :
ϕ′ → ϕ′ such that ϕ̃Ccα = α̃ϕ̃Cc, i.e. the following diagram is commutative

ϕ

c
��

cα // ϕ

ϕ̃C

��

ϕ

ϕ̃C
��

ϕ′
α̃

// ϕ′

.

This shows that each element α of OK corresponds to a morphism α̃ ∈
End(ϕ′) and it is clear that this correspondence is one-to-one. Hence End(ϕ′) '
OK.

This proof of Lemma 3.41 is essentially the same as the proof of [Gos98,
Proposition 4.7.19.] using the ∗ operation as suggested in the remark there-
after.

The next step is to extend the isogeny ι′ : ϕ → ϕ′ to C∞ by analytic
uniformization and with an appropriate embedding of L into C∞ so that it
becomes the quotient map C∞/O → C∞/OK.

Let L/F be a finite extension. In the remainder of this subsection we
will provide a much better version of Lemma 3.41, courtesy of Pete Clark
and Paul Pollack, which not only is true for general orders O ′ ⊇ O (not
necessarily OK) but also gives, in some sense, the best possible ϕ′.

Let O be an order in K, OK the maximal order and C(O) the conductor
of O . We denote by HO the ring class field2 of O associated to the order O by
class field theory. The following theorem summarizes the main properties
of HO .

Theorem 3.42. The extension HO/K is a finite abelian extension in which ∞ splits
completely and each finite prime p of K dividing C(O) ramifies. Furthermore, there
is a canonical isomorphism Gal(HO/K) ' Pic(O).

Proof. See [Hay79, §8] Proposition 8.4, Theorems 8.8 and 8.10.

For a rank 1 Drinfeld O-module ϕ we will always assume, in this sub-
section, that End(ϕ) = O . This assumption is satisfied when we reduce

2In [Hay79], Hayes calls it the "Hilbert class field" which is usually understood to be
the ring class field of the maximal order.
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to rank one as is section 3.1 so there is no loss in making it. In this case
ϕ 'C∞ C∞/Λ for some lattice Λ which is proper as a fractional O-ideal, i.e.

End(ϕ) = (Λ : Λ) = {x ∈ K|xΛ ⊆ Λ} = O

For an invertible integral ideal a in O we have

ϕ[a] = (C∞/Λ)[a] = a−1Λ/Λ = Ker(C∞/Λ→ C∞/a−1Λ).

This tells us that under analytic uniformization the isogeny ϕ → ϕ/ϕ[a] =
a ∗ ϕ becomes C∞/Λ→ C∞/a−1Λ.

Definition 3.43. A Drinfeld O-module ϕ is said to be invertible if it has rank
one and is isomorphic over C∞ to a Drinfeld O-module uniformized by a lattice
which is an invertible fractional O-ideal.

Theorem 3.44. Let O be an order in OK and let ϕL be an invertible Drinfeld O-
module.

(i) If ϕ|L is a rank 1 Drinfeld O-module, then L ⊇ HO . Furthermore, HO is the
smallest field of definition for ϕ.

(ii) Let a ⊆ O be an ideal that is prime to C(O). Then aOK is a product of prime
ideals that are unramified in the abelian extension HO/K, so the Artin map
gives an element σaOK ∈ Gal(HO/K). Then we have

σaOK(ϕ) = a ∗ ϕ = ϕ/ϕ[a].

Proof. See [Hay79, §8]. In particular, Theorem 8.5 treats the case (ii) for
prime ideals but this can be extended by class field theory to a.

Corollary 3.45. Let O be an order in OK. If ϕ|L is an invertible Drinfeld O-module
then there is an embedding i : L ↪→ C∞ such that

i(ϕ) 'C∞ C∞/O .

Proof. Every invertible fractional O-ideal is isomorphic to an integral O-
ideal a in Pic(O) that is prime to C(O). Therefore, ϕ 'C∞ C∞/a, so σaOK(ϕ) =
ϕ/ϕ[a] ' C∞/aa−1 = C∞/O .

Lemma 3.46. An isogeny between two Drinfeld modules of generic characteristic
is separable.

Proof. See [Pin12, Proposition 6.41 (c)].
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Theorem 3.47. Let O ⊆ O ′ ⊆ OK be orders in K, let L/K be a finite field
extension, and let ϕ|L be an invertible Drinfeld O-module. Then there is an in-
vertible Drinfeld O ′-module ϕ′|L and an L-rational isogeny of Drinfeld O-modules
f : ϕ → ϕ′ that is universal for isogenies from ϕ to an invertible Drinfeld O ′-
module: if ψ|C∞ is an invertible Drinfeld O ′-module and fψ : ϕ→ ψ is an isogeny
of Drinfeld O-modules, then there is a unique isogeny g : ϕ′ → ψ of Drinfeld
O-modules such that fψ = g ◦ f .

Proof. Since ϕ is invertible, there is an invertible O-ideal Λ such that ϕ '
C∞/Λ over C∞. Let ψ be an invertible Drinfeld O ′-module and fψ : ϕ → ψ
an isogeny of Drinfeld O-modules. There exists an invertible O ′-ideal a
such that over C∞ we have ψ ' C∞/a. Me may assume that Λ ⊆ a because
over C∞ the isogeny fψ corresponds to multiplication by some c ∈ C∞ \ {0}
such that cΛ ⊆ a by analytic uniformization, thus Λ ⊆ c−1a and we may
replace ψ by the isomorphic module C∞/c−1a. It follows that a ⊇ ΛO ′. Put
ϕ′ := C∞/ΛO ′ and f : ϕ → ϕ′ defined over C∞ by the canonical surjection
C∞/Λ → C∞/ΛO ′. The Drinfeld O ′-module ϕ′ is defined over L since
L ⊇ K. Now, ΛO ′ is the image of Λ by the canonical map Pic(O)→ Pic(O ′)
so it is an invertible O ′-ideal. Hence, ΛO ′ is proper and End(ϕ′) = O ′ so
that ϕ′ is an invertible Drinfeld O ′-module. The isogeny fψ factors through
f as in the following commutative diagram

C∞/Λ ' ϕ

fψ ''

f
// ϕ′ ' C∞/ΛO ′

∃ ! gvv

ψ ' C∞/a

i.e. fψ = g ◦ f for a unique isogeny g : ϕ′ → ψ, where over C∞, fψ :
C∞/Λ → C∞/a and g : C∞/ΛO ′ → C∞/a correspond to multiplication by
some cψ ∈ C∞ \ {0} (cψΛO ′ ⊆ a since cψΛ ⊆ a). This constructs ϕ′ and
f over C∞ and verifies the universal property. It remains to show that f is
L-rational. By Lemma 3.46, since ϕ|L and ϕ′|L have generic characteristic,
f ∈ Lsep{τ}. Let H f := Ker f be the geometric kernel of f , it is a subgroup
scheme of Ga defined over Lsep. Let σ ∈ Gal(Lsep/L) and define fσ :=

n

∑
i=0

σ( fi)τ
i if f = ∑n

i=0 fiτ
i. Since ϕ and ϕ′ are L-rational, fσ : ϕ→ ϕ′ defines

an isogeny. By the universal property we have the following commutative
diagram

ϕ

fσ ��

f
// ϕ′

∃ ! g��

ϕ′
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i.e. fσ = g ◦ f for some isogeny g. By comparing degrees we have that
g ∈ Lsep \ {0}. Thus, σ(H f ) = H f i.e. H f is Gal(Lsep/L)-invariant. This
implies that H f is defined over L, i.e. f is L-rational.

Remark 3.48. Theorem 3.47 is an analogue of [BC19, §2.6], the proof of which
is modelled from materials therein, on CM elliptic curves which proves that
if E|L is a CM elliptic curve defined over a number field L such that End E =

O is an order in a quadratic imaginary field K, then for any order O ′ with
O ⊆ O ′ ⊆ K there is an L-rational isogeny f : E→ E′ with End E′ = O ′ that
is universal for isogenies from an O-CM elliptic curve to an O ′-CM elliptic
curve. However, Theorem 3.47 is slightly weaker for higher rank (> 2).
First of all, it only works for Drinfeld A-modules ϕ which are invertible
when considered as rank one Drinfeld End ϕ-modules. Second, the complex
multiplication of ϕ is assumed to be L-rational, i.e. End ϕ = EndL ϕ.

Assuming that the complex multiplication is L-rational is enough for our
purpose.

3.6.3 Isogeny Torsion Theorem for Drinfeld modules

We want to formulate and prove an analogue of Theorem 3.40 for CM Drin-
feld Fq[T]-modules of rank 2. In view of our main goal, this will allow us
to reduce to the case of a Drinfeld module with endomorphism ring being
the maximal order of its CM field so that we can get rid of the hypothesis
End(ϕ) = OK in Theorem 3.31. Uniform bound will follow from this as in
Conjecture 5.

Let L/Fq(T) be a finite extension and ϕ|L : Fq[T] → L{τ} be a Drin-
feld Fq[T]-module of rank 2 defined over L with CM by an order O in the
quadratic function field K ⊇ Fq(T). We furthermore assume that L ⊇ K,
this assumption will allow us to make explicit computations with the Galois
representations associated to ϕ which works for the rank 2 Drinfeld Fq[T]-
module case. In general, in higher rank the computations become more
complicated and it hints for the need of a more conceptual (non-explicit)
proof. For a non zero element g ∈ Fq[T], we consider the mod g Galois repre-
sentation associated to ϕ

ρg : gL −→ Aut(ϕ[g]) ' GL2(Fq[T]/gFq[T])

where gL := Gal(Lsep/L) acts naturally on ϕ[g] and the isomorphism on the
right hand side depends on the choice of a basis of ϕ[g] ' (Fq[T]/gFq[T])2

as an Fq[T]-module, but our results do not depend on such a choice. Now,
since O is a quadratic order, it is Gorenstein by Theorem 1.44 (ii) so that
ϕ[g] ' O/gO as an O-module; one can see this by reducing ϕ at a well cho-
sen prime of L for which the endomorphism ring and the g-torsions don’t
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change and use [GP20, Theorem 4.9 and discussion after the proof of Theo-
rem 4.6]. Since ϕ has O-CM and L ⊇ K, the action of O on ϕ[g] commutes
with that of gL and the Galois representation takes values in (O/gO)∗

ρg : gL −→ AutO(ϕ[g]) ' GL1(O/gO) ' (O/gO)∗.

Now, we will embedd O in the matrix group M2(Fq[T]) of 2× 2 matrices
with coefficients in Fq[T] to make explicit computations. We have a natural
embedding K ↪→ EndF(K) by sending an element α to the multiplication by
α map. Choosing a basis of K over F we have EndF(K) ' M2(F) and an
integral element of K over F lands in M2(Fq[T]). Let DK be the discriminant
of K and f the conductor of O as in section 3.6.1, i.e. O = Fq[T][ f

√
DK].

Then {1, f
√

DK} is an Fq[T]-basis of O and an element a + b f
√

DK ∈ O ,
a, b ∈ Fq[T], corresponds to the matrix[

a b f 2DK
b a

]
.

Before proving the Isogeny Torsion Theorem we recall some structure theo-
rems about finitely generated Fq[T]-modules. Since Fq[T] is a PID, these the-
orems look very much like the ones for finitely generated abelian groups (or
Z-modules). We only state them for Fq[T] even if they can be formulated for
more general types of modules (at least modules over Dedekind domains).
Every finitely generated Fq[T]-module M is a direct sum M = Mtor ⊕ M′

where Mtor is its torsion submodule which is finite and M′ a finitely gen-
erated free Fq[T]-module. The rank of M is in this case the rank of M′

as a free module. We are interested in the structure of Mtor. Let P be
a monic irreducible element of Fq[T] i.e. a finite prime, the submodule
M[P∞] := {m ∈ M, Pnm = 0 for some n ≥ 1} is called the P-primary compo-
nent of M.

Theorem 3.49 (Primary decomposition). Let M be a finitely generated torsion
Fq[T]-module, i.e. M = Mtor. Then M[P∞] = {0} for almost all prime P and

M ' ⊕PM[P∞].

The P-primary component of M decomposes as follows.

Theorem 3.50. Let M be a finitely generated Fq[T]-module and P a prime of
Fq[T]. Then

M[P∞] ' ⊕k
i=1Fq[T]/(P)ni

where n1 ≤ · · · ≤ nk are positive integers. Furthermore, the sequence n1 ≤ · · · ≤
nk is uniquely determined by M.
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For all primes P of Fq[T], the prime powers (P)ni in the decomposition
of M as in Theorem 3.50 are called the elementary divisors of M.

If M is a finitely generated torsion Fq[T]-module and x 6= 0 ∈ M, then
Ann(x) = (g) for some monic polynomial g ∈ Fq[T] which is unique up to
multiplication by a unit, g is called the order of x. Similarly, Ann(M) = (g′)
for some monic polynomial g′ unique up to multiplication by a unit, g′ is
called the exponent of M. In the case of abelian groups, i.e. Z-modules,
these notions coincide with the order of an element and the exponent of an
abelian group respectively.

Lemma 3.51. Let A and F be as in our general setting, let K/F be a quadratic field
extension and let O be a quadratic A-order in K. Then every rank one Drinfeld
O-module ϕ such that End ϕ = O is invertible.

Proof. This is a consequence of Theorem 1.44. Such Drinfeld module is uni-
formized by a proper ideal Λ, and since the order is quadratic it is Goren-
stein. It follows that Λ is invertible.

Theorem 3.52 (Isogeny Torsion Theorem). Let O := Fq[T] + f OK be an order
in an imaginary quadratic function field K/Fq(T), where f ∈ Fq[T], L ⊇ K be a
global function field, ϕ|L be an O-CM Drinfeld Fq[T]-module of rank 2. Then there
exists an OK-CM Drinfeld Fq[T]-module ϕ′L defined over L such that

#ϕ(L)tors|#ϕ′(L)tors

or equivalently
#ϕ(L)tors ≤ #ϕ′(L)tors

since both cardinalities are powers of q.

Proof. By Lemma 3.51, ϕ is invertible as an O-module, and by Corollary
3.45 we can choose an embedding L ↪→ C∞ such that over C∞ we have
ϕ ' C∞/O . Moreover, since we are assuming that L ⊇ K, by Theorem 3.47
the narural map C∞/O → C∞/OK is the extension to C∞ of an L-rational
isogeny ι′ : ϕ → ϕ′ where ϕ′ is a Drinfeld Fq[T]- module of rank 2 defined
over L with End(ϕ′) = OK. The kernel of ι′C∞

is OK/O which is a cyclic
Fq[T]-module isomorphic to Fq[T]/ f Fq[T] and of order f . Let DK (respec-
tively D) be the discriminant of K (respectively O), i.e. D = f 2DK as one
can see from the discussion in subsection 3.6.1, where f is the conductor of
O . Let τK :=

√
DK so that OK = Fq[T][τK] and O = Fq[T][ f τK]. Identi-

fying ϕtors with C∞/O [tors], for a monic polynomial g ∈ Fq[T], we get an

Fq[T]/gFq[T]-basis of ϕ[g]: {e1 :=
1
g
+O , e2 :=

f τK

g
+O}. In a similar way
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we have an Fq[T]/gFq[T]-basis of ϕ′[g]: {e′1 :=
1
g
+ OK, e2 :=

τK

g
+ OK}.

Following the discussion at the beginning of this subsection, with respect to
the above basis, the image of the mod g Galois representation of ϕ consists
of matrices of the form[

a b f 2DK
b a

]
|a, b ∈ Fq[T]/gFq[T].

Now, according to Theorem 3.49, since ϕ(L)tors and ϕ′(L)tors are finite tor-
sion Fq[T]-modules (by the analogue of the Mordell-Weil theorem) it is enough
to show that ϕ(L)tors[P∞] divides ϕ′(L)tors[P∞] for all primes P ∈ Fq[T]. So
we fix a prime P ∈ Fq[T]. If P - f then ι′|ϕ(L)tors[P∞](Q) = 0 if and only if Q =

0, and if Q ∈ ϕ(L)tors[P∞] one can easily check that ι′(Q) ∈ ϕ′(L)tors[P∞]
since ι′ is L-rational. Hence ι′C∞

induces an injection

ϕ(L)tors[P∞] ↪→ ϕ′(L)tors[P∞]

and we are done. So we may assume that P| f i.e. ordP f ≥ 1 where f =
PordP f f ′ and gcd(P, f ′) = 1. By Theorem 3.50, we have

ϕ(L)tors[P∞] ' ⊕l
i=1Fq[T]/(P)ni for some l ≥ 1

with 1 ≤ n1 ≤ · · · ≤ nl uniquely determined. Put aL,P = Ann(ϕ(L)tors[P∞])
a non-zero ideal of Fq[T]. We have ϕ(L)tors[P∞] ⊆ ϕ[aL,P] ' (Fq[T]/aL,PFq[T])2

so that
ϕ(L)tors[P∞] ' Fq[T]/(P)m ⊕Fq[T]/(P)n

for some 0 ≤ m ≤ n. We may assume n ≥ 1. We then have ϕ(L)tors[P∞] ⊆
ϕ[Pn] and let {e1, e2} be the basis for ϕ[Pn] and {e′1, e′2} be the basis for ϕ′[Pn]
as above.

Put k = min(ordP f , n). Since ϕ(L)tors[P∞] ' Fq[T]/(P)m ⊕Fq[T]/(P)n,
there exists an element x ∈ ϕ(L) of order Pn, one can choose x to be a
generator of the cyclic submodule isomorphic to Fq[T]/(P)n of order Pn.
Then ϕPn(x) = 0 so that ι′(ϕPn(x)) = 0 = ϕ′Pn(ι′(x)). Hence x′ = ι′(x),
which is still an element of ϕ′(L) since ι′ is L-rational, has order Pd for some
d with n− k ≤ d ≤ n (recall that the kernel of ι′ is cyclic of order f ). The
idea is to show that ϕ′(L)tors[P∞] has full Pγ-torsion for some γ such that
γ + d ≥ m + n. In this case ϕ′(L)tors[P∞] would have size at least |P|γ+d

which is larger than |P|m+n = #ϕ(L)tors[P∞].

If d = n then clearly ϕ′(L)tors[Pn] has exponent Pn. In addition ϕ′(L)tors[Pn]

has full Pm-torsion because ι′(Pn−me1) = Pn−m(ι′(e1)) = Pn−me′1 =
1

Pm +

OK ∈ ϕ′(L) generates ϕ′(L)tors[Pm] as an OK-module. Therefore ϕ′(L)tors[Pm]

has size at least |P|m+n = q(m+n)deg P = #ϕ(L)tors[P∞] and we are done.
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So we may assume that d < n. Using the Galois representations de-
scribed above, we are going to show that if d > m then ϕ′(F)tors[P∞] has
full Pn-torsion and if d ≤ m then ϕ′(F)tors[P∞] has full Pm+n−d-torsion
which gives the result since we know that ϕ′(F)tors[P∞] has a point of or-
der Pd namely x′. We treat the two cases at once by considering δ :=
min(m + n− d, n).

Write x = αe1 + βe2 where α, β ∈ Fq[T]/(Pn) so we have

0 = Pdι′(x)

= ι′(Pdx)

= ι′(Pdαe1 + Pdβe2)

= ι′(Pdαe1 + Pdβe2)

= ι′(Pdαe1) + ι′(Pdβe2)

= Pdαe′1 + Pd f βe′2
= Pdαe′1

where the last equality holds since Pk| f and d + k ≥ n so that Pd f βe′2 =

Pd+kβ′e′2 = 0 mod Pn. This implies Pn−d|α since Pdα = 0 mod Pn, so we
can write α = Pn−dα′ for some α′. In addition, P - β since Pdx = Pdβe2 has
order Pn−d (otherwise it would have order strictly less than Pn−d).

We now consider the mod Pδ Galois representation associated to ϕL.
We know that the image of ρPδ consists of matrices in GL2(Fq[T]/PδFq[T])

of the form
[

a b f 2DK
b a

]
, a, b ∈ Fq[T]/PδFq[T]. Since ϕ(L)tors[P∞] has full

Pm-torsion, the Galois group gL leaves the elements of ϕ[Pm] fixed. Hence
a = 1 mod Pm and b = b f 2DK mod Pm so that a = 1 + PmFq[T], b = PmB
for some Fq[T], B ∈ Fq[T]/PδFq[T]. Also, since δ ≤ m + n − d ≤ m + k
and ordP(b f 2DK) ≥ m + 2k ≥ δ , we have b f 2DK = 0 mod Pδ. Thus the
mod Pδ Galois representation associated to ϕL has a restricted form

ρPδ(gL) ⊆
{[

1 + Pma 0
Pmb 1 + Pma

]
|a, b ∈ Fq[T]/PδFq[T]

}
.

Since the set {h1 = Pn−δe1, h2 = Pn−δe2} forms a Fq[T]/PδFq[T]-basis of
ϕ[Pδ] and Pn−δx = αh1 + βh2 = Pn−dα′h1 + βh2 is L-rational (therefore
fixed by the action of gL), the matrices in ρPδ(gL) satisfy[

1 + Pma 0
Pmb 1 + Pma

] [
Pn−dα′

β

]
=

[
Pn−dα′

β

]
which gives the congruence

Pm+n−dα′b + βPma = 0 mod Pδ.
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Since δ ≤ m + n− d and P - β, we deduce that Pδ−m|a. Therefore the image
of the mod Pδ Galois representation consists of matrices of the form[

1 0
Pmb 1

]
.

Let σ ∈ gL, we compute σ(ι′(Pn−δe1))

σ(ι′(Pn−δe1)) = ι′(σ(Pn−δe1)) since ι′ is L−rational

= ι′
([

1 0
Pmb 1

] [
Pn−δ

0

])
for some b ∈ Fq[T]/PδFq[T]

= ι′(Pn−δe1 + bPm+n−δe2)

= ι′(Pn−δe1) + bPm+n−δ f e′2
= ι′(Pn−δe1)

where the last equality holds because Pk| f so that ordP(BPm+n−δ f ) ≥ m +
n + k− δ ≥ n ≥ δ. Therefore ι′(Pn−δe1) ∈ ϕ′(L)tors[Pδ] is fixed by gL which
means that its L-rational. In addition, ι′(Pn−δe1) is of order Pδ and generates
ϕ′[Pδ] as an OK-module.

Therefore, if d < m i.e. δ = n, then we have

#ϕ(L)tors[P∞] = |P|m+n ≤ |P|2n = #ϕ′(L)tors[Pn] ≤ #ϕ′(L)tors[P∞]

and we are done. On the other hand if d ≥ m i.e. δ = m + n − d, as we
have just seen above ϕ′(L)tors[P∞] has full Pδ-torsion and a point of order
Pd namely x′ = ι′(x). Thus ϕ′(L)tors[P∞] has size at least |P|δ+d = |P|m+n =
#ϕ(L)tors[P∞] and we are done. We conclude that

#ϕ(L)tors|#ϕ′(L)tors.

The above proof of Theorem 3.52 is an analogue of Clark and Bourdon’s
proof of Theorem 3.40 for the case f′ = 1.

3.6.4 Uniform torsion bound for CM Drinfeld modules

As a consequence of combining the Isogeny Torsion Theorem 3.52 and The-
orem 3.31 we deduce that Conjecture 5 is true for A = Fq[T] and r = 2.

Theorem 3.53. Let q ≥ 3 be a power of an odd prime. There exists an absolute and
effective constant Cq > 0 such that for any extension L/Fq(T) of degree d ≥ 3
and any rank 2 Drinfeld Fq[T]-module with complex multiplication ϕ defined over
L

#ϕ(L)tors ≤ Cqd log log d.
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Proof. Let O := End(ϕ) and K be the CM field of ϕ. The Isogeny Torsion
Theorem guarantees the existence of a Drinfeld Fq[T]-module ϕ′ defined
over L such that End(ϕ′) = OK and #ϕ(L)tors ≤ #ϕ′(L)tors. Now, it is
enough to bound #ϕ′(LK)tors and proceed as in Theorem 3.31 and we are
done. One can choose

Cq = 144e4(q + 1)(q− 1)2
(

1 +
log(288e4(q + 1)(q− 1)2)

log log 3

)
as in Theorem 3.31.
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