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A geometrical model for testing bilateral symmetry of bamboo
leaf with a simplified Gielis equation
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Abstract
The size and shape of plant leaves change with growth, and an accurate description of
leaf shape is crucial for describing plant morphogenesis and development. Bilateral
symmetry, which has been widely observed but poorly examined, occurs in both dicot
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species), of which at least 500 are found in China. Although there are apparent differbamboo leaves have bilateral symmetry with parallel venation and appear similar
across species. Here, we investigate whether the shape of bamboo leaves can be accurately described by a simplified Gielis equation, which consists of only two parameters (leaf length and shape) and produces a perfect bilateral shape. To test the
applicability of this equation and the occurrence of bilateral symmetry, we first measured the leaf length of 42 bamboo species, examining >500 leaves per species. We
then scanned 30 leaves per species that had approximately the same length as the
median leaf length for that species. The leaf-shape data from scanned profiles were
fitted to the simplified Gielis equation. Results confirmed that the equation fits the
leaf-shape data extremely well, with the coefficients of determination being 0.995 on
average. We further demonstrated the bilateral symmetry of bamboo leaves, with a
clearly defined leaf-shape parameter of all 42 bamboo species investigated ranging
from 0.02 to 0.1. This results in a simple and reliable tool for precise determination of
bamboo species, with applications in forestry, ecology, and taxonomy.
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1 | INTRODUCTION

symmetry, and all plants are in some sense repetitions of basic phytomers (Clark & Fisher, 1987). Most plants, in particular monocots, have

In botany, forestry, and agriculture, understanding the development

a simple structure, a repetition of phytomers consisting of an internode

and morphogenesis of plants is of primary importance. To this end,

and a nodal zone. At each nodal zone, a bud and protective leaf struc-

many studies have focused on exploring potential rules of plant growth,

tures occur. This basic structure led to a great diversity of growth forms

reconstructing plant morphology, and capturing their morphogenetic

and to a variety of models from plant diversity (Bell & Bryan, 2008;

dynamics. Fundamental features of plants are self-similarity and

Dabadie, Reffye, & Dinouard, 1991; Doust, 2007; Halle, 1986).

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium,
provided the original work is properly cited.
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Various studies have focused on integrating the development

Vegetative leaves of bamboo, on the other hand, are relatively

of plants and plant organs and on simulating the dynamics of

simple, and their structure is stable throughout the whole sub-

crop morphological development based on L-systems (Fournier

family. The bamboos (Poaceae: Bambusoideae) consist of approxi-

& Andrieu, 1999; Lindenmayer, 1968a, 1968b; Prusinkiewicz,

mately 1,300 species of temperate, tropical woody bamboos and a

1999). For several important crops such as maize (Fournier &

tribe of herbaceous bamboos (Kelchner, 2013; Liese & Köhl, 2015;

Andrieu, 1999), barley (Buck-Sorlin & Bachmann, 2000), sor-

Wysocki, Clark, Attigala, Ruiz-Sanchez, & Duvall, 2015). Unlike

ghum (Kaitaniemi, Hanan, & Room, 2000), and rice (Ding, Zhang,

other grasses, bamboos are the only major lineage within the fam-

Zhang, Zhu, & Chen, 2011), architectural models have been linked

ily that have adapted to and diversified within the forest habitat

to physiology and to measured development and growth (Chen,

(Judziewicz & Clark, 2007; Judziewicz, Clark, Londono, & Stern,

Jiang, Zhu, Cao, & Chen, 2004; Liu, Tang, & Qi, 2002; Watanabe

1999; Liese & Köhl, 2015). The dry biomass of bamboo leaves

et al., 2005; Zhan, Wang, Reffye, & Hu, 2001). Alternatively, spe-

contributes 5%–10% of the whole plant biomass for most bamboo

cific models have been developed to address plant growth under

species. Bamboo leaves consist of two major parts, a sheath and a

optimal conditions that seek to reproduce the complex structure of

blade, with a characteristic ligule with oral setae and auricles as ap-

a crop’s shape. Plant growth and development is the result of the

pendages (Stapleton, 2012). Cauline leaves have a protective func-

timing and spatial organization of the development of organs from

tion in the development of young shoots and culms. The sheath in

a meristematic zone. In physiology, various studies have focused

these types of leaves is very stiff, and the blade is greatly reduced.

on timing and spatial aspects of gene expression, in relation to the

In contrast, foliage leaves have fully developed leaf blades and the

formation of organs. One example is the development of lateral

blades are connected to the sheath via a pseudo-petiole. This is

outgrowths of organs from apical meristems and the direct relation

a structure unique to all bamboo species and some large leaved

of this to the spatial distribution of auxin via auxin transporters

grasses. These foliage leaf blades are usually linear, lanceolate or

(Reinhardt, Mandel, & Kuhlemeier, 2000). However, gene action

oblong-lanceolate, with the tip long and acuminate, often sca-

or gene regulatory networks do not give a complete picture of this

brous and the side glabrous or softly hairy. The leaf blade is gen-

process. The development of such organs is dictated by mathe-

erally thinner than the culm sheath blade and often shows more

matical and physical laws, making it no surprise that Fibonacci and

marked dorsiventrality. The morphology and structure of leaves

Lucas series are found so frequently in phyllotaxy, both in the po-

vary among species and can be used for species identification

sitioning of leaves along the stem and in the arrangement of parts

(Stapleton, 2012).

in single and composite flowers (Jean, 2009). Phyllotactic patterns

A leaf-shape description based on Lamé curves has been used

have also been linked to physical phenomena optimizing space

to model foliage leaves of the bamboo genus Indocalamus (Shi, Xu,

utilization (Douady & Couder, 1992).

et al., 2015). To test the applicability of this work to other bamboos,

Such locally organized structures develop into organs, new

with different size and shape of leaves, in this study, we extend this

phytomers or leaves, either vegetative leaves or modified leaves

modeling to a wide variety of genera and species. We propose a sim-

into floral structures. Vegetative leaves are the most important

ple and adequate mathematical model for describing the leaf shape

plant organs for photosynthesis, and their size and shape have an

of bamboos, which allows for testing the bilateral symmetry of leaf

important influence on the morphogenesis and development of

shape in more than 40 different bamboo species we can have ac-

plants. As many plant organs vary over the growing season, it is

cess to in the Nanjing Forestry University campus. In addition, we

important to identify a simple but adequate mathematical model

will show that this model also can be used to assist in identifying

for capturing morphological change in plants. This is not a simple

bamboo species.

task. Besides the classic phenotypic differences related to ecological habitat, there are the phenomena of heteroblasty and heterochrony to include in any accurate model. Heteroblasty is the
phenomenon whereby several types of leaves occur, depending on
position or age (Bell & Bryan, 2008). Heterochrony, on the other

2 | MATERIALS AND METHODS
2.1 | Experimental design

hand, describes leaf-shape variation over time. Differences in tim-

To test the generality of bilateral symmetry in bamboo leaves, we

ing can lead, for example, to simple versus compound leaves, and

collected 42 bamboo species from the Nanjing Forestry University

heterochrony has been identified as the basis for natural variation

campus (32°04′34.53′′N, 118°48′42.06′′E; Table S1). In the Nanjing

in Cardamine hirsuta, a close relative of Arabidopsis, in which differ-

Forestry University campus, the environmental factors can be re-

ences in leaf shape were correlated to flowering time (Cartolano

garded as constants because of low spatial heterogeneity. Nanjing

et al., 2015). A final difficulty to mathematical modeling of leaf

belongs to the subtropical monsoon climate, with mean annual pre-

shape is that it can be hard to define precise landmarks in leaves

cipitation of 1,058 mm (±237.5 mm) and a mean annual temperature

for defining morphometry. Leaves and leaflets in compound leaves

of 15.6°C (±0.7°C). Mean minimum annual temperature was −8.6°C,

in general have relatively simple shapes, but leaves can be highly

and the mean maximum annual temperature was 37.4°C (based on

variable as in Begonia (McLellan, 1993), Papaya and Vasconcellea

the climate data of 1951–2012 downloaded from China Climate Data

(Scheldeman et al., 2011).

Online, www.data.cma.cn).
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Table S1 lists the official names of the sampled species according to the Flora of China (Wu, Raven, & Hong, 2006). If no
entry was found in the Flora of China, the name was selected from
Bamboos of the World (Ohrnberger, 1999). For every species, we
randomly chose more than 500 leaves from different individuals
and measured their lengths to check the normality of leaf length
distribution and to calculate the median of leaf lengths. Then, 30
leaves with length ≈ the median were collected, scanned, and
analyzed.

2.2 | The Gielis equation
Let us assume (x, y) be the Cartesian coordinates of a point on the
boundary of a leaf. We can transform this point into the polar coordinates as the following:
{

x = r ⋅ cos φ
y = r ⋅ sin φ

(1)

,

where r is the polar radius (i.e., the distance between the polar origin
and the point; Fig. 1), and φ the angle of the radial vector.

FIGURE 1

Leaf shape produced by the simplified Gielis equation

For testing the bilateral symmetry of plant leaves, we put forward
a simplified version of the Gielis equation (Gielis, 2003a, 2003b; Gielis
& Gerats, 2004).

Xu, et al. (2015) by estimating three parameters: x0, y0, and θ. The
first two parameters reflect the shift of coordinates from (0, 0) to (x0,

l

r= (

| cos φ | + | sin φ |
|
4| |
4|

)1∕n .

(2)

tal axis from 0° to θ. We used the optimization algorithm proposed
by Nelder and Mead (1965) to fit the parameters of the simplified

Comparing this with the general Gielis equation (Gielis, 2003a)
1
,
r = {(
( ) )n (
( ) )n }1∕n1
| 1 cos φ m | 2 + | 1 sin φ m | 3
|a
|b
4 |
4 |

y0), and the last parameter reflects the angle change in the horizon-

Gielis equation using the “optim” function in R software (R Core Team
(3)

where m, a, b, n1, n2, and n3 are constants, we find symmetry parame-

2015).

2.3 | Data analysis

ter m = 1 and exponents on cosine and sine terms both equal to 1 (in

For every species, we randomly chose more than 500 matured foli-

the general Gielis equation, the parameter m and the exponents can

age leaves and measured their lengths, as the distance from the leaf

be other values; see Gielis (2003a, 2003b) for details). The parameter

bottom to the tip. We need to choose the leaves whose lengths can

l is a constant value, namely the distance from the polar origin to the

reflect the generality of a population. If leaf length follows a normal

leaf tip. We have r = l when φ = 0. The number n is a parameter that

distribution (namely a symmetric density distribution curve), the mean

can determine the overall ratio of the leaf width to length and is inde-

or median both can represent the generality of a population; if its den-

pendent from the absolute leaf length; hereafter, we refer to n as the

sity distribution curve is skewed (that has a long left or right tail) like

leaf-shape parameter. The leaf length (L) is the sum of r when φ = 0

the Weibull distribution, the median is better than the mean in reflect-

and when φ = π (see Fig. 1):

ing the generality of a population. The Shapiro–Wilk test (Quinn &

(
)
1
L = 1 + 2− 2n ⋅ l.

Keough, 2002) was used to check the normality of leaf lengths, and
(4)

It is apparent that this simplified Gielis equation (i.e., eq. 2) could
produce the bilateral symmetry as r(φ) = r(−φ).

the Kolmogorov–Smirnov test (Quinn & Keough, 2002) for examining whether the leaf length follows the Weibull distribution. We then
chose 30 leaves per species of approximately equal to the median of
leaf lengths and scanned them to extract Cartesian coordinates on

In practice, there are two issues for estimating the two parame-

the leaf boundary (Shi, Huang, et al., 2015). The bilateral symmetry

ters in the above simplified Gielis equation when using the leaf-shape

of bamboo leaves was tested by the goodness of fit of the simplified

data extracted from a scanned image of a real leaf: (1) the polar origin

Gielis equation. We also tested whether the bamboo species that are

usually deviates from the coordinate point of (0, 0); and (2) the angle

more closely related in taxon have smaller difference in the leaf-shape

between the line passing from the polar origin to the leaf tip and the

parameter. Tukey’s HSD (honestly significant difference) test (Quinn

actual horizontal axis usually also deviates from 0°. To solve these

& Keough, 2002) was used to examine the pairwise difference of leaf-

two issues, we took the method of Shi, Huang, et al. (2015) and Shi,

shape parameters between different bamboo species.

|
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3 | RESULTS
3.1 | Leaf length
The length of the leaves of these 42 bamboo species follows the
Weibull distribution rather than the normal distribution (Table S2,
Fig. 2). We found leaf length to differ significantly among genera and
among species within the same genus. Sampled leaves could be very
small, <5 cm length in most species, while the maximum length ranged
up to 35 cm for Pseudosasa amabilis var. convexa, but for most species was below 25 cm. While the variation in leaf length of the genus
Phyllostachys was less than the variation of the genus Pleioblastus,
Phyllostachys is a narrowly defined genus with restricted natural geographic distribution while that of Pleioblastus is very broad, encompassing bamboos from different temperate zones of the world.

3.2 | Goodness of fit and bilateral symmetry
The leaf shape of all bamboo species (see Fig. 3 for examples) was
described by the simplified Gielis equation well (see Table S3), with
the results for six bamboo species illustrated in Fig. 4. The predicted
leaf shape matched the observed leaf shape well for these six bamboo
species. The goodness of fit also provides convincing evidence of bilateral symmetry in bamboo leaves, with all coefficients of determination higher than 0.980 (Fig. 5). The real leaf area fits extremely well
with the predicted leaf area (Fig. 6), with the regression straight line
deviated only trivially from the straight line of y = x.

F I G U R E 3 Scanned leaf images of six bamboo species. S36:
Pleioblastus yixingensis; S1: Bambusa emeiensis var. viridiflavus; S10:
Indosasa shibataeoides; S17: Phyllostachys bissetii: S19: Phyllostachys
edulis; and S22: Phyllostachys edulis “Gracilis”

The variation of leaf-shape parameters for these 42 species is
illustrated in Fig. 7. Although there were significant differences in the

edulis. Leaves described by the higher values of the shape parameter

leaf-shape parameters among species from different genera or from

n were slightly broader in shape, such as those of Shibataea chinensis,

the same genus (Table S4), the calculated leaf-shape parameters for

Indosasa shibaeatoides (Fig. 3), and Bambusa multiplex var. riviereorum.

these 42 species range only from 0.02 to 0.1. The lower values are for

The remaining leaves fell broadly within the range of shape parameters

shapes of a more linear-lanceolate type, such as leaves of Pleioblastus

0.03–0.08.

chino, Pleioblastus simonii f. heterophyllus, Pleioblastus gramineus f.
monstrispiralis, Chimonobambusa tumidissinoda, and Phyllostachys

4 | DISCUSSION
4.1 | Capturing the diversity of bamboo leaves
Our results corroborate findings for some dwarf bamboos (Shi, Xu,
et al., 2015) and suggest that modeling with the modified Gielis equation that has a reduced number of parameters is clearly applicable to a
wide variety of temperate bamboo genera and species with lanceolate
leaves. A range of shapes and sizes from the small leaves of Bambusa
multiplex var. riviereorum to the large leaves of Indocalamus victorialis
and from the linear-lanceolate leaves of P. linear to the broader leaves
of Shibataea can all be efficiently modeled with one equation with
only two parameters. The 42 bamboo species examined in this study
were randomly chosen from the bamboo garden of Nanjing Forestry
University. Although all are Asian bamboos, both temperate and tropical, the mix was chosen to be representative of the whole subfamily.
While the only tropical woody bamboos in this study are the ornamental Bambusa species, our findings can certainly be extended to

FIGURE 2

Comparison of leaf lengths for 42 bamboo species

most, if not all, other tropical bamboos.
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F I G U R E 4 Comparison between
scanned leaf profile (gray line) and
predicted leaf profile (red line) from the
simplified Gielis equation. (A) Pleioblastus
yixingensis; (B) Bambusa emeiensis var.
viridiflavus; (C) Indosasa shibataeoides;
(D) Phyllostachys bissetii; (E) Phyllostachys
edulis; (F) Phyllostachys edulis “Gracilis”
Leaf length of these bamboo species shows significant differences between species, but in general, the shape parameter varies

differentiation and hybridization of some closely related species and
secondary for identification of established species.

little across species, from 0.02 to 0.1. Also, three Indocalamus species

Our results also demonstrated the bilateral symmetry of the leaf

had shape parameter values between 0.04 and 0.07 (Shi, Xu, et al.,

shape of all these bamboos. The occurrence of bilateral symmetry

2015). The only exception is Indosasa victorialis, where the value is

might be helpful for the transportation of nutrients and water from

above 0.1. Although the leaf sizes (length and width) of the 42 bam-

branches to leaves. The greater the goodness of fit is when using the

boo species examined in this study and the four species studied in the

Gielis equation, the stronger the bilateral symmetry of the leaves,

paper (Shi, Xu, et al., 2015) differ considerably, their leaf shapes vary

thereby confirming our original assumption that r(φ) = r(−φ). The in-

little and show general lanceolate characteristics. Our results showed

terpretation of this symmetry is global, concerning the whole leaf,

that the simplified Gielis equation delineates leaf shapes of different

rather than local. Carefully examining the base of the leaf and the vas-

bamboo species extremely well. Whereas in the past bamboo leaf

cular bundles emanating from the pseudo-petiole (Fig. 3), the bases

blades were characterized by length and width with additional quali-

are rarely perfectly symmetric, but on average for the population the

tative characteristic such as linear-lanceolate or oblong-lanceolate, we

leaves are bilaterally symmetric (Fig. 3), and this symmetry is a guiding

now have a clear quantitative number for a qualitative characteristic.

basis of development. The fact that bilateral symmetry and leaf blades

Molecular analysis and genetic assignments usually are used to study

connected to the sheath part by a pseudo-petiole are typical of all

|
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F I G U R E 5 Coefficients of determination for fitting the leaf
shapes of 42 bamboo species to the simplified Gielis equation
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F I G U R E 7 Comparison of the estimated leaf-shape parameters
for 42 bamboo species

The model established in this article can be extended to many more
bilaterally symmetric foliage leaves. Bamboo leaves (and grass leaves in
particular) show parallel venation characteristics of monocots. The venation of bamboo leaves is parallel with three orders, namely the midrib, secondary veins, and tertiary veins. In bamboos, adjacent veins are
connected by transverse distinct veinlets, visible in temperate bamboos
but hidden in tropical species (Brandis, 1907). In particular, bamboo
leaves show multicostate parallel convergent venation whereby the
main vascular systems diverge from the pseudo-petiole and converge
at the apex of the leaves. This leads to a clear bilateral symmetry, and
the model can also be used for many other monocots with similar venation. However, the venation of a unicostate type in monocot leaves,
with one main vein and branching along the vein as in banana leaves, is
F I G U R E 6 Comparison between the real and predicted leaf areas
estimated from the simplified Gielis equation. The red straight line
represents y = x, the small open circles are made up of the actual leaf
areas and the predicted leaf areas

also clearly symmetric and can be modeled in the same way. The model
can be extended to all bilaterally symmetric leaves, both in simple and
compound leaves, and including petals in composite or simple flowers.
Compared to the general equation with six parameters, the symmetry parameter m = 1, the exponents n2 and n3 are both equal to

bamboos foliage leaf blades potentially reflects the evolutionary sta-

one, and n1 = n, the number of is reduced here to 1, namely the expo-

bility of this solution. Indeed, bamboos are one of very few groups in

nent n. With the general Gielis equation and more parameters, other

the grass family that have evolved in forests, not in open areas, and can

leaf shapes such as orbicular, hastate, elliptical, cordate, and others

reach quite large sizes (up to 20 m for temperate bamboos and up to

(Gielis, 2003a; Wang, 2007) can also be described efficiently, either

30 m for tropical bamboos). Hollow and flexible culms and branches,

directly as transformation of the circle or indirectly as modifications

protected during development with very stiff culms or branch sheaths

of cardioid or similar functions (Gielis, 2003a; Wang, 2007). For plants

on the one hand, and leaf blades that are connected through pseudo-

with nonsymmetric leaves, more complicated mathematical models

petioles allowing for torsion on the other hand contribute to the evo-

are needed, such as elliptic Fourier analysis or summations of eq. 2

lutionary success of woody and herbaceous bamboos. The anatomy

into k-type functions (Gielis et al., 2012). For asymmetrical leaf bases,

of bamboo leaves is very stable throughout the subfamily (Brandis,

adjusting the condition r(φ) = r(−φ) could be considered. The original

1907). It is remarkable that the pseudo-petiole, a specialized structure

Gielis equation could then be a first choice for describing nonsymmet-

in all bamboos (and only some grasses with larger leaves), has hardly

ric leaf shapes with smooth margins. The shape of petioles, typically

been studied. The course of the vascular bundle and the possible pres-

concave for large leaves, has also been modeled efficiently with the

ence of pulvini should be investigated, as pseudo-petioles allow bam-

same approach (Faisal, Abad, Hristozov, & Pasini, 2010). We therefore

boos to adjust the orientation of the blades toward the sun or to ease

recommend simplifying the original Gielis equation contextually for

torsion caused by wind or snow loads.

different purposes.
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or other botanical shapes such as tree rings (Lei & Koike, 1998; Shi,
Huang, et al. 2015; Shi, Xu, et al. 2015) and petioles (Faisal et al.

Leaf-shape models for species of the grass family have been proposed

2010). It may become a uniform approach for studying leaves in plants

to address development (Dornbusch, Watt, Baccar, Fournier, & Andrieu,

or other shapes and could be better than existing models, as shown by

2009; Dornbusch, Watt, Baccar, Fournier, & Andrieu, 2011; Zhu et al.,

using the Akaike information criterion (Shi, Huang, et al., 2015). From

2009). In particular, Dornbusch et al. (2009) analyzed the leaf shapes of

a geometric and mathematical point of view, it is a generalization of

wheat, barley, and maize using an empirical shape model proposed in

the Pythagorean theorem, retaining its structure with separated vari-

wheat (Dornbusch et al., 2011) and based on three-dimensional param-

ables, useful for studying development from an applied mathematics

eters and three shape parameters. They found that varying conditions

point of view (Caratelli et al., 2009; Gielis et al., 2012).

during growth will affect leaf dimensions but not leaf shapes. The quan-

Here, a simplified version of the Gielis equation was shown to be

tification of leaf expansion in Miscanthus species and Brachypodium, in

an excellent model for describing the foliage leaf blades of bamboo

particular duration and timing of leaf growth in relation to environmen-

with lanceolate characteristics and bilateral symmetry, corroborating

tal parameters, allows for distinguishing between closely related geno-

earlier findings on four species of Indocalamus (Shi, Xu, et al., 2015).

types (Shi, Chen, Hui, & Grissino-Mayer, 2016; Voorend et al., 2014).

The present study demonstrated this bilateral symmetry in leaves of

Along with leaf expansion, the model proposed by Dornbusch et al.

42 bamboo species, including four sympodial (clustered) species, 16

(2011) could also be used to quantify cell elongation in leaves.

monopodial (scattered) species, and 22 mixed species (that have the

There are very few geometrical models for modeling leaves. Many

characteristics of both clustering and scattering). In this study, this was

models of planar plant leaves use ellipses as a starting point. A mul-

performed by measuring thousands of leaves to determine lengths and

tiparametric model was developed for the description of the axial-

a subset of over one thousand to determine shape parameters.

symmetric convex pentagon of grass leaf shape (Dornbusch et al.,

Only two parameters are involved, one for length and the other

2011). In contrast, for modeling bamboo leaves with the Gielis equation,

for shape, accounting for full variations in shape and dimensions (com-

we now need only two model parameters, with extremely high good-

pared to three-dimensional and three shape parameters in wheat, bar-

ness of fit for all species (>0.98), and confirming the bilateral symmetry

ley, and maize (Dornbusch et al., 2011)). Keeping the shape parameter

of bamboo leaves. In this study, quantitative measurements were per-

constant and modify the length parameter according to the species’

formed for 500 leaves, and scans and comparison with models for 30

minimum and maximum leaf lengths and the specific Weibull distribu-

leaves per species. As the scanned leaves per species were of similar

tions should suffice to faithfully regenerate leaf shapes and images en-

size, this range should also reflect differences in leaf age and position-

compassing the variation on a plant within a given species. As the leaf

ing, confirming the Weibull distribution also observed by Shi, Xu, et al.

shape of plants can be affected by many factors such as genetics, cul-

(2015). This distribution originates from the study of different particle

tivar, and growing conditions, future research could focus on explain-

sizes in crushed particles, sand, or volcanic ash, following power laws.

ing the variation of leaf shape in bamboos at different ages and under

This distribution implies that leaf length in bamboo follows a power law.

different controlled environments such as sites with different levels of

One advantage of our model is that the associated characteristics

nutrients. Our method will allow for the building of reliable databases

(perimeter, area, polar moment of inertia) can be computed directly

of genotypes for bamboo studies worldwide, supplementing molecular

from the analytical expressions of these characteristics for leaf-shape

markers (Gielis, Everaert, Goetghebeur, & Deloose, 1995; Hodkinson,

variation, by observing cross sections along the petiole (Faisal et al.,

Renvoize, Chonghaile, Stapleton, & Chase, 2000; Lin, Ruan, Lou, Guo,

2010) or stems (Dornbusch et al., 2009).

& Fang, 2009; Schiessl, Kausika, Southam, Bush, & Sablowski, 2012;

While little quantitative information is available on the develop-

Suyama, Obayashi, & Hayashi, 2000) for precise identification.

ment of bamboo leaf blades, the development of these blades is qualitatively quite simple. After elongation of the culm or branching, the
leaves develop in an acropetal way (Banik, 2015). They develop along

AC KNOW L ED G M ENTS

the axis of the midrib fully parallel to the main axis of the branch, in-

We thank Rong Zhao, Huarong Li, Xiaofei Cheng, Xiaobo Dong, Qiang

side the preceding sheath, and emerge through the upper opening of

Xu, Junjie Cao, Yongqi Zhi, Lin Guo, Mingyun Jiang, Ru Wang, Xiao

that preceding sheath. When they emerge they unroll until they are

Zheng, and Caiyun Zhang for participating in the investigation of bam-

planar. This process of convolute vernation (Brandis, 1907) involves

boo leaves. We also thank the editor and two anonymous reviewers

the turgor state of the bulliform cells, the same process that occurs

for their valuable comments.

when leaf blades roll up in dry conditions. Certainly, this precise process requires further research over the whole bamboo subfamily.

5 | CONCLUSIONS

FU ND I NG I NFO R M AT I O N
This work was financially supported by the Key Project of National
Science & Technology Ministry (2016YFD0600901), the National
Postdoctoral Fund of China (2014M560427), the National Natural

The original Gielis formula has six parameters, as a transformation

Science Foundation for Young Scholars of China (31400348 and

on any plane curve. This increases the potential for modeling leaves

31000294), and the Priority Academic Program Development of

Lin et al.

Jiangsu Higher Education Institutions. Cang Hui is supported by the
National Research Foundation of South Africa (81825 and 76912) and
the Australian Research Council (Discovery Project DP150103017).

CO NFLI CT OF I NTERE S T
None declared.

REFERENCES
Banik, R. L. 2015. Morphology and growth. In W. Liese & M. Köhl (Eds.),
Bamboo-the plant and its uses. Tropical Forestry series (pp. 43–89).
Heidelberg, Germany: Springer.
Bell, A. D., & Bryan, A. (2008). Plant form: An illustrated guide to flowering
plant morphology. Portland, OR: Timber Press.
Brandis, D. (1907). Remarks on the structure of bamboo leaves. Transactions
of the Linnean Society of London. 2nd Series: Botany, 7, 69–92.
Buck-Sorlin, G. H., & Bachmann, K. (2000). Simulating the morphology of
barley spike phenotypes using genotype information. Agronomie, 20,
691–702.
Caratelli, D., Germano, B., Gielis, J., He, M. X., Natalini, P., & Ricci, P. E.
(2009). Fourier solution of the Dirichlet problem for the Laplace and
Helmholtz equations in starlike domains. Lecture Notes of Tbilisi
International Centre of Mathematics and Informatics. Tbilisi, Georgia:
Tbilisi University Press.
Cartolano, M., Pieper, B., Lempe, J., Tattersall, A., Huijser, P., Tresch, A.,
& Tsiantis, M. (2015). Heterochrony underpins natural variation in
Cardamine hirsuta leaf form. Proceedings of the National Academy of
Sciences of the United States of America, 112, 10539–10544.
Chen, G., Jiang, D., Zhu, Y., Cao, W., & Chen, Y. (2004). Light modelling of
wheat leaf colour identifying using computer vision. Transactions of the
Chinese Society of Agricultural Engineering, 20(4), 143–145. (in Chinese
with English abstract)
Clark, L. G., & Fisher, J. B. (1987). Vegetative morphology of grasses:
Shoots and roots. In T. R. Soderstrom, K. W. Hilu, C. S. Campbell, &
M. E. Barkworth (Eds.), Grass systematics and evolution (pp. 37–45).
Washington, DC: Smithsonian Institution Press.
Dabadie, P., de Reffye, P., & Dinouard, P. (1991). Modelling bamboo growth
and architecture: Phyllostachys viridiglaucescens A & C Rivière. Journal of
the American Bamboo Society, 8, 65–79.
Ding, W., Zhang, Y., Zhang, Q., Zhu, D., & Chen, Q. (2011). Realistic simulation of rice plant. Rice Science, 18(2), 224–230.
Dornbusch, T., Watt, J., Baccar, R., Fournier, C., & Andrieu, B. (2009).
Towards a quantitative evaluation of cereal lamina shape using an
empirical shape model. In B. G. Hu & M. Jaeger (Eds,), International
symposium on plant growth modeling, simulation, visualization, and their
applications (pp. 229–236). Beijing, China: IEEE Compu. Soc.
Dornbusch, T., Watt, J., Baccar, R., Fournier, C., & Andrieu, B. (2011). A
comparative analysis of leaf shape of wheat, barley and maize using an
empirical shape model. Annals of Botany, 107, 865–873.
Douady, S., & Couder, Y. (1992). Phyllotaxis as a physical self-organized
growth process. Physical Review Letters, 68, 2098–2101.
Doust, A. (2007). Architectural evolution and its implications for domestication in grasses. Annals of Botany, 100, 941–950.
Faisal, T. R., Abad, E. M. K., Hristozov, N., & Pasini, D. (2010). The impact of
tissue morphology, cross-section and turgor pressure on the mechanical properties of the leaf petiole in plants. Journal of Bionic Engineering,
7, S11–S23.
Fournier, C., & Andrieu, B. (1999). ADEL-maize: An L-system based model
for the integration of growth processes from the organ to the canopy. Application to regulation of morphogenesis by light availability.
Agronomie, EDP Sciences, 19, 313–327.

|

6805

Gielis, J. (2003a). A generic geometric transformation that unifies a wide
range of natural and abstract shapes. American Journal of Botany, 90,
333–338.
Gielis, J. (2003b). Inventing the circle: The geometry of nature. Antwerpen,
Belgium: Geniaal Press.
Gielis, J., Caratelli, D., Fougerolle, Y., Ricci, P. E., Tavkelidze, I., & Gerats, T.
(2012). Universal natural shapes: From unifying shape description to
simple methods for shape analysis and boundary value problems. PLoS
ONE, 7, e29324. doi:10.1371/journal.pone.0029324
Gielis, J., Everaert, I., Goetghebeur, P., & Deloose, M. (1995). Bamboo
and molecular markers. Proceedings of the Vth International Bamboo
Workshop and the IV International Bamboo Congress. Volume 2:
Biodiversity and Genetic Conservation (pp. 27–39).
Gielis, J., & Gerats, T. (2004). A botanical perspective on modeling plants
and plant shapes in computer graphics. In International Conference on
Computer, Communication and Control Technologies. Austin, Texas.
Halle, F. (1986). Modular growth in seed plants. Philosophical Transactions of
the Royal Society of London B: Biological Sciences, 313, 77–87.
Hodkinson, T. R., Renvoize, S., Chonghaile, G., Stapleton, C. M., & Chase, M.
V. (2000). A comparison of ITS nuclear rDNA sequence data and AFLP
markers for phylogenetic studies in Phyllostachys (Bambusoideae,
Poaceae). Journal of Plant Research, 113, 259–269.
Jean, R. V. (2009). Phyllotaxis: A systemic study in plant morphogenesis.
Cambridge, MA: Cambridge University Press.
Judziewicz, E. J., & Clark, L. G. (2007). Classification and biogeography of
New World grasses: Anomochlooideae, Pharoideae. Ehrhartoideae and
Bambusoideae. Aliso, 23, 303–314.
Judziewicz, E. J., Clark, L. G., Londono, X., & Stern, M. J. (1999). American
bamboos. Washington, DC: Smithsonian Institution Press.
Kaitaniemi, P., Hanan, J. S., & Room, P. M. (2000). Virtual sorghum:
Visualisation of partitioning and morphogenesis. Computers and
Electronics in Agriculture, 28, 195–205.
Kelchner, S. A. (2013). Higher level phylogenetic relationships within the
bamboos (Poaceae: Bambusoideae) based on five plastid markers.
Molecular Phylogenetics and Evolution, 67, 404–413.
Lei, T. T., & Koike, T. (1998). Functional leaf phenotypes for shaded and
open environments of a dominant dwarf bamboo (Sasa senanensis) in
northern Japan. International Journal of Plant Sciences, 74, 812–820.
Liese, W., & Köhl, M. (2015). Bamboo: The plant and its uses. Heidelberg,
Germany: Springer.
Lin, X., Ruan, X., Lou, Y., Guo, X., & Fang, W. (2009). Genetic similarity
among cultivars of Phyllostachys pubescens. Plant Systematics and
Evolution, 277, 67–73.
Lindenmayer, A. (1968a). Mathematical models for cellular interactions in
development I. Filaments with one-sided inputs. Journal of Theoretical
Biology, 18, 280–299.
Lindenmayer, A. (1968b). Mathematical models for cellular interactions in
development II. Simple and branching filaments with two-sided inputs.
Journal of Theoretical Biology, 18, 300–315.
Liu, T., Tang, J., & Qi, C. (2002). A study on the fractal characters and the
visual simulation of rice morphology. Acta Agriculturae Universitatis
Jiangxiensis, 24, 583–586. (in Chinese with English abstract)
McLellan, T. (1993). The roles of heterochrony and heteroblasty in the
diversification of leaf shapes in Begonia dregei (Begoniaceae). American
Journal of Botany, 80, 796–804.
Nelder, J. A., & Mead, R. (1965). A simplex algorithm for function minimization. The Computer Journal, 7, 308–313.
Ohrnberger, D. (1999). The bamboos of the world: Annotated nomenclature
and literature of the species and the higher and lower taxa. Amsterdam,
The Netherlands: Elsevier.
Prusinkiewicz, P. (1999). A look at the visual modeling of plants using
L-systems. Agronomie, 19, 211–224.
Quinn, G. P., & Keough, M. J. (2002). Experimental design and data analysis
for biologist. Cambridge, MA: Cambridge University Press.

6806

|

R Core Team (2015). R: A language and environment for statistical computing. Vienna, Austria: R Foundation for Statistical Computing. Retrieved
from http://www.R-project.org/
Reinhardt, D., Mandel, T., & Kuhlemeier, C. (2000). Auxin regulates the
initiation and radial position of plant lateral organs. The Plant Cell, 12,
507–518.
Scheldeman, X., Kyndt, T., d’Eeckenbrugge, G. C., Ming, R., Drew, R., Van
Droogenbroeck, B., … Moore, P. H. (2011). Vasconcellea. In C. Kole (Ed.),
Wild crop relatives: Genomic and breeding resources. Tropical and subtropical
fruits (pp. 213–249). Berlin, Heidelberg, Germany: Springer Verlag.
Schiessl, K., Kausika, S., Southam, P., Bush, M., & Sablowski, R. (2012).
JAGGED controls growth anisotropy and coordination between cell
size and cell cycle during plant organogenesis. Current Biology, 22,
1739–1746.
Shi, P., Chen, L., Hui, C., & Grissino-Mayer, H. D. (2016). Capture the time
when plants reach their maximum body size by using the beta sigmoid
growth equation. Ecological Modelling, 320, 177–181.
Shi, P., Huang, J., Hui, C., Grissino-Mayer, H. D., Tardif, J., Zhai, L., … Li, B.
(2015). Capturing spiral radial growth of conifers using the super ellipse
to model tree-ring geometric shape. Frontiers in Plant Science, 6, 856.
doi:10.3389/fpls.2015.00856
Shi, P., Xu, Q., Sandhu, H. S., Gielis, J., Ding, Y., Li, H., & Dong, X. (2015).
Comparison of dwarf bamboos (Indocalamus sp.) leaf parameters to
determine relationship between spatial density of plants and total leaf
area per plant. Ecology and Evolution, 5, 4578–4589.
Stapleton, C. (2012). Leaves and sheaths. Retrieved from http://bambooidentification.co.uk/html/leaves.html.
Suyama, Y., Obayashi, K., & Hayashi, I. (2000). Clonal structure in a dwarf
bamboo (Sasa senanensis) population inferred from amplified fragment length polymorphism (AFLP) fingerprints. Molecular Ecology, 9,
901–906.
Voorend, W., Lootens, P., Nelissen, H., Roldan-Ruiz, I., Inzé, D., & Muylle,
H. (2014). LEAF-E: A tool to analyze grass leaf growth using function
fitting. Plant Methods, 10, 37.

Lin et al.

Wang, S. (2007). The semantics of natural language descriptions of continuous quantities. PhD Dissertation, University of Manchester,
Manchester.
Watanabe, T., Hanan, J. S., Room, P. M., Hasegawa, T., Nakagawa, H., &
Takahashi, W. (2005). Rice morphogenesis and plant architecture:
Measurement, specification and the reconstruction of structural development by 3D architectural modelling. Annals of Botany, 95, 1131–1143.
Wu, Z., Raven, P. H., & Hong, D. (2006). Flora of China (Vol. 22): Poaceae.
Beijing, China: Science Press, and St. Louis, MO: Missouri Botanical
Garden Press.
Wysocki, W. P., Clark, L. G., Attigala, L., Ruiz-Sanchez, E., & Duvall, M. R.
(2015). Evolution of the bamboos (Bambusoideae: Poaceae): A full plastome phylogenomic analysis. BMC Evolutionary Biology, 15, 50.
Zhan, Z., Wang, Y., de Reffye, P., & Hu, B. (2001). Morphological
architecture-based growth model of winter wheat. Transactions of the
Chinese Society of Agricultural Engineering, 17(5), 6–10. (in Chinese with
English abstract)
Zhu, Y., Chang, L., Tang, L., Jiang, H., Zhang, W., & Cao, W. (2009). Modeling
leaf shape dynamics in rice. NJAS-Wageningen Journal of Life Sciences,
57, 73–81.

S U P P O RT I NG I NFO R M AT I O N
Additional supporting information may be found in the online version
of this article.

How to cite this article: Lin, S., Zhang, L., Reddy, G. V. P., Hui, C.,
Gielis, J., Ding, Y. and Shi, P. (2016), A geometrical model for testing
bilateral symmetry of bamboo leaf with a simplified Gielis equation.
Ecology and Evolution, 6: 6798–6806. doi: 10.1002/ece3.2407

